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A b s t r a c t . Numerous authors have proposed functions to quantify the 
degree of similarity between two fuzzy numbers using various descrip
tive parameters, such as the geometric distance, the distance between 
the centers of gravity or the perimeter. However, these similarity func
tions have drawbacks for specific situations. We propose a new similarity 
measure for generalized trapezoidal fuzzy numbers aimed at overcoming 
such drawbacks. This new measure accounts for the distance between 
the centers of gravity and the geometric distance but also incorporates 
a new term based on the shared area between the fuzzy numbers. The 
proposed measure is compared against other measures in the literature. 

1 Introduction 

The theory of fuzzy sets was first introduced by Zadeh [14]. It is a multivalued 
logic developed to deal with imprecise or vague data based on degrees of truth 
rather than the usual Boolean true or false logic. It is useful for modeling concepts 
in a environment concerning inaccurate or vague measurements. 

Fuzzy logic is useful for building a linguistic terms scale that experts will use 
to measure imprecise parameters. For instance, a nine-member linguistic terms 
set is introduced in [12]. These linguistic terms are usually associated with a 
triangular or trapezoidal fuzzy number [15]. Fuzzy number arithmetic, defined 
in conformity with the model in question, is then used to make computations 
(addition, multiplication, substraction, ranking...) using the fuzzy information 
provided by experts (see, e.g. the arithmetic proposed in [13] for linguistic va
lues trapezoidal fuzzy numbers or the one in [4,6] for generalized trapezoidal 
fuzzy numbers). For advance in research in fuzzy number arithmetic and logical 
operators, see [11]. 

Partial or final results of computations with fuzzy numbers lead to new (tri
angular or trapezoidal) fuzzy numbers that often need to be expressed again by 
a linguistic term. Consequently, we have to identify the linguistic term on the 
previously defined scale whose associated fuzzy number is most similar to the 
one derived from computations. 

Different metrics can be used to establish the similarity between fuzzy num
bers, based on their distance, form or size. These parameters can be aggregated 
in mathematical expressions that define the degree of similarity between two 
fuzzy numbers. 



However, all similarity measures proposed by different authors have draw
backs, because the parameters used are not always best suited to the circum
stances of the problem and the type of fuzzy number that the model uses. In 
this paper, we propose a similarity measure for generalized trapezoidal fuzzy 
numbers with good properties that overcomes the drawbacks of other similarity 
measures proposed in the literature. 

In Section 2, we review the similarity measures proposed in the literature, 
analyzing their advantages and drawbacks. In Section 3, we propose a new sim
ilarity measure. We demonstrate that the new similarity measure has the same 
good properties as earlier measures and other additional properties that over
come their drawbacks. In Section 4, we compare the proposed measure with the 
measures outlined in this section, taking as a reference the set of 30 pairs of gen
eralized fuzzy numbers provided in [13]. Finally, some conclusions are provided 
in Section 5. 

2 Overview of Similarity Measures 

First we introduce preliminary concepts to formalize similarity measures. We 
then review the major similarity measures proposed in the literature and more 
recent measures derived from them in chronological order, identifying their most 
interesting properties, as well as their drawbacks. 

Generalized trapezoidal fuzzy numbers were first proposed by Chen [4,5]. A 
generalized trapezoidal fuzzy number with support in the interval [0,1] is a 
tuple (01,02,03,04; w^) with 0 < oi < 02 < 03 < 04 < 1, and wj G [0,1] 
together with a membership function (UT : R —) [0, WT]), 

I 0 if X < oi 

-^^ if 01 < X < 02 
0 2 - 0 1 ^ 

Uj=< WJ i f 0 2 < X < 0 3 , 

—'^ if 03 < X < 04 
0 3 - 0 4 • ^ 

I 0 if 04 < X 

indicating the degree of membership of any value x G R to the fuzzy number A. 
We denote by TF[0,1] the set of all these fuzzy numbers. 

In particular, if wr = 1, then we say that A is a normalized fuzzy number, 
and denote by TF[0,1; 1] the set of these fuzzy numbers. 

A similarity measure is a function S : TF[0,1] x TF[0,1] —) [0,1] indicating 
the degree of similarity between two fuzzy numbers. This value must match the 
intuitive perception that we have of the fuzzy numbers that we are comparing. 
The closer this value is to 1, the more similar the fuzzy numbers will be. 

The first ideas about the similarity of normalized fuzzy numbers with support 
in [0,1] stemmed, of course, from the distance notion. If we define a distance 
d(A, B) G [0,1] between fuzzy numbers A, B <E TF[0,1; 1], then generally S = 
1 — d is a similarity function. Chen [5] defined the degree of similarity between 



two normalized fuzzy numbers A = (01,02,03,04;!) and B = (61, 62, &3, ^4! 1) 
using the geometric distance as 

4 
^ I Oj — 6j I 

o(A, _Dj = i . (ij 
4 

This measure has a number of interesting properties: Property 1 {S{A, B) = 
S{B, A)), Property 2 {S{A, B) = l^A = B) and Property 3 (if 1 = ( o , o, o, o; 1), 
B = (6, 6,6, 6; 1) then S{A, B) = 1— | o — 6 |). 

Tran and Duckstein [11] defined a distance, which was computed as a weighted 
sum of distances between two intervals across all the a-cuts from 0 to 1. This 
distance was also used in [8] to measure the intensity of dominance between 
trapezoidal fuzzy weights representing the preferences of DMs within MAUT. 
However, neither Chen’s nor Tran and Duckstein’s measures can be used to 
determine the similarity between generalized fuzzy numbers. 

Chen and Chen [2] extended the similarity measure to the set TF[0,1] adding 
to Eq. (1) the distance between the centers of gravity of the compared numbers 
[1]. Thus, the similarity measure between the numbers A = (oi, 02, 03, 04; w^) 
and B = (61, 62, &3, ^4! Wĵ ) is determined by the expression 

r 4 -1 

^ I Oj — 6j I r • r\^ \^ 1 1 
blA, B)= i X i — A T — A s X ,^ " ^ , 

^ ' 4 L I A B IJ max{Yj,Yg} ' 

(2) 
where {Xj,Yj) and {Xj^,Yj^) are the centroids of A and B, respectively, i.e. 

) ^^^'''+''''>+^^J-^^'>^'''+'''\ if w^ ^ 0 j ! M | i i K l ! l ^ if 0 4 ^ 0 1 
Xj^\ ,Yr = < , 

[ "'^2''^ i f w j = 0 [ ^^ if 04 = 01 
(3) 

„ , „ „ , r i , i f S T + Sn > 0 „ r, 1 1 
_DDT, D 5 = „ ';, -? ,DT = 04 — 01 and 0 5 = 64 — 61. 

'^ -" U, otherwise ^ -" 

The factor fl— I XT — X5 \]^^^A'^B) is used to distinguish pairs of the form 
L I A i ) IJ 

A = {a,a,a,a;wj) and B = {b,b,b,b;w^) from the remaining pairs of gen
eralized fuzzy numbers. This extends the previous measures published in 1996 
to generalized fuzzy numbers, and provides a fourth property: Property 4 (if 
A = (o, o, o, o; 0), B = (o, o, o, o; 1) then S{A, B) = 0). 

Indeed, the first fuzzy number is clearly not the real number o, whereas the 
second fuzzy number clearly is the real number o. So, the similarity between 
them is evidently zero. 

However, this measure has a small drawback since it assigns a degree of simi
larity S(v4, B) = 0 to fuzzy numbers A = (o, o, o, o; 0) and B = (o, o, o, o; 10-1°"). 



Can we be sure that these numbers are completely different?, i.e. as different as 
the numbers of property 4? Obviously not. Then, we need a measure that dis
tinguishes these numbers in a fairer way. 

Wei and Chen [12] proposed a new measure using the perimeter concept of 
generalized trapezoidal fuzzy numbers: 

r 4 -1 

y^ I ttj — 6j I r r n/ T\ n/ nM r 

= 1 min\F[A)^ F[B)\-\-min\w^^ S{A, B)= 1 X — — , (4) 
4 TOax{P(v4),P(_B)} + maxjuij, Wj; 

where P{A) = (a1 — 02)2 + wj + ('*3 ~ CI4)
2 + W T̂ + {ci3 ~ (^2) + (04 — o1), 

and analogously for P{B). 
Like the measure proposed by Chen and Chen [2], this new measure also 

verifies the four properties but again has the above drawback. This was the 
ground proffered by Xu et al. [13] for proposing a new measure based, like the 
measure published by Chen and Chen [2], on the concept of center of gravity. Xu 
et al. consider two weights w, 1 — w G (0,1) to attach more or less importance 
to the concepts used: 

o-uj[A, B)= 1 — w (1 — wj-
4 A/1-25 

This action effectively mitigates the drawback of the measures by Chen and 
Chen [2] and Wei and Chen [12], since it assigns a high degree of similarity to 
fuzzy numbers of the form (a, a, a, a, 0) and (a, a, a, a, e) with e near zero, and 
also provides a new property: Property 5 {S{A, B) = 0 (and A < B) <^ A = 
(0, 0,0, 0; 0) and B = (1,1,1,1;1)). 

However, Xu et al. sacrificed properties 3 and 4 to achieve this fifth prop
erty. For example, if we consider w = 0.5, then the degree of similarity of 
(0.1,0.1,0.1,0.1; 1) and (0.1, 0.1, 0.1, 0.1; 0) is 0.7763 with respect to the fourth 
property. For (a, a, a, a; 1) and (6, 6, 6, 6; 1), we have S{A, B) = I — 0.5 | a — 6 | 
—0.5 '": ' 7̂  1— I a — 6 I, with respect to the third property. 

Another drawback of Xu et al.’s measure is as follows. If we consider the trape
zoidal fuzzy numbers shown in Fig. 1, A =(0,0.1,0.3,0.4;!), B =(0.25,0.4,0.6, 
0.75;1) and C=(0.75,0.775,0.825,0.85;!), then the degree of similarity of C and 
A with respect to B, with w = 0.5, is 0.7156 in both cases. Therefore, the num
bers C and A are just similar to the central number B. However, B should 
clearly be more similar to A than C on the basis of its shape, size, and more 
importantly, the shared area. 

Apart from Chen and Xu et al.’s measures, numerous authors have defined 
the degree of similarity between two trapezoidal fuzzy numbers, without giv
ing up any of the five described properties. Note, for example, the Sridevi and 
Nadarajan’s extension [10], a fuzzy distance that replaces the geometric distance 
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Fig. 1. A drawback of Xu et al.’s measure 

in the measure proposed by Chen and Chen[2], 

S(v4, B) = 
lj,ci(x) 

i=1 X [1 — XT — X 
L I A 

(S^ ,Sg) min{Y^,Y^} 
max{YT,Yg} 

with μd(x) = 1 if 0 < X < d , d € (0,1], X =1 ttj — 6j I and (Xj,Yj) and 
0, otherwise 

(Xj^jYg) the centroids of the compared fuzzy numbers. Parameter d represents 
the level of precision required to measure the similarity between the two fuzzy 
numbers. The measure by Sridevi and Nadarajan sacrifices the third and the 
fifth property. 

More recently, Gomathi and Sivaraman [7] proposed a new measure. This 
measure sacrifices only the fifth property but again has the same the drawback 
as the measures by Chen and Wei and Chen. It modifies the measure proposed 
by Wei and Chen by using the geometric instead of the arithmetic mean of the 
difference of the vertices of the fuzzy numbers under comparison. Moreover, it 
considers a straightforward function including the vertices and heights of the 
fuzzy numbers rather than their perimeters in order to reduce computational 
time with respect to the measure by Wei and Chen but achieve similar results: 

S(A, B) = ( 1 — I a j — 6 j I) 
i=1 

min{Q(A),Q(B)} + min{wj, ^ i j } 
max{Q(A),Q(B)} + max{wj, ^ i j } 

where Q(A) = (02 — a1)2 + (03 — 02)2 + (04 — 03)2 + 
(5) 

3 A New Similarity Function 

The most common parameters in the similarity measures are the geometric dis
tance, the distance between the centers of gravity and the perimeter. In the 
measure that we propose, we incorporate the shared area between the general
ized fuzzy numbers with respect to the total area of these fuzzy numbers. The 
closer this value is to 1, the more similar are the compared fuzzy numbers. 

We also directly use the difference between the height of the generalized 
fuzzy numbers, since although the distance between the centroids to some extent 

4 

4 

4 
4 



already considers this parameter, failures have been observed when measuring 
the similarity between some pairs of fuzzy numbers whose height is close to zero, 
as discussed in Section 2. 

We define the degree of similarity of the generalized trapezoidal fuzzy numbers 
A = (ai, 02, 03, 04; wj) and B = (61, 62, &3, b^, w^) as follows: 

- if max{(a4 — ai), (64 — 61)} 7̂  0, then 

/ / f i / \ 1 \ 
/ I \ Li ~ ~{CC]UJCC \ 

S{A,B) = (1— I wj—w^\)x 1 — (1 — a — /3) X 1—'̂ —^̂ ^ 
r\ r^ A\ \ 

4 M 

otherwise, 

S{A,B)= ( 1 - I WT-wgljx 1 - \-a X ̂ ^-^— 
2 4 

1 — a — (3 ^\ d[{X^,Y^), {X^,Y^)]\ 
-+/3 X 

2 M 

where a+/3 < 1, Uy is the membership function of x, M = max {d(x, y), (x', y'))}, 
[0 , l ]x [0 , i ] 

(Xj^, Yg) are computed as in Eqs. (3), and d is a distance in R^. 

Prom now on, we analyze the properties of the proposed similarity measure 

Proposition 1. S{A,B) G [0,1]. 

Proof. Since the weights sum 1, it suffices to see that (1— I wj — w^ \) < 1, 
j^—-^nfi < 1 '""l—^ < 1, ——•^' ^!'—^' ^ < 1, which is trivial. D 

Proposi t ion 2. S{A, B) = S{B, A). 

Proof. Trivial. D 

Proposi t ion 3. S{A, B) = I <^ A = B. 

Proof. The reverse implication is obvious. Consider the direct implication. If 
max{{a4 — ai), (64 — 61)} 7̂  0, then S{A,B)= 1, and, since both factors of S{A,B) 
are less than or equal to 1, theoretically 

/ Jr, iJ,T^{x)dx\ y^ I flj — 6j I d[{X-r,Y^),{X^,Y^)] 
1 —(1—a—p) 1 ^ —a p ——^i——-—-— = 1 

JO f^AUB^^) 
M 

IJ,^^{x)dx \ X̂  I flj — 6j I d[{X^, y^) , {X^,Yg)] 
^ (1 —a—p) 1 ^ + a \-p 

Jo l-''A\JB^^)'^^ M 

a 



and, as the three summands are positive or zero, necessarily: "ji—'^^^ 

1, I—— = 0 and ——•^' ^!'}—^' ^ = 0. Thus, A = B. 

If max{{a4 — ai), (64 — 6i)} = 0, then we have analogously tha t I—— = 

0 and ——•^' ^!'}—^' ^ = 0. Thus, A = B. O 

P r o p o s i t i o n 4 . If M = I and A = (a, a, a, a;l) and B = (6, 6,6, 6; 1), then 

S{A, B) = 1— I a — 6 |. 

Proof. Trivial. D 

We will see afterwards tha t the use of distances with M=l has additional 
advantages. 

P r o p o s i t i o n 5. IfA= (a, a, a, a; 0) and B = (a, a, a, a; I), then S{A, B) = 0 . 

Proof. Trivial. D 

P r o p o s i t i o n 6. If S(A,B) = 0 and A < B, then I W T — w^ 1= 1 or A = 

(0, 0, 0, 0; w^) and B = (1 , 1 ,1 , 1; Wj^), with wj, Wj^ G [0, 1]. 

Proof. Let us assume tha t I wj — w^ M 1, then if max\(aA — ai), (64 — 61 ) l 7̂  0 

S{A,B)= 0 ^ ( 1 — a — / 3 ) ( l — Yi—'^^^ 1J + a ( I—— — 1) + 
o M A U B ' ^ ) " ^ 

+B I ——•^' ^1'—^' ^ — 1 ) = 0 
' M 

and, since they are summands of [0,1], they must each be zero, i.e. 

o f^AUB^^) 

r. ij,j p{x)dx J2\^i-bi\ d[{Xj,Yj),{XpYp)] 
—i = 0, = 1 and — = 1 . 

It follows from the second expression tha t | Oj — 6j |= 1 Vi, and, as A < B, we 
have hi = ai -\-1 Vi, and, since Oj, 6j G [0,1], necessarily Oj = 0, 6j = 1 Vi. 

If max{(a4 - ai), (64 - 61)} = 0, then: 

1 — a — j3 \ ^ \ o-i ~ ^i \ 1 — a — j3 d\{X^,^A)^ ( " ^ B ' ^ B ) ] 
1 — ( h a) ( h p) — = 0 

2 4 2 M 
and an analogous analysis would be applied. D 

Other noteworthy observations about the proposed measure are: 

1. For a -\- (3 = 1, and d the Euclidean distance on R^, we have Xu et al.’s 
measure for trapezoidal fuzzy numbers such tha t I wj — w^ 1=0. 

\ A B ' 

2. The measure penalizes the fact tha t two sets are disjoint using a weight 
(1 — a — /3). 



3. As demonstrated in propositions 2-5, the proposed measure verifies the 
first four properties if we use a distance d with M = max {d((x,y), 

[0,1] x [0 , 

(x ' , y ' ) ) } = 1 , like, for example, the distance /oo((a^i, yi), (3^2,2/2)) = rnax 
{| xi — X2 I, I yi — 2/2 |}. The fifth property holds only partially, since there 
are other pairs of fuzzy numbers whose similarity is zero in addition to the 
numbers A = (0 ,0 , 0 ,0; 0) and B = (1 ,1 ,1 ,1;1) 

4. T he proposal has the following property: ba,a,a,a; 0) ( a , a , a , a ; e ) ) = 
e —̂  0 (( ' 

li'm „ , , 
1 a n d b\\a,a,a,a;0) (a ,a ,a ,a ;e ) ) = 0, which overcomes that draw-

e —̂  1 
back of the measures proposed by Chen and Chen[2] and Wei and Chen [12], 
outlined in Section 2. 

For example, the similarity between A = (a, a, a, a; 0) and B = (a, a, a, a; 

10-^° ) is S(A, B) « 1, which appears to be more reasonable than the null 
value assigned by the measures proposed by Chen and Chen[2] and Wei and 
Chen [12]. 

5. The set TF[0,1; 1] = {(a, 6, c, d; 1) G TF[0,1]} is a subset of TF[0,1], espe
cially interesting in many domains of decision theory, since experts will often 
identify a linguistic term scale represented by numbers in TF[0,1; 1]. How
ever, certain considerations are required regarding the distance d used in the 
similarity measure. For convenience’s sake we write (a, 6, c, d) = (a, 6, c, d; 1) 
to denote the elements in TF[0,1; 1]. Suppose tha t the spheres identified by 
the distance d are not rectangular^. If we restrict to TF[0,1; 1], a good mea
sure of similarity should identify (0,0,0,0) and (1,1,1,1) as the most different 
elements. However, there exists A G TF[0,1; 1] such tha t <S'((0,0, 0 ,0) , A) < 
S((0,0, 0 ,0) , (1 ,1 ,1 ,1)) . For example, if we take Xu et al.’s measure (2010), 
Syj, with w = 0.5, So.5((0, 0 ,0 , 0) , (1 ,1 ,1 ,1)) = 0.052. 

As the spheres in the Euclidean distance in R^ are circles, if we represent 
the circle centered at the centroid of (0,0,0,0), i.e. at (0,0.5), whose radius 
is the distance to the centroid of (1,1,1,1), i.e. at (1,0.5), we obtain a re
gion beyond this circumference containing the centroid of another number 
in TF[0,1; 1]. This number will be farther from (0,0,0,0) than (1,1,1,1) itself. 

More specifically, we know tha t the centroid of any number in TF[0,1; 1] is 
located in the band [0,1] x [1 /3 ,1 /2], [4]. The circle intersects the line y = ^ 

at X = A/^g. Then, any number (a, 1,1,1) with a > A/jg is less similar to 
(0,0,0,0) than (1,1,1,1) itself. For instance, So.5((0.99,1,1,1), (0 ,0 , 0 ,0)) = 
0.049 < 0.52 = So.5((0, 0 ,0 , 0) , (1 ,1 ,1 ,1) ) . However, this is not a problem 
if the spheres defined by a distance are rectangular. For example, with the 
distance /QO, whose spheres are square, we can ensure tha t the elements tha t 
differ most from TF[0,1; 1] are (0,0,0,0) and (1,1,1,1). 

Another appropriate pseudo-distance is d((xi,yi), (x2 ,y2)) = | â i — â 2 |, 
whose spheres are vertical bands. We denote this distance by /*. As the 

The sphere with center a and radius r with distance d is A[a, r) = {x E R" : 
d{x,a) = r}. 



centroids are located in the band [0,1] x [1/3,1/2] [1], the range of variation 
on the abscissa is much greater than the ordinate. These distances mostly 
attach more importance to the position on the horizontal axis of the trape
zoidal fuzzy numbers, which is, together with the shared area, one of the 
main parameters to be taken into account when identifying a linguistic term 
from the given fuzzy scale. 

4 Comparative Analysis 

We have compared the proposed measure using the distance /QO and the pseudo-
distance /*, with a = l3 = g, with the measures by Chen and Chen [2], Wei and 
Chen [12], Xu et al. [13] and Gomathi and Sivaraman [7], outlined in Section 
1. We have applied the measures to compute the similarity of 30 pairs of fuzzy 
numbers previously proposed by Xu et al. in [13], see Fig. 2. The results are 
shown in Table 1. 

Fig. 2. Sets of fuzzy pairs for comparison 

First, there are not great differences in the proposed measure when using /* 
and /oo, see Table 1, since 

loo ((XA, YA), (XS, ys)) =^* ((XA, YA), (XS, ys)) "^ IYA — ^6 > \XA — Xs\ • 
'-^ V B' B) "^ \ B' B) I B\ I B\ 

However, XY-T — Y^\ < TT — o = «, and therefore Xr — Xg > •̂ , is a sufficient 
\ A B\ 1 i D \ A B\ D 

condition for both measures to coincide [1]. Also, whenever X^ — X|j < g, 
both measures will be very similar but not necessarily equal. 



We also realize that there are missing values in Table 1. The similarity of the 
fuzzy numbers involved in cases 24, 25, 26 and 28 cannot be computed using 
the measure proposed by Chen and Chen [2] since the height of both fuzzy 
numbers is 0. Then, the term max{Y^,Yg} would be 0, leading to a division 
by 0, see Eq. (2). On the other hand, cases 26 and 28 cannot be addressed by 
the measures proposed by Wei and Chen [12] and Gomathi and Sivaraman [7], 
since the perimeter of both fuzzy numbers is also 0 and, again, we would have 
division by 0, see Eqs. (4) and (5), respectively. 

In Fig. 5 we graphically compare the similarity measures. The proposed mea
sures (with /* and /oo, respectively) are always located at the ordinate axe, while 
the compared measure is located at the abscissa. Each point represent the de
gree of similarity output by the two compared measures for one out of the 30 
pairs of fuzzy numbers. The farther the points are from the bisector of the first 
quadrant, the greater the difference between the measures compared. 

Fig. 3. Charts comparing measures 

Most of points in the graphs are located between the lines y = x and y = x-3. 
It can be easily explained since the proposed measures penalize with weight 
1 - a - /5 = 3 the similarity of pairs of disjoint fuzzy numbers, as pointed out 
in the observations about the proposed method in Section 3. 

We see that the biggest controversy is output when comparing the proposed 
measure with the measure proposed by Xu et al. [13], in which a large number of 
points considerably away from the bisector of the first quadrant. This matches 
up with the data in Table 1, in which values in the column corresponding to 
this measure are quite higher than the corresponding to the other. The higher 
differences appear when the two fuzzy numbers considered have very different 
heights, like cases 14, 19 and 24, where the values output by all measures are 
quite similar but for the measure by Xu et al. 



Ta b l e 1 . Comparison with other similarity measures 

Set 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

[2] [12] [13] [7] It loo 

0.84 0.95 0.96 0.97 0.91 0.89 
0.31 0.58 0.62 0.60 0.40 0.40 
0.55 0.78 0.81 0.80 0.54 0.54 
0.17 0.31 0.84 0.24 0.14 0.12 

0 0.16 0.77 0.09 0 0 
0 0 0.67 0 0 0 
1 1 1 1 1 1 

0.36 0.6 0.62 0.6 0.40 0.40 
0.64 0.8 0.81 0.8 0.55 0.55 
0.8 0.82 0.96 0.80 0.75 0.72 
0 0.16 0.77 0.08 0 0 

0.44 0.32 0.86 0.36 0.25 0.23 
0.40 0.52 0.89 0.46 0.56 0.56 

0 0.19 0.80 0.10 0.12 0.11 
0 0.98 1 0.94 0.66 0.66 

Set 

16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

[2] [12] [13] [7] It loo 

1 1 1 1 1 1 
0.75 0.78 0.97 0.76 0.73 0.72 
0.48 0.63 0.81 0.61 0.56 0.55 

0 0.17 0.75 0.10 0.10 0.10 
0 0.79 1 0.95 0.66 0.66 

0.76 0.59 0.92 0.66 0.49 0.49 
0 0 0.83 0 0.12 0.11 
0 0.19 0.82 0.12 0.12 0.18 
* 0.9 0.90 0.73 0.60 0.5998 
* 0 0.93 0 0.61 0.62 
* * 0.81 * 0.53 0.53 

0.45 0.45 0.89 0.45 0.48 0.48 

* * 1 * 1 1 
0 0 1 0 1 0.99 
0 0 0 0 0 0 

We also note the large discrepancy with the measure by Chen and Chen [2] in 
cases 15, 20 and 29. This discrepancy is due to the drawback associated to this 
measure, outlined in Section 2, is overcome in the proposed one (Section 3), i.e., 
a high degree of similarity should be output to the fuzzy numbers of the form 
(a, a, a, a, 0) and (a, a, a, a, e) with e near zero. 

Finally, the measure by Gomathi and Sivaraman [7] significantly differs from 
the proposed in the sets 25 and 29. This measure also differs with the measures 
by Chen (even more than with the proposed) in sets 20 and 15. 

5 Conclusions 

Quantifying the degree of similarity between two fuzzy numbers is necessary in 
a great variety of applications of fuzzy logic, specially when a linguistic terms 
scale has been defined and a fuzzy number resulting from different computations 
has to be compared with the fuzzy numbers associated to the linguistic terms 
to identify the most similar one. 

We have proposed a new similarity measure for generalized trapezoidal fuzzy 
numbers based on the difference of heights and the shared area between the num
bers involved in relation to the total area of both, in addition to the distance 
between the centers of gravity and the geometric distance, which have already 
been considered by other authors. The result is a measure of similarity with 
many good properties, which outperforms the other measures in the sense that 
it can properly compare pairs of fuzzy numbers that the other methods can not 
address or do not fit well. Specifically, the proposed measure outperforms the 
measure by Chen since fuzzy numbers with null height can now be compared. 
It also outperforms measures by Wei and Chen and by Gomathi and Sivaraman 



since it can compare fuzzy numbers with null perimeter. Moreover, the proposed 
measure keeps good properties of the other measures and establishes a more 
realistic similarity when comparing fuzzy numbers of the form (a, a, a, a, 0) and 
(a, a, a, a, e), with e near zero. Regarding the measure by Xu et al., it is outper
formed by the proposed measure since properties 3 and 4 are accomplished and 
the additional drawback of this method illustrated in Section 2 is overcome. 

However, the proposed measure does not necessarily identify the fuzzy num
bers A = (0, 0 ,0 , 0 ,0) and B = (1 ,1 ,1 ,1 ,1) as the most different, i.e., there are 
other numbers in TF[0,1] whose similarity is zero as well, i.e. property 5 is only 
satisfied in one direction. In any case, both the number and quality of the prop
erties we won and the difficulties tha t the proposed measure exceeds represent 
benefits greater than the losses from the partially satisfaction of property 5. 
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