
A LINAN 

The structure of diffusion llames 
1. I N T R O D U C T I O N 

These notes are devoted to the analysis of reacting flows in systems where the reactants 
are initially unpremixed. We shall deal here with the combustión reactions, encountered 
very often in applications, which take place in the gas phase, between a fuel and an oxi-
dizer, (typically the oxygen of the air). The combustión reactions are exothermic, so that 
we shall see large temperature differences in the flow field, and the reaction rates are very 
sensitively dependent on temperature. Then in regions of the flow field where the tem
perature is low the reactants will mix without chemical reactions, while in regions of high 
temperature the flow will be in chemical equilibrium. When the reaction can be modelled 
by an overall irreversible reaction between the fuel and the oxygen, the chemical equilib
rium condition implies that one of the reactants has locally zero concentration, because it 
has been previously completely consumed by the chemical reaction. The chemical reaction 
has taken place in thin reaction layers in the form of rich or lean premixed flames, when 
they sepárate regions of frozen flow from regions of equilibrium flow, or diffusion flames, 
when they sepárate a región without fuel from a región without oxidizer. 

Diffusion flames are formed in large variety of natural and industrial systems. We 
find diffusion flames in fires, in industrial furnaces, in Jet and Diesel engine combustión 
chambers, and also in the combustión chamber of Rocket engines. 

Very often the fuel is initially in solid or liquid form, so that, for example, the solid 
must gasify before mixing and chemical reaction with the oxygen may take place in the 
gas phase. The liquid fuels are injected in the combustión chamber in the form of jets 
that break, or atomize, to form a spray of small droplets that vaporize to genérate the fuel 
vapors that mix and react with the ambient air. 

In the following, we are forced to restrict our discussion to some theoretical aspects of 
the analysis of combustión in unpremixed systems; so that we will limit our considerations 
to gaseous systems undergoing chemical reactions that can be modelled by an overall 
irreversible Arrhemius reaction. 

For a more complete description of the combustión processes, the reader may consult 
the other Lecture Notes in this Course, and, for example the books by Williams (1985) 
and Zeldovich et al. (1984), the chapter on Combustión in the book of Frank-Kamenetskii 
(1969) and also the book by Buckmaster and Ludford (1981) on the asymptotic analysis 
of Combustión. 

In the following we shall begin in Section II with the formulation of the conservations 
equations, and a consideration of the characteristic scales and parameters introduced by 
the initial and boundary conditions. 
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Section III will be devoted to a description of the limiting case of very fast reactions, 
when they take place in thin layers, or reaction sheets at a diffusion controlled rate. 

In Section IV we will introduce the large activation energy analysis of diffusion fiames, 
where we shall encounter the triple fíame structure mentioned earlier in the Introduction. 
Section V will be devoted to the analysis of diffusion ñames in strained mixing layers where 
we encounter the concepts of ignition and extinction of diffusion fiames. 

2. F O R M U L A T I O N 

We shall give below the conservation equations that describe the process of gas phase 
mixing and chemical reaction between a fuel and an oxidizer, for example the oxygen of 
the air. The reaction will be modelled by an overall reaction of the form 

F + i/002 - (1 + v0)P + (q) (1) 

where a mass i/0 of Oxygen is consumed per unit mass of fuel to yield a mass (1 + i/0) of 
products and a thermal energy q. 

Let v, p, p, T be the velocity, density, pressure and temperature of the fluid; and let 
Yp, Yo and Yp be the mass fractions of the fuel, oxygen and products (i.e. the ratio of 
their densities to the fluid density). These variables are functions of the time t and spatial 
coordinate x, given by the following system of conservation equations, see Williams (1985), 

U + V-(p0) = O (2) 
ft(pv) + V • (pvv) =pg-Vp + V-r' (3) 

ft(PYa) + V-(pvYa) = V-(pDaVYa) + wa (4) 

UpcpT) + V • (pvepT) = V • (kVT) - qwF (5) 

together with the equation of state 

p = pTR/M (6) 

where R is the universal gas constant and M is the mean molecular mass that we shall, for 
simplicity consider constant. The specific heat at constant pressure Cp, appearing in Eq. 
(5) will also be considered to be constant. 

The energy conservation Eq. (5) has been written in the simplified form appropriate 
for the analysis of combustión in flows with low Mach numbers in an open atmosphere. In 
these flows the spatial variations in pressure, determined by the momentum Eq. (3) which 
includes the gravity forcé g, are small compared with the pressure itself, and these may 
be neglected in Eq. (6), where p may be approximated by a constant typical valué pa of 
the pressure in the flow field. In Eqs. (3)-(5) the viscous stress tensor r ' and the diffusion 
and heat conduction fluxes are given by the well known laws of Navier-Poisson, Fick and 
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Fourier in terms of the gradients of velocity, mass fractions and temperature. Da is the 
diffusivity of the species a, and DT is the thermal diffusivity. The ratio Dj¡Da = La, 
the Lewis number of the species a, will be assumed to be constant, while pDx will be 
considered a known function of T. Eq. (4) is applicable to any species in the fluid mixture. 
The reaction term Wa = 0 for any inert species (like Ni), and 

W0/u0 = -Wp/(1 + u0) = WF (7) 

where we shall use for WF the Arrhenius overall expression 

WF = -PBe-E/RFY0YF (8) 

where B is a frequency factor, and E the activation energy of the reaction. 

With this form, Eq. (8), of the rate expression, and the assumption that the mean 
molecular mass M is constant, we only need two species conservation equations (4), for 
the fuel and oxygen mass fractions YF and Yo for the description of the flow field. 

When solving the system of conservation equations (2)-(8) we must add as initial con-
ditions the valúes of the mass fractions of the species, together with the initial temperature 
and velocity distributions. We must also give the temperature and velocity of the fluid at 
the boundary, together with the condition that the derivatives of the mass fractions of the 
species normal to the boundary is zero at a non-reacting boundary. 

We shall not attempt to write these boundary conditions in more detailed form, but we 
must indícate that they provide the characteristic times, velocities and lengths of the flow. 

As an example, we consider a jet of fuel coming out into ambient air, through an 
injector of radius a. We must specify the temperature To, fuel mass fraction YFo and 
velocity distribution upstream in the injector; this velocity distribution is characterized by 
a mean velocity U. The air may be stagnant far from the injector, with a temperature Ta 

(that for simplicity in the presentation we shall consider equal to To) and an oxygen mass 
fraction YQO- The product and oxygen concentration upstream in the fuel feed stream will 
be assumed to be zero, while the product and fuel concentration in the ambient air will 
also be zero. The derivatives of the mass fractions normal to the injector wall are zero, 
while the temperature of the fluid at the interface with the injector must be equal to that 
of the injector; in the extreme case where the injector walls are highly conducting this 
temperature will be To; while in the opposite case we will consider the wall to be adiabatic 
and the normal derivative of T at the wall surface will be zero. If the injector velocity, for 
example, changes with time, a characteristic time is introduced by the time to required to 
change the velocity by a factor of order 1. 

The boundary conditions thus introduce characteristic valúes U, a and t0 for the ve
locity, length and time. These can be used for a naive estímate of the order of magnitude 
of the different terms in the conservation equations. Thus, we give below, the order of the 
terms in the conservation equation for the fuel mass fraction 
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ío1 í / /a DF/a2 

if we consider l ^o and loo to be of order unity, and consider that, at a typical point of 
the flow field at a distance of order a from the injector, Yf and ló are of order unity and 
undergo changes of order unity in times of order to, and when, at a given time, we move 
a distance of order a. The characteristic chemical time tch is of the order of the inverse of 
the reaction constant Bexp(—E/RT). 

When the times to, a2/Dp and tch that characterize the terms representing the local 
accumulation, the difFusion and the chemical reaction are compared with the residence 
time a/U that measures the convective term we obtain the parameters 

St — a/Uto = Strouhal number; 

Pe — aU/Dp = Peclet number; 

Da = a/Utch = Damkóhler number. 

These parameters measure the relative importance of the different terms in the conser-
vation equation for the fuel. In gases the Lewis numbers and the Prandtl number, ratio of 
the kinematic viscosity v to the thermal diffusivity, are of order unity, so that the Peclet 
and Reynolds numbers are of the same order. Thus the same parameters measure, also, 
the relative importance of the different terms in the other conservation equations. 

If the Strouhal number is small compared with unity we introduce the quasi-steady 
approximation: neglecting the unsteady, accumulation terms, in the equations. 

If the Reynolds or Peclet number were small compared with unity, we could neglect 
the convective term relative to the diffusive term; this is the case when analysing the 
vaporization and combustión of "small" fuel droplets moving at "small" relative velocities 
in air. 

In many applications in Combustión the characteristic valúes of the Reynolds numbers 
are large compared with unity. In this case the diffusion term can be neglected in most of 
the flow field; then mixing of the reactants is confined to thin mixing layers, of thickness 
Sm such that 

62JDF = a/U . (10) 

The characteristic diffusion time across the layers is of the order of the residence time. 
The chemical reaction is obviously confined to these layers. 

tf 
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The mixing layers at high Reynolds numbers are also, typically, thin vorticity layers, 
introduced in the analysis of fluid flows by Helmholtz in 1868 and shown by Kelvin in 1871 
to be unstable to small disturbances; see Drazin and Reid (1981). Due to the Helmholtz-
Kelvin instabilities, the flow in the mixing layers becomes turbulent: the vorticity first 
concentrates in discrete vórtices that grow in size by pairing (in a non periodic way), 
and are also subject to three-dimensional instabilities that produce vórtices of smaller and 
smaller scale. 

The mixing layers are strongly corrugated by the unsteady, three-dimensional, turbulent 
flow, so that mixing is very much enhanced by the turbulence. For this reason, in order to 
reduce the size of the combustión chambers, or increase their output, these are designed 
for the flow to be turbulent. For the description of the fluctuating temperature, velocity 
and concentration fields we can use the conservation equations written above, with the 
terms representing the local accumulation, convection and diffusion of the same order 
in the regions where molecular mixing and reaction take place; the characteristic times 
associated with accumulation, convective transport and diffusion are of the same order t\ 
for the eddies of size A, of typical velocity V\ given according to the Kolmogorov by the 
relations 

V?/A = V3/l, ÍA = X/Vx (11) 

in terms of the eddy size A and characteristic velocity V and size / of the large eddies. 
These relations can be used for eddy sizes smaller than / and larger than the Kolmogorov 
eddy size /¿, given by (11) and the condition Vklk/v = 1. For the flow with velocity U 
coming out of an injector of size a, l ~ a and V ~ U. 

The importance of the reaction term relative to the convective transport term (the most 
of important of the transport terms in high Reynolds number flows) is measured by the 
Damkóhler number: 

Da = aU-1Be-E/Rr (12) 

whose valué may change across the flow field due to the changes in the Arrhenius expo-
nential with temperature. In a turbulent flow the residence time a/U, should be replaced 
by (\/a)2/3a/U, when measuring the importance of the reaction term in the thin mixing 
layers surrounding an eddy of size A. 

When the Damkóhler number is everywhere in the flow field Da <C 1, the reactants can 
not coexist in the flow field. If the order of magnitude of the terms in the left hand side of 
Eq. (9) is U/a and Be~ElRT is 0(t~¿), then we may conclude that 

YFY0 = 0(tchU/a) = OÍD'1) . 

This implies, in the limit Da —• oo, that Eq. (9) simplifies to 

YF = 0 or Y0 = 0 . (13) 
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The reactants can not coexist; the flowfield is divided in two domains ílp and fio separated 
by a reaction sheet Ey. In the fuel domain ílp, lo = 0 the oxygen concentration is zero. 
In the oxygen domain fio, Yp — 0. Both reactants have zero concentration at the surface 
£ / , where the chemical reaction takes place. 

3. THE B U R K E - S C H U M A N N ANALYSIS OF DIFFUSION FLAMES 

In 1928 Burke and Schumann showed how the structure of diffusion flames could be 
described in the limiting case of very fast reactions. The Burke-Schumann (B-S) description 
corresponds to the limit Da —• oo, when the reactants can not coexist. 

The temperature and concentration profiles are shown schematically in Fig. 1 for a given 
cross-section AA'. The profiles show the temperature and concentration distributions as 
continuous but with discontinuous derivatives at the flame sheet Sy. The discontinuities 
are associated with a Dirac delta form of the reaction terms in the conservation equations 

+ v • V Y F - (pL^V • (p(DTVYF) = WF/p (14) 
dYF 

dt 
ñY 

_ 1 + (?. V y 0 - (pLo)-1 V • (pDTVY0) = u0WF/p (15) 

| L + ff. v r - p~*V • (pDTVT) = -(q/cJWp/p (16) 

for the concentrations and temperature. 

The Dirac delta character of the non-dimensional reaction term 

-±WFlp = {alU)Be-ElRTYFY0 = DaYFY0 is associated with the limit Da -» oo, which 
leads to a zero valué of Wp outside the flame sheet and an infinite valué of Wp at the flame 
sheet. 

From the asymptotic structure of the solution, represented in Fig. 1, we can anticípate 
that in the thin reaction zone the large reaction terms are balanced by the diffusion terms 
normal to the flame sheet. That is 

- •sK©»-^^'11 (18) 

where n is the outer normal distance to the flame sheet. The reaction terms can be 
eliminated from these equations, and then integrated across the flame sheet to yield 
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Figure 1. The temperature and concentration profiles of diífusion flames in the Burke-
Schumann limit. 

(<^f) -{">%). -*•*''> <2I) 
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when we take into account that Yp = 0 at n —> 00 and Yo = 0 at n —> —00. 

In these relations m"F, m'¿ and qmF are, respectively, the rate of mass consumption 
of fuel and oxygen, and the rate of heat reléase per unit flame surface and time. Thus, 
the reactants reach the flame sheet, from opposite sides, by diífusion at stoichiometric 
proportions; the heat released by the reaction, qm"F per unit flame surface and time, is 
conducted away from the flame sheet. 

Thus for the Burke-Schumann description of the diífusion flame, we should solve Eqs. 
(14) and (16), with WF = 0 and lo = 0 in Clp (the fuel side of the flow field), and Eqs. 
(15) and (16), with Wp — 0 and YF = 0 in Cl0 (the oxygen side of the flow field). The flame 
sheet £ / must be determined as a free boundary problem by requiring that Yp, Y0 and 
T are continuous at the flame sheet and satisfy there the jump conditions given by Eqs. 
(20) and (21). Burke and Schumann (1928) indicated how this problem could be solved 
when the Lewis numbers of the fuel and oxygen are equal to unity (the equidiffusional 
approximation): in this case the linear combinations (Yp — Yo/vo) and Yp + CpT/q diíFuse 
like passive scalars. These so called, Schvab-Zeldovich, coupling functions have been widely 
used with the equidiffusional approximation. See Williams (1985). 

We generalize here this approach to the general case of non-unity Lewis numbers. See 
Liñán (1989) for the details of the analysis. 

Let us define first the generalized mixture fraction variable 

Z = (SYF + l-Y0)/(S+l) (22) 

where 

YF = Yp/Ypo , Yo = Yo/Yoo and S = VoYpoLo/YooLp (23) 
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is a generalized air fuel stoichiometric ratio. The mixture fraction variable Z is a normalized 
coupling function, Yp/Lp + (loo — Y0)/i/0L0, which according to Eq. (20) diffuses without 
reaction across the fíame sheet. The normalization, by división by its valué on the fuel 
feed stream, insures that Z — 1 in the fuel feed stream, and Z = 0 in the ambient air. 

A conservation equation for Z can be obtained by substracting from Eq. (14), Eq. (15) 
divided by u0. We thus obtain the equation 

Le(Z)p(^L+v-Vz\-V-(PDTVZ) = 0 (24) 

if we take into account that, according to the (B-S) equilibrium conditions, Eq. (13), 

Y0 = 0 for Z > Z, and YF = 0 for Z < Z, (25) 

with, Z„, the stoichiometric valué of the mixture fraction, defined by 

Z. = 1/(5 + 1) = (1 + VOYFOLO/YOOLF)-1 (26) 

and Le(Z), an effective Lewis number, defined by 

Lc = LF for Z > Z, and Le = L0 for Z < Z, . (27) 

Eq. (24) is a non-linear conservation equation for the modified mixture fraction variable 
Z, which, together with Eq. (25) may used to replace Eqs. (14) and (15). In the particular 
case when the Lewis numbers are equal to unity, Z reduces to the widely used form of 
the mixture fraction variable Z, described by the linear conservation equation (24) with 
Lp = L0 = 1. 

The ñame surface is given by the level surface 

Z(x,t) = Z. (28) 

of the mixture fraction variable. 

A similar conservation equation free from the reaction term can be obtained from Eqs. 
(14)-(16), to replace Eq. (16) when analysing the structure of diffusion flames in the (B-S) 
limit of infinite Damkohler numbers. Thus if we add Eq. (14) to Eq. (15) multiplied by 
S/u0 to Eq. (16) multiplied by (1 + S)cp/q, we obtain, if Eq. (25) is taken into account, 
the following conservation equation 

N(Z)p (^ + V V Z \ + P Í ^ + V.VH\-V- (PDTVH) (29) 

for the excess enthalpy H, defined by 

H = YF + Y0-1 + (1 + S)LFcp{T - T0)/qYFO (30) 
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where 
N(Z) = (LF-1)(S+1)/S if Z>Z, (31a) 

N(Z) = (1 - L0)S + 1 if Z < Z, . (316) 

The excess enthalpy function H is equal to zero in the fuel feed stream, and also in the 
ambient unperturbed air side of the diffusion flame. 

The temperature and concentrations will then be given in terms of Z and H by the 
relations. 

H + (1 + 1/5)(1 - Z) = (1 + S)LFcp(T - T0)/qYFO (32a) 

when 
Y0 = 0 , SYF = (S + Í)Z - 1 > 0 

and 
H + (1 + S)Z = (1 + S)LFcp(T - T0)/qYFO (326) 

when 
YF = 0 , Y0 = 1 - ( 1 + S)Z > 0 . 

For unity Lewis numbers, N — 0. If, in addition, the walls of the injector are adiabatic 
the solution of Eq. (29) gives H = 0, and the flame sheet temperature Tj takes the 
adiabatic flame temperature valué Te, 

Te = T0 + qYFO/cp(l + S) . (33) 

For other valúes of the Lewis numbers, the flame sheet temperature takes the valué 

T¡ = T0 + (Hf + 1 ) 9 ^ 0 / ^ ^ ( 1 + S) (34) 

where Hf, the valué of H at Z = Z,, is no-zero due to the so called preferential diffusion 
effects. 

In summary, when describing the diffusion flame structure in the (B-S) limit of infinite 
Damkohler numbers, the conservation equations (14)-(16), which include, in their right 
hand sides, Dirac delta functions of initially unknown strength placed at an unknown flame 
surface, may be replaced by the equilibrium conditions (32) and the non-linear transport 
equations (24) and (29) for Z and H. These equations can be written in conservation form 

£t(pG) + V-(p¿G)-V-(pDTVZ) = 0 (35) 

ft{p{K + H)} + V • {Pv(K + H)}-V- {PDTVH) = 0 (36) 

in terms of the functions G(Z) and K(Z), defined by 

G=(Z- Za)Le{Z) and K = (Z - Z,)N(Z) . (37) 
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This description of the diffusion controlled combustión process will be particularly useful 
in the modelling of turbulent combustión flows, or in their direct numerical simulation. 

Finally, we shall indicate that if we are interested in the description of the reaction zone 
structure for large but finite valúes of the Damkohler number, we should notice that the 
reaction is confined to a thin layer placed along the flame sheet surface, given by Z — Z, 
with the (B-S) description. Outside the reaction layer the temperature and concentrations 
are well described by the (B-S) solution. 

In the reaction layer, as first shown by Liñán (1961) and later by Fendell (1965), 
the conservation equations reduce to Eqs. (17) and (19), representing a reactive-diífusive 
balance. These equations can be additionally simplified because the differences of T from 
Tj are so small at large Damkohler numbers that the Arrhenius factor can be replaced by 
exp(—E/RTf), and in addition, p and DT by their (B-S) flame sheet valúes pj and DTJ-
Then the conservation equations take the form 

&¿ = LpDÜBe-t/KT'YrYo (38) 

£(Yo/u0L0 - YF/LF) = mF/PfDTJ (39) 

0 = 0 (40) 

where Eq. (39) and (40), with H defined by Eq. (30), are combinations of Eqs. (17) and 
(19). Eqs. (38)-(40) must be solved with the boundary conditions obtained by matching 
with the outer (B — S) solutions. 

Then 

H = Hf + nHnJ (41) 

where Hn¡ = dH/dn, evaluated at the flame sheet Z — Z, using the (B — S) solution. 

Similarly, Eq. (39) can be integrated to yield 

Y0/u0L0 - YF/LF = nmF/PjDT} (42) 

where 

LFmF/pfDT} = -YFO{l + \¡S)ZnS (43) 

and 

Zn] = dZ/dn at Z = Z, . 

Eq. (38) can be used with Eq. (42), and the boundary conditions 

YF — 0 at n — • o o , y 0 = 0 a t n —> —oo (44) 

to calcúlate Yp(n) and Y0(n); the temperature will then be given by Eq. (41). 
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The equation for Yp takes the normalized form 

d2y/dT}2 = y(y + r¡) (45) 

and the boundary conditions 

y = 0 at T)—*oo,y + T¡ — 0 at 77 —> —oo (46) 

with the appropriate scaling of the variables Yp and n. The resulting valué of Yp in the 
reaction zone is of order 

YFr ~ ¿ T 1 ' 3 = { t fd 2 / ^ 1 expi-E/RTf)}'1'3 (47) 

where 1/á is the (B — 5) valué, at the fíame sheet, of the gradient of the fuel mass fraction, 
given by the right hand side of Eq. (43). 

The corresponding changes, from Tf, oí the temperature in the reaction zone are of order 
(Te - T0)Z>-1/3. When these changes become, for more modérate valúes of the Damkohler 
number, of order RTf/E, the Arrhenius factor can not be approximated by a constant 
factor, and we encounter the extinction regime described by Liñán (1974). 

Let us analyse, as an example, the combustión of a spherical fuel pocket in air. For 
simplicity in the presentation, we shall carry out the analysis using the thermal-diffusive 
approximation; in this approximation the velocities induced by the thermal expansión are 
neglected, or equivalently the density is considered constant. In addition, we shall consider 
the case in which the Lewis numbers are equal to 1. 

For the initial conditions, at t — 0, we take 

T = T0 , YF = YFO , Y0 = 0 at r<a (48a) 

T - T0 , YF = 0 , Y0 = Yoo at r>a. (486) 

Then in the (B — S) limit of infinite Damkohler numbers, the temperature and concen-
tration distributions are given by Eqs. (32) with H = 0 and Z given by the equation 

dZ__}_d_ ( 2dZ\ 
dr x2dx \ dx) 

where x = r/a and r = tDp/a2. 

This equation has to be solved, for r = 0, with the initial conditions 

Z = 1 for x < 1 , Z = 0 for x > 1 . (50) 

The solution is 

1 / l + i \ 1 t ( l - x \ s/í ( _L1=¿£ _ü±£¿\ , , n 
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The fíame sheet is given by Z(x, T) = Za. It disappears at r = r¡ given by 

Z, = erfc(l/2JFj) - (xr , )" 1 / 2 exp ( - l / 4 r / ) . (52) 

4. L A R G E A C T I V A R O N E N E R G Y A S Y M P T O T I C S 

We shall indícate in this Section how the large activation energy, E/RT0 ^> 1, of the 
exothermic, q/cpT0 ~ 1, combustión reactions determines the structure of diffusion flames. 

Due to the exothermicity of the combustión reaction we will find temperatures in the 
flow field ranging from T0 to Te. (In this discussion we consider for simplicity the case 
Lp = L0 = 1). Due to the large activation energies, the characteristic reaction times tch0 

and tche at the initial and fíame temperature satisfy the inequality 

tch0 = B-W™ » tche = B-*eE/RT< . (53) 

Then, the Damkóhler number 

Da = au-'Be-ElRT (54) 

changes very much across the flowfield. 

Let us define a cross-over temperature Tc given by 

au-1Be-EfKr' = 1 . (55) 

Then if Tc < T0, the Damkóhler number will be Da >• 1, everywhere in the flow 
field, and the combustión process will be diffusion-controlled well described by the Burke-
Shumann limit. When Tc > Te, the chemical reaction will be frozen everywhere. 

In the important case TQ < Tc < Te we will find equilibrium flow with either Yp = 0 
or Y0 = 0 in regions of temperature higher than Tc, while the reactions will be frozen in 
regions where T < Tc. 

The regions of equilibrium flow are separated from the regions of frozen mixing by 
thin reaction sheets of the premixed flame type, where one of the reactants is completely 
consumed, with only partial consumption of the other. The fuel free región is separated 
from the oxygen free región by a diffusion flame sheet. See Fig. 2. 

In order to understand why this is so, let us write the conservation equation (9) for the 
fuel in the form 

-(a/u) í ^ f +v- VYF - p-1^ • {pDFVrF)) = e^^YpYo . (56) 
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PREMIXED REACTION "~ ~ 
SHEETS 

Figure 2. The triple flame structure of diffusion llames. 

While we may expect each of the transport terms in the left hand side of the equation 
to be 0(1), the reaction term in the right hand side will be infinitely small for T < Tc if 
E/RTC —• oo, leading to frozen flow. For T > Tc, the Arrhenius factor 
exp{(E/RTc)(T-Tc)/T] will become infinitely large when E/RTC -+ oo, so that the factor 
YpY0 must be infinitely small because the two members in Eq. (56) must balance. 

The reaction term in the limit, E/RTC —> oo, of infinite activation energies becomes 
a Dirac delta function placed at a reaction sheet, where T = Td; the reaction is balanced 
at the premixed flame sheet by the term representing diffusion normal to the sheet. At 
the flame sheet the temperature and concentrations are continuous, with either Yp = 0 or 
Y0 = 0 at the fíame sheet and also in the equilibrium side. There are, however, jumps of 
the temperature and concentration gradients related by the stoichiometric coefficients of 
the reaction (1). 

The reaction term is also of the Dirac delta type in the diffusion flame sheet that 
separates the equilibrium regions. Along the diffusion flame sheet the temperature rises 
from Tc, the valué at its leading edge where it meets the premixed flames, to Te well 
downstream, where the cooling effect of the injector walls is no longer felt, and thereby 
Hf = 0. If the injector walls are good conductors of heat their temperature will be cióse 
to 7o! if heat from the triple flame system reaches the injector walls by heat conduction 
H will be negative in the triple flame región, so that the flame sheet temperature may be 
Tc < Te at its leading edge. See Liñán (1988). 

Upstream heat conduction is essential for the diffusion flame to be anchored cióse to 
the injector lips, with a leading edge temperature Te < Te. The triple flame región, in 
flows with large Reynolds numbers, lies in the Navier-Stokes región at the core of the triple 
deck región formed at the lip of the injector; see Daniels (1977). It turns out that the 
characteristic residence time in this flame attachement región, to be used in the evaluation 
means of Eq. (55), of the flame temperature Tc, is precisely a/U, if the fuel flow velocity 
profile at the injector exit is parabolic. Otherwise, the injector radius a should be replaced 
in Eq. (55) by the fuel flow boundary layer thickness at the injector exit. 
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Notice tha t , according to Eq. (55), Tc will grow with the flow velocity U. When this 
velocity grows to a valué Ui such tha t 

aU-1 exp(-E/RT) = 1 , (57) 

the triple flame will Iift-off from the injector lip. It will move downstream to a Iift-ofF height 
where, in a rough way of speaking, its ups t ream velocity equals the local flow velocity. The 
determination of the lift-off height is difficult if the flow is turbulent , when the triple 
flame will move in the strongly strained and corrugated "laminar" mixing layers. See 
Peters and Williams (1983) for an a t t empt to evalúate the lift-off height using percolation 
ideas. The flame spread is not possible in regions where a large enough fraction of the 
corrugated laminar mixing layers can not sustain a diffusion flame, because they are subject 
to excessive strain. 

5. D I F F U S I O N F L A M E S I N S T R A I N E D M I X I N G L A Y E R S 

In turbulent flows the thin mixing layers between the fuel and air are distorted and 
strained by the flow field. A positive strain leads to a growth of the área covered by the 
fluid particles in the mixing layer and enhances the mixing process. The strain rate A is the 
inverse of a t ime tha t replaces the residence t ime a/U in the definition of the Damkóhler 
number. For the diffusion flame to exist the strain ra te can not exceed a critical extinction 
valué AE-

We shall give below a short description of the ignition and extinction processes in 
strained diffusions flames. A detailed account of ignition and extinction in diffusion flames 
may be found in Williams (1985); for applications of these ideas to turbulent diffusion 
flames, see Peters (1986). 

For simplicity in the presentation, we shall use the thermal diffusive approximation in 
the description of the velocity field. We shall describe a planar mixing layer between two 
counter-flowing, two-dimensional, streams of fuel and oxidizer. The velocity field that we 
consider is the potential field, given by 

u = 0 , v — —Ay , w = Az (58) 

with a constant strain ra te A. 

The conservation equations for the tempera ture and mass fractions of the fuel and 
oxygen have similarity solutions with T, Yp, Y0 functions of the t ime t, the coordínate y, 
transverse to the mixing layer and the coordinate x in the direction perpendicular to the 
strain. If, for simplicity, we limit our discussion to the case of unit Lewis numbers with a 
constant thermal diffusivity, the conservation equations take the form 

L(a) = WFIP (59) 
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with * ^ > ? í '^tSamvOf&ÍZ** 

da Á da ^ d2a „ d2a 

a = {YF,YO/V0, cpT/q} and 

L^ = Tt-AyTy~DTW-DT^ m 

Wp/p = -Be-EIRTY0YF (61) 

to be solved with the boundary conditions 

y -» oo : T - T0 = Y0 - Yoo = YF = 0 (62a) 

y^-oo:T-T0 = Y0 = YF-YFO=0 (626) 

and initial conditions 

t = 0 : T = r /(y, i ) , y> = V>/(2/, x) , Y0 = r G / (y ,*) • (63) 

It is easy to show that, independently of the initial conditions the mixture fraction 
variable Z and the excess temperature H, defined by Eqs. (22) and (30), which satisfy the 
boundary conditions Z = H = 0a.ty—>oo and Z — 1=H — Oaty—> —oo, are given for 
large times by 

H = 0,Z = ±erfc(y/j2DT/A) . (64) 

We shall, for simplicity, consider that the initial concentrations and temperature are 
such that (64) also holds at t = 0. 

The system of equations (61)-(64) can thus be reduced to the solution of the following 
equation 

for 6 = cp(T — T0)/qYFo in terms of the coordinates x, y and time t, scaled here with the 

thickness 6m — JDT/A of the mixing layer and the time A~x. 

Here the Do is a Damkohler number 

Do = A~xBYoo exp(-E/RT0) (66) 

and 

a0 = qYFO/cpT0 , A, = (E/RT0)(qYFO/cpT0) . (67) 

Eq. (66) has to be solved with the boundary conditions 

0 = 0 for y -> ±oo . (68) 
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Figure 3. The máximum temperature in the mixing layer as a function of the Damkohler 
number. 

The reduced mass fractions Yp and Yo are given by the relations 

YF + 0 = l-Yo-S6 = Z = ^erfc(y/V2) . (69) 

We should add an initial condition 

í = 0 : 6 = 61{y,x) (70) 

5.1 One dimensional steady solutions 

There are one dimensional steady solutions of this problem, in the form 0 = 0(y) given by 
the equation 

oy ay2 (71) 

with 0 — 0 at y —> ±oo. 

This problem has múltiple solutions for valúes of the Zeldovich number /?0, larger than 
a critical valué ¡3c(a0,S). These are sketched in Fig. 3. 

Liñán (1974) has carried our an asymptotic description of the solution of Eq. (71), for 
large valúes of the Zeldovich number, to calcúlate the ignition and extinction conditions, 
and the interval (DOE, DOI) of multiplicity of solutions. 

We simply indicate here that for large Damkohler numbers, the máximum temperature 
in the nearly frozen solution for D0 < DQI differs from O only by an amount of order l//?o 
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at most. In the upper, diffusion controlled solution, for D0 > DOE, #max is cióse to the 
adiabatic flame temperature 0e corresponding to the (B — S) solution of infinite Damkohler 
numbers. In this (B — S) limit: 

Y0 = 0 for Z > Z. , YF = 0 for Z < Z, (72) 

and the flame sheet is located at y = y¡, given by 

Z, = \erfc(yj/V2) , (73) 

and there the flame temperature takes the valué 0e = Z, = 1/(5 + 1). 

The intermedíate, unstable, branch has reaction sheet temperatures Of, given approxi-
mately, by the following balance 

l=A,exp{A,0 / / ( l+c*o0 / )} (74) 

obtained from a rough order of magnitude estímate of the terms in Eq. (71), leaving aside 
a power factor of /30. 

When Do is such that the temperature Of given by (74) equals 0, the resulting valué of 
DOE = 1 is a rough estimate of Doi- Similarly the Damkohler number given by Eq. (74) 
with 0/ = 0e is a rough estimate of the extinction valué of Do-

5.2 Ignition and Extinction Fronts 

In the Damkohler number interval between the extinction and ignition valúes, the nearly 
frozen solutions and the near equilibrium solutions may coexist in the mixing layer; we could 
encounter the first one at large negative valúes of a;, and the near-equilibrium solution at 
large positive valúes of x, joined by a transition front as shown in Fig. 4. 

Eq. (65) has travelling wave solutions of the form 0 = 0(x',y), with x' = x + Upt, 
joining the two solutions. They are given by the equation 

UF0*< - y0y ~ 0yy - $*•*> = D0YFY0exp{/3o0/(í + ao0)} (75) 

to be solved with the boundary conditions 

0 = 0 for y-* ±oo (76) 

and 

0 = 0,(y) for x' -> - o o (77) 

0 = 0u(y) for i ' - f o o (78) 
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AIR SIDE OF THE MDONG LAYER 

FUEL SIDE OF THE MIXINO LAYER 

Figure 4. Schematic description of an ignition or extinction front in a strained mixing 
layer. 

where 0¡ and 6U are the lower (nearly frozen) and upper (near-equilibrium) solution of Eq. 
(71). Up is the velocity of propagation of the front, an eigenvalue of the problem, 

UF = UF(D0, fi0, a0, S) . (79) 

The resulting valué of Up is positive for ignition fronts, for valúes of D0 > DQ, and U 
will be negative for valúes of D0 < DQ, corresponding to extinction fronts. 

A considerable effort is being currently devoted to the analysis of ignition and extinction 
fronts; see, for example, the initial work of Dold (1987) and Liñán (1988). These fronts 
may play an important role in the lift-off and blow-off characteristics of turbulent diffusion 
ñames. The thermal expansión effects, left out in the analysis of these fronts given here, 
will significantly alter their propagation velocity. 
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