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ABSTRACT 
 
Concrete is nowadays one of the most widely used building materials because of its 
good mechanical properties, moldability and production economy, among other 
advantages. As it is known, it has high compressive and low tensile strengths and for 
this reason it is reinforced with steel bars to form reinforced concrete, a material that 
has become the most important constructive solution of our time. 
 
Despite being such a widely used material, there are some aspects of concrete 
performance that are not yet fully understood, as it is the case of its response to the 
effects of an explosion. This is a topic of particular relevance because the events, both 
intentional and accidental, in which a structure is subjected to an explosion are, 
unfortunately, relatively common. 
 
The loading of a structure due to an explosive event occurs due to the impact of the 
pressure shock wave generated in the detonation. The application of this load on the 
structure is very fast and of very short duration. Such actions are called impulsive 
loads, and can be up to four orders of magnitude faster than the dynamic loads 
imposed by an earthquake. Consequently, it is not surprising that their effects on 
structures and materials are very different than those that cause the loads usually 
considered in engineering.  
 
This thesis broadens the knowledge about the material behavior of concrete subjected 
to explosions. 
 
To that end, it is crucial to have experimental results of concrete structures subjected 
to explosions. These types of results are difficult to find in the scientific literature, as 
these tests have traditionally been carried out by armies of different countries and the 
results obtained are classified. Moreover, in experimental campaigns with explosives 
conducted by civil institutions the high cost of accessing explosives and the lack of 
proper test fields does not allow for the testing of a large number of samples. For this 
reason, the experimental scatter is usually not controlled. However, in reinforced 
concrete elements subjected to explosions the experimental dispersion is very 
pronounced. First, due to the heterogeneity of concrete, and secondly, because of the 
difficulty inherent to testing with explosions, for reasons such as difficulties in the 
boundary conditions, variability of the explosive, or even atmospheric changes. To 
overcome these drawbacks, in this thesis we have designed a novel device that allows 
for testing up to four concrete slabs under the same detonation, which apart from 
providing a statistically representative number of samples, represents a significant 
saving in costs. A number of 28 slabs were tested using this device. The slabs were 
both reinforced and plain concrete, and two different concrete mixes were used. 
 
Besides having experimental data, it is also important to have computational tools for 
the analysis and design of structures subjected to explosions. Despite  the existence of 
several analytical methods, numerical simulation techniques nowadays represent the 
most advanced and versatile alternative for the assessment of structural elements 
subjected to impulsive loading. However, to obtain reliable results it is crucial to have 
material constitutive models that take into account the parameters that govern the 
behavior for the load case under study. In this regard it is noteworthy that most of the 
developed constitutive models for concrete at high strain rates arise from the ballistic 
field, dominated by large compressive stresses in the local environment of the area 
affected by the impact. In the case of concrete elements subjected to an explosion, the 
compressive stresses are much more moderate, while tensile stresses usually cause 



Abstract 

 
vi 

material failure. This thesis discusses the validity of some of the available models, 
confirming that the parameters governing the failure of reinforced concrete slabs 
subjected to blast are the tensile strength and softening behaviour after failure. 
 
Based on these results we have developed a constitutive model for concrete at high 
strain rates, which only takes into account the ultimate tensile strength. This model is 
based on the embedded Cohesive Crack Model with Strong Discontinuity Approach 
developed by Planas and Sancho, which has proved its ability in predicting the tensile 
fracture of plain concrete elements. The model has been modified for its 
implementation in the commercial explicit integration program LS-DYNA, using 
hexahedral finite elements and incorporating the dependence of the strain rate, to 
allow for its use in dynamic domain. The model is strictly local and does not require 
remeshing nor prior knowledge of the crack path. 
 
This constitutive model has been used to simulate two experimental campaigns, 
confirming the hypothesis that the failure of concrete elements subjected to explosions 
is governed by their tensile response, being of particular relevance the softening 
behavior of concrete. 
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RESUMEN 
 
El hormigón es uno de los materiales de construcción más empleados en la actualidad 
debido a sus buenas prestaciones mecánicas, moldeabilidad y economía de obtención, 
entre otras ventajas. Es bien sabido que tiene una buena resistencia a compresión y 
una baja resistencia a tracción, por lo que se arma con barras de acero para formar el 
hormigón armado, material que se ha convertido por méritos propios en la solución 
constructiva más importante de nuestra época. 
 
A pesar de ser un material profusamente utilizado, hay aspectos del comportamiento 
del hormigón que todavía no son completamente conocidos, como es el caso de su 
respuesta ante los efectos de una explosión. Este es un campo de especial relevancia, 
debido a que los eventos, tanto intencionados como accidentales, en los que una 
estructura se ve sometida a una explosión son, por desgracia, relativamente frecuentes. 
 
La solicitación de una estructura ante una explosión se produce por el impacto sobre la 
misma de la onda de presión generada en la detonación. La aplicación de esta carga 
sobre la estructura es muy rápida y de muy corta duración. Este tipo de acciones se 
denominan cargas impulsivas, y pueden ser hasta cuatro órdenes de magnitud más 
rápidas que las cargas dinámicas impuestas por un terremoto. En consecuencia, no es 
de extrañar que sus efectos sobre las estructuras y sus materiales sean muy distintos 
que las que producen las cargas habitualmente consideradas en ingeniería. 
 
En la presente tesis doctoral se profundiza en el conocimiento del comportamiento 
material del hormigón sometido a explosiones. 
 
Para ello, es crucial contar con resultados experimentales de estructuras de hormigón 
sometidas a explosiones. Este tipo de resultados es difícil de encontrar en la literatura 
científica, ya que estos ensayos han sido tradicionalmente llevados a cabo en el ámbito 
militar y los resultados obtenidos no son de dominio público. Por otra parte, en las 
campañas experimentales con explosiones llevadas a cabo por instituciones civiles el 
elevado coste de acceso a explosivos y a campos de prueba adecuados no permite la 
realización de ensayos con un elevado número de muestras. Por este motivo, la 
dispersión experimental no es habitualmente controlada. Sin embargo, en elementos 
de hormigón armado sometidos a explosiones, la dispersión experimental es muy 
acusada, en primer lugar, por la propia heterogeneidad del hormigón, y en segundo, 
por la dificultad inherente a la realización de ensayos con explosiones, por motivos 
tales como dificultades en las condiciones de contorno, variabilidad del explosivo, o 
incluso cambios en las condiciones atmosféricas. Para paliar estos inconvenientes, en 
esta tesis doctoral se ha diseñado un novedoso dispositivo que permite ensayar hasta 
cuatro losas de hormigón bajo la misma detonación, lo que además de proporcionar un 
número de muestras estadísticamente representativo, supone un importante ahorro de 
costes. Con este dispositivo se han ensayado 28 losas de hormigón, tanto armadas 
como en masa, de dos dosificaciones distintas. 
 
Pero además de contar con datos experimentales, también es importante disponer de 
herramientas de cálculo para el análisis y diseño de estructuras sometidas a 
explosiones. Aunque existen diversos métodos analíticos, hoy por hoy las técnicas de 
simulación numérica suponen la alternativa más avanzada y versátil para el cálculo de 
elementos estructurales sometidos a cargas impulsivas. Sin embargo, para obtener 
resultados fiables es crucial contar con modelos constitutivos de material que tengan 
en cuenta los parámetros que gobiernan el comportamiento para el caso de carga en 
estudio. En este sentido, cabe destacar que la mayoría de los modelos constitutivos 
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desarrollados para el hormigón a altas velocidades de deformación proceden del 
ámbito balístico, donde dominan las grandes tensiones de compresión en el entorno 
local de la zona afectada por el impacto. En el caso de los elementos de hormigón 
sometidos a explosiones, las tensiones de compresión son mucho más moderadas, 
siendo las tensiones de tracción generalmente las causantes de la rotura del material. 
En esta tesis doctoral se analiza la validez de algunos de los modelos disponibles, 
confirmando que los parámetros que gobiernan el fallo de las losas de hormigón 
armado ante explosiones son la resistencia a tracción y su ablandamiento tras rotura. 
 
En base a los resultados anteriores se ha desarrollado un modelo constitutivo para el 
hormigón ante altas velocidades de deformación, que sólo tiene en cuenta la rotura por 
tracción. Este modelo parte del de fisura cohesiva embebida con discontinuidad fuerte, 
desarrollado por Planas y Sancho, que ha demostrado su capacidad en la predicción de 
la rotura a tracción de elementos de hormigón en masa.  El modelo ha sido modificado 
para su implementación en el programa comercial de integración explícita LS-DYNA, 
utilizando elementos finitos hexaédricos e incorporando la dependencia de la 
velocidad de deformación para permitir su utilización en el ámbito dinámico. El 
modelo es estrictamente local y no requiere de remallado ni conocer previamente la 
trayectoria de la fisura. 
 
Este modelo constitutivo ha sido utilizado para simular dos campañas experimentales, 
probando la hipótesis de que el fallo de elementos de hormigón ante explosiones está 
gobernado por el comportamiento a tracción, siendo de especial relevancia el 
ablandamiento del hormigón. 
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1. Introduction 

1.1. Scope 
 
Due to its good mechanical properties, moulding ability and economy, concrete has 
become the most common building material of our age. In the words of Eduardo 
Torroja, concrete is the only material that “allows reaching the high-level objective of 
expressing the bearing phenomenon, in which both tensional phenomenon and 
aesthetic effect are merged”.   
 
However, despite its massive utilization as a building material, its behavior when 
subjected to impulsive loads such as impacts or blast effects is, to date, not yet fully 
understood. Evidence of it is the lack of precise theories and methodologies enabling 
the calculation of concrete structures and structural elements when subjected to blast 
loading. 
 
The terrorist attacks that have occurred all over the world in the last two decades have 
revealed the vulnerability of civilian buildings to such actions. Many examples of this 
type of event could be given, both in Spain and abroad.  
 
In the case of Spain, the attacks against the Spanish Police residences in Legutiano 
(2005, see figure 1.1a) and Burgos (2009, figure 1.1b) are examples of attacks with a 
medium quantity (around 200 kg) of high explosive located outside the buildings. As 
it can be seen, the damage to the building is mainly concentrated in its façades, the 
structural damage not being especially severe. 
 

C
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(a)       (b) 

Figure 1.1. Spanish Police residences attacked with high explosives. (a) Legutiano residence, 
May, 14th, 2005. (b) Burgos residence, July, 29th, 2009. See references for the pictures credits. 

 
Another example is the attack that took place at Madrid-Barajas International Airport 
in 2006. A car loaded with approximately 200 kg of explosives was detonated in 
Module D of the parking lot, which was part of the  newly built Terminal 4, see figure 
1.2. 
 

     
Figure 1.2. Madrid-Barajas International Airport, Terminal 4, December, 30th, 2006. See 

references for the pictures credits. 
 
As a result of the explosion, the concrete slab located above the car bent upwards and 
collapsed. The slabs fragments and the cars parked on the upper floor fell down onto 
the slab in which the explosion had taken place. As this lower slab had also been 
damaged in the explosion, it could not bear the sudden increase of load and 
consequently failed. 
 
This process of sequential failure of structural elements is called progressive collapse. 
As stated by Eytan (Eytan, 1992), the most unfavorable blast event is the one “induced 
by an explosion occurring inside a structure and close to a major supporting structural 
element. In many cases, due to the complete destruction of this element, progressive 
collapse occurred and the whole building or a substantial part of the building failed 
completely”.  
 
In the aforementioned attacks, a medium quantity of explosives was used. An increase 
in the quantity of explosives increases the destructive power of this type of events 
exponentially. This was the case in the attack on the Alfred P. Murrah Federal 
Building of Oklahoma, USA, in 1995, where a high amount (up to 1800 kg) of 
explosive was detonated outside the building, see figure 1.3. 
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Figure 1.3. Murrah building in Oklahoma, USA, April, 19th, 1995. See references for the 

pictures credits. 
 
Some other recent examples can be found in the bombing of the AMIA building in 
Buenos Aires (1994, figure 1.4), Bali (2002) or Oslo (2011, figure 1.5). 
 

    
Figure 1.4. AMIA building, Buenos Aires, Argentina, July, 18th, 1994. See references for the 

pictures credits. 
 

    
Figure 1.5. Oslo, Norway, July, 22nd, 2011. See references for the pictures credits. 

 
However, not all the explosions suffered by reinforced concrete structures are of an 
intentional origin. Accidents may also cause important explosions, due to the 
accidental detonation of explosives or the deflagration of other substances. Among 
these, the explosions caused by the transportation and storage of petrol and its 
derivatives can be mentioned. One of the most important examples of these types of 
explosions is the 1984 accident in the Gases Licuados de Petróleo (GLP) factory in 
Mexico. 
 
In summary, the increasing quantities of potentially inflammable or explosive 
products that are transported or stored, along with the intentional attacks with 
explosives makes it necessary to improve our knowledge about the structural behavior 
under blast and explosion conditions.  
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During the last decades considerable effort has been devoted towards the development 
of active protections of building and infrastructures against explosions, especially for 
those intentionally set. Among these measures that detect the presence of explosives, 
we find chemical sensors for explosives detection, blast perimeter walls, anti-intruder 
barriers, etc. In the case of the measures for structural strengthening (passive 
protections), improvements have been also made. However, such improvements have 
been achieved usually on a quantitative basis, looking for enhancing the structural 
resistance and ductility. Even in the case of commercially available passive measures 
for structural retrofitting, there is no precise and quantitative knowledge of the 
structural behavior under blast loading. 
 
This problem is even worse in the case of existing structures that have not been 
originally designed according to blast resistance criteria, but need to be assessed under 
blast loading due to a change of use in the building or a change in urban regulations. 
 
One of the reasons for this lack of knowledge of the structural response under blast 
loading lies, undoubtedly, in the also limited knowledge of the materials behavior 
under such events. This is particularly important in the case of concrete. 
 
Because of the aforementioned reasons, engineers facing the design of blast resistant 
structures have to rely on (i) documents and manuals   (U.S. Department of the Army, 
Navy and Air Force, 1986,U.S. Department of the Army, 1990,Comité Euro-
International du Béton, 2012) that only provide recommendations and general 
indications, or (ii) on their own experience and know-how. 
 
From the calculation point of view, the simplest approach is the equivalent static load 
method  (Anwarul Islam and Yazdani, 2008), in which a static load equivalent to the 
explosive event is calculated and then applied on the structure as any other loading 
case. The advantage of this method is that it is based on static calculations, which is 
the most common methodology used by structural engineers. Its main drawback is that 
it is an excessively simplified approach in which some major factors such as the 
inertia or the time of response of the structure are not taken into account. 
 
One step forward is the methodology based on the development of single degree-of-
freedom systems, as recommended in the TM5-1300 manual from the US Army (U.S. 
Department of the Army, 1990). The structure is to be modeled as a single degree of 
freedom system of equivalents mass and stiffness. The maximum response of the 
system can be estimated using elastic-plastic response spectra, see (Gantes and 
Pnevmatikos, 2004,Yang and Lok, 2007,Fischer and Häring, 2009). With this 
approach inertial and strain rate effects can be taken into account. However, the 
structure is considered to respond globally and simultaneously to the blast action and 
local failure of structural elements is not accounted for. This is a major issue, since, as 
previously mentioned, local failure in some structural elements is the actual cause of 
progressive collapse of the structure, with catastrophic consequences for its occupants 
(Dusenberry, 2010). 
 
A more realistic and detailed approach to the structural response can be obtained with 
the use of any of these two methodologies: 
 

o Full scale testing of structures and/or structural elements subjected to blast. 
 

o Numerical simulation of structures loaded under blast events. 
 
Full scale testing involving blast loading is usually expensive and often not available 
due to the lack of permission for handling explosives and for a lack of access to proper 
tests fields. Furthermore, the design of structures under blast via trial and error 
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through full scale detonations would require building and detonating as many 
structures as load cases were considered in the design, which is obviously extremely 
expensive. Anyway some full scale detonation tests can be found in the scientific 
literature and are described later in this chapter (Zhou, et al, 2008a,Luccioni and 
Luege, 2006,Mays, 1999,Ellis and Tsui, 1997,Magnusson, et al, 2010b,Magnusson, et 
al, 2010a,Schenker, et al, 2008,Razaqpur, et al, 2007). 
 
With regard to numerical simulation techniques, this approach has been historically 
limited by the computing power available. However, over the last few years this lack 
of computer power has been overcome and finite element analyses arise as the most 
suitable and promising method for the design of reinforced concrete structures under 
impulsive events. However, in order to obtain realistic simulations, this improvement 
of computing power must be accompanied by an enhanced knowledge of the behavior 
of concrete under blast loading, as well as by more reliable material models for the 
simulation of concrete. 
 
The principal aim of this Ph.D. thesis is to broaden the knowledge about concrete 
material behavior when subjected to blast loading and to provide enhanced 
constitutive models for the simulation of concrete subjected to explosions. 
 
To that end, an experimental program has been performed, in which concrete slabs are 
subjected to blast loading. Tests on plain and reinforced concrete slabs have been 
conducted, for which two types of concrete have been casted, normal-strength and 
high-strength concretes. Blast loading has been applied through open air detonations 
by using a novel experimental device that allows for testing up to four samples on 
each detonation. The experimental program conducted is described in detail in chapter 
2.  
 
In chapter 3, numerical simulations using two standard constitutive models for 
concrete are presented. The models used are the Winfrith Concrete Model and the 
Brittle Damage Model, which are first analyzed and then used for the simulation of the 
experimental benchmark. The numerical results are analyzed and compared with the 
experimental findings, highlighting the strengths and weaknesses of each model and 
setting the bases for the development of a new constitutive model. 
 
In chapter 4, the new constitutive model for concrete under high strain rates is 
presented. It is based on the Cohesive Crack Model developed by Planas and Sancho 
(Sancho, et al, 2007a,Sancho, et al, 2007b), which uses the Strong Discontinuity 
Approach to embed the crack within the finite elements mesh without the need of 
crack path tracking or remeshing. The original model has been updated for its use with 
hexahedral single integration finite elements and takes into account strain rate effects. 
Like the original model, it does not require remeshing or tracking algorithms to predict 
complex crack paths. Another advantage of this constitutive model is that it only 
requires mechanical properties with physical meaning to be input, which can either be 
measured or estimated with the use of engineering codes. The developed constitutive 
model has been implemented in LS-DYNA as a user subroutine material model.  
 
In chapter 5, numerical simulations using this newly developed material model are 
presented. Two different experimental programs have been used, the one presented in 
chapter 2, and the one conducted by Magnusson et al. (Magnusson and Hallgren M., 
2000). The results obtained are analyzed and a sensitivity study on the influence of the 
softening curve is also conducted. 
 
Lastly, conclusions and recommendations for further research are given in chapter 6. 
 
The remainder of the present chapter is devoted to the analysis of the state of the art 
concerning the experimental techniques carried out to study the behavior of concrete 
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structural elements subjected to blast, as well as some of the most characteristic 
numerical models used for concrete subjected to high strain rates. This state of the art 
sets the starting point for the works carried out in this thesis. 
 

1.2. State of the art 
 

1.2.1. Fundamentals of dynamics of explosions  
 
An explosion is an event that occurs due to a sudden release of energy within a limited 
space. It is caused by a very rapid change of state of the explosive material. That is, a 
physical transformation takes place, turning the state of the explosive from solid to a 
gaseous state in a very short time (Kinney and Graham, 1985,Department of Defense, 
2005).  
 
The explosion can be caused either by a detonation or by a deflagration. In both cases 
there is a chemical reaction (combustion) of the explosive material, in which 
exploding molecules activate the nearby material producing a chain reaction. The 
explosives that detonate are termed high explosives, and are characterized by the 
chemical reaction taking place at a speed greater than the speed of sound. Examples of 
high explosives are TNT and Goma 2 ECO. On the contrary, the explosives that 
deflagrate are known as low explosives, because their transmission speed is below the 
speed of sound. An example of low explosive is gunpowder. 
 
The rapid change of state that takes place in an explosion induces a large variation in 
volume, the mass being the same in both states, with a very different density. The 
violent appearance of the new gas volume at a high temperature unchains the 
formation of a shock wave in the surrounding medium. This pressure front propagates 
radially, driven and supported by the hot gases created in the explosion. 
 
The front of the shock wave (alternatively termed the shock front or the blast wave) is 
characterized by an almost instantaneous rise from the atmospheric pressure to a peak 
incident pressure. It behaves as a moving wall of highly compressed air. From a 
physical point of view, the blast wave is formed by a difference in the air pressure on 
both sides of the shock front, which tends to become equal as the front moves away 
from the detonation point. The evolution of the shock wave with its distance to the 
explosion is depicted in figure 1.6. 
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Figure 1.6. Typical pressure-distance curves for successive times after an explosion. 

 
As it moves away from the detonation point, the pressure disturbance presents the 
shape depicted in figure 1.7. The shock wave arrives at a given location at an arrival 
time ta, increasing the pressure from Pa (atmospheric or ambient pressure) to a new 
pressure (Pa + P0), where P0 is the overpressure due to the shock wave. The pressure 
then decays with a quasi-exponential relation. 
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Figure 1.7. Typical pressure-time history plot of a blast wave. 

 
Two phases can be identified in the decaying pressure, namely positive and negative 
phases, depending on whether the pressure is above or below ambient pressure. The 
duration of the positive phase is td, and of the negative, td

-, the latter being usually 
much larger. The negative phase is of less importance in structural design (Department 
of Defense, 2005). More details in regard to the blast wave characteristics are gathered 
in appendix A. 
 

1.2.2. Concrete structures subjected to explosions 
 
The effect of an explosion on a structure is determined by the characteristics of the 
impacting shock wave. Although impacts of fragments and ground motions can also 
damage the structure, the prevailing action is the shock wave (Department of Defense, 
2005), especially in regards with progressive collapse.  
 
As the wave propagates and expands through the air, the front of the shock wave 
impacts on any structure located on its path. According to (Department of Defense, 
2005), two types of blast loading can be defined depending on the confinement grade 
of the explosion, namely (i) unconfined (open air) explosions and (ii) confined 
explosions. 
 
Unconfined explosions are those that take place in the open air, that is, outside 
buildings and other constructions in general. Depending on the height of detonation 
over ground level, they can be classified as: 
 

o Free air explosions: detonations occurring at a height greater than the distance 
between the explosive and the structure where the shock wave impacts. That 
is, the shock wave reaches the structure with no intermediate disturbances. 
 

o Air explosions: the height of the detonation above the ground is not enough to 
avoid reflections of the blast wave before striking the structure. Then, the 
shock wave strikes the ground before reaching the structure, reflecting on the 
ground and propagating towards the structure along the ground surface, in a 
phenomenon called the Mach front. The Mach front is formed by the 
interaction of the initial and the reflected waves. 
 

o Surface explosions: when the detonation of the explosive takes place at 
ground level. The blast wave is reflected and reinforced by the ground surface, 
merging with the incident wave and producing a wave similar to the Mach 
front mentioned above, but semispherical in shape. 

 



Experimental and numerical analysis of reinforced concrete elements subjected to blast loading  
 

 

12 

On the contrary, confined explosions occur inside a confined volume, such as a 
building or a structure. The peak pressures in this case are amplified by their reflection 
from the walls of the structure. Moreover, the effects of high temperatures and 
accumulation of gases produce additional pressures, whose mitigation depends on the 
grade of confinement of these gases within the structure. For example, in the case of 
the explosion which occurred in the Madrid-Barajas Airport T4 parking lot, the 
products of detonation were vented into the atmosphere after a finite period of time. 
The confinement of these products causes a quasi-static gas pressure with a very long 
duration in comparison to the shock pressure history, making the effect on the 
structure from the blast wave even more unfavorable (Eytan, 1992). 
 
The abovementioned classification reveals how complex the resultant blast wave after 
an explosion can be. The effect of the detonation of a certain amount of explosive can 
be very different depending on the distance and the location of the explosive, as well 
as on its height above the ground. This issue must be taken into account when 
analyzing case studies involving explosions or even the experimental campaigns 
developed by other researchers. For example, in this thesis an experimental program 
has been devised which makes sure the placing of the samples are closer to the 
explosive than the distance between the explosive and the ground, thus avoiding 
interferences with reflecting waves. This makes it possible to consider the explosion 
as a free air one, which is the best characterized in scientific literature. 
 
On the other hand, when a blast wave strikes a denser medium, such as a structure, the 
initial wave is reinforced and reflected upon impact. This is termed the reflected peak 
overpressure, which can be more than twice that of the incident pressure (Bangash, 
1993). 
 
The effect of the reflection depends on the angle between the shock wave propagation 
direction and the surface reached by the wave. When the wave impacts 
perpendicularly on the surface, this effect is maximized. On the contrary, when the 
blast wave direction is parallel to the surface of the object affected by the explosion, 
no reflection effect is developed and the pressure history applied on the surface is the 
same as if no object was interposed. Appendix A also provides some expressions for 
the estimation of the reflection effect. 
 
Another interesting topic about the pressure wave caused by explosions can be found 
after analyzing the empirical expressions that provide the pressure history curve for a 
given explosive amount detonated at a certain distance (see Appendix A). Let us 
consider a 100 kg TNT load detonated at a 3 m stand-off distance from a target and a 
normal incident of the blast wave on the target. The reflected overpressure peak would 
be 17 MPa. Such overpressure peak is far below the compressive strength of a normal-
strength concrete, which is usually around 30 or 40 MPa. This result shows that, 
except in the case where the explosive is attached to a structural element, compressive 
strength is not an issue on concrete failure, being concrete more likely to fail because 
of the tensile stresses induced in the structural members. In other words, failure of 
concrete elements subjected to blast loading seems to be caused primarily by tensile 
stresses. 
 

1.2.3. Testing of concrete under explosions 
 
One of the methodologies for analyzing the behavior of concrete elements subjected to 
explosions is to conduct full-scale experimental programs, as it has been previously 
mentioned. In the present section, some of the most relevant experimental results that 
can be found in the scientific literature are summarized. Each program is briefly 
described, explaining the experimental procedure and the results found.  
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There are a great number of experimental campaigns performed by armies from 
different countries which are classified and therefore not available for open use by the 
scientific community. Particularly, the knowledge held by the USA army, in this field, 
was confirmed after a personal conversation with Luis J. Malvar (at that time 
employed at the Naval Facilities Engineering Command of the USA army) in July, 
2011, along with his lack of permission for providing any information regarding those 
tests. 
 
The testing of concrete structures under blast loading dates from the first time when 
such structures were built for protective or military use. Just as a matter of interest, the 
Spanish army Colonel of Engineers Nicolás Valdés, who had become familiar with 
building reinforced concrete protective structures in the castle of San Sebastián 
(Cádiz, Spain), conducted a series of tests in 1863  involving explosions over concrete 
vaults (Valdés, 1863). These tests (figure 1.8) were performed in Cuba, a Spanish 
colony at the time, where the concrete fortifications were being built. 

 
Figure 1.8. Sketch of the tests performed by Col. Nicolás Valdés in 1863. 

 
Tests performed by Magnusson et al. (1997-2000): 
 
With the aim of providing information about the mechanical response of reinforced 
concrete beams subjected to high dynamic loading, a series of shock tube tests were 
conducted at the FOI (Swedish Defence Agency) between 1997 and 2000. 
 
A more detailed description of these tests, together with numerical simulations, can 
also be found in (Magnusson and Hallgren M., 2000,Magnusson, et al, 
2010b,Magnusson, et al, 2010a) . This experimental campaign has been used as a 
reference for the validation of the constitutive model presented in this thesis. For this 
reason, special attention is paid to it. 
 
The tests were carried out in two series (1997/1998 and 1999/2000) at the testing 
fields of the FOI in Märsta. A shock tube of 1.20 x 1.60 m of cross section was used. 
The concrete beams were placed vertically and simply supported at one end of the 
tube, while the explosive was detonated at a stand-off distance of 10 m, see figure 1.9. 
At this distance, due to the effect of the shock tube, the blast wave can be assumed to 
be planar when striking the beams. Therefore pressure acting over the beam can be 
regarded as homogeneously distributed along the beam surface exposed to the 
explosion. This fact simplifies the analysis of results as well as possible numerical 
simulations of the tests. 
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Figure 1.9. Schematic view of the shock tube test device. Dimensions in meters. 

 
The concrete specimens were beams of cross sectional dimensions 0.30 x 0.16 m 
(width x height) and 1.70 m long, see figure 1.10. 
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Figure 1.10. Geometrical dimensions of the beams. Dimensions in millimeters. 

 
The beams were positioned on a test frame in which they were able to rotate at both 
supports when subjected to bending, their free span being 1.50 m. The instrumentation 
set on the tests consisted of (i) pressure sensors for the measurement of the reflected 
pressure history, (ii) load cells at the supports for the reaction history measurement, 
(iii) a deflection gauge and (iv) an accelerometer at mid-span of the beam, see figure 
1.11. 

 
Figure 1.11. Test set-up and instrumentation of the experimental program.  

(Figure taken from (Magnusson and Hallgren M., 2000)). 
 
Different concrete mixes, reinforcement ratios and explosive amounts were tested. 
Details of tested beams in the shock tube device are gathered in table 1.1.  
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Beam 

Compressive 
strength of 

concrete 
[MPa] 

Reinforcement 
amount 

Explosive 
amount 

[kg] 
Failure mode 

B40-D1 53.8 5φ16 2.2 Shear 
B40-D2 53.8 5φ16 2.0 Shear 
B40-D3 53.8 5φ16 1.5 No failure 
B40-D4 53.8 5φ16 2.5 Shear 
B40-D5 53.8 5φ16 2.5 Shear 

B100-D1(16)  101 5φ16 1.5 No failure 
B100-D2(16)  101 5φ16 2.5 No failure 
B100-D3(16)  101 5φ16 3.5 Shear 
B100-D1(12)  101 4φ12 1.0 No failure 
B100-D2(12)  101 4φ12 2.0 Shear 
B100-D3(12)  101 4φ12 3.0 Bending 

B150-D1 162 6φ12 1.0 No failure 
B150-D2  162 6φ12 2.0 No failure 
B150-D3  162 6φ12 3.0 Shear 
B200-D1 204 5φ16 4.0 Shear 
B200-D2  204 5φ16 3.0 No failure 
B200-D3  204 5φ16 3.5 No failure 

Table 1.1. Beams tested in the shock tube (Magnusson and Hallgren M., 2000). 
 
It is worth noting that depending on the explosive amount, the concrete grade and the 
reinforcement, both bending and shear failures were noticed. Bending failure was 
characterized by the existence of a great number of cracks in the mid-span of the 
beam, while shear failure in beams were depicted by cracks developing diagonally 
from the supports, forming an angle of approximately 45º with the longitudinal axis of 
the beam, see figure 1.12. 
 
 

 
 

(a)       (b) 
Figure 1.12. Schematic depiction of the experimentally found failure modes. (a) Bending 

mode. (b) Shear mode. 
 
In order to assess the strain rate effect, static tests on the beams were also conducted. 
A device formed by steel beams was developed to mimic a load distributed over the 
beam with the use of a hydraulic press, see figure 1.13. 
 

 
Figure 1.13. Schematic depiction of the static tests device.  
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Although this loading set-up does not provide actually a homogeneously distributed 
load over the surface of the beam, it distributes the statically applied load over the 
beam. Therefore, the results can be somehow compared with the ones obtained under 
high strain rates using the shock tube. 
 
It was found that all the beams loaded statically failed in a ductile bending mode. On 
the contrary, in the blast tests both bending and shear mode failures appeared. That is 
to say, some of the beams that failed in bending under a distributed static load, 
presented a more brittle shear failure under dynamic testing. This switch in the failure 
mode happened in those beams with higher reinforcement ratios, such as B100-D3(16) 
and B200-D1. 
 
Besides, from the support reactions measured with the load cells, air blast tests 
showed that the dynamic capacity of the beams was larger for all concrete grades than 
their corresponding static load capacity. 
 
As a drawback of this experimental campaign it can be mentioned that none of the 
beams were tested more than once under the same blast load. Therefore, there is no 
information concerning the experimental scatter. In the author’s opinion, it would 
have been very interesting to check that the shear failure of the beams was not an 
occasional result.  
 
Tests performed by Ghani Razaqpur et al. (2006): 
 
The behavior of reinforced concrete slabs retrofitted with glass fiber reinforced 
polymer (GFRP) was presented in (Razaqpur, et al, 2007). For reference, tests on 
concrete slabs without retrofitting were also performed. We will refer here solely to 
these last slabs, in which GFRP for retrofitting was not in use. 
 
A number of five slabs of 1000 x 1000 x 70 mm of dimensions were tested, of which 
only three of them provided useful information. They were reinforced in both faces 
with bars of 25.8 mm2 of cross section (bar diameter 5.73 mm, approximately) with 
152 mm spacing in both directions. Concrete cover was 10 mm. 
 

 
Figure 1.14. Geometry of the tested slabs. Figure taken from (Razaqpur, et al, 2007). 

 
The uniaxial compressive strength of concrete was 40 MPa at 28 days, being 42 MPa 
at the age of testing. The reinforcing steel presented a yield stress of 480 MPa and an 
ultimate strength of 600 MPa. 
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The detonation tests were performed by locating the slab over a steel cage that was 
buried in the ground, so that the exposed surface of the slab was at ground level. The 
instrumentation set for the deflection measurement of the slab was located inside the 
steel cage. Reinforcing steel was instrumented with strain gages. 
 

      
Figure 1.15. View of the steel cage and the slab located at its testing positions. Figure taken 

from (Razaqpur, et al, 2007). 
 

The explosive was hung from a tripod that stood over the slab, which was a stand-off 
distance of of 3 m from the target. Incident pressures were measured at 3.2 and 5.90 m 
from the explosion and also at the location of the slab.  
 

 
Figure 1.16. View of the tripod form which the explosive was hung and the pressure sensors. 

Figure taken from (Razaqpur, et al, 2007). 
 

Slab 

Compressive 
strength of 

concrete 
[MPa] 

Reinforcement 
amount 

Explosive 
amount - 

ANFO 
[kg] 

Stand-off 
distance 

[m] 

CS4 42 φ5.73 at 152 mm 22.4 3 
CS2 42 φ5.73 at 152 mm 33.4 3 
CS3 42 φ5.73 at 152 mm 33.4 3 

Table 1.2. Reinforced concrete slabs tested (Razaqpur, et al, 2007). 
 
Regarding the boundary conditions of the slab, it is important to mention that the slabs 
were clamped to the steel box. The slab rested on welded angles fixed to the box, and 
an additional clamping system was located to prevent the slab from being uplifted due 
to the explosion. 
 
After the tests, CS4 slab presented a damage level termed “moderate”, while both CS2 
and CS3 classified as “heavily” damaged. The moderate damage was defined by the 
authors of the test as cracks with 1.5 mm width in the tensioned side of the slab, while 
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heavy damage meant large cracks up to 4 mm width together with large permanent 
deflection and heavy concrete spalling. 
 
The slabs were also statically loaded after the tests to find their residual bearing 
capacity. It is worth noting that the detonation tests’ results variability can be deduced 
from the remaining bearing capacity of slabs CS2 and CS3, 68 and 93 kN, 
respectively. They were both subjected to detonations with the same amount of 
explosive charge and at the same stand-off distance, see table 1.2. Another data 
supporting this variability was the reflected impulse measured for CS3 slab, which 
was 23% higher than the one from CS2. Despite the higher blast loading, the 
maximum deflection of CS3 was 27% lower, while its residual strength under static 
loading after the detonation, as mentioned, was 36% higher. 
 
The authors of the experimental program highlighted that “assessing response and 
resistance of reinforced concrete elements by using actual explosives is a complex 
task. The test parameters should be carefully controlled, including those related with 
the explosive charge and its characteristics. A suggested way of reducing the 
variability of the tests is to use an array of replicate specimens, arranged in a circular 
pattern centered on the charge”. Such an experimental device has been designed and 
developed in this thesis, which is presented in chapter 2. 
 
Tests performed by Schenker et al. (2008): 
 
An experimental program was conducted at the Ben-Gurion University of the Negev 
(Israel), in order to analyze the capabilities of aluminum foams to mitigate the action 
of blast wave loads on reinforced concrete structures (Schenker, et al, 2008). 
 
To that end, reinforced concrete slabs were fixed to a bearing structure, and an 
explosive 1000 kg TNT charge was detonated at a 20 m stand-off distance. The slabs 
were fixed to a bearing precast concrete structure, located vertically and hung from the 
supporting structure for the tests, see figure 1.17. 
 

             
(a)       (b) 

Figure 1.17. (a) View of the slabs located at their testing location. (b) Detail of explosive and 
testing samples. Figures taken from (Schenker, et al, 2008). 

 
Two detonation tests were conducted. In the first test, two slabs of high-strength fiber 
reinforced concrete were tested, while on the second test, two slabs of regular (no 
fiber) reinforced concrete were tested. In each of these tests, one of the slabs was 
protected with aluminum foam.  
 



Chapter 1. Introduction 
 

19 

The span of the slabs was 3 m, and no more information about the rest of their 
dimensions is given, as well as their reinforcement amount or the mixing of the 
concretes. The uniaxial compressive strengths were 100 MPa and 30 MPa for fiber 
reinforced concrete and regular concrete, respectively. 
 
The tests were instrumented by pressure transducers at the slabs location, torsion-
measurement-based displacement gages, strain gages and accelerometers. A bunker 
and a buried shelter were used for the protection of the auxiliary equipment.  
 
The blast wave was generated by the detonation of a hemispherical TNT charge 
located in the ground 20 m away from the specimens. As stated above, the explosive 
amount was 1000 kg TNT, which contrasts with the much lower amounts used in most 
of the tests that can be found in the literature. In this sense, it is important to note that 
this experimental program was conducted at the Israeli Defence Forces testing fields, 
which allowed access and testing of higher amounts of explosives than those available 
for most civil institutions. Using this high amount of explosives allows for the analysis 
of a loading case that might be closer to a real event. However, it also has a drawback: 
testing set-up devices may be affected by the magnitude of the explosion. This 
actually occurred in this testing program, as the precast supporting structure was 
moved “several centimeters”, in words of the authors of the tests. 
 
Hence, the supporting structure, that had been originally designed and meant to act as 
a fixed rigid body for the ease of numerical simulations, had to be considered as a 
rigid movable body. For this reason the supporting structure had to be simulated along 
with the tested slabs, the attachment device and the contact between the structure and 
the ground. Therefore, the simulation of a slab subjected to an experimentally 
measured blast pressure loading turned into a much more complex task than expected, 
where interactions between different parts had to be taken into account. 
 
Regarding the tests results, it should be noted that the aluminum foam protected slabs 
experienced less damage and deflection than the unprotected ones. The aluminum 
foam was found to be more effective for normal-strength concrete than for high-
strength concrete. This result is associated with the higher flexibility of the normal-
strength concrete slabs, which are more sensitive to energy dissipation. 
 
To sum up, the lesson learned from this experimental program is that the boundary 
conditions of the tested specimens should be carefully designed so that their actual 
behavior when subjected to blast load is the expected one. If numerical simulations are 
to be performed afterwards, the fixity of those parts should be assured. 
 
Tests performed by Luccioni et al. (2006): 
 
A testing program was conducted by the Argentinian Prof. B. M. Luccioni and her 
coworkers on concrete pavement subjected to blast (Luccioni and Luege, 2006). The 
ultimate scope of the research was to provide a forensic tool for estimating the charge 
amount of an explosive by analyzing the resulting crater caused in the concrete slab 
that withstood the explosion. Limit analysis and numerical simulations of the tested 
slab were conducted. 
 
A concrete slab of 3000 x 1500 x 150 mm was located on the ground, and subjected to 
three detonation tests. A tripod was placed over the slab, from which the explosive 
was hung with a stand-off distance of 0.50 m from the slab. 
 
The compressive strength of concrete was 25 MPa. The slab was reinforced on its 
tensioned face with a 4.2 mm diameter mesh equally spread 150 mm in both 
directions. 
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                                                 (a)                                                                     (b) 

Figure 1.18. (a) Geometry of the tested slab. (b) Location of the explosive over the slab.  
Figures taken from (Luccioni and Luege, 2006). 

 
The soil on which the concrete slab was laid was classified as soft-OL type, an organic 
soil without fine particles, with a liquid limit of less than 50 and a plastic limit of less 
than 4, as defined by the Unified Systems for the Classification of Soils. 
 
The explosive used was Gelamon VF80 shaped as a sphere. Three tests were 
conducted over the same slab. In the first two tests the explosive was located at the 
same position over the slab (position A in figure 1.18a), with the charge amount being 
5 kg. The third shot was located at a different position over the slab (position B in 
figure 1.18a) and the explosive charge was 12.5 kg, the height also being 0.50 m. 
Pressure sensors were used to measure the pressure histories generated by the shock 
wave, but apparently not at the location of the slab. 
 
As a result of the first test, the slab was split in two, due to a crack across the thickness 
of the slab. For this reason, for the following detonations both parts of the slab 
responded independently. Circumferential cracks centered in the location of the 
detonation were noticed, as well as radial cracks. The maximum deflection values 
were recorded at the locations where the detonations took place. 
 
A limit analysis was performed, in which the behavior of the slab resting in the ground 
was assumed to be equivalent to a simply supported circular slab, providing an 
approximate prediction of the radius of the circumferencial cracks of the slab. 
 
Numerical simulations were also conducted, in which two different approaches were 
followed. First, ABAQUS/Explicit finite element program was used, where concrete 
and the supporting soil were simulated. It is important to note that the steel bars were 
not explicitly modeled, but taken into account by homogenizing the overall response 
of concrete plus reinforcement bars. The constitutive model for concrete in use was a 
modification of the Drucker-Prager model. The blast load was applied directly on the 
slab, the pressure history being estimated with the use of semi-empirical equations. 
This numerical simulation was able to reproduce the deformation of the slab, but not 
the fracture of the slabs into two independent slabs, as experimentally observed. 
 
The second numerical approach was performed in Autodyn, where the air through 
which the blast wave travelled was also simulated. Propagation of the blast wave was 
simulated through a three dimensional Eulerian mesh, using the gamma equation of 
state for ideal gases. The material model for concrete was again a homogenized 
elastic-plastic material with higher stiffness and tension strength to account for the 
influence of reinforcement. An erosion criterion was set in the model, so that elements 
would be removed when they reached a certain strain. This second approach predicted 
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deflections that were closer to the experimental results than the ones provided by the 
first approach. The crushing of concrete beneath the charge was also forecasted, the 
overall behavior being similar to the actual response of the slab in the tests. 
 
In the author’s opinion, in the program conducted by Luccioni et al. the lack of in-situ 
characterization of the soil that supported the slab makes the experimental results 
difficult to analyze. Furthermore, the acting pressures are estimated with semi-
empirical equations in one case and with the use of the equation of ideal gases through 
an Eulerian mesh in the other. Lastly, it represents a very specific situation, in which 
the explosive is very close to the concrete target, therefore compressive behavior of 
concrete (compressive strength, compaction curve, etc.) plays a major role in the 
structural response. This, together with the fact that the boundary conditions are not of 
a real structure, makes these test results not particularly relevant for the analysis 
conducted in this thesis. 
 
Other tests of concrete elements subjected to blast loading: 
 
A number of experimental campaigns are summarized in the following. They are not 
as detailed as the rest of the programs previously mentioned, as we believe they 
provide information of less relevance for the research conducted in this thesis. 
Nevertheless, they are mentioned here for the reader’s reference as being 
representative of state-of-the-art research on concrete structures subjected to 
explosions. 
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Reference Test details and geometry Materials details Other details Principal findings 
(Toutlemonde, et al, 1995) - Shock tube of compressed air.  

- Circular reinforced concrete slabs, 
dimensions: φ900 x 80 mm 
- Successive shots on the same 
sample. 
- Testing at different strain rates. 

Different combinations: 
 
- Reinforced / plain 
- Very high strength / normal / 
porous concretes 
- Water content: 100% free water 
/ 0% free water 

Boundary conditions: 
Simply supported. 
 
Scattering control: 
No, each slab configuration 
was tested only once. 

- The increase in strength due to high 
strain rates can be attributed to the 
evaporation water in the concrete 
pores. 
- Shear failure appears to be a 
preponderant mechanism. 
- Punching of concrete was also noted 
in the cases of deficient bond 
between steel and concrete. 

(Zhou, et al, 2008a) - Two slabs, one of reinforced 
concrete and one of steel fibers 
reinforced concrete. 
- Dimensions: 1300 x 100 x100 mm 
- Successive shots on the same 
sample. 
- Stand-off distance: 0.1 m 
- High explosive.   

-  Reinforced concrete: 50 MPa 
- Steel fibers reinforced concrete: 
170 MPa. 
- Reinforced on both sides:  
Upper: φ16 at 150 mm 
Lower: φ16 at 75 mm 

Boundary conditions: 
Clamped. 
 
Scattering control: 
No, each slab configuration 
was tested only once. 

Related to the numerical simulation 
with own-developed material model:  
- Good results in deflection and 
damage levels for the first detonation. 
- In repetitive loads, numerical results 
are not so good. 

(Silva and Lu, 2009) 
 

- Detonation tests inside a mine. 
- Five reinforced concrete slabs, all 
retrofitted with fiber bands except one. 
- Dimensions: 1200 x 1200 x 90 mm. 
- Stand-off distance: 0.30 m. 
- High explosive.   

- Reinforced / Reinforced + 
Retrofitted with fiber bands. 
- Compressive strength: 27.6 MPa 
- Reinforcement: 3 bars of 
diameter 9.5 mm in both 
directions. 

Boundary conditions: 
Simply supported. 
 
Scattering control: 
No, each slab configuration 
was tested only once. 

- Shear failure mode. 
- Retrofitting with fiber bands on 
both sides gives better results than on 
only one side. 

(Wang, et al, 2012) - Three scaled slabs, dimensions: 
750 x 750 x 30 mm 
1000 x 1000 x 40 mm 
1250 x 1250 x 75 mm 
- Scaled stand-off distances:  
0.3 m, 0.4 m, 0.5 m 
- High explosive.   

Reinforced concrete: 
- Compressive strength: 39.5 MPa 
- Tensile strength: 4.2 MPa 
 
Reinforced on both sides: φ6 at 75 
mm 
 

Boundary conditions: 
Clamped. 
 
Scattering control: 
Yes, but at different scales. 

Two damage modes: 
- Spallation damage from few cracks. 
- Moderate spallation damage. 
Fracture patterns: similar for different 
scales. 
Highest damage level on biggest 
scale. 

Table 1.3. Summary of research works involving testing of concrete under explosions.
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From the experimental programs gathered in table 1.3, some common issues can be 
identified: 
 

o Scatter in the tests is usually not controlled. 
 

o Clamping boundary conditions are often used. Then the structure is highly 
overdetermined, which makes it difficult to analyze, especially under highly 
dynamic loading. 
 

o Shear failure tends to appear on concrete elements subjected to blast loading. 
 

o Several tools are used to analyze the experimental results, being the numerical 
tools the preferred by the scientific community, due to their reliability and 
cost-effectiveness. 

 
Final comments on the experimental programs summarized and proposals for 
improvement: 
 
The following conclusions can be drawn from the literature review of concrete 
elements tested under blast: 
 

o Appreciable experimental scatter is expected when testing concrete elements 
with explosions. For this reason, in the design of an experimental program, a 
non-deterministic approach is important in order to take into account the 
inherent variability of this type of testing. That is to say, it is valuable to have 
several identical samples tested under the same blast load. 
 

o Not enough attention is usually paid to the boundary conditions. Sometimes 
they appear to be rather complex, which implies making many assumptions or 
uncertain calculations on the latter analysis of the tests. 
 

o In some programs, the actual pressure load from the blast wave acting on the 
target is not directly measured in the tests, but estimated afterwards. If actual 
acting pressures were recorded, it would be more likely that analyses provide 
accurate results. 
 

o The cost of full scale testing appears to be the underlying reason for not 
performing more tests. Designing an original device in which costs savings 
are experienced would be required. 

 
In this research work, an experimental program, aimed to solve the aforementioned 
shortcomings, has been developed and is presented in chapter 2. 
 

1.2.4. Simulation of concrete and concrete elements subjected to 
blast loading  
 
When analyzing or designing concrete structures under the effects of explosions, 
different approaches have been developed. 
 
From a historical perspective, analytical models were the first set of tools developed 
for the assessment of concrete elements subjected to blast. Among these models we 
find approaches such as the limit analysis, the equivalent static load method and single 
degree-of-freedom systems. These models have the advantage of their ease of 
implementation and for this reason they have been widely used. However, their lack of 
accuracy due to the gross simplifications in which they are based is a drawback. 
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A second approach would be the use of numerical codes. The use of this approach has 
increased exponentially over the last few years, due to the increase in the computing 
power available. For this reason, the finite element method can be considered as the 
most promising method for the analysis and design of concrete structures under blast 
loading. 
 
Obviously, in order to obtain representative numerical results, reliable constitutive 
models for the materials involved are necessary. In essence, constitutive modeling can 
be defined as the mathematical description that provides the material response in terms 
of stresses, at a given strain state. 
 
In the constitutive modeling of materials subjected to explosions, it is important to 
take into account the materials strain rate sensitivity, that is to say: the change in 
mechanical properties that materials experience due to a quick application of a load. 
Blast loading is obviously an impulsive load, since it is applied on the structure during 
a very short period of time, around 1000 times shorter than the structures’ period of 
natural frequency. 
 
At a material level, the velocity at which a load is applied is characterized through the 
term strain rate (ε ), which can be defined as the derivative of the applied strain in 
respect to time. In figure 1.19 examples of strain rates for different loading actions are 
provided. 
 
 
 
 
 
 
 
 
Figure 1.19. Magnitude of strain rates expected for different loading cases (Bischoff and Perry, 

1991). 
 
High strain rate effects on materials are important since they modify their behavior 
from the more widely known static response, which on the other hand is the reference 
loading case used in the designs of buildings and other infrastructures. This change in 
the material behavior was first noted by Abrams in 1917 (Abrams, 1917) and has been 
studied by other authors since then. As stated in the CEB Report (Comité Euro-
International du Béton, 1988), maximum compressive and tensile strengths, elastic 
modulus and bonding between steel and concrete are modified under high strain rates 
in regards to their values under static loading. 
 
Because of its importance in the assessment using numerical tools, the effect of high 
strain rates in concrete is summarized in the following section of this chapter. Later 
on, some of the most relevant constitutive models used in the simulation of concrete 
under impulsive loadings are presented, giving insight into their strengths and 
weaknesses when used for the simulation of blast events. As it will be noted, most of 
the available material models for concrete are rather complex in compression, while 
behavior under tensile stresses is treated in a more simplified manner. 
 
One of the hypotheses considered in this thesis is that tensile behavior of concrete is 
actually determinant in the response on concrete elements subjected to blast. For this 
reason, the fracture mechanics of concrete under static loading are presented in the last 
part of the chapter. 
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High strain rate effects: 
 
The compressive and tensile strengths of concrete are increased under high strain rates 
when compared with their values obtained under static loading conditions. This effect 
has been experimentally observed in a number of tests, such as the ones gathered by 
Bischoff and Perry (Bischoff and Perry, 1991) or the ones presented in (Zielinski and 
Reinhardt, 1982), (Ross, et al, 1995) or (Grote, et al, 2001). Most of the experimental 
results cited in this section rely on the results provided by using the Split Hopkinson 
Pressure Bar (SPHB) technique. This method for materials testing was developed for 
metallic materials, having been later adapted for its use in ceramics, mortars and 
concretes. The functioning details of the SPHB can be found, for example, in (Gálvez 
Díaz-Rubio, 1999,Gálvez Díaz-Rubio, et al, 2002). 
 
The physical explanation given for the enhancement of the tensile strength under high 
strain rates in (Zielinski and Reinhardt, 1982) is: under static loading a crack plane 
developing on a tensioned member would always “have the time” to find the optimal 
path in which fracture occurs with the minimum energy dissipation. That is, the crack 
plane progresses through the existing microcracking of concrete, and will generally 
break the concrete paste and not the aggregates. On the contrary, under very high 
strain rates, the crack develops very quickly, breaking both aggregates and cement 
paste, which requires a higher stress level. This fits the experimental findings in which 
high strain rate fractures are characterized by a more flattened fracture plane when 
compared to lower strain rate fractures (Yan and Lin, 2006). 
 
In regard to the compressive strength enhancement under high strain rates, the 
following theories have been proposed: 
 

o Compressive failure of a cylindrical sample occurs due to the tensile stresses 
that appear in the radial directions. That is, it is indirectly governed by the 
tensile strength of concrete. Therefore, if tensile strength is known to be rate 
sensitive, so should the compressive strength, as they are related (Bischoff and 
Perry, 1991). 
 

o The existence of free water in the cement paste (Rossi, 1991,Toutlemonde, et 
al, 1995).  

 
The usual way of expressing the increase between high and low strain rates strengths 
is by means of the Dynamic Increase Factor (DIF), which is defined as the ratio 
between the dynamic and static strengths. Using the available experimental results on 
concrete samples subjected to compressive and tensile tests on SPHB, several 
expressions for the DIF have been proposed. The formulae given in CEB (Comité 
Euro-International du Béton, 1988) were developed by fitting the data given in the 
works by Zielinski (Zielinski and Reinhardt, 1982) and Bischoff (Bischoff and Perry, 
1991). For compressive strength they read:  
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Where fcd and fcs are the dynamic and static uniaxial compressive strengths, 

respectively, 15
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The expression for tensile strength is: 
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In this case ftd and fts are the dynamic and static tensile strengths, respectively, 

16
0 103 −−⋅= sε  is the assumed static strain rate, 

tsf⋅+
=

610

1δ  and 

33.211.710 −⋅= δβ  
 
These expressions are plotted in figure 1.15 for concretes of uniaxial strengths of 30 
and 80 MPa. As it can be seen, they are straight lines when plotted on logarithmic 
scales, and at 30 s-1 they experience a sudden change in slope, evidencing that the 
strain rate sensitivity becomes more remarkable as the strain rate increases. 
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Figure 1.20. Influence of the strain rate on the (a) compressive strength and (b) tensile strength 
of concrete, for concretes of uniaxial compressive strengths (UCS) of 30 and 80 MPa, as given 

by (Comité Euro-International du Béton, 1988). 
 
These formulae have been extensively used and implemented in several material 
models with good results. As mentioned before, they are based on relatively old 
dynamic tests. On a later review of the scientific literature, Malvar noted that for more 
recent experimental data there was not good agreement for the tensile enhancement 
formula (1.2) (Malvar and Crawford, 1998).  Thus he proposed a new formula for DIF 
in tension: 
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Where  
081

1

ccs ff⋅+
=δ , ftd and fts are the dynamic and static tensile strengths of 

concrete, respectively, fcs is the static compressive uniaxial strength of concrete, fc0 is 

10 MPa, ε is the actual strain rate and 16
0 10 −−= sε  is the static strain rate. 

 
The main difference between expressions (1.2) and (1.3) is the point at which the 
change of slope takes place, 30 s-1 for the CEB formulation and 1 s-1 for Malvar. 
 
In the more recent Model Code 2010 (Comité Euro-International du Béton, 2012), the 
proposed formula for compressive strength enhancement is: 
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Where fcd and fcs are the dynamic and static uniaxial compressive strengths, 

respectively, and 15
0 103 −−⋅= sε  is the static strain rate. 

 
The expression for the tensile strength is given in equation (1.5): 
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Where ftd and fts are the dynamic and static tensile strengths, respectively, and 

16
0 10 −−= sε  is the static strain rate. 

 
As it can be seen, in the formulation proposed in the actual Model Code the strain rate 
value in which the slope changes remains at 30 s-1 for compressive strength, while it 
has been set at 10 s-1 for tensile strength. This formulation apparently represents a 
middle point between the two formulations presented previously in this section. 
 
With regard to the fracture energy increase under high strain rates, there appears to be 
a lack of agreement among the scientific community, maybe because of the 
complexity of the tests required for its estimation. Results from Zielinski (Zielinski 
A.J., 1982) point to maximum increases in the Dynamic Increase Factor for fracture 
energy between 6 and 8 at loading rates of 30 GPa/s. 
 
Over the last years, tests using SPHB (Schuler, et al, 2006,Weerheijm and Van 
Doormaal, 2007,Brara and Klepaczko, 2007) and drop-weight impact machine 
(Zhang, et al, 2009b,Tarifa, 2012) have been performed with the aim of measuring the 
fracture energy of concrete at different strain rates. 
 
A SPHB was used in (Brara and Klepaczko, 2007) to determine the fracture energy of 
concrete under a range of strain rates, performing spall experiments. A first range, 
covering the quasi-static and moderately fast loading regime up to the threshold rate of 
30 GPa/s supported the conclusion that the fracture energy is rate independent at low 
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loading rates. On the contrary, in the second range, where load was applied at rates 
higher than 30 GPa/s, an abrupt increase of the specific fracture energy was noted. 
 
Similar results were found in (Schuler, et al, 2006,Weerheijm and Van Doormaal, 
2007). Schuler et al. developed a method that determined the specific fracture energy 
on microconcrete cylindrical specimens from the change of fragment velocities on 
SPHB spall experiments. They concluded that below a crack opening velocity of 0.33 
m/s the fracture energy is rate independent (DIF GF=1). However, a steep increase in 
the Dynamic Increase Factor of the fracture energy value was noted at higher strain 
rates, which were between 2 and 3 at the maximum crack opening velocities reached, 
close to 2 m/s. Weerheijm et al., set the upper limit of the DIF for fracture energy in 
2.5 at a loading rate of 1000 GPa/s, stating also the rate independence up to 15 GPa/s.  
 
The research group led by Prof. Ruiz at Universidad de Castilla – La Mancha (Spain) 
developed a novel drop-weight experimental device for testing concrete samples under 
impact. In contrast with the small size mortar and microconcrete specimens tested on 
SPHB devices by the above mentioned researchers, in the drop-weight machine full 
scale concrete beams were analyzed under three points bending (Zhang, et al, 
2009b,Tarifa, 2012). The strain rates of these tests ranged seven orders of magnitude. 
These authors concluded that fracture energy is sensitive to the loading rate. At low 
rates, below 7·102 mm/s, the rate effect is slight, while at rates 2.6·103 mm/s the 
Dynamic Increase Factors for fracture energy of two different concretes were 40 and 
65. 
 
The experimental results summarized show the lack of data to develop quantitative 
formulae for the Dynamic Increase Factor of the fracture energy. Besides this, the 
different testing procedures and characteristics of the tested samples make it difficult 
to compare the existing results. Nevertheless, the trend of the DIF for fracture energy 
of being more pronounced at high than at low strain rates seems to be confirmed by 
the experimental findings.   
 
Finally, most of the aforementioned Dynamic Increase Factors for compressive 
strength, tensile strengths and fracture energy have been obtained from experiments 
performed in SPHB. This technique was originally designed for metallic materials, 
later being adapted for its use in other materials. Over the last decade some research 
works suggest that the SPHB technique might not be valid for testing of concrete-like 
materials above a certain limit of strain rates (Li and Meng, 2003,Li, et al, 
2009,Zhang, et al, 2009a,Kim, et al, 2010,Zhang, et al, 2010,Cotsovos and Pavlovic, 
2008a,Cotsovos and Pavlovic, 2008b,Cotsovos and Pavlovic, 2008c). According to 
these researchers, the dynamic increase factors measured for strain rates above 102 s-1 
are strongly influenced by the hydrostatic stress increase effect due to lateral inertia 
confinement in SPHB tests (Li and Meng, 2003). According to these authors, this 
effect is unnoticed in metallic materials, as their hydrostatic stress versus volumetric 
strain relation is linear. Besides this, the plastic behavior of metallic materials is 
governed by the deviatoric part of their stress tensor. Therefore, the theory supported 
by the mentioned researchers is that the apparent strain rate strength enhancement at 
higher rates than 102 s-1 would not be a material property, but rather a structural 
property of the cylindrical sample, in which the confined part of it flows plastically 
under a triaxial stress state. 
 
In summary, while in the scientific community there is the common opinion that 
mechanical properties of concrete exhibits an increase under high strain rates, there is 
not a consensus about the precise way in which these mechanical properties change. 
Not even in the orders of magnitude in which they vary from the static to the dynamic 
regimes. 
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Description of existing models for concrete under high strain rate: 
 
Generally speaking, the simulation of the mechanical response of concrete is a 
complex task. The main reason for this can be found in the fact that its strength and 
stiffness are strongly dependent on the multiaxial stress state to which it is subjected. 
Besides this, its response on the compressive domain is very dissimilar to its behavior 
under tension, flowing plastically in the former and exhibiting brittle failure in the 
latter. 
 
Many constitutive models have been proposed for concrete under static regime. 
Among all the models proposed, elasto-plastic models are by far the most widely 
developed by researchers. In these kind of models, concrete behaves elastically until a 
given stress (or combination of stresses) threshold is reached, then strains flow 
plastically or the material fails in tension. These models usually rely on the invariants 
of the stress tensor and on the invariants of the deviatoric part of the stress tensor for 
the definition of their yield surfaces. . A brief summary of concrete plasticity is given 
in the following, a much more detailed description can be found in (Chen, 1982). 
 
Given the Cauchy stress tensor σ, its invariants can be defined as: 
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Any stress state can be decomposed on its hydrostatic and deviatoric parts, as in (1.7). 
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Where i, j are indexes varying from 1 to 3, ( )3322113
1 σσσσ ++⋅=m is the 

hydrostatic pressure, ijI is the identity matrix and ijs is the deviatoric part of the stress 
tensor. 
 
The invariants of the deviatoric part of the stress tensor are: 
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One simple plasticity criterion would be the one that is only dependent on the second 
invariant of the deviatoric part of the stress tensor (J2). This is the von Mises failure 
criterion, which forms a cylinder in the three principal stresses space, being its axis 
coincident with the hydrostatic axis. This criterion provides satisfactory results in the 
case of metallic materials. However, its use for concrete requires further assumptions.  
The inclusion of the first invariant of the stress tensor (I1) in the definition of the yield 
surface allows for a more realistic representation of concrete-like materials, since the 
multiaxial stress states in the low pressures domain are limited. An example of this 
type of yield surface is the one defined by Drucker-Prager. 
 
Many yield surfaces have been defined with three invariants, I1, J2 and J3, such as the 
Willam-Warnke (Willam and Warnke, 1975) or the Ottosen (Ottosen, 1980) surfaces. 
They account for the limitation of maximum strength in one principal direction in 
relation with the existing stresses in the other two principal directions. 



Experimental and numerical analysis of reinforced concrete elements subjected to blast loading  
 

 

30 

In figure 1.21 the shape of some of the most commonly used yield surfaces are given, 
both in their deviatoric and meridian planes. 
 
When considering constitutive modeling of concrete under high strain rates, it has 
historically been a common practice to enhance the existing static yield surfaces with 
some of the specific characteristics of the response under high strain domain. 
 
However, the very detailed yield surfaces defined with three invariants that fit the 
multiaxial static testing of concrete very well may not be applicable straight forward 
to the simulation of blast events, not even when they are scaled with the corresponding 
Dynamic Increase Factor. Blast waves will in fact, generally not cause the crushing of 
concrete.  
 
Nevertheless, the aforementioned approach is very appropriate for the simulation of 
ballistic penetration in concrete targets, as in that particular case, compressive 
response is of capital importance.  

 
Figure 1.21. Depiction of the shape of the most commonly used yield surfaces, both in their 

deviatoric and meridian planes. 
 
 
In table 1.4, four constitutive models for concrete under high strain rates are 
summarized. These are: 
 

o The Winfrith Concrete Model (WCM), developed for the Atomic Energy 
Authority of the United Kingdom in the late 1980s, with the scope of 
simulating impact loading on reinforced concrete structures. 
 

o The Johnson-Holmquist Model (JHM), whose original scope is the simulation 
of ballistic penetration on concrete targets. It was developed in 1993, as an 
enhancement of the existing Johnson-Cook model for metallic materials. 
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o The Brittle Damage Model (BDM) that accounts for strain rate effects, but 

that was originally not developed for its use in blast and impact problems. It is 
defined emphasizing the post-tensile failure behavior of brittle materials. 
 

o The Continuous Surface Cap Model (CSCM), presented in 2007 (although 
developed since 1990) for the simulation of concrete safety highway barriers 
of the US Department of Transportation. 
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Model / Year / Reference General description Compressive behavior Tensile behavior Strain rate formulation 
Winfrith Concrete Model 
(WCM),  1987 
(Broadhouse, 
1995,Broadhouse and 
Attwood, 1993,Broadhouse 
and Neilson, 1987) 

Elasto-plastic model, in which 
response is elastic until the stress state 
lays in the yield surface. 

Hydrostatic part of stress tensor 
given by compaction curve. 
Yield surface, defined by Ottosen, 
dependent on I1, J2 and J3. 

Smeared model in which “tensile 
failure is initiated if the maximum 
principal stress at yield is greater than 
half of the value of current tensile 
strength”. 
Softening of concrete is defined with a 
Wittmann bilinear function. 

The CEB formulation is 
used. 

Johnson–Holmquist Model 
(JHM), 1993 
(Holmquist, et al, 1993) 
 

Damage model in which strength of 
the material depends on the intact 
strength, fractured strength, strain rate 
and damage of the material. 

Hydrostatic part of stress tensor 
given by compaction curve. 
Yield surface is a modified 
Drucker-Prager, dependent on I1 
and J2. Therefore it behaves linear 
elastic with no compressive 
failure. 

Tensile failure occurs when the 
maximum tensile hydrostatic pressure 
is reached. This is a cut-off criterion. 
Softening is modeled with the 
degradation of the elastic properties, 
based on both equivalent plastic strain 
and plastic volumetric strain. 

The strain rate enhancement 
has to be adjusted to 
experimental results under 
high strain rate. 

Brittle Damage Model 
(BDM), 1995 
(Govindjee, et al, 1995) 

Damage model with smeared cracks. 
Behavior is elastic until the maximum 
principal stress reaches tensile 
strength. 

A von Mises (J2) criterion can be 
used, but it is not taken into 
account for the simulations in this 
thesis.  

Tensile failure is determined by the 
maximum principal stress exceeding 
the tensile strength threshold.  
A damage surface is then activated, 
that is contracted with an exponential 
damage criterion as damage increases. 

A Perzyna viscous 
formulation is introduced to 
assure numerical stability. It 
also can be used for taking 
into account rate effects. 

Continuous Surface Cap 
Model (CSCM), 2007 
(Murray, 2007) 

Elasto-plastic damage model in which 
the material behaves linearly elastic in 
the low stresses regime. When a 
threshold value of stress is reached 
plastification occurs according to a 
yield criterion. 

Hydrostatic part of stress tensor 
given by compaction curve. 
Failure surface is dependent on I1, 
J2 and J3 and is closed by a 
hardening cap in the high stresses 
domain. This cap surface presents 
a smooth or continuous 
intersection with the failure 
surface. 

Tensile failure occurs when the 
maximum tensile hydrostatic pressure 
is reached. 
Softening is modeled through a damage 
formulation that takes into account 
strain softening and modulus reduction. 

A visco-plastic algorithm 
based on a extension of the 
Duvaut-Lions formulation. 
The rate effects are applied 
to the plasticity surface, the 
damage surface, and the 
fracture energy. 

Table 1.4. Summary of the constitutive models analyzed.
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The four models presented can be divided in the following two groups: 
 

o The models with a complex compressive formulation, in which the tensile 
behavior is somehow conditioned by the compressive formulation, where 
tensile behavior is usually poorly described. The models that belong to this 
group are: WCM, JHM and CSCM. 
 

o The model in which compressive failure is not taken into account at all and 
damage is exclusively ruled by tensile failure, being the softening post-failure 
behavior modeled through a softening curve: BDM. 

 
That is, the Brittle Damage Model, which was not originally intended to simulate 
concrete under high strain rates, is very different from the other models that actually 
rely on previous existing theories of concrete behavior under static compressive 
loading. 
 
From the models belonging to the first group, it is important to note that the Winfrith 
Concrete Model differs from the other two in the type of data that has to be input on 
them. In WCM, all the parameters to be input have a physical sense, and for this 
reason can be either measured for a given concrete or reasonably estimated. These 
parameters are, for instance, compressive and tensile strengths, elasticity modulus or 
fracture energy. On the contrary, JHM and CSCM require the input of data to scale 
and shape their yield surfaces. These input parameters are, among others, the triaxial 
compressive tests results at different confinement levels, which are difficult to perform 
and for this reason they are usually not available. 
 
The performance of one model from each of the mentioned groups under blast events 
is analyzed in this thesis. Since the Brittle Damage Model does not account for failure 
under compressive stresses, this analysis will give insight about the actual influence of 
compressive behavior when modeling concrete under blast loading. Among the 
models of the first group, the Winfrith Concrete Model has been chosen, due to the 
simplicity and reliability of data input. These preliminary simulations are presented in 
chapter 3. 
 
Fracture in concrete under tensile static stresses: 
 
Concrete is in nature a heterogenous material, since it is formed by the combination of 
hardened cement paste and rocky particles (aggregates). But the heterogeneity of this 
material arises not only from its nature, but also from issues related with its production 
process, for instance: 
 

o Pores due to air inclusion may be present in the cement paste. The existence of 
pores can be decreased by the vibration of concrete, but it is not possible to 
suppress them completely.  
 

o The heterogeneous distribution of the aggregates in the concrete matrix, which 
can also be diminished by a correct vibration. 
 

o The existence of microcracks within the concrete matrix, originated during the 
hardening of the cement paste.  

 
When concrete is subjected to tensile stresses that reach values near the tensile 
strength a crack will be formed, which will grow through the concrete matrix. The 
path that the crack will follow is very much influenced by the heterogeneity of 
concrete. Under static loading, it will evolve through the weakest parts of the material, 
“finding the way” in which less fracture energy is dissipated. These weakest parts are 
the existing microcracks and air pores and, secondly, the interfaces between aggregate 
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and concrete paste. Under impulsive loads, the fracture is postulated to grow in a 
different manner, as stated further on. 
 
In spite of the heterogeneity of concrete, for the sake of simplicity most analytical 
approaches to fracture of concrete consider it as a homogeneous material. One of the 
most common approaches for the analysis and prediction of concrete fracture is the 
theory of fracture mechanics for quasi-brittle materials.  
 
According to this theory, the cracking process is supposed to arise after the 
development of a damaged zone, in which the mechanical properties of concrete are 
progressively degraded. This damaged zone is called the Fracture Process Zone (FPZ), 
and its size defines the response of a given piece of material when subjected to tensile 
stresses. The response of the material is brittle when the FPZ is very small in 
comparison with the solid. On the contrary, the response is ductile if the FPZ is of a 
size comparable to the size of the tensioned solid. Last, the intermediate situation 
occurs when the FPZ is small but significant with regard to the piece of material 
tensioned. In that case the material behaves in a quasi-brittle manner, which is the case 
of concrete when subjected to tensile stresses. 
 
The FPZ represents then the transition between the undamamged material and the 
actually cracked material, in which no stress transference across the crack is possible. 
In the undamaged region the material keeps its full strength capacity and therefore it is 
usually modeled as a linear elastic material that has a maximum strength equal to the 
tensile strength. In the FPZ a smooth transition is developed between this maximum 
strength and the null strength that characterizes the true crack. In such transition, the 
material “softens” as the strains increase due to the generation and growth of a series 
of microcracks and discontinuities within the material. Once the microcracks and 
discontinuities have grown and nucleated in such a way that no material continuity is 
possible, the true crack is created and the strength drops to zero. This process is 
depicted in figure 1.22. 
 
The basis of the analytical tools developed to model this behavior was first proposed 
by Hillerborg (Hillerborg, et al, 1976), with his Fictitious Crack Model. This approach 
provided good results on concrete specimens subjected to pure tension (mode I) 
fracture.  
 
Following the observations of Petersson (Petersson, 1981) in a pure tension test of a 
concrete sample the following phases can be noted, as shown in figure 1.23a: 
 

1. A linear load-displacement curve, due to the linear elastic response of the 
material. 
 

2. The linearity is lost because of degradation of the material, until the maximum 
value of the load is reached. 
 

3. When the maximum load is reached, a certain cross section of the concrete 
sample cannot withstand more load, due to the extension of the Fracture 
Process Zone. There is a gradual decrease of the load, while the displacement 
increases. 
 

4. Last, the load drops to zero and the sample is physically split into two pieces. 
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Figure 1.22. Depiction of the fracture of concrete under tensile stress. The physical 

phenomenon (below) is presented with its correspondence analytical model in terms of fracture 
mechanics. 

 
From the plot depicted in figure 1.23a the relationship between the crack opening w 
and the stresses transferred across the crack σ can be calculated by assuming that the 
material outside the crack remains in elastic regime, figure 1.23b. This relationship is 
termed the softening curve, which expresses the stress as a function of the crack 
opening. According to the Fictitious Crack Model it is assumed to be a material 
property of concrete, and it has been postulated that each concrete possesses its own 
softening curve (Petersson, 1981,Bazant and Planas, 1998). 
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(a)      (b) 
Figure 1.23. (a) Typical load – displacement plot of a pure tension test, (b) Typical softening 

function. 
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Several analytical expressions have been proposed for the softening curve of concrete, 
such as the rectangular, the linear (Hillerborg, et al, 1976), the bilinear (Petersson, 
1981), the exponential (Planas and Elices, 1986), the General Bilinear Fit (GBF) 
(Guinea, et al, 1994) and the Extra Long Tail (ELT) (Planas and Elices, 1992). These 
are described in detail in section 5.4.1 of chapter 5. They all require, at least, the 
values of the tensile strength and the fracture energy for their definition. 
 
For the simulation of concrete, bilinear softening curves are the most frequently used 
by researchers. However, the precise point of the kink between both lines must be 
determined in order to obtain a good approach for the behavior of concrete. To this 
end, Guinea et al. (Guinea, et al, 1994) proposed the GBF method for the accurate 
determination of the bilinear softening curve of concrete. For its definition, the 
complete record of the load – displacement plot of a three point bending test (fracture 
energy test) of the concrete under study is required. Its principal advantage is that it 
provides a precise prediction of the softening behavior of the studied concrete.  
 
The above mentioned softening functions have been developed for the simulation of 
concrete fracture under static loading. However, as described earlier in this section, 
concrete has been reported to behave differently when subjected to high strain rates. 
For instance, according to some authors, high strain rates fractures are characterized 
by a more flattened fracture plane than under low strain rates, involving the splitting 
of aggregates (Yan and Lin, 2006). Such change in the fracture mechanisms suggests 
that the softening behavior of concrete should also change. However, there is no 
information about the shape of the softening curve under high strain rates, but it may 
very well happen to be completely different from the proposed ones for static regime. 
In fact, it has been mentioned before that the mechanical properties of concrete vary 
when concrete is subjected to high strain rates. Both strength and fracture energy are 
known to increase under high strain rates, being their enhancement expressed through 
the Dynamic Increase Factor (DIF). However, the DIF for the fracture energy of 
concrete varies depending on the testing technique, which proves the lack of 
consensus within the scientific community in respect with this issue, as previously 
mentioned. 
 
In this thesis it is assumed that the softening curves defined for the static response of 
concrete are also valid for high strain rates. We have opted to scale all the ordinate 
values of the softening curve by the same Dynamic Increase Factor chosen for the 
tensile strength enhancement, see section 4.2.6 in chapter 4 for more details. 
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1.3. Concluding remarks 
 
In this chapter the destructive effects of explosions on concrete structures have been 
described.  Their economic impact and their likelihood of occurrence highlight the 
need of designing structures able to withstand explosions, and to assess the bearing 
capacity of existing buildings to this threat. To that end, both experimental data on 
concrete structural elements subjected to blast loading and reliable constitutive models 
for the materials involved are needed. 
 
A revision of the scientific literature has been conducted, and it has been stated that: 
 

o With regard to the experimental programs, scatter appears to be inherent to 
testing of concrete elements under explosions. Moreover, the boundary 
conditions and a correct estimation of the acting loads are critical issues. 
 

o Concerning the high strain rates effects on concrete, there is the common 
opinion within the scientific community that mechanical properties of 
concrete are increased when it is subjected to high strain rates. However, the 
magnitude of the increase, as well as the underlying reasons for it are still a 
topic under discussion. 
 

o Most of the available constitutive models for concrete under high strain rates 
present a rather complex compressive formulation, being their tensile response 
of a much simpler nature. 
 

o The fracture mechanics theory for concrete under static regime has been 
developed by a number of authors in the last decades. However, there is a lack 
of knowledge on some basic issues of the tensile response of concrete under 
high strain rates. For instance, no experimental evidence has been provided 
with regard to the shape of the softening curve under such conditions. 

 
In this thesis an experimental program that aims to avoid the mentioned shortcomings 
of the existing experimental benchmarks is presented. An analysis on the ability of 
two existing constitutive models for concrete of predicting the observed experimental 
results is performed. As it seems that the tensile response is the actual governing 
parameter in the failure of the tested samples, a new constitutive model for concrete 
that only accounts for tensile failure and softening is developed. Last, the new model 
is applied to the simulation of two different experimental benchmarks, where insights 
of the importance of the softening curve are given. 
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2. Experimental program 

2.1. Introduction 
 
A series of blast loading experiments have been performed with the aim of providing 
experimental data for the development and tuning of numerical tools needed in the 
modeling of concrete elements subjected to blast.  
 
The experimental program has been designed taking into account that it would be 
numerically simulated afterwards. For this reason, special care has been taken on the 
definition of some critical issues of the experimental procedure, such as the action of 
blast loading or the boundary conditions. 
 
Consequently, the experimental set-up presented in this chapter avoids many of the 
uncertainties that could arise while performing numerical analyses on concrete 
elements subjected to blast. 
 
The experimental benchmark has a threefold goal:  
 

1. The generation of a set of blast tests on plain and reinforced concrete 
elements, fully described and available for the scientific community.  
 
The importance of this first goal is proven by the evidence that it is difficult to 
find in the scientific literature detailed information on concrete elements 
subjected to blast. Most of the available data is usually not complete enough 
to allow the numerical simulation of the experimental campaign without 

C
hapter 2
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making gross assumptions on key issues as boundary conditions, applied 
loading and contacts between different materials. 
 

2. The identification of the main parameters that govern material and structural 
response of concrete elements subjected to blast. 
 
Particular emphasis has been made in understanding the importance of 
compressive and tensile strengths of concrete on the ability of concrete 
elements to withstand blast actions. 

 
3. Last and most important, the validation, adjustment and development of 

numerical tools able to accurately simulate highly dynamic events such as 
blast loading of structures. 
 

To accomplish the above mentioned goals, a novel experimental set-up has been 
developed, which is presented in this chapter. It allows the simultaneous testing of up 
to four concrete samples, making thus possible to control the experimental scatter of 
the tests. Besides, it proves to be a reliable and cost-effective methodology for testing 
concrete samples under blast loading.  
 

2.2. Experimental procedure 
 
A steel frame was designed to bear the concrete samples to be tested under blast 
loading. The idea was to use a single steel frame to support a set of concrete 
specimens. It consisted of four vertical columns tied horizontally with beams that also 
withstood the concrete slabs. The set-up is a symmetric device in which the explosive 
is detonated from its geometrical center, allowing up to four specimens to be tested 
with every detonation shot, as detailed in this section. Figure 2.1 shows a sketch of 
this experimental device. 

 
Figure 2.1. Schematic view of the experimental set-up. 
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2.2.1. Design criteria of the experimental set-up 
 
For the definition of the experimental set-up dimensions, the following design criteria 
have been followed: 
 

1. With each detonation shot, all testing samples must be subjected to the same 
blast loading.  
 

2. The blast shock wave must reach the concrete slab directly, without suffering 
from shock wave reflections, rarefactions, Mach front effect, etc, thus being as 
similar as possible to a free air explosion, defined in chapter 1. 
 

3. The blast shock should strike every point of the exposed surface of the 
concrete targets approximately at the same time. That is, the wave shock must 
be as planar in shape as possible. 
 

These three criteria are key features to reduce the uncertainties on the latter numerical 
simulations. That is, the assumptions that would be made for the simulations have 
been taken into account for the design of the experimental campaign and are detailed 
in the following sections. 
 
Identical blast load acting on every concrete element:  
 
In the design of the experimental campaign it has been of great concern (i) to control 
the scatter of the results and (ii) to be efficient in time and expenses. 
 
As described in chapter 1, in the experimental data available in the scientific literature 
it is noted that the usual trend in blast experiments is to test one single target by a 
single detonation, (Zhou, et al, 2008b,Luccioni and Luege, 2006,Mays, 1999,Ellis and 
Tsui, 1997,Magnusson and Hallgren M., 2000). In these cases, it is difficult to analyze 
the scatter of the results. It is important to bear in mind that both, concrete behavior 
and the actual pressure wave caused by a certain amount of explosive are subjected to 
a relatively high degree of uncertainty, as observed by (Razaqpur, et al, 2007). 
 
On the other hand, it is believed that scarceness of experimental data available 
regarding blast tests is due to the difficulties associated with testing using explosives, 
due to different factors such as the cost of explosives, the lack of permission for 
explosive handling or the difficulty of having access to proper field tests for open air 
detonations. 
 
Both control of the experimental scatter and cost efficiency can be met by the use of a 
symmetrical experimental set-up, in which several targets can be tested with each 
detonation, ensuring that they all are subjected to the same pressure wave. 
 
In the tests conducted for this Ph.D. thesis, four targets have been placed 
symmetrically around the explosive, which is located in the center. Thus a 
symmetrical shock wave that loads identically and simultaneously all four targets is 
obtained, see figure 2.2. 
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Blast wave

 
 

Figure 2.2. Symmetrical layout of the targets around the explosive. 
 
Avoidance of shock wave reflections: 
 
It is known that reinforced concrete elements response when subjected to blast actions 
is strongly influenced by the geometry surrounding explosive and target as described 
in chapter 1 (Remennikov and Rose, 2005,Department of Defense, 2005). The actual 
blast load acting on a structure can be reduced or enhanced due to shadowing elements 
or by the reflection of the shock wave on the ground or other structural elements. 
 
In order to reduce these kind of uncertainties in the experimental program, the targets 
and the explosive have been placed on a horizontal plane above the ground, with its 
height being greater than the distance from the explosive to the specimens (figure 2.3). 
By doing this, the shock wave reflections will reach the concrete targets after they 
have been hit by the incident wave. 

d

d h

 
Figure 2.3. Location of targets and explosive, where h > d in order to avoid shock reflections. 

 
Quasi-planar wave shock: 
 
For the numerical analysis of the experimental program it is convenient to assume that 
the shock wave strikes all the points of the front face of concrete targets at the same 
time. This assumption does not match with the fact that open air explosive shock 
waves have a spherical shape. However, the blast shock can be considered planar, by 
taking some considerations about the dimensions of the concrete samples with regard 
to their stand-off distance to the detonation point. If the concrete target is small 
enough or is far enough from the explosive, the curvature of the striking shock can be 
neglected and so the shock wave can be assumed to be planar. 
 
The criterion used here has been that the shock arrival time to the center of the 
specimen (distance d in figure 2.4) and to its corner (distance d’ in figure 2.4) do not 
differ by more than 6 - 8%. For the estimation of the arrival time of the shock waves, 
the semi-empirical equations given in (Kinney and Graham, 1985,Glasstone and 
Dolan, 1977,Bangash, 1993) have been used, as detailed in appendix A. 
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Figure 2.4. Dimensions considered for assuring a planar shock wave. 
 
Choice of dimensions for concrete slabs and steel frame: 
 
Along with the aforementioned three design criteria, the following limitations have 
been also taken into account for the choice of the experimental set-up dimensions: 
 

1. The amount of explosive is limited to 5 kg TNT, due to legal sound 
restrictions in the testing field available. 
 

2. The dimensions of the available testing fields (approximately 25 m2) in the 
vicinity of the bunker that was to be used to host the data acquisition systems. 
 

3. The weight of the concrete testing samples. For the sake of test simplicity, 
they had to be light enough to be lifted without using cranes or other 
mechanical devices. 

 
The dimensions of the concrete slabs and the steel frame have been determined 
through an iterative trial-and-error process in which the above mentioned design 
criteria and limitations have been taken into account. To that end, the use of the 
expressions for shock wave in air and its interactions with structures provided by 
(Kinney and Graham, 1985,Glasstone and Dolan, 1977,Bangash, 1993) have been of 
capital importance at this design level, and for this reason are summarized in appendix 
A. 
 
Due to the weight restriction for the concrete specimens, their dimensions have been 
set to 500 x 500 x 80 mm, being the weight of each slab below 50 kg. Once the 
dimensions of the slabs have been decided, the detonation stand-off distance (d, see 
figure 2.4) can be set. 
 
To guarantee that the arrival time of the blast shock does not differ more than 6 - 8% 
between the center and the corner of the slab, the distance d’ of figure 2.4 cannot be 
more than 3% greater than the distance d to the center of the slab. A distance d that 
fulfills this requirement is d = 1.50 m. For a 1 kg TNT detonation, the arrival times to 
the center and to the corner of the slab are as given by table 2.1, (see also appendix A).  
 

 Arrival time for 1 kg TNT detonation 
[ms] 

Distance to the center of the slab, d [m] 1.50 1.093 
Distance to the center of the slab, d’ [m] 1.54 1.150 

Table 2.1. Arrival times for 1 kg TNT detonation 
 
As it can be seen, the arrival times differ only in 5.2%, which allows considering that 
the blast shock is almost planar. 
 
In order to avoid shock reflections striking the targets before the actual incident wave, 
these must be placed on a horizontal plane above the ground higher than the stand-off 
distance to the explosive (h>d in figure 2.2). 
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This height has been taken as 1.70 m, which is greater than d = 1.50 m and at the same 
time is the height of an average Spaniard, allowing for manual positioning of the 
targets in place. 
 
Last, all these dimensions have been checked with the dimensions of the available test 
field, finding that there was indeed enough room for the designed experimental set-up. 
 

2.2.2. Set-up description 
 
Steel frame: 
 
The test set-up was manufactured at the Fundación Santa Bárbara metal workshop in 
May, 2010. The frame is a square in its plan view, and is composed by four vertical 
columns joined together by horizontal beams. These horizontal beams act as support 
for the testing samples, while the explosive is hung at the geometrical center of the 
frame, being equidistant from all four samples. 
 
The distance between columns has been given by the third design criterion, as 
discussed above, and has been set to 3.00 m, thus making the stand-off distance from 
the explosive to the samples of 1.50 m.  
 
The frame has been made using laminated steel profiles in accordance with Euronorms 
53 - 62. Profiles HEB-300 and HEB-200 have been used for the vertical columns and 
the horizontal trusses, respectively. Their joints have been welded and bolted 
alternatively to make transportation to the test field easier.  
 
The stiffness of both welded and bolted joints has been assumed to be equivalent. 
Both profiles and joints have been over-engineered for the expected loads. The reason 
is that a high general stiffness of the structure is desired. In fact, the steel frame is 
considered a braced structure when subjected to the blast wave.  
 
Therefore, for the numerical simulations to be carried out later on in this thesis, 
transient movements can be assumed to be small and to arise only after the concrete 
slabs have been broken by the shock wave. These assumptions have been checked on 
a simplified numerical analysis.  
 
All the columns have been welded at their lower ends to stiffener steel plates that have 
been bolted to the ground concrete foundation. 
 

           
                                          (a)                  (b) 

Figure 2.5. Details of the steel frame during its construction at the metal workshop of 
Fundación Santa Bárbara.  (a) Stiffener plate welded to the lower end of steel column. (b) 

Bolted joint between beam and column. 
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Figure 2.6. General view of the steel frame in its final location. 

 
Testing samples supports: 
 
The structural typology aimed on the testing samples is of a simply supported slab on 
its four corners and subjected to homogeneously distributed surface load, see figure 
2.7. In order to mimic this structural typology, a specific supporting system has been 
designed, as detailed below. 
 

 
 

Figure 2.7. Structural typology of testing samples. 
 
For the aforementioned structural configuration with statically applied load, the yield 
line method predicts fracture to occur on the center of each span, progressing from the 
tensioned side of the slab, as shown in figure 2.8. Translating this prediction to a 
concrete element, it suggests the development of cracks parallel to the sides of the 
slab. This type of cracking pattern is usually noted in structural concrete terminology 
as bending failure, due to the fact that bending is characterized by the formation of 
cracks on the center of span of structural elements. 
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Figure 2.8. Views of a slab fracture prediction under the yield line method. 
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However, there is empirical evidence of shear cracks appearing on structural concrete 
elements subjected to highly dynamic or impulsive events (Magnusson and Hallgren 
M., 2000,Razaqpur, et al, 2007,Schenker, et al, 2008). Shear failure is characterized 
by the uprising of diagonal cracks from the supports of structural elements subjected 
to bending, as depicted in figure 2.9. 
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C
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Figure 2.9. Depiction of two different families of cracks on a simply supported slab subjected 

to distributed surface load. In blue, bending cracks. In red, shear cracks. 
 

From a theoretical point of view, rotation constraints redistribute the stresses on 
structural elements subjected to bending and may prevent the appearance of shear 
cracks. For this reason, in this experimental program emphasis is made on the design 
of supports that allow the slab to respond as simply supported, with no rotation 
constraint. 
 
The developed boundary conditions consist of bolts mechanized on one of their ends, 
so that they present a coned tip. Bolt ends are fitted in steel plates that are also 
mechanized on one of their sides, but with a wider angle than the bolt ends. This 
design of the supports allows the plates to rotate around the bolt ends (figures 2.10 and 
2.11). 
 
The bolts are screwed and made fixed on the steel frame, where holes have been 
drilled at their location. The final placement of the bolts has been adjusted with the use 
of two nuts that have been screwed on each bolt. Through the tightening of this 
system, it has been assured that the steel supports have been contacting firmly the 
concrete slab. Four bolts have been used for the testing of each slab, therefore, there 
were also four steel plate supports for every slab, of 80 x 80 x 20 mm of size. 
 

        
Figure 2.10. Details of bolt end, steel support plate and nuts. 
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Figure 2.11. Sketch of bolt and plate support for the slab. 

 
To allow for free rotation of the slabs, the flanges of the horizontal beams have been 
sawed at the position of the slabs. 
 

 
Figure 2.12. Sawed flanges of steel horizontal beams for the location of the slab. 

 

2.2.3. Instrumentation 
 
In this section, the instrumentation used in the experimental program is described. It 
was composed of the following four devices: 
 

1. Instrumented control aluminum plates. 
 

2. Piezoelectric pressure sensor. 
 

3. High speed recording camera. 
 

4. Aluminum rear sheets for spalling detection. 
 
As stated in the previous sections, the experimental benchmark has been designed 
with the aim of facilitating the latter numerical simulations. Consequently, the 
ultimate goal of the instrumentation is to provide the necessary contrast data for the 
simulations. 
 
 
 
 



Experimental and numerical analysis of reinforced concrete elements subjected to blast loading  
 

 

48 

Auxiliary facilities: 
 
A bunker located at a short distance from the experimental set-up has been used for 
the location of the data acquisition systems and filming cameras (see figure 2.13).  
 

 
Figure 2.13. Experimental set-up with the bunker located close to it (on the right hand side of 

the figure). 
 

 
Figure 2.14. View of the equipment located inside the bunker. 

 
Instrumented control aluminum plates: 
  
Instead of placing four concrete slabs on each detonation, one of them was replaced by 
an aluminum square plate extensively instrumented by strain gages. The fact of using 
up one of the target locations in the set-up for an aluminum plate, is justified by the 
reduction of uncertainties for the latter numerical simulations. In these kind of tests 
with explosives, the uncertainties that arise when an experimental campaign is to be 
numerically simulated come from different sources: material properties, boundary 
conditions, interaction between different parts and materials, application of acting 
loads, etc.  
 
Except for the material related ones, the other sources of uncertainty can be controlled 
to some extent by an aluminum control plate, as previously mentioned. By replacing 
one of the concrete slabs by the aluminum control plate, it is ensured that it is 
subjected to the same loading actions and boundary conditions as the concrete slabs. 
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Furthermore, aluminum plates can be easily instrumented with strain gages so that 
their deformation can be measured. These measurements are thought to be more 
reliable than instrumenting the concrete slabs, since in quasibrittle materials the 
deformation concentrates in cracks whose position is not known beforehand. 
Particularly, in an impulsive event like a detonation, the cracking pattern cannot be 
easily predicted. 
 
From the instrumented control plate a strain history is obtained, which can be checked 
numerically. Since aluminum under high strain rates is well characterized, the only 
uncertainty source of the aluminum plates simulations comes from the hypotheses in 
which the material behavior is not involved. The idea underneath the use of the 
aluminum plate relies on the fact that if the numerical simulation of aluminum plates 
provides results in good agreement with the measured strains, the hypotheses made in 
regard with load application and boundary conditions would prove to be valid. Thus 
one of the uncertainty sources in the simulations would be eliminated. 
 
The control aluminum plates have been designed of square shape with the same 
exposed surface to the detonation than the concrete samples, being their dimensions of 
500 x 500 x 5 mm. The aluminum material specification has been 5083 H112. As 
previously mentioned, the boundary conditions used for the aluminum plates have 
been the same as in the concrete samples, see figure 2.11. The instrumentation of the 
control aluminum plates have been composed of three strain gages attached to the 
back face of the plate, as seen in figures 2.15 - 2.16. 
 

#2
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Figure 2.15. Sketch of the control aluminum plates, with dimensions and location of strain 

gages. The arrows show the orientation of strain measurements. 
 
Theoretically, due to the symmetric configuration of the load and boundary 
conditions, strain gages number 2 and 3 should have provided a similar strain history 
record, at least during the first milliseconds after the detonation. Given that in a real 
test full symmetry can never be achieved, such gage locations have been devised to 
check homogeneity between different detonations. 
 
The strain gages used have been Vishay EP-08-062AQ350 with CPF-50D terminals. 
The signal has been taken to the bunker, where a Vishay 2220 signal conditioner and a 
Tektronics TDS 714L oscilloscope have been used for data acquisition. 
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Figure 2.16. View of a control aluminum plate on its location during the detonation tests. 

 
Piezoelectric pressure sensor: 
 
A piezoelectric pressure sensor has been located nearby a concrete target with the aim 
of measuring the reflected pressure of each detonation shot. This is a crucial issue on 
the latter numerical simulations, as the reflected pressure history is the acting load to 
be input on them. 
 
A sensor from PCB Piezotronics (model 102B) has been used. Its signal has been 
taken along a 25 m long cable to the bunker, where it has been conditioned on an ICP 
signal conditioner (model 482C05) and recorded by a Tektronics DPO2024 
oscilloscope. 
 
The piezoelectric sensor has been screwed on one of the flanges of the lower 
horizontal beams that supported the concrete sample (figure 2.18), so that both the 
exposed face of the slabs and pressure sensor lay on the same vertical plane and are 
therefore at a similar distance from the explosive than the target slabs. It would have 
been desirable to place it right in the center of one of the slabs, but this was not 
possible for obvious constructive reasons. 
 
 

 
Figure 2.17. Piezoelectric pressure sensor. 
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Figure 2.18. Views of the location of the pressure sensor. 

 
High speed recording camera: 
 
A high speed recording Phantom V12 camera has been used to film the rear side of 
one of the concrete samples. The test set-up has been placed in such position in regard 
with the bunker that the recording of the back side of the slab has been made in a front 
(non-skewed) perspective. 
 
The camera has been connected to a PC and both have been located at the bunker 
during the tests (figure 2.14). 
 
Aluminum sheet for spalling control: 
 
As it is presented later on in this chapter, two different types of concrete have been 
tested, being their maximum aggregate size and mixing properties very dissimilar. 
Therefore, spalling (fragment projection from the rear side of the concrete samples) 
may be very different in both types of concrete. In order to check it, a 1000 x 1000 x 
0.5 mm aluminum sheet has been placed at a 1000 mm distance from the tensioned 
(rear) face of a concrete slab, see figure 2.19. Four 6 mm diameter rods have been 
used to connect the aluminum sheet to the horizontal beams of the steel frame. 
 
The reasoning behind this set-up os that spalling fragments from the slabs have been 
expected to impact and puncture the sheet. 
 

 
Figure 2.19. Aluminum sheet for spalling control. 
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Triggering of instrumentation: 
 
The trigger signal for the strain gages, pressure sensor and high speed recording 
camera has been made by short-circuiting a DC electrical signal. A 4.5 V battery has 
been connected to a cable wrapping the explosive, so triggering of the equipment 
would occur due to the voltage decay when the explosion broke the circuit. 
 

 
Figure 2.20. Explosives with the cable used for triggering the equipment. 

 

2.2.4. Materials and geometry 
 
In this section, the different materials used in the experimental program (concrete, 
reinforcing steel, aluminum and explosive) are described, summarizing their 
mechanical properties. 
 
Concrete: 
 
As it has been aforementioned, the samples tested in the detonation tests have been 
concrete squared slabs. They have been casted using two different types of concrete, 
namely normal-strength concrete (NSC) and high-strength concrete (HSC). The 
production process and mixing properties of both types of concrete are described in 
detail in appendix B. The dimensions of the slabs (500 x 500 x 80 mm) are shown in 
figure 2.21. 

500

50080
 

Figure 2.21. Test specimen geometry (dimensions in mm). 
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A materials characterization program has been carried out, see appendix B for a fully 
detailed description. For this program cylindrical samples have been casted from the 
same batches of the concrete of the slabs. These samples have been tested on a 
hydraulic press, obtaining the uniaxial compressive strengths at different ages. The 
last samples have been tested at the age of 28 days, which is the date in which the 
detonation tests have taken place. 
 
For further material characterization, some time after the detonation tests prismatic 
samples have been obtained from three plain concrete slabs. These samples have been 
used for the three point bending tests for fracture energy obtention. Uniaxial 
compressive and indirect tensile tests have also been carried out on the prismatic 
samples at a concrete age of 250 days.  
 
That is to say, concrete has been characterizaed through testing of cylindrical samples 
of 28 days of age, and of prismatic samples of 250 days of age. However, the material 
properties of the high-strength concrete from cylindrical samples do not match with 
the properties obtained from the prismatic samples of 250 days of age, as discussed in 
appendix B, see table 2.2. The differences obtained are blamed on the different 
vibration and curing processes of the slabs with respect to the cylindrical samples. It is 
believed that the actual mechanical properties of the HSC slab are the ones obtained 
from the prismatic samples. On the contrary, the results for NSC at different ages 
correspond very well with its expected evolution of strength with time. 
 

 NSC HSC 
Density [kg/m3] 2283 2432 

Uniaxial compressive strength [MPa] 
Cylindrical samples, age 28 days, fc

28 
49.81 91.07 

Uniaxial compressive strength [MPa] 
Prismatic samples, age 249 days, fc

249  
59.40 74.74 

Elastic modulus [MPa] 
Prismatic samples, age 249 days, Ec

249 
29530 37175 

Tensile strength [MPa] 
Prismatic samples, age 256 days, fct

256  
4.45 5.08 

Fracture energy [N/m] 
Notched beams, age 124 days, GF

124  
224 208 

Table 2.2. Mechanical properties of concrete 
 
Reinforcing steel: 
 
In the detonation tests, both plain and reinforced slabs have been used. The latter have 
been reinforced on their back side with a steel mesh of bars of 6 mm diameter of steel 
grade B 500 S, whose nominal yield limit is 500 MPa and ultimate strain 12% (in 
accordance with Spanish standards UNE 36068:1994, UNE 36065:2000 EX, UNE 
36811:1996). The distance between bars has been set to 150 mm in both directions, as 
shown in figure 2.22. 

500

50080

150 150 150

150

150

150

20

 
Figure 2.22. Test specimen geometry (dimensions in mm). 
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Aluminum: 
 
The material specification for the 500 x 500 x 5 mm control aluminum plates has been 
5083 H112, as mentioned before. The mechanical properties of this material are 
gathered in table 2.3. 
 

 Aluminum 5083 H112 
Density [kg/m3] 2700 

Yield limit stress [MPa] 250 
Tensile strength [MPa] 320 

Table 2.3. Mechanical properties of aluminum 5083 (Sánchez Gálvez, 2012). 
 
Explosive: 
 
The explosive used for the detonations has been the commercial compound Goma 2 
ECO, which belongs to the family of gelatinous dynamites. It is composed mainly of 
nitroglicol, ammonium nitrate and nitrocellulose. Its density is 1.48 g/cm3 and its 
combustion heat corresponds to 89% of the energy release of 1 kg TNT.  
 
This explosive is commercially presented in cylindrical 32 x 200 mm paper folded 
bars of 238 g of weight. For the detonation tests, packs of such explosive have been 
tied together, forming a cylindrical bunch that was detonated from its center. The 
explosive pack was hung in such a way that the axis of the cylinder remained vertical 
(figure 2.23), with the aim of preserving the blast wave symmetry as far as possible. 
 

 
Figure 2.23. Slab and explosive prior to the test. 

 
See appendix A for the blast wave characterization of the detonation tests. The 
maximum amount of explosive has been limited to 5.7 kg of Goma 2 ECO due to legal 
sound restrictions. 
 

2.2.5. Testing details 
 
A total of eleven open air detonation tests have been performed between June 9th and 
June 11th, 2010 at the testing range of the Fundación Santa Bárbara in La Ribera de 
Folgoso, Spain.  
 
The first two detonations have taken place the first day, with the aim of checking all 
the data acquisition devices, as the triggering system, the pressure sensor, the data 
acquisition system, etc. For this reason, only aluminum plates have been tested in 
these two first tests.  
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Figure 2.24. Preliminary test 1. Aluminum test after test. 
 
The second day, five detonation tests have been carried out, in which the samples have 
been of plain concrete specimens. The amount of explosive ranged from 1.904 kg to 
4.76 kg of Goma 2 ECO (equivalent to TNT amounts from 1.69 to 4.23 kg of 
equivalent TNT) from the first to the fifth test. 
 
On the third day four tests on reinforced concrete samples have taken place. The 
amount of explosive has been fixed in 5.7 kg, the maximum allowed by legal sound 
restrictions. 
 
The schedule of the testing program is summarized in table 2.4. 
 

Test # Goma 2 
ECO 

amount 
[kg] 

Equivalent 
TNT 

amount  
[kg] 

 
Tested samples 

 
Al* N-P* H-P* N-R* H-R* 

Preliminary 1 2.380 2.11 1 - - - - 
Preliminary 2 3.570 3.17 2 - - - - 

1 1.904 1.69 - 4 - - - 
2 3.094 2.75 1 2 1 - - 
3 3.570 3.17 1 1 2 - - 
4 3.570 3.17 1 2 1 - - 
5 4.760 4.23 1 1 2 - - 
6 5.712 5.08 1 - - 3 - 
7 5.712 5.08 1 - - 3 - 
8 5.712 5.08 1 - - - 3 
9 5.712 5.08 1 - - - 3 

*Note: 
Al: Aluminum plate 
N-P: Normal-strength concrete, plain concrete 
H-P: High-strength concrete, plain concrete 
N-R: Normal-strength concrete, reinforced concrete 
H-R: High-strength concrete, reinforced concrete 

Table 2.4. Detonation test schedule 
 
Altogether 28 concrete slabs have been tested, of which 16 have been of plain 
concrete and 12 of reinforced concrete. 
 
Test procedure: 
 
Before each test the following procedure has taken place: 
 

1. Reset of the data acquisition systems and recording cameras. 
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2. Location of control aluminum plate and connection of the strain gages cables. 
 

3. Placement of the concrete slabs on their testing position, lifted by manual 
means and locked in their position with the use of wooden pegs or styrofoam 
to assure good fitting against the supports.  
 

4. Hanging the explosive load in the geometrical center of the testing set-up, 
manufacturing a cylindrical bunch with the explosive cartridges, in which the 
revolution axis has been kept vertical. 
 

5. Preparation of the triggering system: cable powered by DC battery tied to the 
explosive. 
 

6. Clearance of the testing area 
 

7. Insertion of the detonator in the center of the cylindrical bunch of explosives. 
 

8. Detonation of explosive. 
 
Events occurred during the tests: 
 
The pressure sensor has only been used in the third, fourth, fifth and sixth tests, 
although it had been planned to be set from the third to the last detonation test. The 
cause is that the sensor resulted severely damaged due to a shrapnel impact on the fifth 
test. For this reason, the measurements of the sixth test have been discarded, as well as 
the use of the sensor in successive tests. However, the recorded pressure 
measurements suffice for a reliable extrapolation of the 5.7 kg Goma 2 ECO 
detonations, as described in appendix A.  
 

 
Figure 2.25. Damaged pressure sensor. 

 
The recordings of the high speed recording camera of test number three have been lost 
due to a problem with the data acquisition system. Besides this, the recording of the 
rest of the tests have been fogged due to the detonation event in their first 
milliseconds, in which the failure of the slab occurs. Unluckily, because of the heavy 
rains on previous days the quality of recordings was significantly decreased due to the 
presence of water in the steel frame and the test field grounds, whose dispersion 
caused by the shock wave clouded partially the recording, see figure 2.26. 
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Figure 2.26. Evolution of the high speed recording of slab in test number four. 

 
With regard to the spalling control sheets, they have been torn out by the wave shock 
and appeared around 20 m away from the steel frame, see figure 2.27. However, 
inspection of the rear side of the slabs revealed that spalling had not occured. 
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Figure 2.27. Spalling control sheet after the test. 
 

2.3. Results 
 
In this section the results of the experimental program are summarized. 
 

2.3.1. Plain concrete samples 
 
Altogether five detonation tests on plain concrete specimens have been performed, 
namely tests #1 - #5, in which the detonation amount has varied from 1.904 to 4.76 kg 
of Goma 2 ECO, see table 2.4. 
 
Test #1, 1.904 kg of explosive:  
 
Four NSC slabs have been tested in test #1. Only slab 1-C presented cracks visible to 
the naked eye after the detonation, see figure 2.28. 
 

       
 

      
Figure 2.28. View of the slabs tested in test #1. 
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Test #2, 3.094 kg of explosive:  
 
Two NSC and one HSC slabs have been tested in test #2, along with one aluminum 
control plate. The HSC slab (2-C) and one of the NSC slabs (2-A) have remained 
undamaged, while the other NSC specimen (2-B) was broken into three pieces, see 
figure 2.29. 
 

      
 

      
Figure 2.29. View of the slabs and aluminum plate tested in test #2. 

 
Test #3, 3.570 kg of explosive:  
 
One NSC and two HSC slabs have been tested in test #3, along with one aluminum 
control plate. The NSC slab (3-A) has failed in one of its corners, while both HSC (3-
B, 3-C) slabs have presented a rather distributed failure pattern, see figure 2.30. 
 

       
 

       
Figure 2.30. View of the slabs and aluminum plate tested in test #3. 
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Test #4, 3.570 kg of explosive: 
 
Two NSC and one HSC slabs have been tested in test #4, along with one aluminum 
control plate. One of the NSC (4-A) and the HSC (4-C) slabs have failed in one of 
their corners, while the other NSC (4-B) slab has presented a rather distributed failure 
pattern, see figure 2.31. 
 

       
 

       
Figure 2.31. View of the slabs and aluminum plate tested in test #4. 

 
Test #5, 4.760 kg of explosive: 
 
One NSC and two HSC slabs have been tested in test #5, along with one aluminum 
control plate. The NSC (5-A) slab showed a rather distributed failure pattern, one of 
the HSC (5-B) slab has cracked in one of their corners, while the other HSC slab (5-C) 
has remained undamaged after the detonation, see figure 2.32. 
 

      
 

      
Figure 2.32. View of the slabs and aluminum plate tested in test #5. 
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2.3.2. Reinforced concrete samples 
 
As previously mentioned, four detonation tests on reinforced concrete specimens have 
been performed, namely tests #6 - #9, in which the detonation amount has been kept 
fixed in 5.7 kg of Goma 2 ECO, see table 2.4. 
 
Test #6, 5.712 kg of explosive:  
 
Three NSC slabs have been tested in test #6, along with one aluminum control plate. 
Slabs 6-A and 6-C have presented circular-like cracks around its corners. Specimen 6-
B also presented this type of cracks, but also some other cracks parallel to the sides of 
the slab could be observed, see figure 2.33. 
 

      
 

    
Figure 2.33. View of the slabs tested in test #6. 

 
Test #7, 5.712 kg of explosive:  
 
Three NSC slabs have been tested in test #7, along with one aluminum control plate. 
Slabs 7-A and 7-B have presented circular-like cracks around its corners. Specimen 7-
C also presented this type of cracks, but also some other cracks parallel to the sides of 
the slab could be observed, see figure 2.34. 
 

        
 

             
Figure 2.34. View of the slabs tested in test #7. 
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Test #8, 5.712 kg of explosive:  
 
Three HSC slabs have been tested in test #8, along with one aluminum control plate. 
Slabs 8-B and 8-C have presented a cruciform cracking pattern, being the cracks 
parallel to the sides of the slab. Specimen 8-A also presented this type of cracks, but 
also some other circular-like cracks on its corners could be observed, see figure 2.35. 
 

     
 

     
Figure 2.35. View of the slabs tested in test #8. 

 
Test #9, 5.712 kg of explosive:  
 
Three HSC slabs have been tested in test #9, along with one aluminum control plate. 
Slabs 9-A and 9-C have presented a cruciform cracking pattern, being the cracks 
parallel to the sides of the slab. Specimen 9-B also presented this type of cracks, but 
also some other circular-like cracks on its corners could be observed, see figure 2.36. 
 

     
 

  
Figure 2.36. View of the slabs tested in test #9. 
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2.3.3. Analysis of results 
 
In table 2.5. the results of the tests are summarized. Seven symbols have been used to 
classify the cracking patterns, as detailed in table 2.6. Note that the term undamaged is 
used to express that no naked-eye-visible cracks have detected. 
 

Test 
# 

Goma 2 
ECO 

amount 
[kg] 

Specimens 
 

1 1.904 

1-A 
N-P* 

 
 
 

1-B 
N-P* 

 
 
 

1-C 
N-P* 

 
 
 

1-D 
N-P* 

 
 
 

2 3.094 

2-A 
N-P* 

 
 
 

2-B 
N-P* 

 
 
 

2-C 
H-P* 

 
 
 

- 

3 3.570 

3-A 
N-P* 

 
 
 

3-B 
H-P* 

 
 
 

3-C 
H-P* 

 
 
 

- 

4 3.570 

4-A 
N-P* 

 
 
 

4-B 
N-P* 

 
 
 

4-C 
H-P* 

 
 
 

- 

5 4.760 

5-A 
N-P* 

 
 
 

5-B 
H-P* 

 
 
 

5-C 
H-P* 

 
 
 

- 

6 5.712 

6-A 
N-R* 

 
 
 

6-B 
N-R* 

 
 
 

6-C 
N-R* 

 
 
 

- 

7 5.712 

7-A 
N-R* 

 
 
 

7-B 
N-R* 

 
 
 

7-C 
N-R* 

 
 
 

- 

8 5.712 

8-A 
H-R* 

 
 
 

8-B 
H-R* 

 
 
 

8-C 
H-R* 

 
 
 

- 

9 5.712 

9-A 
H-R* 

 
 
 

9-B 
H-R* 

 
 
 

9-C 
H-R* 

 
 
 

- 

*Note: 
N-P: Normal-strength concrete, plain concrete 
H-P: High-strength concrete, plain concrete 
N-R: Normal-strength concrete, reinforced concrete 
H-R: High-strength concrete, reinforced concrete 

Table 2.5. Summary of the cracking patterns. 
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Symbol Description 
 
 
 

Slab undamaged 

 
 
 

Distributed cracking 

 
 
 

One corner cracked 

 
 
 

More than one corner cracked 

 
 
 

More than one corner cracked 
+ additional cracks 

 
 
 

Cracks in cross shape 

 
 
 

Cracks in cross shape + 
corners cracking 

Table 2.6. Symbols used to classify the cracking patterns. 
 
From these results, the following analyses are made. 
 
Cracking pattern of plain concrete specimens: 
 
The results of test #1, slabs mainly undamaged, show that the chosen amount of 
explosive for this test has been insufficient to produce appreciable damage to the 
slabs. On the other hand, the existence of a damaged slab (1-C, one slab out of four) 
evidences that the experimental scatter is inherent to these type of tests. 
 
A similar conclusion can be drawn from the second test, in which two out of three 
slabs have resulted undamaged. Apart from highlighting that the amount of explosive 
has still been not enough to induce damage (i.e. visible cracking pattern) in the slabs, 
the existence of scatter can also be stated.  
 
From the results of test #3 a first erroneous conclusion could have been drawn: HSC 
slabs appear to be more brittle, presenting a more distributed cracking pattern.  
 
However, this conclusion can be discarded with the results of test #4, in which it is the 
NSC (4-B) slab where a more distributed cracking pattern can be observed. Therefore, 
the difference in the cracking pattern among both concrete types requires an additional 
explanation. 
 
It is believed that these differences in the cracking pattern are to be blamed on the 
irregular distribution of the supports of the slabs, that is, they are due to the boundary 
conditions. While ideally a slab should be equally supported on its four supports, 
during the tests some geometrical irregularities have been noticed. The importance of 
boundary conditions is highlighted in appendix C, where numerical simulations of the 
slabs with some of their supports displaced 2 mm backwards are shown. The 
irregularities in the supporting conditions are crucial on highly dynamic tests, as 
failure may occur before the acting load can be transmitted to the supports. On the 
contrary, they are not so determining on static tests, as in that case progressive 
settlement on the four supports is normally achieved, thus readjusting the internal 
forces of the testing sample. 
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Finally, from the results of tests #3 and #4 it can be concluded that 3.57 kg of Goma 2 
ECO is enough to cause damage in the slabs. 
 
Test #5 shows again scatter in the failure pattern. NSC (5-A) presents a distributed 
cracking pattern, while both HSC slabs are either undamaged or broken in a corner. 
These results definitely discard the hypothesis of having a more distributed pattern in 
HSC due to the greater brittleness of this type of concrete. The differences in the 
fragmentation patterns are therefore attributed to slight misalignments in the supports. 
 
It is worthy to note that, surprisingly, the slab 5-C (HSC) has remained undamaged 
after the detonation, which highlights again the scatter that can be expected from 
detonation tests on concrete samples. 
 
Cracking pattern of reinforced concrete specimens: 
 
The amount of explosive in tests #6 - #9 has been increased to the maximum allowed 
by legal sound restrictions, and kept constant in these tests, in the hope of having a 
reasonable damage level on the reinforced concrete slabs. According to the results 
obtained, this has been fully accomplished, as none of the slabs from these four last 
tests has remained undamaged. 
 
When comparing between the cracking patterns from NSC and HSC reinforced slabs, 
it can be concluded that the resulting failure modes are clearly different. Both bending 
failure and shear failure modes, as described in section 2.2.2, can be seen. While on 
NSC circular-like (shear) cracks around the corner of the slabs can be found on all of 
them, this failure mode is only visible in two (out of six) HSC slabs. On the other 
hand, in the HSC specimens the prevailing failure mode appears to develop a 
cruciform cracking (bending) pattern, being the cracks parallel to the sides of the 
slabs. 
 
However, the shear cracking pattern is not exclusive from NSC, and neither is the 
bending pattern for HSC. That is, occasionally a cruciform cracking pattern can be 
found on the NSC slabs (6-B, 7-C), as well as circular-like cracks are present in some 
HSC slabs (8-A, 9-B). 
 
Despite this mix of failure modes, it can be stated that the general trend in NSC is the 
shear failure, having the corners of the slabs ripped off due to the detonation, while the 
cruciform failure appears mainly in most HSC specimens. 
 
Differences between plain and reinforced concrete specimens: 
 
A much greater scatter in the cracking pattern can be observed in the plain concrete 
samples when compared to the reinforced ones. 
 
It is believed that the presence of reinforcement bars produces a redistribution of 
internal forces in the slabs. Whenever a crack is formed in the slab, the reinforcement 
wounds it, acting as sewing across the crack. Hence this crack is prevented from 
further development, and for this reason a more distributed cracking pattern in the 
specimen is produced. 
 
General response of the slabs: 
 
The response of all the concrete slabs under the shock wave has been the same, that is 
to say: (i) bending of the slabs on their corners under shock wave impact has occurred, 
(ii) tensile failure of concrete has developed on the rear slab side and (iii) slabs have 
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bounced on their boundary conditions and fallen down from the beams to the center of 
the steel frame. 
 

     
                                (a)                                                                            (b) 
Figure 2.37. View of the location of the slabs after the detonation tests, lying on the ground in 

the center of the experimental set-up. (a) Test #3, (b) Test #6. 
 
Scatter of results: 
 
As previously mentioned, scattering in the results has been noted, being more marked 
in the plain concrete specimens, as reinforcement seems to redistribute the internal 
forces in the slabs. 
 
Experimental scattering in plain concrete specimens is identified (i) in the different 
damage levels for the same concrete type under the same wave shock, and (ii) in the 
different cracking patterns, also in the same concrete type. 
 
The scattering found is thought to be blamed on three different factors: 
 

1. Scattering due to material heterogeneity of concrete. As a heterogeneous 
material, different samples may have different strengths, even when 
specimens have been produced from the same concrete batch. Moreover, some 
defects on the vibration and curing of the slabs have been noticed, as 
mentioned in appendix B. 
 

2. The use of four supports on a squared slab produces an overdetermined 
structure. This would not be a problem in a static test, where the load is 
applied slowly enough to allow for the settlement of the specimen and the 
redistribution of internal forces. However, on a highly dynamic event, an 
irregular support of the slab (displacement of one or several supports) may 
cause its failure with unpredicted failure modes. The effects of support 
irregularities have been further addressed with numerical simulations in 
appendix C. 

 
3. The position of the testing samples on vertical planes makes it even more 

difficult to assure the correct support of the slabs on its four supporting points. 
This problem is inherent to the design criterion of testing several samples 
under the same blast loading, which needs to place the slabs in a vertical 
position. In this sense, the verticality of the samples is the price to pay for 
using this set-up. Nevertheless, it is believed that the possibility of testing up 
to four slabs with the same detonation offered by this set-up, allows to control 
the experimental scatter with regard to testing one single specimen per 
detonation. 
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Homogeneity of the detonation tests: 
 
The blast load has produced permanent deformation on aluminum control plates, see 
figures 2.29 – 2.32 and 2.38.  
 
Particularly, it is worthy to note that after the four final tests (tests #6 - #9) the shape 
of the four aluminum plates has been similar, showing a deflection on their center of 
approximately 19 mm. The homogeneity in the deformation of the aluminum plates 
proves the homogeneity of the detonation shock waves. This can also be seen on the 
recorded reflected pressure histories, as shown in appendix A. 
 

 
Figure 2.38. View of the permanent deformation of aluminum control plates from tests #6 - #9. 
 

2.4. Concluding remarks  
 
In the present chapter, an experimental set-up that allows testing up to four concrete 
elements simultaneously under the same blast load has been presented. Its principal 
assets are: 
 

1. It allows for testing concrete samples under blast events with a significant 
reduction in the costs inherent to explosive testing, such as legal permissions, 
explosive handling and time expenses. 
 

2. Since it allows to test up to four slabs with the same detonation, in the case of 
these tests it has been possible to replace one of the concrete slabs by an 
aluminum plate in order to have a better characterization of the blast wave as 
well as the overall functioning of the tests. 
 

3. A reduction of experimental scattering is also achieved when compared to 
single specimen detonation tests. 

 
Despite this reduction of experimental scattering, it has been stated that it is still 
important in the plain concrete slabs. 
 
Regarding the results on reinforced concrete elements, it can be concluded that the 
crack patterns are clearly different between both concrete types. This is particularly 
surprising, as the material characterization claims that the mechanical properties do 
not differ as much as the cracking patterns do. However, as the mixing properties of 
both concrete types are different, there must be some parameters which are affecting 
the structural response of the slabs. In order to check this and to enlighten the different 
cracking patterns of both concrete types, numerical simulations are carried out in the 
following chapters.  
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3. Preliminary numerical 
simulations 

3.1. Introduction 
 
Lagrangian finite element explicit simulations have proben to be the most efficient 
technique for the numerical prediction of highly dynamic phenomena, like the ones 
considered in this thesis. The equations governing this approach are the equations of 
conservation of mass, momentum and energy. These equations together with the 
material model and a set of initial and boundary conditions define the solution of the 
problem. 
 
Several commercial finite element codes can be found following this approach, such 
as LS-DYNA (LSTC, 2007) or Autodyn (AUTODYN, 2001). These codes are among  
the most suitable for numerical simulations involving impulsive loads, strong 
discontinuous responses, penetration events and calculation of the propagation of air 
blast waves, due to their formulation of finite elements based on the central difference 
integration rule. 
 
When compared to implicit finite element simulations, the main difference of the 
explicit ones lies in the fact that they do not prescribe the mechanics equations at a 
global level, but they just set the conservation of momentum at a node level. Therefore 
any unbalanced force is translated into nodal acceleration. As a result, they are very 
suitable for the simulation of fast transient events such as explosions or impacts, in 
which the global structural response is of less importance and comes as a result of the 
simulation, being not prescribed.  
 

C
hapter 3
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As discussed in the previous chapter, there are several sources of uncertainties in the 
numerical simulation of an experimental campaign. One of these sources is the 
modeling of the material behavior, while the rest can be grouped together, such as 
boundary conditions, interaction between different parts and materials, application of 
acting loads and other hypotheses and assumptions made.  
 
As already mentioned in chapter 2, the existence of these uncertainty sources has been 
taken into account in the design of the experimental program. In fact, the placement of 
instrumented control aluminum plates in the detonation tests has had the goal of 
providing data for checking some parameters of the numerical simulations, such as 
loading pressure history, boundary conditions, etc. Therefore, the simulation of the 
control aluminum plates provides a way of checking the assumptions made, given that 
the material behavior (aluminum alloy under high strain rates) is well characterized.  
  
In the first section of this chapter, the assumptions made for the numerical simulation 
of the experimental program are presented and discussed. Following, the results of the 
numerical simulations on the aluminum plates are described. In the last section of the 
chapter, two constitutive models representative of two different families of material 
approaches for concrete subjected to high strain rates are described and used to 
simulate the experimental program presented in the previous chapter.  
 

3.2. Assumptions for the numerical simulation 
 
As previously mentioned, some hypotheses have to be made when numerical 
simulations are to be carried out, particularly with regard to the boundary conditions, 
the interaction between different surfaces and the application of the acting load. These 
are summarized in the following. 
 

3.2.1. Boundary conditions 
 
In section 2.2.2 the boundary conditions of the tested slabs have been described. They 
were composed of bolts with a mechanized end, forming a cone tip. This cone fitted in 
a mechanized steel plate, see figures 2.10 and 2.11, so that the system had no rotation 
constraint. 
 
In order to mimic these boundary conditions it has been assumed in the simulations 
that the central node of the steel supports has all its translational degrees of freedom 
fixed. Therefore, the steel supports are free to rotate around the central node, as 
depicted in figure 3.1. 
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Y Y

Z

Z

X
 

Figure 3.1. View of the available movements in the steel supports: rotation around the central 
nodes. 
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3.2.2. Interaction between concrete and support 
 
A contact surface has been defined between the concrete slab and the steel support 
plates. The LS-DYNA’s contact algorithm *CONTACT ERODING SINGLE 
SURFACE has been used. This is a 3D surface to surface contact algorithm that 
prevents nodes from a given surface of the model (master surface) to go through the 
surface defined by another group of nodes (slave surface). 
 
Moreover, a friction coefficient can be set in order to account for sliding constraint 
between both surfaces, see figure 3.2. The value given to the friction coefficient in the 
present simulations is 0.30. 

N

μ·N

N

μ·N

 
Figure 3.2. Interaction between concrete slab and supports. 

 

3.2.3. Application of pressure load 
 
It has been described in the previous chapter that the experimental set-up has been 
designed aiming that the loading blast wave could be considered as planar, thus being 
applied simultaneously all over the slab or plate surface exposed to the detonation. 
 
For this reason, in the numerical simulations the shock wave has been applied as a 
pressure load acting on the element faces exposed to the explosion. Therefore, and 
according to the experimental set-up design, it has been assumed that all the points 
located in the surface are loaded simultaneously and identically as depicted in figure 
3.3. 

 
 

Figure 3.3. Idealization of the shock wave action. 
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The pressure histories input have been either taken from the experimentally measured 
reflected pressure histories or from the values estimated in appendix A. The reason of 
using the estimated pressure histories, as described in chapter 2, is that the pressure 
sensor has been damaged in test #5. The prescribed pressure histories for the different 
simulations are gathered in figure 3.4. 
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Figure 3.4. Reflected pressure histories used for the simulations. Time scale is referred to the 

shock wave arrival time. 
 

3.3. Simulation of the aluminum control plates 
 
The geometrical dimensions of the aluminum plates, as well as the complete test 
description have been given in the previous chapter. They are summarized on table 
3.1. 

Variable Value 
Aluminum alloy 5083 H112 

Area exposed to blast [mm x mm] 500 x 500 
Plate thickness [mm] 5 

Table 3.1. Geometrical and material details of the aluminum plates 
 

3.3.1. Modeling details 
 
For the simulations a mesh of 4 x 4 mm shell elements has been performed, using 
solid elements of 4 x 4 x 4 mm for the boundary steel plates. This results on a total of 
15000 shell elements and 30000 solid elements in the model. 
 
The constitutive model used for aluminum alloy has been the Johnson-Cook model for 
metals under high strain rates. This is a model extensively used in the scientific and 
engineering community, and for this reason only a brief description of its formulation 
is given here.  
 
The Johnson-Cook constitutive relation (Johnson and Cook, 1983) is a widely used 
expression for impact and high strain rate phenomena. It is based on a classical J2 
plasticity model with a yield surface that takes into account for the effects of 
temperature and strain rate. The formulation of the yield surface splits into three 
different terms the strain hardening of the material, the strain rate hardening and the 
thermal softening, which are considered independently. In equation (3.1) the 
expression of the yield surface is given, where the three independent terms mentioned 
can be seen, multiplying each other, together with the five constants involved (A, B, 
C, n and m).  
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[ ] [ ] [ ]m
p

n
pJC TCBAY ** 1ln1 −⋅⋅+⋅⋅+= εε     (3.1) 

 

In this expression, n
pε is the equivalent plastic strain, *

pε is the dimensionless plastic 

strain rate, (where pε is the equivalent plastic strain rate and 0ε is a user defined 

reference strain rate) and T* is the homologous temperature which can be set with the 
room temperature and the melting temperature. Among the five constants, three of 
them can be calibrated with quasi-static tensile tests at room temperature. Particularly, 
constant A is related to the yield stress while B and n, are strain hardening multiplier 
and exponent, respectively. The fourth constant, C, represents the effect of the strain 
rate and is usually determined with yield stress values at different strain rates. 
The fifth and last constant, m, is the thermal softening exponent. In order to calibrate 
it, the variation of the yield stress with the temperature is to be sought.  
 
In this particular case, the material properties for the aluminum alloy have been taken 
from (Paik, 2009), in absence of specific material characterization, see table 3.2. 
 

Variable Value 
Material model Johnson-Cook 
Density [kg/m3] 2700 

Shear modulus [MPa] 26920 
Young’s modulus [MPa] 70000 

Poisson’s ratio [-] 0.30 
Input constant A for strain hardening [GPa] 0.15 
Input constant B for strain hardening [GPa] 0.20 

Input constant n for strain hardening 0.25 
Input constant C for strain rate hardening 0.001 

Input constant m for thermal softening 0.859 
Table 3.2. Mechanical properties set for the simulation of the aluminum plates. 

 
On the other hand, the steel support plates have been modeled as an elastic material, 
given that no plastic strains were expected after the experimental results. 
 

Variable Value 
Material model Elastic 
Density [kg/m3] 7850 

Young’s modulus [MPa] 210000 
Poisson’s ratio [-] 0.30 

Table 3.3. Mechanical properties set for the simulation of the steel supports. 
 
Numerical simulations of the control plates from tests #3 - #8 have been performed. 
The reflected pressure histories acting over the plates have been input as described in 
the previous section, using the pressure histories shown in figure 3.4. 
 

3.3.2. Results 
 
The numerical results of the strain histories are in good agreement with the 
experimental measurements (see figure 3.6), where common trends can be clearly 
observed. 
 
Therefore, the capability of the numerical code of accurately describing the 
experimental results is proven. Further on, the assumptions made on the simulation of 
boundary conditions, applied loading and contact conditions between different 
materials allow for a proper simulation of the aluminum plates. 
 



Experimental and numerical analysis of reinforced concrete elements subjected to blast loading  
 

 

74 

The main result of these simulations is that when the uncertainties coming from the 
material modeling are eliminated through the use of a well known material, such as 
the 5083 H112 aluminum alloy, the results of the simulations are good. Hence, 
confidence is gained for the simulations of the concrete slabs, as the uncertainty is 
now reduced to the material constitutive model. 
 
 
 

 

 
Figure 3.5. Evolution of the deformation of the aluminum plate. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Chapter 3. Preliminary numerical simulations 
 

 

75 

-0.01

-0.008

-0.006

-0.004

-0.002

0

0.002

0 1 2 3 4 5

Experimental
Numerical

S
tr

ai
n

 [-
]

Time [ms]    

-0.005

0

0.005

0.01

0.015

0 1 2 3 4 5

Experimental
Numerical

S
tr

a
in

 [-
]

Time [ms]  
   (a)      (b) 

 

-0.01

-0.005

0

0.005

0 1 2 3 4 5

Experimental
Numerical

S
tr

ai
n

 [
-]

Time [ms]    

-0.002

0

0.002

0.004

0.006

0.008

0.01

0 1 2 3 4 5

Experimental
Numerical

S
tr

ai
n

 [-
]

Time [ms]   
(c)      (d) 

-0.004

-0.002

0

0.002

0.004

0 1 2 3 4 5

Experimental
Numerical

S
tr

ai
n

 [-
]

Time [ms]    

-0.005

0

0.005

0.01

0.015

0 1 2 3 4 5

Experimental

Numerical

S
tr

ai
n

 [-
]

Time [ms]  
(e)      (f) 

 
Figure 3.6. Measured and predicted strains for different tests. 

(a) Tests #3 and #4, strain gage #1. (b) Tests #3 and #4, strain gage #2&#3 
(c) Test #5, strain gage #1. (d) Test #5, strain gage #2&#3 

(e) Tests #6, #7 and #8, strain gage #1. (e) Tests #6, #7 and #8, strain gage #2&#3 
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3.4. Two representative models for concrete 
 
When facing the numerical simulation of concrete structural elements subjected to 
blast, two different families of constitutive models can be found in the literature, as 
described in section 1.2.4 of chapter 1. The first family corresponds to the material 
models developed in the framework of penetration mechanics, while the second family 
is formed by the constitutive models derived from the traditional approach to fracture 
mechanics of quasi-brittle materials. 
 
In the first family compressive behavior is of the most importance, especially under 
high hydrostatic pressures. Tensile failure is also considered although usually in a 
simplified manner. Their main advantage is that they account for all possible failure 
mechanisms. Contrarily, they need for a wide amount of material parameters, some of 
them difficult to be measured through the usual mechanical characterization tests for 
concrete. Among this type of material models we have selected the Winfrith Concrete 
Model, because of being representative of this family and requiring only input 
parameters with physical meaning that can be measured or easily estimated, as 
mentioned in chapter 1. 
 
In the second family, only tensile failure is taken into account, while the continuum 
material is usually modeled as a linear elastic one up to failure. A good example of 
this kind of models is the one developed by Simó ans his coworkers, which has been 
also used here in order to check its capability of predicting the experimental results 
presented in chapter 2. 
 

3.4.1. Winfrith Concrete Model 
 
Description of the model: 
 
The Winfrith Concrete Model (WCM) (Broadhouse, 1995,Broadhouse and Attwood, 
1993,Broadhouse and Neilson, 1987) was developed by the Winfrith Technology 
Centre, an institution dependent of the UK Atomic Energy Authority, during the late 
1980s. Its original scope was the simulation of impact loading on reinforced concrete 
structures.  
 
Equation of state: 
 
Like most material models intended for penetration mechanics problems, the 
deviatoric and the hydrostatic stress tensors are separately calculated. The hydrostatic 
part is obtained by an equation of state that relates pressure with the volumetric strain, 
while the deviatoric part is elastic, limited by a yield surface plus a smeared crack 
model under tensile forces. 
 
A porous material like concrete subjected to triaxial compression may suffer the 
compaction of its pores and therefore a volume change, increasing its density. The 
relationship between the hydrostatic pressure and density is given by the compaction 
curve, and represents the equation of state of the model. In the WCM a non-
dimensionalised volume compaction curve is proposed, see table 3.4, where pressure 
is adimensionalized by the pressure at uniaxial compressive strength. However, 
depending on the actual concrete modeled, it should be defined through specific tests. 
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Volumetric strain Pressure [MPa] 

P1/K 1.00 · P1 
0.002 1.50 · P1 
0.004 3.00 · P1 
0.010 4.80 · P1 
0.020 6.00 · P1 
0.030 7.50 · P1 
0.041 9.45 · P1 
0.051 11.55 · P1 
0.061 14.25 · P1 
0.094 25.05 · P1 

Table 3.4. Volume compaction curve given on the Winfrith Concrete Model, where P1 stands 
for the pressure at uniaxial compressive failure and K for the bulk unloading modulus. 
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Figure 3.7. Compaction curve given in the WCM for a concretes with uniaxial compressive 

strength of 30 MPa and 80 MPa. 
 
Yield surface: 
 
As presented in chapter 1, many yield surfaces have been historically proposed. The 
most appropriate for concrete are those dependent on three invariants, that give place 
to a yield surface of a triangular-like cross-sectional shape in the deviatoric plane. The 
triangular shape is sharper at low hydrostatic pressures and smoother (circular-like) at 
high hydrostatic pressures. The yield surface set in the WCM is of the three invariants 
type and was developed by Ottosen (Ottosen, 1980) after its fitting to a number of 
experimental results. It is given by the following equation: 
 

0112
2

2 =−⋅+
⋅

+⋅

ccc f

IB

f

J

f

JA λ
 (3.2) 

 
Where 

( )[ ]θλ 3coscos3
1cos 2

1
1 ⋅⋅−⋅= − KK  for cos3θ > 0 

( )[ ]θπλ 3coscos3
1

3cos 2
1

1 ⋅−⋅−⋅= − KK  for cos3θ < 0 

5.1
2

3

2

33
3cos

J

J

⋅
⋅⋅=θ  

(3.3) 
 

 



Experimental and numerical analysis of reinforced concrete elements subjected to blast loading  
 

 

78 

On the other hand, J2 and J3 are the second and third invariants of the deviatoric part of 
the stress tensor, I1 is the first invariant of stress tensor and fc is the uniaxial 
compressive strength of concrete.  The constants A, B, K1 and K2 are functions of the 
ratio between tensile and compressive strengths, are fixed by the finite element 
program and the user cannot access them. The shape of the yield surface is given in 
figure 3.8. 
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Figure 3.8. Shape of the Ottosen yield surface. (a) In the deviatoric plane and (b) in the 
meridian plane. 

 
Tensile failure and softening: 
 
According to (Broadhouse, 1995), “tensile failure is initiated if the maximum principal 
stress at yield is greater than half of the value of current tensile strength”, modified by 
the strain rate sensitivity, see below. Once this criterion is satisfied, a crack is 
generated in a plane normal to the largest tensile principal stress. Then a strain rate 
dependent softening function of bi-linear shaped derived from (Wittmann, et al, 1988) 
is set, see figure 3.9. 
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Figure 3.9. Non-dimensionalised softening curve on WCM. 

 
Strain rate: 
 
Strain rate dependence is accounted for in a multiplicative manner by using the 
Dynamic Increase Factor (DIF). Among the possible formulations, WCM uses the 
ones given by the CEB equations (Comité Euro-International du Béton, 1988), which 
have already been gathered in chapter 1, see equations (1.1) and (1.2).  
 
The CEB formulae for the DIF are internally used to scale compressive and tensile 
strengths of concrete, which are both rate sensitive.  
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3.4.2. Brittle Damage Model 
 
Description of the model: 
 
The Brittle Damage Model (BDM) is described in detail in (Govindjee, et al, 1995). It 
can be briefly described as a linear elastic material model, in which smeared cracks 
are inserted under tensile stresses. Therefore, in contrast with the WCM, the BDM is 
of a much simpler nature since it presents failure only under tensile stresses, being the 
post-failure response under tension governed by a softening law. 
 
Tensile failure and softening: 
 
The material responds as linear elastic until the maximum principal stress reaches the 
tensile strength value. When this happens, a damage surface is activated and a 
smeared crack is placed in the direction normal to the maximum principal stress. The 
damage surface expression is given in equation (3.4). 
 

01 ≤+−= qfctσ:S1φ  (3.4) 

 
Where φ1 is the damage surface for controlling damage in tension, nnS1 ⊗= being n 

the direction of the maximum principal stress, σ is the Cauchy stress tensor, fct is the 
tensile strength and q is a damage parameter. 
 
As a damage model, the BDM accounts for stiffness degradation process of cracked 
concrete by means of a damage rule, that makes the damage surface to contract as the 
damage increases. The rate of degradation of the material is given through the 
mentioned q parameter, which incorporates the softening curve. It is formulated as: 
 

( )α⋅−−⋅= H
ct efq 1  (3.5) 

 
Where H and α are parameters that are dependent on the fracture energy, adjusted in 
such a way that the material dissipates the appropriate energy when subjected to mode 
I loading.  As it can be seen in equation (3.5), the softening curve is of the exponential 
type.  
 
Once the cracking field is fixed in the direction normal to the maximum principal 
stress, another two damage surfaces can be used to simulate the mode II behavior of 
the material. That is, once the material has been cracked, the surfaces φ2 and φ3 are 
defined, representing the shear damage surfaces that control shear stresses across the 
crack field.  
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In this expression, ( )nmmnS2 ⊗+⊗⋅=
2

1
 and ( )nllnS3 ⊗+⊗⋅=

2

1
, being n 

the above mentioned vector, m and l the corresponding vectors that form an 
orthogonal basis with n, and fs the critical shear traction that can be held across the 
crack. 
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If fs is chosen with a high value, then the shear resistance across the crack is high and 
so the crack field is enforced to develop in mode I. On the contrary, if fs = 0 is chosen, 
once the crack opens, there is no further shear resistance. 
 
A characteristic length depending on the nodal coordinates: 
 
As the BDM is a smeared crack model, the mesh sensitivity is an issue that should be 
addressed, since otherwise results obtained may be highly dependent on it. To surpass 
this shortcoming, the model relies on the characteristic length as defined by Oliver 
(Oliver, 1989). The characteristic length enforces a desired amount of energy to be 
dissipated in a volume of material with one crack growing within it. As the fracture 
energy per area crack advance GF is known, the energy dissipated per unit volume gf 
can be calculated as follows, where l* is the characteristic length, according to (Oliver, 
1989): 
 

*l

G
g F

f =  (3.7) 

 
It is worthy to note that this parameter is not related with the characteristic length 
originally defined by Hillerborg (Hillerborg, et al, 1976), which is directly related to 
the cohesive zone extension during the fracture process of concrete. 

 
Strain rate: 
 
Strain rate effects can be accounted for through a Perzyna’s viscosity model. In the 
original version of the BDM (Govindjee, et al, 1995) such viscosity was introduced in 
order to avoid computational inestabilities. However, it can also be used to take into 
account strain rate effects. 
 

3.5. Simulation of the experimental program 
 
The abovementioned material models are available in the LS-DYNA commercial 
finite element code. A set of simulations has been carried out concerning the 
experimental benchmark presented in chapter 2.  
 
Simulations have been performed for the tests #6, #7, #8 and #9, which correspond to 
reinforced concrete slabs subjected to the same explosive amount. Both concrete 
types, NSC and HSC have been simulated. The reason for not conducting numerical 
simulations on plain concrete slabs is because of their experimental scatter, that makes 
it difficult finding common trends on them. 
 

3.5.1. Modeling details  
 
The reinforced concrete slabs tested in the experimental campaign have been 
simulated using LS-DYNA. The concrete slab has been meshed with 4 x 4 x 4 mm 
one point integration solid (brick) elements. The solid elements for the support steel 
plates have been eight point integration elements of the same size as the concrete 
elements.This kind of element was used in the supports to avoid spurious deformation 
modes due to the large stress gradient induced by the nodal constriction used to model 
the plates rotation. The model comprises total of 546000 elements.  
 
Steel rebars have been input by 1500 beam (truss) elements of 4 mm length, being set 
its bonding with concrete through common nodes between solid and truss elements.  
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With regard to the mesh size, a sensitivity mesh size analysis has been previously 
made, concluding that a refinement on mesh size up to 2 mm does not produce 
substantial change in the results obtained. 
 
Mechanical properties for concrete have been taken from the characterization program 
described in appendix B. As discussed in chapter 2 and appendix B, the material 
properties at 28 days of HSC cylindrical samples do not match with the properties 
obtained from the prismatic samples at 250 days taken from the slabs. This is blamed 
on the differences in vibration and curing conditions of the slabs with respect to the 
cylindrical samples. For the simulation purposes, the mechanical properties input are 
the ones obtained from the prismatic samples taken from the concrete slabs, as they 
are believed to be more representative of the actual concrete of the slabs tested under 
blast. These mechanical properties as they have been input for Winfrith Concrete 
Model and Brittle Damage Model, respectively, are summarized in tables 3.5 and 3.6. 
 

Variable Value 
 Normal 

Strength 
Concrete 

High 
Strength 
Concrete 

Material model WCM WCM 
Density [kg/m3] 2283 2432 

Compressive strength [MPa] 59.40 74.74 
Young’s modulus [MPa] 29530 37175 
Tensile strength [MPa] 4.45 5.08 

Poisson’s ratio [-] 0.20 0.20 
Fracture energy [N/m] 224 208 

Table 3.5. Mechanical properties set for the simulation of the concrete slabs on the WCM 
 

Variable Value 
 Normal 

Strength 
Concrete 

High 
Strength 
Concrete 

Material model BDM BDM 
Density [kg/m3] 2283 2432 

Compressive strength [MPa] - - 
Young’s modulus [MPa] 29530 37175 
Tensile strength [MPa] 4.45 5.08 

Poisson’s ratio [-] 0.20 0.20 
Fracture energy [N/m] 224 208 

Table 3.6. Mechanical properties set for the simulation of the concrete slabs on the BDM 
 
On the other hand, steel reinforcement bars have been modeled using the simplified 
version Johnson - Cook constitutive model as input in LS-DYNA, with the parameters 
given in table 3.7, according to (Magnusson and Hansson, 2005). 
 

Variable Value 
Material model Johnson-Cook 
Density [kg/m3] 7850 

Young’s modulus [MPa] 205000 
Yield stress [MPa] 550 
Poisson’s ratio [-] 0.30 

Input constant A for strain hardening [GPa] 0.55 
Input constant B for strain hardening [GPa] 0.00 

Input constant n for strain hardening 0.01 
Input constant C for strain rate hardening 0.0025 

Input constant m for thermal softening 0 
Table 3.7. Mechanical properties set for the simulation of the reinforcement bars 
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Besides, as in the simulations of the aluminum plates the steel supports have been 
taken as elastic material (see table 3.3. for the mechanical properties input). 
 
The action of the blast load is prescribed by applying the reflected pressure-time 
history estimated for the detonation of 5.7 kg of Goma 2 ECO, as described in section 
3.2.3 from the values estimated as summarized in appendix A. The pressure load is 
applied in all the elements that lay on the exposed surface of the slab to the explosion. 
Such pressure-time history is depicted in figure 3.10. 
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Figure 3.10. Predicted reflected overpressure – time history according to (Kinney and Graham, 

1985) for the 5.7 kg Goma 2 ECO detonation tests. Time scale is referred to the shock wave 
arrival time.  

 

3.5.2. Results  
 
Global response of the simulated slab fits those experimentally observed, with a 
spread cracking on its rear face and re-bound of the slab due to the elasticity of 
reinforcing bars for both WCM and BDM.  
 
Moreover, in tests #6 - #9, the reinforced concrete slabs have shown a rather high 
damage level. In fact, none of the 12 slabs tested in these tests has remained 
undamaged. The numerical simulations using both concrete constitutive models 
predict moderately high damage levels, although some major differences can be noted 
between the results of both constitutive models, which are described in the following. 
 
Winfrith Concrete Model: 
 
The crack pattern predicted by WCM for NSC and HSC is of a cruciform type, in 
which cracks parallel to the sides of the slab spring from the center of its tensioned 
(rear) face, proggressing towards the exposed surface to the detonation (front or 
compressed face), see figure 3.11. 
 
This behavior fits the theoretically predicted by the yield-line method of a four-corner 
supported slab, bending symmetrically under uniformly distributed static loading, and 
is the failure mode defined as bending failure in the previous chapter, see section 
2.2.2. 
 
Furthermore, on the front face of the slabs, plastic compressive strain is present. In 
figure 3.12 the compressive plastic strain in the range 0 – 1‰ in the exposed face of 
the slabs is depicted. 
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(a)                                                                   (b) 

Figure 3.11. (a) Cracking pattern predicted by WCM on NSC slabs in tests #6 - #9 at 4.5 ms. 
(b) Cracking pattern predicted by WCM on HSC slabs in tests #6 - #9 at 4.5 ms. 

 

        
 (a)                                                                   (b) 

Figure 3.12. (a) Compressive plastic strain on the front face of NSC slabs as predicted by 
WCM at 4.5 ms. 

(b) Compressive plastic strain on the front face of HSC slabs as predicted by WCM at 4.5 ms. 
 
As it can be seen in figure 3.12, there are more elements within the abovementioned 
compressive plastic strain range in NSC than in HSC. In the former, these elements 
form a cross spanning the whole length of the slabs side, while in the latter the plastic 
strain is concentrated in the center of the slab. 
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 (a)                                                                   (b) 

Figure 3.13. (a) Crushed elements on front face of NSC slabs as predicted by WCM at 4.5 ms. 
(b) Crushed elements on front face of HSC slabs as predicted by WCM at 4.5 ms. 

 
In summary, regardless of the concrete grade, the failure prediction by the WCM is of 
cruciform type. In a number of HSC slabs, namely 8-B, 8-C, 9-A and 9-C, bending 
cracks could be observed, see figure 3.14. However, shear failure has been found to 
some extent in the HSC slabs and it has been identified as the prevailing failure type 
for NSC slabs. The WCM has been unable to predict the shear failure in any of both 
concrete types. 
 

8-B

   

8-C

 
 

9-A

        

9-C

 
Figure 3.14. View of the slabs tested in the detonations that showed cruciform cracking pattern. 
 
Brittle Damage Model: 
 
It is important to note that the simulations with the BDM are exactly the same as for 
WCM, except for the material model input for concrete. 
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In contrast with the cruciform crack pattern predicted by WCM, the simpler BDM 
forecasts circular-like cracks around the supports of the slab, and no trace of the 
cruciform cracks can be observed, see figures 3.15 and 3.16. That is, only the shear 
failure mode is captured. 

 
 

 
  (a)                                                                   (b) 

Figure 3.15. (a) Cracking pattern predicted by BDM on NSC slabs in tests #6 - #9. 
(b) Cracking pattern predicted by BDM on HSC slabs in tests #6 - #9. 

 

   
 
Figure 3.16. Details of cracking pattern on NSC slabs and prediction of Brittle Damage Model. 

 
Despite its much simpler nature in regard with WCM, the BDM seems to represent in 
a better way the actual crack pattern observed, compare with slabs 6-A, 6-C, 7-A and 
7-B, figure 3.17. Cracking, however, appears in a rather distributed manner, 
suggesting that the BDM shows some difficulties in nucleating fracture in single 
cracks. 
 
Last, the lack of a cruciform cracking pattern prediction by the BDM suggests that 
further research is needed. 
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6-A

      

6-C

 
 

7-A

      

7-B

 
Figure 3.17. View of the slabs tested in the detonations that showed circular-like cracking 

pattern. 
 

3.4.3. Analysis of results  
 
The good results obtained for the control aluminum plates show that the major 
assumptions made for the simulations can provide reliable results if the material 
constitutive model is accurate. These assumptions are gathered in section 3.2. 
 
In the simulation of the reinforced concrete slabs, the general trends of the 
experimental results have been captured, namely (i) re-bound of the slab against the 
supports and (ii) a rather high damage level. 
 
However, from the experimental campaign, it has also been concluded that the 
developed failure modes in NSC and HSC are clearly different. Failure in NSC is 
mainly caused by circular-like (shear) cracks, while on HSC a cruciform cracking 
pattern (bending failure) is developed, see chapter 2 for details. These failure modes 
are not exclusive from NSC nor HSC, i.e. there are some slabs in which mixed failure 
modes could be found. 
 
The numerical results with standard constitutive models for concrete have been unable 
to capture this trend in the cracking pattern of NSC and HSC. WCM predicts a 
cruciform cracking pattern for both NSC and HSC, while the BDM forecasts the 
circular-like cracking pattern for both concrete types. No mixed failure modes have 
been foreseen in these simulations. 
 

3.5. Concluding remarks 
 
In the present chapter, numerical simulations on the control aluminum plates and the 
reinforced concrete slabs have been performed and presented. 
 
It is concluded that the numerical results obtained for the control aluminum plates are 
in good accordance with the experimental findings, proving that the assumptions made 
in the simulations in regard with boundary conditions and load application are correct. 
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However, the simulations with standard constitutive models WCM and BDM using 
these assumptions for the reinforced concrete slabs seem inaccurate, as no difference 
between NSC and HSC is captured in neither of both constitutive models. 
 
It is believed that BDM, which is of a much simpler nature than WCM, performs 
better than WCM in the simulation of the experimental program. In this sense, it is 
worthy to note that the splitting of the slab into four pieces forecasted by WCM has 
actually never occurred.  
 
Although the presence of cruciform cracking pattern (bending failure) has been stated 
in slabs 8-B, 8-C, 9-A and 9-C, shear cracks can also be visible on the other two HSC 
slabs (8-A and 9-B).  On the contrary, the slabs 6-A, 6-C, 7-A and 7-B show circular-
like (shear) cracking pattern, very similar to the one forecasted by BDM.  
 
The better performance of BDM in comparison with WCM is blamed on the fact that 
the tensile failure of concrete may be governing the actual failure of the slabs. While 
WCM is a plasticity-based model, rather complex in compression and simple in 
tension, BDM is a simpler damage model for quasi-brittle materials, in which 
compression failure is not taken into account. 
 
The lack of ability of a rather complex model for concrete as WCM in capturing the 
circular-like cracks is particularly alarming, as this type of cracks can be regarded as a 
shear failure mode that occurs under a lower deformation of the slabs than that of the 
cruciform failure, which is of a bending type. 
 
From an engineering point of view, a slab supported in its four corners subjected to 
uniformly distributed load should fail in a bending (ductile) mode. However, the 
experimental results suggest that shear failure may occur when the load applied is 
highly dynamic. This result is supported by other researchers (Magnusson and 
Hallgren M., 2000). Shear failures occur at lower deformation levels than bending 
failure, that is, they are more brittle. For this reason, having a numerical code able to 
accurately simulate this behavior is crucial.  
 
Therefore, although both material models are capable of providing reasonable 
predictions of the behavior of the concrete slabs subjected to blast, it seems they are 
not accurate enough to predict satisfactorily the failure modes experimentally found, 
especially in the case of the WCM. For this reason, in the following chapters a 
constitutive model for concrete is developed for its implementation in LS-DYNA, and 
it is used for the simulation of two experimental campaigns: first, the program 
developed for this Ph.D. thesis, and second, the program conducted by Johan 
Magnusson at FOI between 1997 and 2000 (Magnusson and Hallgren M., 
2000,Magnusson, et al, 2010b,Magnusson, et al, 2010a). 
 
The finding that the BDM provides better results suggests that the new constitutive 
model to be developed could provide good results by taking into account only for the 
tensile failure and the softening of cracked concrete. Having such a constitutive model 
is thought to be very valuable, as the user gains full control of the internal computation 
of the program, which is a very different situation from that of “black box” situation 
when using the constitutive models provided by a commercial finite element code. 
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4. Development of a new 
constitutive model 

4.1. Introduction 
 
The difficulties associated with the accurate simulation of the failure modes of the 
concrete slabs under detonation tests using standard constitutive models has been 
pointed out in the previous chapter. 
 
However, good results have been obtained in the simulation of the control aluminum 
plates, in which the material behavior under high strain rates is well known. For this 
reason, it is believed that further research is needed in the field of constitutive 
modeling of concrete under high strain rates, in order to improve the results of the 
simulation of concrete elements subjected to blast. 
 
From the numerical results presented in the previous chapter for the reinforced 
concrete slabs, it can be inferred that the actual failure of the slabs in the experimental 
campaign was governed by the tensile failure of concrete. Thus, constitutive modeling 
of concrete subjected to blast should account primarily for realistic tensile failure 
criterion, appropriate post-failure behavior of concrete and enhanced capability of 
tracking cracking paths. This hypothesis is supported by the better results obtained 
using the Brittle Damage Model (BDM) in regards with the Winfrith Concrete Model 
(WCM). 
 
The scope of the present chapter is the development of a new constitutive model for 
concrete under high strain rates to be used as a user-defined material subroutine in LS-
DYNA. Its ability to accurately predict the failure and cracking pattern of reinforced 
concrete elements subjected to blast loading is checked later in chapter 5. For 

C
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reference, the experimental program with reinforced concrete slabs tested in this  
thesis, namely tests #6 - #9, as well as the beams presented by Magnusson 
(Magnusson and Hallgren M., 2000,Magnusson, et al, 2010b,Magnusson, et al, 2010a) 
have been used. 
 
Approaches for the simulation of tensile fracture of concrete: 
 
The fracture of concrete and other quasi-brittle materials can be seen as the raising of 
some irreversible processes of internal damage at material level. These processes 
evolve until a geometrical discontinuity arises and the material is separated on both 
sides of a crack (also referred to as discontinuity) within the material. Different 
approaches are possible to simulate this phenomenon (Blanco, 2006): 
 

1. Regarding its numerical approximation: 
 
1.1 Standard finite elements: 

 
In this approach, the localized discontinuity is made coincident with the 
finite elements. Therefore, the size of the discontinuity is enforced to be 
the size of the elements mesh and for this reason the softening parameters 
are to be adjusted so that the energy dissipated in the process is the correct 
one. 
 
The major problems of this approach are that it is very dependent on the 
mesh size, and may lead to locking of the crack when it is not aligned 
with the finite elements mesh. 
 

1.2 Remeshing: 
 
It is a finite element approach in which the discontinuity is always 
situated in the interface between elements. Achieving this feature requires 
remeshing as the crack propagates so that element faces correspond to the 
crack.  
 
This approach is computationally very expensive, especially on 3D 
problems, because the mesh has to be re-calculated in every step. Besides, 
it is not able to accurately represent non-linear problems with path 
dependence. 
 

1.3 Incipient discontinuity methods: 
 
This method was developed to overcome the cost of remeshing after every 
time step. In fact, remeshing can be avoided if all the interfaces between 
elements are defined as potential discontinuities on the solid, which is the 
basis of the incipient discontinuity methods.  
 
However, problems arise on the definition of cohesive laws on the 
interfaces, as it is not easy to relate them to measurable mechanical 
properties of the material. 
 

1.4 Embedded discontinuities: 
 
On finite elements formulations with embedded discontinuities, the crack 
grows through the finite elements mesh. This is made possible due to the 
enrichment of the standard finite element approximations by functions 
that allow capturing the discontinuity line crossing an element. 
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This enrichment takes place on the displacement field within a finite 
element. The displacement field can be decoupled into a continuous and a 
discontinuous part due to the opening and sliding of a crack. 
 

2. Regarding its constitutive relation: 
 

2.1 Explicit discontinuity models: 
 
The constitutive relation within the discontinuity zone is composed of a 
continuous stress-strain relation to which a discontinuous displacement 
field is added.  
 
This can be made either by remeshing, so that the crack coincides with an 
element interface (cohesive non-embedded crack) or by the enrichment of 
the displacement or strain fields through an embedded cohesive crack. 
 

2.2 Implicit discontinuity models: 
 
The strains in the elements through which the crack propagates are 
modified to represent the discontinuity. Therefore, a unique stress-strain 
law is defined for both the discontinuity zone and the rest of the solid. 
 
To this type of formulation belongs the smeared crack model, in which the 
constitutive equation is modified for modeling the discontinuity 
implicitly. 
 
There is also another implicit approach, called the models of enriched 
continuum. In them, the strains of the elements through which the crack 
propagates are modified in such a way that the discontinuity can be 
depicted. 

 
For the constitutive model under development in this Ph.D. thesis, the selected 
approach for simulating cracks in concrete is the explicit discontinuity embedded 
cohesive crack model, as detailed in the next section. 
 

4.2. Model description 
 
The constitutive model developed belongs to the fracture mechanics theory, being an 
evolution of the Cohesive Crack Model with Strong Discontinuity Approach presented 
by J. Planas and J.M. Sancho (Sancho, et al, 2007a,Sancho, et al, 2007b).  
 
The theoretical apparatus developed by these authors has been very inspiring for a 
number of researchers, as proved by the published research works (Reyes, et al, 
2009,Gálvez, et al,Guzmán, et al, 2011,Sanz, et al, 2010) that rely on this formulation. 
 
In the present Ph.D. thesis, these theories have been adapted to hexahedral single 
integration point elements within the commercial code LS-DYNA. The scope of the 
constitutive model is to be used for the numerical simulation of concrete elements 
subjected to explosions. For this reason, it has been upgraded to take into account  
strain rate sensitivity and the finite element solver in use is of explicit time integration. 
 
The model can be briefly described as a linear elastic model with no failure under 
compression, while failure in tension is modeled trough the Cohesive Crack Model 
once a threshold value for the maximum principal stress is exceeded. The cohesive 
crack is inserted in the finite elements through the Embedded Crack Approach (or 
Strong Discontinuity Approach). 
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According to the Cohesive Crack Model, the cohesive crack introduces a softening 
function that simulates damage process and cracking of the material in the fracture 
process zone. Stress is transferred between both sides of the crack at a rate that 
depends on the crack opening. The relation between the stress transferred and crack 
opening is given by a softening function, which is considered to be a material property 
independent of geometry and size. 
 
The constitutive model uses the aforementioned traction-opening law, typical of 
cohesive crack formulations, as a strong discontinuity on the finite elements mesh. For 
this reason, it belongs to the fracture mechanics theory and is not a localization of 
weak discontinuity from the continuum mechanics theory.  
 
Strain rate effects are taken into consideration by means of the Dynamic Increase 
Factor (DIF) defined in chapter 1. In the version presented here, the user can choose 
between the CEB formulation (Comité Euro-International du Béton, 1988) and the 
formulations provided by Malvar (Malvar and Crawford, 1998) as a modification of 
the CEB formulation. However, only the former has been used. 
 
The main advantages of the new constitutive model with respect to the standard 
models included in the library of LS-DYNA are, first, the better results obtained in 
comparison with them (see chapter 5), and second, the control gained by the user in 
the flow of the program, which is denied if standard models are in use. 
 

4.2.3. Kinematics of strong discontinuity 
 
The kinematics that describes a strong discontinuity embedded on finite elements is 
the decoupling of the displacement field into a continuous and a discontinuous part. In 
this decoupling, the discontinuous part represents the additional degrees of freedom 
for the displacement in the discontinuity, namely opening and sliding, which are 
incorporated through the displacement jump vector, w. 
 
A simple 2D arbitrary element as the one depicted in figure 4.1, composed of several 
nodes and a straight crack embedded on it, will be used for describing the kinematics 
of a strong discontinuity.  
 
 

 
 
 
 
 
 
 
 
 

  (a)                                                                   (b) 
Figure 4.1. Arbitrary finite element with (a) discontinuity line and (b) displacement jump 

through the discontinuity line. 
 
As the crack opens, the element area is split into A- and A+ regions. Then vectors n 
(normal to the crack opening) and w (displacement jump) must be defined.  
 
The crack orientation is defined by the n vector, which is the unitary vector normal to 
the crack line. The jump in displacements is given by the w vector, which will be 
enforced to have a constant value along the crack embedded in the element. The 
displacement jump w can be calculated as the subtraction between the displacement 
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fileds at both sides of the crack, A- and A+. The displacements of both regions A- and 
A+ can be obtained as follows: 
 

For A-:  ( ) ( ) ( ) ( )
+− ∈∈

− −⋅+⋅=
AA

NN
α

α
α

α wuxuxxu αα  (4.1) 

 

For A+: ( ) ( ) ( ) ( )
−+ ∈∈

+ +⋅+⋅=
AA

NN
α

α
α

α wuxuxxu αα  (4.2) 

 
Where u- and u+ define the displacement fields for A- and A+ regions, respectively, 
Nα(x) is the shape function associated to node α, uα is the displacement of node α and 
w is the displacement jump vector. 
 
The jump in the displacement field, which has been noted as w, is the subtraction of 
the displacements of A+ and A-. Hence: 
 

( ) ( ) ( ) ( ) ( ) =⋅
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(4.3) 

 

Where xs is a point on the crack border, and where the property ( ) 1=
∈A

N
α

α sx  has 

been used. Equations (4.1) and (4.2) can be written on a single equation depicting the 
displacement field of a strong discontinuity on finite elements as in (Oliver, 1996): 
 

( ) ( ) ( ) ( )[ ] wxxuxxu α ⋅−+⋅= +

∈
 NHN

Aα
α (4.4) 

 
Where: 
 

- H(x) is the Heaviside function (H(x) = 0 if x ∈ A- ; H(x) = 1 if x ∈ A+) 

- ( ) ( )
+∈

+ =
A

NN
α

α xx  

- As previously mentioned, α is the node index, Nα(x) is the shape function 
associated to node α, uα is the corresponding nodal displacement vector and w 
is the displacement jump vector. 

 
The strain tensor can be obtained by taking the symmetric gradient to expression (4.4), 
following a small strains approach. Then we find: 
 

( ) ( ) [ ]S
w(x)bxεxε ac ⊗−= +  (4.5) 

 
Where:  
 

( ) ( )[ ]
∈

⊗=
A

S

α
α α

a uxbxε  (4.6) 

 
And: 

 

( ) ( )
+∈

+ =
Aα

α xbxb  (4.7) 
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( ) ( )xgradxb αα N=  (4.8) 

 
The used index S in equations (4.5) and (4.6) denotes the symmetric part of the tensor.  
εa is the apparent strain tensor of the element, obtained from the total nodal 
displacements, and represents the strain field that would have the element if no 
displacement discontinuity was present on it, given that for this term the strain field is 
obtained from taking the derivative to the shape functions directly applied to the nodal 
displacements.  
 
According to equation (4.7), the b+ vector is defined as the sum of the gradients of the 
shape functions corresponding to the nodes belonging to the A+ region. From now on, 
these nodes will be referred to as solitary nodes. Consequently, the choice of the 
solitary nodes becomes a key issue in the formulation of the embedded crack model, 
since they determine the kinematics of the element. 
 
On an element which is not fractured, vectors n and b+ are undefined, while the 
displacement jump vector w equals 0. We will assume stresses on such an element to 
be elastic, as no fracture has been developed, hence:   
 

cεDεDσ a ⋅=⋅=  (4.9) 

 
In this expression D is the elastic moduli fourth order tensor, given by: 
 

I11D ⋅⋅+⊗⋅= μλ 2  (4.10) 

 
Where 1 is the unity second order tensor, I is the fourth order identity tensor and λ and 
μ are the Lamé elastic constants. 
 

4.2.2.  Initiation and orientation of the crack 
 
The maximum principal stress is used to determine crack initiation and crack 
orientation. Once the maximum principal stress overcomes the tensile strength, a crack 
is introduced perpendicular to the direction of the former. Therefore the crack 
orientation n is computed as the unit eigenvector associated to such maximum 
principal stress. However, as it will be explained later on, the crack orientation is 
allowed to adapt until a fraction of the total fracture energy is released. 
 
In principle, for a given finite element there should be as many principal stress 
directions as integration points were present in the element. This issue is circumvented 
by applying this methodology only to constant stress elements, as made earlier by  
(Sancho, et al, 2007a,Sancho, et al, 2007b,Feist and Hofstetter, 2006,Alfaiate, 
2003,Jirásek, 2000). For the model developed here, 3D hexahedral single integration 
point elements have been used. 
 
However, by setting the crack direction the problem of deciding which are the solitary 
nodes is not solved. Figure 4.2 shows the possible solitary nodes combinations for a 
given crack direction associated to a certain n vector. 
 
Among all the possible combinations of solitary nodes, and subsequently of possible 
b+ vectors, in the formulation presented here similarly to (Sancho, et al, 2007b,Borja, 
2000), the solitary nodes are determined by requiring that the angle between vectors n 
and b+ is the smallest possible: 
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 (4.11) 

 
This procedure takes place locally at every cracked finite element, and no crack 
continuity is enforced between adjacent elements.  
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Figure 4.2. Different solitary nodes combinations for a unique crack orientation when varying 

its position, where the solitary nodes are framed. 



Experimental and numerical analysis of reinforced concrete elements subjected to blast loading  
 
 

96 

4.2.3.  Traction vector on the crack 
 
In this thesis we follow the cohesive crack model approach and therefore the stress 
transferred across the crack is ruled by the crack opening through the softening curve. 
In order to release the fracture energy in all possible crack opening modes, a central 
forces model is used, as in (Sancho, et al, 2007b,Sancho, et al, 2007a). Due to its 
central nature, the force is applied in the direction of the crack opening vector, w. 
 

( )
wt ⋅=

w

wf
~

~
 (4.12) 

 

Being ( )wmax~ =w  an equivalent crack opening value defined as the maximum 

registered opening in the crack and ( )wf ~  the softening function that relates the stress 
across the crack with crack opening. 
 

w

t

t w t
t

w

t

 
Figure 4.3. Central forces model. 

 
In the absence of specific tests to determine the precise shape of the softening curve 

( )wf ~ , the exponential one (Bazant and Planas, 1998) has been chosen for the 
simulations presented in this work, although some other softening curves have also 
been implemented in the model, as described in detail in chapter 5. The exponential 
approach is thought to be a good option for both its simplicity and the continuity of its 
derivatives. Besides this, it is governed by two material parameters that can be easily 
estimated with laboratory tests, namely the tensile strength (fct) and the fracture energy 
(GF) of concrete. In the following the expressions for the exponential softening curve 
are given. 
 

( )
w

G

f

ct
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⋅=  (4.13) 
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F

ct

 (4.14) 

 
In equation (4.13) the expression of the exponential softening function is given, note 
that it is defined so that the equation (4.14) is accomplished, since the fracture energy 
must be the area enclosed under the softening function. Due to the use of the term 
w~ in expression (4.12), unloading-reloading is assumed to follow a linear path, as 
shown in figure 4.4. 
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Figure 4.4. Exponential softening function. 

 

4.2.4. Constitutive equations 
 
The material behaves as linear elastic as long as there is (and has never been) a crack 
on it. In such case, the stress tensor governing the material response is: 
 

aεDσ ⋅=  (4.15) 

 
Where σ is the Cauchy stress tensor, D is the elastic moduli fourth order tensor given 
by (4.10) and εa the apparent strain given in (4.6). 
 
Whenever the maximum tensile stress exceeds the threshold value of the tensile 
strength, the material is cracked and the expression (4.15) no longer represents its 
stress state. In other words, if the inequation σI > fct has been accomplished at least 
once, a crack is inserted in the medium and from that moment the strain is calculated 
as the addition of two terms: the apparent strain and the continuum strain. In such a 
case, the stress tensor is: 
 

[ ][ ]S
wbεDσ a ⊗−⋅= +  (4.16) 

 
Being σ the Cauchy stress tensor, D the elastic moduli fourth order tensor given by 
(4.10), εa the apparent strain given in (4.6), b+ the mentioned vector depending on the 
solitary nodes of equation (4.8) and w the displacement jump vector. The superscript S 
denotes the symmetric part of the tensor. 
 
As the vector w appears in equation (4.16), in order to calculate the stresses on a finite 
element, the displacements on the crack (vector w) must be solved.  This can be made 
imposing local equilibrium in the crack. This means making the traction vector of the 
crack coincident with the traction vector from the continuum material, so that local 
equilibrium is reached on the discontinuity zone. In essence, tractions through the 
crack have to be coincident with the projection of the stresses on the normal direction 
to the crack. That is: 
 

( )
wtcrack ⋅=

w

wf
~

~
 

( ) [ ][ ] nwbDεDnεDnσt ac
continuum ⋅⊗⋅−⋅=⋅⋅=⋅= + S

 

(4.17) 
 

(4.18) 
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→= continuumcrack tt  

 
( ) [ ][ ] nwbεDw a ⋅⊗−⋅=⋅→ + S

w

wf
~

~
 (4.19) 

 
Equation (4.19) is the basic equation governing the cohesive crack formulation. The 
displacement vector across the crack, w, is the only unknown. Since w cannot be 
easily isolated, the equation has to be numerically solved, which will be discussed in 
detail further on. 
 

4.2.5. Crack adaptation 
 
The cohesive crack algorithm is implemented at the finite element level. For this 
reason, it is strictly local, and no global continuity of the crack (i.e. between adjacent 
elements) is enforced. This means that the crack must find its path across the elements 
in which the maximum principal stress overcomes the concrete tensile strength at least 
once. 
 
However, the complex stress field that occurs on the tip of the crack, as well as the 
stresses induced by the shock waves typical of highly dynamic loadings may cause the 
initiation of a crack in an element in a direction significantly different from the crack 
of the adjacent element. This phenomenon may lead to crack locking and is caused by 
the wrong prediction of the cracking direction of an element, see figure 4.5. 
 
 
 
 
 
 
 
 
 
 

Figure 4.5. Crack locking. 
 
In order to avoid this issue, the crack adaptation technique has been used here. This 
technique was firstly introduced by Sancho et al. and is based on letting the crack 
direction to orientate while the fracture energy released has not exceeded a certain 
threshold value. This value is defined by means of a critical opening displacement 
wadm. 
 
In the implementation of this constitutive model in the LS-DYNA software, when 
meshes are unstructured, the calculation of the b+ vector can be computationally very 
expensive, since the subroutine must have access to the nodal coordinates at a material 
level. Therefore, in order to alleviate this issue a new variant has been programmed in 
this thesis. During the computation, the normal vector to the fracture plane in the 
previous time step is stored. Then the normal vector in the current time step is 
calculated and the angle between both normal vectors is evaluated. The smaller the 
value of this angle, the smaller the probability for finding a better choice for the b+ 
vector. Therefore, if the angle between the previous and the current normal is smaller 
than a user defined threshold value, the crack adaptation is omitted. This procedure 
reduces significantly the computational cost without compromising the accuracy of the 
results. 
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If the angle between normal is large enough, crack adaptation is enabled and the 
normal vector n and the b+ vector are refreshed, see figure 4.6. The crack opening 
vector w is calculated and compared with the critical crack opening value. If the 
former exceeds the crack adaptation threshold value wadm, then the crack direction n 
and the b+ vector are frozen and no further adaptation is allowed. 
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Figure 4.6. Evolution of a fracture plane and the change in its normal vector. 

 
The user defines both the value of the critical opening for crack adaptation and the 
minimum angle of normal vector variation that allow rotation of the crack. As a 
reference, good results have been obtained by setting the critical value to wadm = 0.1· 
Gf/fct and the minimum angle between normals of 5°. 
 

4.2.6. Strain rate effects 
 
In a reinforced concrete element subjected to a blast event, the load is applied at a very 
high strain rate, in the order of 10 s-1 to 1000 s-1 (Malvar and Crawford, 1998,Bischoff 
and Perry, 1991), see figure 1.19 of chapter 1. Particularly, the apparent compressive 
strength of concrete can be increased by a factor of more than 2, while tensile strength 
does by a factor of more than 6. In the state of the art gathered in chapter 1, physical 
explanations supported on scientific evidences are provided for these strengths 
enhancements. Insights on the dynamic increase of fracture energy have also been 
given. 
 
The strength increase in tension under high strain rates is to be taken into account in 
the cohesive model in the sense of determining the stress threshold at which failure of 
an element occurs. Besides, it makes sense to consider that strain rates affect also the 
softening (stress decay) as the crack opens. 
 
As stated in chapter 1, the most usual way of describing the strength enhancement 
under high strain rates is the Dynamic Increase Factor (DIF), which is the ratio 
between the dynamic and the static strengths. In the model developed here, we have 
opted for choosing the DIF given by CEB Bulletin 187 (Comité Euro-International du 
Béton, 1988). According to it, the following equation for the tensile strength DIF is 
given: 
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Where ftd and fts are the dynamic and static tensile strengths, respectively, 

16
0 103 −−⋅= sε  is the static strain rate, 

tsf⋅+
=

610

1δ  and 33.211.710 −⋅= δβ  

 
In the next sections it is described how the strain rate is calculated for each element at 
the beginning of each time step. Then, the maximum tensile strength and the fracture 
energy are scaled by the Dynamic Increase Factor as given by formula (4.20) for that 
value of strain rate.  
 
By doing this, it means that the fracture energy is increased by the same DIF, see 
figure 4.7. This assumption is in good agreement with the indirect fracture 
measurements carried out on Split Hopkinson Pressure Bar given by (Schuler, et al, 
2006,Brara and Klepaczko, 2007,Weerheijm and Van Doormaal, 2007). 
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Figure 4.7. Exponential softening function original and enhanced due to strain rate. 

 

4.3. Numerical implementation 
 
4.3.1. General details 
 
The previously described constitutive model has been implemented as a material user 
subroutine within the commercial numerical code LS-DYNA. It is defined for its use 
with hexahedral finite elements with one single integration point, that is, constant 
stress elements. 
 
The use of hexahedral elements instead of tetrahedrons offers two major advantages. 
First of all, the whole element presents more possible combinations of solitary nodes 
and, subsequently, more possible b+ vectors to find the more parallel one to the n 
direction, according to equation (4.11). This fact provides an element kinematics more 
compliant with the crack orientation, according to the maximum principal stress 
criterion.  
 
The second advantage appears when a structured regular mesh is used. Since the b+ 
vector is obtained as the gradient of the shape functions corresponding to the solitary 
nodes, global coordinates of these nodes would be required to obtain such vector. 
Many commercial explicit codes, such as LS-DYNA or AUTODYN, do not allow 
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user programmed elements and only material user subroutines are available. 
Unfortunately, nodal coordinates are not usually accessible at the material level 
(integration point level).  However in case of using a structured mesh of identical 
hexahedral elements, for all the elements present in the mesh, the eight shape 
functions are equal eight to eight with the only difference of a translation in the XYZ 
space. Since the b+ vector comes from the gradient of the shape functions and the 
spatial translation does not affect the result of the gradient, all the possible b+ vectors 
for all elements are exactly the same. Then, the only required parameters are the 
lengths of the hexahedra sides, which can be input to the subroutine as any other 
material property. This strategy makes possible the use of this material model in a 
wide variety of commercial and non-commercial numerical codes. The price to pay is 
that nodal positions cannot be updated and therefore it is only suitable for small 
displacement analyses. 
 
The explicit solver of the program is written in FORTRAN and for this reason the 
constitutive model presented has been also implemented using this language. All the 
constitutive material models available in the program are stored in a library, to which 
the main program refers via the calling of subroutines. 
 
On a finite element explicit code, the input for each time step are the strain increments 
for the current time step (say time step n), as well as the history variables, see 
flowchart below. The program then calculates the stresses for step n+1, through the 
integration of the constitutive equations.  
 

4.3.2. Solution of the constitutive equations 
 
In order to obtain the strain increments at time step n+1 from the known strain tensor 
after time step n, the basic equation that has to be numerically solved is (4.19), as has 
been previously mentioned, which is printed here again for the reader’s convenience. 
In this equation the crack opening vector, w, is the unknown. 
 

( ) [ ][ ] nwbεDw a ⋅⊗−⋅=⋅ + S

w

wf
~

~
 (4.21) 

 
Loading case: 
 
In the loading case, the maximum registered crack opening norm, w~ , depends on w 
and therefore the latter cannot be isolated in an explicit manner. Therefore the Newton 
– Raphson method for solution of non-linear equations has been used here. In order to 
apply this method it is convenient to re-write the constitutive equation as described in 
the following. Note that this expression is derived from the equation that equals the 
traction vector from the crack and the continuum, tcrack = tcontinuum. Further on, tcontinuum 
can be re-written as: 
 

[ ][ ] [ ] wRtnwbDnεDnwbDεDt aaa
continuum ⋅−=⋅⊗⋅−⋅⋅=⋅⊗⋅−⋅= ++ SS

 (4.22)

 
Where ta is the apparent (elastic) traction vector and R is a matrix that relates the jump 
in displacements with the traction that must be substracted from the continuum one. 
Vector ta represents the projection on the normal direction to the crack of the stress 
due to the apparent deformation and according to the Lamé equations it can be 
expressed as: 

 

( )[ ] n1εεt aaa ⋅⋅⋅+⋅⋅= trG λ2  (4.23) 
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Where operator tr is used to obtain the trace of the tensor. Matrix R can be explained 
as a kind of plastic correction. At the beginning of time step n+1 the increment of 
strain is known, as well as the crack opening of the previous step, which is noted here 
as wn. The program then calculates the crack opening at time n+1 (noted wn+1) using 
the Newton – Raphson method, providing the value δw: 
 

www n1n δ+=+  (4.24) 

 
Hence, re-writing expression (4.21) using (4.22) gives: 
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Further on, 
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 (4.26) 

 
In step n+1, using (4.24): 
 

( ) ( ) ( ) 0wgwgwg n1n =+=+ δ  (4.27) 

 
Which can be written as: 
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The first term in (4.28) can be calculated, introducing (4.26) as: 
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Using (4.30) and (4.31) in (4.29): 
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Introducing (4.32) in (4.28): 
 

( ) ( ) ( ) ( ) ( )n1n wgwgwIw
w

R −=⋅






 ⋅+⊗⋅



 −⋅′

+ +δ
w

wf

ww

wfwwf
~

~

~~

~~~
2

 

( )








⋅+−⋅−=⋅ n

a
n wRtwwJ

n

n

w

wf
~

~
0δ  

(4.33)
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Where Res is the residuum vector, whose module is evaluated on every iteration of the 
Newton – Raphson method and used as a tolerance measure to determine when is the 
convergence reached. 
 
Unloading case: 
 
In the unloading case, the equation to solve is again (4.21), which is developed 
following the same steps from (4.21) to (4.26) than in the loading case. The difference 
is that in equation (4.26) the value of w~ is now known, and therefore the equation is 
now explicit, so the vector w can be isolated.  
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4.3.3. Flowchart 
 
The flow of the implemented subroutine is given in figure 4.8. 
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Figure 4.8. Flowchart of the subroutine of the constitutive model. 
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4.3.4. Obtainment of the b+ vector 
 
As can be seen from equation (4.5), the b+ vector is used to estimate the fracture 
component of the strains of a cracked element. It is composed of the summation of 
gradients of the linear shape functions corresponding to the solitary nodes, see 
equations (4.7) and (4.8). Given a certain crack orientation, the solitary nodes are the 
ones that become separated from the element by the crack. Figure 4.9 shows two 
cracked elements where the solitary nodes are highlighted (labels printed in black). In 
the single solitary node case, the solitary node is node #1, while on the other case 
solitary nodes are nodes # 1, 2 and 3. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4.9. Examples of solitary nodes on eight noded hexahedral elements. 
 
By knowing the crack orientation vector, n, the choice of the solitary nodes is however 
non trivial. For a given crack orientation, n, there are multiple solitary nodes 
possibilities as shown in figure 4.2. According to this figure, there are different 
solitary nodes combinations compliant with one single crack orientation n and 
subsequently, different b+ possible vectors. Among all these possibilities, following 
Sancho et al., in this thesis we have chosen the one that minimizes the angle between 
the crack orientation n and the b+ vector. 
 
 
According to this idea, the procedure used in this thesis is as follows: 
 

- Given the crack orientation vector, the plane normal to this vector passing 
through each node is obtained. 
 

- By substituting the coordinates of the other seven nodes in the plane’s 
equation, possible solitary nodes combinations are obtained, storing their 
corresponding b+ vector. 
 

- After repeating this procedure in the eight element nodes, the set of all 
possible b+ vectors is available.  
 

- The scalar product of the possible b+ vectors and the n vector is calculated. 
The b+ vector that maximizes this product is selected as the final solution. 

 
As previously mentioned, while the norm of the crack opening vector has not 
exceeded a certain value, the crack is allowed to rotate, and for this reason the b+ 
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vector will be obtained in each time step. The adaptability algorithm allows the 
principal direction of the element to change while the crack opening is small. A 
critical crack opening is defined, see section 4.2.5, and the crack direction will not be 
fixed in the element until the crack opening has reached that critical value. 
 

4.4. Concluding remarks 
 
A new constitutive model for concrete subjected to explosions has been developed, as 
presented in this chapter. It uses the Cohesive Crack Model in combination with the 
Strong Discontinuity Approach, in which the cracks are inserted into the finite 
elements. Therefore, the model is strictly local, with no need of remeshing nor using 
tracking or tracing global algorithms for development of the discontinuity. 
 
The model relies on the theoretical apparatus developed by J. Planas and J.M. Sancho 
(Sancho, et al, 2007a,Sancho, et al, 2007b), which has proved to be a source of 
inspiration for several research works in the last years. 
 
The major contribution of the work developed in this thesis is the generalization of 
this model to hexahedral single integration elements for its use in a commercial finite 
element software (LS-DYNA, that performs explicit calculations), taking also into 
account strain rate sensitivity. These characteristics make the model especially 
suitable for the simulation of concrete structural members subjected to blast, where 
dynamic failure is governed by a complex tensile failure pattern. Numerical results on 
two different experimental campaigns are given in chapter 5 for the validation of the 
constitutive model. 
 
Last, it is worthy to note that the model is to be fed solely by mechanical properties of 
concrete with physical meaning. These input parameters can either be experimentally 
measured or estimated with the help of engineering codes, such as the Model Code 
2010. They are summarized in table 4.1. 
 

Variable 
Elastic modulus 

Poisson ratio 
Type of softening curve 

Tensile strength 
Fracture energy 

Table 4.1. Mechanical properties to be input on the new constitutive model 
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5. Numerical results 

5.1. Introduction 
 
A new constitutive model for concrete has been presented in the previous chapter. 
Primarily based on the Cohesive Crack Model developed by Planas and Sancho 
(Sancho, et al, 2007a,Sancho, et al, 2007b), it has been enhanced for its use on single 
integration hexahedral finite elements within the commercial code LS-DYNA, and 
also for taking into account the strain rate sensitivity of concrete. 
 
In the present chapter, two experimental campaigns on concrete structural members 
subjected to blast loading are used to validate the constitutive model developed.  
 
First of all, with the aim of having a greater experimental basis for the validation of 
the constitutive model, the experimental campaign carried out by Johan Magnusson 
and Mikael Hallgren at the FOI (Swedish Defence Research Establishment) between 
1997 and 2000 is simulated.  
 
Secondly, the experimental benchmark developed within the framework of this Ph.D. 
thesis and reported in chapter 2 is modeled. In this case, a numerical analysis of the 
influence of the shape of the softening curve is also carried out.  
 
At the end of the chapter, the results are analyzed and some final considerations are 
made. 

 
 
 

C
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5.2. Simulation of the tests performed by Magnusson et 
al. 
 
The experimental work from Magnusson et al. (Magnusson and Hallgren M., 
2000,Magnusson, et al, 2010a,Magnusson, et al, 2010b) is probably one of the most 
complete experimental benchmarks carried out on concrete structural elements 
subjected to blast loading. Besides reporting results from an extensive variety of 
beams of different concrete grades and reinforcement amounts, it also provides 
valuable data, such as reaction loads or beam deflection histories.  
 
The reader is addressed to section 1.2.3 of chapter 1, where this experimental 
campaign has been summarized, and to (Magnusson and Hallgren M., 
2000,Magnusson, et al, 2010a,Magnusson, et al, 2010b) for further details concerning 
the test procedure.  
 

5.2.1. Results of the testing program 
 
In table 1.1 of chapter 1, the complete list of the beams tested in the experimental 
program is presented, providing also the different concrete mixes, reinforcement ratios 
and explosive amounts. In the present research, only three of the tested beams have 
been simulated, namely the beams B100-D3(12), B100-D3(16) and B200-D1, where 
the letter B stands for “beam”, the numbers (100, 200) represent the uniaxial 
compressive strength of concrete, in MPa, in Dn D stands for dynamic and n for the 
number of the test, and (12, 16) define the reinforcement bar diameter in mm. 
 
These three beams have been chosen for their simulation, as they presented different 
failure modes when subjected to the shock tube test, see table 5.1. While these three 
beams configurations failed in a bending mode when subjected to distributed static 
loading, two of them switched to a more brittle shear failure when subjected to the 
blast loading.  

 

Failure mode 

Maximum 
deflection at 

mid-span [mm] 

Maximum 
support 
reaction 

[kN] 
B100-D3(12) Bending 44 325 
B100-D3(16) Shear 23 510 

B200-D1 Shear 22 500 
Table 5.1. Test results (Magnusson and Hallgren M., 2000). 

 
The reinforcement amounts and mechanical properties of the materials are 
summarized in table 5.2, as provided by the material characterization reported in 
(Magnusson and Hallgren M., 2000). 
 

 B100-D3(12) B100-D3(16) B200-D1 
Reinforcement amount 4φ12 5φ16 5φ16 

Concrete uniaxial compressive 
strength [MPa] 

101 101 204 

Concrete tensile strength [MPa] 5.80 5.80 9.90 
Concrete elastic modulus [MPa] 41700 41700 74500 

Steel yield stress [MPa] 580 580 580 
Steel elastic modulus [MPa] 203000 203000 203000 

Table 5.2. Mechanical properties and reinforcement amounts (Magnusson and Hallgren M., 
2000). 

 
The amounts of explosive used in the testing of these beams are summarized in table 
5.3. 
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 Explosive 
amount [kg] 

B100-D3(12) 3.0 
B100-D3(16) 3.5 

B200-D1 4.0 
Table 5.3. Explosive amounts used in the tests. 

 
In figures 5.1-5.3, the three beams after blast load testing are presented. It can be 
clearly seen that the B100-D3(12) (figure 5.1) does not present the diagonal cracks 
near the supports that identify shear cracks, being only visible the vertical cracks 
springing at the mid-span of the beam. On the other two beams (figure 5.2 and 5.3), 
both vertical and diagonal cracks can be seen, but the failure mode was identified as a 
shear one by the authors of the experimental program. 
 

 
Figure 5.1. Beam B100-D3(12) after testing. 

(Figure courtesy of Johan Magnusson). 
 

 
Figure 5.2. Beam B100-D3(16) after testing. 

(Figure courtesy of Johan Magnusson). 
 

 
Figure 5.3. Beam B200-D1 after testing. 
(Figure courtesy of Johan Magnusson). 

 
It is important to note that the beams B100-D3(12) and B100-D3(16) were identical 
with the exception of the reinforcement amount and the quantity of explosive 
detonated. As the explosive amounts were not so dissimilar, 3.0 and 3.5 kg, 
respectively (see table 5.3) the change in failure mode is attributed to the different 
reinforcement amount. The change in failure mode affected very strongly the load-
deflection response, as depicted in figure 5.4, particularly in the maximum deflection, 
presenting the bending failure of beam B100-D3(12) a 90% greater deflection than 
that of B100-D3(16). 
 



Experimental and numerical analysis of reinforced concrete elements subjected to blast loading  
 
 

110 

0

100

200

300

400

500

600

0 10 20 30 40 50

B100-D3(12)
B100-D3(16)
B200-D1

S
up

p
or

t r
ea

ct
io

n
 [k

N
]

Mid-span deflection [mm]
 

Figure 5.4. Support reaction versus mid-span deflection experimental curves for the three 
beams (Magnusson and Hallgren M., 2000). 

 

5.2.2. Modeling details 
 
General description: 
 
The concrete beam and its supports have been meshed with single integration solid 
elements of 5 x 5 x 5 mm size, resulting in a total of 350000 elements. Given the 
theoretical symmetry of the beams, only one half of the beam has been simulated. 
Steel reinforcement bars have been introduced as truss elements of 5 mm length, with 
a total number of 900. 

      
Figure 5.5. Details of the finite elements mesh. 

 
In an attempt of taking into account for all possible failure modes, bonding between 
concrete and steel has been modeled by setting linear springs linking the nodes of 
reinforcing steel and concrete. The response of the springs follows the tangential 
bonding stress law provided by the Model Code 2010 (Comité Euro-International du 
Béton, 2012), see figure 5.6. 
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Boundary conditions and loading: 
 
The supports have been modeled as metal strips that share common nodes with the 
adjacent concrete elements, therefore allowing no slip between both materials. The 
elements used have been eight point integration solid elements for which the material 
has been taken as linear elastic.  
 
The boundary conditions have been set to represent a single supported beam. The 
nodes of the beam lying on the symmetry plane have been prescribed to move 
vertically, allowing no displacement in the horizontal direction (figure 5.7a).  In the 
supporting plates, the central row of nodes has been fixed in the vertical direction and 
left free to displace horizontally, as seen in figure 5.7b. 
 

       
(a)      (b) 

Figure 5.7. View of the boundary conditions, (a) degrees of freedom,  (b) supporting row of 
nodes. 

 
The acting pressure has been applied in the exposed face of the beam as a surface 
load, see figure 5.8. 

 
Figure 5.8. View of the surface load applied, in black color. 

 
The load history applied has been taken from the experimentally recorded reflected 
pressure histories, which are gathered in figure 5.9. 
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Materials: 
 
For the simulation of the concrete beam, the constitutive model for concrete presented 
in chapter 4 has been used. As previously mentioned, it is to be fed by input 
parameters that represent the mechanical properties of concrete, which can either be 
experimentally measured or estimated with an engineering code for concrete. 
 
The mechanical properties input for the beams are the ones summarized in table 5.4. 
They have been either taken from the material characterization (Magnusson and 
Hallgren M., 2000) (table 5.2.) or estimated from them with the use of the Model 
Code 2010. 
 

Variable Value 
 B100-D3(12) 

B100-D3(16) 
B200-D1 

Density [kg/m3] 2300 2300 
Elastic modulus [MPa] 41700 74500 

Poisson ratio [-] 0.20 0.20 
Tensile strength [MPa] 5.80 9.90 
Fracture energy [N/m] 129* 220* 

Type of softening curve Exponential Exponential 
* Note: These values have been obtained from the Model Code 2010 formulation. 

Table 5.4. Mechanical properties of concrete set for the simulation of the high-strength 
concrete beams. 

 
On the other hand, the steel reinforcement bars have been modeled using a simplified 
version of the Johnson- Cook constitutive model, whose formulation is described in 
section 3.3.1 of chapter 3, provided by LS-DYNA. The model splits into three 
different terms the strain hardening of the material, the strain rate hardening and the 
thermal softening, which are considered independently. It requires the definition of 
five constants, which are listed among the rest of mechanical properties input for the 
material in table 5.5. Constant A represents the yield stress, while B and n are strain 
hardening multiplier and exponent, respectively. The C constant represents the strain 
rate hardening of the material and is usually determined with yield stress values at 
different strain rates. The m constant is the thermal softening exponent, which is not 
taken into account.  
 

Variable Value 
Material model Johnson-Cook 
Density [kg/m3] 7850 

Young’s modulus [MPa] 203000 
Yield stress [MPa] 580 
Poisson’s ratio [-] 0.30 

Input constant A for strain hardening [GPa] 0.58 
Input constant B for strain hardening [GPa] 0.00 

Input constant n for strain hardening 0.01 
Input constant C for strain rate hardening 0.025 

Input constant m for thermal softening 0.00 
Table 5.5. Mechanical properties set for the simulation of the reinforcement bars 

 

5.2.3. Results 
 
The results obtained from the simulations show good agreement with the experimental 
results both in crack patterns and support reaction – deflection curves. 
 
For a better representation of the cracking pattern, the crack visibility parameter has 
been defined. The definition of this parameter is based on the fact that the minimum 
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visible crack width under naked eye is around 0.1 – 0.2 mm. Therefore, cracks in 
which opening is below this value would not be visible. 
 
Crack visibility is then defined as the integer part of the division of the norm of the 
crack opening vector, |w|, over the minimum visible crack width (assumed as 0.15 mm 
in the present simulations). That is, a crack opening below the minimum visible crack 
threshold would result in a crack visibility of zero, while for example a crack opening 
of 0.48 mm would give a value of 3 for the present simulations. 
 
Beam B100-D3(12): 
 
This beam was experimentally reported as failing in bending mode, characterized by 
vertical cracks springing from the lowest part of the beam, being the cracks primarily 
concentrated near the beam mid-span.  
 
In figure 5.10 the numerical results are shown, where the beam has been mirrored, and 
can be compared with the cracking pattern experimentally obtained. The contour of 
the crack visibility parameter in the range (0, 10), that corresponds to a crack width up 
to 1.5 mm is plotted in figure 5.11. The higher values of this parameter are 
concentrated near the mid-span of the beam. 

 

 
Figure 5.10. Crack pattern predicted by the numerical simulation for the beam B100-D3(12) 

and comparison with experimental result. 
 
 

 
Figure 5.11. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 

for the beam B100-D3(12). 
 
The plot of supporting reactions versus the deflection of the beam at mid-span is 
presented in figure 5.14. A good agreement between the numerical predictions and the 
experimental measurements can be seen.  
 
The peaks produced in the first part of the numerical simulations are due to the 
propagation of elastic waves through the material. In the author opinion these peaks 
were not experimentally registered due to several issues, such as (i) natural damping 
of the material and (ii) data recording frequency.  
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Figure 5.12. Plot of support reactions versus mid-span deflection for the beam B100-D3(12). 

 
Beam B100-D3(16): 
 
It is worthy to note that this beam is exactly the same as the B100-D3(12) except for 
the reinforcement amount (5φ16 instead of 4φ12, which represents an increase of 
55%) and for the explosive amount (3.5 kg instead of 3.0 kg). 
 
Despite the clearly visible presence of vertical cracks, shear cracking was identified by 
the authors of the experimental program as the cause of the failure of the B100-D3(16) 
beam (Magnusson and Hallgren M., 2000,Magnusson, et al, 2010b). Such shear cracks 
are identified as upraising cracks from the supports with an angle of approximately 
45º. 
 
The numerical simulation succeeds in capturing this failure mode, as it can be seen in 
figure 5.13. The contour of the crack visibility parameter in the range (0, 10), that 
corresponds to a crack width up to 1.5 mm is plotted in figure 5.14. The higher values 
of this parameter are concentrated in the diagonal cracks of the beam. 

 

 
Figure 5.13. Crack pattern predicted by the numerical simulation for the beam B100-D3(16) 

and comparison with experimental result. 
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Figure 5.14. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 

for the beam B100-D3(16). 
 
In regards with the plot of supporting load versus mid-span deflection, a good 
agreement is also found, see figure 5.15. 
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Figure 5.15. Plot of support reactions versus mid-span deflection for the beam B100-D3(16). 

 
Beam B200-D1: 
 
The difference between this beam and the beam B100-D3(16) is the concrete grade, 
which means different compressive strength (upgraded up to 200 MPa), as well as 
different tensile strength, see table 5.4. The amount of explosive also went up to 4 kg 
instead of 3.5 kg.  
 
This beam failed also in a shear mode, which is again captured by the numerical 
simulation (figure 5.16). The contour of the crack visibility parameter in the range (0, 
10) is plotted in figure 5.17, where its higher values are concentrated in the diagonal 
cracks of the beam. The response of the beam shows also good agreement with the 
experimental measurements, see figure 5.18. 
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Figure 5.16. Crack pattern predicted by the numerical simulation for the beam B200-D1 and 

comparison with experimental result. 
 
 

 
 
Figure 5.17. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 

for the beam B200-D1. 
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Figure 5.18. Plot of support reactions versus mid-span deflection for the beam B200-D1. 

 

5.2.4. Final comments 
 
Three beams of the experimental program developed by Magnusson et al. at FOI have 
been simulated using the constitutive model for concrete presented in this Ph.D. thesis.  
 
The numerical simulations succeed in reproducing the experimental results. First, by 
the different failure modes experimentally found (bending failure for the beam B100-
D3(12) and shear failure for the beams B100-D3(16) and B200-D1) have been 
captured by the simulations. 
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Moreover, the cracking patterns predicted are very similar to the experimentally 
observed, in location and number of the cracks and in the cracks widths forecasted.  
 
Last, the support reactions and displacements have been precisely predicted, although 
several peaks produced by the elastic waves travelling through the material have been 
simulated. Nevertheless, the overall behavior of the beams has been captured, 
including their elastic re-bound at maximum deflection. 
 

5.3. Simulation of the own developed experimental 
program 
 
Numerical simulations of the experimental program presented in chapter 2 have been 
performed. Due to the high variability obtained in the experimental results of the plain 
concrete samples, the numerical simulations are conducted only for the tests #6 - #9, 
corresponding to reinforced normal and high-strength concrete slabs subjected to a 
load of 5.7 kg of Goma 2 ECO.  
 

5.3.1. Modeling details 
 
The numerical simulations presented in this section share most of their characteristics 
with the ones presented in section 3.5, with the exception of the constitutive model in 
use for concrete, which is the one presented in chapter 4. 
 
Nevertheless, a general description of the numerical modeling is given in the 
following.  
 
A total of 546000 elements of size 4 x 4 x 4 mm have been used to simulate the 
concrete slab and the supports, while 1500 truss elements have been used for the 
reinforcement. Constant stress (single integration point) brick elements have been 
used for concrete, as required by the developed formulation, while the elements of the 
supports have been meshed with eight point integration elements. The different parts 
comprised in the model are displayed in figure 5.19.  
 

 
Figure 5.19. Parts comprised in the model: supports, concrete slab and reinforcement. 

 
In this case, bonding between concrete and steel has been modeled by sharing 
common nodes between concrete and steel elements. 
 
The boundary conditions and the application of acting load have been set as described 
in section 3.2, namely free rotation of supports around their three axes, with 
translational movements constrained in the three directions. A coefficient friction 
estimated in 0.30 has been set in the contact between concrete slab and the steel 
support.  
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Last, the load pressure history has been homogeneously applied over the surface of the 
slab exposed to the explosion, see figure 5.20.  

 

 
Figure 5.20. View of the surface load applied, in black color. 

 
The reflected pressure history applied is the one estimated in appendix A for a 5.7 kg 
of Goma 2 ECO detonation, see figure 5.21. 
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Figure 5.21. Predicted reflected overpressure – time history according to (Kinney and Graham, 

1985) for the 5.7 kg Goma 2 ECO detonation tests. Time scale is referred to the shock wave 
arrival time.  

 
In regards with the material properties of concrete, the ones that have been considered 
as more representative of the tested slabs are the ones given by the characterization 
campaign conducted on the prismatic samples obtained from the slabs, see appendix 
B.  The parameters input in the simulations are gathered in table 5.6.  
 

Variable Value 
 Normal 

Strength 
Concrete 

High 
Strength  
Concrete 

Density [kg/m3] 2283 2432 
Elastic modulus [MPa] 29530 37175 

Poisson ratio [-] 0.20 0.20 
Tensile strength [MPa] 4.45 5.08 
Fracture energy [N/m] 224 208 

Type of softening curve Exponential Exponential 
Table 5.6. Mechanical properties set in the constitutive model of concrete for both concrete 

types. 
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The exponential function has been used as the softening function in absence of precise 
data about softening functions for concrete under high strain rates. In section 5.4 
simulations with alternative softening functions are presented and discussed. For the 
Dynamic Increase Factor, the formulation given by the CEB has been used. 
 
It is worth noting that the mechanical properties input are the same used for the 
simulations presented in chapter 3, where the Winfrith Concrete Model and the Brittle 
Damage Model have been used for the prediction of concrete behavior.  
 
The material constitutive model input for the reinforcement bars has been, as in the 
previous simulations, the simplified version of the Johnson-Cook model. The 
mechanical parameters input are displayed in table 5.7. 
 

Variable Value 
Material model Johnson-Cook 
Density [kg/m3] 7850 

Young’s modulus [MPa] 205000 
Yield stress [MPa] 500 
Poisson’s ratio [-] 0.30 

Input constant A for strain hardening [GPa] 0.55 
Input constant B for strain hardening [GPa] 0.00 

Input constant n for strain hardening 0.01 
Input constant C for strain rate hardening 0.025 

Input constant m for thermal softening 0.00 
Table 5.7. Mechanical properties set for the simulation of the reinforcement bars 

 
Last, the steel supports have been considered as linear elastic, with the properties 
gathered in table 5.8. 
 

Variable Value 
Material model Elastic 
Density [kg/m3] 7850 

Elasticity modulus [MPa] 210000 
Poisson’s ratio [-] 0.30 

Table 5.8. Mechanical properties set for the simulation of the steel supports. 
 

5.3.2. Results 
 
The numerical results are presented in the following for the NSC and HSC slabs. Note 
that for an easy identification of the cracking patterns, the crack visibility variable has 
been used, as described in section 5.2.3. 
 
It is important to recall that in this experimental program no deflections nor reactions 
on supports were measured and therefore the reliability of the simulations is analyzed 
by the comparison of the predicted failure patterns with the experimentally found. 
 
Normal-Strength Concrete slab: 
 
The crack visibility pattern of the NSC slab simulation after 1.5 and 4.5 ms are 
presented in figures 5.22 and 5.23. At 1.5 ms, the slab reaches its maximum 
deflection, while at 4.5 ms, it has already been fully unloaded, and the visible cracks 
are the ones that remain on the slab after testing. These times are referred to the time 
when the shock wave strikes the slab. 
 
The experimental results of NSC slabs as presented in chapter 2 are also gathered for 
the reader’s convenience in figure 5.24. 
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(a)       (b) 
Figure 5.22. Cracking pattern predicted by the numerical simulation for the NSC slab, for times 

(a) 1.5 ms and (b) 4.5 ms.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

(a)       (b) 
Figure 5.23. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 

for the NSC slab, for times (a) 1.5 ms and (b) 4.5 ms.  
  

 
 
 
 
 
 
 
 
 
 
  
 

 
Figure 5.24. Experimental results on NSC slabs, tests #6 and #7.  
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High-Strength Concrete slab: 
 
Similarly as for the NSC numerical results, in figures 5.25, 5.26 and 5.27 the crack 
visibility results for the HSC slab have been gathered, together with the experimental 
results. 

 
(a)      (b) 

Figure 5.25. Cracking pattern predicted by the numerical simulation for the HSC slab, for times 
(a) 1.5 ms and (b) 4.5 ms.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a)        (b) 
Figure 5.26. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 

for the HSC slab, for times (a) 1.5 ms and (b) 4.5 ms.  
  
 
 
 
 
 

  
  
  
 
 
 
 
 
 

Figure 5.27. Experimental results on HSC slabs, tests #8 and #9.  
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5.3.3. Analysis of results 
 
In the author’s opinion, the numerical results obtained from the simulation of the 
experimental campaign show better agreement with the experimental findings than the 
previous simulations using standard constitutive models for concrete (Winfrith 
Concrete Model and Brittle Damage Model), see chapter 3. 
 
The developed constitutive model for concrete has proved its ability in simulating the 
failure mode of the slabs, namely shear mode prevailing in NSC, where traces of 
bending mode can be seen, and a more balanced distribution between shear and 
bending cracks for HSC. Furthermore, the crack opening values are greater in NSC 
than in HSC, which is also in accordance with the experimental results. 
 
However, the actual experimental cracking patterns of NSC and HSC (figures 5.24 
and 5.27) presented rather big differences between both concrete types. The 
differences in the numerical results are not so marked when comparing both concrete 
types. This result suggests that some mechanism related with the material behavior 
may not have been accounted for accurately. 
 
As detailed in appendix B, both concrete types NSC and HSC were meant to be 
representative of different concrete usages. In fact, there were some important 
dissimilarities in their mixing, particularly referred to the aggregate nature, the 
maximum aggregate size, the use of additives and the water/cement ratio. Despite 
these differences, the mechanical properties obtained from the material 
characterization program (uniaxial compressive strength, splitting tensile strength and 
fracture energy) were closer than expected for both concrete types and therefore the 
mechanical properties set in the simulation are the average values obtained from the 
characterization program. Consequently, the mechanical properties input in the 
simulations are not so dissimilar for both concrete types, see table 5.9. This similarity 
between the mechanical properties input appears to be the underlying reason for 
having similar numerical results for both NSC and HSC slabs. 
 

Variable Ratio HSC/NSC 
Density +6.5% 

Elastic modulus +25.8% 
Tensile strength +14.1% 
Fracture energy -7.1% 

Type of softening curve -* 
* Note: the softening curve has been the same for both (exponential). 

Table 5.9. Variation of the mechanical properties set for the simulation of NSC and HSC slabs. 
 
As it has been discussed during this doctoral thesis, tensile behavior seems to be the 
key factor in the response of concrete elements subjected to blast. From a theoretical 
point of view, if two concretes of similar tensile strength and fracture energy exhibit 
such experimental differences, these may be attributed to the only tensile parameter 
that has not been addressed yet: the softening curve. In fact, it is known that concretes 
of different nature present different softening curves (Bazant and Planas, 1998). 
 
For the previous numerical simulations, it has been assumed that the softening of both 
concrete types can be accurately represented by an exponential softening function, as 
depicted in figure 5.28. This softening function has been chosen because of its 
easiness of programming due to its continuous formulation, as well as of its 
derivatives.  Furthermore, the lack of specific studies focused on the softening curves 
of concrete under high strain rates, makes it difficult to establish preferences for 
specific shapes of it. 
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Figure 5.28. Softening functions input in the numerical simulations for both NSC and HSC.  

 
In the following section, an analysis of the influence of the softening function is 
performed, proving that the shape of the softening function plays a major role in the 
failure mode of the slabs. 
 

5.4. Influence of the softening function 
 
As reasoned in the previous section, it is believed that the softening function could be 
of capital importance in the correct simulation of the crack patterns in reinforced 
concrete elements subjected to blast loading. For this reason, a sensitivity study on the 
effect of using different softening functions has been carried out. The softening 
formulations under study have been taken from (Bazant and Planas, 1998) and are 
presented in the next section. For the sake of simplicity, the sensitivity study is only 
carried out in the NSC slab. 
 

5.4.1. Description of softening curves 
 
Five different softening curves among the ones described in (Bazant and Planas, 1998) 
are used, namely: 
 

- Rectangular softening function. 
 

- Linear softening function. 
 

- Bilinear (Petersson) softening function. 
 

- Exponential softening function. 
 

- Extra Long Tail (ELT) softening function. 
 
They are briefly summarized in the following. 
 
Rectangular softening function: 
 
The rectangular softening function is the simplest possible. It is constant at the 
maximum tensile strength level, and drops to zero at a certain crack opening value, wc, 
as depicted in figure 5.29. 
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Figure 5.29. Definition of rectangular softening function.  

 
To accomplish equation (4.14), for which the area enclosed under the softening 
function equals the fracture energy, the value of wc is given by the following 
expression: 
 

ct

FRECT
c f

G
w =   (5.1) 

 
Linear softening function: 
 
The second simplest softening function is the linear function. It was first used by 
Hillerborg (Hillerborg, et al, 1976) and it decays in a straight line from the value of 
(w=0, σ=fct), closed crack, to the value of (w=wc, σ=0), see figure 5.30. 
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Figure 5.30. Definition of linear softening function.  

 
In this case, the value of wc that equals the enclosed are to the fracture energy is: 
 

ct

FLIN
c f

G
w

⋅= 2
  (5.2) 

 
Bilinear (Petersson) softening function: 
 
Petersson (Petersson, 1981) proposed the following bilinear function, which presents a 
kink at a fixed point, see figure 5.31. 
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Figure 5.31. Definition of bilinear (Petersson) softening function.  

 
The value of wc is given by equation (5.3), to accomplish the equation (4.14). 
 

ct
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G
w

⋅= 6.3
  (5.3) 

Exponential softening function: 
 
The exponential softening curve presents the advantage of the continuity of its 
formulation and its derivatives. It has been already briefly presented in section 4.2.3, 
and its analytical formulation can be written as in (5.4). 
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Figure 5.32. Definition of exponential softening function.  
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Extra Long Tail (ELT) softening function: 
 
This softening function accounts for that cases in which the tail of the softening curve 
is extremely long. It was originally defined by Planas and Elices (Planas and Elices, 
1992), and its equation is given by the following expression. 
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The value at which this curve equals zero is given in equation (5.6). 
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  (5.6) 
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Figure 5.33. Definition of ELT softening function.  

 
Description of the sensitivity analysis: 
 
The simulations performed for the sensitivity study are alike the ones presented in 
section 5.3 for NSC, except for the softening function in use, which varies between the 
five functions previously described. The mechanical properties input are gathered in 
table 5.10. The softening functions are the ones depicted in figure 5.34. 
 

Variable Normal-Strength Concrete 
Density [kg/m3] 2283 

Elastic modulus [MPa] 29530 
Poisson ratio [-] 0.20 

Tensile strength [MPa] 4.45 
Fracture energy [N/m] 224 

Type of softening curve Varying, see figure 5.34 
Table 5.10. Mechanical properties set in the constitutive model. 
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Figure 5.34. Softening functions used in the simulation of the NSC slab.  
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5.4.2. Results 
 
Rectangular softening function: 

                                        
(a)        (b) 

Figure 5.35. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 
for the NSC slab with rectangular softening function, for times (a) 1.5 ms and (b) 4.5 ms.  

 
Linear softening function: 
 

                                      
(a)        (b) 

Figure 5.36. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 
for the NSC slab with linear softening function, for times (a) 1.5 ms and (b) 4.5 ms.  

 
Bilinear (Petersson) softening function: 
 

                                        
(a)        (b) 

Figure 5.37. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 
for the NSC slab with bilinear (Petersson) softening function, for times (a) 1.5 ms and (b) 4.5 

ms.  
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Exponential softening function: 
 
 
 
 
 
 
 
 
 
 
 
                        

(a)        (b) 
Figure 5.38. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 

for the NSC slab with exponential softening function, for times (a) 1.5 ms and (b) 4.5 ms.  
 
Extra Long Tail (ELT) softening function: 

                                        
(a)        (b) 

Figure 5.39. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 
for the NSC slab with ELT softening function, for times (a) 1.5 ms and (b) 4.5 ms.  

                 

5.4.3. Analysis of results 
 
The sensitivity analysis presented in the previous section proves that the shape of the 
softening function is a critical parameter with regard to the predicted failure mode of 
the tested slabs. 
 
The more fracture energy available in the first part of the softening function, the more 
likely is the cruciform crack pattern to develop. That is, the bending failure mode is 
more clearly identified with the use of the rectangular and linear softening functions.  
 
On the contrary, the softening function for which the shear cracking is more clearly 
visible is the ELT, in which the fracture energy tends to be released primarily in the 
“tail” or last part of the function. 
 

5.5. The General Bilinear Fit of the softening curve 
 
The sensitivity analysis of the shape of the softening curve has shown that it is a 
crucial parameter in the crack patterns of concrete subjected to blast. Unfortunately, 
no information about the shape of the softening curve of concrete at high strain rates 
can be found in the literature. Besides this, the scatter exhibited by the fracture energy 
tests (see appendix B) makes it difficult to precisely estimate the shape of the 
softening curve of the concrete of our slabs.  
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Under these circumstances, we have opted for trying to obtain two extremes for the 
softening curves for this concrete and, given that the influence of the strain rate in the 
softening curve is unknown, these extremes have been sought in the three point 
bending tests results obtained under static loading. 
 
Despite the experimental scatter, in figure 5.40 the softening functions obtained from 
the characterization program that seem to present a common trend are gathered, where 
differences can be seen between NSC and HSC. It seems that the HSC provides higher 
values of the peak load, while at intermediate values of CMOD opening the NSC has 
higher values of load than HSC for the same opening. Bearing in mind that both 
concrete types have similar values of tensile strength and fracture energy, it is 
concluded that their softening curves must be quite different. 
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Figure 5.40. Load – notch opening plot for five samples, both of NSC and HSC, taken from the 

fracture energy tests.  
 
In order to have the wider range of possible softening curve shapes, the softening 
functions that present a bigger dissimilarity between NSC and HSC have been chosen 
for a detailed study using the General Bilinear Fit (Guinea, et al, 1994) for the 
softening curve of concrete. This procedure of fitting the a bilinear softening curve of 
concrete is believed to be the one that provides a better approach to the actual 
softening behavior of concrete, at least under static loading conditions. The two most 
dissimilar results correspond to the fracture energy samples NSCX-2 and HSC-3, 
whose results are presented in figure 5.41. 
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Figure 5.41. Load – displacement plot for the NSCX-2 and HSC-3 samples, taken from the 

fracture energy tests.  
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The mechanical properties and maximum load applied for both samples are gathered 
in table 5.11. 
 

Variable NSCX-2 HSC-3 
Maximum load applied [N] 4944 6760 

Fracture energy [N/m] 262.81 229.97 
Tensile strength [MPa]* 4.45 5.08 

* Note: The tensile strength has been taken as the mean of all NSC and HSC samples from the 
indirect tensile test results. 

Table 5.11. Mechanical properties of samples NSCX-2 and HSC-3, as inferred from the 
fracture energy tests. 

 
The General Bilinear Fit (GBF) of the softening function obtained for both samples as 
described in (Guinea, et al, 1994) is depicted in figure 5.42. As it can be seen in figure 
5.41, the maximum peak value of HSC-3 is 36% higher than for NSCX-2, while 
average tensile strength of HSC has been stated as only 14% higher. This means that 
the energy stored in the first part of the softening function is bigger for HSC. This is 
the reason for having quasi-parallel softening functions in the first range of NSCX-2 
and HSC-3 General Bilinear Fit. 
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Figure 5.42. General Bilinear Fit of the softening functions for the NSCX-2 and HSC-3 

samples.  
 
The numerical results using these softening functions are presented in figures 5.43 and 
5.44. 
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(a)        (b) 

Figure 5.43. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 
for the NSCX-2 slab with GBF softening function, for times (a) 1.5 ms and (b) 4.5 ms.  

                     
 

(a)        (b) 
Figure 5.44. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 

for the HSC-3 slab with GBF softening function, for times (a) 1.5 ms and (b) 4.5 ms.  
 
The two extreme softening functions under study obtained through the General 
Bilinear Fit lead to results that, in opinion of this author, are close to the results 
experimentally found.  
 
The failure of the NSC slab is clearly of a shear type, being characterized by curved 
cracks of a wide opening surrounding the supports (see figure 5.43). Although a 
cruciform cracking pattern can be seen, it is formed by cracks of a smaller magnitude 
than that of the shear failure mode. Therefore, the shear cracking is correctly predicted 
as the governing failure mode for NSC. 
 
On the contrary, the HSC slab presents a more distributed crack pattern at the first 
stages of its development, where several cracking paths are visible (figure 5.44a). This 
crack pattern gives place to a more balanced distribution of the cracks between shear 
and bending modes in the final situation (figure 5.44b). These results are also in 
accordance with the experimental findings for HSC. 
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5.6. Concluding remarks 
 
In this chapter, numerical simulations of two different experimental programs of 
reinforced concrete elements subjected to blast loading have been presented, with the 
aim of validating the constitutive model for concrete previously described in chapter 
4. 
The numerical results obtained for the experimental program performed by 
Magnussson et al. are very good, both in failure mode prediction and in the support 
reaction versus mid-span deflection relation. 
 
With regard to our own experimental program described chapter 2, numerical 
simulations of reinforced concrete slab tests (tests #6 - #9) have also been presented. 
In the author’s opinion, the results with the average mechanical properties as obtained 
from the characterization program are closer to the experimental results than that of 
the Winfrith Concrete Model and the Brittle Damage Model presented in chapter 3. 
However, the cracking pattern differences between NSC and HSC that have been 
experimentally found are not captured at their full extension. This is blamed on (i) the 
use of material average properties that are rather similar between NSC and HSC, and 
(ii) in the use of the same softening function for both concrete types. 
 
A sensitivity analysis of the importance of the softening function has been performed. 
It has been concluded that its shape is of great importance in the prediction of the 
failure mode of the slabs. The more fracture energy is kept in the first part of the 
softening function, the more is the bending mode prevailing in the slab. On the 
contrary, shear failure prevails if the fracture energy is released mainly in the last part 
of the softening function. 
 
The General Bilinear Fit of the two most dissimilar softening curves for NSC and 
HSC has proved this issue. In fact, the bilinear approach for NSCX-2 releases fracture 
energy primarily in the last part (tail) of its softening curve and the shear failure has 
been forecasted for it. Contrarily, for the HSC-3 slab in which the fracture energy is 
mainly dissipated at lower values of crack opening the shear and bending failure 
modes are more balanced.  
 
To sum up, the performed analyses support the believing that the two concrete types 
casted, NSC and HSC, must have presented very different softening functions under 
high strain rates, which would be the underlying reason for their different crack 
patterns. Moreover, they prove the hypothesis of the importance of tensile behavior of 
concrete elements when subjected to explosions. 
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6. Conclusions and future work 

6.1. Conclusions 
 

6.1.1. Experimental work 
 
The following conclusions may be drawn regarding the experimental work presented: 
 
 An experimental procedure for testing concrete slabs under explosive loads 

has been presented. This procedure allows testing of up to four specimens on 
each detonation, thus making it possible to control the experimental scatter 
inherent to these kinds of tests.  
 

 This procedure has been applied to the study of the behavior of plain and 
reinforced slabs of two different grades of concrete: normal-strength concrete 
and high-strength concrete. Besides providing valuable data for the 
development and verification of numerical and analytical models, the 
experimental work has highlighted the importance of experimental scatter, 
especially in the case of the plain concrete specimens.  
 

 In the case of the reinforced slabs, the tests exhibited a lower experimental 
scatter which, in the opinion of the author, was due to the use of higher 
explosive loads and the redistribution of internal forces provided by the 
reinforcement. Curved shear cracks around the supports prevailed as the 
dominant failure mode in the normal-strength reinforced slabs. In that of the 
high-strength reinforced concrete slabs, a mix between curved shear cracks 

C
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around supports and cruciform bending-through-the-center cracks caused 
failure of the slabs. Crack openings exhibited by the normal-strength 
reinforced slabs were considerably wider than those registered in the high-
strength reinforced concrete slabs. 
 

 Despite showing different crack patterns, since the characterization tests 
performed under static conditions revealed that both concrete grades were 
actually more similar than expected, it was concluded that besides tensile 
strength and fracture energy there must be another parameter governing the 
failure mode. The numerical simulations made by using the constitutive model 
developed in the thesis have demonstrated that such a parameter could be the 
shape of the softening curve. 
 

6.1.2. Numerical aspects 
 
The following conclusions are established: 
 
 Two constitutive models from the LS-DYNA library have been used to 

simulate the experimental campaign carried out, namely the Winfrith Concrete 
Model and the Brittle Damage Model offered by Simó. In spite of being the 
most complex of the two, the Winfrith Concrete Model provides the worse 
failure pattern prediction. Such a result shows that a model with linear elastic 
behavior and failure exclusively ruled by the maximum principal stress, such 
as that of Simó, is better suited for the simulation of concrete elements 
subjected to blast. This supports the hypothesis that failure of concrete 
elements subjected to blast is primarily governed by tensile failure.  

 
 Based on previous results, a new constitutive model has been formed that is 

based on the Cohesive Crack Model in combination with the Strong 
Discontinuity Approach. The model draws on the original model created by 
Planas and Sancho for static regimes, enhancing it with strain rate sensitivity 
and implementing it on the commercial software LS-DYNA through 
hexahedral finite elements. As in the original model, it is strictly local and 
does not require either a tracking algorithm or remeshing to predict the 
cracking path. 
 

 The new material model has been used for the simulation of two experimental 
benchmarks: that developed by Magnusson et al. with high-strength reinforced 
concrete beams subjected to explosions, and that carried out in the thesis. In 
both cases the material model has proved a favorable capability for the 
prediction of failure patterns, mid-span deflections and reaction histories in 
supports. In the case of the slabs tested, it has been necessary to adjust the 
shape of the softening curve, revealing the influence of this parameter in the 
failure patterns. 
 

 In the opinion of the author of this work, it is the combination of several 
parameters that allows this model to provide such positive results: the crack 
initiation based in the maximum principal stress, the possibility of choosing 
among different softening curves, the simple treatment of the strain rate 
effects and the use of a central forces model in combination with the 
embedded crack approach. 
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6.2. Future lines of research 
 
The following lines of research are proposed: 
 
 Performance of additional experimental tests aimed to study the behavior of 

different protection systems. One of the most important assets of the 
experimental set-up developed here is the possibility of testing up to four 
specimens with a single explosion, ensuring that they are all subjected to the 
same blast load. By arranging tests in such a way that different protection 
configurations are tested in the same explosion, it would be easier to compare 
their respective performances, since they would be subjected to the same 
pressure history. 

 
 Use of the new constitutive model to study the behavior of different structural 

members subjected to blast. The constitutive model has proven a capability of 
providing accurate results, especially in the prediction of failure patterns. 
Therefore, it is suitable for being used in a series of virtual tests aimed at the 
numerical study of the behavior of different structural members under 
different blast loading conditions: beams, columns, frames and arches. Even 
the behavior of a whole structure subjected to an explosion could be 
numerically assessed by using this tool. 
 

 Study of the shape of the softening function of concrete at high strain rates. In 
chapter 5 of this thesis it was shown the influence of the shape of the 
softening curve on the failure patterns of concrete elements: the same fracture 
energy may lead to different failure patterns depending on how the energy is 
released while concrete softens. It would be of significant interest to develop 
methodologies aimed at measuring the actual shape of the softening curve of 
quasibrittle materials at high strain rates. Unfortunately, even the single 
measurement of the fracture energy of concrete at high strain rates remains a 
complex task, with the determination of the precise shape of the softening 
curve being a challenge. 
 

 Application of the embedded crack approach for other damage and failure 
mechanisms caused by shock and impact. Under impulsive loads, such as 
impact or blast, material failure is usually characterized by localization of 
damage and failure in certain surfaces (adiabatic shear bands for instance). 
When using explicit numerical codes these mechanisms are usually modeled 
through solid elements which means that the energy released is highly 
dependent on the size of elements in the mesh. By using the embedded crack 
approach, damage processes and localization phenomena may be lumped in 
the discontinuities embedded inside the elements, with mesh sensitivities to 
some extent being circumvented. 
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APPENDIX A. Blast shocks due to open air detonations 

Disclaimer: 
 
The equations given in this appendix have been taken from the scientific literature 
(Kinney and Graham, 1985,Bangash, 1993,Glasstone and Dolan, 1977) and are 
applied in the present research at several stages of it.  
 
After contrast with the experimental measurements in the tests conducted in this 
thesis, they seem to be accurate in the range of detonations with Goma 2 ECO 
presented in chapter 2.  
 

1. Blast wave characterization 
 
An explosion is an event occurred due to a sudden release of energy within a limited 
space. Particularly, the term detonation is used to define a type of explosion in which 
the chemical energy of a certain explosive compound is liberated.  
 
In a detonation, a physical transformation takes place, turning the solid state of 
explosive into gaseous state in a very short time. This rapid change of state means a 
large variation in volume, being the mass the same in both states, but with a very 
different density. The violent appearance of the new gas volume at high temperature 
unchains the formation of a shock wave in the surrounding medium. 
 
The front of the shock wave (alternatively termed the shock front or the blast wave) 
moves away at high speed from the detonation point. It behaves as a moving wall of 
highly compressed air and represents the blast wave that hits the concrete targets in the 
experimental program presented in this research. From a physical point of view, the 
blast wave is formed by a difference in the air pressure on both sides of the shock 
front. 
 
The pressure – time history of a typical blast wave is depicted in figure A.1. As it can 
be seen, before the arrival time (ta) the actual pressure is the atmospheric pressure (Pa).  
 
At the time ta, the shock front arrives, with a sudden increase on the pressure, which is 
called the peak overpressure (P0). From then on, there is a semi-exponential decay in 
pressure, until the time ta + td, where td is the duration of the blast wave. 
 
A blast wave requires three independent parameters to be fully characterized: 
 

1. The peak overpressure (P0) 
 

2. The duration (td) 
 

3. The impulse per unit area (I/A) (or alternatively, the wave form parameter α). 
 
In the following, expressions for the calculation of these parameters are given. Their 
values are summarized in section 6 for the range of detonations of this research. 
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Figure A.1. Plot of a typical pressure – time history. 

 
 

2. Scaling law 
 
A scaling law allows for the calculation of the blast wave characteristics of any 
explosion from data collected for some other particular explosion. It reads: 
 

( )
3

3






⋅=

Z

d
fW d  (A.1) 

 
Where W is the amount (kg) of TNT detonated, fd is a transmission parameter that 
accounts for different pressure and temperature conditions, d is the actual distance and 
Z is the scaled distance.  
 
The factor fd can be taken from the US Standard Atmosphere, being its values 
regarding the range of this experimental program summarized in table A.1. 
 

Altitude [m] Temperature [ºC] Transmission factor fd [-] 
0 15.00 1.000 

200 13.70 0.997 
400 12.40 0.993 
600 11.10 0.990 
800 9.80 0.987 
900 9.15 0.985 
1000 8.50 0.984 

Table A.1. Transmission factors 
 
In the following equations for the estimation of the blast wave characteristics are 
given. However, they cannot be readily used to estimate the characteristics of every 
explosion, as they are defined for their use at 15º C of temperature and under an 
atmospheric pressure of 1.01325 bar (sea level atmospheric pressure). Moreover, the 
calculations that give place to table A.5 (at the end of this appendix) have been made 
for 1 kg TNT, so they must be scaled for their use with other amounts of explosive.  
 
Therefore, to estimate the blast wave characteristics under the actual test conditions 
(in this case, an altitude of 900 m over sea level), the scaling law defined in (A.1) has 
to be used. 
 
 

P0 

Pa 

ta td
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3. Expressions for blast wave characterization 
 

3.1. Peak overpressure 
 
The overpressure peak can be calculated with equation A.2, where P0 is the incident 
overpressure, Pa is the atmospheric pressure and Z is the scaled distance. 
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3.2. Reflected peak overpressure 
 
When a blast wave strikes a denser medium, such as the flat surface of a concrete 
target, a reflection of the wave occurs. When the reflection takes place, any point 
located on the impacted surface will experience a pressure increase, as the reflected 
wave is formed instantaneously.  
 
For this reason, the overpressures acting on the surface of the concrete targets can be 
considered entirely a reflected pressure. Its value is more than twice greater than the 
incident overpressure given by equation A.2, and can be calculated using equation 
A.3, where Pr is the reflected pressure, P0 is the incident overpressure and Pa is the 
atmospheric pressure. 
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3.3. Blast wave duration 
 
The time duration of an explosion is given by the expression A.4, where td is the 
duration of the positive phase of the explosion, W is the amount (kg) of TNT 
detonated and Z is the scaled distance. 
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3.4. Quasi-exponentional expression for the wave decay form 
 
The overpressure – time curve described in figure A.1 decays with a curve similar to 
an exponentional function. Thee following empirical adjustment for overpressure p 
has been proposed in terms of the time t measured from the instant in which the 
schock front arrives and the wave parameter α (see also section 3.6): 
 

( ) dtt
d ettpp ⋅−⋅−⋅= α10  (A.5) 
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3.5. Impulse per unit area 
 
The impulse per unit area of an explosion determines its ability to cause damage. The 
value of the impulse corresponds to the area contained under the pressure – time 
history (figure A.1, equation A.5). It is very dependent on the magnitude of the wave 
form parameter, which is often regarded as an alternative blast wave characteristic to 
the impulse. 
 
An empirical equation for the calculation of impulse per unit area (I/A) is given by 
expression A.6, where Z is the scaled distance. 
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3.6. Wave form parameter 
 
The wave form parameter α is the factor that governs the semi-exponential decay of 
pressure versus time, see expression A.5. It can be regarded as an adjustable parameter 
selected in such a way that the overpressure – time relation provides a suitable result 
of the impulse per unit area value. 
 
The relation between the wave form parameter and the impulse per unit area is given 
by equation A.7, where α is the wave form parameter, (which is to be determined 
through an iterative trial and error process), td is the duration of the positive phase of 
the explosion and P0 is the incident overpressure. 
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3.7. Arrival time 
 
The arrival time of a shock wave can be calculated with the shock front velocity, 
which depends on the Mach number and the speed of sound in the transmission 
medium, ax. These parameters can be worked out in the form of the integral A.8, 
where ta is the arrival time, ax is the speed of sound, P0 is the incident overpressure and 
Pa is the atmospheric pressure. 
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Further on, expression A.2 can be introduced in A.8 and so the arrival time reads: 
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In this research the arrival time is not a critical issue, as it is not used on the numerical 
simulations. For this reason, a simple integration using the Simpson’s rule has been 
performed, and the values obtained for the arrival time are summarized in table A.5. 
 

4. Comparison with experimental measurements 
 
The expressions and the scaling law summarized in the previous sections have been 
used to check the experimental measurements of the pressure versus time recordings 
with piezoelectric sensors (see chapter 2).  
 
The explosive used in the experimental program is the commercial compound Goma 2 
ECO. Its combustion heat corresponds to 89% of the energy release of 1 kg TNT.  
 

4.1. Detonation of 3.57 kg Goma 2 ECO 
 
Two detonations, namely third and fourth detonation tests, have been made with 3.57 
kg of Goma 2 ECO, which equals an explosion of 3.17 kg TNT. The recorded 
reflected peak overpressures have been 49 bar and 37 bar, respectively, see figure A.2. 
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Figure A.2. Comparison of the recorded reflected overpressure – time histories of the third and 

fourth detonation tests. 
 
As it can be seen, the recorded values are different in peak pressure and time duration, 
despite the use of the same quantity of explosive and on the same date. This result 
highlights the scattering of detonation tests. 
 
The scaled distance of both detonation tests as calculated by expression A.1 is Z = 
1.0005 m, where the values fd = 0.985, W = 3.17 kg TNT and d = 1.5 m have been 
input. For this scaled distance, the blast wave characteristics as of the expressions 
summarized in this appendix read as in table A.2. 
 

Scaled distance  
Z [m] 

Peak reflected 
pressure  
Pr [bar] 

Time duration 
td [ms] 

Wave form 
parameter 

α [-] 
1 55.70 0.52 3.10 

Table A.2. Blast wave characteristics for the third and fourth detonation tests. 
 
The blast wave generated by these characteristic values is plotted with both the third 
and fourth test experimental pressure – time histories (figures A.3 and A.4, 
respectively). 
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The theoretical expressions are in good accordance with the experimental records of 
the third test. However, the fourth test shows a lower reflected peak pressure and a 
greater pressure decay. 
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Figure A.3. Comparison of the recorded reflected overpressure – time history of the third 

detonation test with the theoretical blast wave. 
 

0

10

20

30

40

50

60

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Experimental, 3.17 kg TNT (fourth test)
Theoretical blast wave

R
e

fle
ct

ed
 o

ve
rp

re
ss

ur
e 

[b
a

r]

Time [ms]  
Figure A.4. Comparison of the recorded reflected overpressure – time history of the fourth 

detonation test with the theoretical blast wave. 
 

4.2. Detonation of 4.76 kg Goma 2 ECO 
 
The last detonation carried out before the damaging of the piezoelectric pressure 
sensor has been of 4.76 kg Goma 2 ECO, corresponding to 4.23 kg TNT. The 
reflected pressure – time history recorded is presented in figure A.5, in which the 
maximum value of pressure is of 70 bar. 
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Figure A.5. Recorded reflected overpressure – time history of the fifth detonation test. 

 
The scaled distance as calculated from equation A.1 is Z = 0.9135 m and the 
subsequent blast wave characteristics are given in table A.3. The comparison between 
experimental records and the theoretical blast wave is shown in figure A.6. 
 

Scaled distance  
Z [m] 

Peak reflected 
pressure  
Pr [bar] 

Time duration 
td [ms] 

Wave form 
parameter 

α [-] 
0.9135 69.70 0.44 3.08 

Table A.3. Blast wave characteristics for the fifth detonation test. 
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Figure A.6. Comparison of the recorded reflected overpressure – time history of the fifth 

detonation test with the theoretical blast wave. 
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5. Blast wave characteristics of a 5.712 kg Goma 2 ECO 
detonation 
 
It has been seen in the previous section that the equations described in this appendix 
estimate blast wave characteristics that show good agreement with the experimental 
records.  
 
As described in chapter 2, the recordings of the piezoelectric sensor in the sixth test 
(first test on reinforced concrete samples) could not be used due to severe damage of 
the sensor. For this reason, the blast wave characteristics of this detonation are 
calculated in the following in accordance with the previously presented expressions. 
 
The energy release of the detonation (5.7 kg Goma 2 ECO) is equivalent to a 5.08 kg 
TNT explosion. The scaled distance is therefore Z = 0.859 m, for which the blast wave 
characteristics read as in table A.4. The blast wave generated with these parameters is 
depicted in figure A.7, and is the one used in the numerical simulations of reinforced 
concrete slabs. 
 

Scaled distance  
Z [m] 

Peak reflected 
pressure  
Pr [bar] 

Time duration 
td [ms] 

Wave form 
parameter 

α [-] 
0.859 83.07 0.37 2.93 

Table A.4. Blast wave characteristics for the fifth detonation test. 
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Figure A.7. Theoretical reflected overpressure – time history for the 5.7 kg Goma 2 ECO 

detonation tests. 
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6. Summary of blast wave characteristics in range of 
the experimental program 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table A.5. Summary of blast wave characteristics for 1 kg TNT detonation in air at 15º C and 

1.01325 bar of atmospheric pressure. 
 
 
 

Scaled 
distance

1 kg TNT
Z [m]

P0/Pa

Atmospheric 
pressure

 Pa [bar]

Peak incident 
overpressure 

P0 [bar]

Peak reflected 
overpressure 

Pr [bar]

Duration 

td [ms]

Impulse 
per unit 

area 
I/A 

[bar·ms]

Wave form 
parameter 

α  [-]

Arrival 
time 

ta [ms]

0.300 91.32 1.013 92.50 700.51 0.290 1.466 17.50 0.060
0.350 72.14 1.013 73.08 545.85 0.183 1.374 8.50 0.077
0.400 58.12 1.013 58.87 433.01 0.125 1.326 4.20 0.097
0.450 47.59 1.013 48.21 348.56 0.095 1.299 2.00 0.118
0.500 39.51 1.013 40.03 284.07 0.084 1.280 0.90 0.142
0.550 33.21 1.013 33.64 233.96 0.088 1.267 0.50 0.168
0.600 28.20 1.013 28.57 194.46 0.109 1.256 0.70 0.196
0.650 24.17 1.013 24.49 162.92 0.144 1.247 1.17 0.227
0.700 20.90 1.013 21.17 137.47 0.191 1.237 1.70 0.260
0.750 18.20 1.013 18.43 116.73 0.246 1.227 2.20 0.295
0.800 15.95 1.013 16.16 99.69 0.304 1.217 2.60 0.332
0.850 14.07 1.013 14.25 85.59 0.363 1.207 2.89 0.371
0.860 13.73 1.013 13.91 83.07 0.374 1.205 2.93 0.380
0.870 13.40 1.013 13.57 80.64 0.386 1.203 2.96 0.388
0.880 13.08 1.013 13.25 78.29 0.397 1.200 3.00 0.396
0.890 12.77 1.013 12.94 76.03 0.408 1.198 3.03 0.405
0.900 12.47 1.013 12.64 73.84 0.419 1.196 3.05 0.413
0.910 12.19 1.013 12.34 71.73 0.430 1.194 3.07 0.422
0.920 11.91 1.013 12.06 69.70 0.440 1.191 3.08 0.431
0.930 11.64 1.013 11.79 67.73 0.451 1.189 3.09 0.439
0.940 11.37 1.013 11.52 65.83 0.461 1.186 3.10 0.448
0.950 11.12 1.013 11.26 64.00 0.471 1.184 3.10 0.457
0.952 11.07 1.013 11.21 63.64 0.473 1.184 3.11 0.459
0.960 10.87 1.013 11.01 62.22 0.481 1.182 3.12 0.466
0.970 10.63 1.013 10.77 60.51 0.491 1.179 3.13 0.476
0.980 10.40 1.013 10.54 58.85 0.501 1.177 3.11 0.485
0.990 10.17 1.013 10.31 57.25 0.511 1.174 3.10 0.494
1.000 9.96 1.013 10.09 55.70 0.520 1.172 3.10 0.504
1.010 9.74 1.013 9.87 54.20 0.529 1.169 3.10 0.513
1.020 9.54 1.013 9.66 52.75 0.539 1.166 3.08 0.523
1.030 9.34 1.013 9.46 51.35 0.548 1.164 3.07 0.533
1.040 9.14 1.013 9.26 49.99 0.557 1.161 3.05 0.543
1.050 8.95 1.013 9.07 48.68 0.565 1.159 3.04 0.553
1.060 8.77 1.013 8.88 47.41 0.574 1.156 3.03 0.563
1.070 8.59 1.013 8.70 46.18 0.583 1.153 3.02 0.573
1.080 8.42 1.013 8.53 44.98 0.591 1.150 2.99 0.583
1.090 8.25 1.013 8.36 43.83 0.599 1.148 2.97 0.593
1.100 8.08 1.013 8.19 42.71 0.608 1.145 2.95 0.604
1.110 7.92 1.013 8.03 41.62 0.616 1.142 2.93 0.614
1.120 7.77 1.013 7.87 40.57 0.624 1.139 2.91 0.625
1.130 7.62 1.013 7.72 39.55 0.632 1.137 2.88 0.635
1.140 7.47 1.013 7.57 38.57 0.639 1.134 2.86 0.646
1.150 7.33 1.013 7.42 37.61 0.647 1.131 2.84 0.657
1.160 7.19 1.013 7.28 36.68 0.655 1.128 2.82 0.668
1.170 7.05 1.013 7.14 35.78 0.662 1.125 2.79 0.679
1.180 6.92 1.013 7.01 34.91 0.670 1.122 2.77 0.690
1.190 6.79 1.013 6.88 34.06 0.677 1.119 2.74 0.701
1.200 6.66 1.013 6.75 33.24 0.685 1.116 2.73 0.713
1.250 6.08 1.013 6.16 29.48 0.720 1.101 2.60 0.771
1.300 5.56 1.013 5.63 26.23 0.755 1.086 2.45 0.831
1.350 5.10 1.013 5.17 23.42 0.788 1.070 2.35 0.893
1.400 4.70 1.013 4.76 20.98 0.820 1.054 2.24 0.958
1.450 4.33 1.013 4.39 18.85 0.851 1.038 2.12 1.024
1.500 4.01 1.013 4.06 16.99 0.882 1.022 2.00 1.093
1.510 3.95 1.013 4.00 16.64 0.888 1.018 1.95 1.107
1.520 3.89 1.013 3.94 16.31 0.895 1.015 1.94 1.121
1.530 3.83 1.013 3.88 15.98 0.901 1.012 1.93 1.135
1.540 3.77 1.013 3.82 15.67 0.907 1.009 1.92 1.150
1.550 3.72 1.013 3.76 15.36 0.913 1.005 1.90 1.164

NOTE: 1 kg TNT in air at 15º C and 1.01325 bar of atmospheric pressure
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APPENDIX B. Material characterization 

1. Introduction 
 
In chapter 2 an experimental program of concrete slabs tested under blast has been 
described. The concrete produced for the slabs has been characterized through 
laboratory testing, whose results are presented in this appendix. 
 
Two different types of concrete have been casted, namely Normal-Strength Concrete 
(NSC) and High-Strength Concrete (HSC). The samples used in the characterization 
program have been taken from the same concrete production line and on the same date 
in which the slabs for the detonation tests were casted.   
 
The following mechanical properties have been determined through the mechanical 
characterization reported here: 
 

1. Uniaxial compressive strength. 
2. Young’s modulus. 
3. Indirect tensile strength. 
4. Fracture energy. 

 
The characterization tests have taken place in two phases, before and after the 
detonation tests, which were held at the concrete age of 28 days, see figures B.1, B.2. 
 

Age [days]

0

3

7

14

21

124

28

249-256

Tests

Uniaxial compressive tests

Uniaxial compressive tests

Uniaxial compressive tests

Uniaxial compressive tests

Fracture energy tests 

Uniaxial compressive tests
Detonation tests

Uniaxial compressive tests
Indirect tensile tests

 
Figure B.1. Time line of material characterization tests 
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Figure B.2. Schematic description of the characterization tests. 
 

2. Materials and samples 
 
The properties of the concrete samples tested in the characterization program and the 
materials used in their casting are described in this section. 
 

2.1. Normal-Strength Concrete 
 
The NSCmix has been designed with the aim of being representative of the type of 
concrete used in buildings construction in Spain. It has been produced by the 
Fundación Santa Bárbara at their concrete laboratory on May, 14th 2010, being its 
compressive strength scope in the range of 30 - 45 MPa. 
 
The cement used has been of type CEM II/A-U 42.5 R and the water / cement ratio of 
0.41. The mix composition is given in table B.1. 
 

Constituent Weight [kg] 
Cement CEM II/A-U 42.5 R  330 

Gravel 6-20 mm  1020 
Sand 0-6 mm  953 

Water 135.30 
Superplasticizer 4.29 

TOTAL 2442.59 
Table B.1. Mixing properties of Normal-Strength Concrete 
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2.2. High-Strength Concrete 
 
HSC was casted with the aim of assessing whether the use of high performance 
concrete is a good option in order to increase security of structures under blast 
loading. It has been casted by the Fundación Santa Bárbara at their concrete laboratory 
on May, 14th 2010, being its compressive strength scope in the range of 80 - 90 MPa. 
 
The cement used has been of type CEM I 52.5 R and the water / cement ratio of 0.35. 
The mix composition is given in table B.2. 
 

Constituent Weight [kg] 
Cement CEM I 52.5 R  490 

Gravel 4-12 mm  885.82 
Sand 0-4 mm  964.28 

Water 186.94 
Superplasticizer 9.34 

Silica fume 44.10 
TOTAL 2580.49 

Table B.2. Mixing properties of High-Strength Concrete 
 

2.3. Concrete mixing, vibrating and curing 
 
For both concrete types NSC and HSC the production process has been the same. The 
mixing of concrete has been made on an electric concrete mixer (figure B.3). From the 
mixed concrete both cylindrical samples and squared slabs have been casted. 
 

 
Figure B.3. Concrete mixer 

 
The cylindrical samples have been produced according with the recommendations 
given in UNE-EN 12390-2 regarding dimensions, compaction and curing conditions. 
Steel molds have been used (see figure B.4), in which the concrete paste has been 
poured down in two stages. Compaction has taken place after each of these pouring 
stages. The concrete paste has been compacted manually using a bar  with rounded-
ends. The curing has taken place in a curing chamber until the date of testing at 20 ± 
5º C and a humidity level of 95%. 
 
On the other hand, slabs have been casted on wooden formworks (figure B.5), vibrated 
by a conventional concrete vibrator (figure B.6) and their surface smoothed with a 
hand trowel (figure B.7). The curing of the slabs has taken place in a tunnel at the 
Fundación Santa Bárbara’s installations, where they have been kept under a constant 
temperature of around 15º and have been irrigated regularly. 
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Figure B.4. Steel molds for casting of cylindrical samples 

 

 
Figure B.5. Wooden formworks for casting of concrete slabs 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure B.6. Vibrating process of concrete slabs 
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Figure B.7. Smoothing of the concrete slabs’ surface with hand trowel 

 

2.4. Samples 
 
A total of 24 cylindrical specimens of 300 mm of height and 150 mm of diameter 
have been casted (12 of each concrete type) for the uniaxial compressive strength tests 
at different concrete ages.  
 
The number of slabs casted for both the detonation tests and the material 
characterization is of 44 samples, of which: 
 

- 14 slabs have been of Normal-Strength plain Concrete. 
 

- 14 slabs have been of High-Strength plain Concrete. 
 

- 8 slabs have been of Normal-Strength reinforced Concrete. 
 

- 8 slabs have been of High-Strength reinforced Concrete. 
 
The dimensions of the slabs were of 500 x 500 x 80 mm, as described in chapter 2. 
Two plain concrete slabs of each concrete type have been stored for their use in the 
material characterization.  
 
Besides, one of the Normal-Strength plain Concrete slabs that has been tested under 4 
kg of TNT has also been used for the material characterization (figure B.8). This slab 
presented no cracks visible by naked eye after the detonation tests. This slab has been 
used in order to assess the residual stress of the material after having been subjected to 
blast loading. In principle the slab has exhibited no visible damage, but its strength 
could have been decreased because of the blast effect. Therefore characterization tests 
have been conducted in the slab in order to check this hypothesis. 
 
The three slabs (NSC non-tested, HSC non-tested and NSC tested under blast) have 
been sawed using a wet cutting machine, taking five notched beams from the slabs’ 
core (see figure B.9).  
 
Fifteen notched beams have been produced, being their length of 380 mm, their depth 
of 100 mm and their width of 80 mm. These dimensions are determined firstly by the 
dimensions of the slabs and secondly by the recommendations of RILEM (Planas, et 
al, 2007), in which the notch is to be 1/3 of the beam depth. In this case, the notch 
width was 2.50 mm and its depth 32 mm.  
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These notched samples have been carefully measured and weighted in order to obtain 
concrete density, which is given in table B.3. 
 

 
Figure B.8. Plain NSC slab tested under 4 kg TNT, used in the material characterization 

program. 
 

 
Figure B.9. Schematic depiction of the notched beams obtained from the plain concrete slabs. 

 

 
Figure B.10. View of the notched beams obtained from the slabs. 
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Type of concrete Density [kg/m3] 
NSC 2283 
HSC 2432 

Table B.3. Density of concrete slabs 
 
Once the notched beams were tested on three points bending tests for the 
determination of concrete fracture energy, new samples for compressive and indirect 
tensile tests have been obtained from the fractured notched beams. Prismatic samples 
of 150 x 66.5 x 66.5 mm have been produced using the wet cutting machine (see 
figure B.11).  
 

 
Figure B.11. Schematic depiction of the prismatic samples obtained from the fractured notched 

beams. 
 
Care has been taken to eliminate from the new samples the parts of concrete that have 
been in contact with the formwork. For this reason, 20 mm of both sides of the 
concrete notched beams have been cut off, taking rid of the upper and lower faces of 
the original slabs, which are thought to be not homogeneous enough to be 
representative of the material behavior, see figure B.11. 
 
The dimensions of the prismatic samples have been defined in regard with the cross 
section of the indirect tensile tests. On a standard indirect tensile test according to 
UNE-EN 12390-6, the sample is of cylindrical shape of 75 mm of diameter and 150 
mm of length. To obtain cylindrical samples from the hardened slabs would have 
involved the drilling of the slabs, which is a difficult operation. Sawing has been 
preferred, and for this reason the prismatic shape has been chosen. However, the 
length and the cross section from that of standard cylindrical samples have been 
retained on the prismatic specimens. In fact, the side l of a square that equals the area 
of a circular section of diameter φ is l = φ·(π/4)1/2 = 66.7 mm. 
 
On the whole, 24 prismatic samples have been produced (figure B.12), from which: 
 

- 8 have been of NSC non-tested under blast concrete. 
 

- 8 have been of HSC non-tested under blast concrete. 
 

- 8 have been of NSC tested under blast concrete. 
 
From the 24 samples, half of them have been used in the uniaxial compressive tests 
and the other half in the indirect tensile tests. 
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Figure B.12. View of the prismatic samples obtained from the notched beams. 

. 

3. Materials characterization 
 
In this section, the experimental methods and the testing equipment used for the 
materials characterization are given, describing the different experimental tests carried 
out. The results obtained are summarized in the next section. 
 

3.1. Testing equipment 
 
The testing equipment used in each type of test is presented in the following. 
 
3.1.1. Tests carried out before the detonation tests 
 
As already mentioned, cylindrical samples have been casted and tested under uniaxial 
compression at different ages (3, 7, 14, 21 and 28 days) before the detonation tests. 
These compressive tests have been carried out by the Fundación Santa Bárbara at their 
concrete laboratory on a PROETI servo-hydraulic press of 3000 kN of maximum load.  
 

 
Figure B.13. Servo-hydraulic machine used for the uniaxial compressive testing of the 

cylindrical samples. 
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3.1.2. Tests carried out after the detonation tests 
 
Testing machines: 
 
The uniaxial compressive and indirect tensile tests have been carried out on an  
INSTRON 1275 machine, equipped with INSTRON 8500 control electronics. The rest 
of the equipment used (loading plates, hinges, etc.) are the standard from these king of 
tests. For the indirect tensile tests some extra plates have been used, with their 
dimensions in accordance with UNE-EN 12390-6. 
 
For the fracture energy tests, a servo-hydraulic INSTRON 8803 machine has been 
used, equipped with INSTRON 8800D electronics. The rest of the testing rig used has 
been produced at the metal workshop of the Materials Science Department, which is 
extensively described in (Planas, et al, 2007). It is composed of a couple of torsion-
free hinges, friction-less rollers for support of the beam, a metal frame and reference 
plates for the deflection measurement. 
 
Loading cells: 
 
The following loading cells have been used in the characterization tests: 
 

- INSTRON 2513-511 of 1000 kN of maximum load capacity. Its precission 
class is 0.5 (minimum precision ±5 kN). It has been used on the compressive 
and indirect tensile tests. 
 

- INSTRON 2518-101 of 25 kN of maximum load capacity. Its precission class 
is 0.5 (minimum precision ±0.13 kN). It has been used on the three point 
bending tests. 

 
Extensometers: 
 
For the measurement of displacements and strains the following extensometers have 
been used: 
 

- EPSILON Technology Corp. DBL extensometer of 75±1.2 mm with a 
maximum error of 1 μm, for the Young’s modulus measurement during the 
uniaxial compressive tests. 
 

- MTS 632.030-51 CMOD of 12±4 mm for the measurement of the crack 
opening in the fracture energy tests. Its maximum error is of 5 μm. 
 

- Solarton AX/5/S LVDT of 5000±10 μm for the measurement of the vertical 
deflection on the fracture energy tests. 

 
Data acquisition systems: 
 
The acquisition of data has been made on a personal computer with a software 
developed on LabVIEW 6.0. The data acquisition card is from National Instruments. 
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3.2. Characterization tests 
 
The characterization tests are a set of experimental measurements of the mechanical 
properties of the material. Several testing methods have been used to determine the 
uniaxial compressive strength, the elasticity modulus, the indirect tensile strength and 
the fracture energy. 
 
3.2.1. Uniaxial compressive tests 
 
The uniaxial compressive tests have been carried out in two different phases (before 
and after the detonation tests), under two different sample types (cylindrical and 
prismatic, respectively) on different locations and concrete ages, as previously 
described.  
 
The tests that have taken place before the detonation tests have been made according 
to UNE-EN 12390-3, loading the samples under a constant velocity of 0.6 MPa/s. No 
extensometric measurements have been taken during these tests. 
 
The cylindrical samples have been previously faced with a sulfur mortar (figure B.14) 
in order to assure the parallelism of their bases during the tests. 
 

 
Figure B.14. Sulfur mortar on the cylindrical samples. 

 
On the other hand, the uniaxial compressive tests carried out after the detonation 
tests (prismatic samples) have been made following the recommendations of the 
ASTM C39/C39M-12 standard for the uniaxial compressive strength determination 
and of the ASTM C469 standard for the Young’s modulus measurement. 
 
The test procedure has been as following: 
 

1. Placement of the sample centered between the plates. 
 

2. Location of the extensometers on two longitudinal lines of the sample. 
 

3. Loading of the sample monotonically at a velocity of 0.06 mm/min until the 
40% of the estimated maximum load is reached. 
 

4. Unloading of the sample at a velocity of 0.06 mm/min. 
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(Steps 3 and 4 are repeated twice again) 
 

5. Extensometer removal and loading of the sample monotonically at a velocity 
of 0.5 mm/min until its failure is reached. 
 

The tests have been carried out under position control and the load has been measured 
with an INSTRON 2513-511 loading cell. Strains have been determined by using a 75 
mm gage length with the EPSILON BDL extensometer. Figure B.15 shows one of the 
prismatic samples during testing. 
 

 
Figure B.15. Prismatic sample under uniaxial compressive test. 

 
3.2.2. Indirect tensile tests 
 
The indirect tensile tests (Brazilian tests) have been made on the prismatic samples 
following the recommendations of UNE-EN 12390-6.  The specimen is compressed 
along two opposite loading points so that a nearly uniform tensile stress is induced in 
the loading plane. To prevent local failure at the loading points, two thin strips made 
of plywood are placed between the loading plates and the specimen to distribute the 
load. The thickness of the wooden strips was 5 mm, see figure B.16. 
 
The tests have taken place under position control, with a piston displacement velocity 
of 0.5 mm/min until failure of the sample. The load has been measured with an 
INSTRON 2513-511 loading cell.  
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Figure B.16. Prismatic sample under indirect tensile test. 

 
3.2.3. Fracture energy tests 
 
The fracture energy of concrete has been determined on three point bending tests of 
notched beams, following the recommendations given in (Planas, et al, 2007).  
 
The auxiliary equipment used in the tests has been the same that is described in the 
aforementioned reference. In the tests the notched beams have been borne by two 
cylinders that could move freely, to prevent horizontal frictional loads. These rollers 
rested on a longitudinal cylindrical hinge that avoided torsions on the beams. 
 
Over the beam a rigid frame has been set, with the aim of being a reference level for 
the measurement of the deflections of the beam. These deflections have been 
measured with two Solartron AX/5/S LVDT extensometers fixed to the steel frame. 
They measured the deflection of the beam at a steel plate placed on the lower side of 
the beam (figure B.19). 
 
A CMOD extensometer has been placed on the lips of the notch, in order to measure 
its opening (figure B.20).  
 

 
Figure B.17. Testing rig of the three point bending tests for the determination of the fracture 

energy. 
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The applied load has been measured by using an INSTRON 2518-101 loading cell. 
 
The tests have been carried out on a closed loop servo-controlled machine, in order to 
allow for crack opening control of the tests, by using the crack opening signal 
provided by the extensometer. The crack opening velocity has been set to 0.01 
mm/min during the first part of the test.  
 
Once the maximum load has been reached and the beam has descended into the 
softening branch, the test can be speeded up. Following the recommendations given in 
(Planas, et al, 2007), the test has been speeded up to 0.03 mm/min when the acting 
load has dropped to the third part of the maximum load achieved.  
 

 
Figure B.18. View of the steel plates attached to the lower side of the beam: two plates at the 

supports position and two plates at the mid-span of the beam. The latter are used both for 
deflection and crack opening measurement. 

 

 
Figure B.19. View of the deflection measurement with LVDT at the beam mid-span. 
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Figure B.20. View of the crack opening measurement through the CMOD extensometer at the 

beam notch. 
 

4. Results 
 
In this section, the mechanical properties obtained through the experimental 
characterization are summarized. 
 

4.1. Uniaxial compressive tests 
 
From the uniaxial compressive tests carried out for the present materials 
characterization program, the following mechanical properties have been obtained: 
 

- Uniaxial compressive strength on cylindrical samples of 28 days or younger 
concrete. 
 

- Uniaxial compressive strength of concrete on prismatic samples of 249 days 
of age. 
 

- Young’s modulus of concrete on prismatic samples of 249 days of age  
 

The compressive strength is calculated as the maximum load borne by the sample 
divided by its cross section area. 
 
In tables B.4 and B.5 the results obtained on the cylindrical samples are presented for 
both NSC and HSC, respectively. The evolution in time of concrete strength is 
depicted, as well as its mean value and standard deviation. 
 
The uniaxial compressive strength at 28 days of age (date of the detonation tests) on 
cylindrical samples is 48.31 MPa for NSC and 91.07 MPa for HSC. 
 

Age 
[days] 

Sample 1 
fc [MPa] 

Sample 2 
fc [MPa] 

Mean value 
fc [MPa] 

Standard 
deviation 
fc [MPa] 

0 0 0 0 0 
3 30.16 26.28 28.22 2.74 
5 33.25 29.35 31.30 2.75 
7 38.86 30.96 34.91 5.58  

14 37.65 43.95 40.80 4.45 
21 46.54 45.30 45.92 0.87 
28 51.03 48.59 49.81 1.72 

Table B.4. Uniaxial compressive strength results on cylindrical samples, NSC 

150300
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Age 
[days] 

Sample 1 
fc [MPa] 

Sample 2 
fc [MPa] 

Mean value 
fc [MPa] 

Standard 
deviation 
fc [MPa] 

0 0 0 0 0 
3 44.89 46.55 45.72 1.17 
5 64.98 56.76 60.87 5.81 
7 68.65 59.15 63.90 6.72 

14 73.87 75.71 74.79 1.30 
21 88.90 81.20 85.05 5.44 
28 90.33 91.81 91.07 1.05 

Table B.5. Uniaxial compressive strength results on cylindrical samples, HSC 
 
The results of the uniaxial compressive tests on prismatic samples at 249 days of age 
are presented in tables B.6 – B.7. The cross section area, the maximum load borne and 
the compressive strength are given for each sample, together with the mean value and 
the range of standard deviation. A variation coefficient is calculated as the ratio 
between the standard deviation and the mean value, expressed in terms of percentage. 
 
Sample # Age 

[days] 
Cross section 

A [cm2] 
Max. load 
Pmax [kN] 

Comp. strength 
fc [MPa] 

NSC-1 249 44.53 263.00 59.07 
NSC-2 249 44.45 275.00 61.87 
NSC-3 249 44.62 262.00 58.71 
NSC-4 249 44.59 248.00 55.62 

Mean value fc [MPa] (1) 58.82 
Standard deviation fc [MPa] (2) 2.56 

Variation coefficient [%] 100·(2)/(1) 4.35 
Table B.6. Uniaxial compressive strength results on prismatic samples, NSC 

 
Sample # Age 

[days] 
Cross section 

A [cm2] 
Max. load 
Pmax [kN] 

Comp. strength 
fc [MPa] 

HSC-1 249 44.40 360.00 81.09 
HSC-2 249 44.33 330.00 74.44 
HSC-3 249 44.50 327.00 73.48 
HSC-4 249 44.45 311.00 69.97 

Mean value fc [MPa] (1) 74.74 
Standard deviation fc [MPa] (2) 4.64 

Variation coefficient [%] 100·(2)/(1) 6.20 
Table B.7. Uniaxial compressive strength results on prismatic samples, HSC 

 
The compressive strength at 249 days of age is of 58.82 MPa for NSC and 74.74 MPa 
for HSC, with a variation coefficient of 4.35% and 6.20%, respectively. 
 
When compared with the results of the cylindrical samples, the results obtained from 
the prismatic specimens appear to be coherent for NSC. The increase of strength can 
be blamed on the age of concrete. According to (Comité Euro-International du Béton, 
2012) the increase on compressive strength from 28 days to 249 days is in the range of 
14%, which is approximately the increase obtained here. 
 
However, the decrease in the compressive strength of HSC on prismatic samples in 
regard to the one obtained on cylindrical specimens has been unexpected. Most likely 
the difference in compressive strength of HSC between cylindrical and prismatic 
samples is due to the compaction process and curing conditions, which are known to 
affect rather strongly the strengthening process of concrete.  
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In particular, it is worthy to note that the cylindrical samples have been compacted 
manually and cured on a chamber under humidity control. On the contrary, the 
prismatic samples have been obtained from the slabs, in which the vibration process 
and curing conditions have not been so careful. 
 
The reason for the drop in strength taking place in HSC and not in NSC might be due 
to a higher sensitivity to the production process in the former. Being produced with a 
lower water / cement ratio, the HSC is more prone to be affected by the curing 
conditions.  
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Figure B.21. Plot of the compressive strength results for the different concrete samples of NSC. 

Mean value and standard deviation are also presented. 
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Figure B.22. Plot of the compressive strength results for the different concrete samples of HSC. 

Mean value and standard deviation are also presented. 
 
The value of the Young’s modulus is calculated in the cycles of loading – unloading 
of the specimen. The stress – strain curve is obtained, being the elasticity modulus the 
slope of the curve between the points of 40% of maximum load and a strain of 
0.005%. 
 
The results of Young’s modulus on concrete of 249 days of age are presented in the 
tables B.8 – B.9. for NSC and HSC, respectively. The mean values are 30085 MPa for 
NSC and 37175 MPa for HSC. 
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Sample # Age 

[days] 
Elastic 

modulus 
Ec [MPa] 

NSC-1 249 29810 
NSC-2 249 31530 
NSC-3 249 29980 
NSC-4 249 29020 
Mean value Ec [MPa] (1) 30085 

Standard deviation Ec [MPa] (2) 1050 
Variation coefficient [%] 100·(2)/(1) 3.49 

Table B.8. Elastic modulus results on prismatic samples, NSC 
 

Sample # Age 
[days] 

Elastic 
modulus 
Ec [MPa] 

HSC-1 249 38420 
HSC-2 249 36650 
HSC-3 249 37000 
HSC-4 249 36630 
Mean value Ec [MPa] (1) 37175 

Standard deviation Ec [MPa] (2) 847 
Variation coefficient [%] 100·(2)/(1) 2.28 

Table B.9. Elastic modulus results on prismatic samples, HSC 
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Figure B.23. Plot of the elastic modulus results for the different concrete samples of NSC. 

Mean value and standard deviation are also presented. 
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Figure B.24. Plot of the elastic modulus results for the different concrete samples of HSC. 

Mean value and standard deviation are also presented. 
 
As it has been mentioned before, concrete specimens have also been taken from a slab 
tested under blast. These concrete samples have been named NSCX. The results of 
compressive strength and elastic modulus of these specimens are presented in tables 
B.10 and B.11. 
 
Sample # Age 

[days] 
Cross section 

A [cm2] 
Max. load 
Pmax [kN] 

Comp. strength 
fc [MPa] 

NSCX-1 249 44.54 265.00 59.49 
NSCX-2 249 44.46 250.00 56.23 
NSCX-3 249 44.33 265.00 59.78 
NSCX-4 249 44.38 286.00 64.44 

Mean value fc [MPa] (1) 59.99 
Standard deviation fc [MPa] (2) 3.38 

Variation coefficient [%] 100·(2)/(1) 5.63 
Table B.10. Uniaxial compressive strength results on prismatic samples, NSCX 
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Figure B.25. Plot of the compressive strength results for the different concrete samples of 

NSCX. Mean value and standard deviation are also presented. 
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Figure B.26. Plot of the compressive strength results for the different concrete samples of NSC 

and NSCX. Mean value and standard deviation are also presented. 
 

Sample # Age 
[days] 

Elastic 
modulus 
Ec [MPa] 

NSCX-1 249 27920 
NSCX-2 249 27820 
NSCX-3 249 30000 
NSCX-4 249 30160 

Mean value Ec [MPa] (1) 28975 
Standard deviation Ec [MPa] (2) 1278 

Variation coefficient [%] 100·(2)/(1) 4.41 
Table B.11. Elastic modulus  results on prismatic samples, NSCX 
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Figure B.27. Plot of the elastic modulus results for the different concrete samples of NSCX. 

Mean value and standard deviation are also presented. 
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Figure B.28. Plot of the elastic modulus results for the different concrete samples of NSC and 

NSCX. Mean value and standard deviation are also presented. 
 
As it can be seen on figures B.26 and B.28, the differences in compressive strength 
and elastic modulus between NSC and NSCX are smaller than the range of their 
experimental scatter (depicted by their standard deviation). For this reason, it can be 
concluded that there is high homogeneity between NSC and NSCX. The existence of 
this homogeneity shows that NSCX was in fact undamaged, in spite of being taken 
from a slab that had been subjected to blast loading. In conclusion, NSC and NSCX 
samples can be considered as representative of the same concrete. 
 
Taking into account the abovementioned results, it was decided to use the results from 
both NSC and NSCX in order to obtain the mean mechanical properties of the 
Normal-Strength Concrete, see tables B.12 and B.13. 
 
Sample # Age 

[days] 
Cross section 

A [cm2] 
Max. load 
Pmax [kN] 

Comp. strength 
fc [MPa] 

NSC-1 249 44.53 263.00 59.07 
NSC-2 249 44.45 275.00 61.87 
NSC-3 249 44.62 262.00 58.71 
NSC-4 249 44.59 248.00 55.62 

NSCX-1 249 44.54 265.00 59.49 
NSCX-2 249 44.46 250.00 56.23 
NSCX-3 249 44.33 265.00 59.78 
NSCX-4 249 44.38 286.00 64.44 

Mean value fc [MPa] (1) 59.40 
Standard deviation fc [MPa] (2) 2.84 

Variation coefficient [%] 100·(2)/(1) 4.79 
Table B.12. Uniaxial compressive strength results on prismatic samples, NSC+NSCX. 

 
 
 
 
 
 
 
 
 
 
 

150
66 66



Appendix B. Material characterization 
 

 

167 

Sample # Age 
[days] 

Elastic 
modulus 
Ec [MPa] 

NSC-1 249 29810 
NSC-2 249 31530 
NSC-3 249 29980 
NSC-4 249 29020 

NSCX-1 249 27920 
NSCX-2 249 27820 
NSCX-3 249 30000 
NSCX-4 249 30160 

Mean value Ec [MPa] (1) 29530 
Standard deviation Ec [MPa] (2) 1234 

Variation coefficient [%] 100·(2)/(1) 4.18 
Table B.13. Elastic modulus  results on prismatic samples, NSC+NSCX. 

 
The following figures the stress – strain curves of both concrete types are shown, as 
well as the failure pattern of some of the prismatic samples used in the 
characterization program. 
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Figure B.29. Stress-strain relationships of NSC and NSCX samples 
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Figure B.30. Stress-strain relationships of HSC samples 
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Figure B.31. Prismatic NSC sample. 

 

 
Figure B.32. Prismatic NSC sample. 

 

 
Figure B.33. Prismatic NSCX sample. 

 
 
 

 
 
 
 
 
 
 
 

Figure B.34. Prismatic HSC sample 
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4.2. Indirect tensile tests 
 
The tensile strength of concrete has been obtained through indirect tensile tests, also 
known as Brazilian tests.  
 
When the load-bearing strips are narrow enough to consider the load to be 
concentrated, the theory of elasticity if the material behavior is brittle-elastic predicts 
that the splitting tensile strength and the actual tensile strength would be coincident. 
Moreover, the Model Code 2010 (Comité Euro-International du Béton, 2012) suggests 
that the actual tensile strength should be considered coincident with the splitting 
tensile strength.  
 
This is the approach followed in this characterization program, where the load-bearing 
strips are of 5 mm width. From the theory of elasticity, the splitting tensile strength for 
a prismatic sample can be calculated as: 
 

ctst f
lL

P
f ≈

⋅⋅
⋅=

π
max2

 (B.1) 

 
Where Pmax is the maximum load recorded in the test, L is the longitudinal dimension 
of the specimen and l is the sample depth. 
 
In tables B.14. – B.16. the dimensions and maximum load of concrete specimens 
(NSC, HSC and NSCX) of 256 days of age are given, together with their tensile 
strengths.   
 
Sample 

# 
Age 

[days] 
Sample 
length 

L [mm] 

Sample 
side 

l [mm] 

Max. 
load 

Pmax [kN] 

Tensile 
strength 
fct [MPa] 

NSC-1 256 150.06 66.73 73.10 4.65 
NSC-2 256 150.06 66.81 63.09 4.01 
NSC-3 256 149.99 66.68 73.51 4.68 
NSC-4 256 150.11 66.64 66.30 4.22 

Mean value fct [MPa] (1) 4.39 
Standard deviation fct [MPa] (2) 0.33 

Variation coefficient [%] 100·(2)/(1) 6.88 
Table B.14. Tensile strength results on prismatic samples, NSC 
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Figure B.35. Plot of the tensile strength results for the different concrete samples of NSC. 

Mean value and standard deviation are also presented. 
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Sample 

# 
Age 

[days] 
Sample 
length 

L [mm] 

Sample 
side 

l [mm] 

Max. 
load 

Pmax [kN] 

Tensile 
strength 
fct [MPa] 

HSC-1 256 150.07 66.60 65.00 4.14 
HSC-2 256 150.15 66.55 74.50 4.75 
HSC-3 256 149.82 66.65 88.52 5.64 
HSC-4 256 149.92 66.46 90.83 5.80 

Mean value fct [MPa] (1) 5.08 
Standard deviation fct [MPa] (2) 0.78 

Variation coefficient [%] 100·(2)/(1) 15.35 
Table B.15. Tensile strength results on prismatic samples, HSC 
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Figure B.36. Plot of the tensile strength results for the different concrete samples of HSC. 

Mean value and standard deviation are also presented. 
 
Sample 

# 
Age 

[days] 
Sample 
length 

L [mm] 

Sample 
side 

l [mm] 

Max. 
load 

Pmax [kN] 

Tensile 
strength 
fct [MPa] 

NSCX-1 256 150.08 66.58 68.12 4.34 
NSCX-2 256 150.15 66.70 77.14 4.90 
NSCX-3 256 150.08 66.65 58.25 3.71 
NSCX-4 256 150.16 66.75 75.54 4.80 

Mean value fct [MPa] (1) 4.44 
Standard deviation fct [MPa] (2) 0.54 

Variation coefficient [%] 100·(2)/(1) 12.16 
Table B.16. Splitting tensile strength results on prismatic samples, NSCX 
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Figure B.37. Plot of the tensile strength results for the different concrete samples of NSCX. 

Mean value and standard deviation are also presented. 
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The variation coefficients for HSC and NSCX are 15.35% and 12.16%, respectively, 
which are undesirably high. The variation coefficient could be reduced taking away 
from the statistical sample the specimens in which the tensile strength is either the 
lowest or the higher. However, by doing so there would only be two specimens left, 
which do not suffice for statistic sample. 
 
As it has been seen on the compressive strength and elastic modulus determination, 
the differences in between NSC and NSCX are smaller than the range of their 
experimental scatter. For this reason, the NSC and NSCX samples will be considered 
to be from the same concrete, and the extreme values from tensile strength are 
discarded, see table B.17. 
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Figure B.38. Plot of the tensile strength results for the different concrete samples of 

NSC+NSCX. Mean value and standard deviation are also presented. 
 
 
 
Sample 

# 
Age 

[days] 
Sample 
length 

L [mm] 

Sample 
side 

l [mm] 

Max. 
load 

Pmax [kN] 

Tensile 
strength 
fct [MPa] 

NSC-1 256 150.06 66.73 73.10 4.65 
NSC-2 256 150.06 66.81 63.09 4.01 
NSC-3 256 149.99 66.68 73.51 4.68 
NSC-4 256 150.11 66.64 66.30 4.22 

NSCX-1 256 150.08 66.58 68.12 4.34 
NSCX-4 256 150.16 66.75 75.54 4.80 

Mean value fct [MPa] (1) 4.45 
Standard deviation fct [MPa] (2) 0.30 

Variation coefficient [%] 100·(2)/(1) 6.91 
Table B.17. Tensile strength results on prismatic samples (w/o extreme values), NSC+NSCX 
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Figure B.39. Tested NSC samples 

 
 

 
 

 
 
 
 
 
 

Figure B.35 Tested NSC samples 
 

 
 

Figure B.40. Tested NSCX and NSC samples 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure B.41. Tested HSC sample 
 

4.3. Fracture energy tests 
 
The measurement of the fracture energy from a three point bending test requires an 
inverse analysis, as described in (Planas, et al, 2007) . 
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The procedure to follow in order to obtain the fracture energy from three point 
bending tests of notched beams is determining the load-deflection plot. The fracture 
energy (GF) of the material from which the beam is composed is obtained by dividing 
the area enclosed under the load-deflection plot by the cross section fractured area. 
 
Usually some pre-processing of the data obtained from the test is needed before the 
fracture energy can be calculated. This pre-processing affects to the first and the last 
parts of the plot. On the first part, the loss of some energy in the crushing of the 
supports must be accounted for, and the non-linearities from the beginning of the plot 
must be linearized. On the last part of the plot, some analyses are to be made in order 
to estimate the energy lost once the extensometer has been removed from the beam to 
avoid it to be damaged due to subtle failure of the beam. 
 
In tables B.18 – B.20 the results of the fracture energy are given for the NSC, HSC 
and NSCX samples. It is worthy to note that only three tests are available for NSC, 
due to errors in the laboratory testing of the samples NSC-1 and NSC-2.  
 
Sample 

# 
Age 

[days] 
Fracture 

width 
[mm] 

Fracture 
depth 
[mm] 

Fracture 
area 

[mm2] 

Fracture 
energy 

GF [N/m] 
NSC-3 124 83.84 66.83 5603 178.01 
NSC-4 124 83.50 67.34 5622 238.21 
NSC-5 124 89.41 67.48 6033 230.38 

Mean value GF [N/m] (1) 215.54 
Standard deviation GF [N/m] (2) 32.73 

Variation coefficient [%] 100·(2)/(1) 15.18 
Table B.18. Fracture energy results on prismatic samples, NSC 

 
Sample 

# 
Age 

[days] 
Fracture 

width 
[mm] 

Fracture 
depth 
[mm] 

Fracture 
area 

[mm2] 

Fracture 
energy 

GF [N/m] 
HSC-1 124 92.17 67.68 6237 240.00 
HSC-2 124 92.73 67.15 6227 184.87 
HSC-3 124 92.33 67.64 6245 229.97 
HSC-4 124 91.66 67.11 6150 162.84 
HSC-5 124 92.47 66.85 6182 211.17 

Mean value GF [N/m] (1) 205.77 
Standard deviation GF [N/m] (2) 31.88 

Variation coefficient [%] 100·(2)/(1) 15.49 
Table B.19. Fracture energy results on prismatic samples, HSC 

 
Sample 

# 
Age 

[days] 
Fracture 

width 
[mm] 

Fracture 
depth 
[mm] 

Fracture 
area 

[mm2] 

Fracture 
energy 

GF [N/m] 
NSCX-1 124 78.93 66.84 5275 220.82 
NSCX-2 124 79.64 66.70 5311 262.81 
NSCX-3 124 82.67 66.79 5521 232.03 
NSCX-4 124 83.16 66.77 5552 216.74 
NSCX-5 124 84.90 66.83 5673 207.41 

Mean value GF [N/m] (1) 227.96 
Standard deviation GF [N/m] (2) 21.39 

Variation coefficient [%] 100·(2)/(1) 9.38 
Table B.20. Fracture energy results on prismatic samples, NSCX 
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As it can be seen, the variation coefficients if all the samples are taken into account 
vary between 9.38% (NSCX) and 15.49% (HSC). These coefficients are thought to be 
too high.  
 
For the measurement of the fracture energy, the results of NSC and NSCX are joined 
again, and the lowest and highest values of the fracture energy are discarded. A similar 
approach is made with the HSC, in which the extreme values have been discarded, see 
table B.22. 
 
Sample 

# 
Age 

[days] 
Fracture 

width 
[mm] 

Fracture 
depth 
[mm] 

Fracture 
area 

[mm2] 

Fracture 
energy 

GF [N/m] 
NSC-4 124 83.50 67.34 5622 238.21 
NSC-5 124 89.41 67.48 6033 230.38 

NSCX-1 124 78.93 66.84 5275 220.82 
NSCX-3 124 82.67 66.79 5521 232.03 
NSCX-4 124 83.16 66.77 5552 216.74 
NSCX-5 124 84.90 66.83 5673 207.41 

Mean value GF [N/m] (1) 224.26 
Standard deviation GF [N/m] (2) 11.36 

Variation coefficient [%] 100·(2)/(1) 5.06 
Table B.21. Fracture energy results on prismatic samples (w/o extreme values), NSC+NSCX 

 
Sample 

# 
Age 

[days] 
Fracture 

width 
[mm] 

Fracture 
depth 
[mm] 

Fracture 
area 

[mm2] 

Fracture 
energy 

GF [N/m] 
HSC-2 124 92.73 67.15 6227 184.87 
HSC-3 124 92.33 67.64 6245 229.97 
HSC-5 124 92.47 66.85 6182 211.17 

Mean value GF [N/m] (1) 208.67 
Standard deviation GF [N/m] (2) 22.65 

Variation coefficient [%] 100·(2)/(1) 10.85 
Table B.22. Fracture energy results on prismatic samples (w/o extreme values), HSC 

 
According to these results, the fracture energy of the NSC and NSCX samples is of 
224 N/m and of HSC of 208 N/m. 
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Figure B.42. Plot of the fracture energy results for the concrete samples of NSC and NSCX, 
taking rid of the extreme values. Mean value and standard deviation are also presented. 
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Figure B.43. Plot of the fracture energy results for the concrete samples of HSC, taking rid of 

the extreme values. Mean value and standard deviation are also presented. 
 

     
Figure B.44. Notched beam after the test and progression of crack during the test. 

 

 
Figure B.45. Fracture surface of beam NSC. 
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Figure B.46. Fracture surface of beam HSC. 
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Figure B.47. Plot of the load – deflection curves for NSC, NSCX and HSC samples. 
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APPENDIX C. Study of the effect of misplacements in the 
supporting system 

Scatter in the experimentally observed failure patterns has been detected in the slabs 
subjected to blast loading presented in this thesis, as described in chapter 2. This 
scatter is partly attributed to the misplacement of one or more of the supports of the 
slabs. In this appendix numerical analyses are conducted to give a rough idea about 
the influence of such misplacement in the failure pattern of the normal-strength 
concrete slab. 
 
Simulation of the NSC reinforced slab, with all four supports correctly placed: 
 
The results of the simulation of the NSC slab presented in section 5.3.2 of chapter 5 
are printed in figure C.1. The exponential softening curve has been used, and the four 
supports of the slab are equally placed. As previously discussed, the shear failure 
dominates, although traces of a bending failure mode can also be seen. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

(a)       (b) 
Figure C.1. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 
for the NSC slab, for times (a) 1.5 ms and (b) 4.5 ms, using the exponential softening curve. 

 
Simulation of the NSC reinforced slab, with one misplaced support: 
 
In figure C.2 the results of the simulation of the NSC slab with one support displaced 
2 mm backwards are presented. Shear cracks concentrate in three of the corners of the 
slab. The experimental results 6-C and 9-B seem to follow this trend, see figure C.3.  
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(a)       (b) 
Figure C.2. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 
for the NSC slab, for times (a) 1.5 ms and (b) 4.5 ms, using the exponential softening curve, 

with one misplaced support. 
 

6-C

       

9-B

 
Figure C.3. Experimental results 6-C and 9-B. 

 
Simulation of the NSC reinforced slab, with two misplaced supports: 
 
In figure C.4 the results of the simulation of the NSC slab with two supports displaced 
2 mm backwards in relation with their correct position are presented. Shear cracks are 
more visible around the two misplaced supports. The experimental results 7-A, 7-C 
and 8-A seem to follow this trend, see figure C.5.  

 
 
 

 
 
 
 
 
 
 
 
 
 

        
(a)       (b) 

Figure C.4. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 
for the NSC slab, for times (a) 1.5 ms and (b) 4.5 ms, using the exponential softening curve, 

with two misplaced supports. 
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7-A

     

7-C

 
 

8-A

 
Figure C.5. Experimental results 7-A, 7-C and 8-A. 

 
Simulation of the NSC reinforced slab, with three misplaced supports: 
 
In figure C.6 the results of the simulation of the NSC slab with three supports 
displaced 2 mm backwards in relation with their correct position are presented. The 
prevailing shear cracks are present in two diagonally opposite supports. The 
experimental result 6-A seems to follow this trend, see figure C.7. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a)       (b) 
Figure C.6. Crack visibility in the range (0, 10), corresponding to crack widths up to 1.5 mm 
for the NSC slab, for times (a) 1.5 ms and (b) 4.5 ms, using the exponential softening curve, 

with three misplaced supports. 
 



Experimental and numerical analysis of reinforced concrete elements subjected to blast loading  
 
 

180 

6-A

 
Figure C.7. Experimental result 6-A. 

 
Concluding remarks: 
 
From the presented simulations, it can be concluded that the misplacement of the 
supports could affect the failure pattern of the slabs, thus causing experimental scatter 
in the results.  
 
It is noteworthy that these simulations have been carried out on reinforced concrete 
slabs, in which the presence of the reinforcement bars acts as an internal forces 
redistributor. On the other hand, the misplacements of supports on plain concrete slabs 
together with the absence of reinforcement may give place to a higher scatter in the 
failure patterns, which has been in fact experimentally observed. 
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APPENDIX D. FORTRAN code of the subroutine 

!  LSDYNA.f90 VERSION GMA 5 ABRIL 2011, fallo por sig(i=1)=cm(5) 
!  Parte de gma5dicCambioPendFUNCIONA .f 
! 
!  FUNCTIONS: 
! LSDYNA      - Subrutina de material para el LS-DYNA. 
! 
! Primer ejemplo, con un material elástico y lineal. 
! 
 
 
!**************************************************************************** 
! 
!  PROGRAM: LSDYNA Umat 
! 
!  PURPOSE:  Subrutina de material para el LS-DYNA. 
! 
!**************************************************************************** 
 
      subroutine umat50 (cm,eps,sig,epsp,hsv, 
     & dt1,capa,etype,tt,temper,failel,crv, 
     % iel) 
!,ixs,x,k,j) 
!      implicit none 
! 
! 
! Constantes de material en el array 'cm' 
! cm(1)= Módulo de compresibilidad (no se toca, porque lo necesita LS-DYNA) 
! cm(2)= Módulo de cortante (no se toca, porque lo necesita LS-DYNA) 
! cm(3)= Tipo de curva de ablandamiento: 1.- Exponencial; 2.- Bilineal; 3.- Lineal  
! cm(4)= Libre, sin utilizar 
! cm(5)= Tensión Principal de Fallo 
! cm(6)= Energía de fractura 
! cm(8)= Abertura acdimensionalizada a partir de la cual la normal se bloquea 
! cm(9)= Ángulo máximo (rad) a partir del que recalcula un nuevo b+  
! cm(10)=Abertura crítica adimensionalizada a partir de la cual se elimina el elemento 
! cm(11)=Efecto de la velocidad de deformación ON/OFF 
!         0-> No hay influencia de la velocidad de deformación 
!         1-> Efecto de la velocidad de deformación según el Código Modelo 
!         2-> Efecto de la velocidad de deformación según Crawford y Malvar 
! cm(12)=Unidades de tiempo (son necesarias para definir la influencia de la velocidad 
!        de deformación a tramos) 
!                        1 si se usan milisegundos 
!                     1000 si se usan segundos 
!                    0.001 si se usan microsegundos 
! cm(13)= 
! 
!   ->    Si se trata del Código Modelo (cm(11)=1), aquí se introduce la resistencia a compresión EN 
MEGAPASCALES, ojo 
!         Da igual las unidades que utilicemos: es una formula empirica y tenemos que usar la resistencia a compresión 
!         en megapascales. 
! 
!   ->    Si se trata del modelo de Malvar y Crawford es la resistencia a compresión adimensionalizada, o sea, 
!         es la resistencia a compresión, dividida entre 10 MPa. Es, por tanto, un parámetro adimensional que 
!         tiene en cuenta la resistencia del hormigón. Hormigones de diferentes prestaciones, tienen diferentes 
!         sensibilidades a la velocidad de deformación. 
! 
! cm(14)=longitud de elemento según X 
! cm(15)=longitud de elemento según Y 
! cm(16)=longitud de elemento según Z 
!         
! cm(17)=Activación/Desactivación del factor de intensificación dinámica según el artículo de Schuler, Mayrhofer y 
Thoma 
! "Spall experiments for the measurement of the tensile strength and fracture energy of concrete at high strain rates"  
! Int. J. Impact Eng. (2006)  
! OJO: SOLO PARA UNIDADES DE m/s O DE mm/ms. SI HUBIESE OTRAS UNIDADES, HABRÍA QUE 
CORREGIR LA SUBRUTINA "get_difg"     
! 
!         0-> Desactivado 
!         1-> Activado (sgún el artículo anterior) 
! 
! cm(18) "Crack visibility": es el tamaño de grieta visible. Hay que meterlo en unidades de longitud 
! , las mismas del modelo. El ojo humano puede detectar fisuras entre 0,1 y 0,2mm. Si la grieta es su 
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! pera el umbral que se introduce en esta variable (cm(18)) la grieta se hace visible, y la variable 
! hsv(24) toma el valor 1, y así es visible en el postproceso. La variable sigue tomando valores 2, 3...etc,  
! tantas veces como supere el valor hsv(24). Es decir, si la abertura de fisura vale 3*cm(18), la variable 
! hsv(24) toma el valor 3. 
! 
! Vector de incremento de incremento de deformaciones 'eps' 
! 
!         eps(1)= incremento local de deformación según X 
!         eps(2)= incremento local de deformación según Y 
!         eps(3)= incremento local de deformación según Z 
!         eps(4)= incremento local de deformación de cortante según XY 
!         eps(5)= incremento local de deformación de cortante según YZ 
!         eps(6)= incremento local de deformación de cortante según XZ 
! 
! 
! Vector de tensiones 'sig'. LS-DYNA las pasa convergidas del paso anterior, y hay que actualizarlas 
! 
!         sig(1)= tensión según X 
!         sig(2)= tensión según Y 
!         sig(3)= tensión según Z 
!         sig(4)= tensión de cortante según XY 
!         sig(5)= tensión de cortante según YZ 
!         sig(6)= tensión de cortante según XZ 
! 
! 
! Vector de variables de estado 'hsv' 
! 
!         hsv(1)= variable de estado primera 
!         hsv(2)= variable de estado segunda 
!         hsv(3)= variable de estado tercera...etc 
! 
! Variables de tiempo 
! 
!         dt1= paso de tiempo actual 
!         tt= tiempo total actual 
! 
! 
! Variable de fallo del elemento 
! 
!         fail= es una variable lógica, vale .true. si el elemento ha roto 
! 
! 
!ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
!ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
! 
!  Declaración de commons 
! 
!      include 'nlqparm' 
!      include 'iounits.inc' 
!      common/bk06/idmmy,iaddp,ifil,maxsiz,ncycle,time(2,30) 
!      dimension cm(*),eps(*),sig(*),hsv(*),crv(lq1,2,*) 
!ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
!ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
! Declaración de las variables de la subrutina 
! 
      include 'iounits.inc' 
      character*5 etype 
!      real hsv,eps,sig,cm,x 
!      integer ixs 
      dimension cm(*),eps(*),crv(101,2,*),sig(*),hsv(*) 
!      dimension ixs(k,*),x(3,*) 
      logical failel 
      integer igus, contador 
      integer crackinit,prodflag,firstcrack 
 
!     Variables de caracter 
!      character*(*) etype 
! 
!     Variables lógicas 
!      logical failel 
! 
!     Variables reales 
!      real cm(10),eps(6),sig(6),hsv(31) !,crv(101,2,*) 
! metes la definición de hsv para ver si así lo actualiza 
!      real hsv 
!!!!!!!!!!!!!!!!!!!!!1 
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      real Ka,G,E,nu,Lambd,delta,wc 
      real Principalsig(3),PRINDIR(3,3) 
      real amatrix(3,3),omega(3),zeta(3,3),fv1(3),fv2(3) 
      real dif, difg, wprev(3),wmodinst 
      integer ierr 
      integer j 
 
      real sigTRI(6),trE 
      real trE2,teps(6),teps2(6) 
      real nor(3),norman,nor2(3),wprov(3),wmodprov,acu,tinit 
 
!      real*8 ta(3),tmod,wmod,dtmod,wTRI(3),R(3,3) 
 
! Subrutinas Javi 
 
      REAL*8 Matrix(3,3),lambda(3),vec1(3),vec2(3),vec3(3) 
      REAL*8 I1,I2,I3 
      real*8 a,d 
      real*8 p,q,dd,phi,temp1,y1,y2,y3,temp2,u,v,y2r,y2i 
      REAL*8 Matrix2(3,3) 
      REAL*8 dnorm,det(3),detmax 
      real*8 b,c,ex(3),n,t,m,pi 
      INTEGER ii,jj,ndif,nroot,i,ni,l 
 
      REAL*8 CC2(3,3) 
      real*8 trac2 
! Modificacion david 
      real*8 normaDAV 
! Para la identificación de los elementos y nodos 
      real iprov,proyect 
 
! Definicion de variables para la subrutina gradn 
      real x,y,z,aa,bb,cc 
      real pN(8,3),pNg(8,3) 
      real gradN1(3),gradN2(3),gradN3(3) 
      real gradN4(3),gradN5(3),gradN6(3),gradN7(3),gradN8(3) 
      real Bmat(9,3) 
      real Jac(3,3),detJ,adJt(3,3),Gmat(3,3) 
      real x1,x2,x3,x4 
      real ygriega1,ygriega2,ygriega3,ygriega4 
      real z1,z2,z3,z4 
      real x5,x6,x7,x8 
      real y5,y6,y7,y8 
      real z5,z6,z7,z8 
 
      real wact(3),oldn(3),prodcompar,wmodold 
      integer state, instate,state2,coordeinit 
 
! Definicion de variables para la subrutina bxn 
!      real n(3),norman 
      real cns(27,4),maxprod,prodtest 
      real bplus(3),sn(4),bplusn(3) !Bmat(9,3), 
      real norm,bpnxn,node,bplusmax(3),normDAV 
!! 
 
      integer sn1,sn2,sn3,sn4 
 
      real compar,tmodold,tmod,wmod,dtmod,productns 
      real normincw,area(3),vg(3),EnsMat(3,3),invEnsMat(3,3) 
      real w(3),incw(3),SMat(3,3),ta(3),wTRI(3),R(3,3),txn,taTRI(3) 
      real detJmat,adJmatt(3,3),invSMat(3,3),wxn,txnNEW 
      real Pfis(3),Pelas(3),incL, stnrate, stnrateold 
      real bws(6),trEcon,tepscon(6),tacon(3),tag(3) 
 
      real invR(3,3) 
 
!C variables del bplus+ 
 
      real coorden(8,3) 
 
!C Variables para la descarga 
 
      real nbplus,bplusnorm(3) 
 
c     Mandatory variables defined by LS-DYNA ========================== 
!      dimension cm(*) 
!      dimension d1(*),d2(*),d3(*),d4(*),d5(*),d6(*) 
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!      dimension sig1(*),sig2(*),sig3(*),sig4(*),sig5(*),sig6(*) 
!      dimension epsps(*),dt1siz(*),hsvs(nlq,*) 
!      dimension temps(*),crv(lq1,2,*) 
!      character*5 etype 
!      integer i,lft,llt 
!      integer ix1(*),ix2(*),ix3(*),ix4(*) 
      real capa,tt 
!      real*8 x(3,*) 
!      logical failels(*) 
c     ================================================================= 
 
! Definicion de las variables que faltan para que no se queje 
      real epsp(6),temper,dt1,crv 
      real xx(3,2),yy(3,2),zz(3,2) 
 
! VARIABLE INITIALIZATION    
      if (tt.lt.1.e-20)then  
         do i=1,50 
             hsv(i)=0.e0  
         enddo 
         teps(1)=0.e0         
         teps(2)=0.e0 
         teps(3)=0.e0 
         teps(4)=0.e0 
         teps(5)=0.e0 
         teps(6)=0.e0 
         teps2(1)=0.e0         
         teps2(2)=0.e0 
         teps2(3)=0.e0 
         teps2(4)=0.e0 
         teps2(5)=0.e0 
         teps2(6)=0.e0 
         oldn(1)=0.0 
         oldn(2)=0.0 
         oldn(3)=0.0 
         state2=0.0 
         crackinit=0 
         wact(1)=0.0 
         wact(2)=0.0 
         wact(3)=0.0 
         wmodold=0.0 
         bplus(1)=0.0 
         bplus(2)=0.0 
         bplus(3)=0.0 
         state=0 
         coordeinit=0 
         firstcrack=0 
         stnrateold=0.0 
         acu=0.0 
         tinit=-10.0 
       else 
         firstcrack=hsv(20) 
         coordeinit=hsv(26) 
         oldn(1)=hsv(14) 
         oldn(2)=hsv(15) 
         oldn(3)=hsv(16) 
         state=hsv(1) 
         state2=hsv(17) 
         wact(1)=hsv(2) 
         wact(2)=hsv(3) 
         wact(3)=hsv(4) 
         teps(1)=hsv(5)+eps(1) 
         teps(2)=hsv(6)+eps(2) 
         teps(3)=hsv(7)+eps(3) 
         teps(4)=hsv(8)+eps(4) 
         teps(5)=hsv(9)+eps(5) 
         teps(6)=hsv(10)+eps(6) 
         bplus(1)=hsv(11) 
         bplus(2)=hsv(12) 
         bplus(3)=hsv(13) 
         wmodold=hsv(18) 
         crackinit=hsv(19) 
         stnrateold=hsv(21) 
         difg=hsv(22) 
         acu=hsv(25) 
         tinit=hsv(51) 
      endif 
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      lambda(1)=0.e0 
      lambda(2)=0.e0 
      lambda(3)=0.e0 
      vec1(1)=0.e0 
      vec1(2)=0.e0 
      vec1(3)=0.e0 
      vec2(1)=0.e0 
      vec2(2)=0.e0 
      vec2(3)=0.e0 
      vec3(1)=0.e0 
      vec3(2)=0.e0 
      vec3(3)=0.e0 
      prodflag=0 
! Obtencion numero de elemento para escritura mensajes auxiliares 
      igus=nelmntid(iel,0) 
!      if((tt.lt.1.e-20).and.(igus.eq.6))then 
!         OPEN(UNIT=22,STATUS='NEW',FORM='FORMATTED', 
!     &   FILE='rabos.dat') 
!      endif 
 
!cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
!cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
! Obtención de los parámetros elásticos 
      Ka=cm(1)/cm(5)  
      G=cm(2)/cm(5)  
      Lambd=Ka-2.0e0*G/3.0e0  
      wc=2.0*cm(6)/cm(5) 
!cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
!cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
! Obtención de la traza de las deformaciones 
      trE=0.0e0 
      do i=1,3 
         trE=trE+teps(i) 
      enddo 
!cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
!cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
! Obtención del incremento de tensión, y actualización de la ya existente 
!   Primero, tensiones normales      
      do i=1,3 
          sigTRI(i)=2.0e0*G*teps(i)+Lambd*trE 
      enddo 
!   Después, tensiones de cortante      
      do i=4,6 
          sigTRI(i)=1.0e0*G*teps(i) 
      enddo 
!cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
!cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
! Probamos criterio de fallo basado en tensión principal máxima 
! Call subroutine for calculation of eigenvectors of the stress tensor, which correspond with the vector normal to the 
crack 
! Renombramos las variables para pasarlas a la subrutina de autovalores 
      Matrix(1,1)=sigTRI(1) 
      Matrix(2,2)=sigTRI(2) 
      Matrix(3,3)=sigTRI(3) 
      Matrix(1,2)=sigTRI(4) 
      Matrix(2,1)=sigTRI(4) 
      Matrix(2,3)=sigTRI(5) 
      Matrix(3,2)=sigTRI(5) 
      Matrix(1,3)=sigTRI(6) 
      Matrix(3,1)=sigTRI(6) 
!   Obtenemos la normDAV que no es mas que el maximo valor absoluto del tensor de tension 
      normDAV=0.0d0 
      do i=1,6 
          if(abs(sigTRI(i)).gt.normDAV) then 
              normDAV=abs(sigTRI(i)) 
          endif 
      enddo 
!   Dividimos toda la matriz "MATRIX" entre la norma 
      do i=1,3 
          do j=1,3 
              Matrix(i,j)=Matrix(i,j)/normDAV 
          enddo 
      enddo 
!   Llamamos a la subrutina de autovalores y autovectores 
      CALL DECOMP(Matrix,lambda,vec1,vec2,vec3) 
!   Deshacemos la normalización volviendo a multiplicar por normDAV 
      do i=1,3 
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          do j=1,3 
              Matrix(i,j)=Matrix(i,j)*normDAV 
          enddo 
          lambda(i)=lambda(i)*normDAV 
      enddo 
       
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
      Principalsig(1)=lambda(1)  
      Principalsig(2)=lambda(2)  
      Principalsig(3)=lambda(3)  
      Prindir(1,1)=vec1(1) 
      Prindir(1,2)=vec1(2) 
      Prindir(1,3)=vec1(3) 
      Prindir(2,1)=vec2(1) 
      Prindir(2,2)=vec2(2) 
      Prindir(2,3)=vec2(3) 
      Prindir(3,1)=vec3(1) 
      Prindir(3,2)=vec3(2) 
      Prindir(3,3)=vec3(3) 
! Identify normal vector with the principal direction of the bigger eigenvalue 
      nor(1)=Prindir(1,1) 
      nor(2)=Prindir(1,2) 
      nor(3)=Prindir(1,3) 
      norman=sqrt(nor(1)**2+nor(2)**2+nor(3)**2) 
      nor=nor/norman 
      nor2=nor 
 
!      if(tt.gt.0.15936)then 
!         if(igus.eq.7523)then 
!            write(*,*)'nor',nor 
!            write(*,*)'Principalsig',Principalsig 
!            write(*,*)'estas arriba'             
!         endif 
!      endif      
! ta calculation using sigTRI, which is elastic --> LO DEJAS CON sig, QUE TAMBIÉN ES ELAS, YA QUE EL sigtri 
NO LO COGE 
! ta es el vector normal a la fisura, en tensiones aparentes. Se obtiene a partir de tensiones trial y por tanto sólo 
! incluye la parte elástica. 
      ta(1)=nor(1)*sigTRI(1)+nor(2)*sigTRI(4)+ 
     $nor(3)*sigTRI(6) 
      ta(2)=nor(1)*sigTRI(4)+nor(2)*sigTRI(2)+ 
     $nor(3)*sigTRI(5) 
      ta(3)=nor(1)*sigTRI(6)+nor(2)*sigTRI(5)+ 
     $nor(3)*sigTRI(3) 
! Inicializamos el contador de tiempo para acumular la velocidad de deformación 
       if(tinit.lt.-5.0) then 
           if(Principalsig(1).gt.0.30*cm(5)) then 
               tinit=tt-dt1 
           endif 
       endif 
       hsv(51)=tinit 
! Obtenemos en este punto el factor de incrementación dinámica (dif) 
       call get_dif(teps,eps,nor,dt1,dif,cm,igus,stnrate,tt,acu,tinit) 
       hsv(25)=acu 
! La primera vez que se abre la fisura, no hay difg previo, así que los igualamos 
       if (tt.lt.1.e-20) then 
           difg=dif 
       endif        
!      write(*,*)'DIF vale', dif 
 
      if(Principalsig(1).gt.1.00001*dif) then 
! Flag que indica si alguna vez se ha superado la resistencia a tracción 
         crackinit=1 
      endif 
777   continue 
      if(crackinit.gt.0.5)then 
         if(firstcrack.lt.0.5)then 
             hsv(14)=nor(1) 
             hsv(15)=nor(2) 
             hsv(16)=nor(3) 
c get external element id 
             if(coordeinit.eq.0) then 
                 igus=nelmntid(iel,0) 
!                 OPEN(UNIT=21,STATUS='OLD',FORM='FORMATTED', 
!     &           FILE='node.dat') 
!                 iprov=0 
!                 do while (iprov.ne.igus) 
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!                     READ(21,*,END=5,err=5)iprov,coorden(1,1), 
                  coorden(1,1)=0.0 
                  coorden(1,2)=0.0 
                  coorden(1,3)=0.0 
                  coorden(2,1)=cm(14) 
                  coorden(2,2)=0.0 
                  coorden(2,3)=0.0 
                  coorden(3,1)=cm(14) 
                  coorden(3,2)=cm(15) 
                  coorden(3,3)=0.0 
                  coorden(4,1)=0.0 
                  coorden(4,2)=cm(15) 
                  coorden(4,3)=0.0 
                  coorden(5,1)=0.0 
                  coorden(5,2)=0.0 
                  coorden(5,3)=cm(16) 
                  coorden(6,1)=cm(14) 
                  coorden(6,2)=0.0 
                  coorden(6,3)=cm(16) 
                  coorden(7,1)=cm(14) 
                  coorden(7,2)=cm(15) 
                  coorden(7,3)=cm(16) 
                  coorden(8,1)=0.0 
                  coorden(8,2)=cm(15) 
                  coorden(8,3)=cm(16) 
!                 enddo 
5                continue 
                 hsv(26)=1 
! Para evitar que por cambios de flujo vuelva a entrar en el bucle 
                 coordeinit=1 
                 hsv(27)=coorden(1,1) 
                 hsv(28)=coorden(1,2) 
                 hsv(29)=coorden(1,3) 
 
                 hsv(30)=coorden(2,1) 
                 hsv(31)=coorden(2,2) 
                 hsv(32)=coorden(2,3) 
 
                 hsv(33)=coorden(3,1) 
                 hsv(34)=coorden(3,2) 
                 hsv(35)=coorden(3,3) 
 
                 hsv(36)=coorden(4,1) 
                 hsv(37)=coorden(4,2) 
                 hsv(38)=coorden(4,3) 
 
                 hsv(39)=coorden(5,1) 
                 hsv(40)=coorden(5,2) 
                 hsv(41)=coorden(5,3) 
 
                 hsv(42)=coorden(6,1) 
                 hsv(43)=coorden(6,2) 
                 hsv(44)=coorden(6,3) 
 
                 hsv(45)=coorden(7,1) 
                 hsv(46)=coorden(7,2) 
                 hsv(47)=coorden(7,3) 
 
                 hsv(48)=coorden(8,1) 
                 hsv(49)=coorden(8,2) 
                 hsv(50)=coorden(8,3) 
            else 
                 coorden(1,1)=hsv(27) 
                 coorden(1,2)=hsv(28) 
                 coorden(1,3)=hsv(29) 
 
                 coorden(2,1)=hsv(30) 
                 coorden(2,2)=hsv(31) 
                 coorden(2,3)=hsv(32) 
 
                 coorden(3,1)=hsv(33) 
                 coorden(3,2)=hsv(34) 
                 coorden(3,3)=hsv(35) 
 
                 coorden(4,1)=hsv(36) 
                 coorden(4,2)=hsv(37) 
                 coorden(4,3)=hsv(38) 
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                 coorden(5,1)=hsv(39) 
                 coorden(5,2)=hsv(40) 
                 coorden(5,3)=hsv(41) 
 
                 coorden(6,1)=hsv(42) 
                 coorden(6,2)=hsv(43) 
                 coorden(6,3)=hsv(44) 
 
                 coorden(7,1)=hsv(45) 
                 coorden(7,2)=hsv(46) 
                 coorden(7,3)=hsv(47) 
 
                 coorden(8,1)=hsv(48) 
                 coorden(8,2)=hsv(49) 
                 coorden(8,3)=hsv(50) 
            endif 
 
            call gradn(coorden(1,1),coorden(2,1), 
     &      coorden(3,1),coorden(4,1),coorden(5,1),coorden(6,1), 
     &      coorden(7,1),coorden(8,1),coorden(1,2),coorden(2,2), 
     &      coorden(3,2),coorden(4,2),coorden(5,2),coorden(6,2), 
     &      coorden(7,2),coorden(8,2),coorden(1,3),coorden(2,3), 
     &      coorden(3,3),coorden(4,3),coorden(5,3),coorden(6,3), 
     &      coorden(7,3),coorden(8,3),Bmat) 
! Ahora se obtienen los nodos solitarios y el vector bplus asociado. Se obtiene a partir del vector normal (n) y de los 
! gradientes de las funciones de forma (Bmat). 
            call bplusplus(nor,coorden,Bmat,bplus,wc) 
! Loop for Newton - Raphson calculation of increment of crack opening 
          
 
          call NR(wact,firstcrack,cm,nor,bplus,ta, 
     &   w,compar,contador,igus,teps,tt,Principalsig,eps,nor2, 
     &   sigTRI,taTRI,dif, difg)  
 
 
 
    
         wmod=sqrt(w(1)**2+w(2)**2+w(3)**2) 
         hsv(18)=wmod 
 
!         if(igus.eq.1346)then 
!         write(*,*)'igus, primera fis',igus 
!         write(*,*)'wmod',wmod 
!         write(*,*)'wmodold',wmodold 
!         write(*,*)'w',w 
!         write(*,*)'Psig',Principalsig 
!         write(*,*)'nor',nor 
!         write(*,*)'************************' 
!         endif 
 
         goto 666 
          
         endif ! aqui termina la parte de la primera fisura 
! Recupera la normal almacenada 
         nor(1)=hsv(14) 
         nor(2)=hsv(15) 
         nor(3)=hsv(16) 
! Recálculo de ta con la normal almacenada 
         ta(1)=nor(1)*sigTRI(1)+nor(2)*sigTRI(4)+ 
     $   nor(3)*sigTRI(6) 
         ta(2)=nor(1)*sigTRI(4)+nor(2)*sigTRI(2)+ 
     $   nor(3)*sigTRI(5) 
         ta(3)=nor(1)*sigTRI(6)+nor(2)*sigTRI(5)+ 
     $   nor(3)*sigTRI(3) 
 
         R(1,1)=2*G*nor(1)*bplus(1)+G*nor(2)*bplus(2)+ 
     $   G*nor(3)*bplus(3)+Lambd*nor(1)*bplus(1) 
         R(1,2)=G*nor(2)*bplus(1)+Lambd*nor(1)*bplus(2) 
         R(1,3)=G*nor(3)*bplus(1)+Lambd*nor(1)*bplus(3) 
         R(2,1)=G*nor(1)*bplus(2)+Lambd*nor(2)*bplus(1) 
         R(2,2)=2*G*nor(2)*bplus(2)+G*nor(1)*bplus(1)+ 
     $   G*nor(3)*bplus(3)+Lambd*nor(2)*bplus(2) 
         R(2,3)=G*nor(3)*bplus(2)+Lambd*nor(2)*bplus(3) 
         R(3,1)=G*nor(1)*bplus(3)+Lambd*nor(3)*bplus(1) 
         R(3,2)=G*nor(2)*bplus(3)+Lambd*nor(3)*bplus(2) 
         R(3,3)=2*G*nor(3)*bplus(3)+G*nor(1)*bplus(1)+ 



Appendix D. Fortran code of the subroutine 
 

 

189 

     $   G*nor(2)*bplus(2)+Lambd*nor(3)*bplus(3) 
 ! Scaling to take into account the Fracture Energy Dinamic Increase Factor (difg) 
         if (cm(17).gt.0.5) then 
             wmodold=wmodold*dif/difg 
         endif 
         call softplus(cm,wmodold,tmodold,dtmod) 
         tmodold=tmodold*dif 
!         write(*,*)'wmod, fuera',wmodold 
!         write(*,*)'tmod, fuera',tmodold 
!         write(*,*)'dtmod',dtmod 
!         pause 
 
         EnsMat(1,1)=(tmodold/wmodold) 
         EnsMat(1,2)=0.0 
         EnsMat(1,3)=0.0 
         EnsMat(2,1)=0.0 
         EnsMat(2,2)=(tmodold/wmodold) 
         EnsMat(2,3)=0.0 
         EnsMat(3,1)=0.0 
         EnsMat(3,2)=0.0 
         EnsMat(3,3)=(tmodold/wmodold) 
 
         EnsMat(1,1)=R(1,1)+EnsMat(1,1) 
         EnsMat(1,2)=R(1,2) 
         EnsMat(1,3)=R(1,3) 
         EnsMat(2,1)=R(2,1) 
         EnsMat(2,2)=R(2,2)+EnsMat(2,2) 
         EnsMat(2,3)=R(2,3) 
         EnsMat(3,1)=R(3,1) 
         EnsMat(3,2)=R(3,2) 
         EnsMat(3,3)=R(3,3)+EnsMat(3,3) 
         call invmat(EnsMat,detJmat,invEnsMat) 
 
! Cáclulo del nuevo w en descarga/carga elástica 
 
         w(1)=invEnsMat(1,1)*ta(1)+invEnsMat(1,2)*ta(2)+ 
     $   invEnsMat(1,3)*ta(3) 
         w(2)=invEnsMat(2,1)*ta(1)+invEnsMat(2,2)*ta(2)+ 
     $   invEnsMat(2,3)*ta(3) 
         w(3)=invEnsMat(3,1)*ta(1)+invEnsMat(3,2)*ta(2)+ 
     $   invEnsMat(3,3)*ta(3) 
         wmod=sqrt(w(1)**2+w(2)**2+w(3)**2) 
         proyect=w(1)*nor(1)+w(2)*nor(2)+w(3)*nor(3) 
 
!         write(*,*)'w, fuera',w 
!         write(*,*)'wmod',wmod 
!         pause 
       
! Calculamos t x n: si t x n es menor que la resistencia a tracción (1.0, adimens.) 
! no hay solución al vector abertura de fisura w.    
         txn=ta(1)*nor(1)+ta(2)*nor(2)+ta(3)*nor(3) 
 
!         if(igus.eq.3321)then 
!         write(*,*)'w',w 
!         write(*,*)'wmod',wmod             
!         write(*,*)'teps',teps       
!         write(*,*)'txn',txn 
!         pause 
!         endif 
 
         if(txn.gt.1.00001*dif)then 
! Módulo de la fisura rotante 
!         write(*,*)'rotante' 
!         pause 
             if(wmodold.lt.cm(8))then 
                 productns=abs(nor2(1)*oldn(1)+nor2(2)*oldn(2) 
     $           +nor2(3)*oldn(3)) 
! Recálculo de ta con la nueva normal 
                 taTRI(1)=nor2(1)*sigTRI(1)+nor2(2)*sigTRI(4)+ 
     $           nor2(3)*sigTRI(6) 
                 taTRI(2)=nor2(1)*sigTRI(4)+nor2(2)*sigTRI(2)+ 
     $           nor2(3)*sigTRI(5) 
                 taTRI(3)=nor2(1)*sigTRI(6)+nor2(2)*sigTRI(5)+ 
     $           nor2(3)*sigTRI(3) 
                 prodtest=cos(cm(9)) 
                 if(productns.le.prodtest)then 
! No cambia la normal cuando la proyección de la tensión aparente sobre la normal  
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! es menor que la resistencia a tracción (1, xq está adimensionalizado) 
! En ese caso, la ecuación no tiene solución en w (demasiadas vueltas) 
                     txnNEW=taTRI(1)*nor2(1)+taTRI(2)*nor2(2) 
     $               +taTRI(3)*nor2(3) 
                     if(txnNEW.gt.1.00001*dif)then 
                         firstcrack=0 
!                         write(*,*)'Cambio direccion en elem:',igus 
                         oldn=nor2 
                         nor=nor2 
                         ta=taTRI 
                         goto 777 
                     else 
                         write(*,*)'esto no esta pasando...' 
                         write(*,*)'Elemento numero: ',igus 
                         write(*,*)'nueva normal :',nor2 
                         write(*,*)'txnNEW :',txnNEW 
                         write(*,*)'NormDAV:', normDAV 
                         write(*,*)'sigTRI:', sigTRI                          
                         pause 
                     endif 
                 endif 
             endif 
! Recupera la normal almacenada 
           nor(1)=hsv(14) 
           nor(2)=hsv(15) 
           nor(3)=hsv(16) 
! Recálculo de ta con la normal almacenada 
           ta(1)=nor(1)*sigTRI(1)+nor(2)*sigTRI(4)+ 
     $     nor(3)*sigTRI(6) 
           ta(2)=nor(1)*sigTRI(4)+nor(2)*sigTRI(2)+ 
     $     nor(3)*sigTRI(5) 
           ta(3)=nor(1)*sigTRI(6)+nor(2)*sigTRI(5)+ 
     $     nor(3)*sigTRI(3) 
 
! Loop for Newton - Raphson calculation of increment of crack opening 
         call NR(wact,firstcrack,cm,nor,bplus,ta, 
     &   wprov,compar,contador,igus,teps,tt,Principalsig,eps,nor2, 
     &   sigTRI,taTRI,dif, difg)  
         wmodprov=sqrt(wprov(1)**2+wprov(2)**2+wprov(3)**2) 
!         write(*,*)'wmodprov',wmodprov 
         if(wmodprov.gt.wmodold)then 
             w=wprov 
             wmod=sqrt(w(1)**2+w(2)**2+w(3)**2) 
             hsv(18)=wmod 
! Si además esta abertura de fisura calculada supera el valor critico, 
! erosionamos el elemento 
             if (wmod.gt.cm(10)) then 
                 failel=1 
             endif 
         endif 
 
!         write(*,*)'wmodold',wmodold 
!         write(*,*)'w',w 
!         write(*,*)'wxn',w(1)*nor(1)+w(2)*nor(2)+w(3)*nor(3) 
!         write(*,*)'Psig',Principalsig 
!         write(*,*)'nor',nor 
!         write(*,*)'************************' 
!         endif 
 
         endif 
 
! Con w convergido, sacamos la tensión 
! Primero, la deformación del continuo (aparente - la fisura) 
! Obtención de la traza del incremento de deformaciones 
666      bws(1)=bplus(1)*w(1) 
         bws(2)=bplus(2)*w(2) 
         bws(3)=bplus(3)*w(3) 
! Esta formulación es para el tensor de deformaciones verdaderas (epsilon i,j en cortante) 
         bws(4)=0.5*(bplus(1)*w(2)+bplus(2)*w(1)) 
         bws(5)=0.5*(bplus(2)*w(3)+bplus(3)*w(2)) 
         bws(6)=0.5*(bplus(1)*w(3)+bplus(3)*w(1)) 
! Convertimos las deformaciones verdaderas en cortante (epsilon i,j en cortante) a ingenieriles (gamma i,j en cortante) 
         bws(4)=2*bws(4) 
         bws(5)=2*bws(5) 
         bws(6)=2*bws(6) 
! Obtenemos el tensor de deformaciones del continuo restándole al aparente (teps) la parte debida a la fisura (bws) 
         do i=1,6 
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             tepscon(i)=teps(i)-bws(i) 
         enddo 
! Obtención del incremento de tensión, y actualización de la ya existente 
! Primero, tensiones normales, para ello, se calcula la traza del tensor de deformaciones del continuo 
         trEcon=0.0 
         do i=1,3 
             trEcon=trEcon+tepscon(i) 
         enddo 
         do i=1,3 
             sig(i)=(2.0d0*G*tepscon(i)+Lambd*trEcon)*cm(5) 
         enddo 
!   Después, tensiones de cortante      
         do i=4,6 
             sig(i)=(1.0d0*G*tepscon(i))*cm(5) 
         enddo 
 
!      write(*,*)'sig(1)',sig(1) 
!      pause 
      else  
! En caso de que nunca se haya superado la resistencia a traccion: elastico (crackinit=0) 
         wmod=0.0 
         crackinit=0 
         w(1)=0.0 
         w(2)=0.0 
         w(3)=0.0 
         do ii=1,6 
             sig(ii)=sigTRI(ii)*cm(5) 
         enddo 
!      write(*,*)'sig(1) elas',sig(1) 
      endif 
! Obtenemos el Factor de Impacto Dinamico para la energia de fractura (difg) 
      if(crackinit.lt.0.5) then 
! Si no se ha fisurado el material, no podemos calcular difg, asi que lo igualamos a 1 
          difg=1.0 
      else 
! Llamamos a la subrutina "get_difg" 
          wprev(1)=hsv(2) 
          wprev(2)=hsv(3) 
          wprev(3)=hsv(4) 
          call get_difg(wprev,w,dt1,difg,cm,igus) 
      endif 
! Almacenamos este valor (difg en la variable de estado numero 22 
      hsv(22)=difg 
! Simplemente para tenerlo accesible en los d3plot, hacemos lo mismo con el dif 
      hsv(23)=dif 
! Ahora, la deformación se almacena en el vector de variables de estado 
      hsv(1)=state 
      hsv(2)=w(1) 
      hsv(3)=w(2) 
      hsv(4)=w(3) 
      hsv(5)=teps(1) 
      hsv(6)=teps(2) 
      hsv(7)=teps(3) 
      hsv(8)=teps(4) 
      hsv(9)=teps(5) 
      hsv(10)=teps(6) 
      hsv(11)=bplus(1) 
      hsv(12)=bplus(2) 
      hsv(13)=bplus(3) 
      hsv(17)=state2 
      hsv(19)=crackinit 
      hsv(20)=firstcrack 
      hsv(21)=stnrate 
       
! Módulo de "Crack Visibility" 
      wmodinst=wc*sqrt(w(1)**2+w(2)**2+w(3)**2) 
      if(wmodinst.gt.cm(18)) then 
          hsv(24)=int(wmodinst/cm(18)) 
      else 
          hsv(24)=0.0 
      endif 
!      if(igus.eq.3321)then 
!      write(22,*)tt,w,wmod,crackinit 
!      endif 
 
!         if(igus.eq.1)then 
!             write(22,*)wmod,sig(2),teps(2) 
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!             pause 
!         endif 
 
      close(21) 
      return 
      end 
 
 
      SUBROUTINE PRINCIPAL_STRESSES(sig,Principalsig) 
      REAL sig(6) 
      REAL*8 STRESSTENS(3,3), Principalsig(3) 
      REAL*8 I1,I2,I3,PHI,PI,ARG,MAX,MED,MIN 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!! Primero pasamos el vector (sig) de tensiones a matriz STRESSTENS 
      STRESSTENS(1,1)=sig(1) 
      STRESSTENS(2,2)=sig(2) 
      STRESSTENS(3,3)=sig(3) 
      STRESSTENS(1,2)=sig(4) 
      STRESSTENS(1,3)=sig(6) 
      STRESSTENS(2,3)=sig(5) 
      STRESSTENS(2,1)=sig(4) 
      STRESSTENS(3,1)=sig(6) 
      STRESSTENS(3,2)=sig(5) 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!! Primero, calculamos los invariantes del tensor de tensiones 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
      I1=STRESSTENS(1,1)+STRESSTENS(2,2)+STRESSTENS(3,3) 
      I2=STRESSTENS(1,1)*STRESSTENS(2,2)+STRESSTENS(2,2)* 
     & STRESSTENS(3,3)+STRESSTENS(3,3)*STRESSTENS(1,1)- 
     & STRESSTENS(1,2)**2-STRESSTENS(2,3)**2-STRESSTENS(3,1)**2 
      I3=STRESSTENS(1,1)*STRESSTENS(2,2)*STRESSTENS(3,3)- 
     & STRESSTENS(1,1)*STRESSTENS(2,3)**2-STRESSTENS(3,3)* 
     & STRESSTENS(1,2)**2-STRESSTENS(2,2)*STRESSTENS(1,3)** 
     & 2+2.0D0*STRESSTENS(1,2)*STRESSTENS(2,3)*STRESSTENS(3,1) 
!write(*,*)'El valor de I1 es', I1 
!write(*,*)'El valor de I2 es', I2 
!write(*,*)'El valor de I3 es', I3 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!! Necesitamos el angulo Pi 
      PI=4.0D0*ATAN(1.0D0) 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!!  Luego, el angulo Phi 
      ARG=2.0D0*(I1**2-3.0D0*I2)**(3.0D0/2.0D0) 
      IF (ABS(ARG).LT.1.0D-16) THEN 
          PHI=0.0 
      ELSE 
          PHI=(1.0D0/3.0D0)*DACOS((2.0D0*I1**3-9.0D0*I1*I2+ 
     & 27.0D0*I3)/(2.0D0*(I1**2-3.0D0*I2)**(3.0D0/2.0D0))) 
      ENDIF 
!call CUBIC_SOL(I1,I2,I3,Principalsig) 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!! Calculamos el vector con las tensiones principales 
      Principalsig(1)=(I1/3.0D0)+(2.0D0/3.0D0)*SQRT(I1**2- 
     & 3.0D0*I2)*COS(PHI) 
      Principalsig(2)=(I1/3.0D0)+(2.0D0/3.0D0)*SQRT(I1**2- 
     & 3.0D0*I2)*COS(PHI+2.0D0*PI/3.0D0) 
      Principalsig(3)=(I1/3.0D0)+(2.0D0/3.0D0)*SQRT(I1**2- 
     & 3.0D0*I2)*COS(PHI+4.0D0*PI/3.0D0) 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!! Ordenamos de mayor a menor 
      MAX=Principalsig(1) 
      MED=Principalsig(2) 
      MIN=Principalsig(3) 
      IF(Principalsig(2).GT.MAX) THEN 
          MAX=Principalsig(2) 
          MED=Principalsig(1) 
      ENDIF 
      IF (Principalsig(3).GT.MAX) THEN 
          MAX=Principalsig(3) 
          MIN=Principalsig(1) 
      ENDIF 
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      IF(MIN.GT.MED) THEN 
          AUX=MIN 
          MIN=MED 
          MED=AUX 
      ENDIF 
      Principalsig(1)=MAX 
      Principalsig(2)=MED 
      Principalsig(3)=MIN 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!! Finalizamos 
      RETURN 
      END SUBROUTINE 
 
      SUBROUTINE DECOMP(Matrix,lambda,vec1,vec2,vec3) 
      implicit none 
       
      REAL*8 Matrix(3,3),lambda(3),vec1(3),vec2(3),vec3(3) 
      REAL*8 I1,I2,I3 
      real*8 a,d 
      real*8 p,q,dd,phi,temp1,y1,y2,y3,temp2,u,v,y2r,y2i 
      REAL*8 Matrix2(3,3) 
      REAL*8 dnorm,det(3),detmax 
      real*8 b,c,x(3),n,t,m,pi 
      INTEGER ii,jj,ndif,nroot,i,ni,l 
 
!      write(*,*)'Matrix dentro',Matrix 
 
      PI=3.141592653589793238D0 
C     Diagonalization of matrix (sym) (obtention of lambda(i)) 
 
 
      CALL INVARIANTS(I1,I2,I3,Matrix) 
 
c      write(*,*)'invariants',i1,i2,i3 
       
      a=1d0 
      b=-i1 
      c=i2 
      d=-i3 
c      PI=3.141592653589793238D0 
      pi=4d0*datan(1.d0) 
 
c Step 1: Calculate p and q -------------------------------------------- 
      p  = c/a - b*b/a/a/3D0 
      q  = (2D0*b*b*b/a/a/a - 9D0*b*c/a/a + 27D0*d/a) / 27D0 
 
c Step 2: Calculate DD (discriminant) ---------------------------------- 
      DD = p*p*p/27D0 + q*q/4D0 
c      write(*,*)'DD',dd 
 
c Step 3: Branch to different algorithms based on DD ------------------- 
      if(DD.lt.0.and.abs(dd/i3).GT.1D-15) then 
c       Step 3b: 
c       3 real unequal roots -- use the trigonometric formulation 
        phi = dacos(-q/2D0/dsqrt(dabs(p*p*p)/27D0)) 
        temp1=2D0*dsqrt(dabs(p)/3D0) 
        y1 =  temp1*dcos(phi/3D0) 
        y2 = -temp1*dcos((phi+pi)/3D0) 
        y3 = -temp1*dcos((phi-pi)/3D0) 
      else 
        if(abs(DD/i3).LE.1D-15) DD=0d0 
c       Step 3a: 
c       1 real root & 2 conjugate complex roots OR 3 real roots (some are equal) 
        temp1 = -q/2D0 + dsqrt(DD) 
        temp2 = -q/2D0 - dsqrt(DD) 
        u = dabs(temp1)**(1D0/3D0) 
        v = dabs(temp2)**(1D0/3D0) 
        if(temp1 .lt. 0D0) u=-u 
        if(temp2 .lt. 0D0) v=-v 
        y1  = u + v 
        y2r = -(u+v)/2D0 
        y2i =  (u-v)*dsqrt(3D0)/2D0 
      endif 
 
c Step 4: Final transformation ----------------------------------------- 
      temp1 = b/a/3D0 
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      y1 = y1-temp1 
      y2 = y2-temp1 
      y3 = y3-temp1 
      y2r=y2r-temp1 
 
c Assign answers and number of lambdas differents------------------------------------------------------- 
      if(DD.lt.0.and.abs(dd/i3).GT.1D-15) then 
 
        lambda(1) = y1 
        lambda(2) = y2 
        lambda(3) = y3 
        ndif=3 
        
      elseif(abs(DD/i3).LE.1D-15) then 
 
         if(abs(y1-y2r).LE.1D-15) then 
            ndif=1  
            lambda(1)=y1 
            lambda(2)=y2r 
            lambda(3)=y2r 
         else 
            ndif=2 
            if(y1.GT.y2r) THEN 
               lambda(1)=y1 
               lambda(2)=y2r 
               lambda(3)=y2r 
            else 
               lambda(1)=y2r 
               lambda(2)=y2r 
               lambda(3)=y1 
            endif 
 
            endif 
         else 
       
!         write(*,*)'error:COMPLEx' 
       
      endif  
 
c      write(*,*)'NDIF',ndif 
c      write(*,*)'LAMBDAS',lambda(1),lambda(2),lambda(3) 
 
   
         
!      write(*,*) 'lambdas',lambda(1),lambda(2),lambda(3) 
 
c$$$ 
C     EIGENVECTORS 
 
C     three different 
      IF(ndif.EQ.3) THEN 
 
c     FIRST 
      do,ii=1,3 
         do,jj=1,3 
            Matrix2(ii,jj)=Matrix(ii,jj) 
            if(ii.EQ.jj) MATRIX2(ii,jj)=MATRIX2(ii,jj)-lambda(1) 
         enddo 
      enddo 
 
      det(1)=Matrix2(1,1)*Matrix2(2,2)-Matrix2(1,2)*Matrix2(2,1) 
      det(2)=Matrix2(2,2)*Matrix2(3,3)-Matrix2(2,3)*Matrix2(3,2) 
      det(3)=Matrix2(1,1)*Matrix2(3,3)-Matrix2(1,3)*Matrix2(3,1) 
      detmax=0d0 
      do,i=1,3 
         if(abs(det(i)).GT.detmax) THEN 
            ni=i 
            detmax=abs(det(i)) 
         endif 
      enddo 
c      write(*,*)'dets',det 
      if(ni.EQ.1) THEN 
c         write(*,*)'supuesto1',detmax 
         a=(1/det(ni))* 
     1        (-Matrix2(2,2)*Matrix2(1,3)+Matrix2(2,1)*Matrix2(2,3)) 
         b=(1/det(ni))* 
     1        (Matrix2(1,2)*Matrix2(1,3)-Matrix2(1,1)*Matrix2(2,3)) 
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         c=1d0 
      elseif(ni.EQ.2) THEN   
c         write(*,*)'supuesto2',detmax 
         a=1d0 
         b=(1/det(ni))* 
     1        (-Matrix2(3,3)*Matrix2(2,1)+Matrix2(3,2)*Matrix2(3,1)) 
         c=(1/det(ni))* 
     1        (Matrix2(2,3)*Matrix2(2,1)-Matrix2(2,2)*Matrix2(3,1)) 
      else 
c         write(*,*)'supuesto3',detmax  
         b=1d0 
         a=(1/det(ni))* 
     1        (-Matrix2(3,3)*Matrix2(1,2)+Matrix2(3,1)*Matrix2(2,3)) 
         c=(1/det(ni))* 
     1        (Matrix2(1,3)*Matrix2(1,2)-Matrix2(1,1)*Matrix2(2,3)) 
      endif 
       
      dnorm=dsqrt(a*a+b*b+c*c) 
      vec1(1)=a/dnorm 
      vec1(2)=b/dnorm 
      vec1(3)=c/dnorm 
c     SECOND 
 
      do,ii=1,3 
         do,jj=1,3 
            Matrix2(ii,jj)=Matrix(ii,jj) 
            if(ii.EQ.jj) MATRIX2(ii,jj)=MATRIX2(ii,jj)-lambda(2) 
         enddo 
      enddo 
      detmax=0d0 
      det(1)=Matrix2(1,1)*Matrix2(2,2)-Matrix2(1,2)*Matrix2(2,1) 
      det(2)=Matrix2(2,2)*Matrix2(3,3)-Matrix2(2,3)*Matrix2(3,2) 
      det(3)=Matrix2(1,1)*Matrix2(3,3)-Matrix2(1,3)*Matrix2(3,1) 
c      write(*,*)'dets',det 
      do,i=1,3 
         if(abs(det(i)).GT.detmax) THEN 
            ni=i 
            detmax=abs(det(i)) 
         endif 
      enddo 
      if(ni.EQ.1) THEN 
c         write(*,*)'supuesto1',detmax 
         a=(1/det(ni))* 
     1        (-Matrix2(2,2)*Matrix2(1,3)+Matrix2(2,1)*Matrix2(2,3)) 
         b=(1/det(ni))* 
     1        (Matrix2(1,2)*Matrix2(1,3)-Matrix2(1,1)*Matrix2(2,3)) 
         c=1d0 
      elseif(ni.EQ.2) THEN   
c         write(*,*)'supuesto2',detmax 
         a=1d0 
         b=(1/det(ni))* 
     1        (-Matrix2(3,3)*Matrix2(2,1)+Matrix2(3,2)*Matrix2(3,1)) 
         c=(1/det(ni))* 
     1        (Matrix2(2,3)*Matrix2(2,1)-Matrix2(2,2)*Matrix2(3,1)) 
      else 
c         write(*,*)'supuesto3',detmax  
         b=1d0 
         a=(1/det(ni))* 
     1        (-Matrix2(3,3)*Matrix2(1,2)+Matrix2(3,1)*Matrix2(2,3)) 
         c=(1/det(ni))* 
     1        (Matrix2(1,3)*Matrix2(1,2)-Matrix2(1,1)*Matrix2(2,3)) 
      endif 
       
      dnorm=dsqrt(a*a+b*b+c*c) 
      vec2(1)=a/dnorm 
      vec2(2)=b/dnorm 
      vec2(3)=c/dnorm 
          
c     THIRD 
      CALL PVECT(vec3,vec1,vec2) 
c      write(*,*)'v1:',vec1 
c      write(*,*)'v2:',vec2 
c      write(*,*)'v3:',vec3 
       
C     TWO DIFFERENT EIGENVALUES 
      ELSE IF(ndif.EQ.2) THEN 
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         if(y2r.GT.y1) then 
            do,ii=1,3 
               do,jj=1,3 
                  Matrix2(ii,jj)=Matrix(ii,jj) 
                  if(ii.EQ.jj) MATRIX2(ii,jj)=MATRIX2(ii,jj)-lambda(3) 
               enddo 
            enddo 
 
         else 
             
            do,ii=1,3 
               do,jj=1,3 
                  Matrix2(ii,jj)=Matrix(ii,jj) 
                  if(ii.EQ.jj) MATRIX2(ii,jj)=MATRIX2(ii,jj)-lambda(1) 
               enddo 
            enddo 
 
         endif 
 
         detmax=0d0 
         det(1)=Matrix2(1,1)*Matrix2(2,2)-Matrix2(1,2)*Matrix2(2,1) 
         det(2)=Matrix2(2,2)*Matrix2(3,3)-Matrix2(2,3)*Matrix2(3,2) 
         det(3)=Matrix2(1,1)*Matrix2(3,3)-Matrix2(1,3)*Matrix2(3,1) 
         do,i=1,3 
            if(abs(det(i)).GT.detmax) THEN 
               ni=i 
               detmax=abs(det(i)) 
            endif 
         enddo 
         if(ni.EQ.1) THEN 
c            write(*,*)'supuesto1',detmax 
            a=(1/det(ni))* 
     1           (-Matrix2(2,2)*Matrix2(1,3)+Matrix2(2,1)*Matrix2(2,3)) 
            b=(1/det(ni))* 
     1           (Matrix2(1,2)*Matrix2(1,3)-Matrix2(1,1)*Matrix2(2,3)) 
            c=1d0 
         elseif(ni.EQ.2) THEN   
c            write(*,*)'supuesto2',detmax 
            a=1d0 
            b=(1/det(ni))* 
     1           (-Matrix2(3,3)*Matrix2(2,1)+Matrix2(3,2)*Matrix2(3,1)) 
            c=(1/det(ni))* 
     1           (Matrix2(2,3)*Matrix2(2,1)-Matrix2(2,2)*Matrix2(3,1)) 
         else 
c            write(*,*)'supuesto3',detmax  
            b=1d0 
            a=(1/det(ni))* 
     1           (-Matrix2(3,3)*Matrix2(1,2)+Matrix2(3,1)*Matrix2(2,3)) 
            c=(1/det(ni))* 
     1           (Matrix2(1,3)*Matrix2(1,2)-Matrix2(1,1)*Matrix2(2,3)) 
         endif 
          
         dnorm=dsqrt(a*a+b*b+c*c) 
 
         if(y2r.GT.y1) then 
            vec3(1)=a/dnorm 
            vec3(2)=b/dnorm 
            vec3(3)=c/dnorm 
            if(abs(vec3(3)).GT.1D-15) THEN 
                
               vec1(1)=-vec3(3)/dsqrt(vec3(1)**2+vec3(3)**2) 
               vec1(2)=0d0        
               vec1(3)=vec3(1)/dsqrt(vec3(1)**2+vec3(3)**2) 
                
            else  
               vec1(1)=0d0 
               vec1(2)=0d0 
               vec1(3)=1d0 
            endif 
            call pvect(vec2,vec3,vec1) 
            
 
         else 
 
            vec1(1)=a/dnorm 
            vec1(2)=b/dnorm 
            vec1(3)=c/dnorm 
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            if(abs(vec1(3)).GT.1D-15) THEN 
               vec2(1)=-vec1(3)/dsqrt(vec1(1)**2+vec1(3)**2) 
               vec2(2)=0d0 
               vec2(3)=vec1(1)/dsqrt(vec1(1)**2+vec1(3)**2) 
            else  
               vec2(1)=0d0 
               vec2(2)=0d0 
               vec2(3)=1d0 
            endif 
            call pvect(vec3,vec1,vec2) 
            
 
             
         endif 
          
c     lambda1=lambda2=lambda3 
      ELSE 
         vec1(1)=1d0 
         vec1(2)=0d0 
         vec1(3)=0d0 
         vec2(1)=0d0 
         vec2(2)=1d0 
         vec2(3)=0d0 
         vec3(1)=0d0 
         vec3(2)=0d0 
         vec3(3)=1d0 
          
      ENDIF 
       
      RETURN  
      END 
      SUBROUTINE INVARIANTS(I1,I2,I3,CC) 
c     Calculate invariants of a symmetric matrix 
      implicit none 
      REAL*8 I1,I2,I3 
      REAL*8 CC(3,3),CC2(3,3) 
      real*8 trac2 
   
 
      I1=CC(1,1)+CC(2,2)+CC(3,3) 
       
      CALL PMAT(CC2,CC,CC,3,3,3) 
       
      trac2=CC2(1,1)+CC2(2,2)+CC2(3,3) 
       
      I2=0.5d0*(I1*I1-trac2) 
 
      I3=CC(1,1)*CC(2,2)*CC(3,3)+CC(1,2)*CC(2,3)*CC(3,1) 
     1  +CC(1,3)*CC(2,1)*CC(3,2) 
     2  -CC(1,3)*CC(2,2)*CC(3,1)-CC(2,3)*CC(3,2)*CC(1,1) 
     3  -CC(3,3)*CC(1,2)*CC(2,1) 
 
      RETURN 
      END 
       
      SUBROUTINE PMAT(matout,mat1,mat2,id,jd,kd) 
C     Matrix product 
      REAL*8 MAT1,MAT2,MATOUT 
      DIMENSION mat1(id,kd),mat2(kd,jd),matout(id,jd) 
      do,i=1,id 
         Do,j=1,jd 
            matout(i,j)=0D0 
            do,k=1,kd 
               matout(i,j)=matout(i,j)+mat1(i,k)*mat2(k,j) 
            enddo 
         enddo 
      enddo 
      RETURN 
      END 
 
      SUBROUTINE PVECT(vecout,vectors1,vectors2) 
C     Vectorial product 
      REAL*8 vectors1,vectors2,vecout 
      DIMENSION vectors1(3),vectors2(3),vecout(3) 
      Dimension ii(3,2) 
      ii(1,1)=2 
      ii(1,2)=3 
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      ii(2,1)=1 
      ii(2,2)=3 
      ii(3,1)=1 
      ii(3,2)=2 
      Do,i=1,3 
         vecout(i)=0d0 
         vecout(i)=(-1)**(i+1)*( vectors1(ii(i,1))*vectors2(ii(i,2))- 
     1   vectors2(ii(i,1))*vectors1(ii(i,2)) ) 
      ENDDO 
C      write(8,*) vecout(1),vecout(2),vecout(3) 
      RETURN 
      END 
       
        SUBROUTINE gradn(x1,x2,x3,x4,x5,x6,x7,x8, 
     1 ygriega1,ygriega2,ygriega3,ygriega4,y5,y6,y7, 
     2 y8,z1,z2,z3,z4,z5,z6,z7,z8,Bmat) ! Subroutine gradN aims the calculation of gradient vector of the shape 
functions Ni. 
 
       real x,y,z,aa,bb,cc 
       real pN(8,3),pNg(8,3) 
       real gradN1(3),gradN2(3),gradN3(3) 
       real gradN4(3),gradN5(3),gradN6(3),gradN7(3),gradN8(3) 
       real Bmat(9,3) 
 
       real x1,x2,x3,x4 
       real ygriega1,ygriega2,ygriega3,ygriega4 
       real z1,z2,z3,z4 
       real x5,x6,x7,x8 
       real y5,y6,y7,y8 
       real z5,z6,z7,z8 
 
       real Jac(3,3),detJ,adJt(3,3),Gmat(3,3) 
! Integration point set to (0,0,0), hence psi, eta and phi equal 0 
 aa=0 
 bb=0 
 cc=0   
 
! Inizialization of the Bmat matrix  
 do i=1,9 
  do m=1,3 
  Bmat(i,m)=0 
  enddo 
 enddo 
    
!     Calculation of the partial derivatives of the 8 shape function regarding local coordinates 
        pN(1,1)=-(1-bb)*(1-cc)/8 
 pN(1,2)=-(1-aa)*(1-cc)/8 
 pN(1,3)=-(1-aa)*(1-bb)/8 
 pN(2,1)=+(1-bb)*(1-cc)/8 
 pN(2,2)=-(1+aa)*(1-cc)/8 
 pN(2,3)=-(1+aa)*(1-bb)/8 
 pN(3,1)=+(1+bb)*(1-cc)/8 
 pN(3,2)=+(1+aa)*(1-cc)/8 
 pN(3,3)=-(1+aa)*(1+bb)/8 
 pN(4,1)=-(1+bb)*(1-cc)/8 
 pN(4,2)=+(1-aa)*(1-cc)/8 
 pN(4,3)=-(1-aa)*(1+bb)/8 
 pN(5,1)=-(1-bb)*(1+cc)/8 
 pN(5,2)=-(1-aa)*(1+cc)/8 
 pN(5,3)=+(1-aa)*(1-bb)/8 
 pN(6,1)=+(1-bb)*(1+cc)/8 
 pN(6,2)=-(1+aa)*(1+cc)/8 
 pN(6,3)=+(1+aa)*(1-bb)/8 
 pN(7,1)=+(1+bb)*(1+cc)/8 
 pN(7,2)=+(1+aa)*(1+cc)/8 
        pN(7,3)=+(1+aa)*(1+bb)/8 
        pN(8,1)=-(1+bb)*(1+cc)/8 
 pN(8,2)=+(1-aa)*(1+cc)/8 
        pN(8,3)=+(1-aa)*(1+bb)/8 
 
!  Calculation of the Jacobian Matrix 
 
      Jac(1,1)=x1*pN(1,1)+x2*pN(2,1)+x3*pN(3,1)+ 
     1 x4*pN(4,1)+x5*pN(5,1)+x6*pN(6,1)+x7* 
     2 pN(7,1)+x8*pN(8,1) 
      Jac(1,2)=x1*pN(1,2)+x2*pN(2,2)+x3*pN(3,2)+ 
     1 x4*pN(4,2)+x5*pN(5,2)+x6*pN(6,2)+x7* 
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     2 pN(7,2)+x8*pN(8,2) 
      Jac(1,3)=x1*pN(1,3)+x2*pN(2,3)+x3*pN(3,3)+ 
     1 x4*pN(4,3)+x5*pN(5,3)+x6*pN(6,3)+x7* 
     2 pN(7,3)+x8*pN(8,3) 
       
      Jac(2,1)=ygriega1*pN(1,1)+ygriega2*pN(2,1)+ygriega3*pN(3,1)+ 
     1 ygriega4*pN(4,1)+y5*pN(5,1)+y6*pN(6,1)+y7* 
     2 pN(7,1)+y8*pN(8,1) 
      Jac(2,2)=ygriega1*pN(1,2)+ygriega2*pN(2,2)+ygriega3*pN(3,2)+ 
     1 ygriega4*pN(4,2)+y5*pN(5,2)+y6*pN(6,2)+y7* 
     2 pN(7,2)+y8*pN(8,2) 
      Jac(2,3)=ygriega1*pN(1,3)+ygriega2*pN(2,3)+ygriega3*pN(3,3)+ 
     1 ygriega4*pN(4,3)+y5*pN(5,3)+y6*pN(6,3)+y7* 
     2 pN(7,3)+y8*pN(8,3) 
 
 
      Jac(3,1)=z1*pN(1,1)+z2*pN(2,1)+z3*pN(3,1)+ 
     1 z4*pN(4,1)+z5*pN(5,1)+z6*pN(6,1)+z7* 
     2 pN(7,1)+z8*pN(8,1) 
      Jac(3,2)=z1*pN(1,2)+z2*pN(2,2)+z3*pN(3,2)+ 
     1 z4*pN(4,2)+z5*pN(5,2)+z6*pN(6,2)+z7* 
     2 pN(7,2)+z8*pN(8,2) 
      Jac(3,3)=z1*pN(1,3)+z2*pN(2,3)+z3*pN(3,3)+ 
     1 z4*pN(4,3)+z5*pN(5,3)+z6*pN(6,3)+z7* 
     2 pN(7,3)+z8*pN(8,3) 
 
 
 call invmat(Jac,detJ,Gmat) 
 
      do m=1,8 
       do k=1,3 
          pNg(m,k)=pN(m,1)*Gmat(1,k)+pN(m,2)*Gmat(2,k)+pN(m,3)*Gmat(3,k) 
     enddo 
      enddo 
 
 do m=1,8 
  do h=1,3  
  Bmat(m,h)=pNg(m,h) 
  enddo 
 enddo 
 
  
      END SUBROUTINE 
 
       SUBROUTINE invmat(A,detA,invA) ! Subroutine for matrix inversion 
       real A(3,3),detA,adAt(3,3),invA(3,3) 
 
       detA=A(1,1)*A(2,2)*A(3,3)+A(1,2)*A(2,3)*A(3,1)+ 
     1 A(1,3)*A(2,1)*A(3,2)-A(1,3)*A(2,2)*A(3,1)-A(1,2) 
     2 *A(2,1)*A(3,3)-A(1,1)*A(2,3)*A(3,2) 
 
       adAt(1,1)=A(2,2)*A(3,3)-A(2,3)*A(3,2) 
       adAt(1,2)=A(1,3)*A(3,2)-A(1,2)*A(3,3) 
       adAt(1,3)=A(1,2)*A(2,3)-A(1,3)*A(2,2) 
 
       adAt(2,1)=A(2,3)*A(3,1)-A(2,1)*A(3,3) 
       adAt(2,2)=A(1,1)*A(3,3)-A(1,3)*A(3,1) 
       adAt(2,3)=A(1,3)*A(2,1)-A(1,1)*A(2,3) 
 
       adAt(3,1)=A(2,1)*A(3,2)-A(2,2)*A(3,1) 
       adAt(3,2)=A(1,2)*A(3,1)-A(1,1)*A(3,2)  
       adAt(3,3)=A(1,1)*A(2,2)-A(1,2)*A(2,1) 
 
       invA(1,1)=adAt(1,1)/detA 
       invA(1,2)=adAt(1,2)/detA 
       invA(1,3)=adAt(1,3)/detA 
    
       invA(2,1)=adAt(2,1)/detA 
       invA(2,2)=adAt(2,2)/detA 
       invA(2,3)=adAt(2,3)/detA 
 
       invA(3,1)=adAt(3,1)/detA 
       invA(3,2)=adAt(3,2)/detA 
       invA(3,3)=adAt(3,3)/detA 
       END SUBROUTINE 
 
       SUBROUTINE invmatdp(A,detA,invA) ! Subroutine for matrix inversion 
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       real*8 A(3,3),detA,adAt(3,3),invA(3,3) 
 
       detA=A(1,1)*A(2,2)*A(3,3)+A(1,2)*A(2,3)*A(3,1)+ 
     1 A(1,3)*A(2,1)*A(3,2)-A(1,3)*A(2,2)*A(3,1)-A(1,2) 
     2 *A(2,1)*A(3,3)-A(1,1)*A(2,3)*A(3,2) 
 
       adAt(1,1)=A(2,2)*A(3,3)-A(2,3)*A(3,2) 
       adAt(1,2)=A(1,3)*A(3,2)-A(1,2)*A(3,3) 
       adAt(1,3)=A(1,2)*A(2,3)-A(1,3)*A(2,2) 
 
       adAt(2,1)=A(2,3)*A(3,1)-A(2,1)*A(3,3) 
       adAt(2,2)=A(1,1)*A(3,3)-A(1,3)*A(3,1) 
       adAt(2,3)=A(1,3)*A(2,1)-A(1,1)*A(2,3) 
 
       adAt(3,1)=A(2,1)*A(3,2)-A(2,2)*A(3,1) 
       adAt(3,2)=A(1,2)*A(3,1)-A(1,1)*A(3,2)  
       adAt(3,3)=A(1,1)*A(2,2)-A(1,2)*A(2,1) 
 
       invA(1,1)=adAt(1,1)/detA 
       invA(1,2)=adAt(1,2)/detA 
       invA(1,3)=adAt(1,3)/detA 
    
       invA(2,1)=adAt(2,1)/detA 
       invA(2,2)=adAt(2,2)/detA 
       invA(2,3)=adAt(2,3)/detA 
 
       invA(3,1)=adAt(3,1)/detA 
       invA(3,2)=adAt(3,2)/detA 
       invA(3,3)=adAt(3,3)/detA 
       END SUBROUTINE 
 
      SUBROUTINE soft(cm,wmod,tmod,dtmod) ! Subroutine for softening after crack initiation 
 
      real cm(20) 
      real tmod,wmod,dtmod,wcrit 
 
      if(cm(3).eq.3) then 
        go to 10 
      elseif(cm(3).eq.2)then 
        go to 20 
      else  
        go to 30 
      endif 
 
10    continue !write(*,*)'Linear softening' 
        wcrit=2*cm(6)/cm(5) 
      if(wmod.lt.wcrit)then 
        tmod=(cm(5)/wcrit)*(wcrit-wmod) 
        dtmod=-cm(5)/wcrit 
      else 
        tmod=0.0 
        dtmod=0.0 
      endif 
 
! pause 
      go to 40 
 
20    continue !write(*,*)'Bilinear softening' 
      wcrit=cm(6)*54/(15*cm(5)) 
      write(*,*)'wcrit',wcrit 
 
      if(wmod.lt.(2*wcrit/9))then 
        tmod=(cm(5)/3)*(3-(9*wmod/wcrit)) 
        dtmod=-3*cm(5)/wcrit 
      elseif(wmod.lt.wcrit)then 
        tmod=(3*cm(5)/(7*wcrit))*(wcrit-wmod) 
        dtmod=-3*cm(5)/(7*wcrit) 
      else 
        tmod=0 
        dtmod=0 
      endif 
      write(*,*)'tmod, dentro',tmod 
      write(*,*)'dtmod',dtmod 
!      pause 
      go to 40 
 
30    continue !write(*,*)'Exponential softening' 
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      tmod=exp(-2*wmod) 
      dtmod=-2*exp(-2*wmod) 
 
40    continue 
 
      return 
      END SUBROUTINE 
 
      SUBROUTINE softplus(cm,wmod,tmod,dtmod) ! Subroutine for softening after crack initiation 
 
      real cm(20) 
      real tmod,wmod,dtmod,wcri,wc 
      if((cm(3).lt.3.5).and.(cm(3).gt.2.5)) then 
!Curva de ablandamiento lineal si cm(3)=3 
          if(wmod.lt.1.000)then 
              tmod=1.000000-wmod 
              dtmod=-1.000000 
          else 
              tmod=0.0 
              dtmod=0.0 
          endif 
      elseif((cm(3).lt.2.5).and.(cm(3).gt.1.5))then 
!Curva de ablandamiento bilineal de Petersson si cm(3)=2 
          if(wmod.le.0.400000) then 
              tmod=1.0-(2.0/3.0)*(wmod/0.400000) 
              dtmod=-5.0/3.0 
          elseif(wmod.lt.1.800000)then 
              tmod=(1.0/3.0)*(1-((wmod-0.400000)/1.400000)) 
              dtmod=-1.0/4.2000000 
          else 
              tmod=0 
              dtmod=0 
          endif 
      else if((cm(3).lt.1.5).and.(cm(3).gt.0.5))then 
!Curva de ablandamiento exponencial si cm(3)=1 
          tmod=exp(-2*wmod) 
          dtmod=-2*exp(-2*wmod) 
      else if((cm(3).lt.4.5).and.(cm(3).gt.3.5)) then 
!Curva de ablandamiento bilineal arbitraria si cm(3)=4 
          wc=2.0*cm(6)/cm(5) 
          wcri=cm(20)+(2.000/cm(19))*(cm(6)-cm(20)*cm(19)- 
     #    0.5000*cm(20)*(cm(5)-cm(19))) 
!          write(*,*)'wcri',wcri 
          wcri=wcri/wc 
!          write(*,*)'wcri adim',wcri 
          if(wmod.le.(cm(20)/wc)) then 
              tmod=1.0-(1.0-cm(19)/cm(5))*(wmod/(cm(20)/wc)) 
              dtmod=-(1.0-(cm(19)/cm(5)))/(cm(20)/wc) 
          else if(wmod.lt.wcri)then 
               tmod=(cm(19)/cm(5))*(1-((wmod-(cm(20)/wc)) 
     #        /(wcri-cm(20)/wc))) 
              dtmod=-(cm(19)/cm(5))/(wcri-cm(20)/wc) 
          else 
              tmod=0 
              dtmod=0 
          endif 
!          write(*,*)'tmod',tmod 
!          pause 
      else if((cm(3).lt.5.5).and.(cm(3).gt.4.5)) then 
!Curva de ablandamiento rectangular si cm(3)=5 
          if(wmod.le.0.500000) then 
              tmod=1.0 
              dtmod=0.0 
          else 
              tmod=0 
              dtmod=0 
          endif 
      else if((cm(3).lt.6.5).and.(cm(3).gt.5.5)) then 
!Curva de ablandamiento ExtraLongTail (ELT) si cm(3)=6 
          tmod=0.0750-0.0130*wmod+0.9250*exp(-3.228*wmod) 
          dtmod=-0.0130-2.985*exp(-3.228*wmod) 
      else 
          write(*,*)'TIPO DE CURVA DE ABLANDAMIENTO INCORRECTO 
     #    (revisar cm(3))' 
          pause 
      endif 
      return 
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      END SUBROUTINE 
 
      subroutine bplusplus(nor,coorden,Bmat,bplus,wc) 
 
      real nor(3),Bmat(9,3),bplus(3),wc 
      real coorden(8,3),de,bplussup(3),test 
      real bplusinf(3),bplustrial(8,3),prodesc,bplusmed(3) 
      real prodesctri,mod,bplustrialnorm(8,3),bplusnorm(3) 
      integer super,infer 
 
      do i=1,8 
      de=-coorden(i,1)*nor(1)-coorden(i,2)*nor(2) 
     & -coorden(i,3)*nor(3) 
      super=0 
      infer=0 
         do j=1,3    
           bplussup(j)=0.0 
           bplusinf(j)=0.0 
           bplusmed(j)=0.0 
         enddo 
         if(i.gt.1)then 
            do k=1,i-1 
              test=coorden(k,1)*nor(1)+coorden(k,2)*nor(2) 
     & +coorden(k,3)*nor(3)+de 
               if(test.gt.0.0)then 
C  Semiespacio superior 
                   super=super+1 
                    do l=1,3 
                     bplussup(l)=bplussup(l)+Bmat(k,l) 
                    enddo  
               else if(test.lt.0.0)then 
C  Semiespacio inferior 
                   infer=infer+1 
                    do l=1,3 
                     bplusinf(l)=bplusinf(l)+Bmat(k,l) 
                    enddo  
               else 
                    do l=1,3 
                     bplusmed(l)=bplusmed(l)+Bmat(k,l) 
                    enddo 
               endif  
           enddo 
         endif 
 
         if(i.lt.8)then 
            do k=i+1,8 
              test=coorden(k,1)*nor(1)+coorden(k,2)*nor(2) 
     & +coorden(k,3)*nor(3)+de 
               if(test.gt.0.0)then 
C  Semiespacio superior 
                   super=super+1 
                    do l=1,3 
                     bplussup(l)=bplussup(l)+Bmat(k,l) 
                    enddo  
               else if(test.lt.0.0)then 
C  Semiespacio inferior 
                   infer=infer+1 
                    do l=1,3 
                     bplusinf(l)=bplusinf(l)+Bmat(k,l) 
                    enddo  
               else 
                    do l=1,3 
                     bplusmed(l)=bplusmed(l)+Bmat(k,l) 
                    enddo 
               endif  
           enddo  
         endif 
 
         if(super.gt.infer)then 
           do k=1,3 
             bplustrial(i,k)=bplusinf(k)+Bmat(i,k)+bplusmed(k) 
           enddo 
         else 
           do k=1,3 
             bplustrial(i,k)=bplussup(k)+Bmat(i,k)+bplusmed(k) 
           enddo 
         endif 
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C  Normalizamos bplustrial 
         mod=sqrt(bplustrial(i,1)**2+bplustrial(i,2)**2 
     & +bplustrial(i,3)**2) 
         bplustrialnorm(i,1)=bplustrial(i,1)/mod 
         bplustrialnorm(i,2)=bplustrial(i,2)/mod 
         bplustrialnorm(i,3)=bplustrial(i,3)/mod 
      enddo 
  
      prodesc=0 
      do i=1,8 
         prodesctri=0 
         do j=1,3 
           prodesctri=prodesctri+bplustrialnorm(i,j)*nor(j) 
         enddo 
         if(prodesctri.gt.prodesc)then 
           do k=1,3 
              bplus(k)=bplustrial(i,k) 
              bplusnorm(k)=bplustrialnorm(i,k) 
          enddo 
          prodesc=prodesctri 
         endif 
      enddo 
 
      bplus=bplus*wc 
 
      return 
 
      end subroutine 
 
      subroutine NR(wact,firstcrack,cm,nor,bplus,tasp, 
     & wprov,comparsp,contador,igus,teps,tt,Principalsig,eps,nor2, 
     & sigTRI,taTRI,dif, difg)  
 
! Variables propias de la subrutina      
      real*8 Ka,G,Lambd,invR(3,3),detR,compar 
      real comparsp !,wmod,wTRI(3),R(3,3), 
      real*8 Jmat(3,3),invJmat(3,3),detJmat 
      real*8 Res(3) !tmod,dtmod, 
      real*8 incw(3),normincw,normRes 
      real eps(6),teps(6),tt,Principalsig(3),taTRI(3) 
      integer contador,igus 
 
      real*8 ta(3),tmod,wmod,dtmod,wTRI(3),R(3,3) 
      real tmodsp,wmodsp,dtmodsp,sigTRI(6),wprov(3) 
      real tasp(3), kk(3,3),kk2(3,3),wxn,tasxn,nor2(3) 
 
! Variables compartidas 
      integer firstcrack,firstcrackbckp 
      real wact(3),cm(20),nor(3),bplus(3),w(3),test !ta(3), 
      integer flagSOS 
  
      real wactbckp(3), dif, difg 
 
      ta=tasp 
!  Flag que se activa (se hace igual a 1) en caso de intentar la solución a NR 
!  partiendo de fisura inicial nula 
 flagSOS=0 
 
!      if(igus.eq.7523)then 
!      write(*,*)'w',w 
!      write(*,*)'Principalsig',Principalsig 
!      write(*,*)'nor',nor 
!      write(*,*)'taspxnor',tasp(1)*nor(1)+tasp(2)*nor(2)+ 
!     & tasp(3)*nor(3) 
!      write(*,*)'tasp',tasp 
!      write(*,*)'taspxnor2',tasp(1)*nor2(1)+tasp(2)*nor2(2)+ 
!     & tasp(3)*nor2(3) 
!      write(*,*)'taTRIxnor2',taTRI(1)*nor2(1)+taTRI(2)*nor2(2)+ 
!     & taTRI(3)*nor2(3) 
!      write(*,*)'taTRI',taTRI 
!      write(*,*)'nor2',nor2 
!      write(*,*)'sigTRI',sigTRI 
!      pause 
!      endif 
 
1973  contador=0 
      compar=100.0 
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      wactbckp=wact 
      firstcrackbckp=firstcrack 
! Calculo K, G y landa 
      Ka=cm(1)/cm(5) 
      G=cm(2)/cm(5)  
      Lambd=Ka-2.0e0*G/3.0e0  
!      write(*,*)'G,landa',G,Lambd    
! Calculation of R matrix. 
      do i=1,3 
         do j=1,3 
             R(i,j)=0 
         enddo 
      enddo 
      R(1,1)=2*G*nor(1)*bplus(1)+G*nor(2)*bplus(2)+ 
     $G*nor(3)*bplus(3)+Lambd*nor(1)*bplus(1) 
      R(1,2)=G*nor(2)*bplus(1)+Lambd*nor(1)*bplus(2) 
      R(1,3)=G*nor(3)*bplus(1)+Lambd*nor(1)*bplus(3) 
      R(2,1)=G*nor(1)*bplus(2)+Lambd*nor(2)*bplus(1) 
      R(2,2)=2*G*nor(2)*bplus(2)+G*nor(1)*bplus(1)+ 
     $G*nor(3)*bplus(3)+Lambd*nor(2)*bplus(2) 
      R(2,3)=G*nor(3)*bplus(2)+Lambd*nor(2)*bplus(3) 
      R(3,1)=G*nor(1)*bplus(3)+Lambd*nor(3)*bplus(1) 
      R(3,2)=G*nor(2)*bplus(3)+Lambd*nor(3)*bplus(2) 
      R(3,3)=2*G*nor(3)*bplus(3)+G*nor(1)*bplus(1)+ 
     $G*nor(2)*bplus(2)+Lambd*nor(3)*bplus(3) 
      call invmatdp(R,detR,invR) 
  
      do while(compar.gt.1.0d-4)  
         contador=contador+1 
! Esta inicialización sólo se hace la primera vez que se fisura el elemento, porque no hay valor previo del vector  
! abertura de fisura, w.   
         if(firstcrack.lt.0.5)then 
             wTRI(1)=nor(1)/100000000 
             wTRI(2)=nor(2)/100000000 
             wTRI(3)=nor(3)/100000000 
! Actualization of state variable indicating crack opening 
             firstcrack=1.0 
  else 
! Si no es la primera vez, utiliza el valor de w anterior. 
             wTRI(1)=wact(1) 
             wTRI(2)=wact(2) 
             wTRI(3)=wact(3) 
         endif 
! Calculation of wmod=|w| 
         wmod=sqrt(wTRI(1)**2+wTRI(2)**2+wTRI(3)**2) 
! Call subroutine for softening function for the calculation of f(|w|): stress decay function and df(|w|): derivative of 
stress decay function 
         wmodsp=wmod 
! Scaling to take into account the Fracture Energy Dinamic Increase Factor (difg) 
         if (cm(17).gt.0.5) then 
             wmodsp=wmodsp*dif/difg 
         endif 
         call softplus(cm,wmodsp,tmodsp,dtmodsp) 
! Calculation of Jmat matrix, used in N-R method, and its invert invJmat matrix 
         tmod=tmodsp 
         dtmod=dtmodsp 
         tmod=tmod*dif 
         dtmod=dtmod*dif 
 
         Jmat(1,1)=(tmod/wmod)*(1-wTRI(1)*wTRI(1)/wmod**2)+  
     $   (dtmod*wTRI(1)*wTRI(1)/wmod**2) 
         Jmat(1,2)=(dtmod-tmod/wmod)*wTRI(1)*wTRI(2)/wmod**2 
         Jmat(1,3)=(dtmod-tmod/wmod)*wTRI(1)*wTRI(3)/wmod**2 
  Jmat(2,1)=(dtmod-tmod/wmod)*wTRI(2)*wTRI(1)/wmod**2 
         Jmat(2,2)=(tmod/wmod)*(1-wTRI(2)*wTRI(2)/wmod**2)+  
     $   (dtmod*wTRI(2)*wTRI(2)/wmod**2) 
         Jmat(2,3)=(dtmod-tmod/wmod)*wTRI(2)*wTRI(3)/wmod**2 
  Jmat(3,1)=(dtmod-tmod/wmod)*wTRI(3)*wTRI(1)/wmod**2 
         Jmat(3,2)=(dtmod-tmod/wmod)*wTRI(3)*wTRI(2)/wmod**2 
         Jmat(3,3)=(tmod/wmod)*(1-wTRI(3)*wTRI(3)/wmod**2)+  
     $   (dtmod*wTRI(3)*wTRI(3)/wmod**2) 
 
         Jmat=Jmat+R 
 
! Call subroutine of matrix inversion 
         call invmatdp(Jmat,detJmat,invJmat) 
! Calculation of the residuum vector, Res(3) 
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         Res(1)=ta(1)-tmod*(wTRI(1)/wmod)-(R(1,1)*wTRI(1)+ 
     $   R(1,2)*wTRI(2)+R(1,3)*wTRI(3)) 
         Res(2)=ta(2)-tmod*(wTRI(2)/wmod)-(R(2,1)*wTRI(1)+ 
     $   R(2,2)*wTRI(2)+R(2,3)*wTRI(3)) 
         Res(3)=ta(3)-tmod*(wTRI(3)/wmod)-(R(3,1)*wTRI(1)+ 
     $   R(3,2)*wTRI(2)+R(3,3)*wTRI(3)) 
! Calculation of the incw(3) increment of crack width opening vector w 
         incw(1)=invJmat(1,1)*Res(1)+invJmat(1,2)*Res(2)+ 
     $   invJmat(1,3)*Res(3) 
         incw(2)=invJmat(2,1)*Res(1)+invJmat(2,2)*Res(2)+ 
     $   invJmat(2,3)*Res(3) 
         incw(3)=invJmat(3,1)*Res(1)+invJmat(3,2)*Res(2)+ 
     $   invJmat(3,3)*Res(3) 
 
 
!         if(igus.eq.3321)then 
!         write(*,*)'estas en NR' 
!         write(*,*)'wTRI',wTRI 
!         write(*,*)'incw',incw 
!         pause 
!         endif 
 
         wact(1)=wTRI(1)+incw(1) 
         wact(2)=wTRI(2)+incw(2) 
         wact(3)=wTRI(3)+incw(3) 
 
         normRes=sqrt(Res(1)**2+Res(2)**2+Res(3)**2) 
         normincw=sqrt(incw(1)**2+incw(2)**2+incw(3)**2) 
         wprov(1)=wact(1) 
         wprov(2)=wact(2) 
         wprov(3)=wact(3) 
         compar=normRes 
 
 
         if(contador.gt.50)then 
        if (flagSOS.eq.0) then 
! Probamos a iterar en NR con abertura inicial de fisura nula (como si firstcrack fuese o) 
                 flagSOS=1 
            firstcrack=0 
!            write(*,*)'Vector de arranque alternativo' 
            goto 1973 
             else 
                 if (compar.lt.5.0d-2) goto 888 
! Salida del bucle con convergencia alternativa (más débil) 
                 write(*,*)'demasiadas vueltas: me mareo' 
                 write(*,*)'igus',igus 
                 write(*,*)'Vector W de entrada en algoritmo',wactbckp 
                 write(*,*)'Vector de traccione aparente de entrada',ta 
                 write(*,*)'Estado de Fisura de entrada',firstcrackbckp 
                 write(*,*)'Normal',nor 
                 write(*,*)'Bplus',bplus 
                 write(*,*)'taxn',ta(1)*nor(1)+ta(2)*nor(2)+ 
     &           ta(3)*nor(3) 
                 write(*,*)'compar',compar 
                 pause 
        endif 
         endif 
          
      enddo 
 
888   comparsp=compar 
 
      return 
      end subroutine 
 
      SUBROUTINE get_dif(teps,eps,vec1,dt1,dif,cm,igus,stnrate,tt,acu 
     $,tinit) 
      real teps(6),eps(6),vec1(3),dt1,stnrate,tepsprev(6) 
      real epsn, epsnprev, cm(20) 
      real ratecompar, delta, dif,beta,stnrateins,tt,acu 
! Primero obtenemos la proyección de teps según la dirección de la normal vec1 
! Cogemos vec1 porque nos interesa la máxima dirección principal, aunque no sea la de la fisura 
! (la fisura puede estar abríendose, por ejemplo, tangencialmente). 
      epsn=vec1(1)*(teps(1)*vec1(1)+teps(4)*vec1(2)+teps(6)*vec1(3))+ 
     $vec1(2)*(teps(4)*vec1(1)+teps(2)*vec1(2)+teps(5)*vec1(3))+ 
     $vec1(3)*(teps(6)*vec1(1)+teps(5)*vec1(2)+teps(3)*vec1(3)) 
! Despues, hacemos lo propio para el tensor de deformación anterior (tepsprev) 
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! Para ello, primero, debemos obtener el tensor antes de la incrementacion 
      do i=1,6 
          tepsprev(i)=teps(i)-eps(i) 
      enddo 
! A continuación obtenemos la deformación segun la direccion de n, del tensor sin incrementar 
      epsnprev=vec1(1)*(tepsprev(1)*vec1(1)+tepsprev(4)*vec1(2)+ 
     $tepsprev(6)*vec1(3))+vec1(2)*(tepsprev(4)*vec1(1)+ 
     $tepsprev(2)*vec1(2)+tepsprev(5)*vec1(3))+vec1(3)* 
     $(tepsprev(6)*vec1(1)+tepsprev(5)*vec1(2)+tepsprev(3)*vec1(3)) 
! Por último, obtenemos la velocidad de deformación 
      stnrateins=abs(epsn-epsnprev)/dt1 
      if(tt.lt.1e-20) then 
          stnrateins=0.0 
      endif 
!! Ahora obtenemos el valor promediado respecto al tiempo, así se evita la influencia de los picos 
!! Si no se ha fijado un valor de tinit (tiempo que supera un cierto umbral de tensión, para que empiece 
!! a contar la velocidad de deformación), nos quedamos con el valor instantáneo 
      if (tinit.lt.-5.0) then 
          stnrate=stnrateins 
          acu=0.0 
!! Si no, el origen de tiempos es el tinit 
      else 
          acu=acu+stnrateins*dt1 
          stnrate=acu/(tt-tinit) 
      endif 
!! Ahora obtenemos la sensibilidad a la velocidad de deformación 
      if ((cm(11).gt.1.5).and.(cm(11).lt.2.5)) then 
!! Dynamic Increase Factor según Malvar y Crawford 
          ratecompar=0.001*cm(12) 
          delta=1.0/(1.0+8.0*cm(13)) 
          beta=10.0**(6*delta-2.00) 
          if (stnrate.le.ratecompar) then 
              dif=(stnrate/(1.0e-9*cm(12)))**delta 
          else 
              dif=beta*(stnrate/(1.0e-9*cm(12)))**(1.0/3.0) 
          endif 
      else if ((cm(11).gt.0.5).and.(cm(11).lt.1.5)) then 
!! Dynamic Increase Factor según el Código Modelo 
          ratecompar=0.03*cm(12) 
          delta=1.0/(10.0+0.5*cm(13)) 
          beta=10.0**(7.00*delta-0.492) 
          if (stnrate.le.ratecompar) then 
              dif=(stnrate/(3.0e-9*cm(12)))**delta 
          else 
              dif=beta*((stnrate*1000.000/cm(12))**(1.0/3.0)) 
          endif 
      else if (cm(11).lt.0.5) then 
          dif=1.00000 
      endif 
      return 
      end 
 
      SUBROUTINE get_difg(wprev,wnew,dt1,difg,cm,igus) 
      real wprev(3),wnew(3),dt1,difg,cm(20),wrate,wc 
 
      wnormnew=sqrt(wnew(1)**2+wnew(2)**2+wnew(3)**2) 
      wnormold=sqrt(wprev(1)**2+wprev(2)**2+wprev(3)**2) 
! Las normas anteriores son adimensionalizadas por la abertura critica: obtenemos ahora la 
! abertura crítica, para obtener la pendiente en unidades de longitud reales 
      wc=2.0*cm(6)/cm(5) 
      wrate=wc*abs(wnormnew-wnormold)/dt1 
      if (wrate.le.0.33) then 
          difg=1.0 
      else 
          difg=1.74*(wrate**0.5) 
      endif 
       
      return 
      end 
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