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más amenas y divertidas las horas en el laboratorio.

I would also like to thank Prof. Martyn Amos and the members of the Novel

Computation Group for making me feel at home during my stay in Manchester.

Finalmente quisiera agradecer el esfuerzo y dedicación de todos los profesores

que he tenido a lo largo de mi etapa como estudiante.





Contents

Abstract 1

Resumen 3

Publications resulting from this thesis 7

I Introduction 9

1 Introduction 11

II State of the art 17

2 Systems biology and Synthetic biology 19

2.1 Molecular biology definitions . . . . . . . . . . . . . . . . . . . . . . . 20

2.2 Definition of Systems biology . . . . . . . . . . . . . . . . . . . . . . 23

2.3 Definition of Synthetic biology . . . . . . . . . . . . . . . . . . . . . . 25

2.3.1 Relationship between Systems biology and Synthetic biology. . 29

2.3.2 Biomolecular computation in Synthetic biology . . . . . . . . 29

2.4 Modeling gene expression . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.4.1 Deterministic and stochastic simulations of chemical reactions 32

2.4.2 Deterministic simulation of gene expression . . . . . . . . . . . 32

2.4.3 Stochastic simulation of gene expression . . . . . . . . . . . . 33

2.4.4 Molecular noise in gene expression . . . . . . . . . . . . . . . . 35

2.4.5 Regulation of gene expression by transcription factors . . . . . 37

i



Contents

2.5 Positive and negative transcriptional feedbacks in a single gene. . . . 37

2.6 Reduction of a model by QSSA . . . . . . . . . . . . . . . . . . . . . 42

2.7 Positive transcriptional feedback as a bistable . . . . . . . . . . . . . 43

2.8 Genetic toggle switch . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

2.9 Logic gates with genetic networks . . . . . . . . . . . . . . . . . . . . 50

3 Genetic oscillators 57

3.1 Review of genetic oscillator models . . . . . . . . . . . . . . . . . . . 57

3.1.1 Goodwin model: The first model of a genetic oscillator . . . . 57

3.1.2 Goldbeter model: NTF as a core of genetic oscillator in Drosophila 62

3.1.3 Subsequent models in Drosophila, Neurospora and mammalian 65

3.1.4 Smolen model: Genetic oscillator with interlocking NTFs and

PTFs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.1.5 Barkai and Leibler model: Molecular noise in genetic oscillators 70

3.2 Review of synthetic genetic oscillators . . . . . . . . . . . . . . . . . . 78

3.2.1 The Repressilator: The first synthetic genetic oscillator . . . . 78

3.2.2 Subsequent synthetic genetic oscillators . . . . . . . . . . . . . 80

III The two problems and Methodology 87

4 The two problems 89

4.1 First problem: design a new oscillatory genetic circuit regulated by

catalytic RNA molecules . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.2 Second and major problem: find a simple condition to produce robust

oscillations in a self-activating gene . . . . . . . . . . . . . . . . . . . 91

5 Methodology 93

IV Proposed solutions to the problems 99

6 Solution to the first problem: A new model of synthetic genetic

oscillator regulated by a repressor ribozyme 101

ii



Contents

6.1 Proposed model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

6.2 Deterministic and stochastic simulations . . . . . . . . . . . . . . . . 105

6.3 Model robustness to noise . . . . . . . . . . . . . . . . . . . . . . . . 107

7 Solution to the second problem: A simple negative interaction in

a self-activating gene produces robust oscillations 111

7.1 Proposed model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

7.2 Deterministic and stochastic simulations . . . . . . . . . . . . . . . . 113

7.3 Model robustness to noise . . . . . . . . . . . . . . . . . . . . . . . . 116

7.4 Reduced deterministic model . . . . . . . . . . . . . . . . . . . . . . . 119

7.5 How the negative interaction works . . . . . . . . . . . . . . . . . . . 132

7.6 Software . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

V Conclusions and future research directions 141

8 Conclusions 143

9 Future research directions 149

References 151

iii





List of Figures

1.1 Diagram of one-gene oscillators with negative and positive transcrip-

tional feedbacks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.1 Central dogma of molecular biology . . . . . . . . . . . . . . . . . . . 21

2.2 A basic picture of a gene . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.3 A simple model of gene expression . . . . . . . . . . . . . . . . . . . . 30

2.4 Deterministic and stochastic simulations of gene expression . . . . . . 34

2.5 Molecular noise in gene expression depending on translation rate. . . 36

2.6 Regulation of gene expression by transcription factors . . . . . . . . . 38

2.7 A single gene with transcriptional feedback loops . . . . . . . . . . . 39

2.8 Simulations of a single gene with PTF with NTF . . . . . . . . . . . 41

2.9 Comparison between the reduced and complete deterministic simula-

tion of a single gene with PTF and NTF . . . . . . . . . . . . . . . . 42

2.10 A genetic bistable . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.11 Fixed points of the genetic bistable . . . . . . . . . . . . . . . . . . . 46

2.12 Hysteresis diagram depending on c1 . . . . . . . . . . . . . . . . . . . 47

2.13 Diagram of the genetic toggle switch . . . . . . . . . . . . . . . . . . 49

2.14 Numerical solution of the differential equations (2.17) . . . . . . . . . 51

2.15 NOT logic gate with genetic networks . . . . . . . . . . . . . . . . . . 53

2.16 AND logic gate with genetic networks . . . . . . . . . . . . . . . . . . 54

2.17 Alternative AND gate . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.18 OR gate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.1 Model of the Goodwin genetic oscillator . . . . . . . . . . . . . . . . 58

v



List of Figures

3.2 Simulation of the Goodwin model . . . . . . . . . . . . . . . . . . . . 60

3.3 Modification of Goodwin’s genetic oscillator . . . . . . . . . . . . . . 61

3.4 Goldbeter model of genetic oscillator . . . . . . . . . . . . . . . . . . 63

3.5 Simulation of the Goldbeter model. . . . . . . . . . . . . . . . . . . . 66

3.6 Mammalian genetic oscillator . . . . . . . . . . . . . . . . . . . . . . 67

3.7 Smolen model of genetic oscillator . . . . . . . . . . . . . . . . . . . . 68

3.8 Simulation of the Smolen model . . . . . . . . . . . . . . . . . . . . . 69

3.9 Barkai and Leibler model of genetic oscillator . . . . . . . . . . . . . 70

3.10 Deterministic and stochastic simulation of the Barkai and Leibler model 73

3.11 Robustness of Barkai and Leibler model to molecular noise. . . . . . . 74

3.12 Phase plane of the two variable R and C in the reduced system . . . 75

3.13 Stochastic simulation with low number of mRNA molecules . . . . . . 76

3.14 Robustness of the Goldbeter model to molecular noise . . . . . . . . . 77

3.15 Diagram of the repressilator . . . . . . . . . . . . . . . . . . . . . . . 79

3.16 Numerical solution of the differential equations (3.8) . . . . . . . . . . 81

5.1 Diagrams of the basic research cycle in systems and synthetic biology 95

5.2 Diagram of the methodology followed during this research. . . . . . . 96

5.3 Diagram of the in silico validation of the models . . . . . . . . . . . . 97

6.1 Typical network motif that generates reliable oscillations . . . . . . . 102

6.2 Biochemical network of the genetic oscillator . . . . . . . . . . . . . . 104

6.3 Simulation of the genetic oscillator . . . . . . . . . . . . . . . . . . . 106

6.4 Stochastic time evolution of all biomolecules . . . . . . . . . . . . . . 108

6.5 Effect of fluctuations in the stochastic simulation . . . . . . . . . . . 109

6.6 Control of the period changing the degradation rate of the ribozyme

k11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

7.1 Model of a one-gene oscillator with PTF . . . . . . . . . . . . . . . . 112

7.2 Stochastic and deterministic simulations of the model . . . . . . . . . 115

7.3 Stochastic and deterministic phase plane defined by C and A . . . . . 117

7.4 Amplitude and period histograms of the stochastic simulation of A . 118

vi



List of Figures

7.5 Autocorrelation of the stochastic oscillations in the number of A

molecules. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

7.6 Model robustness to intrinsic noise when the number of molecules is

low . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

7.7 Time evolution of A with and without a low number molecules . . . . 122

7.8 Amplitude and period histograms of the stochastic simulation of A

shown in Figure 7.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

7.9 Model robustness to extrinsic noise . . . . . . . . . . . . . . . . . . . 124

7.10 Simulation of the genetic oscillator reduced by QSSA . . . . . . . . . 125

7.11 Phase plane of the genetic oscillator reduced by QSSA . . . . . . . . 126

7.12 Hysteresis diagram depending on C . . . . . . . . . . . . . . . . . . . 127

7.13 Slow and fast stages of the genetic oscillator reduced by QSSA . . . . 128

7.14 Bifurcation diagram of the reduced model depending on k9 . . . . . . 129

7.15 Period of the stable oscillations in Figure 7.14 . . . . . . . . . . . . . 129

7.16 Oscillatory regions in the reduced and stochastic models depending

on k8 and k9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

7.17 Rate of the negative interaction . . . . . . . . . . . . . . . . . . . . . 133

7.18 Plot of vmax against k11 . . . . . . . . . . . . . . . . . . . . . . . . . . 134

7.19 Rate of the negative interaction for different values of k11 . . . . . . . 135

vii





List of Tables

7.1 Data points of Figure 7.9. . . . . . . . . . . . . . . . . . . . . . . . . 121

7.2 Data points of locus Hopf bifurcation in reduced model (Figure 7.16). 131

7.3 Data points of locus of oscillations with less than 20% of correlation

in the first period in the stochastic model (Figure 7.16). . . . . . . . . 132

ix





Abstract

Introduction and motivation: A wide variety of organisms have developed in-

ternal biomolecular clocks in order to adapt to cyclic changes of the environment.

Clock operation involves genetic networks. These genetic networks have to be mod-

eled in order to understand the underlying mechanism of oscillations and to design

new synthetic cellular clocks. This doctoral thesis has resulted in two contributions

to the fields of genetic clocks and systems and synthetic biology, generally. The

first contribution is a new genetic circuit model that exhibits an oscillatory behav-

ior through catalytic RNA molecules. The second and major contribution is a new

genetic circuit model demonstrating that a repressor molecule acting on the positive

feedback of a self-activating gene produces reliable oscillations.

First contribution: A new model of a synthetic genetic oscillator based on

a typical two-gene motif with one positive and one negative feedback loop is pre-

sented. The originality is that the repressor is a catalytic RNA molecule rather than

a protein or a non-catalytic RNA molecule. This catalytic RNA is a ribozyme that

acts post-transcriptionally by binding to and cleaving target mRNA molecules. This

genetic clock involves just two genes, a mRNA and an activator protein, apart from

the ribozyme. Parameter values that produce a circadian period in both determin-

istic and stochastic simulations have been chosen as an example of clock operation.

The effects of the stochastic fluctuations are quantified by a period histogram and

autocorrelation function. The conclusion is that catalytic RNA molecules can act

as repressor proteins and simplify the design of genetic oscillators.

Second and major contribution: It is demonstrated that a self-activating

gene in conjunction with a simple negative interaction can easily produce robust

1



Abstract

oscillations. A new model of oscillatory genetic circuit has been studied and mathe-

matically validated. This model is comprised of two clearly distinct parts. The first

is a positive feedback created by a protein that binds to the promoter of its own

gene and activates the transcription. The second is a negative interaction in which a

repressor molecule prevents this protein from binding to its promoter. A stochastic

study shows that the system is robust to noise. A deterministic study identifies that

the oscillator dynamics are mainly driven by two types of biomolecules: the protein,

and the complex formed by the repressor and this protein. The main conclusion of

this study is that a simple and usual negative interaction, such as degradation, se-

questration or inhibition, acting on the positive transcriptional feedback of a single

gene is a sufficient condition to produce reliable oscillations. One gene is enough

and the positive transcriptional feedback signal does not need to activate a second

repressor gene. At the genetic level, this means that an explicit negative feedback

loop is not necessary. Unlike many genetic oscillators, this model needs neither

cooperative binding reactions nor the formation of protein multimers.

Applications and future research directions: Recently, RNA molecules

have been found to play many new catalytic roles. The first oscillatory genetic

model proposed in this thesis uses ribozymes as repressor molecules. This could

provide new synthetic biology design principles and a better understanding of cel-

lular clocks regulated by RNA molecules. The second genetic model proposed here

involves only a repression acting on a self-activating gene and produces robust oscil-

lations. Unlike current two-gene oscillators, this model surprisingly does not require

a second repressor gene. This result could help to clarify the design principles of

cellular clocks and constitute a new efficient tool for engineering synthetic genetic

oscillators. Possible follow-on research directions are: validate models in vivo and in

vitro, research the potential of second model as a genetic memory, investigate new

genetic oscillators regulated by non-coding RNAs and design a biosensor of positive

feedbacks in genetic networks based on the operation of the second model.
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Resumen

Introducción y motivación: Una amplia variedad de organismos han desarro-

llado relojes biomoleculares internos con el fin de adaptarse a los cambios ćıclicos

del entorno. El funcionamiento de estos relojes involucra redes genéticas. El mo-

delado de estas redes genéticas es esencial tanto para entender los mecanismos que

producen las oscilaciones como para diseñar nuevos circuitos sintéticos en células.

Esta tesis doctoral ha dado lugar a dos contribuciones dentro de los campos de

los circuitos genéticos en particular, y bioloǵıa de sistemas y sintética en general.

La primera contribución es un nuevo modelo de circuito genético que muestra un

comportamiento oscilatorio usando moléculas de ARN cataĺıticas. La segunda y

principal contribución es un nuevo modelo de circuito genético que demuestra que

una molécula represora actuando sobre el lazo de un gen auto-activado produce

oscilaciones robustas.

Primera contribución: Es un nuevo modelo de oscilador genético sintético

basado en una t́ıpica red genética compuesta por dos genes con dos lazos de retroa-

limentación, uno positivo y otro negativo. La novedad de este modelo es que el

represor es una molécula de ARN cataĺıtica, en lugar de una protéına o una molécula

de ARN no-cataĺıtica. Este ARN cataĺıtico es una ribozima que actúa después de la

transcripción genética uniéndose y cortando moléculas de ARN mensajero (ARNm).

Este reloj genético involucra sólo dos genes, un ARNm y una protéına activadora,

aparte de la ribozima. Como ejemplo de funcionamiento, se han escogido valores de

los parámetros que producen oscilaciones con periodo circadiano (24 horas) tanto

en simulaciones deterministas como estocásticas. El efecto de las fluctuaciones es-

tocásticas ha sido cuantificado mediante un histograma del periodo y la función

3
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de auto-correlación. La conclusión es que las moléculas de ARN con propiedades

cataĺıticas pueden jugar el mismo papel que las protéınas represoras, y por lo tanto,

simplificar el diseño de los osciladores genéticos.

Segunda y principal contribución: Es un nuevo modelo de oscilador genético

que demuestra que un gen auto-activado junto con una simple interacción negativa

puede producir oscilaciones robustas. Este modelo ha sido estudiado y validado

matemáticamente. El modelo está compuesto de dos partes bien diferenciadas. La

primera parte es un lazo de retroalimentación positiva creado por una protéına que

se une al promotor de su propio gen activando la transcripción. La segunda parte

es una interacción negativa en la que una molécula represora evita la unión de la

protéına con el promotor. Un estudio estocástico muestra que el sistema es robusto

al ruido. Un estudio determinista muestra que la dinámica del sistema es debida

principalmente a dos tipos de biomoléculas: la protéına, y el complejo formado por el

represor y esta protéına. La conclusión principal de este estudio es que una simple y

usual interacción negativa, tal como una degradación, un secuestro o una inhibición,

actuando sobre el lazo de retroalimentación positiva de un solo gen es una condición

suficiente para producir oscilaciones robustas. Un gen es suficiente y el lazo de

retroalimentación positiva no necesita activar a un segundo gen represor, tal y como

ocurre en los relojes actuales con dos genes. Esto significa que a nivel genético un

lazo de retroalimentación negativa no es necesario de forma expĺıcita. Además, este

modelo no necesita reacciones cooperativas ni la formación de mult́ımeros proteicos,

al contrario que en muchos osciladores genéticos.

Aplicaciones y futuras ĺıneas de investigación: En los últimos años, se han

descubierto muchas moléculas de ARN con capacidad cataĺıtica. El primer modelo

de oscilador genético propuesto en esta tesis usa ribozimas como moléculas repre-

soras. Esto podŕıa proporcionar nuevos principios de diseño en bioloǵıa sintética y

una mejor comprensión de los relojes celulares regulados por moléculas de ARN. El

segundo modelo de oscilador genético propuesto aqúı involucra sólo una represión

actuando sobre un gen auto-activado y produce oscilaciones robustas. Sorprendente-

mente, un segundo gen represor no es necesario al contrario que en los bien conocidos

4
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osciladores con dos genes. Este resultado podŕıa ayudar a clarificar los principios

de diseño de los relojes celulares naturales y constituir una nueva y eficiente he-

rramienta para crear osciladores genéticos sintéticos. Algunas de las futuras ĺıneas

de investigación abiertas tras esta tesis son: (1) la validación in vivo e in vitro de

ambos modelos, (2) el estudio del potencial del segundo modelo como circuito base

para la construcción de una memoria genética, (3) el estudio de nuevos osciladores

genéticos regulados por ARN no codificante y, por último, (4) el rediseño del se-

gundo modelo de oscilador genético para su uso como biosensor capaz de detectar

genes auto-activados en redes genéticas.
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Chapter 1

Introduction

Rhythmicity is a ubiquitous phenomenon in living organisms [Winfree, 2001]. Bio-

logical rhythms are generated by clocks composed of biomolecules that interact with

each other. These cellular clocks control important cell functions, such as circadian

(24-hour) rhythms, cell cycle, metabolism and signaling [Goldbeter, 1996, Dunlap

et al., 2004]. For instance, circadian clocks anticipate daily changes in the environ-

ment and initiate the necessary functions of the organism to adapt and deal with

these changes.

The operation of cellular clocks appears to involve the coupling of two different

types of oscillators [Bass and Takahashi, 2011, Edgar et al., 2012]. The first are

oscillators based on cytoplasmic reactions, such as phosphorylations [Rust et al.,

2007,Ferrell Jr. et al., 2011] and oxidations [O’Neill and Reddy, 2011,O’Neill et al.,

2011]. The second are genetic oscillators depending on gene expression regula-

tion [Dunlap, 1999, Young and Kay, 2001, Hogenesch and Ueda, 2011]. The first

mathematical model of a genetic oscillator was developed by Goodwin for periodic

enzyme production [Goodwin, 1963, Goodwin, 1965]. This model was the ground-

work for subsequent theoretical research on genetic oscillators in living systems, such

as fungi and flies [Goldbeter, 1995,Ruoff and Rensing, 1996,Ruoff et al., 1999,Leloup

et al., 1999,Ruoff et al., 2001,Gonze et al., 2002,Bratsun et al., 2005]. In these mod-

els, the rhythms are generated by a gene with a negative transcriptional feedback

(NTF) (Figure 1.1A). This NTF needs time delay and sufficiently strong nonlinearity
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in the transmission of the feedback signal for preventing the steady-state stabiliza-

tion of the system [Griffith, 1968a,Novák and Tyson, 2008]. It has also been analyzed

variants, involving two genes, of the model presented in Figure 1.1A [Widder et al.,

2007].

Positive transcriptional feedbacks (PTFs) are also present in many cellular clocks

[Reppert and Weaver, 2002, Gallego and Virshup, 2007, Purcell et al., 2010, Lenz

and Søgaard-Andersen, 2011, O’Brien et al., 2012]. Models with more than one

gene involving PTFs have been studied in genetic oscillators [Barkai and Leibler,

2000, Smolen et al., 2001, Hasty et al., 2001, François, 2005, Guantes and Poyatos,

2006, Rodrigo et al., 2007, Hong et al., 2008, Conrad et al., 2008, Krishna et al.,

2009,Nandi et al., 2009,Munteanu et al., 2010]. In these models the PTFs increase

the expression of repressor genes. It has been shown how PTFs produce bistability

[Keller, 1995,Smolen et al., 2000,Becskei et al., 2001,Ferrell Jr., 2002,Mitrophanov

and Groisman, 2008], increase the robustness of cellular clocks [Vilar et al., 2002,Tsai

et al., 2008] and could provide robust adaptation to environmental cycles [Rand

et al., 2004,Mondragón-Palomino et al., 2011]. Previously, it has been demonstrated

that a single gene with only PTF does not produce oscillations [Griffith, 1968b,

Smolen et al., 1999]. Here it is studied a model with a simple condition to produce

biochemical rhythms in a single gene with PTF (Figure 1.1B) [Miró-Bueno and

Rodŕıguez-Patón, 2011]. A circadian period for the oscillator is chosen due to its

relevance in biological systems. This model is based on two common features of

genetic oscillators [Dunlap, 1999,Novák and Tyson, 2008,Barkai and Leibler, 2000,

Hasty et al., 2001, Vilar et al., 2002]. The first is a PTF created by a protein that

activates the transcription of its own gene. The second is a negative interaction in

which a repressor inhibits the activity of this protein. Stochastic and deterministic

simulations that yield similar results are performed. The stochastic simulations

show that the genetic oscillator is robust to noise. This noise is introduced in living

cells by the stochasticity of gene expression [Elowitz et al., 2002,Swain et al., 2002].

By means of a reduced deterministic model, it is shown that the oscillations exhibit

limit-cycle behavior. This means that if a disturbance is applied to the system, the

12
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Figure 1.1: Diagram of one-gene oscillators with negative and positive transcriptional

feedbacks. A. Negative transcriptional feedback (NTF) created by a protein that represses

the expression of its own gene. This NTF needs time delay and sufficiently strong non-

linearity in the feedback signal transmission in order to produce reliable oscillations. The

time delay is created by intermediate reactions, such as the transcription and translation,

reversible phosphorylations or proteins shuttling between the nucleus and the cytoplasm.

The nonlinearity can be created by reactions, such as protein cooperativity in the gene

repression or formation of protein multimers. B. Positive transcriptional feedback (PTF)

created by a protein that activates the expression of its own gene. This PTF needs a

negative interaction in the feedback signal transmission in order to produce reliable oscil-

lations. The negative interaction can be a degradation, sequestration, or inhibition carried

out by a repressor molecule.

13
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oscillations return to the original periodic solution [Murray, 2002, Strogatz, 1994].

Also it is shown that this biological clock can be classified as a relaxation oscillator

[Hasty et al., 2001, Murray, 2002, Strogatz, 1994]. This type of clock is sometimes

called hysteresis oscillator [Barkai and Leibler, 2000,Tyson et al., 2003] or amplified

negative feedback oscillator [Novák and Tyson, 2008, Purcell et al., 2010]. The

relaxation oscillator comprises fast and slow oscillation creation stages. In the model

presented here these oscillations are characterized by sawtooth waveforms. Finally,

it is explained how the negative interaction works through a comparison with the

dynamics of the typical enzymatic reaction. It is shown that the rate of the negative

interaction is amplified by the PTF and has a saturation point.

In the last years, several synthetic genetic oscillators have been implemented

in the laboratory [Elowitz and Leibler, 2000, Atkinson et al., 2003, Fung et al.,

2005, Stricker et al., 2008, Tigges et al., 2009, Toettcher et al., 2010, Danino et al.,

2010]. This manuscript presents a new model of synthetic genetic oscillator [Miró-

Bueno and Rodŕıguez-Patón, 2009]. This genetic clock is designed based on a net-

work motif involving a positive and a negative feedback loop [Barkai and Leibler,

2000]. The originality of this new model is that the repressor is a ribozyme rather

than a protein or non-catalytic RNA. The ribozyme acts post-transcriptionally by

binding to target mRNAs through a catalytic process called cleavage reaction re-

sulting in hybridization and cleaving. Unlike non-catalytic RNA, a single ribozyme

can deactivate several mRNA molecules. These ribozyme properties simplify the

genetic oscillator comprising one gene encoding an activator protein and a second

gene encoding a repressor ribozyme. Despite the important cell regulatory func-

tion of RNA molecules, the design of synthetic biological devices usually focuses

on protein interactions in order to control gene expression. Even so, RNA-based

synthetic biological systems have recently been designed and implemented in the

laboratory [Isaacs et al., 2006, Saito and Inoue, 2009, Khalil and Collins, 2010], be-

cause RNA is an interesting and versatile molecule that shares many of DNA’s

properties and carries out protein-like catalytic functions. In particular, ribozyme

molecules possess both qualities and are able to cleave target mRNAs and regulate

14
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gene expression [Davidson and Ellington, 2005,Serganov and Patel, 2007,Benenson,

2009].

This manuscript is organized into the following parts:

• Part I is the introduction: Chapter 1.

• Part II is the state of the art: Chapters 2 and 3.

• Part III are the two problems and methodology: Chapters 4 and 5.

• Part IV are the proposed solutions to the problems: Chapters 6 and 7

• Part V are the conclusions and future research directions: Chapters 8 and 9.

• References.

The content of the chapters is as follows:

• Chapter 1 is the introduction.

• Chapter 2 is a review of systems and synthetic biology.

• Chapter 3 is a review of the previous models and synthetic genetic oscillators.

• Chapter 4 is the explanation of the two problems addressed in this thesis.

• Chapter 5 is the explanation of the methodology.

• Chapter 6 is the solution to the first problem established in chapter 4.

• Chapter 7 is the solution to the second and main problem established in chap-

ter 4.

• Chapter 8 are the conclusions.

• Chapter 9 are the future research directions.
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State of the art
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Chapter 2

Systems biology and Synthetic

biology

Molecular biology, biochemistry and genetics have been and are the most important

drivers of cellular biology. However, new disciplines examining biological processes

have emerged. They have ventured new viewpoints and offered a wide range of

possibilities for both generating and applying knowledge in other areas. Most of

these new fields are multidisciplinary. They feed off different areas like physics,

chemistry, mathematics or computing. This thesis falls within two of these new

disciplines: systems biology and synthetic biology. The goal of systems biology is

to generate new scientific knowledge to explain the biological processes. The goal of

synthetic biology is to find new biological circuit design principles.

The definition of synthetic biology is changing and the borders of this discipline

are fuzzy. The following sections gives a comprehensive definition that includes the

most relevant research that is being developed and could be considered to be part

of this field. Systems biology are also described. Systems biology is also a relative

new and emerging field that can help to move synthetic biology forward. Standard

definitions from molecular biology are also provided in the following section.
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2.1 Molecular biology definitions

The following are definitions of biomolecules and standard molecular biology pro-

cesses (Figure 2.1) that will be useful throughout this thesis.

• Nucleoside: Molecule composed of a nitrogenous base linked to a sugar called

pentose. The bases in the DNA nucleoside are adenine (A), guanine (G),

cytosine (C) and thymine (T). The pentose is a deoxyribose. The bases in the

RNA nucleoside are adenine, guanine, cytosine and uracil (U). The pentose is

a ribose.

• Nucleotide: Molecule composed of a nucleoside and one or more phosphate

groups linked by means of ester bonds with the sugar.

• DNA or RNA strands: Polymers of nucleotides linked by covalent bonds.

• DNA or RNA hybridization: Two single DNA or RNA strands with com-

plementary base sequences that bind (hybridize) under suitable temperature

and pH conditions to form a double strand. Hybridization takes place through

complementary base pairing across Hydrogen Bonds. Thymine binds to ade-

nine and guanine to cytosine in DNA, and uracil binds to adenine in the case

of RNA. The single strands have different ends called 3’ and 5’. This implies

that the hybridization of the two single strands is antiparallel, i.e. the 3’ end

of one strand binds to the 5’ end of the other and vice versa.

• DNA double helix: DNA in living cells generally has a double helix structure

formed by two interwoven strands that are linked by complementary bases.

The length per turn is 34 Angstroms and its diameter is 20 Angstroms.

• Gene: A gene is the building block of inheritance in living beings. Physically,

it is portion of the DNA helix and is composed of a nucleotide sequence that

contains the information for RNA molecule synthesis (Figure 2.2).

Additionally, a gene has neighboring portions with special functions:
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Figure 2.1: Central dogma of molecular biology [Crick, 1970]. General transfer of biolog-

ical information: replication, transcription and translation (solid arrows). Special transfer

of biological information: reverse transcription and RNA replication (dashed arrows).

21



Chapter 2. Systems biology and Synthetic biology

– Promoter: region to which the RNA polymerase (RNAp) enzyme binds

to start transcription. It is positioned in front of the gene. The promoter

contains segments to which regulatory proteins, called transcription fac-

tors, bind to stimulate or inhibit gene transcription. These segments of

DNA can be positioned in front of, behind or inside the promoter.

– Terminator: region where gene transcription ends. It is positioned at

the end of the gene.

• Transcription factors: are proteins that bind to the gene promoter and act

differently depending on whether they are repressors or activators. Repressor

proteins directly prevent the RNAp from binding to the promoter or block

its progress, inhibiting translation in both cases (inhibited gene). On the

other hand, the activator proteins help the RNAp to bind to the promoter

and promote translation (activated gene). One important property of the

regulatory proteins is that they can be activated or deactivated by means of

small molecules called inducers.

• Transcription: process in which the RNA polymerase enzyme copies a DNA

strand to a complementary RNA strand. This RNA molecule can be a messen-

ger RNA (mRNA) encoding a protein or a non-coding RNA such as transfer

RNA (tRNA), ribosomal RNA (rRNA), small RNA (sRNA) and ribozymes.

• Reverse transcription: process in which an enzyme called reverse transcrip-

tase copies a RNA strand to a complementary DNA strand in eukaryotic cells

and retroviruses.

• Translation: process in which a ribosome picks up amino acids to form a

protein following the nucleotide sequence of a messenger RNA strand.

• Replication: process in which the DNA polymerase enzyme makes a copy of

a double strand of DNA.

• RNA Replication: process in which an enzyme called RNA-dependent RNA

polymerase makes a copy of a strand of RNA.
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Figure 2.2: A basic picture of a gene.

• Gene expression: is a process in which the information codified in the DNA

sequence of a gene is used in order to create functional biomolecules. These

biomolecules are usually proteins, but can also be functional RNA molecules

such as ribosomal RNA (rRNA), transfer RNA (tRNA) or ribozymes. Gene

expression usually involves two main steps. The first is transcription, where

a copy of RNA is created from the DNA sequence of the gene. If this RNA

molecule is a messenger RNA (mRNA), there is a second step called transla-

tion. In this step a protein made of aminoacids is created from the mRNA

sequence.

2.2 Definition of Systems biology

Systems biology is a scientific discipline examining biological processes, systems and

its complex interactions using robust and precise mathematical and physical models.

The goal of these models is to describe, understand and predict the dynamic behavior

of these biological processes and systems [Ideker et al., 2001,Kitano, 2002b,Szallasi

et al., 2006,Bruggeman and Westerhoff, 2007,Alon, 2007a]. Key concepts in systems

biology are:

• Complexity: the properties and dynamic behavior of biological systems are

hard to understand because of the huge number of molecules and interactions

between molecules in different networks (genetic, metabolic, etc.) and on

different time scales. [Goldenfeld and Kadanoff, 1999, Kitano, 2002a, Csete

and Doyle, 2004,Alon, 2007b].
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• Modularity: biological systems have the property of containing separable

parts that are, even so, able to fulfil the function that they performed as

part of the rest of the biological system. These separable parts are called

modules. [Hartwell et al., 1999,Alon, 2007a].

• Robustness: this is the persistence of the biological system’s properties in

face of the perturbations and under different noisy conditions. Feedback con-

trol and redundancy play an exceedingly important role in system robust-

ness [McAdams and Arkin, 1999, Kitano, 2004, Kitano, 2007, Stelling et al.,

2004].

Definitions of systems biology are listed below:

• “To understand complex biological systems requires the integration of exper-

imental and computational research - in other words a systems biology ap-

proach.” [Kitano, 2002a].

• “To understand biology at the system level, we must examine the structure and

dynamics of cellular and organismal function, rather than the characteristics of

isolated parts of a cell or organism. Properties of systems, such as robustness,

emerge as central issues, and understanding these properties may have an

impact on the future of medicine.” [Kitano, 2002b]. According to Crick, we

have to consider the structure, function and behavior in order to understand

biological complex systems [Crick, 1990].

• “Systems biology studies biological systems by systematically perturbing them

(biologically, genetically, or chemically); monitoring the gene, protein, and in-

formational pathway responses; integrating these data; and ultimately, formu-

lating mathematical models that describe the structure of the system and its

response to individual perturbations.” [Ideker et al., 2001].

• “By discovering how function arises in dynamic interactions, systems biol-

ogy addresses the missing links between molecules and physiology. Top-down
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systems biology identifies molecular interaction networks on the basis of corre-

lated molecular behavior observed in genome-wide ‘omics’ studies. Bottom-up

systems biology examines the mechanisms through which functional properties

arise in the interactions of known components.” [Bruggeman and Westerhoff,

2007].

• “But despite the diversity in opinions and views, there might be two main

aspects that are conserved across these definitions: a) a system-level approach

attempts to consider all the components of a system; b) the properties and

interactions of the components are linked with functions performed by the

intact system via a computational model.” Source: Molecular Systems Biology

- The Seven Stones - What is systems biology? (http://blogs.nature.com/

sevenstones/2007/07/what_is_systems_biology_3.html).

2.3 Definition of Synthetic biology

Synthetic biology is a discipline half-way between science and engineering [Ben-

ner and Sismour, 2005, de Lorenzo et al., 2006, ETC Group, 2007, Lu et al., 2009,

Nandagopal and Elowitz, 2011,Slusarczyk et al., 2012,Cheng and Lu, 2012,Peccoud

and Isalan, 2012]. It is concerned with the design, construction and modification

of biomolecular systems and organisms to perform specific functions. These syn-

thetic biological systems have the potential to be used into the clinic [Ruder et al.,

2011,Folcher and Fussenegger, 2012]. The operation of the synthetic biological sys-

tems involves intracellular processes but also social interactions in microbial com-

munities [Brenner et al., 2008, Xavier, 2011] and engineered bacteriophages [Ruder

et al., 2011].

The more commonly referenced definitions of synthetic biology are listed below

(http://www.synbioproject.org/):

• “Synthetic biology is a) the design and construction of new biological parts, de-

vices and systems and b) the re-design of existing natural biological systems for
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useful purposes.” Source: Synthetic Biology.org (http://syntheticbiology.

org/).

• “Synthetic biology is an emerging area of research that can broadly be de-

scribed as the design and construction of novel artificial biological pathways,

organisms or devices, or the redesign of existing natural biological systems.”

Source: UK Royal Society (http://royalsociety.org/).

• “Synthetic biology is the design and construction of new biological entities

such as enzymes, genetic circuits, and cells or the redesign of existing biologi-

cal systems. Synthetic biology builds on the advances in molecular, cell, and

systems biology and seeks to transform biology in the same way that synthesis

transformed chemistry and integrated circuit design transformed computing.

The element that distinguishes synthetic biology from traditional molecular

and cellular biology is the focus on the design and construction of core compo-

nents (parts of enzymes, genetic circuits, metabolic pathways, etc.) that can be

modeled, understood, and tuned to meet specific performance criteria, and the

assembly of these smaller parts and devices into larger integrated systems that

solve specific problems.” Source: SynBERC (http://www.synberc.org/).

• “Synthetic biology is the engineering of biology: the synthesis of complex,

biologically based (or inspired) systems which display functions that do not

exist in nature. This engineering perspective may be applied at all levels of the

hierarchy of biological structures - from individual molecules to whole cells,

tissues and organisms. In essence, synthetic biology will enable the design

of biological systems in a rational and systematic way.” Source: High-level

Expert Group European Commission (http://www.synbiosafe.eu/).

There are at present two trends, bottom-up and top-down, in synthetic biology

projects [Benner and Sismour, 2005]:

• The bottom-up trend takes the form of a hierarchy inspired by computer engi-

neering [Andrianantoandro et al., 2006]. The building blocks are DNA, RNA,
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proteins, lipids, amino acids and the other metabolites. These building blocks

interact with each other through biochemical reactions to form simple devices.

The devices are linked to form modules that can do more complex tasks. These

modules are connected to set up biomolecular networks. These networks can be

integrated into a cell and change the cell’s behavior [Purnick and Weiss, 2009].

The DNA sequences with special functions, like the promoter, are called Bio-

Bricks in synthetic biology. And there are proposals for recording standard bi-

ological parts (http://partsregistry.org). The bottom-up trend emerged

because synthetic biology focuses on creating genetic circuits. The operation

of these circuits is based on gene expression regulation through transcription

control that primarily involving genes and proteins [Hasty et al., 2002, Ben-

ner and Sismour, 2005]. Therefore, these biomolecules play the key role in

device design and construction. However, recent studies on RNA molecules

are encouraging its use in the design and construction of synthetic biology de-

vices [Isaacs et al., 2006,Saito and Inoue, 2009,Benenson, 2009,Rodrigo et al.,

2012].

• The top-down trend isolates or reduces parts of the biological systems to a

minimum. Its objective is to be able to understand these parts and use them

to build more complex synthetic biological systems. One example of this tactic

is projects aiming to discover the least number of genes needed for bacteria to

survive [Hutchison et al., 1999, Glass et al., 2006, Forster and Church, 2006].

And the synthesis of synthetic bacterial genome to assemble, clone and control

recipient cells [Gibson et al., 2008,Gibson et al., 2010]. The goal is to use these

bacteria as a basic mould to build new synthetic organisms by adding the genes

required to perform special functions, such as generating alternative fuels, to

this skeleton genome. Another example is a project on the synthesis of the

artemisinin antimalarial drug in engineered yeast [Ro et al., 2006].

There are other ways of pigeonholing synthetic biology projects, such as in vivo

and in vitro projects [Forster and Church, 2007].

There are also synthetic devices that are based on more specific biological pro-
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cesses like strand-displacement of nucleic acids and the operation of certain enzymes.

This type of synthetic biological components and devices, not found in nature, are:

• Logic circuits of nucleic acids based on strand-displacement reactions. [Zhang

and Seelig, 2011].

• Biomolecular automata that are based on strand-displacement and on restric-

tion enzyme operation [Benenson et al., 2001,Benenson et al., 2004].

• DNA nanodevices based on the properties of nucleic acids [Bath and Turber-

field, 2007,Liedl et al., 2007,Jungmann et al., 2008,Simmel, 2012].

• Devices based on virus structure [Ball, 2005].

Feedback loops in synthetic biology

The design and implementation of synthetic genetic networks as memories or clocks

are strongly related to feedback loops. These processes consist of connecting output

signals back to their inputs. The presence of multiple feedback loops is ubiquitous

in the signaling pathways of the real biological systems. There are two different

feedbacks:

• The first is the negative feedback loop in which the output tends to reduce the

input signal.

• The second is the positive feedback loop in which the output tends to increase

the input signal.

These feedbacks have different properties and features [Brandman and Meyer, 2008].

The memories designed with genetic networks are based on a positive feedback loop.

This feedback is able to produce bistability, i.e., two stable states. Instead, genetic

clocks are based on two different designs. The first comprises a negative feedback

with time delay. The second comprises interlinked positive and negative feedback

loops. Both designs are able to produce oscillatory behaviors [Novák and Tyson,

2008].
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2.3.1 Relationship between Systems biology and Synthetic

biology.

In the coming years we are very likely to see a special relationship grow up between

systems biology and synthetic biology [Church, 2005, Serrano, 2007, Koide et al.,

2009,Smolke and Silver, 2011]. Systems biology is an ideal tool for helping synthetic

biology to model the design and construction of biomolecular devices. In return,

synthetic biology can lead systems biology to a better understanding of the dynamic

behavior of biological systems by creating biologically-inspired devices to improve

the models. This device modeling (in info or in silico) and construction (in vitro or

in vivo) cycle will boost and further refine systems biology models and the synthetic

biology devices [Ventura et al., 2006].

2.3.2 Biomolecular computation in Synthetic biology

Biomolecular computation is a scientific discipline that is concerned with process-

ing information encoded in biological macromolecules like DNA, RNA or proteins.

Synthetic biology and biomolecular computation are disciplines that fuse when it

comes to designing and building information processing devices [Miró-Bueno and

Rodŕıguez-Patón, 2008, Miró-Bueno and Rodŕıguez-Patón, 2010]. The first paper

on in vitro biomolecular computation focused on DNA and solved what is known

as the Hamiltonian path problem [Adleman, 1994]. The next paper used a filtering

model to solve the SAT (Boolean satisfiability problem) [Lipton, 1995]. These papers

demonstrated that DNA computation was massively parallel, offering a huge infor-

mation density as just one test tube could contain in the order of 1020 DNA strands

to encode information. Additionally, the operations are executed in parallel on all

the strands. These properties of DNA computation have been exploited to develop

bioalgorithms for cryptography [Gehani et al., 2004], memories [Baum, 1995] and

autonomous molecular computing [Sakamoto et al., 2000,Stojanovic and Stefanovic,

2003]. But despite the advances, the scientific community realized that DNA com-

puters are no competitor for electronic computers in terms of computational problem

solving speed. The strength of biomolecular computing, and specifically DNA com-
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Figure 2.3: A simple model of gene expression. This model comprises four biological pro-

cesses: transcription of a gene into mRNA molecules, translation of mRNA into proteins,

mRNA degradation and protein degradation.

putation, is that it is perfect option for processing and handling biological informa-

tion and can be applied to solve problems within the field of biomedicine [Benenson

et al., 2004,Shapiro and Benenson, 2006,Rinaudo et al., 2007].

Originally, biomolecular computation targeted mathematical and computational

problem solving [Rodŕıguez-Patón, 1999]. However, more recent papers on biomolec-

ular automata for intelligent drugs design [Benenson et al., 2004] or gene networks

for boolean logic gates [Weiss et al., 2003,Sainz de Murieta et al., 2011,Tamsir et al.,

2011, Regot et al., 2011] are broadening horizons towards the application of these

systems in other disciplines like medicine, pharmacology and bionanotechnology.

These are the newest and most promising ’killer applications’ of DNA computing.

2.4 Modeling gene expression

Gene expression is a process in which the information codified in the DNA sequence

of a gene is usually used to create proteins. The expression of a gene can be modeled

satisfactorily in a simple way taking into account four biological processes as is shown

in Figure 2.3. These processes are: transcription of a gene into mRNAs, translation
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of mRNA into proteins, mRNA degradation and protein degradation. The gene

expression can be described more in detail by four chemical reactions:

Gene
k1−→ Gene + mRNA (2.1)

mRNA
k2−→ φ (2.2)

mRNA
k3−→ mRNA + Protein (2.3)

Protein
k4−→ φ. (2.4)

The first chemical reaction (2.1) describes the transcription process. In this re-

action a gene produces a mRNA molecule. The rate of this reaction is represented

by k1. The gene is not consumed in the reaction. Therefore, a gene can produce

mRNAs constantly. The second chemical reaction (2.2) describes the mRNA degra-

dation. The rate of this reaction is represented by k2. The third chemical reaction

(2.3) describes the translation process. In this reaction a mRNA produces a pro-

tein. The rate of this reaction is represented by k3. The mRNA is not consumed in

this reaction, therefore, one mRNA can produce several proteins. The last chemical

reaction (2.4) describes the protein degradation. The rate of this reaction is repre-

sented by k4. Note that there is not degradation reaction for the gene because it is

not consumed in the cell.

Although the model is simple, the simulation of these four chemical reactions

produces results that agree with real gene expression. There are two different ways

to simulate the behavior of these chemical reactions in a computer. The first is using

ordinary differential equations (ODEs) and the second using stochastic methods such

as the Gillespie algorithm [Gillespie, 1977].
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2.4.1 Deterministic and stochastic simulations of chemical

reactions

Models based on chemical reactions in a well stirred system are usually described

by two different formalisms from a mathematical point of view: Deterministic and

Stochastic [Gillespie, 1977]

• Deterministic simulation: This formalism is suitable for large numbers of

molecules. It is described by a set of coupled ordinary differential equations

that follow the law of mass action. These equations are called reaction rate

equations and they can only be solved analytically for simple systems. For

more complex systems numerical methods are necessary. In this approach the

amount of each chemical species and the time are continuous. The velocity at

which reactions occur is given by the reaction rate constants k, or simply rate.

• Stochastic simulation: This formalism is suitable for small numbers of

molecules because it takes into account the randomness of the chemical re-

actions. It is described by the so-called master equation, which is the time

evolution of the probability that the system has a certain number of molecules

of each chemical species at time t. Few systems can be solved analytically

with the master equation. It is possible, however, to simulate the stochastic

behavior with the Gillespie algorithm [Gillespie, 1977]. In this approach the

amount of each chemical species and the time are discrete, and the rates k

turn into probabilities.

2.4.2 Deterministic simulation of gene expression

Following the law of mass action it is possible to obtain the ordinary differential

equations that describes the behavior of the chemical reactions (2.1)-(2.4). These

differential equations are as follows:

dM

dt
= k1G− k2M (2.5)
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dP

dt
= k3M − k4P, (2.6)

where G, M and P represent Gene, mRNA and Protein, respectively.

The first differential equation (2.5) described the dynamics of the mRNA. The

second differential equation (2.6) described the dynamics of the protein. Note that

there is not a differential equation for the gene because its number is constant in

the cell ,i.e., G = 1 molecule. The numerical solution of these differential equations

is shown in Figure 2.4A and B.

The fixed point (M0, P0) of the equations (2.5) satisfies
dM

dt
= 0 and

dP

dt
= 0.

This fixed point corresponds to the steady state (or equilibrium) of the system.

Therefore, the steady state is reached when M0 = Gk1/k2 and P0 = Gk1k3/k2k4.

It results M0 = 5 molecules and P0 = 2500 molecules using the rate values of the

Figure 2.4.

2.4.3 Stochastic simulation of gene expression

The stochastic nature of the four chemical reactions (2.1)-(2.4) that describe the

gene expression can be simulated using the Gillespie algorithm [Gillespie, 1977].

The results of the stochastic simulation are shown in Figure 2.4C and D. The main

difference between the stochastic and the deterministic simulation is the presence of

fluctuations in the first case. The results of the stochastic simulation has been found

experimentally in the expression of a single gene [Ozbudak et al., 2002]. The stochas-

tic simulation is more realistic than the deterministic simulation due to it takes into

account the random nature of biochemical reactions [Gillespie, 1977,McAdams and

Arkin, 1997, McAdams and Arkin, 1999]. Stochasticity in gene expression is gen-

erally viewed as a detrimental phenomena to cell function because fluctuations in

biomolecular levels can disrupt cellular signals. However, this stochasticity can also

contribute positively to cell function. For example, stochasticity in gene expres-

sion can be a useful mechanism for differentiation and development in multicellular

organisms. As well, stochasticity can be advantageous for generating phenotypic

variability in heterogeneous population of unicellular organisms in order to survive
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Figure 2.4: Deterministic and stochastic simulations of gene expression. A. Determin-

istic time evolution of the protein. B. Deterministic time evolution of the mRNA. C.

Stochastic time evolution of the protein. D. Stochastic time evolution of the mRNA. The

values of the rates are: k1 = 50 hour−1, k2 = 10 hour−1, k3 = 500 hour−1, k4 = 1 hour−1.

In the deterministic simulation, the system reaches the equilibrium (fixed point) when

M0 = 5 molecules and P0 = 2500 molecules.
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in fluctuating environments [Kærn et al., 2005,Raser and O’Shea, 2005].

2.4.4 Molecular noise in gene expression

The fluctuations that appear in the stochastic simulation of gene expression are

the source of the so-called intrinsic noise [Thattai and Oudenaarden, 2001,Ozbudak

et al., 2002]. The strength of this intrinsic noise can be characterized by the mean

and variance of the number of molecules in the steady state (equilibrium) of gene

expression. For the protein, the intrinsic noise is quantified by σ2
P/〈P 〉, where 〈P 〉

is the mean number of proteins and σ2
P is the variance. And for the mRNA, it is

quantified by σ2
M/〈M〉, where 〈M〉 is the mean number of mRNAs and σ2

M is the

variance. In the model of gene expression shown in Figure 2.3 and described by

the reactions (2.1)-(2.4) the value of the noise strength is the following [Thattai and

Oudenaarden, 2001]:

• noise strength in protein signal:
σ2
P

〈P 〉
≈ k3
k2

+ 1, where 〈P 〉 =
k1k3
k2k4

. In this

equation it is assumed that degradation rate of mRNAs is larger than the

degradation rate of proteins.

• noise strength in mRNA signal:
σ2
M

〈M〉
= 1, where 〈M〉 =

k1
k2

.

The noise strength in the mRNA signal is constant and does not depend on any

rate. In contrast, the noise strength in the protein signal depends on the transla-

tional rate. Therefore, the genetic parameters can regulate the phenotypic variation.

On the one hand, the noise strength in the protein signal decreases with a low trans-

lation rate and a high transcription rate (Figure 2.5A). And on the other hand, this

noise strength increases with a high translation rate and a low transcription rate

(Figure 2.5B). The transcription rate is varied to achieve the same mean number of

proteins in both simulations.

In cells, there are also fluctuations in the number (or activity) of molecules

such as polymerases, ribosomes and degradation machinery. These fluctuations are

the source of the so-called extrinsic noise [Elowitz et al., 2002, Swain et al., 2002].

Then, molecular noise in gene expression can be classified as intrinsic and extrinsic
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Figure 2.5: Molecular noise in gene expression depending on translation rate. A.

Stochastic simulation of gene expression with low translation rate. The noise strength

in the protein signal is σ2P /〈P 〉 = 5. The rate values are: k1 = 500 hour−1, k2 = 10

hour−1, k3 = 50 hour−1, k4 = 1 hour−1. B. Stochastic simulation of gene expression with

high translation rate. The noise strength in the protein signal is σ2P /〈P 〉 = 50. The rate

values are: k1 = 50 hour−1, k2 = 10 hour−1, k3 = 500 hour−1, k4 = 1 hour−1. The tran-

scription rate is varied to achieve the same mean number of proteins in both simulations.

The dashed lines represent the deterministic simulations.
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noise [Elowitz et al., 2002, Paulsson, 2004, Kærn et al., 2005, Raser and O’Shea,

2005, Raj and Oudenaarden, 2008]. Mathematical frameworks can be useful to

understand how molecular networks manage noise in cells [Bruggeman et al., 2009].

2.4.5 Regulation of gene expression by transcription factors

In cells, there are proteins called transcription factor that can bind to an specific

region at the beginning of the gene called promoter (Figure 2.6) [Keller, 1995,Smolen

et al., 2000]. These proteins can be repressors or activators depending on whether

they inhibit or activate the transcription of the gene. Activator proteins promote

the binding of the RNA polymerase to the promoter. In contrast, repressor proteins

block this binding.

On the other hand, several proteins can bind together forming a multimeric tran-

scription factor that regulates gene expression. As well, several transcription factors

can bind cooperatively to the promoter to activate or inhibit the transcription. These

two ways of gene regulation are sources of nonlinearity that produce sigmoidal sig-

nals. And these signals are usually well described by Hill functions [Garcia-Ojalvo,

2011]. This type of nonlinearity is usually present in biomolecular switches and

oscillators [Novák and Tyson, 2008].

As we will see later, transcription factors are vital for the design and implemen-

tation of synthetic devices based on genetic networks because they are one of the

main ways in which gene expression can be regulated.

2.5 Positive and negative transcriptional feedbacks

in a single gene.

The presence of feedback loops is ubiquitous in genetic networks. Genes usually

express transcription factors that regulate their own transcription rates in genetic

networks. This behavior of the genes produces feedback loops. If a gene expresses a

transcription factor that increases its own transcription rate, it is created a positive

transcriptional feedback (PTF) (Figure 2.7A). If a gene expresses a transcription
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Figure 2.6: Regulation of gene expression by transcription factors. A. A transcription

factor activates the gene expression. B. A transcription factor inhibits the gene expres-

sion. C. Several proteins form a multimeric transcription factor that activates the gene

expression. D. Several proteins form a multimeric transcription factor that represses the

gene expression. E. The gene expression is activated by the cooperation of two transcrip-

tion factors. F. The gene expression is repressed by the cooperation of two transcription

factors. (mRNA degradation, translation and protein degradation not shown).
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Figure 2.7: A single gene with transcriptional feedback loops. A. A single gene with

positive transcriptional feedback (PTF). B. A single gene with negative transcriptional

feedback (NTF). (mRNA and protein degradations not shown).

factor that decreases its own transcription rate, it is created a negative transcrip-

tional feedback (NTF) (Figure 2.7B). Positive and negative transcriptional feedback

are present in natural and synthetic genetic switches and oscillators.

The biochemical reactions that describes a gene with PTF (Figure 2.7A) are as

follows:

Activation: G+ A
k1−→ G′

Deactivation: G′
k−1−−→ G+ A

Basal transcription: G
k2−→ G+M

Fast transcription: G′
kA3−→ G′ +M

mRNA degradation: M
k4−→ φ

Translation: M
k5−→M + A

A degradation: A
k6−→ φ,

(2.7)

where G denotes the gene without the transcription factor bound to its promoter,

M denotes mRNA transcribed from G, A denotes the transcription factor translated

from M and G′ denotes the gene with A bound to its promoter. The description

of the rates is as follows: k1 is the binding rate of A to the promoter of G, k−1 is

the unbinding rate of A from the promoter of G, k2 is the basal transcription rate,
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kA3 is the activated transcription rate, k4 is the degradation rate of M , k5 is the

translation rate and k6 is the degradation rate of A.

The differential equations that describe the dynamics of the chemical reactions

2.7 are as follows:

dG/dt = −k1GA+ k−1G
′

dG′/dt = k1GA− k−1G′

dM/dt = k2G+ kA3 G
′ − k4M

dA/dt = −k1GA+ k−1G
′ + k5M − k6A.

(2.8)

On the other hand, the biochemical reactions that describes a gene with NTF

(Figure 2.7B) are as follows:

Deactivation: G+R
k1−→ G′

Activation: G′
k−1−−→ G+R

Basal transcription: G
k2−→ G+M

Slow transcription: G′
kR3−→ G′ +M

mRNA degradation: M
k4−→ φ

Translation: M
k5−→M +R

A degradation: R
k6−→ φ,

(2.9)

where G denotes the gene without the transcription factor bound to its promoter,

M denotes mRNA transcribed from G, R denotes the transcription factor translated

from M and G′ denotes the gene with R bound to its promoter. The description

of the rates is as follows: k1 is the binding rate of R to the promoter of G, k−1 is

the unbinding rate of R from the promoter of G, k2 is the basal transcription rate,

kR3 is the repressed transcription rate, k4 is the degradation rate of M , k5 is the

translation rate and k6 is the degradation rate of R.

The differential equations that describe the dynamics of the chemical reactions
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Figure 2.8: Simulations of a single gene with PTF and NTF. The simulation of a single

gene without feedback is also shown (basal transcription). The rate values are: k1 = 1

molecule−1 hour−1, k−1 = 50 hour−1, k2 = 50 hour−1, k4 = 10 hour−1, k5 = 500 hour−1

and k6 = 1 hour−1. For a a single gene with PTF: kA3 = 2k2 = 100 hour−1 and for a

a single gene with NTF: kR3 = k2/2 = 25 hour−1. The rate values for the single gene

with basal transcription are the same as in Figure 2.4. The dashed lines represent the

deterministic simulations.

2.9 are as follows:

dG/dt = −k1GR + k−1G
′

dG′/dt = k1GR− k−1G′

dM/dt = k2G+ kR3 G
′ − k4M

dR/dt = −k1GR + k−1G
′ + k5M − k6R.

(2.10)

The numerical solution of the differential equations (2.8) and (2.10), and the

stochastic simulation of the biochemical reactions (2.7) and (2.9) are shown in Figure

2.8. A simulation of gene expression without transcriptional feedback (Figure 2.4)

is also shown in Figure 2.8. The PTF increases the number of proteins in the
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Figure 2.9: Comparison between the reduced (solid line) and complete (dashed line)

deterministic simulation of a single gene with PTF and NTF. The rate values are the

same as in Figure 2.8.

system compared with the basal transcription of gene expression. In the PTF the

transcription rate is two-fold greater when the activator protein is bound to its

promoter than the basal transcription rate. In contrast, the NTF decreases the

number of proteins. In the NTF the transcription rate is two-fold smaller when the

repressor protein is bound to its promoter than the basal transcription rate.

2.6 Reduction of a model by QSSA

In the deterministic approach, it is usual to use an approximation called quasi-

steady-state assumption (QSSA). This approximation is very useful to reduce the

number of differential equations that describe the dynamics of the system. In this as-

sumption, fast and slow variables are differentiated. It is assumed that fast variables

reach the equilibrium faster than slow variables. This means that slow variables are

mainly responsible for the dynamics of the system. The reduction by QSSA of the

previous PTF and NTF in a single gene will be explained as example. In the dif-

ferential equations (2.8) and (2.10) the fast variables are G, G′, and M . The slow
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variables are A and R. The derivatives of the fast variables are zero due to reach

quickly the equilibrium. Therefore, the differential equations (2.8) can be reduced to

the following single differential equation that describes the dynamics of the activator

protein A:
dA

dt
=
α + βAA

γ + A
− k6A, (2.11)

and the differential equations (2.10) can be reduced to the following single differential

equation that describes the dynamics of the repressor protein R:

dR

dt
=
α + βRR

γ +R
− k6R, (2.12)

where α = Gtk−1k2k5/k1k4, βA = Gtk
A
3 k5/k4, βR = βAk

R
3 /k

A
3 , γ = k−1/k1, and Gt =

G+G′ = 1 molecule.

In order to check if this approximation is correct, the numerical solution of the

complete (equations (2.8) and (2.10)) and reduced systems (equations (2.11) and

(2.12)) are compared in Figure 2.9. Both numerical simulations agree, therefore,

the activator protein and the repressor protein are mainly responsible for the system

dynamics in the PTF and NTF, respectively.

2.7 Positive transcriptional feedback as a bistable

A gene with PTF can produce bistability [Keller, 1995,Smolen et al., 2000,Becskei

et al., 2001, Ferrell Jr., 2002, Mitrophanov and Groisman, 2008]. This means that

two steady states are possible in the system. In one state there is a high number

of proteins, and in other state there is a low number. The positive transcriptional

feedback described in Figure 2.7A does not produce bistability. It is necessary to add

nonlinearity in the systems through multimeric transcription factors or cooperation

as shown in Figure 2.6. For example, in Figure 2.10 a genetic bistable is shown.

The bistable comprises a single gene that expresses a monomeric proteins. These

monomers form dimers that can bind to the gene promoter creating a PTF in the
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Figure 2.10: A genetic bistable. This genetic network comprises a single gene with PTF

created by a dimeric transcription factor.

system. The biochemical reactions that described this genetic bistable are as follows:

Activation: G+ A2
k1−→ G′

Deactivation: G′
k−1−−→ G+ A2

Basal transcription: G
k2−→ G+M

Fast transcription: G′
k3−→ G′ +M

mRNA degradation: M
k4−→ φ

Translation: M
k5−→M + A

A degradation: A
k6−→ φ

Dimer formation: A+ A
k7−→ A2

Dimer decay: A2
k−7−−→ A+ A,

(2.13)

where G denotes the gene without the dimer bound to its promoter, M denotes

mRNA transcribed from G, A denotes the protein translated from M , A2 denote

the dimeric transcription factor and G′ denotes the gene with A2 bound to its pro-

moter. The description of the rates is as follows: k1 is the binding rate of A to the

promoter of G, k−1 is the unbinding rate of A from the promoter of G, k2 is the basal

transcription rate, k3 is the activated transcription rate, k4 is the degradation rate of
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M , k5 is the translation rate, k6 is the degradation rate of A, k7 is the binding rate

between two A proteins and k−7 is the decay rate of A2 dimers into A monomers.

The differential equations that describe the dynamics of the chemical reactions

2.13 are as follows:

dG/dt = −k1GA+ k−1G
′

dG′/dt = k1GA− k−1G′

dM/dt = k2G+ k3G
′ − k4M

dA/dt = −k1GA+ k−1G
′ + k5M − k6A− k7A2 + k−7A2

dA2/dt = −k7A2 − k−7A2.

(2.14)

In the differential equations (2.14) the fast variables are G, G′, M and A2. The

slow variable is A. Therefore, the differential equations (2.14) can be reduced by

QSSA to the following single differential equation that describes the dynamics of

the activator protein A:
dA

dt
=
α + βA2

γ + A2
− k6A, (2.15)

where α = Gtk−1k−7k2k5/k1k4k7, β = Gtk3k5/k4, γ = k−1k−7/k1k7, and Gt = G+G′

= 1 molecule. This differential equation is very similar to the equation (2.11). The

only difference is that the fraction is now a hill function with the variable A squared.

This difference is due to the gene is activated by a dimeric transcription factor rather

than by a monomeric one. The hill function introduces in the differential equation

the sufficient nonlinearity to produce bistability.

It is useful to nondimensionalize the differential equation (2.15) in order to study

the bistability of the system. Then, the dimensionless differential equation is:

da

dτ
= c1

c2 + a2

1 + a2
− a, (2.16)

where a = A
√
k1k7/k−1k−7, τ = k6t, c1 = Gtk3K5

√
k1k7/k6

√
k−1k−7 and c2 =

k2/k3.

The fixed points of this differential equation satisfy da/dτ = c1(c2+a2)/(1+a2)−

a = 0. One method to visualize the position of these fixed points is to plot the two

functions F (a) = a and G(a) = c1(c2+a2)/(1+a2) on the same picture (Figure 2.11).

Where the function F intersects the function G, we have c1(c2+a2)/(1+a2) = a and
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Figure 2.11: Fixed points of the genetic bistable. The solid line represents the function

G(a) = c1(c2 + a2)/(1 + a2) and the dashed line represents the function F (a) = a. The

stable fixed points are a ≈ 10−2 and a ≈ 10. The unstable fixed point is a ≈ 10−1. The

values of the parameters are c1 = 10 and c2 = 0.001.

so da/dτ = 0. Therefore the intersections of F and G are the fixed points. In Figure

2.11 there are three intersections, i.e., three fixed points. Two of them are stable

fixed points and the other one is unstable. The stable fixed points are around 10−2

and 10. The unstable fixed point is around 10−1. Therefore, the system exhibits

bistability, i.e., two stable steady states. Depending on the initial conditions the

system evolves toward the stable fixed points labeled ‘high state’ or ‘low state’.

The intersections in Figure 2.11 also depend on the values of the parameters c1

and c2 (Figure 2.12). There is a dependency of the steady state on the direction of

the parameter changes. The system responds differently to increase or decrease of

the parameter values due to there is a region of bistability (grey region in Figure

2.12). This phenomenon is known as hysteresis.
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Figure 2.12: A Hysteresis diagram depending on c1. B Hysteresis diagram depending

on c2.The curves are the solution of the equation da/dτ = 0. The two solid lines in the

diagrams are the two stable steady states ‘high’ and ‘low’ as a function of c1 and c2. The

dashed lines represent the unstable points in the diagrams. The region of bistability is

shown in grey.
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2.8 Genetic toggle switch

The Genetic toggle switch is a synthetic device constructed in Escherichia coli bac-

teria [Gardner et al., 2000]. This genetic network has two stable states, and it is

possible to flip from one to the other induced by external signals. This means that

this device can act as a biological memory unit. The toggle switch consists basically

of two genes with two repressible promoters (Figure 2.13). Each gene codifies a

different repressor protein, which is able to bind to the promoter of the other gene

and inhibit its expression. In Figure 2.13 we assume that repressions are performed

by dimeric transcription factors. This mutual inhibition is a positive feedback that

produces bistability in the toggle switch. The two possible stable states in which

this device can be found are well differentiated. In one state the first gene Ga is

expressing the protein a and the second gene Gb is inhibited by this protein. In

contrast, in the other state gene Gb is expressing the protein b and the gene Ga is

inhibited by this other protein. One external signal for each protein is necessary in

order to flip from one state to another. These external signals are called inducers.

Specifically, these inducers are inhibitor elements that bind and deactivate the pro-

teins. Then, if the toggle switch is in the state in which gene Ga is expressing its

protein a, it is possible to pass to the other state by adding the inducer that inhibits

this protein. If the toggle switch is in the other state, the same procedure can be

applied adding the other inducer.

The basic behavior of the toggle switch is described by the following dimension-

less couple of ordinary differential equations:

da

dτ
=

r1
1 + bn

− a

db

dτ
=

r2
1 + am

− b,
(2.17)

where a and b are the concentration of the proteins expressed by the genes Ga

and Gb, respectively. The parameters r1 and r2 represent the rate at which the

proteins a and b are created, respectively. And the parameters n and m represent

the multimer formation, or the cooperation, of the proteins b and a in the repression

of the genes Ga and Gb, respectively. The existence of bistability in the system
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Figure 2.13: Diagram of the genetic toggle switch. The gene Ga represses the expression

of the gene Gb. In turn, the gene Gb represses the expression of the gene Ga. We assume

that the repressions are performed by dimeric transcription factors. This design is a pos-

itive feedback loop which produces bistability, i.e., the system has two well-differentiated

stable states. In order to transit from state to state two different external signals, called

inducers, are necessary. The inducer Ia inhibits the repression from gene Ga to gene Gb .

In contrast, the inducer Ib inhibits the repression from gene Gb to gene Ga.
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depends on these four parameters. Specifically, at least one of the parameters n or

m has to be greater than 1. If n and m are close to 1, large values of r1 and r2 are

necessary in order to obtain bistability. The numerical solution of these differential

equations is represented in Figure 2.14 where the two different states of the toggle

switch can be differentiated. The initial conditions determine the state in which the

toggle switch will be found. If the initial concentration of a molecules is greater than

the initial concentration of b molecules, the system reaches an equilibrium in which

the concentration of a is high and the concentration of b is low (Figure 2.14A). In

contrast, if the initial concentration of b molecules is the greatest, the system reaches

an equilibrium in which the concentration of b is high and the concentration of a is

low (Figure 2.14B). As in the logic gates with genetic networks, it is usually assumed

that a high concentration of molecules is a logical 1 and a low concentration is a

logical 0.

2.9 Logic gates with genetic networks

Biochemical logic gates can be designed and constructed in bacteria with synthetic

genetic networks. The inputs and outputs in these circuits are usually a concen-

tration of proteins, RNA or inducers. The logical 1 and 0 are equivalent to a high

and low concentration of molecules, respectively. Weiss was a pioneer in this topic

and implemented several genetic logic gates in Escherichia coli bacteria [Weiss and

Basu, 2002, Weiss et al., 2003]. Figures 2.15A and 2.15B show a NOT gate that

works as an inverter. In this gate if the input is 1 the output is 0, and if the input is

0 the output is 1. In terms of molecules, the input and output are the concentration

of mRNA molecules labeled as mRNAin and mRNAout, respectively. The mRNAin

is transcribed into a protein that is a transcription factor of the gene that codified

the mRNAout. Specifically, this protein works as a repressor because it binds to the

promoter of the gene and inhibits the transcription. Therefore, when the concen-

tration of the mRNAin is high, which is equivalent to a logical 1, a large amount

of protein is created by transcription. These proteins repress the expression of the

gene, which produces a low concentration of the mRNAout, which is equivalent to a
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Figure 2.14: Numerical solution of the differential equations (2.17). The system exhibits

bistability and the state in which it can be found depends on the initial conditions. A.

If the initial concentrations of the proteins are a0 = 2 and b0 = 1, the system reaches

the stable state in which the concentration of a is high and b is low. B. If the initial

concentrations of the proteins are a0 = 1 and b0 = 2, the system reaches the stable state

in which the concentration of a is low and b is high. The values of the parameters used in

the simulation are r1 = r2 = 10 and n = m = 2.
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logical 0 at the output (Figure 2.15A). In contrast, when the concentration of the

mRNAin is low, which is equivalent to a logical 0, a small amount of the repressor

protein is created, and the gene cannot be inhibited. Then, the gene is transcribed

and produces a high concentration of mRNAout, which is equivalent to a logical 1

at the output (Figure 2.15B).

Figure 2.16 shows an AND gate with two inputs (input1 and input2). If both

inputs are 1, the output is 1. In any other case the output is 0. In this gate input1

is the concentration of an inactive protein (proteinin), input2 is the concentration

of an inducerin molecule, and the output is the concentration of another protein

(proteinout). The proteinin is a transcription factor of the gene that codified the

proteinout, but, unlike the NOT gate, proteinin activates rather than represses the

transcription. Moreover, proteinin is inactivated by default and needs to bind to

the inducerin molecule in order to be active. Therefore, when the concentration of

the proteinin and inducerin molecules is high, that is, both inputs are 1, a large

amount of active proteinin is created. In this state, proteinin is able to activate

the expression of the gene. This is transcribed into mRNA molecules, which then

produce a high concentration of proteinout, which is equivalent to a logical 1 at the

output. In contrast, when the concentration of the proteinin or inducerin molecules

or both is low, a small amount of active proteinin is created and the gene cannot be

activated. Then, the gene is transcribed as a few mRNA molecules that produce a

low concentration of proteinout, which is equivalent to a logical 0 at the output.

Alternative models of the AND and OR gates have been designed [Hasty et al.,

2002]. Two inducer molecules are used in the AND gate (Figure 2.17) as the inputs,

called aTc and IPTG, which bind and deactivate two proteins, called TetR and LacI,

respectively. These proteins are transcription factors that repress the expression

of the same gene. This gene encoded a fluorescence protein which represents the

output. Therefore, only when the two inducers are present in high concentrations,

which means that both inputs are 1, are the two repressor proteins inactivated, and

the gene produces high concentration of fluorescence protein, which is a logical 1 at

the output. In any other case the gene is inhibited by one or both repressor proteins
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Figure 2.15: NOT logic gate with genetic networks. A. NOT gate with input equal to

1 and output equal to 0. A high concentration of mRNAin in the input produces a low

concentration of mRNAout in the output. B. NOT gate with input equal to 0 and output

equal to 1. Low concentration of mRNAin in the input produces a high concentration of

mRNAout in the output.
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Figure 2.16: AND gate with both inputs equal to 1 and output equal to 1. High

concentration of proteinin and inducerin in the inputs produces a high concentration of

proteinout in the output. In any other case the concentration of proteinout in the output

is low.

and the concentration of fluorescence protein in the output is low.

In the OR gate (Figure 2.18) the inputs are the same as in the AND gate but

now the TetR and LacI proteins repress the expression of different genes. These

genes codify the same fluorescence protein, i.e. the same output, but the promoters

are different in each gene. The promoter of one gene is controlled by TetR and

the promoter of the other gene by LacI. Therefore, only when the two inducers

are present in low concentrations are both inputs 0, the two genes are inhibited

and a low concentration of fluorescence protein is produced, leading to the output

of a logical 0. In any other case, one or both repressor proteins are inactivated

by the inducer molecules, and one or both genes produce a high concentration of

fluorescence protein, which is a logical 1 at the output.
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Figure 2.17: Alternative AND gate. The inputs are two inducers IPTG and aTc which

inhibit the repressor proteins Lactose (LacI) and Tetracycline (TetR), respectively. The

output is a fluorescence protein codified in a gene repressible by LacI and TetR.
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Figure 2.18: OR gate. The inputs are two inducers IPTG and aTc which inhibit the re-

pressor proteins Lactose (LacI) and Tetracycline (TetR). Each protein represses a different

gene that codifies the same fluorescence protein.
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Chapter 3

Genetic oscillators

Previous genetic oscillator models and synthetic genetic oscillators are reviewed

in this chapter. The first model of a genetic oscillator and the subsequent works

in Drosophila, Neurospora and mammalian are explained. The studies about the

robustness of genetic oscillator to molecular noise are also reviewed. On the other

hand, the first synthetic genetic oscillator implemented and the subsequent synthetic

clocks constructed in the laboratory are also explained.

3.1 Review of genetic oscillator models

The first model of a genetic oscillator was studied by Goodwin in the sixties [Good-

win, 1963,Goodwin, 1965]. This first model was the groundwork of the subsequent

studies in genetic clocks. A gene with a NTF produces the oscillations in these

clocks. Models involving NTF and PTF has been also studied after these works.

And as well studies focus on the robustness of genetic oscillators to molecular noise

have been carried out. All these models are reviewed here.

3.1.1 Goodwin model: The first model of a genetic oscillator

The first mathematical model of a genetic oscillator was presented by Goodwin

[Goodwin, 1963, Goodwin, 1965]. In this model a gene expresses an enzyme that

catalyses a reaction. The product of this reaction is a metabolic species that re-
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Figure 3.1: Model of the Goodwin genetic oscillator. A gene is transcribed into mRNA

molecules. The mRNA molecules are translated into enzymes. These enzymes catalyse

a reaction in which the product is a metabolic species. These metabolites interact with

transcription factors and form the final repressor product. These product molecules repress

the activity of the gene. This genetic network produces a negative feedback loop.

presses the expression of the gene. Specifically, this metabolite interacts with a

transcription factor that binds to the promoter of the gene and represses the trans-

lation. The structure of this genetic network produces a negative feedback loop

(Figure 3.1). The dynamics of this model was described by Goodwin using the

following couple of differential equations:

dM

dt
=

α0

1 +KE
− δ1M

dE

dt
= α1M − δ2E,

(3.1)

where, M is the number of mRNA molecules and E is the number of enzyme

molecules. The significances of the terms in the differential equations are as fol-

lows:
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• the fraction
α0

1 +KE
represents the repression of the mRNA synthesis by the

enzyme function. If E = 0, there is not repression of the gene expression and

the mRNA is synthesized at the maximum rate α0. If the number of enzymes

E is increased, this synthesis rate decreases asymptotically. K is a constant

that reflects the rate of the repression by the enzyme action.

• δ1 is the degradation rate of the mRNAs.

• α1 is the translation rate of mRNAs into enzymes.

• δ2 is the degradation rate of the enzymes.

The differential equations were simulated by Goodwin using an analogue com-

puter. The simulation shown oscillations of M and E (Figure 3.2). The period of

the oscillations in real time was about 4-8 hours. This model produces rhythms that

do not diminish over time in contrast to the undamped oscillations. However the

model does not exhibit limit cycle. Therefore, different initial conditions produces

oscillations with different amplitude and period. This change of the oscillations due

to different initial conditions is not biologically realistic.

A generalization of Goodwin’s model was studied by Griffith [Griffith, 1968b].

The differential equations that describes the generalization of Goodwin’s model

shown in Figure 3.1 are as follows:

dM

dt
=

α0

1 +KPm
− δ1M

dE

dt
= α1M − δ2E

dP

dt
= α2E − δ3P,

(3.2)

where M is the number of mRNA molecules, E is the number of enzyme molecules

and P is the number of repressor molecules resulting from the enzymatic reaction.

The meaning of the parameters are as follows:

• the fraction
α0

1 +KPm
represents the repression of the mRNA synthesis by the

product P . If P = 0, there is not repression of the gene expression and the

mRNA is synthesized at the maximum rate α0. If the number of enzymes E
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Figure 3.2: Simulation of the Goodwin model. A Time evolution of mRNA molecules

(X). B Time evolution of enzyme molecules (Y ). The values of the parameter used by

Goodwin were a = 72, A = 36, k = 1, b = 2, α = 1 y β = 0. And the initial conditions

were X0 = 7 and Y0 = −10. All of the parameters had not units and, X and Y could have

negative values because Goodwin solved the differential equation in an analogue computer.

In this simulation the original values of the Goodwin’s paper has been used used but the

graphics have been normalized to avoid negative values for X and Y .

is increased, this synthesis rate decreases asymptotically. K is a constant that

reflects the binding and unbinding rates of the repressor R to the transcription

factor of the gene.

• δ1 is the degradation rate of the mRNAs.

• α1 is the translation rate of mRNAs into enzymes.

• δ2 is the degradation rate of the enzymes.

• α2 is the rate of the enzymatic reaction catalysed by E.

• δ3 is the degradation rate of the repressors.

• p is the Hill coefficient and represents the cooperativity of the repressors to

inhibit the transcription of the gene.

These differential equations produces oscillations with limit cycles, in contrast to

the couple of differential equations shown in (3.1). However, Griffith demonstrated
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Figure 3.3: Modification of Goodwin’s genetic oscillator. The repressor inhibits the

transcription of the gene and its degradation.

that these stable oscillations are obtained if the Hill coefficient p is greater than 8.

This is an unnatural value for p.

A modification of Goodwin model

Fourteen years later, Bliss, Painter and Marr presented a more realistic model de-

scribing this genetic oscillator (Figure 3.3) [Bliss et al., 1982]. They modified the

previous equations studied by Goodwin and Griffith adding a Michaelis-Menten

function for the degradation of the repressor. The genetic oscillator model proposed

by Bliss is likely the first genetic oscillator including a positive feedback loop. The

differential equations that describes this modified model are as follows:
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dM

dt
=

α0

1 +KP
− δ1M

dE

dt
= α1M − δ2E

dP

dt
= α2E −

VmaxP

KM + P
.

(3.3)

In this case, the degradation of P follows the Michaelis-Menten kinetics. The

degradation term δ3P in (3.2) has been replaced by VmaxP/(KM + P ). Therefore,

the degradation of the repressor P saturates when the number of P is large. This

auto-control of the degradation rate by the repressor P allows to the genetic clock to

produce limit cycle oscillations. But now it is not necessary a cooperative behavior

in the repression of the gene. In these model a Hill coefficient p equals to one is

enough to produces oscillations with limit cycle.

The oscillatory mechanisms presented by Goodwin, based on a negative feedback

loop, was the groundwork for the subsequent models of genetic oscillators in living

systems, such as fungi and flies [Goldbeter, 1995, Ruoff and Rensing, 1996, Ruoff

et al., 1999,Leloup et al., 1999,Ruoff et al., 2001,Gonze et al., 2002,Bratsun et al.,

2005].

3.1.2 Goldbeter model: NTF as a core of genetic oscillator

in Drosophila

In the middle of the nineties, Goldbeter published a model of genetic clock for cir-

cadian oscillations in the fruit fly Drosophila (Figure 3.4) [Goldbeter, 1995]. This

model involves one gene that inhibits its own transcription, following the oscilla-

tory mechanism presented by Goodwin in the sixties. In the Goldbeter model the

repressor gene expresses a protein, called Period protein (PER), that is a transcrip-

tion factor. This protein is reversibly phosphorylated in the cytoplasm. When is

fully phosphorylated, this PER protein can enter to the nucleus and bind to the

promoter of its own gene inhibiting the transcription. The repression is modeled

with a hill function that represents the cooperative behavior of the PER proteins

in the inhibition process. Therefore, the systems involved a negative transcriptional
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Figure 3.4: Goldbeter model of genetic oscillator. The repressor protein inhibits the

transcription of its own gene. There is a delay in the NTF created by the transcription,

translation, reversible phosphorylations and proteins shuttling between the nucleus and

the cytoplasm.

feedback (NTF) with time delay and sufficiently strong nonlinearity. These two

ingredients are necessary to obtain sustained oscillations in a gene with negative

feedback [Novák and Tyson, 2008]. The delay is created by the transcription, trans-

lation, reversible phosphorylations and proteins shuttling between the nucleus and

the cytoplasm. The nonlinearity is created by the protein cooperation in the repres-

sion of the gene. Moreover, the cascade produced by the multisite phosphorylations

is a robust method to obtain a switch behavior, i.e., nonlinearity [Blüthgen and

Herzel, 2003].

The differential equations that describes the dynamics of the Goldbeter model

are as follows:
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dM

dt
= vs

Kn
I

Kn
I + P n

N

− vm
M

Km +M

dP0

dt
= ksM − v1

P0

K1 + P0

+ v2
P1

K2 + P1

dP1

dt
= v1

P0

K1 + P0

− v2
P1

K2 + P1

− v3
P1

K3 + P1

+ v4
P2

K4 + P2

dP2

dt
= v3

P1

K3 + P1

− v4
P2

K4 + P2

− vd
P2

Kd + P2

− k1P2 + k2PN

dPN

dt
= k1P2 − k2PN

(3.4)

where M is the concentration of mRNA, P0 is the protein without phosphorylations,

P1 is the protein with one phosphorylation, P2 is the protein with two phosphoryla-

tions and PN is the nuclear protein. The meaning of the parameters is the following:

• The transcription rate of the gene is described by the hill function: vs
Kn

I

Kn
I + P n

N

,

where vs is the maximum transcription rate, KI denotes the threshold constant

for repression and n is the degree of cooperativity in the repression of the gene

by PN .

• The degradation rate of the mRNA is described by the Michaelis-Menten ki-

netics: vm
M

Km +M
, where vm is the maximum degradation rate and Km is

the Michaelis constant.

• The phosphorylation rate of the protein P0 is described by the Michaelis-

Menten kinetics: v1
P0

K1 + P0

, where v1 is the maximum phosphorylation rate

and K1 is the Michaelis constant.

• The dephosphorylation rate of the protein P1 is described by the Michaelis-

Menten kinetics: v2
P1

K2 + P1

, where v2 is the maximum dephosphorylation rate

and K2 is the Michaelis constant.

• The phosphorylation rate of the protein P1 is described by the Michaelis-

Menten kinetics: v3
P1

K3 + P1

, where v3 is the maximum phosphorylation rate

and K3 is the Michaelis constant.
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• The dephosphorylation rate of the protein P2 is described by the Michaelis-

Menten kinetics: v4
P2

K4 + P2

, where v4 is the maximum dephosphorylation rate

and K4 is the Michaelis constant.

• The degradation rate of the protein P2 is described by the Michaelis-Menten

kinetics: vd
P2

Kd + P2

, where vd is the maximum degradation rate and Kd is the

Michaelis constant.

• The transport rate of the protein P2 into the nucleus is k1 and the transport

rate of the protein PN into the cytosol is k2.

The numerical solution of the differential equations (3.4) is shown in Figure 3.5.

The concentrations of protein PN and mRNA oscillate with a period close to 24

hours. And the (M ,PN) plane shows a limit cycle.

3.1.3 Subsequent models in Drosophila, Neurospora and

mammalian

Three years later, a more detailed model was presented for circadian rhythms in

Drosophila [Leloup and Goldbeter, 1998]. A second gene, encoding a protein called

Timeless (TIM), is incorporated in the previous Goldbeter’s work. With this ex-

tended models the authors studied the dynamics of the genetic oscillator in condi-

tions of entrainment by light and dark cycles. A cycle consists of 12 hours of light

and 12 hours of dark. The degradation rate of TIM proteins is increased during light

cycles. Like the PER protein, this TIM protein is also reversibly phosphorylated

in the cytoplasm. Then, TIM protein binds to PER protein forming a PER-TIM

complex. This complex shuttles between the nucleus and the cytoplasm. When is

into the nucleus, PER-TIM complex inhibits the transcription of both genes creat-

ing two negative feedbacks in the system. As in the previous Goldbeter model, the

repression exerted by the complex is cooperative. The authors found that the for-

mation of the PER-TIM complex favors the oscillatory behavior. And the temporal

variation of PER and TIM agrees with experimental results.

65



Chapter 3. Genetic oscillators

Figure 3.5: Simulation of the Goldbeter model. A. Numerical solution of PN and M .

B. Limit cycle in the (M ,PN ) phase plane. The parameter values are: n = 4, K1 = 1.5

nM, K2 = 2 nM, K3 = 1.5 nM, K4 = 2 nM, KI = 2 nM, Km = 0.2 nM, Kd = 0.1 nM,

k1 = 2 hour−1, k2 = 1 hour−1, ks = 2 hour−1, v1 = 6 nM hour−1, v2 = 3 nM hour−1,

v3 = 6 nM hour−1, v4 = 3 nM hour−1, vs = 0.5 nM hour−1, vm = 0.3 nM hour−1 and

vd = 1.5 nM hour−1.

A different version for circadian rhythms in Drosophila was also studied [Tyson

et al., 1999]. In this study there are also two genes encoding PER and TIM proteins.

These proteins form a PER-TIM complex composed of a PER dimer and a TIM

dimer. The authors assume that phosphorylations of PER proteins increase the

degradation rate. They assume that PER monomers are rapidly phosphorylated

for degradation. Whereas, PER dimers are slowly phosphorylated for degradation.

This proteolysis that depends on PER dimerization produces a positive feedback

loop in the system. The positive feedback creates a hysteresis loop similar to a gene

with PTF (Figure 2.12). The negative feedback created by the PER-TIM complex

convert the switch into an oscillatory behavior as in the Smolen genetic clock.

A model was presented for circadian rhythms in the fungus Neurospora crassa

[Ruoff et al., 1999]. The core mechanism underlying the oscillations is the same as

in Goodwin model: a negative transcriptional feedback loop. In the same year a

modification of the Goldbeter model for Drosophila was also presented for circadian

rhythms in Neurospora [Leloup et al., 1999]. In this model a repressor gene encodes
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Figure 3.6: Mammalian genetic oscillator. The model involves two negative feedback

loops. The first negative feedback is created by the activator CLOCK-BMAL1 complex

and the repressor PER-CRY complex. The second negative feedback is created by the

complex CLOCK-BMAL1 and the repressor protein REV-ERBα.

a protein called Frequency (FRQ) that shuttles between the nucleus and the cyto-

plasm. This repressor protein FRQ binds to the promoter of its own gene in the

nucleus and inhibits the transcription. Thus, a negative transcriptional feedback is

created in the system. After these studies, new models for Neurospora including the

transcription factor called White Collar Complex (WCC) were presented [Smolen

et al., 2001,François, 2005,Hong et al., 2008]. These models incorporate a positive

transcriptional feedback created by WCC.

Models of circadian genetic oscillator for mammalian have been also studied

[Leloup and Goldbeter, 2003,Forger and Peskin, 2003,Mirsky et al., 2009]. In these

models, a complex formed by proteins called CLOCK and BMAL1 activates the

transcription of proteins called PER and CRY (Figure 3.6). These proteins bind

and form a second complex (PER-CRY) which inhibits the function of the previous

CLOCK-BMAL1 complex. These interactions produces a negative feedback loop

in the system. The complex CLOCK-BMAL1 also activates the expression of the
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Figure 3.7: Smolen model of genetic oscillator.

so-called REV-ERBα protein. In turn, this protein repress the transcription of the

protein BMAL1 creating other negative feedback loop.

3.1.4 Smolen model: Genetic oscillator with interlocking

NTFs and PTFs

In 1998 a new model of genetic oscillator with interlocking NTFs and PTFs was

presented [Smolen et al., 1998]. In this work there is a change in emphasis from only

NTF to the inclusion of PTF in genetic oscillator models. The model comprises

two genes that encode activator and repressor proteins (Figure 3.7). The activator

protein a form a dimeric transcription factor that activates the transcription of the

repressor protein and also its own transcription. In contrast, the repressor protein r

is a transcription factor that inhibits the transcription of the activator protein and

its own transcription. Then, this genetic network involves a PTF and two NTFs.

This model can be described by two differential equations that described the

dynamics of the activator A and the repressor B proteins:
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Figure 3.8: Simulation of the Smolen model. The parameter values are: k1 = 10.5

min−1, k2 = 1 min−1, k3 = 0.3 min−1, k4 = 0.2 min−1, kb = 0.4 min−1, ka = 10 and

kr = 0.2. The initial conditions are a = r = 0.

da

dt
=

k1a
2

a2 + ka(1 + r/kr)
− k2a+ kb

da

dt
=

k3a
2

a2 + ka(1 + r/kr)
− k4r,

(3.5)

where k1 is the maximal synthesis rate of a, k2 is the degradation rate of a, k3 is the

maximal synthesis rate of r, k4 is the degradation rate of r, ka is the dissociation

rate from the promoters of dimer a, kr is the dissociation rate from the promoters

of r and kb is the basal synthesis rate of a. The variables a and r are dimensionless.

The numerical solution of these differential equations is shown in Figure 3.8.

The interaction between the PTF and the NTFs loops produces oscillations in the

system with a period of about one hour. In these oscillations both transcription

factors (a and r) oscillate approximately in phase.
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Figure 3.9: Barkai and Leibler model of genetic oscillator. The model involves both

positive and negative feedback loops created by an activator (A) and a repressor (R)

proteins.

3.1.5 Barkai and Leibler model: Molecular noise in genetic

oscillators

In 2000 Barkai and Leibler presented a new model of genetic oscillator robust to

molecular noise (Figure 3.9) [Barkai and Leibler, 2000]. This article represents the

change in emphasis from deterministic studies to stochastic studies in genetic oscil-

lator model. In their article the authors state: ”Noise resistance should be therefore

be considered in any postulated molecular mechanism of circadian rhythms”. They

concluded that the ability to resist molecular noise was probably a decisive factor in

the evolution of circadian clocks. The work presented by Barkai and Leibler is the

first study about the resistance of genetic oscillators to molecular noise.

This genetic network includes a common feature found in natural genetic clocks

[Dunlap, 1999]. This feature is the interaction between two components: positive

elements (or activators) and negative elements (or repressors). The biological clock

presented by Barkai and Leibler comprises two genes: an activator and a repressor.

The activator gene codifies a protein, the positive element. This protein activates the

expression of its own gene and the expression of the repressor gene. The repressor

gene codifies a protease, the negative element. This protease degrades the protein.

This genetic network involves a positive and a negative feedback loops. Specifically,
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they are a positive transcriptional feedback and a negative post-transcriptional feed-

back. The interaction between these two feedbacks produce reliable oscillations that

can be classified as relaxation oscillations. This kind of oscillations are characterized

by fast and slow stages [Hasty et al., 2001].

The biochemical reactions that describe the model shown in Figure 3.9 are as

follows [Vilar et al., 2002]:

GA + A
k1−→ Ga

A (R1) Ga
A

k−1−−→ GA + A (R2)

GR + A
k2−→ Ga

R (R3) Ga
R

k−2−−→ GR + A (R4)

GA
k3−→ GA +MA (R5) Ga

A
k4−→ Ga

A +MA (R6)

GR
k5−→ GR +MR (R7) Ga

R
k6−→ Ga

R +MR (R8)

MA
k7−→ φ (R9) MR

k8−→ φ (R10)

MA
k9−→MA + A (R11) MR

k10−−→MR +R (R12)

A
k11−−→ φ (R13) R

k12−−→ φ (R14)

R + A
k13−−→ C (R15) C

k14−−→ R (R16),

(3.6)

where GA denotes the activator gene without A bound to its promoter, GR denotes

the repressor gene without A bound to its promoter, MA denotes mRNA transcribed

from GA, A denotes the activator protein, Ga
A denotes the activator gene with A

bound to its promoter, Ga
R denotes the repressor gene with A bound to its promoter,

R denotes the repressor and C denotes R bound to A.

The reaction R1 is the activation of the activator gene at rate k1, R2 is the

deactivation of the activator gene at rate k−1, R3 is the activation of the repressor

gene at rate k2, R4 is the deactivation of the repressor gene at rate k−2, R5 is the

basal transcription of the activator gene at rate k3, R6 is the fast transcription of the

activator gene at rate k4, R7 is the basal transcription of the repressor gene at rate

k5, R8 is the fast transcription of the repressor gene at rate k6, R9 is the degradation

of the activator mRNA at rate k7, R10 is the degradation of the repressor mRNA

at rate k8, R11 is the translation of the activator mRNA at rate k9, R12 is the

translation of the repressor gene at rate k10, R13 is the degradation of the activator,

R14 is the degradation of the repressor, R15 is the binding of the repressor to the
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activator protein and R16 is the complex decay into the repressor.

The deterministic dynamics of the biochemical reactions (3.6) follows the law of

mass action and can be described by the following set of differential equations:

dGA/dt = −k1GAA+ k−1G
a
A

dGR/dt = −k2GRA+ k−2G
a
R

dGa
A/dt = k1GAA− k−1Ga

A

dGa
R/dt = k2GRA− k−2Ga

R

dMA/dt = k3GA + k4G
a
A − k7MA

dMR/dt = k5GR + k6G
a
R − k8MR

dA/dt = −k1GAA+ k−1G
a
A − k2GRA+ k−2G

a
R + k9MA − k11A− k13AR

dR/dt = k10MR − k12R− k13AR + k14C

dC/dt = k13AR− k14C.

(3.7)

The numerical simulation of these differential equations shows oscillations with

a circadian period (Figures 3.10A and 3.10C). The stochastic simulation of the reac-

tions (3.6) shows the same behavior as the deterministic simulation (Figures 3.10B

and 3.10D). The main difference is the presence of fluctuations in the stochastic sim-

ulation that shows some variability in the amplitude and period of the oscillations.

By contrast, the deterministic simulation shows identical oscillations. This differ-

ence is due to the stochastic simulation takes into account the random nature of

chemical reactions. The amplitude of the activator and repressor proteins oscillates

between around 0 and 2000 molecules in both simulations.

The robustness of the model to molecular noise is shown in Figure 3.11. First,

the authors found long time autocorrelation in A and R oscillations for a wide range

of parameter values. These results demonstrate that this genetic clock produces

reliable oscillations. The autocorrelation function is the correlation of one signal

with itself and shows the resistance of the genetic oscillator to molecular noise.

Second, the authors double all transcription rates and found that the standard

deviation in the period varied less than 10%. In the Figure 3.11 (upper) is shown

the lack of robustness to molecular noise in the variant of the Goldbeter model
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Figure 3.10: Simulation of the Barkai and Leibler model. A. and C. Deterministic sim-

ulation of the activator (A) and repressor (R) proteins, respectively. B. and D. Stochastic

simulation of the activator (A) and repressor (R) proteins, receptively. The values of the

rates are: k1 = 1 molecule−1 hour−1, k−1 = 50 hour−1, k2 = 1 molecule−1 hour−1, k−2 =

100 hour−1, k3 = 50 hour−1, k4 = 500 hour−1, k5 = 0.01 hour−1, k6 = 50 hour−1, k7 =

10 hour−1, k8 = 0.5 hour−1, k9 = 50 hour−1, k10 = 5 hour−1, k11 = 1 hour−1, k12 = 0.2

hour−1, k13 = 2 molecule−1 hour−1 and k14 = 1 hour−1. The initial conditions are: GA =

GR = 1 molecule and Ga
A = Ga

R = MA = MR = A = R = C = 0 molecules.
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Figure 3.11: Robustness of Barkai and Leibler model to molecular noise. (Upper)

Stochastic simulation of the repressor protein R. (Lower) Stochastic simulation of the

activator protein A. All transcription rates are doubled in t = 0. Insets show the autocor-

relation functions. (Reprinted with permission from [Barkai and Leibler, 2000]. Copyright

2000 by Nature Publishing Group.)

74



Chapter 3. Genetic oscillators

Figure 3.12: Phase plane of the two variable R and C in the reduced system. The

thick line represents the limit cycle of the system. The thin lines represent the R and

C nullclines that are obtained from the equations: dR/dt = 0 and dC/dt = 0. The

fixed point is (R0, C0), respectively. (Reprinted with permission from [Vilar et al., 2002].

Copyright 2002 by the National Academy of Sciences.)

explained before [Leloup and Goldbeter, 1998].

Reduced model: The genetic oscillator does not rely on mRNA dynamics

By the method knows as quasi-steady-state assumption (QSSA) the number of differ-

ential equations in (3.7) can be reduced. In this assumption fast and slow variables

can be separated. Slow variables are responsible of the dynamics of the system.

And the differential equations of fast variables can be equated to zero because the

dynamics of these variables reach the equilibrium faster than the slow variables. The

authors found that the protease R and the complex C were the slow variables and

the rest were the fast variables. Therefore, the dynamics of the systems is mainly

driven by R and C and the differential equation can be reduce from nine to two:

dR/dt = f(R,C) and dC/dt = g(R,C) (see Vilar et al., 2002 for more details about

this two differential equations). The author shown that this two-variable model

produces oscillations very similar to the full model.

The mechanism responsible of oscillations can be explained through the phase

plane of the two variables R and C (Figure 3.12). When the amount of R molecules
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Figure 3.13: Stochastic simulation with low number of mRNA molecules. Stochastic

simulation of A (A), R (B), mRNAA (C) and mRNAR D. The changes rates with

respect the Figure 3.10 are: k7 = 1000 hour−1, k8 = 50 hour−1, k9 = 5000 hour−1 and k10

= 500 hour−1.

is low, the number of A molecules is fast increased due to the positive feedback loop.

This increased of A proteins produces R molecules and the formation of the complex

C at a great rate. Then, A proteins are rapidly degraded by the proteases R and the

amount of complex C is decreased. A large number of R molecules remains in the

system, and finally, these proteases are slowly degraded until a new cycle begins.

Then, an important conclusion from the reduced model is that the genetic os-

cillator does not rely on mRNA dynamics. The stochastic simulation shown in

Figure 3.13 demonstrates this idea. In this simulation, oscillations are obtained in

the system with a number of mRNA molecules alternating between zero and one
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Figure 3.14: Robustness of the Goldbeter model to molecular noise. (Upper left)

Stochastic simulation. (Upper center) Limit cycle projection. (Upper right) Period

histogram. (Lower) Autocorrelation function. (Reprinted with permission from [Gonze

et al., 2002]. Copyright 2002 by the National Academy of Sciences.)

molecule.

Robustness of the Goldbeter model to molecular noise

The robustness of the model proposed by Goldbeter in 1995 to molecular noise has

also been studied (Figure 3.14) [Gonze et al., 2002]. In this study, the authors

performed stochastic simulations and measured the period through a histogram of

the model shown in Figure 3.4. They obtained an autocorrelation function with a

half-life of about 70 hours for the oscillations. The authors state that the loss of

autocorrelation is due to a phenomenon called phase diffusion in which the phase

of the cycles are displaced because of molecular noise. They demonstrated that the

autocorrelation function can be greatly improved if the genetic oscillator is entrained

by light-dark cycles.
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3.2 Review of synthetic genetic oscillators

Synthetic genetic oscillators studied and implemented in the laboratory are reviewed

here. The first synthetic genetic oscillator constructed is the so-called repressilator.

Several synthetic genetic oscillator, based on different designs, have also been im-

plemented after the repressilator.

3.2.1 The Repressilator: The first synthetic genetic oscilla-

tor

The repressilator is a synthetic device constructed in Escherichia coli bacteria

[Elowitz and Leibler, 2000]. It is a genetic network that can act as a biological

clock because it is able to produce an oscillatory behavior. Additionally, the re-

pressilator was the first artificial genetic oscillator implemented in vivo which is not

part of any natural genetic clock. Specifically, it consists of three genes with three

repressible promoters (Figure 3.15). The genes are connected to each other forming

a ring. As in the toggle switch, each gene codifies a repressor protein that is able

to bind to the promoter of the next gene and inhibits its expression. In the Fig-

ure 3.15 we assume that repressions are performed by trimeric transcription factors.

The result of these three repressive interactions is the creation of a negative feed-

back loop with delay, which is known to produce sustained oscillations [Novák and

Tyson, 2008]. Actually, the delay is introduced by the processes involved in gene

expression, such as the transcription, translation or transport of molecules between

cellular compartments.

The behavior of the repressilator is described by the following dimensionless

couple of ordinary differential equations:

da

dτ
=

r1
1 + cn

− a

db

dτ
=

r2
1 + am

− b

dc

dτ
=

r3
1 + bp

− c,

(3.8)

where a, b and c are the concentration of the proteins expressed by the genes Ga,
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Figure 3.15: Diagram of the repressilator. Gene Ga represses the expression of gene

Gb. Gene Gb represses the expression of gene Gc. And, in turn, gene Gc represses the

expression of gene Ga, closing the ring. We assume that the repressions are performed by

trimeric transcription factors. This genetic design is a negative feedback loop with delay

that produces sustained oscillations.
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Gb and Gc, respectively. The parameters r1, r2 and r3 represent the rate at which

the proteins a, b and c are created, respectively. And the parameters n, m and p

represent the multimer formation, or the cooperation, of the proteins c, a and b in

the repression of the genes Ga, Gb and Gc, respectively. The existence of oscillations

in the system depends on these six parameters. Specifically, if the parameters n,

m and p are close or greater than 3, sustained oscillations can be obtained. The

numerical solution of these differential equations is represented in Figure 3.16, where

the concentration of the three proteins oscillates over time. The oscillations have the

same period and amplitude in the three proteins because the values of the parameters

are the same in all of them but the phases are different. The oscillatory behavior

can be explained as follows. When the concentration of a is high, Gb is inhibited

and the concentration of c can increase. When the concentration of c is high, Ga is

inhibited and the concentration of b can increase. When the concentration of b is

high, Gc is inhibited and the concentration of a can increase. Then, the sequence of

the oscillations is ...acbacbacb... .

Although the model produces sustained oscillations, the real behavior of the re-

pressilator is not reliable enough because only about half of the cells had oscillatory

behavior in the experiment carried out by Gardner et al., and, also, the oscillations

were variable. To increase robustness, subsequent synthetic genetic oscillator designs

have added positive feedback to negative feedback. It has been shown that a repres-

silator ring with even number of genes can produce sustained oscillations [Strelkowa

and Barahona, 2010].

3.2.2 Subsequent synthetic genetic oscillators

Since the repressilator several synthetic biological oscillators have been successfully

implemented in the laboratory [Atkinson et al., 2003, Fung et al., 2005, Stricker

et al., 2008, Tigges et al., 2009, Toettcher et al., 2010, Danino et al., 2010]. Unlike

the repressilator, these genetic clocks involve positive and negative feedback loops.

This topology increases the robustness of the oscillations, and the oscillations can be

more easily tuned [Tsai et al., 2008]. These synthetic genetic oscillators are explained
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Figure 3.16: Numerical solution of the differential equations (3.8). The system exhibits

oscillatory behavior in the time evolution of a, b and c proteins. When the concentration of

a proteins is high, geneGb is inhibited and geneGc is expressed. Then, the concentration of

c proteins increases. When the concentration of c is high, gene Ga is inhibited and gene Gb

is expressed. Then the concentration of b molecules increases. When the concentration of b

molecules is high, gene Gc is inhibited and gene Ga is expressed. Then the concentration of

a proteins increases, closing the cycle. The values of the parameters used in the simulation

are r1 = r2 = r3 = 10 and n = m = p = 3. The initial conditions are a0 = 1, b0 = 2 and

c0 = 4.
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below. Two synthetic in vitro oscillators based on transcription and replication of

DNA are also explained [Kim and Winfree, 2011,Montagne et al., 2011].

Atkinson et al. oscillator

Atkinson et al. developed the first synthetic genetic oscillator in Escherichia coli

bacteria that involved both positive and negative feedback loops. This genetic clock

is composed of two genes and is able to produce damped oscillations. The first

gene encodes an activator protein, called NRI, that increases its own transcription

rate generating the positive feedback loop. This activator protein also activates

the expression of a second gene that encodes a repressor protein called LacI. This

repressor protein inhibits the transcription of the first gene generating a negative

feedback loop.

Fung et al. oscillator (The metabolator)

Fung et al. designed and constructed a synthetic gene-metabolic oscillator in Es-

cherichia coli bacteria called the metabolator [Fung et al., 2005]. In contrast to

the previous genetic oscillator, the oscillations in this clock are produced through a

glycolytic flux. A first gene expresses an enzyme E1 that catalyses the conversion

of a metabolite M1, called acetyl coenzyme A, into a metabolite M2, called acetyl

phosphate. The metabolite M2 activates indirectly the expression of a second gene

that encodes the repressor protein LacI. This protein inhibits the expression of the

first gene creating a negative feedback loop. The metabolite M2 also activates indi-

rectly the expression of a third gene that encodes an enzyme E2. This enzyme E2

catalyses the production of the metabolite M2 creating a positive feedback loop.

Stricker et al. oscillator

Stricker et al. implemented a fast, robust and tunable genetic oscillator in Es-

cherichia coli bacteria [Stricker et al., 2008]. This genetic clock is composed of two

genes and is able to produce sustained oscillations. The first gene encodes the repres-

sor protein LacI, which generates the negative feedback, and the second gene encodes
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the activator protein AraC, which generates the positive feedback. This clock can

be tuned with a period between 13 to 100 minutes. This genetic oscillator was used

to explore the process of entraining molecular clocks [Mondragón-Palomino et al.,

2011]. In this subsequent work, the authors concluded that the positive feedback

loop of this oscillator increases the entrainment region for single cells.

Tigges et al. oscillator

Tigges et al. implemented a tunable genetic oscillator in mammalian cells [Tigges

et al., 2009]. This device comprises both negative and positive feedback loops. But

unlike the previous genetic oscillators, the negative feedback in this genetic clock

is exerted by a RNA molecule, called antisense. This molecule is able to bind to

a mRNA molecule, called sense RNA, inhibiting the gene expression. Then, the

negative feedback in this genetic clock focuses on a RNA molecule instead of a

repressor protein. One year later, Tigges et al. published an alternative version

of this genetic oscillator focuses on future therapeutic applications [Tigges et al.,

2010]. This version produces low-frequency and robust oscillations in target gene

expression.

Toettcher et al. oscillator

Toettcher et al. implemented a semi-synthetic genetic oscillator in mammalian cells

[Toettcher et al., 2010]. The natural genetic clock is composed of a gene that

expresses a tumor suppressor protein called p53. This p53 protein activates the

transcription of an ubiquitin ligase called Mdm2. This Mdm2 protein targets p53

for degradation creating a negative feedback loop in the system. The natural genetic

oscillator was extended by additional positive or negative feedbacks loop in order

to study the different features of the clock such as amplitude, period and damped

oscillations of p53.
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Danino et al. oscillator

Danino et al. synchronized a population of synthetic genetic oscillators implemented

in Escherichia coli bacteria [Danino et al., 2010, Fussenegger, 2010]. The genetic

clock is basically composed of two genes: an activator and a repressor. The activator

genes activates its own transcription rate and also the transcription rate of the

repressor gene. And the repressor gene inhibits the expression of the activator

gene. Therefore, this genetic network involves both positive and negative feedback

loops. A small molecule, involved in the genetic oscillator and called AHL, mediates

intercellular coupling. This molecule can diffuse from a cell to neighboring cells

crossing the cell membranes.

Kim and Winfree oscillator

Kim and Winfree implemented three synthetic transcriptional oscillators in vitro: a

negative feedback oscillator, a coupled negative and positive feedback oscillator and a

three-node ring oscillator [Kim and Winfree, 2011]. These oscillators are composed of

synthetic transcriptional switches which are constructed using DNA, RNA and two

enzymes [Kim et al., 2006]. These enzymes are a bacteriophage T7 RNA polymerase

to produce RNA from a DNA sequence, and an E. coli ribonuclease H to degrade

RNA. A synthetic transcriptional switch is a double strand of DNA (dsDNA) with

two states: OFF and ON. In the state OFF, the switch can not be transcribed due

to it has an incomplete T7 RNA polymerase promoter region, i.e., the switch is an

incomplete double strand of DNA. In the state ON, the switch can be transcribed

due to a single strand of DNA (ssDNA) is bound to the switch creating a complete

promoter. The transcription of a switch produces RNA molecules that hybridize

with ssDNA molecules, controlling the state of other switches. These interactions

among switches create the necessary feedback loops to produce oscillations. These

synthetic transcriptional oscillators can drive the operation of DNA nanodevices or

the production of functional RNA molecules [Franco et al., 2011].
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Montagne et al. oscillator

In 2011 and at the same time that Kim and Winfree, Montagne et al. published

a different version of a synthetic oscillator in vitro [Montagne et al., 2011]. This

synthetic oscillator is based on the replication of DNA instead of transcription. The

in vitro oscillator comprises activation, inhibition and destruction mechanisms. In

the activation mechanism the amount of a single strand of DNA, called oligomer, is

amplified. In this mechanism DNA templates are replicated by DNA polymerases

and broken into oligomers by enzymes called nickases or nicking enzymes. These

nickases are specific endonucleases that cleave only one of the two strands of the

DNA templates. Therefore, the DNA templates can be reused. In the inhibition

mechanism, the replication is repressed due to oligomers hybridize with the DNA

templates avoiding the binding of DNA polymerases. In the destruction mechanism,

oligomers are continuously removed from the system by exonucleases. The authors

used these three mechanisms to implement both negative and positive feedback

loops. And the system generated oscillations satisfactorily.
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Chapter 4

The two problems

This chapter states and explains the two problems addressed in this thesis. These

problems are presented in the same chronological order as they were solved during

the development of the research. The study of the first problem motivated the second

and major problem addressed in this thesis. The two problems are as follows:

• First problem: design a new oscillatory genetic circuit regulated by catalytic

RNA molecules.

• Second problem: find a simple condition to produce robust oscillations in a

self-activating gene.

A genetic oscillatory circuit with RNA molecules (ribozymes) acting as repressors

solved the first problem. A simple repressor inhibiting the PTF signal of a self-

activating gene is enough to produce robust oscillations and solves the second prob-

lem. Chapters 6 and 7 report an exhaustive analysis of these two new oscillatory

genetic models. The two problems are explained in more detail below.
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4.1 First problem:

Design a new oscillatory genetic circuit regulated by catalytic

RNA molecules

Genetic oscillator studies have to consider the randomness effect of biochemical re-

actions. Barkai and Leibler introduced this idea thirty years after the Goodwin

model was published [Barkai and Leibler, 2000]. The model studied by Barkai and

Leibler is especially relevant because it is robust to molecular noise [Vilar et al.,

2002]. This model comprises the interaction between two genes: an activator and a

repressor. The activator gene codifies a protein. This protein activates the expres-

sion of its own gene and the expression of the repressor gene. The repressor gene

codifies a protease, and this protease degrades the protein. The Barkai and Leibler

model involves a positive and a negative feedback loop. It has been shown, however,

that RNA molecules play an important role in the regulation of gene expression.

And these RNA molecules are a useful tool for controlling the operation of genetic

circuits [Isaacs et al., 2006, Saito and Inoue, 2009, Benenson, 2009, Rodrigo et al.,

2012]. Previous research into genetic oscillators, especially the Barkai and Leibler

model and RNA-based genetic circuits motivated the first research problem solved

in this thesis: design a new oscillatory genetic circuit regulated by catalytic RNA

molecules. The objective is to design an alternative version of the model proposed

by Barkai and Leibler using catalytic RNA molecules.

This research problem is of interest in synthetic and systems biology. Synthetic

biology has an interest in discovering new principles based on RNA molecules for

designing simple and efficient genetic clocks. Systems biology has an interest in

discovering the possible roles that RNA molecules play in genetic oscillators.
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4.2 Second and major problem:

Find a simple condition to produce robust oscillations in a

self-activating gene

While researching the first problem, I discovered that the negative feedback created

by the repressor gene was not necessary to obtain oscillations (see the next chapter

Methodology for more details). I then confirmed that the same thing applied to the

Barkai and Leibler model. Specifically, I found that the models oscillate without

repressor gene activation. This discovery motivated the second research problem

addressed in this thesis.

The first genetic oscillator model was based on a negative transcriptional feed-

back loop [Goodwin, 1963, Goodwin, 1965]. This early genetic oscillator revealed

that positive transcriptional feedbacks (PTFs) are also present in the mechanisms of

many genetic clocks [Reppert and Weaver, 2002,Gallego and Virshup, 2007,Purcell

et al., 2010, Lenz and Søgaard-Andersen, 2011, O’Brien et al., 2012]. These PTFs

increase the robustness of cellular clocks [Vilar et al., 2002, Tsai et al., 2008]. A

single gene with PTF only does not produce oscillations [Griffith, 1968b, Smolen

et al., 1999]. But there is still an interesting open research problem to be solved:

find a simple condition to produce robust oscillations in a self-activating gene.

As in the first problem, it is interesting to solve this major problem from two

different points of view. Systems biology has an interest in ascertaining the different

roles that positive feedback plays in genetic oscillators. In synthetic biology, the

solution can be useful for designing simple and robust genetic clocks.
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Methodology

Steven Weinberg, winner of the Nobel Prize for Physics, states in his book Facing

Up: Science and Its Cultural Adversaries that [Weinberg, 2001]:

• “We do not have a fixed scientific method to rally round and defend. [...] most

scientists have very little idea of what the scientific method is, just as most

bicyclists have a very little idea of how bicycles stay erect. In both cases, if

they think about it too much, they’re likely to fall off.”

And Santiago Ramón y Cajal, winner of the Nobel Prize for Physiology or

Medicine, states in his book Advice for a Young Investigator that [Ramón y Ca-

jal, 1999]:

• “Because the great pioneers of science typically have created new methods, it

would be ideal if rules for their discovery could be formulated. Unfortunately,

almost all of the analytical methods in biology have been found as a result of

chance. [...] It is true to say that, in general, methods are useful applications

to one branch of knowledge of principles belonging to another. However, the

applications are often developed by trial and error, or at most are inspired by

vague analogies.”

• “This brings me to the point of discussing the role of chance in the realm

of scientific investigation. There is no doubt that accident is a major com-

ponent of empirical work, and we must not overlook the fact that science
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owes brilliant achievements to it.” This is called serendipity: “the occur-

rence and development of events by chance in a happy or beneficial way”

(http://oxforddictionaries.com/).

Bearing this in mind, the research methodology that I followed is based on the

usual research cycle used in systems biology and synthetic biology (Figure 5.1)

[Kitano, 2002a, Kitano, 2002b, Koide et al., 2009]. The methodology is outlined in

Figure 5.2, where the experimental validation of the models is depicted as a future

research direction. The first problem was motivated by the biological knowledge and

earlier synthetic genetic circuits. During the in silico validation of this first model,

I discovered by pseudoserendipity1 a new model of genetic oscillator with PTF that

was simpler than the already known two-gene oscillators with PTF [Purcell et al.,

2010] 2. The in silico validation of this new model demonstrated that the oscillations

were robust to molecular noise. The second problem was proposed after the model,

whereas the model of the first problem was proposed after the problem.

The methodology followed in this research involves the usual methods used in

the study of genetic oscillator models [Goldbeter, 1995, Smolen et al., 2000, Barkai

and Leibler, 2000, Vilar et al., 2002, Gonze et al., 2002, Smolen et al., 2001, Novák

and Tyson, 2008]. The research methods are presented and briefly explained. Part

II: State of the art further details these methods, which are also discussed in Part

IV.

The in silico validation of the models is divided into several steps (Figure 5.3):

describe the model as a set of biochemical reactions, run stochastic and determin-

istic simulations of the model, study the model robustness to molecular noise and

investigate the reduced model. This last step was only applied to the second model

1Serendipity is an accidental discovery of something not sought, whereas pseudoserendipity is

an accidental discovery of something that was sought [Roberts, 1989].
2The unexpected discovery was as follows: I was studying the period of the oscillations as

a function of the basal transcription rate (k5) and the activated transcription rate (k6) of the

repressor gene (see Figure 6.2). Surprisingly, I found that the system oscillates even when k5 = k6.

This discovery means that the repressor gene does not need to be activated to produce oscillations.

In other words, the negative feedback created by the repressor gene is not necessary to obtain

oscillations.
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Figure 5.1: Diagrams of the basic research cycle in systems (A) and synthetic (B) biology.

because it is the major problem and the system is simpler. The steps are explained

below:

• A model described by biochemical reactions: The first step to solve the prob-

lems is to create a model described by biochemical reactions. The gene ex-

pression is usually well described by four processes: transcription, translation,

mRNA degradation and protein degradation. This basic model is the base

for more complex models involving several genes and transcription factor that

regulate gene expression.

• Stochastic and deterministic simulations of the model: The next step is to

simulate the biochemical reactions that describe the models. There are two

different ways to simulate a set of chemical reactions. The first way is a de-

terministic simulation and the second one is a stochastic simulation. The

deterministic simulation is suitable when there are large numbers of molecules

in the system. The method to carry out the deterministic simulation is to solve
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Figure 5.2: Diagram of the methodology followed during this research. The experimental

validation of the models is a future research direction (dashed line).
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Figure 5.3: Diagram of the in silico validation of the models. See Part II: State of the art

and Part IV: Proposed solutions to the problems for a detailed description of the methods.
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ordinary differential equations. In contrast, the stochastic simulation is also

suitable when there are small numbers of molecules in the system because it

takes into account the random nature of the chemical reactions. The stochas-

tic behavior can be simulated with the so-called Gillespie algorithm [Gillespie,

1977]. XPPAUT and CAIN software was used for deterministic simulations.

Code written in FORTRAN and CAIN software was used for stochastic sim-

ulations.

• Robustness study of the model to molecular noise: The robustness of the

models to molecular noise was quantified by an autocorrelation function and,

period and amplitude histograms. The data used for the robustness study were

obtained from stochastic simulations. Data obtained through stochastic simu-

lations with variations of reaction rates were also quantified with these tools.

FORTRAN and GNU Octave was used to calculate and plot the histograms

and autocorrelation function.

• Study of reduced model: The mechanism underlying the oscillations in the sec-

ond model was studied trough a reduced deterministic model. This reduced

model was obtained using the method so-called Quasi-steady-state-assumption

(QSSA). In this approach fast and slow variables are assumed in the set of dif-

ferential equations. The derivatives of the fast variables are zero. This assump-

tion reduces the number of differential equations that described the system.

Therefore, the system is reduced to the slow variables which are mainly respon-

sible for the system dynamics. This reduction allows a bifurcation analysis of

the system in order to know the range of the limit cycle oscillations depending

on rate values. XPPAUT was used to study stability of steady states and limit

cycles. Jacobian matrix, obtained from the differential equations that describe

the reduced model, was used to find feedback loops in the reduced model.
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Chapter 6

Solution to the first problem: A

new model of synthetic genetic

oscillator regulated by a repressor

ribozyme

This chapter explains the solution to the first problem. The problem is as follows:

• Design a new oscillatory genetic circuit regulated by catalytic RNA molecules.

To solve this problem a biochemical model is proposed and validated in silico be-

low. The solution is a genetic oscillatory circuit with catalytic RNA molecules

(ribozymes) acting as repressors.

6.1 Proposed model

The model is a biochemical network based on the well-known motif of the Figure

6.1, which generates reliable oscillations [Barkai and Leibler, 2000]. This motif is a

simplification of the more complex motifs of circadian systems which involve acti-

vator and repressor elements into several positive and negative feedbacks loops that

produce circadian rhythms in a wide range of organisms [Dunlap, 1999, Lenz and
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Figure 6.1: Typical network motif that generates reliable oscillations. It involves an

activator and a repressor elements into one positive (solid line) and one negative (dashed

line) feedback loops, in which the activator activates the repressor and itself, and the

repressor inhibits the activator.

Søgaard-Andersen, 2011]. Synthetic genetic oscillators generally consist of genes en-

coding activator and repressor proteins that generate positive and negative feedback

loops in a genetic network [Atkinson et al., 2003, Fung et al., 2005, Stricker et al.,

2008, Toettcher et al., 2010, Danino et al., 2010]. The design of these biological os-

cillators is based on protein-DNA interactions in which the activator and repressor

proteins bind to the promoters of genes, activating or inhibiting the transcription,

and also on non-catalytic RNA reactions such as sense-antisense expression con-

trol [Tigges et al., 2009]. The roles of the positive and negative feedback loops in

genetic oscillators are not totally clear. It seems that the negative feedback is mainly

involved in generating oscillations, whereas the positive feedback allows tuning the

oscillations without changing the amplitudes and also may contribute to increase

the robustness of these oscillations [Tsai et al., 2008].

In the new synthetic genetic oscillator presented here, the novelty is that a cat-

alytic RNA is the repressor element rather than a protein or an non-catalytic RNA.

This catalytic RNA is a ribozyme which acts post-transcriptionally binding and

cleaving target mRNAs [Davidson and Ellington, 2005,Serganov and Patel, 2007,Be-

nenson, 2009]. In contrast to non-catalytic RNAs, a single ribozyme can inactivate
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several mRNA molecules.

The biochemical network is described in Figure 6.2 and consists of two genes

with opposite roles. The first gene is an activator (GA) and the second gene is

a repressor (GR). On the one hand, the activator gene is transcribed into mRNA

molecules (M), which are translated into activator proteins (A). On the other hand,

the repressor gene is transcribed into repressor ribozymes (R). The proteins bind

to the promoters of the activator (G′A) and repressor (G′R) genes increasing their

transcription rates. In contrast, the ribozymes hybridize to mRNA molecules (D)

and cleave them. It is assumed a general ribozyme with catalytic function. A

uniform mixture of these biomolecules is assumed and therefore, diffusion processes

are not taken into account.

Biochemical reactions

The biochemical reactions of the model are summarized as follows:

GA + A
k1−→ G′A (R1) G′A

k−1−−→ GA + A (R2)

GR + A
k2−→ G′R (R3) G′R

k−2−−→ GR + A (R4)

GA
k3−→ GA +M (R5) G′A

k4−→ G′A +M (R6)

GR
k5−→ GR +R (R7) G′R

k6−→ G′R +R (R8)

M
k7−→M + A (R9) M +R

k8−→ D (R10)

D
k9−→ R (R11) M

k10−−→ φ (R12)

R
k11−−→ φ (R13) A

k12−−→ φ (R14).

(6.1)

where k1 is the binding rate of A to the promoter of GA, k−1 is the unbinding rate of

A from the promoter of GA, k2 is the binding rate of A to the promoter of GB, k−2 is

the unbinding rate of A from the promoter of GB, k3 is the basal transcription rate

of the activator gene, k4 is the activated transcription rate of the activator gene, k5

is the basal transcription rate of the repressor gene, k6 is the activated transcription

rate of the repressor gene, k7 is the translation rate of A, k8 is the binding rate of

R to M , k9 is the decay rate of D into R, k10 is the degradation rate of M , k11 is

the degradation rate of R and k12 is the degradation rate of A.
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Fig. 2. Biochemical network of the genetic oscillator. G  and G  denote the number of activator 

Figure 6.2: Biochemical network of the genetic oscillator. GA and GR denote the number

of activator and repressor genes, G′A and G′R denote the number of activator and repressor

genes bind to the protein, M denotes the number of mRNA molecules, R denotes the

number of ribozyme molecules, A denotes the number of the activator proteins molecules

and D denotes the number of ribozymes bound to mRNA molecules.
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6.2 Deterministic and stochastic simulations

This kind of system based on chemical reactions in a well stirred reactor is usually

described by two different formalisms from a mathematical point of view. The

first formalism is deterministic, which is suitable for large number of molecules.

It is described by a set of coupled ordinary differential equations that follow the

law of mass action. The following differential equations describe the deterministic

dynamics of the model represented in Figure 6.2:

dGA/dt = −k1GAA+ k−1G
′
A

dGR/dt = −k2GRA+ k−2G
′
R

dG′A/dt = k1GAA− k−1G′A

dG′R/dt = k2GRA− k−2G′R

dM/dt = k3GA + k4G
′
A − k8MR− k10M

dA/dt = −k1GAA+ k−1G
′
A − k2GRA+ k−2G

′
R + k7M − k12A

dR/dt = k5GR + k6G
′
R + k9D − k8MR− k11R

dD/dt = k8MR− k9D.

(6.2)

The second formalism is stochastic, which is suitable for low numbers of molecules.

It is described by the so-called master equation, which is the time evolution of the

probability that the system has a certain number of molecules of each chemical

species at time t. As in the deterministic case, very few systems can be solved ana-

lytically with the master equation. However, it is possible to simulate the stochastic

behavior of the system with the Gillespie algorithm [Gillespie, 1977]. The model

is simulated using both formalisms. For obtain the period histogram and the cor-

relation function in the next section, only the stochastic simulation is used. The

stochastic simulation is more realistic for few molecules because take into account

the fluctuations that the nature of the chemical reactions introduce in the cells.

In Figure 6.3 the results of both deterministic and stochastic simulations are

compared. The rates and initial conditions are given in the caption of the Figure

6.3. The rates used in the simulations are typical values [Earnshaw and Gait, 1998,

Gonze et al., 2002, Vilar et al., 2002, Dublanche et al., 2006]. A combination of
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Figure 6.3: Simulation of the genetic oscillator. A and C are the deterministic and

stochastic time evolution of the number of proteins, respectively. B and D are the deter-

ministic and stochastic limit cycle projections onto protein versus mRNA plane, respec-

tively. The values of the rates are: k1 = 1 molecule−1 hour−1, k−1 = 200 hour−1, k2

= 0.1 molecule−1 hour−1, k−2 = 200 hour−1, k3 = 40 hour−1, k4 = 400 hour−1, k5 = 1

hour−1, k6 = 40 hour−1, k7 = 50 hour−1, k8 = 2 molecule−1 hour−1, k9 = 2 hour−1, k10

= 0.5 hour−1, k11 = 0.126 hour−1, k12 = 2 hour−1; and the initial conditions are: GA =

1 molecule, GR = 1 molecule, G′A = 0 molecules, G′R = 0 molecules, M = 2 molecules, R

= 29 molecules, A = 32 molecules, D = 41 molecules. The cellular volume is 10−15 liters

106



Chapter 6. Solution to the first problem: A new model of synthetic genetic
oscillator regulated by a repressor ribozyme

rates to produce limit cycle oscillations with a period close to 24 hours have been

chosen. On the other hand, the initial conditions have been chosen for obtain a first

cycle with amplitude similar to the limit cycle oscillations. But the choice of the

initial conditions does not alter the behavior of the genetic oscillator because the

oscillations tend to the limit cycle with the time course.

The time evolution of the number of proteins is very similar in both Figures

6.3A and C. However, the stochastic case shows fluctuations around the number of

molecules predicted by the deterministic. These fluctuations generate variability in

the amplitude and period of the oscillations, in contrast to the deterministic case in

which they are identical. This difference between both simulations is more evident

in the limit cycle projections shown in Figures 6.3B and D. The cycling behavior

and the stochastic time evolution of the rest of biomolecules are shown in Figure

6.4. These other molecules oscillate in the range of 0-300 molecules, in contrast to

the number of protein that oscillates between 0-7,000 molecules (Figure 6.3C).

6.3 Model robustness to noise

In the stochastic case, the effect of fluctuations in the oscillations is quantified by the

period histogram and autocorrelation function (Figure 6.5). In contrast to the de-

terministic simulation in which the value of period is fixed, the fluctuations produce

a variable period with mean equal to 24.0 hours and standard deviation equal to 2.3

hours (Figure 6.5A). On the other hand, the autocorrelation function, that is the

correlation of one signal with itself [Percival and Walden, 1993], shows the resistance

of the genetic oscillator with respect to the effect of fluctuations (Figure 6.5B). If

the oscillations are reliable and without phase diffusion the autocorrelation function

oscillates for many periods [Gonze et al., 2002]. For example, in the deterministic

case which does not have fluctuations, the autocorrelation function would oscillate

between 1 and -1 indefinitely over time. The period histogram shows good enough

results in the stochastic study of the model. The standard deviation of the period

is similar to other genetic oscillators [Gonze et al., 2002]. On the other hand, the

autocorrelation function is loss faster than in other genetic oscillators [Barkai and
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Figure 6.4: Stochastic time evolution of all biomolecules. Schematically, the cycling

behavior is the following, when the number of R molecules is high and the number of M ,

D and A molecules are low (start), reaction (R13) dominates and acts to slowly decrease

the number of R molecules. When R reaches the value of 40-50 molecules, reactions (R6)

and (R9) dominate and produce a rapid increase in the number of M and A molecules.

This increase in A stimulates reaction (R8), which increases the number of R molecules.

Finally, reactions (R10), (R11), (R12) and (R14) dominate, reducing the number of M

and A molecules and increasing the number of R molecules, completing the cycle (finish).
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Figure 6.5: Effect of fluctuations in the stochastic simulation. A Period histogram for

about 10,000 cycles. It is assumed that a cycle occurs if the number of proteins increases

until 1,000 molecules and then decreases until 500 molecules. The period between two

successive cycles is calculated as the time interval in which the numbers of proteins is

up 1,000 molecules for first time in each cycle. B Time evolution of the autocorrelation

function for about 1,000 cycles.

Leibler, 2000,Gonze et al., 2002]. It is likely that the molecular noise in the stochas-

tic simulation produces phase diffusion in the oscillations. Nevertheless, it has been

demonstrated by Gonze and Goldbeter that this phase diffusion can be avoided by

synchronizing the oscillations with circadian light-dark cycles [Gonze et al., 2002].

Different combinations of the rate values yield periods ranging from several hours

to hundreds of hours. With suitable values of these rates the period can be tuned

slightly. Specifically, if the degradation rate of the ribozyme changes, keeping con-

stant the rest of rates, different periods can be obtained with similar amplitudes

(Figure 6.6). However, further studies are necessary to fine-tune the period and

amplitude.
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Figure 6.6: Control of the period changing the degradation rate of the ribozyme k11.

The degradation rate has been multiplied by two in each simulation k11 = 0.05, 0.1, 0.2,

0.4 and 0.8 hour−1. The period length decreases when the rate k11 is increased.
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Chapter 7

Solution to the second problem: A

simple negative interaction in a

self-activating gene produces

robust oscillations

This chapter explains the solution to the second and major problem. The problem

is as follows:

• Find a simple condition to produce robust oscillations in a self-activating gene.

To solve this problem a biochemical model is proposed and validated in silico below.

The solution is that a simple repressor inhibiting the PTF signal of a self-activating

gene is enough to produce robust oscillations.

7.1 Proposed model

The proposed model is a simple one-gene network with two well-differentiated parts

(Figure 7.1). The first is a PTF created by a protein A, which is a transcription

factor of its own gene. When this protein binds to its promoter the transcription rate

increases. The second part is a negative interaction in which a repressor molecule

R prevents A from binding to its promoter. The molecule R can be thought of as
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Figure 7.1: Model of a one-gene oscillator with PTF.

a protease, as a protein that sequesters A, or as any other molecule that inhibits

the function of A as shown in Figure 7.1. A different version of the model can be

formulated in which the negative interaction acts on the mRNA molecules instead

of on protein A.

The model is composed of two well-differentiated parts. The first part is a

positive feedback loop in which a gene (G) is transcribed into mRNA (M). In

turn, M is translated into protein (A). This protein is a transcription factor of

its own gene and increases the transcription rate when it binds to the promoter.

The positive feedback needs a second part, consisting of a negative interaction in

order to obtain reliable oscillations. In this part repressor molecules (R) enter the

system at a constant rate. R inhibits the function of A. Specifically, R binds to A

and forms the complex C. In this complex, A is not able to bind to its promoter.

R is not degraded together with A and can be used several times. Therefore, R

can be thought of as a protease, a protein that sequesters A or any other molecule

that binds to and inhibits the function of A as explained above. The zigzag arrows

stand for degradations. A different version of the model can be formulated with the

negative interaction acting over M instead of over A.
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Biochemical reactions and rates

The biochemical reactions that fully describe the model in Figure 7.1 are as follows:

Activation: G+ A
k1−→ Ga

Deactivation: Ga
k−1−−→ G+ A

Slow transcription: G
k2−→ G+M

Fast transcription: Ga
k3−→ Ga +M

mRNA degradation: M
k4−→ φ

Translation: M
k5−→M + A

A degradation: A
k6−→ φ

Complex creation: R + A
k7−→ C

Complex decay into R: C
k8−→ R

R creation (or entry): φ
k9−→ R

R degradation (or exit): R
k10−−→ φ,

(7.1)

where G denotes the gene without A bound to its promoter, M denotes mRNA

transcribed from G, A denotes the activator protein translated from M , Ga denotes

the gene with A bound to its promoter, R denotes the repressor and C denotes R

bound to A. All the biochemical species are measured in molecules. The description

of the rates is as follows: k1 is the binding rate of A to the promoter of G, k−1 is

the unbinding rate of A from the promoter of G, k2 is the basal transcription rate,

k3 is the activated transcription rate, k4 is the degradation rate of M , k5 is the

translation rate, k6 is the degradation rate of A, k7 is the binding rate of R to A, k8

is the decay rate of C into R, k9 is the creation (or entry) rate of R and k10 is the

degradation (or exit) rate of R.

7.2 Deterministic and stochastic simulations

Eleven biochemical reactions provide a full description of the model (see (7.1) in

the subsection Biochemical reactions and rates). The system is assumed to have a

uniform mixture of biomolecules. For this reason, diffusion processes are not taken
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into account. In this approach, the dynamics of the biochemical reactions (7.1)

can be described by two different formalisms known as stochastic and deterministic

approaches (see 2.4.1 Deterministic and stochastic simulations for more details).

These two approaches can lead to different behaviors. The stochastic dynamics of

the reactions (7.1) were simulated using the Gillespie algorithm [Gillespie, 1977] and

the deterministic dynamics using the following ordinary differential equations:

dG

dt
= −k1GA+ k−1Ga

dGa

dt
= k1GA− k−1Ga

dM

dt
= k2G+ k3Ga − k4M

dA

dt
= −k1GA+ k−1Ga + k5M − k6A− k7AR

dR

dt
= −k7AR + k8C + k9 − k10R

dC

dt
= k7AR− k8C,

(7.2)

where the variables and rates are described in the previous subsection Biochemical

reactions and rates. Standard values within the diffusion limit for the rates were

used [Gonze et al., 2002,Vilar et al., 2002,Dublanche et al., 2006]. They are as fol-

lows: k1 = 1 molecules−1 hour−1, k−1 = 50 hour−1, k2 = 50 hour−1, k3 = 500 hour−1,

k4 = 10 hour−1, k5 = 50 hour−1, k6 = 0.1 hour−1, k7 = 0.5 molecules−1 hour−1, k8 = 2.6

hour−1, k9 = 51 molecules hour−1 and k10 = 1 hour−1. The cell has a single copy of

the gene: Gt = G+Ga = 1 molecule. The initial conditions are: G0 = 0, Ga0 = 1,

M0 = 5, A0 = 1000, R0 = 5, and C0 = 1200 molecules. The initial conditions have

been chosen to obtain a first cycle with an amplitude similar to the limit-cycle oscil-

lations. Note that the rates k1 and k7 include the volume of the system V . Hence,

these rates can be written as k1 = k∗1/V and k7 = k∗7/V , where the rates k∗1 and k∗7

are expressed in M−1 hour−1. In order to generate circadian oscillations, first, all

the reaction rates were varied, according to the values used in refs. Gonze et al.,

2002, Vilar et al., 2002 and Dublanche et al., 2006, until oscillations with a period

of around 24 hours in the stochastic simulation was got. Then, the oscillations were

fine-tuned varying rates k8 and k9 until a period closer to 24 hours was achieved.

The stochastic approach is more realistic than the deterministic simulation be-

114



Chapter 7. Solution to the second problem: A simple negative interaction in a
self-activating gene produces robust oscillations

Figure 7.2: Stochastic and deterministic simulations of the model. A, C, E, G, I,

K. Stochastic time evolution of the protein (A), repressor (R), protein-repressor complex

(C), mRNA (M), gene (G) and activated gene (Ga), respectively. B, D, F, H, J, L.

Deterministic time evolution of A, R, C, M , G, and Ga, respectively. (The rates are:

k1 = 1 molecules−1 hour−1, k−1 = 50 hour−1, k2 = 50 hour−1, k3 = 500 hour−1, k4 = 10

hour−1, k5 = 50 hour−1, k6 = 0.1 hour−1, k7 = 0.5 molecules−1 hour−1, k8 = 2.6 hour−1,

k9 = 51 molecules hour−1 and k10 = 1 hour−1. The initial conditions are: G0 = 0, Ga0 = 1,

M0 = 5, A0 = 1000, R0 = 5, and C0 = 1200 molecules.)
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cause it takes into account the randomness of the chemical reactions. This random-

ness produces fluctuations in the number of molecules. The reaction rates to obtain

circadian oscillations were fitted in the stochastic simulation. Then, the results were

compared with the deterministic simulation (Figure 7.2). For both simulations the

time evolution of the protein (A), repressor (R), protein-repressor complex (C) and

mRNA (M) are very similar. The main difference is the appearance of fluctuations

in the stochastic case around the number of molecules predicted by the determinis-

tic approach. The fluctuations are more evident in the time evolution of M (Figure

7.2G) than in the other biomolecules. This is because the number of M molecules

oscillates in a lower range than A, R and C. The oscillations in C are character-

ized by sawtooth waveforms. On the other hand, there are differences between the

stochastic and deterministic time evolution of the gene. There is a single gene in

the model, which can be deactivated (G) or activated (Ga). Therefore, G+Ga = 1

molecule. The stochastic simulation shows realistic discrete transitions between 0

and 1 molecules (Figures 7.2I and 7.2K). By contrast the deterministic simulation

shows unrealistic continuum transitions (Figures 7.2J and 7.2L). In both cases, how-

ever, the qualitative behavior is the same. Most of the time the gene is activated

by A, although it is deactivated for a short time when the number of A in the

oscillations is low.

7.3 Model robustness to noise

The fluctuations in the stochastic simulation are the source of so-called intrinsic

noise [Elowitz et al., 2002,Swain et al., 2002]. In the genetic oscillator, this intrinsic

noise generates variability in both the amplitude and period of the oscillations.

The phase plane defined by C and A illustrates this variability very clearly (Figure

7.3). The deterministic phase plane is a well-defined curve because the oscillations

are identical (dashed line in Figure 7.3). In contrast, the stochastic phase plane is a

curve that spreads around the deterministic curve due to intrinsic noise (solid line in

Figure 7.3). The amplitude and period histograms, and the autocorrelation function

were used to quantify the effect of this intrinsic noise on A oscillations. The results
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Figure 7.3: Stochastic and deterministic phase plane defined by C and A. The general

shape of the curves is the same in both cases, but the deterministic curve (dashed line) is

well defined because the oscillations are identical. In contrast, the stochastic curve (solid

line) spreads around the deterministic one.

are similar to circadian models with more chemical reactions [Barkai and Leibler,

2000,Gonze et al., 2002]. The amplitude histogram shows a mean of 6,723 molecules

and a standard deviation of 858 molecules (Figure 7.4A). The period histogram

shows a mean of 24.3 hours and a standard deviation of 1.7 hours (Figure 7.4B).

In contrast, the absence of intrinsic noise in the deterministic simulation produces

identical A oscillations with lower amplitude and period equal to 6,164 molecules

and 23.6 hours, respectively. On the other hand, the autocorrelation function shows

a half-life time of about 120 hours (Figure 7.5).

The stochastic approach produces good oscillations in A even when there are

fewer than 30 molecules of M, R and C. (Figures 7.6). The values of some rates

were changed to obtain this simulation as in ref. Vilar et al., 2002 (see caption of

Figure 7.6). In the deterministic approach, where intrinsic noise is not present, these

changes do not alter the dynamics of A significantly and produce a low number of M ,

R, and C molecules. In particular, the amplitude and the period are slightly lower

(Figure 7.7). In the stochastic simulation the rate changes reduce the amplitude

and period means to 6,166 molecules and 21.3 hours, respectively (Figure 7.8). The

effects of intrinsic noise is now more pronounced because the number of M , R, and

C molecules is low. This is reflected in an increase of the amplitude and period
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Figure 7.4: A. Amplitude of the stochastic simulation of A. B. Period histograms of the

stochastic simulation of A. (These figures were calculated for 1,000 successive cycles. It is

assumed that a cycle occurs if the number of proteins A increases to 1,000 molecules and

then decreases to 700 molecules. The amplitude was calculated as the greatest number of

A molecules in each cycle. The period was calculated as the time interval that it takes the

number of proteins A to reach 1,000 molecules for the first time in two successive cycles.)

Figure 7.5: Autocorrelation of the stochastic oscillations in the number of A molecules.

The half-life of the autocorrelation is about 120 hours (intersection of dashed lines). (This

figure was calculated for 1,000 successive cycles. It is assumed that a cycle occurs if the

number of proteins A increases to 1,000 molecules and then decreases to 700 molecules.

The amplitude was calculated as the greatest number of A molecules in each cycle. The

period was calculated as the time interval that it takes the number of proteins A to reach

1,000 molecules for the first time in two successive cycles.)
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standard deviations to 2,132 molecules and 5.2 hours, respectively (Figure 7.8).

In cells, there are also fluctuations in the number (or activity) of molecules such

as polymerases, ribosomes and degradation machinery. These fluctuations are the

source of so-called extrinsic noise [Elowitz et al., 2002,Swain et al., 2002]. Stochastic

simulations were performed varying the parameters in order to account for some

aspect of extrinsic noise in the robustness study of the model. The results show that

this oscillator is robust to small parameter variations (Figure 7.9) like more other

complex models of genetic oscillators [Smolen et al., 2001]. The largest amplitude

and period changes occurred for variations in k3 (see Table 7.1). The changes in

the mean period and amplitude were always less than 15% and 31%, respectively.

Particularly, variations in the rates k1, k−1, k2, k6, k7 and k10 produced changes of

less than 3% and 8% in the mean period and amplitude, respectively. The changes

in the standard deviation of the period and the amplitude were always less than

13% and 27%, respectively.

7.4 Reduced deterministic model

To identify the types of biomolecules mainly responsible for oscillations, it is useful

to reduce the deterministic model by means of the quasi-steady-state assumption

(QSSA) [Murray, 2002,Fall et al., 2002]. This approximation differentiates between

fast and slow variables. The greater the time-scale separation between the vari-

ables the more accurate the approximation is. In this approach it is assumed that

fast variables quickly reach the equilibrium, i.e., their derivatives are zero. This

assumption means that slow variables are responsible for the system dynamics. In

this model, it is assumed that the fast variables are G, Ga, M and R, and the slow

variables are A and C. Then, the set of Eq. (7.2) can be simplified to

dA

dt
=
α + βA

γ + A
− Ak9 + k8C

δ + A
− k6A

dC

dt
=
k9A− δk8C

δ + A
,

(7.3)

where α = Gtk−1k2k5/k1k4, β = Gtk3k5/k4, γ = k−1/k1, δ = k10/k7 andGt = G+Ga.

A good way to check if this approximation is correct is to compare the numerical
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Figure 7.6: Model robustness to intrinsic noise when the number of molecules is low.

The changed rates are k4 = 1000 hour−1, k5 = 5000 hour−1, k7 = 25.5 molecules−1 hour−1,

k8 = 132.6 hour−1 and k9 = 1 molecules hour−1. In particular, the rates k4 and k5 were

multiplied by 100 to obtain a low number of M molecules. Simultaneously, the rates k7

and k8 were multiplied, and the rate k9 was divided by 51 to obtain a low number of R

and C molecules. The initial conditions are Ga0 = 1 and G0 = M0 = A0 = R0 = C0 = 0

molecules. The mean value of M is 0.48 molecules.
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Period of A Amplitude of A

Changed rate Mean (hours) S.D. (hours) Mean (molecules) S.D. (molecules)

none 24.3 1.7 6723 858

1.15k1 23.9 1.8 6554 909

0.85k1 24.6 1.6 6792 867

1.15k−1 24.5 1.6 6762 822

0.85k−1 23.9 1.9 6528 974

1.15k2 23.6 1.7 6365 879

0.85k2 24.8 1.7 7017 865

1.15k3 27.5 1.8 8796 1042

0.85k3 21.0 1.7 4760 740

1.15k4 21.9 1.6 5263 731

0.85k4 27.2 1.8 8714 1082

1.15k5 26.9 1.8 8458 1047

0.85k5 21.6 1.7 5053 712

1.15k6 23.6 1.6 6247 803

0.85k6 24.8 1.8 7138 1020

1.15k7 24.6 1.7 6807 860

0.85k7 23.9 1.8 6501 959

1.15k8 21.5 1.6 5931 880

0.85k8 27.8 1.8 7597 881

1.15k9 21.9 1.6 6021 859

0.85k9 27.3 1.8 7485 937

1.15k10 24.3 1.6 6886 880

0.85k10 24.3 1.7 6486 889

Table 7.1: Data points of Figure 7.9.
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Figure 7.7: Time evolution of A with and without a low number molecules. Comparison

between deterministic simulation of the time evolution of A with (dashed line) and without

(solid line) a low number of M , R, and C molecules. (Solid line graph: the values of the

parameters are as in Figure 7.2. Dashed line graph: the changed rates are k4 = 1000

hour−1, k5 = 5000 hour−1, k7 = 25.5 molecules−1 hour−1, k8 = 132.6 hour−1 and k9 = 1

molecules hour−1.

solution of the complete and the reduced systems. Both numerical solutions agree

except for quantitative differences in the period and the amplitude (Figures 7.10A

and 7.10B). These differences are due to the fact that the time-scale separation be-

tween fast and slow variables is not large enough for QSSA to be more accurate.

Despite these differences, we can conclude that A and C are mainly responsible for

the system dynamics. The other types of biomolecules can be considered to be at

equilibrium. The fluctuations in the fast variables do not significantly affect the sys-

tem dynamics [Vilar et al., 2002]. This explains the robustness of the model when

the number of molecules is low (Figures 7.6). In fact, the system produces reliable

oscillations even if the average of M is less than one molecule (Figure 7.6D), and,

surprisingly, even when the driven C molecules oscillate in a range of less than 30

molecules (Figure 7.6B).

The oscillations in the reduced deterministic model exhibit limit-cycle behavior

(thin solid line in Figure 7.11). Therefore, if an external disturbance is applied to

the oscillator, the system will go back to oscillating with the period and amplitude

of its limit cycle. The unstable fixed point of the system is C0 = 552.4 and A0 = 56.3

122



Chapter 7. Solution to the second problem: A simple negative interaction in a
self-activating gene produces robust oscillations

Figure 7.8: Amplitude (A) and period (B) histograms of the stochastic simulation of

A shown in Figure 7.6. The values of the parameters in this simulation are as in Figure

7.2 but now with k4 = 1000 hour−1, k5 = 5000 hour−1, k7 = 25.5 molecules−1 hour−1,

k8 = 132.6 hour−1 and k9 = 1 molecules hour−1. (A and B were calculated for 1,000

successive cycles. It is assumed that a cycle occurs if the number of proteins A increases

to 1,000 molecules and then decreases to 700 molecules. The amplitude was calculated as

the greatest number of A molecules in each cycle. The period was calculated as the time

interval that it takes the numbers of proteins A to reach 1,000 molecules for the first time

in two successive cycles.
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Figure 7.9: Model robustness to extrinsic noise. Scatter plot of amplitude versus period

that shows the robustness of the model to parameter variation (data is presented in Table

7.1). Two stochastic simulations were performed for each parameter in which the value was

increased and decreased by 15%. The x and y coordinates of each data point correspond

to the mean values of the period and amplitude, respectively. The horizontal and vertical

error bars are the standard deviation of the period and amplitude, respectively. The

intersection between dashed lines shows the point obtained without changing the value of

any rate. (Each data point in this figure was calculated for 1,000 successive cycles. It is

assumed that a cycle occurs if the number of proteins A increases to 1,000 molecules and

then decreases to 700 molecules. The amplitude was calculated as the greatest number of

A molecules in each cycle. The period was calculated as the time interval that it takes the

number of proteins A to reach 1,000 molecules for the first time in two successive cycles.
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Figure 7.10: Simulation of the genetic oscillator reduced by QSSA. A. Comparison

between the reduced (solid line) and complete (dashed line) deterministic simulation of

the time evolution of A. B. Comparison between the reduced (solid line) and complete

(dashed line) deterministic simulation of the time evolution of C.

molecules (circle in Figure 7.11). For a bifurcation analysis of parameters k8 and

k9 indicating the range of values that produces limit-cycle oscillations, see next

subsection Bifurcation diagram.

This genetic clock belongs to the so-called relaxation oscillators [Hasty et al.,

2001,Murray, 2002,Strogatz, 1994]. The mechanism responsible for the oscillations

is represented by the nullclines AN and CN (Figure 7.11). These nullclines are the

solution of the equations dA/dt = 0 and dC/dt = 0, respectively. The nullcline CN

is a straight line and the nullcline AN has the characteristic “Z” shape of relaxation

oscillators [Tyson et al., 2003, Strogatz, 1994, Murray, 2002]. The shape of the A

nullcline is the same as the hysteresis diagram obtained if C is assumed constant

(Figure 7.12). Therefore, this genetic clock contains some features of hysteresis in

its oscillatory mechanism. The A nullcline has two branches that we can call “high”

and “low” (Figure 7.11). These branches are steady states if the C is a constant

(Figure 7.12). In each oscillation the system switches from one branch to the other

using the number of C molecules as a transient signal. This process can be explained

following the limit-cycle trajectory. When A and C are about 1 and 200 molecules,

respectively, their number increases until A reaches its maximum of about 7,330
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Figure 7.11: Phase plane of the genetic oscillator reduced by QSSA. Limit cycle (thin

solid line) and nullclines AN (thick solid lines) and CN (thick dashed line). The unstable

fixed point of the system (marked by circle ◦) is C0 = 552.4 and A0 = 56.3 molecules.

The nullclines AN and CN are the solution of equations dA/dt = 0 and dC/dt = 0,

respectively. The two branches in the nullcline AN are called “high” and “low”. (The

arrows represent the direction of the oscillations. One and two arrows mean slow and fast

stages, respectively).

molecules and C reaches about 650 molecules. This is the transient from the low to

the high branch. Then, the number of A molecules is reduced to about 0 molecules,

whereas C reaches its maximum of about 1,260 molecules. This is the transient from

the high to the low branch. Finally, the number of C molecules is quickly reduced

and the trajectory moves along the nullcline AN , returning to the starting point

where a new cycle begins.

This genetic clock is characterized by containing fast and slow stages. The

time evolution of C shows these two well-differentiated stages (Figure 7.13). In the

slow stage A� δ and k9A� δk8C, then the second differential equation in (7.3)

can be approximated by dC/dt ≈ k9. In this stage, therefore, the number of C

molecules increases linearly according to equation C ∝ k9t. In the fast stage A� δ

and k9A� δk8C, then the second differential equation in (7.3) can be approximated

by dC/dt ≈ −k8C. In this stage, the number of C molecules decays exponentially

according to equation C ∝ exp(−k8t). The two stages play different roles. The slow

stage is characterized by the formation of a pulse of A molecules. On the other
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Figure 7.12: Hysteresis diagram depending on C. The curve is the solution of the

equation dA/dt = 0, where C is assumed constant. The two solid lines in the diagram

are the two stable steady states “high” and “low” as a function of C. The dashed line

represents the unstable points in the diagram. The region of bistability is shown in grey.

hand, the decay of C into R in the fast stage provides the necessary conditions for

a new pulse. These two stages produce oscillations in C with sawtooth waveforms

(solid line Figure 7.13).

Bifurcation diagram

The bifurcation diagram was calculated for parameters k8 and k9. These are key pa-

rameters for two reasons. First, the rate of the negative interaction v is proportional

to k8 and k9 when the saturation point is reached. Second, the fast and slow stages

in the relaxation oscillations depend on k8 and k9, respectively. Specifically, The

range values of k9 that produce stable oscillations through a bifurcation diagram

was studied. Then it was studied how this range changes when the parameter k8

varies.

The bifurcation diagram of the reduced model depending on k9 shows two Hopf

bifurcation points (Figure 7.14). The first Hopf bifurcation appears at k9 = 4.78

molecules hour−1 and the second at k9 = 217.6 molecules hour−1. Most of the values

of k9 between these two points produce stable oscillations. Only for a short range

of values around these points are the oscillations unstable (white circles in Figure
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Figure 7.13: Slow and fast stages of the genetic oscillator reduced by QSSA. The solid line

is C and the dotted line is A. C exhibits a sawtooth waveform. (The arrows represent the

direction of the oscillations. One and two arrows mean slow and fast stages, respectively).

7.14). The oscillations have an amplitude of from 2,000 to 16,000 molecules, and a

period of from 7 to 170 hours (Figure 7.15). The velocity of the reaction φ
k9−→ R

in (7.1) does not depend on any biomolecule involved in the oscillator. Therefore,

parameter k9 can be interpreted as an external signal controlling the behavior of the

clock.

The variation of parameter k8 changes the position of the two Hopf bifurcation

points (white circles in Figure 7.16). The different positions of these points define

the regions with stable oscillations depending on the values of k8 and k9 (regions I

and II in Figure 7.16). If parameter k8 is increased, the range of values of k9 that

produces stable oscillations decreases. This range shrinks faster if k8 is greater than

20 hour−1. An equivalent graph for the stochastic model was plotted because it is

more realistic than the reduced graph (black circles in Figure 7.16). In particular,

it is assumed that oscillations occurs in a region if the correlation in the first period

is greater than 0.2. The stochastic model produces oscillations in the regions II and

III (Figure 7.16). The range of oscillations in the complete deterministic model is

close to the region II.
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Figure 7.14: Bifurcation diagram of the reduced model depending on k9. The

solid/dashed line represents stable/unstable fixed points. Black/white circles are the max-

imum and minimum values of A during unstable/stable oscillations. HB denotes a Hopf

Bifurcation point. HB1 and HB2 appear when the value of k9 is 4.78 and 217.6 molecules

hour−1, respectively.

Figure 7.15: Period of the stable oscillations in Figure 7.14.
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Figure 7.16: Oscillatory regions in the reduced and stochastic models depending on

k8 and k9. Region I. Oscillations in reduced model. Region II. Oscillations in both

reduced and stochastic model. Region III. Oscillations in the stochastic model. Region

IV. No oscillations in any model. White circles represent the locus of Hopf bifurcations

in the reduced model (data are presented in Table 7.2). Black circles represent locus of

oscillations in the stochastic simulation (data are presented in Table 7.3). It is assumed in

the stochastic case that oscillations occur in a region if the correlation in the first period

is greater than 0.2. (The lines connecting circles are designed to clearly single out the

different regions.)
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k8 (hour−1) kmin
9 (molecules hour−1) kmax

9 (molecules hour−1)

0.1 4.65 220.3

1 4.70 219.3

2.6 4.78 217.6

3 4.80 217.1

3.5 4.82 216.6

5 4.90 214.9

10 5.17 209.6

20 5.75 199.3

30 6.39 189.7

40 7.10 180.8

80 10.5 150.4

120 14.8 127.1

160 20.1 108.4

200 26.9 91.9

225 32.7 81.5

250 41.4 68.8

255 44.2 65.3

260 48.3 60.5

261 49.6 59.1

262 51.5 57.0

262.6 53.7 54.8

Table 7.2: Data points of locus Hopf bifurcation in reduced model (Figure 7.16).
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k8 (hour−1) kmin
9 (molecules hour−1) kmax

9 (molecules hour−1)

0.5 3 323

1 3 271

5 4 125

10 5 77

15 5 53

20 5 30

24 16 18

Table 7.3: Data points of locus of oscillations with less than 20% of correlation in the

first period in the stochastic model (Figure 7.16).

7.5 How the negative interaction works

The negative interaction decreases the number of free A molecules and takes the

system back to the start of a new cycle. The detailed explanation of how this

interaction works is related to the dynamics of the typical enzymatic reaction:

S + E
c1−−⇀↽−−
c−1

D
c2−→ P + E, (7.4)

where S, E, D and P are the substrate, enzyme, complex substrate-enzyme and

product, respectively. The total number of enzymes (Et = E +D) is constant in the

system. The rate of catalysis in this reaction is defined as v ≡ dP/dt = c2D. The

value of this rate can be approximated by QSSA. The result of this approximation

is the well-known Michaelis-Menten equation:

v ≈ VmaxS

KM + S
, (7.5)

where Vmax = c2Et and KM = (c−1 + c2)/c1 [Murray, 2002]. In this equation, the

rate v increases asymptotically as a function of S. The rate v reaches a maximum

value (Vmax) when the amount of S is large compared with the constant KM . In

this situation, the enzymes are saturated because most are part of complex D, and

adding more S does not increase the rate v. Therefore, D ≈ Et, and the rate of the

catalysis v reaches the constant value c2Et.
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Figure 7.17: Rate of the negative interaction (v = k8C). This rate represents the number

of degraded A molecules per hour. The graph was plotted by multiplying the number of

C molecules in Figure 3F by k8. The circle (◦) indicates the saturation point. At the

saturation point the rate increases linearly (v ∝ k8k9t) because new R molecules enter the

system at rate k9. The square (�) indicates the maximum rate of the negative interaction

(vmax = 3,180 molecules/hour).

In my model, the negative interaction is:

A+R
k7−−⇀↽−−
k−7

C
k8−→ R, (7.6)

where k−7 = 0 is assumed to simplify the model. We can think of A, R, and C as

S, E and D, respectively. Therefore, the rate of the negative interaction can be

defined as v ≡ k8C (Figure 7.17). This rate represents the number of degraded

A molecules per hour. The negative interaction works as follows. The number of

A molecules increases quickly due to the positive feedback. This rise causes most

of the R molecules to bind to A molecules forming the complex C. At this point,

the system reaches the saturation level (circle in Figure 7.17). The total number

of repressor molecules in the system is Rt = R + C. Therefore, at the saturation

point, C ≈ Rt and the rate v reaches the value k8Rt. The negative interaction

is not fast enough to decrease the growth of A molecules immediately after the

saturation point is reached. This is because the number of Rt molecules is low at

this point. Nevertheless, new R molecules enter the system at rate k9. Therefore,

Rt increases linearly over time (Rt ∝ k9t) compared with the enzymatic reaction in
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Figure 7.18: Plot of vmax against k11, where k11 is the rate of the reaction: C −→ φ.

Each point corresponds to a deterministic simulation with k11 equal to 0.0, 0.1, 0.2, 0.3,

0.4, 0.5 and 0.6 hour−1, respectively (see Figure S5 for more detailed information). The

oscillations stop when k11 = 0.6 hour−1 (◦) (Figure 7.19G).

which Et is constant. This means that the rate of the negative interaction increases

linearly according to equation v ∝ k8k9t. The value of v increases until the negative

interaction is fast enough to reduce the number of A molecules and take the system

back to the start of a new cycle. The maximum rate reached by the negative

interaction is vmax = 3,180 molecules/hour (square in Figure 7.17).

In this model there is not an explicit negative feedback loop at the genetic level.

It has been conjectured that all biochemical oscillators involve some sort of negative

feedback loop [Novák and Tyson, 2008]. In this genetic clock, an effective negative

feedback loop appears in the reduced model (see next subsection The Jacobian ma-

trix ). Intuitively, this effective negative feedback loop can be explained as follows:

when C is rare, A is increased by the positive feedback. This rise in the production

of A leads to the accumulation of C, which in turn increases v. This accumulation

of C increases until the negative interaction is fast enough to reduce the number of

A molecules. In this model, it is assumed that C is not degraded. If this complex

is degraded according to the reaction C
k11−−→ φ, v increases at a slower rate, and its

maximum value (vmax) is reduced (Figures 7.18 and 7.19). The oscillations stop

when k11 = 0.6 hour−1 (Figure S5G), because not enough C is accumulated in order

to increase v.
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Figure 7.19: Rate of the negative interaction (v = k8C) for different values of k11, where

k11 is the rate of reaction C −→ φ. Deterministic simulations A, B, C, D, E, F and G

correspond to k11 equals 0.0, 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6 hour−1, respectively. The values

of the other parameters are as in Figure 7.2. The oscillations stop when k11 = 0.6 hour−1

(G). If k11 is increased, v increases slower, and its maximum value (vmax) is lower. The

value of vmax corresponds to the peak of the oscillations (vmax is the value of the steady

state in G
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The Jacobian matrix

The Jacobian matrix of the reduced system (7.3) is:

J =

a11 a12

a21 a22

 =


γβ − α

(γ + A)2
− δ(k9 + k8C)

(δ + A)2
− k6 −

k8A

δ + A
δ(k9 + k8C)

(δ + A)2
− δk8
δ + A

 , (7.7)

where the elements a12 and a22 are always negative, the element a21 is always positive

and the element a11 can be positive or negative depending on the values of the rates.

With the rates given in the caption of Figure 7.2 and the fixed point of the reduced

system (Figure 7.11) the sign pattern for the Jacobian matrix is:

J =

+ −

+ −

 . (7.8)

A two-component negative feedback loop is created in the reduced model because

a12a21 < 0 (see Chapter 9 of the reference [Fall et al., 2002]). The Jacobian matrix

(7.8) has a typically sign pattern that produces Hopf bifurcation in chemical systems

with two variables [Fall et al., 2002,Murray, 2002]. The two-component systems with

this sign pattern in the Jacobian matrix are called activator-inhibitor models [Fall

et al., 2002].

The negative interaction does not produce an effective high nonlinearity

This genetic oscillator does not need cooperative binding reactions nor the forma-

tion of protein multimers, in contrast to the one-gene oscillator with NTF (Figure

1.1A). It has been demonstrated that protein sequestration produces an effective

high nonlinearity [Buchler and Louis, 2008,Buchler and Cross, 2009]. But this high

nonlinearity is not observed if the repressor molecule is recycled [Buchler and Louis,

2008]. In my model the repressor R can be used several times. The biochemical
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reactions that describe the negative interaction are as follows:

A creation (or entry):
f−→ A

A degradation: A
k6−→ φ

Complex creation: R + A
k7−→ C

Complex decay into R: C
k8−→ R

R creation (or entry): φ
k9−→ R

R degradation (or exit): R
k10−−→ φ.

(7.9)

The dynamics of these reactions are described by the following ODEs:

dA/dt = f − k6A− k7AR

dR/dt = −k7AR + k8C + k9 − k10R

dC/dt = k7AR− k8C,

(7.10)

As in [Buchler and Louis, 2008], these equations can be solved at steady state

to yield:

A =
fk10

k7k9 + k6k10

R =
k9
k10

C =
fk7k9

(k7k9 + k6k10)k8
,

(7.11)

where nonlinearity is not observed in output A as a function of input flux f . There-

fore, the negative interaction does not produce an effective high nonlinearity.

7.6 Software

Code for stochastic and deterministic simulations was written in FORTRAN and

XPPAUT (http://www.math.pitt.edu/~bard/xpp/xpp.html), respectively. Sim-

ulations have been contrasted using CAIN software (http://cain.sourceforge.

net/). The stability analysis to determine steady states and limit cycles was per-

formed with XPPAUT. The histograms and autocorrelation function were plotted

using FORTRAN and GNU Octave (http://www.gnu.org/software/octave/).
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The code for complete and reduced deterministic simulations in XPPAUT is avail-

able in File S1 and File S2. The code for stochastic and deterministic simulations

in CAIN is available in File S3.

Supporting Information: Files

File S1. Complete deterministic model (XPPAUT software).

#File S1

#XPPAUT software (http://www.math.pitt.edu/ bard/xpp/xpp.html)

dG/dt = -k1*G*A + km1*Ga

dGa/dt = k1*G*A - km1*Ga

dM/dt = k2*G + k3*Ga - k4*M

dA/dt = - k1*G*A + km1*Ga + k5*M - k6*A - k7*A*R

dR/dt = - k7*A*R + k8*C + k9 - k10*R

dC/dt = k7*A*R - k8*C

param k1=1.0, km1=50.0, k2=50.0, k3=500.0, k4=10.0, k5=50.0, k6=0.1, k7=0.5,

k8=2.6, k9=51, k10=1, gt=1

init G=0,Ga=1,M=5,A=1000,R=5,C=1200

@ xlo=0, xhi=100, ylo=0, yhi=1, meth=stiff, bounds=1000000, maxstor=100000,

nmesh=1000, total=100

done

#End File S1

Available in:

http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:

doi/10.1371/journal.pone.0027414.s011

File S2. Reduced deterministic model (XPPAUT software).

#File S2

#XPPAUT software (http://www.math.pitt.edu/ bard/xpp/xpp.html)

da/dt = (alpha+beta*a)/(gamma+a) - a*(k9+k8*c)/(delta+a) - k6*a
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dc/dt = (a*k9-delta*k8*c)/(delta+a)

alpha=km1*k2*k5*gt/(k1*k4)

beta=k3*k5*gt/k4

gamma=km1/k1

delta=k10/k7

param k1=1.0, km1=50.0, k2=50.0, k3=500.0, k4=10.0, k5=50.0, k6=0.1, k7=0.5,

k8=2.6, k9=51, k10=1, gt=1

init a=1000,c=1200

@ xlo=0, xhi=100, ylo=0, yhi=7500, meth=stiff, bounds=1000000, maxstor=100000,

nmesh=1000, total=100

done

#End File S2

Available in:

http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:

doi/10.1371/journal.pone.0027414.s012

File S3. Stochastic and deterministic model (CAIN software).

Available in:

http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:

doi/10.1371/journal.pone.0027414.s013
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Chapter 8

Conclusions

This thesis has addressed two research problems about genetic clocks. The first

problem motivated the second and major problem of this thesis. To solve these

problems, two models have been proposed and validated in silico.

The first problem is as follows:

• Design a new oscillatory genetic circuit regulated by catalytic RNA molecules.

And the solution is as follows:

• A new model of genetic oscillator with catalytic RNA molecules (ribozymes)

acting as repressors.

The second and major problem is as follows:

• Find a simple condition to produce robust oscillations in a self-activating gene.

And the solution is as follows:

• A repressor molecule acting on the positive transcriptional feedback of a self-

activating gene is a simple and sufficient condition to produce reliable oscilla-

tions.

First problem: design a new oscillatory genetic circuit regulated by cat-

alytic RNA molecules

In 2000, Barkai and Leibler published a communication in Nature stating that“Noise

resistance should therefore be considered in any postulated molecular mechanism of
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circadian rhythms” [Barkai and Leibler, 2000]. In this communication they presented

the first study of noise resistance in genetic oscillators. They studied a model of

genetic oscillator that is robust to molecular noise [Vilar et al., 2002]. This model

comprises a gene with PTF (activator gene) that activates the expression of another

gene (repressor gene). This second gene encodes a repressor protein that inhibits

the expression of the activator gene. The model proposed by Barkai and Leibler in

2000 and the versatility and the important regulation function of RNA molecules in

gene expression [Isaacs et al., 2006, Saito and Inoue, 2009,Benenson, 2009, Rodrigo

et al., 2012] motivated the first research problem solved in this thesis: design a new

oscillatory genetic circuit regulated by catalytic RNA molecules. The objective is

to design an alternative version of the model proposed by Barkai and Leibler using

catalytic RNA molecules.

Solving this problem is interesting from two different perspectives. Systems

biology has an interest in discovering the possible roles of RNA molecules in genetic

oscillators. Synthetic biology has an interest in discovering new design principles for

engineering simple and efficient synthetic genetic oscillators using RNA molecules.

Solution to the first problem:

To solve the first problem, a new model of genetic oscillator based on a catalytic RNA

called ribozyme has been proposed and studied. The genetic oscillator produces

reliable oscillations with a circadian period. The originality of this model is the

use of a catalytic RNA as a repressor rather than a protein or non-catalytic RNA.

Thanks to the ribozyme properties of hybridization and cleavage, a simple oscillator,

composed of an activator gene, a repressor gene, a mRNA and a protein, apart from

the ribozyme, can be designed. The model has been simulated both deterministically

and stochastically. The deterministic simulation shows limit cycle oscillations. The

results of the study of robustness to molecular noise in the stochastic simulation are

satisfactory.

Therefore, the model proposed by Barkai and Leibler can be satisfactorily simpli-

fied using catalytic RNA molecules as repressors instead of proteins. Catalytic RNAs
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could play a key role in natural genetic oscillators. Further studies are necessary to

clarify this role. Besides, the use of proteins and non-catalytic RNAs in combination

with catalytic RNA molecules could simplify and enhance new synthetic biological

devices.

Second and major problem: find a simple condition to produce robust

oscillations in a self-activating gene

While researching the first problem, I discovered by pseudoserendipity that the re-

pressor gene did not need to be activated by the activator gene to obtain oscillations

in either the ribozyme-based model or the Barkai and Leibler model. This discovery

motivated the major problem addressed in this manuscript.

In the 1960s, Goodwin presented the first model of a genetic clock for periodic

enzyme production [Goodwin, 1963,Goodwin, 1965]. This model comprises a single

gene with a negative transcriptional feedback (NTF). Goodwin’s research was the

groundwork for subsequent models of genetic oscillators. In these models, a gene

with a NTF generates the oscillations [Goldbeter, 1995, Ruoff and Rensing, 1996,

Ruoff et al., 1999,Leloup et al., 1999,Ruoff et al., 2001,Gonze et al., 2002,Bratsun

et al., 2005]. However, positive transcriptional feedbacks (PTFs) have been found in

many genetic clocks [Reppert and Weaver, 2002,Gallego and Virshup, 2007,Purcell

et al., 2010, Lenz and Søgaard-Andersen, 2011, O’Brien et al., 2012]. It has been

shown that PTFs increase the robustness of cellular clocks [Vilar et al., 2002, Tsai

et al., 2008], and also that a single gene with only PTF does not produce oscillations

[Griffith, 1968b, Smolen et al., 1999]. Nevertheless, there is an interesting open

problem pending with respect to the role of the PTF: find a simple condition to

produce robust oscillations in a self-activating gene.

The solution of this problem is of interest to systems biology because it reveals a

new role for PTF and can be useful in synthetic biology to design simple and robust

genetic clocks.
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Solution to the second problem:

To solve the second problem, it has been proposed and studied a new simple ge-

netic circuit model illustrating that a single gene with PTF has also the potential to

produce reliable oscillations. The sufficient additional requirement is a simple and

usual negative interaction of degradation, sequestration or inhibition acting on the

positive feedback signal. It has been shown that the model can be classified as a re-

laxation oscillator. Therefore, this model has a different oscillatory mechanism than

the well-established NTF one-gene oscillator model. Moreover, it has been demon-

strated that the model presented here produces circadian oscillations that are just

as robust to noise as other more complex models [Barkai and Leibler, 2000,Smolen

et al., 2001, Gonze et al., 2002]. Similarly to the Barkai and Leibler oscillator, the

model presented in this thesis produces good oscillations when the average number

of mRNA molecules is less than one [Vilar et al., 2002]. In fact, the number of

proteins oscillates satisfactorily even when the other types of molecules involved in

the clock are less than 30. The single-gene model presented here does not need the

activation of a second repressor gene by the PTF, cooperative binding reactions nor

the formation of protein multimers. Therefore, this model is a simpler genetic relax-

ation oscillator than the current and widely known two-gene clocks [Purcell et al.,

2010].

The main thesis of this scientific study is that a single gene with PTF and

a negative interaction in the feedback signal is an alternative and simple way of

generating reliable oscillations. This study suggests that PTF, besides increasing

robustness in cellular clocks, could be more directly and deeply involved in the

production of oscillations than at first thought. Further research is necessary to

elucidate the presence and the role of this genetic oscillator in natural cellular clocks.

On the other hand, thanks to its simplicity, this model has the potential to be a

new tool for engineering synthetic genetic oscillators. In this case the period and

amplitude of the oscillations could be possibly controlled by externally manipulating

the entry rate of the repressor molecules.
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Relevance of the results

Cellular clocks are crucial for many organisms to function properly. They regulate

essential functions such as metabolism, hormone secretion, cell cycle, body tem-

perature, circadian cycles and signaling. Any alteration in the temporal activation

or degradation of a protein or a signaling molecule can disrupt the correct biologi-

cal rhythm of a cell or a tissue. For example, recent studies report that circadian

rhythm disturbances can be related to neurodegenerative and sleep disorders, and

cancer [Kondratova and Kondratov, 2012, Greene, 2012]. Clarifying the oscillatory

mechanism of these cellular clocks can be critical for gaining a better understand-

ing of the causes of many diseases and for finding more effective therapies to restore

correct biological rhythms. Synthetic cellular clocks are important for synchronizing

different components of complex synthetic genetic circuits and are also interesting

for periodic drug release in future in vivo clinical applications. The contributions of

this thesis are potentially applicable in all these fields.
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Future research directions

This chapter describes the future research directions. They are as follows:

In vivo and in vitro validation of the models

The genetic oscillators studied in this thesis have been validated in silico. A future

line of research in synthetic biology is to validate these models in the wet laboratory.

A future systems biology research line for the first model described in Chapter 6

is to find RNA molecules with a catalytic function that can play the same role in

natural cellular clocks. A future systems biology research line for the second model

described in Chapter 7 is to find the model in natural cellular clocks.

Study the capabilities of the second genetic oscillator model as a genetic

memory

The second genetic oscillator model presented in Chapter 7 of this manuscript com-

prises a repressor molecule that inhibits a positive feedback signal. Thanks to its

dynamic properties, this system can behave like a biological memory. A possible

future research goal is to study and design the capabilities of this genetic memory.

This model could be of interest in systems and synthetic biology due to its simplic-

ity. Unlike current genetic memories, the model presented here needs neither the

formation of protein multimers nor protein cooperativity.
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Study and design of new genetic oscillators regulated by non-coding

RNAs

The genetic oscillator model presented in Chapter 6 comprises a repressor RNA

molecule (a ribozyme) that inhibits the expression of an activator gene. A possible

future research goal is to study and design a simple variant of the model presented

in Chapter 7. In this new model, the negative interaction acts on the mRNA instead

of on the protein. Biological oscillators control important cell functions such as cir-

cadian rhythms, cell cycle and metabolism. In recent years, small molecules of RNA

interfering in gene expression have been discovered. Therefore, non-coding RNAs

play an important role in the design of new biological devices. The properties of the

genetic oscillator presented in Chapter 7 make it suitable for producing oscillations

using non-coding RNAs. The study of this new model can be interesting in order

to obtain biological knowledge for systems biology or as a new device for synthetic

biology.

Reverse-engineering: A biosensor of positive feedbacks in genetic net-

works using repressors

Positive feedbacks play an important role in cells. These positive feedbacks are

present in biological memories and many cellular oscillators. A possible future re-

search goal is to study and design a new device able to detect the presence of positive

feedbacks in cells. The operation of this new design could be based on the model

presented in Chapter 7. The process for detecting a positive feedback would be to

apply a negative interaction on the protein supposedly involved in the feedback. If

the system oscillates, a positive feedback is likely to be present.
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Miró-Bueno, J. M. and Rodŕıguez-Patón, A. (2008). Biomolecular computing devices

in synthetic biology. In Porto, A., Pazos, A., and Buño, W., editors, Advancing

Artificial Intelligence through Biological Process Applications, pages 250–267.

Medical Information Science Reference.
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