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This paper presents an analysis of the transport of electric current in a jet of an 
electrically conducting liquid discharging from a metallic tube into a gas or a vacuum, 
and subject to an electric field due to a high voltage applied between the tube and 
a far electrode. The flow, the surface charge and the electric field are computed in 
the current transfer region of the jet, where conduction current in the liquid becomes 
surface current due to the convection of electric charge accumulated at its surface. 
The electric current computed as a function of the flow rate of the liquid injected 
through the tube increases first as the square root of this flow rate, levels to a nearly 
constant value when the flow rate is increased and finally sets to a linear increase 
when the flow rate is further increased. The current increases linearly with the applied 
voltage at small and moderate values of this variable, and faster than linearly at high 
voltages. The characteristic length and structure of the current transfer region are 
determined. Order-of-magnitude estimates for jets which are only weakly stretched 
by the electric stresses are worked out that qualitatively account for some of the 
numerical results. 
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1. Introduction 
The techniques of electrospray and electrospinning are well suited to produce nearly 

monodisperse drops and fibres of electrically conducting liquids with controllable 
diameters in the range from tens of nanometres to tens of micrometres (Barrero & 
Loscertales 2007; Fernández de la Mora 2007). Typically, the liquid to be processed 
is injected through a metallic capillary tube into a gas or a vacuum and forms a 
meniscus at the end of the tube. An electric field due to a high voltage applied 
between the tube and another electrode induces a conduction current in the liquid 
which accumulates electric charge at its surface and leads to electric stresses that 
elongate the meniscus in the direction of the field. In the cone-jet regime (Cloupeau & 
Prunet-Foch 1989), the meniscus becomes a Taylor cone (Taylor 1964) with a thin jet 
issuing from its tip. The jet carries an electric current which is made of the conduction 
current in the liquid and a surface current due to the convection of the electric charge 
accumulated at its surface. The conduction contribution to the current dominates in 
the meniscus and the convection contribution dominates in the jet, with a current 
transfer region in between where the two contributions are of the same order and 
the current is transferred to the surface. Fernández de la Mora & Loscertales (1994) 



found that, when the conductivity of the liquid is high and the flow rate injected 
through the tube is not much larger than the minimum for which a cone-jet is 
possible (Cloupeau & Prunet-Foch 1989), the electric current depends only on the 
flow rate and the physical properties of the liquid, and it increases as the square root 
of the flow rate. Under these conditions, the radius of the jet and the size of the 
current transfer region are small compared to the size of the meniscus and any other 
dimension of the system, and the electric field around the current transfer region is 
that of a Taylor cone independently of the configuration of the electrodes. The square 
root law is then obtained under many different conditions of the flow, and it has 
become the hallmark of the cone-jet regime; see Fernández de la Mora (2007) for a 
review. 

This universality is lost, and the electric current departs from the square root law 
and becomes apparatus-dependent, when the current transfer region ceases to be 
small, either because it becomes long compared to the size of the conical meniscus 
(Higuera 2004) or because the radius of the jet ceases to be small compared to 
the radius of the tube, so that no conical meniscus exists. The latter condition is 
typical of the high flow rates often used in electrospinning. Hartman et al. (1999) 
carried out experiments and numerical computations with ethylene glycol and n-
butanol for various shapes of the injection nozzle and found that the exponent of 
the power law fitting their measured current for high flow rates is smaller than 1/2, 
and that the current depends on the shape of the electrode. Hohman et al. (2001), in 
experiments with glycerol and polyethylene oxide (PEO)/water solutions in a parallel 
plate electrode configuration in which the injection tube protrudes from one of the 
plates, found that the electric current increases roughly linearly with the flow rate. 
The current also increases linearly with the voltage applied between the electrodes, 
except for very high voltages, for which the increase is faster than linear. In additional 
experiments with the same apparatus, Shin et al. (2001) observed that the slope of 
the current/flow rate characteristic of their high-conductivity PEO/water solutions 
changes when the jet becomes unstable to asymmetric (whipping) perturbations. 

More recently, Gundabala, Vilanova & Fernández-Nieves (2010) set up an 
electrospray in a microfluidic device where a stream of very viscous conducting 
oil is surrounded by a co-flow of dielectric oil. They found that the current depends 
weakly on the flow rate and increases linearly with the applied voltage. That this 
current is not due to conduction in the liquid but to convection of the surface charge 
by the electric-shear-induced surface velocity was proved by an ingenious combination 
of experimental measurements and qualitative analysis. Riboux et al. (2011) carried 
out experiments with glycerine in a bath of hexane using a needle-plate electrode 
configuration. They report a current that increases as the power 1/5 of the flow rate 
and the power 4/3 of the voltage, which they attribute to differences between the 
charge transport mechanisms in their jets and the jets of regular electrosprays in air 
(Fernández de la Mora 2007). Contrary to the viscous outer oil in the experiments of 
Gundabala et al. (2010), the relatively inviscid hexane has little effect on the current 
transfer region in the experiments of Riboux et al, though the bath still affects 
the evolution of the whipping jet further downstream. Larriba & Fernández de la 
Mora (2010) obtained similar results for the current/flow rate and current/voltage 
characteristics of a cone-jet of an ionic liquid in a bath of heptane, and explained 
them as effects of the space charge due to the drops of the electrospray. 

In this paper, the transport of current in an electrified jet issuing from a long metallic 
tube is investigated numerically using a quasi-unidirectional approximation for the 
flow in the jet. The numerical results show that the current/flow rate characteristic 



evolves from nearly square root at small flow rates to linear at very large flow rates, 
with a plateau of nearly constant current in between. The computed current increases 
with the applied voltage, almost linearly at small and moderate voltages, and faster 
than linearly at high voltages. Order-of-magnitude estimates for the transfer region 
of weakly stretched jets are worked out that qualitatively account for some features 
of the solution at high flow rates and moderate voltages. The numerical results 
are in qualitative agreement with experimental results reviewed above. However, the 
idealized electrode geometry assumed here, together with the possibility of long-range 
electrical interactions due to the charge of the jet far from tube (see § 3.2), prevents 
more quantitative comparisons. 

2. Formulation 
A flow rate Q of a liquid of density p, viscosity /¿, surface tension y, electrical 

conductivity K and electrical permittivity e0e is injected through a metallic capillary 
tube of inner diameter a into a dielectric medium of permittivity eo and negligible 
density and viscosity (a gas or a vacuum). The outer surface of the tube is a paraboloid 
of revolution of mean curvature at the tip cCx and truncated at a distance a/2 from 
this tip. In this configuration, a high voltage applied between the tube and a far 
electrode leads to the electric field E(a = —V^ with <pm = —A ln{ [*Jx2 + r2 + x]¡a) for 
•sjx2 + r2 > a ; see, e.g. Landau & Lifshitz (1960). Here x and r are distances along 
and normal to the axis of the tube, measured from its end, and A is a constant 
proportional to the applied voltage (A is equal to the applied voltage divided by 
ln(2L/a) when the far electrode is a paraboloid confocal with the needle at a distance 
L^a from it). 

This electric field is modified by the presence of the liquid. Assuming that the flow 
is axisymmetric, with a free surface r = rs{x) where the density of free surface charge 
is a(x) (both to be found), the electric potentials outside and inside the liquid, q>\ and 
q>2 respectively, with E, = —V<Pi, (i = 1,2), satisfy Laplace's equation in each medium: 

V2(Pi = 0 outside the liquid and V2<?2 = 0 inside the liquid, (2.1) 

with the boundary conditions 

e0 (Eln - <¡E2„) = a and Elt = E2t at r = rs(x) (2.2) 

(see, e.g. Landau & Lifshitz 1960); ^¿=0 at the surface of the metallic tube and 
<Pi ~ (Pco far from the tube. Here Ein and Eit are the components of the electric field 
Ei normal to the surface (pointing away from the liquid) and tangent to it. The 
presence of an electric field and free electric charge at the surface of the liquid leads 
to electric stresses on the surface, whose components normal and tangent to the 
surface are (Landau & Lifshitz 1960; Saville 1997) 

< = y ( 4 - 4 ) + y ( « - l ) 4 and rt
e = aElt. (2.3) 

The velocity and pressure in the liquid obey the mass and momentum conservation 
equations. In what follows, the flow is assumed to be stationary and these equations 
are approximated using a quasi-unidirectional model valid for | d r s /dx |< l , which 
is justified in the jet and marginally valid in the meniscus; see, e.g. Feng (2002). 
Accounting for the electric and surface tension stresses at the surface of the liquid, 
and assuming a plug flow velocity profile v(x), mass and momentum balances for an 



element of the jet give 

nr2v = Q, (2.4) 

h <">3> = I H "£)+ "• ¿ w _ /(i?)+2wX- i2S) 

where <^«l/r s is twice the mean curvature of the surface. These equations are to 
be solved with the boundary condition rs(0) = a (or v(0) = Q/na2) at the end of the 
tube, where the surface of the liquid is assumed to be pinned, and the condition that 
the jet evolves smoothly towards the asymptotic state (3.5) far downstream; see §3.2 
below. 

The density of surface charge obeys the transport equation 

—- = 2nrsKE2„, (2.6) 
dx 

where Is = 2nrsav is the surface current due to the convection of the surface charge 
by the flow and the right-hand side of (2.6) is the rate of change of Is along the jet due 
to the component of the conduction current density normal to the surface. Equation 
(2.6) will be solved with the condition cr(0) = 0 (or 7,(0) = 0), which expresses that the 
interface generated by the discharge of the liquid from the tube has no initial charge. 
Numerical tests show that this condition has little effect on the current for realistic 
values of the parameters of the problem. 

The mathematical problem formulated in this section can be written in a 
dimensionless form scaling distances with the inner radius of the tube a, velocities 
with the viscous-capillary velocity vc = y//x, electric fields with Ec = (y/<¡oa)1/2, and the 
electric potentials and electric charge density with Eca and €QEC. The dimensionless 
problem depends on the five parameters 

Ca = —r, Vco = " . n, e, A = , Re = —-, (2.7) 
ya¿ yl/¿al'¿ eo/ Z¿ 

and can be obtained from the dimensional formulation above by setting 
a = €Q = y=¡x = \ and replacing Q, A (in the expression of cp^), K and p by their 
dimensionless counterparts Ca, V(a, A and Re, respectively. Here A/e is the ratio of 
the hydrodynamic time a/vc to the electric relaxation time te = €Q€/K. 

For the numerical treatment, a boundary element method is used to solve the 
Laplace's equations (2.1) with their boundary conditions, while the non-stationary 
forms of (2.4)-(2.6) (with terms d(nr2pv)/dt and d(2nrsa)/dt added to the left-hand 
sides of (2.5) and (2.6), and (2.4) replaced by d(nr2)/dt + d(nr2v)/dx = 0) are marched 
in time until the solution converges to a stationary state. As in previous computations 
(Higuera 2010), the jet is truncated at a certain distance from the tube, Xco, chosen 
through numerical tests to ensure that the truncation has no important effect on the 
results; see also §3.2. 

3. Results and discussion 
3.1. Numerical results 

The electric current carried by the jet is I = IS + h, which is a constant independent 
of x. Here Is = 2nrsav is the convection current, which increases with x, and 
4 = 2KK JQ E2xr dr is the conduction current, which decreases with x. There is a 
cross-over point, x=x c , where 4(*c) = 4(*c)- The magnitudes I and xc, scaled with 



FIGURE 1. (Colour online available at journals.cambridge.org/FLM) Dimensionless electric 
current (a) and dimensionless distance to the current cross-over point (b) as functions of Ca 
for e = 20, Re = 0.2, Vm = 3 (solid curves) and 4 (dashed curves), and A = 200 (red), 500 (green) 
and 1000 (blue), increasing from bottom to top. (Results for A = 1000 are shown only when 
Vco =3.) The dotted lines on the left- and right-hand sides of the logarithmic inset in (a) have 
slopes 1/2 and 1, respectively. Some contours of the liquid surface are shown to illustrate the 
variation of the stretching of the jet due to the electric force with Ca, Vm and A. The contours 
are, from bottom to top, for {Ca, Vm, A) = (0.3, 3, 1000), (3, 3, 200), (3, 4, 200), (3, 3, 1000) and 
(20, 4, 200). 

ô = e¿ / 2y3 /2a1 /2//¿ and a, respectively, are shown in figure 1 as functions of the 
dimensionless flow rate Ca for constant values of other parameters. These values are 
similar to the values in the experiments of Riboux et al. (2011), except for Re, which is 
larger than in the experiments in order to ensure that the inertia of the liquid counts in 
the current transfer region around xc where the dominant contribution to the current 
changes from conduction to convection. The effect of decreasing Re is discussed in 
§3.2 below. As can be seen in figure 1, the electric current increases nearly as the 
square root of Ca for small values of this variable, for which the meniscus is conical 
with a thin jet (lowest contour in figure la) and the current transfer region is short 
compared to the radius of the tube. The computations cannot be extended to very 
small capillary numbers because the value of the dimensionless applied voltage Vco is 
not suitable to attain the equilibrium of surface tension and normal electric stresses 
characteristic of a conical hydrostatic meniscus at very small Ca (Taylor 1964). 

When Ca increases, the cross-over point xc shifts streamwise and the transfer of 
current to the surface of the liquid occurs away from the tube, in a region where 
the electric field due to the applied voltage is A/x. The increase of the current 
with Ca then becomes moderate; the current seems to level to a constant value, 
as in the experiments of Hohman et al. (2001) and Riboux et al. (2011), and even 
decreases slightly with increasing Ca (upper solid curves in figure la) . At the same 
time, the radius of the jet increases and rs{xc)/a ceases to be small. When Ca is 
further increased, the cross-over point recedes towards the tube, the radius of the jet 
approaches the radius of the tube and the current tends to increase linearly with Ca. 

Figure 2 shows the density of surface charge and the conduction and convection 
contributions to the current as functions of the streamwise distance along the jet. For 

http://journals.cambridge.org/FLM
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FIGURE 2. (Colour online) Dimensionless density of surface charge (upper row) and 
dimensionless convection (increasing) and conduction (decreasing) contributions to the current 
as functions of the dimensionless streamwise distance for e=20, Re = 0.2, Vm = 3, 71=200 
((a) and (c)) and 500 ((b) and (d)), and Ca=\ (solid, green), 10 (dashed, blue) and 30 
(dash-dotted, red). 

the smallest value of Ca shown (solid curves), the evolution of the charge density and 
the current is smooth in the current transfer region and resembles the evolution of 
these variables in a cone-jet; see, e.g. Higuera (2003). As Ca increases, the evolution 
splits into two stages. There is a relatively fast variation in a leading relaxation 
region whose length increases with Ca and decreases with A, followed by a slower 
variation further downstream (where the density of surface charge reaches a shallow 
maximum which is not visible in figures 2a and2fo). The second variation becomes 
small compared to the first when Ca increases further, leading to a nearly uniform 
a that depends weakly on Ca and increases with V» (result not displayed), and to a 
convection current that increases with Ca and V(a. At high Ca, the convection current 
is large compared to the conduction current remaining in the jet at the end of the 
relaxation region, so that the subsequent transfer of this current to the surface due to 
the smooth decrease of the axial field with streamwise distance causes only a small 
additional increase of the convection current. 

The electric current and the distance from the tube to the cross-over point are 
shown in figure 3 as functions of V». The electric current increases linearly with V» 
for small and moderate values of this parameter, for which the radius of the jet is 
not much smaller than the radius of the tube, and it increases somewhat faster than 
linearly for large values of Vm, for which the decrease of the radius of the jet due 
to the electric shear stress in (2.5) is somewhat more marked. In both regimes, the 
current depends weakly on the dimensionless conductivity A, which confirms that it 
is not due to conduction in the liquid. The distance xc to the cross-over point does 
increase with A. In addition, it is a decreasing function of Ca at small Vco and an 
increasing function of Ca at large Vm, for which the cross-over point recedes when 
V(a increases. The numerical computations cease to converge to a stationary state 
when Vco decreases below a certain minimum that increases when Ca decreases. This 
result probably reflects the instability of the weakly electrified jet to axisymmetric 
perturbations captured by the quasi-unidirectional model. 
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FIGURE 3. (Colour online) Dimensionless electric current (a) and dimensionless distance to 
the current cross-over point (£>) as functions of Vm for e =20, Re = 0.2, A = 200 (solid curves) 
and 500 (dashed curves), and Ca = 5 (red), 10 (green) and 20 (blue), increasing from bottom 
to top (on the right-hand side in (£>)). The contours shown in (a) are, from bottom to top, for 
(Ca, Vm, A) = (5, 3, 200), (20, 3, 200), (5, 8, 200) and (20, 8, 200). 

3.2. Order-of-magnitude estimations 

Some of the numerical results presented above can be accounted for using simple 
order-of-magnitude estimations. These are similar to well-known estimations for the 
cone-jet regime, where conduction current becomes convection current in a small 
region immersed in the electric field of a Taylor cone (Fernández de la Mora & 
Loscertales 1994; Gañán-Calvo, Dávila & Barrero 1997; Higuera 2003). Only the 
modifications of these results for the case when the applied field in the current 
transfer region is of the form A/x will be discussed here. 

Let xct and rSct be the orders of the length of the current transfer region where Is ~ h 
and the radius of the jet in this region. Insofar as xct >rS c ( , the jet acts electrically as 
a line of charge which induces an electric field whose radial and axial components at 
the surface satisfy (see, e.g. Ashley & Landahl 1965) 

d(Errs) 

dx 
I n — + 0(1) 

xct 
(3.1) 

Here Er«cr/eo past the relaxation region where the surface charge rises to its 
equilibrium value. The axial field induced by the charge of the jet must partially 
balance the applied field A/x in order to prevent this field from entering the liquid 
for any x<€xct, where it would lead to a conduction current larger than the total 
current of the jet. Leaving out a logarithmic factor, this condition gives a ~ e0A/rSc(. 

The convection and conduction contributions to the current are 
Is~rsav~eoAQ/rjct and Ib~ Kr^ctA/xct, respectively, in the current transfer region, 
where v ~ Q/r]ct and the applied field finally enters the liquid. The condition Is ~ Ib 

gives 

€QQxct~Krl, (3.2) 

which is valid for any applied field; see Higuera (2010). 



The electric shear stress acting on the current transfer region of the jet is 
xf =oE\t ~€oA2/{rSctxct). The axial electric force (last term of (2.5)) is balanced 
by the inertia of the liquid (left-hand side of (2.5)) for all but very small values of 
Re. Assuming that the axial electric force can noticeably stretch the jet, the balance 
of these terms reads pQ2/(r2

ctxct)~<¡0A
2/xct, which determines rSct. The length of the 

current transfer region can then be obtained from (3.2) and the order of the electric 
current from the expressions of Is or Ib in the preceding paragraph. The results are 

p1/2Q Re1/2Ca p2KQ3 Re2ACa3 

—TT=i = CL , Xrt ~ 5 :— = a : , 
1/2.. y ' ct £ 3 4 4 T/4 ' 

t 2 4 3 V3 

i ~ — — = lo-

(3.3) 

pQ ReCa 

where Io = a0
l/2y?'/2a1/2/f¿, as before. These estimates have been derived elsewhere 

(Higuera 2004). Their conditions of validity include (i) Re2ACa3/V£ > 1, in order 
for the length of the current transfer region to be large compared to the radius of 
the tube, and (ii) Re1/2Ca/Vco <Cl, in order for the radius of the jet to be small 
compared to the radius of the tube. The two conditions taken together require 
V^-PI'Re2/i7l1/3 <€Ca<€ Vm/Re1/2. The lower bound of this range of Ca is not much 
smaller than the upper bound in the conditions of the computations of §3.1 and the 
experiments of Riboux et al. (2011), so that the estimates (3.3) are only marginally 
applicable in these cases. In particular, the prediction that the electric current decreases 
as the inverse of the flow rate is not realized, though it is hinted at by the results of 
figure 1(a) for Vm = 3 and A = 500 and 1000. 

The applied electric field ceases to be of the form A/x when condition (i) is not 
satisfied. If Re2ACai/V¿J <€ 1 and the electric forces allow a hydrostatic meniscus (i.e. 
if Va, = 0(1)), then the transfer of current occurs under the action of the electric 
field of a Taylor cone and the well-known / <x Q1/2 law is recovered. If condition 
(ii) is not satisfied, then the electric shear stress is not able to noticeably decrease the 
radius of the jet. This leads to assume rSct ~ a to replace the balance of forces above 
(3.3). Carrying this new condition to (3.2) and the expressions of the current gives the 
modified estimates 

Ka' A T e o A 2 i r v <*A\ 
rSct~a, xct~——=a — , I~ — = IQCUV^. (3.4) 

e0<2 Ca a1 

An electric current increasing linearly with the flow rate and the applied voltage is 
realized on the right-hand side of figure 1(a) and on the left-hand side of figure 3(a), 
where the radius of the jet is nearly equal to the radius of the tube and Re1/2Ca/Vco 

is moderately large. The decrease of xc with increasing Ca on the right-hand side of 
figure 1(b) also agrees with the prediction (3.4) for xct, while the increase of xc on the 
left-hand side of this figure is in qualitative agreement with (3.3). However, the inverse 
dependence of the electric current on Ca and its independence from A predicted by 
(3.3) are at variance with the results of figure 3(a) for high V^. 

The computed radius of the jet is never much smaller than the radius of the 
tube, contrary to the assumption implicit in (3.3) (which therefore gives dimensional 
results independent of a). However, the axial electric force can still cause a moderate 
stretching of the jet which is not accounted for in (3.4). The effect of this stretching 
can be easily understood. Since the charge per unit length of the jet is nearly 
independent of rSct (2nrsa ~ e0A according to the estimations at the beginning of 
this section), the radius of the jet affects the convection current Is=2nrsav mainly 



through the factor v = Q/nr2. The balance of inertia and electric force, rewritten as 
A{r2pv2)/xct ~ e0A

2/xci with A(r2pu2)~ — (pQ2/a2)(Ars/a), gives the variation of the 
radius of the jet relative to the radius of the tube as Arja ~ — V2JReCa2. This means 
that rSct decreases when Ca decreases or V^ increases. Therefore the electric current 
decreases less than linearly when Ca is decreased (as in figure la) and increases faster 
than linearly when Vm is increased (as in figure 3a), provided Arja is not very small, 
i.e. for small or moderate values of Ca and large values of V .̂ 

Additional computations show that the radius of the jet decreases, the electric 
current increases and the linear growth of the current with the capillary number is 
postponed to larger values of this parameter when Re is decreased keeping the other 
parameters in (2.7) constant. These results can be understood noticing that the effect 
of the inertia of the liquid (left-hand side of (2.5)) decreases with Re in a leading 
region of the jet which may include the current transfer region. Only the axial viscous 
force (first term on the right-hand side of (2.5)) is left in this leading region to oppose 
the electric force that stretches the jet and, as a consequence, the radius of the jet 
decreases rapidly with streamwise distance until the effect of the inertia comes into 
play. (See Higuera 2010 for order-of-magnitude estimates in the absence of fluid 
inertia, which give rSct ~aCa1/2yl~1/4V^1/2, xct ~ aCaV~2 and / ~ IoA1/2V2 instead of 
(3.3).) This means that the velocity of the liquid increases when Re decreases at 
constant Ca, and so does the convection current Is=2nrsav since 2Krsa~<¡0A is 
independent of Re, as was mentioned above. The results (3.4) are still valid for very 
large values of Ca. 

The length of the relaxation region at the outlet of the tube where the 
density of surface charge rises towards its equilibrium value ^EXn (see (2.2)) is 
ie ~vte ^e^eQ/Ka2 = aeCa/A, where te = e0e/iT is the electric relaxation time of the 
liquid and v ~ Q/a2 in the framework of the quasi-unidirectional approximation of 
§2. The length of the current transfer region xct in (3.4) ceases to be large compared 
to le when Ca increases to values of order 7l/e1/2, which are somewhat larger than 
in the experiments of Riboux et al. (2011). The free surface charge fails to screen 
the liquid in the relaxation region from the outer field for any value of Ca, and it 
also fails to screen the liquid downstream of the relaxation region when Ca>7l/e1 / 2 . 
However, the charge due to the polarization of the surface suffices to screen the 
relaxation region when Ca is small compared to 7l/e1/2 and to screen a region of 
characteristic length ae1/2 when Ca is large compared to 7l/e1/2; see Higuera (2008). 
The electric current ceases to increase linearly with Ca and tends to a limiting value 
of order I0AVm/e1/2 under these conditions. 

Far downstream in the jet most of the current is due to the convection of the surface 
charge, / « / , , and the momentum balance (2.5) reduces to 9(7tr2pu2)/9x«27trsr/. 
Since xf xaA/x, 2nrsa « I / v and v = Q/nr2, this equation can be integrated to give 

rs 

where x0 = 0(xct) and rso = rs(x0) = 0{rSct) is an integration constant. The factor 
27t2/Ars

4
0/p<23 is of order unity when (3.3) is applicable, and small of 0{V2JReCa2) 

when (3.4) is applicable, which means that the radius of the jet is effectively constant 
(at r s o« a) up to very large distances. The velocity of the liquid and the charge per 
unit length of the jet, 2nrsa, are also constant, so that the far jet plus its image in 
the metallic tube acts as a line of charge of uniform strength. This has the potential 
to introduce non-local effects which have no analogue for a jet in the electric field of 

l + ^ ^ l n * 
pe3 

x0 

(3.5) 



a Taylor cone, for which the strength of the line of charge decreases as x~1/4. Thus, 
while a uniform line of charge induces only a radial field which does not invalidate 
the estimates above for the current transfer region, this situation may change when 
the length of the tube or the interelectrode distance, or the distance at which the 
jet breaks into drops or undergoes whipping, are not very large compared to xct. 
In the numerical computations, truncating the jet at a certain distance Xco from the 
tube amounts to adding a line of negative charge that extends from x^ to infinity 
downstream. The axial field induced by this line of charge is of order A/x(a in the 
current transfer region and adds to the real applied field. As a consequence, very 
large values of x^, ranging from 200 a to 800 a, have been needed to keep the effect 
of the truncation small. 

4. Conclusions 
Numerical computations of the flow and the electric field in the current transfer 

region of an electrified jet issuing from a long metallic tube kept at a high 
voltage relative to a far electrode have been carried out using a quasi-unidirectional 
approximation for the flow in the jet. The electric current computed as a function 
of the flow rate injected through the tube approaches a square root law for small 
flow rates, levels to a nearly uniform plateau at intermediate flow rates and tends 
to increase linearly at large flow rates. The current increases nearly linearly with the 
voltage applied to the metallic tube. 

The radius of the jet increases with the flow rate and decreases when the applied 
voltage increases, due to the increase of the electric shear stress that stretches the 
jet. The stretching of the jet is moderate in the conditions of the computations. If 
this stretching is fully neglected, the density of surface charge is proportional to the 
applied voltage beyond a charge relaxation length at the beginning of the jet, and the 
velocity of the liquid is proportional to the flow rate, leading to a convection current 
proportional to the product of these two variables. 

The length of the current transfer region first increases with the flow rate, extending 
into the region where the electric field decreases as the inverse of the distance to 
the tube, and then decreases, reflecting the fact that, when the flow rate is large, 
the convection current rises rapidly at the beginning of the jet and the surface 
charge needs not screen a long stretch of the jet from the applied field. However, 
the conduction current remaining in the jet decreases slowly with streamwise distance 
in the absence of noticeable stretching, and its contribution to the total current is 
sensitive to the conditions of the jet far downstream. The length of the current transfer 
region increases with the conductivity of the liquid and decreases when the applied 
voltage increases, at least for large values of this variable and moderate flow rates. 
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