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Abstract

In the last decades, there has been an increasing interest on semistate models based on

differential-algebraic equations (DAEs) for the analysis and simulation of non-linear elec-

trical circuits. Modelling techniques such as Node Tableau Analysis (NTA), Augmented

Nodal Analysis (ANA), or Modified Nodal Analysis (MNA), the latter used e.g. in the

circuit simulation programs SPICE and TITAN, set up network equations in differential-

algebraic form [48, 59, 60, 139].

The index of a DAE circuit model becomes a standard measure for the analytical

and numerical difficulties faced in simulations [16, 60, 65]. Roughly speaking, the notion

of the index can be thought of as the number of steps that are necessary to split the

original differential-algebraic system into two uncoupled systems: an algebraic one, and an

explicit differential one. In particular, index zero systems amount to explicit ODEs, while

for index one DAEs the aforementioned splitting can be obtained in a relatively simple

manner. Differential-algebraic systems with an index higher than one, usually called

higher index systems, are more difficult and specific approaches are necessary for their

simulation (see e.g. [65, Chap. VII]). In this direction, the topological characterization of

low index (index less than two) circuit configurations has become increasingly important,

and it is performed by current circuit simulators [46]. Characterizations of this type

do not only place analytical conditions on the circuit devices but they also demand the

existence or absence of certain configurations on the circuit digraph, which retains the

electrical nature of the circuit elements but not their specific constitutive equations.

In previous works, passivity assumptions on circuit devices have been very helpful to

simplify the characterization of the index for the resulting models [48, 131, 139]. These

assumptions amount to the positive definiteness of the incremental conductance and reac-

tance matrices, this being equivalent to demanding that all conductances and reactances

are positive in uncoupled circuits. Restricting the coupling effects allowed in the circuit,

the present work introduces novel tree-based methods allowing us to characterize the index

of common nodal models in a more general framework, based on algebraic assumptions

on certain trees within the network. This tree-based index calculation generalizes previous

results, making it possible to characterize the index of uncoupled circuits including both
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passive and active devices.

Our results focus mainly on the augmented nodal analysis and the modified nodal

analysis formulations. While modified nodal analysis models have been widely studied

from a non-linear DAE perspective [45, 48, 95, 130, 139], the augmented nodal analysis

formulation was presented in [131] as an intermediate step between MNA and NTA,

preserving the index one conditions of node tableau. In the present work, we employ

different types of trees for the characterization of low index configurations in the different

models. Index one ANA systems are characterized by certain conditions on the proper

trees in the circuit. In turn, index one conditions for MNA are stated in terms of normal

trees. Proper and normal trees were introduced by Bashkow [11] and Bryant [21, 22, 23],

respectively. A key step in our proofs is the factorization of the matrices describing index

one for ANA and MNA, where the Cauchy-Binet formula allows us to split the topological

component of the circuit from the characteristics of the devices.

The study of the above-mentioned matrices, in particular of those describing index

zero for MNA and index one for ANA, leads to the notion of an augmented nodal matrix.

In the abstract terms of a coloured digraph, this type of matrix allows us not only to

characterize low index configurations but also to analyze other problems in circuit theory,

such as the DC-solvability condition for equilibrium points of well-posed circuits [31, 46,

54, 55, 130, 137, 138]. In this context, the characterization of proper and normal trees in

abstract coloured digraphs defines a result of independent interest, which allows us to delve

into the kernel of the augmented nodal matrix. Regarding this problem, we prove that

the normal trees of a green/blue connected graph are defined by all possible combinations

of a forest of the green subgraph and a tree of the so-called blue-cut minor. Similarly, for

three-colour connected graphs, we show that normal trees can be characterized in terms

of red-cut minors and normal forests of the green/blue subgraph.

Finally, in order to study the rank of augmented nodal matrices for problems including

couplings or controlled branches, we present the novel notions of a balanced tree and a

regular tree pair. Although they are introduced in the simpler and more general context of

coloured digraphs, both notions can be directly transposed to a circuit theoretic setting.

This allows us to examine networks including coupled capacitors or Voltage-Controlled

Current Sources (VCCS), which are present in most integrated circuits [5, 87, 136]. Specif-

ically, we present here characterizations of the DC-solvability problem and index one con-

figurations in ANA models of circuits including controlled sources. Additionally, index

zero configurations in MNA models are examined for circuits including coupled capacitors.
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un referente para mı́ con su vida y su apoyo.

Finalmente agradezco al departamento de Matemática Aplicada a las Tecnoloǵıas de
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Chapter 1

Introduction

1.1 Overview

The systematic analysis of the mathematical formulations resulting from non-linear circuit

modelling can be traced back to the 1950s, when the development of electronics led to

substantially more complex systems, including a higher number of devices and a more

involved dynamics. In contrast to linear models, which may be easily framed within a

purely algebraic framework by means of integral transformations, non-linear formulations

yield implicit non-linear ordinary differential equations that are better solved in the time

domain [2, 29, 30, 31, 32]. Most initial developments focused on systems that could be

expressed in terms of a state space model, taking the mathematical structure of an explicit

ODE system [31, 33, 77]. However it was soon evident that many circuits in practice do

not admit explicit ODE descriptions [33, 46, 59, 60]. Besides, implicit models are usually

easier to obtain than explicit ones, this having turned a particularly important issue with

the increasing use of automatic methods for the generation of circuit equations, e.g. MNA

[15, 71, 85, 145, 146].

Models based on implicit ODEs are more natural formulations for non-linear lumped

electrical circuits, as they make it possible to incorporate both explicit ODEs and algebraic

equations. Indeed, when dynamical reactive elements and static resistive devices come

together in a circuit, they yield a model combining purely differential equations and

algebraic relations. Additionally, the different connections in the electrical network also

provide algebraic constraints on the model. Because of the fact that there may be initial

conditions at dynamical elements which are not valid, implicit ODE models are no longer

state models, instead they must be framed within the context of the semistate systems

[40, 108, 109] or differential-algebraic equations (DAEs) [57, 80, 125, 143]. In particular,
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the name “semistate” stems from the electrical context, being proposed by Dziurla [108,

p. 71].

Circuit models, digraphs, and DAEs (Chapter 2). Circuit theory and graph the-

ory are tightly intertwined, as the notion of a directed graph underlies any lumped circuit.

Note that, because of the static conditions holding on lumped models, any circuit can be

considered as a set of lumped elements connected at certain nodes. As most lumped

elements can be modelled as oriented two terminal devices, they naturally fit as branches

within the circuit network, each of them having certain associated variables: at least cur-

rent and voltage. Therefore, by associating branches with edges and nodes with vertices,

we can represent a given circuit in terms of a digraph [3, 4, 9, 13, 49]. In fact, a complete

description of the circuit would comprise both the topological description of the circuit

digraph, where we would label or colour each edge according to the type of element in the

corresponding branch, and the description of the constitutive relations governing its differ-

ent elements [29, 31, 33, 145]. In this way we can distinguish three interrelated component

in a circuit model: a topological component, represented by Kirchhoff laws and derived

from the network topology, a dynamical component, including the electromagnetic dy-

namics of reactive branches, and a constitutive component, including algebraic constraints

derived from the specific characteristics of the network elements [59, 125, 131].

The characterization of circuits as digraphs naturally leads to the use of branch vari-

ables in the model. However, many branch voltages and currents are actually redundant

and more compact models can be built by deriving a set of fewer variables. In particular,

nodal models are characterized by the use of node potentials as some of the variables in

the resulting semistate formulation. Semistate nodal models include very well known for-

mulations such as the conventional Modified Nodal Analysis (MNA) [71] or the Tableau

Analysis (TA) [62], but they also include many other interrelated models such as the

Augmented Nodal Analysis (ANA) [86, 131] or the various hybrid models.

Within the differential-algebraic framework, the index of a model has become a stan-

dard measure for the analytical and numerical problems that it entails [58, 59, 60, 65, 143].

In general terms, the notion of index can be thought of as the number of steps that are

required to transform a certain DAE into two uncoupled systems: an explicit differential

one and an algebraic one [16, 115, 143]. By using different procedures to perform this

decoupling, many non-equivalent definitions of index have been developed, such as the

differentiation index [16, 26, 52, 65], the tractability index [83, 90, 93, 129], the geometric

index [115, 116, 120, 121] or the strangeness index [80, 82]. In particular, in the context

of circuit analysis, both the differentiation index and the tractability index have been
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widely employed [48, 58, 61, 125]. While the first is based on the iterative differentiation

of the original DAE [16, 52], the second decouples the system by means of projections

onto certain characteristic subspaces [56, 88].

Index characterization of semistate circuit models (Chapter 3). During the

last decades, there has been a substantial interest in the topological index calculation

of DAEs arising in nodal models. In particular, under certain passivity assumptions

in many nodal formulations, it has been proved that some circuit configurations (i.e.

particular types of elements connected in specific topologies) lead to so-called higher

index (index ≥ 2) problems, while their absence guarantees index zero or index one

systems [48, 131, 139, 143]. This has both a theoretical and a practical interest. From

a theoretical point of view, higher index systems pose different problems related to the

existence of solutions, the adequate selection of initial values, or the differentiability class

needed in the inputs for a solution to be well-defined (see e.g. [20, 112, 125]). From an

applied point of view, an a-priori knowledge of the index can be interesting in a number

of ways, e.g. in order to select an adequate numerical method for the simulation of the

circuit, or also to apply some kind of index reduction technique [59, 60]. Additionally, the

characterization of the index is closely related to the existence of a state space model for

the circuit, as index zero DAEs amount to explicit differential equations and some index

one systems make it also possible to easily derive an ODE formulation [131]. For the

aforementioned reasons, it is important to characterize the circuit configurations leading

to models with index no greater than one.

Passivity assumptions on circuit devices, such as those in [48, 131, 139], are very

helpful in order to simplify the calculation of the index for nodal models, but they are far

from necessary. As detailed in the present work, for circuits excluding certain types of

couplings, it is possible to analyze the index of common nodal methods in a more general

framework based on algebraic assumptions on different trees within the network. This

tree-based index calculation allows us both to include active devices in the circuit and to

provide necessary and sufficient conditions for the characterization of the index. Within

the uncoupled setting, the characterizations of the index based on passivity assumptions

can be seen as particular cases of those based on trees.

Indeed, the use of so-called proper and normal trees makes it possible to provide very

general index zero and index one conditions in the conventional modified nodal analysis

formulation, extending the results in [48, 139] to an uncoupled non-passive setting. Simi-

larly, for the augmented nodal analysis formulations in [131] it is also possible to formulate

index one conditions in terms of algebraic assumptions on proper trees. Additionally, this
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also provides index one characterizations for many tableau and non-conventional models,

due to different index one equivalences among these formulations, see e.g. [131] or [139].

The factorization of certain circuit matrices, making it possible to split the topological

information of the circuit and the characteristics of the devices, is an essential step in

most results along these lines.

Coloured digraphs, augmented nodal matrices and normal trees (Chapter 4).

The use of trees for the characterization of the index is based on the analysis of the rank of

various matrices, whose structures match that of the derivative of the ANA system with

respect to the algebraic variables. In fact, it is possible to define these augmented nodal

matrices in an abstract graph-theoretic setting, where we label the different edges in the

graph with two or three colours depending on the presence of two or three types of ele-

ments in the augmented nodal matrix. Abstract augmented matrices provide an unifying

framework for the study of the index in different semistate nodal models. Additionally,

they make it also possible to tackle other practical problems in electrical circuit theory,

such as the identification of conditions for DC-solvability [63, 64, 101], without the need

for passivity assumptions.

In order to assess the rank of abstract augmented nodal matrices in uncoupled prob-

lems, it is necessary to analyze the different proper and normal trees in the coloured

digraph. In this sense, it is useful to provide a general characterization of such abstract

trees, being possible to show that they can be described in terms of one-colour forests and

minors of the original digraph. Finally, for problems accommodating certain interactions

among branches, such as coupling effects or controlled sources, normal and proper trees

are no longer useful and the notions of a balanced tree and a regular pair of trees must

be introduced instead. These notions do not only have a clear practical application for

coupled circuits, but they can also be applied to problems including controlled sources,

such as most integrated circuits [5, 48, 110, 143].

1.2 Semistate circuit models and index analysis

The current section provides a glimpse of the models and mathematical tools employed in

this thesis, in order to motivate the problems to be addressed in the following chapters,

and to present the goals of our study. The concepts sketched here will be developed

further in Chapter 2.

Many results in this work address the well-known conventional modified nodal analysis
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(MNA) formulation [71, 125, 131]:

𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 𝑒

′ + 𝐴𝑟𝛾𝑟(𝐴𝑇𝑟 𝑒) + 𝐴𝑙𝑖𝑙 + 𝐴𝑢𝑖𝑢 = −𝐴𝑗𝑖𝑠(𝑡) (1.1a)

𝐿(𝑖𝑙)𝑖
′
𝑙 − 𝐴𝑇𝑙 𝑒 = 0 (1.1b)

𝐴𝑇𝑢 𝑒 = 𝑣𝑠(𝑡), (1.1c)

where vector 𝑒 stands for node potentials, while 𝑖𝑙 and 𝑖𝑢 denote the currents through

inductors and voltage sources.

The MNA system (1.1) includes the topological structure of the network through the

use of the split reduced incidence matrix 𝐴 = (𝐴𝑟 𝐴𝑐 𝐴𝑢 𝐴𝑙 𝐴𝑗), where the subindices

denote the different elements in the circuit: resistors, capacitors, voltage sources, inductors

and current sources. Adequately numbering the different branches in the circuit, the

complete incidence matrix 𝐴 = {𝑎𝑖𝑗} can be built from the network as follows:

𝑎𝑖𝑗 =

⎧⎨
⎩

1 if branch 𝑗 leaves node 𝑖,

−1 if branch 𝑗 enters node 𝑖,

0 if branch 𝑗 is not incident with node 𝑖.

Then, the reduced incidence matrix 𝐴 results by deleting from 𝐴 the linearly dependent

row corresponding to the chosen reference node. If 𝐾 is a subset of branches of a given

network, then 𝐴𝐾 denotes the submatrix formed by extracting the corresponding columns

from 𝐴. The split incidence matrix includes all the topological information in the circuit,

namely types of branches and connections. In a more abstract setting, this information

can be expressed in terms of a labelled or coloured digraph, where branches correspond

to edges and nodes correspond to vertices.

The physical characterization of the devices in the circuit is also included in the MNA

system. Indeed, currents at resistive branches 𝑖𝑟 are assumed to be voltage-controlled by

the 𝐶1 function 𝑖𝑟 = 𝛾𝑟(𝑣𝑟), where 𝑣𝑟 = 𝐴𝑇𝑟 𝑒. In turn, capacitors and inductors come

described by their corresponding incremental capacitance and incremental inductance ma-

trices: 𝐶(𝐴𝑇𝑐 𝑒) and 𝐿(𝑖𝑙). Finally, the non-autonomous part of equation (1.1) comprises

functions 𝑖𝑠(𝑡) and 𝑣𝑠(𝑡), standing for currents and voltages at independent sources.

Delving into the topological properties of the circuit, a sequence of distinct adjacent

edges in the circuit digraph is called a path. If this path is closed, i.e. if the initial and

final vertices in the path coincide, then the path is called a loop. A digraph is said

to be connected if there is a path joining every pair of vertices. It can be proved that

the connection of a digraph is equivalent to the full row rank of its reduced incidence

matrix. Similarly, matrix 𝐴 has full column rank if the corresponding digraph does not
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include any loop. A connected digraph which includes no loops is called a tree, being

characterized by a non-singular incidence matrix. Finally, a minimal set of branches

whose deletion disconnects a given connected digraph 𝒢 is called a cutset. The absence
of cutsets is characterized by the full row rank of matrix 𝐴𝒢−𝐾 . All concepts presented

in this paragraph can also be extended to subgraphs including only some branches of the

original digraph. Most notably, the choice of a tree in every connected subgraph of the

original digraph defines a forest.

These topological properties are essential for the analysis of the different circuit for-

mulations, as any lumped circuit must satisfy the following two identities:

𝐴𝑖 = 0 (1.2)

𝐴𝑇 𝑒 = 𝑣, (1.3)

where 𝑖 stands for the vector of branch currents, 𝑣 stands for the vector of branch voltages,

and, as indicated above, 𝑒 is called the vector of node potentials. The former equations

are known as the Kirchhoff Voltage Law (KVL) and the Kirchhoff Current Law (KCL)

respectively, being implicitly or explicitly included in every nodal model.

From a differential-algebraic perspective, the system (1.1) can be seen as a quasilinear

DAE of the form

𝐴(𝑥)𝑥′ = 𝑓(𝑥) + 𝑞(𝑡), (1.4)

where 𝐴(𝑥) ∈ 𝐶(Ω,ℝ2𝑚), 𝑓 ∈ 𝐶1(Ω,ℝ𝑚) and 𝑞 ∈ 𝐶(𝒥 ,ℝ𝑚), Ω being an open subset in
ℝ
𝑚 and 𝒥 ⊆ ℝ being an open interval [81, 125, 131]. In particular, here 𝑥 = (𝑒, 𝑖𝑙, 𝑖𝑢) and

𝐴(𝑥) =

⎛
⎜⎝ 𝐴𝑐𝐶(𝐴

𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 0 0

0 𝐿(𝑖𝑙) 0

0 0 0

⎞
⎟⎠ , (1.5)

where the null rows at the end of 𝐴(𝑥) are absent if there are not voltage sources in the

circuit.

Equation (1.4) has index zero if 𝐴(𝑥) is a nonsingular matrix for all 𝑥 ∈ Ω, amounting
in this case to an explicit differential equation. If this is not the case, assume that ker𝐴(𝑥)

is constant in Ω, let 𝑄0 be a constant projector onto ker𝐴(𝑥), and denote the Jacobian

matrix 𝑓𝑥(𝑥) as −𝐵(𝑥). The tractability index one condition for equation (1.4) in Ω
amounts to the singularity of 𝐴(𝑥) and the non-singularity of 𝐴1(𝑥) = 𝐴(𝑥)+𝐵(𝑥)𝑄0 for

all 𝑥 ∈ Ω [94, 125, 140, 143].
From a topological point of view, it is known (see [143, Th. 1.5(i)]) that the system
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(1.1) is index zero if the network includes no voltage sources, the matrices 𝐿 and 𝐶 are

positive definite and there exists at least one capacitive tree. Here, the positive definiteness

condition imposed on 𝐿 and 𝐶 corresponds to a strict passivity assumption on inductors

and capacitors. Note that the absence of voltage sources and the non-singularity of matrix

𝐿 imply that the index zero condition for system (1.1) is equivalent to the condition

det𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 ∕= 0. (1.6)

Reference [139] provides topological index one conditions for equation (1.1), demanding

passivity for all capacitors and all resistors in the circuit. A key step in this process is

ensuring that the matrix 𝐴(𝑥) has a constant kernel. In particular, note that if capacitors

and inductors are passive, then the matrices 𝐶 and 𝐿 are positive definite and

ker𝐴(𝑥) = ker𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 × ker𝐿(𝑖𝑙)× ℝ

𝑏𝑣 = ker𝐴𝑇𝑐 × {0} × ℝ
𝑏𝑣 (1.7)

is constant, 𝑏𝑣 being the number of voltage sources in the circuit. In this case, it can be

checked that if 𝑄𝒞 is a constant projector onto ker𝐴𝑇𝑐 , then the matrix 𝐴1(𝑥) reads

𝐴1(𝑥) =

⎛
⎜⎝ 𝐴𝑐𝐶(𝐴

𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 + 𝐴𝑟𝐺(𝐴

𝑇
𝑟 𝑒)𝐴

𝑇
𝑟 𝑄𝒞 0 𝐴𝑢

−𝐴𝑇𝑙 𝑄𝒞 𝐿(𝑖𝑙) 0

𝐴𝑇𝑢𝑄𝒞 0 0

⎞
⎟⎠ , (1.8)

where

𝐺(𝑣𝑟) = 𝛾
′
𝑟(𝑣𝑟) =

⎛
⎜⎜⎝

∂𝛾𝑟1
∂𝑣𝑟1

⋅ ⋅ ⋅ ∂𝛾𝑟1
∂𝑣𝑟𝑏𝑟

...
. . .

...
∂𝛾𝑟𝑏𝑟
∂𝑣𝑟1

⋅ ⋅ ⋅ ∂𝛾𝑟𝑏𝑟
∂𝑣𝑟𝑏𝑟

⎞
⎟⎟⎠ (1.9)

is the incremental conductance matrix, 𝑣𝑟 = 𝐴
𝑇
𝑟 𝑒 due to the Kirchhoff’s voltage law, and

𝑏𝑟 stands for the number of resistive branches in the circuit.

It is interesting to note at this point that the absence of couplings may considerably

simplify the analysis of circuit formulations. Indeed, the description of capacitors and

inductors through incremental matrices derives from the assumption that charges are

voltage-controlled and fluxes are current-controlled. In this way, if 𝑣𝑐 describes the voltages

at capacitors, then 𝑞 = 𝛾𝑐(𝑣𝑐) and 𝜙 = 𝛾𝑙(𝑖𝑙) for some 𝐶
1 mappings 𝛾𝑐 and 𝛾𝑙. The

incremental capacitance and inductance matrices: 𝐶 and 𝐿, are then defined as the
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Jacobian matrices of 𝛾𝑐 and 𝛾𝑙, i.e.

𝐶(𝑣𝑐) = 𝛾
′
𝑐(𝑣𝑐) =

⎛
⎜⎜⎝

∂𝛾𝑐1
∂𝑣𝑐1

⋅ ⋅ ⋅ ∂𝛾𝑐1
∂𝑣𝑐𝑏𝑐

...
. . .

...
∂𝛾𝑐𝑏𝑐
∂𝑣𝑐1

⋅ ⋅ ⋅ ∂𝛾𝑐𝑏𝑐
∂𝑣𝑐𝑏𝑐

⎞
⎟⎟⎠ , 𝐿(𝑖𝑙) = 𝛾′𝑙(𝑖𝑙) =

⎛
⎜⎜⎝

∂𝛾𝑙1
∂𝑖𝑙1

⋅ ⋅ ⋅ ∂𝛾𝑙1
∂𝑖𝑙𝑏𝑙

...
. . .

...
∂𝛾𝑙𝑏𝑙
∂𝑖𝑙1

⋅ ⋅ ⋅ ∂𝛾𝑙𝑏𝑙
∂𝑖𝑙𝑏𝑙

⎞
⎟⎟⎠ , (1.10)

being 𝑣𝑐 = 𝐴
𝑇
𝑐 𝑒 due to the KVL, while 𝑏𝑐 and 𝑏𝑙 are the number of capacitive and inductive

branches in the circuit. If there is no coupling in the circuit, then there is no interaction

among the different branches in the model and 𝐶, 𝐿 and 𝐺 must be diagonal matrices,

their entries being the capacitances, inductances and conductances in the circuit.

Other results in this thesis also address the conventional augmented nodal analysis

(ANA) formulation [86, 131], which can be derived from general tableau models [62, 125]

by eliminating several branch and current variables:

𝐶(𝑣𝑐)𝑣
′
𝑐 = 𝑖𝑐 (1.11a)

𝐿(𝑖𝑙)𝑖
′
𝑙 = 𝐴𝑇𝑙 𝑒 (1.11b)

0 = 𝐴𝑐𝑖𝑐 + 𝐴𝑟𝛾𝑟(𝐴
𝑇
𝑟 𝑒) + 𝐴𝑢𝑖𝑢 + 𝐴𝑙𝑖𝑙 + 𝐴𝑗𝑖𝑠(𝑡) (1.11c)

0 = 𝑣𝑐 −𝐴𝑇𝑐 𝑒 (1.11d)

0 = 𝑣𝑠(𝑡)−𝐴𝑇𝑢 𝑒. (1.11e)

In system (1.11), 𝑖𝑐 stands for currents at capacitors, which were not present in MNA.

Note that augmented nodal analysis and modified nodal analysis are closely interrelated,

as the latter can be obtained from equation (1.11) by inserting equation (1.11d) into

(1.11a) and this in turn into (1.11c).

The ANA formulation can be regarded as a quasilinear DAE but, provided that the

matrices 𝐶 and 𝐿 are non-singular, it takes a particularly simple semiexplicit form:

𝑦′ = ℎ(𝑦, 𝑧) + 𝑞1(𝑡) (1.12a)

0 = 𝑔(𝑦, 𝑧) + 𝑞2(𝑡), (1.12b)

where 𝑦 ∈ ℝ𝑟 and 𝑧 ∈ ℝ𝑝, ℎ ∈ 𝐶1(Ω,ℝ𝑟), 𝑔 ∈ 𝐶1(Ω,ℝ𝑝), 𝑞1 ∈ 𝐶(𝒥 ,ℝ𝑟) and 𝑞2 ∈
𝐶(𝒥 ,ℝ𝑝). In particular, here 𝑦 = (𝑣𝑐, 𝑖𝑙) is the vector comprising the dynamical variables
in the model, while 𝑧 = (𝑒, 𝑖𝑐, 𝑖𝑢) comprises the algebraic ones.

The differentiation index of equation (1.12) has been thoroughly examined in the DAE

literature, see e.g. [16] and references therein. Assuming that a certain (𝑦∗, 𝑧∗, 𝑡∗) ∈ ℝ
𝑚+1

satisfies (1.12b), the differentiation index one condition around this point amounts to
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the non-singularity of the matrix 𝑔𝑧. It is not difficult to show that, for equation (1.12),

differentiation index one is equivalent to the previously defined tractability index one

condition.

Reference [131] provides a topological index one characterization for the system (1.11)

under passivity assumptions. Indeed, Theorem 4 in [131, p. 295] shows that, assuming

that the matrix 𝐺 is (positive or negative) definite and that the matrices 𝐶 and 𝐿 are

non-singular, the ANA system has index one if and only if the circuit includes neither

loops formed exclusively by capacitors and/or voltage sources (C-V loops) nor cutsets

formed exclusively by inductors and/or current sources (L-I cutsets). Note that, provided

that 𝐶 and 𝐿 are non-singular, the index one condition for equation (1.11) is equivalent

to the non-singularity of the matrix

𝑔𝑧(𝑦, 𝑧) =

⎛
⎜⎝ 𝐴𝑟𝐺(𝐴

𝑇
𝑟 𝑒)𝐴

𝑇
𝑟 𝐴𝑐 𝐴𝑢

−𝐴𝑇𝑐 0 0

−𝐴𝑇𝑢 0 0

⎞
⎟⎠ . (1.13)

Chapter 3 will undertake the analysis of the index of MNA and ANA models with-

out passivity restrictions. In turn, this analysis will be extended to an abstract setting

involving coloured digraphs in Chapter 4. This extension is based on the fact that both

equations (1.6) and (1.13), arising in the characterization of the index in MNA and ANA,

can be written in terms of abstract augmented nodal matrices of the form

𝑀 =

(
𝐴ℬ𝑊ℬ𝐴𝑇ℬ 𝐴𝒢
𝐴𝑇𝒢 0

)
. (1.14)

Matrix 𝑀 corresponds to a weighted digraph in which the branches are grouped in three

categories: blue, green and red; the latter not being explicitly included in the matrix,

but still being relevant. In the case of equation (1.13), blue branches would correspond

to resistors, green branches would correspond to capacitors and voltage sources, and red

branches would correspond to inductors and current sources. By eliminating matrix 𝐴𝒢 in

𝑀 , we may model a blue/red digraph; this is the appropriate framework for equation (1.6),

in which blue branches would correspond to capacitors while red branches correspond to

the remaining devices in the circuit.

The structure of ker𝑀 plays a key role in the analysis of different properties of circuit

models. Under a positive definiteness assumption on𝑊ℬ, amounting to the strict passivity
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of blue devices, it can be checked that

ker𝑀 = ker

(
𝐴𝑇ℬ
𝐴𝑇𝒢

)
× ker𝐴𝒢 . (1.15)

In particular, the matrix 𝑀 is non-singular if there exist neither red cutsets nor green

loops. If green elements are not present and matrix 𝐴𝒢 vanishes, then ker𝑀 = ker𝐴𝑇ℬ .

The absence of red cutsets is in this case equivalent to the existence of blue trees.

The positive definiteness assumption on 𝑊ℬ is however far from necessary for (1.15)

to hold. The maximal rank of matrix 𝑀 in uncoupled problems, where matrix 𝑊ℬ is

diagonal, can be characterized in a more general setting by using the proper and normal

trees introduced by Bashkow [11] and Bryant [21, 22, 23]. Additionally, the non-singularity

of 𝑀 for more general problems with non-diagonal matrices 𝑊ℬ may also be studied by

using the novel concepts of a balanced tree and a regular pair of trees. In particular, these

concepts make it possible to model the existence of coupling effects or controlled sources,

which are common elements in most integrated circuits [5, 136, 138].

1.3 A motivational example

Example 1, displayed in Figure 1.1, shows a circuit consisting of two R-L-C shunt os-

cillators coupled by two Shockley diodes and an additional capacitor with 𝐶3 ∕= 0.

The Shockley diodes are modelled here as non-linear conductances with an exponential

𝑖 = 𝐼𝑠(𝑒
𝑣/𝑉𝑇ℎ − 1) characteristic [14, 53]. In the oscillators it will typically be 𝐿𝑖, 𝐶𝑖 > 0,

𝐺𝑖 < 0 for 𝑖 = 1, 2, but the analysis performed below only requires these magnitudes not

to vanish.

C1 C21L G1 L2G2

D1

D2

e1 e2

C3

Figure 1.1: Example 1.

Order the branches according to the sequence 𝐺1, 𝐺2, 𝐷1, 𝐷2, 𝐶1, 𝐶2, 𝐶3, 𝐿1, 𝐿2.
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The reduced incidence matrix 𝐴 for this circuit reads

𝐴 =

(
1 0 1 −1 1 0 1 1 0

0 1 −1 1 0 1 −1 0 1

)
(1.16)

and can be split as

𝐴𝑟 =

(
1 0 1 −1
0 1 −1 1

)
, 𝐴𝑐 =

(
1 0 1

0 1 −1

)
, 𝐴𝑙 =

(
1 0

0 1

)
. (1.17)

Here, 𝐴𝑟 corresponds to conductances 𝐺1 and 𝐺2 and diodes 𝐷1 and 𝐷2, whereas 𝐴𝑐 and

𝐴𝑙 describe the incidence of capacitors 𝐶1, 𝐶2, 𝐶3 and inductors 𝐿1, 𝐿2, respectively.

Note that, because of the existence of capacitive trees, 𝐴𝑐 has full row rank. For the sake

of simplicity, we will hereafter work with the parallel connection of diodes 𝐷1 and 𝐷2,

deleting the fourth column of 𝐴𝑟.

Due to the absence of couplings and the linearity of capacitors and inductors, the

incremental capacitance and inductance matrices read:

𝐶(𝑣𝑐) = diag (𝐶1, 𝐶2, 𝐶3) (1.18)

𝐿(𝑖𝑙) = diag (𝐿1, 𝐿2) . (1.19)

In turn, the incremental conductance matrix in this case includes both linear and non-

linear uncoupled conductances:

𝐺(𝑣𝑟) = diag

(
𝐺1, 𝐺2,

𝐼𝑠
𝑉𝑇ℎ

(
𝑒

𝑣𝐷1
𝑉𝑇ℎ − 𝑒

𝑣𝐷2
𝑉𝑇ℎ

))
. (1.20)

The resulting MNA system (1.1) is

(𝐶1 + 𝐶3)𝑒
′
1 − 𝐶3𝑒

′
2 +𝐺1𝑒1 + 𝑖𝑙1 + 𝑖𝐷𝐷(𝑒1 − 𝑒2) = 0 (1.21a)

−𝐶3𝑒
′
1 + (𝐶2 + 𝐶3)𝑒

′
2 +𝐺2𝑒2 + 𝑖𝑙2 − 𝑖𝐷𝐷(𝑒1 − 𝑒2) = 0 (1.21b)

𝐿1𝑖
′
𝑙1 − 𝑒1 = 0 (1.21c)

𝐿2𝑖
′
𝑙2 − 𝑒2 = 0. (1.21d)

Here 𝑖𝐷𝐷(𝑒1−𝑒2) stands for 𝑖𝐷1(𝑒1−𝑒2)−𝑖𝐷2(𝑒2−𝑒1) = 𝐼𝑠(𝑒(𝑒1−𝑒2)/𝑉𝑇ℎ−𝑒(𝑒2−𝑒1)/𝑉𝑇ℎ). This

expression, derived from the constitutive relationships of 𝐷1 and 𝐷2 and the Kirchhoff’s

Voltage Law, stands for the voltage-current characteristic of the parallel connection of

both diodes. Note that the system (1.21) does not include the equation (1.1c), as there

11



is no voltage source in the circuit. For later use and simplicity, write

𝐺3(𝑒1 − 𝑒2) = 𝐼𝑆
𝑉𝑇ℎ

(
𝑒

𝑒1−𝑒2
𝑉𝑇ℎ + 𝑒

−(𝑒1−𝑒2)
𝑉𝑇ℎ

)
. (1.22)

The leading matrix (1.5) reads

𝐴(𝑥) =

(
𝐶𝑛(𝑒) 0

0 𝐿(𝑖𝑙)

)
=

⎛
⎜⎜⎜⎜⎝
𝐶1 + 𝐶3 −𝐶3 0 0

−𝐶3 𝐶2 + 𝐶3 0 0

0 0 𝐿1 0

0 0 0 𝐿2

⎞
⎟⎟⎟⎟⎠ ,

where the nodal capacitance matrix 𝐶𝑛(𝑒) amounts to 𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 , and it is computed

as

𝐶𝑛(𝑒) =

(
1 0 1

0 1 −1

)⎛⎜⎝ 𝐶1 0 0

0 𝐶2 0

0 0 𝐶3

⎞
⎟⎠
⎛
⎜⎝ 1 0

0 1

1 −1

⎞
⎟⎠ =

(
𝐶1 + 𝐶3 −𝐶3

−𝐶3 𝐶2 + 𝐶3

)
.

As we pointed out in Section 1.2, system (1.21) is index zero if and only if both

𝐿(𝑖𝑙) and 𝐶𝑛(𝑒) are non-singular. The non-singularity of 𝐿(𝑖𝑙) stems directly from the

constitutive relationships of the inductors. The non-singularity of 𝐶𝑛(𝑒) admits further

study. The expansion of det𝐶𝑛(𝑒) reads

det𝐶𝑛(𝑒) = 𝐶1𝐶3 + 𝐶2𝐶3 + 𝐶1𝐶2, (1.23)

yielding a sum of products of capacitances. The index zero condition amounts in this

case to the non-vanishing of the determinant (1.23). In particular, if the incremental

capacitance matrix 𝐶(𝑣𝑐) in (1.18) is positive definite, then all capacitances are positive

and it can be guaranteed that𝐶𝑛(𝑒) is a non-singular matrix (equivalently that ker𝐶𝑛(𝑒) =

ker𝐴𝑇𝑐 = {0}). However, assuming that 𝐶1, 𝐶2, 𝐶3 > 0 is not necessary for (1.23) not

to vanish. A much more accurate characterization of the non-vanishing of det𝐶𝑛(𝑒) in

problems in which the capacitances may become negative can be given in terms of certain

circuit trees, as detailed in Chapter 3. Actually, this idea will drive many of the results

in this work.
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1.4 Goals and structure of the document

The present thesis focuses on the topological analysis of semistate systems without pas-

sivity restrictions, with two main goals. On the one hand, we introduce different novel

tree-based techniques for the analysis of the index in uncoupled problems, enabling us

to analyze circuits including non-passive devices. On the other hand, we delve into the

structure of normal trees and abstract augmented nodal matrices in terms of two-coulored

and three-coulored digraphs. This makes it possible to tackle different aspects of circuits

dynamics, including the DC-solvability problem and the index characterization of coupled

systems and circuits with controlled branches. The latter will be performed by means of

the novel concepts of balanced tree and regular pair of trees. The aforementioned goals

define the structure of this document.

Chapter 2 presents some background material on differential-algebraic equations (DAEs)

and semistate models. We develop here most concepts introduced in Section 1.2, in or-

der to address the analysis of the different nodal formulations in Chapters 3 and 4. As

a whole, the chapter is divided into three main conceptual parts, corresponding to the

three key areas of research interacting in this thesis, namely theory of differential-algebraic

equations, digraph theory and non-linear circuit modelling.

Indeed, in the first part of Chapter 2 we present some key structural forms for our

study, starting from the general quasilinear equation (2.3) and delving into the semiexplicit

and linear formulations as particular cases. Here we also define the notion of index of a

differential-algebraic equation. Special attention is paid to the tractability index and the

differentiation index which have been widely applied to the analysis of electrical circuits

(see Section 2.1.5).

The second part of Chapter 2 addresses the key concepts of digraph theory, enabling

us to model a network in terms of digraph matrices. Here we define the incidence matrix

(2.68), being the fundamental tool for our analysis of digraphs, and compile some of its

basic properties (see Lemmas 8 to 11). A brief description of the loop matrix (2.68) and

the cutset matrix (2.68) is also included in order to present Kirchhoff’s Laws.

In the third part of this chapter, the different components of a nodal circuit formulation

are examined and joined, in order to build the different interrelated models presented in

Table 2.1. We follow a top-down approach, starting with the general tableau node analysis

(2.98) and obtaining the augmented nodal analysis (ANA) model (2.108) and the modified

nodal analysis (MNA) formulation (2.115) as particular cases.

Finally, the last section in this chapter is of an instrumental nature, compiling some

auxiliary properties from linear algebra that prove useful in later analyses. The Cauchy-

13



Binet formula (Theorem 1 on page 70) is a particularly important result, enabling us to

factor the different nodal determinants appearing in common formulations. Lemma 14 is

another key statement which can be used to prove various index one equivalencies among

different nodal models.

Chapter 3 is devoted to the tree-based characterization of low index configurations

without passivity restrictions. Index zero and index one configurations are examined in

detail for both the conventional modified nodal analysis and the augmented nodal analysis

formulations. Additionally, we include some index equivalencies which allow us to extend

our results to the characterization of index one configurations in node tableau analysis

and non-conventional (charge/flux and hybrid) models.

Indeed, under passivity assumptions, reference [143] examined index zero configura-

tions in the modified nodal analysis model (1.1) (see Theorem 2). Using the Cauchy-Binet

formula to factor the matrix 𝐴(𝑥) in equation (1.5), it is possible to arrive at the more

general result stated in Theorem 3, which provides necessary and sufficient conditions for

index zero in circuits without capacitive couplings.

Theorem 4 on page 80 provides necessary and sufficient conditions for the augmented

nodal analysis model (1.11) to have index one, assuming that there is no coupling among

resistors. This result extends Theorem 4 in [131] to the non-passive setting, demanding

certain conditions for the so-called proper trees in the circuit (see Section 3.2.3 for an

illustrative example). The index one conditions presented here for the ANA formulation

can be extended to node tableau analysis and non-conventional (charge/flux and hybrid)

models due to the different index equivalencies compiled in Theorems 6 and 7.

In order to characterize index one configurations for the modified nodal analysis model

(1.1), we examine first the conditions for equation (1.7) to hold. In circuits without

capacitive couplings, Proposition 1 shows that the identity ker𝐴𝑇𝑐 = ker𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 is

guaranteed by the absence of so-called degenerate capacitive blocks. In this way, it is

possible to select a simple projector onto ker𝐴(𝑥) in equation (1.5), and the index one

conditions for the modified nodal analysis model turn equivalent to the non-singularity of

the matrix 𝐴1(𝑥) in equation (1.8). Using now Lemmas 15 and 16, we arrive at Theorem

8, which provides index one conditions for the modified nodal analysis model (1.1) without

passivity assumptions on the devices of the circuit. These conditions are based on the

analysis of the different normal trees in the circuit (see Definition 2 on page 79) and, due to

Theorem 10, they can be also applied to the characterization of low index configurations

in the charge/flux modified nodal analysis model.

In Chapter 4, we introduce the notion of an augmented nodal matrix, of the form

depicted in equation (1.14). This type of matrix is inspired by those characterizing low
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index configurations for MNA and ANA models (see equations (1.5) and (1.13)), and

it also appears in other circuit-theoretic problems, such as the characterization of the

DC-solvability condition for equilibrium points of well-posed circuits [63, 64, 101]. Most

discussions in this chapter do not involve branch weights or reference directions but only

the electrical nature of the different elements in the network. This fact makes it possible

to state many results in the general terms of two- and three-colour digraphs.

In an abstract graph-theoretic setting, the characterization of the structure of proper

and normal trees is particularly relevant, allowing us to simplify the formulation and

the analysis of several properties of augmented nodal matrices. Theorem 11 (on page

110) characterizes the normal trees in a green/blue connected digraph as all possible

combinations of a forest of the green subgraph and a tree of the blue-cut minor, as

defined in Section 4.1.2. Along similar lines, Theorem 12 extends the analysis to normal

trees in three-colour digraphs.

The characterization of (1.15) is tackled in Section 4.2, where Theorem 13 provides

necessary and sufficient conditions for this identity to hold when the augmented nodal

matrix 𝑀 is non-singular, and Theorem 14 examines the general singular case for 𝑀 .

These results involve the different proper and normal trees in the coloured digraph and

they do not assume the possitive definiteness of 𝑊ℬ.

Problems including controlled branches and couplings are examined in Section 4.3 by

means of the novel concepts of a balanced tree and a regular pair of trees (see Definitions

6 and 8). In particular, Theorem 15 characterizes the non-singularity of 𝑀 when the

matrix of blue weights 𝑊ℬ has the form depicted in equation (4.21), corresponding to

the existence of controlled branches. In turn, Theorem 16 provides conditions for the

non-singularity of 𝑀 in coupled problems, where 𝑊ℬ has the form shown in equation

(4.23). The use of coloured digraphs simplifies considerably the analysis of these more

complex situations, appearing frequently in real problems (eg. in the analysis of networks

including transistors [53, 136, 137])

Finally, in Section 4.4, we apply previous results in Chapter 4 to delve into various

circuit-theoretic problems, by means of specific colour assignments to the different devices

in the network. Sections 4.4.1 and 4.4.2 focus on uncoupled circuits, while Sections 4.4.4

and 4.4.5 address circuits including controlled sources and couplings, respectively. The

discussions in these sections generalize many results presented in Chapter 3. In particular,

Propositions 7 and 8 show how balanced trees can be used for the characterizations of the

index and of the DC-solvability condition in problems including voltage-controlled current

sources. Finally, Proposition 9 extends the analysis of index zero configurations in MNA

to circuits with capacitive couplings, placing conditions on the corresponding capacitive
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trees and regular capacitive tree pairs.

The results discussed in this thesis have led to the papers [42, 43, 127].
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Chapter 2

Differential-algebraic equations and

semistate circuit models

Mathematical models of lumped electrical circuits usually yield a differential-algebraic

equation which includes

∙ a topological component, coming from Kirchhoff’s equations and characterized by
(incidence) matrices describing the network;

∙ a constitutive component, including algebraic constraints derived from the charac-
teristics of the network elements;

∙ a dynamical component, represented by differential relationships linked to reactive
elements in the circuit (inductors and capacitors).

The selection of a specific formulation depends on the demanded analytical and nu-

merical properties [31, 33, 59, 60, 143]. In particular, this thesis focuses on two nodal

models: Modified Nodal Analysis (MNA) [48, 71, 139, 143] and Augmented Nodal Anal-

ysis (ANA) [86, 124, 131]. MNA models, introduced in the seminal reference [71], are

employed in several circuit simulation programs such as SPICE or TITAN and have re-

ceived considerable attention from a DAE viewpoint [45, 48, 59, 60, 139]. ANA models

are not so widely spread as MNA ones, but they still have some interesting analytical

properties, preserving the index one conditions of general tableau models and making it

much simpler to derive state formulations than MNA [131].

In order to analyze ANA and MNA equations in Chapters 3 and 4, the present chapter

presents some background material on differential-algebraic systems. In particular, Sec-

tion 2.1 introduces some key structural forms of DAE systems and compiles fundamental

17



techniques for the definition and calculation of the index. Special attention is paid here to

the tractability index, which is particularly well suited for the analysis of the quasilinear

systems coming from MNA.

To analyze the topological properties of circuit models, Section 2.2 introduces basic

notions of graph theory. In particular, we focus on the different representations of graphs

in terms of matrices, which translate topological properties into algebraic relationships.

Employing concepts from Sections 2.1 and 2.2, Section 2.3 examines the topologi-

cal, constitutive and dynamical components of a general nonlinear lumped circuit model.

First, the representation of circuits as digraphs naturally leads to the statement of Kirch-

hoff’s laws in terms of incidence matrices. Then, it is shown how non-reactive circuit

elements (resistors and sources) are modelled by algebraic relationships linking branch

currents and voltages, while capacitors and inductors give rise to differential-algebraic

equations also involving branch charges and fluxes.

Section 2.4 joins the different components presented in Section 2.3, to provide an

overview of different interrelated nodal methods for setting up the equations of nonlinear

lumped circuits. Special attention is paid to MNA and ANA models, showing how they

can be derived from more general tableau formulations.

Finally, Section 2.5 compiles some auxiliary algebraic properties that prove useful in

order to analyze certain expressions arising in the analysis of low index configurations.

2.1 Differential-algebraic equations

Although some electrical circuits may be modelled by an explicit ordinary differential

equation (ODE), in terms of a state space model ; in most cases an explicit state space

model for the dynamics of a given circuit is either impractical to obtain or not even feasible.

These reasons lead to the consideration of more general implicit ordinary differential

equation models

𝐹 (𝑡, 𝑥, 𝑥′) = 0, (2.1)

where 𝐹 : Ω → ℝ𝑚 is defined on an open set Ω ⊆ ℝ2𝑚+1. Equation (2.1) is called a

semistate model of the system and vector 𝑥 is said to be a semistate variable .

From a global point of view, if 𝐹 (𝑡, 𝑥, 𝑝) = 0 can be uniquely solved for 𝑝 in Ω, then the

implicit formulation is equivalent to an explicit ODE. From a local point of view, if 𝐹 is

a 𝐶1 mapping and the matrix of partial derivatives 𝐹𝑝(𝑡, 𝑥, 𝑝) is non-singular at a certain

(𝑡∗, 𝑥∗, 𝑝∗) satisfying 𝐹 (𝑡∗, 𝑥∗, 𝑝∗) = 0, then it is possible to apply the implicit function

theorem and the set defined by 𝐹 (𝑡, 𝑥, 𝑝) = 0 can be locally described as 𝑝 = 𝑓(𝑥, 𝑡) for a
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𝐶1 map 𝑓 , 𝑥′ = 𝑓(𝑥, 𝑡) defining a local state space model for (2.1) [1, 17, 113, 125].

Most systems appearing in DAE theory include an 𝐹𝑝(𝑡, 𝑥, 𝑝) matrix which is every-

where singular. In fact, some of the equations within system (2.1) are in many cases

purely algebraic constraints, which do not involve the time derivative 𝑥′. This motivates

naming (2.1) a differential-algebraic equation or a differential-algebraic system. For the

sake of completeness, systems like (2.1), locally or globally amounting to explicit ODEs,

can be framed in the differential-algebraic context as so-called index zero DAEs.

Algebraic constraints within the differential-algebraic system (2.1) turn some compo-

nents of the 𝑚-dimensional variable 𝑥 redundant, and the elimination of this redundancy

may lead to an explicit ODE, where the dimension of the state variable 𝑢 is 𝑟 < 𝑚. In

fact, it is due to the redundancies among its variables that equation (2.1) is named a

semistate model [40, 108]. In contrast to an explicit ODE (state space) model, where

an initial value can be freely assigned to every component of the state variable 𝑢, in a

semistate model (2.1), an initial value can be specified only for some components of the

vector 𝑥 if a solution is to be well-defined [20, 47, 66, 81, 112].

In the following sections we compile some background material on differential-algebraic

systems, focusing on the formulations resulting from the models discussed in Chapters

3 and 4. In particular, Section 2.1.1 presents the key structural forms that will be used

throughout this document, including the semiexplicit and the quasilinear formulations,

which are pervasive in the electrical circuit literature [48, 46, 125, 139]. Section 2.1.2

presents a glance at the index notion, providing the basis for Sections 2.1.3, 2.1.4 and

2.1.5 to delve into the calculation of the Kronecker’s index, the differentiation index,

and the tractability index, respectively. For the sake of brevity, many proofs and results

are omitted in this section. We refer the reader to [16, 56, 65, 80, 83, 90, 115, 125] for

comprehensive surveys on differential-algebraic equations.

2.1.1 Structural forms

Due to the structure of the electromagnetic relations governing reactive elements, most

DAEs resulting from lumped circuit models are linear in the derivative 𝑥′, showing a

so-called quasilinear structure. In fact, most models comprise some explicit differential

equations, linked to the dynamics of reactive elements, together with purely algebraic

constraints, linked to the topological and constitutive components of the circuit. This

particular case of quasilinear DAE is usually called semiexplicit, attending to its partially

explicit structure. Semiexplicit equations are closely related to semilinear ones, which are

characterized by the components of 𝑥′ being multiplied by constant coefficients. Finally,
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in case that all elements in the circuit are linear, quasilinear models turn into linear

DAEs. Linear systems are useful to illustrate many aspects of DAE theory, as they are

much simpler than quasilinear equations while exhibiting many of the typical differential-

algebraic behaviour.

Quasilinear DAEs

Just as quasilinear ODEs are defined to be linear with respect to their highest derivative,

so autonomous quasilinear DAEs are defined as systems of the form

𝐴(𝑥)𝑥′ = 𝑓(𝑥), (2.2)

where 𝐴(𝑥) and 𝑓(𝑥) are sufficiently smooth mappings 𝐴 : Ω→ ℝ
𝑚×𝑚 and 𝑓 : Ω→ ℝ

𝑚,

respectively, the set Ω being open in ℝ𝑚. The pair (𝐴, 𝑓) is sometimes called a generalized

vector field on Ω [34, 35, 102, 103]. Most cases of interest in applications are defined by

an everywhere singular matrix mapping 𝐴(𝑥), driving the problem beyond the explicit

ODE setting.

The non-autonomous counterpart of a quasilinear DAE is defined by the assumption

that 𝐴 and/or 𝑓 depend on 𝑡, yielding an equation of the form

𝐴(𝑥, 𝑡)𝑥′ = 𝑓(𝑥, 𝑡). (2.3)

System (2.3) is particularly interesting in the framework of circuit analysis, as MNA

results in a quasilinear formulation [71, 95].

Semiexplicit and semilinear DAEs

In an autonomous setting, semiexplicit differential-algebraic equations are defined by a

system comprising some dynamical equations and some algebraic constraints

𝑦′ = ℎ(𝑦, 𝑧) (2.4a)

0 = 𝑔(𝑦, 𝑧), (2.4b)

where ℎ : Ω→ ℝ𝑟 and 𝑔 : Ω→ ℝ𝑝, being Ω an open set in ℝ𝑟+𝑝. The differential-algebraic

system (2.4) makes it possible to distinguish an 𝑟-dimensional vector 𝑦 of dynamic vari-

ables and a 𝑝-dimensional vector 𝑧 of algebraic variables.

By allowing the right-hand side functions ℎ(𝑦, 𝑧) and 𝑔(𝑦, 𝑧) to depend explicitly on
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the time 𝑡, we obtain the non-autonomous analog of (2.4):

𝑦′ = ℎ(𝑦, 𝑧, 𝑡) (2.5a)

0 = 𝑔(𝑦, 𝑧, 𝑡), (2.5b)

where Ω is now an open set in ℝ𝑟+𝑝+1. Under common regularity conditions, some semis-

tate circuit models yield semiexplicit equations like (2.5), e.g. tableau or augmented mod-

els [62, 86, 131]. In particular, formulations arising in practice take a simpler form,

allowing us to split the functions ℎ and 𝑔 as follows:

𝑦′ = ℎ(𝑦, 𝑧) + 𝑓1(𝑡) (2.6a)

0 = 𝑔(𝑦, 𝑧) + 𝑓2(𝑡), (2.6b)

where 𝑓1 : 𝒥 → ℝ𝑟 and 𝑓2 : 𝒥 → ℝ𝑝, being 𝒥 an open interval on the real line. These

time-dependent functions correspond to excitations, which in the context of electrical

circuits are linked to independent voltage or current sources.

Semiexplicit DAEs often arise as reductions of singular perturbation problems:

𝑦′ = ℎ(𝑦, 𝑧, 𝑡) (2.7a)

𝜖𝑧′ = 𝑔(𝑦, 𝑧, 𝑡), (2.7b)

when the parameter 𝜖 → 0. Conversely, the way from the semiexplicit differential-

algebraic equation (2.5) to the singularly perturbed problem (2.7) is usually called a

regularization of the original DAE [7, 16, 75, 111]. Semiexplicit problems may also arise

as the enlarged system

𝑥′ = 𝑝 (2.8a)

0 = 𝐹 (𝑡, 𝑥, 𝑝), (2.8b)

of the fully implicit equation (2.1). Note that enlarged systems are not equivalent to the

initial implicit problem, because they include a larger number of variables.

Autonomous semilinear DAEs are problems of the form

𝐴𝑥′ = 𝑓(𝑥), (2.9)

where 𝐴 is an 𝑚 ×𝑚 real matrix and 𝑓 : Ω → ℝ𝑚 is a sufficiently smooth mapping, Ω

being open in ℝ𝑚.
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Again, by allowing the above-introduced operators 𝐴 and 𝑓 depend explicitly on the

time 𝑡, we obtain the non-autonomous analog of (2.9), namely,

𝐴(𝑡)𝑥′ = 𝑓(𝑥, 𝑡). (2.10)

Semiexplicit equations can be included within the semilinear framework, since equation

(2.5) can be written as (
𝐼𝑟 0

0 0

)(
𝑦′

𝑧′

)
=

(
ℎ(𝑦, 𝑧, 𝑡)

𝑔(𝑦, 𝑧, 𝑡)

)
,

which is a system of the form (2.10) with 𝑥 = (𝑦, 𝑧), 𝑓 = (ℎ, 𝑔).

Conversely, semilinear DAEs can be written in semiexplicit form by enlarging the

system (2.10). Again, note that equation (2.10) and its enlarged system are not equivalent,

as the latter rises the dimension of the problem. Nonetheless, in the autonomous case

it is possible to transform equation (2.9) into an equivalent semiexplicit system (2.4).

Denoting rk𝐴 = 𝑟, it can be proved that there exist non-singular matrices 𝐺, 𝐻 [50]

satisfying

𝐺𝐴𝐻 =

(
𝐼𝑟 0

0 0

)
.

Now, premultiplying equation (2.9) by 𝐺 and performing the coordinate change 𝑥 = 𝐻�̃�,

the resulting semilinear system reads(
𝐼𝑟 0

0 0

)
�̃�′ = 𝐺𝑓(𝐻�̃�),

which, splitting �̃� = (𝑦, 𝑧), is easily checked to be a semiexplicit equation with the same

dimension as the original problem.

Linear DAEs

In a time-invariant setting, linear DAEs are defined by an equation of the form

𝐴𝑥′ + 𝐸𝑥 = 𝑞(𝑡), (2.11)

where 𝐴, 𝐸 ∈ ℝ𝑚×𝑚 and 𝑞(𝑡) ∈ 𝐶(𝒥 ,ℝ𝑚), 𝒥 ⊆ ℝ being an open interval. Explicit linear

constant-coefficient ODEs may be excluded from this definition by demanding that 𝐴 is
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a singular matrix.

The time-varying analog of (2.11) can be written as

𝐴(𝑡)𝑥′(𝑡) + 𝐸(𝑡)𝑥(𝑡) = 𝑞(𝑡), 𝑡 ∈ 𝒥 , (2.12)

with 𝐴(𝑡), 𝐸(𝑡) ∈ 𝐶(𝒥 ,ℝ𝑚×𝑚), 𝑞(𝑡) ∈ 𝐶(𝒥 ,ℝ𝑚).
As in the classical theory of ODEs, the search for solutions of the homogeneous equa-

tion 𝐴𝑥′ + 𝐸𝑥 = 0 having the form 𝑒𝜆𝑡𝑥0 naturally leads to the generalized eigenvalue

problem defined by

det(𝜆𝐴+ 𝐸) = 0.

This drives the analysis of homogeneous linear time-invariant DAEs to a matrix pencil

setting [51, 52, 122, 130].

Matrix pencils and the Kronecker canonical form

Given a pair of square matrices 𝐴, 𝐸 in ℝ𝑚×𝑚, the matrix pencil {𝐴,𝐸} is defined as the
one-parameter family {𝜆𝐴 + 𝐸 : 𝜆 ∈ ℂ}. A matrix pencil is called regular if there exists
some 𝜆 ∈ ℂ such that 𝜆𝐴+𝐸 is a non-singular matrix, i.e. if det(𝜆𝐴+𝐸) is not the zero

polynomial; otherwise the matrix pencil is said to be singular [51].

Two matrix pencils {𝐴,𝐸} and {𝐴, �̃�} are said to be equivalent if there exist non-
singular matrices 𝐺, 𝐻 ∈ ℝ𝑚×𝑚 such that 𝐴 = 𝐺𝐴𝐻 and �̃� = 𝐺𝐸𝐻 [80]. Equivalent

matrix pencils to {𝐴,𝐸} arise naturally when transforming equation (2.11) by means of
scalings and linear coordinate changes. It is straightforward to check that matrix pencil

regularity is preserved by equivalencies.

A regular pencil {𝐴,𝐸} is equivalent to a pencil {𝐴, �̃�} in which 𝐴 and �̃� have the
form (cf. Theorem XII.3 in [51])

𝐴 = 𝐺𝐴𝐻 =

(
𝐼𝑠 0

0 𝑁

)
, �̃� = 𝐺𝐸𝐻 =

(
𝑊 0

0 𝐼𝑚−𝑠

)
, (2.13)

where𝑊 ∈ ℝ𝑠×𝑠 for some nonnegative 𝑠 ≤ 𝑚, and 𝑁 ∈ ℝ(𝑚−𝑠)×(𝑚−𝑠) is a nilpotent matrix

with index 𝜈 ≤ 𝑚 − 𝑠, that is, 𝑁𝜈 = 0 while 𝑁𝜈−1 ∕= 0. Without loss of generality 𝑁
and 𝑊 can be assumed to be in Jordan form. Note that it may be 𝑠 = 0, meaning that

𝐴 = 𝑁 , �̃� = 𝐼𝑚; it is also possible that 𝑠 = 𝑚, which yields 𝐴 = 𝐼𝑠 = 𝐼𝑚 and �̃� =𝑊 .

The form depicted in (2.13) can be obtained as follows. If {𝐴,𝐸} is a regular pencil,
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then there is a 𝜆0 such that 𝐴𝜆 = 𝜆0𝐴+𝐸 is a non-singular matrix. Writing 𝐴
−1
𝜆 𝐴 in its

Jordan normal form, we get

𝑇−1𝐴−1
𝜆 𝐴𝑇 =

(
𝐽𝑠 0

0 𝐽𝑚−𝑠

)
, (2.14)

where 𝐽𝑠 is a non-singular matrix and 𝐽𝑚−𝑠 is a nilpotent matrix in Jordan form [72, 73].

Now

𝑇−1𝐴−1
𝜆 𝐸𝑇 = 𝑇

−1𝐴−1
𝜆 (𝐴𝜆 − 𝜆0𝐴)𝑇 =

(
𝐼𝑠 − 𝜆0𝐽𝑠 0

0 𝐼𝑠 − 𝜆0𝐽𝑚−𝑠

)
, (2.15)

and it is possible to check that 𝐼𝑠−𝜆0𝐽𝑚−𝑠 is a non-singular matrix and (𝐼𝑠−𝜆0𝐽𝑚−𝑠)−1𝐽𝑚−𝑠
is again a nilpotent matrix, which can be also written in its Jordan form 𝑆−1(𝐼𝑠 −
𝜆0𝐽𝑚−𝑠)−1𝐽𝑚−𝑠𝑆 = 𝑁𝑚−𝑠.

Defining

𝑅1 =

(
𝐽−1
𝑠 0

0 𝑆−1(𝐼 − 𝜆0𝐽𝑚−𝑠)−1

)
, 𝑅2 =

(
𝐼𝑠 0

0 𝑆

)
, (2.16)

and multiplying (2.14) and (2.15) by 𝑅1 and 𝑅2, we get

𝑅1𝑇
−1𝐴−1

𝜆 𝐴𝑇𝑅2 =

(
𝐼𝑠 0

0 𝑁𝑚−𝑠

)
(2.17)

and

𝑅1𝑇
−1𝐴−1

𝜆 𝐸𝑇𝑅2 =

(
𝐽−1
𝑠 (𝐼𝑠 − 𝜆0𝐽𝑠) 0

0 𝐼𝑚−𝑠

)
. (2.18)

Letting 𝑊 = 𝐽𝑠(𝐼 − 𝜆0𝐽𝑠), we see that the matrices 𝐺 = 𝑅1𝑇
−1𝐴−1

𝜆 and 𝐻 = 𝑇𝑅2 are

the ones making possible the equation (2.13).

Equation (2.13) defines the so-called Kronecker canonical form for the pencil {𝐴,𝐸}
[51, 76, 147]. In fact, this result is due to Weierstrass [147] and was extended later by

Kronecker to singular matrix pencils [76]. Note that in particular, equation (2.13) allows

one to state the original generalized eigenvalue problem in terms of a classical one as

det(𝜆𝐴+𝐸) = (det𝐺 det𝐻)−1 det(𝜆𝐼𝑠 +𝑊 ), because of the fact that det(𝜆𝑁 + 𝐼𝑚−𝑠) =

1. We refer the reader to [51] and also to [52, 80, 122, 125, 130] for a more detailed

introduction to matrix pencils and their applications to differential-algebraic equations.
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2.1.2 The “index” of a DAE

In general terms, the index of a differential-algebraic equation may be understood as the

number of steps required to reduce the DAE to two uncoupled systems: an algebraic one,

and an explicit differential one. Historically, this concept may be traced back to the work

of P. Dirac on generalized Hamiltonian systems [37, 38, 39], which included the key ideas

supporting what is nowadays known as the differentiation index of a semiexplicit DAE [16].

Apart from the differentiation index, several other notions of index have been developed

since the 50s. These notions, which include the tractability index [88, 90, 93, 129], the

geometric index [114, 115, 120, 121], or the strangeness index [78, 79, 80], are defined by

employing different procedures to reduce the differential-algebraic system and, in general,

they do not yield equivalent results.

In order to illustrate the notion of the index, consider first the following linear differential-

algebraic system:

𝑥′1 = 2𝑥1 + 𝑥3 + ℎ(𝑡) (2.19a)

𝑥′2 = 𝑥2 + 𝑥3 (2.19b)

𝑘2𝑥
′
3 = 𝑥1 + 𝑥2 − 𝑘1𝑥3, (2.19c)

where 𝑥 = (𝑥1, 𝑥2, 𝑥3) is defined in some open subset 𝑈 of ℝ
3, ℎ is a 𝐶∞ function of the

time 𝑡, and 𝑘1 and 𝑘2 are fixed parameters. If 𝑘2 ∕= 0, then the system (2.19) is in fact
an explicit ODE or also an index zero DAE system. In particular any 𝑥0 = 𝑥(𝑡0) ∈ 𝑈 is
valid for the resolution of the corresponding initial value problem (IVP) [6, 65, 113].

Assume that 𝑘2 = 0, then the DAE (2.19) has an index 𝜈 > 0 and equation (2.19c)

is now an algebraic constraint implying that all solutions of the DAE must lie on the

manifold Γ1 = {(𝑥1, 𝑥2, 𝑥3) : 𝛾1(𝑥1, 𝑥2, 𝑥3) = 𝑥1 + 𝑥2 − 𝑘1𝑥3 = 0}, in this case being an
hyperplane of ℝ3. If 𝑘1 ∕= 0, by differentiating equation (2.19c) with respect to the time,
we can make out the derivative array 𝑥′ = (𝑥′1, 𝑥

′
2, 𝑥

′
3) in terms of the original variables 𝑥

and 𝑡:

𝑥′1 = 2𝑥1 + 𝑥3 + ℎ(𝑡) (2.20a)

𝑥′2 = 𝑥2 + 𝑥3 (2.20b)

𝑥′3 =
1

𝑘1
(2𝑥1 + 𝑥2 + 2𝑥3 + ℎ(𝑡)) . (2.20c)

The system (2.20) is an explicit ODE and, in this case, equation (2.19) is an index one

DAE. Note that ℎ(𝑡) may in this case be a 𝐶0 function and that an initial value 𝑥0 =
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𝑥(𝑡0) ∈ 𝑈 is valid only if it is in Γ1. We can check that if 𝑥(𝑡0) ∈ Γ1, then 𝑥(𝑡) remains in
Γ1 for all 𝑡, as the gradient ∇𝛾1 is orthogonal to the field 𝑥′(𝑡) defined by the right-hand
side of the system (2.20). System (2.19) may alternatively be solved by substituting 𝑥3

from equation (2.19c) into equations (2.19a)-(2.19b). In this way, we arrive at a reduced

ODE system in terms of 𝑥1 and 𝑥2, and 𝑥3 can again be obtained by one differentiation.

Finally, if 𝑘1 = 0 and 𝑘2 = 0, the differentiation of equation (2.19c) does not yield an

ODE, but instead another algebraic restriction Γ2 = {𝛾2(𝑥1, 𝑥2, 𝑥3, 𝑡) = 2𝑥1 + 𝑥2 + 2𝑥3 +
ℎ(𝑡) = 0}, which in this case is hidden in the original system (2.19). We can differentiate
twice (2.19c) to obtain:

𝑥′1 = 2𝑥1 + 𝑥3 + ℎ(𝑡) (2.21a)

𝑥′2 = 𝑥2 + 𝑥3 (2.21b)

2𝑥′1 + 𝑥
′
2 + 2𝑥

′
3 = −ℎ′(𝑡). (2.21c)

As it is necessary to perform two differentiations to arrive at an explicit ODE, in this case

the DAE system (2.19) is said to have index two. Note that the derivative of the function

ℎ appears explicitly in the system (2.21). Besides, an IVP must be defined in such a way

that 𝑥(𝑡0) ∈ Γ1 ∩ Γ2.
While system (2.19) is just a simple linear example and it does not exhibit all the

complexity in a general nonlinear system, it does illustrate some of the characteristics of

index one DAEs and the pathological phenomena appearing in higher index systems. In

particular, the computation of initial values for higher index systems is a recurrent topic

in the DAE literature [20, 47, 66, 67, 81, 112]. In the following sections, we compile some

specific definitions of the index for different types of differential-algebraic systems. While

the Kronecker index notion, discussed in Section 2.1.3, is restricted to linear systems, both

the differentiation index (which supports the discussion above) and the tractability index,

discussed in Sections 2.1.4 and 2.1.5 respectively, may be applied to general nonlinear

systems. For the sake of simplicity, we will focus the two latter indices on the structural

forms for which they are best suited.

2.1.3 The Kronecker index

Consider the linear time-invariant DAE (2.11). If the matrix pencil {𝐴,𝐸} is regular and
the matrix 𝐴 is singular, then the Kronecker index of equation (2.11) is defined as the

nilpotency index of matrix 𝑁 in equation (2.13). In case that 𝐴 is non-singular, then the

Kronecker index is said to be zero.

26



To understand the definition of the Kronecker index we must notice that, if the ma-

trix pencil {𝐴,𝐸} is regular, then the equation (2.11) can be tackled via the Kronecker
canonical form. The regularity of the pencil is actually equivalent to the solvability of the

linear time-invariant DAE, in the sense specified in [16]; see also [51, 56, 80].

Indeed, scaling equation (2.11) by 𝐺 and using the linear coordinate change 𝑥 = 𝐻𝑤

we transform the DAE into(
𝐼𝑠 0

0 𝑁

)
𝑤′ +

(
𝑊 0

0 𝐼𝑚−𝑠

)
𝑤 =

(
𝑞1(𝑡)

𝑞2(𝑡)

)
, (2.22)

with

𝑞(𝑡) =

(
𝑞1(𝑡)

𝑞2(𝑡)

)
= 𝐺𝑞(𝑡). (2.23)

Splitting 𝑤 = (𝑢, 𝑣) with 𝑢 ∈ ℝ𝑠, 𝑣 ∈ ℝ𝑚−𝑠, equation (2.22) reads

𝑢′ +𝑊𝑢 = 𝑞1(𝑡) (2.24a)

𝑁𝑣′ + 𝑣 = 𝑞2(𝑡). (2.24b)

Equation (2.24a) is an explicit linear constant coefficient ODE for 𝑢 ∈ ℝ𝑠 that does

not involve the 𝑣 component. An initial value problem is well-defined by any 𝑢0 ∈ ℝ𝑠,

and therefore this equation has 𝑠 dynamical degrees of freedom [18].

In turn, equation (2.24b) (being present when the Kronecker index is not zero) is

a differential-algebraic system decoupled from (2.24a), since it does not involve the 𝑢

component. Following [16] (see also [51]), it can be rewritten as

(𝑁𝐷 + 𝐼)𝑣 = 𝑞2(𝑡), (2.25)

where 𝐷 ≡ 𝑑/𝑑𝑡 is a differential operator. Equation (2.25) can be shown to be equivalent
to a purely algebraic relation:

𝑣 = (𝑁𝐷 + 𝐼)−1𝑞2(𝑡) =

𝜈−1∑
𝑗=0

(−1)𝑗(𝑁𝐷)𝑗𝑞2(𝑡), (2.26)

since 𝑁 𝑗 = 0 for 𝑗 ≥ 𝜈. The equation (2.26) implies that 𝑣 ∈ ℝ𝑚−𝑠 has no degree of

freedom, as it is completely determined from 𝑞2(𝑡) and its derivatives.

Note that in this framework 𝑞(𝑡), 𝑞(𝑡), or at least 𝑞2(𝑡) must be 𝐶
𝜈−1. Note also that,

in higher index (𝜈 ≥ 2) differential-algebraic equations, the solutions depend explicitly on
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the derivatives of the excitation 𝑞(𝑡).

In the homogeneous case, obtained by setting 𝑞(𝑡) = 0 in (2.11), the explicit ODE

(2.24a) reads

𝑢′ +𝑊𝑢 = 0,

whereas equation (2.26) yields 𝑣 = 0. In this case, solutions are only defined on the

𝑠-dimensional linear space defined by the algebraic restriction 𝑣 = 0, that is,

𝑤𝑠+1 = . . . = 𝑤𝑚 = 0. (2.27)

The variables 𝑢 (i.e. 𝑤1, . . . , 𝑤𝑠) can be understood to yield a parametrization of this

linear subspace, the dynamical behaviour on it being described by the explicit equation

𝑢′ = −𝑊𝑢 [80, 125].

2.1.4 The differentiation index

Semiexplicit index one systems

Loosely speaking, the differentiation index is the minimum number of times that all or

part of (2.1) must be differentiated with respect to 𝑡 in order to work 𝑥′ out in terms of

(𝑥, 𝑡). This process leads to an explicit underlying ODE for which the solution set of the

DAE is an invariant manifold [16, 25, 26, 27, 125].

Semiexplicit DAEs of index one are particularly useful to illustrate the meaning and

the calculation of the differentiation index. Consider in particular the autonomous semiex-

plicit system (2.4) and assume that ℎ ∈ 𝐶𝑘(Ω,ℝ𝑟) and 𝑔 ∈ 𝐶𝑘(Ω,ℝ𝑝) for some 𝑘 ≥ 1. The
differential-algebraic equation (2.4) is said to have differentiation index one if (𝑦∗, 𝑧∗) ∈ Ω
satisfies 𝑔(𝑦∗, 𝑧∗) = 0 and the Jacobian matrix 𝑔𝑧(𝑦∗, 𝑧∗) is non-singular. Note that, be-

cause of the smoothness conditions placed on the function 𝑔, if 𝑔𝑧(𝑦
∗, 𝑧∗) is not singular,

then 𝑔𝑧 is also non-singular in some open neighborhood 𝑈 ⊆ Ω of (𝑦∗, 𝑧∗). For this reason
equation (2.4) can be also said to have differentiation index one in 𝑈 .

The definition of index one above [16, 26, 27] is supported on the fact that one differ-

entiation with respect to the variable 𝑡 in (2.4) suffices to obtain, locally around (𝑦∗, 𝑧∗),

an explicit underlying ODE

𝑦′ = ℎ(𝑦, 𝑧) (2.28a)

𝑧′ = −𝑔−1
𝑧 (𝑦, 𝑧)𝑔𝑦(𝑦, 𝑧)ℎ(𝑦, 𝑧), (2.28b)

for which 𝑔(𝑦, 𝑧) = 0 is an invariant comprising the solutions of the original DAE.
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The right-hand side of (2.28) defines, at least locally around (𝑦∗, 𝑧∗), a 𝐶𝑘−1 vector

field 𝑣 = (𝑣1, 𝑣2) given by(
𝑣1(𝑦, 𝑧)

𝑣2(𝑦, 𝑧)

)
=

(
ℎ(𝑦, 𝑧)

−𝑔−1
𝑧 (𝑦, 𝑧)𝑔𝑦(𝑦, 𝑧)ℎ(𝑦, 𝑧)

)
. (2.29)

Actually, 𝑣(𝑦, 𝑧) is well-defined on the set of points (𝑦, 𝑧) ∈ Ω where 𝑔𝑧(𝑦, 𝑧) is non-
singular. The invariance of the set 𝑔 = 0 for the underlying equation (2.28) relies on the

fact that the derivative of 𝑔 along any integral curve of the vector field (2.29) reads

⟨∇𝑔, 𝑣⟩ = 𝑔𝑦𝑣1 + 𝑔𝑧𝑣2 = 𝑔𝑦ℎ+ 𝑔𝑧(−𝑔−1
𝑧 𝑔𝑦ℎ) = 0. (2.30)

Note also that the vector field 𝑣(𝑦, 𝑧) is in 𝐶𝑘 if the smoothness requirements ℎ ∈
𝐶𝑘(Ω,ℝ𝑟), 𝑔 ∈ 𝐶𝑘+1(Ω,ℝ𝑝) hold for the mappings in (2.4).

Finally, due to the implicit function theorem, index one conditions in (𝑦∗, 𝑧∗) also make

it possible to derive a local ODE description in terms of the 𝑦-variables only. Indeed,

provided that 𝑔(𝑦∗, 𝑧∗) = 0 and 𝑔𝑧(𝑦
∗, 𝑧∗) is non-singular, we may apply the implicit

function theorem to locally describe the set 𝑔(𝑦, 𝑧) = 0 as 𝑧 = 𝜓(𝑦), with 𝜓 ∈ 𝐶𝑘(Ω1,ℝ
𝑝),

Ω1 being an open neighborhood of 𝑦
∗ in ℝ𝑟. In this way, we arrive at the so-called reduced

ODE:

𝑦′ = ℎ(𝑦, 𝜓(𝑦)), (2.31)

defined in terms of the 𝑦-variables on Ω1 ⊆ ℝ𝑟. Now, ℎ(𝑦, 𝜓(𝑦)) can be seen as a 𝐶𝑘-

vector field locally defined on an open subset of ℝ𝑟, and (2.31) can be understood as a

local state space description of the problem. Solutions of the DAE (2.4) near (𝑦∗, 𝑧∗) are

defined from those of the explicit ODE (2.31) by additionally using 𝑧 = 𝜓(𝑦).

The non-autonomous case (2.5) yields a very similar index one condition. Indeed,

differentiating (2.5b) we get

𝑔𝑦(𝑦, 𝑧, 𝑡)ℎ(𝑦, 𝑧, 𝑡) + 𝑔𝑧(𝑦, 𝑧, 𝑡)𝑧
′ + 𝑔𝑡(𝑦, 𝑧, 𝑡) = 0, (2.32)

and it is possible to solve for 𝑧′ if 𝑔𝑧(𝑦, 𝑧, 𝑡) is a non-singular matrix. Therefore, equation

(2.5) has index one around (𝑦∗, 𝑧∗, 𝑡∗) if the point (𝑦∗, 𝑧∗, 𝑡∗) satisfies equation (2.5b) and

det 𝑔𝑧(𝑦
∗, 𝑧∗, 𝑡∗) ∕= 0. In this case the reduced non-autonomous ODE reads

𝑦′ = ℎ(𝑦, 𝜓(𝑦, 𝑡), 𝑡), (2.33)
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for some locally defined mapping 𝜓.

Hessenberg index two systems

When the algebraic constraints 𝑔 of the semiexplicit equation (2.4) do not depend on the

algebraic variable 𝑧, we are led to an autonomous Hessenberg DAE of size two:

𝑦′ = ℎ(𝑦, 𝑧) (2.34a)

0 = 𝑔(𝑦). (2.34b)

In equation (2.34), we will assume that ℎ ∈ 𝐶𝑘(Ω,ℝ𝑟), 𝑔 ∈ 𝐶𝑘+1(Ω̂,ℝ𝑝), 𝑘 ≥ 1 and 𝑟 ≥ 𝑝;
being Ω and Ω̂ open subsets of ℝ𝑟+𝑝 and ℝ𝑟 respectively, where Ω̂ includes the 𝑦-projection

of Ω. It is not difficult to check that, for the linear case, Hessenberg equations can be

linked to Hessenberg matrices as discussed in [7, p. 257].

In the first place, by differentiating the equation (2.34b), we can see that the time

derivative of 𝑔 must vanish along the trajectories of the system (2.34), as

𝑔𝑦(𝑦)ℎ(𝑦, 𝑧) = 0. (2.35)

Equation (2.35) is an additional hidden constraint that must be satisfied by the solutions

of the Hessenberg DAE (2.34). We can check that, by differentiating again equation

(2.35) with respect to the time, we do not get any additional algebraic constraint but a

differential-algebraic equation instead:

(𝑔𝑦ℎ)𝑦(𝑦, 𝑧)ℎ(𝑦, 𝑧) + (𝑔𝑦ℎ𝑧)(𝑦, 𝑧)𝑧
′ = 0. (2.36)

Now, equation (2.34) is said to have differentiation index two around (𝑦∗, 𝑧∗) if the

point (𝑦∗, 𝑧∗) satisfies equations (2.34b), (2.35) and det(𝑔𝑦ℎ𝑧)(𝑦∗, 𝑧∗) ∕= 0. Note that if
det(𝑔𝑦ℎ𝑧)(𝑦

∗, 𝑧∗) ∕= 0, and therefore the product 𝑔𝑦ℎ𝑧 is invertible at (𝑦∗, 𝑧∗), then it is
so on a neighborhood 𝑈 of this point and (2.34) may be also said to have differentiation

index two on 𝑈 .

Indeed equations (2.34a) and (2.36) yield

𝑦′ = ℎ(𝑦, 𝑧) (2.37a)

𝑧′ = −(𝑔𝑦ℎ𝑧)−1(𝑦, 𝑧)(𝑔𝑦ℎ)𝑦(𝑦, 𝑧)ℎ(𝑦, 𝑧), (2.37b)

which is an underlying ODE for (2.34). Analogously to the index one case, the right-hand
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side of (2.37) is a vector field defined on points of Ω with a non-singular 𝑔𝑦ℎ𝑧. Now, the

equations

𝑔(𝑦) = 0 (2.38)

𝑔𝑦(𝑦)ℎ(𝑦, 𝑧) = 0, (2.39)

can be checked to define an invariant set comprising the DAE solutions.

General nonlinear DAEs

For the sake of completeness, we present in the following paragraphs a brief introduction

to the differentiation index for general nonlinear differential-algebraic equations. We refer

the reader to [16, 24, 25, 26, 27, 125, 132] for more detailed reviews of this case.

The differentiation index for general nonlinear differential-algebraic systems is based

on the systematic iterative differentiation of the system (2.1), in order to make out 𝑥′ as

a continuous function of 𝑥 and 𝑡 [16]. Indeed, assuming that the function 𝐹 is sufficiently

smooth in the open set Ω we can consider the so-called derivative array , formed by the

first 𝑗 − 1 derivatives of equation (2.1) with respect to the time

𝐹 (𝑡, 𝑥, 𝑥′) = 0
𝑑
𝑑𝑡
𝐹 (𝑡, 𝑥, 𝑥′) = 0

...
𝑑𝑗−1

𝑑𝑡𝑗−1𝐹 (𝑡, 𝑥, 𝑥
′) = 0.

(2.40)

The system (2.40) can be also written in terms of the variables 𝑡, 𝑥, 𝑥′ and 𝑤𝑗 =

(𝑥′′, . . . , 𝑥(𝑗)) as
𝐹[0](𝑡, 𝑥, 𝑥

′) = 0

𝐹[1](𝑡, 𝑥, 𝑥
′, 𝑥′′) = 0

...

𝐹[𝑗−1](𝑡, 𝑥, 𝑥
′, . . . , 𝑥(𝑗−1), 𝑥(𝑗)) = 0,

(2.41)

where e.g. 𝐹[1](𝑡, 𝑥, 𝑥
′, 𝑥′′) = 𝐹𝑥′𝑥′′ + 𝐹𝑥𝑥′ + 𝐹𝑡. In this way, with 𝑣 = 𝑥′, equation (2.41)

turns into an “algebraic” system comprising all its equations:

𝐹𝑗(𝑡, 𝑥, 𝑣, 𝑤𝑗) = 0. (2.42)

A certain (𝑡∗, 𝑥∗) is said to be consistent if there exists a (𝑡∗, 𝑥∗, 𝑣∗, 𝑤∗
𝑗 ) satisfying the

equation (2.42). The equation (2.1) is now said to have differentiation index 𝜈 around
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a certain consistent point (𝑡∗, 𝑥∗) if 𝜈 is the smallest value such that 𝐹𝜈+1(𝑡, 𝑥, 𝑣, 𝑤𝑗) = 0

uniquely determines the variable 𝑣 as a locally continuous function of 𝑥 and 𝑡 [16, 24].

Note that the notion of differentiation index has a local nature, even if it can be defined in

an open set, and it is defined only for consistent points, where solutions of the differential-

algebraic problems may lie.

In the context of this general definition, the equations (2.34b) and (2.35) from the

system (2.34) amount for the consistency of point (𝑦∗, 𝑧∗), while the non-singularity of

(𝑔𝑦ℎ𝑧)(𝑦
∗, 𝑧∗) is the index one condition allowing to make out the vector of derivatives.

Index one conditions for semiexplicit DAEs can be be also easily framed within the general

framework described in this Section.

The perturbation index The notion of the differentiation index is closely related to

the so-called perturbation index, measuring the sensitivity of the solutions with respect

to perturbations of the given problem. The DAE (2.1) is said to have perturbation index

𝜈𝑝 along a solution 𝑥(𝑡) on the time interval 𝒥 = [0, 𝑇 ] if 𝜈𝑝 is the smallest integer such
that, if 𝐹 (𝑡, �̂�(𝑡), �̂�′(𝑡)) = 𝛿(𝑡) for sufficiently smooth 𝛿, then there is an estimate

∥�̂�(𝑡)− 𝑥(𝑡)∥ ≤ 𝐶
(
∥�̂�(0)− 𝑥(0)∥+ ∥𝛿∥𝑡𝜈𝑝−1

)
(2.43)

for sufficiently small 𝛿 in the ∥⋅∥𝜈𝑝−1 norm in [0, 𝑡]. Here 𝐶 is a constant depending on 𝐹 ,

the length of the interval and the solution 𝑥(𝑡). Although the differentiation index and

the perturbation index can differ by much more than one [65], it can be shown that if

one defines the maximum differentiation index 𝜈𝑀𝐷 and the maximum perturbation index

𝜈𝑀𝑃 over suitable open sets, then 𝜈𝑀𝐷 ≤ 𝜈𝑀𝑃 ≤ 𝜈𝑀𝐷 + 1 [16, 26].

2.1.5 The tractability index

Linear time-invariant problems

In general terms, the notion of tractability index of a DAE is based on the iterative

projection of the equation and the problem variables onto certain characteristic subspaces,

making possible to decouple the original problem into a so-called inherent ODE and a set

of algebraic restrictions, both in terms of the projected variables [10, 93, 94, 95, 96, 97,

98]. The tractability index allows for mild smoothness assumptions, and is particularly

well suited for linear and quasilinear problems, such as those arising in MNA models

[45, 48, 95, 100, 125, 139, 143].

To present the calculation of the tractability index, we must define first some basic
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notions related to projectors and their properties. We refer the reader to [83, 88, 92, 93,

125] for a detailed treatment of projectors and their applications to differential-algebraic

systems.

A linear map 𝑄 ∈ 𝐿(ℝ𝑚) is called a projector if 𝑄2 = 𝑄. We say that the projector 𝑄

projects onto a certain subspace 𝑆 ⊆ ℝ𝑚 if im𝑄 = 𝑆. Similarly, we say that 𝑄 projects

along a subspace 𝑆 ⊆ ℝ𝑚 if ker𝑄 = 𝑆. The following properties can be easily proved:

∙ If 𝑄 and �̄� project onto the same subspace, then 𝑄 = �̄�𝑄.

∙ If 𝑃 and 𝑃 project along the same subspace, then 𝑃 = 𝑃𝑃 .

∙ If 𝑃 is a projector along a certain subspace 𝑆 ⊆ ℝ𝑚, then 𝑄 = 𝐼 − 𝑃 is a projector
onto 𝑆.

Note that the second property can be seen as a consequence of the first one and the last

one since, defining 𝑄 = 𝐼 − 𝑃 and �̄� = 𝐼 − 𝑃 , we get

𝑃𝑃 = (𝐼 −𝑄)(𝐼 − �̄�) = 𝐼 − �̄�−𝑄+𝑄�̄� = 𝐼 −𝑄 = 𝑃. (2.44)

For linear time-invariant DAEs, like equation (2.11), the tractability index is defined

by the following matrix chain, originally introduced in [88]:

𝐴0 = 𝐴, 𝐸0 = 𝐸 (2.45a)

𝐴𝑖+1 = 𝐴𝑖 + 𝐸𝑖𝑄𝑖, 𝐸𝑖+1 = 𝐸𝑖𝑃𝑖, 𝑖 ≥ 0 (2.45b)

where 𝑄𝑖 is a projector onto 𝑁𝑖 = ker𝐴𝑖, and 𝑃𝑖 = 𝐼 −𝑄𝑖. If a non-singular matrix 𝐴𝜈 is
reached in the chain (2.45), then 𝜈 is said to be the tractability index of the differential-

algebraic system (2.11). Note that the matrix chain becomes stationary when a non-

singular 𝐴𝜈 is reached, since in this case 𝑄𝑖 = 0, 𝑃𝑖 = 𝐼 for 𝑖 ≥ 𝜈. In particular, if

the matrix 𝐴 is non-singular, then the tractability index is zero; while the index one

condition turns equivalent to the singularity of 𝐴 and the non-singularity of the matrix

𝐴1 = 𝐴+ 𝐸𝑄, here 𝑄 and 𝑃 standing for 𝑄0 and 𝐼 −𝑄0.

The tractability index matches the Kronecker index for linear time-invariant DAEs.

Indeed, it can be proved (see Theorem 3 in [57] or Theorem 2.12 in [140]) that a matrix

pencil {𝐴,𝐸} is regular with Kronecker index 𝜈 if and only if the matrices 𝐴𝑖 calculated
in (2.45) are singular for 𝑖 < 𝜈 and 𝐴𝜈 is non-singular. This result guarantees that

the tractability index of a linear time-invariant DAE does not depend on the particular

projectors chosen for the construction of the matrix chain (2.45).
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The following Lemma provides some conditions that turn equivalent to the non-

singularity of 𝐴𝑖, and in some cases may be easier to be checked. The proof, taken

from [140], is included for the sake of completeness. Previously, we note that if 𝐴𝑖+1 is

non-singular, then the following two equivalences hold:

𝐴−1
𝑖+1𝐵𝑖𝑄𝑖 = 𝐴−1

𝑖+1(𝐴𝑖𝑄𝑖 +𝐵𝑖𝑄𝑖) = 𝐴
−1
𝑖+1(𝐴𝑖 +𝐵𝑖𝑄𝑖)𝑄𝑖 = 𝑄𝑖 (2.46a)

𝐴−1
𝑖+1𝐴𝑖 = 𝐼 − 𝐴−1

𝑖+1𝐵𝑖𝑄𝑖 = 𝐼 −𝑄𝑖, (2.46b)

due to the fact that 𝐴𝑖𝑄𝑖 = 0 and 𝑄𝑖𝑄𝑖 = 𝑄𝑖.

Lemma 1 ([140, Lemma 2.13]). Let 𝐴𝑖 and 𝐵𝑖 be 𝑚 ×𝑚 matrices. If 𝑄𝑖 is a projector

onto 𝑁𝑖 = ker𝐴𝑖 and

𝑆𝑖 = {𝑧 ∈ ℝ
𝑚/𝐵𝑖𝑧 ∈ im𝐴𝑖}, (2.47)

then the following conditions are equivalent.

1. The matrix 𝐴𝑖+1 = 𝐴𝑖 +𝐵𝑖𝑄𝑖 is non-singular.

2. ℝ𝑚 = 𝑆𝑖 ⊕𝑁𝑖.

3. 𝑆𝑖 ∩𝑁𝑖 = {0}.

Proof. Let us first prove that item 1 implies item 2. If 𝐴𝑖+1 = 𝐴𝑖+𝐵𝑖𝑄𝑖 is a non-singular

matrix, 𝑧 ∈ ℝ𝑚 can be written as

𝑧 = (𝐼 −𝑄𝑖𝐴−1
𝑖+1𝐵𝑖)𝑧︸ ︷︷ ︸

𝑧1

+𝑄𝑖𝐴
−1
𝑖+1𝐵𝑖𝑧︸ ︷︷ ︸
𝑧2

. (2.48)

Here 𝑧2 ∈ ker𝐴𝑖 and

𝐵𝑖𝑧1 = (𝐼 − 𝐵𝑖𝑄𝑖𝐴−1
𝑖+1)𝐵𝑖𝑧 = (𝐼 − (𝐴𝑖+1 − 𝐴𝑖)𝐴−1

𝑖+1)𝐵𝑖𝑧 = 𝐴𝑖𝐴
−1
𝑖+1𝐵𝑖𝑧 ∈ im𝐴𝑖, (2.49)

implies that 𝑧2 ∈ 𝑆𝑖 and ℝ
𝑚 = 𝑁𝑖 + 𝑆𝑖. Note that if 𝑧 ∈ 𝑁𝑖 ∩ 𝑆𝑖, then 𝑧 = 𝑄𝑖𝑧 and

𝐵𝑖𝑧 = 𝐴𝑖𝑥 with 𝑥 ∈ ℝ𝑚. Now 𝐵𝑖𝑄𝑖𝑧 = 𝐴𝑖𝑥 and, because of identities (2.46a) and

(2.46b), we have

𝐴−1
𝑖+1𝐵𝑖𝑄𝑖𝑧 = 𝑄𝑖𝑧 = 𝐴

−1
𝑖+1𝐴𝑖𝑥 = (𝐼 −𝑄𝑖)𝑥, (2.50)

and 𝑧 = 𝑄𝑖𝑧 = 0. In this way ℝ𝑚 = 𝑆𝑖 ⊕𝑁𝑖.
Item 2 implies item 3 per definition. Let now prove that item 3 implies item 1. If

𝑧 ∈ ker𝐴𝑖+1, then

𝐴𝑖+1𝑧 = 𝐴𝑖𝑧 +𝐵𝑖𝑄𝑖𝑧 = 0 (2.51)
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and therefore

−𝐴𝑖𝑧 = 𝐵𝑖𝑄𝑖𝑧. (2.52)

Now 𝑄𝑖𝑧 = 0, as 𝑄𝑖𝑧 ∈ 𝑁𝑖 ∩ 𝑆𝑖, and 𝐴𝑖𝑧 = 0. In this way 𝑧 = 𝑄𝑖𝑧 ∈ 𝑁𝑖 ∩ 𝑆𝑖 and 𝑧 = 0.

□

Index one decoupling for LTI DAEs

The index one case is useful to illustrate how the linear time-invariant DAE (2.11) is dealt

with in the tractability index framework. In fact, for more complex time-variant problems

the decoupling turns very technical and it will not be presented in this document, the

reader being referred to [97, 125] and the forthcoming reference [83] for further details in

this direction.

Scaling first the equation (2.11) by the matrix 𝐴−1
1 , defined in the matrix chain (2.45),

we get

𝐴−1
1 𝐴𝑥

′ + 𝐴−1
1 𝐸𝑥 = 𝐴

−1
1 𝑞(𝑡) (2.53)

and, breaking down the semistate variable 𝑥 into its projections 𝑃𝑥 and 𝑄𝑥, as defined

in the previous sections, the equation (2.53) yields

𝐴−1
1 𝐴𝑥

′ + 𝐴−1
1 𝐸𝑃𝑥+ 𝐴

−1
1 𝐸𝑄𝑥 = 𝐴

−1
1 𝑞(𝑡). (2.54)

Equation (2.54) can be simplified via the relations 𝐴−1
1 𝐴 = 𝑃 and 𝐴

−1
1 𝐸𝑄 = 𝑄, coming

from equations (2.46b) and (2.46a) respectively. In this way we arrive at the following

key identity

𝑃𝑥′ + 𝐴−1
1 𝐸𝑃𝑥+𝑄𝑥 = 𝐴

−1
1 𝑞(𝑡), (2.55)

which will be projected onto the subspaces im𝑄 = ker𝐴 and im𝑃 in order to analyze

the original system (2.11).

Indeed, premultiplying equation (2.55) by 𝑃 yields

𝑃𝑥′ + 𝑃𝐴−1
1 𝐸𝑃𝑥 = 𝑃𝐴

−1
1 𝑞(𝑡), (2.56)

which, denoting 𝑢 = 𝑃𝑥, can be written as

𝑢′ + 𝑃𝐴−1
1 𝐸𝑢 = 𝑃𝐴

−1
1 𝑞(𝑡). (2.57)

System (2.57) is the inherent ODE for the linear time-invariant index one DAE (2.11).
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Note that, in contrast to equation (2.24a) in the framework of the Kronecker index, the

variable 𝑢 takes values on the whole ℝ𝑚 space and the ODE itself is defined on ℝ𝑚. The

linear space im𝑃 is invariant for equation (2.57); premultiplying the ODE by 𝑄, we check

that a solution 𝑢(𝑡), verifying 𝑢(0) ∈ im𝑃 , lies in 𝑃 as 𝑄𝑢′(𝑡) = 0 for all 𝑡.
Premultiplying now (2.55) by the projector 𝑄 we obtain

𝑄𝐴−1
1 𝐸𝑃𝑥+𝑄𝑥 = 𝑄𝐴

−1
1 𝑞(𝑡). (2.58)

Writing 𝑣 = 𝑄𝑥, we can rewrite this system in terms of the variables 𝑢 and 𝑣 as

𝑣 = −𝑄𝐴−1
1 𝐸𝑢+𝑄𝐴

−1
1 𝑞(𝑡). (2.59)

We see now that the equation (2.59) is an algebraic constraint that makes it possible to

describe a solution of the DAE (2.11) in terms of the solution 𝑢 ∈ im𝑃 :

𝑥 = (𝐼𝑚 −𝑄𝐴−1
1 𝐸)𝑢+𝑄𝐴

−1
1 𝑞(𝑡). (2.60)

Using 𝐴 = 𝐴𝑃 to reformulate (2.11) as

𝐴(𝑃𝑥)′ + 𝐸𝑥 = 𝑞(𝑡), (2.61)

it is clear that we must seek for solutions within the space

𝐶1
𝑃 (𝒥 ,ℝ𝑚) = {𝑥 ∈ 𝐶(𝒥 ,ℝ𝑚) / 𝑃𝑥 ∈ 𝐶1(𝒥 ,ℝ𝑚)} ⊃ 𝐶1(𝒥 ,ℝ𝑚).

Provided that 𝑞(𝑡) is continuous, and replacing 𝑃𝑥′ by (𝑃𝑥)′ in (2.55) and (2.56), the

reasoning above shows that a given mapping 𝑥(𝑡) ∈ 𝐶1
𝑃 (𝒥 ,ℝ𝑚) is a solution of (2.61) if

and only if it can be written as

𝑥(𝑡) = 𝑢(𝑡) + 𝑣(𝑡), (2.62)

where 𝑢(𝑡) ∈ 𝐶1(𝒥 ,ℝ𝑚) is a solution of the equation (2.57) in the invariant space im𝑃
and 𝑣(𝑡) ∈ 𝐶(𝒥 ,ℝ𝑚) is given by the algebraic constraint (2.59).

Quasilinear and semiexplicit DAEs arising in nodal analysis

Nodal models of electrical circuits, including MNA, ANA and tableau models, usually

yield equations of the form:

𝐸(𝑑(𝑥))′ = 𝑓(𝑥) + 𝑞(𝑡), (2.63)
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where 𝐸 ∈ ℝ𝑚×𝑟 is a constant matrix, 𝑑 ∈ 𝐶1(Ω,ℝ𝑟), 𝑓 ∈ 𝐶1(Ω,ℝ𝑚) and 𝑞 ∈ 𝐶(𝒥 ,ℝ𝑚);
Ω is an open subset of ℝ𝑚 and 𝒥 ⊆ ℝ is an open time interval [95].

From the 𝐶1 assumption on 𝑑(𝑥), we can restrict the attention to 𝐶1 solutions and

rewrite (2.63) in a quasilinear shape:

𝐴(𝑥)𝑥′ = 𝑓(𝑥) + 𝑞(𝑡), (2.64)

where 𝐴(𝑥) = 𝐸𝑑𝑥(𝑥) ∈ 𝐶(Ω,ℝ𝑚×𝑚). From here on, in order to analyze the tractability

index of equation (2.64), we will additionally assume that ker𝐴(𝑥) is constant in Ω, i.e.

that it does not depend on 𝑥 [125, 140].

Equation (2.64) is said to have tractability index zero on Ω if 𝐴(𝑥) is a non-singular

matrix for all 𝑥 ∈ Ω. Index zero amounts to the equation (2.64) being an explicit ordinary
differential system and, in case that all points in Ω are consistent in 𝒥 , it is equivalent to
the differentiation index being zero for all 𝑥 ∈ Ω.
Now, let 𝑄0 be a constant projector onto ker𝐴(𝑥) and denote the Jacobian matrix

−𝑓𝑥(𝑥) as 𝐵(𝑥). The tractability index one condition for the equation (2.64) in Ω amounts
to the singularity of the matrix 𝐴(𝑥) and the non-singularity of the matrix 𝐴1(𝑥) = 𝐴(𝑥)+

𝐵(𝑥)𝑄0 for all 𝑥 ∈ Ω, see for example [95, 143]. As we observe, the index one condition
for the quasilinear equation (2.64) parallelizes that for a linear time-invariant differential-

algebraic equation. In particular, we can apply Lemma 1 to find local conditions equivalent

to the non-singularity of 𝐴1(𝑥).

As we pointed out in Section 2.1.1, some semistate nodal models can be rewritten in the

semiexplicit form depicted in equation (2.6). It is not difficult to show that the analysis

of equation (2.6) yields equivalent index one conditions both in the framework of the

differentiation index and in the framework of the tractability index. Indeed, assume that

a certain point (𝑦∗, 𝑧∗, 𝑡∗) satisfies equation (2.6b). On the one hand, the differentiation

index one condition for this point amounts to the non-singularity of the Jacobian matrix

𝑔𝑧(𝑦
∗, 𝑧∗, 𝑡∗). On the other hand, writing the system (2.6) in a semilinear form we get:(

𝐼𝑟 0

0 0

)(
𝑦′

𝑧′

)
=

(
ℎ(𝑦, 𝑧)

𝑔(𝑦, 𝑧)

)
+

(
𝑓1(𝑡)

𝑓2(𝑡)

)
. (2.65)

Now it is straightforward to show that

𝑄0 =

(
0 0

0 𝐼𝑝

)
, (2.66)
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is a constant projector onto the kernel of the leading matrix. Therefore, the tractability

index 1 condition for this system is the non-singularity of matrix

𝐴1(𝑥) =

(
𝐼𝑟 0

0 0

)
−
(
ℎ𝑦 ℎ𝑧

𝑔𝑦 𝑔𝑧

)(
0 0

0 𝐼𝑝

)
=

(
𝐼𝑝 0

0 −𝑔𝑧

)
, (2.67)

amounting to the non-singularity of the Jacobian matrix 𝑔𝑧. As a consequence, the index

one nature of the semiexplicit system (2.6) relies on the non-singularity of 𝑔𝑧 in both the

tractability index and the differentiation index frameworks.

It is also possible to derive index two conditions for the equation (2.63) by applying

the general framework of [95, 143]. Indeed, let us assume that 𝐴1(𝑥) has constant rank in

Ω and that there exist a continuous projector 𝑄1(𝑥) onto ker𝐴1(𝑥) defined on the whole

of Ω. Denoting 𝐵(𝑥)(𝐼−𝑄0) as 𝐵1(𝑥), the tractability index two for equation (2.64) in Ω

amounts to the non-singularity of the matrix 𝐴2(𝑥) = 𝐴1(𝑥) +𝐵1(𝑥)𝑄1(𝑥) for all 𝑥 ∈ Ω.
Systems with tractability index higher than two are rare in the context of electrical

circuits and will not be explored in this thesis. We refer the reader to [60, 61, 66, 67, 69, 91,

89] for more detailed treatments of such systems. A detailed general discussion concerning

the tractability index for properly stated nonlinear DAEs, together with solvability results

supported on it, can be also found in the forthcoming reference [83], or also in [95, 143].

2.2 Graphs

Graphs and electrical circuits are closely related as every lumped circuit composed of

two-terminal elements naturally has an associated digraph, which results from identify-

ing circuit branches and nodes with the corresponding edges and vertices. In fact, the

topological properties in circuit theory are those which can be examined in terms of the

network digraph, retaining only the electric (resistive, capacitive, etc.) nature of every

branch, e.g. as a label or colour.

The present section compiles some important definitions and properties of graph theory

that are employed throughout this thesis, allowing us to model electrical circuits in terms

of digraphs and providing the basis to examine the impact of their topological properties.

We refer the reader to [3, 4, 9, 13, 28, 36, 49] for detailed introductions to graph theory,

including the proofs of the properties compiled in this section. Many books on circuit

theory, such as references [8, 29, 31, 33, 145], compile additional background on digraphs.

Finally, we also refer the reader to Chapter 3 and, most importantly, to Chapter 4 for

specific graph-theoretic definitions and properties applicable to the analysis of low-index
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circuit configurations.

2.2.1 Elementary concepts of digraph theory

Graphs and digraphs

A directed graph or digraph can be defined as a triple (𝑉,𝐸, 𝛼), where 𝑉 ∕= ∅ and 𝐸
are finite sets, and 𝛼 : 𝐸 → 𝑉 × 𝑉 . The elements of 𝐸 are called edges and, in the

context of electrical circuits, they correspond to the branches of the circuit. The elements

of 𝑉 are called vertices, standing for the nodes of an electrical circuit. Denoting 𝛼(𝑒) =

(𝛼1(𝑒), 𝛼2(𝑒)) ∈ 𝑉 × 𝑉 , we say that 𝑒 is directed from 𝑣1 = 𝛼1(𝑒) to 𝑣2 = 𝛼2(𝑒), and we

call 𝑣1 and 𝑣2 the initial and final vertices of the edge 𝑒, respectively. Vertices 𝑣1 and 𝑣2

together are called the terminal vertices of 𝑒 or, alternatively, the edge 𝑒 may be said to

be incident with both 𝑣1 and 𝑣2. Similarly, 𝑣1 and 𝑣2 are said to be adjacent through the

edge 𝑒.

By disregarding the directions of the edges, we arrive at the notion of a (non-directed)

graph. The definition given above for digraphs may also hold for graphs by changing the

map 𝛼 for a map 𝛾 : 𝐸 → (𝑉 × 𝑉 )/∼, where ∼ stands for an equivalence relation in
𝑉 × 𝑉 according to which (𝑣1, 𝑣2) ∼ (𝑣′1, 𝑣′2) if either 𝑣1 = 𝑣′1 and 𝑣2 = 𝑣′2, or 𝑣1 = 𝑣′2 and
𝑣2 = 𝑣

′
1. Thereby, in a graph, the image through 𝛾 of a given edge 𝑒 is an unordered pair

or vertices and we say that 𝑒 is incident with these terminal vertices.

Following the definitions above, every directed graph has an associated underlying

graph obtained by ignoring directions of the edges. Formally, letting 𝜋 : 𝑉 × 𝑉 →
(𝑉 × 𝑉 )/∼ stand for the canonical projection, the underlying graph of a given digraph

(𝑉,𝐸, 𝛼) is defined as (𝑉,𝐸, 𝛾) with 𝛾 = 𝜋 ∘ 𝛼. In the following, unless otherwise stated,
all notions defined for graphs may also be applied to digraphs by means of the associated

underlying graph.

Note that in the electrical circuit context, it is not useful to define an edge as a pair

of vertices, since this rules out the existence of parallel connections. Finally, we must also

point out that, although they are not excluded in the definitions above, edges with the

same initial and final vertex have no interest in circuit theory and will be excluded in the

following discussions.

Subgraphs

A graph (𝑉 ′, 𝐸 ′, 𝛾′) is said to be a subgraph of (𝑉,𝐸, 𝛾) if 𝑉 ′ ⊆ 𝑉 , 𝐸 ′ ⊆ 𝐸 and 𝛾′ = 𝛾∣𝐸′.

Note that by assuming that (𝑉 ′, 𝐸 ′, 𝛾′) is a graph, we require that the incident vertices
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with any edge of 𝐸 ′ are in 𝑉 ′. For a digraph, a directed subgraph is additionally assumed

to inherit the direction of the edges; this means that the definition for digraphs is exactly

the same as the one above provided that 𝛾 is replaced by 𝛼.

Note that, given a certain graph (𝑉,𝐸, 𝛾), a set of edges 𝐸 ′ ⊆ 𝐸 allows one to define an
induced subgraph (𝛾−1(𝐸 ′), 𝐸 ′, 𝛾∣𝐸′). The subgraph is called proper if 𝑉 ′ ∕= 𝑉 or 𝐸 ′ ∕= 𝐸.
In case that 𝑉 ′ = 𝑉 , the subgraph is usually termed a spanning subgraph.

Paths, connectivity, loops and cutsets

Within a given graph, a walk connecting two end vertices 𝑣0 and 𝑣𝑙 is a sequence (𝑣0, 𝑒1, 𝑣1,

. . . , 𝑣𝑙−1, 𝑒𝑙, 𝑣𝑙), where the edge 𝑒𝑖 is incident with the vertices 𝑣𝑖−1 and 𝑣𝑖 for 1 ≤ 𝑖 ≤ 𝑙.
If any given edge appears only once in the walk, i.e. if 𝑒𝑖 ∕= 𝑒𝑗 for 1 ≤ 𝑖 < 𝑗 ≤ 𝑙, then the
walk is be called a trail . If all edges and vertices in the walk are distinct, except possibly

the end vertices, i.e. if 𝑒𝑖 ∕= 𝑒𝑗 and 𝑣𝑖 ∕= 𝑣𝑗 for 1 ≤ 𝑖 < 𝑗 ≤ 𝑙, then the walk is called a
path. We note that this terminology is variable and, in particular, here we have adopted

the one in [9].

Two vertices 𝑣 and 𝑣 are said to be connected if there exist a path having 𝑣 and 𝑣 as

end vertices. Connection defines an equivalence relation on the set of vertices 𝑉 , whose

equivalence classes lead to the notion of a connected component: maximal connected

subgraphs of the original graph. A graph is said to be connected if it only has one

connected component or, equivalently, if for every pair of vertices there exists a path

connecting them.

According to the terminology in circuit theory, a path whose end vertices coincide,

i.e. 𝑣 = 𝑣, is called a loop . In general, we will use this term to mean just the set of

edges {𝑒1, . . . , 𝑒𝑙}. Note that so-called self-loops (𝑣, 𝑒1, 𝑣) are allowed in the definition
above but, since they are precluded in later discussions, we may understand from now on

that 𝑙 ≥ 2. We can assign an orientation to a certain loop (𝑣0, 𝑒1, 𝑣1, . . . , 𝑣𝑙−1, 𝑒𝑙, 𝑣𝑙) by

identifying it either with (𝑣0, 𝑒1, 𝑣1, . . . , 𝑣𝑙−1, 𝑒𝑙, 𝑣𝑙) or with (𝑣𝑙, 𝑒𝑙, 𝑣𝑙−1, . . . , 𝑣2, 𝑒𝑙, 𝑣𝑙). An

edge 𝑒 is then said to have the same (resp. the opposite) orientation as a certain loop if

the loop includes the terminal vertices of 𝑒 in the same (resp. the opposite) order that is

given by 𝛼(𝑒) = (𝑣𝑖, 𝑣𝑗).

A subset 𝐾 of the set of edges of a connected graph is a cutset if the removal of 𝐾

results in a disconnected graph, and it is minimal with respect to this property, that is:

the removal of any proper subset of 𝐾 does not disconnect the graph. The notion of

cutset can be extended to disconnected graphs by demanding that the removal of the set

of edges 𝐾 increases the number of connected components, being 𝐾 minimal with respect
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to that property. We can assign an orientation to the cutset 𝐾 by identifying it either

with a 𝐶1 to 𝐶2 or with a 𝐶2 to 𝐶1 direction, where 𝐶1 and 𝐶2 are the new connected

components arising in the graph from the removal of 𝐾. Assume that 𝐾 is oriented from

𝐶1 to 𝐶2; an edge 𝑒 is said to have the same (resp. the opposite) orientation than 𝐾 if

𝛼(𝑒) = (𝑣𝑖, 𝑣𝑗), where 𝑣𝑖 ∈ 𝐶1 and 𝑣𝑗 ∈ 𝐶2 (resp. 𝑣𝑖 ∈ 𝐶2 and 𝑣𝑗 ∈ 𝐶1).

Trees and forests

Let (𝑉,𝐸, 𝛾) be a connected graph. A tree is a connected subgraph of (𝑉,𝐸, 𝛾) which

includes all the vertices but it has no loops. If the original graph is not connected, the

choice of a tree in every connected component defines a forest, the remaining branches

yielding a coforest . With terminological abuse, we may also make use of the terms tree

and forest to refer just to the set of edges in those subgraphs. Note that, in abstract

graph theory, trees are defined as connected subgraphs without loops, being assumed

to include all vertices only if they are called spanning trees. According to the usual

convention in circuit theory, all trees in this thesis are assumed to be spanning trees. The

following Lemma (see [13, Theorems 5-6] for the proofs) provides additional alternative

characterizations for the notion of a tree.

Lemma 2. Given a connected graph 𝒢 = (𝑉,𝐸, 𝛾), the following assertions are equivalent
for its subgraph 𝒯 = (𝑉 ′, 𝐸 ′, 𝛾′):

1. 𝒯 is a (spanning) tree of 𝒢.

2. 𝑉 = 𝑉 ′ and every edge 𝑒 ∈ 𝐸 ′ is a cutset.

3. 𝑉 = 𝑉 ′ and 𝒯 contains a unique path joining every ordered pair of end vertices

𝑣, 𝑣 ∈ 𝑉 .

4. 𝒯 does not include loops while the subgraph (𝑉 ′ ∪ 𝛾(𝑒), 𝐸 ′ ∪ 𝑒, 𝛾∣𝐸′∪{𝑒}), built by

adding any additional edge 𝑒 ∈ 𝐸 ∖ 𝐸 ′ to 𝒯 , includes at least one loop.

The edges in a tree are called twigs, whereas the remaining edges in the original

(connected) graph are called links or chords. In this context, the set of links is said to

define a cotree of the original tree.

If a connected graph has 𝑛 vertices and 𝑏 edges, it can be proved that any tree must

include 𝑛 − 1 twigs and 𝑏 − 𝑛 + 1 links. Similarly, in a disconnected graph, a forest can
be proved to include 𝑛 − 𝑘 twigs and 𝑏 − 𝑛 + 𝑘 links, where 𝑘 stands for the number of
connected components in the graph.
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Note that, because of the definition given for a tree, there cannot exist any loop

formed by twigs only. Similarly, the links cannot include any cutset, since the set of twigs

connects the whole original graph and the removal of any set of links can not result into

a disconnected graph. In fact, the following “converse” result can be proved.

Lemma 3. Let 𝐽 , 𝐾 be disjoint subsets of the set of edges of a given connected graph.

Then there exists a tree which contains all edges from 𝐽 and no edge from 𝐾 if and only

if 𝐽 has no loops and 𝐾 has no cutsets.

In Section 3.2.1 (see Definitions 1 and 2 on page 79) we will define two important

types of trees in circuit theory, namely proper trees and normal trees.

Contractions and minors

The contraction of an edge is a digraph operation defined by the identification of its

terminal vertices into a single one, which inherits the adjacencies of the original pair of

nodes. In the electrical circuit literature, the corresponding branch is said to be short-

circuited . A sequence of edge removals (open-circuits in circuit theory) and contractions

defines aminor of a given digraph. We refer the reader to [36] for details on this operation.

A subgraph of a minor can be also considered as a subgraph of the original digraph.

It is also true that an acyclic subgraph of a given minor is acyclic in the original digraph;

however, typically a spanning subgraph of a minor will not span the original digraph.

Therefore, a tree of a given minor defines an acyclic subgraph (but not necessarily a tree)

of the original graph.

2.2.2 Digraph matrices

The incidence matrix

In order to define the incidence matrix of a digraph 𝒢 = (𝑉,𝐸, 𝛾), we assume that both
the set of vertices and the set of edges are numbered: 𝑉 = {1, . . . , 𝑛}, 𝐸 = {1, . . . , 𝑏},
where 𝑛 = card𝑉 , 𝑏 = card𝐸. In the context of graph theory, 𝑛 and 𝑏 are usually called

order and size of the graph 𝒢. Here we additionally assume that 𝑏 ≥ 1 and 𝑛 ≥ 2.
Under these assumptions, the complete incidence matrix 𝐴 is defined as the matrix

(𝑎𝑖𝑗) ∈ ℝ𝑛×𝑏, where

𝑎𝑖𝑗 =

⎧⎨
⎩

1 if edge 𝑗 leaves vertex 𝑖,

−1 if edge 𝑗 enters vertex 𝑖,

0 if edge 𝑗 is not incident with vertex 𝑖
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or, in terms of 𝛼, 𝑎𝑖𝑗 = 1 (resp. −1) if and only if 𝛼1(𝑗) = 𝑖 (resp. 𝛼2(𝑗) = 𝑖), the

other entries in the 𝑗-th column being null. The incidence matrix allows us to express

the structure and connections of the digraph in terms of a matrix and, as can be seen

in the rest of this section, it considerably simplifies the study of several graph-theoretic

properties.

Lemma 4. If 𝑛 and 𝑘 stand for the number of vertices and connected components of a

digraph, then rk𝐴 = 𝑛− 𝑘. In particular, for a connected digraph it is rk𝐴 = 𝑛− 1.

The quantity 𝑟 = 𝑛 − 𝑘 is called the rank of the digraph. Note that for a connected
digraph, only 𝑛 − 1 rows of the complete incidence matrix 𝐴 are linearly independent.
The removal of any row from 𝐴 yields the so-called reduced incidence matrix or simply

the incidence matrix 𝐴 ∈ ℝ(𝑛−1)×𝑏. From a circuit-theoretic point of view, the reduction

of the complete incidence matrix corresponds to the choice of a reference node [49].

The presence of certain topological configurations within a given circuit digraph can be

characterized through its corresponding incidence matrix. We compile below some results

along this line, which follow from [3, 4]. In the following statements, if 𝐾 is a subset of

the set of edges of a connected digraph 𝒢, we denote by 𝐴𝐾 (resp. 𝐴𝒢−𝐾) the submatrix of

𝐴 formed by the columns corresponding to the edges in 𝐾 (resp. not in 𝐾). By a 𝐾-loop

(resp. 𝐾-cutset) we mean a loop (resp. cutset) formed exclusively by branches belonging

to 𝐾. A notion of independence can be laid down for oriented loops (resp. cutsets) by

relying on their representation as the vector 𝑢 ∈ ℝ
𝑏 defined componentwise by

𝑢𝑗 =

⎧⎨
⎩

1 if edge 𝑗 is in the loop (resp. cutset) with the same orientation,

−1 if edge 𝑗 is in the loop (resp. cutset) with the opposite orientation,

0 if edge 𝑗 is not in the loop (resp. cutset).

We will delve further into this representation when defining the loop matrix and the cutset

matrix later in this section.

Lemma 5. Let 𝐾 be a subset of edges of a connected digraph 𝒢. Then dimker𝐴𝐾 equals

the number of independent 𝐾-loops. In particular, 𝐴𝐾 has full column rank if and only if

𝐾 does not contain loops.

Lemma 6. Let 𝐾 be a subset of branches of a connected digraph 𝒢. Then dimker𝐴𝑇𝒢−𝐾
equals the number of independent 𝐾-cutsets. In particular, 𝐾 does not contain cutsets if

and only if 𝐴𝒢−𝐾 has full row rank.

Equivalently, the absence of loops within the set 𝐾 is characterized by 𝐴𝐾𝑦 = 0 ⇒
𝑦 = 0, and the absence of cutsets amounts to the implication 𝑥𝑇𝐴𝒢−𝐾 = 0 ⇒ 𝑥 = 0.
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Using Lemma 4 and the identity dim ker𝐴𝑇𝒢−𝐾 = (𝑛− 1)− rk𝐴𝑇𝒢−𝐾 , the property stated
in Lemma 6 can be understood to express the fact that the removal of 𝑘 independent

cutsets in a connected digraph defines a subgraph with 𝑘 + 1 connected components.

If 𝑇 is a tree in a connected digraph, 𝐴𝑇 is an (𝑛− 1)× (𝑛− 1) matrix and, since 𝑇
contains no loops, it has full column rank and a non vanishing determinant. In fact, the

following statement can be shown to be an alternative characterization of the notion of a

tree (cf. Section 2.2 in [8]).

Lemma 7. Let 𝐾 be a set of 𝑛−1 edges of a connected digraph, then 𝐴𝐾 is non-singular

if and only if 𝐾 defines a tree. In this case, det𝐴𝐾 = ±1.

The loop matrix

In order to define the loop matrix for a digraph 𝒢 = (𝑉,𝐸, 𝛼), we will assume that all
its edges are numbered and every possible loop in 𝒢 is both numbered and oriented. We
define the complete loop matrix as the matrix �̃� = (𝑏𝑖𝑗), with

𝑏𝑖𝑗 =

⎧⎨
⎩

1 if edge 𝑗 is in loop 𝑖 with the same orientation,

−1 if edge 𝑗 is in loop 𝑖 with the opposite orientation,

0 if edge 𝑗 is not in loop 𝑖.

Note that the columns of the matrix �̃� are the vectors 𝑢𝑖 representing the different oriented

loops in the circuit.

Lemma 8. In a digraph with 𝑛 vertices, 𝑏 branches and 𝑘 connected components, rk �̃� =

𝑏− 𝑛 + 𝑘. In particular, for a connected digraph it is rk �̃� = 𝑏− 𝑛+ 1.
The quantity 𝑠 = 𝑏 − 𝑛 + 𝑘 defines the number of independent loops or cyclomatic

number of the digraph. Lemma 8 leads to the definition of the reduced loop matrix or

simply loop matrix 𝐵 by selecting 𝑏− 𝑛 + 1 independent rows from matrix �̃�. As 𝐵 and
�̃� span the same space, it follows that �̃� =𝑀1𝐵 holds for some non-singular matrix 𝑀1.

In planar graphs, a simple way to select a maximal set of independent loops is identifying

the different meshes or faces in the circuit (see e.g. Theorem 15 in [13]).

The following analogs of Lemmas 5 and 6 can be derived from the results mentioned

above. As it was done for the incidence matrix 𝐴, if 𝐾 is a subset of the set of edges of a

connected digraph 𝒢, we denote by 𝐵𝐾 (resp. 𝐵𝒢−𝐾) the submatrix of 𝐵 formed by the

columns corresponding to the edges in 𝐾 (resp. not in 𝐾).

Lemma 9. A subset 𝐾 of the set of edges of a connected digraph 𝒢 does not contain

cutsets if and only if 𝐵𝐾 has full column rank.
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Lemma 10. A subset 𝐾 of the set of edges of a connected digraph 𝒢 does not contain

loops if and only if 𝐵𝒢−𝐾 has full row rank.

Regarding the property depicted in Lemma 7 for the incidence matrix, it is worth

mentioning that a set 𝐾 of 𝑏 − 𝑛 + 1 edges of a given connected digraph yields a non-
singular submatrix 𝐵𝐾 if and only if the edges in 𝐾 define a cotree (see 3.21 in [4]).

Finally, the following lemma provides a relationship between the reduced incidence and

loop matrices. This relationships also holds for the matrices 𝐴𝐾 and 𝐵𝐾 , including only

the branches in the set 𝐾.

Lemma 11. If the columns of the reduced incidence and loop matrices (𝐴 and 𝐵) of a

connected digraph are arranged according to the same order of edges, then 𝐵𝐴𝑇 = 0.

From Lemma 11 and the conditions rk𝐴 = 𝑛 − 1, rk𝐵 = 𝑏 − 𝑛 + 1, holding for a
connected graph, it follows that im𝐴𝑇 = ker𝐵 and im𝐵𝑇 = ker𝐴.

The cutset matrix

As it was done for the loop matrix, in order to define the cutset matrix for a connected

digraph 𝒢 = (𝑉,𝐸, 𝛼) we will assume that all its edges are numbered and every possible
cutset in 𝒢 is both numbered and oriented. With the notions above, the complete cutset
matrix �̃� = (𝑞𝑖𝑗) is defined by

𝑞𝑖𝑗 =

⎧⎨
⎩

1 if edge 𝑗 is in cutset 𝑖 with the same orientation,

−1 if edge 𝑗 is in cutset 𝑖 with the opposite orientation,

0 if edge 𝑗 is not in cutset 𝑖.

Now, the columns of the matrix �̃� are the vectors 𝑢𝑖 representing the different oriented

cutsets in the circuit.

Like Lemma 4 for the incidence matrix, the following result allows us to define the

reduced cutset matrix 𝑄 ∈ ℝ(𝑛−1)×𝑏 by taking 𝑛− 1 linearly independent rows of �̃�.

Lemma 12. In a digraph with 𝑛 vertices and 𝑘 connected components, rk �̃� = 𝑛− 𝑘. In
particular, for a connected digraph it is rk �̃� = 𝑛− 1.

Finally, the following Lemma provides a relationship between the reduced cutset and

loop matrices.

Lemma 13. If the columns of the reduced cutset and loop matrices (𝑄 and 𝐵) of a

connected digraph are arranged according to the same order of edges, then 𝐵𝑄𝑇 = 0.
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From Lemma 13 and the conditions rk𝑄 = 𝑛 − 1, rk𝐵 = 𝑏 − 𝑛 + 1, holding for a
connected graph, it follows that im𝑄𝑇 = im𝐴𝑇 = ker𝐵, and im𝐵𝑇 = ker𝑄 = ker𝐴. In

particular, the rows of 𝐴 and those of 𝑄 span the same subspace of ℝ𝑏; this means that

a relation of the form 𝑄 =𝑀0𝐴 holds for a non-singular matrix 𝑀0.

2.3 Nonlinear circuit modelling

Lumped electrical circuits can be understood as a set of interconnected oriented two-

terminal elements, each one described by a particular dynamics and constitutive restric-

tions. In this way, the mathematical representation of a circuit naturally leads to a digraph

description of its network (associating nodes with vertices and branches with edges) and

a differential-algebraic description of its elements [13, 31, 49, 145].

The representation of circuits as connected digraphs amounts to the statement of

Kirchhoff’s laws in terms of incidence matrices, to be examined in Section 2.3.1. The

electromagnetic relations modelling circuit elements, surveyed in Section 2.3.2, yield two

different types of equations: ordinary differential equations at reactive elements, namely

capacitors and inductors, and algebraic (possibly nonlinear) relations coming from the

characteristics of the devices for both reactive and non-reactive elements. The mixed

nature of these equations supports the role of the DAE formalism in circuit modelling,

see e.g. [125] or also [48, 95, 131, 139, 143].

To depict the different equations in a circuit model, every circuit branch is associated

with two basic variables: a branch current, usually written as 𝑖, and a voltage, commonly

written as 𝑣. When accommodating a so-called reactive element (a capacitor or an in-

ductor), the branch must be associated with an additional dynamic variable, namely, the

charge 𝑞 for capacitors or the flux 𝜙 for inductors. As done in previous Sections, we denote

here the number of edges in the network digraph as 𝑏 and the number of nodes as 𝑛.

Every branch in the circuit is considered to have the same orientation that is given

to its corresponding edge in the network digraph. This orientation defines a reference

direction for both the voltage and the current in the branch. A branch current (resp.

voltage drop) through a certain element in the circuit is positive when the current flows

(resp. the voltage falls) in the reference direction, otherwise being negative.

2.3.1 Kirchhoff’s laws

In lumped electrical circuits, the application of Maxwell laws in stationary conditions

leads to the statement of two basic conservation rules regarding the branch currents and
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voltages [74].

Kirchhoff’s current law (KCL) states that the sum of the currents leaving any circuit

node is zero; this is a consequence of both Ampere’s Law and Gauss’ Law when the

total charge in the node remains constant in time. The incidence matrix 𝐴 allows one to

represent the KCL in a simple fashion. Indeed, taking 𝑖 as the vector of branch currents,

ordered according to the edge numbering in 𝐴, Kirchhoff’s current law reads

𝐴𝑖 = 0. (2.68)

Splitting the columns in the incidence matrix according to the different elements in the

circuit we can get an expanded form of equation (2.68), namely

𝐴𝑟𝑖𝑟 + 𝐴𝑐𝑖𝑐 + 𝐴𝑙𝑖𝑙 + 𝐴𝑢𝑖𝑢 + 𝐴𝑗𝑖𝑗 = 0. (2.69)

where the subscripts 𝑟, 𝑐, 𝑙, 𝑢 and 𝑗 stand for resistors, capacitors, inductors, inde-

pendent voltage sources and independent current sources, respectively. Note that e.g.

𝐴𝑟 ∈ ℝ(𝑛−1)×𝑏𝑟 is the submatrix of 𝐴 corresponding to resistor branches and all circuit

nodes.

Remember that 𝑄 = 𝑀0𝐴 for some non-singular matrix 𝑀0. This property leads to

an alternative formulation of equation (2.68) in terms of the cutset matrix 𝑄:

𝑄𝑖 = 0. (2.70)

This formulation of Kirchhoff’s current law corresponds to the physical property that the

sum of currents through any given cutset of a circuit must be zero, i.e. to the conservation

of charge in the connected components of the circuit.

Kirchhoff’s voltage law (KVL) states that the sum of the voltage drops along the

branches of any loop is zero; this is a consequence of Maxwell-Faraday equation when

the magnetic flux trough any loop of the circuit is constant in time. The loop matrix

𝐵 now allows us to represent the KVL in a simple manner. Taking 𝑣 as the vector of

branch currents, ordered according to the edge numbering in 𝐵, then Kirchhoff’s voltage

law reads

𝐵𝑣 = 0, (2.71)

where 𝐵 and 𝑣 may be also split according to the different types of elements in the circuit,

yielding the expanded equation

𝐵𝑟𝑣𝑟 +𝐵𝑐𝑣𝑐 +𝐵𝑙𝑣𝑙 +𝐵𝑢𝑣𝑢 +𝐵𝑗𝑣𝑗 = 0. (2.72)
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Nodal analysis methods state Kirchhoff’s voltage law in terms of a vector of node

potentials 𝑒 ∈ ℝ𝑛−1. Indeed, equation (2.71) defines ker𝐵 = im𝐴𝑇 as the set of admissible

branch voltages, cf. Section 2.2.2. Therefore, this equation can be rewritten as

𝑣 = 𝐴𝑇 𝑒. (2.73)

We can check that the vector 𝑒 physically amounts to the voltage drops from the different

nodes of the circuit to the reference one, ordered according to the numbering in 𝐴 [29,

33, 49, 145].

2.3.2 Circuit elements

Circuit devices are characterized by the electromagnetic relationships linking their corre-

sponding branch variables. These relationships are purely algebraic in the case of resistors

and sources, or differential-algebraic in the case of reactive elements, i.e. capacitors and

inductors. In this section, we describe the equations characterizing resistors, capacitors,

inductors and sources in a general nonlinear framework. In particular, this framework

allows for the existence of couplings among different two-terminal elements of the same

type.

In order to represent the equations governing the different devices in the circuit, branch

variables are divided according to the different types of elements in the circuit. The vector

(𝑞, 𝑣𝑐, 𝑖𝑐) ∈ ℝ𝑏𝑐×ℝ𝑏𝑐×ℝ𝑏𝑐 stands for capacitor charges, voltages and currents; (𝜙, 𝑣𝑙, 𝑖𝑙)

∈ ℝ
𝑏𝑙×ℝ

𝑏𝑙×ℝ
𝑏𝑙 denotes inductor fluxes, voltages and currents; (𝑣𝑟, 𝑖𝑟) ∈ ℝ

𝑏𝑟×ℝ
𝑏𝑟 stands

for resistor voltages and currents; (𝑣𝑢, 𝑖𝑢) ∈ ℝ𝑏𝑢 × ℝ𝑏𝑢 represents voltages and currents

in branches including independent voltage sources; and (𝑣𝑗 , 𝑖𝑗) ∈ ℝ𝑏𝑗 × ℝ𝑏𝑗 denotes the

voltages and currents in the branches accommodating independent current sources.

Capacitors

Capacitors are two-terminal elements characterized by a charge-to-voltage constitutive

relationship:

𝑔𝑐(𝑞, 𝑣𝑐) = 0, (2.74)

where we assume that 𝑔𝑐 ∈ 𝐶1(ℝ𝑏𝑐 × ℝ𝑏𝑐 ,ℝ𝑏𝑐) [31, 125]. Because of the electromagnetic

continuity equation, equation (2.74) is complemented by a dynamical relationship between

charge and current:

𝑞′ = 𝑖𝑐. (2.75)
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Both equations (2.74) and (2.75) determine the behaviour of the capacitors within a

certain electric circuit [31]. In the uncoupled linear case, equation (2.74) is a collection

of uncoupled linear algebraic relations of the form 𝑞𝑐𝑖 = 𝐶𝑖𝑣𝑐𝑖, where 𝐶𝑖 is the individual

capacitance of the 𝑖-th linear capacitor [145].

Equations (2.74)-(2.75) can be simplified by means of assuming the existence of a con-

trolling variable for the capacitor, e.g. charge or voltage. Indeed, in most cases capacitors

are voltage-controlled; this means that equation (2.74) can be written as

𝑞 = 𝛾𝑐(𝑣𝑐), (2.76)

where we assume that 𝛾𝑐 is a 𝐶
1(ℝ𝑏𝑐 ,ℝ𝑏𝑐) explicit function derived from 𝑔𝑐. Defining now

the incremental capacitance matrix as

𝐶(𝑣𝑐) = 𝛾
′
𝑐(𝑣𝑐) =

⎛
⎜⎜⎝

∂𝛾𝑐1
∂𝑣𝑐1

⋅ ⋅ ⋅ ∂𝛾𝑐1
∂𝑣𝑐𝑏𝑐

...
. . .

...
∂𝛾𝑐𝑏𝑐
∂𝑣𝑐1

⋅ ⋅ ⋅ ∂𝛾𝑐𝑏𝑐
∂𝑣𝑐𝑏𝑐

⎞
⎟⎟⎠ , (2.77)

equation (2.75) reads
𝑑

𝑑𝑡
𝛾𝑐(𝑣𝑐) = 𝐶(𝑣𝑐)𝑣

′
𝑐 = 𝑖𝑐. (2.78)

By taking charges away as output variables, system (2.78) is a full description of the

behaviour of the capacitors, substituting the original system (2.74)-(2.75) in the voltage-

controlled setting.

Alternatively to voltage-controlled capacitors, the existence of an explicit relation

𝑣𝑐 = 𝛽𝑐(𝑞), 𝛽 ∈ 𝐶1(ℝ𝑏𝑐 ,ℝ𝑏𝑐) would correspond to charge-controlled capacitors. In an even

more general hybrid framework, we may assume that the set of capacitive branches is

divided into two groups denoted by ˜ and :̂ �̃�𝑐 and �̂�𝑐, so that all capacitors are controlled

by the set (𝑞, 𝑣𝑐) that comprises charges in �̃�𝑐 and branch voltages in �̂�𝑐. In this way,

equation (2.74) yields

𝑞 = 𝜂𝑐(𝑞, 𝑣𝑐) (2.79a)

𝑣𝑐 = 𝜉𝑐(𝑞, 𝑣𝑐), (2.79b)

where 𝜂𝑐 and 𝜉𝑐 are assumed to be 𝐶
1 functions, 𝑞 and 𝑣𝑐 being the controlled charges

and voltages in the capacitive branches �̂�𝑐 and �̃�𝑐 respectively.

Delving into the hybrid framework in (2.79), it is possible to differentiate equation
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(2.79a) with respect to the time:

𝑞′ =
∂𝜂𝑐
∂𝑞
(𝑞, 𝑣𝑐)𝑞

′ +
∂𝜂𝑐
∂𝑣𝑐
(𝑞, 𝑣𝑐)𝑣

′
𝑐, (2.80)

and insert this relation into equation (2.75), simplifying the original system (2.74)-(2.75).

Indeed, defining

𝐻1(𝑞, 𝑣𝑐) =

(
∂𝜂𝑐
∂𝑞

∂𝜂𝑐
∂𝑣𝑐

𝐼𝑐 0

)
, (2.81)

equations (2.74)-(2.75) can now be written in a hybrid formulation:

𝐻1(𝑞, 𝑣𝑐)

(
𝑞′

𝑣′𝑐

)
= 𝑖𝑐 (2.82a)

𝑣𝑐 = 𝜉𝑐(𝑞, 𝑣𝑐). (2.82b)

System (2.82) is another full description of the capacitors in the circuit that generalizes

(2.78), making it possible to accommodate both voltage-controlled and charge-controlled

capacitors. This time only the 𝑞 charges are taken away from the system as output

variables.

In many cases, voltage-controlled, charge-controlled or hybrid descriptions of a set

of capacitors do only exist locally. In particular, if the matrix of partial derivatives ∂𝑔𝑐
∂𝑞

(resp. ∂𝑔𝑐
∂𝑣𝑐
) is non-singular at some (𝑞∗, 𝑣∗𝑐 ) satisfying (2.74), then a voltage-controlled

(resp. charge controlled) description such as (2.76) exists locally around (𝑞∗, 𝑣∗𝑐 ) by the

implicit function theorem. Similarly, if(
∂𝑔𝑐
∂𝑞

∂𝑔𝑐
∂𝑣𝑐

)
(𝑞∗, 𝑣∗𝑐 ) (2.83)

is non-singular and (𝑞∗, 𝑣∗𝑐 ) satisfies (2.74), then a local hybrid description is guaranteed

to exist around (𝑞∗, 𝑣∗𝑐 ).

Note that equations (2.74), (2.78) and (2.82) may accommodate coupling effects among

capacitors. Capacitors are said to be uncoupled when, for 1 ≤ 𝑘 ≤ 𝑏𝑐, the 𝑘-th relation in
(2.74) has the form 𝑔𝑐𝑘(𝑞𝑘 , 𝑣𝑐𝑘) = 0, that is, it involves only the charge and the voltage in

the 𝑘-th capacitor. Coupling effects in equation (2.78) lead to off-diagonal entries in the

incremental capacitance matrix 𝐶(𝑣𝑐) [110, 142, 143].
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Inductors

Inductors are two-terminal elements characterized by a flux-to-current constitutive rela-

tionship:

𝑔𝑙(𝜙, 𝑖𝑙) = 0, (2.84)

where we assume that 𝑔𝑙 ∈ 𝐶1(ℝ𝑏𝑙 × ℝ𝑏𝑙,ℝ𝑏𝑙) [31, 125].

Because of the Maxwell-Faraday equation, (2.84) is complemented by a dynamical

relationship between magnetic flux and voltage:

𝜙′ = 𝑣𝑙. (2.85)

Both equations (2.84) and (2.85) determine the behaviour of the inductors within a certain

electric circuit. Like equation (2.74), if there are only linear uncoupled inductors in the

circuit, then (2.84) is a collection of uncoupled linear relations of the form 𝜙𝑙𝑖 = 𝐿𝑖𝑖𝑙𝑖,

where 𝐿𝑖 is the individual inductance of the 𝑖− 𝑡ℎ linear inductor [145].
System (2.84)-(2.85) can be simplified by assuming the existence of a controlling vari-

able for the inductor, in this case flux or current. In most cases inductors are current-

controlled; this means that equation (2.84) can be written as

𝜙 = 𝛾𝑙(𝑖𝑙), (2.86)

where we assume that 𝛾𝑙 ∈ 𝐶1(ℝ𝑏𝑙 ×ℝ𝑏𝑙). Defining the incremental inductance matrix as

𝐿(𝑖𝑙) = 𝛾
′
𝑙(𝑖𝑙) =

⎛
⎜⎜⎝

∂𝛾𝑙1
∂𝑖𝑙1

⋅ ⋅ ⋅ ∂𝛾𝑙1
∂𝑖𝑙𝑏𝑙

...
. . .

...
∂𝛾𝑙𝑏𝑙
∂𝑖𝑙1

⋅ ⋅ ⋅ ∂𝛾𝑙𝑏𝑙
∂𝑖𝑙𝑏𝑙

⎞
⎟⎟⎠ , (2.87)

equation (2.85) reads
𝑑

𝑑𝑡
𝛾𝑙(𝑖𝑙) = 𝐿(𝑖𝑙)𝑖

′
𝑙 = 𝑣𝑙. (2.88)

Taking fluxes away as output variables, equation (2.88) provides a full description for the

inductors in a given circuit, substituting the original system (2.84)-(2.85) in the current-

controlled setting.

Alternatively to current-controlled inductors, the existence of an explicit relation 𝑖𝑙 =

𝛽𝑙(𝜙), 𝛽 ∈ 𝐶1(ℝ𝑏𝑙,ℝ𝑏𝑙) would correspond to flux-controlled inductors. In the more general

hybrid framework, we may assume that the set of inductive branches is divided into two

groups: �̃�𝑙 and �̂�𝑙, so that all inductors are controlled by the set (𝜙, �̂�𝑙) that comprises
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fluxes in �̃�𝑙 and branch currents in �̂�𝑙. In this way, equation (2.84) yields

𝜙 = 𝜂𝑙(𝜙, �̂�𝑙) (2.89a)

�̃�𝑙 = 𝜉𝑙(𝜙, �̂�𝑙) (2.89b)

where 𝜂𝑙 and 𝜉𝑙 are assumed to be 𝐶
1 functions, 𝜙 and �̃�𝑙 being the controlled fluxes and

currents in the inductive branches �̂�𝑙 and �̃�𝑙 respectively. Note that system (2.89) is the

analog of (2.79) for capacitors.

Differentiating equation (2.89a) with respect to the time, we get

𝜙′ =
∂𝜂𝑙

∂𝜙
(𝜙, �̂�𝑙)𝜙

′ +
∂𝜂𝑙

∂�̂�𝑙
(𝜙, �̂�𝑙)̂𝑖

′
𝑙. (2.90)

and we can insert (2.90) into the equation (2.85). If we define 𝐻2 as

𝐻2(𝜙, �̂�𝑙) =

(
∂𝜂𝑙
∂𝜙

∂𝜂𝑙
∂�̂�𝑙

𝐼�̃� 0

)
, (2.91)

then the system (2.84)-(2.85) can be written in a hybrid form:

𝐻2(𝜙, �̂�𝑙)

(
𝜙′

�̂�′𝑙

)
= 𝑣𝑙 (2.92a)

�̃�𝑙 = 𝜉𝑙(𝜙, �̂�𝑙). (2.92b)

Again, we remark that the differential-algebraic system (2.92) is another full description of

the inductors in the circuit, which generalizes the current-controlled framework in (2.88),

making it possible to accommodate both current-controlled and flux-controlled inductors.

We assume here that 𝜙 fluxes are taken away from the system as output variables.

If the matrix of partial derivatives ∂𝑔𝑙
∂𝜙
(resp. ∂𝑔𝑙

∂𝑖𝑙
) is non-singular at some (𝜙∗, 𝑖∗𝑙 ) sat-

isfying (2.84), then a current-controlled (resp. flux controlled) description such as (2.86)

exists locally around (𝜙∗, 𝑖∗𝑙 ) by the implicit function theorem. Similarly, if(
∂𝑔𝑙

∂𝜙

∂𝑔𝑙

∂�̃�𝑙

)
(𝜙∗, 𝑖∗𝑙 ) (2.93)

is non-singular and (𝜙∗, 𝑖∗𝑙 ) satisfies (2.84), then a local hybrid description is guaranteed

to exist around (𝜙∗, 𝑖∗𝑙 ).

Equations (2.84), (2.88) and (2.92) may accommodate coupling effects among induc-

tors. Similarly to capacitors, inductors are said to be uncoupled when, for 1 ≤ 𝑘 ≤ 𝑏𝑙, the
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𝑘-th relation in (2.84) has the form 𝑔𝑐𝑘(𝑞𝑘 , 𝑣𝑐𝑘) = 0, that is, it involves only the flux and

the current in the 𝑘-th inductor. Note that if all inductors are uncoupled, then matrix

𝐿(𝑖𝑙) is diagonal as off-diagonal entries in this matrix imply coupling effects [110, 142, 143].

In the analysis of circuit models, the fact that the capacitance and inductance matrices

satisfy certain simplifying algebraic properties can be often very useful. In this sense, sym-

metric inductance or capacitance matrices are usually said to describe reciprocal devices

[30].

Resistors

Nonlinear resistors are characterized by a current-to-voltage constitutive relationship

𝑔𝑟(𝑣𝑟, 𝑖𝑟) = 0, (2.94)

where 𝑔𝑟 ∈ 𝐶1(ℝ𝑏𝑟 × ℝ𝑏𝑟 ,ℝ𝑏𝑟).

In the uncoupled linear case, the equation (2.94) is a collection of uncoupled linear

algebraic relations of the form 𝑣𝑟𝑖 = 𝑅𝑖𝑖𝑟𝑖 or 𝑖𝑟𝑖 = 𝐺𝑖𝑣𝑟𝑖, where 𝑅𝑖 is the individual

resistance or 𝐺𝑖 is the individual conductance of the 𝑖-th linear resistor [145].

Note that we use the term ‘resistor’ in a very broad sense, allowing to accommodate any

time-invariant, non-reactive circuit device. Coupling effects in equation (2.94) correspond

to any relation in the system involving both 𝑣𝑖 and 𝑖𝑗, with 𝑖 ∕= 𝑗 [5, 87, 136].
In most cases, resistors are assumed to be voltage-controlled through a 𝐶1 mapping

𝛾𝑟 : ℝ
𝑏𝑟 → ℝ

𝑏𝑟 . This leads to a current to voltage relationship

𝑖𝑟 = 𝛾𝑟(𝑣𝑟), (2.95)

such as e.g. the one relating current and voltage in a Shockley diode 𝑖 = 𝐼𝑠

(
𝑒

𝑣
𝑛𝑉𝑇 − 1

)
,

where 𝑛, 𝑉𝑇 and 𝐼𝑠 are technical parameters [5, 14].

Along the same lines as in the case of inductors or capacitors, the incremental con-

ductance matrix is defined as the Jacobian matrix of 𝛾𝑟 with respect to the voltages at

the resistive branches

𝐺(𝑣𝑟) = 𝛾
′
𝑟(𝑣𝑟) =

⎛
⎜⎜⎝

∂𝛾𝑟1
∂𝑣𝑟1

⋅ ⋅ ⋅ ∂𝛾𝑟1
∂𝑣𝑟𝑏𝑟

...
. . .

...
∂𝛾𝑟𝑏𝑟
∂𝑣𝑟1

⋅ ⋅ ⋅ ∂𝛾𝑟𝑏𝑟
∂𝑣𝑟𝑏𝑟

⎞
⎟⎟⎠ ,

where coupling effects amount to the existence of off-diagonal entries.
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Current-controlled resistors may be also defined by a voltage-to-current relationship

𝑣𝑟 = 𝜌(𝑖𝑟), (2.96)

although they are not as common as voltage-controlled ones [136, 146]. Accordingly, the

incremental resistance matrix is defined as

𝑅(𝑖𝑟) = 𝜌
′(𝑖𝑟) =

⎛
⎜⎜⎝

∂𝜌𝑟1
∂𝑖𝑟1

⋅ ⋅ ⋅ ∂𝜌𝑟1
∂𝑖𝑟𝑏𝑟

...
. . .

...
∂𝜌𝑟𝑏𝑟
∂𝑖𝑟1

⋅ ⋅ ⋅ ∂𝜌𝑟𝑏𝑟
∂𝑖𝑟𝑏𝑟

⎞
⎟⎟⎠ ,

where the existence of couplings leads to off-diagonal entries.

If both the incremental conductance and the incremental resistance matrices are well-

defined and non-singular, then they are inverse to each other. In the general case, if

it is necessary to accommodate both current-controlled and voltage-controlled resistors,

both equations (2.95) and (2.96) would appear in the model, each of them applied to the

appropriate resistive branches. Hybrid models may be also formulated, assuming that it

is possible to define two sets of resistive branches �̃�𝑟 and �̂�𝑟 such that all capacitors are

controlled by the set of variables (̃𝑖𝑟, 𝑣𝑟), comprising currents in �̃�𝑟 and voltages in �̂�𝑟.

A linear resistor or an uncoupled set of linear resistors is said to be strictly passive

(resp. passive) if it yields a definite positive (resp. semidefinite positive) conductance or

resistance matrix [30]. For nonlinear resistors, passivity can be locally defined in terms

of incremental matrices, to yield the notions of strictly locally passive and locally passive

resistors.

Local or global passivity is very useful in order to simplify certain expressions arising

in the analysis of nodal models and it can be in fact extended to capacitors and inductors

by using the corresponding (incremental) capacitance and inductance matrices. In the

following, we will call a set of capacitors, inductors or resistors strictly passive when a

positive definiteness assumption holds for the matrix derived from these devices. If this

matrix is positive semidefinite, then the set will be called passive, otherwise it will be

called non-passive [30, 44, 125].

Voltage and current sources

Both independent voltage and current sources are characterized by an explicit constitutive

relationship linking the corresponding branch variable to a function of time. Indeed,

voltages 𝑣𝑢 at independent voltage sources and currents 𝑖𝑗 through independent current
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sources are defined by the mappings

𝑣𝑢 = 𝑣𝑠(𝑡) (2.97a)

𝑖𝑗 = 𝑖𝑠(𝑡), (2.97b)

where 𝑣𝑠 : 𝒥 → ℝ𝑏𝑢 and 𝑖𝑠 : 𝒥 → ℝ𝑏𝑗 are assumed to be sufficiently smooth functions

defined on an appropriate working interval 𝒥 ⊆ ℝ.

Both V-loops, defined as loops formed exclusively by voltage sources, and I-cutsets,

defined as cutsets including only current sources, are pathological configurations in circuit

theory, as they may imply that the network does not satisfy Kirchhoff’s laws (cf. Section

2.3.1). Unless otherwise stated, this thesis restricts the analysis to well-posed circuits,

characterized by the exclusion of V-loops and I-cutsets.

Two configurations which may include sources, namely C-V loops and L-I cutsets,

are to be useful for the analysis of the index in Chapters 3 and 4. Henceforward, a C-V

loop will be a loop formed exclusively by capacitors and/or voltage sources. Similarly,

an L-I cutset will be a cutset formed exclusively by inductors and/or current sources.

Considering Lemmas 5 and 6, a circuit does not include any C-V loop if and only if

(𝐴𝑐 𝐴𝑢) has full column rank; similarly, it does not include any L-I cutset if and only if

(𝐴𝑟 𝐴𝑐 𝐴𝑢) has full row rank.

Controlled voltage and current sources are characterized by an explicit constitutive

relationship linking one branch current or voltage to another branch current or voltage,

this leads to the distinction of four common different types of controlled sources: voltage-

controlled voltage sources (VCVSs), current-controlled voltage sources (CCVSs), voltage-

controlled current sources (VCCSs) and current-controlled current sources (CCCSs).

Different controlled sources have different models depending on the type of elements

involved. Due to the general description of resistors in (2.94), sources involving resistive

branches can be modelled as coupled resistors, leading to off-diagonal entries either in

𝑅(𝑖𝑟) or in 𝐺(𝑣𝑟). These types of sources appear in many models of integrated circuits

such as dynamic models for the Bipolar Junction Transistor (BJT) or the Junction Field

Effect Transistor (JFET) [5, 41, 136]. Less common CCVS involving capacitors and

VCCS involving inductors may sometimes be accommodated as capacitive or inductive

couplings. Other types of controlled sources do not appear frequently in circuit models

and they require specific models [87].

Finally, we remark that both short circuits and open circuitsmay be modelled by using

a resistor or a current source. Indeed, short circuits may be characterized by a current-

controlled linear resistor providing null entries in the resistance matrix 𝑅(𝑖𝑟) or by a
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voltage source providing no excitation. Similarly, open circuits can be characterized as

voltage-controlled linear resistors providing null entries in the conductance matrix 𝐺(𝑣𝑟)

or as current sources driving a null current.

2.4 Semistate nodal models

The formulation of circuit equations is a major problem in lumped circuit modelling. In a

nonlinear setting, circuit models are usually stated in the time domain and they combine

both a topological description of the network and the description of the dynamics of its

different devices.

Semistate models, based on differential-algebraic equations, have attracted much re-

cent attention [48, 59, 60, 117, 118, 123, 124, 131, 139, 143]. These models make it

possible to overcome two key drawbacks of state-space formulations, based on ODEs

[30, 31, 86, 107, 134, 135, 145]. On the one hand, under very general assumptions, semis-

tate models are guaranteed to exist. On the other hand, its formulation is much simpler

and more direct than the formulation of state space models. The latter is particularly

relevant in systems with a very large scale of integration.

Nodal analysis methods are characterized by the use of node potentials as some of

the model variables. Indeed, using equation (2.73), branch voltages 𝑣 can be written

in terms of the vector of node potentials 𝑒. This amounts to introducing Kirchoff’s

voltage law (KVL) in the model and makes it possible to remove branch voltages from

the resulting system, therefore getting very compact formulations. Nodal methods are

particularly well-suited for simulation purposes. In particular, Modified Nodal Analysis

(MNA) is employed in many modern circuit simulation programs such as SPICE or TITAN

[71, 105, 106, 141, 146].

Semistate nodal models can be structured in a hierarchy, in which certain formula-

tions can be seen as reductions of others by means of eliminating certain variables and

equations. From node tableau methods, surveyed in Section 2.4.1, it is possible to obtain

the augmented formulations in Section 2.4.2, and both from node tableau or augmented

models it is possible to arrive at the modified models presented in Section 2.4.3.

Nodal methods may be additionally divided into three groups, depending on the dy-

namic variables that are selected to model the reactive elements in the circuit: charges or

voltages for capacitors, and fluxes or currents for inductors (see [131, fig. 1]).

Indeed, charge/flux-oriented methods use the charges at the capacitors and the fluxes

at the inductors as dynamic variables, including accordingly equations (2.74)-(2.75) and
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(2.84)-(2.85) in the corresponding formulations. Capacitor voltages and inductor cur-

rents are also included in charge/flux methods, but in this case they appear as algebraic

variables.

In contract to the charge/flux-oriented methods, the so-called conventional methods

assume that capacitors are voltage-controlled and inductors are current-controlled (at least

locally). In this way, these methods employ capacitor voltages and inductor currents as

dynamic variables, including equations (2.78) and (2.88). This allows us to avoid the use

of charges and fluxes in the model, consequently reducing the total number of variables

in the model and making the conventional methods more compact than the charge/flux-

oriented ones.

Lastly, the so-called hybrid methods are derived from the hybrid descriptions for ca-

pacitors and inductors in equations (2.82) and (2.92) respectively. The reactive branches

in hybrid formulations are divided into two groups, one of them using a voltage/current

description and the other one using a charge/flux description. Note that these models are

far more general than the conventional methods, but they also include more equations

and variables.

The resulting framework for nodal models is presented in Table 2.1. In Chapter 3,

we will analyze different methods in this table proving various index equivalencies among

them.

Dynamic variables
Charge/flux Voltage/current Hybrid

Tableau models 𝑞𝜙-NTA Conventional 𝑣𝑖-NTA Hybrid NTA
Augmented models 𝑞𝜙-ANA Conventional ANA Hybrid ANA
Modified models 𝑞𝜙-MNA Conventional MNA Hybrid MNA

Table 2.1: A framework for semistate nodal formulations.

2.4.1 Node tableau analysis (NTA)

The Node Tableau Analysis (NTA) approach is characterized by an extensive use of model

variables [31, 33, 58, 59, 60, 62, 131]. All node potentials, all branch voltages and all branch

currents are included in NTA formulations, usually yielding very large and sparse systems

[62]. Many nodal models, among them the ones arising in modified nodal analysis and in

augmented nodal analysis, can be considered as reductions of general tableau models.
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Charge/flux-oriented node tableau analysis (𝑞𝜙-NTA)

The general charge/flux-oriented Node Tableau Analysis is a very general model, defined by

joining different dynamical, constitutive and topological relationships already presented

in Section 2.3 above.

On the one hand, the 𝑞𝜙-NTA model comprises two dynamic equations representing

the dynamics of charges and fluxes at reactive elements (cf. equations (2.75) and (2.85)):

𝑞′ = 𝑖𝑐 (2.98a)

𝜙′ = 𝑣𝑙. (2.98b)

On the other hand, the 𝑞𝜙-NTA model also includes several algebraic equations. These

equations do not only represent the characteristic relationships of capacitors, inductors, re-

sistors and independent sources (amounting to equations (2.74), (2.84), (2.94) and (2.97)),

but also the Kirchhoff’s laws (as depicted in (2.68) and (2.73)). That is:

0 = 𝑔𝑐(𝑞, 𝑣𝑐) (2.98c)

0 = 𝑔𝑙(𝜙, 𝑖𝑙) (2.98d)

0 = 𝑔𝑟(𝑣𝑟, 𝑖𝑟) (2.98e)

0 = 𝑣𝑢 − 𝑣𝑠(𝑡) (2.98f)

0 = 𝑖𝑗 − 𝑖𝑠(𝑡) (2.98g)

0 = 𝐴𝑖 (2.98h)

0 = 𝑣 − 𝐴𝑇 𝑒, (2.98i)

where 𝑣𝑠(𝑡) and 𝑖𝑠(𝑡) are assumed to be sufficiently smooth.

System (2.98) relies on some quite unrestrictive assumptions about the circuit, stem-

ming from the discussions in Section 2.3.2. Namely, we assume that all components except

sources are time-invariant, that there are only couplings among elements of the same type,

and that all controlled sources can be modelled as couplings.

From a DAE viewpoint, the model (2.98) is a semiexplicit equation (2.5) defined in an

appropriate open subset of ℝ𝑟+𝑝+1, with 𝑟 = 𝑏𝑐+𝑏𝑙 and 𝑝 = 2𝑏+𝑛−1. The variables in the
model are the node potentials and all the branch variables: capacitor charges 𝑞, inductor

fluxes 𝜙, branch currents 𝑖 = (𝑖𝑟, 𝑖𝑙, 𝑖𝑐, 𝑖𝑢, 𝑖𝑗), and branch voltages 𝑣 = (𝑣𝑟, 𝑣𝑙, 𝑣𝑐, 𝑣𝑢, 𝑣𝑗).

With the terminology defined in Section 2.1.1, 𝑞 and 𝜙 are the dynamic variables, while

𝑖, 𝑣 and 𝑒 are the algebraic ones.
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Conventional node tableau analysis

Assume that capacitors are voltage-controlled and inductors are current-controlled in the

sense of Section 2.3.2. Now charges and fluxes admit at least a local 𝐶1 explicit description

in terms of voltages and currents, respectively. Therefore, we can substitute in (2.98) the

relations (2.98a)-(2.98d) by (2.78) and (2.88). The resulting conventional node tableau

model also includes two dynamic equations

𝑑

𝑑𝑡
𝛾𝑐(𝑣𝑐) = 𝑖𝑐 (2.99a)

𝑑

𝑑𝑡
𝛾𝑙(𝑖𝑙) = 𝑣𝑙 (2.99b)

but it has a reduced number of algebraic equations:

0 = 𝑔𝑟(𝑣𝑟, 𝑖𝑟) (2.99c)

0 = 𝑣𝑢 − 𝑣𝑠(𝑡) (2.99d)

0 = 𝑖𝑗 − 𝑖𝑠(𝑡) (2.99e)

0 = 𝐴𝑖 (2.99f)

0 = 𝑣 − 𝐴𝑇 𝑒. (2.99g)

The variables in (2.99) are the node potentials, the branch voltages and the branch

currents. The charges and fluxes in the 𝑞/𝜙 formulation are regarded as output variables,

being consequently excluded from the model. If the resistors admit a voltage-controlled

description, we can substitute equation (2.99c) for 𝑖𝑟 = 𝛾𝑟(𝑣𝑟), with the appropriate

controlling function 𝛾𝑟.

Note that the system (2.99) fits in the general framework depicted in equation (2.63),

which was considered in Section 2.1.2 for nodal models. Indeed, let the semistate vector

𝑥 = (𝑣, 𝑖, 𝑒) ∈ ℝ2𝑏+𝑛−1 comprise all variables in the conventional node tableau analysis

system. Consider

𝐸 =

⎛
⎜⎝ 𝐼𝑐 0

0 𝐼𝑙

0 0

⎞
⎟⎠ (2.100a)

and

𝑑(𝑥) =

(
𝛾𝑐(𝑣𝑐)

𝛾𝑙(𝑖𝑙)

)
(2.100b)

where 𝐼𝑐 and 𝐼𝑙 stand for the identity matrices of sizes 𝑏𝑐 and 𝑏𝑙 respectively. Let us now
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define

𝑓(𝑥) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑖𝑐

𝑣𝑙

𝑔𝑟(𝑣𝑟, 𝑖𝑟)

𝑣𝑢

𝑖𝑗

𝐴𝑖

𝑣 − 𝐴𝑇 𝑒

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 𝑞(𝑡) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

−𝑣𝑠(𝑡)
−𝑖𝑠(𝑡)
0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (2.101)

It is straightforward to show that the system (2.99) can be written as 𝐸(𝑑(𝑥))′ = 𝑓(𝑥) +

𝑞(𝑡), where (𝑑(𝑥))′ is the time derivative of 𝑑(𝑥).

By using the chain rule for the derivative (𝑑(𝑥))′, the node tableau analysis model in

equation (2.99) may be also written in terms of the incremental capacitance and induc-

tance matrices. In this way, equations (2.99a)-(2.99e) read

𝐶(𝑣𝑐)𝑣
′
𝑐 = 𝑖𝑐 (2.102a)

𝐿(𝑖𝑙)𝑖
′
𝑙 = 𝑣𝑙 (2.102b)

0 = 𝑔𝑟(𝑣𝑟, 𝑖𝑟) (2.102c)

0 = 𝑣𝑢 − 𝑣𝑠(𝑡) (2.102d)

0 = 𝑖𝑗 − 𝑖𝑠(𝑡), (2.102e)

while, for later convenience, we expand now equation (2.99f):

0 = 𝐴𝑟𝑖𝑟 + 𝐴𝑙𝑖𝑙 + 𝐴𝑐𝑖𝑐 + 𝐴𝑢𝑖𝑢 + 𝐴𝑗𝑖𝑗 , (2.102f)

and equation (2.99g):

0 = 𝑣𝑟 − 𝐴𝑇𝑟 𝑒 (2.102g)

0 = 𝑣𝑙 − 𝐴𝑇𝑙 𝑒 (2.102h)

0 = 𝑣𝑐 − 𝐴𝑇𝑐 𝑒 (2.102i)

0 = 𝑣𝑢 − 𝐴𝑇𝑢 𝑒 (2.102j)

0 = 𝑣𝑗 − 𝐴𝑇𝑗 𝑒. (2.102k)

System (2.102) has a quasilinear structure (2.3), corresponding to the form depicted
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in (2.64), with 𝐴(𝑥) = 𝐸𝑑𝑥(𝑥). In this case,

𝐴(𝑥) =

⎛
⎜⎝ 𝐶(𝑣𝑐) 0 0

0 𝐿(𝑖𝑙) 0

0 0 0

⎞
⎟⎠ . (2.103)

In fact, provided that 𝐶(𝑣𝑐) and 𝐿(𝑖𝑙) are non-singular matrices, then system (2.102) can

be rewritten in a semiexplicit form. In comparison to the charge/flux model presented

in system (2.98), it can be easily seen that the capacitor voltages 𝑣𝑐 and the inductor

currents 𝑖𝑙 have replaced the charges and the fluxes as dynamical variables.

Hybrid node tableau analysis

The dynamic variables in the hybrid node tableau analysis formulation comprise both the

capacitor voltages and the inductor currents at some branches, and also capacitor charges

and inductor fluxes at the remaining reactive branches. Indeed, for the formulation of

this model it is assumed that the capacitive and the inductive branches can be divided

into two groups: �̃�𝑐, �̂�𝑐 and �̃�𝑙, �̂�𝑙 respectively, characterized by the constitutive relations

in equations (2.79) and (2.89).

In order to arrive at the hybrid formulation, we may take the conventional node tableau

analysis model (2.102), replace (2.102a)-(2.102b) by equations (2.82a) and (2.92a), and

insert equations (2.92b) and (2.82b) into Kirchhoff’s current law (2.102f) and Kirchhoff’s

voltage law for capacitors (2.102i), respectively. Consequently, the resulting hybrid node

tableau analysis model includes two dynamical equations

𝐻1(𝑞, 𝑣𝑐)

(
𝑞′

𝑣′𝑐

)
= 𝑖𝑐 (2.104a)

𝐻2(𝜙, �̂�𝑙)

(
𝜙′

�̂�′𝑙

)
= 𝑣𝑙, (2.104b)

where the matrices 𝐻1 and 𝐻2 are defined in (2.81) and (2.91), together with the con-

stitutive relationships for resistors, independent voltage sources and independent current

sources:

0 = 𝑔𝑟(𝑣𝑟, 𝑖𝑟) (2.104c)

0 = 𝑣𝑢 − 𝑣𝑠(𝑡) (2.104d)

0 = 𝑖𝑗 − 𝑖𝑠(𝑡), (2.104e)
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and Kirchhoff’s laws (2.102f)-(2.102k), written in terms of the hybrid variables:

0 = 𝐴𝑟𝑖𝑟 + 𝐴�̂��̂�𝑙 +𝒜�̃�𝜉𝑙(𝜙, �̂�𝑙) + 𝐴𝑐𝑖𝑐 + 𝐴𝑢𝑖𝑢 + 𝐴𝑗𝑖𝑗 (2.104f)

0 = 𝑣𝑟 − 𝐴𝑇𝑟 𝑒 (2.104g)

0 = 𝑣𝑙 − 𝐴𝑇𝑙 𝑒 (2.104h)

0 = 𝑣𝑐 − 𝐴𝑇𝑐 𝑒 (2.104i)

0 = 𝜉𝑐(𝑞, 𝑣𝑐)− 𝐴𝑇𝑐 𝑒 (2.104j)

0 = 𝑣𝑢 − 𝐴𝑇𝑢 𝑒 (2.104k)

0 = 𝑣𝑗 − 𝐴𝑇𝑗 𝑒. (2.104l)

Like the conventional node tableau analysis model (2.102), system (2.104) has a quasi-

linear structure of the form (2.3). Note that in this case 𝑞, 𝜙, 𝑣𝑐 and �̃�𝑙 are the output

variables, which are taken away from the model. Again, if 𝐻1 and 𝐻2 are invertible

matrices, then system (2.104) can be rewritten in a semiexplicit form.

Note also that, according to the definitions in Section 2.3.2, a necessary and sufficient

condition for the capacitors and the inductors in the circuit to admit a local hybrid

description is that the matrices(
∂𝑔𝑐
∂𝑞

∂𝑔𝑐
∂𝑣𝑐

)
and

(
∂𝑔𝑙

∂𝜙

∂𝑔𝑙

∂�̃�𝑙

)
(2.105)

are non-singular.

Conventional models vs. hybrid and charge/flux models Conventional mod-

els, such as (2.102), are the most common formulations in circuit analysis. In fact, the

charge/flux node tableau analysis model (2.98) can be obtained from the conventional

one by substituting the dynamic equations (2.102a)-(2.102b) by:

𝑞′ = 𝑖𝑐 (2.106a)

𝜙′ = 𝑣𝑙 (2.106b)

0 = 𝑔𝑐(𝑞, 𝑣𝑐) (2.106c)

0 = 𝑔𝑙(𝜙, 𝑖𝑙). (2.106d)

In turn, the hybrid node tableau analysis (2.104) is easily obtained by substituting

the set of equations (2.102a)-(2.102b) by the hybrid system (2.104a)-(2.104b) and adding
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the following description for 𝑣𝑐 and �̃�𝑙:

𝑣𝑐 = 𝜉𝑐(𝑞, 𝑣𝑐) (2.107a)

�̃�𝑙 = 𝜉𝑙(𝜙, �̂�𝑙), (2.107b)

where equations (2.107a) and (2.107b) may be inserted into Kirchhoff’s voltage law

(2.102i) and Kirchhoff’s current law (2.102f), respectively.

The charge/flux models are particularly useful when it is not possible to distinguish a

set of controlling variables for capacitors or inductors. In turn, hybrid models are inter-

esting when it is possible to distinguish a set of controlling variables for capacitors and

inductors, but they include either voltages and charges, or currents and fluxes, respec-

tively.

2.4.2 Augmented nodal analysis (ANA)

In many applications, the node tableau formulations are redundant and it is possible to

obtain more compact models by eliminating different variables and equations.

Conventional augmented nodal analysis

The conventional Augmented Nodal Analysis (ANA) model, analyzed in detail in [131]

and stemming from the model proposed by Li and Woo in [86], includes

𝑑

𝑑𝑡
𝛾𝑐(𝑣𝑐) = 𝑖𝑐 (2.108a)

𝑑

𝑑𝑡
𝛾𝑙(𝑖𝑙) = 𝐴𝑇𝑙 𝑒 (2.108b)

as dynamical equations for capacitors and inductors, and

0 = 𝐴𝑟𝛾𝑟(𝐴
𝑇
𝑟 𝑒) + 𝐴𝑙𝑖𝑙 + 𝐴𝑐𝑖𝑐 + 𝐴𝑢𝑖𝑢 + 𝐴𝑗𝑖𝑠(𝑡) (2.108c)

0 = 𝑣𝑐 −𝐴𝑇𝑐 𝑒 (2.108d)

0 = 𝑣𝑠(𝑡)−𝐴𝑇𝑢 𝑒 (2.108e)

as algebraic restrictions.

Note that system (2.108) includes neither resistive branch currents and voltages nor

inductive branch voltages, and that the only branch variable coming from independent

sources is 𝑖𝑢.
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In order to transform the node tableau analysis model (2.102) into (2.108), different

substitutions have been performed. First, the resistive currents and voltages have been

removed by using the equations (2.102c) and (2.102g). Here, we assume that all resistors

are voltage-controlled by a 𝐶1 function 𝛾𝑟: 𝑖𝑟 = 𝛾𝑟(𝑣𝑟). Then, the voltages at inductors

have been written in terms of the vector of node potentials 𝑒, by means of equation

(2.102h), whereas the voltages and the currents in the independent sources have been

eliminated by using (2.102d) and (2.102e). Finally, equation (2.102k) has been considered

as an output relation, yielding the voltages in current sources, and it has been removed

from the model.

Like the conventional node tableau analysis, the augmented nodal analysis formulation

(2.108) can be shown to be comprised within the framework depicted in equation (2.63)

for nodal models. Indeed, let the semistate vector 𝑥 = (𝑣𝑐, 𝑖𝑙, 𝑒, 𝑖𝑐, 𝑖𝑢) ∈ ℝ
𝑚 comprise all

variables in the ANA system, with 𝑚 = 2𝑏𝑐 + 𝑛− 1 + 𝑏𝑙 + 𝑏𝑢. Taking the matrices 𝐸 and
𝑑(𝑥) as the ones defined in equation (2.100) (except for the number of null rows in the

bottom blocks of 𝐸, which is now 𝑛− 1 + 𝑏𝑐 + 𝑏𝑢) and defining

𝑓(𝑥) =

⎛
⎜⎜⎜⎜⎜⎜⎝

𝑖𝑐

𝐴𝑇𝑙 𝑒

𝐴𝑟𝛾𝑟(𝐴
𝑇
𝑟 𝑒) + 𝐴𝑙𝑖𝑙 + 𝐴𝑐𝑖𝑐 + 𝐴𝑢𝑖𝑢

𝑣𝑐 −𝐴𝑇𝑐 𝑒
−𝐴𝑇𝑢 𝑒

⎞
⎟⎟⎟⎟⎟⎟⎠ , 𝑞(𝑡) =

⎛
⎜⎜⎜⎜⎜⎜⎝

0

0

𝐴𝑗𝑖𝑠(𝑡)

0

𝑣𝑠(𝑡)

⎞
⎟⎟⎟⎟⎟⎟⎠ , (2.109)

it is possible to check again that system (2.108) can be written as 𝐸(𝑑(𝑥))′ = 𝑓(𝑥)+ 𝑞(𝑡).

Alternatively, under the assumption that 𝑑 is a 𝐶1 function, the augmented nodal

analysis system (2.108) can be written in terms of the incremental capacitance and induc-

tance matrices. In this way, we arrive at the model already presented in (1.11), namely

𝐶(𝑣𝑐)𝑣
′
𝑐 = 𝑖𝑐 (2.110a)

𝐿(𝑖𝑙)𝑖
′
𝑙 = 𝐴𝑇𝑙 𝑒 (2.110b)

0 = 𝐴𝑟𝛾𝑟(𝐴
𝑇
𝑟 𝑒) + 𝐴𝑙𝑖𝑙 + 𝐴𝑐𝑖𝑐 + 𝐴𝑢𝑖𝑢 + 𝐴𝑗𝑖𝑠(𝑡) (2.110c)

0 = 𝑣𝑐 −𝐴𝑇𝑐 𝑒 (2.110d)

0 = 𝑣𝑠(𝑡)−𝐴𝑇𝑢 𝑒. (2.110e)

System (2.110) has a quasilinear structure (2.3), corresponding in particular to the form

depicted in equation (2.64), with 𝐴(𝑥) = 𝐸𝑑𝑥(𝑥). Like the node tableau analysis system

64



(2.102), if 𝐶(𝑣𝑐) and 𝐿(𝑖𝑙) are non-singular matrices, then the system (2.110) can be

rewritten in a simpler semiexplicit form. Note that 𝑣𝑐 and 𝑖𝑙 are again the dynamic

variables, while 𝑖𝑐, 𝑖𝑢 and 𝑒 are now the algebraic ones. In this case, the index one

condition for (2.110) amounts to the non-singularity of the Jacobian matrix 𝐽 = 𝑓 ′(𝑥),

which will be examined from a topological standpoint in Chapters 3 and 4.

Charge/flux augmented nodal analysis

The charge/flux reformulation of the conventional augmented nodal analysis model (2.110)

may be obtained by replacing the equations (2.110a)-(2.110b) by a system in terms of the

variables 𝑞 and 𝜙, including

𝑞′ = 𝑖𝑐 (2.111a)

and

𝜙′ = 𝐴𝑇𝑙 𝑒, (2.111b)

as dynamical equations, together with the following algebraic constraints:

0 = 𝑔𝑐(𝑞, 𝑣𝑐) (2.111c)

0 = 𝑔𝑙(𝜙, 𝑖𝑙). (2.111d)

The resulting model reads

𝑞′ = 𝑖𝑐 (2.112a)

𝜙′ = 𝐴𝑇𝑙 𝑒 (2.112b)

0 = 𝑔𝑐(𝑞, 𝑣𝑐) (2.112c)

0 = 𝑔𝑙(𝜙, 𝑖𝑙) (2.112d)

0 = 𝐴𝑟𝛾𝑟(𝐴
𝑇
𝑟 𝑒) + 𝐴𝑙𝑖𝑙 + 𝐴𝑐𝑖𝑐 + 𝐴𝑢𝑖𝑢 + 𝐴𝑗𝑖𝑠(𝑡) (2.112e)

0 = 𝑣𝑐 −𝐴𝑇𝑐 𝑒 (2.112f)

0 = 𝑣𝑠(𝑡)− 𝐴𝑇𝑢 𝑒. (2.112g)

The charge/flux augmented nodal analysis formulation (2.112) makes it possible to

model capacitors or inductors that are not voltage-controlled or current-controlled. As a

consequence, the model is more general than the conventional augmented nodal analysis,

but it includes two additional equations (2.112c)-(2.112d) and two additional variables 𝑞
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and 𝜙.

Hybrid augmented nodal analysis

The hybrid formulation of the augmented nodal analysis (2.110) may be obtained by

replacing the dynamical equations (2.110a)-(2.110b) for the hybrid description (2.104),

where 𝑣𝑙 is now written in terms of the node potentials as 𝐴
𝑇
𝑙 𝑒. Additionally, equation

(2.107) in included in the model as an algebraic restriction. The resulting model comprises

𝐻1(𝑞, 𝑣𝑐)

(
𝑞′

𝑣′𝑐

)
= 𝑖𝑐 (2.113a)

𝐻2(𝜙, �̂�𝑙)

(
𝜙′

�̂�′𝑙

)
= 𝐴𝑇𝑙 𝑒 (2.113b)

as differential relations and

𝑣𝑐 = 𝜉𝑐(𝑞, 𝑣𝑐) (2.113c)

�̃�𝑙 = 𝜉𝑙(𝜙, �̂�𝑙) (2.113d)

0 = 𝐴𝑟𝛾𝑟(𝐴
𝑇
𝑟 𝑒) + 𝐴𝑙𝑖𝑙 + 𝐴𝑐𝑖𝑐 + 𝐴𝑢𝑖𝑢 + 𝐴𝑗𝑖𝑠(𝑡) (2.113e)

0 = 𝑣𝑐 − 𝐴𝑇𝑐 𝑒 (2.113f)

0 = 𝑣𝑠(𝑡)− 𝐴𝑇𝑢 𝑒. (2.113g)

as algebraic ones.

Equations (2.113c) and (2.113d) may be either included as such in the hybrid model

(2.113), or inserted into Kirchhoff’s voltage law (2.113f) and Kirchhoff’s current law

(2.113e) as

0 = 𝜉𝑐(𝑞, 𝑣𝑐)−𝒜𝑇𝑐 𝑒 (2.114a)

0 = 𝐴𝑟𝛾𝑟(𝐴
𝑇
𝑟 𝑒) +𝒜�̂��̂�𝑙 +𝒜�̃�𝜉𝑙(𝜙, �̂�𝑙) + 𝐴𝑐𝑖𝑐 + 𝐴𝑢𝑖𝑢 + 𝐴𝑗𝑖𝑠(𝑡). (2.114b)

The charge/flux model is more general than the conventional or the hybrid one, since

it does not assume the existence of any controlling variable for the capacitors and the

inductors in the circuit. In turn, the hybrid formulations assume the existence of certain

controlling variables for capacitors, being charges or voltages, and certain controlling

variables for inductors, being fluxes or currents. Finally, the conventional models assume

that all capacitors are voltage-controlled and all inductors are current-controlled, in the
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sense of Section 2.3.2.

2.4.3 Modified nodal analysis (MNA)

Conventional modified nodal analysis

Using equations (2.108a) and (2.108d), it is possible to remove all currents and voltages in

the capacitive branches from the conventional augmented nodal analysis model (2.108).

This yields the well known conventional Modified Nodal Analysis (MNA) model

𝐴𝑐
𝑑

𝑑𝑡
𝛾𝑐(𝐴

𝑇
𝑐 𝑒) = −𝐴𝑟𝛾𝑟(𝐴𝑇𝑟 𝑒)− 𝐴𝑙𝑖𝑙 − 𝐴𝑢𝑖𝑢 − 𝐴𝑗𝑖𝑠(𝑡) (2.115a)

𝑑

𝑑𝑡
𝛾𝑙(𝑖𝑙) = 𝐴𝑇𝑙 𝑒 (2.115b)

𝐴𝑇𝑢 𝑒 = 𝑣𝑠(𝑡), (2.115c)

where most “superfluous” variables of the node tableau analysis formulation have been

removed. The modified nodal analysis model can be traced back to [71], and it has

attracted much attention in the differential-algebraic context [45, 48, 58, 59, 60, 99, 139,

143].

The MNA system (2.115) displays the 𝐸(𝑑(𝑥))′ = 𝑓(𝑥) + 𝑞(𝑡) structure depicted in

(2.63). Here the semistate vector reads 𝑥 = (𝑒, 𝑖𝑙, 𝑖𝑢), with semistate dimension 𝑚 =

𝑏𝑙 + 𝑏𝑢 + 𝑛− 1. The matrices 𝐸 and 𝑑(𝑥) are defined as follows:

𝐸 =

⎛
⎜⎝ 𝐴𝑐 0

0 𝐼𝑙

0 0

⎞
⎟⎠, 𝑑(𝑥) =

(
𝛾𝑐(𝐴

𝑇
𝑐 𝑒)

𝛾𝑙(𝑖𝑙)

)
, (2.116)

where the last null blocks include 𝑏𝑢 rows. In turn, the functions 𝑓(𝑡) and 𝑞(𝑡) read

𝑓(𝑥) =

⎛
⎜⎝ −𝐴𝑟𝛾𝑟(𝐴𝑇𝑟 𝑒)−𝐴𝑙𝑖𝑙 − 𝐴𝑢𝑖𝑢

𝐴𝑇𝑙 𝑒

−𝐴𝑇𝑢 𝑒

⎞
⎟⎠, 𝑞(𝑡) =

⎛
⎜⎝ −𝐴𝑗𝑖𝑠(𝑡)

0

𝑣𝑠(𝑡)

⎞
⎟⎠ . (2.117)

It is also possible to rewrite the conventional modified nodal analysis model (2.115) in

terms of the incremental capacitance and inductance matrices, in the form presented in

the equation (1.1). Doing so is equivalent to applying the chain rule to the time derivative
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(𝑑(𝑥))′, this yielding:

𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 𝑒

′ = −𝐴𝑟𝛾𝑟(𝐴𝑇𝑟 𝑒)− 𝐴𝑙𝑖𝑙 − 𝐴𝑢𝑖𝑢 − 𝐴𝑗𝑖𝑠(𝑡) (2.118a)

𝐿(𝑖𝑙)𝑖
′
𝑙 = 𝐴𝑇𝑙 𝑒 (2.118b)

𝐴𝑇𝑢 𝑒 = 𝑣𝑠(𝑡). (2.118c)

In this way, the system (2.118) displays a quasilinear structure (2.64), where the leading

matrix reads

𝐴(𝑥) = 𝐸𝑑𝑥 =

⎛
⎜⎝ 𝐴𝑐𝐶(𝐴

𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 0 0

0 𝐿(𝑖𝑙) 0

0 0 0

⎞
⎟⎠ . (2.119)

We remark here that the so-called nodal capacitance matrixmatrix 𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 is usually

singular, and this precludes a semiexplicit form for MNA systems.

Charge/flux modified nodal analysis

The charge/flux modified nodal analysis model can be obtained from the system (2.115)

or (2.118) by means of including charges at capacitors and fluxes at inductors as dynamic

variables. In this way, the equations (2.118a)-(2.118c) turn into

𝐴𝑐𝑞
′ = −𝐴𝑟𝛾𝑟(𝐴𝑇𝑟 𝑒)−𝐴𝑙𝑖𝑙 −𝐴𝑢𝑖𝑢 − 𝐴𝑗𝑖𝑠(𝑡) (2.120a)

𝜙′ = 𝐴𝑇𝑙 𝑒 (2.120b)

𝐴𝑇𝑢 𝑒 = 𝑣𝑠(𝑡). (2.120c)

As it was done for previous charge/flux models, it is now necessary to add two additional

equations comprising the characteristic relationships of capacitors and inductors:

𝑔𝑐(𝑞, 𝐴
𝑇
𝑐 𝑒) = 0 (2.120d)

𝑔𝑙(𝜙, 𝑖𝑙) = 0. (2.120e)

The semistate vector reads now (𝑞, 𝜙, 𝑒, 𝑖𝑙, 𝑖𝑢), with dimension 𝑏𝑐+2𝑏𝑙+𝑛− 1+ 𝑏𝑢. While
in the conventional modified models in the equations (2.115) or (2.118) the capacitors are

assumed to be voltage-controlled and the inductors are assumed to be current-controlled,

in the charge/flux modified nodal analysis formulation (2.120), the capacitors and the

inductors in the circuit may not have a controlling variable.

By representing the vector of dynamic variables as 𝜑 = (𝑞, 𝜙), it is possible to write
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the charge/flux modified nodal analysis in a more compact way:

𝐸𝜑′ = 𝑓(𝑥) + 𝑞(𝑡) (2.121a)

𝑔(𝜑, 𝑥) = 0, (2.121b)

where the matrix 𝐸 takes the form displayed in (2.116), and equation (2.121b) com-

prises the algebraic equations (2.120d)-(2.120e). In particular, if capacitors are voltage-

controlled and inductors are current-controlled, then the system (2.121) can be written

as

𝐸𝜑′ = 𝑓(𝑥) + 𝑞(𝑡) (2.122)

𝜑 = 𝑑(𝑥), (2.123)

where 𝑑(𝑥) was also defined in (2.116). Note that, due to the general structure (2.63) of

quasilinear DAEs arising in nodal analysis, the system (2.121) may represent a generic

charge-flux model by selecting the appropriate matrix 𝐸 and the corresponding functions

𝑓(𝑥) and 𝑞(𝑡). The insertion of some of the algebraic equations of (2.121b ) into (2.121a)

can be seen here as a Schur’s reduction (cf. Section 2.5.2).

The MNA charge/flux model (2.121) can be also written in the quasilinear form de-

picted in (2.64). The leading matrix 𝐴 now amounts to

𝐴(𝜑, 𝑥) =

(
𝐸 0

0 0

)
=

⎛
⎜⎝ 𝐴𝑐 0 0

0 𝐼𝑙 0

0 0 0̌

⎞
⎟⎠ , (2.124)

where the null block 0̌ has dimension (𝑏𝑢+𝑏𝑐+𝑏𝑙)×(𝑏𝑢+𝑛−1+𝑏𝑙) (𝑛 being the number of
nodes in the circuit). In equation (2.124), either there are no capacitors and the first rows

in 𝐴 are null, or there are capacitors in the model and the matrix 0̌ appears in the model.

As a consequence, the charge/flux modified nodal analysis (2.120) can not have index

zero. In turn the 𝑓 function in (2.64), comprising the non-autonomous non-dynamical

part of the model, must now be written in the form

𝑓(𝜑, 𝑥) =

(
𝑓(𝑥)

𝑔(𝜑, 𝑥)

)
=

⎛
⎜⎜⎜⎜⎜⎜⎝

−𝐴𝑟𝛾𝑟(𝐴𝑇𝑟 𝑒)− 𝐴𝑙𝑖𝑙 − 𝐴𝑢𝑖𝑢
𝐴𝑇𝑙 𝑒

−𝐴𝑇𝑢 𝑒
𝑔𝑐(𝑞, 𝐴

𝑇
𝑐 𝑒)

𝑔𝑙(𝜙, 𝑖𝑙)

⎞
⎟⎟⎟⎟⎟⎟⎠ . (2.125)
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2.5 Some auxiliary properties from linear algebra

We finish the present chapter with some algebraic properties which will be useful in the

analysis of semistate systems. In particular, the Cauchy-Binet formula will have a direct

application in the index analysis of nodal models, while the notion of Schur’s reduction

will be useful to study the relationship between augmented nodal analysis models and

node tableau ones.

2.5.1 The Cauchy-Binet formula

A well-known algebraic result, the Cauchy-Binet formula [72], will help us to analyze

the matrix products appearing in the analysis of nodal models. Even if this result is

usually stated for products of two matrices, here we present an elementary reformulation

for products of three matrices like the ones arising in this thesis.

Theorem 1 (Cauchy-Binet formula). Let 𝐴 ∈ ℝ𝑛×𝑚, 𝐵 ∈ ℝ𝑚×𝑚, and 𝐶 ∈ ℝ𝑚×𝑛, with

𝑛 ≤ 𝑚. Then
det𝐴𝐵𝐶 =

∑
𝛼,𝛽

det𝐴𝜔,𝛼 det𝐵𝛼,𝛽 det𝐶𝛽,𝜔, (2.126)

where 𝜔 = {1, . . . , 𝑛}, and the sum is taken over all index sets 𝛼, 𝛽 ⊆ {1, . . . , 𝑚} with
card𝛼 = card 𝛽 = 𝑛; we denote as 𝐵𝛼,𝛽 the 𝑛 × 𝑛 submatrix of 𝐵 defined by the rows

indexed by 𝛼 and the columns indexed by 𝛽, whereas 𝐴𝜔,𝛼 (resp. 𝐶𝛽,𝜔) is the submatrix

of 𝐴 (resp. of 𝐶) including entries from all rows in 𝐴 (resp. all columns in 𝐶) and the

columns indexed by 𝛼 (resp. the rows indexed by 𝛽).

Obviously, if 𝑛 > 𝑚 then det𝐴𝐵𝐶 = 0. Otherwise, Theorem 1 allows us to expand

the determinant of a matrix product into a sum of products of smaller, usually simpler,

determinants.

2.5.2 Schur’s reduction

Schur’s reduction will make it possible to simplify the analysis of index one conditions

in semiexplicit models. In particular, it will turn very useful to prove the equivalence

of index one conditions in different semiexplicit models (2.4) with the same dynamic

equations (2.4a).

Indeed, suppose that in the semiexplicit equation (2.4) the non-singularity of 𝑔𝑧(𝑦
∗, 𝑧∗)
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is difficult to check in practice. In this case we can split this equation as

𝑦′ = ℎ(𝑦, 𝑧1, 𝑧2) (2.127a)

0 = 𝑔1(𝑦, 𝑧1, 𝑧2) (2.127b)

0 = 𝑔2(𝑦, 𝑧1, 𝑧2), (2.127c)

where the vector of algebraic variables 𝑧 has been also split as (𝑧1, 𝑧2). If it is possible to

prove that 𝑔2𝑧2 is non-singular at a certain (𝑦
∗, 𝑧∗1 , 𝑧

∗
2), then there will exist a local map 𝛽

such that 𝑔2(𝑦, 𝑧1, 𝑧2) = 0 if and only if 𝑧2 = 𝛽(𝑦, 𝑧1). In this way, the system (2.127) can

be rewritten in terms of 𝑦 and 𝑧1 as:

𝑦′ = ℎ(𝑦, 𝑧1, 𝛽(𝑦, 𝑧1)) (2.128a)

0 = Θ(𝑦, 𝑧1), (2.128b)

where the function Θ is defined as Θ(𝑦, 𝑧1) = 𝑔1(𝑦, 𝑧1, 𝛽(𝑦, 𝑧1)).

The system (2.128), obtained by inserting 𝑧2 = 𝛽(𝑦, 𝑧1) into (2.127b) and considering

(2.127c) as an output equation, is called a Schur’s reduction of the system (2.127). This

is inspired by the Schur’s complement notion [72, 73]. Note that

Θ𝑧1(𝑦, 𝑧1) = 𝑔1𝑧1(𝑦, 𝑧1, 𝑧2)− 𝑔1𝑧2(𝑦, 𝑧1, 𝑧2)𝑔2−1
𝑧2
(𝑦, 𝑧1, 𝑧2)𝑔2𝑧1(𝑦, 𝑧1, 𝑧2), (2.129)

evaluated at 𝑧2 = 𝛽(𝑦, 𝑧1). As Lemma 14 below shows, provided that 𝑔2𝑧2 is a non-singular

matrix, the non singularity of

𝑔𝑧 =

(
𝑔1𝑧1 𝑔1𝑧2
𝑔2𝑧1 𝑔2𝑧2

)
(2.130)

in equation (2.127) is equivalent to that of its Schur’s complement (2.129). In this way,

assuming that 𝑔2𝑧2 in equation (2.127) is non-singular at a certain (𝑦
∗, 𝑧∗1 , 𝑧

∗
2), then the

system (2.127) has index one at (𝑦∗, 𝑧∗1, 𝑧
∗
2) if and only if its Schur’s reduction (2.128) has

index one at (𝑦∗, 𝑧∗1).

Lemma 14 (Schur’s Lemma). Let

𝑀 =

(
𝐴 𝐵

𝐶 𝐷

)
(2.131)

denote a matrix in ℝ𝑛×𝑛, with 𝐴 ∈ ℝ𝑟×𝑟, 𝐵 ∈ ℝ𝑟×𝑝, 𝐶 ∈ ℝ𝑝×𝑟, 𝐷 ∈ ℝ𝑝×𝑝, 𝑛 = 𝑟 +

𝑝. Assume that 𝐷 is non-singular. Then 𝑀 is non-singular if and only if the Schur’s
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complement of 𝐷,

𝑆(𝐷) = 𝐴− 𝐵𝐷−1𝐶, (2.132)

is non-singular.

This Lemma can be found in [72, 0.8.5], or it can be also directly obtained from the

identity (
𝐼 −𝐵𝐷−1

0 𝐷−1

)(
𝐴 𝐵

𝐶 𝐷

)
=

(
𝐴− 𝐵𝐷−1𝐶 0

𝐷−1𝐶 𝐼

)
, (2.133)

noting that the first matrix is always non-singular and that the last one is non-singular if

and only if its Schur’s complement 𝑆(𝐷) = 𝐴− 𝐵𝐷−1𝐶 is so.
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Chapter 3

Characterization of low index circuit

configurations

Within the differential-algebraic framework for non-linear circuit models presented in

Chapter 2, the index of a certain system turns a standard measure for the analytical

and numerical problems that it may entail. Index one configurations are particularly

relevant in circuit theory because they are well suited for numerical simulation. The

characterization of index one nodal models is the main goal of the present chapter. We

will also address index zero configurations which may exceptionally be displayed by MNA

systems.

Most recent developments aim at a topological (graph-theoretic) analysis of the index

under passivity assumptions, which can be described in terms of positive definiteness

conditions on the incremental conductance, capacitance and inductance matrices [48, 118,

124, 131, 139, 143]. In particular, the seminal work [139] provided index one and index two

characterizations for modified nodal analysis models of passive circuits without controlled

sources; see specifically Theorem 9 in Section 3.3 below. This approach was extended in

[48] to modified nodal analysis systems for circuits including controlled sources, under the

same passivity assumptions on the conductance, capacitance, and inductance matrices.

Additionally, these results were completed with index zero characterizations (cf. Theorem

2 below) in [143]. In the same passive setting, index one and index two characterizations

for augmented nodal analysis models can be found in [131] and [124], respectively. In

particular, Theorem 5 in Section 3.2 is taken from [131]. Additionally, these index analyses

play an important role in the derivation of state-space descriptions of the circuit dynamics

[119, 131].

Nevertheless, the passivity assumptions mentioned above are far from necessary. A
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rough glimpse of this can be obtained from the example presented in Section 1.3. The

modified nodal analysis model for the circuit of Figure 1.1 is proved to have index zero if

and only if the sum of capacitance products 𝐶1𝐶2+𝐶2𝐶3+𝐶1𝐶3 does not vanish (see page

12). The above-mentioned passivity assumption reads in this case 𝐶𝑖 > 0 for 𝑖 = 1, 2, 3,

yielding 𝐶1𝐶2 + 𝐶2𝐶3 + 𝐶1𝐶3 ∕= 0. However, a dense set of real capacitance values away
from the first octant make the former expression non-null, without such a positiveness

requirement. In this direction, the present chapter introduces different results that allow

us to eliminate passivity restrictions in low index characterizations. This can be achieved

by using tree-based techniques.

In Section 3.1, we address index zero characterizations of modified nodal analysis

systems; cf. in particular Theorem 3. Even though index zero configurations define a

very narrow class of problems, we believe this case to be illustrative of the mathematical

tools used in our analysis, without the technical complexities arising in index one and

higher-index systems.

Section 3.2 extends the analysis to index one augmented nodal analysis systems. As-

suming that there is no coupling among resistors, we show that the index one condition

turns out to be equivalent to the absence of both C-V loops and L-I cutsets (see page

55), together with a non-zero sum for the conductance products in the so-called proper

trees. Known index equivalences which make it possible to extend our results from ANA

models to the general node tableau analysis (NTA) systems and non-conventional models

are included in Section 3.2.4.

Finally, Section 3.3 addresses index one characterizations for the modified nodal anal-

ysis formulation. The main result here is Theorem 8, and the topological conditions

arising in this approach now lead to a study based on the so-called normal trees. The

index one characterization for the conventional MNA model can be applied to charge/flux

systems, as shown in [139] for a passive capacitive setting. This result is here extended to

non-passive capacitors (see Theorem 10), making Theorem 8 applicable for non-passive

charge/flux modified nodal analysis models.

Throughout this chapter we focus the attention on lumped networks without controlled

sources, allowing only certain types of couplings within the circuit: for these problems,

previous results in [131, 139, 143] can be derived as corollaries of ours. Controlled sources

and more general coupling effects will be considered in Chapter 4.
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3.1 Index zero characterization for MNA

The index zero case is the simplest to be dealt with in this chapter, helping to introduce

the kind of tools that will be used in the analysis and showing clearly the importance of

tree-like structures in index characterizations.

3.1.1 Models with passive capacitors

Consider the MNA model (2.118). In the absence of voltage sources, this model can be

an index zero DAE, provided that the nodal capacitance matrix 𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 and the

inductance matrix 𝐿(𝑖𝑙) are non-singular. We examine here this non-singularity condition

under strict passivity assumptions on capacitors in the sense of Section 2.3.2. The positive

definiteness of the incremental capacitance matrix considerably simplifies the analysis.

Indeed, assuming

1. the (positive or negative) definiteness of 𝐶(𝐴𝑇𝑐 𝑒), and

2. the existence of at least one capacitive tree,

then the matrix 𝐶𝑛(𝑒) = 𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 can be guaranteed to be non-singular. In fact,

condition 1 implies that ker𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 = ker𝐴

𝑇
𝑐 and, because of Lemma 6 in Section

2.2.2, condition 2 turns equivalent to 𝐴𝑇𝑐 having full column rank.

Taking under consideration the structure of 𝐴(𝑥) in equation (2.119) and putting

together the different facts that we have mentioned, we arrive at the result in Theorem 2.

From here on in this chapter, topological conditions are named “𝑇𝑖” and algebraic ones

“𝐴𝑖”; the superscripts 0 and 1 will be additionally used to distinguish index zero and

index one conditions -only- in MNA models; double subindices are used to glue together

two individual conditions.

Theorem 2 ([143, Th. 1.5(i)]). The modified nodal analysis system (2.118) is index zero

if all of the following conditions hold:

𝑇 0
1 . The network includes no voltage sources.

𝑇 0
2 . There exists at least one capacitive tree.

𝐴0
1,2. The matrices 𝐿 and 𝐶 are positive definite.

Proof. Most key points have already been stressed before. The modified nodal analysis

model (2.118) is index zero if and only if 𝐴(𝑥) in (2.119) is non-singular. Condition 𝑇 0
1
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wipes out all null entries in this matrix associated with voltage sources, therefore arriving

at

𝐴(𝑥) =

(
𝐴𝑐𝐶(𝐴

𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 0

0 𝐿(𝑖𝑙)

)
(3.1)

and

ker𝐴(𝑥) = ker𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 × ker𝐿(𝑖𝑙). (3.2)

Now, condition 𝐴0
1 (positive definiteness for 𝐿) implies that ker𝐿(𝑖𝑙) = {0} and condition

𝐴0
2 (positive definiteness for 𝐶) sets ker𝐴𝑐𝐶(𝐴

𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 = ker𝐴

𝑇
𝑐 ; hence

ker𝐴(𝑥) = ker𝐴𝑇𝑐 × {0}. (3.3)

The existence of at least one capacitive tree, ensured by condition 𝑇 0
2 , precludes the

existence of non-capacitive cutsets. As a consequence, it is possible to apply Lemma 6 in

Section 2.2.2 (see page 43), showing that 𝐴𝑇𝑐 has full column rank. □

3.1.2 Non-passive, uncoupled capacitors

However, neither the definiteness of 𝐿(𝑖𝑙) nor that of 𝐶(𝑣𝑐) (as equation (1.23) in Section

1.3 shows for the particular example considered there) are necessary conditions for the

non-singularity of the matrix 𝐴(𝑥): these assumptions can be relaxed. In the case of 𝐿(𝑖𝑙),

we can simply notice that non-singularity is strong enough to support the given proof of

Theorem 2. For 𝐶(𝑣𝑐), a solution can be devised by means of writing down the different

capacitive trees within the example in the Section 1.3 (page 10), as done in Figure 3.1.

T2

C2

C3 T3

C1 C2C1

C3

T1

Figure 3.1: Capacitive trees for the circuit in Figure 1.1.

This suggest that det𝐶𝑛(𝑒) is not just a sum of products of capacitors; these products

are actually linked to the different capacitive trees in the circuit. Indeed:

det𝐶𝑛(𝑒) = 𝐶1𝐶3︸ ︷︷ ︸
𝑇1

+𝐶2𝐶3︸ ︷︷ ︸
𝑇2

+𝐶1𝐶2︸ ︷︷ ︸
𝑇3

. (3.4)

An algebraic analysis of the matrix 𝐶𝑛(𝑒) shows that this kind of expansion does not

76



come by chance. In general, for circuits with no coupling among capacitors, definiteness

of 𝐶(𝑣𝑐) (condition 𝐴
0
2) can be relaxed to:

𝐴0
2.
∑
𝑇∈𝒯𝐶

∏
𝐶𝑖∈𝑇 𝐶𝑖(𝐴

𝑇
𝑐 𝑒) ∕= 0,

where 𝒯𝐶 is the set of capacitive trees within the circuit. This amounts to demanding
that the sum of capacitance products for the set 𝒯𝐶 of capacitive trees in the circuit is not
null, as stated in Theorem 3. It is worth remarking the full characterization for circuits

without capacitive couplings which is given by the “if and only if” below.

Theorem 3. Assume that there is no coupling among capacitors. The modified nodal

analysis system (2.118) is index zero if and only if the following conditions are met:

𝑇 0
1 . The network includes no voltage sources.

𝑇 0
2 . There exists at least one capacitive tree.

𝐴0
1. The inductance matrix 𝐿(𝑖𝑙) is non-singular.

𝐴0
2.
∑
𝑇∈𝒯𝐶

∏
𝐶𝑖∈𝑇 𝐶𝑖(𝐴

𝑇
𝑐 𝑒) ∕= 0, where 𝒯𝐶 is the set of capacitive trees within the circuit.

Proof. From the definition of 𝐴(𝑥) in equation (2.119), we have

ker𝐴(𝑥) = ker𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 × ker𝐿(𝑖𝑙)× ℝ

𝑏𝑢 , (3.5)

𝑏𝑢 being the number of voltage sources within the circuit. Conditions 𝑇
0
1 and 𝐴

0
1 then

yield

ker𝐴(𝑥) = ker𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 × {0}. (3.6)

Applying now the Cauchy-Binet formula (2.126), we get

det𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 =

∑
𝛼,𝛽

det𝐴𝜔,𝛼𝑐 det𝐶(𝐴𝑇𝑐 𝑒)
𝛼,𝛽 det(𝐴𝑇𝑐 )

𝛽,𝜔. (3.7)

Let 𝑛𝑒 stand for the number of nodes in the circuit excluding the reference one. We recall

from Section 2.5.1 that, in the expression above, 𝜔 = {1, . . . , 𝑛𝑒} and the sum is taken
over all index sets 𝛼, 𝛽 ⊆ {1, . . . , 𝑚} with card𝛼 = card 𝛽 = 𝑛𝑒. Now 𝐶(𝐴𝑇𝑐 𝑒)𝛼,𝛽 is the
𝑛𝑒 × 𝑛𝑒 submatrix of 𝐶(𝐴𝑇𝑐 𝑒) defined by the rows indexed by 𝛼 and the columns indexed
by 𝛽. In turn 𝐴𝜔,𝛼𝑐 (resp. (𝐴𝑇𝑐 )

𝛽,𝜔) is the submatrix of 𝐴𝑐 (resp. of 𝐴
𝑇
𝑐 ) including entries

from all rows in 𝐴𝑐 (resp. all columns in 𝐴
𝑇
𝑐 ) and the columns indexed by 𝛼 (resp. the

rows indexed by 𝛽).
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From Lemma 7 on page 44, if 𝐴𝜔,𝛼𝑐 does not represent a tree, then its determinant

is null; otherwise det𝐴𝜔,𝛼𝑐 = ±1. Additionally, if there is no coupling among capacitors,
then 𝐶(𝐴𝑇𝑐 𝑒) is a diagonal matrix 𝐶(𝐴

𝑇
𝑐 𝑒) = diag (𝐶1, 𝐶2, . . . , 𝐶𝑏𝑐) and

det𝐶(𝐴𝑇𝑐 𝑒)
𝛼,𝛽 =

⎧⎨
⎩0 if 𝛼 ∕= 𝛽,∏

𝑖∈𝛼𝐶𝑖 if 𝛼 = 𝛽.
(3.8)

Now, if 𝛼 = 𝛽 then det𝐴𝜔,𝛼𝑐 det(𝐴𝑇𝑐 )
𝛽,𝜔 = (±1)2; therefore, det𝐴𝑐𝐶(𝐴𝑇𝑐 𝑒)𝐴𝑇𝑐 can be

expressed as a sum of terms corresponding to capacitive trees, that is:

det𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 =

∑
𝑇∈𝒯𝐶

∏
𝐶𝑖∈𝑇

𝐶𝑖(𝐴
𝑇
𝑐 𝑒), (3.9)

and then ker𝐴(𝑥) = {0} if and only if (3.9) is not null.
□

As we pointed out in the example in Section 1.3, in problems without capacitive

couplings the definiteness of 𝐶(𝐴𝑇𝑐 𝑒) is a particular instance of condition 𝐴
0
2; for if all

capacitances have the same sign, then the contributions of the different capacitive trees

do not cancel each other. In this context, Theorem 2 could thereby be considered a

corollary of Theorem 3.

The absence of voltage sources and the need for at least one capacitive tree are very

restrictive conditions, explaining that the modified nodal analysis formulation rarely yields

a state equation model in terms of all the variables (𝑒, 𝑖𝑙, 𝑖𝑢). Index one configurations are

much more common in practice and their analysis is addressed for MNA in Section 3.3.

3.2 Index one conditions for ANA

The augmented nodal analysis model (2.110), presented in Section 2.4.2, can be regarded

as an intermediate step between a very general node tableau formulation and the modified

nodal analysis models. In this section we present index one conditions for ANA, both for

uncoupled systems including non-passive conductances and for passive models. Although

Sections 3.2.1 and 3.2.2 focus on the conventional augmented nodal analysis, due to the

different index equivalences discussed in [131] (cf. Section 3.2.4), it is possible to extend

these results both to the various non-conventional augmented nodal analysis models in

Table 2.1, and also to node tableau analysis systems.

We also note here that, provided that the matrices 𝐶(𝑣𝑐) and 𝐿(𝑖𝑙) are non-singular,
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the semiexplicit nature of the conventional augmented nodal analysis model (2.110) (and

also that of the conventional NTA model (2.102)) implies that index one conditions at a

certain point yield the local existence of a reduced state-space description (2.33) in terms

of the voltages at the capacitors and the currents at the inductors:

𝐶(𝑣𝑐)𝑣
′
𝑐 = 𝜑1(𝑖𝑙, 𝑣𝑐, 𝑖𝑠(𝑡), 𝑣𝑠(𝑡)) (3.10a)

𝐿(𝑖𝑙)𝑖
′
𝑙 = 𝐴𝑇𝑙 𝜑2(𝑖𝑙, 𝑣𝑐, 𝑖𝑠(𝑡), 𝑣𝑠(𝑡)), (3.10b)

where 𝜑1 and 𝜑2 express 𝑖𝑐 and 𝑒 in terms of 𝑖𝑙, 𝑣𝑐, 𝑖𝑠(𝑡), and 𝑣𝑠(𝑡). In turn, index one

conditions for charge/flux augmented nodal analysis models (2.112) (resp. charge/flux

NTA models (2.98) ) lead to a reduced state equation in terms of 𝑞 and 𝜙 and, provided

that the matrices 𝐻1 and 𝐻2 are non-singular, then hybrid augmented nodal analysis

models (2.113) (resp. hybrid NTA models (2.104)) lead to an ODE in terms of the hybrid

variables 𝑞, 𝑣𝑐, 𝜙 and �̂�𝑙. In particular, Corollary 2 in [131] can be seen as a consequence

of these considerations.

3.2.1 Non-passive, uncoupled conductances

Tree-like structures have again a fundamental impact on the characterization of index one

configurations in augmented nodal analysis models (2.110). To proceed, we will define first

two specific types of trees, namely proper trees and normal trees, which are to be central

for our work. Both include all voltage sources and no current source but, while proper

trees also include all capacitors and no inductor, normal ones only demand extremal

numbers of reactances. We refer to Section 2.2 for further background on digraph theory.

Additionally, in Section 4.1.1 we will introduce these notions in a more abstract setting,

based on coloured digraphs.

Definition 1 (Proper tree). A tree is called proper if it contains all voltage sources, all

capacitors, neither current sources nor inductors, and (possibly) some resistors.

Note that for a proper tree to exist there must be no C-V loop and the C-R-V set

must be connected (equivalently, there must be no L-I cutset).

Definition 2 (Normal tree). A tree is called normal if it contains every voltage source, no

current source, the maximum possible number of capacitors, the minimum possible number

of inductances, and (possibly) some resistors.

Normal trees were introduced by Bashkow and Bryant [11, 22, 23] (cf. also [77]) in

order to tackle the state formulation problem for RLC circuits. Note that the existence of
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a normal tree only requires the circuit to be well-posed, that is, it must not include any

V-loop nor any I-cutset (see page 55 in Section 2.3.2). In the following, we will assume

that all the circuits to be dealt with are well-posed.

Theorem 4. Assume that 𝐿(𝑖𝑙) and 𝐶(𝑣𝑐) are non-singular, and that there is no coupling

among resistors. Then the conventional augmented nodal analysis system (2.110) is index

one if and only if:

𝑇1,2. There are neither L-I cutsets nor C-V loops.

𝐴1. Either there exists a C-V proper tree, or the sum of conductance products in proper

trees does not vanish.

Proof. If the matrices 𝐶(𝑣𝑐) and 𝐿(𝑖𝑙) are non-singular, then, as indicated in Sections

2.1.5 and 2.4, the ANA model (2.110) is a semiexplicit DAE, having index one if and only

if the derivative matrix

𝐽 =

(
𝐴𝑟𝐺𝐴

𝑇
𝑟 𝐴𝑐𝑢

𝐴𝑇𝑐𝑢 0

)
(3.11)

is not singular, where 𝐴𝑐𝑢 = (𝐴𝑐 𝐴𝑢) and 𝐺(𝐴
𝑇
𝑟 𝑒) = 𝛾

′
𝑟(𝐴

𝑇
𝑟 𝑒) has been written as 𝐺 to

simplify notation. Recall that 𝐽 stands for the derivative 𝑔𝑧(𝑦, 𝑧), which is obtained by

formulating the ANA model (2.110) in the form (2.6) (for the sake of simplicity we have

inverted the sign of equations (2.110d-2.110e) here).

The key step in the proof is the following factorization of 𝐽 :

𝐽 =

(
𝐴𝑟 𝐴𝑐𝑢 0

0 0 𝐼𝑐𝑢

)
︸ ︷︷ ︸

𝐽1

𝐽2︷ ︸︸ ︷⎛
⎜⎝ 𝐺 0 0

0 0 𝐼𝑐𝑢

0 𝐼𝑐𝑢 0

⎞
⎟⎠
⎛
⎜⎝ 𝐴𝑇𝑟 0

𝐴𝑇𝑐𝑢 0

0 𝐼𝑐𝑢

⎞
⎟⎠

︸ ︷︷ ︸
𝐽3

; (3.12)

where we have split the information derived from the topological description of the cir-

cuit, included in 𝐽1 and 𝐽3, and the relevant information coming from the constitutive

relationships of the circuit elements (amounting in this case to matrix 𝐺), included in 𝐽2.

Assume first that system (2.110) is index one, namely that 𝐽 is a non-singular matrix.

In this setting, there can exist neither C-V loops nor L-I cutsets; for if there is a C-V

loop, then according to Lemma 5 𝐴𝑐𝑢 (and therefore 𝐽 in (3.11)) does not have full column

rank; analogously, if there is an L-I cutset, then following Lemma 6 (𝐴𝑟 𝐴𝑐𝑢) cannot have

full row rank, avoiding the first factor 𝐽1 (and then 𝐽 itself) in (3.12) from having full
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row rank. This shows that 𝑇1,2 hold. Note that these two conditions directly lead to the

existence of at least one proper tree.

In order to prove condition 𝐴1 we need to check that, if the circuit does not include

any C-V proper tree, then the sum of conductance products in proper trees does not

vanish. This can be achieved through the Cauchy-Binet formula (2.126), presented in

Section 2.5.1. Applying this formula for the factorization depicted in (3.12), we get:

det 𝐽1𝐽2𝐽3 =
∑
𝛼,𝛽

det 𝐽𝜔,𝛼1 det 𝐽𝛼,𝛽2 det 𝐽𝛽,𝜔3 . (3.13)

Letting 𝑏𝑐𝑢 = 𝑏𝑐 + 𝑏𝑢, 𝑛 = 𝑛𝑒 + 𝑏𝑐𝑢, 𝑚 = 𝑏𝑟 + 2𝑏𝑐𝑢, the index sets 𝛼, 𝛽 ⊆ {1, . . . , 𝑚} in the
sum (3.13) have cardinality 𝑛 and can be written as 𝛼 = 𝛼1∪𝛼2∪𝛼3, 𝛽 = 𝛽1∪𝛽2∪𝛽3, with
𝛼1, 𝛽1 ⊆ {1, . . . , 𝑏𝑟}, 𝛼2, 𝛽2 ⊆ {𝑏𝑟 + 1, . . . , 𝑏𝑟 + 𝑏𝑐𝑢}, 𝛼3, 𝛽3 ⊆ {𝑏𝑟 + 𝑏𝑐𝑢 + 1, . . . , 𝑏𝑟 + 2𝑏𝑐𝑢}.
As in Section 2.5.1, here 𝜔 denotes the set {1, . . . , 𝑛}. Note that 𝑚 ≥ 𝑛 since 𝑏𝑟+𝑏𝑐𝑢 ≥ 𝑛𝑒
because of the existence of at least one proper tree.

In the Cauchy-Binet expansion, some matrix blocks from equation (3.12) must be

wholly included in order to yield a non-zero term in the sum (3.13): these blocks are

described in the sequel in terms of the index sets 𝛼, 𝛽. Specifically, it can be checked

that it must be card𝛼3 = 𝑏𝑐𝑢 (resp. card𝛽3 = 𝑏𝑐𝑢) since otherwise the last 𝑏𝑐𝑢 rows of

𝐽𝜔,𝛼1 (resp. the last 𝑏𝑐𝑢 columns of 𝐽
𝛽,𝜔
3 ) would not have full rank. In turn, it must be

card𝛼2 = 𝑏𝑐𝑢 (resp. card𝛽2 = 𝑏𝑐𝑢) since otherwise the last 𝑏𝑐𝑢 columns (resp. the last 𝑏𝑐𝑢

rows) of 𝐽𝛼,𝛽2 , which must be present since card𝛽3 = 𝑏𝑐𝑢 (resp. card𝛼3 = 𝑏𝑐𝑢), would not

have full rank. This means that all the blocks 𝐼𝑐𝑢 together with 𝐴𝑐𝑢 and 𝐴
𝑇
𝑐𝑢 from (3.12)

must be fully present in non-zero terms of (3.13).

Additionally, proceeding as we did for capacitors in the proof of Theorem 3, it is not

difficult to see that the diagonal structure of 𝐺 (which owes to the assumption that there

is no coupling among conductances) requires 𝛼1 = 𝛽1 for det 𝐽
𝛼,𝛽
2 not to vanish. It follows

that the columns of the submatrix of 𝐴𝑟 within 𝐽
𝜔,𝛼
1 in non-zero terms of (3.13) must

correspond exactly to the rows of the submatrix of 𝐴𝑇𝑟 within 𝐽
𝛽,𝜔
3 . Together with the

remarks above, this proves that 𝐽𝛽,𝜔3 = (𝐽𝜔,𝛼1 )𝑇 and all non-zero terms in (3.13) must then

have the structure

∣∣∣∣∣ 𝐴ℛ̃ 𝐴𝑐𝑢 0

0 0 𝐼𝑐𝑢

∣∣∣∣∣
∣∣∣∣∣∣∣
�̃� 0 0

0 0 𝐼𝑐𝑢

0 𝐼𝑐𝑢 0

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
𝐴𝑇ℛ̃ 0

𝐴𝑇𝑐𝑢 0

0 𝐼𝑐𝑢

∣∣∣∣∣∣∣ , (3.14)

that is, all capacitors and voltage sources (together with 𝑛𝑒 − 𝑏𝑐𝑢 conductances, denoted
with a tilde˜ ) must be present for the corresponding determinants not to vanish. Note
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that for (𝐴ℛ̃ 𝐴𝑐𝑢) in (3.14) to have full column rank, ℛ̃-𝒞-𝒱 must be a tree, which will
necessarily be proper since it includes all capacitors and voltage sources. Therefore, the

only non-null terms in the sum (3.13) are the ones corresponding to proper trees, yielding

det 𝐽 = ±
∑
𝑇∈𝒯𝑝

∏
𝐺𝑖∈𝑇

𝐺𝑖, (3.15)

where 𝒯𝑝 is the set of proper trees in the circuit. We have made use of the fact that
det 𝐽𝜔,𝛼1 = det 𝐽𝛽,𝜔3 = ±1 (and then det 𝐽𝜔,𝛼1 ⋅ det 𝐽𝛽,𝜔3 = 1) since 𝐽𝛽,𝜔3 = (𝐽𝜔,𝛼1 )𝑇 and

ℛ̃-𝒞-𝒱 is a tree. Note also that the ± sign in (3.15) equals that of∣∣∣∣∣ 0 𝐼𝑐𝑢

𝐼𝑐𝑢 0

∣∣∣∣∣ = (−1)𝑏𝑐𝑣 . (3.16)

Conversely, the topological assumptions 𝑇1,2 guarantee the existence of at least one

proper tree. In the particular case defined by the existence of a C-V proper tree (which

by definition precludes the existence of other proper trees), it follows from Lemma 2 that

𝐴𝑐𝑢 in equation (3.11) is a square non-singular matrix, and so it is 𝐽 itself. Otherwise,

if all proper trees have at least one resistor, then the computation of det 𝐽 via equations

(3.12), (3.13) and (3.15) is still valid, and the non-vanishing of det 𝐽 stated in assumption

𝐴1 yields the non-singularity of 𝐽 , proving that the ANA system (2.110) is index one.

□

3.2.2 Models with passive conductances

For circuits with no coupling among conductances, previous index one (sufficient) condi-

tions in the literature can be derived from Theorem 4. In particular, definiteness assump-

tions on 𝐺, as those in the following theorem, can be regarded in uncoupled problems as

a particular instance of condition 𝐴1, since in this situation all conductances are simulta-

neously positive or negative, all conductance products have the same sign and sum (3.15)

is not null. Compare again the “if and only if” statement in Theorem 4 with the “if”

below.

Theorem 5 ([131, Th. 4]). Assume that 𝐿(𝑖𝑙) and 𝐶(𝑣𝑐) are non-singular. Then, the

conventional ANA system (2.110) is index one if:

𝑇1,2. There are neither L-I cutsets nor C-V loops.

𝐴1. The matrix 𝐺 is (positive or negative) definite.
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Proof. Provided that the incremental conductance and inductance matrices, 𝐶(𝑣𝑐) and

𝐿(𝑖𝑙), are non-singular, the index one condition for the ANA model (2.110) amounts to

the non-singularity of matrix 𝐽 in equation (3.11). Such non-singularity condition holds

if and only if the homogeneous linear system

𝐴𝑟𝐺𝐴
𝑇
𝑟 𝑧1 + 𝐴𝑐𝑢𝑧2 = 0 (3.17)

𝐴𝑇𝑐𝑢𝑧1 = 0 (3.18)

is not underdetermined. Premultiplying equation (3.17) by 𝑧𝑇1 and using equation (3.18)

we get

𝑧𝑇1 𝐴𝑟𝐺𝐴
𝑇
𝑟 𝑧1 = 0. (3.19)

If 𝐺 is a definite matrix, equation (3.19) implies that

𝐴𝑇𝑟 𝑧1 = 0 (3.20)

𝐴𝑐𝑢𝑧2 = 0. (3.21)

Now, due to Lemma 6, 𝑧1 = 0 is the only solution of (3.18) and (3.20) if and only if there

are no 𝐼-𝐿 cutsets in the circuit. Similarly, due to Lemma 5, (3.21) leads to 𝑧2 = 0 if and

only if there are no C-V loops in the model.

□

3.2.3 Example 2: Index one in ANA

The circuit depicted in Figure 3.2 is obtained by eliminating the capacitor 𝐶3 in Figure

1.1. The resulting ANA model reads

𝐶1𝑣
′
𝑐1 = 𝑖𝑐1 (3.22a)

𝐶2𝑣
′
𝑐2 = 𝑖𝑐2 (3.22b)

𝐿1𝑖
′
𝑙1 = 𝑒1 (3.22c)

𝐿2𝑖
′
𝑙2 = 𝑒2 (3.22d)

0 = 𝐺1𝑒1 + 𝑖𝐷𝐷(𝑒1 − 𝑒2) + 𝑖𝑐1 + 𝑖𝑙1 (3.22e)

0 = 𝐺2𝑒2 − 𝑖𝐷𝐷(𝑒1 − 𝑒2) + 𝑖𝑐2 + 𝑖𝑙2 (3.22f)

0 = 𝑒1 − 𝑣𝑐1 (3.22g)

0 = 𝑒2 − 𝑣𝑐2, (3.22h)
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and therefore

𝐽 =

⎛
⎜⎜⎜⎝
𝐺1 +𝐺3 −𝐺3 1 0

−𝐺3 𝐺2 +𝐺3 0 1

1 0 0 0

0 1 0 0

⎞
⎟⎟⎟⎠ , det 𝐽 = 1, (3.23)

where 𝐺3 stands for the incremental conductance of the parallel connection of the diodes.

The non-singularity of 𝐽 is due to the existence of a C-V proper tree, what explains that

in this particular instance the conductances play no role in the index one characterization.

C1 C21L G1 L2G2

G3e1 e2

Figure 3.2: Coupled RLC shunt oscillators.

If we additionally remove the capacitor 𝐶2, this leading to the circuit presented in

Figure 3.3, then the algebraic relations in the ANA system amount to

0 = 𝐺1𝑒1 + 𝑖𝐷𝐷(𝑒1 − 𝑒2) + 𝑖𝑐1 + 𝑖𝑙1 (3.24a)

0 = 𝐺2𝑒2 − 𝑖𝐷𝐷(𝑒1 − 𝑒2) + 𝑖𝑙2 (3.24b)

0 = 𝑒1 − 𝑣𝑐1. (3.24c)

System (3.24) leads, after some simple computations, to

𝐽 =

⎛
⎜⎝ 𝐺1 +𝐺3 −𝐺3 1

−𝐺3 𝐺2 +𝐺3 0

1 0 0

⎞
⎟⎠ , det 𝐽 = −𝐺2 −𝐺3, (3.25)

consistently with the fact that the removal of both 𝐶2 and 𝐶3 yield the two proper trees

𝐶1-𝐺2 and 𝐶1-𝐺3.

Finally, if all capacitors are removed as in the circuit in Figure 3.4, then the algebraic

equations are

0 = 𝐺1𝑒1 + 𝑖𝐷𝐷(𝑒1 − 𝑒2) + 𝑖𝑙1 (3.26a)

0 = 𝐺2𝑒2 − 𝑖𝐷𝐷(𝑒1 − 𝑒2) + 𝑖𝑙2, (3.26b)
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C11L G1

e

G2 L2

G3 2e1

Figure 3.3: Non-linear RLC circuit.

and in this case

𝐽 =

(
𝐺1 +𝐺3 −𝐺3

−𝐺3 𝐺2 + 𝐺3

)
, det 𝐽 = 𝐺1𝐺2 +𝐺1𝐺3 +𝐺2𝐺3, (3.27)

the proper trees being defined by three conductance pairs 𝐺1-𝐺2, 𝐺1-𝐺3 and 𝐺2-𝐺3.

G2 L2

G3 2e

G1

e1

1L

Figure 3.4: Non-linear RL circuit.

3.2.4 Consequences for NTA and non-conventional models

Index one for conventional NTA

Assuming that 𝐿(𝑖𝑙) and 𝐶(𝑣𝑐) are non-singular matrices, then the conventional node

tableau analysis model (2.102) on page 60 has a semiexplicit structure. As indicated

in Section 2.1.5, the index one condition for equation (2.102) is equivalent to the non-

singularity of its derivative with respect to the algebraic variables (𝑣𝑟, 𝑣𝑙, 𝑣𝑢, 𝑣𝑗, 𝑖𝑟, 𝑖𝑐, 𝑖𝑢, 𝑖𝑗, 𝑒),
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which reads ⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂𝑔𝑟
∂𝑣𝑟

0 0 0 ∂𝑔𝑟
∂𝑖𝑟

0 0 0 0

0 0 𝐼 0 0 0 0 0 0

0 0 0 0 0 0 0 𝐼 0

0 0 0 0 −𝐴𝑟 −𝐴𝑐 −𝐴𝑢 −𝐴𝑗 0

𝐼 0 0 0 0 0 0 0 −𝐴𝑇𝑟
0 𝐼 0 0 0 0 0 0 −𝐴𝑇𝑙
0 0 0 0 0 0 0 0 −𝐴𝑇𝑐
0 0 𝐼 0 0 0 0 0 −𝐴𝑇𝑢
0 0 0 𝐼 0 0 0 0 −𝐴𝑇𝑗

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3.28)

The non-singularity of 3.28 is equivalent to that of the matrix:⎛
⎜⎜⎜⎜⎜⎜⎝

0 −𝐴𝑐 −𝐴𝑢 −𝐴𝑟 0

−𝐴𝑇𝑐 0 0 0 0

−𝐴𝑇𝑢 0 0 0 0

0 0 0 ∂𝑔𝑟
∂𝑖𝑟

∂𝑔𝑟
∂𝑣𝑟

−𝐴𝑇𝑟 0 0 0 𝐼

⎞
⎟⎟⎟⎟⎟⎟⎠ . (3.29)

If all resistors are voltage-controlled, then ∂𝑔𝑟
∂𝑣𝑟
is a non-singular matrix (cf. page 53 in

Section 2.3.2), and then

𝐺(𝑣𝑟) = −
(
∂𝑔𝑟
∂𝑣𝑟

)−1
∂𝑔𝑟
∂𝑖𝑟
. (3.30)

In this way the determinant of the matrix in equation (3.29) remains unchanged by

substituting ∂𝑔𝑟
∂𝑣𝑟
by −𝐺(𝐴𝑇𝑟 𝑒) and ∂𝑔𝑟∂𝑖𝑟 by 𝐼𝑏𝑟 . Now, we can apply Lemma 14 to show that

the non-singularity of 𝐽(𝑥) amounts to that of⎛
⎜⎝ 0 −𝐴𝑐 −𝐴𝑢
−𝐴𝑇𝑐 0 0

−𝐴𝑇𝑢 0 0

⎞
⎟⎠−

⎛
⎜⎝ −𝐴𝑟 0

0 0

0 0

⎞
⎟⎠
(
𝐼 𝐺(𝐴𝑇𝑟 𝑒)

0 𝐼

)(
0 0 0

−𝐴𝑇𝑟 0 0

)
, (3.31)

that is, to that of 𝐽(𝑥) for the augmented nodal analysis model in equation (3.11). Accord-

ingly, we arrive at the following result, which assumes all resistors to be voltage-controlled.

Theorem 6 ([131, Th. 2]). If the capacitance and inductance matrices 𝐶(𝑣𝑐), 𝐿(𝑖𝑙) are

non-singular, then the conventional node tableau analysis (NTA) system (2.102) has index

one if and only if the augmented nodal analysis (ANA) system (2.110) has index one.

Theorem 6 makes it possible to apply the results in Theorems 4 and 5 to the index one

characterization of conventional node tableau analysis models, provided that all resistors
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are voltage-controlled.

Alternatively, in the more direct setting of Section 2.5.2, note that if 𝐶(𝑣𝑐) and 𝐿(𝑖𝑙)

are non-singular, then the conventional NTA system (2.102) can be rewritten in the form

of equation (2.127), with

𝑔2(𝑦, 𝑧1, 𝑧2) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑔𝑟(𝑣𝑟, 𝑖𝑟)

𝑖𝑗 − 𝑖𝑠(𝑡)
𝑣𝑟 −𝐴𝑇𝑟 𝑒
𝑣𝑙 −𝐴𝑇𝑙 𝑒
𝑣𝑢 − 𝑣𝑠(𝑡)
𝑣𝑗 − 𝐴𝑇𝑗 𝑒

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.32)

where 𝑧1 = (𝑖𝑐, 𝑖𝑢, 𝑒), and 𝑧2 = (𝑣𝑟, 𝑣𝑙, 𝑣𝑢, 𝑣𝑗 , 𝑖𝑟, 𝑖𝑗). In this way, we see that the (con-

ventional) ANA system (2.110) is a Schur’s reduction of equation (2.102). As in this

case

𝑔2𝑧2(𝑦, 𝑧1, 𝑧2) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂𝑔𝑟
∂𝑣𝑟

0 0 0 ∂𝑔𝑟
∂𝑖𝑟

0

0 0 0 0 0 𝐼

𝐼 0 0 0 0 0

0 𝐼 0 0 0 0

0 0 𝐼 0 0 0

0 0 0 𝐼 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3.33)

is assumed to be non-singular, due to the voltage-controlled nature of resistors, both

systems (2.110) and (2.102) have equivalent index one conditions.

Index one for charge/flux and hybrid models

Charge/flux models in Sections 2.4.1 and 2.4.2 can be obtained from the conventional

augmented nodal analysis system (2.110) and the conventional node tableau analysis

model (2.102) by substituting the dynamic equations in the model for

𝑞′ = 𝑖𝑐 (3.34a)

𝜙′ = 𝑣𝑙 (3.34b)

0 = 𝑔𝑐(𝑞, 𝑣𝑐) (3.34c)

0 = 𝑔𝑙(𝜙, 𝑖𝑙), (3.34d)

where in the ANA model 𝑣𝑙 is written in terms of the vector of node potentials 𝑒 as 𝐴
𝑇
𝑙 𝑒.

This substitution preserves the semiexplicit structure of the models, adding 𝑣𝑐 and 𝑖𝑙 as
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algebraic variables and equations (3.34c) and (3.34d) as algebraic restrictions. In this way,

if 𝐽0(𝑥) is the derivative of the algebraic equations with respect to the algebraic variables

in the original conventional model, this same derivative in the charge/flux model reads

𝐽(𝑞, 𝜙, 𝑣𝑐, 𝑖𝑙, 𝑥) =

⎛
⎜⎝

∂𝑔𝑐
∂𝑣𝑐

0 0

0 ∂𝑔𝑙
∂𝑖𝑙

0

0 0 𝐽0(𝑥)

⎞
⎟⎠ . (3.35)

Therefore, provided that ∂𝑔𝑐
∂𝑣𝑐
and ∂𝑔𝑙

∂𝑖𝑙
are non-singular matrices, index one conditions for the

charge/flux NTA and ANA models are equivalent to those for conventional models. Note

that in the conventional augmented nodal analysis model (2.110) and in the conventional

node tableau analysis model (2.102)

𝐶(𝑣𝑐) = −
(
∂𝑔𝑐
∂𝑞

)−1
∂𝑔𝑐
∂𝑣𝑐

(3.36)

𝐿(𝑖𝑙) = −
(
∂𝑔𝑙
∂𝜙

)−1
∂𝑔𝑙
∂𝑖𝑙
. (3.37)

In this way, if 𝐶(𝑣𝑐) and 𝐿(𝑖𝑙) are non-singular, then index one conditions for conventional

models match those for their corresponding charge/flux models [131] .

In turn, as it was noticed for the augmented nodal analysis formulation in Section 2.4.2,

hybrid ANA and NTA systems can be obtained by substituting the dynamic equations in

the corresponding conventional models for

𝐻1(𝑞, 𝑣𝑐)

(
𝑞′

𝑣′𝑐

)
= 𝑖𝑐 (3.38a)

𝐻2(𝜙, �̂�𝑙)

(
𝜙′

�̂�′𝑙

)
= 𝑣𝑙 (3.38b)

and

0 = 𝑣𝑐 − 𝜉𝑐(𝑞, 𝑣𝑐) (3.38c)

0 = �̃�𝑙 − 𝜉𝑙(𝜙, �̂�𝑙), (3.38d)

where in the ANA model 𝑣𝑙 is rewritten as 𝐴
𝑇
𝑙 𝑒.

Provided that 𝐻1 and 𝐻2 are non-singular matrices, then the hybrid system is a

semiexplicit DAE, where 𝑣𝑐 and �̃�𝑙 have been included as algebraic variables. Proceeding

as we did for charge/flux models, it is straightforward to check that index one conditions

88



in hybrid models and conventional models match. Note in particular that if 𝑣𝑐 or �̃�𝑙 are

substituted in other algebraic equations of the hybrid model, that would correspond to a

Schur’s reduction, preserving index one conditions.

Note now that matrices 𝐻1 and 𝐻2 are non-singular if and only if ∂𝜂𝑐/∂𝑣𝑐 in equation

(2.81) and ∂𝜂𝑙/∂�̂�𝑙 in equation (2.91) are non-singular, respectively. Under the assumption

that

𝐸𝑐,22 =

(
∂𝑔𝑐
∂𝑞

∂𝑔𝑐
∂𝑣𝑐

)
and 𝐸𝑙,22 =

(
∂𝑔𝑙

∂𝜙

∂𝑔𝑙

∂�̃�𝑙

)
are non-singular, (3.39)

this supporting the existence of a hybrid model in Section 2.3.2, we can write now:

∂𝜂𝑐
∂𝑣𝑐

= −(𝐼�̂�𝑐 0)
(
∂𝑔𝑐
∂𝑞

∂𝑔𝑐
∂𝑣𝑐

)−1
∂𝑔𝑐
∂𝑣𝑐

(3.40)

∂𝜂𝑙

∂�̂�𝑙
= −(𝐼�̂�𝑙 0)

(
∂𝑔𝑙

∂𝜙

∂𝑔𝑙

∂�̃�𝑙

)−1
∂𝑔𝑙

∂�̂�𝑙
. (3.41)

Equations (3.40) and (3.41) can be checked to be the Schur’s complements of 𝐸𝑐,22 and

𝐸𝑙,22 in the matrices

𝑀𝑐 =

(
0 𝐼�̂�𝑐 0
∂𝑔𝑐
∂𝑣𝑐

∂𝑔𝑐
∂𝑞𝑐

∂𝑔𝑐
∂𝑣𝑐

)
, (3.42)

and

𝑀𝑙 =

(
0 𝐼�̂�𝑙 0
∂𝑔𝑙
∂�̂�𝑙

∂𝑔𝑙
∂𝜙𝑙

∂𝑔𝑙
∂�̃�𝑐

)
(3.43)

respectively. In this way, due to Lemma 14, ∂𝜂𝑐/∂𝑣𝑐 is non-singular if and only if ∂𝑔𝑐/∂𝑣𝑐

is non-singular. Similarly ∂𝑔𝑙/∂𝑣𝑐 is non-singular if and only if so it is ∂𝑔𝑙/∂𝑖𝑙. This guar-

antees again that, provided that 𝐶(𝑣𝑐) and 𝐿(𝑖𝑙) are non-singular, index one conditions

for conventional models match those for their corresponding hybrid models.

The results in this section are summarized in the following Theorem, which is an

extension of Theorem 1 in [131].

Theorem 7. Assume that 𝐶(𝑣𝑐) and 𝐿(𝑖𝑙) are non-singular matrices, then the charge/flux

ANA model (2.112) (resp. NTA (2.98)) is index one if and only if the conventional ANA

model (2.110) (resp. NTA (2.102)) is index one.

Similarly, assume that the supporting condition for hybrid models (3.39) is satisfied.

If 𝐶(𝑣𝑐) and 𝐿(𝑖𝑙) are non-singular matrices, then 𝐻1 and 𝐻2 are non-singular matrices,

and the hybrid ANA model (2.113) (resp. NTA (2.104)) is index one if and only if the

conventional ANA model (2.110) (resp. NTA (2.102)) is index one.
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3.3 Index one conditions for MNA

The modified nodal analysis model (2.118) displays a quasilinear structure (2.64). Ac-

cording to the discussion in Section 2.1.5, the index one condition for the system (2.118)

then amounts to the non-singularity of the matrix 𝐴1(𝑥) = 𝐴(𝑥)−𝑓 ′(𝑥)𝑄, where 𝑄 stands
for a projector onto ker𝐴(𝑥).

In references [48, 139, 143], a positive definiteness assumption on the incremental

capacitance matrix 𝐶(𝑣𝑐) makes it possible to simplify the analysis of ker𝐴(𝑥) by guar-

anteeing the identity

ker𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 = ker𝐴

𝑇
𝑐 . (3.44)

Observe that, provided that equation (3.44) holds and that the matrix 𝐿(𝑖𝑙) is non-

singular, if 𝑄𝒞 is a projector onto ker𝐴𝑇𝑐 then

𝑄 =

⎛
⎜⎝ 𝑄𝒞 0 0

0 0ℒ 0

0 0 𝐼𝒱

⎞
⎟⎠ (3.45)

is a constant projector onto ker𝐴(𝑥). In this case, the MNA characteristic matrix 𝐴1(𝑥)

reads

𝐴1(𝑥) =

⎛
⎜⎝ 𝐴𝑐𝐶(𝐴

𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 + 𝐴𝑟𝐺(𝑒)𝐴

𝑇
𝑟 𝑄𝒞 0 𝐴𝑢

−𝐴𝑇𝑙 𝑄𝒞 𝐿(𝑖𝑙) 0

𝐴𝑇𝑢𝑄𝒞 0 0

⎞
⎟⎠ . (3.46)

In subsection 3.3.1 below we relax the assumptions supporting the identity (3.44) for

circuits without capacitive couplings. In particular, Proposition 1 shows that this equation

holds if and only if the capacitive blocks in the circuit satisfy a certain non-degeneracy

condition, less strict than the positive definiteness of 𝐶. Then, without any definiteness

assumptions on the incremental matrices 𝐶, 𝐿, or 𝐺, subsection 3.3.2 analyzes the non-

singularity of 𝐴1(𝑥), arriving at the index one characterization for the modified nodal

analysis model (2.118) stated in Theorem 8.

3.3.1 Capacitive blocks and the kernel of 𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐

In Section 3.1.1, we have already mentioned a (sufficient) condition guaranteeing the

identity ker𝐴𝑇𝑐 = ker𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 , namely the definiteness of the incremental capacitance

matrix 𝐶(𝐴𝑇𝑐 𝑒). If there is no coupling among capacitors, we can improve this result,

arriving at necessary and sufficient conditions for this equality to hold in terms of the

capacitive blocks in the circuit: letting the capacitive subgraph be the subgraph formed
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by all capacitors together with their incident nodes, a capacitive block will be a connected

component of the capacitive subgraph. Again, we refer the reader to Section 2.2.1 for

general background on digraph theory.

If we let 𝒞1, 𝒞2, . . . , 𝒞𝜅 be the capacitive blocks in the circuit, then the matrix 𝐴𝑐 can
be written as

𝐴𝑐 = (𝒜𝒞1 𝒜𝒞2 . . . 𝒜𝒞𝜅) . (3.47)

Note that 𝐴𝑐 does not represent the incidence matrix of the capacitive subgraph as defined

above but, consistently with the description in Section 2.2.2, that of the subgraph formed

by all capacitors and all nodes in the circuit. By choosing the appropriate order for the

nodes in the circuit, 𝐴𝑐 can acquire a simpler shape, namely

𝐴𝑐 =

(
blockdiag (𝒜𝒞1 𝒜𝒞2 . . . 𝒜𝒞𝜅)

0

)
, (3.48)

where 𝒜𝒞𝑘 is the matrix resulting from eliminating all null rows in 𝒜𝒞𝑘 and the null block

in the last rows has dimension 𝑛0 × 𝑏𝑐, being 𝑏𝑐 the number of capacitors in the circuit
and 𝑛0 the number of nodes to which no capacitor is incident (excluding the reference

node if necessary, that is, if it is not in the capacitive subgraph).

In the following definition all trees are assumed to be spanning within the specific

capacitive block.

Definition 3. Assume that there is no coupling among capacitors. A capacitive block is

called non-degenerate if ∑
𝑇∈𝒯 𝑏𝑙𝑜𝑐𝑘

𝐶

∏
𝐶𝑖∈𝑇

𝐶𝑖 ∕= 0,

where 𝒯 𝑏𝑙𝑜𝑐𝑘𝐶 is the set of capacitive trees within the block.

In terms of the above-introduced notions, the identity ker𝐴𝑇𝑐 = ker𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 can

be characterized as follows.

Proposition 1. Assume that all capacitors are uncoupled. Then ker𝐴𝑇𝑐 = ker𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐

if and only if all capacitive blocks are non-degenerate.

Proof. Since ker𝐴𝑇𝑐 ⊆ ker𝐴𝑐𝐶(𝐴𝑇𝑐 𝑒)𝐴𝑇𝑐 , it suffices to show that rk𝐴𝑇𝑐 = rk𝐴𝑐𝐶(𝐴𝑇𝑐 𝑒)𝐴𝑇𝑐
(rk standing for the rank of a matrix) if and only if there is no degenerate capacitive block.

Recalling that 𝑛𝑒 is the number of nodes excluding the reference one, we define cork𝑀 =

𝑛𝑒−rk𝑀 for𝑀 = 𝐴𝑇𝑐 , 𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 , and prove below that cork𝐴

𝑇
𝑐 = cork𝐴𝑐𝐶(𝐴

𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 .

Note first that cork𝐴𝑇𝑐 equals the number of connected components of the graph

formed by the capacitors and all the circuit nodes minus one, since Lemma 4 in Section
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2.2.2 shows that rk𝐴𝒢 equals the total number of nodes minus the number of connected

components of a graph 𝒢. This means that cork𝐴𝑇𝑐 = 𝜅+ 𝑛0 if the reference node is not
in the capacitive subgraph, whereas cork𝐴𝑇𝑐 = 𝜅 − 1 + 𝑛0 if there exists some capacitor
incident to the reference node.

In order to compute cork𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 we use the form depicted in (3.48). Due to the

absence of capacitive couplings, the matrix 𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 also has a simple block structure,

namely

𝐴𝑐𝐶𝐴
𝑇
𝑐 = blockdiag (𝐶𝑛1, . . . , 𝐶𝑛𝜅, 0), (3.49)

where 𝐶𝑛𝑘 = 𝐴𝒞𝑘𝐶𝑘𝐴
𝑇
𝒞𝑘 , 𝐶𝑘 being the incremental capacitance matrix for the 𝑘-th capac-

itive block, and the last null block has dimension 𝑛0 × 𝑛0.
Assume first that the reference node is not in the capacitive subgraph. In every

capacitive block, both the last column of 𝐴𝑇𝒞𝑘 and the last column and row of 𝐶𝑛𝑘 are

linearly dependent on the rest of the matrix and, as a consequence, do not contribute to

the matrix rank: this means that the corank of every one of these blocks is at least one.

From (3.49) it is then clear that cork𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 ≥ 𝜅 + 𝑛0. For this corank to equal

cork𝐴𝑇𝑐 = 𝜅+𝑛0, the corank of every capacitive block must be exactly one: applying the

Cauchy-Binet expansion (2.126) as in Section 3.1, this is easily proved equivalent to the

non-degeneracy of every capacitive block.

If the reference node is in the capacitive subgraph, then cork𝐴𝑇𝑐 = 𝜅 − 1 + 𝑛0 and
(3.49) now yields cork𝐴𝑐𝐶(𝐴

𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 ≥ 𝜅− 1+𝑛0. For the equality to hold, the capacitive

block containing the reference node must yield a non-singular 𝐶𝑛𝑘 and the remaining

capacitive blocks must contribute exactly in one to the corank, which is again equivalent

to the non-degeneracy of all blocks.

□

3.3.2 Index one characterization for MNA via normal trees

The following theorem provides necessary and sufficient conditions for the modified nodal

analysis system (2.118) to be index one in uncoupled problems without capacitive trees

and degenerate capacitive blocks. Both purely topological and algebraic conditions on

normal trees are demanded, the latter relaxing definiteness (passivity) assumptions on

previous works.

Theorem 8. Assume that there are neither capacitive trees nor degenerate capacitive

blocks, that the local inductance matrix 𝐿(𝑖𝑙) is non-singular, and that there is no coupling

among resistors nor among capacitors. Then, the conventional modified nodal analysis

92



system (2.118) is index one if and only if:

𝑇 1
1 . There are no L-I cutsets.

𝑇 1
2 . All C-V loops are C-loops.

𝐴1
1. Either there exists a V-normal tree, or the sum of conductance-capacitance products

in normal trees does not vanish.

Some auxiliary results for the proof of Theorem 8 are given in the following Lemmas.

In particular, Lemma 15 extends Proposition 4.5 in [130], while Corollary 1 is a natural

generalization of [48, Th. 2.2, §4], which states that 𝑄𝑇𝐶𝐴𝑢 has full column rank if and
only if all C-V loops are C-loops.

Lemma 15. Let 𝐽1 and 𝐽2 be two sets of branches of a connected graph 𝒢, 𝐽1 ⊆ 𝐽2. The
equation

𝐴𝐽1𝑤1 + 𝐴𝐽2−𝐽1𝑤2 = 0⇒ 𝑤2 = 0 (3.50)

holds if and only if all loops in 𝐽2 are included in 𝐽1. If the columns in 𝐴𝐽1 are taken as

the first columns in 𝐴𝐽2, then (3.50) is equivalent to ker𝐴𝐽2 = ker𝐴𝐽1 × {0}.

Proof. Let us first prove the “if” in Lemma 15. If 𝐴𝐽1𝑤1 + 𝐴𝐽2−𝐽1𝑤2 = 0 and 𝑤2 ∕= 0,
then it is possible to form a vanishing linear combination of the columns in 𝐴𝐽2 , that is,

𝐴ℛ𝑤ℛ + 𝐴ℒ𝑤ℒ = 0, (3.51)

where ℛ ⊆ 𝐽1, ℒ ⊆ 𝐽2− 𝐽1, 𝐴ℛ has full column rank and ℒ ∕= ∅. Equation (3.51) implies
that (𝐴ℛ 𝐴ℒ) does not have full column rank and, as a consequence, Lemma 5 leads to

the existence of loops within the set ℛ ∪ ℒ. Loops formed exclusively by branches in ℛ
are precluded due to the linear independence of columns in 𝐴ℛ, so there must be a loop

including some branch 𝑙 ∈ 𝐽2 − 𝐽1.
The “only if” is now straightforward. Assuming that there is a loop including some

branch 𝑙 ∈ 𝐽2 − 𝐽1, then for some set of columns ℒ ∕= ∅ and some set of columns ℛ ⊆ 𝐽1,
(𝐴ℛ 𝐴ℒ) includes a loop and does not have full column rank. Again ℛ can be chosen

with full-column rank and in this way equation (3.50) cannot hold.

□

Corollary 1. Let 𝐽1 and 𝐽2 be sets of branches within a connected digraph 𝒢 verifying

𝐽1 ⊆ 𝐽2, and denote as 𝑄𝐽1 a projector onto ker𝐴
𝑇
𝐽1
. Then 𝑄𝑇𝐽1𝐴𝐽2−𝐽1 has full column

rank if and only if all loops from 𝐽2 are actually contained in 𝐽1.
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Proof. On the one hand, assuming that 𝑄𝑇𝐽1𝐴𝐽2−𝐽1 has full column rank, we may pre-

multiply 𝐴𝐽1𝑤1 + 𝐴𝐽2−𝐽1𝑤2 = 0 by 𝑄
𝑇
𝐽1
, getting

𝑄𝑇𝐽1𝐴𝐽2−𝐽1𝑤2 = 0. (3.52)

Equation (3.52) implies that 𝑤2 = 0 and, applying Lemma 15, we see that all loops in 𝐽2

are included in 𝐽1.

Conversely, if 𝑄𝑇𝐽1𝐴𝐽2−𝐽1 does not have full column rank, then there is 𝑤2 ∕= 0 such
that 𝑄𝑇𝐽1𝐴𝐽2−𝐽1𝑤2 = 0. Therefore 𝐴𝐽2−𝐽1𝑤2 ∈ ker𝑄𝑇𝐽1 = im𝐴𝐽1, and there exists an 𝑤1

satisfying

𝐴𝐽1𝑤1 + 𝐴𝐽2−𝐽1𝑤2 = 0 ∧ 𝑤2 ∕= 0. (3.53)

Applying now Lemma 15, not all loops in 𝐽2 are in 𝐽1.

□

Lemma 16 below shows that, in the setting of Theorem 8, the determinant of some

important products of incidence matrices and projectors remains unchanged if the involved

incident matrices stand for a normal tree.

Lemma 16. Let 𝑄𝒞 be a projector onto ker𝐴𝑇𝑐 . Under assumptions 𝑇
1
1 and 𝑇

1
2 , if 𝒞-ℛ̃-𝒱

forms a normal tree, then:

det

⎛
⎜⎝ 𝐴𝑇𝒞
𝐴𝑇ℛ̃𝑄𝒞
𝐴𝑇𝒱𝑄𝒞

⎞
⎟⎠ = det

⎛
⎜⎜⎝
𝐴𝑇𝒞
𝐴𝑇ℛ̃
𝐴𝑇𝒱

⎞
⎟⎟⎠ . (3.54)

On the contrary, if the tree includes all voltage sources but it is not normal then the first

determinant in (3.54) vanishes.

Proof. Note first that, under assumptions 𝑇 1
1 and 𝑇

1
2 , a normal tree must include no

inductor, and all capacitors away from the tree must define a 𝐶-loop with capacitors

within the tree. The latter implies ker𝐴𝑇𝑐 = ker𝐴
𝑇
𝒞 , since every element of 𝒞 −𝒞 defines a

loop with capacitors in 𝒞 and therefore the corresponding row in𝐴𝑇𝒞−𝒞 is linearly dependent

with those of 𝐴𝑇𝒞 .

Additionally, since 𝒱, 𝒞, ℛ̃ define the branches of a tree, the matrix⎛
⎜⎜⎝
𝐴𝑇𝒞
𝐴𝑇ℛ̃
𝐴𝑇𝑢

⎞
⎟⎟⎠ (3.55)
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is non-singular; this implies that

ℝ
𝑛−1 = ker𝐴𝑇𝒞 ⊕ ker

(
𝐴𝑇ℛ̃
𝐴𝑇𝑢

)
= ker𝐴𝑇𝑐 ⊕ ker

(
𝐴𝑇ℛ̃
𝐴𝑇𝑢

)
. (3.56)

Hence, the projector 𝑃𝒞 along ker𝐴𝑇𝑐 onto ker (𝐴ℛ̃ 𝐴𝑢)
𝑇 is well-defined.

Write �̃�𝒞 = 𝐼 − 𝑃𝒞. Now, using the identities 𝐴𝑇𝒞 �̃�𝒞 = 𝐴𝑇𝒞𝑄𝒞 = 0 (owing to the fact

that both projectors are onto ker𝐴𝑇𝒞 = ker𝐴
𝑇
𝑐 ), 𝐴

𝑇
𝒞𝑃𝒞 = 𝐴𝑇𝒞 (𝐼 − �̃�𝒞) = 𝐴𝑇𝒞 , 𝐴

𝑇
ℛ̃𝑃𝒞 =

𝐴𝑇𝑢𝑃𝒞 = 0, we derive ⎛
⎜⎜⎝

𝐴𝑇𝒞
𝐴𝑇ℛ̃𝑄𝒞
𝐴𝑇𝑢𝑄𝒞

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝
𝐴𝑇𝒞
𝐴𝑇ℛ̃
𝐴𝑇𝑢

⎞
⎟⎟⎠ (𝑃𝒞 +𝑄𝒞). (3.57)

Equation (3.57) immediately yields (3.54) if we note that det(𝑃𝒞+𝑄𝒞) = 1. The latter

can be checked by writing 𝑃𝒞+𝑄𝒞 = 𝐼−(�̃�𝒞−𝑄𝒞) and noting that �̃�𝒞−𝑄𝒞 is a nilpotent

index two matrix, since (�̃�𝒞 −𝑄𝒞)(�̃�𝒞 −𝑄𝒞) = �̃�𝒞 −𝑄𝒞 − �̃�𝒞 +𝑄𝒞 = 0; by means of the

Jordan canonical form it is then easy to see that det(𝐼 − (�̃�𝒞 −𝑄𝒞)) = 1.

Finally, if 𝒞-ℛ̃-𝒱 is a non-normal tree including all voltage sources, then 𝒞 − 𝒞 must
contain a capacitor 𝐶∗ not being part of any capacitive loop with elements of 𝒞. Since
𝒞-ℛ̃-𝒱 is a tree, 𝐶∗ forms a loop with elements of this set. This means that there exists

a 𝒞-ℛ̃-𝒱 loop which is not a 𝒞-loop, showing that 𝑄𝑇𝒞 (𝐴ℛ̃ 𝐴𝑢) does not have full column

rank by Lemma 1. Therefore, the determinant in the left-hand side of (3.54) vanishes

since the last rows are linearly dependent.

□

Proof of Theorem 8. The non-singularity of the matrix 𝐴1 in (3.46) will be analyzed

via the factorization

𝐴1 =

⎛
⎜⎝ 𝐴𝑟 𝐴𝑐 𝐴𝑢 0 0

0 0 0 𝐼ℒ 0

0 0 0 0 𝐼𝒱

⎞
⎟⎠

︸ ︷︷ ︸
𝐴11

𝐴12︷ ︸︸ ︷⎛
⎜⎜⎜⎜⎜⎜⎝

𝐺 0 0 0 0

0 𝐶 0 0 0

0 0 0 0 𝐼𝒱
0 0 0 𝐼ℒ 0

0 0 𝐼𝒱 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

𝐴𝑇𝑟 𝑄𝒞 0 0

𝐴𝑇𝑐 0 0

𝐴𝑇𝑢𝑄𝒞 0 0

−𝐴𝑇𝑙 𝑄𝒞 𝐿(𝑖𝑙) 0

0 0 𝐼𝒱

⎞
⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
𝐴13

.

(3.58)

Assume first that the MNA system is index one, namely that 𝐴1 is non-singular. Since

𝐴1 (and therefore 𝐴11) has full row rank, then (𝐴𝑟 𝐴𝑐 𝐴𝑢) must have full row rank as
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well and, according to Lemma 6, there must be no L-I cutset in the circuit, showing that

condition 𝑇 1
1 is met. Condition 𝑇

1
2 holds in virtue of Lemma 1 since the last rows of (3.46)

must have full rank.

Now, in the absence of 𝑉 -proper trees we can apply the Cauchy-Binet formula to

expand

det𝐴11𝐴12𝐴13 =
∑
𝛼,𝛽

det𝐴𝜔,𝛼11 det𝐴
𝛼,𝛽
12 det𝐴

𝛽,𝜔
13 . (3.59)

Proceeding as in the proof of Theorem 4 and using the diagonal structure of both 𝐺 and

𝐶 it is not difficult to see that some matrix blocks from (3.58) must be wholly included

in every term of (3.59) for it not to vanish. Indeed, the matrix products yielding non-

vanishing determinants can be shown to read

∣∣∣∣∣∣∣
𝐴ℛ̃ 𝐴𝒞 𝐴𝑢 0 0

0 0 0 𝐼ℒ 0

0 0 0 0 𝐼𝒱

∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣

�̃� 0 0 0 0

0 𝐶 0 0 0

0 0 0 0 𝐼𝒱
0 0 0 𝐼ℒ 0

0 0 𝐼𝒱 0 0

∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣

𝐴𝑇ℛ̃𝑄𝒞 0 0

𝐴𝑇𝒞 0 0

𝐴𝑇𝑢𝑄𝒞 0 0

−𝐴𝑇𝑙 𝑄𝒞 𝐿 0

0 0 𝐼𝒱

∣∣∣∣∣∣∣∣∣∣∣∣
. (3.60)

Note in particular that all voltage sources must be present in the corresponding blocks.

Non-singularity of (𝐴ℛ̃ 𝐴𝒞 𝐴𝑢) must be demanded for the first determinant in (3.60) not

to vanish; ℛ̃-𝒞-𝒱 must then be a tree. According to Lemma 16, it must actually be a
normal tree because of the third factor in (3.60), being in this case∣∣∣∣∣∣∣∣∣∣∣∣

𝐴𝑇ℛ̃𝑄𝒞 0 0

𝐴𝑇𝒞 0 0

𝐴𝑇𝑢𝑄𝒞 0 0

−𝐴𝑇𝑙 𝑄𝒞 𝐿 0

0 0 𝐼𝒱

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣

𝐴𝑇ℛ̃ 0 0

𝐴𝑇𝒞 0 0

𝐴𝑇𝑢 0 0

−𝐴𝑇𝑙 𝑄𝒞 𝐿 0

0 0 𝐼𝒱

∣∣∣∣∣∣∣∣∣∣∣∣
. (3.61)

The computation of (3.60) yields for (3.59)

det𝐴1 = ± det𝐿
∑
𝑇∈𝒯𝑛

(∏
𝐺𝑖∈𝑇

𝐺𝑖
∏
𝐶𝑖∈𝑇

𝐶𝑖

)
, (3.62)

where 𝒯𝑛 is the set of normal trees within the circuit, the ± sign being given by (−1)𝑛𝑢 .
The proof of the converse result proceeds again via equations (3.58), (3.59) and (3.62),

the details being straightforward. We only emphasize that the existence in particular cases

of a 𝑉 -normal tree rules out the existence of any other normal trees and makes 𝐴𝑢 and
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𝐴1 in (3.46) non-singular.

□

In the statement of Theorem 8 it must be understood that the conductance-capacitance

products amount to conductance (resp. capacitance) products in the absence of capacitors

(resp. resistors) within a given normal tree.

In settings without resistive and capacitive couplings, previous results for passive prob-

lems can be derived from Theorem 8; this is the case of the following seminal result in

which the absence of capacitive trees is implicitly assumed.

Theorem 9 ([139, Th. 4]). Assume that the local inductance matrix 𝐿(𝑖𝑙) is positive

definite. Then, the MNA system (2.118) is index one if:

𝑇 1
1 . There are no L-I cutsets.

𝑇 1
2 . All C-V loops are C-loops.

𝐴1
1,2. The matrices 𝐺 and 𝐶 are positive definite.

Indeed, if there is no coupling either among resistors nor among capacitors, then this

result can be considered as a corollary of Theorem 8, since the definiteness of 𝐶 implies

the absence of degenerate capacitive blocks (because all capacitances have the same sign)

and the additional definiteness of 𝐺 (together with the non-singularity of 𝐿 supported

upon its definiteness) guarantees that (3.62) does not vanish. It is worth clarifying that

𝑇 1
2 above is equivalent to the corresponding topological assumption in [139] by the specific

terminology employed there for C-V loops.

3.3.3 Example 3: Index one in MNA

The substitution of the R-L-C shunt configuration in the circuit of Figure 1.1 for a series

one raises the index of its MNA model to 1. The resulting schematic is presented in Figure

3.5, and the associated MNA equations read

(𝐶1 + 𝐶3)𝑒
′
1 − 𝐶3𝑒

′
2 + 𝑖𝐷𝐷(𝑒1 − 𝑒2) + 𝑖𝑙1 = 0 (3.63a)

−𝐶3𝑒
′
1 + (𝐶2 + 𝐶3)𝑒

′
2 − 𝑖𝐷𝐷(𝑒1 − 𝑒2) + 𝑖𝑙2 = 0 (3.63b)

𝐺1𝑒3 − 𝑖𝑙1 = 0 (3.63c)

𝐺2𝑒4 − 𝑖𝑙2 = 0 (3.63d)

𝐿1𝑖
′
𝑙1 − 𝑒1 + 𝑒3 = 0 (3.63e)

𝐿2𝑖
′
𝑙2 − 𝑒2 + 𝑒4 = 0. (3.63f)
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Figure 3.5: Coupled RLC series oscillators.

Cases with L1 ∕= 0 ∕= L2,G1 ∕= 0 ∕= G2

Some computations show that the MNA matrix 𝐴1 (3.46) reads in this situation

𝐴1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐶1 + 𝐶3 −𝐶3 0 0 0 0

−𝐶3 𝐶2 + 𝐶3 0 0 0 0

0 0 𝐺1 0 0 0

0 0 0 𝐺2 0 0

0 0 1 0 𝐿1 0

0 0 0 1 0 𝐿2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.64)

yielding

det𝐴1 = 𝐿1𝐿2𝐺1𝐺2(𝐶1𝐶2 + 𝐶2𝐶3 + 𝐶1𝐶3), (3.65)

and system (3.63) is index one if and only if (3.65) does not vanish.

Using Theorem 8, we can arrive at the same conclusions without resorting to (3.63)

or (3.64). The non-vanishing of 𝐿1, 𝐿2 shows that the model will be index one if and only

if conditions 𝑇 1
1 , 𝑇

1
2 and 𝐴

1
1 hold. The first two ones are fulfilled due to the absence of

𝐿-cutsets and current or voltage sources. The third one requires identifying all normal

trees in the circuit, depicted in Figure 3.6 and for which

∑
𝑇∈𝒯𝑛

(∏
𝐺𝑖∈𝑇

𝐺𝑖
∏
𝐶𝑖∈𝑇

𝐶𝑖

)
= 𝐺1𝐺2𝐶1𝐶2+𝐺1𝐺2𝐶2𝐶3+𝐺1𝐺2𝐶1𝐶3 = 𝐺1𝐺2(𝐶1𝐶2+𝐶2𝐶3+𝐶1𝐶3),
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consistently with equation (3.65). Note that there are no capacitive trees, and that

the non-vanishing of 𝐶1𝐶2 + 𝐶2𝐶3 + 𝐶1𝐶3 guarantees that there are neither degenerate

capacitive blocks. The fact that 𝐺1 and 𝐺2 do not take part in any C-V-R loop force

them to be present in all normal trees, and for this reason their conductance product is

present in all the summands above. It is also worth pointing out that the constitutive

relationships of some elements in the circuit, namely diodes 𝐷1 and 𝐷2, have no impact

on the index of the model; this happens as these elements take part in no normal tree.

T1 T2 T3

C1 C2 C2
G2G1 G2 G1 G2

e1 e4
e2 e3

1e e2 e4
e3

e1 e2 e4

C

e3

3 C3

CG1
1

Figure 3.6: Normal trees for Example 3.

Cases with a vanishing inductance or conductance

It is interesting to look at problems in which one of the values 𝐿1, 𝐿2, 𝐺1 or 𝐺2 vanishes

in (3.63). Let us first focus our attention on situations in which either 𝐿1 or 𝐿2 vanishes,

𝐺1 and 𝐺2 being non-null.

Assume for instance that 𝐿1 ∕= 0, 𝐿2 = 0, 𝐺1 ∕= 0 ∕= 𝐺2. The vanishing of 𝐿2

transforms the corresponding branch into a short-circuit. Of course, if one contracts this

branch, eliminates 𝑖𝑙2 from (3.63), and identifies 𝑒2 with 𝑒4, then the corresponding model

can be analyzed in a similar manner to the one carried out above. The interesting point

is to analyze exactly the model (3.63) with 𝐿2 = 0 in circuit terms, retaining the branch

and its current in the model and keeping 𝑒2 with 𝑒4 as distinguished variables. In this

situation we cannot conclude anything directly from Theorem 8 since the (sufficient but

not necessary) hypothesis of non-singularity on 𝐿 fails in this situation.

Instead, we can identify the resulting circuit with the one depicted in Figure 3.7,

making 𝑢(𝑡) = 0.

Indeed, a short-circuit can be seen as a (null) voltage source and this makes it possible

to analyze again the index of the model via normal trees. Replacing 𝑖𝑙2 by 𝑖𝑢, the model
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Figure 3.7: Modified coupled RLC series oscillators.

now reads

(𝐶1 + 𝐶3)𝑒
′
1 − 𝐶3𝑒

′
2 + 𝑖𝐷𝐷(𝑒1 − 𝑒2) + 𝑖𝑙1 = 0 (3.66a)

−𝐶3𝑒
′
1 + (𝐶2 + 𝐶3)𝑒

′
2 − 𝑖𝐷𝐷(𝑒1 − 𝑒2) + 𝑖𝑢 = 0 (3.66b)

𝐺1𝑒3 − 𝑖𝑙1 = 0 (3.66c)

𝐺2𝑒4 − 𝑖𝑣 = 0 (3.66d)

𝐿1𝑖
′
𝑙1 − 𝑒1 + 𝑒3 = 0 (3.66e)

𝑒2 − 𝑒4 = 𝑢(𝑡). (3.66f)

The sign change in the node voltages of (3.66f) with respect to (3.63f) is aimed at making

this equation consistent with the positive sign of 𝐴𝑇𝑢 𝑒 in (2.118c); compare with the “−”
sign of −𝐴𝑇𝑙 𝑒 in (2.118a). The matrix 𝐴1 can be now checked to have the expression

𝐴1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐶1 + 𝐶3 −𝐶3 0 0 0 0

−𝐶3 𝐶2 + 𝐶3 0 0 0 1

0 0 𝐺1 0 0 0

0 0 0 𝐺2 0 −1
0 0 1 0 𝐿1 0

0 0 0 −1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.67)

whose determinant reads

det𝐴1 = −𝐿1𝐺1(𝐶1𝐶2 + 𝐶2𝐶3 + 𝐶1𝐶3). (3.68)
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Alternatively, as 𝐿1 ∕= 0 and provided there are no degenerate capacitive blocks,

Theorem 8 can be applied for the circuit in Figure 3.7, arriving at identical conclusions,

namely the model is index one if and only if conditions 𝑇 1
1 , 𝑇

1
2 and 𝐴

1
1 hold. The first

two conditions are easily proved true; for condition 𝐴1
1, all normal trees in the new circuit

must be identified, as done in Figure 3.8.

C1
G1

e1

C2

e2 e4+
u(t)

T1

e3
e4

G1

e3
e1 e2 +

T3

3C

C 1

u(t)
e3

C2

e21e +
u(t) e4

T2

G1

C3

Figure 3.8: Normal trees in the circuit of Figure 3.7.

Again, it is possible to verify that for the normal trees in the circuit we have

∑
𝑇∈𝒯𝑛

(∏
𝐺𝑖∈𝑇

𝐺𝑖
∏
𝐶𝑖∈𝑇

𝐶𝑖

)
= 𝐺1𝐶1𝐶2 +𝐺1𝐶2𝐶3 +𝐺1𝐶1𝐶3 = 𝐺1(𝐶1𝐶2 + 𝐶2𝐶3 + 𝐶1𝐶3),

consistently with (3.68). Now, the non-vanishing of 𝐶1𝐶2+𝐶2𝐶3+𝐶1𝐶3 guarantees that

there are no degenerate capacitive blocks and the circuit is in this case index one.

The simultaneous vanishing of both inductances can be analyzed in a completely

analogous way. In this case, the sum of the conductance-capacitance products in normal

trees yields 𝐶1𝐶2 + 𝐶2𝐶3 + 𝐶1𝐶3.

Finally, the vanishing of 𝐺1 or 𝐺2 in the circuit of Figure 3.5 makes the corresponding

branch an open circuit. If for instance 𝐺1 vanishes, then its branch can be seen as a

(null) current source, which together with the 𝐿1-inductor branch (assuming that 𝐿1 ∕= 0)
defines an 𝐿-𝐼 cutset. This drives the problem to an index two setting; see [48, 139].

3.3.4 Index one for charge/flux MNA models

The charge/flux modified nodal analysis (2.120) is analyzed better in the general form

depicted in (2.121). The leading matrix 𝐴 of this model has already been presented in
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equation (2.124) while the matrix �̌� reads

�̌�(𝜑, 𝑥) =

(
0 −𝑓𝑥
−𝑔𝜑 −𝑔𝑥

)
=

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 𝐴𝑟𝐺𝐴
𝑇
𝑟 𝐴𝑙 𝐴𝑢

0 0 −𝐴𝑇𝑙 0 0

0 0 𝐴𝑇𝑢 0 0

−∂𝑔𝑐
∂𝑞

0 −∂𝑔𝑐
∂𝑣𝑐
𝐴𝑇𝑐 0 0

0 −∂𝑔𝑙
∂𝜙

0 −∂𝑔𝑙
∂𝑖𝑙

0

⎞
⎟⎟⎟⎟⎟⎟⎠ . (3.69)

Here 𝑓𝑥, 𝑔𝜑 and 𝑔𝑥 stand for the Jacobian matrices with respect to the corresponding

subscript variables 𝑥 = (𝑒, 𝑖𝑙, 𝑖𝑢) and 𝜑 = (𝑞, 𝜙).

In order to apply Lemma 1, we first characterize the spaces �̌� = ker𝐴 and 𝑆, the

latter comprising all 𝑧 such that �̌�𝑇 𝑧 ∈ im𝐴. Using equations (2.124) and (3.69), we see
that �̌� ∩ 𝑆 can be described as the set of elements (𝜑, �̌�) satisfying

𝐸𝜑 = 0 (3.70a)

𝑓𝑥�̌� ∈ im𝐸 (3.70b)

𝑔𝜑𝜑 = −𝑔𝑥�̌�. (3.70c)

In equation (3.70c), if all capacitors are voltage-controlled and all the inductors are

current-controlled, then 𝑔𝜑 is a non-singular matrix and −𝑔−1
𝜑 𝑔𝑥 reads⎛

⎝ −
(
∂𝑔𝑐
∂𝑞

)−1
∂𝑔𝑐
∂𝑣𝑐
𝐴𝑇𝑐 0 0

0 −
(
∂𝑔𝑙
∂𝜙

)−1
∂𝑔𝑙
∂𝑖𝑙

0

⎞
⎠ =

(
𝐶(𝐴𝑇𝑐 𝑒)𝐴

𝑇
𝑐 0 0

0 𝐿(𝑖𝑙) 0

)
= 𝑑𝑥, (3.71)

where 𝑑(𝑥) is the matrix in equation (2.116).

In turn, for the conventional model in (2.115), the matrix 𝐵 is defined by

𝐵(𝑥) = −𝑓𝑥 =

⎛
⎜⎝ 𝐴𝑟𝐺𝐴

𝑇
𝑟 𝐴𝑙 𝐴𝑢

−𝐴𝑇𝑙 0 0

𝐴𝑇𝑢 0 0

⎞
⎟⎠ (3.72)

while the matrix 𝐴 equals 𝐸𝑑𝑥 and can be found in (2.119). In this way, for the con-

ventional nodal analysis the space 𝑁 = ker𝐴 equals ker𝐸𝑑𝑥, while the space 𝑆 such

that 𝐵𝑇 𝑧 ∈ im𝐴 is defined by 𝑓𝑥�̌� ∈ im𝐸𝑑𝑥. The following straightforward corollary of
Proposition 1 proves useful to study im𝐸𝑑𝑥.

Corollary 2. Assume that all capacitors are uncoupled. Then im𝐸𝑑𝑥 = im𝐸 in equation

(2.116) if and only if all capacitive blocks are non-degenerate.
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Note that the identity im𝐸𝑑𝑥 = im𝐸 for the matrices in equation (2.116) amounts

to the equality of im𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 and im𝐴𝑐. Note also that another sufficient condition

to ensure that im𝐸𝑑𝑥 = im𝐸 is the positive definiteness of the incremental capacitance

matrix, as in this case rk𝐴𝑐𝐶(𝐴
𝑇
𝑐 𝑒)𝐴

𝑇
𝑐 also equals rk𝐴

𝑇
𝑐 . The following theorem extends

Theorem 7 in [139], relying on Corollary 2 to apply the results to the non-passive setting.

Theorem 10. Assume that there is no coupling among capacitors and that the circuit

does not include any degenerate capacitive block. The conventional modified nodal analysis

system (2.115) has index ≤ 1 if and only if the charge/flux modified nodal system (2.120)

has index one.

Proof. Note first that the existence of the conventional model implies the existence of

a voltage-controlled description (2.76) for capacitors and a current-controlled description

(2.86) for inductors. Note also that, because of Corollary 2, im𝐸𝑑𝑥 = im𝐸 in equation

(2.116).

Applying Lemma 1, the index ≤ 1 condition for the conventional modified nodal

analysis model (2.118) amounts to the identity 𝑁 ∩ 𝑆 = {0}, where 𝑁 = ker𝐴 and

𝑆 = {�̌� ∈ ℝ𝑛−1+𝑏𝑙+𝑏𝑢 / 𝑓𝑥�̌� ∈ im𝐴}. In turn, the index one condition for the charge/flux
modified nodal analysis model (2.120) amounts to the identity �̌� ∩ 𝑆 = {0}, where
�̌� = ker𝐴 and 𝑆 = {𝑧 ∈ ℝ

𝑏𝑐+2𝑏𝑙+𝑛−1+𝑏𝑢 / �̌�𝑧 ∈ im𝐴}, �̌� being described in equation
(3.69). Note here that the matrix 𝐴 is always singular, precluding the charge/flux modified

nodal analysis model from being index zero.

Assume now that the conventional MNA system (2.118) is index ≤ 1. Thereby, if �̌�
satisfies

𝐸𝑑𝑥�̌� = 0 (3.73a)

𝑓𝑥�̌� ∈ im𝐸𝑑𝑥, (3.73b)

then �̌� = 0. If (𝜑, �̌�) ∈ �̌� ∩ 𝑆, then the system (3.70) yields

𝐸�̌� = 0 (3.74a)

𝑓𝑥�̌� ∈ im𝐸 = im𝐸𝑑𝑥 (3.74b)

�̌� = 𝑑𝑥�̌�, (3.74c)

and therefore 𝐸𝑑𝑥𝑥 = 0. As 𝑥 satisfies (3.73), it follows that �̌� = 0 and 𝜑 = 0.

In turn, if we assume that the charge/flux MNA system (2.120) has index one, then

system (3.74) implies that �̌� = 0 and 𝜑 = 0. If �̌� ∈ 𝑁 ∩ 𝑆 then �̌� satisfies (3.73) and,
defining �̌� = 𝑑𝑥�̌�, (𝜑, �̌�) satisfies (3.74). In this way 𝑁 ∩ 𝑆 = {0}.
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□

Note finally that, as in previous sections, we may substitute in Theorem 10 the absence

of degenerate capacitive blocks for the positive definiteness of the incremental capacitance

matrix.
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Chapter 4

Augmented nodal matrices and

normal trees

In the electrical circuit literature, it is well known that the determinant of an abstract

nodal matrix can be written in terms of a sum of tree weights. This result, which can

be traced back to J. C. Maxwell (cf. [8, p. 192]), can be stated for connected, weighted

digraphs and says that the determinant of the nodal matrix 𝐴𝑊𝐴𝑇 of a connected circuit

equals the sum of weight products over the set of network trees. Here 𝐴 is a reduced

incidence matrix for the circuit, as defined in Section 2.2.2, and 𝑊 is a (diagonal) matrix

of weights, which may correspond e.g. to admittances in linear circuits in the transformed

domain or to conductances in a purely resistive circuit. As we already explored in Chapter

3 (see e.g. equation (3.9) on page 78), this is a consequence of the Cauchy-Binet formula

(2.126).

However, in many real situations, circuit models involve so-called augmented nodal

matrices of the form

𝑀 =

(
𝐴ℬ𝑊ℬ𝐴𝑇ℬ 𝐴𝒢
𝐴𝑇𝒢 0

)
, (4.1)

corresponding to a weighted digraph in which the branches are grouped in three categories,

say blue, green and red. The incidence matrix 𝐴ℬ and the weights 𝑊ℬ of blue branches

enter explicitly the augmented nodal matrix; the incidence matrix 𝐴𝒢 of green branches

also enters the matrix, in the form depicted in (4.1); finally, no information about red

branches is explicitly displayed in𝑀 even though they certainly play a role in the problem.

Augmented nodal matrices repeatedly appeared in Chapter 3, playing a key role in

the analysis of low index configurations for nodal models. Indeed, the nodal capacitance

matrix 𝐴𝑐𝐶(𝐴
𝑇
𝑐 )𝐴

𝑇
𝑐 analyzed in Sections 3.1.2 and 3.3 can be regarded as an augmented
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nodal matrix, where green branches are absent. Similarly, in Section 3.2.1, the matrix

characterizing index one configurations for augmented nodal models (matrix 𝐽 in equation

(3.11)) takes the form in (4.1), where blue branches stand for resistors and green branches

stand for capacitors and voltage sources. Furthermore, augmented nodal matrices are

also involved in other issues arising in circuit analysis, for instance in the DC-solvability

problem.

In Theorem 5, considering the specific assignment of blue and red branches in the

augmented nodal model, we already showed that the matrix 𝑀 is non-singular if 𝑊ℬ is a

positive definite (not necessarily diagonal) matrix and the digraph has neither red cutsets

nor green loops. As we pointed out in Section 2.3.2 (see page 54), the positive definiteness

property characterizes strictly passive devices in circuit theory. Moreover, always under

a definiteness assumption on 𝑊ℬ, in the presence of red cutsets and/or green loops it is

true that (cf. the proof of Theorem 3 in [124])

ker𝑀 = ker

(
𝐴𝑇ℬ
𝐴𝑇𝒢

)
× ker𝐴𝒢 (4.2)

or, equivalently,

cork𝑀 = dimker

(
𝐴𝑇ℬ
𝐴𝑇𝒢

)
+ dimker𝐴𝒢 , (4.3)

where cork𝑀 = 𝑝− rk𝑀 for a 𝑝× 𝑝 matrix.
From a circuit-theoretic standpoint, the identities displayed above can be understood

as follows: the circuit topology or, more precisely, the number of independent red cutsets

and green loops defines the maximal rank (or minimal corank) attainable by the aug-

mented nodal matrix (4.1); then a positive definiteness assumption on 𝑊ℬ guarantees

that this maximal rank is actually reached (cf. Lemma 18).

A key goal in this chapter is to assert identities (4.2) and (4.3) without positive definite-

ness assumptions, thereby driving different known properties of nodal models of passive

circuits to the non-passive setting. This extends the results in Theorem 4 and Proposition

1, allowing us to characterize the rank of non-singular augmented nodal matrices in an ab-

stract setting. From a circuit-theoretic perspective, an abstract analysis of the augmented

nodal matrix 𝑀 will allow us to tackle the DC-solvability problem in Section 4.4.1 and it

will also simplify the analysis of circuits including controlled sources and coupling effects

(see Sections 4.4.4 and 4.4.5).

The characterization of the structure of proper and normal trees, necessary for sub-

sequent studies, defines a result of independent interest. Notice that the discussion in
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Section 4.1 does not involve the weights or the branch reference directions but only the

nature of the different branches; for this reason, in the spirit of Minty, Chua and others

[32, 104, 144] we state the main results of Section 4.1 in terms of three-colour graphs. Cer-

tain two-colour variants of our results will also arise in the analysis, whereas the one-colour

version amounts to the above-mentioned Maxwell’s node-admittance property.

In Section 4.1.1 we define the notions of proper and normal trees for abstract coloured

digraphs, generalizing the framework in Chapter 3. Then, in Section 4.1.2, we characterize

normal trees in terms of simpler structures in the original subgraphs. The key results here

are Theorems 11 and 12, which are used in the proof of Theorem 14 (items 4.1 and 4.3)

in order to characterize the non-singularity of the green/blue components in the matrix

𝑀 .

In Section 4.2 we characterize the rank of the abstract augmented nodal matrix 𝑀

in equation (4.1) for problems where the matrix of blue weights 𝑊ℬ is diagonal. A basic

result here is Lemma 18, providing an upper bound on rk𝑀 in terms of the structure of

the corresponding coloured digraph. Then, in Section 4.2.1, we analyze the topologies and

weights allowing𝑀 to be a non-singular matrix. In particular, Theorem 13 articulates the

result in Theorem 4 in terms of an abstract coloured digraph. Section 4.2.2 characterizes

ker𝑀 in the presence of red cutsets or green loops, precluding the non-singularity of 𝑀 .

In this setting, Theorem 14 provides necessary and sufficient conditions for the identity

(4.2) to hold.

Section 4.3 extends the results in this chapter to problems with a non-diagonal matrix

of blue weights. The attention is focused here on two particular structures for 𝑊ℬ, de-

scribed in equations (4.21) and (4.23), making it possible to accommodate many problems

in circuit theory. Indeed, problems with controlled branches, leading to a 𝑊ℬ matrix of

the form depicted in (4.21), are addressed in Section 4.3.1. The main result in this section

is Theorem 15, being an analog of Theorem 13 for this kind of problems. To support the

statement of this theorem, in Definition 6 we introduce the novel concept of a balanced

tree. In turn, coupled problems, leading to 𝑊ℬ taking the form in (4.23), are addressed

in Section 4.3.2. In this case, Theorem 16 characterizes the non-singularity of 𝑀 , making

use of the novel notion of a regular pair of trees, to be introduced in Definition 8.

Finally, in Section 4.4, we introduce different circuit-theoretic applications of the re-

sults in previous sections, focused on the conventional MNA and ANA models. For

circuits without resistive couplings, Section 4.4.1 presents a tree-based characterization of

the DC-solvability condition for equilibrium points of well-posed circuits. In contrast with

previous results, see e.g. [130], this characterization does not rely on the definiteness of

the incremental conductance matrix, allowing us to analyze both passive and non-passive
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circuits. Also excluding certain types of couplings, Section 4.4.2 tackles again the char-

acterization of low-index configurations. In particular, Proposition 4 could be applied to

explore higher index configurations in ANA models, although this is out of the scope of

the current work. Circuits including controlled sources are examined in Section 4.4.4, fo-

cusing on the ANA variant presented in equation (4.34). In this direction, Propositions 7

and 8 apply Theorem 15 to the characterization of DC-solvability and index one nature of

the model in (4.34). For the sake of brevity, in Section 4.4.5, we only present an index one

characterization for (4.34), although the DC-solvability problem could also be addressed

along similar lines.

4.1 Normal trees of two- and three-colour graphs

The present section addresses the structure of normal trees in abstract digraphs; normal

trees were defined for electrical circuits in Chapter 3 (see page 79). The results included

here are stated in terms of three-colour graphs for simplicity in subsequent applications,

where different colour assignments to circuit devices are needed in different problems.

Many of the ideas discussed here directly stem from the original work of Bryant, focused

on the state formulation problem for linear circuits; see [22]. We refer to Section 2.2 and

references therein for basic definitions and further background on digraph theory.

4.1.1 Coloured (di)graphs. Proper and normal trees

As we discussed in Chapters 2 and 3, the topological properties of electrical circuits are

those which can be assessed just in terms of the electrical nature (resistive, capacitive, etc.)

of every branch, regardless of the specific current-voltage characteristic in that branch.

In the analysis of different topological features of circuits, it will therefore be useful to

consider digraphs in which every branch is assigned a given colour; different assignments

will be used for the analysis of different properties (cf. Section 4.4). In the sequel we will

not make specific use of the branch directions and thus the discussion in the remainder

of this section is stated for graphs, in the understanding that it applies also to digraphs

via the underlying graph (that is, the graph without reference directions).

The main role in this chapter will be played by three-colour graphs, in which branches

are painted green, blue or red. two-colour graphs (either green/blue or blue/red) will also

arise for simpler models. The nodes of a three-colour graph are assumed to be coloured as

follows: a node will be painted green if it is incident with at least one green branch, blue

if it is not incident with green branches but it is incident with at least one blue branch,
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and red if it is just incident with red branches. This applies also to two-colour graphs.

The green and green/blue subgraphs will be hence defined by the green and the green

and blue branches, respectively, together with their incident nodes.

It is possible to restate the notions of proper tree and normal tree, introduced by

Bashkow [11] and Bryant [21, 22, 23], in terms of three-colour graphs. Indeed, the following

definitions generalize Definitions 1 and 2 (see page 79) to this abstract setting.

Definition 4. In a three-colour connected graph, a tree will be called proper if it contains

all green branches and no red branches, together with (possibly) some blue branches.

The existence of a proper tree imposes that the graph has neither green loops nor red

cutsets. In their presence we will have to deal with normal trees instead.

Definition 5. In a three-colour connected graph, a tree will be called normal if it contains

the maximum possible number of green branches, the minimum possible number of red

branches, and (possibly) some blue branches.

This notion is well-defined; the number of green branches in a normal cotree can be

actually shown to be given by the number 𝑥𝑔 of independent green loops, and similarly

the number of red branches in a normal tree equals the number 𝑥𝑟 of independent red

cutsets [19, 22]. The notions of a proper and a normal forest in a non-connected coloured

graph are defined componentwise. Note that the term ‘normal tree’ is sometimes used in

another sense (specifically, to mean depth-first search trees [36]).

In two-colour graphs the notions above apply with just one requirement, being defined

by all or the maximum possible number of green branches in green/blue graphs, and

by none or the minimum possible number of red branches in blue/red graphs. Note,

incidentally, that from the point of view of proper and normal trees there is no difference

between both types of two-colour graphs; a difference will be made by the augmented nodal

matrices of both types, though. One-colour graphs can be modelled as blue graphs, and

the augmented nodal matrix would amount in this setting to the nodal matrix 𝐴ℬ𝑊ℬ𝐴𝑇ℬ .

In this one-colour context the notions of a proper and a normal tree would simply amount

to that of a tree.

We will also make use of the coloured branch theorem as stated in Lemma 17 below

[32, 144]. This is actually a corollary of a more general result proved by Minty (cf.

Theorem 3.1 in [104]).

Lemma 17 (Coloured branch Theorem). In a three-colour graph with just one blue

branch, this branch either forms a loop exclusively with green branches or a cutset ex-

clusively with red branches, but not both.
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Certainly, the loop or cutset arising in Lemma 17 needs not be unique.

Weights. As indicated before, the analysis of augmented nodal matrices performed in

Sections 4.2 and 4.3 relies on the assignment of weights to blue branches in coloured

digraphs; these real-valued parameters will define the entries in the diagonal of the weight

matrix 𝑊ℬ. Given a tree in a coloured digraph with a diagonal weight matrix 𝑊ℬ, we will

define its b-weight as the product of weights in the blue twigs; this weight would be set to

1 in the absence of blue branches in the tree. Note that in Section 4.3 we will additionally

deal with problems in which the existence of non-vanishing entries away from the diagonal

of 𝑊ℬ will generalize the notion of the b-weight of a tree.

4.1.2 The structure of normal trees

The analysis of augmented nodal matrices carried out in Section 4.2 makes fundamental

use of the characterization of the set of normal trees of two- and three-colour graphs

presented here. As indicated before, the main ideas supporting Theorems 11 and 12

below are already present in the construction of a normal tree within the seminal work

of Bryant [22, 23]. The results in the present section apply in particular to proper trees

since they are a particular case of normal trees, being displayed in graphs without green

loops and red cutsets. Other related types of trees (namely, balanced trees and regular

tree pairs) will arise in the analysis of problems with non-diagonal weight matrices 𝑊ℬ,

and are discussed in Section 4.3.

Two-colour graphs

Given a green/blue connected graph, let us construct its blue-cut minor as detailed in

the sequel. Note first that, by the coloured branch theorem, every blue branch either

defines a loop exclusively with green branches or a cutset exclusively with other blue

branches; indeed, for every single blue branch, paint the remaining blue ones in red and

apply Lemma 17. Remove every blue branch that defines a loop exclusively with green

branches, so that all the remaining blue branches define blue cutsets of the original graph;

the blue-cut minor is then obtained after contracting all green branches. By construction,

the blue-cut minor has 𝑘𝑔 + 𝑛𝑏 nodes, where 𝑘𝑔 is the number of components of the green

subgraph and 𝑛𝑏 the number of blue nodes, which in a green/blue graph are the nodes

incident with blue branches only.

Theorem 11. The normal trees of a green/blue connected graph are defined by all possible

combinations of a forest of the green subgraph and a tree of the blue-cut minor.
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Proof. Let us first show that any such combination defines a normal tree, i.e. that

it defines an acyclic, spanning subgraph with the maximum possible number of green

branches.

1. To see that such a combination must be acyclic, note that green loops are precluded

in a green forest, so that any loop should include at least one blue branch. But the

contraction of all green branches in such a loop would yield a loop in the blue-cut minor,

against the hypothesis that blue branches come from a tree of this minor.

2. Any such combination spans the whole graph; indeed, every green node (i.e. a node

incident with at least one green branch) must belong to the green forest, whereas blue

nodes (incident with blue branches only) are necessarily in the blue-cut tree.

3. Finally, to check that these combinations attain the maximum possible number of

green branches in a tree, keep in mind that a green forest has 𝑛𝑔 − 𝑘𝑔 green branches, 𝑛𝑔
and 𝑘𝑔 being the number of green nodes and connected components of the green subgraph,

respectively. A set of more than 𝑛𝑔−𝑘𝑔 green branches must include a subset of branches
coming from the same green component (say the 𝑗-th one) and exceeding the number

(𝑛𝑔)𝑗 − 1 of twigs in that component, and should therefore include a green loop.
Conversely, in order to see that every normal tree has this structure, proceed as follows.

4. As indicated above, by the coloured branch theorem every blue branch either

defines a loop with green branches only, or a blue cutset, but not both. Now, a blue

branch defining a loop with green branches cannot take part in a normal tree. Assume

it does. Then the fundamental cutset defined by the blue twig must include at least

another branch from the loop; this follows from the fact that any cutset includes an

even number of branches from any loop (see item 3.28 in [4]). This extra branch must

be green. Replacing in the tree the blue branch by this green one we get another tree

(since all branches in the cutset connect the two separated components), with more green

branches than the original one. This contradicts the hypothesis that the tree is normal.

Hence, the normal trees belong to the subgraph defined by the green branches together

with the blue branches forming blue cutsets.

5. From items 1-3 above, a normal tree has 𝑛𝑔 − 𝑘𝑔 green branches. In order to
distribute them among the components of the green subgraph without forming loops, for

𝑗 = 1 . . . 𝑘𝑔 the 𝑗-th green component must include (𝑛𝑔)𝑗 − 1 branches, which by the
absence of loops define a tree in that component.

6. Since the graph has 𝑛𝑔 + 𝑛𝑏 nodes, any tree must have 𝑛𝑔 + 𝑛𝑏 − 1 branches.
We know that in a normal one there are 𝑛𝑔 − 𝑘𝑔 green branches, so that there must be
𝑛𝑔 + 𝑛𝑏 − 1 − (𝑛𝑔 − 𝑘𝑔) = 𝑘𝑔 + 𝑛𝑏 − 1 blue branches. By item 4 they all belong to the
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blue-cut minor. Additionally, the set of blue branches in the tree must be incident with

all green trees in the forest and with the 𝑛𝑏 blue nodes. This means that the 𝑘𝑔 + 𝑛𝑏 − 1
blue branches in the normal tree span the blue-cut minor, which has 𝑘𝑔 + 𝑛𝑏 nodes;

since a spanning subgraph with 𝑛− 1 branches in a connected graph with 𝑛 nodes must
necessarily be acyclic (if it were not, remove a branch from a loop to spuriously obtain a

spanning subgraph with 𝑛− 2 branches), it follows that the blue branches in the normal
tree define a tree of the blue-cut minor, thus completing the proof.

□

Three-colour graphs

The red-cut minor of a green/blue/red connected graph is defined by the removal of all red

branches which define loops just with green and/or blue branches, and by the subsequent

contraction of green and blue branches. It has 𝑘𝑔𝑏 + 𝑛𝑟 nodes, 𝑘𝑔𝑏 being the number of

components of the green/blue subgraph and 𝑛𝑟 the number of red nodes (that is, nodes

incident with red branches only).

Theorem 12. The normal trees of a three-colour connected graph are defined by all pos-

sible combinations of a normal forest of the green/blue subgraph and a tree of the red-cut

minor.

The normal forests of the green/blue subgraph are defined by the choice of a normal

tree (as given by Theorem 11) in each component of the green/blue subgraph.

Proof. The proof of the first assertion parallelizes the one of Theorem 11 and can be

obtained in a straightforward manner by replacing “green loop” by “green/blue loop”,

“green tree” by “green/blue normal tree”, “blue-cut” by “red-cut”, etc. The only thing

needing to be proved is that such a combination has the minimum possible number of

red branches and hence defines indeed a normal tree. In this regard, note that the red

branches must connect 𝑘𝑔𝑏 green/blue components and 𝑛𝑟 red nodes, so that there must

be no less than 𝑘𝑔𝑏+𝑛𝑟− 1 red branches in the tree. Since this is the number of branches
in a tree of the red-cut contraction, then normal trees actually have 𝑘𝑔𝑏 + 𝑛𝑟 − 1 red
branches and the combinations arising in the statement of the theorem actually define

normal trees.

The second assertion in Theorem 12 is self-evident: it is included only to provide a

full account of the complete structure of the set of normal trees.

□
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4.2 The rank of augmented nodal matrices

The results of Section 4.1.2 together with the Cauchy-Binet formula (2.126), presented

in Section 2.5.1 (see page 70), make it possible to undertake the rank analysis of the

abstract augmented nodal matrix 𝑀 of a three-colour digraph. In equation (4.1), the

matrix 𝑊ℬ of weights in blue branches will be assumed to be diagonal throughout this

section. Problems with non-diagonal matrices 𝑊ℬ will be addressed in Section 4.3.

Lemma 18. In a three-colour connected digraph, the corank of 𝑀 is greater than or equal

to the number of independent red cutsets plus the number of independent green loops.

Proof. Indeed, it is straightforward to check that

𝑢 ∈ ker
(
𝐴𝑇ℬ
𝐴𝑇𝒢

)
, 𝑣 ∈ ker𝐴𝒢 ⇒

(
𝑢

𝑣

)
∈ ker

(
𝐴ℬ𝑊ℬ𝐴𝑇ℬ 𝐴𝒢
𝐴𝑇𝒢 0

)
, (4.4)

and therefore

ker

(
𝐴𝑇ℬ
𝐴𝑇𝒢

)
× ker𝐴𝒢 ⊆ ker

(
𝐴ℬ𝑊ℬ𝐴𝑇ℬ 𝐴𝒢
𝐴𝑇𝒢 0

)
= ker𝑀. (4.5)

The result is then due to the fact that the number of independent red cutsets and inde-

pendent green loops equal the dimensions of

ker

(
𝐴𝑇ℬ
𝐴𝑇𝒢

)
(4.6)

and ker𝐴𝒢 , respectively (cf. Lemmas 5 and 6 in Section 2.2.2).

□

4.2.1 Non-singular augmented nodal matrices

The main results in this section are Theorem 13 and, specially, Theorem 14. The former,

which can be considered as a particular case of the latter, is stated separately because

of its independent interest and also for the sake of clarity in the proof of Theorem 14.

Indeed, Theorem 13 extends to an abstract setting the results presented in Theorem 4,

formulating them in terms of coloured digraphs. Recall from Section 4.1.1 that the b-

weight of a tree in a digraph with a diagonal matrix 𝑊ℬ is the product of the weights of

all blue twigs.
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Theorem 13. For a connected digraph, the matrix 𝑀 in (4.1) is non-singular if and only

if the following conditions hold:

(i) there are neither red cutsets nor green loops, and

(ii) the sum of b-weights in proper trees does not vanish.

Proof. The proof is structured along the lines of that for Theorem 4, on page 80, where

inductors and independent current sources correspond to red branches, capacitors and

independent voltage sources correspond to green branches and resistors correspond to

blue branches.

Indeed, from Lemma 18 it is clear that the non-singularity of𝑀 precludes the existence

of green loops and red cutsets. We then need to show that, in the absence of these

configurations, the non-singularity of 𝑀 is equivalent to the non-vanishing of the sum of

products of the weights of blue branches in proper trees. Notice that the absence of green

loops and red cutsets leads to the existence of at least one proper tree. In order to achieve

this, we will make use of the factorization

𝑀 =

(
𝐴ℬ𝑊ℬ𝐴𝑇ℬ 𝐴𝒢
𝐴𝑇𝒢 0

)
=

(
𝐴ℬ 𝐴𝒢 0

0 0 𝐼𝒢

)

︸ ︷︷ ︸
𝐷

⎛
⎜⎝ 𝑊ℬ 0 0

0 0 𝐼𝒢
0 𝐼𝒢 0

⎞
⎟⎠

︸ ︷︷ ︸
𝐸

⎛
⎜⎝ 𝐴𝑇ℬ 0

𝐴𝑇𝒢 0

0 𝐼𝒢

⎞
⎟⎠

︸ ︷︷ ︸
𝐹

. (4.7)

The size of the matrix 𝐼𝒢 in equation (4.7) equals the number of green branches.

Applying the Cauchy-Binet formula (2.126) we can write

det𝑀 = det𝐷𝐸𝐹 =
∑
𝛼,𝛽

det𝐷𝜔,𝛼 det𝐸𝛼,𝛽 det𝐹 𝛽,𝜔, (4.8)

for certain submatrices (with the same size as 𝑀) 𝐷𝜔,𝛼, 𝐸𝛼,𝛽 and 𝐹 𝛽,𝜔 of 𝐷, 𝐸 and 𝐹 ,

respectively. As explained in Section 2.5.1, the index sets 𝛼, 𝛽, 𝜔 within the superscripts

specify the rows and columns defining the different submatrices; in particular, 𝜔 indicates

that entries from all rows of 𝐷 and all columns of 𝐹 are present in 𝐷𝜔,𝛼 and 𝐹 𝛽,𝜔,

respectively.

The structure of the matrices 𝐷, 𝐸 and 𝐹 makes it possible to restrict considerably

the set of submatrices 𝐷𝜔,𝛼, 𝐸𝛼,𝛽 and 𝐹 𝛽,𝜔 for which the corresponding determinants in

(4.8) do not vanish. Specifically, the only nonzero determinants come from submatrices
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of the form

𝐷𝜔,𝛼 =

(
𝐴ℬ̃ 𝐴𝒢 0

0 0 𝐼𝒢

)
, 𝐸𝛼,𝛽 =

⎛
⎜⎝ �̃� 0 0

0 0 𝐼𝒢
0 𝐼𝒢 0

⎞
⎟⎠ , 𝐹 𝛽,𝜔 =

⎛
⎜⎝ 𝐴𝑇ℬ̃ 0

𝐴𝑇𝒢 0

0 𝐼𝒢

⎞
⎟⎠ ,

the tilde ˜ indicating that only the entries corresponding to some blue branches must

be present in each non-vanishing factor. This structure is due to the facts explained

in the sequel. First, the full row rank and full column rank requirements in 𝐷𝜔,𝛼 and

𝐹 𝛽,𝜔, respectively, imply that the 𝐼𝒢 blocks must be fully present in these submatrices

and, subsequently, in 𝐸𝛼,𝛽. In turn, this means that the blocks 𝐴𝒢 from 𝐷 and 𝐴𝑇𝒢 from

𝐹 must be entirely present in 𝐷𝜔,𝛼 and 𝐹 𝛽,𝜔, respectively. Additionally, the diagonal

structure of the weight matrix 𝑊ℬ = diag (𝑤1, 𝑤2, . . . , 𝑤𝑚𝑏
) (where 𝑤𝑖 is the weight of the

𝑖-th blue branch and 𝑚𝑏 the number of blue branches) implies that the same set of blue

branches (denoted by ℬ̃) enters 𝐴ℬ̃ and 𝐴
𝑇
ℬ̃ within 𝐷

𝜔,𝛼 and 𝐹 𝛽,𝜔. By �̃� we denote the

(diagonal) matrix of weights of the blue branches within ℬ̃.
The block diagonal structure of �̃� yields

det𝐸𝛼,𝛽 = (−1)𝑚𝑔
∏
𝑚𝑖∈ℬ̃

𝑤𝑖, (4.9)

where 𝑚𝑔 is the number of green branches (note that 𝑚𝑔 column exchanges transforms

𝐸𝛼,𝛽 into a diagonal matrix); with the expression 𝑚𝑖 ∈ ℬ̃ we specify the branches that
belong to ℬ̃, whereas 𝑤𝑖 denotes their corresponding weights.
In turn, the set ℬ̃ must make the square matrix (𝐴ℬ̃ 𝐴𝒢) non-singular, meaning that

this set of blue branches together with all green branches (mind the full presence of 𝐴𝒢
and 𝐴𝑇𝒢 in 𝐷

𝜔,𝛼 and 𝐹 𝛽,𝜔) must define a tree. Since it includes all green branches and no

red ones, it will actually be a proper tree. We then have

det𝐷𝜔,𝛼 = det𝐹 𝛽,𝜔 = ±1. (4.10)

The expressions depicted in equations (4.9) and (4.10) transform the determinant (4.8)

into

det𝑀 = (−1)𝑚𝑔
∑
𝑇∈𝒯𝑝

∏
𝑚𝑖∈𝑇∩ℬ

𝑤𝑖, (4.11)

𝒯𝑝 being the set of proper trees. This expression completes the proof.
□

Remark that in special cases there may exist a proper green tree, that is, a tree
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comprising all green branches and no blue or red ones. In this situation 𝐴𝒢 is a square

non-singular matrix, and this makes𝑀 in (4.1) non-singular because of its block structure.

It is easy to check that in this situation there cannot exist other proper trees and, since

in a tree without blue branches the b-weight is assumed to be 1, this setting is implicitly

comprised in the statement above. It is also worth remarking that, if there are no proper

green trees, then all proper trees must have at least one blue branch.

4.2.2 The general case: characterization of ker𝑀

In the presence of red cutsets or green loops, the matrix𝑀 will be a singular one. Because

of their applications in circuit theory, it is important to characterize the situations in which

the corank of𝑀 actually equals the number 𝑥𝑟 of independent red cutsets plus the number

𝑥𝑔 of independent green loops or, equivalently, the situations in which

ker𝑀 = ker

(
𝐴𝑇ℬ
𝐴𝑇𝒢

)
× ker𝐴𝒢 , (4.12)

as done in Theorem 14 below. Note that Theorem 13 can be considered as a particular

case of Theorem 14 with 𝑥𝑟 = 𝑥𝑔 = 0, corresponding to ker𝑀 = {0}.
Theorem 14. The corank of the augmented nodal matrix 𝑀 of a three-colour connected

digraph equals the number of independent red cutsets plus the number of independent green

loops (or, equivalently, the identity (4.12) holds) if and only if the sum of b-weights in

normal trees does not vanish.

Proof. We will first perform a sequence of transformations which result in the identity

cork𝑀 = cork𝑀 ′′′ + 𝑥𝑔 + 𝑥𝑟 for a certain matrix 𝑀 ′′′. After that, we will prove that

the non-singularity of 𝑀 ′′′ (that is, the vanishing of its corank) is equivalent to the non-

vanishing of the sum of products of the weights of the blue branches in normal trees.

1. Let us first delete from the digraph a coforest of the green subgraph; this is equiv-

alent to removing 𝑥𝑔 green branches from the digraph in a way such that no green loop

remains in the resulting subgraph. Note that the deletion of these branches does not

disconnect the graph. The incidence matrix of this subgraph reads

𝑀 ′ =

(
𝐴ℬ𝑊ℬ𝐴𝑇ℬ 𝐴𝒢
𝐴𝑇𝒢 0

)
, (4.13)

where 𝐴𝒢 is the submatrix of 𝐴𝒢 corresponding to the green branches in the forest, that

is, to the green branches which were not deleted. The columns removed from 𝐴𝒢 belong
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to the subspace spanned by 𝐴𝒢 , since all the deleted branches form a loop with some of

the green branches which were not removed. This means that rk𝑀 ′ = rk𝑀 , and then

cork𝑀 = cork𝑀 ′ + 𝑥𝑔. (4.14)

2. The green/blue subgraph of the digraph defined this way has the same number

of components (𝑘𝑔𝑏) as the original one. Hence, after a reordering of columns and rows

(which does not affect the rank) in (4.13), we obtain a block-diagonal matrix of the form

𝑀 ′′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐴ℬ1𝑊ℬ1𝐴
𝑇
ℬ1

𝐴𝒢1
0 0 . . . 0 0 0

𝐴𝑇𝒢1
0 0 0 . . . 0 0 0

0 0 𝐴ℬ2𝑊ℬ2𝐴
𝑇
ℬ2

𝐴𝒢2
. . . 0 0 0

0 0 𝐴𝑇𝒢2
0 . . . 0 0 0

...
...

...
...

. . .
...

...
...

0 0 0 0 . . . 𝐴ℬ𝑘𝑔𝑏
𝑊ℬ𝑘𝑔𝑏

𝐴𝑇ℬ𝑘𝑔𝑏
𝐴𝒢𝑘𝑔𝑏

0

0 0 0 0 0 𝐴𝑇𝒢𝑘𝑔𝑏

0 0

0 0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where 𝑊ℬ𝑗
stands for the (diagonal) matrix of weights in blue branches of the 𝑗-th

green/blue component, and 𝐴ℬ𝑗
, 𝐴𝒢𝑗

are incidence submatrices of that component. The

last vanishing rows and columns correspond to red nodes, namely, nodes which are not

incident with the green/blue subgraph.

Remark that, if the 𝑗-th component does not include the circuit reference node, we

can choose a reference node in that component and therefore remove a row and the

corresponding column of the 𝑗-th block without affecting the rank. Denote by 𝐴ℬ𝑗
, 𝐴𝒢𝑗

the corresponding reduced incidence matrices; for the block including the reference node

(if it is not red) set 𝐴ℬ𝑗
= 𝐴ℬ𝑗

, 𝐴𝒢𝑗
= 𝐴𝒢𝑗

. This means that every block (except the

one including the reference node, if it is not red) contributes in one to the corank of 𝑀 ′′.

Together with the contribution to the corank coming from the last vanishing rows and

columns, and using the fact that the number of components of the green/blue subgraph

plus the number of red nodes exceeds by one the number of independent red cutsets, we
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derive the relation cork𝑀 ′′ = cork𝑀 ′′′ + 𝑥𝑟, with

𝑀 ′′′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐴ℬ1𝑊ℬ1𝐴
𝑇
ℬ1

𝐴𝒢1
0 0 . . . 0 0

𝐴𝑇𝒢1
0 0 0 . . . 0 0

0 0 𝐴ℬ2𝑊ℬ2𝐴
𝑇
ℬ2

𝐴𝒢2
. . . 0 0

0 0 𝐴𝑇𝒢2
0 . . . 0 0

...
...

...
...

. . .
...

...

0 0 0 0 . . . 𝐴ℬ𝑘𝑔𝑏
𝑊ℬ𝑘𝑔𝑏

𝐴𝑇ℬ𝑘𝑔𝑏
𝐴𝒢𝑘𝑔𝑏

0 0 0 0 0 𝐴𝑇𝒢𝑘𝑔𝑏

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Together with cork𝑀 ′′ = cork𝑀 ′ and (4.14), this yields

cork𝑀 = cork𝑀 ′′′ + 𝑥𝑔 + 𝑥𝑟. (4.15)

3. The matrix 𝑀 ′′′ is non-singular (i.e. has corank zero) if and only if the blocks(
𝐴ℬ𝑗

𝑊ℬ𝑗
𝐴𝑇ℬ𝑗

𝐴𝒢𝑗

𝐴𝑇𝒢𝑗
0

)
(4.16)

are non-singular for 𝑗 = 1, . . . , 𝑘𝑔𝑏. Note that the digraph in item 1 above has been con-

structed in a way such that each one of these blocks defines the augmented nodal matrix

of a connected component which does not include green loops or red cutsets. According

to Theorem 13, the non-singularity of each block of the form (4.16) is then equivalent to

the non-vanishing of the sum of b-weights in the proper trees of that component.

4. It then remains to show that the condition arising in item 3 is equivalent to the

non-vanishing of the sum of b-weights in the normal trees of the original digraph.

4.1 Due to the structure of normal trees presented in Theorem 12, the sum of products

of the weights of blue branches in normal trees can be written as

𝑡𝑟
∑
𝐹∈ℱ𝑔𝑏

∏
𝑚𝑖∈𝐹∩ℬ

𝑤𝑖. (4.17)

Here 𝑡𝑟 is the number of trees in the red-cut contraction (if there are no red cutsets set

𝑡𝑟 = 1, green/blue forests amounting in this case to trees), whereas ℱ𝑔𝑏 is the set of normal
forests of the green/blue subgraph, and 𝐹 ∩ℬ is the set of blue branches in the forest 𝐹 .
4.2 These normal forests are defined by all possible combinations of normal trees

coming from different components of the green/blue subgraph. This means that (4.17)
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can be recast as

𝑡𝑟
∏
𝐶𝑗∈𝒞

∑
𝑇∈𝒯𝑗

∏
𝑚𝑖∈𝑇∩ℬ

𝑤𝑖, (4.18)

𝒞 being the set of connected components of the green/blue subgraph, and 𝒯𝑗 the set of
normal trees in its 𝑗-th component.

4.3 Additionally, according to Theorem 11, the normal trees of every green/blue com-

ponent are defined by all possible combinations of a forest of the corresponding green

subgraph and a tree of the blue-cut minor coming from that component. This means that

∑
𝑇∈𝒯𝑗

∏
𝑚𝑖∈𝑇∩ℬ

𝑤𝑖 = (𝑓𝑔)𝑗
∑
𝑇∈𝒯 𝑏

𝑗

∏
𝑚𝑖∈𝑇

𝑤𝑖, (4.19)

where (𝑓𝑔)𝑗 is the number of green forests in the 𝑗-th component (if there are no green

branches in that component set (𝑓𝑔)𝑗 = 1) and 𝒯 𝑏𝑗 is the set of trees in the blue-cut minor
of the 𝑗-th component.

From equation (4.19) we can rewrite (4.18) as

𝑡𝑟
∏
𝐶𝑗∈𝒞

⎛
⎝(𝑓𝑔)𝑗 ∑

𝑇∈𝒯 𝑏
𝑗

∏
𝑚𝑖∈𝑇

𝑤𝑖

⎞
⎠ = 𝑡𝑟𝑓𝑔 ∏

𝐶𝑗∈𝒞

∑
𝑇∈𝒯 𝑏

𝑗

∏
𝑚𝑖∈𝑇

𝑤𝑖, (4.20)

𝑓𝑔 standing for the total number of forests in the green subgraph (in the absence of green

branches in the digraph set 𝑓𝑔 = 1).

4.4 Since 𝑡𝑟 and 𝑓𝑔 are positive integers, the non-vanishing of (4.20) is equivalent to the

non-vanishing of the sum of tree weights in the blue-cut minor of each component of the

green/blue subgraph. But, by construction, the trees in this blue-cut minor correspond to

the blue branches in the proper trees referred to in item 3 above. This means that, indeed,

the non-singularity of 𝑀 ′′′ is equivalent to the non-vanishing of the sum of b-weights in

normal trees. In the light of (4.15), this completes the proof.

□

4.3 Controlled branches and coupling effects

The results so far are focused on problems in which the matrix of blue weights 𝑊ℬ in

𝑀 is diagonal. However, many important applications in circuit theory lead to problems

which can be modelled by augmented nodal matrices of the form (4.1) with a non-diagonal

structure in 𝑊ℬ. This is the case in circuits including certain types of controlled sources,
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in particular those arising in most transistor models, and also in the presence of coupling

effects [5, 48, 53, 143, 136].

In this section we extend some of the previous results to digraphs with a non-diagonal

matrix 𝑊ℬ. We do not attempt to accommodate in our analysis all possible non-diagonal

structures for 𝑊ℬ; instead, the attention will be focused on certain structures which allow

for a reasonably simple rank characterization in terms of trees and, at the same time, lead

to relevant applications in circuit theory: see, in this regard, Sections 4.4.4 and 4.4.5.

4.3.1 Controlled branches

Non-diagonal matrices 𝑊ℬ often come in practice from electrical circuits including con-

trolled sources for which the controlling device is modelled by a blue branch. In di-

graph terms, we will now divide blue branches into two classes as follows. The blue

branches of Sections 4.1 and 4.2 will now be dark blue branches, having non-zero weights

𝑤𝑖𝑖 (𝑖 = 1, . . . , 𝑚𝑑). Additionally, there will be a second class of so-called light blue

branches, with 𝑤𝑖𝑖 = 0 (𝑖 = 𝑚𝑑 + 1, . . . , 𝑚𝑏), each one of which will be controlled by a

dark blue branch; this means that for every 𝑖 ∈ {𝑚𝑑 + 1, . . . , 𝑚𝑏} there exists a unique
𝑗 ∈ {1, . . . , 𝑚𝑑} such that 𝑤𝑖𝑗 ∕= 0. The parameter 𝑤𝑖𝑖 of dark blue branches will be termed
the branch weight; in turn, 𝑤𝑖𝑗 ∕= 0 is the control parameter of the 𝑖-th branch, the 𝑗-th one
being its controlling branch. This framework may model for instance electrical circuits

in which dark blue branches are resistors and light blue branches are voltage-controlled

current sources in which the controlling device is a resistor.

The setting described above confers 𝑊ℬ the structure

𝑊ℬ =

(
𝑊1 0

𝑊2 0

)
, (4.21)

where 𝑊1 ∈ ℝ𝑚𝑑×𝑚𝑑 is diagonal and 𝑊2 ∈ ℝ𝑚𝑙×𝑚𝑑 has exactly one non-vanishing entry

per row; here 𝑚𝑙 = 𝑚𝑏 −𝑚𝑑 stands for the number of light blue branches.
The results of previous sections can be extended to this context by means of the

concept of a balanced tree. In order to introduce this notion, let us classify the blue

branches into mutually-disjoint groups, each one defined by a unique dark blue branch

together with the set of light blue branches that it controls, if any; this dark blue branch

is called the representative of all the branches in its group, including itself. Let us also

recall that that a proper tree is a tree which contains all green branches, (possibly) some

blue ones –which can now be dark or light ones–, but no red branches.
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Definition 6. A balanced tree is a proper tree which satisfies the following:

(i) it contains no more than one blue twig from each one of the mutually-disjoint groups

defined by having the same representative; and

(ii) it is such that the removal of all light blue twigs and the inclusion of their represen-

tatives still result in a (proper) tree.

We will call the tree without light blue branches arising in item (2) the associated tree

of the original balanced one.

Definition 7. The b-weight of a balanced tree is defined by the product of

(a) the branch weights of the dark blue twigs;

(b) the control parameters of the light blue twigs; and

(c) the signature of the tree, defined as +1 or −1 if det𝐴𝑇1 = det𝐴𝑇2 or det𝐴𝑇1 ∕=
det𝐴𝑇2, respectively; here 𝐴𝑇1 and 𝐴𝑇2 are the incidence matrices of the balanced tree

and its associated one, and the columns in 𝐴𝑇1 are assumed to be ordered according

to the order of the representatives in 𝐴𝑇2.

By definition, any proper tree in which all blue branches are dark is balanced and

coincides with its associated tree. Furthermore, its signature is +1 and its b-weight is

simply defined by the product of its branch weights, as in Sections 4.1 and 4.2. These trees

play the role of the proper trees in previous sections, but in the rank characterization of

Theorem 15 below there is an additional contribution coming from balanced trees which

include light blue branches.

Theorem 15. For a connected digraph with controlled branches in which 𝑊ℬ has the

structure depicted in (4.21), the matrix 𝑀 in (4.1) is non-singular if and only if (i) there

are neither cutsets defined by red and/or light blue branches, nor green loops, and (ii) the

sum of b-weights in balanced trees does not vanish.

Proof. Regarding item (i), it is only worth clarifying that the presence of at least one

balanced tree precludes the existence of cutsets defined by red and/or light blue branches

(besides green loops), since the associated tree of that balanced one just includes dark

blue branches (apart from all the green ones).
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For item (ii) we proceed as in the proof of Theorem 13. The non-trivial determinants

in the Cauchy-Binet expansion come from submatrices of the form

𝐷𝜔,𝛼 =

(
𝐴ℬ̂ 𝐴𝒢 0

0 0 𝐼𝒢

)
, 𝐸𝛼,𝛽 =

⎛
⎜⎝ �̃� 0 0

0 0 𝐼𝒢
0 𝐼𝒢 0

⎞
⎟⎠ , 𝐹 𝛽,𝜔 =

⎛
⎜⎝ 𝐴𝑇ℬ̌ 0

𝐴𝑇𝒢 0

0 𝐼𝒢

⎞
⎟⎠ . (4.22)

Note that, now, the sets ℬ̂ and ℬ̌ of blue branches entering 𝐷𝜔,𝛼 and 𝐹 𝛽,𝜔 need not be
the same, and that �̃� will be non-diagonal in many cases.

For det �̃� not to vanish, it is easy to see that no more than one blue branch from

each group may enter the tree 𝑇1 defined by ℬ̂ and the green branches, and that the
corresponding representatives must enter 𝑇2 (defined by ℬ̌ and the green branches). This
means that the only tree pairs leading to non-vanishing terms in the expansion are defined

by balanced trees and their associated ones; these include, of course, the cases in which

ℬ̂ = ℬ̌, that is, the pairs of coincident trees in which all blue twigs are dark.
In cases in which 𝑇1 includes at least one light blue twig (i.e. when ℬ̂ ∕= ℬ̌), reordering

the rows in �̃� and, correspondingly, the columns in (𝐴�̂� 𝐴𝒢) we do not alter the sign of

the determinantal products; once the branches in the balanced tree are ordered according

to their representatives, �̃� gets a diagonal form and its determinant equals the product

of branch weights and control parameters. The result then follows from the fact that the

determinantal product of the incidence matrices coming from 𝐷𝜔,𝛼 and 𝐹 𝛽,𝜔 yields the

signature of the balanced tree as defined above.

□

For brevity we do not address the analogue of Theorem 14 in this setting, although the

reader can derive it without difficulty just redefining balanced trees in terms of normal

ones.

4.3.2 Coupled problems

Another family of problems with non-diagonal matrices 𝑊ℬ come from electrical circuits

displaying coupling effects among the devices modelled by blue branches, which lead to

non-trivial entries away from the main diagonal in𝑊ℬ. In digraph terms, a non-vanishing

value 𝑤𝑖𝑗 in the (𝑖, 𝑗)-th entry of 𝑊ℬ, with 𝑖 ∕= 𝑗, may be seen as a weight which describes
the influence of the 𝑗-th branch on the 𝑖-th one. It may certainly happen that also the

𝑖-th branch has a non-trivial influence on the 𝑗-th one, namely, that 𝑤𝑗𝑖 ∕= 0, possibly with
𝑤𝑖𝑗 ∕= 𝑤𝑗𝑖. In any of these situations, the 𝑖-th and 𝑗-th branches are said to be coupled;

122



𝑤𝑖𝑗 and 𝑤𝑗𝑖 are called the coupling coefficients between the 𝑖-th and the 𝑗-th branches.

This setting does not imply anything about the values of 𝑤𝑖𝑖 and 𝑤𝑗𝑗, which will still be

referred to as the branch weights and may vanish or not.

We will assume in the sequel that every blue branch is coupled to at most another

one. Without loss of generality coupled branches will be supposed to be the first 𝑐 ones

and to be numbered consecutively, so that 𝑊ℬ has the form

𝑊ℬ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑤11 𝑤12 0 0 . . . 0 0 . . . 0

𝑤21 𝑤22 0 0 . . . 0 0 . . . 0

0 0 𝑤33 𝑤34 . . . 0 0 . . . 0

0 0 𝑤43 𝑤44 . . . 0 0 . . . 0
...

...
...

...
. . .

...
...

...

0 0 0 0 . . . 𝑤𝑐+1 𝑐+1 0 . . . 0

0 0 0 0 . . . 0 𝑤𝑐+2 𝑐+2 . . . 0
...

...
...

...
...

...
. . .

...

0 0 0 0 . . . 0 0 . . . 𝑤𝑚𝑏𝑚𝑏

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (4.23)

By the weight of a pair of coupled branches (say the 𝑖-th and the (𝑖+ 1)-th ones) we will

mean the determinant 𝑤𝑖 𝑖𝑤𝑖+1 𝑖+1 − 𝑤𝑖 𝑖+1𝑤𝑖+1 𝑖.

Theorem 13 can be extended to augmented nodal matrices 𝑀 in which 𝑊ℬ has the

form depicted in (4.23), as detailed in Theorem 16 below. Now, in the sum arising in item

(ii), there is a new term involving certain (so-called regular) tree pairs which are intrinsic

to the existence of coupled branches. Note also that, in the contribution of proper trees

to that sum, the b-weight is defined as the determinant of the submatrix of 𝑊ℬ defined

by the blue twigs, and now it equals the product of the weights of pairs of coupled twigs

times the product of the branch weights of the twigs which are not coupled to other twigs

(regardless of the fact that some of them may be coupled to links).

Definition 8. A pair {𝑇1, 𝑇2} of proper trees is said to be regular if their sets of blue
twigs can be described as ℬ0 ∪ ℬ1 and ℬ0 ∪ ℬ2, respectively, and satisfy the following:

(i) ℬ1 and ℬ2 are not empty;

(ii) every branch in ℬ1 is coupled to one branch of ℬ2; and

(iii) no branch of ℬ1 (resp. ℬ2) is coupled to any other blue branch of 𝑇1 (resp. 𝑇2).

In this manner, the regular pairs {𝑇1, 𝑇2} are defined by all possible distributions of
(one or more pairs of) coupled branches between 𝑇1 and 𝑇2 in a way such that there exists
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a common set of blue branches which (together with the set of green branches) yield a

pair of proper trees.

Definition 9. The b-weight of a regular pair of trees {𝑇1, 𝑇2} is defined as the product of

(a) the weight of the coupled pairs in ℬ0;

(b) the branch weights of the twigs in ℬ0 which are not coupled to other branches in ℬ0;

(c) the coupling coefficients 𝑤𝑖𝑗 between the coupled branches from ℬ1 and ℬ2, in the

understanding that the 𝑖-th branch belongs to ℬ1 and the 𝑗-th one belongs to ℬ2; and

(d) the signature of {𝑇1, 𝑇2}, defined as +1 or −1 if det𝐴𝑇1 = det𝐴𝑇2 or det𝐴𝑇1 ∕=
det𝐴𝑇2, respectively.

For the calculation of det𝐴𝑇1 and det𝐴𝑇2 in item (d), the columns in 𝐴𝑇2∖𝐵2
are

assumed to be placed in the same order as in 𝐴𝑇1∖𝐵1 . In turn, the columns in 𝐴𝐵2 must

be placed in the same order as the corresponding coupled columns in 𝐴𝐵1 .

Theorem 16. For a connected digraph in which every blue branch is coupled to at most

another one, the matrix 𝑀 in (4.1) is non-singular if and only if

(i) there are neither red cutsets nor green loops, and

(ii) the sum of b-weights in proper trees and regular tree pairs does not vanish.

Proof. The result again relies on the Cauchy-Binet expansion (2.126), which leads to

factors of the form shown in (4.22). When ℬ̂ = ℬ̌ we are led to the proper trees arising
in item (ii), where it is worth emphasizing that now their b-weights det �̃� may include

some factors of the form 𝑤𝑖 𝑖𝑤𝑖+1 𝑖+1 − 𝑤𝑖 𝑖+1𝑤𝑖+1 𝑖 coming from pairs of coupled twigs, as

indicated above.

The cases ℬ̂ ∕= ℬ̌ lead to the contribution coming from the regular tree pairs defined
above. This is a consequence of the form of 𝑊ℬ in (4.23) and can be checked by means

of the following remarks.

First, for a given pair of coupled branches, if both of them belong to ℬ̂ then they must
also enter ℬ̌ (if none of them do, there would be two vanishing rows in �̃� , and if only of
them enters ℬ̂, �̃� would have two linearly dependent rows). These branches belong to

ℬ0 in the notion of a regular pair and their weights contribute through item (a) above.

If exactly one branch of a coupled pair belongs to ℬ̂, then it must happen that either
this branch or the other one in the pair (but not both) must belong to ℬ̌; the absence
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of both would result in a vanishing row in �̃� , whereas if both of them enter ℬ̌ then �̃�
would have two linearly dependent columns. In the first case the branch belongs to ℬ0

and contributes to the b-weight through item (b), whereas in the second one the coupled

branches enter ℬ1 and ℬ2, respectively, contributing to the b-weight through the coefficient

𝑤𝑖𝑗 in item (c). Note that at least one coupled pair must meet the second case in order to

make ℬ̂ ∕= ℬ̌; otherwise we would be led to a term in the sum coming from a proper tree.
If no branch of a given coupled pair enters ℬ̂, none of them can appear in ℬ̌ either

since they would yield vanishing columns in �̃� .

Additionally, if an uncoupled branch enters ℬ̂ then it must also belong to ℬ̌ since, oth-
erwise, �̃� would have a vanishing row. These branches also belong to ℬ0 and contribute

to the b-weight via item (b). Similarly, if an uncoupled branch does not belong to ℬ̂ then
it cannot be displayed in ℬ̌ either, in order to prevent vanishing columns.
Finally, the product det𝐷𝜔,𝛼 det𝐹 𝛽,𝜔 yields the contribution coming from the signa-

ture of the pair in item (d).

□

Again, for the sake of brevity we do not tackle the analogue of Theorem 14 in this

context, although it essentially parallelizes Theorem 16; we just need to replace proper

trees by normal ones (also in the notion of a regular tree pair) and the result follows along

the same lines.

4.4 Augmented nodal matrices and nodal models

The results presented in previous sections make it possible to characterize different ana-

lytical properties of non-passive lumped circuits. In the present section, we focus on the

conventional MNA and ANA models presented in equations (2.118) and (2.110) respec-

tively, the latter being modified in equation (4.34) to include controlled sources. Excluding

certain types of couplings, the DC-solvability problem is addressed in Section 4.4.1, while

low index configurations are examined in Section 4.4.2. Sections 4.4.4 and 4.4.5 make

use of the framework introduced in Section 4.3, extending our results to circuits with

controlled sources and coupling effects, respectively.

The fact that different applications involving electrical circuits can be discussed in

the terms of Sections 4.1, 4.2 and 4.3 relies on different assignments of green/blue/red

branches to circuit devices. Conductances and, occasionally, capacitances will define the

weights of blue branches. In uncoupled problems, the passivity conditions amounts to the

requirement that the individual conductances, inductances and capacitances are positive.
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The goal is to assess properties which are known to hold for passive problems in a more

general setting, by allowing these weights to take on negative values.

According to the discussion in Section 2.3, we will assume throughout this section that

the circuits under study are well-posed, in the sense that they do not include V-loops (i.e.

loops formed exclusively by voltage sources) or I-cutsets (cutsets defined only by current

sources). This is (generically) a necessary requirement for solutions to exist.

4.4.1 The DC-solvability problem and L-proper trees

Assume that a given circuit is driven by DC sources, namely, that the excitations in the

sources have the form 𝑖𝑠(𝑡) = 𝐼𝑠 and 𝑣𝑠(𝑡) = 𝑉𝑠 for certain constant vectors 𝐼𝑠, 𝑉𝑠. Let us

denote by 𝑓(𝑥) the map displayed in the right-hand side of the augmented nodal analysis

model (2.110), namely

𝑓(𝑥) =

⎛
⎜⎜⎜⎜⎜⎜⎝

𝑖𝑐

𝐴𝑇𝑙 𝑒

𝐴𝑟𝛾(𝐴
𝑇
𝑟 𝑒) + 𝐴𝑐𝑖𝑐 + 𝐴𝑙𝑖𝑙 + 𝐴𝑢𝑖𝑢 + 𝐴𝑗𝐼𝑠

𝐴𝑇𝑐 𝑒− 𝑣𝑐
𝐴𝑇𝑢 𝑒− 𝑉𝑠

⎞
⎟⎟⎟⎟⎟⎟⎠ . (4.24)

Note that function 𝑓(𝑥) stands for the sum of 𝑓(𝑥) and 𝑞(𝑡), as defined in equation (2.109)

(see page 64), where for later convenience we have changed the sign of the penultimate

row.

A set of values for 𝑥 = (𝑣𝑐, 𝑖𝑙, 𝑒, 𝑖𝑐, 𝑖𝑢) which annihilates 𝑓(𝑥) is then said to define

an equilibrium point of the circuit (see e.g. [54, 70]). Note that the equilibrium condition

requires 𝑖𝑐 = 0 and 𝐴
𝑇
𝑙 𝑒 = 𝑣𝑙 = 0, and therefore these conditions define a DC operating

point of the network, that is, a solution of the resistive network obtained after open-

circuiting capacitors and short-circuiting inductors. Except for the conditions 𝑖𝑐 = 0 and

𝑣𝑐 = 𝐴
𝑇
𝑐 𝑒, which involve capacitive currents and voltages (not used in the modified nodal

analysis) the same set of requirements defines an equilibrium point in the modified nodal

analysis model (2.118).

Fix in the sequel an equilibrium point 𝑥∗, that is, a point for which 𝑓(𝑥∗) = 0, and let

𝑓 ′(𝑥∗) stand for the Jacobian matrix (i.e. the matrix of partial derivatives) of 𝑓 evaluated

at 𝑥∗. The non-singularity of 𝑓 ′(𝑥∗) implies that 𝑥∗ is an isolated equilibrium point

(in linear cases, the equilibrium would actually be unique) and, from a computational

perspective, is a key requirement for its determination in nonlinear problems via Newton-

based methods; for this reason the non-singularity of 𝑓 ′(𝑥∗) (or, equivalently, that of the
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Jacobian matrix arising in other circuit models) is often referred to as the DC-solvability

condition [46]. See also [31, 54, 55, 130, 137, 138] and the bibliography therein.

It is already known that the DC-solvability requirement implies, as a necessary con-

dition, the absence of V-L loops (that is, loops defined by inductors and (maybe) voltage

sources) and I-C cutsets (cutsets formed by capacitors and (maybe) current sources). This

topological check is performed by current circuit simulators [46], the role of these configu-

rations having been already examined in [63, 64, 101]. In strictly locally passive circuits,

the absence of V-L loops and I-C cutsets is actually enough to guarantee DC-solvability

(cf. Th. 4.1 in [130]).

We are now in a position to improve on this result, extending the characterization

of DC-solvability to uncoupled, non-passive circuits. Indeed, the Jacobian matrix at an

equilibrium point 𝑥∗ = (𝑣∗𝑐 , 𝑖
∗
𝑙 , 𝑒

∗, 𝑖∗𝑐 , 𝑖
∗
𝑢) reads

𝑓 ′(𝑥∗) =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 𝐼𝑐 0

0 0 𝐴𝑇𝑙 0 0

0 𝐴𝑙 𝐴𝑟𝐺𝐴
𝑇
𝑟 𝐴𝑐 𝐴𝑢

−𝐼𝑐 0 𝐴𝑇𝑐 0 0

0 0 𝐴𝑇𝑢 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠ , (4.25)

where 𝐼𝑐 is an identity matrix whose size is given by the number of capacitors and 𝐺

stands for 𝛾′(𝐴𝑇𝑟 𝑒
∗), as defined in Section 2.3.2. The non-singularity of 𝑓 ′(𝑥∗) is easily

seen to be equivalent to that of the augmented nodal matrix⎛
⎜⎝ 𝐴𝑟𝐺𝐴

𝑇
𝑟 𝐴𝑙 𝐴𝑢

𝐴𝑇𝑙 0 0

𝐴𝑇𝑢 0 0

⎞
⎟⎠ . (4.26)

Inspired in the notion of an L-normal tree [110], let us define a tree as L-proper if it

contains all voltage sources and all inductors, possibly some resistors, but neither current

sources nor capacitors. Assign blue branches to resistors, their conductances defining

the weights of these branches, green branches to voltage sources and inductors, and red

branches to current sources and capacitors. The following result, which extends the DC-

solvability characterization to non-passive circuits without coupling among resistors, then

follows in a straightforward manner from Theorem 13.

Proposition 2. The DC-solvability condition holds at an equilibrium point of a well-

posed, connected circuit without resistive couplings if and only if

(i) the circuit has neither I-C cutsets nor V-L loops, and
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(ii) the sum of conductance products in L-proper trees does not vanish.

Note that in uncoupled, strictly locally passive circuits the incremental conductances

are positive and thus the sum of conductance products in item (ii) above is always positive.

Therefore, in the uncoupled setting the characterization of DC-solvability for passive

circuits in terms of the absence of V-L loops and I-C cutsets can be seen as a corollary

of Proposition 2 above. The advantage of the present result relies on the fact that it

accommodates, for instance, negative differential resistances (NDR’s) arising e.g. in tunnel

diodes or in Chua’s circuit family. In Proposition 7 (Section 4.4.4) we will address the

analogue of this result for problems with certain types of controlled sources which arise

in other circuit applications, involving e.g. transistor models.

4.4.2 Low-index configurations revisited

In the present section, we show how the different properties discussed in Chapter 3 can

be seen as a consequence of the general results of previous sections, in terms of coloured

graphs. We also present some new results aimed at the analysis of index-two configurations

in non-passive circuits.

ANA models and C-normal trees

Assume that in the augmented nodal analysis model (2.110) the capacitance and induc-

tance matrices 𝐶, 𝐿 are non-singular. In Chapters 2 and 3 we already showed that the

index one condition for this system amounts to the non-singularity of

𝐽1 =

⎛
⎜⎝ 𝐴𝑟𝐺𝐴

𝑇
𝑟 𝐴𝑐 𝐴𝑢

𝐴𝑇𝑐 0 0

𝐴𝑇𝑢 0 0

⎞
⎟⎠ . (4.27)

Define a tree as C-proper if it contains all voltage sources and all capacitors, possibly

some resistors, but neither current sources nor inductors. This concept corresponds to

the original use of the term ‘proper tree’ in [11]. Assigning now blue branches to resistors,

green branches to voltage sources and capacitors, and red branches to current sources and

inductors, we may consider Theorem 4 (see page 80) as a corollary of Theorem 13, which

in terms of C-proper trees results in proposition 3 below.

Proposition 3. Consider a well-posed, connected circuit with non-singular capacitance

and inductance matrices 𝐶, 𝐿, and no coupling among resistors. The ANA model (2.110)

has tractability index one if and only if
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(i) the circuit has neither L-I cutsets nor C-V loops, and

(ii) the sum of conductance products in C-proper trees does not vanish.

We remark that, as in Section 4.4.1, Proposition 3 allows one to include devices with

negative incremental resistance in the index analysis. Note also that the parallelism be-

tween Propositions 2 and 3 extends to non-passive settings the reactive duality explored

for passive circuits in [124]. Again, Proposition 8 in Section 4.4.4 extends this character-

ization to problems with controlled sources.

The existence of L-I cutsets and/or C-V loops may lead to an index two configuration

in the ANA model (2.110). Even though a complete index two characterization of ANA

models for non-passive circuits is beyond the scope of the present work, a key requirement

in this direction is that the identity

ker 𝐽1 = ker

⎛
⎜⎝ 𝐴𝑇𝑟
𝐴𝑇𝑐
𝐴𝑇𝑢

⎞
⎟⎠× ker (𝐴𝑐 𝐴𝑢) (4.28)

holds. Equivalently, the dimension of the kernel of the matrix 𝐽1 in (4.27) must not exceed

the number of independent L-I cutsets plus the number of independent C-V loops. In this

regard, the following result can be derived from Theorem 14 if we define a tree as C-normal

when it contains all voltage sources, no current source, the maximum possible number

of capacitors and the minimum possible number of inductors, together with (possibly)

some resistors. This is the type of tree used by Bryant [22, 23] and corresponds to the

common use of the term ‘normal tree’ in electrical circuit theory (cf. [77]). According to

the definition of b-weight in Section 4.1.1, in the following proposition the product of the

conductances in a C-normal tree is set to 1 if the tree does not include any conductance.

Proposition 4. Consider a well-posed, connected circuit with non-singular capacitance

and inductance matrices 𝐶, 𝐿, and no coupling among resistors. In the presence of L-I

cutsets and/or C-V loops, the corank of the matrix 𝐽1 in (4.27) equals the number of

independent L-I cutsets plus the number of independent C-V loops (or, equivalently, the

identity (4.28) holds) if and only if the sum of conductance products in C-normal trees

does not vanish.

Proof. The non-singularity of 𝐶 and 𝐿 guarantees that the corank of 𝐴1 equals that of

𝐽1. In turn, the well-posedness assumption precludes V-loops and I-cutsets in the circuit.

Let us short-circuit (contract) voltage sources and open-circuit (remove) current sources,

and then assign blue branches to resistors, green branches to capacitors, and red branches
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to inductors. It is easy to check that the C-normal trees of the original circuit correspond

to the normal trees (in the sense of Definition 5) of the modified circuit. The result then

follows in a straightforward manner from Theorem 14.

□

Two-colour problems, MNA models and capacitive-normal trees

The characterization of low index configurations in the modified nodal analysis model

(2.118) can be also addressed in the more general context of abstract augmented nodal

matrices. Here, we will make use of two-colour digraphs, where capacitors are painted

in blue and all the remaining devices are coloured in red. In this setting, Proposition 5

(which is implicit in the proof of Theorem 3) is an immediate consequence of Theorem 13.

Note that this proposition can be seen as a reformulation of Theorem 3, being included

here for the sake of clarity.

Proposition 5. Consider a well-posed, connected circuit without capacitive coupling.

Then the nodal capacitance matrix 𝐴𝑐𝐶𝐴
𝑇
𝑐 is non-singular if and only if

(i) the circuit has no V-I-L-R cutsets (i.e. there exists at least one capacitive tree), and

(ii) the sum of capacitance products in capacitive trees does not vanish.

Indeed, since capacitors correspond to blue branches and all the other devices define

red branches, item (i) is just a restatement of item (i) in Theorem 13, because of the

fact that there are no green branches; for item (ii), notice that proper trees amount in

this setting to capacitive trees. We also remark that the absence of VILR-cutsets makes

the capacitive subgraph connected, which is equivalent to the existence of at least one

capacitive tree. Proposition 9 in Section 4.4.5 extends this result to circuits with coupled

capacitors.

The presence of VILR-cutsets rules out the existence of capacitive trees and makes

𝐴𝑐𝐶𝐴
𝑇
𝑐 a singular matrix. In this context, the assessment of the identity ker𝐴𝑐𝐶𝐴

𝑇
𝑐 =

ker𝐴𝑇𝑐 can be performed in terms of Theorem 14. To achieve this, let us define a capacitive-

normal tree (not to be confused with the C-normal trees in Section 4.4.2) as a tree which

contains as many capacitors as possible.

Proposition 6. Consider a well-posed, connected circuit without capacitive coupling. In

the absence of capacitive trees, the corank of the nodal capacitance matrix 𝐴𝑐𝐶𝐴
𝑇
𝑐 equals

the number of independent VILR-cutsets (or, equivalently, the identity ker𝐴𝑐𝐶𝐴
𝑇
𝑐 =

ker𝐴𝑇𝑐 holds) if and only if the sum of capacitance products in capacitive-normal trees

does not vanish.
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Proposition 6 shows how the characterization of normal trees in Section 4.1 makes

it possible to present Proposition 1 in the streamlined terms of normal trees, therefore

omitting any reference to capacitive blocks or connected components of the capacitive

subgraph.

Proceeding as in Section 4.1, it is easy to check that capacitive-normal trees are defined

by all possible combinations of a capacitive forest coming from the capacitive subgraph

and a tree of the VILR-cut minor. Hence, the sum of capacitance products in capacitive-

normal trees can be rewritten as a product (ranging over all connected components of the

capacitive subgraph) of sums of capacitance products in capacitive components, times a

non-vanishing factor given by the number of trees in the VILR-cut minor. This proves

the equivalence of the statement in Proposition 6 with the non-degeneracy of capacitive

blocks referred to in Proposition 1, showing that the results involving nodal capacitance

matrices in Chapter 3 can be also derived as a two-colour version of the results discussed

in Sections 4.1 and 4.2 above.

4.4.3 Example 4: Reactive dual circuits

Following [124], the reactive dual circuit of the example considered in Figure 3.3 (see page

85) can be built by first substituting capacitors by inductors and vice-versa, and then

inverting the incremental capacitance and inductance matrices. In this way, assuming

that 𝐶1, 𝐿1, 𝐿2 ∕= 0, we arrive at the circuit depicted in Figure 4.1, where 𝐿𝑎 = 1/𝐶1,

𝐶𝑎 = 1/𝐿1, and 𝐶𝑏 = 1/𝐿2.

G1

e

G2

G3 2e

aL CbCa

1

Figure 4.1: Reactive dual circuit of the example in Figure 3.3.

The split incidence matrix for the circuit in Figure 4.1 reads:

𝐴 = (𝐴𝑐 𝐴𝑙 𝐴𝑟) =

(
1 0 1 1 0 1

0 1 0 0 1 −1

)
, (4.29)

while the incremental conductance matrix is 𝐺 = diag (𝐺1, 𝐺2, 𝐺3). In this way, the
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augmented nodal analysis model (2.110) for the circuit yields the system

𝐶𝑎𝑣
′
𝑐𝑎 = 𝑖𝑐𝑎 (4.30a)

𝐶𝑏𝑣
′
𝑐𝑏 = 𝑖𝑐𝑏 (4.30b)

𝐿𝑎𝑖
′
𝑙𝑎 = 𝑒1 (4.30c)

0 = 𝐺1𝑒1 + 𝑖𝐷𝐷(𝑒1 − 𝑒2) + 𝑖𝑐𝑎 + 𝑖𝑙𝑎 (4.30d)

0 = 𝐺2𝑒2 − 𝑖𝐷𝐷(𝑒1 − 𝑒2) + 𝑖𝑐𝑏 (4.30e)

0 = 𝑒1 − 𝑣𝑐𝑎 (4.30f)

0 = 𝑒2 − 𝑣𝑐𝑏, (4.30g)

whose right-hand side defines the function 𝑓(𝑥) in equation (4.24).

The DC-solvability condition for an equilibrium point in the model (4.30) amounts to

the non-singularity of the Jacobian matrix

𝐽∗ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 1 0

0 0 0 0 0 0 1

0 0 0 1 0 0 0

0 0 1 𝐺1 +𝐺3 −𝐺3 1 0

0 0 0 −𝐺3 𝐺2 +𝐺3 0 1

−1 0 0 1 0 0 0

0 −1 0 0 1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.31)

that is, to the non-vanishing of det 𝐽∗ = −𝐺2 − 𝐺3. Because of the parallelism between

Propositions 2 and 3, the index one condition for the ANA model (3.24) in Section 3.2.3

turns equivalent to the DC-solvability condition for the ANA model (4.30) of the reactive

dual circuit.

4.4.4 Controlled sources

The results discussed in previous sections can be extended to circuits including certain

types of controlled sources by means of Theorem 15 (cf. Section 4.3.1). We illustrate

this by addressing the analogues of Propositions 2 and 3 for problems with voltage-

controlled current sources (VCCS’s), which are pervasive in active circuits because of its

appearance in most transistor models (see e.g. [48, 138]). For instance, Figure 4.2 shows

the Metal-Oxide-Semiconductor (MOS) transistor used in [138], based on the well-known

model proposed by Shichman and Hodges [133]. In this figure, the currents 𝑖𝑑 and 𝑖𝑑𝑟 are
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controlled by the voltages 𝑣1, 𝑣2, and 𝑣3 as follows:

𝑖𝑑 = 𝐼(𝑒−𝑣3/𝑣𝑇 − 1) (4.32a)

𝑖𝑑𝑟 = 𝜙(−𝑣1)− 𝜙(𝑣2), (4.32b)

where

𝜙(𝑣) =

{
𝑘(𝑣 − 𝑣𝑡0)2 if 𝑣 ≥ 𝑣𝑡0
0 if 𝑣 < 𝑣𝑡0 ,

(4.33)

𝑣𝑡0 being a threshold voltage, whereas 𝑘 and 𝑣𝑇 are parameters of the transistor.
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Figure 4.2: Model for a MOS transistor.

The augmented nodal analysis model for circuits including VCCS’s can be written as

𝐶(𝑣𝑐)𝑣
′
𝑐 = 𝑖𝑐 (4.34a)

𝐿(𝑖𝑙)𝑖
′
𝑙 = 𝐴𝑇𝑙 𝑒 (4.34b)

0 = 𝐴𝑟𝛾(𝐴
𝑇
𝑟 𝑒) + 𝐴𝑐𝑖𝑐 + 𝐴𝑙𝑖𝑙 + 𝐴𝑢𝑖𝑢 + 𝐴𝑗𝑖𝑠(𝑡) + 𝐴𝑗𝑐𝛾𝑗(𝐴

𝑇
𝑟 𝑒, 𝑣𝑐, 𝑣𝑠(𝑡)) (4.34c)

0 = 𝐴𝑇𝑐 𝑒− 𝑣𝑐 (4.34d)

0 = 𝐴𝑇𝑢 𝑒− 𝑣𝑠(𝑡). (4.34e)

Notice the presence in equation (4.34c) of the new term 𝐴𝑗𝑐𝛾𝑗(𝐴
𝑇
𝑟 𝑒, 𝑣𝑐, 𝑣𝑠(𝑡)) which models

the contribution of the VCCS’s. The matrix 𝐴𝑗𝑐 describes the incidence of these devices,

whereas 𝑖𝑗𝑐 = 𝛾𝑗(𝑣𝑟, 𝑣𝑐, 𝑣𝑠(𝑡)) = 𝛾𝑗(𝐴
𝑇
𝑟 𝑒, 𝑣𝑐, 𝑣𝑠(𝑡)) stands for the controlling relation of

the sources; for later-detailed reasons, only resistors, capacitors and independent voltage
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sources will be allowed to act as controlling devices. As discussed below, this is not a too

restrictive condition regarding real applications in circuit theory.

DC-solvability

The DC-solvability condition can be now characterized for circuits with VCCS’s in which

the controlling device is a resistor using Theorem 15. Assign dark blue branches to

resistors, light blue branches to VCCS’s and, as in Section 4.4.1, green branches to voltage

sources and inductors, and red branches to current sources and capacitors. According to

Definition 6, we define an L-balanced tree as a tree which contains all voltage sources and

all inductors, neither independent current sources nor capacitors, and which satisfies the

following (controlling) requirements involving resistors and controlled sources: first, it

does not simultaneously include as twigs a resistor and any of its controlled VCCS’s, nor

two (or more) VCCS’s controlled by the same resistor; second, the removal of all VCCS’s

from the tree and the inclusion of their controlling resistors still define a tree. The b-

weight of an L-balanced tree is defined as the product of the conductances of its resistors,

the control parameters of its VCCS’s (given by the non-zero entries of 𝐾 ≡ ∂𝛾𝑗/∂𝑣𝑟), and
its signature as defined in item (c) on page 121.

Theorem 15 then yields the following DC-solvability characterization, which can be

derived in a straightforward manner once we note that the block 𝐴𝑟𝐺𝐴
𝑇
𝑟 in 𝑓

′(𝑥∗) (cf.

equation (4.25)) is now replaced by

𝐴𝑟𝐺𝐴
𝑇
𝑟 + 𝐴𝑗𝑐𝐾𝐴

𝑇
𝑗𝑐 = (𝐴𝑟 𝐴𝑗𝑐)

(
𝐺 0

𝐾 0

)(
𝐴𝑇𝑟
𝐴𝑇𝑗𝑐

)
. (4.35)

Proposition 7. Assume that a given well-posed, connected circuit without resistive cou-

pling includes VCCS’s, each one being controlled by exactly one resistor. The DC-solvability

condition then holds at an equilibrium point if and only if

(i) the circuit has neither I-J-C cutsets nor V-L loops, and

(ii) the sum of b-weights in L-balanced trees does not vanish.

Notice that the absence of cutsets defined by red and/or light blue branches precludes

the presence of all types of current sources (namely independent and controlled ones) in

the cutsets of item (i).
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Index characterization of ANA models of circuits with VCCS’s

Similarly, Theorem 15 makes it possible to include certain voltage-controlled current

sources in the index analysis of ANA models. A C-balanced tree is a tree which contains

all voltage sources and all capacitors, neither independent current sources nor inductors,

and which satisfies the requirements involving resistors and VCCS’s detailed in the defi-

nition of an L-balanced tree above in this section. The b-weight of these trees is defined

exactly as for an L-balanced tree.

Proposition 8. Assume that a well-posed, connected circuit with non-singular capacitance

and inductance matrices 𝐶, 𝐿, and no coupling among resistors, includes VCCS’s, each

one being controlled by the voltage of one resistor and/or some capacitors and/or some

voltage sources. The ANA model (4.34) of these circuits has tractability index one if and

only if

(i) the circuit has neither I-J-L cutsets nor C-V loops, and

(ii) the sum of b-weights in C-balanced trees does not vanish.

This result follows again from Theorem 15 noting that the product 𝐴𝑟𝐺𝐴
𝑇
𝑟 in 𝐽1 (cf.

(4.27)) now takes on the expression depicted in (4.35).

It is worth emphasizing that the voltages of capacitors (and also those of voltage

sources) may act as controlling variables for the sources; this is due to the fact that

the derivatives with respect to 𝑣𝑐 are not involved in the matrix 𝐴1. This is important

in applications since in many transistor models the controlling variables are capacitor

voltages (see for instance [48, 138]). Finally, remark that also the voltage of devices which

define loops with capacitors and voltage sources may act as controlling variables without

affecting the characterization above: this is due to the fact that Kirchhoff’s voltage law

allows one to write 𝛾𝑗 still in terms of 𝐴
𝑇
𝑟 𝑒, 𝑣𝑐 and 𝑣𝑠(𝑡), and shows that the requirements

on the controlling devices are not unduly restrictive (compare with Table III of [48]).

4.4.5 Coupling effects

Propositions 2 and 3 can also be extended to problems with resistive coupling along the

lines defined by Theorem 16 in Section 4.3.2. This allows one, for instance, to include

gyrators [31] in the above-discussed DC-solvability analysis and index characterization.

For the sake of brevity, however, we just illustrate the analysis of coupled problems by

means of the analogue of Proposition 5 in problems with coupled capacitors, arising often

in real applications. Assume that each capacitor may be coupled to at most another one;
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this means that the capacitance matrix has a block-diagonal structure in which the blocks

have the form (
𝐶𝑖𝑖 𝐶𝑖𝑗

𝐶𝑗𝑖 𝐶𝑗𝑗

)
.

Here 𝐶𝑖𝑖 and 𝐶𝑗𝑗 are the capacitances of the 𝑖-th and the 𝑗-th capacitors, whereas 𝐶𝑖𝑗

and 𝐶𝑗𝑖 are the coupling coefficients between both capacitors. These parameters stand

for the branch weights 𝑤𝑖𝑖, 𝑤𝑗𝑗 and the coefficients 𝑤𝑖𝑗, 𝑤𝑗𝑖 of Section 4.3.2. Recall from

4.4.2 that, in the characterization of non-singular nodal capacitance matrices 𝐴𝑐𝐶𝐴
𝑇
𝑐 ,

capacitors were painted in blue and the remaining circuit devices in red, so that proper

trees amount in this setting to capacitive trees. Define the b-weight of a capacitive tree

as the product of the determinants 𝐶𝑖𝑖𝐶𝑗𝑗 − 𝐶𝑖𝑗𝐶𝑗𝑖 of pairs of coupled capacitors in the
tree times the product of the capacitances of the twigs which are not coupled to other

twig capacitors. Additionally, let us then define a pair of capacitive trees as regular if

their twigs satisfy the requirements displayed in Definition 8; the b-weight of a regular

capacitive tree pair is then defined exactly as in Section 4.3.2. The following result then

follows from Theorem 16.

Proposition 9. Consider a well-posed, connected circuit in which every capacitor is cou-

pled to at most another one. Then the nodal capacitance matrix 𝐴𝑐𝐶𝐴
𝑇
𝑐 is non-singular

if and only if

(i) the circuit has no V-I-L-R cutsets (i.e. there exists at least one capacitive tree), and

(ii) the sum of the b-weights in capacitive trees and regular capacitive tree pairs does not

vanish.

4.4.6 Example 5: A capacitive-coupled variant of Example 1

Assume that in the circuit of Figure 1.1, the capacitors 𝐶1 and 𝐶2 are now coupled. The

resulting circuit, depicted in Figure 4.3, leads to a non-diagonal incremental capacitance

matrix of the form

𝐶 =

⎛
⎜⎝ 𝐶1 𝐶12 0

𝐶21 𝐶2 0

0 0 𝐶3

⎞
⎟⎠ , (4.36)

where we assume that 𝐶1, 𝐶2, 𝐶3, 𝐶12 and 𝐶21 are not null. In equation (4.36), 𝐶1 and

𝐶2 are capacitances while 𝐶12 and 𝐶21 are coupling coefficients, as referred to in Section

4.4.5.
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Figure 4.3: Coupled RLC shunt oscillators.

The modified nodal analysis model (2.118) for the circuit in Figure 4.3 yields the

following system:

(𝐶1 + 𝐶3)𝑒
′
1 + (𝐶12 − 𝐶3)𝑒

′
2 +𝐺1𝑒1 + 𝑖𝑙1 + 𝑖𝐷𝐷(𝑒1 − 𝑒2) = 0 (4.37a)

(𝐶21 − 𝐶3)𝑒
′
1 + (𝐶2 + 𝐶3)𝑒

′
2 +𝐺2𝑒2 + 𝑖𝑙2 − 𝑖𝐷𝐷(𝑒1 − 𝑒2) = 0 (4.37b)

𝐿1𝑖
′
𝑙1 − 𝑒1 = 0 (4.37c)

𝐿2𝑖
′
𝑙2 − 𝑒2 = 0. (4.37d)

Note that in equation (4.37), the matrix 𝐴(𝑥) multiplying 𝑥′ = (𝑒′1, 𝑒
′
2, 𝑖

′
𝑙1, 𝑖

′
𝑙2) reads

𝐴(𝑥) =

⎛
⎜⎝ 𝐴𝑐𝐶𝐴

𝑇
𝑐 0 0

0 𝐿1 0

0 0 𝐿2

⎞
⎟⎠ , (4.38)

with

𝐴𝑐𝐶𝐴
𝑇
𝑐 =

(
𝐶1 + 𝐶3 𝐶12 − 𝐶3

𝐶21 − 𝐶3 𝐶2 + 𝐶3

)
. (4.39)

As a consequence, the determinant of the nodal capacitance matrix 𝐴𝑐𝐶𝐴
𝑇
𝑐 yields now

the following capacitance products:

det𝐴𝑐𝐶𝐴
𝑇
𝑐 = 𝐶1𝐶3 + 𝐶2𝐶3 + 𝐶1𝐶2︸ ︷︷ ︸

𝑇1, 𝑇2, 𝑇3

+𝐶3𝐶12 + 𝐶3𝐶21 − 𝐶12𝐶21︸ ︷︷ ︸
{{𝑇𝑖,𝑇𝑗}}

. (4.40)

The expression above, whose vanishing characterizes the set of values making (4.37)

an index zero DAE, can be understood in the light of Proposition 9. While the first three

products are linked to the proper trees 𝑇1, 𝑇2 and 𝑇3 in Figure 3.1 (on page 76), the

137



products involving the coupling coefficients 𝐶12 or 𝐶21 are linked to the different regular

capacitive tree pairs in the circuit, depicted in Figure 4.4.

C3C3

C1 C2

T2T1

C1 C2C2C1

T3 T3

C3

C1C2

T2 T1

C3

Figure 4.4: Regular capacitive tree pairs {𝑇1, 𝑇2}, {𝑇2, 𝑇1}, {𝑇3, 𝑇3}

Both for {𝑇1, 𝑇2} and for {𝑇2, 𝑇1}, the set 𝐵0 amounts to the branch including 𝐶3,

while 𝐵0 = ∅ for {𝑇3, 𝑇3}. According to Definitions 8 and 9, the signature of {𝑇1, 𝑇2} and
{𝑇2, 𝑇1} is +1, while the signature of {𝑇3, 𝑇3} equals (det diag (1, 1))(det antidiag (1, 1)) =
−1. The corresponding b-weights are 𝐶3𝐶12, 𝐶3𝐶21, and −𝐶12𝐶21.

4.4.7 Example 6: VCCSs and balanced trees

Index one conditions for ANA

In the linear circuit depicted in Figure 4.5, 𝐶1, 𝐶2, 𝐿1 and 𝐿2 are non-vanishing reac-

tances; and the current source 𝑖(𝑣𝑔) is controlled by the voltage at conductance 𝐺3 by the

relationship

𝑖(𝑣𝑔) = 𝐺4𝑣𝑔 = 𝐺4(𝑒3 − 𝑒4), (4.41)

where 𝐺4 ∕= 0.
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The split incidence matrix for the circuit is:

𝐴 = (𝐴𝑐 𝐴𝑙 𝐴𝑟 𝐴𝑗𝑐) =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 −1 0 1 0 0 0

0 0 0 −1 0 1 0 0

1 0 1 0 0 0 1 0

0 1 0 1 0 0 −1 0

0 −1 0 0 0 −1 0 −1

⎞
⎟⎟⎟⎟⎟⎟⎠ , (4.42)

and the algebraic equations for the augmented nodal analysis model (4.34) read:

0 = 𝐺1𝑒1 − 𝑖𝑙1 (4.43a)

0 = 𝐺2(𝑒2 − 𝑒5)− 𝑖𝑙2 (4.43b)

0 = 𝑖𝑙1 + 𝑖𝑐1 +𝐺3(𝑒3 − 𝑒4) (4.43c)

0 = 𝑖𝑙2 + 𝑖𝑐2 −𝐺3(𝑒3 − 𝑒4) (4.43d)

0 = −𝐺2(𝑒2 − 𝑒5)− 𝑖𝑐2 −𝐺4(𝑒3 − 𝑒4) (4.43e)

0 = −𝑣𝑐1 + 𝑒3 (4.43f)

0 = −𝑣𝑐2 + (𝑒4 − 𝑒5). (4.43g)

C1 C2

e1 e2

L2L1

G 1
G 2

e5

e3 e4
G 3

vg

vg

i(   )

+ −

Figure 4.5: Coupled RLC series oscillators with a VCCS.

The derivative of the right-hand side of (4.43) with respect to the algebraic variables

in the ANA model (in our case, node potentials and capacitive currents) yields now the
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matrix

𝐽 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐺1 0 0 0 0 0 0

0 𝐺2 0 0 −𝐺2 0 0

0 0 𝐺3 −𝐺3 0 1 0

0 0 −𝐺3 𝐺3 0 0 1

0 −𝐺2 −𝐺4 𝐺4 𝐺2 0 −1
0 0 1 0 0 0 0

0 0 0 1 −1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.44)

whose non-singularity characterizes the index one nature of the model, as discussed in

Section 2.1.5. Simple calculations yield:

det 𝐽 = 𝐺1𝐺2𝐺3︸ ︷︷ ︸
𝑇1

+𝐺1𝐺2𝐺4︸ ︷︷ ︸
𝑇2

. (4.45)

We can explain the origin of the products in equation (4.45) in the light of Proposition

8. The circuit in Figure 4.5 includes neither I-J-L cutsets nor C-V loops, and it comprises

two C-balanced trees: 𝑇1 and 𝑇2, depicted in Figure 4.6. In terms of coloured graphs, 𝑇1

is in fact the associated tree of 𝑇2, as defined in Section 4.3.1.

C2

e1

e5

G 3

C2

e1

e5vg

C1

C1

T1

T2

e3

e3 e4

e4 e2

e2

G 2

G 2G 1

G 1

i(   )

Figure 4.6: C-balanced trees for the circuit in Figure 4.5.

While 𝑇1 is a proper tree, as defined in Chapter 3, 𝑇2 includes a voltage-controlled

current source and it can not be framed within Definition 1. The b-weight of 𝑇1 equals

the product of conductances 𝐺1, 𝐺2, and 𝐺3. In turn, the b-weight of 𝑇2 equals 𝐺1𝐺2𝐺4,
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where 𝐺4 was defined as the control parameter for the VCCS 𝑖(𝑣𝑔). Note that the signature

of 𝑇2, defining the sign of its b-weight, is given by det𝐴𝑇1 det𝐴𝑇2 = 1. Altogether, we

see that the index one condition for the ANA system (4.34) provided by Proposition 8

amounts to the non-vanishing of 𝐺1𝐺2𝐺3 + 𝐺1𝐺2𝐺4. Equation (4.45) shows that this

is enough to guarantee the non-singularity of 𝐽 , and the different products there can be

linked to the b-weights for the balanced trees 𝑇1 and 𝑇2.

DC-solvability conditions at an equilibrium point

The full ANA model (4.34) for the circuit in Figure 4.5 reads

𝐶1𝑣
′
𝐶1 = 𝑖𝐶1 (4.46a)

𝐶2𝑣
′
𝐶2 = 𝑖𝐶2 (4.46b)

𝐿1𝑖𝐿1 = 𝑒3 − 𝑒1 (4.46c)

𝐿2𝑖𝐿2 = 𝑒4 − 𝑒2 (4.46d)

0 = 𝑓(𝑥), (4.46e)

where 𝑓(𝑥) is the right-hand side of system (4.43).

If 𝑥∗ is an equilibrium point of equation (4.46), the DC-solvability condition at 𝑥∗

amounts to the non-singularity of the Jacobian matrix 𝑓 ′(𝑥∗), where 𝑓(𝑥) is the right-

hand side of (4.46). Ordering the semistate variables in the model as indicated in Section

4.4.1 (capacitor voltages, inductor currents, node potentials and capacitor currents), we

get

𝑓 ′(𝑥) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 −1 0 1 0 0 0 0

0 0 0 0 0 −1 0 1 0 0 0

0 0 −1 0 𝐺1 0 0 0 0 0 0

0 0 0 −1 0 𝐺2 0 0 −𝐺2 0 0

0 0 1 0 0 0 𝐺3 −𝐺3 0 1 0

0 0 0 1 0 0 −𝐺3 𝐺3 0 0 1

0 0 0 0 0 −𝐺2 −𝐺4 𝐺4 𝐺2 0 −1
−1 0 0 0 0 0 1 0 0 0 0

0 −1 0 0 0 0 0 1 −1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (4.47)
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and

det 𝑓 ′(𝑥) = 𝐺1𝐺2𝐺3︸ ︷︷ ︸
𝑇 ∗
1

+𝐺1𝐺2𝐺4︸ ︷︷ ︸
𝑇 ∗
2

. (4.48)

Equation (4.48) yields the same products as (4.45), which are now linked to the b-

weights of the different L-balanced trees in the circuit: 𝑇 ∗
1 and 𝑇

∗
2 , being depicted in

Figure 4.7. The calculation of these weights is analogous to the one discussed in the index

analysis of this circuit.

e1

e5vg

e2

G 2G 1

L 1 L 2e3 e4

e1

e5

G 3 e2

G 2G 1

e3 e4
L 1 L 2

T1
*

i(   )

T2
*

Figure 4.7: L-balanced trees for the circuit in Figure 4.5.

Note that, for this particular circuit, the topology of the reactive dual network matches

the original topology in Figure 4.5. This supports the fact that expressions (4.45) and

(4.48) are identical.
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Chapter 5

Concluding remarks

5.1 Summary and main results

Semistate models, based on differential-algebraic equations (DAEs), are nowadays a fun-

damental tool for the analysis and simulation of non-linear circuits, making it possible to

overcome the different shortcomings of state-space approaches. Among others, the various

models based on Node Tableau Analysis (NTA), Augmented Nodal Analysis (ANA) or

Modified Nodal Analysis (MNA) set up the circuit equations in differential-algebraic form

[48, 62, 71, 85, 86, 131].

Within the differential-algebraic framework, the index of the circuit model is a stan-

dard measure for the numerical problems faced during computer simulation. Low index

systems, having index zero or one, are particularly convenient from both an analyti-

cal and a computational perspective [16, 56, 65], having received much recent attention

[12, 68, 84, 126, 128]. The specific notion of the tractability index, grounded on the

projector-based framework developed by R. März, is particularly well suited for the anal-

ysis of the quasilinear equations arising in circuit theory [56, 57, 90, 129], and it has been

the one primarily employed in the present work.

In general terms, the index of a circuit model depends both on the specific charac-

teristics of the devices and on the topological structure of the network; the latter can

be considered as a (coloured) digraph, retaining the electrical nature of the elements in

the circuit, but not their individual properties. Different topological index character-

izations have appeared in previous works, both for the modified nodal analysis model

[48, 95, 139, 143], and for the augmented and tableau systems [86, 124, 125, 131]. A

key assumption in these works is the positive definiteness of the incremental conductance

matrix 𝐺 (and sometimes also of the incremental reactance matrices 𝐶 and 𝐿), which

143



amounts to requiring the strict passivity of the corresponding elements in the circuit.

However, as Example 1 in Section 1.3 illustrates, this assumption is far from necessary.

The results presented in this work made it possible to relax the above-mentioned

passivity assumptions to more general algebraic conditions on different trees in the circuit

digraph. Indeed, both for the modified nodal analysis formulation and for the augmented

nodal analysis formulation we have introduced tree-based low index characterizations in

circuits excluding certain types of couplings. In particular, for the MNA model (2.118),

the main results in this regard are Theorem 3, which provides necessary and sufficient

conditions characterizing index zero configurations based on capacitive trees, and Theorem

8, which characterizes index one models through conditions based on normal trees. In

turn, for the ANA system (2.110), Theorem 4 presents an index one characterization

based on proper trees. In the uncoupled setting, these results have generalized previous

low index characterizations both for MNA (see e.g. [139, 143]) and for ANA (cf. [131]).

Additionally, due to the different index equivalences compiled in Chapter 3 (see Theorems

6, 7, 10), it has been possible to extend our results to the wide range of models presented

in Table 2.1. Some illustrative examples can be found in Sections 1.3, 3.1.2, 3.2.3 and

3.3.3.

The analysis of the matrices arising in the characterization of low index configurations

for MNA and ANA has led to the notion of an abstract augmented nodal matrix𝑀 , of the

form presented in equation (4.1). This brings the study of ker𝑀 into a graph-theoretic

setting, having allowed us to explore other problems in circuit theory leading to cognate

matrices, such as the characterization of the DC-solvability condition for an equilibrium

point of a well-posed circuit [46, 54, 55, 130, 137, 138]. Again, once defined in an abstract

coloured-digraph setting (see Definitions 4 and 5 on page 109), proper and normal trees

play a fundamental role in the characterization of rk𝑀 and the related identity (4.2) for

uncoupled problems. Relating these types of trees to simpler structures in the digraph

has posed a problem of independent interest, providing a deeper understanding of the

structure of ker𝑀 .

Along the lines in the previous paragraph, Theorem 11 provides a characterization for

the normal trees of a green/blue connected digraph in terms of all possible combinations

of a forest of the green subgraph and a tree of the blue-cut minor, as defined in Section

4.1.2. Similarly, Theorem 12 applies to three-colour connected graphs, characterizing

normal trees in terms of all possible combinations of a normal forest of the green/blue

subgraph and a tree of the red-cut minor. For uncoupled problems, with a diagonal blue-

weight matrix 𝑊ℬ, the rank of𝑀 has been studied in Section 4.2. In particular, Theorem

14 presents necessary and sufficient conditions for the identity (4.2) to hold.
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Different circuit-theoretic problems lead to consider augmented nodal matrices with

a non-diagonal 𝑊ℬ. In these cases, the above-mentioned characterizations for ker𝑀 are

no longer applicable and det𝑀 may include products which are not directly related to

proper or normal trees. By means of the novel concepts of a balanced tree and a regular

tree pair (see Definitions 6 and 8), in the present work we introduce conditions that

make it possible to characterize the non-singularity of 𝑀 when 𝑊ℬ has certain specific

non-diagonal structures which are often found in practice. In particular, Theorem 15

provides necessary and sufficient conditions for the non-singularity of 𝑀 in problems

including controlled branches, where 𝑊ℬ has the form depicted in equation (4.21). In

turn, Theorem 16 characterizes the non-singularity of 𝑀 in coupled problems, where 𝑊ℬ
has the structure presented in (4.23).

Section 4.4.1 shows how Theorems 13 and 14 can be applied to the analysis of the DC-

solvability problem. In particular, for an equilibrium point of a well-posed circuit without

resistive couplings, Proposition 2 proves that the DC-solvability condition amounts to

the absence of I-C cutsets and V-L loops, together with a non-vanishing sum for the

conductance products in L-proper trees. In Section 4.4.4, this result is extended to circuits

including voltage-controlled voltage sources (VCCS). In this setting, Proposition 7 is the

analog of Proposition 2, now demanding the absence of I-J-C cutsets and a non-vanishing

sum for the b-weights in L-balanced trees. Illustrative examples can be found in Sections

4.4.3 and 4.4.7.

The characterization of low index configurations in ANA and MNA models for uncou-

pled circuits was revisited in Section 4.4.2, where Proposition 6 is a streamlined version of

Proposition 1, and Proposition 4 extends Theorem 4. Finally low index characterizations

for circuits including controlled sources or coupling effects were examined in Sections 4.4.4

and 4.4.5. Here, Proposition 8 presents an index one characterization for the ANA model

(4.34) in circuits including VCCS’s, and Proposition 9 introduces necessary and sufficient

conditions for the non-singularity of 𝐴𝑐𝐶𝐴
𝑇
𝑐 in problems with capacitive couplings. The

examples in Sections 4.4.6 and 4.4.7 shows how this results may be applied in practice.

5.2 Lines for further research

A major objective in this document has been the characterization of low index configu-

rations in various semistate models. Along similar lines, a natural extension of our work

is the characterization of higher index problems and, particularly, of index two systems

[48, 59, 60, 139].

In particular, regarding the augmented nodal analysis formulation, Proposition 4 (on
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page 129) makes it possible to extend the projector 𝑄1 in [124, p. 332] to a non-passive

setting, and it may be useful to explore index two configurations through tree-based

techniques. The analysis of index two configurations in MNA models defines a problem

of independent interest, from both a theoretical and a numerical perspective [59, 60, 139].

Another relevant line for further research is the study of the index in MNA and ANA

models for circuits including more general coupling effects than those described by the

blue-weight matrices in equations (4.21) and (4.23). This study may lead to index one

characterizations for MNA and ANA including more general controlled sources or complex

coupling effects among the different devices in the circuit.

From another perspective, the results here presented might be of interest in qualitative

analyses of electrical circuits. In particular, the stability and hyperbolicity problems

tackled in [130] might be addressed in non-passive settings along the lines developed in

this work. Also, the characterization of index one configurations is relevant in connection

to the state formulation problem (cf. [107, 119, 131]), which is in turn related to many

analytical aspects of circuit dynamics. In parametrized problems, the results in this thesis

might be useful in the analysis of bifurcation phenomena.

Finally, the framework here introduced may be helpful in the index analysis of partial

differential-algebraic equations modelling distributed systems.
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