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The influence of a strong, high-frequency electric field on the ion-ion correlations in a fully 
ionized plasma is investigated in the limit of infinite ion mass, starting with the Bogoliubov-Born-
Green-Kirkwood-Yvon hierarchy of equations; a significant departure from the thermal correlations 
is found. It is shown that the above effect may substantially modify earlier results on the nonlinear 
high-frequency plasma conductivity. 

I. INTRODUCTION 

The present investigation is primarily devoted to 
determine whether a high-frequency electric field 
E affects the ion-ion correlations of a fully ionized 
plasma in the limit of infinite ion mass m,; we show 
that an effect does exist and obtain an expression 
for the correlations spectrum that only for vanish-
ingly small E reduces to the known thermal value. 
The influence of this effect on the nonlinear high-
frequency plasma conductivity is studied later; we 
show that earlier results on the conductivity may be 
substantially modified by including the above effect. 

At first sight, it might seem surprising to find an 
influence of the field on the ion correlations for 
m, —> °°. To clarify our result we notice the follow
ing: We consider times large compared with the ion 
correlation relaxation time, f71('Ti being some aver
age of the ion Landau damping; as ro, —» °°, 7, —> 0). 
Thus, we assume that the field was switched on at 
time — T very far in the remote past, that is, we 
let ry, —» co so that some oscillating equilibrium is 
reached; then, we let m, —• °° (7, —» 0). Our analysis 
then shows that the resulting ion correlations are 
nonthermal. An explanation for this may be given: 
The correlations result from an energy balance and 
all the electron energies have to be included in 
this balance1; it is the energy of the field-induced 
oscillations of the electrons that produces the de
parture from the thermal value. In other words, the 
Debye cloud of electrons around each ion is dis
torted by the additional energy, with the conse
quence that the distance between two clouds (that 
is, between two ions) is changed. 

The above result is important because it affects 
the response of the plasma to the field, and, in 
particular, the value of the electric conductivity. 
Since the effect is essentially nonlinear (vanishing 
as E2 for small E), it must be considered only if 
nonlinear effects are important. Therefore, we in
clude a discussion of the influence of the above 

result on the nonlinear high-frequency plasma 
conductivity. 

Nonlinear effects on the high-frequency plasma 
conductivity have been investigated by Silin,2 who 
used the BBGKY hierarchy of equations but failed 
to include collective phenomena, and by Albini 
and Rand3 who assumed a driving frequency w, 
large compared with the electron plasma frequency 
wp; thus, all typical resonant effects'4 were missed in 
both papers. Such effects were properly considered 
by Kaw and Salat,6 who used a physical model 
first introduced in the study of the linear conduc
tivity.4 However, uncorrected ions were assumed; 
although the use of thermal correlations in comput
ing the conductivity would yield no essential cor
rections (see the discussion in Ref. 4 for the linear 
case), the nonthermal correlations found here do 
yield essential modifications that invalidate some 
results of Ref. 5. 

In Sec. II we obtain the ion-ion correlation spec
trum by solving the coupled BBGKY equations 
for the ion-ion and electron-ion correlation func
tions; the result is given in terms of the electron 
distribution function, which is left arbitrary. In 
Sec. I l l an expression for the conductivity is pre
sented, where the ion-ion correlations appear ex
plicitly; for a moderate field (moderate in the sense 
that the resulting directed component of electron 
velocity is small compared with the electron thermal 
velocity) we make a detailed comparison between 
some conductivity results of Ref. 5 and those given 
here. In Sec. IV we discuss the restrictions imposed 
by our analysis on the field intensity. 

Finally, we point out some important assumptions 
that will be used in the analysis: (1) The driving 
frequency is large compared with the effective 
collision frequency; and (2) the field is uniform 
(wavelength large compared with both the electron 
Debye length and the excursion length of the elec
trons in the field). 
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II. ION-ION CORRELATIONS 

We consider an infinite, homogeneous plasma 
composed of electrons and one species of ions, inside 
which there is a spatially uniform, oscillating elec
tric field. From the Liouville equation, the usual 
B B G K Y hierarchy6 is derived. T h e equations for 
the one-particle distribution function of the a species, 
/", and the correlation function between two particles 
of species a and fi, g"^, read 

(1) 
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where <j>12 = r~,l, r12 = r t — r2, E sin cot is t he field 
prevailing inside the plasma and, because of the 
homogeneity of the plasma, rx and r2 only appear in 
(2) through their difference; the subscripts are 
particle indices and a, p, y s tand for e, electrons, 
or i, ions. Notice t h a t in (2) two terms are missing 
from the exact correlation equation: One is 3<£12/ 
diit-im'1 d/dVj - m j 1 d/dv2)qaq0gf2, t he other in
volves the three-particle correlation function hafiy. 
Both terms are usually neglected in plasma kinetic 
theory6 ; we shall now assume t h a t here they are 
likewise negligible, and delay a discussion of the 
restrictions t h a t such assumption m a y impose on 
the field intensity unti l Sec. IV. 

Before studying Eq . (2) we consider (1) briefly. 
We assume t h a t v/co < 0 (1) , where v is the collision 
frequency7; there are then two widely separated t ime 
scales, with characteristic t imes aT1 and v~\ Ex
panding / " in powers of v/co, 

1" = f"° + 0-AO/r1 + •' ' , (3) 

we have to lowest order 

f + ii^f.^ 
at ma dVL 

(4) 

the driving field is balanced by the inertial force. 
The solution to (4) is an arbitrary function of 
u " = vx + WE„ cos cot, where e« = qa~E'(inaco2)~l 

is t he oscillation excursion of particle a; / "° , which is 
normalized to unity, describes a purely reactive re
sponse to the field. A discussion of the character of 
the function f"°(u") is included in the next section; 
in solving for the correlations below we let /°° be an 
even, arbi trary function of u ° . 

Wi th this result for f"°, we can now proceed to 
a determination of the ion-ion correlations. Equa
tion (2) represents three coupled equations for 
g'e, gei, and gu. I t will be seen below t h a t in the 
limit mt —> °° (to be taken later in the section) the 
g", g" equations become uncoupled from the equa
tion for g". Thus , to solve for g" we need only 
consider the g", g" equations. 

Firs t consider Eq . (2) with a = e, /3 = i. To 
lowest order in v/co we solve for g" by approximating 
/!> fi by fl°, f2 on the right-hand side of (2). Then 
introducing the transformation 

t= t, u, Vj + COEe COS lot, 

ill = v2 + WE,- cos cot, 

012 = 1*12 + E, (s inwi (ee( = Ee — E,) 

( that is, measuring the coordinates of each particle 
in its own oscillating frame) the equation for g[2 

becomes 

— + (u, - u 2 ) - - — 
dt dg12. 
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where the neutral i ty condition, g^i,- = 
has been used. Integrat ing over u2 we get 

(5) 

— q.n„ 

m, d()12 dii{ in, du 

t ha t is, in this frequency range and to lowest order, 
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(6) 
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where G" = / g" du'; use has been made of the where fM is a Maxwellian distribution and the 
physical requirements gf, = g",l and / " « -» ± » ) symbol o(l) represents a small quantity that goes 
—> 0. Equation (6) is much simpler than (5), except to zero as m,- —» co. The last term in (8) now vanishes 
for the presence of the last term of (6); this term, and writing 
however, is expected to vanish in the limit m,- —> °°. • i v-> / \ 
Notice also that g" has disappeared from Eq. (6). e x p l~lk^ s m WT^ = f J&'^ e xP < - * M 

Let us now define the Fourier transform of any . . . . &ei . ,, ,. ., 
we obtain for Q , m the limit m{ —> oo, function of r12, A(r12): 

Z = / dr12 exp (—t'k-r12)A(r12). 

Let us also define 

A s exp ( - tk -£ e i s inwOl X-i v r f ~« J •' J •• 
+ 7T~ 2^ ^J-/- / 0(1- «u du , 

^Si2 exp (-ik-Qi2)A(Q12), w l . 

Q" = E Q'l e xP (-«!WT), 

^(X-( Q^r^a+n.G") 

(10a) 

(10b) 

phere 

which is the Fourier transform of A considered as D_( = 
a function of p12. Then, Fourier analyzing (6) with 
respect to p12, we get 

ft + M F 2 

= a - J L tk-~~; v 2 exp ( — ik-tei sm cot) 
111, dUj K 

+ ^ * k . ? ^ 
m. au; fc: 

/ Gsa dug — exp(—tk-ee,sinco£) / <732dUadU; 

- rk-J u20i2 du2, (7) 

where 0 = 47rfc~2 has been used. We solve for G" in 
(7) under the assumption of vanishing perturbations 
in the remote past and then integrate over xx[ to 
obtain 

Q'\t) = | | / du!*k- |£ f^ dr exp [-tk.u5(i - r)] 

• <3"(T) ~ exp (—ik-tci sin cor) 

(— + J fi&Cr) dU2 duij - J dr J gl'2(r) 

•exp [—•£k«ut(< — r)]tk-u2 du2 duj, 

where Qe< = J G" due and co2, = 4irg>,/m,. 
Let us make the ansatz that for large m(, 

f'° = MVL1) + o(l), cT = fG" + 0(1), 

Sip = E givu e xP (-HUT) + o(l), 

(8) 

1 + X-i ^ 1 

, « / f k-a/?°/au; 
Zco — k-Ui + is 

rzdul, ( 5 - ^ 0 + ) . 

Let us now consider Eq. (2) with a = (H = i. 
Introducing the transformation 

t = t, u\ = Vj + we,- cos ut, ul = v2 + we,- cos cot, 

and Fourier analyzing with respect to r12 we obtain 

— + ik-(u[ - u2) 

1. 
m m,-2 + x e^* -T i t ^ ii fc2 U ; au '^ 1 /2 

exp (ik'e.i sinwf) J %i du"3 - J gH du* 

m i du2 k 

exp (-ik'e.i sin wi) J ^ dul - j ^ d u a 

(11) 

Now using the ansatz in (9), we obtain for giia, 
I 9* 0 

[-/co + k-(u{ - u ' ) ] ^ 2 ( i = ^ f k 

Ui%(«i) J ^32(i ĈUa - U2/M(U2) J ffisd dU3' 

- ^ | k / , ( u ; ) / , ( u O 

s.;P(o = / : w ( o + o(i), (9) + o(l), ? ̂  0, 
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where use has been made of the identity Q'e(k) = 
Q e ' ( -k ) . In the limit mt —> °° we have /M(u') —> 
a(u') and since u5(u) = 0, we get g\\ = 0 for I ^ 0. 
Thus, the last term in (10b) vanishes. For g\'0 we 
get from (11) 

k-(uj - uDgliio 

qeqtne 4w 

KT{ ft' 

•k-[ul £ J,QJ{ - u' E J ,Q; : , ( -k ) ] + o(l). 

(12) 

Introducing g{'0 and QJj, as given in (9) and (10), 
into (12), dividing by j M(^[)1 M^) and taking the 
limit m,- —> oo; we obtain 

k-(uj - Ua) 
2? 47r qeq,ne 4w 

KT{ V Q" 

+ 2^7SZ,%-(i+-.Q") 
K7 ,- ft i ntD-i 

= 0, (13) 

where the symmetry of Q", Q"(—k) = <2"(k), has 
been used. From (13) 

0"' = -
ft? £ /?/£_, 

n, ft3 + ft? E •/?/£-« 
(14) 

which is the desired result for the ion-ion correla
tions; we have defined ft2 = £irq%na/i{Ta. 

Notice that Q" is a function of both the frequency 
and the intensity of the field. As E —* 0, Q" —> 
-7iJ1k%k2, + k'Do)'1 and since f ° should then be 
Maxwellian we recover the thermal correlations 

Q" = -
ft? 

n; hi + ft* + ft' 
+ 0(£2); 

for small E the corrections are 0(E2) so that the 
effect is essentially nonlinear. The ion-ion correla
tion function is obtained from g" = J'UTMQ" and 
(14). Using (14) we can also obtain g" from g"' = 
fMG", Eq. (10) and Eq. (7), which may now be 
easily solved. Finally, we can go back and observe 
that our ansatz g" = fMG" satisfies (5) in the 
limit nij —» a> [notice simply Eq. (6) and the identity 
u' S(u') = 0]. Thus, by assuming the ansatz in (9) 
we have obtained a consistent solution of the 
equations for g" and g" as mf —> <», We remark 
that this ansatz has placed no restriction on g". 

III. THE NONLINEAR HIGH.FREQUENCY 
PLASMA CONDUCTIVITY 

The influence of the above effect on the electric 
conductivity will now be studied. To determine 
the conductivity we must find the current-density 
response to the field, 

dv. 

Since m{ —» °°, only the electron distribution 
function has to be considered; using the expansion 
in (3) with a = e, we get 

J = J 
v_ 
CO 

f -f • • • = neqe 

• J f °v dv + - n.q, f /clv dv + • • • . 

For /c0(ue) even in ue, j e 0 is purely reactive, 

J — ntqeut, cos cat, 

(15) 

(16) 

and to obtain a resistive component of j (of most 
interest because it produces heating of the plasma), 
we must find j " 1 . 

I t is now interesting to notice the following point: 
The resistive current, to be found below, heats the 
plasma slowly (in the v~x scale). Unless this heating 
is taken into account by allowing a slow tem
perature variation in f°, the expansion in (3) 
will ultimately break down due to secular behavior8; 
actually, there exists not only heating but a general 
broadening of f °, which will not be Maxwellian. 
The introduction of the slow-time variable means 
that f° only satisfies (4) in the co_1, fast scale; the 
whole analysis of Sec. I I only yields the fast-time 
dependence in the equations, but the results are 
still valid because the slow-time variable would 
appear merely as a parameter. The determination of 
f°(u°) involves the study of the slow-time evolution 
of the system, and, in particular, requires solving the 
equation for gee; this will not be done here. Thus, 
our result (14), gives Q" as a functional of f°. 

Fortunately, j " 1 may be obtained (as a functional 
of f° again) without studying the slow-time evolu
tion of the plasma. This is so because, as assumed 
in Sec. II, f° has to be even in u": for times com
parable to v'1, there is no preferential direction 
along an axis aligned with the field, since E sin ut 
changes sign every half-period. Then, consider 
Eq. (1) with a = e, multiply by neqeVi and integrate 
over vx; the result is 

<9f 
dt 

qjh 
m. 

E sin coi = && [ dr2^ [ gli dv, dv. 

(17) 
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Since f° is even in u°, (16) shows that the equation 

- i - = ^ ^ E sm cot 
dt me 

is satisfied not only in the fast scale but identically. 
Thus, after introducing (15) into (17), we obtain 

~ ^ 7 = - ^ T ^~* /" * * dk ! & du{ cH, (18) 
CO Ol> 7/le J J 

where 4> and g"" were defined in Sec. II. Using the 
value of Q" given by Eq. (10) and integrating 
over t, (18) becomes 

J 
(lln^i f kcik v^ /.7 A 

^ V ^ / -TT- X exp (iZwf) 
2T m,w J k i 

• Z Z g ^ ( l + n , . Q i , ' ) ) (19) 

Q" being given by (14). The result from Ref. 5 
may be recovered by writing Q" = 0 and f° = 
/j/(ue) in the above equation. 

The conductivity can be obtained from (15), 
(16), and (19) through the usual definition, j = cE 
sin cot; actually, a series of conductivity coefficients 
should be defined, because all harmonics of the 
fundamental frequency appear in j . Writing 

j = E E ' I sin Icot + X) <ri •( cos Icot 

(Ti and a[ may be immediately obtained from (16) 
and (19). 

The actual computation of <rs and o-J cannot be 
carried out because f° is unknown. However, the 
most interesting aspect of our result for Q" is 
the appearance in (14) of all resonant factors, 
( A , ) - 1 ; to determine the importance of this we 
now compare the result of Ref. 5 with ours for a 
simple case, that of a moderate field (|we,| <iC v„, 
ve being the electron thermal velocity). 

To make the comparison simpler we only consider 
cj, corresponding to the component of j that heats 
the plasma. From (19) we have, after using (14), 

_ <4QJ f * k v J{Ji+1 

4:T CO J K I A 

•Im A ft2 + ft? £ Jl/D-i. ' 
(20) 

the corresponding result from Ref. 5 may be obtained 
by dropping the last fraction in (20). Retaining up 
to the third power of E, the integral in (20) becomes 

/ 
rikkk-e, 
ft5" 2 

A(k), (21a) 

A(k) = 

•fc: 

Im A (k-ee)
2 (2 Im A Im A 

IAI IAI IA 

ft2 + ft* 
1 - (k-ee)

2/2 (k-Ef)
2 R e f l , 

A + IA 
(21b) 

the prefixes Re and Im stand for real and imaginary 
parts. At this point we remark that the small 
argument expansion for the Bessel functions of 
(20), used to obtain Eq. (21b), is valid under the 
moderate field assumption even if |k«e,| is not small. 
This may be proved by following a procedure 
used in Refs. 4 and 5: when |k»e,| > 0 (1), we 
have co/kvc <<C 1 from our condition |«B,,| <3C V,\ 

then one solves (8) by expanding Q"{T) and exp 
( —jk-s, sin cor) inside the time integral in a Taylor 
series in co/kvel and solving iteratively for Q" (t). 
The result for ô  agrees with that obtained from 
(21 b) by expanding A(«/fcv„)> D2(2<a/kve) for 
small co/kve. 

To make our comparison simpler we further 
expand the second bracket in (21b), although this 
is not valid throughout the whole range of the 
k integration; ft2 over this bracket becomes 

ft2 + ft2 

ft2 + K + ft? 

(k-ee)
2 

+ 

1 

ft2 

ft2 

+ ft 

ft2 

+ fc2 

2 ( k - E 

+ ft? 

e)2 Re A / 2 2 

ft2 2 |A|2 + ° \ V . 
The term 0(CO2E;;A;;) is due to the fact that f ° = 
fu[l + 0(co2e2A2)] and, therefore, A = (1 + fc2/fc2) 
[1 + OicoVjvl)}. 

We find, finally, that the linear part of A is 
(Im D1/\D1\')[(k' + K)/(k2 + K + ft2)], while 
from Ref. 5 we would have Im A / | A | 2 ; the differ
ence is due to the use, in Ref. 5, of zero correlations 
instead of the thermal value, which is the appro
priate limit for a vanishingly small field. This differ
ence, however, is not very significant, as indicated 
in the introduction. On the other hand, for the 
nonlinear part of A we have 

/ 

(k-e„)2 (2 Im A Im D2\ Im A JcoVX 
8 V |A|2 |A | 2 / ' |A|2 % ; 2 )] 

ft2 + ft2, Im A (k2 + fc2)&2 

c2 + fc2 + fc2 |A|2 (ft2 + ft2 + ft2)2 

[ (k-Ee)
2 (k-E2) ft2 + ft2 Re A . n(ooVX] 

L~ 2 '' 2 ft2 |A|2 + W. )\ 

(22) 
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while Ref. 5 gives 

(k-ce)
2 2 Im A Im D. 

IAI \D2 

ji (linear) 

h 

v{E = 0) 
0) 

^ ft.fc In A, 

Here the difference is significant; in fact, the term 
in (22) proportional to Im -Di Re Di/lD^4 seems to 
yield the dominant nonlinear contribution in the 
interesting case w Pd w„. We conclude that the 
quantitative results given in Ref. 5 for the non
linear high-frequency conductivity should be sub
stantially in error, especially so if w is near the 
electron plasma frequency (of most interest, for 
instance, in the study of heating of plasmas by 
lasers). 

IV. DISCUSSION 

We have shown that a high-frequency electric 
field modifies the ion-ion correlations of a fully 
ionized plasma in the limit of infinite ion mass. We 
have derived an expression for the correlation 
spectrum in terms of the electron distribution func
tion; for a vanishingly small field, our result reduces 
to the known thermal spectrum. We have further 
shown that the above effect has a substantial in
fluence on the nonlinear high-frequency plasma 
conductivity. 

Several simplifications have been used in our 
analysis; they will be now discussed. First, we as
sumed a uniform field with a single frequency, 
E sin o>t. Although all harmonics of the fundamental 
frequency appeared in the current density and 
should appear, therefore, in the field itself, the 
monocromatic assumption is valid because for 
v/w « 1, we have \jiv/o>\ « \j0\. The uniformity 
assumption requires, as indicated in Sec. I, a wave
length large compared with both Debye length and 
electron excursion length. For consideration of both 
assumptions in the propagation of a moderately 
strong electromagnetic wave, see Ref. 5. 

Second, we assumed that after transient effects 
died off, an equilibrium would be reached. Obviously, 
this will not be the case if the plasma is made un
stable by the presence of the field. I t is known that 
for w Pd Wj, an instability sets in for moderate fields 
(co [E,| <K ve)

9; for co < Wj,, the plasma is unstable too, 
but the threshold is much larger o> |e,|/fl, = 0(1).10 

We can briefly summarize this by stating that for 
w < co„ our analysis is invalid unless the field in
tensity is below the appropriate threshold for in
stability.9'10 

Third, it was assumed that v(E)/w < 0(1). For 
E —> 0, we have the linear result'1 

h being the classical distance of closest approach 
and In A the usual Coulomb logarithm; on the other 
hand, the nonlinear analysis of Ref. 5 shows that 

ji (nonlinear) _ nfco2t2\ 
ji (linear) \ v2

e ) (23) 

for OI2E2„ « v2. These results indicate that if u2t2/ 
vl < 0(1), we have v(E)/v(E = 0) = 0(1), and the 
condition v(E)/w < 0(1) may be written 

» k„h ~ ND\ (24) 

ND being the number of particles in a Debye sphere. 
[Since (23) shows that the order of magnitude of the 
ion-electron correlations is not modified, the effect 
of the ion-ion correlations found in our study is not 
expected to alter the conclusion in (24).] 

Finally, the BBGKY correlation equations were 
simplified in Sec. I I by omitting two terms. Such 
omission is easily justified when ^""l « ff. Near 
thermal equilibrium, this condition is satisfied for 
distant collisions, which are known to dominate 
close collisions by a factor 0(ln A); however, it is 
reasonable to expect that for sufficiently intense 
fields, such simplification of the correlation equa
tions will break down. 

I t seems that the breakdown does not occur as 
long as u\%M < 0(1) and |fc.e.| < 0(1). Under the 
first assumption, the correlations between distant 
particles do not change in order of magnitude, as 
indicated in the above discussion on the ratio v(E)/co, 
while if we have both w2t2Jv2

e < 0(1) and |fc,e,| < 
0(1), the ratio of the number of close collisions to 
that of distant ones, does not seem to be larger than 
for zero field11: In the oscillating frame of the elec
trons the ion now fills a relative volume of the 
Debye sphere that is 0(k2

eh
2) [compared with 

0(k]h3) for zero field] but the probability of a close 
interaction for an electron crossing near the line 
of oscillation of the ion is only kjiw \z,\/v,. 
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