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Abstract

A new method is presented to generate reduced order models (ROMs)
in Fluid Dynamics problems of industrial interest. The method is based
on the expansion of the flow variables in a Proper Orthogonal Decompo-
sition (POD) basis, calculated from a limited number of snapshots, which
are obtained via Computational Fluid Dynamics (CFD). Then, the POD-
mode amplitudes are calculated as minimizers of a properly defined overall
residual of the equations and boundary conditions. The method includes
various ingredients that are new in this field. The residual can be calcu-
lated using only a limited number of points in the flow field, which can be
scattered either all over the whole computational domain or over a smaller
projection window. The resulting ROM is both computationally efficient
(reconstructed flow fields require, in cases that do not present shock waves,
less than 1 % of the time needed to compute a full CFD solution) and flex-
ible (the projection window can avoid regions of large localized CFD er-
rors). Also, for problems related with aerodynamics, POD modes are ob-
tained from a set of snapshots calculated by a CFD method based on the
compressible Navier Stokes equations and a turbulence model (which fur-
thermore includes some unphysical stabilizing terms that are included for
purely numerical reasons), but projection onto the POD manifold is made
using the inviscid Euler equations, which makes the method independent
of the CFD scheme. In addition, shock waves are treated specifically in
the POD description, to avoid the need of using a too large number of
snapshots. Various definitions of the residual are also discussed, along
with the number and distribution of snapshots, the number of retained
modes, and the effect of CFD errors. The method is checked and discussed
on several test problems that describe (i) heat transfer in the recirculation
region downstream of a backwards facing step, (ii) the flow past a two-
dimensional airfoil in both the subsonic and transonic regimes, and (iii) the
flow past a three-dimensional horizontal tail plane. The method is both ef-
ficient and numerically robust in the sense that the computational effort is
quite small compared to CFD and results are both reasonably accurate and
largely insensitive to the definition of the residual, to CFD errors, and to the
CFD method itself, which may contain artificial stabilizing terms. Thus, the
method is amenable for practical engineering applications.
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Resumen

Se presenta un nuevo método para generar modelos de orden reducido
(ROMs) aplicado a problemas fluidodinámicos de interés industrial. El
nuevo método se basa en la expansión de las variables fluidas en una base
POD, calculada a partir de un cierto número de snapshots, los cuales se
han obtenido gracias a simulaciones numéricas (CFD). A continuación, las
amplitudes de los modos POD se calculan minimizando un residual global
adecuadamente definido que combina las ecuaciones y las condiciones de
contorno. El método incluye varios ingredientes que son nuevos en este
campo de estudio. El residual puede calcularse utilizando únicamente un
número limitado de puntos del campo fluido. Estos puntos puede encon-
trarse dispersos a lo largo del dominio computacional completo o sobre
una ventana de proyección. El modelo ROM obtenido es tanto computa-
cionalmente eficiente (en aquellos casos que no presentan ondas de choque
reconstruir los campos fluidos requiere menos del 1% del tiempo necesario
para calcular una solución CFD) como flexible (la ventana de proyección
puede escogerse de forma que evite contener regiones con errores en la
solución CFD localizados y grandes). Además, en problemas aerodinámi-
cos, los modos POD se obtienen de un conjunto de snapshots calculados
utilizando un código CFD basado en la versión compresible de las ecua-
ciones de Navier Stokes y un modelo de turbulencia (el cual puede incluir
algunos términos estabilizadores sin sentido físico que se añaden por ra-
zones puramente numéricas), aunque la proyección en la variedad POD se
hace utilizando las ecuaciones de Euler, lo que hace al método independi-
ente del esquema utilizado en el código CFD.Además, las ondas de choque
se tratan específicamente en la descripción POD para evitar la necesidad
de utilizar un número demasiado grande de snapshots. Varias definiciones
del residual se discuten, así como el número y distribución de los snap-
shots, el número de modos retenidos y el efecto de los errores debidos al
CFD. El método se comprueba y discute para varios problemas de evalu-
ación que describen (i) la transferencia de calor en la región de recirculación
aguas abajo de un escalón, (ii) el flujo alrededor de un perfil bidimensional
en regímenes subsónico y transónico y (iii) el flujo alrededor de un es-
tabilizador horizontal tridimensional. El método es tanto eficiente como
numéricamente robusto en el sentido de que el esfuerzo computacional es
muy pequeño comparado con el requerido por el CFD y los resultados son
razonablemente precisos y muy insensibles a la definición del residual, los
errores debidos al CFD y al método CFD en sí mismo, el cual puede con-
tener términos estabilizadores artificiales. Por lo tanto, el método puede
utilizarse en aplicaciones prácticas de ingeniería.
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1
INTRODUCTION

A common situation in practical industrial applications related to prod-
uct development is the need to perform fast calculations inside a space
of design parameters. In mature, very competitive industrial sectors like
aerospace and automotive, this need is motivated by the drive to gener-
ate products having good technical performance within design cycles that
are as short as feasible. Thus, time is a critical aspect of industrial com-
petitiveness because shortening the time to market may provide a leading
economic advantage during the product life cycle.

A possible way to shorten design cycles consists of replacing experi-
ments by computational fluid dynamics (CFD) calculations. Now, if the
number of parameters is not small and a fully nonlinear behavior is in-
volved, then obtaining approximate solutions is not trivial unless a large
number of CFD calculations is performed. For instance, if a 2D cooling
system such as a micro-heat-exchanger is considered, it might be interest-
ing to determine the global response of the system (through, e.g., the pres-
sure drop from entrance to exit, the Nusselt number, and a property of the
flow like the size of a recirculation bubble) in terms of the Reynolds and
Prandtl numbers, the temperature difference inside the system, and a ge-
ometric parameter such as the aspect ratio. If five to ten values for each
parameter are calculated, the whole study requires 54 to 104 simulation
runs. This is not to mention the case where additional geometry design
parameters, such as those defining the shape of the system, are accounted
for, or the case where a full 3D configuration is considered. Thus, the cost
advantage associated to the use of CFD may be offset by the sheer number
of numerical simulations needed. A possible way out of this dilemma is,
of course, to compute a limited, well selected number of cases and to in-
terpolate between them. However, the problem with interpolation is that
accuracy degrades when either more than a few parameters are involved or
the distance between available points in the parametric space is not small
enough. This can be overcome somehow if interpolation is made on global
modes resulting from either Proper Orthogonal Decomposition (POD) [15]
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CHAPTER 1. INTRODUCTION

or High Order Singular Value Decomposition (HOSVD) [38] which will be
done along the present thesis as a part of the analysis. HOSVD [21] is an
extension to tensors of classical SVD [25]; note that such extension is not
straightforward and involves some subtleties [20].

An alternative method to interpolation is the use of reduced order mod-
els (ROMs) based on approximate mathematical modeling ideas, which
might be a convenient way to achieve the above mentioned practical in-
dustrial goals. The interest in the development of ROMs is twofold. The
academic interest in solving complex non linear multi-parametric problems
in a computationally efficient way, using a limited number of modes comes
first. Second, the resulting ROM allows for the generation of fast meth-
ods to solve problems of practical engineering interest. Computational effi-
ciency is becoming crucial nowadays to improve design cycles, saving both
design cost and time to market. This is evident in the specialized literature
where a continuously increasing number of methods and applications are
published every year.

These ROMs are usually obtained via a standard Galerkin projection on
a set of previously calculated modes, through Proper Orthogonal Decom-
position (POD). The problem is that Galerkin projection leads to ROMs that
need some kind of artificial stabilization, a difficulty that is still unsolved
nowadays, especially in open flow systems and non-selfadjoint problems.
The stability of ROMs obtained via POD+Galerkin projection is an impor-
tant issue since it has long been recognized that these methods, attractive
as they are, need stabilization schemes to yield acceptable solutions. This
central question is discussed in detail by Sirisup and Karniadakis [52], who
pointed out that an erroneous state of the POD-reduced order model equa-
tions can be obtained as a large time behavior of the system even if the cor-
rect state is used to initialize the simulation. This means that the numerical
solution of the ROM may eventually drift to a spurious state. Several sta-
bilization methods are presented and tested in references [51, 52]. See also
the ’calibration method’ by Galleti et al [24], whose application requires in
practice to solve an adjoint problem. An alternative ’calibrated method’ has
been proposed by Couplet et al [19] that determines the free parameters of
the POD system via the solution of a minimization problem.

The search for stable and robust ROMs, based on something more than
Galerkin projection, has been pursued in various contexts and is a trend
that can be easily traced in the specialized literature. In particular, Sirisup
et al [52] use the concept of projective integration [46], which consists of
performing short burst of full direct numerical simulation to estimate the
evolution of the flow dynamics. The use of POD based formulations to
improve the efficiency of numerical simulation methods has also been pro-
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posed and studied by Tromeur-Dervout and Vassilevski [56] and Rathinam
and Petzold [44]. A method that combines SVD and GA within the devel-
opment of a fuzzy network has been reported by Nariman et al [42]. Very
recently, Barone et al [10] have reported on a Galerkin projection procedure
for compressible flow modeling that emphasizes algorithm stability. An in-
teresting conclusion of this article is that the selection of the inner product
for the projection plays an important role in the scheme stability. Regard-
ing the formulation of the modal expansions, the authors explicitly state
in their introduction chapter that ’it is still desirable to be able to generate
a stable ROM regardless of the quality of the POD basis used to generate
it’. Stability of the ROM also depends on the size of the chosen basis, as
showed in the article by Bui-Than et al [16]. In particular, the authors point
out that the selection of an appropriate set of snapshots still remains an
open issue. Further simplification of the physics model of a ROM formula-
tion, in the frame of acoustic loading applications for aircraft structures, has
been addressed by Hollkamp and Gordon [27]. In this work, the authors
did not explicitly accounted for membrane displacements in their ROM,
but condensed them into the nonlinear stiffness terms of the bending equa-
tions. This displacement was recovered a posteriori by using a set of esti-
mated membrane basis. In a different technical framework, but related to
the issue of algorithm robustness, the stability of the ROM of some electric
circuits has been studied by Bai et al. [8].

Cizmas et al [18] have explored several acceleration techniques based on
POD. Basically, the techniques include a splitting of the snapshots database,
to only require solving quasi-symmetrical matrices, and a strategy to re-
duce the frequency of projection. The method was applied to the problem
of a 2-D fluidized bed. Depending on the acceleration technique, the au-
thors reported a ROM speed-up factor ranging from 20 to 100 when com-
pared with the full model, with similar accuracy. In the context of search-
ing for computational efficiency, Shaverdi et al [48] have developed a ROM
approach based on the boundary element method for aerodynamic appli-
cations. The authors deal with several test cases including a wing-body
combination in heaving motion and reported computational times of the
order of 15 % of those obtained with other ROMs. Some other examples
of ROM development in various engineering fields have been considered
by Valdes et al [57] (hydraulics) and Bizon et al [13] (chemical processes).
In these two articles, the authors focused on the accuracy of their method
but, unfortunately, no information was provided on the associated compu-
tational efficiencies.

Attempts to automatize the generation of ROMs are also being per-
formed. The underlying idea is to provide means that simplify the formula-
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CHAPTER 1. INTRODUCTION

tion while retaining as much generality as feasible. In this context, Aquino
[7] has presented an object-orientated design for reduced order modeling,
and has investigated object-orientated design attributes and their capabil-
ity to generate efficient models. Nie and Joshi [43] have presented a method
based on a flow network modeling. Here, several ROMs that apply at dif-
ferent spatial scales are assembled together intending an accurate descrip-
tion of a complex multiscale thermal system. Development of robust ROM
formulation is also important in related control applications. Examples of
reduced-order based control strategies have been reported, among others,
by Ravindran [45] to study flow separation past a forward-facing step, and
by Bergmann and Cordier [12] to minimize the drag in the flow past a cir-
cular cylinder when the cylinder portion is taken as the control parameter.

Many industrial applications involve complex Fluid Dynamics prob-
lems whose direct numerical simulation is well beyond present computer
capability. Turbulence models and other related simplifications still require
spatial discretization with thousands to millions of mesh points and some
artificial stabilizing terms to avoid numerical instability. Steady state situ-
ations are of interest either because the industrially relevant solutions are
genuinely steady, as in the example considered below, or because of turbu-
lence modeling simplifications. The objective of this thesis is to develop a
methodology for obtaining ROMs to calculate steady states of multi- para-
metric fluid problems. The method itself is based on a flexible minimization
strategy rather than on conventional Galerkin projection, which is more ap-
propriate to deal with unsteady solutions. The main new ingredient results
from the observation that the residual can be calculated using a limited
number of mesh points of the computational domain, which dramatically
saves the required computational effort.

Even though the method applies to general aerodynamic problems, for
the sake of clarity the main ideas are explained using three test problems
of industrial interest, namely the laminar flow past a backward facing step
with temperature dependent viscosity and thermal conductivity, the flow
past a two-dimensional airfoil in both subsonic and transonic conditions,
and the flow past a three-dimensional horizontal tail plane. With these, it
is also intended to assess the robustness and accuracy of the method.

An intriguing question about ROM formulation (not often addressed in
the literature) is whether the ROM itself must to be based on the same set
of equations used in CFD calculations. In principle, the answer should be
yes. However, it is to be noted that the CFD snapshots used to generate the
modes already contain information derived from the original equations, so
it may be worth to explore the possibility of using a ROM based on sim-
pler equations, to obtain a ROM that is more robust and independent of
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CDF details. That is, model reduction could be achieved in two comple-
mentary steps: a) flow variables are modeled via POD modal expansions
based on snapshots obtained using CFD with the complete equations, and
b) the ROM is derived projecting in modal expansions flow equations that
are simpler than the original ones. Step (b) cannot be generalized, because
its validity is most likely to depend on the type of problem under consider-
ation. In particular, we explore in this thesis the possibility of developing a
ROM for compressible airfoil flow based on the Euler equations, while the
original problem is turbulent and the CFD snapshots have been computed
using the Navier-Stokes equations with a turbulence model and, possibly,
some small stabilizing terms added for numerical reasons. This approach
is supported a priori by three related arguments: a) viscous effects in a
high Reynolds number flow are confined to thin and well localized regions
(boundary layers, shear layers, and shock waves) and thus contributions of
the neglected viscous and stabilizing terms on the integral projected terms
is small; (b) the required vorticity distribution information needed to re-
construct the correct solutions (which cannot be completely calculated us-
ing Euler equations) is already present in the POD modes; and c) the actual
physics of the problem does not depend on the turbulence model and the
stabilizing terms used in CFD; the latter are only numerical artifacts. The
development of a ROM based on the Euler equations when the original
snapshots are turbulent exhibits some advantages that could be of interest
for practical industrial applications:

1. The snapshots used to generate the modal expansions could be com-
puted with different turbulence models. In this sense, the method
presented in this thesis is independent of the flow solvers and the
turbulence models considered for snapshots generation.

2. The ROM itself does not need artificial numerical terms to stabilize
the convergence process. Furthermore, even if the CFD flow solver
requires artificial viscosity terms to stabilize the algorithm (which is
most likely) the ROM does not mimic these terms, which means that
it produces what we could call a "clean" solution.

3. The ROM gains numerical robustness. The reason is that this simpli-
fied formulation allows for the use of a minimization strategy to find
its solution that is robust itself [4–6] because it does not require the
use of higher order flow derivatives.

In addition to the use of the Euler equations to derive the ROMS, which
is new in the literature, two ingredients are convenient to further improve
computational efficiency. These are related to (a) shock waves and (b) re-
ducing the number of mesh points used in ROM calculation. An important
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CHAPTER 1. INTRODUCTION

issue in deriving ROMs able to apply in transonic conditions is connected
with the presence of shock waves that move significantly as the parame-
ters are varied. As further explained in [4, 38? ], if moving shock waves are
present, then either (a) the resulting POD modes are stair-like shaped (in-
stead of exhibiting the correct one-jump, shock wave shape), which yields a
poor approximation, or (b) both the number of required snapshots and the
dimension of the POD manifold are very large. This is because POD ap-
proximations are made up of linear combinations, and linear combinations
of shifted jumps do not yield jumps but stairs. Thus, it is clear that a specific
shock wave treatment is necessary to obtain ROMs in transonic conditions
at a reasonable computational cost. In this paper, such treatment will be
the natural extension of that presented in [38? ], which is based on POD
plus interpolation and only applies to the pressure distribution on the air-
foil surface. Thus, treatment of shock waves must be combined here with
projection of the governing equations on the POD manifold. The second
above mentioned ingredient results from the observation that determining
the POD mode amplitudes should require information from a number of
mesh points that is much smaller than the total number required by CFD.
In fact, if all calculations were exact, information from a number of points
equal to the number of unknown POD mode amplitudes would be enough.
Since calculations are not exact, this number should be somewhat larger
than the number of POD modes, but kept within the same order of mag-
nitude; thus it will be much smaller than the total number of mesh points
(which only depends on the CFD method), meaning that the computational
cost of applying the resulting ROM will be dramatically reduced. Also, it
will be convenient that the points be selected in a region of the compu-
tational domain that both contains as much information as feasible about
the flow and provides CFD results that are as accurate as possible; in other
words, regions of localized CFD errors will be avoided. In some sense, the
underlying idea is the same as that behind the method of snapshots [33, 53].
Let us mention here that this second ingredient opens up new possibilities
that make the method quite flexible. For example, considering only a re-
gion of the flow field where none of the snapshots exhibits shock waves,
we shall be able to calculate the POD approximation with great accuracy
in this region. And discarding those regions with larger CFD errors will
provide better results.

6



2
MATHEMATICAL METHODS

This chapter contains a brief discussion on the mathematical methods
used in the thesis. More than giving a complete description of the methods
and algorithms, the objective is to explain the main ideas and pointing out
the advantages against similar methods. Reference to existing results in the
literature is made when further information is required.

The basic method to be used in subsequent chapters will be briefly an-
ticipated (a full description will be made in the following chapters) in §2.3
and consists of (i) calculating a low dimensional manifold that approxi-
mately contains the solution and then (ii) locating the coordinates of the
solution in the manifold by minimizing an appropriately defined resid-
ual. Step (i) will be performed applying Proper Orthogonal Decomposition
(POD), which will be described in §2.1, and the second step, using a Ge-
netic Algorithm (GA), to be described in §2.2. Thus, the combined method
will be called

POD plus Genetic Algorithm (POD+GA). On the other hand, the GA
step can be replaced by interpolation (interpolation algorithms are well
documented tools, see §2.4) in the parameter space, The resulting POD plus
interpolation (POD+I) method is described in §2.5 and will be below only
to obtain a first guess of the solution.

2.1 Proper orthogonal decomposition

Proper orthogonal decomposition (POD) is also known as Karhunen-
Loève decomposition and principal component analysis, depending on the
context, and is closely related to singular value decomposition (SVD), which
is taught in Linear Algebra textbooks [25]. In rough terms, POD is simply
a procedure that provides an optimal linear basis for the approximate re-
construction of multidimensional data (such as the result of integrating a
partial differential equation) which allows a reduction of the data set. Such
reduction is accomplished using a set of modes, as explained below.
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CHAPTER 2. MATHEMATICAL METHODS

See Liang et al. [34] for a further discussion on relations between these
methods and for some relevant physical applications; see also Holmes et al.
[28] for applications of POD in Fluid Dynamics, and [15] for applications to
transonic (inviscid) Aerodynamics.

Consider a set of vectors, q1, . . . ,qN, which (can belong to an infinite
dimensional space, namely being functions and) will be called snapshots
hereafter; an inner product 〈·, ·〉 is also considered. POD provides an or-
thonormal basis, Q1, . . . ,Qr, of the r-dimensional vector space generated
by the snapshots; r 6 N is the rank of the system of snapshots. The vec-
tors Q1, . . . ,Qr are called POD modes and are such that for each n 6 r, the
vector subspace spanned by Q1, . . . ,Qn provides the best joint, root mean
square (RMS) approximation (with the distance associated with the inner
product defined above) of the original vectors; in fact, such optimal ap-
proximation of the snapshots is given by the expansion (2.3) truncated to n
terms.

Solving the above mentioned minimization problem, leads to a linear
eigenvalue problem whose eigenvectors are precisely the POD modes. More
precisely, POD modes are given by

Qj = (σj)
−1

N∑
k=1

αkj qk,

where the coefficients αkj and the scalars σj (known as the singular values)
can be calculated from the following eigenvalue problem

N∑
k=1

Rikα
k
j = (σj)

2αij. (2.1)

Here, the matrix R is called the covariance matrix and defined as

Rik = 〈qi,qk〉.

Note that this matrix is positive definite, which means that the eigenvalues
of (2.1) are all positive (as required for the singular values to be real) and
that the eigenvectors of (2.1) can be chosen as ortonormal, namely

N∑
k=1

αkj α
k
l = δjl,

N∑
k=1

α
j
kα
l
k = δjl, (2.2)

where δjl (= 1 if j = l and 0 otherwise) is the Krönecker delta. Using all
these, it can be concluded that the POD modes are orthonormal and obtain
the following expression for the original snapshots in terms of the POD

8



2.1. PROPER ORTHOGONAL DECOMPOSITION

modes

ql =

r∑
j=1

σjα
l
jQj. (2.3)

In fact, invoking (2.2) and (2.3) it is obtained the following a priori bound of
the relative, root mean square error (RMSE) resulting from reconstructing
the snapshots using (2.3) truncated to n terms,√∑r

s=n+1(σs)
2∑r

s=1(σs)
2
, (2.4)

which allows selecting the number of retained modes requiring that this
quantity be smaller than some pre-determined error bound ε. Note that
errors are defined here using the norm associated with the inner product,
namely ‖q‖ =

√
〈q, q〉.

Now, when the snapshots q1, . . . ,qN are scalar functions of the space
variables x = (x1, x2, x3) in a domainΩ, a convenient inner product is

〈qi,qk〉 =

(∫
Ω
1 dx

)−1 ∫
Ω
µ(x)q1(x)q2(x)dx, (2.5)

where dx stands hereafter for dx1dx2dx3 and the positive function µ is
a weight, which is convenient when some spatial regions need to be em-
phasized; vector functions are treated similarly. If these functions are dis-
cretized, the inner product above can be replaced by

〈qi,qk〉 =
1

NΩ

NΩ∑
k=1

wkµ(xk)q1(x)q2(x), (2.6)

where wk is the weight vector and the sum is extended to the NΩ mesh
points. But the fact that this latter inner product can be considered as an
approximation of (2.5) (which would require that the mesh be equispaced)
is not essential at all. In other words, these two inner products provide
just two ways of defining distances between functions (or vectors). The
discrete inner product can be modified in various ways, maintaining the
main advantages of POD. In particular, the sum in (2.6) can be extended
to only a small set of points, which will lead to one of the simplifications
below. Of course, the selected set of points cannot be arbitrary, but it is
subject to only mild conditions. Such simplification is also convenient to,
e.g., avoid regions of the spatial domain that show large errors.

In all applications considered in the following chapters, the snapshots
will be a set of CFD calculated steady states of a fluid mechanical problem

9



CHAPTER 2. MATHEMATICAL METHODS

for various parameter values. Such snapshots will be intended to be repre-
sentative of the flow states in a given parameter range. By representative
it is meant here that any state of the system in this parameter range be ap-
propriately approximated by a linear combination of the snapshots. Such
condition and the main property of POD mean that all states in the pa-
rameter range can be approximated by a linear combination of some POD
modes. The required number of POD modes will be small provided that
the snapshots are strongly correlated. The fact that such low dimensional
approximation be possible is due to the redundances that are to be expected
because of the physical laws (or, equivalently, the partial differential equa-
tions) that govern the state of the system. Low dimensional POD manifolds
allow to obtain approximate solutions solving a system of equations that is
much simpler than the original one and will be called reduced order model
(ROM).

On the other hand, some peculiarities of the flow might prevent low
dimensional descriptions of the type described above just because of math-
ematical reasons. This is the case, in particular, when the snapshots exhibit
regions with concentrated, large gradients that move significantly as the
parameters are varied, as it happens with shock waves in transonic aero-
dynamic flows. As further explained in [38], if these structures are present,
then either (a) the resulting POD modes are stair-like shaped, which yields
a poor approximation, or (b) both the number of required snapshots and
the dimension of the POD manifold are very large. This is because POD
approximations are made up of linear combinations, and linear combina-
tions of shifted jumps do not yield jumps but stairs. This is illustrated in
Fig.2.1, where a CFD solution is compared with interpolated approxima-
tions using POD based on snapshots that contain shock waves; it must be
noted that a single pressure jump is substituted by the method by three
unphysical jumps. In order to solve this difficulty, a specific shock wave
treatment is necessary; it will be described in chapter §5. Such treatment is
the natural extension of that presented in [38].

2.2 Genetic Algorithm

Genetic Algorithms (GAs) are optimization methods that exhibit the ad-
vantages of providing the global minimum and being robust. Of course,
gradient-like methods such as steepest descend based on Broiden-like ap-
proximations [23] could be used to obtain much faster minimization al-
gorithms, but robustness of GA is quite appropriate in the context of this
thesis.

The GA used below to minimize a function H = H(A1, . . . , AN) in-
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volvesNI (to be calibrated for each case) individuals, each of whom exhibits
Nm chromosomes (the unknowns Ak); each chromosome in turn consists
of g genes, which are the bits that codify this particular amplitude. The
unknowns cannot take arbitrary values but only some values in an inter-
val Ak/(Ak)0 ∈ [1 − αS, 1 + αS], where A0k is an initial guess and αS is a
parameter that must be calibrated. The fitness of an individual is defined
according to the value of the function H at the genes of the individual. The
GA allows the individuals to compete between themselves, mutate, and
breed, as follows. The algorithm uses an initial number, αI ×NI, of equal
individuals with the genes obtained by POD plus interpolation, and the re-
maining (1 − αI) × NI with randomly chosen genes. At the beginning of
every generation the individuals are ordered according to their fitness. The
first αE × NI are called elite individuals, which survive to the next genera-
tion no matter what the results of the following operations could be. The
remaining individuals compete randomly between them, namely two ran-
domly chosen individuals compare their fitness and the more fit survives.
Then, the survivors cross their genes in randomly chosen pairs to produce
(1 − αE) × NI new individuals whose genes are chosen randomly from the
genes of the parents; such crossover operation have a probability of hap-
pening equal to αC.. Each gene has a probability αM of suffering a further
random mutation. The resulting new individuals plus the elite individuals
form the population for the next generation. The whole process is repeated
for NG (to be calibrated for each case) generations or if the value of the
fitness do not change for NG generations. At the end, the individual with
the smaller fitness is considered the optimal individual and its genes are
assumed to codify the solution of the minimization problem.

Summarizing, the parameters to calibrate for each case are

• αS is the span allowed around the initial guess.

• NI is the number of individuals.

• αI is the fraction of individuals whose initial values of the genes are
equal to that of the initial guess.

• αE is the fraction of individuals considered as elite individuals in each
generation.

• αC is the probability of crossover.

• αM is the probability of mutation.

• NG is the total number of generations, namely the number of times
that whole process must be repeated. Alternatively, the process can

11



CHAPTER 2. MATHEMATICAL METHODS

be stopped if the fitness remains unchanged for a sufficiently large
number of generations.

2.3 The general POD+GA method

A set of m partial differential equations and n boundary conditions,
which involvem state variables qj (such as velocity components and pres-
sure) is considered.It can be written as

eqj(q
1, . . . , qm) = 0 inΩ, BCk(q

1, . . . , qm) = 0 at Γ, (2.7)

for j = 1, . . . ,m and k = 1, . . . , n, where Ω and Γ are the computational
domain and its boundary, respectively.

As a first step in the method, some snapshots are calculated via CFD
for representative values of the parameters in the range p1k 6 pk 6 p2k, and
apply POD independently in each scalar variable pk. As explained in §2.1,
if the snapshots have been appropriately selected, the resulting POD mani-
folds are expected to approximately contain all solutions in the considered
parameter range. Assuming for each variable that the solution belongs to
the linear manifold spanned by the POD modesQj1, . . . , Q

j
Nj

, it can be writ-
ten as

qj(p, x) ≈
Nj∑
k=1

A
j
k(p)Q

j
k(x). (2.8)

where the coefficients Ajk are the unknowns to be determined and will be
called the amplitudes of the modes. Now, in order to impose that (2.8) approx-
imately satisfies (2.7), (2.8) is substituted into a properly defined residual
and minimize the resulting function. Such residual is a functional

H = f(eq1, . . . , eqm, BC1, . . . , BCn),

defined such that it is positive definite, namely it only vanishes when all
equations and boundary conditions are exactly fulfilled and is otherwise
(strictly) positive.

The residuals to be used in next chapters will be discretized versions of
the following residuals:

• Pointwise residuals of the form

H =

m∑
j=1

(∫
Ω

|eqj|
e2 dx

)1/e1
+

n∑
k=1

(∮
Γk

|BCk|
e2 dS

)1/e1
(2.9)
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where e1, e2 > 0 are positive constants, Ω and Γk are the computa-
tional domain and the region where the k− th boundary condition is
applied, respectively, and dS stands for the differential of area along
Γk.

• Nonlocal residuals obtained from the conservative form of the equa-
tions, namely taking advantage of the fact that the left hand sides of
(2.7) is of the form

eqj = ∇ · EQj

and replacing in (2.9)
∫
Ω |eqj|

e2 by
∑
rN

−1
c |
∫
Ωr
eqj|

e2 , whereΩ1, . . . ,ΩNc
are appropriate subdomains of the computational domain. A further
application of the divergence theorem yields

H =

m∑
j=1

(
1

Nc

Nc∑
r=1

∣∣∣∣∮
Γr

EQj dS

∣∣∣∣e2
)1/e1

+

n∑
k=1

(∮
Γk

|BCk|
e2dS

)1/e1
where Γr is the boundary of the subdomain Ωr mentioned above.
This second residual exhibits the advantage of decreasing the order of
the required derivatives of the variables, which is always numerically
convenient, especially when large gradient structures (shock waves)
are present.

In either case, the residual is minimized by means of the Genetic Algo-
rithm, described in §2.2, using as initial guess the approximation obtained
using POD plus interpolation (POD+I; see §2.5 below).

Using independent POD modes for each flow variable, as done above,
allows to simultaneously impose all equations and boundary conditions,
which cannot be done in standard Galerkin-like reduced order equations.
However, in some cases it can be less CPU-time-spending to decomposed
a set of m̃(6 m) variables in a way that they share the amplitudes. This
allows to decomposed the (σ(1), . . . , σ(m̃))-variables as

qj(p, x) ≈
Nj∑
k=1

Ak(p)Q
j
k(x). (2.10)

The resulting POD+GA algorithm can be quite expensive because of the
integrals appearing in the definition of the residual. This difficulty can be
solved in two ways:

• If (as it happens in Fluid Dynamics) nonlinearity is algebraic and the
exponent e2 appearing in the residuals is even, then the right hand
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sides of the equations are (powers of) polynomials in the POD ampli-
tudes. If the coefficients of these polynomials are calculated from the
outset, then each particular calculation of the residual becomes quite
fast in terms of CPU time. This approach has been systematically
used in the literature in incompressible Navier-Stokes equations in
POD+Galerkin projection approaches, which require calculating sec-
ond order polynomials. Compressible Navier-Stokes involve at least
third order nonlinearities and since the residuals are at least second
order (es > 2), sixth order polynomials are required, which exhibit a
huge amount of coefficients.

• The second possibility was proposed in [? ] and results from the ob-
servation that since the solution is already known to belong to a low
dimensional space, its calculation should require information from
only a also small amount of points in the computational mesh. In
some sense, the same argument that justifies the method of snap-
shots (and also the related simplification considered in 2.1) is used
here, which allows to consider only a small amount of points in the
parameter space; here, only a small amount on points in the spatial
computational domains is considered. Thus, as it happened with the
discrete inner product considered in 2.1, only a few points need to be
considered in the definition of the discrete residuals, whose calcula-
tion becomes quite fast in terms of CPU time.

Additional improvements of the basic method will be described in the fol-
lowing chapters that deal with:

• Simplifying the equations that are substituted into the residuals. In
particular, Euler equations instead of the full Navier-Stokes equations
can be used at the extremely large Reynolds numbers associated with
aerodynamic flows.

• Using only a small set of snapshots to obtain the POD manifold (in-
stead of using all the available ones). In other words, the POD mani-
fold can be calculated locally in the parameter space.

• Dividing the computational domain into overlapping subdomains
and applying the method in each subdomain separately.

2.4 Interpolation methods

Interpolation is necessary whenever a function φ = φ(p), whose ana-
lytic expression is not at hand known at a set of points p1, . . . ,pN, called
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Figure 2.1: POD reconstruction over the wall in the suction side on the airfoil used
as test problem in chapter §5 without any shock wave treatment at AoA = 2.25
M = 0.725 using the POD plus interpolation (dashed line), and plain interpolation
with neighboring snapshots (dotted line), as compared with CFD (solid line).

data set, and the value of φ at a new point pint is required. A minimal con-
vex (hyper-)polyhedron can be defined with the points where the function
is known. If pint is inside the polyhedron, determination of φ(p) is called
interpolation; otherwise is called extrapolation.

Interpolation is made below in two steps: (i) fit an interpolating func-
tion to the already known and (ii) evaluate that interpolating function at
the required new point pint. Generally speaking, the most accurate and
time consuming methods are global interpolation methods, namely meth-
ods in which the interpolation function is calculated using the available
information from all points in the data set. On the other hand, when ex-
treme accuracy is not required and/or the computational time cost must be
kept small local methods (which only used the information from a vicinity
of the target point) can be advisable.

Cubic splines are a good compromise in one-dimensional interpolation.
These are piecewise cubic polynomials with continuous first and second
derivatives at the data set. Depending on the two extra conditions im-
posed at the extreme points in the interpolating interval, various spline al-
gorithms are obtained. Here, natural cubic spline [54] and Akima’s splines
[1] are used. Typically, the former provides a lower error when interpo-
lating functions with continuous fourth derivative, while the latter is to be
preferred under weaker smoothness requirements.

For bidimensional interpolation, a mixed strategy is used:

• If high accuracy is not needed, Shepard’s interpolation [50] is a good
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choice. This local method does not require a Cartesian mesh and uses
four neighboring points, weighted with the inverse of the distance to
the target point.

• POD and SVD allow to construct efficient global algorithms:

– When the date set conform a Cartesian mesh, the interpolated
value could be obtained using Singular Value Decomposition
(SVD) plus interpolation [15, 38]: SVD decompose the data set
into modes, as

φ(xr, ys) =
∑
k

σkUk(xr)Vk(ys),

which allows to reduce bidimensional interpolation into several
one-dimensional interpolation, one for each mode, Uk or Vk.
The latter is performed using splines.

– When the parameter mesh is not Cartesian, SVD is not applica-
ble. In this case, direct interpolation is made using the Akima’s
bivariate interpolation method for scattered data [2]. This method
uses a Delaunay triangulation to generate a mesh whose vertex
are at the points of the data set; then it calculates the coefficients
of the interpolating function, which is a fifth-degree polynomial
in the parameters defined and in each triangular cell.

2.5 POD plus interpolation

Interpolation can be used to calculate the amplitudes in the POD expan-
sions (2.8) or (2.10). Accuracy of the result depends on the smoothness if
the solution, the selected snapshots, the spatial discretization, and the po-
sition of the target point in the parameter space. When used for providing
a first guess of the solution interpolation is applied only a few times and
over a not too large sets of parameters. Thus, computational cost is not an
issue and the most accurate algorithms can be used.
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3
BACKSTEP CHANNEL

This chapter is devoted to the detailed description and analysis of the
general method proposed in this thesis to derive reduced order models
(ROMs) of steady fluid dynamical systems. For the sake of clarity, the
method is illustrated and checked considering a two dimensional flow past
a backwards facing step, heated from below, which is a good example of
nonisothermal, incompressible flow at low Reynolds number; high Reynolds
number and compressible flows will be considered in the following chap-
ters. Although the backstep flow is of independent interest and is ad-
dressed here using a very realistic formulation, the application is consid-
ered mainly to illustrate the method. A complete description of the prob-
lem is avoided; in fact, the parameter range has been selected such that
only one flow topology is present.

The use of POD(SVD)-based methods for studying thermal problems is
not new. In particular, these methods have been used in inverse heat con-
duction problems for various purposes; namely, (a) to estimate unknown
boundary conditions such as surface heat flux, surface temperature, and
heat transfer coefficients [26]; (b) to control spatial and temporal instabil-
ities through regularization [32]; and (c) to filter noisy temperature data
[49]. And SVD has been also used to deal with multi-component thermal
systems, whose treatment involves a large number of differential equations
[59].

This chapter is organized as follows. The test problem and the gen-
eral method to obtain ROMs are described in sections 3.1 and 3.2, respec-
tively, and the ability of the method to improve CFD is illustrated in section
3.3. Section 3.4 is devoted to some improvements of the method that deal
with reducing computational time and the need of calculating higher or-
der spatial derivatives, as well as the calibration of some specifications of
the method. In particular, the exponents appearing in the functional that
defines the residual (subsection 3.4.1) are chosen, the possibility of prepro-
cessing the residual (subsection 3.4.2), the possibility of using a projection
window instead of the whole computational domain to derive the ROM
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(subsection 3.4.3), and of reducing the number of points inside the projec-
tion window (subsection 3.4.4) are considered; in addition the selection of
the appropriate snapshots (subsection 3.4.5), of the appropriate numbers of
modes in each flow variable (subsection 3.4.6), and of the amplitudes in the
POD description (subsection 3.4.7) are considered, as well as the possibility
of defining the residual from the equations in conservative form (subsec-
tion 3.4.8) and the calibration of the various free parameters in the genetic
algorithm (subsection 3.4.9). The chapter ends with some concluding re-
marks, in section 3.5.

3.1 Description of the problem

As a test problem, the non-isothermal (heated from below), two di-
mensional steady flow past a backwards facing step has been chosen; see
Fig.3.1. The Reynolds number is moderate, not larger than 250, which
means that the flow is laminar and steady. Also, the assumption of 2D flow
seems justified because previous studies on the constant viscosity case (e.g.,
Kaiktsis et al [31], Barkley et al [9]) have shown that 3D instabilities occur at
Reynolds numbers in the range of 700 to 997, depending on thermal bound-
ary conditions. The temperature of the incoming flow is T̃ inlet = 293 K (with
tildes denoting hereafter dimensional quantities) and all walls are adia-
batic except for a portion of the bottom wall, which exhibits a length that
is 10 times the step hight and is located downstream of the step (Fig.3.1),
where the temperature T̃wall is kept spatially constant. In fact, T̃wall is one
of the free parameters of the problem and is allowed to vary in the interval
T̃ inlet 6 T̃wall 6 T̃max = 353 K depending on the snapshot. This means that
the steady temperature inside the cooling fluid varies between T̃ inlet and
T̃wall Since the working fluid is water, such maximum temperature varia-
tion implies that the fluid viscosity may change by a factor of three [30].
Thus, it is necessary to take into account dependence on temperature of
viscosity (and of thermal conductivity, which also varies significantly).

Figure 3.1: Sketch of the fluid domain.
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The spatial coordinates, x and y, the velocity components, u and v, and
the pressure p are made dimesionless using twice the the height and the
velocity at the inlet section, 2h̃inlet and ũinlet, respectively, and nondimen-
sional temperature is defined as T = (T̃ − T̃ inlet)/(T̃max − T̃ inlet). The exact
dimensionless continuity, momentum, and energy equations are

eq1 ≡ ∂xu+ ∂yv = 0,

eq2 ≡ u∂xu+ v∂yu+ ∂xp− Re−1 [µ∆u+ 2∂xµ∂xu+ ∂yµ(∂yu+ ∂xv)] = 0,

eq3 ≡ u∂xv+ v∂yv+ ∂yp− Re−1 [µ∆v+ 2∂yµ∂yv+ ∂xµ(∂xv+ ∂yu)] = 0,

eq4 ≡ u∂xT + v∂yT − (PrRe)−1 [κ∆T + ∂xκ∂xT + ∂yκ∂yT ] = 0,

(3.1)

where µ and κ are the molecular viscosity and the thermal conductivity.
Also, ∂x and ∂y denote the partial derivatives with respect to x and y, re-
spectively, and ∆ = ∂2xx+∂2yy stands for the Laplacian operator. The (inlet)
Reynolds and Prandtl numbers are defined as Re = 2ρ̃inleth̃inletũinlet/µ̃(T̃ inlet)

and Pr = c̃pµ̃(T̃ inlet)/κ̃(T̃ inlet), respectively, where ρ̃ and c̃p denote den-
sity and heat capacity, respectively. Dependence of dimensionless viscosity
and thermal conductivity on temperature is assumed quadratic [30], and
accounted for in nondimensional terms as

µ ≡ µ̃(T̃)/µ̃(T̃inlet) = 1+ µ1 · T + µ2 · T2,
κ ≡ κ̃(T̃)/κ̃(T̃inlet) = 1+ κ1 · T + κ2 · T2,

(3.2)

where (in the temperature range considered, 293 K < T̃ < 353 K), the coef-
ficients are

µ1 = 1.1292, µ2 = −0.49036, κ1 = −0.1572, κ2 = 0.04704.

The boundary conditions are as follows. At the inlet section, x = 0, a
Poiseuille-like flow (see, e.g., [11]) and a temperature equal to the coolant
temperature are imposed, namely

u(y) = −24 (y− 1)

(
y−

1

2

)
, v(y) = 0, ∂xp =

−48

Re
, T = 0, (3.3)

while at the outlet section, x = 15, parallel flow is assumed, which is com-
patible with a ’stress free’ condition

∂xu = ∂xv = ∂2xxp = ∂xT = 0.

No slip (u = v = 0) is imposed at solid walls; concerning temperature,
the central part of the lower wall exhibits a nondimensional temperature
T = Twall, namely

T = Twall, (3.4)
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if 5 < x < 10 and y = 0, while the remaining part of the lower wall and the
upper wall are thermally insulated, namely

∂xT = 0

if x = 5 and 0 < y < 0.5, and

∂yT = 0

if either 0 < x < 5 and y = 0.5, or 10 < x < 15 and y = 0, or 0 < x < 15 and
y = 1.

Note that boundary conditions for pressure at both the entrance and the
exit of the domain are stated, which are not necessary in the strictly incom-
pressible formulation above. But the boundary conditions for pressure are
just the ones that are compatible with the boundary conditions for the ve-
locity components. The pressure boundary conditions are given explicitly
because these are convenient to improve precision in the derivation of the
ROM in next section. Also, these boundary conditions are necessary in the
pseudo-compressibility approach that have been followed to numerically
integrate the equations as it is explained in next paragraph; that approach
also needs a boundary condition for pressure at solid walls, which is ob-
tained integrating (near the wall) the momentum equation in the direction
perpendicular to the wall (except at the corners, where the direction that
bisects the corners is considered), with one sided (into the flow domain)
derivatives, and imposing no slip at the wall.

Now, in order to carry out CFD computations, a pseudo-evolution ver-
sion of the governing is considered that consists of adding new terms,
−ε1∂tp, −∂tu, −∂tv, and −∂tT , with ε1 > 0 small, in the left hand sides of
the first, second, third, and fourth eqs.(3.1), respectively. In addition, in or-
der to avoid numerical instabilities, four stabilizing terms are added in the
left hand sides eqs.(3.1), namely ε2∆p − ε3∆

2p, ε4Re−1∆2u, ε4Re−1∆2v,
and ε5(RePr)−1∆2T , respectively, with ε2, ε3, ε4, ε5 > 0 small. Requiring
that the coefficients of these stabilizing terms be small could be not enough;
the condition should be that the stabilizing terms be small compared to the
remaining terms in the equations, which is not easily checked and can lead
to surprises in some cases, see section 3.3. The resulting equations are dis-
cretized using a second order, finite point flow solver, which is described
elsewhere [41, 58]; the mesh is Cartesian, with 32,051 points and a (nondi-
mensional) distance between points of 0.02. Steady states are calculated
solving a time marching formulation based on a pseudo-compressibility
approach, as stated above. Each CFD run, to obtain each steady state, typi-
cally (depending on the flow parameters) requires a CPU time of the order
of six hours on a desktop PC.
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As formulated, the test problem above depends on two nondimensional
parameters, the wall temperature and the Reynolds number, which are as-
sumed to vary in the range 0 6 Twall 6 1, 50 6 Re 6 250. On the
other hand, three figures of merit have been selected to compare the re-
constructed solutions with its counterparts obtained via CFD, namely the
length of the recirculation bubble (see Fig.3.1), LR, the pressure drop from en-
trance to exit, PD, and the Nusselt number, defined as

Nu =
Q̃ ′

2(T̃max − T̃ inlet)κ̃(Twall)h̃inlet
≡
∫10
5
∂yT(x, 0)dx,

where Q̃ ′ is the dimensional heat flux in the non-adiabatic part of the lower
wall, and κ̃ is the dimensional thermal conductivity.

The simplest non attached steady state of the system shows a unique re-
circulation bubble just behind the step, as sketched in Fig.3.1. This steady
state exists for intermediate Reynolds numbers, as Re1 < Re < Re2, where
Re1 ∼ 5 and Re2 ∼ 600 in isothermal conditions. The recirculation bub-
ble disappears as Re approaches Re1 and splits into several bubbles as Re
approaches Re2. Since the test problem is only intended to illustrate the
method, only the intermediate values of Re shall be studied and approach-
ing the bounds Re1 and Re2 will be avoided.

3.2 The basic method

For the sake of clarity, the POD+GA method already briefed in §2.3 is
explained here. The method proceeds in three steps:

1. First of all, the POD modes are calculated for each flow variable q
(namely, the velocity components, pressure, and temperature) using
the covariance matrix

Rij = 〈qi, qj〉

where the inner product 〈, 〉 is defined as

〈qi, qj〉 =

∫∫
ΩPOD

qi(x, y)qj(x, y)dxdy.

Here, the integration domain ΩPOD is in principle the whole com-
putational domain, but can be a smaller subdomain, see subsection
3.4.3 below. The resulting POD modes are now used to write down
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the flow variables as

u(x, y) =

N1∑
i=1

A1iUi(x, y), v(x, y) =

N2∑
i=1

A2iVi(x, y),

p(x, y) =

N3∑
i=1

A3iPi(x, y), T(x, y) =

N4∑
i=1

A4i Ti(x, y),

(3.5)

where the amplitudesA1i , . . . , A
4
i are the unknowns to be determined

below. Note that these are defined independently for each flow vari-
able. The number of modes can be either fixed a priori or obtained re-
quiring a prescribed accuracy εGA using expression (2.4). The latter
will be done in section 3.4.6 below, but for simplicity at the moment
the same number of modes in each flow variable is chosen, namely
N1 = . . . = N4 = N, and guess the appropriate value of N.

2. An initial guess for the unknown amplitudes is obtained via POD
plus interpolation (POD+I; see §2.5).

3. The amplitudes are calculated upon minimization (using a genetic
algorithm, as explained in §2.2) of a properly defined residual, which
is obtained substituting the expansions (3.5) into a properly defined
functional that will be further discussed below, in subsections 3.4.1
and 3.4.8. At the moment, the following functional is used

H =

4∑
j=1

(∫∫
ΩGA

|eqj|
e2 dxdy

)1/e1
+

3∑
k=1

(|BCk|
e2)1/e1 , (3.6)

where eq1, . . . , eq4 are the left hand sides of eqs.(3.1) and

BC1 =

∫1
0.5
u(0, y)dy−

1

2
,

BC2 = ∂xp(0, yP) +
48

Re
,

BC3 =

∫10
5
T(x, 0)dx− 5Twall

account for the nonhomogenous boundary conditions in (3.3)-(3.4).
Here, it has been taking into account that the u-profile at the entrance
(x = 0) is Poiseuille for both the POD modes and the approximated
solution, and that the pressure gradient at x = 0 and the temper-
ature at the nonadiabatic part of the wall are both constant. These
mean that all nonhomogeneous boundary conditions are defined up
to constant factors and thus, imposing each boundary condition only
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requires to impose one integral condition (instead of imposing the
boundary condition pointwise, as should be done in principle). Note
that the contribution of the pressure boundary condition at the in-
let section, BC2, is calculated only in a point (0, yP) of the inlet sec-
tion. This is done because (a) it has been checked that the results are
the same as taking more points and (b) two small regions near the
wall, where localized numerical errors on the pressure gradient are
present, are avoided. The positive parameters e1 and e2 are to be
chosen and the spatial domain ΩGA is, in principle, the whole com-
putational domain, but could be also a subdomain, see subsection
3.4.4 below.

The initial selection of the parameters of the method has been made
after some preliminary calibration: six POD modes are retained in each
flow variable (which leads to a total number of 6×4=24 mode amplitudes)
from the set of 25 snapshots, e1 = 2 and e2 = 1 are kept fixed in eq.(3.6),
and the GA parameters (which will be kept fixed unless otherwise stated)
are:

• The span allowed around the POD initial amplitudes equals to 50%
of each amplitude.

• 5,000 individuals are considered, with a discretization of 10 bits per
individual.

• 10% of the individuals initially have the POD+I approximation codi-
fied in their genes.

• 1.33% of elite individuals go straight into the next generation.

• The crossover probability equals 0.8.

• 500 bits are shifted due to mutation.

• The process is stopped after 200 generations.

In order to assess the capability of the method, 25 snapshots have been
calculated using CFD and five test points, PT1, . . ., PT5, have been selected
where velocity, pressure and temperature fields will be reconstructed. The
first four test points are located near the corners of the parametric plane,
namely at (Re, Twall) = (75,0.875), (225,0.875), (75,0.125), and (225,0.125).
The fifth point, at (Re, Twall)=(175,0.375), is located somewhat near to the
center. A visual impression of the parametric plane, the computed snap-
shots, and the selected test points is presented in Fig.3.2.

A reference of the CFD flow states is provided in Fig.3.3, where con-
tours are plotted of the local residual of the CFD solution on continuity
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Figure 3.2: Sketch of the parametric domain.

and x-momentum equations at point PT3; residuals at the remaining test
points and the remaining equations are similar. Note that large errors are
concentrated near the upper corner of the step, which are due to the 270o-
singularity. Also for reference, POD+I has been applied at the five test
points. Relative errors on the figures of merit LR, PD, and Nu, obtained
using both the POD+I and POD+GA, are given in table 3.1, where the CFD
values of the figures of merit are also provided. In fact, for each figure of
merit, relative errors are weighted hereinafter with the mean value of the
coefficients over the 25 snapshots, namely

Relative error = [M(C)]−1
∣∣C̃− C

∣∣
where C and C̃ are the ’exact’ (obtained using CFD) and approximate val-
ues of the figure of merit, obtained using either POD+I or POD+GA, re-
spectively, and M(C) is the area-weighted average value of the coefficient
on the 25 snapshots (labeled with the suffix k), namely

M(C) =
1

25

∑
k

wkCk.

where wk are the elements of the weighting vector (
∑
kwk = 1).

Note that:
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Figure 3.3: Contours of the local residuals of CFD solution at point PT3 on continuity
(up) and x-momentum (down) equations.

CFD results
relative error (in %)

POD+I POD+GA
LR PD Nu LR PD Nu LR PD Nu Nu∗

PT1 1.26 3.59 4.48 1.1 14.2 0.9 2.1 1.4 3.6 –
PT2 2.76 0.98 6.15 0.0 0.5 0.2 1.0 0.9 0.0 –
PT3 1.16 3.71 0.54 0.0 14.6 3.0 0.0 1.8 4.6 2.3
PT4 2.62 1.01 0.90 1.1 0.0 3.4 1.0 0.0 9.0 3.0
PT5 2.24 1.38 2.47 0.0 1.4 0.6 0.0 1.4 0.7 –

Table 3.1: CFD results and relative errors resulting from both POD+I and POD+GA
over the six first modes; the last column provides the errors in the Nusselt numbers at
points PT3 and PT4 when the CFD results at these points are corrected as indicated
in section 3.3.

• POD+I predict the reattachment length with errors around 1% all
over the parametric plane. Pressure drop relative errors deteriorate
(relative errors of the order of 15%) at low Re, at points PT1 and PT3,
which are due to the fact that dependence of pressure drop on Re is
fairly nonlinear at low Re.

• POD+GA generally improves the initial guess obtained using POD+I.
Errors in the Nusselt number at points PT3 and PT4, which corre-
spond to the lowest wall temperature, still exhibit somewhat large
errors. This is suspicious and will be analyzed in section 3.3.
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3.3 Using the method to improve CFD

As seen in last section, the POD+GA errors in Nu at PT3 and PT4 were
unexpectedly high, namely 4.6 and 9.0%, respectively. A first reason for
these large errors could be that there was not enough snapshots at low
Twall. Thus, five more snapshots are added at Twall = 0.125 and Re = 50,
100, 150, 200, and 250 (points plotted with crosses in Fig.3.2). The new re-
sults reduce the error at PT3 to 1.1%, but the error at PT4 remains at 8.56%.
At this point, a doubt arises on the precision of CFD snapshots and test
points, which could be due to the unphysical stabilizing terms in the en-
ergy equation that (at this low value of Twall) could be as important as the
physical terms of the equation (i.e., the conductive term). Thus, the solution
provided by the numerical code could be different from the physical one.

An attempt to analyze this inconvenient without repeating CFD calcu-
lations (an scenario that is frequent in industrial environments), leads us
to plot in Fig.3.4 the CFD temperature distribution along the vertical line
x = 6, and to plot in Fig.3.5 (solid line) the CFD values of Nusselt versus
Reynolds number at Twall = 0.125. Both plots are suspicious: the former
shows that there is a region where the temperature is lower than the inlet
temperature and the latter shows an oscillatory slope.

Figure 3.4: Temperature profile along the channel at x =6 for test case PT3 and an
enlarge detail of the profile in the zone 0.45< y <0.65

In order to fix such CFD errors, temperature is recalculated, integrat-
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Figure 3.5: Nusselt number vs. Reynolds number resulting from CFD calculations,
both with the code used in the remaining of the paper (solid), with postprocessing
on the energy equation (dashed), and obtained from POD+GA using the POD modes
calculated with the original 25 non-postprocessed snapshots in PW1 (dot-dashed).

ing the exact energy equation, without any stabilizing term and using the
velocity field provided by the previous CFD calculation. Such equation is
linear in the temperature, which is the only unknown, and thus easily in-
tegrated. Results on the Nusselt number are plotted with dashed lines in
Fig.3.5 and confirm that CFD results were wrong at these two points, as sus-
pected. Note that now the plot is concave. The new CFD values of Nusselt
number at points PT3 and PT4 are 0.58 and 0.74, instead of 0.54 and 0.90,
respectively. It has been also checked that the new temperature distribu-
tions are such that temperature is always larger than the inlet temperature,
as it should. Postprocessed temperature distributions at the remaining test
points are quite close to the original CFD values.

The postprocessed temperature distributions are accepted as ’the good
ones’ and used hereinafter to calculate the reference values of theNu at the
test points. However, in order to assess the robustness of the method, the
original CFD calculated snapshots are still used to obtain the POD modes.
In other words, temperature postprocess is applied only to the test points;
the non-corrected 25 snapshots, contaminated by the stabilizing terms, are
used in the POD+GA method. Results are plotted with dot-dashed lines
in Fig.3.5 (see also last column in table 3.1) and show that POD+GA results
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are quite good, namely fairly close to the postprocessed ones. Furthermore,
if the POD modes are calculated using the postprocessed snapshots, the
results do not shown any significant difference. All these mean that the
POD+GA improves CFD results, as anticipated above, which has obvious
consequences when devising industrial applications.

This unexpected advantage of the reduced order model could be sur-
prising at first sight. But in fact, it can be explained realizing that POD
modes are only used to (i) obtain a good POD manifold; the exact equations
themselves are imposed again when (ii) the residual is minimized. Thus,
errors in the snaps only affect step (i), while the actual approximation is
calculated in step (ii). One can also think that Fourier modes do not bear
any information about the solution that is being approximated (except for
the fact that the solution is periodic); the equations themselves are imposed
when calculating the actual Fourier expansion, which is the counterpart of
step (ii).

3.4 Some improvements of the method

Using a standard desktop PC (Pentium 4 3,20GHz, 0.99 GB RAM) the
CPU time needed to calculate each case using POD+GA is about 195 min-
utes, a time that is very similar to the one required to calculate a CFD so-
lution. A question arises on whether it is possible to reduce the POD+GA
CPU time further. Several ways of reducing such time are proposed and
checked in the following subsections. But first, the exponents that appear
in the functional that defines the residual are selected, see subsection 3.4.1.
In addition, the free parameters of the genetic algorithm will be calibrated,
in subsection 3.4.9.

3.4.1 Selecting the exponents that appear in the residual formula

The effect of calculating the residual using eq.(3.6) is now considered
with the same POD+GA parameters as in table 3.5, in four different cases,
including the case e1 = 2, e2 = 1 already considered above, to facilitate
comparison. Relative errors are given in table 3.2, where it is shown that,
if e1 = e2, results degrade as e1 increases. This is because at large e2 the
contribution to the residual of that part of the domain where the equations
are better satisfied is masked by the contribution of those zones where the
residual is larger. For instance, if the residual shows a maximum value
of 0.01 in (say) zone A, and values of the order of 0.001 in zone B, when
the fourth power of all these is taken and the contributions of all nodes
are added, contributions from zone B are just too small, and are ignored.
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Thus, POD+GA improves the residual only in zone A and the resulting
minimum of the residual provides a poor approximation. This happens
with pressure drop at point PT1, where large errors already resulted using
POD+I (cf. table 3.1).

Fortunately, results for e1 = 2 and e1 = 1 are as good as the ones for
e1 = e2 = 1. The former values are the good ones to both preprocess the
residual and to apply minimization methods (such as steepest descend),
which require that the residual be a smooth function of the mode ampli-
tudes (which in turn requires that e1 be even). The values e1 = e2 = 1 are
a good selection when using a genetic algorithm, and will be maintained
below.

POD+GA
LR PD Nu

e1 = e2 = 1

PT1 0.0 2.6 1.6
PT2 1.0 0.5 0.0
PT3 0.0 1.4 0.7
PT4 3.2 0.0 3.6
PT5 0.0 1.4 2.9

e1 = e2 = 2

PT1 1.0 2.8 1.6
PT2 1.0 4.6 0.1
PT3 3.1 0.9 3.0
PT4 0.0 4.6 3.6
PT5 1.0 4.6 2.0

e1 = e2 = 4

PT1 10.5 70.2 12.45
PT2 2.1 6.9 0.0
PT3 7.3 65.6 3.6
PT4 5.2 5.0 3.6
PT5 0.0 4.1 6.9

e1 = 2

e2 = 1

PT1 2.1 1.4 3.6
PT2 1.0 0.9 0.0
PT3 0.0 1.8 2.3
PT4 1.0 0.0 3.0
PT5 1.4 1.4 0.7

Table 3.2: Relative errors (in %) obtained calculating the residual using formula 3.6,
with several values of the exponents e1 and e2, as indicated.
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3.4.2 Pre-processing of the residual

Calculating the residual (which should be done at each step of the min-
imizing process) requires to compute the various integrals appearing in
(3.6), which is fairly expensive numerically. Computational cost can be
much lowered taking advantage of the fact that nonlinearity is algebraic (in
fact, cubic), which allows a preprocessing that requires to calculate some in-
tegrals just once. Substituting (3.5) into (3.5) allows to rewrite the residual
as a polynomial in the unknown POD amplitudes, namely

H = H(A11, . . . , A
1
N; . . . , A41; . . . , A4N). (3.8)

As anticipated above, in order that this expression be smooth, the expo-
nent e2 appearing in the residual formula must be even; e1 = 1, e2 = 2 is
a good selection. In this case the polynomial is sixth order. Since the num-
ber of POD amplitudes is m = 4 × N, such polynomial exhibits (roughly)
(4×N)6 coefficients, which must be calculated and stored. Now, the poly-
nomial is sixth order because it contains the square of cubic (diffusive)
terms in eqs.(3.1), which are cubic because µ or κ depend quadratically on
temperature. That cubic nonlinearity can be avoided modifying the proce-
dure in two steps: a) eqs.(3.2), namely

µ− 1− µ1 · T − µ2 · T2 = 0, κ− 1− κ1 · T − κ2 · T2 = 0, (3.9)

are kept as equations instead of substituting them into (3.1); and b) µ and κ
are added as state variables. Step (a) requires to redefine the residual as

HP =

6∑
l=1

∫∫GA
Ω

[eql(x, y)]
2
dxdy+

3∑
l=1

(BCl)
2
, (3.10)

where eq1, . . . , eq4 and BC1, BC2, BC3 are still as in (3.6), and eq5 and eq6
are the left hand sides of the new equations (3.9). And step b requires to
also calculate POD modes for the new variables, which should be expanded
as

µ(x, y) =

n∑
i=1

A5iMi(x, y), κ(x, y) =

n∑
i=1

A6iKi(x, y). (3.11)

Replacing these and (3.5) into (3.10), it is obtained (cf.(3.8))

HP = HP(A11, . . . , A
1
N, . . . , A

6
1, . . . , A

6
N), (3.12)

where now the function HP is a fourth order polynomial in m = 6 × N
variables, which requires to calculate and store (6×N)4 coefficients, instead
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of (4×N)6. Equation (3.12) can also be written as

HP = H0 +Hi1,jA
j
i +Hi1i22,j1j2

A
j1
i1
A
j2
i2

+ H
i1i2i3
3,j1j2j3

A
j1
i1
A
j2
i2
A
j3
i3

+Hi1i2i3i44,j1j2j3j4
A
j1
i1
A
j2
i2
A
j3
i3
A
j4
i4
,

where the Einstein summation convention is used, i.e., repeated indexes
are summed over, for i, i1, . . . , i4 = 1, . . . ,N and j, j1, . . . , j4 = 1, . . . , 6. The
various coefficients can be seen as tensors of up to eighth order, whose ex-
pressions in terms of the POD modes (in fact, integrals of products of POD
modes). These are omitted here for the sake of clarity, and relegated to the
Appendix 4.A, where it can be seen that the tensors are somewhat sparse,
namely the coefficients are zero for many combinations of the indexes. For
instance, Hi1i2i3i44,j1j2j3j4

has at most 19 × N4 nonzero elements, instead of the
(6×N)4 elements that could be involved in this tensor.

LR PD Nu

PT1 1.0 1.6 1.2
PT2 0.0 0.5 0.3
PT3 2.1 0.0 1.2
PT4 1.0 0.5 2.4
PT5 0.0 1.3 0.5

Table 3.3: Relative errors in %, calculated as in table 3.2, but minimizing the prepro-
cessed residual with e1 = 2 and e2 = 1.

Relative errors on the figures of merit using the preprocess explained
above are given in table 3.3. As expected, results are very similar to those
in table 3.1, but the CPU time required to calculate each test point is about
600 seconds, which is not a small time but is less than one twentieth of
the time required without preprocessing; note that the CPU time needed to
preprocess the residual (2 hours in this example) must be also considered,
noticing that this time must be spend only once. The large amount of ele-
ments of the tensors explains why these times are so large. The number of
coefficients that must be computed is very large and the expressions to cal-
culate them can be quite expensive in CPU-time terms (see the Appendix
3.A at the end of this chapter). Also, the resulting polynomial has a lot of
terms and its evaluation requires many operations.

3.4.3 Using a projection window

Without preprocessing, both POD modes and the residual must be cal-
culated for each individual of the GA using the whole computational do-
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main, which exhibits 30,452 points. Since the residual must be calculated
a large number of times by the GA, a good question is whether informa-
tion from a smaller part of the computational domain would be enough.
Such subdomain will be called the projection window below. The same argu-
ment used to justified the improvement considered in next section allows
to anticipate that the answer this question should be yes. In order to check
that, two projection windows (indicated in Fig.3.3) are considered both to
calculate the POD modes and the overall residual:

• PW1: A rectangular window, 5.5 6 × 6 10, 0.02 6 y 6 0.98, located
downstream of the step, excluding a corner region, where CFD errors
are expected to be largest and including that region that is heated
from below. This window contains 11,074 mesh points.

• PW2: A rectangular window, 4.5 6 × 6 5.5, 0.02 6 y 6 0.98, located
close to the corner region, which contains 1,849 mesh points.

Whole domain PW1 PW2
LR PD Nu LR PD Nu LR PD Nu

PT1 0.0 2.3 1.6 1.1 3.6 1.9 4.2 2.8 1.3
PT2 1.0 0.5 0.2 0.0 0.5 0.0 3.2 6.0 0.4
PT3 0.0 1.4 0.7 1.1 1.9 2.4 3.2 3.2 2.0
PT4 3.2 0.0 3.0 3.2 0.5 3.0 3.2 1.8 3.7
PT5 0.0 1.3 0.6 0.0 0.9 0.6 9.2 5.5 0.3

Table 3.4: Relative errors (in %) at test points obtained using all mesh points in the
computational domain and in the projection windows PW1 and PW2. 6 POD modes
are retained in each in each flow variable, calculated from 25 snapshots and e1 and e2
are equal and have been fixed at 1.

Results on these three projection windows are given in table 3.4 and
show that:

• POD+I results in table 3.1 are clearly improved by POD+GA. In fact,
using the whole computational domain provides errors that are around
3% in all cases.

• Accuracy degrades only slightly when the projection window PW1 is
used: errors are within 4%. Computational time using the projection
window PW1 decreases since only 11,074 points are involved, instead
of the 30,452 points of the whole domain. Using PW1, each compu-
tation only requires 71 minutes (instead of the 195 CPU minutes re-
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quired using the whole computational domain) in a desktop personal
computer with a 3.20 GHz Pentium 4 CPU and 0.99 GB RAM.

• Results are consistently better in case PW1 than in case PW2. This
is due to the fact that the projection window PW1 contains at least
a part of the recirculation bubble and thus bears more information
about the flow topology than window PW2. This must be taken into
account when selecting the projection window. Note however that
even with a not carefully selected window, like PW2 results are still
reasonable.

• It is remarkable that using a projection window, it is obtained the
solution in the whole computational domain minimizing the resid-
ual only in a (small) part of it. The main point is that the projection
window must contained enough information about the solution that
is sought, taken into account that such solution can be assumed to
approximately belong to the low dimensional POD manifold. This
opens the possibility of obtaining the modes from a sparse set of data,
which has obvious consequences in various aspects of engineering
applications.

Thus, after having shown the advantages of using a limited projection win-
dow, all calculations below are made in projection window PW1.

3.4.4 Reducing the number of points inside the projection window

Another way to save computational time is to decrease the number of
points of the projection window that are effectively used. Such number of
points is expected to be comparable to (say, two or three times larger) the
number of POD amplitudes that must be calculated, which is dramatically
smaller than the number of CFD mesh points. As anticipated in the first
chapter, this expectation relies on the observation that if all calculations
were exact and the solution were strictly contained in the POD manifold,
it would only be needed as many conditions as the number of unknowns,
namely it would only be needed imposing that the equations hold in as
many points as the number of unknowns. In the ’imperfect’ example case,
twice (or three time) as much points as the number of unknown amplitudes
should be enough.

In order to reduce the number of points, the area integrals in eq.(3.6) are
are first substituted by sums, namely

Residual =

4∑
j=1

Np∑
k=1

N−1
p |eqj(xk, yk)|

e2

1/e1+ 3∑
k=1

(|BCk|
e2)1/e1 (3.14)
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where eq1, . . . , eq4 and BC1, BC2, BC3 are still the same as in eq.(3.6) and
Np is the number of mesh points in the computational domain. This for-
mula is also applicable when the set of points appearing in the sum is any
selection of points, and provides a residual that would be zero only if the
equations and boundary conditions hold exactly at the considered points.

In order to check the statements above, three sets of 84, 51, and 26 equis-
paced points (in both x and y directions) in the projection window PW1 are
considered, which means that the original number of points is reduced by
a factor of 121, 169, and 289, respectively. Selecting equispaced points, it is
anticipated that position of the points is unessential, provided that they in-
volve non-redundant information. Results are shown in table 3.5. Compar-
ison with table 3.4 indicates that no loss of accuracy results from decreas-
ing the number of points in the projection window and that the number
of points needed by the POD+GA method is really small. As anticipated
above, it suffices that this number be somewhat larger than the number of
unknowns in the problem, namely the number of POD mode amplitudes
(i.e., 6×4 = 24 in the present case). The computational cost is consistently
decreased, since, e.g., 53, 42, and 34 CPU seconds are enough to compute
each case using 84, 51, and 26 nodes, respectively.

84 points 51 points 26 points
LR PD Nu LR PD Nu LR PD Nu

PT1 0.0 0.5 1.3 0.0 3.1 1.3 1.1 4.1 1.0
PT2 1.0 0.5 0.0 1.0 0.5 0.0 0.0 0.9 0.0
PT3 1.1 1.7 2.0 1.1 0.5 1.7 1.1 0.5 1.0
PT4 3.2 0.5 1.1 3.2 0.5 0.0 3.2 0.5 2.2
PT5 0.0 0.9 0.8 0.0 1.4 1.0 0.0 0.9 0.6

Table 3.5: As in table 3.4, but minimizing the residual in the indicated number of points
in the projection window PW1.

Since the CPU time required by this method is inferior to preprocess
the residual and its implementation is easier, the un-preprocessed residual
(3.14) is used hereinafter (unless otherwise stated), using 84 points.

3.4.5 Adjusting the number of snapshots used to compute POD modes

Now the number of snapshots is varied. This parameter is very impor-
tant when devising practical engineering applications because, after the im-
provements introduced above, the time needed to reconstruct a flow field
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using the ROM is but a tiny fraction (less than 1%) of the time required to
compute each snapshot. In order to analyze this effect, the results shown
above (using 25 equispaced snapshots, cf. table 3.5) are compared with
those obtained using 9 equispaced snaps (marked with a double circle in
Fig.3.2) in table 3.6. Comparison with table 3.5 shows that accuracy dete-
riorates as the number of snapshots is reduced, as expected. But it is note-
worthy that the POD+GA still proves to be superior to the POD+I approach
with 9 snapshots. This can be improved with a small number of additional
snapshots, as shown in table 3.6, where calculations with 9 snaps are re-
peated using either (i) two additional snapshots, at points (100, 0.25) and
(100, 0.75) and (ii) four additional snapshots at points (100, 0.25), (100, 0.75),
(200, 0.25) and (200, 0.75). Note (see Fig.3.2) that the additional snaps have
been selected in the vicinity of the problematic points, PT1 and PT3. Also
calculations have been performed for a case with the 25 snapshots of pre-
vious sections and five additional snapshots at Twall = 0.125 and Re = 50,
100, 150, 200, 250; these 30 snapshots correspond to the ones marked with
small circles and crosses in Fig.3.2.

It is quite remarkable how adding just two conveniently selected snaps
improves the results so much and that results for 13 and 30 snapshots are
very similar. Moreover, this opens the possibility of trying to design a
method of selection of snaps that allows obtaining results comparable to
those in table 3.5 using a much smaller number of snaps, which is crucial
to dramatically save the CFD computational time.

3.4.6 Selecting the number of modes in each flow variable

The CPU time required by the GA increases exponentially with the
number on unknown POD amplitudes, which in turn increase (they are
four times larger) with the number of modes. Let us first analyze the ef-
fect of varying the number of modes, using the projection window PW1,
with 84 projection points. Results are shown in table 3.7, where compari-
son with results obtained using POD+I is also made. These results show
that the POD+GA is always better than POD+I, especially in connection
with pressure drop. As expected, the POD+GA results deteriorate when
the number of modes decreases. On the other hand, some of the results
(e.g., Nusselt number at PT1) deteriorate and some other ones improve
only slightly when the number of modes increases from six to seven. Six
modes yield errors comparable to CFD errors; thus, it seems that the six
modes case is converged with regard to this parameter, and that increasing
the number of modes may worsen results (see PT1 in table 3.7). This could
be surprising at first sight but is explained noting that (i) errors are usually
relegated by POD to higher order modes, which is the underlying idea on
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POD+GA POD+I
LR PD Nu LR PD Nu

9
snaps

PT1 8.4 4.1 5.6 7.3 31.2 4.6
PT2 0.0 1.4 0.4 0.0 5.0 0.4
PT3 4.2 2.7 4.0 3.2 33.5 3.0
PT4 3.2 0.5 3.0 3.2 10.5 3.0
PT5 4.2 0.4 2.3 4.2 8.2 0.0

11
snaps

PT1 3.2 1.3 2.6 1.1 17.0 2.6
PT2 0.0 0.5 0.0 1.0 10.5 0.0
PT3 0.0 0.5 1.0 1.1 18.4 2.0
PT4 3.2 1.4 3.7 3.2 10.9 3.0
PT5 5.3 0.0 0.0 4.2 7.7 0.3

13
snaps

PT1 2.1 1.0 2.6 2.1 1.0 2.6
PT2 1.0 0.9 0.0 1.0 0.9 0.0
PT3 0.0 0.0 1.0 0.0 0.0 2.0
PT4 0.0 0.5 3.7 0.0 0.5 3.0
PT5 1.1 0.9 0.0 1.1 0.9 0.3

30
snaps

PT1 0.0 1.8 1.3 1.1 12.9 1.3
PT2 1.0 0.0 0.4 1.0 0.0 0.4
PT3 0.0 1.4 0.7 1.1 10.5 0.7
PT4 0.0 0.5 3.0 0.0 0.5 3.0
PT5 1.3 0.6 1.4 3.9 0.3 1.2

Table 3.6: Relative errors (in %) resulting from three sets of snapshots, using six
POD-modes in each flow variable in the projection window PW1 with 84 points and
e1 = e2 = 1.

using POD to cleaning noisy databases and images and (ii) the number of
points in which the GA looks for the solution is proportional to 10N and
increasing the number of modes decreases the probability of convergence
of the method. In order to check which of this explanations is the correct
one a more strict specifications of the GA than those indicated at the end of
section 3.2 (which defined the GA used above):

• 15,000 (instead of 5,000) individuals with the same bits per individ-
ual.

The remaining specifications are still as indicated at the end of section 3.2.
For the sake of clarity, the old (resp. new) GA parameters would be used

36



3.4. SOME IMPROVEMENTS OF THE METHOD

it will be pointed out by including the G1 (resp. G2) particle hereinafter.
Results are included in the last rows of table 3.7. A more exhaustive search
leads to better results and it seems that explanation (ii) was the correct one.
It has been checked that results for six modes change only slightly when
using G2 instead of G1 (see §3.4.9).

POD+GA POD+I
LR PD Nu LR PD Nu

five
modes

PT1 0.0 4.1 1.0 1.1 14.4 1.6
PT2 2.0 0.5 0.0 2.0 0.9 0.0
PT3 0.0 2.2 3.0 1.1 14.6 2.4
PT4 5.2 0.5 3.7 5.2 0.5 4.0
PT5 1.0 1.4 0.7 1.1 1.4 0.7

six
modes

PT1 0.0 0.5 1.3 1.1 14.4 1.6
PT2 1.0 0.5 0.0 0.0 0.9 0.0
PT3 1.0 1.7 2.0 0.0 14.6 2.4
PT4 3.2 0.5 3.7 1.1 0.5 4.0
PT5 0.0 0.9 0.6 0.0 1.0 0.6

seven
modes

PT1 0.0 3.6 9.8 0.0 14.4 1.3
PT2 1.0 0.5 0.4 0.0 0.5 0.4
PT3 1.0 2.2 3.4 0.0 14.6 1.9
PT4 1.0 0.5 3.3 1.1 0.5 3.3
PT5 0.0 1.4 0.7 0.0 1.4 0.7

seven
modes

(using G2)

PT1 1.0 0.5 1.6 0.0 14.4 1.3
PT2 0.0 0.9 0.0 0.0 0.5 0.4
PT3 1.0 0.9 1.6 0.0 14.6 1.9
PT4 3.1 0.5 2.6 1.1 0.5 3.3
PT5 0.0 0.0 0.3 0.0 1.4 0.7

Table 3.7: As in table 3.2 (e1 = e2 =1), retaining the indicated number of modes.

For simplicity, in the above calculations it have been taken the same
number of modes for all flow variables, but it have been seen the problems
that this simplification lead to. Now, this condition is relaxed and the num-
ber of modes in each flow variable is selected such that condition (2.4) is
fulfilled, with ε = 10−4. Such condition is met taking 6, 8, 4, and 6 modes
for the horizontal velocity, vertical velocity, pressure, and temperature, re-
spectively. Results with these numbers of modes using both POD+GA and
POD+I are shown in table 3.8, where it is seen that the former are exact
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within 4%, including the pressure at PT1, which exhibits a much larger er-
ror when calculated using POD+I. The advantage now is that the number
of modes is automatically selected for a given error bound ε.

POD+GA POD+I
LR PD Nu LR PD Nu

PT1 1.1 3.6 1.0 1.1 15.2 1.5
PT2 0.0 0.5 0.0 0.0 0.5 0.0
PT3 0.0 1.4 1.7 2.1 1.9 0.4
PT4 1.1 0.5 4.0 0.0 0.9 4.0
PT5 0.0 1.4 0.6 0.0 1.4 0.6

Table 3.8: As in table 3.7, but using 6, 8, 4, and 6 modes for the flow variables u, v, p,
and T , respectively.

3.4.7 Using a single set of amplitudes for all the variables

Having used a different set of amplitudes for each flow variable has
allowed a more flexible approach, in which redundancies in each variable
are treated separately, which reduces the number of POD amplitudes when
the various flow variables are not strongly correlated. But, as anticipated
in §2.1, when some flow variables are strongly correlated, using common
POD modes is is a better strategy since it leads to a lower number of mode
amplitudes. As anticipated above, lowering the number of unknown am-
plitudes reduces the CPU time required by the GA.

Flow variables can be grouped in various ways to define joint POD am-
plitudes. Several possibilities will be checked in next chapter in connection
with aerodynamic problems. Here, it is only checked the case in which joint
modes are defined for all variables at a time. Namely the flow variables are
written as

u(x, y)

v(x, y)

p(x, y)

T(x, y)

 =

N∑
i=1

Ai


Ui(x, y)

Vi(x, y)

Pi(x, y)

Ti(x, y)

 . (3.15)

As anticipated in §2.1, defining joint modes requires to also redefine inner
product that is to be used to calculate the covariance matrix. Here, the
following inner product is used

〈(u, p, T)i, (u, p, T)j〉 =

∫∫
ΩPOD

(uiuj + pipj + TiTj)dxdy. (3.16)
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Note that the vertical velocity, v, is not involved and thus it behaves as a
slaved variable in the POD+GA method. The velocity component v is not
used in (3.16) because it is related to u by the continuity equation, which
means that v can be considered slaved to u if the continuity equation is well
satisfied. Note that continuity equation is well satisfied in the projection
window PW1, which has excluded the zone of concentrated errors. On
the other hand, v instead of u has been excluded because it is somewhat
small due to the fact that the flow is almost parallel outside the recirculation
bubble. In fact, it has been checked that including v in the inner product
changes only slightly the components of the POD modes.

Once the POD modes are calculated, the expansions (3.15) are substi-
tuted into the equations (3.1), and the residuals (3.6), (3.10) or (3.18) are
now functions of a single set of coefficients. The resulting errors are given
in the first three columns (case #1) in table 3.9. Comparison with table 3.8
shows that accuracy is similar to that resulting when independent modes
for each flow variable are used; the time required by the GA is smaller
now since the total number of POD amplitudes is now 10, while it was
6+8+4+6=24 in table 3.8, meaning that that the number of required modes
and, thus, the dimension of the space is approximately reduced by a factor
0.42.

3.4.8 Defining the residual from equations in conservative form

The residual (3.6) involves first and second order partial derivatives of
some flow variables, which are either provided by CFD or calculated us-
ing finite differences from CFD results. In either case, accuracy degrades as
higher order derivatives are considered. Thus, the residual considered be-
low, which lessens by one the order of the required derivatives, is intended
to improve precision (for a given set of CFD snapshots) more than to re-
duce computational time, as it happened with the previous improvements
considered above.

An obvious way to reduce the order of the required derivatives is to
rewrite (3.1) in conservative form, integrating them in a subdomain Ω of
the computational domain, and apply the divergence theorem, which yields

EQ1 ≡ τ
∮
Γ

[unx + vny] dl

EQ2 ≡ τ
∮
Γ

{(
uu+ p− 2µRe−1∂xu

)
nx +

[
uv− µRe−1 (∂xv+ ∂yu)

]
ny
}
dl

EQ3 ≡ τ
∮
Γ

{(
uv− µRe−1 (∂xv+ ∂yu)

)
nx +

(
vv+ p− 2µRe−1∂yv

]
ny
}
dl

EQ4 ≡ τ
∮
Γ

[(
uT − κ(RePr)−1∂xT

)
nx +

(
vT − κ(RePr)−1∂yT

)
ny)

]
dl
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(3.17)

where Γ is the boundary of the sub-domainΩ, (nx, ny) are the (x, y)-components
of the unit outward normal to Γ , and

τ =

(∮
Γ
dl

)−1

.

Using all these and considering various sub-domainsΩr, for r = 1, . . . ,Nc,
of the computational domain, the following residual can be defined

Residual =

4∑
j=1

(
Nc∑
r=1

|EQj(Γr)|
e2

)1/e1
+

3∑
k=1

(|BCk|
e2)1/e1 (3.18)

where EQj are the above conservative equations (3.17), the line integrals
are performed using the trapezoidal rule, and BCk are the boundary con-
ditions (3.7). Note that setting to zero this residual is equivalent to impos-
ing that the integrals of the equations be zero in each of the sub-domains
Ω1, . . . ,ΩNc .

The shape, number, and location of the sub-domains can be chosen sub-
ject to only mild assumptions. Namely, their number must be somewhat
larger than the number of unknown amplitudes and the shape and loca-
tion should be such that setting to zero the various terms in (3.18) provide
independent conditions. A remark about selection of the sub-domains is
relevant. Evaluation of each contour integral in (3.18) requires to calcu-
late the four variables and their partial derivatives along x and y at all
mesh points in the contour, while for evaluating every point of (3.14) the
four variables, its partial derivatives, and its Laplacian must be evaluated.
Thus, the time required to evaluate once the expression (3.18) is approxi-
mately 6NpcNc/(8Np) times the corresponding one for (3.14), where Nc
and Np are the number of contour integrals and points used for evaluat-
ing the corresponding residuals, and Npc is the number of mesh points in
the contours. Therefore, if the number of contour integrals is not carefully
chosen the computational cost can be greatly increased.

Here, 25 equispaced (in both directions) sub-domains that are as small
as possible (namely grid cells whose vertex are 4 neigboring mesh points)
are chosen.

Results are shown in table 3.9(case #2). Note that these results are quite
similar to those obtained with the former residual, which is due to the fact
that precision in the CFD-derivatives is not critical in this case. Precision
will be highly improved in next chapter because the aerodynamic CFD cal-
culated snapshots there will exhibit a lower precision.
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For completeness, results on the case of using both the new conservative
residual and a unique set of modes are also given in this table (case #3), and
show that combination of both improvements (which is computationally
cheaper, as explained above) provides again similar results.

Case #1 Case #2 Case #3
LR PD Nu LR PD Nu LR PD Nu

PT1 2.0 5.0 0.3 0.0 0.0 2.3 3.1 1.3 3.6
PT2 0.0 0.0 4.3 2.0 0.5 0.0 0.0 0.0 4.3
PT3 3.1 0.5 2.6 0.0 0.5 0.7 3.1 0.5 1.3
PT4 1.0 0.0 3.3 0.0 0.5 3.6 2.1 0.0 4.9
PT5 2.0 0.9 0.3 0.0 2.8 1.3 3.1 0.9 2.0

Table 3.9: As in table 3.8 but using a single set of amplitudes (case #1), using the
conservative residual (case #2), and combining the modifications in cases #1 and #2
(case #3).

3.4.9 Genetic algorithm specification

Finally, the behavior of the genetic algorithm itself is tested considering
the following more strict specifications of the GA than those indicated at
the end of section 3.2 (which defined the GA used above):

• 15,000 (instead of 5,000) individuals with the same bits per individ-
ual.

• Mutation probability at bit level equal to 0.014 (instead of 0.042).

The remaining specifications are still as indicated at the end of section 3.2.
These calculations are made with the same POD+GA specifications as in

table 3.7 using 6 modes. The new results are given in table 3.10 (column G2)
and can be compared with those already presented in table 3.7 (rewritten
in table 3.10, column G1). Note that the more strict specifications do not
produce a significant improvement in the results, which means that results
were converged with the former GA specifications used along the paper.
In addition, in order to assess the independence of the POD+GA results
on the randomly generated initial seed, one more test is performed, which
consists of repeating the computations in column G1 of table 3.10 50 times.
Each of these new 50 computations has been started using a different seed
for the random number generator needed for the genetic algorithm. The
standard deviation around the mean value obtained for the various flow
parameters and tests points is given in table 3.11.
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G1 G2
LR PD Nu LR PD Nu

PT1 0.0 0.5 1.3 0.0 3.1 1.6
PT2 1.0 0.5 0.0 1.0 0.5 0.0
PT3 1.1 1.7 2.4 1.1 1.7 2.4
PT4 3.2 0.5 3.7 3.2 0.5 3.7
PT5 0.0 0.9 0.6 0.0 0.9 0.6

Table 3.10: Influence of the genetic algorithm specifications on relative errors (in %).
The POD+GA parameters are the same as in table 3.7 with 6 modes.

Standard deviation
LR PD Nu

PT1 0.020 0.005 0.014
PT2 0.004 0.006 0.001
PT3 0.011 0.005 0.025
PT4 0.006 0.000 0.013
PT5 0.003 0.001 0.001

Table 3.11: Standard deviation results obtained from running the genetic algorithm 50
times. ROM parameters are as in table 3.10

.

3.5 Concluding remarks

A new method have been presented for constructing ROMs to calcu-
late steady states of complex fluid flows in a multi-parametric setting. The
following overall conclusions/remarks are in order:

• Alternative methods can be constructed that are more appropriate
than standard Galerkin projection to calculate steady states. The main
weaknesses of the latter can be overcome, revising the ideas behind
the concept of POD-based ROMs. In particular:

– More flexibility is convenient in the definition of the POD modes
themselves, treating the various flow variables independently,
to naturally increase the number of free POD-mode amplitudes
and allow improving both continuity equation and boundary
conditions. Such flexibility did not appear clearly in this chapter
because (except for a concentrated region near the upper corner
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of the step, which has been avoided in the projection windows)
the equations are reasonably well satisfied in the CFD calculated
snapshots; but the improvement will be more apparent in sub-
sequent chapters.

– Minimizing a properly defined, overall residual is a good way
to treat steady problems.

– The definition of the residual is crucial to improve both precision
and computational cost. Also, localized CFD errors, which are
frequently present in industrial calculations, can be dealt with in
an efficient way.

– Artificial stabilizing terms, required by CFD computations, have
been completely ignored above. Instead, the exact equations
and boundary conditions have been considered to calculate the
ROM. Thus, the POD+GA is robust, namely it is independent of
the way snapshots have been calculated.

• Using a projection window and a few set of points inside the pro-
jection window to calculate the residual has proven to dramatically
increase the CPU time required by the method in fact, the relation be-
tween the time and the number of points is fairly linear, and can be
considered as the main outcome of this chapter. The following argu-
ment is based on simple Linear Algebra concepts and helps to under-
stand this improvement. The argument is that even though the full
system is governed by partial differential equations, which involve
infinite dimensional functional spaces, the set of relevant solutions
is well approximated by a small number of modes. This means, in
particular, that calculation of the approximate solution for a given set
of parameter values does not need information from all mesh nodes
resulting from CFD discretization; instead, information from a few,
properly selected nodes is enough. Such number of nodes is only a
few times larger than the number of total POD-mode amplitudes, as
expected. This principle has been checked in this chapter, and has
allowed both a good precision of the POD+GA and inexpensive com-
putations. In fact, this is the main conclusion of this chapter, namely
that it is feasible to compute the modes using only information from
a limited flow field region. Reconstruction of the full flow field using
this has an error comparable to that obtained using complete infor-
mation. Now, both the projection window and the specific nodes that
are used to calculate the residual are subject only to weak limitations,
which are good news in connection with application of the method
to other fluid dynamical problems. For instance, projection windows
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near the entrance and the exit of the computational domain, where
the flow is almost parallel, has been avoided; the region of the recir-
culation bubble instead would be preferred. And a limited number of
equispaced nodes (without further requirements) give good results.
Thus, thinking in applications to other fluid problems, it can be ex-
pected that placing projection windows in that part of the fluid do-
main that show more structure (which can be usually decided a pri-
ori, with only a qualitative knowledge of the expected solution) and
selecting equispaced nodes should be enough to obtain good results.

• Selection of the snapshots is a critical issue since CFD calculation of
these is the most expensive part of the process. Here, it have been
shown that appropriate selection of the snaps, away from a standard
Cartesian mesh in the parameter space, could reduce the number of
snaps. Its number should be just somewhat larger than the number
of POD modes required.

• The results above also open the possibility of deriving the whole flow
field using information from a small part of it. This means, for in-
stance, that databases of practical engineering interest could be re-
constructed out of gappy experimental data.

3.A The various coefficients in the residual (3.8) with
e1 = 2 and e2 = 1

As explained in section 3.4.2, the residual is obtained substituting the
expansions (3.5)-(3.11) into the equations (3.1)-(3.9) and boundary condi-
tions (3.7). The result is squared, the equations are integrated over the
domain Ω and all the expressions added to conform (3.10). (3.13) can be
expanded to take the following expression
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The various non-zero coefficients are written below (grouped by the de-
gree of the associated monomial of the polynomial above), in terms of the
following parameters:

• The Reynolds (Re) and the Prandtl (Pr) numbers.

• The temperature of the heated wall, Twall.

• The mass flow through the inlet section, namely

Gin ≡
∫1
0.5
u(0, y)dy =

1

2
.

• The pressure drop across the inlet section, ∂xp|in = −48Re−1.

• The coefficients of the polynomial expressions of the molecular vis-
cosity and the thermal conductivity, µ1, µ2, κ1, and κ2 (see (3.9)).

• The integration domain Ω, the regions of the boundary where the
boundary conditions are applied, ∂Ωin = (x = 0, 0.5 < y < 1) and
∂Ωhw = (5 < x < 10, y = 0), and the vertical point where the pres-
sure gradient is evaluated, yP =??.

• The lengths of ∂Ωin and ∂Ωhw, Lin and Lhw, respectively.

Constant coefficient:

H0 = (Gin)2 + (∂xp|in)2 + (Twall)2 + 2

∫
Ω
dS.

Non-zero first order coefficients:

Hi1 = −2Gin

∫
δΩGin

Ui dS, Hi3 = −2∂xp|in (∂xPi)yP ,

Hi4 = −
2Twall

Lhw

∫
δΩhw

Ti dl+ 2(µ1 + κ1)

∫
Ω
Ti dS,

Hi5 = −2

∫
Ω
Mi dS, Hi6 = −2

∫
Ω
Ki dS.
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Non-zero second order coefficients:

H
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Ui dl
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Uj dl

)
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)
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Non-zero third order coefficients:
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Non-zero fourth order coefficients:
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∫
Ω
ViVj∂yTk∂yTl dS,

H
ijkl
1144 = 2

∫
Ω
UiVj∂xTk∂yTl dS, H

ijkl
4444 = (µ2 + κ2)

∫
Ω
TiTjTkTl dS,

H
ijkl
1155 = Re−2

∫
Ω
∂xMk∂xMl

(
4∂xUi∂xUj + ∂yUi∂yUj

)
dS

+ Re−2

∫
Ω
∂yMl∂yUj (4∂xMk∂xUi + ∂yMk∂yUi) dS

+ Re−2

∫
Ω
4Mk∂xMl

(
∂xUi∂xxUj + ∂xUi∂yyUj

)
dS

+ Re−2

∫
Ω
2Mk∂yMl

(
∂yUi∂xxUj + ∂yUi∂yyUj

)
dS

+ Re−2

∫
Ω
MkMl

(
∂xxUi∂xxUj + ∂yyUi∂yyUj

)
dS

+ Re−2

∫
Ω
2MkMl∂xxUi∂yyUj dS,

H
ijkl
2255 = Re−2

∫
Ω
∂yMk∂yMl

(
∂xVi∂xVj + 4∂yVi∂yVj

)
dS

+ Re−2

∫
Ω
∂xMk∂xVi

(
∂xMl∂xVj + 4∂yMl∂yVj

)
dS

+ Re−2

∫
Ω
2Mk∂xMl

(
∂xVi∂xxVj + ∂xVi∂yyVj

)
dS

+ Re−2

∫
Ω
4Mk∂yMl

(
∂yVi∂xxVj + ∂yVi∂yyVj

)
dS

+ Re−2

∫
Ω
MkMl

(
∂xxVi∂xxVj + ∂yyVi∂yyVj

)
dS

+ Re−2

∫
Ω
2MkMl∂xxVi∂yyVj dS,

H
ijkl
1255 = Re−2

∫
Ω
∂xVj∂yMl [2∂xMk∂xUi + ∂yMk∂yUi] dS

+ Re−2

∫
Ω
∂xVj∂yMlMk (∂xxUi + ∂yyUi) dS

+ Re−2

∫
Ω
∂xMl∂yUi

[
2∂yMk∂yVj + ∂xMk∂xVj

]
dS

+ Re−2

∫
Ω
∂xMl∂yUiMk

(
∂xxVj + ∂yyVj

)
dS,

H
ijkl
1115 = −2Re−1

∫
Ω
Ui∂xUj [2∂xMl∂xUk + ∂yMl∂yUk] dS
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− 2Re−1

∫
Ω
Ui∂xUjMl (∂xxUk + ∂yyUk) dS,

H
ijkl
2225 = −2Re−1

∫
Ω
Vi∂yVj [2∂yMl∂yVk + ∂xMl∂xVk] dS

− 2Re−1

∫
Ω
Vi∂yVjMl (∂xxVk + ∂yyVk) dS,

H
ijkl
1125 = −2Re−1

∫
Ω

(
Ui∂xUj∂yMl∂xVk +Ui∂xVk∂xMl∂yUj

)
dS

− 2Re−1

∫
Ω
Vk∂yUiMl

(
∂xxUj + ∂yyUj

)
dS

− 2Re−1

∫
Ω
Vk∂yUi

[
2∂xMl∂xUj + ∂yMl∂yUj

]
dS,

H
ijkl
1225 = −2Re−1

∫
Ω

(
Vk∂yUi∂yMl∂xVj + Vj∂yVk∂xMl∂yUi

)
dS

− 2Re−1

∫
Ω
Ui∂xVjMl (∂xxVk + ∂yyVk) dS

− 2Re−1

∫
Ω
Ui∂xVj [2∂yMl∂yVk + ∂xMl∂xVk] dS,

H
ijkl
1446 = −2(RePr)−1

∫
Ω
Ui∂xTjKl (∂xxTk + ∂yyTk) dS

− 2(RePr)−1

∫
Ω
Ui∂xTj [∂xKl∂xTk + ∂yKl∂yTk] dS,

H
ijkl
2446 = −2(RePr)−1

∫
Ω
Vi∂xTjKl (∂xxTk + ∂yyTk) dS

− 2(RePr)−1

∫
Ω
Vi∂xTj [∂xKl∂xTk + ∂yKl∂yTk] dS,

H
ijkl
4466 = (RePr)−2

∫
Ω
KkKl

(
∂xxTi∂xxTj + ∂yyTi∂yyTj

)
dS

+ (RePr)−2

∫
Ω

(
2∂xxTi∂yyTjKkKl + ∂xTi∂xTj∂xKk∂xKl

)
dS

+ (RePr)−2

∫
Ω

(
∂yTi∂yTj∂yKk∂yKl + 2∂xTi∂yTj∂xKk∂yKl

)
dS

+ (RePr)−2

∫
Ω

(
2Kk∂xKl∂xTi∂xxTj + 2Kk∂yKl∂yTi∂yyTj

)
dS

+ (RePr)−2

∫
Ω

(
2Kk∂yKl∂yTi∂xxTj + 2Kk∂xKl∂xTi∂yyTj

)
dS.
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4
SUBSONIC 2D AIRFOIL

In this chapter, the flow past a 2-D airfoil is considered. Firstly, before
facing the transonic problem with strong shock waves that move a lot along
the chord as the parameters vary, the subsonic case is studied.

Concerning the use of POD to obtain reduced order models for the
Navier-Stokes equations, see a recent review by Burkardt et al [17]. Regard-
ing now the specific issue of the application of ROMs to problems of inter-
est in the aerospace sector, it is important to mention the work of LeGresley
and Alonso [33], who developed a ROM for inviscid subsonic aerodynamic
flows around 2D airfoils. Lieu et al [36] addressed the development of a
fluid-structure ROM for a complete F-16 figther aircraft configuration at
Mach numbers in the range from 0.61 to 0.90. Also in the field of transonic
aeroelasticity, Iemma and Gennaretti [29] have developed a ROM based
methodology that can be applied to 3D wings. This work is based on the
hypothesis that unsteady transonic flow can be approximated by the su-
perposition of a nonlinear mean steady flow with a linear unsteady small
perturbation flow. Thomas et al [55] have presented a method to improve
the performance of some ROMs formulations used to predict, among other
cases of interest, flutter for the AGARD 445.6 wing. In the same technical
area, Allen et al [3] have worked in the development of control laws, based
on ROMs, to suppress flutter with the objective of increasing the extent of
the aircraft flight envelope. Finally, a comprehensive review on the types
and use of ROMs, for aerospace applications mainly, has been provided by
Lucia et al [40].

First, the description of the test problem is included in §4.1. Second,
in §4.2 the POD+GA method and two modifications are explained; the ad-
vantages and the way of implementing them for the test case are also ex-
plained. Finally, in §4.3 the results obtained from applying the different
methodologies are presented and compared.
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4.1 Test problem description

The aerodynamic flow around an airfoil, plotted in Fig.4.1-a, is consid-
ered. CFD snapshots are calculated using the TAU code [14, 47], which
is a finite volume discretization of the compressible continuity, momen-
tum, and energy equations, with viscous terms modified according to an
Edwards-corrected-Spalart-Almaras turbulence model [22] and some small
stabilizing terms added for numerical reasons. The CFD calculations have
been provided by AIRBUS; also the mesh have been chosen by AIRBUS.

The complete computational mesh, shown in Fig.4.1-b, contains 55,578
points and consists of two parts, an O-shaped structured mesh around the
airfoil (with 20,458 points) and an outer unstructured mesh. The origin
of the Cartesian coordinate system, (x, z), is at the leading edge point; the
x-axis passes through the trailing edge and the z-axis is perpendicular to
the x-axis and points towards the suction side. The whole computational
domain is the square [−50c, 50c] × [−50c, 50c], where c is the airfoil chord;
thus, the boundary domain, accounting for the far field, was located 50
chords away from the airfoil. Some discretization errors are present near
the common boundary of both meshes, which (as usually happens with
industrial CFD codes) must be dealt with. The Reynolds number (Re) is
kept fixed at 2 · 107.

Figure 4.1: a) O-mesh, b) complete mesh

As was proved in chapter §3, the reduced order model can be derived
using only a part of the computational mesh. Here, only the O-shaped
curvilinear structured mesh around the airfoil is considered unless other-
wise stated.

The parameter space is a rectangle in the AoA −M (angle of attack vs.
Mach number) plane, in the range -2.5o 6 AoA 6 2.5o and 0.4 6 M 6 0.55;
see Fig.4.2. The flow around the airfoil in these ranges of the parameters
does not present shock waves.
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4.1. TEST PROBLEM DESCRIPTION

Figure 4.2: Snapshots (the crossing points of the net) and test points (filled circles).

The 44 snapshots used to calculate the POD manifold are placed in the
combined values of the following 11 values of the angle of attack -2.5o, -2o,
-1.5o, -1o, -0.5o, 0o, 0.5o, 1o, 1.5o, 2o, and 2.5o, and the following 4 values of
the Mach number 0.4, 0.45, 0.5, and 0.55 (see Fig.4.2). Also, for this case, 4
test points are available (see table 4.1 and Fig.4.2).

Test AoA
Mach

number
PT11 -2.25 0.525
PT12 -1.25 0.525
PT13 1.25 0.525
PT14 2.25 0.525

Table 4.1: Test points for the 2-D subsonic airfoil.

The provided files contain, at all the points of the complete computa-
tional domain, the values of five flow variables, namely: velocity along x
and z-axis (u and w, respectively), the pressure (p), the density (ρ), and
the temperature (T ). Instead of using the original variables, the equation
of state for ideal gases is substituted into the equations and four state vari-
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ables are used, namely, the density, the pressure, and the mass fluxes in the
x and z directions. They are are non-dimensionalized using their respective
free stream values (labeled with the subscript BC) in the far upstream re-
gion (called the BC region adn placed in x = -50), where the inlet boundary
conditions are imposed. The reference values for nondimensionalization
are

ρref = ρBC, pref = pBC, (ρu)ref = (ρw)ref =

√
(ρu)2 + (ρw)2

M

Thus, the dimensionless density and pressure in the BC region are both
equal to one, but the dimensionless mass fluxes in this region are (ρu, ρw) =

M(cos(AoA), sin(AoA)).

For convenience, the pressure and suction sides of the airfoil are de-
fined. They are limited by the leading edge point (defined as that point
where the tangent to the airfoil is orthogonal to the free stream velocity at
zero incidence) and the trailing edge point. Two curvilinear coordinates
s and n, along lines parallel to the airfoil and perpendicular to it, respec-
tively, are defined (Fig.4.3).

Figure 4.3: New co-ordinate axis.
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4.2. REDUCED ORDER MODEL DESCRIPTION

4.2 Reduced order model description

For the sake of clarity, the basic method (§2.3) with the improvements
explained in §§3.4.1-3.4.8 is briefed here in four steps:

1. First of all, a set of N0 snapshots is first calculated using CFD, which
provides scalar fields in each flow variable.

2. Then, the POD modes are calculated from the covariance matrix

Rij = 〈(ρu, ρ, p)i, (ρu, ρ, p)j〉

where the inner product 〈, 〉 is defined as

〈(ρu, ρ, p)i, (ρu, ρ, p)j〉 = µ−1

∫∫
Ω

(ρuiρuj+ρiρj+pipj)dxdz (4.1)

Here the integration domainΩ is only the O-mesh (see Fig.4.1-a) and
µ is the area ofΩ. Note that, as was done in §3.4.7, the mass flux along
z is a slaved variable; the reasons to do this are the same as the ones
given in §3.4.7. Using the resulting POD modes, the flow variables
can be written as

ρu

ρw

ρ

p

 =

N∑
i

Ai(AoA,M)


Ui(x, z)

Wi(x, z)

Ri(x, z)

Pi(x, z)


where Ai denotes the POD-modes amplitudes, which are common to
the four flow variables. N(6 N0) is the number of modes taken.

3. The number of modes used (N) for the minimization step to obtain a
prescribed accuracy εGA is obtained using expression (2.4). An initial
guess the amplitudes values is obtained via POD plus interpolation
(POD+I; see §2.5).

4. The amplitudes are calculated in the same way as was done in the
last chapter, that is, upon minimization of a properly defined resid-
ual implementing a Genetic Algorithm (GA; see §2.2). As was pre-
viously anticipated and as was done in the last chapter, not all the
20,458 point of the O-mesh are used to evaluate the residual, but a
number near to 240, equispaced in s and n directions, points and con-
tour integrals. They are chosen avoiding concentrated errors (trailing
edge surroundings and the interface of the outer unstructured mesh
and the Cartesian O-mesh) and the regions where viscous effects, not

53



CHAPTER 4. SUBSONIC 2D AIRFOIL

accounted on the Euler equations, are important (boundary layer).
The number of selected points or contours must be just somewhat
larger than the number of POD modes. The selected points or con-
tours are chosen equispaced in both directions, but can also be cho-
sen randomly without losing precision in the results. Between lines
n = 38 and n = 51, 4 equispaced values of n are taken. In the s di-
rection 30 equispaced points or contours are taken in the suction side
and another 30 in the pressure side. Thus, the total number of points
or contour integrals to evaluate the residual in the example below is
4×30×2=240, instead of 20,458 points that are present in the O-mesh,
which leads to a significant CPU time saving when applying the min-
imization method. All the points of the upstream region x = -50,
where the boundary conditions were imposed, are used to evaluate
the residual. Thus, NBC is 10 in the example below. Although this
value can be reduced without worsening the accuracy of the results
(see chapter 3, the CPU time saved is negligible.

4.2.1 Using the Euler equations

The main difference between the method applied to this test problem
and the one applied in chapter 3 relies on the residual. Here is calculated
in terms of the Euler equations (and the boundary conditions), instead of
the complete physical equations, which include a diffusion terms due to
the molecular viscosity and thermal conductivity in the vectorial momen-
tum and energy equations, respectively, or the Reynolds-averaged Navier-
Stokes equations used by the code to obtain the CFD, which include the
Edwards-corrected-Spalart-Almaras turbulence model. To operate in such
a way allow to ignore second (respectively, first) order derivatives if the
differential (resp, conservative) equations are used. However the residual
can be only evaluated at points or contours where the ignored terms are
negligible, that is, out of the boundary layer, shear layers and shock waves.
Thus, this modification over the basic method must be implemented with
some care because an a priori knowledge of the flow topology is required.

Using dimensionless variables the Euler equations can be written as

eq1 ≡ ∂x(ρu) + ∂z(ρw) = 0

eq2 ≡ ρ−1 [ρu∂x(ρu) + ρw∂z(ρu) + βρu] + γ−1∂xp = 0

eq3 ≡ ρ−1 [ρu∂x(ρw) + ρw∂z(ρw) + βρw] + γ−1∂zp = 0

eq4 ≡ ρu∂xp+ ρw∂zp+ γβp− pρ−1 (ρu∂xρ+ ρw∂zρ) = 0

(4.2)

where the quantity β is given by

β = ∂x(ρu) + ∂z(ρw) − ρ−1 (ρu∂xρ+ ρw∂zρ)
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Other option is to integrate the inviscid conservation equations along a
set of contours Γk (k = 1 . . .Nc) to be defined below. These equations are
obtained integrating in every domain the Euler equations (4.2) and apply-
ing the divergence theorem, namely

EQ1 ≡ τ
∮
Γ

[ρunx + ρwnz] dl

EQ2 ≡ τ
∮
Γ

[(
ρuρu

ρ
+
p

γ

)
nx +

(
ρuρw

ρ

)
nz

]
dl

EQ3 ≡ τ
∮
Γ

[(
ρuρw

ρ

)
nx +

(
ρwρw

ρ
+
p

γ

)
nz

]
dl

EQ4 ≡ τ
∮
Γ

[δ(ρunx + ρwnz)] dl

(4.3)

where the line integrals are extended to the boundary of a domain Ω, l is
the arclenght along the boundary, and

δ = ρ−2

[
ρp+

γ− 1

2
(ρuρu+ ρwρw)

]
,

Here, τ is the perimeter of Γ and the contour integrals are applied over a
set of closed curves and approximated by the trapezoidal rule.

The free stream conditions are

BC1 ≡ ρu−Mρ cosAoA = 0, BC2 ≡ ρw−Mρ sinAoA = 0,

BC3 ≡ ρ− 1 = 0, BC4 ≡ p− 1 = 0
(4.4)

Thus, two different residuals can be defined (i) using the differential
equations

HD =

4∑
i=1

NE∑
k=1

√
|eqi(xk, zk)| +

4∑
i=1

NBC∑
m=1

√
|BCi(xm, zm)| (4.5)

or (ii) the conservative equations

HC =

4∑
i=1

NC∑
k=1

√
|EQi(Γk)| +

4∑
i=1

NBC∑
m=1

√
|BCi(xm, zm)|. (4.6)

In the above expressions, eqi, EQi, and BCi stand for the left hand sides
of the equations (4.2) and (4.3) and the boundary conditions (4.4), respec-
tively.
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4.2.2 Division of the O-mesh into zones

An important conclusion obtained from [39] is that if a field can be di-
vided into regions which have topologies that vary independently the one
from the other as the parameters vary, the number of modes needed to
reconstruct the complete field for a given accuracy is the product of the
number of modes required to reproduced every one of them separately. In
the whole O-mesh the suction and pressure side change in a different way
as the angle of attack and Mach number are modified. Intuitively can be
seen that an increment of the Mach number increases the velocity in both
regions but an increment in the angle of attack reduces the velocity in the
pressure side, increasing it in the suction side. Due to this fact, dividing the
O-mesh into two zones and obtaining different modes and amplitudes for
each of them may prove to be a good idea.

Two extra advantages that comes from the division into zones are note-
worthy. First, that even if the zones are not well chosen or the variables do
not vary independently in one zone from another, that is, the number of
required modes for each zone is the same as the one required for the union
of the zones, the new method haves the advantage of being easily paral-
lelized. If the points or contours are chosen randomly or equispaced along
the domain to maintain their density constant once the domain has been di-
vided is the logical way to maintain the density of information used. Given
the fact that the time cost of the minimization process approximately scales
linearly with the number of points or contours used, running each mini-
mization process in a different processor will short the CPU time required.
The second advantage is related with the genetic algorithm itself. This al-
gorithm looks for the solution at a set of CNm values of the amplitudes,
where C is a constant and Nm is the sum of the number of modes used
to approximate each variable. If Nm is large the genetic algorithm will be
unable to find a set of amplitudes near the minimum.

For the present test problem, the O-mesh has been divided into the
two overlapping zones that are sketched in Fig.4.4. Each zone includes the
whole part of the O-mesh that is intended to describe (either the suction or
the pressure side) plus that sub-region in the opposite side bounded by the
cross section of the O-mesh at s = scrit where scrit is a calibrated point so
the stagnation point is inside the overlapping region. The surroundings of
the stagnation point contains a lot of information about the complete flow
field and including points or contours in this region in the evaluation of the
residual has proved the best option to improve the accuracy of the results
without worsening too much the CPU time of each run. In the example
below scrit = 15 has been chosen.

As was done in the one-zone case, all the points of each region are used
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Figure 4.4: POD zones.

for calculating its corresponding POD modes, but only 4×30=120 points
inside the zone are used to evaluate the residual. In this case, if the number
of modes used in each zone is the same as the ones taken for the whole
O-mesh, the time cost of each run is the same.

Reducing the size of the region used increases the importance of local
errors and, thus, post-processing the snapshots using the method described
in Appendix 4.A becomes an essential step to obtain good results. All the
results shown in next sections are calculated using residual HC but it have
been checked that both residuals, HD and HC, provide the same results if
the post-process is performed.

Once the amplitudes of each zone have been obtained the problem of
how to merge the several fields into a single solution arises. Three different
options have been considered and tested over a test point in which one
of the suction side field has been modified (worsened) in order to see the
differences between method. The different options considered are:

1. Using only the whole part of the O-mesh that is intended to describe
and ignoring the sub-region in the opposite side. This option could
lead to discontinuities in the leading edge point (see Fig.4.5 solid
line).

2. Reconstructing the field using the previous method and projecting it
over the POD modes of the whole field. The POD modes are contin-
uous in the overlapping region so the reconstructed field will also be
continuous in that region (see Fig.4.5 dot-dashed line).

3. Combining the two regions overlapping regions by an expression
φ(s, n) = m(s)φSS(s, n) + [1 −m(s)]φPS(s, n) where m(s) is a par-
tition of the unit. For the example below the one used is a modified
sigmoidal function, namely

m(s, α) =
1

1+ exp[−α tan(ξ(s))]
(4.7)
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where ξ(s) is a linear function that maps the overlapping region ([1−

scrit, scrit] in the suction side co-ordinate system) into the interval
[−π/2, π/2] and α = 3 has been calibrated (see Fig.4.5 dashed line).

If the jump of the variables across the leading edge point is small, the
three options provide the same results in the whole mesh except in the over-
lapping region. The difference in this region is quite small (as can be see
Fig.4.5) and the method 3 will be used hereinafter unless otherwise stated.

Figure 4.5: Pressure distribution along the airfoil near the leading edge point using
method 1 (solid line), method 2 (dot-dashed line), and method 3 (dashed line)

4.2.3 Calculation of a local manifold

In the process described in previous sections the most expensive step
is the minimization one; the CPU time that requires this step increases as
the number of modes used to approximate the state variables is increased.
These modes are required to describe any point of the parametric space
inside a given range for a prescribed accuracy. It is possible to take ad-
vantage of the cheapness of the POD and calculate for every test point a
local manifold that describes only the surroundings of the desired point,
thus, decreasing the number of modes required. In other words, the POD
manifold is defined locally in the parameter space.

The idea in the algorithm below is to select those snapshots whose pro-
jection on an initial approximation of the solution is largest. The algorithm
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to select the snapshots proceeds in three steps, as follows:

1. A first approximation of the state variables, (ρ̃u, ρ̃, p̃), is obtained us-
ing Shepard’s interpolation (see §2.4) of neighboring snapshots.

2. Now, a distance from each snapshot (labeled with the index j) to the
interpolated field is defined. Such distance, Dj, is defined as the or-
thogonal projection of the smooth fields of the snapshot j, (ρu, ρ, p)j ,
on the interpolated smooth field calculated above, namely

Dj =
〈(ρ̃u, ρ̃, p̃), (ρu, ρ, p)j〉√

〈(ρ̃u, ρ̃, p̃), (ρ̃u, ρ̃, p̃)〉
√
〈(ρu, ρ, p)j, (ρu, ρ, p)j〉

Here, the inner product is as defined in eq.(4.1) with the domain Ω
equal to the whole O-mesh or, if the O-mesh is divided into zones, the
suction or pressure regions, as defined in the previous section. Using
this distance, the covariance matrix associated to theN1 nearest snap-
shots is calculated, where N1 is a number that is large enough to de-
fine the POD manifold; a value ofN1 of the order of the double of the
expected POD manifold dimension is a good choice. Then a number
of POD modes, Ñ1 , is selected using the a priori error bound (2.4), to
keep root mean square errors (RMSE) within a specified bound εLM
(which must be chosen after some calibration).

3. As a last step, a safety factor F > 1 is defined and the N2 = FÑ1
nearest snapshots are retained to evaluate the POD manifold that will
be finally used by the genetic algorithm. It must be noted thatN2 can
be either smaller or larger than N1.

4.3 Results

The various parameters required have been calibrated and, for the re-
sults presented below, take the following values:

• The upper bound of the RMSE used to chose the number of modes
required is εGA = 10−3

• The genetic algorithm parameters used for the following results have
been chosen to perform a thoroughly search:

– 10,000 individuals with a discretization of 10 bits per individual.

– The value of the residual must not change for 100 generations.

– 0.5% of elite individuals going straight into the next generation.

– Crossover probability equal to 0.8.
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– 10% of the bits are mutated.

– Span allowed around the POD initial solution equal to 50%.

• The number of snapshots, the upper bound of the RMSE, and the
safety factor required for the construction of the local manifold are
N1 = 13, εLM = 10−3, and F = 2.5, respectively.

In order to asses the behavior of the method, the the lift, drag, and mo-
mentum coefficients have been reconstructed for the 4 test points, listed in
table 4.1. The lift and pressure drag coefficients are given by the expres-
sions(

CL

CPD

)
= −

(
− sinAoA cosAoA
cosAoA sinAoA

) ∮
CpI · ndl (4.8)

where Re is the Reynolds number (2 · 107), n is the outer normal vector of
the airfoil, l is the arclenght along the airfoil, I is the 3 × 3 unitary matrix,
and Cp is the pressure coefficient defined as

Cp = 2
p− 1

γM2
(4.9)

in terms of the specific heat ratio, γ. The momentum coefficient can be
written as

CM = −

∮
Cp(x − x0)T · ndl (4.10)

where x is the position vector and x0 is the chosen reference point for the
moment, (x, z) = (0.25,0).

Table 4.2 show the global lift, and momentum coefficients of the airfoil,
both as resulting from the CFD and as calculated with the ROM using the
residual HC, see (4.6). It must be noted that results are quite good. How-
ever for some points of the parametric space the residual HD, see (4.5),
provides solutions that are far from the CFD ones (see Fig.4.6). A close ex-
amination of the problem reveals that, being the TAU code based on finite
volume discretization and the derivatives being naturally calculated using
finite differences, the resulting POD modes could lead to large errors in the
spatial derivatives of the normal velocity component (perpendicular to the
airfoil), which is significantly smaller than the tangential component. If this
is the case the proposed method could provide spurious solutions, that is, a
set of amplitudes that gives a smaller value of HD but a non-physical solu-
tion. The solution is to post-process the POD modes associated to ρw using
the algorithm described in Appendix 4.A. In Fig.4.6 theCp distributions on

60



4.3. RESULTS

Test
Point

10× CL/CL,ref 103 × CPD/CPD,ref 102 × CM/CM,ref
CFD POD+GA CFD POD+GA CFD POD+GA

PT11 -2.45 -2.44 -4.52 -3.33 1.58 1.59
PT12 -1.80 -1.75 -4.83 -4.65 1.59 1.60
PT13 -0.15 -0.16 -4.69 -4.36 1.59 1.60
PT14 0.51 0.50 -4.29 -3.81 1.59 1.60

Table 4.2: Lift, drag, and momentum coefficients at the indicated test points, as calcu-
lated from the CFD and the ROM (using the residual HC); values lower than 0.001 are
rounded off to 0.

Figure 4.6: Pressure coefficient distribution along the airfoil on point AoA = 3o, M =

0.4 as obtained using CFD (thick solid line), residual HC (thin solid lines), and residual
HD with and without post-processing (dot-dashed and dashed lines, respectively).

the snapshot AoA = 3o, M = 0.4 obtained using CFD and both residuals,
with and without post-processing if residual HD is used, are compared.

In order to compare between the different methods presented in this
chapter, the maximum and root mean square (RMSE) errors of the different
variables for all the test points are given for several cases. The RMSE is
defined as

RMSE =

√
µ−1

∫∫
Ω
E2 dxdz (4.11)

where Ω is the domain in which the variables are compared, µ is the area
ofΩ, and

E(x, z) =
|φ(x, z) − φ̃(x, z)|

max |φ|

is the error function, where φ and φ̃ are a generic variable calculated via
CFD and POD+GA, respectively.
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The cases considered are:

• Case #1: The domain is reconstructed using only the information of
the O-mesh to calculate the POD manifold and project the equations.
The O-mesh is not divided into zones and a global POD manifold is
not calculated.

• Case #2 As case #1 but calculating the local manifold for the point as
described in 4.2.3.

• Case #3 As case #1 but dividing the O-mesh into two overlapping
regions as described in 4.2.2.

• Case #4 As case #1 but using both the division into zones and the local
manifold calculation.

Also, for case #1 the RMSE is calculated in the whole computational
domain (55,578 points) and the O-mesh through formula (6.2). Results are
shown for the pressure and the mass flux along z in Tables 4.3 and 4.4. The
pressure is the most interesting variable in design problems and mass flux
along the z axis is the slaved variable and, thus, it is expected to provide
the worst results. Also, in table 4.4 the RMSE of all the variables is given,
namely,

RMSEglobal =

[
1

4

(
RMSE2ρu + RMSE2ρw + RMSE2ρ + RMSE2p

)] 12
.

The first thing to note is the similarity between the errors of the whole field
and the O-mesh. From tables 4.3 can be deduced that the regions of greater
concentrated errors are inside the O-mesh, as was anticipated, and table
4.4 proves that the information of the O-mesh is enough to reconstruct the
whole field retaining the prescribed accuracy εGA.

When analyzing the other cases, it must be noted that the error esti-
mator, εGA, works as expected; imposing a value of 10−3 provides a re-
constructed variables with an RMSE of that order. However, the number
of modes used decreases if the division into zones and/or the selection of
the local manifold in the basic method are implemented. This reduction
decreases the time of execution of each genetic algorithm. It also must be
noted that dividing into zones forces to run a different genetic algorithm
for each zone and the CPU time of the whole process can be increased.
Table 4.5 shows the time required to perform the POD and GA processes
using a standard desktop PC (Pentium D 3.00 GHz, 1.87GB RAM). It must
be noted that having duplicated the number of POD manifolds to calcu-
late increases, but not duplicates, the time of execution. These times are, in
every case, much lower the cost of CFD, which is a minimum of 3 hours.
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Variable
Test

Point

Case
Whole
field

O-mesh

#1 #1 #2 #3 #4

ρw

PT11 18.4 18.4 13.4 4.64 9.54
PT12 12.4 12.4 14.7 7.71 6.08
PT13 8.42 8.42 5.16 7.81 4.32
PT14 5.85 5.85 2.77 3.47 2.60

p

PT11 8.26 8.26 4.21 1.97 2.18
PT12 3.89 3.89 7.41 2.12 5.02
PT13 3.34 3.34 2.45 1.71 1.63
PT14 4.44 4.44 2.37 1.05 2.27

Table 4.3: Comparison of the maximum errors (×103) for several cases and test points.

Variable
Test

Point

Case
Whole
field

O-mesh

#1 #1 #2 #3 #4

All
variables

PT11 7.91 7.84 6.77 2.19 6.87
PT12 4.86 6.40 6.76 1.69 4.01
PT13 9.77 2.42 5.08 1.71 3.03
PT14 16.6 2.62 3.09 1.22 2.36

ρw

PT11 9.35 7.09 7.05 1.46 5.96
PT12 8.44 6.76 7.35 1.20 3.39
PT13 5.27 2.56 1.89 1.81 2.72
PT14 2.90 1.75 1.73 1.13 1.37

p

PT11 4.58 8.06 4.62 2.63 4.04
PT12 2.11 7.86 7.34 1.77 4.69
PT13 3.01 2.46 6.38 1.56 3.33
PT14 4.37 3.26 3.43 1.35 2.74

Table 4.4: As in table 4.3 but giving the RMSE (×104) instead of the maximum error.

4.4 Reconstruction of the boundary layer region

The idea of using the Euler equations instead of the complete Reynolds-
averaged Navier-Stokes (RANS) equations have proved to provide very
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Case POD GA Total
#1 60 230 290
#2 35 185 220
#3 85 230 315
#4 40 170 210

Table 4.5: Average time needed to run a POD or a genetic algorithm for the different
cases.

good results for predicting the fields out of the boundary layer, but the
question about how much accurate are the result in the boundary layer
remains to be answered. The method have been design to provide good re-
sult out of the regions where the viscous effects are important and, at first,
it seems that a poor accuracy can be expected inside them. The POD+GA
method minimized a residual based on the Euler equations and accurate re-
sults can be only a priori expected where the residual has been minimized.
It have been checked that the POD+GA method provide good results out
of the O-mesh and this result seems reasonable taking into account the re-
sults shown in §3.4.3 about the projection window in the MEMS case. This
simplification works because the information about this region is contained
in the POD manifold and the snapshots. In the same way, the POD modes
are calculated from a set of snapshots obtained from the complete (RANS)
equations and the information about the behavior of the regions where the
viscous effects are important as the parameters are varied is contained in
the POD manifold. Thus, if an accurate inviscid flow can be reproduced,
then the boundary layer is also well reproduced because the boundary
layer is slave of the flow far from the wall.

This thesis have been checked for all test points and results are very
accurate. In Fig.4.7 it can be seen, for PT11, that the velocity profiles near
the wall calculated via CFD and POD+GA and indistinguishable.

4.5 Conclusions

A method has been presented to developed reduced order models for
subsonic aerodynamic flows around a 2D airfoil. The method is based on
the following five ingredients:

1. Even though the snapshots were calculated using viscous equations,
projection on the POD modes is made using the Euler equations,
which makes the method independent of the peculiarities of the CFD
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Figure 4.7: Velocity along x axis profiles at PT11 for the suction (up) and pressure
sides (down) at x = 0.25 (left) and x = 0.71 (right) obtained via CFD (solid line)
and POD+GA (dashed line). The co-ordinate η is the distance to the airfoil measured
perpendicular to it.

method used to calculate the snapshots. This simplification gives
good results and is based on the mathematical observation that the
contribution of viscous terms in the projection formulae is really small.
This is because at these large values of the Reynolds numbers (of the
order of 20 millions) viscous effects are either small or concentrated in
small regions of the computational domain (namely, boundary layers,
shear layers, and shock waves).

2. In addition, projection on the POD manifold is made using only a
sub-region of the computational domain (a part of the small O-mesh
around the airfoil in the test problem considered in this chapter), and
a small number of points in this sub-region. As checked and further
explained in §3.5, this simplification relies on some simple ideas, and
has been thoroughly used in the chapter too. For instance, projec-
tion to obtain the state variables was made using the O-mesh after
disregarding both the boundary layer a vicinity of the upper bound-
ary of the O-mesh, were CFD concentrated errors are present. Such
smaller region provided a good approximation. Thus, concentrating
on smaller projection windows not only saves computational effort,
but also makes the method much more flexible and allows avoiding
CFD concentrated errors.

3. As was checked for the backstep channel in §3.4.3, the complete com-
putational domain can be accurately calculated using the information
of a sub-region (the O-mesh in the present case).

4. The selection of the residual is a crucial point that may lead to wrong
results if it is not carefully studied. For the present case, the construc-
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tion of a residual based in the differential Euler equations provides
solutions that are far from the correct ones if the modes are not pre-
processed.

5. Dividing the O-mesh and, thus, duplicating the number of POD man-
ifolds to be calculated and the minimization processes to be performed,
increases but not duplicate the time of execution. For the present test
case, it also seems that the suction and pressure side fields do not
vary as independently as was expected.

6. The method for obtaining a local manifold allow the basic algorithm
to work with less snapshots when the POD is applied and decreases
the number of modes required for a prescribed RMSE, thus, the CPU
time cost of the POD and genetic algorithm processes is reduced.

4.A Re-calculating the normal velocity component by
means of the continuity equation

Here, one of the velocity components of the POD modes, either u or w
(the one whose direction is closest to the normal to the airfoil), is recalcu-
lated integrating the continuity equation, namely

∂x(ρu) + ∂z(ρw) = 0

with the remaining variables maintained at their original values.
The algorithm is somewhat standard, and can be summarized as fol-

lows. First it must be noted that because the flow is almost parallel in the
O-mesh (near the airfoil), the estimate |ρw/ρu| < 1 applies except in a re-
gion near the leading edge, which is bounded by those points, in both the
pressure and the suction sides, denoted as slimit , where |ρw/ρu| = 1.
Thus, the unknown to be calculated in this region is u, while it is w in
the remaining part of the O-mesh. In each of these regions, the continuity
equation is rewritten in (s, n) co-ordinates as

∂nz∂s(ρu) − ∂sz∂n(ρu) + ∂nx∂s(ρw) + ∂sx∂n(ρw) = 0

where ∂sx, ∂nx, ∂sz, and ∂nz are the derivatives of the physical co-ordinates,
x and z, with respect to the curvilinear coordinates s and n. Now, it must
be noted that this is a first order equation in the n coordinate, which can
be integrated taking as initial condition at the first value of n (n = 1) the
no slip boundary condition at the surface of the airfoil (u = w = 0) and
marching in nwith the following leap frog scheme:
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4.A. RE-CALCULATING THE NORMAL VELOCITY COMPONENT BY
MEANS OF THE CONTINUITY EQUATION

• s-derivatives are discretized using centered differences in interior points
and forward and backward derivatives at the upper and lower limit
points, respectively; n-derivatives instead are discretized using for-
ward differences at n = 1, and centered differences at n > 1.

• According to such discretization, marching on n is made with an im-
plicit method at n = 2, and with an explicit method for n > 2. Note
that it is not used using here forward differences to march in n us-
ing an implicit scheme because such strategy would produce an error
contamination from the lateral boundaries (namely, the extreme val-
ues of s) to the interior or the domain.

By construction, the resulting mass flux vector is not continuous at the
extreme values of s. Thus, the mass flux must be smoothed, which is done
in three steps, as follows:

• First, the length L3 is defined as the semi-amplitude of the interval
in which the mass flux vector is going to be smoothed. After some
calibration, L3 = 2.5% of the chord has been taken (e.g., 5 nodes in the
example presented in chapters 4 and 5).

• Two zones, [slimit−L3, slimit] and [slimit, slimit+L3], which will be
used to smooth the horizontal and vertical mass fluxes, respectively,
are defined.

• The complete field is overlapped with the corrected one using the
following formula

ρucorrected = m(s, α)ρuoriginal(s, n) + (1−m(s, α))ρuintegrated(s, n)

ρwcorrected = m(s, α)ρuintegrated(s, n) + (1−m(s, α))ρuoriginal(s, n)

where m(s, α) is the modified sigmoidal function given in (4.7) and
alpha = 3 is kept fixed.
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The extension of the work shown in §4 to transonic velocities is pre-
sented here. The methodology developed in the subsonic case is modified
to avoid the stair-like structures that appear in the POD modes if moving
shock waves are present. This require to decompose the variables into the
low and high-gradient structures. The POD can be applied to the first class
of structures obtaining a set of smooth modes, but the former must be de-
composed in several smooth structures, and a specific POD+GA method-
ology must be applied to each one of the them.

Firstly, in §5.1, the test problem is described. Along §5.2 the modifica-
tions over the subsonic method shown in §4.2 are presented. In §5.2.1 the
algorithm to decomposed all the flow variables into smooth ones and sev-
eral structures associated with the shock wave, namely, the position of the
moving shock wave over the surface of the airfoil, the shape of the curve
that it describes in the (x, z) plane, the jump of the variable across the shock
wave, and the function that describes the internal shape of the shock wave.
For each structure a different inner product to calculate the POD modes is
defined (§5.2.2) and a different minimization strategy is used (§5.2.3). Fi-
nally, the method is applied to the test problem and results are commented
in §5.3.

5.1 Test problem description

The problem used the proposed method is the same presented in §4.1,
but in a wider parametric space. The parameter space is a rectangle in
the AoA − M (angle of attack vs. Mach number) plane, in the range -3o

6 AoA 6 3o and 0.4 6 M 6 0.55; see Fig.5.1. It must be noted that such pa-
rameter range includes situations in which strong shock waves are present,
either in the pressure or suction sides; shock waves in both sides are also
present in some cases. Still, the shock wave position varies significantly
(up to one third of the chord) as the parameters are varied.

AIRBUS provided a total of 13× 9 = 117 snapshots placed at combined
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Figure 5.1: All the 117 snapshots available (the crossing points of the net), and test
points (filled circles). The boundaries for the existence of shock waves are indicated
with dashed and dotted lines, respectively

values of the following 13 values of the angle of attack -3o, -2.5o, -2o, -1.5o,
-1o, -0.5o, 0o, 0.5o, 1o, 1.5o, 2o, 2.5o, and 3o, and the following 9 values of the
Mach number 0.4, 0.45, 0.5, 0.55, 0.6, 0.65, 0.7, 0.75, and 0.8. The test points
used for this case are the 12 snapshots shown in table 5.1.

Two new co-ordinate systems (s, n) are defined in the same way as was
done in §4.1.

5.2 Reduced order model description

For the sake of clarity, a brief description of the method is first given in
seven steps:

1. A set of N0 snapshots is first calculated using CFD, which provides
scalar fields in each flow variable.

2. Some of the snapshots exhibit shock waves. These are treated identi-
fying a shock wave region and decomposing the associated complete
flow field (CFF) in each flow variable into two parts, namely a smooth
field (SF) and a shock wave field (SWF). The SWF contains the spatial
jumps in the flow variables that make the POD modes not appropri-
ate. These jumps are absent in the SF, and thus POD decomposition
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Test AoA
Mach

number
PT11 -2.25 0.525
PT12 -1.25 0.525
PT13 1.25 0.525
PT14 2.25 0.525
PT21 -2.25 0.725
PT22 -1.25 0.725
PT23 1.25 0.725
PT24 2.25 0.725
PT31 -2.25 0.775
PT32 -1.25 0.775
PT33 1.25 0.775
PT34 2.25 0.775

Table 5.1: Test points for the 2-D transonic airfoil.

is effective with this field. The SWFs in turn are decomposed into
four basic structures that are themselves amenable to POD treatment.
These basic structures are:

(a) The position of the shock wave on the airfoil surface, sw.

(b) The curve that describes the shock wave position inside the flow
field, as it separates from the wall. This curve will be called the
trace of the shock wave, t.

(c) The jumps of the flow variables across the shock wave, ∆(ρu),
∆(ρw), ∆ρ, and ∆p.

(d) The internal shape (IS) of the shock wave, defined by the local
distribution of the flow variables, (ρu)IS, (ρw)IS, ρIS, and pIS.

Both the shock wave position and the trace are common to all flow
variables, but the jump and the internal shape must be calculated
independently for each flow variable. Shock wave treatment is ex-
plained in subsection §5.2.1.

3. Then, the POD modes associated to the CFF, the SF, and the vari-
ous shock wave structures are calculated. As explained in subsection
§5.2.2, this will be done:
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(a) Considering appropriate sub-regions in the spatial O-mesh (in-
stead of the complete O-mesh) and a limited number of mesh
points.

(b) Considering a subset of the complete set of snapshots, which
will depend on the particular parameter values for which the
solution is sought. This will make POD decomposition much
more effective. The method is a variant of the one explained in
§4.2.3.

4. A first guess of the POD mode amplitudes is calculated using POD
plus interpolation (POD+I; see §2.5) in the parameter space, as re-
called in subsection §5.2.2.4.

5. The POD mode amplitudes of the CFF are calculated minimizing a
properly defined residual, see §4.2. Again, the residual will involve
only a small number of mesh points in the O-mesh and can be defined
in two ways, either as (4.5) or (4.6).

6. Comparison of the CFF obtained in last step with its counterpart for
the SF, provides the jumps of the flow variables across the shock
wave. The amplitudes of the remaining shock wave structures are
calculated using a discretized version of the Rankine-Hugoniot con-
ditions (see, e.g., [35]).

7. Steps (5) and (6) are repeated iteratively until the approximation is
converged.

5.2.1 Shockwave treatment

As already anticipated above, snapshots that exhibit steep jumps that
move along the airfoil as the parameters are varied are decomposed into
various flow structures, which are considered now.

5.2.1.1 Identification of the shock wave: shock wave position and trace

For each coordinate line n = constant, first the pressure coefficient, de-
fined in (4.9) is calculated, and evaluate the x-derivative of Cp. If there is
at least one point that verifies the inequality ∂xCp > C ′p0 where C ′p0 is a
threshold value whose selection requires some calibration (C ′p0 = 9 is a
good selection for the test problem considered below), this particular snap-
shot is assumed to exhibit a shock wave, provided that the point where the
x-derivative of Cp is largest (which defines the shock wave position, sn) is
located not too close to the leading edge; a distance from the leading edge
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larger than 1.5% of the airfoil chord is a good selection in the test prob-
lem below. Such condition excludes steep gradients that are caused by the
strong suction peak near the leading edge, and need not be treated since
they do not move as the parameters are varied. As defined above, the val-
ues of sn are necessarily integer numbers, which means that the function
sn = loc(n) is stair-like shaped, which is not appropriate for POD mode
decomposition. Thus, such function is smoothed out using a convolution,
defined as

sconvoluted1 = s1, sconvoluted2 =
1

4
(s1 + 2s2 + s3)

sconvolutedi =
1

9
(si−2 + 2si−1 + 3si + 2si+1 + si+2) 2 < s < h− 1

sconvolutedh−1 =
1

4
(sh−2 + 2sh−1 + sh), sconvolutedh = sh

(5.1)

where h is the total number of points of the Cartesian mesh in the n direc-
tion. Such convolution is applied twice. The smoothing effect of convolu-
tion is illustrated in Fig.5.2.

Figure 5.2: Position of the shock wave, loc(n), as a function of the co-ordinate n in
the case AoA = -3.0o , M = 0.8: without convolution (solid line), with a convolution
applied once (dashed), and with a convolution applied twice (dot-dashed)

Once the shock wave has been located in each coordinate line, the shock
wave position on the airfoil and the trace t(n) is defined as
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sw = sconvoluted1 , t(n) = sconvolutedn − sw.

In order to obtain an initial guess of the possible shock wave structures
at points of the parameter space where existence of shock wave is dubious,
a position over the wall and a trace for snapshots that do not exhibit true
shock waves must be defined. These false position and trace are defined as
those of the nearest snapshot in the parameter space that exhibits a shock
wave.

5.2.1.2 The shock wave interval, jump, the smooth field (SF), and shock
wave field (SWF)

For each coordinate line n =constant the shock wave interval is defined
as

[sw + t(n) − L1 + 1, sw + t(n) + L1] (5.2)

where selection of the half width L1 requires calibration. In the test prob-
lem below, L1 = 6 have been selected. It has been checked that a good
criterion to select it automatically is to take the lower value of L1 that fulfill
the condition ∂Cp/∂x < 6 in the extreme points of the shock wave interval.
For each flow field variable, the jump of the variable is defined as the total
jump across the shock wave interval. The SF is defined along each line n =

constant, (i) as equal to the CFF upstream of the shock wave region, (ii) as
constant in the shock wave interval, and (iii) as equal to the CFF minus the
shock wave jump downstream of the shock wave interval. Thus, a con-
tinuous field that may exhibit jumps in the spatial derivative is generated,
which is smoothed out applying twice the same convolution applied to
the trace, see eq.(5.1). In order to preserve the original snapshots, the shock
wave field (SWF) is obtained subtracting the SF from the complete CFF. Fig-
ure 5.3 shows a sketch of the decomposition of the CFF into the SF and SWF.
As can be seen, the method provides smooth s-derivatives everywhere (in-
cluding the vicinity of the shock wave); the (untreated) n−derivatives have
proved to be smooth too.

Finally, the internal shape (IS) is defined as the SWF scaled with the
jump, and referred to a new s−coordinate, s̃, obtained from the original one
by a shift that locates origin at the center of the shock wave interval, namely
s̃ = s−sw−t(n). Note that the IS varies from zero to one in the s-coordinate;
it also retains the unphysical overshooting effect (seemingly, an artifact of
stabilization terms in the CFD numerical code), which is sometimes found
near the shock wave and makes the internal shape not completely smooth.
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Figure 5.3: a) sketch of the new division of the original snapshots into the SF and the
SWF; b) an original CFD calculation and its corresponding SF.

This process must be applied to the four flow variables and to all snap-
shots, including those which do not verify the criterion for shock wave
existence, given above. For the latter snapshots, the jump and the internal
shape cannot be calculated as above; instead, the jump of the variables is
set to zero and the internal shape is imposed to be the modified sigmoidal
function (4.7), where now ξ(s) is a linear function that maps the shock wave
interval (5.2) into the interval [−π/2, π/2] and α = 1.4L1/π has been cali-
brated.

At this stage, the shock wave position, the trace, the jump, the internal
shape, and the smooth field have been defined, resulting functions of the
type

sw = sw(AoA,M), t = t(AoA,M,n)

∆(ρu, ρw, ρ, p) = ∆(ρu, ρw, ρ, p)(AoA,M,n)

(ρu, ρw, ρ, p)IS = (ρu, ρw, ρ, p)IS(AoA,M, s, n)

(ρu, ρw, ρ, p)SF = (ρu, ρw, ρ, p)SF(AoA,M, s, n)

5.2.2 POD modes for the smooth field and the various shock wave
structures

5.2.2.1 POD modes for the smooth field and the complete field

A computationally efficient treatment of the CFF and the SF requires
some care. This is because these two structures exhibit a more complex
topology than the trace and the internal shape.

Now the complete flow field, CFF, is considered. Its POD treatment
must be made using points in the O-mesh outside the region affected by
the shock waves (to avoid spurious stair-like structures, as anticipated in
§2.3). Also, in order to make the region affected by the shock waves as
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Figure 5.4: Regions used to calculate the POD manifold of the smooth field.

small as possible, the pressure and suction sides are treated independently,
and define the POD manifold locally in the parameter space. The O-mesh
is first divided into two overlapping regions, shown in Fig.5.4. Each region
includes the whole part of the O-mesh that is intended to describe (either
the suction or the pressure side) plus that sub-region in the opposite side
bounded by the cross section of the O-mesh at s = scrit, where scrit is the
minimum value of s (among the whole set of N0 snapshots) of upstream
limit of the shock wave intervals defined in subsection §5.2.1.2. POD modes
(and amplitudes) of the CFF are defined independently for each of these
two regions. At first sight, the difference in the criterions used to define
the regions in §4.2.2 and the one used here may be surprising. However,
having excluded the high pressure gradients due to the suction peak (see
5.2.1) guarantees that the stagnation point is always inside the overlapping
region.

Although, in the subsonic case the division into two zones do not re-
port any noticeable improvement in the method (see §4.3), here is crucial.
Applying the modified algorithm to obtain the local manifold that will be
explained below the number of modes required is 27 using only one zone
and 11 and 17 for the suction and pressure sides, respectively. As was ex-
plained in §4.2.3 the division into zones makes the process of finding a
solution for the genetic algorithm not only easier and cheaper but, in many
cases, possible.

In addition, each of these two regions is still decomposed into three
subregions (see Figs.5.4 and 5.5). Namely, a leading edge region (LER),
defined as s < s̃w − L2 , a shock wave region (SWR), defined as s̃w − L2 <

s < s̃w+L2, and a trailing edge region (TER), defined as s > s̃w+L2. Here,
s̃w is an estimate of the shock wave position and L2 is defined such that
the shock wave position is in the interval s̃w − L2 < s < s̃w + L2; these
two quantities must be recalculated and re-calibrated, respectively, in each
genetic algorithm run,
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Figure 5.5: Sketch of the sub-regions in which the airfoil is divided in both the pressure
and suction sides.

In order to decrease both the size of the region SWR and the number of
required POD modes, not all available snapshots are used , which would
provide a unique POD manifold for all values of the parameters. Instead, a
smaller set of snapshots is selected using a variant of the method described
in §4.2.3. The method for creating a local manifold if strong, moving shock
waves are present must include the following modifications:

1. A first approximation of the shock wave position s̃w is also obtained
in the step 1. The SWR is selected as explained above.

2. If a shock wave is expected, then those snapshots that exhibit a shock
wave outside the SWR are not used to calculate distances and the
POD manifold. If instead no shock wave is expected, only snapshots
without a shock wave are considered.

3. For convenience, the SFs are used to calculate the distances, instead
of using the CFFs. The Ω domain where the integrals in (4.1) are
performed is the whole region that is intended to describe, i.e., the
sum of LER, SWR, and TER.

Note that this modified algorithm to obtain a local manifold is constructed
in such a way that if the initial guess do not predict the existence of a shock
wave (because the test point do not present shock wave and it is not too
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near of a shock wave existence/non-existence boundary), the method de-
scribed is the same as the one presented in §4.2.3.

Once the snapshots have been selected, the POD modes of the complete
field are calculated from the covariance matrix

RCFFij = 〈(ρu, ρ, p)CFFi , (ρu, ρ, p)CFFj 〉

where the inner product used is (4.1). Here, the integration domain is one
of the two overlapping regions, shown in Fig.5.4, depending on whether
the pressure or the suction side is treated. The resulting POD modes allow
to write the flow variables as

(ρu)CFF

(ρw)CFF

ρCFF

pCFF

 =
∑
i

Ai(AoA,M)


UCFFi (x, z)

WCFF
i (x, z)

RCFFi (x, z)

PCFFi (x, z)

 (5.3)

where Ai denotes the POD-mode amplitudes, which are common to the
four flow variables. These expansions approximate well the CFF in both
the LER and TER but not in the SWR, which does not matter because the
approximation (5.3) will only be used in the former two regions. In fact, it
is now taken advantage of the fact that, by definition, the CFF and the SF
exactly coincide in the LER defined above. Thus, the modes on the smooth
flow field, USFi , WSF

i , RSFi , and PSFi are defined as those combinations of
the original snapshots such that USFi = UCFFi , WSF

i = WCFF
i , RSFi = RCFFi ,

PSFi = PCFFi in the leading edge region. This is done writing down the
SF modes as linear combinations of the original snapshots with the same
coefficients that appear when the CFF modes are written in terms of the
snapshots associated with the smooth fields. Thus, since both the snap-
shots and the POD modes of both the complete fields and the smooth fields
exactly coincide in the LER, the POD amplitudes of the CFF must coincide
with those of the SF, namely

(ρu)SF

(ρw)SF

ρSF

pSF

 =
∑
i

Ai(AoA,M)


USFi (x, z)

WSF
i (x, z)

RSFi (x, z)

PSFi (x, z)

 (5.4)

And the difference between both in the TER provides the jump across the
shock wave, which allows for calculating the latter without any additional
treatment.

Now, the resulting POD modes on both the CFF and the SF could lead to
large errors in the spatial derivatives (even in the LER and the TER, where
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no shock wave is expected) of the normal velocity component (perpendic-
ular to the airfoil), which is significantly smaller than the tangential com-
ponent. This is due to the fact that the CFD code could be based on finite
volume or finite element discretization, while the derivatives are naturally
calculated using finite differences. In order to avoid such errors, the POD
modes of the CFF can be post-processed using the continuity equation, as
explained in Appendix 4.A.

5.2.2.2 POD modes for the trace and the internal shape

POD treatment of the trace and the internal shape is standard and per-
formed considering all available snapshots, even those that exhibit false
shock waves. As explained above, the trace of the shock wave is a function
of the parameters and the normal co-ordinate n. Isolating dependence on
n, POD modes are calculated in terms of the snapshots using the covariance
matrix

Rtij = 〈ti, tj〉 ≡
1

h

h∑
n=1

ti(n)tj(n)

This inner product can also be used to evaluate distances between dif-
ferent traces. The trace is expanded in POD modes, as

t(AoA,M, s, n) =
∑
i

Bi(AoA,M)Ti(s, n) (5.5)

where the POD-mode amplitudes Bi will be calculated below.
Concerning the internal shape of the shock wave, it is first decomposed

into two parts, as

(ρu, ρw, ρ, p)IS = (ρu, ρw, ρ, p)MIS +
s− 1

2L1 − 1
(1, 1, 1, 1)

where the first term in the right hand side will be called modified internal
shape (MIS) below, and the second term is such that the MIS vanishes at
the extreme values of the shock wave interval (namely, s = 1 and s =

2L1). Thus the MIS is appropriate to apply POD. The MIS depends on the
parameters and the curvilinear co-ordinates. Isolating dependence on s
and n, POD modes are defined using the covariance matrix

RMISij = 〈(ρu, ρw, ρ, p)MISi , (ρu, ρw, ρ, p)MISi 〉

≡ µ
2L1∑
s=1

h∑
n=1

[ρuMISi (s, n)ρuMISj (s, n) + ρwMISi (s, n)ρwMISj (s, n)]

+ µ

2L1∑
s=1

h∑
n=1

[ρMISi (s, n)ρMISj (s, n) + pMISi (s, n)pMISj (s, n)],
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where the common scaling factor is defined as µ = (2L1h)−1 and, as above,
the inner product 〈, 〉 can be used to evaluate distances between different
internal shapes. Now, the flow variables are written as expansions on the
POD modes, UISi ,WIS

i , RISi , and PISi , as


(ρu)IS

(ρw)IS

ρIS

pIS

 =
∑
i

Ci(AoA,M)


UISi (x, z)

WIS
i (x, z)

RISi (x, z)

PISi (x, z)

 (5.6)

where Ci are the POD-mode amplitudes, which are common to the four
flow variables and are calculated below.

5.2.2.3 Reconstruction of the CFF in the complete O-mesh

As defined above, the SF has been calculated independently in the over-
lapping suction and pressure regions, see Fig.5.4. A joint representation of
the SF in the whole O-mesh is obtained using the method 3 presented in
§4.2.2. The SWF is obtained multiplying the IS by the jump and shifting
the s coordinate to its original values, taking into account both the position
of the shock wave on the airfoil and the trace. Finally, the CFF results by
adding the SF and SWF.

5.2.2.4 POD plus interpolation

Using eq.(2.4) the expansions (5.3), (5.4), (5.5), and (5.6) defined above
are truncated, and proceeding as indicated in subsection §5.2.2.3, any of
the original snapshots can be reconstructed, which provide the mode am-
plitudes at the associated parameter values. The result of POD+I (see §2.5)
will be used as an initial guess in the residual minimization method that is
considered next.

5.2.3 Minimization of the residual function

The unknown amplitudes Ai (two sets of amplitudes, for the regions in
the pressure and suction sides), Bi, and Ci, are calculated upon minimiza-
tion of a properly defined residual implementing a Genetic Algorithm (GA;
see §2.2), using as initial guess the amplitudes values obtained via POD+I,
as explained in last section. The genetic algorithm parameters are the ones
used in the previos chapter (see §4.1).
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5.2. REDUCED ORDER MODEL DESCRIPTION

5.2.3.1 Calculation of the CFF, the SF, and the shock wave jump

The residual associated with the complete flow fields can be HD or HC,
i.e., (4.5) or (4.6), respectively. If (4.5) is used postprocessing the CFF POD-
modes, as explained in Appendix 4.A, must be done in order to obtain a
physical solution.

As was done in section §4.2.2, the residual is evaluated only at some
points of the O-mesh. In particular, the selected points are taken outside
the boundary layer and not too close to the upper boundary of the O-mesh,
to avoid both viscous effects (not accounted for in the Euler equations) and
CFD errors, respectively, and, in the transonic case, in the LER and TER (to
avoid the shock wave regions). Similarly, the contour integrals in HD are
extended to a set of small domains scattered in the LER and the TER. In
the n direction, 4 (this number has been calibrated) equispaced values of n
are taken, and in the s direction 30 (again, this number can be calibrated)
equispaced points or contour integrals are taken.

5.2.3.2 Calculation of the shock wave trace and internal shape

The residual to calculate the shock wave structures uses the inviscid
conservation equations (4.3) across the shock wave, similar to the classical
Rankine-Hugoniot conditions. Such conservation equations are applied in
a set of closed curves, Γk, (to be defined below)

HSW =
∑
k

4∑
i=1

√
EQi(Γk)

where EQi denote the left hand sides of the conservation equations (4.3).
The line integrals have a rectangular shape in the curvilinear coordinates,
(s, n), and are centered on the previous guess of the shock wave position
on the wall. The aspect ratio and number of the contours of the line in-
tegrals depend on the calculated structure. In all cases, line integrals are
contained in a region that extends vertically from the upper edge bound-
ary of the boundary layer to a few lines below the boundary of the O-mesh,
excluding both the boundary layer and a zone of localized CFD errors; hor-
izontal extension coincides with the horizontal extension of the shock wave
internal structure. Contours to calculate each structure are as sketched in
Fig.5.6, namely:

1. The position is calculated using only one contour, which is as wide as
possible within the above mentioned region (see Fig.5.6-a).

2. The trace is calculated using as many contours as possible, and these
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Figure 5.6: Contours of the line integrals used for evaluating the residual to calculate:
a) position over the wall, b) the trace, and c) the internal shape.

are selected to exhibit a height equal to one mesh interval and a width
equal to the width of the SWR (see Fig.5.6-b).

3. The internal shape is calculated using the same contours that pro-
vided the trace, except that their width is the same as that of the shock
wave (see Fig.5.6-c).

5.2.3.3 Iteration to obtain the ROM solution

As described above, calculation of the complete solution involves four
independent minimization processes, which are subsequently applied in
an iterative way until the required accuracy is reached. Iteration is neces-
sary because the physical behavior of various flow structures is coupled.
In other words, accuracy in the calculation of each structure leads to im-
provements in the approximation of the remaining structures. The four
minimization processes are applied in the following order: (i) smooth field
and shock wave jump, (ii) shock wave position, (iii) trace, (iv) position, (v)
internal shape, (vi) position; (vii) trace; (viii) position. Note that position is
recalculated three times and the trace is recalculated twice in each iteration
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cycle. This is because these two structures have shown to be crucial in the
whole process. The process is repeated until differences between results in
two consecutive cycles coincide within a specified relative error, εiter.

5.2.3.4 Required CPU time

The method described above is much faster than the CPU solver, in
spite of the fact that minimization of the various residuals considered above
is made by a Genetic Algorithm. For illustration, using a standard desktop
PC (Pentium D 3.00 GHz, 1.87GB RAM) in the test problem considered in
this chapter, the time needed to identify the shock wave structures (as ex-
plained in section §5.2.1) in the 117 snapshots is 4.6 seconds per snapshot.
Note that this step must be performed only once for each snapshot. The
time cost of obtaining the POD modes for every structure and performing
the various minimization processes ranges from 12 to 25 minutes, depend-
ing on the required number of POD modes. Thus this time compares well
with the cost of CFD (a minimum of 3 hours).

5.3 Results

The various parameters of the algorithm have been chosen (after some
calibration) as follows:

• The upper bound of the RMSE used to chose the number of modes
required is εGA = 10−3 .

• The genetic algorithm parameters used for the following results are
the same used for obtaining the results presented in §4.3. For the sake
of clarity they are included here:

– 10,000 individuals with a discretization of 10 bits per individual.

– The value of the residual must not change for 100 generations.

– 0.5% of elite individuals going straight into the next generation.

– Crossover probability equal to 0.8.

– 10% of the bits are mutated.

– Span allowed around the POD initial solution equal to 50%.

• The number of snapshots, the upper bound of the RMSE, and the
safety factor required for the construction of the local manifold are
N1 = 40, εLM = 10−3, and F = 2.5, respectively.

• Threshold used in subsection §5.2.1.1 to identify shock waves isC ′p0 =

9.
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• The horizontal extension of the shock wave interval is 2L1 = 12mesh
points.

• The semi-amplitude of the uncertainty in the shock wave position is
L2 = 10mesh points (typically, 5% of the chord).

• The RMSE bound to terminate the iterative process defined in section
3.3.3 is εiter = 10−3.

In order to asses the behavior of the method, the aerodynamic coeffi-
cients (namely, the lift, drag, and momentum coefficients; see (4.8)-(4.10))
and the Cp distribution along the chord have been reconstructed in 12 test
points, listed in table 5.1 (see also Fig.5.1, where the boundary between the
regions of existence/non existence of shock waves in the pressure and suc-
tion sides is also indicated). As is usually done in practical engineering
situations, the test points were selected a priori, without the whole infor-
mation on the existence of shock waves, and concentrated in the high Mach
number region, where the strongest shock waves were expected.

As for the snapshots, the following combinations are considered:

1. COMBINATION #1 consists of (13times9=) 117 combined values of
the following 13 values of the angle of attack -3o, -2.5o, -2o, -1.5o, -1o,
-0.5o, 0o, 0.5o, 1o, 1.5o, 2o, 2.5o, and 3o, and the following 9 values of
the Mach number 0.4, 0.45, 0.5, 0.55, 0.6, 0.65, 0.7, 0.75, and 0.8.

2. COMBINATION #2 only contains the (7times9=) 63 snapshots result-
ing from reducing in combination #1 the 13 cases on the angle of at-
tack to the following 7 equispaced values -3o, -2o, -1o, 0o, 1o, 2o, and
3o.

3. COMBINATION #3 only contains the (13times5=) 75 snapshots re-
sulting from reducing in combination #1 the 9 cases on the Mach
number to the following 5 equispaced values 0.4, 0.5, 0.6, 0.7, and
0.8.

As a first result, table 5.2 shows the global lift, drag, and momentum
coefficients of the airfoil, both as resulting from CFD and as calculated with
the POD+GA. Note that even the drag coefficient CD is reasonably well
calculated in spite of the fact that the ROM relies on the Euler equations.

For subsonic test points that are not too near to the boundary of exis-
tence of shock waves, the method explained in this chapter is the same as
the one presented in §4 except for the minor difference in the definition of
the zones (see §5.2.2.1) and the parameter N1. Thus, results from table 5.2
for PT11-PT14 can be compared with the ones in 4.2 to reveal that adding
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more snapshots provides more accurate results. A detailed comparison re-
veals that, for the 4 test points, the number of modes used is the same in
both zones which implies that the modes obtained with the 117 snapshots
are a better manifold.

Test
Point

10× CL/CL,ref 103 × CPD/CPD,ref 102 × CM/CM,ref
CFD POD+GA CFD POD+GA CFD POD+GA

PT11 -2.45 -2.45 -4.52 -4.68 1.58 1.60
PT12 -1.80 -1.80 -4.83 -4.83 1.59 1.62
PT13 -0.15 -0.15 -4.69 -4.63 1.59 1.61
PT14 0.51 0.51 -4.29 -4.33 1.59 1.60
PT21 -3.31 -3.38 5.54 5.44 2.09 2.53
PT22 -2.51 -2.36 -0.90 -1.48 1.83 1.71
PT23 -0.21 -0.24 -2.73 -2.39 2.05 2.02
PT24 0.69 0.61 -1.81 -1.71 2.31 2.25
PT31 -2.72 -2.88 15.02 15.77 3.41 3.64
PT32 -2.51 -2.56 9.14 9.33 3.41 3.60
PT33 -0.26 -0.35 -2.12 -0.66 2.41 2.70
PT34 0.89 0.80 1.01 1.37 2.55 2.86

Table 5.2: Lift, drag, and moment coefficients at the indicated test points, as calculated
from CFD and the POD+GA method, with combination #1; values lower than 0.001 are
rounded off to 0.

For completeness, several representative Cp distributions along the air-
foil are plotted in Figs.5.7-5.10 below, where a comparison with their CFD
counterparts is also made. Figure 5.7 shows the results at those test points
that do not exhibit shock waves (see Fig.5.1). Note that results are quite
good with the three combinations, and excellent (CFD and ROM plots are
indistinguishable) with combinations #1 and #2, which indicates that infor-
mation in the Mach number is less complete than information in the angle
of attack in combination #1. This conclusion will be confirmed in the re-
maining results below. Also, results in Fig.5.7 suggest that the number of
snapshots taken at the low Mach number region can be reduced.

Results at test points PT21, PT23, and PT24 are given in Fig.5.8, and are
reasonable good, in spite of the fact that they exhibit shock waves, either
in the pressure (test point PT21) or the suction side (test points PT23 and
PT24). This is because these three test points are neither too close to the
outer boundary of the parameter domain nor too close to the boundary
of existence of pressure side shock waves. The latter boundary is more
problematic than the boundary of existence of suction side shock waves
because the former shock waves move faster as the parameters are varied
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Figure 5.7: Pressure coefficient distributions along the airfoil surface on test points
PT11- PT14 as obtained using CFD (thick solid lines) and ROM, with combination #1
(thin solid lines), #2 (dot-dashed lines), and #3 (dashed lines).

than the latter (in this specific test problem). This explains that results are
quite good at test point PT23, which is quite close to the lower boundary of
the existence of suction side shock waves.

The remaining test points are considered in Fig.5.9, where it is seen that
results somewhat worsen at those test points that are close to either the
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Figure 5.8: Counterpart of Fig.5.7 for the test points PT21, PT23, and PT24.

lower boundary of existence of pressure side shock waves (test point PT22)
or the boundary of the parameter domain (test points PT31 and PT32).

The conclusion above (namely, that it is the shock wave in the pressure
side that presents more difficulties in the present test problem) is further
illustrated in Fig.5.10, where two new test points at positive angle of at-
tack are considered that are quite close to the existence boundary for the
pressure side shock wave. Note that using 117 snapshots (combination #1),
the method approximates reasonably well the suction side shock wave but
completely fails with then other shock wave.

These results would be highly improved if more snapshots were cal-
culated in the problematic regions, which could be compensated saving
snapshots at low Mach number, as indicated above. But this would require
a method to select a priori the snapshots position in the parameter plane,
which is not yet available. Such method should take into account the pecu-
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Figure 5.9: Counterpart of Fig.5.7 for the test points PT22, PT31, and PT32.

liarities of the shock wave behavior.
As was done in §4.4, the results provided in the regions where the vis-

cous terms are important are checked. In figure 5.11 can be seen that the
velocity profiles for PT34 are reproduced with good accuracy where the
results for the pressure were good (cf. Fig.5.10). If there are recirculation
bubbles due to the shock wave/boundary layer interaction results are also
quite good (see Fig.5.12). However, if the shock wave jump has not been
well predicted results worsen, as can be seen in Fig.5.13.

5.4 Conclusions

A method has been presented to develop reduced order models for
transonic aerodynamic flow around an airfoil. It have been applied to a
specific test problem. Results were reasonably good, except for parame-
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Figure 5.10: Counterpart of Fig.5.7 for three new test points. Namely test points PT33,
at (AoA,M)=(1.25,7.75), and test point PT34, at (AoA,M)=(2.25,7.75)

ter values in the shock wave existence/noexistence boundary, where more
snapshots would be needed. But in order to avoid the necessity of increas-
ing the number of snapshots too much, fewer snapshots should be calcu-
lated in other regions of the parameter plane (small Mach number), where
information was clearly redundant. Such selection could have been done
by hand, but it seems that this is not a reasonable option thinking of realistic
industrial applications. Therefore, the best option is to develop a method to
select snapshots in such a way that the required CFD information required
by the method is minimized.

Three remarks are now noteworthy in connection with peculiarities of
the method that differ from usual reduced order models calculations:

• It is the Euler equations and not the original modified Navier-Stokes
equations + turbulence model that are used to calculate the residual.
And still, the equations can be applied either in their differential or
conservative forms even though the CFD simulations that provided
the snapshots could be based on a different discretization. These
facts make the method independent on the possible models of tur-
bulence/numerical stabilizers that might have been used, which is
convenient in industrial applications. Although this peculiarity of
the method was used for the subsonic case, here it have been proved
that it also works for the transonic flow and the several structures
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Figure 5.11: Velocity along x axis profiles at PT34 for the suction (up) and pressure
sides (down) at x = 0.25 (left) and x = 0.71 (right) obtained via CFD (solid line)
and POD+GA (dashed line). The co-ordinate η is the distance to the airfoil measured
perpendicular to it.

associated with the shock wave.

• Shock waves involve jumps in the flow variables, which present great
difficulties in POD-based methods and require special treatment to
avoid either a quite poor approximation or a huge number of snap-
shots. Such treatment was presented in [38] in connection approxima-
tion of transonic flows using a combination of POD-like methods and
interpolation. The method has been extended here, and combined
with projection of the governing equations on the POD modes.

• Both a reconstruction of the smooth field and the jump across the
shock wave have been obtained simultaneously. Thus, the latter needs
not be expanded into POD modes.

• Once more, only a small number of either points or contour integrals
(about 120) are used to evaluate the residual that is minimized by the
genetic algorithm, which saves CPU time preserving accuracy.
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Figure 5.12: As in Fig.5.11 but at PT31.

Figure 5.13: As in Fig.5.11 but at PT21.
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6
HORIZONTAL TAIL PLANE

In this chapter, the POD+GA method derived in previous chapters is
applied to obtain a reduced order model (ROM) that allows a quick calcula-
tion of the flow around an a three dimensional aircraft component. For the
sake of clarity, a particular component will be considered, namely an hori-
zontal tailplane (HTP), but extension to more other aircraft configurations
is straightforward. Such flow is allowed to exhibit shock waves provided
that these do not move much as the parameters are varied.

6.1 Description of the test problem

The aerodynamic flow around a 3-D HTP is considered. CFD snapshots
have been calculated using the ELSA code, whose details are not neces-
sary to implement the POD+GA method for reasons already explained in
chapters §§3-5. Both the generation of the mesh and the calculation of the
snapshots are tasks that have been performed by AIRBUS.

The HTP has a span length 1.5 times its root chord, c. The co-ordinate
axes are centered at the leading edge point of the root section; the x-axis
passes through the trailing edge, the z-axis is orthogonal to the x axis point-
ing to the suction side and such that the x−z plane contains the root section;
the y-axis is perpendicular to the x−z plane and points towards the trailing
edge.

The complete computational mesh contains 3,053,744 points in the do-
main [−5c, 10c] × [0, 10c] × [−10c, 10c]. Due to the large amount of mesh-
points, only the values of the state variables at a small set of points were
provided. These were a vicinity of the HTP (see Fig.6.1) and some points
in the plane x = −50c; the latter provide information about the upstream
flow.

The parameter space is a rectangle in the AoA −M (angle of attack vs.
Mach number) plane, in the range -3.0o 6 AoA 6 3.0o and 0.4 6 M 6 0.80;
see Fig.6.1. The flow around the airfoil in such range presents strong shock
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Figure 6.1: A sketch of the horizontal tail plane. The axis plotted are not place in the
origin of co-ordinates.

waves that move only slightly as the parameters vary, unlike the ones of
the case studied in §5.

The original six flow variables are velocity along x, y, and z-axis (u,
v, and w, respectively), the pressure (p), the density (ρ), and the temper-
ature (T ). However, instead of using these variables, the equation of state
for ideal gases is substituted into the remaining equations and only five
state variables are used, namely the density, the pressure, and the mass
fluxes in the x, y, and z directions. These are non-dimensionalized using
their respective free stream values (labeled with the subscript BC) in the far
upstream region (called the BC region below), where the inlet boundary
conditions are imposed. Using the fact that the sideslip angle is zero in all
snapshots, the reference values for nondimensionalization are

ρref = ρBC, pref = pBC, (ρu)ref = (ρv)ref = (ρw)ref =

√
(ρu)2 + (ρw)2

M

Thus, the dimensionless density and pressure in the BC region are both
equal to one, but the dimensionless mass fluxes in this region are (ρu, ρw) =

M(cos(AoA), sin(AoA)) and ρv = 0.
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6.2 Reduced order model description

For the sake of clarity, the POD+GA method is briefed here, emphasiz-
ing differences with the basic version developed in previous chapters. The
method proceeds in six steps, referring the state variables as the vector q
defined as

q = (ρu, ρv, ρw, ρ, p)

Step 1. The computational domain is divided into various zones, whose shape
and size must be selected taking into account what was explained
in §4.2.2. In particular, the flow should vary differently in different
zones as the parameters are varied.

Step 2. The number and position of the snapshots used to obtain the POD
modes are selected using the algorithm described in §4.2.3. Such se-
lection must be performed for each zone independently. Two differ-
ent inner products that are defined below, 〈, 〉1 and 〈, 〉2, can be used
to both calculate the covariance matrix and evaluate distances; the
differences between them are explained below. The covariance ma-
trix is defined (for k = 1 or 2) as

Rij = 〈qi,qj〉k (6.1)

Step 3. Using (6.1), POD modes are obtained in each zone. The flow variables
are expanded in POD modes as

ρu

ρv

ρw

ρ

p

 =
∑
i

Ai(AoA,M)


Ui(x, y, z)

Vi(x, y, z)

Wi(x, y, z)

Ri(x, y, z)

Pi(x, y, z)


where Ai are the POD-mode amplitudes, which are common to the
five flow variables.

Step 4. The number of modes used for the minimization step 5 to obtain
the solution within a prescribed accuracy εGA can be obtained us-
ing eq.(2.4). An initial guess for the amplitudes values is obtained via
POD plus interpolation (POD+I; see §2.5).

Step 5. The amplitudes are calculated minimizating a residual by means of a
Genetic Algorithm (GA; see §2.2). The residual is defined as

HC =

NC∑
k=1

5∑
i=1

√
|EQi(Γk)| +

NBC∑
m=1

5∑
i=1

√
|BCi(xm, zm)|
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where BCi stands for the free stream boundary conditions

BC1 ≡ ρu−Mρ cosAoA = 0, BC2 ≡ ρw−Mρ sinAoA = 0,

BC3 ≡ ρv, BC4 ≡ ρ− 1 = 0, BC5 ≡ p− 1 = 0

and EQi denotes the integral, conservative Euler equations for a generic
sub-domainΩ, obtained integrating inΩ the Euler equations written
in conservative form, integrating in Ω, and applying the divergence
theorem. It follows that

EQ1 ≡ τ
∮
Γ

[ρunx + ρvny + ρwnz] dS

EQ2 ≡ τ
∮
Γ

[(
ρuρu

ρ
+
p

γ

)
nx +

(
ρuρv

ρ

)
ny

(
ρuρw

ρ

)
nz

]
dS

EQ3 ≡ τ
∮
Γ

[(
ρvρu

ρ

)
nx +

(
ρvρv

ρ
+
p

γ

)
ny

(
ρvρw

ρ

)
nz

]
dS

EQ4 ≡ τ
∮
Γ

[(
ρwρu

ρ

)
nx +

(
ρwρv

ρ

)
ny +

(
ρwρw

ρ
+
p

γ

)
nz

]
dS

EQ5 ≡ τ
∮
Γ

[δ(ρunx + ρvny + ρwnz)] dS

where the surface integrals are extended to the (two-dimensional)
boundary of the domainΩ, denoted as Γ , τ is the area of Γ , and

δ = ρ−2

[
ρp+

γ− 1

2
(ρuρu+ ρvρv+ ρwρw)

]
, τ =

(∮
Γ
1 dl

)−1

Step 6. The state variables are reconstructed in each zone using their associ-
ated set of amplitudes, and such local solutions are merged using one
of the methods described in §4.2.2.

The two inner products mentioned above are: (i) the extension of (4.1)
to 3D

〈qi,qj〉1 =

5∑
k=1

mk

τ1

∫∫∫
Ω
qki q

k
j dxdydz

and (ii) an inner product based on surface integrals over appropriate closed
surfaces Γs, with s = 1, . . . ,Nc,

〈qi,qj〉2 =

5∑
k=1

mk

τ2

Nc∑
s=1

(∫∫
Γs

qki dA

)(∫∫
Γs

qkj dA

)
.

The weights τ1 and τ2 are introduced to re-scale the inner products in order
that 〈1, 1〉1 = 〈1, 1〉2 =

∑5
k=1mk, which requires that τ1 be the volume of
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the domain Ω and τ2 be the sum of the squares of the areas of the surfaces
Γs. The mask vector m is defined as

m = (1, 1, 0, 1, 1)

Thus, the variable ρw is treated as a slaved variable hereinafter. It have been
checked that including it modifies only slightly the covariance matrix.

The integral performed in 〈, 〉1 is discretized as a sum over the Np =

524.142 mesh-points in each one of the LER+SSR or LER+PSR regions; in
the same way, the surface integrals in 〈, 〉2 are Nc = 96.768 integrals; each
of them is extended to the boundary of a cell formed by 8 neighboring
points, excluding a close vicinity of the HTP, where CFD truncation errors
are large. The main difference between both inner products is the time
required to evaluate the covariance matrix (6.1). As explained below, this
is much smaller in the second inner product, which has been introduced
precisely for this reason. The fact that results using both inner products
will be quite similar will emphasize the robustness of the method. Selection
and manipulation of the inner products deserve some comments, which are
now made:

1. The most expensive step to obtaining the covariance matrix is eval-
uating the integrals. Using the first inner product, each integral re-
quires about 2Np operations and the number of integrals to be com-
puted is of the order of (N0)

2. On the other hand, if the second inner
product is used, NcN0 integrals must be performed, each of whom
requires just 8 operations; the inner product also involvesNcN0 oper-
ations between the resulting integrals. Therefore, taking into account
that Nc is typically of the order of Np, the ratio of the operations re-
quired by the first and second inner products is of the order ofN0/10,
a number that is usually quite large.

2. The second inner product is also much more effective in terms of the
the required RAM, since it only needs to store in the RAM one snap-
shot at a time, meaning that the amount of required memory is of the
order of 8Nc. The first inner product instead requires a larger RAM,
whatever the way in which the covariance matric is calculated, which
can be made in two ways:

• All the snapshots are stored simultaneously and thus read only
once. This approach requires an amount of memory of the order
ofN0Np, a number that is typically larger than the memory of a
personal computer.
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• To calculate an element of the covariance matrix only two snap-
shots are required. This approach only uses an amount of mem-
ory of the order of 2Np, but to calculate all the elements of the
covariance matrix approximately N0! snapshots must be read.
The time spent reading the snapshots becomes the bottleneck of
the process.

As have been demonstrated in previous chapters (see §3.4.3), not all
mesh points are necessary to calculate the POD manifold; in the present
case, using only one out of every 500 points or surface integrals (1.048
points for 〈, 〉1 and 194 surface integrals for 〈, 〉2) provides very similar POD
modes and the same POD+GA results as when all information is used. It
must be noted that, without worsening the results, this simplification ap-
proximately reduces the time to evaluate the covariance matrix by a factor
of 500.

6.3 Results

AIRBUS provided 117 snapshots at all combinations of the following 13
values of the angle of attack -3o, -2.5o, -2o, -1.5o, -1o, -0.5o, 0o, 0.5o, 1o, 1.5o,
2o, 2.5o, and 3o, and the following 9 values of the Mach number 0.4, 0.45,
0.5, 0.55, 0.6, 0.65, 0.7, 0.75, and 0.8; see Fig.6.1.

In addition, 28 test points are used that are denoted as PTX1X2, where
X1 and X2 label the Mach number and angle of attack, respectively (see
Tables 6.1 and 6.2).

X1 Mach number
1 0.400
2 0.500
3 0.525
4 0.600
5 0.700
6 0.725
7 0.750
8 0.775

Table 6.1: Value of X1 vs Mach number.

In order to compare between the various combinations of snapshots,
the maximum and root mean square (RMSE) errors of each variable for all
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Figure 6.2: A sketch of the test points (filled circles) and Combination #1 (the crossing
points of the net).

X2 AoA

1 -2.25o

2 -1.25o

3 +1.25o

4 +1.25o

Table 6.2: Value of X2 vs angle of attack.

the test points are given in several cases. The RMSE is defined as

RMSE =

√√√√(28µ)−1

28∑
k=1

∫∫
Ω
E2k dΩ (6.2)

whereΩ is the O-mesh around the HTP, µ is the area ofΩ, and

E(x, y, z) =
|φ(x, y, z) − φ̃(x, y, z)|

max |φ|

is the local error. Here, φ and φ̃ are the values of a generic variable cal-
culated via CFD and POD+GA, respectively. When only reconstruction of
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loads over the HTP surface needs be checked, then the pressure and mo-
mentum coefficients are reconstructed for the 28 test points. In fact, the lift,
pressure drag, and lateral force coefficients are defined in terms of surface
integrals over the HTP surface as CL

CPD

CY

 = −

 − sinAoA cosAoA 0

cosAoA sinAoA 0

0 0 1

 ∮ CpI · ndS

where Re is the Reynolds number (2 · 107), n is the outward unit normal on
the HTP surface, I is the 3×3 unit matrix, andCp is the pressure coefficient,
defined as usually (see (4.9)). Similarly, the roll, pitch, and yaw momentum
coefficients are defined as CR

CM

CN

 = −

∮
Cp(x − x0)T · ndl

where x is the position vector and x0 is the chosen reference point for the
moment, (x, y, z) = (0.25,0,0).

In order to assess the robustness and accuracy of the method, five com-
binations of snapshots are used to calculate the POD manifold:

• COMBINATION #1 consist of the following (9×13=) 117 combined
values of the following 13 values of the AoA -3.0o, -2.5o, -2.0o, -1.5o,
-1.0o, -0.5o, +0.0o, +0.5o, +1.0o, +1.5o, +2.0o, +2.5o, and +3.0o, and the
following 9 values of the Mach number 0.4, 0.45, 0.5, 0.55, 0.6, 0.65,
0.7, 0.75, and 0.8 (see Fig.6.2).

• COMBINATION #2 only contains the (7×9=63) snapshots resulting
from reducing in Combination #1 the 13 cases on the AoA to the fol-
lowing 7 equispaced values -3.0o, -2.0o, -1.0o, 0.0o, +1.0o, +2.0o, and
+3.0o (see Fig.6.3 up-left).

• COMBINATION #3 only contains the (13×5=75) snapshots resulting
from reducing in Combination #1 the 9 cases on the Mach number to
the following 5 equispaced values 0.4, 0.5, 0.6, 0.7, and 0.8 (see Fig.6.3
up-right).

• COMBINATION #4 only contains the (7×5=35) snapshots resulting
from reducing in Combination #2 the 9 cases on the Mach number to
the following 5 equispaced values 0.4, 0.5, 0.6, 0.7, and 0.8 (see Fig.6.3
down-left).
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• COMBINATION #5 only contains the (7×6=42) snapshots resulting
from adding in Combination #4 the 5 cases on the Mach number the
value 0.75 (see Fig. 5 down-right).

Figure 6.3: Combinations #2-#5.

Also, in order to check dependence of the results on the inner product,
the following four cases are studied:

• CASE A consists of using the first inner product and all the points to
evaluate the correlation matrix.

• CASE B is as case A but using only 1.048 points for computing the
covariance matrix.

• CASE C consists of using 〈, 〉2 and all the available contours.

• CASE D computes the covariance matrix using 194 contours to eval-
uate 〈, 〉2 .

Results are shown in table 6.6. Case D is use hereinafter.
The five combinations of snapshots are compared in the O-mesh in ta-

ble 6.4. Maximum errors for the flow variables are not shown because they
do not illustrate how good the approximate solution is, since small errors
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Test
Point

Case
A B C D

CL 3.25 4.74 2.23 4.43
CPD 19.68 22.10 30.38 35.17
CY 7.38 8.10 10.25 12.61
CM 4.50 7.04 4.07 3.54
CR 3.20 4.37 2.67 4.47
CN 3.92 4.93 4.75 5.78

Table 6.3: Comparison of the root mean square errors (×103) of the six aerodynamic
coefficients computing the covariance matrix using all the point or contours and the
inner products 〈, 〉1 (A) and 〈, 〉2 (C). using all the points (A) and only one out of 500
(B)

in the position of the shock wave lead to large local errors (see Figs.?? and
6.4 below). It must be noted that results are quite similar for all combi-
nations of snapshots. However, when comparing results over the surface
many differences can be appreciated. The various aerodynamic coefficients
are compared in tables 6.5 and 6.6, where it can be seen that combination #3
provides worse results than combination #2 even though the former com-
bination uses more snapshots. It must be also noted that adding 5 snap-
shots to combination #4 (which leads to combination #5) provides results
that are very similar to those of combination #2, which requires more snap-
shots (i.e., 63 snapshots instead of 42). The main conclusion is that results
strongly depend on the position of the snapshots, and that a method to se-
lect that position could decrease the required number of snapshots, reduc-
ing the CPU time of the method. This is important since ROM calculations
is quite fast compared to the CPU time required to calculate the snapshots,
which is thus the slowest part of the process.

For completeness, Cp distributions over the HTP surface at test points
PT73, PT81, and PT84 are shown in figures 6.5, 6.4, and 6.6, respectively. It
must be noted that results are quite good when no shock wave is present
(see Fig.6.4), and that some minor discrepancies appear otherwise. In the
latter case, some stair-like structures can be appreciated that are similar to
those in Fig.2.1, but now they are thinner due to the smaller shock wave
shift as the parameters are varied. Also,it can be seen in Fig.6.7 that re-
ducing the number of snapshots in POD calculation slightly worsens the
approximation, and this occurs near the shock wave only.
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Test
Point

Case
#1 #2 #3 #4 #5

ρu 3.39 4.66 3.99 4.59 4.39
ρv 3.05 3.90 3.52 3.82 3.73
ρw 1.77 1.88 1.86 1.91 1.84
ρ 2.82 2.82 3.56 3.46 2.73
p 3.19 3.08 4.07 3.91 3.01

Table 6.4: Comparison of the maximum errors (×103) of the flow variables for the five
combinations of snapshots

Test
Point

Case
#1 #2 #3 #4 #5

CL 1.11 1.05 2.52 1.80 1.26
CPD 10.02 8.34 22.72 12.58 8.27
CY 3.36 2.87 8.62 4.37 3.03
CM 1.02 0.92 2.07 1.90 1.39
CR 0.96 1.17 2.65 2.03 0.91
CN 1.41 2.43 2.51 4.15 2.53

Table 6.5: Comparison of the maximum errors (×102) of the six aerodynamic coeffi-
cients for the five combinations of snapshots.

Test
Point

Case
#1 #2 #3 #4 #5

CL 4.43 3.12 8.70 6.12 4.44
CPD 35.17 28.08 58.60 44.11 31.99
CY 12.61 9.54 22.13 14.64 11.89
CM 3.54 2.91 6.79 6.05 5.36
CR 4.47 3.46 8.59 6.92 5.03
CN 5.78 8.13 8.53 12.24 7.44

Table 6.6: Comparison of the root mean square errors (×103) of the six aerodynamic
coefficients for the five combinations of snapshots.

6.4 Conclusions

• Two inner products have been used for calculating the covariance ma-
trix that lead to very similar results. The first one is the usual one in
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Figure 6.4: Pressure coefficient (Cp) profiles over the HTP surface at some y constant
lines for PT81 calculated via CFD (solid line) and POD+GA using combination #1 and
case D (dashed line).

the literature, but the second one has been introduced in this chapter
because it involves much faster calculations and required amount of
RAM.

• Reducing the number of points/surface integrals used to calculate
the covariance matrix leads to a great improvement in terms of CPU
time cost.

• The position of the snapshots is very important when trying to mini-
mize its required number.
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Figure 6.5: As in Fig.6.4 but for PT81.
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Figure 6.6: As in Fig.6.4 but for PT84.
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Figure 6.7: As in Fig.6.6 but using combination #5.
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7
CONCLUSIONS

A new method for constructing ROMs to calculate steady states of com-
plex fluid flows in a multi-parametric setting has been presented. Several
new ideas have been introduced and tested. The main conclusions/remarks
are briefed here:

• Alternative methods can be constructed that are more appropriate
than standard Galerkin projection to calculate steady states. The main
weaknesses of the latter can be overcome, revising the ideas behind
the concept of POD-based ROMs. In particular:

– More flexibility can be convenient in the definition of the POD
modes themselves, either (a) treating the various flow variables
independently, to naturally increase the number of free POD-
mode amplitudes and allow improving both continuity equa-
tion and boundary conditions or (b) using joint POD modes for
all variables, which decreases the computational effort. Strategy
(a) is convenient when CFD errors are present in regions that
cannot be avoided in ROM calculations, which occurs, in partic-
ular, when POD and/or projection of the governing equations is
made using the whole computational mesh; strategy (b) can be
applied when regions of concentrated CFD errors are avoided
using a projection window in the ROM generation, as explained
below.

– Minimizing a properly defined, overall residual is a good way
to treat steady problems.

– Artificial stabilizing terms, required by CFD computations, have
been completely ignored in the ROM generation. Instead, the
exact governing equations and boundary conditions have been
considered to calculate the ROM. Thus, the method is robust,
namely it is independent of the way snapshots have been calcu-
lated.
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• Using a projection window and a few set of points inside the pro-
jection window to calculate the residual has proven to dramatically
decrease the CPU time required by the method. In fact, the rela-
tion between the time and the number of points is roughly linear.
This simplification results from the observation that even though the
physical problem is governed by partial differential equations, which
involve infinitely (or a large number of them when the equations are
discretized) degrees of freedom, the set of relevant solutions is well
approximated by a small number of modes. This means, in particu-
lar, that calculation of the approximate solution for a given set of pa-
rameter values does not need information from all mesh points used
in CFD computations; instead, information from a few, properly se-
lected points is enough. Such number of points is only a few times
larger than the number of total POD-mode amplitudes, as expected.
In fact, this is one of the main conclusions of the thesis, namely that
it is feasible to compute the modes and project the equations using
only information from a limited flow field region. Reconstruction
of the full flow field using this has an error comparable to that ob-
tained using complete information. It is also interesting (and rele-
vant) that both the projection window and the specific nodes that are
used to calculate the residual are subject only to weak limitations,
which are good news in connection with application of the method
to other fluid dynamical problems. For instance, projection windows
near the entrance and the exit of the computational domain, where
the flow is almost parallel, is avoided in the backwards facing step
problem; the region of the recirculation bubble instead is to be pre-
ferred. And a limited number of equispaced mesh points (without
further requirements) give good results. As a general recipe, plac-
ing projection windows in that part of the fluid domain that shows
more structure (which can be usually decided a priori, with only a
qualitative knowledge of the expected solution) and selecting equis-
paced mesh points should be enough to obtain good results. In ad-
dition, that simplification opens the possibility of deriving the whole
flow field using information from a small part of it. This means, for
instance, that databases of practical engineering interest could be re-
constructed out of gappy experimental data.

• Selection of the snapshots is a critical issue since CFD calculation of
these is the most expensive part of the process. The results in this
thesis suggest that appropriate selection of the snapshots, away from
a standard Cartesian mesh in the parameter space, could reduce the
number of snapshots. Its number should be just somewhat larger
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than the number of POD modes required. But deriving algorithms
that make such snapshot selection in an automatic and efficient way
is ahead of the scope of this dissertation.

• Even though the snapshots were calculated in the aerodynamic test
problems using viscous equations, projection on the POD modes was
made using the Euler equations, which makes the method indepen-
dent of the peculiarities of the CFD method used to calculate the
snapshots. This simplification gives good results and is based on the
mathematical observation that the contribution of viscous terms in
the projection formulae is really small. This is because at these large
values of the Reynolds numbers (of the order of 20 millions) viscous
effects are either small or concentrated in small regions of the com-
putational domain (namely, boundary layers, shear layers, and shock
waves).

• The selection of the residual is crucial to improve both precision and
computational cost and may lead to wrong results if it is not carefully
studied. Selection of the residual to be minimized allows to efficiently
deal with localized CFD errors. For the aerodynamic test problems,
residuals that involve spatial derivatives may lead to poor approx-
imations unless the snapshots are post-processed. Residuals based
on conservative forms of the equations instead provide much better
results, even without post-processing of the snapshots.

• Two additional improvements dealing with dividing the computa-
tional domain into sub-domains and defining local POD manifolds
(namely, different POD manifolds at different regions of the parame-
ter space) have been also proposed and checked.

• Shock waves involve jumps in the flow variables, which present great
difficulties in POD-based methods and require special treatment to
avoid either a quite poor approximation or a huge number of snap-
shots. Such treatment was presented in [37, 38] in connection with
approximation of transonic flows using a combination of POD-like
methods and interpolation. The method has been extended here, and
combined with projection of the governing equations onto the POD
modes. The resulting method is fairly involved but the associated ef-
fort is worthwhile because the method provides approximations that
are reasonably good using a reasonable number of snapshots. Let us
point out here that, to our knowledge, no ROM based on POD plus
projection of the governing equations has been constructed in the lit-
erature to efficiently deal with transonic flows.
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