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From the elastic energy contained in a displacement based porous material the general form of the stiff-
ness and mass matrices are obtained. If both fields can be expanded with equal order polynomials the 
general form is further simplified and it is shown that the coupling stiffness reduces to the one arising 
to compute volume changes in an elastic médium. A plañe beam and a four node tetrahedron are devel-
oped. To avoid spurious rotational modes appearance in the tetrahedron fluid a penalty formulation is 
used. The effect of the penalty factor in matrix conditioning is analysed. Elements dynamic behaviour 
is compared. 

1. Introduction 

A framework for constructing porous material element matrices 
based on Biot's theory [1] is presented. The development relies on 
the paper Elastic Waves in Porous Solids I, by Biot and Willis [2]. It 
is well-known that Biot renamed the coefficients over the years, 
but the nomenclature used for the elastic constants and stress def-
initions of this work persisted. From the elastic energy accumu-
lated in an isotropic porous material that undergoes a stress 
state the general form of the stiffness matrix is obtained assuming 
displacements fields for both the porous matrix and the filling 
fluid. The displacements fields are noted by vectors u and U respec-
tively. If both displacements fields are developed with the same 
polynomial order the stiffness matrix is further simplified. 

Once the framework is obtained and discussed, two elements 
are presented: a porous 2D jacketed beam and a four-node tetrahe
dron. The planar beam does not present spurious rotational modes 
problems. 

A problem with the (u,U) formulations is that U in the finite 
element expansión is a rotational vector field, but the energy 
computed for an acoustic fluid does not take into account rotational 
effects. Because of this, the model computes low-energy rotational 
modes, called spurious modes. They are spurious for an irrotational 
fluid formulation, but they are correct for the displacement field 
used. Many authors have addressed this by introducing a fictitious 
rotational energy for the fluid with a penalty factor [3,4]. The serious 
drawback is that the penalty factor depends on user knowledge or 
experience, ranging from 100 to 10,000. 
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There are other two solutions. One involves using a Raviart-
Thomas displacement expansión for the fluid [5]. Raviart-Thomas 
expansions produce irrotational fields, but they have the problem 
that degrees of freedom are placed at the midsides or at the 
centre-face of finite elements, making it difficult to interface them 
with standard elements [6]. The other solution was introduced in 
[7], where, by the use of the Parameterized Variational Principies 
[8] and the Individual Element Test [9], a weakly irrotational con-
straint is introduced in the original formulation. It also required 
the introduction of an additional parameter, but an energy balance 
allowed the authors to compute it in closed form as a function of 
element size. The formula can be included in the code and requires 
no user interaction. 

A Patch Test, combined with the experiments proposed by Biot 
and Willis to compute porous material properties, provides a 
framework for discussing mínimum boundary conditions. A shear 
test is used to assess the effect of the parameter in the coupled 
stiffness matrix condition. 

A literature survey for other porous material formulations and 
its effect on boundary conditions can be found in [10-15], 

The present work is organized in the following sections. In Sec-
tion 2 the general scheme to construct the stiffness and mass 
matrices of the porous material is developed. Section 3 deals with 
the construction of a 2D porous beam element based on the gen
eral scheme. Then, in Section 4, a four node linear tetrahedron is 
constructed. Because it needs to be stabilized introducing a penalty 
factor the effect of the factor in numerical conditioning and 
element consistency are analysed. Finally, in Section 5, a simple 
bending test is performed to check convergence of both models 
to the same bending frequencies and to show solid and fluid fields 
behaviour. 
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2. The porous element matrices 

2.1. The stiffness matrix 

In Biot's theory, a porous material is made of an elastic matrix of 
porous material and an irrotational acoustic fluid filling it. The 
forces acting over the surface of a reference volume will simulta-
neously genérate a stress field (o,x) over the solid and a stress field 
s over the fluid. The elastic constants are N, A, Q_ and R. In matrix 
form the stress-strain relationships can be written as 
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Strains ex, ey, ez, yxy, yyz and yzx and can be computed from the dis-
placement field assumed for the solid matrix. Strain measure e is its 
unitary volume change. For the fluid, the only strain measure is its 
unitary volume change e 

ex (3) 

Strains fields are computed from the displacements fields. The por
ous matrix displacement vector u has components (ux,uy,uz) and 
the fluid displacement vector U has components (Ux,Uy,Uz). 

In keeping with Biot, the potential elastic energy inside a porous 
element can be obtained from: 
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Following standard finite element technology procedures, a general 
shape for the porous material stiffness matrix is: 
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The Bs are the strain-nodal displacement operators. The energy for 
the coupling inside one element is obtained from 
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If the same polynomial expansión is chosen for both fields, then 
Bs = B/ and the coupling matrix becomes a symmetrical matrix. 
Moreover, extracting the elastic constants reveáis that K¡f= K¡j. Fi-
nally, only two different stiffness matrices are needed to compute 
the stiffness matrix of the isotropic porous media, one for the solid 
porous matrix and one for the unit change in fluid volume: 

K„, 
Oto RKff 

(8) 

2.2. The mass matrix 

Biot proposed the following form for the kinetic energy of a por
ous material: 

2T,¡ = pnú
T • ú + 2puú

T • V + p22V
T • V (9) 

This is valid for a statistically isotropic material with no preferred 
directions. The solid displacement, velocity and accelerations are 
indicated by u, ú, ü respectively. The fluid counterparts are 
U, Ú, Ü. To explain the meaning of the p coefficients, we compute 
the Lagrangian in the x direction: 

dt \düx 

d_íffh 
dt \dÜx 

= puüx + puUx 

= puüx + p22Üx 

Assuming that ux = Ux in Eq. (9) 
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In Eq. (12), p is the porous material's complete density. It can be 
computed from the properties of the constituents and the porosity. 
The density contribution of each component to a unit volume for 
the solid matrix of a porous material is: 

Pl = O " P)Ps 

and for the fluid it is 

P2 = PPf 

(13) 

(14) 

where f¡ is the porosity and ps and p¡ the density of the raw mate-
rials. Finally, Biot concluded that: 

P\ =Pu+Pn 

P2 = Pn + P22 
(15) 

If P12 depends on frequency, then pn must as well, keeping p3 free 
from frequency dependence. Biot introduced the concept of an 
apparent mass so that p12 = —p¡¡- It must be noted that because pa 

is defined as a positive quantity, then p1 2 sg 0. Finally: 

Pll =Pl+Pa 

P22 =P2 + Pa 
(16) 

The apparent mass is assumed to change with frequency. To make 
sure that the defined kinetic energy is positive, the following rela
tionships among coefficients must hold: 

pu > 0 p22 > 0 pup22-p
2

u >o (17) 

From the kinetic energy the mass matrix can be calculated. Taking 
the densities out of the volume integral, the following general form 
is obtained: 
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If the porous matrix and the fluid have the same kind of nodal dis-
placements, then each sub-matrix M is the same. It can be consis-
tent or lumped. The first mass contribution depends on the base 
materials and their volume fraction, the second one on the interac-
tion density. 

3. A porous beam and a porous displacement-based tetrahedral 
element 

3.1. The porous beam element 

Beams made of a fluid-filled porous material have been mod-
elled previously [16]. It is assumed that fluid is enclosed within 
the porous matrix of the beam by a thin skin. The displacements 
associated with the porous matrix nodes are us, vs and ¡5S, that is, 
on axis displacement, transverse displacement and transverse sec-
tion rotation respectively. A linear beam with shear is assumed. For 
the fluid part the same displacement field is proposed, but, because 
of the skin, the fluid must move transversely by the same amount 
as the porous container. Then, v¡= vs. The displacement fields are: 
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The Ns are linear Lagrangian functions of x. The superscript stands 
for the node number. The strains for the porous matrix are: 

ex = e = u v = N^u¡ + N2¡xu
2 -y(N1>x# + N2^f¡2) 

3.2. Afour-node displacement based porous tetrahedron 

Unfortunately, a displacement-based fluid element rotation 
expands the nuil space of K¡¡, which the porous element will see 
as a kind of rigid motion. An obvious solution is to replace Kff by 
a consistent acoustic fluid matrix. It must have the same nodal 
fluid degrees of freedom as the original matrix. The one developed 
in [7] is used in this paper. The displacement-based acoustic fluid 
proposed by Hamdi et al. [3] is also a serious candidate. In both 
cases the original fluid stiffness is stabilized by adding an energy 
related to the fluid's rotation. This energy is parameterized by 
the factor a. The coefficient is not determined in Hamdi's paper. 
The element developed by Correa et al. [7] presents a closed form 
for this factor and, because it satisfies the Individual Element Test 
of Bergan and Hanssen [9], a different factor for each element can 
be used without affecting convergence. The following form for the 
stiffness matrix is proposed: 
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The stiffness matrix is Kss, of a four-node linear tetrahedron [18], 
The diagonal Kjj-is replaced by the sum of two matrices. The matrix 
KJJS'C is the one for computing the unit changes in the volume of the 
fluid and the matrix Krot is the one in charge of computing energy 
under a fluid rotation. In [7] a is obtained using dynamic fluid 
behaviour considerations. No changes are needed for the out-of-
diagonal sub-matrix. They correctly compute the interaction 
between solid and fluid and they are not responsible for the appear-
ance of spurious motions. A check must be made to determine 
whether or not the factor a will affect the static results in a porous 
material. 

4. Tetrahedral element validation 

(22) 
4.1. Mínimum restrictions and consistency test 
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The beam transverse displacement does not compute volume 
changes in the fluid. Moreover, volume changes in the fluid and so-
lid adopt the same functional form. A Bernoulli beam cannot be 
used for this model because if the solid and fluid share the same 
transverse displacement, they must produce the same transverse 
section rotation, and thus no relative fluid and solid movements 
can be computed under bending. The linear beam is constructed 
using reduced integration in the shear energy contribution [17] to 
avoid locking. The element stiffness matrix becomes 

K„ 
{2N+A)Kb+NKs QK¡, 

QK„ RKb 
(25) 

Kj, is the stiffness related to extensión and bending, the one that 
computes unitary volume changes. Ks is the shear stiffness of the 
porous matrix, the one with reduced integration. The nodal dis
placement field is: 

dT = fu? vi Bl u2 v2 
"/ <7 Pf "/ "/ Pf\ (26) 

Because the transverse displacement of the fluid does not contrib
ute to volume changes in the fluid, they can be eliminated, resulting 
in a 10 d.o.f. element. The mass matrix is composed by arranging 
the diagonal matrix of a linear beam as in Eq. (18). 

In 1954, Biot and Willis [2] proposed two experiments to deter
mine the coefficients proposed in their formulation. They are 
known as the jacketed and the unjacketed tests. In both, the spec-
imens are subjected to a given load condition, and under this load, 
the porous material will undergo a constant strain state. From the 
strains developed in both constituents, three strains in both exper
iments, three equations can be constructed, yielding the coeffi
cients A, Q_ and R. Coefficient N must be known in advance. These 
experiments are used to check the numerical consistency of our 
formulated element. 

In the jacketed test, a sample is jacketed by a thin membrane 
with very low stiffness and submerged in a fluid with pressure p. 
The internal fluid is connected to the atmosphere so that no fluid 
stress is computed. All of the pressure acting over the sample sur-
face is supported entirely by the solid matrix, Fig. la. 

A computational model of this test, including the mínimum 
degrees of freedom to simúlate a constant strain state, requires 
careful consideration. The complete pressure load must be im-
posed over the six faces of a cube, affecting the solid d.o.fs with 
no load over the fluid ones. The mínimum restrains in order to 
avoid rigid body motion of the solid are imposed, Fig. 2a. In this 
case, the córner node P will not move and the three opposite sur-
faces will shrink uniformly towards it. Applying the same re-
straints to the displacement-based fluid part will result in a 
singular matrix (or a badly conditioned one). It must be noted that 
the strain measure of the fluid is e = EX + ey + ez and then, any com-
bination of ex, ey or ez can produce a result. This means that at least 
two valúes of the fluid strains must be set to zero with the appro-
priate constraints. In order to do so the fluid has to be encapsulated 
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Fig. 1. Jacketed and unjacketed compressibility test 
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Fig. 2. Minimum cube restrictions. Solid dark line in the constrained direction. (a) 
Porous matrix. (b) Fluid. 

in a rigid cube with a free cap. Because it is a fluid, impenetrability 
constraints are imposed over the side and bottom wall, Fig. 2b. A 
numerical model so constructed does not seem to reflect our pre-
determined physical idea of a jacketed test. Nevertheless, it does 
not viólate any of the original test settings; that is, the fluid will 
be removed freely from the solid pore when the load is undertaken 
by the solid. 

In the case where the elastic constants are provided, the stiff-
ness matrix does not require explicit information about the mate
rial porosity. 

From our numerical experiment, the change of volume in the 
solid matrix can be measured as: 

e = ex + ey + ez (28) 

and the so-called coefficient of jacketed compressibility can be 
computed 

(29) 

From the constitutive equations a further useful expression is 
obtained: 

K 3 R 
(30) 

Under the continuous mechanics assumption that a positive stress 
will produce a positive strain, from Eq. (30) it is concluded that a va-
lid set of elastic constants must satisfy 

I- * 0. (31) 

Reported experimental measurements do not check this and sur-
prisingly draw no attention to the fact that if the elastic coefficients 
do not satisfy Eq. (31), the solid matrix increases its volume when 
loaded with an external pressure [19]. In the unjacketed test a sam-
ple is submerged in a fluid with pressure p (see Fig. Ib). In the 
numerical model, with the same constraints as before, the solid ma
trix is loaded with a pressure ps = (1 - f¡)p and the fluid with a pres
sure pf= f¡p. It is the first time that the model is affected by the 

porosity. The stresses computed in the solid matrix must be the 
ones under a hydrostatic load: 

OXX = Oyy = G22 = (1 - f¡)P 

The one in the fluid is 

s = f¡p 

An unjacketed compressibility coefficient can be computed as: 

P 

(32) 
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Biot and Willis also defined a coefficient of fluid content for this 
experiment where the unit changes in the volumes of both materi-
als are considered: 

y = 
P(e - e) 

P 
(35) 

Thus, three elastic coefficients can be computed from the three 
strains and the known valué of JV: 
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The mesh in Fig. 2 for jacketed and unjacketed conditions is tested. 
Elastic constants are proposed for a steel matrix and a foam matrix, 
both with a bulk porosity of 0.95, with air as the filling fluid (see 
Table 1). 

The elastic properties for the foam are taken from [20]. The val
úes for steel are obtained assuming a volume weighting of the 
elastic properties of a solid, 

= (1 - P)Esc (37) 

Valúes of R are approximated by the fluid bulk modulus multiplied 
by the porosity, and Q by the bulk modulus of the fluid multiplied 
by the porosity squared. The Biot strains are measured in each ele-
ment and averaged. From their average the elastic constants are 
recovered by means of Eq. (36). The computed constants match 
those proposed to twelve significant figures, Table 2. 

4.2. The effect ofselected porous materials and rotational stabilization 
on matrix conditioning 

In [7], the following closed form was obtained for the stabiliza
tion factor: 

21 

F (38) 

where h, in metres, is a measure of the element size. When h ranges 
from 1 m to 1 cm, a ranges from 25 to 210,000. The factor was 
obtained in order to place the spurious rotational modes at a higher 

Table 1 
Material properties. 

Properties of porous material 

Static Young's modulus (Pa) 
Static Poisson's ratio 
Porous material density (kg/m3) 
Porosity 
Air density (kg/m3) 
Air compressibility (Pa) 

Polyurethane foam and air 

70 x 103 

0.38 
22.1 
0.95 
1.20 
1.42 x 105 

Steel and air 

1.034 x 1010 

0.3 
7850 
0.95 
1.20 
1.42 x 105 



Table 2 
Proposed and computed coeffkients. 

Coefficients Proposed (Pa) 

Foam air porous material 
N 25362.31884057972 
A 80314.00966183575 

0- 64077.50000000000 
R 134900.0000000000 

Steel and air porous material 
N 3976923076.923077 
A 5965384615.384615 

0- 64077.50000000000 
R 134900.0000000000 

Obtained (Pa) 

Not computed 

80314.00966185253 

64077.50000004686 

134900.0000001225 

Not computed 

5965384615.384621 

64077.50000006797 

134899.9999998490 

; . 

Fig. 3. Shear test. Boundary conditions for porous matrix and fluid. Umform shear 
stress at the top. 

Table 3 
Stiffness matrix condition and stabilization factor for two porous materials as a 
function of mesh size. 

Mesh size (m) 

Foam-air 
Matrix condition 
Penalty factor a 

Steel-air 
Matrix condition 
Penalty factor a 

d = l 

3.3249e+05 
25.000 

2.6996e+05 
25.000 

d = 0.01 

5.6687e+05 
2.1000e+05 

2.9397e+05 
2.1000e+05 

d = 0.001 

5.4981e+06 
2.1000e+07 

3.3346e+05 
2.1000e+07 

frequency than the higher longitudinal mode the mesh was able to 
capture adequately. How will this affect matrix conditioning in the 
solution of static porous problems? How will this factor affect a 
numerical model that may already be ill conditioned by the mate
rial properties? A low valué of a will produce a quasi-singular stiff
ness matrix if the shear deformation of the fluid is not restrained. A 
high valué of a can produce a fluid shear constraint that obscures 
the normal compressive fluid behaviour. 

Because the coefficient computed in Eq. (38) is designed to 
penalize rotational fluid behaviour, a simple shear test is proposed, 
Fig. 3. It is a cube of porous material with a filling fluid. A shearing 
forcé is applied over the upper surface of the porous matrix. The 
fluid and solid are completely restrained to move at the cube base. 

Fig. 4. 3-D mesh for the jacketed beam. 

Table 5 
Frequency (Hz) of bending 
models. 

Porous 2-D beam 

38.7 
231.7 
592.4 

modes (low inertia) for both 

Porous 3-D mesh 

36.2 
217.0 
574.0 

(a) 
.•j&r ' 

* # ^ 

Fig. 5. 3-D model flexural mode at 36.2 Hz. (a) Porous matrix displacement vector, 
(b) Fluid displacement vector. 

(a) (b) 

Fig. 6. 3-D model flexural mode at 36.2 Hz. (a) Porous matrix on-axis displacement 
vector component. (b) Fluid on-axis displacement vector component. 

Displacements of both materials in the y direction are constrained 
at the top and the node inside is left to move freely for both mate
rials. The idea behind the test is that if the element formulation is 

Table 4 
Stresses and strains for the shear test. 

Mesh size 

Foam-air 
Stress solid %xy 

Stress fluid s 
Strain fluid E¡ 

Steel-air 
Stress solid %xy 

Stress fluid s 
Strain fluid s¡ 

d = l 

0.006000000000000 
0 
0 

6000.000000000004 
0 
0 

d = 0.01 

60.000000000000036 
0 
0 

60000000.00000007 
0 
0 

d = 0.001 

600.0000000000001 
0 
0 

6000000000.000016 
0 
0 



Fig. 7. Beam flexural mode, 38.7 Hz. 

not adequate, the shear in the solid will transmit volumetric 
strains to the fluid. Moreover, the high valué of a coefficient can 
also degenerate the nature of the solution. Three meshes are run 
with cube sides d of 1, 0.01 and 0.001 m. 

A shear stress of 0.006/d2 Pa is applied for the foam-air pair and 
a valué of 6000/d2 Pa for the steel-air. Under this load, the solid 
should undergo a puré shear deformation and the fluid should re-
main unstressed. For the steel-air pair, Table 3, the factor a in-
creases by six orders of magnitude but the condition number 
remains the same order of magnitude for the three mesh sizes. 
The effect of the penalty factor on the matrix condition cannot 
be traced. Shear stresses are recovered up to twelve significant fig
ures, Table 4. The software is run under the MATLAB environment 
in double precisión (64 bits). The valúes for the fluid strain and 
stress are zero within machine precisión. 

5. Dynamic behaviour 

The dynamic behaviour of the model is checked by simulating a 
rectangular beam made of porous material. Its elastic properties 
are shown in Table 1, column 1. The beam is assumed jacketed 
so that the beam hypotheses used in S3.1 are not violated. The 
jacketed condition is that the fluid over the boundaries must move 
the same amount as the porous material does in the direction nor
mal to the beam lateral surfaces. The same beam of dimensions 
0.01 x 0.015 x 0.10 m is modelled with the porous tetrahedron 
and with the plañe linear beam. 

The 3-D model needs at least four elements on the shortest side 
to converge to the lowest bending frequencies, Fig. 4. Only the first 
three bending modes associated with the lower inertia are com
pared. For these modes it can be considered that the section of 
the beam remains rectangular. Longitudinal frequencies are not 
compared because the 3-D model exhibits a pronounced stretching 
of the transverse área. The plañe beam model was run with the 
small inertia valué. 

The frequencies match to within 6%, Table 5. The 2-D beam 
model is stiffer. In Figs. 5 and 6 the lst flexural mode is depicted. 
In the 3-D model, the transverse displacement vectors and their 
on-axis component are shown for the porous material and the 
fluid. From the on axis displacements it can be concluded that 

the hypothesis of a neutral bending axis is adequate. For the beam 
element, Fig. 7, the transversal section of the fluid (dashed lines) 
and the porous matrix (solid lines) are shown together. As in the 
3-D case, it can be seen that when the porous material is com-
pressed, the fluid is expelled from the pores. 

6. Conclusions 

In this work, starting from Biot's elastic energy formulation, and 
assuming that a suitable acoustic fluid behaviour can be formu-
lated with the same polynomial expansión and degrees of freedom 
as a solid elastic element, a simple stiffness matrix for a displace-
ment-based porous material is constructed. As a matter of fact, 
only two different basic matrices need to be constructed - one 
for the elastic behaviour of the porous material and another that 
computes the stiffness associated with the acoustic fluid's changes 
in volume. For cases of a porous bar or a porous plañe beam where 
no spurious rotational modes can arise, the formulation is effective. 
In the case where a planar or a 3-D element is going to be con
structed, it is necessary to replace the fluid diagonal sub-matrix 
by one which is free of spurious rotational modes. Candidates are 
the elements developed by Hamdi et al. [3] and Bathe et al. 
[4,21]. Raviart-Thomas elements are disregarded only because of 
their awkward node location, but they fit if an elastic solid can 
be developed with the same degrees of freedom and polynomial 
order of the fluid one. 

In order to honour Biot's experimental proposal to compute the 
elastic constants of a porous material, a cube with a free node in-
side, as well as minimal restrictions, are used to check the consis-
tency of the formulation. This is simply Bruce Iron's Patch Test [22] 
and because the element is formulated so as to pass the IET of Ber-
ganand Hanssen [9], forms A, B and C proposed by Taylor et al. [23] 
are also satisfied as demonstrated in [24]. Basically three constant 
strain measures are combined to obtain three elastic coefficients, 
in keeping with Biot's formulation. If the element fails to satisfy 
Biot's formulation, then the elastic coefficients used in the model 
are assumed to be unrecoverable. The element has also shown to 
be consistent for very extreme porous material properties. 

Because the stabilization factor, originally developed under 
dynamic considerations, changes many orders of magnitude 



depending on element size, a shear test was proposed to ascertain 
the extent to which the numerical condition deteriorates, or even 
worse, obscures the ability of the element to compute fluid volume 
changes. The test showed that the condition number does not 
change with mesh size and that a porous solid matrix under shear 
will not produce fluid volume changes for any of the cases tested. 

Finally, a simple dynamic problem was run to mutually check the 
3-D and the beam formulations. A comparison was made only for 
the modes where the jacketed beam approximation was reasonable. 
In those cases, the frequencies and modal shapes matched. The 
beam model seems adequate to model narrow tubes filled with 
porous materials. 
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