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Abstract-In this paper ignition and extinction processes of catalytic reactions in a flat plate 
boundary layer flow are analyzed. The catalytic plate has finite thickness and thermal conductivity. 
It is assumed a global one-step and irreversible chemical reaction with Arrhenius kinetics and large 
activation energy. It is further assumed adiabatic boundary conditions for the lower surface and 
in both edges of the plate. For this case, the critical Damkohler number for ignition is not strongly 
affected by the axial heat conduction through the plate. On the other hand, the finite thermal 
conductivity has a big influence on the extinction process. An analytical expression for the critical 
Damkohler number for extinction is obtained. 

INTRODUCTION 

Several works have appeared in the literature with the objectives to study the ignition 
and extinction of catalytic reactions in boundary layer flows. Artyuk et al. (1961) 
soJved numerically the governing equations for the flow of a gaseous mixture over an 
adiabatic flat plate. They used the local similarity concept, reaching the erroneous 
conclusion of the existence of multiple solutions for this problem. Lindbergh and 
Schmitz (1969, 1970) studied numerically the ignition and extinction processes for a 
flat plate and wedge type boundary layer flows. This analysis was made for the limiting 
cases of adiabatic and perfect conducting plates. They showed that the solution to 
this problem is unique if the boundary layer assumption holds at the leading edge of 
the plate. If the boundary layer has a stagnation point, multiple solutions of the 
steady state equations can exist. Also they showed that for an adiabatic wall it is 
impossible to have multiple solutions, which result if an inadequate numerical solution 
is used. 

Mihail and Teodorescu (1975) used a refined numerical analysis to solve the integral 
governing equations using the Lighthill approximation for high Prandtl and Schmidt 
numbers (Lighthill, 1950). This study supports the results obtained by Lindbergh 
and Schmitz (1969). Ahluwalia and Chung (1980) analyzed the same problem, but 
they solved the integral governing equatiC?ns through the erroneous utilization of the 
Laplace method. The studies made by Lindberg and Schmitz (1969), Mihail and 
Teodorescu (1975) and Ahluwalia and Chung (1980) show, for an adiabatic plate, 
the transition from a kinetically controlled process close to the leading edge to a 
diffusion controlled process downstream. In a very recent paper, Liiian (1983) showed 
that this transition occurs abruptly at a well defined distance if the ratio of the activa
tion energy to the thermal energy is large enough. This transition has a universal 
character. None of the works referred above has taken into account a finite value 
of the plate thermal conductivity. Only the two limiting cases of zero and infinite 
thermal conductivity were studied. 



The objectives of the present :vork is to study, usi?g as~mptotic methods, the 
ignition and extinction processes III the flow of a reactmg ~lIxture over a fiat plate 
with the inclusion of the longitudinal heat transfer due to fil1lte values of the thermal 
conductivity. It is assumed further a high ratio of the activation energy for the 
catalytic heterogeneous reaction to the thermal energy. 

ANALYSIS 

A gaseous combustible mixture flows over a catalytic flat plate with finite thickness 
and thermal conductivity. The governing integro-differential equations are the 
following: 
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with the kernel K(x, x) given by 

K(x, x) = (\ - C ),,4r l
'. 

Here the Lighthill approximation (Lighthill, 1950) for high Prandtl and Schmidt 
numbers has been introduced. However this gives good results for Prandtl and 
Schmidt numbers of order unity. ko represents the pre-exponential term of the 
catalytic irreversible reaction of the Arrhenius type; n is the reaction order; Ta is the 
activation temperature of the reaction; T and C correspond to the temperature and 
the reactant concentration on the surface of the plate, respectively; (-D.H) is the 
heat release per unit mole of fuel consumed; ,\ and '\p correspond to the thermal con
ductivities of the gas and the plate, respectively; D is the mass diffusion coefficient; 
v is the kinematic coefficient of viscosity; d corresponds to the thickness of the plate; 
UctJ, Too, and CctJ are the velocity, temperature and reactant concentration for the free 
stream, respectively; Tz is the temperature on the leading edge of the plate. In Eq. (2) 
it was assumed that the plate temperature is uniform in the transversal direction, 
that is 
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where L corresponds to the length of the plate. 
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The .bou~dary conditions are given by the'assumption that both edges of the plate 
are adIabatIc, 

dT 
- = 0 at x = 0 and x = L 
dx 

We introduce the following non-dimensional variables of the form, 
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Here, TA corresponds to the adiabatic equilibrium temperature given by 
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The non-dimensional governing equations are then reduced to 
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where the non-dimensional parameters are defined as follows: 
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Here, the parameter f3l gives the ratio between the energy released by the catalytic 
reaction to the thermal energy of the free stream mixture. This parameter is of order 
unity in problems related to combustion. r is the non~dimensionaI activation energy 
which in general is a large number. S is the Damkohler number and represents the 
ratio between the characteristic diffusion time to the characteristic reaction time and 
a represents the ratio of the ability ofthe plate to carry heat in the streamwise direction 
to the ability of the gas to carry heat from the plate. The non-dimensional boundary 
conditions reduce to 

dfJ 
- = 0 at X = 0 and X = 1 
dx 
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For small values of 8, such as 0-+0, the solution to Eqs. (7), (8) and (9) gives 8= 81=0 
and y= 1, which correspond to the frozen conditions. On the other hand, for 8-+C1J 
corresponding to chemical equilibrium, we obtain 8=81= 1 and Y=O. For exothennic 
reactions with fil of order unity and high values of the non-dimensional activation 
energy (r~ 1), the problem shows multiple solutions if a ¥= 0 in the range of S given 
by 8E < 8 < 8[. These limits are to be obtained in the following sections. That is, in a 
diagram of Bl or 8M =8(1), as a function of 8, we obtain the classical S-shaped curve 
which shows the existence of bifurcation points associated to the values of SE and ~h 
of extinction and ignition, respectively, 

In the following sections asymptotic techniques are used for high activation energies 
to obtain the solution of the governing equations close to ignition and extinction 
conditions. 

IGNITION REGIME 

This regime corresponds to values of a of order unity with values of 1- Y and 8 of 
order liP. It is appropriate to redefine the non-dimensional variables as 

y rp 
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with y and rp of order unity, The non-dimensional governing equations are trans
formed to 
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where e is a small number given by e=[31/r->-O, The reduced boundary conditions are 
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- = 0 at X = 0 and X = 1 
dX 

(14) 

We seek the solution to Eqs. (12) to (14) through a perturbation series of the form 

cfo = ~o + 8<Pl + 82 ~2 + . . . 

y = yo + eYl + 8 2 Y2 + ... (15) 



We obtain the following set of equations: 
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for terms of order el, etc. Equation (18) determines 81 independent of Eq. (19). 
The boundary conditions are then 

d~o dcjJ1 
-- = -- = 0 at X = 0 and X = 1. 

dX dX 
(20) 

In defining 81 we can use the fact that at the singular point the arbitrary choice of 
rPll=ch(O) brings only errors of order 8 in 01. Thus we can set ~ll=O. The Eqs. (16) 
to (20) can be solved numerically to find the critical values of DOl and 811 as a function 
of a. These are given in the Table I. Figure 1 shows the variation of tPoz and rpOM with 
cS for different values of et indicating clearly the ignition points. From this analysis it 
can be inferred that the thermal conductivity of the plate has little influence on the 
ignition process. In the following subsections we analyze the two limiting cases of 
adiabatic and well conducting plates. 

Adiabatic Plate (a=O) 

This limiting case was studied by Lifhin (1983). In this limit it can be readily shown 
that y=rP' Thus Eq. (13) reduces to 
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where g=X82. The inversion of Eq. (21) gives 
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where Z= g3/4. Equation (22) can be integrated numerically to obtain the evolution 
of <p with z for different values of 8, f31 and N. The solution of Eq. (22) shows that ~ 
grows to very high values compared with unity as z approaches the value of z/, thus 
indicating the ignition point. The Damk5hler number for ignition is then given by 
OI=Z/2/3. Values of SI for different values of 8, /31 and n are given in Table n. The 
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FIGURE 1 Variation of ~I and CPM as a function of 8, for different values of a. 

TABLE I 
Critical Damkohler number for ignition 80; 81 for 

different values of et 

et 

0.1 
0.1 
1.0 
1.0 

n 

1 
1 
1 
1 

fh 

3 
4 
3 
4 

8n 

0.713 
0.713 
0.734 
0.734 

0.867 
0.809 
1.022 
0.960 

first order ~olution of Eq. (22) shows a universal character, obtaining the value of 
81=0.711, tndependent of /31 and the reaction order n. 



TABLE II 

Critical Damkohler number for ignition ~h for 
different sets of parameters and a=O 

e n fh 81 

0.00 0.711 
0.01 1 3 0.723 
0.05 1 3 0.777 
0.10 1 3 0.870 
0.01 1 4 0.722 
0.05 1 4 0.773 
0.10 1 4 0.857 
0.01 2 4 0.724 
0.05 2 4 0.785 
0.10 2 4 0.893 

Well Conducting Plate (a-~oo) 

F or high thermal conductivity of the plate, the temperature shows little variation 
along the longitudinal coordinate. To find the critical condition for ignition we 
assume a solution to Eqs. (12) to (14) of the form 

where .p stands for tP, 0 or y. We obtain the following set of equations grouping the 
terms with the same power of l/a: 
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The boundary conditions for these equations are 

d<jJo = dh = drP2 = 0 at X = 0 and X = 1 
dX dX dX 

(27) 

The solution of Eq. (23) indicates that ,po is independent of x. After integration of 
Eq. (24) we obtain 
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To find the solution to Eq. (28) we assume the expansion for the variables given by 

<PO( e) = 4>00 + erpOl + . . . 

80(e) = 800 + eoOl + ... 

obtaining thus the following set of equations: 
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From Eqs. (31) and (32) we deduce that the critical Damkohler number for ignition is 
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From Eq. (24) we have 
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the solution to which is 
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Also from Eq. (25) we obtain 
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After integration of Eq. (36) and applying the boundary condition (27) we obtain 
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Finally, from Eqs. (33) and (37) we have for the Damkohler number for ignition 
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EXTINCTION REGIME 

Near the extinction condition, the temperature of the plate is close to the equilibrium 
temperature (J= 1 and the reactant concentration diverges from zero only in the 
proximity of the leading edge of the plate in a region of x ........ 1/r2 ~ 1. Far away from 
this region, that is x,..."l ~ 1/r2, the reaction term of Eqs. (7) and (8) reaches the value 
of l/v'x (corresponding to the diffu'sion-controlled process). Thus Eq. (8) reduces to 

d 28 1 1 () I 
a- + - = ~ f KCi., X)dfJ + 8z for X ~ 1;r2 

dX2 yX yX 
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with the boundary condition of d8/dX=O at X= 1. However, the adiabatic condition 
at the leading edge has to be changed by the matching condition with the solution of 
the problem given by Eqs. (7) and (8) for the region x--...1jf2

, where Y falls from a 
value of unity to values small compared with unity. If the reaction term had the value 
l/v'X from X=O, the solution of the problem would be 8= 1. Because of the finite 
values of 8, the temperature of the plate changes from unity. If this temperature 
difference is of order Ifre=(l + {31)2jr, the reaction rate is reduced by a factor of 
order lIe, thus causing extinction. We can anticipate that in the extinction regime 
1-0"-'l/re throughout the length of the plate. From Eq. (7), the dimension of the 
reaction zone Xr, is such that ajr· exp[f'/(1 + {31H-..... 1/ v'Xr. The order of magnitude 
of d8jdx is ljre along the entire length of the plate. For values of a of order unity, all 
the terms in Eq. (8) are of the same order, that is 

(40) 

We can deduce that the variations of () in the region close to the leading edge are of 
order Xrjre""ljre3. Due to this fact we can define the quantity 0/ as 'P'=(1-Bz)fe of 
order unity and independent of X. Thus, for values of 3 of the order for extinction, 
such as 

8 exp( l' ) 
1 +,81 

1;\ = ,....., 1 
rre (41) 

there exists a region close to the leading edge x ......... 1/re2, where 'Y can be considered 
constant of order unity. Eq. (7) which determines how Y decreases from unity to 
values of Y ~ 1 in this region, takes the form 
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Equation (43) giving Yce) is ~imilar to that deduced by Rosner 0964, 1967) in his 
study of homogeneous catalytic reactions. 

In ~ first a~proximation, the second member of Eq. (8) can be set equal to l/v'X' 
After IntegratIOn of Eq. (8) we obtain 
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where we suppose that 1 tr e2 ~ Xi ~ 1. The second member of Eq. (45) can be written as 

where 

a( de) = {Llreexp(-lY)}-lb 
dX XI 

h = (( _ yn + _I )dg 
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has to be obtained through the solution of the inner problem given by Eq. (43). For 
n 'I, the numerical integration gives h=4.20. 

To determine ty or 8l= l-'Fjre, Eq. (39) has to be solved with the boundary 
conditions 

dB 
() = el at X = 0 and - = 0 at X = 1 

dX 

Thus, we can obtain a(dBjdx)o as a function of 8l and a. This has to be introduced in 
Eq. (46). To do this it is convenient to define u as foHows: 

U= 

Therefore, Eq. (39) takes the form 

with the boundary conditions given by 

du 
u = -1 at X = 0 and - = 0 at X = 1 

dX 

We can obtain here (du/dx)o-p(a). Thus, Eq. (46) reduces to 
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This equation determines 'F as a function of .6. and a in the exti~cti?n r~gime. Extinc~ 
tion occurs for'F=1. The reduced Damkohler number for extmcti01l1S then: 



be 
b..E = --

ap(a) 
or OE = brre exp(l _ r ) 

ap(a) 1 + f31 
(51) 

In Figure 2 schematically is plotted the characteristic S-shaped curves which show the 
ignition and extinction conditions as a function of the parameter a. The extinction 
regime however has a universal character as shown here. 

Equation (51) is valid for all a. The dependence of ap(a) on a is shown in Figure 3. 
For high values of CL such as a~ 1, the solution of Esq. (48) and (49) can be found 
through the following expansion, 
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FIGURE 2 Characteristics S-shaped curves showing ignition and extinction as a function of (1 
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So, we obtain the following set of equations 

d2ul 1 
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the solution of which gives the value of ap(a) as follows 

ap(a) = a(dU) = ( dUl) + _I ( cl
U2) = 2 _ 0.949 + O(IJa2) (54) 

dX 1 dX l CL dX l CL 

For small values of a (a-l>O) , it is useful to introduce the independent variable " 
defined by 

Equation (45) transforms to 

with the boundary conditions given as 

tltl 1 
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The numerical calculations give 
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( dU) = a2/3 pea) = 1.53 d, I 

ap(a),...,., 1.53 0,1/3 as a-).Q (55) 

In Figure 4 the dependence on a. of ~h and OE is plotted. There are four important 
zones in this figure. In zone I there is only the frozen steady state condition. In 
zone HI the only steady state condition is the vigorous burning beginning at distances 
close to the leading edge. In zone II there are three steady state solutions one of them 
is unstable. In zone IV the vigorous burning front is located behind the ignition point, 
calculated neglecting the axial heat conduction. The plate thermal conductivity is 
unable to carry the burning front to locations dose to the leading edge. 
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FIGURE 4 Ignition and extinction Damkohier numbers as a function of l/n. 

An analysis could be made to correct the results retaining higher order terms. 
However it is desisted to present the results from this relatively complex analysis. 

CONCLUSIONS 

In this paper an analysis was made of the ignition and extinction of catalytic reactions 
on a flat plate boundary layer with finite thermal conductivity. It was found that the 
critical Damk5hler number for ignition SI varies from 0.711 to 21e for a=O and a-:,..CO 

respectively and is independent of the reaction order in a first approximation. This 
indicates that the thermal conductivity of the plate does not have strong effects on 
the ignition process. On the other hand, the finite thermal conductivity of the plate 
has a strong influence on the critical Damkohler number for extinction SE) as given 
by Eq. (51). One conclusion ofpracticaJ interest is that the ratio Cl/laE}> 1 when r~ 1 
and a is not too small. Thus, for continuous operation it is convenient to work with 
values of 8 far away from that of ignition. Therefore we have to ignite the catalytic 
combustion with some external aids as for example electrical heating or pre-heated 
combustible mixture. 

Appendix 

INTERMEDIATE REGIME 

The intermediate branch resulting from the solution to Eqs. (7) and (8), corresponds 
to an unstable mode and therefore is of little importance. However, we dedicate a 



few tines to this regime. Here, the temperature of the plate increases from (h at the 
leading edge of the plate to a critical value Oc at the position Xc, where 0 < Xc < I, 
maintaining the reaction frozen for X < Xc and reaching equilibrium for X> Xc. At 
x=Xc the reactant concentration changes abrupt from I to O. The energy equation is 
given then by 

dZ8 
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dX2 

8 
H(O - Bc) 1 \ f 

{ (

Xc )3/4}1/3 = yX K(X, x)dD + Ot 
ylXI-- 0 1 
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where H(8- Bc) corresponds to the Heaviside function, 

for B> Oc 
H(fJ - Oc) = 

with the boundary conditions 

dB 

(60) 

- = 0 at X = 0 and X = 1; 0 = Bc; at X = Xc (61) 
dX 

and the continuity of dB/dX at X=Xc. We can obtain Xc and Dl as a function of a. and Bc. 
From the analysis of the abrupt change in the reactant concentration close to Xc, we 
can obtain the value of flc(S). We can anticipate that 

(62) 

This analysis would fail if the plate thermal conductivity of the plate is very high 
(a.~co). In this case the integration of Eq. (8) gives 

s (rOe) f1 - exp yndx = 20c • 
r 1 + /318c o 

(63) 

Equation (7) can be transformed to, 

(64) 

with 



Therefore from Eq. (63) we obtain finally 

JeM ynde = 20'VeM 
o 

(65) 

From Eqs. (64) and (65) we can obtain gM=gM«(}C) which in fact provides the value 
of 8=o(8c). 
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