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An Eulerian multifluid model is used to describe the evolution of an electrospray 
plume and the flow induced in the surrounding gas by the drag of the electrically 
charged spray droplets in the space between an injection electrode containing the 
electrospray source and a collector electrode. The spray is driven by the voltage 
applied between the two electrodes. Numerical computations and order-of-magnitude 
estimates for a quiescent gas show that the droplets begin to fly back toward the 
injection electrode at a certain critical value of the flux of droplets in the spray, which 
depends very much on the electrical conditions at the injection electrode. As the flux 
is increased toward its critical value, the electric field induced by the charge of the 
droplets partially balances the field due to the applied voltage in the vicinity of the 
injection electrode, leading to a spray that rapidly broadens at a distance from its 
origin of the order of the stopping distance at which the droplets lose their initial 
momentum and the effect of their inertia becomes negligible. The axial component 
of the electric field first changes sign in this region, causing the fly back. The flow 
induced in the gas significantly changes this picture in the conditions of typical 
experiments. A gas plume is induced by the drag of the droplets whose entrainment 
makes the radius of the spray away from the injection electrode smaller than in a 
quiescent gas, and convects the droplets across the region of negative axial electric 
field that appears around the origin of the spray when the flux of droplets is increased. 
This suppresses fly back and allows much higher fluxes to be reached than are possible 
in a quiescent gas. The limit of large droplet-to-gas mass ratio is discussed. Migration 
of satellite droplets to the shroud of the spray is reproduced by the Eulerian model, 
but this process is also affected by the motion of the gas. The gas flow preferentially 
pushes satellite droplets from the shroud to the core of the spray when the effect of 
the inertia of the droplets becomes negligible, and thus opposes the well-established 
electrostatic/inertial mechanism of segregation and may end up concentrating satellite 
droplets in an intermediate radial region of the spray. 
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1. Introduction 
The cone-jet mode of electrostatic atomization allows nearly monodisperse sprays of 

electrically charged micrometric or nanometric droplets to be generated; see Cloupeau 
& Prunet-Foch (1989) and Fernandez de la Mora (2007). These sprays are of interest 
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in the pharmaceutical and food industries (Barrero & Loscertales 2007), and for 
material processing (Lee et al. 2001), space thrusters (Gamero-Castano 2008) and 
mass spectrometry (Fenn et al. 1989). The electric charge of the droplets provides 
the spray with specific properties. It leads to Coulomb repulsion forces that prevent 
agglomeration and tend to disperse the spray, and may induce an electric field on 
the spray source that affects its operation. The electric charge of the droplets also 
allows the spray to be controlled and guided by means of a suitable electric field. The 
dynamics of sprays of charged droplets has been studied both in vacuum and in a host 
medium that opposes a resistance to the motion of the droplets, and it is the subject of 
this paper. 

Fernandez de la Mora (1992) showed that a monodisperse spray of very small 
droplets, with negligible inertia, issuing from the tip of a conical equipotential 
meniscus into a gas at rest takes a conical self-similar form, and computed the angular 
distributions of spray density and electric current, as well as the angle of the conical 
meniscus in the presence of the spray. The idealizations used in this analysis are 
appropriate for an electrospray of a liquid of very high electrical conductivity working 
at a flow rate near the minimum of the cone-jet mode, for which the droplets are very 
small and monodisperse. 

Ganan-Calvo et al. (1994) carried out the first Lagrangian simulations of a spray of 
charged droplets moving in quiescent air with important inertial effects. The equations 
of motion of individual droplets were solved numerically accounting for the effects 
of the electric field due to the voltage applied between the capillary through which 
the liquid is injected and a plate collector electrode perpendicular to the capillary, the 
electrostatic interaction of all of the spray droplets and their images in the collector 
electrode, and the air drag force. The numerical results were compared with phase 
Doppler anemometry (PDA) size and velocity measurements for two electrosprays of 
heptane doped with an antistatic additive. The results showed the size segregation 
effect first noted by Zeleny (1917), whereby large droplets carrying most of the mass 
and charge occupy a core region while small droplets shift to the shroud of the spray. 
Ganan-Calvo et al. (1994) also showed that the average droplet size of polydisperse 
sprays first decreases and then increases with distance to the needle due to differential 
accumulation of small and large droplets caused by their different mobilities. 

Tang & Gomez (1994) extensively investigated the structure of a heptane-doped 
electrospray using PDA to measure droplet sizes, velocities and concentrations, 
together with flash shadowgraphy to visualize the initial breakup of the liquid ligament 
into primary and satellite droplets. These authors proposed an electrostatic/inertial 
explanation of size segregation according to which Coulombic repulsion causes small 
satellite droplets to rapidly migrate away of the spray axis following any initial 
perturbation, due to the small mass of these droplets compared with the mass of the 
primary droplets. Then small droplets are kept at the shroud of the spray when inertial 
effects become negligible because they follow the radial electric field in this region, 
which is larger than in the spray core. Tang & Gomez determined the electric field 
from the measured droplet size, velocity and concentration, using a momentum balance 
for the spray. They find that the radial field induced by the charge of the droplets is 
responsible for the lateral spreading of the spray, while the axial field is due mainly 
to the voltage applied between the electrodes in the conditions of their experiments. 
They also measured the gas velocity induced by the entrainment of the spray, which is 
about one third of the droplet velocity in the droplet generation region and decreases 
streamwise as the spray broadens. They conclude that the motion of the gas has an 
important effect on the evolution of the droplets. 



Experimental and numerical techniques similar to those of Tang & Gomez (1994) 
and Gafian-Calvo et al. (1994) were used by Hartman et al. (1999) for electrosprays 
of ethylene glycol. In addition to confirming many of the results commented above, 
these authors estimated the velocity induced in the gas from the differences between 
measured droplet velocities and droplet velocities computed with the assumption of 
a quiescent gas, and found that the effect of the motion of the gas is important in 
the core of the spray. Hartman et al. also found that the agreement between their 
numerical and experimental results is best when the electric charge of the droplets is 
taken to vary as the power 1.5 of their diameter, which coincides with the results of 
Tang & Gomez (1994), and that the droplet seeding conditions have an effect on the 
computed evolution of the spray. 

Additional Lagrangian simulations of sprays of charged droplets have been carried 
out by Wilhelm, Madler & Pratsinis (2003), who included the effect of the evaporation 
of the droplets in the surrounding gas; Oh, Kim & Kim (2008), who simulated the 
interaction of the sprays that issue from two sources in tandem; and Deng & Gomez 
(2007), who investigated the sprays beyond the extractor electrode of a multiplexed 
source and the conditions leading to path reversal and fly back of the satellite 
droplets toward the extractor. These authors also proposed simplified models of the 
space charge induced field, while Yang et al. (2012) carried out massively parallel 
computations of multiplexed electrosprays. Grifoll & Rosell-Llompart (2012) achieved 
significant reductions of the computer time required by large Lagrangian simulations, 
without degrading the accuracy of the results, by mean of numerical techniques based 
on lumping space charge to evaluate Coulombic interactions between distant droplets 
and using different time steps in regions of different droplet densities. 

Eulerian formulations aim at describing the spray as a continuous medium, in terms 
of macroscopic fields of droplet size, number density and velocity, which are moments 
of a distribution function. When the inertia of the droplets plays a role, Eulerian 
formulations require closure models for the macroscopic momentum transfer due to 
the fluctuations of the droplet velocities about their macroscopic velocity, and also for 
the momentum exchange with the gas phase, when the motion of the gas is to be taken 
into account (Landau & Lifshitz 1981, chapters 3 and 4; Jackson 2000). When they 
are applicable, Eulerian models give results at a fraction of the cost of Lagrangian 
simulations. An Eulerian simulation of a monodisperse electrospray was presented by 
Grace & Dunn (1996) based on the formulation of Filippov (1991, 1992) for the 
related problem of the electrostatic deposition of inertial charged particles. Higuera 
(2012) used an Eulerian model to describe the bidisperse spray beyond the extractor of 
an electrospray source. This model is extended here to take into account the motion 
induced in the gas by the drag of the droplets, and it is applied to describe the plume 
of an electrospray in the common needle-plate electrode configuration. 

The paper is organized as follows. An Eulerian model is formulated in §2 of a 
bidisperse electrospray made of primary and satellite, electrically charged droplets 
moving in a gas that is set in motion by the drag of the droplets. The fairly standard 
numerical method used to solve the gas and droplet equations is briefly described, and 
a reference case is defined based on the experiments of Gafian-Calvo et al. (1994). 
The case of a monodisperse spray in a quiescent gas is discussed in § 3. Numerical 
results for very small fluxes of droplets agree with the view put forward by Tang 
& Gomez (1994) of a radial electric field dominated by the charge of the spray and 
an axial electric field dominated by the voltage applied between the electrodes. The 
axial field induced by the charged droplets increases with the flux of droplets and 
overcomes the applied field for a certain critical value of the flux, above which some 



droplets fly back toward the injection electrode and the Eulerian model ceases to 
be applicable. The value of the critical flux is very much decreased by the image 
charge of the droplets in the injection electrode, which has not been taken into account 
in many previous simulations. The results of the Eulerian model are compared with 
Lagrangian simulations carried out with a standard particle method. The flow of the 
gas induced by the drag of the droplets is discussed in §4. It is shown that a gas 
plume develops at some distance from the injection electrode, whose entrainment 
causes a flow that suppresses fly back in the conditions of the experiments reviewed 
above by carrying the droplets across the region of negative axial electric field that 
appears near the electrode when the flux of droplets is increased. The limit of large 
droplet-to-gas mass ratio is discussed. Numerical computations of sprays with satellite 
droplets are presented in § 5. The Eulerian model reproduces the size segregation 
found in experiments and Lagrangian simulations. It shows that the flow of the gas 
may have an important effect on size segregation, as it is more effective at carrying 
satellite droplets than primary droplets towards the axis of the spray, and thus may 
partially offset the electrostatic/inertial mechanism of Tang & Gomez (1994) when the 
inertia of both droplet populations becomes negligible. 

2. Formulation 

Consider a spray of electrically charged, non-evaporating droplets generated by an 
electrospray working in the cone-jet mode. The liquid to be atomized issues from a 
metallic capillary tube of inner radius a at a distance H from a collector electrode. 
Under the action of an electric field due to a voltage V applied between the tube and 
the collector, the meniscus at the end of the tube takes a conical shape (Taylor 1964) 
with a thin jet emerging from its tip, as sketched by the contours in the shaded region 
of figure 1. The jet breaks into electrically charged droplets at some distance from 
the meniscus, and the spray of droplets is pushed toward the collector by the electric 
field; see Fernandez de la Mora (2007) for a detailed description. The electrospray is 
assumed to generate <pp primary droplets of mass mp, charge qp and diameter dp per 
unit time, and <ps satellite droplets of mass ms, charge qs and diameter ds per unit 
time. The space between the tube and the collector is filled with a gas of density 
pg, viscosity fig and permittivity e0 which opposes a resistance to the motion of the 
droplets and is set in motion by their drag. 

The electrohydrodynamic processes responsible for the formation of the cone-jet 
and the breakup of the jet are complex and not fully understood, and they have 
characteristic scales very different from the scales of the spray. No attempt is made 
here to simulate these processes together with the spray. Instead, as in previous works, 
simplified representations of the electrical conditions around the meniscus and of the 
droplet generation process, based on known properties of the cone-jet, are used to 
simulate the spray. The elements of these simplified representations are as follows. 

(i) Around its tip, the meniscus is known to approach a Taylor cone, which is an 
exact hydrostatic solution with an equipotential surface. The electric potential induced 
by a Taylor cone, <pT say, whose expression is given after (2.10) below, is imposed as 
a boundary condition at the fictitious surface of a paraboloid of curvature A/a at its tip 
which surrounds the meniscus (dashed contour bounding the shaded region in figure 1, 
which is thereby excluded from further consideration). For convenience, the outer 
surface of the metallic capillary tube, which is at the same potential as the meniscus 
attached to its end, is assumed to be a prolongation of this paraboloid, and the 
collector electrode is a confocal paraboloid. The needle-plate electrode configuration 
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FIGURE 1. Definition sketch. 

is thus replaced by a couple of paraboloids, but this is not expected to significantly 
affect the evolution of the spray when / / » a. Numerical tests show that the solution 
is also little affected when <pT is changed to the constant potential of the capillary. The 
collector electrode captures the droplets that reach it. This electrode is permeable to 
the gas except in a central area of radius R; see (2.12) below. In what follows, axial 
distances are measured from the focus of the paraboloids. 

(ii) The jet that emerges from the vertex of the meniscus is modelled as a line of 
charge of strength (charge per unit length) (qp<pp + qs<ps)/vi projecting from the tip 
of the paraboloid that encloses the meniscus; see (2.3) below. Here u7 is the initial 
velocity of the spray droplets generated by the breakup of the jet. In the continuous 
model of the spray discussed below, the generation of these droplets is modelled by 
means of source terms in the mass and momentum conservation equations (2.1) below, 
which are arbitrarily assumed to have Gaussian distributions with standard deviation of 
the order of the diameter of the primary droplets, dp, centred at the end of the line of 
charge modelling the jet (at x = x7). 

A simple Eulerian multifluid model (Jackson 2000) is used to describe the dynamics 
of the spray and the gas. The treatment of the spray as a continuous dilute phase 
relies on the conditions that the mean distance between droplets is small compared 
with any characteristic macroscopic length, and large compared with the diameter of 
the droplets. The first condition allows to define macroscopic number densities and 
velocities for the primary and satellite droplets, (np, vp) and (ns, vs), respectively, 
which are continuous, non-fluctuating magnitudes to be computed together with 
the gas velocity and pressure, vg and pg. The second condition allows to neglect 
mechanical contacts between charged droplets, which interact only through the electric 
and flow fields they induce. 



Droplet velocity fluctuations about the macroscopic velocities vt, with i = p, s for 
primary and satellite droplets, lead to stress tensors whose divergences should be 
included in the macroscopic momentum equations for the disperse (droplet) phases 
(Jackson 2000). As in previous works (Filippov 1991, 1992; Tang & Gomez 1994; 
Grace & Dunn 1996), these stresses will be left out for the following reasons. 
Injection and hydrodynamic interactions are not expected to generate large velocity 
fluctuations, even though the inertia of the droplets matters in an initial stage of their 
evolution (the Stokes numbers m;U7/d;C/;, where cfi are the friction coefficients of the 
droplets, are fairly large), because all of the droplets are taken to start with the same 
velocity u7, pointing along the symmetry axis, and the motion of the gas is due only to 
the drag of the droplets. Electric forces lead to large velocity fluctuations in conditions 
when the electric field induced by the charged droplets causes a fraction of these 
droplets to fly back toward the spray source. While the simple Eulerian model of this 
section is not applicable in such conditions, previous results (Higuera 2012) show that 
the electric-field-induced velocity fluctuations are not important in the absence of fly 
back, and the Eulerian model can even predict the onset of fly back. 

The gas is treated as incompressible. Since the droplet-to-gas volume ratio is 
very small, the droplets affect the gas only through the drag force due to their 
relative motion. Assuming, in addition, that the Reynolds number of this relative 
motion and the gas-to-liquid density ratio are small, the stationary mass and 
momentum conservation equations for the particle populations and the gas are 
(Jackson 1997, 2000; Zhang & Prospered 1997) 

V • (rivd = Si, m,-V • («;i>;i>;) = riiQiE - niCfi(Vi - vg) + m;S;i>7, (2.1) 

V • vg = 0, PgVg • VVg = -Vpg + HgV2vg + npcfp (vp - vg) + nscfs (vs - vg), (2.2) 

where cfi = 3JT/X^J, for Stokes drag (corrections for non-small Reynolds numbers of 
the droplet-to-gas flow are available; see Clift, Grace & Weber (1978)), and 5,- are 
the source terms mentioned above. The macroscopic electric field that appears in the 
momentum equations for the droplets is E = — W(p with 

2 Qptip + qsns qjet V cp = , (2.3) 

where qjet = 28(r2)(qP4>p + qs<fis)/nvi is the charge distribution mimicking the jet on a 
segment of the symmetry axis, with <5 the Dirac delta function. 

Dimensionless variables can be introduced by scaling distances with the inner radius 
of the capillary tube, a, the electric potential with the voltage V applied between 
capillary and collector, velocities with v0 = (qpV/mp)

1/2, pressure variations with pgvl, 
and number densities with ra0 = £oV/qpa

2, which is the number density for which the 
space-charge-induced field would be of the order of the field due to the applied voltage 
in a region of characteristic size a around the end of the capillary tube. Denoting 
dimensionless variables with the same symbols used before for their dimensional 
counterparts, the governing equations take the form 

V • (npvp) = ASP, vp.Vvp = E-n(vp-vg) + ASp
V^^, (2.4) 

np 

V • (nsvs) = <prASp, vs • Wvs = ^-E- —11 (vs - vg) + <f>rASp
 V'~Vs, (2.5) 

mr mr ns 

1 9 
V-Vg = 0, Vg -Vvg = -Vpg + —V Vg + Fn{np(vp-Vg) + crns(vs-Vg)}, (2.6) 

Ke 



E = -V(p, V2(p = -np - qrns - qjet, (2.7) 

where the momentum equations in (2.4) and (2.5) are non-conservative forms of those 
in (2.1). The source term Sp is taken to be 

1 
5p = Z^TT e x P 

(x — x7) r 2 J2 

(2.8) 

which satisfies the normalization condition J Sp2nrdxdx = 1, Ss = <prSp and qja = 
2<5(r2)(l + qr<fir)A/nvi. Hereafter x and r are cylindrical coordinates along and normal 
to the symmetry axis. The 13 dimensionless parameters that appear in these equations 
and the boundary conditions below are 
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Here yl is the flux of primary droplets (4>p) scaled with n0v0a
2, 77 is the friction 

coefficient of the primary droplets scaled with qpV/av0, Re = pgv0a/i-ig is a Reynolds 
number based on v0 and a, and F = mpno/pg is a measure of the droplets-to-gas mass 
ratio. Parameter u7 is the initial velocity of the droplets scaled with v0, and x7, H, a, R 
are the dimensionless counterparts of parameters introduced before, all of them scaled 
with a. Finally mr, qr, cr and <pr are satellite-to-primary ratios of droplet mass, electric 
charge, friction coefficient and flux. 

Equations (2.4)-(2.7) are to be solved with the boundary conditions 

0, <p = { / " ; at x = \ - r2, (2.10) 

where x = 1 /4 — r2 is the paraboloidal surface of the tube and its fictitious extension, 
with x = —3/4 at the end of the tube and x = 1/4 at the tip of the paraboloid, and 

<pT = b[(x - xv)
2 + r2]1/27V{(x - x„)/[(x - x„)2 + r2]V2}, (2.11) 

with xv = 0.1104..., b a constant and 7J
1/2(-) a Legendre function of degree 1/2, is the 

potential outside a Taylor cone with apex at xv (Taylor 1964); 

vg = 0, <p = -\ atx = !;2/4-r2/i;2,r<R, (2.12a) 

vgxnc = 0, nc-Vcog = 0, <p = - 1 at x = §0
2/4 - r2 /§2 , r > R, (2.12£) 

where x = §0
2/4 — r2/§0

2, with §0
2 = AH — 3, is the surface of the collector electrode, 

which is impermeable to the gas in the central part (r < R), nc is a vector normal 
to the collector, cog = V x vg is the vorticity of the gas and the first two conditions 
(2.12fe) are intended to approximately mimic a grid permeable to the gas for r > R; 
and 

wgXB, = wg = 0, R/-V<p = 0 at x = r2/rjl - rjl/4, (2.13) 

where x = r2/rjl — rjl/4, with rj0 » 1 constant, is a far fictitious surface bounding 
laterally the computational domain, and tii is a vector normal to this surface. The 
value rj0 = ^0 — \ is used in the numerical computations. Numerical tests show that the 
precise form of the boundary conditions (2.13) has no important effect on the solution. 



A n Re F v, x, H 

G-C 0.0819 1.3804 3.971 5.583 0.634 0.870 60 
T-G 0.1082 0.8104 1.884 22.937 0.958 9.428 133.3 

TABLE 1. Dimensionless parameters for the experiments of Gafian-Calvo et al. (1994) 
(G-C), which are taken as reference values in this paper, and Tang & Gomez (1994) (T-G). 

For the numerical treatment, the non-stationary forms of the conservation equations 
are marched in time until the solution converges to a stationary state. The non-
stationary forms are obtained adding the terms dnp/dt and dvp/dt to the left-hand 
sides of (2.4), dnjdt and dvjdt to the left-hand sides of (2.5), and dvg/dt to the 
left-hand side of the momentum equation in (2.6). Axisymmetric solutions are sought, 
for which the stream function-vorticity formulation for the gas equivalent to (2.6) is 
used. The equations are written in paraboloidal coordinates (f, rj), withx = (§2 — rj2)/A, 
r = i-rj/2, so that the surfaces of the tube and the collector electrode become § = 1 
and § = f0> respectively; they are discretized using second-order finite differences, 
upwind for the convection terms and centred for all other terms; and are integrated in 
time with a fourth-order Runge-Kutta method. 

No attempt is made to explore the 13-dimensional parameter space of the system. 
Instead, a reference case is defined on the basis of the experiments of Gafian-Calvo 
et al. (1994) and Tang & Gomez (1994), and a limited exploration is made changing 
some parameters from their reference values, one at a time. The values of the first 
seven parameters (2.9) are given in table 1 for the two experiments cited. As can 
be seen, these parameters are not very different in the two experiments. The main 
difference is in x7, the distance from the origin to the average position of the 
jet breakup scaled with the inner radius of the tube, which is very large in the 
experiment of Tang & Gomez, reflecting a long jet. The value of F is also larger 
in this experiment than in the experiment of Gafian-Calvo et al, due mainly to the 
smaller radius of the tube (0.225 mm versus 0.5 mm). In what follows, the values of 
the parameters in the experiment of Gafian-Calvo et al. (1994) are used to define the 
reference case. The standard deviation a in the source term (2.8) is taken equal to 
the diameter of the droplets reported for this experiment, which gives a = 0.076 and 
/C = 15. 

The last four parameters in (2.9) are satellite-to-primary droplet property ratios. On 
the basis of the results of Tang & Gomez (1994), the ratio of droplet diameters is 
taken to be 1/3, and the ratio of electric charges is taken to scale with the power 
3/2 of the diameter ratio. This gives mr = (1/3)3, qr = ( l /3) 3 / 2 and cr = 1/3. Finally, 
4>r = 1 when satellite droplets are present. 

The Eulerian model of this section can be extended in principle to deal with other 
problems, including multiplexed electrospray sources. Simulation of the interaction 
of the sprays behind the extractor of a multiplexed source may require additional 
pressure forces in the momentum equations for the droplets, and will lead to a 
three-dimensional numerical problem that is considerably more complex than the 
axisymmetric configurations discussed in the remainder of this paper, although the 
important issue of droplet fly back could perhaps be decided by a local analysis of the 
vicinity of the extractor orifices. 



3. Monodisperse spray in a gas at rest 
This and the following sections deal with monodisperse sprays, without satellite 

droplets. These correspond to setting <pr = 0, which leads to ns = 0, so that (2.5) drops 
out of the problem and the solution depends only on the first nine parameters in (2.9). 
In this section we consider the much studied case of a spray in a gas at rest. The 
velocity of the gas induced by the spray is expected to be small compared with the 
velocity of the droplets when F is small (or when AF is small in cases with very 
small droplet fluxes, for which the right-hand side of the Poisson equation in (2.7) 
can be neglected everywhere in the interelectrode space). The problem reduces then to 
(2.4) and (2.7), with vg = 0, plus the relevant boundary conditions (2.10)-(2.13). The 
solution depends only on the six dimensionless parameters A, TJ, u7, xIt H and a. 
Even though this problem is simpler than the general problem of the previous section, 
and solutions can be compared with the results of Lagrangian simulations in the 
literature, the relatively large value of F in the reference case suggests that the motion 
of the gas plays an important role in the evolution of the spray in the experiments of 
Gafian-Calvo et al. (1994) and Tang & Gomez (1994), and in many others. Analysis of 
the motion of the gas is postponed to the following section. 

Figure 2 shows some contours of constant droplet density (solid) and streamlines 
of the flow of droplets (dashed) for various values of A with other parameters set to 
their reference values in the first row of table 1. The value of vPx — EX/TJ is above 
20% of its maximum in the hatched region, which is taken to be the region where 
the effect of the inertia of the droplets (left-hand side of the momentum equation in 
(2.4)) is important. The electric field induced by the charged droplets is everywhere 
small compared with the electric field due to the applied voltage for the smallest value 
of A for which results are displayed; A = 0.001 in figure 2(a). Then the droplets 
follow the applied field when their inertia ceases to matter. However, since i>7 = 0(1) 
and the velocity E/TJ induced by the applied field is also of order unity around the 
injection electrode, no abrupt transition occurs when the inertia of the droplets ceases 
to matter. Far from the injection electrode, the electric field is that of a paraboloidal 
needle, which gives Ex = l/(xln§0

2) around the symmetry axis (see, e.g., Landau & 
Lifshitz 1993, chapters 1 and 2), and the droplets are confined within a streak whose 
characteristic thickness, Sp, can be estimated as follows. Mass conservation requires 
npvpx&p ~ ^i in the streak, where vPx = EX/TJ. The electric charge per unit length of 
the streak is raF<52 ~ A/vPx, which induces a dimensionless radial field of order np8p 

and a radial velocity vPr ~ np8p/TJ ~ A/(EX8P) at the streak. Finally, the kinematic 

condition Sp/vPr ~ x/vPx gives Sp ~ (AIlx3) , where the logarithmic factor ln§0
2 has 

been omitted. The 3/2 power law for the radius of the streak is approximately realized 
in part of the interelectrode space in figure 2(a), although the field of the image charge 
in the collector checks the growth of the streak when this electrode is approached; see 
the inset of this figure. A spray spreading under the action of the radial field induced 
by its own charge in an axial field dominated by the applied voltage agrees with the 
results of Tang & Gomez (1994) and others. 

The axial field induced by the charged droplets increases with A. The results in 
figure 2(b), for A = 0.008, show that the spray opens significantly toward the end of 
the hatched region, where the effect of the inertia of the droplets begins to decline. 
When A increases, the electric field at the symmetry axis (solid curves in figure 3) 
develops a local minimum and a maximum slightly downstream of the injection 
region centred at x7. The minimum electric field becomes negative for A ~ 0.098. For 
A = 0.0107 (figure 2c), the electric field points toward the injection electrode in the 
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FIGURE 2. (Colour online) Contours of np (solid, black) and streamlines of the flow of 
droplets (dashed, shown in red online) in the vicinity of the injection electrode for (a) 
A = 0.001, (b) A = 0.008 and (c) A = 0.0107. Other parameters have their reference values. 
The insets show the evolution of the spray farther from the electrode, with the paraboloidal 
collector electrode indicated by dashed lines at the right-hand sides of the insets in (a) and (c). 
Shown are 10 equispaced contours of n^1 between 3.33 and 33.33 in (a) and between 10 and 
100 in (b) and (c). Hatched: region where vPx — EX/FJ is above 20 % of its maximum. In (c), 
the small dotted contour (shown in green online) is the boundary of the region where Ex < 0, 
and vPx < 0 in the tiny shaded region (shown in red online). 
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FIGURE 3. (Colour online) Electric field (Ex, solid) and droplet number density (np, dashed, 
right-hand side scale) along the symmetry axis for A = 0.0002, 0.004, 0.008, 0.0100 and 
0.0108, increasing as indicated by the arrows. Other parameters have their reference values. 

small region bounded by the dotted contour, and negative droplet velocities (toward 
the electrode) appear in the smaller shaded region (shown in red online). This marks 
the beginning of fly back and the breakdown of the Eulerian model introduced in the 
previous section. A numerical solution fails to exist when A is slightly increased. 

To account for these results, consider first the electric field induced by the charged 
droplets in the interelectrode space, Esc = —V(psc with V2<psc = — np and cpsc = 0 at 
both electrodes. As could have been expected, Esc evaluated from the solution of this 
problem points toward the nearest electrode in the vicinity of either the collector or 
the injection electrode, and changes sign somewhere in between. Furthermore, since 
the injection electrode appears as a needle when seen from a distance x such that 
1 < x < H, the field Esc = \ESC\ is locally of the form Esc ~ C/x with C constant (see, 
e.g., Landau & Lifshitz 1993, chapters 1 and 2). 

The droplets nearly follow the electric field (vp = E/IJ) in most of the 
interelectrode space. When the space-charge-induced field is of the order of the total 
field, this velocity is vp ~ ESC/TJ and the order of magnitude of the number density 
of droplets at a distance x = O(H) from the injection electrode can be estimated 
from the droplet flux conservation condition as npvpH

2 ~ A. Carrying this estimate to 
the Poisson equation of the previous paragraph (Esc/H ~ np) gives Esc ~ (ATJ/H)1/2, 
and matching with the expression of Esc near the injection electrode requires that 
C/x~ (An/H)1/2 for x = 0(H), whence C ~ (A11H)1/2. The electric field due to 
the voltage applied between the electrodes is Eh ~ 1/x up to a logarithmic factor. 
Therefore, Esc and Eh balance each other near the injection electrode when C ~ 1, 
which amounts to A ~ Ac = 1/(77//). Larger values of A would lead to an electric 
field that points toward the injection electrode and causes the charged droplets to 
fly back toward this electrode. The value of Ac is 0.012 for the reference values 
of 77 and H, which is not far from the value of A for which fly back first occurs 



and above which numerical solutions could not be computed. Additional computations 
to be discussed below were carried out with TJ = 1.5440 and H = 20.5, for which 
Ac = 0.0332, which again is not far from the maximum A ~ 0.04 for which a 
numerical solution could be computed in this case. 

Values of A of order Ac make Esc of the order of Eh in the bulk of the 
interelectrode space, for x = O(H), an estimation confirmed by the numerical results. 
A self-similar conical spray should be expected in regions where Esc points away from 
the injection electrode and is large compared with Eh (Fernandez de la Mora 1992). 
Even though the latter condition is never realized for the problem at hand, the spray is 
nearly conical in a region of the interelectrode space; see the inset of figure 2(b). 

Consider now the initial region of the spray. Since the axial electric field in this 
region is small when A becomes of the order of Ac, the air resistance is the dominant 
axial force acting on the droplets. This force decelerates the droplets, increasing the 
residence time during which the radial field induced by the droplets pushes them away 
from the symmetry axis and increases the radius of the spray. In the absence of an 
axial electric field, the momentum equation for the droplets in (2.4) projected in the 
nearly axial direction of their velocity reduces to vPxdvPx/dx= —TJvPx, whose solution 
is vPx = u7 — TJ(x — xt) for a droplet starting at x, with a velocity u7. This droplet would 
stop at a distance xs = x, + u7//7. In the presence of a weak axial field, Ex < 1, the 
velocity vPx still decreases linearly with x down to distances of order EX/TJ from xs, 
where TJvPx = 0(EX). On the other hand, evaluating the radial electric field induced by 
the droplets at the lateral boundary of the spray, r = rc(x) say, as Er = A/(2nvPxrc), 
the radial component of the momentum equation in (2.4) at this boundary, and the 
kinematic condition for rc, read 

dvPx A drc vPr 
Px dx Pr 2nvPxrc dx vPx' 

solution for small values of vPx is of the form vPr « 

(3.1) 

a (A/6itvPx)
1/2 and whose 

rc « (2A/3xvPx)
1/2/n. The diverg ence of rc at the stopping point accounts for the 

opening of the spray in figures 2(b) and 2(c) following a region of quasiunidirectional 
droplet motion. 

3.1. Effect of the injection electrode 
The maximum value of A for which a solution without fly back could be computed is 
much smaller than the value of A in the experiments of Tang & Gomez (1994). It is 
also smaller than the values of A for which numerical solutions have been computed 
by Ganan-Calvo et al. (1994), Hartman et al. (1999), Wilhelm et al. (2003) and 
Grifoll & Rosell-Llompart (2012), among others, using Lagrangian simulations of the 
spray. Differing in other important respects, all of these numerical works compute the 
Coulomb forces between pairs of droplets without accounting for the image charges 
that the droplets induce in the injection electrode. The presence of this electrode, and 
of the meniscus attached to its end, is of course accounted for in the computation of 
the harmonic electric field due to the applied voltage, but the injection electrode ceases 
to be an equipotential when the field of the charged droplets but not their images are 
added to the harmonic field. Image charges in the collector electrode are included in 
the computations of Ganan-Calvo et al. (1994), Wilhelm et al. (2003) and Grifoll & 
Rosell-Llompart (2012). 

To gain some insight into the magnitude of the field due to the image charges, the 
electric potential of a point charge Q in the interelectrode space has been computed 



by solving (2.7) with the right-hand side replaced by — Q8(x — x0) and <p = 0 at 
both electrodes. Here <5 is the Dirac delta function and x0 is a point of the symmetry 
axis. When xo approaches the tip of the injection electrode, the field induced at Xo 
by the image charge diverges as — <2/[8JT(|XO| — 1/4)2], which is the result for a point 
charge in front of a planar electrode (the minus sign meaning that the field points 
toward the injection electrode). The strength of the induced field rapidly decreases 
when |x0| increases, is zero for |x0| ~ 22 and becomes positive (toward the collector) 
when the point charge is farther from the injection electrode. For \xo | = 2x7 = 1.74, 
the induced field is —6.36 x 1CT3 Q = —0.127, taking Q = 20, which is the order of 
the dimensionless charge within the dotted contour in figure 2(c). This field is of the 
order of the harmonic field at the same point, and also of the order of the total field in 
figure 3. 

These results are for a paraboloidal injection electrode. They are approximations 
to the field of the real image charge, because the leading part of this electrode is a 
representation of the electrospray source rather than the meniscus itself; see figure 1. 
Approximate computations for a point charge in front of a capillary with a conical 
tip, which models an electrically stretched meniscus attached to the capillary, show 
that the paraboloidal electrode overpredicts the field of the image charge for small 
values of |xo|. For example, these computations give an induced field —3.90 x 10~3 Q 
for |x0| = Ixi, to be compared to —6.36 x 10~3 Q above. The difference may partially 
account for the small maximum value of A mentioned at the beginning of this section, 
but it is clear that the image charge in the injection electrode has an important effect 
on the electric field. 

Here, to approach the conditions of the computations that neglect this image charge 
and to assess its effect, additional computations have been carried out in which 
the electric potential is written as cp = cph + cpsc and computed in two steps. First, 
the harmonic potential cph is computed solving (2.7) with np and ns on the right-
hand side set to zero and the relevant boundary conditions (2.10)-(2.13). Then the 
electric potential of the space charge is computed solving V2<psc = — np with the 
injection electrode removed, i.e. in a domain bounded only by the collector electrode 
x = §0

2/4 — r21^1 and the lateral boundary x = r2/rjl — rJl/A, and with cpsc = 0 in (2.12). 
The results of these computations show that fly back is postponed to fairly large values 
of A when the image charge in the injection electrode is omitted, as could be expected 
since this charge attracts the droplets toward the electrode. 

As a further test of the Eulerian model, the results are compared with a Lagrangian 
simulation carried out with a standard axisymmetric particle method (Birdsall & 
Langdon 1981; Hockney & Eastwood 1988) in which the trajectories and velocities, 
Xj(t) and Vj(t), of identical particles of mass mp and charge qp, which are injected with 
initial velocity i>7 at points sampled from the Gaussian distribution (2.8), are computed 
by solving the equations of motion dxj/dt = Vj and mp dvj/dt = —CfpVj + qpE(xj) with 
E = —W(p and cp computed as in the previous paragraph. The charge density on 
the right-hand side of (2.3) is qpnp/e0, with np evaluated by linear, particle-in-cell 
weighting of the cloud of droplets on the grid used to discretize the Poisson equation 
(see Birdsall & Langdon 1981). The evolution of each particle is followed until it 
reaches the collector electrode, where it is absorbed. 

To decrease the numerical burden, these computations have been carried out in a 
reduced domain in which the distance H — 3a/4 from the origin to the collector 
electrode is divided by a factor of 3, which amounts to reducing §0 in (2.12) by 
a factor of 31/2. The voltage applied between the electrodes is adjusted in order to 
keep the harmonic field around the injection electrode unchanged. Since the harmonic 
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FIGURE 4. (Colour online) Contours of np (solid, black) and streamlines of the flow 
of droplets (dashed, shown in red online) in the vicinity of the injection electrode for 
the modified boundary condition discussed in the text, with A =0.1148, FJ = 1.5440, 
Vi = 0.7093 and H = 20.5. (a) Results of the particle method, (b) Results of the Eulerian 
method, (c) Results of the particle method with the original electrical boundary condition in 
(2.10) at the injection electrode, showing fly back. 



potential between two confocal paraboloidal electrodes is <ph = V ln§/ln§0 in terms of 
the paraboloidal coordinates of § 2 (see, e.g., Landau & Lifshitz 1993, chapters 1 and 
2), the voltage must be reduced by a factor ln(§0/31/2)/ln§0 ~ 0.7991, and the scaling 
factors v0 and n0 of § 2 change accordingly. The modified values of the dimensionless 
parameters are 

A = 0.1148, 77 = 1.5440, vI = 0.7093, H = 20.5. (3.2) 

The number density of droplets, averaged over 105 time steps after the solution reaches 
a statistically stationary state, is shown in figure 4(a) and compared with the results of 
the Eulerian model, in figure 4(b), for the same values of the parameters. Figure 4(c) 
illustrates the fly back that occurs when the original boundary condition for the electric 
potential at the injection electrode in (2.10) is used with the particle method. 

4. Flow induced in the gas 
The flow induced in the gas by the drag of the droplets, and the effect of this flow 

on the evolution of the spray, are discussed in this section. A monodisperse spray is 
still assumed (<pr = 0 in (2.5), so that ns = 0), but with F > 0 in (2.6). 

The motion of the gas around the injection electrode is very weak and has little 
effect on the spray when the dimensionless droplet flux is very small, A < 1. Then the 
number density of droplets can be conveniently rewritten as np = Anp with np = 0(\). 
This rescaling moves the parameter A from the right-hand side of equations (2.4) to 
the right-hand side of the Poisson equation in (2.7), and changes F to AF < 1 in 
(2.6). Therefore, the electric field induced by the charge of the droplets is very small 
and can be neglected compared with the electric field due to the applied voltage, and 
the flow induced in the gas is very weak and vg can be neglected compared with 
vp in the momentum equation for the droplets. The solution for small A in a gas at 
rest described at the beginning of § 3 is still valid in first approximation. The small 
velocity of the gas can be estimated as follows. The electric force acting on the 
streak of charged droplets that develops downstream of the injection electrode, where 
the effect of the inertia of the droplets becomes negligible, is transferred to the gas 
and must be balanced by a viscous shear force. In orders of magnitude this balance 
reads Re~1(vgx/8p)8p ~ AFEx/vPx with Ex ~ 1/x and vPx ~ EX/TJ, where the estimates 
of § 3 have been used. This gives vgx ~ AFTJRe independent of x in the plume that 
the electric force induces in the gas. The ratio vgx/vPx increases with x. It ceases 
to be small, and the flow of the gas ceases to be a small perturbation to the spray, 
when x ~ \/(AFTJ2Re). The small A structure described in this paragraph is valid 
only when this distance is large compared with the interelectrode distance H, i.e. for 
A < \/(FTJ2ReH), which does not include the reference case. 

The distribution of np computed from the numerical solution of (2.4) and 
(2.6)-(2.13) for A = 0.001 and the reference values of other parameters (not displayed) 
is close to that of figure 2(a) in the vicinity of the injection electrode, although 
differences appear farther downstream, in agreement with the estimates above. The 
numerical solution of (2.4) and (2.6)-(2.13) for the reference case (A = 0.0819) is 
shown in figure 5. As can be seen, the initial evolution of the spray, in the hatched 
region where the inertia of the droplets is important, is not unlike that in figure 2(b). 
Now, however, the density of charged droplets in this region is much higher than in 
figure 2(b) because the value of A is more than 10 times larger. The electric field 
induced by this charge overcomes the applied field and makes the axial field negative 
in the region enclosed by the dotted contour, which extends along the shroud of 



FIGURE 5. (Colour online) Contours of np (solid, black), streamlines of the flow of the 
droplets (dashed, shown in red online) and streamlines of the flow of the gas (solid with 
arrows, shown in blue online), in the vicinity of the injection electrode for the reference 
values of the parameters. Shown are 10 equispaced contours of n^1 between 2 and 20. 
Hatched: region where vPx — vgx — EX/FJ is above 20 % of its maximum. Dotted (shown 
in green online): boundary of the region where Ex < 0. 

the spray into the region where the inertia of the droplets is negligible. This would 
cause fly back in the absence of gas motion, but the flow of the gas carries the 
droplets across the region of negative axial field and beyond. This aiding flow is due 
to the depression associated to the entrainment of the plume that develops further 
downstream, where the axial electric field points again toward the collector electrode. 

The balance of the viscous force and the electric force transferred to the gas 
by the streak of charged droplets around the axis of this plume reads now 
Re~1(vgx/8p)8p ~ AFEx/vgx, which differs from the balance used earlier in this 
section in that vPx has been replaced by vgx in the estimate of the electric force. 
This is because the velocity of the droplets is now of the order of the velocity 
of the gas, so that the electric charge per unit length of the streak is of order 
np8

2 ~ A/vPx ~ A/vgx. With Ex ~ 1/x, the modified balance gives vgx ~ (AFRe/x)112. 
The velocity of the droplets relative to the gas is vPx — vgx ~ Ex/fl, from (2.4), so 
that (vPx — vgx)/vgx ~ \/{AFll2Rex) < 1. In the absence of mutual repulsion, the 
droplets would be convected essentially by the divergence-free velocity of the gas, 
which does not change the number density and makes the thickness of the streak 
proportional to the inverse of the square root of vg. However, the charge of the 
droplets induces a radial field of order np8p in the streak (cf. § 3), and therefore an 
additional radial velocity of order vr = np8p/TJ. The kinematic condition 8p/vr ~ x/vgx, 
already used in § 3, implies that, under the action of this velocity, the thickness of 
the streak of droplets becomes Sp ~ x/(FTJRe)1/2, which is in qualitative agreement 
with the nearly linear growth of Sp with streamwise distance apparent in figure 5 away 
from the electrodes. The kinematic condition and the continuity equation for the gas 
in (2.6) also imply that the radial velocity of the gas opposes the velocity induced by 
the radial electric field and tends to confine the streak of droplets. The thickness of 



the gas plume is Sg ~ (x3/AFRe3) , from the balance of inertia and viscous force, 
Vgx/x ~ vgx/(ReSg) in the momentum equation in (2.6). In the reference case, the ratio 

Sp/Sg ~ (ARex/FFI2) is of order unity for x = 0(H). The effect of the inertia of the 
droplets remains negligible in the plume, even though the inertia of the gas plays an 
important role. This is because, when vg ~ vp, the ratio 0(vp • Wvp)/0[TJ(vp — vg)] 
of the inertia to drag terms in the momentum equation for the droplets in (2.4) differs 
from the ratio 0(vg • WVg)/0[npFTJ(vp — vg)] = 0(1) of the analogous terms in the 
momentum equation for the gas in (2.6) by a factor npF < 1. 

Additional numerical computations show that the size of the region of negative axial 
field increases when A is increased keeping other parameters constant. This region 
extends to the apparent tip of the injection electrode containing the conical meniscus 
for A ~ 0.11, which would prevent the formation of a cone-jet and the emission of 
droplets. However, the numerical results do not show fly back even in these conditions 
when the motion of the gas is taken into account. 

4.1. Effect of the droplet-to-gas mass ratio 
When F is large, the mass of droplets per unit volume is large compared with the 
mass of gas per unit volume in the region where Fnp is large. The droplets provide 
most of the inertia of the two-fluid system in this region, and are therefore expected 
to account for most of the electric force. Momentum exchange with the droplets can 
easily accelerate the gas. For a monodisperse spray, the term FTJnp(vp — vg) in the 
gas momentum equation is large whenever \vp — vg\ is not small, causing the velocity 
of the gas to rapidly approach the velocity of the droplets. The droplets, on the other 
hand, are only weakly affected by the gas in this region; the drag term —TJ(vp — vg) 
in the droplets momentum equation rapidly becomes small, and the droplets evolve as 
they would do in a vacuum. 

As the spray evolves, the mass of gas set in motion by pressure and viscosity 
forces increases with streamwise distance, and the number density of droplets in the 
spray decreases, until the contribution of the gas to the inertia of the two-fluid system 
becomes significant and the gas begins to play a role in the evolution of the spray. 
Even further downstream, the inertia of the gas dominates and the plume structure 
described above should be recovered. 

Numerical computations have been carried out for various values of F with other 
parameters set to the reference values in table 1. Figure 6 shows the evolution of 
different variables along the symmetry axis near the injection electrode. The velocity 
of the droplets (solid curves in figure 6a) decreases with streamwise distance beyond 
the injection region for small and moderate values of F, but increases in a leading 
region of the spray and reaches a maximum at x ~ 2 before decreasing slowly when 
F = 40. The velocity in this leading region approaches that in vacuum (increasing 
dotted curve in the upper part of figure 6(a), for TJ = 0 in (2.4)), which is in 
agreement with the discussion two paragraphs above. The velocity of the gas (dashed 
curves in figure 6a) increases with F and approaches the velocity of the droplets in the 
leading region, where the inertia of the droplets dominates. The length of this region 
increases with F. 

The density of droplets, in figure 6(b), has a maximum in the injection region, 
whose value decreases with increasing F. A cone-jet cannot exist for the smallest 
value of F in this figure, because the electric field induced by the charge of the 
droplets in the injection region overcomes the applied field and makes the axial 
electric field at the injection electrode negative. Figure 7 shows the spray plume in 



FIGURE 6. (Colour online) Droplet (vPx, solid) and gas (vgx, dashed) velocity, in (a), and 
number density (np), in (b), along the symmetry axis for F = 0.1, 4, 10 and 40, increasing 
from bottom to top in (a) and as indicated by the arrow in (b). Other parameters have 
their reference values. The dotted curves give the velocity and density of the droplets in the 
absence of gas resistance, FJ = 0. 

the interelectrode space. As can be seen, the thickness of the plume decreases when F 
increases, in agreement with the estimates of Sp and Sg above. For F = 20 and 40, the 
confining effect of the gas makes the spray narrower than in vacuum (figure Id). 

5. Sprays with satellite droplets 
The effect of satellite droplets has been investigated numerically for a satellite-

to-primary droplet radius ratio of 1/3, for which mr = (1/3)3, qr = (l/3)3/2 and 
cr = 1/3, as was mentioned at the end of §2. The numbers of primary and satellite 
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FIGURE 7. (Colour online) Contours of np (solid, black), streamlines of the flow of the 
droplets (dashed, shown in red online), and streamlines of the flow of the gas (solid with 
arrows, shown in blue online), for (a) F = 5.583, (b) F = 20, (c) F = 40 and (d) in the 
absence of gas. Other parameters have their reference values. The thick curves at the right-
hand sides show the collector electrode. 

droplets injected per unit time are taken to be equal to each other, <pr = l. All other 
parameters are set to their reference values except for A, which is changed in different 
computations. 

In the absence of gas motion (F = 0), the evolution of the spray with increasing A 
is similar to that discussed in § 3 for a monodisperse spray. The stopping distance is 
smaller for satellite droplets than for primary droplets. As noted by Tang & Gomez 
(1994), satellite droplets begin to follow the electric field when the effect of the 
inertia of the primary droplets is still important and keeps these droplets moving 
nearly parallel to the symmetry axis. This difference tends to confine the primary 
droplets to the core of the spray, while satellite droplets are displaced to its shroud 
already in the initial evolution of the spray. This segregation is illustrated in figure 8(a) 
for A = 0.008. The segregation persists further downstream, where the inertia of the 
primary droplets also becomes negligible, because the radial electric field induced by 



FIGURE 8. (Colour online) Contours of np (black) and ns (shown in red online). In (a), 
A = 0.008, F = 0, and other parameters have their reference values in table 1. In (b), all of 
the parameters have their reference values, the solid curves with arrows (shown in blue online) 
are streamlines of the gas, and the dotted contour (shown in green online) is the boundary of 
the region where Ex < 0. Shown are 10 equispaced contours of n^1 between 10 and 100 in (a) 
and between 1.818 and 18.18 in (b), and 10 equispaced contours of rrs

l between 2 and 20 in 
(a) and between 1.429 and 14.29 in (b). Hatched: regions where vPx — vgx — EX/FJ (vertical 
hatching) and vSx — vgx — (qr/cr)Ex/FJ (horizontal hatching) are above 20 % of their respective 
maxima. 

the charge of the droplets is larger at the shroud than in the core of the spray (Tang 
& Gomez 1994; Hartman et al. 1999). The value of A in figure 8(a) is close to 
the maximum that can be attained without fly back, which, as for a monodisperse 
spray in §3, is much smaller than the reference value taken from Gafian-Calvo et al. 
(1994) experiments. Also as in §3 , the axial field first takes negative values (toward 
the injection electrode) where the effect of the inertia of the primary droplets declines. 
Since the inertia of the satellite droplets is also negligible in this region, both types of 
droplets begin to fly back nearly at the same time when A is increased. 



Important changes occur when the motion of the gas is taken into account using 
the reference values of F and Re. As for a monodisperse spray, the flow of the gas 
induced by the entrainment of the electrohydrodynamic plume allows the droplets to 
overcome the negative axial electric field that appears in the injection region and the 
shroud of the spray when A increases. No fly back occurs. The cone-jet mode fails 
because the electric field becomes negative in the region containing the meniscus when 
A becomes larger than ~0.09. 

The motion of the gas also affects droplet segregation. Figure 8(fc), for the reference 
case, shows that satellite droplets initially decelerate and tend to move to the shroud 
of the spray, but this trend is reversed further downstream and satellite droplets end up 
concentrating in an intermediate radial layer which is surrounded by primary droplets 
on both sides. This result can be understood noticing that the momentum equations for 
primary and satellite droplets reduce to vp — vg = E/TJ and vs—vg = (qr/cr)E/TJ when 
the inertia of both types of droplets is negligible. The drift of the droplets relative to 
the gas is proportional to the electric field, but the drift velocity is smaller for satellite 
droplets than for primary droplets because qr/cr < 1. Satellite droplets nearly follow 
the gas, whose radial velocity (not displayed) is positive around the symmetry axis, 
due to the deceleration of the gas and the droplets, and negative in the outermost 
part of the spray, due to the entrainment it induces. This explains the concentration 
of satellite droplets in an intermediate layer, which is partially depleted of primary 
droplets due to Coulomb repulsion forces. 

Consider now the limit F -> oo. The terms FTJnp(vp — vg) and FTJcrns(vs — vg) 
in the momentum equation for the gas (2.6) are large in a certain region around the 
injection electrode when F » 1. The gas in this region rapidly approaches the velocity 
vg = (npvp + crnsvs)/(np + crns) that makes the sum of these two terms equal to 
zero. However, none of the drag terms —TJ(vp — vg) = —TJcrns(vp — vs)/(np + crns) 
and — (cr/mr)TJ(vs — vg) = —(cr/mr)TJnp(vs — vp)/(np + crns), in the momentum 
equations (2.4) and (2.5) for primary and satellite droplets, is then small. In contrast 
to the case of a monodisperse spray, this means that the gas plays now a role in the 
evolution of the droplets, as it mediates an interaction between droplets of different 
sizes additional to the electrostatic interaction. The velocities of the primary and 
satellite droplets and of the gas along the symmetry axis are shown in figure 9 for 
various values of F. In the region displayed, the velocity of the primary droplets (solid 
curves) becomes of the order of the velocity that these droplets would have in vacuum 
(dotted curve, for TJ = 0) when F increases. The velocity of the satellite droplets 
(chain curves) is much smaller than in vacuum, where energy conservation makes the 
velocity of these droplets larger than the velocity of the primary droplets by a factor 
of order (qr/mr)

1/2. The difference shows that the effect of the inertia of the satellite 
droplets is small in this region. The momentum equation for these droplets reduces 
to crTJ(vs — vg) ~ qrE, whence, upon using the expression of (vp — vg) above and 
carrying the result to the right-hand side of the momentum equation for the primary 
droplets, the force on these droplets reduces to (1 + qrns/np)E. The combined effect of 
the gas and the satellite droplets leads thus to an apparent increase of the charge of 
the primary droplets in the region where the mass of droplets per unit volume is large 
compared to the mass of gas per unit volume and the approximations at the beginning 
of this paragraph apply. 
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FIGURE 9. (Colour online) Velocities of the primary droplet (vPx, solid), the satellite droplets 
(vSx, chain) and the gas (vgx, dashed) along the symmetry axis for A = 0.02 and F = 2, 10, 
40 and 80, increasing from bottom to top. Other parameters have their reference values. The 
dotted curve in the upper part of the figure gives the velocity of the primary droplets in the 
absence of gas resistance, IJ = 0. 

6. Conclusions 
The dynamics of an aerosol of electrically charged droplets, and the flow induced 

in the surrounding gas by the drag of the droplets, are computed using a multifluid 
Eulerian model that takes into account the inertia of the droplets and the gas, the 
electric forces acting on the droplets, and the aerodynamic forces due to the motion 
of the droplets relative to the gas. The aerosol is generated by an electrospray source 
that emits primary and satellite droplets, and these droplets travel from the source to a 
collector electrode in font of the source. The voltage applied between the source and 
the collector, together with the electric charge of the droplets, determine the electric 
field in the interelectrode space. 

Results for a monodisperse spray in a quiescent gas show that the axial electric field 
induced by the charged droplets is small compared with the field due to the applied 
voltage when the flux of droplets is very small, in agreement with the results of Tang 
& Gomez (1994) and others. The two contributions to the axial field become of the 
same order, and oppose each other in the vicinity of the injection electrode, when the 
dimensionless flux becomes of order Ac = 1/(77//). Then the spray rapidly broadens 
when the effect of the inertia of the droplets declines, slightly downstream of the 
region where the droplets are generated in the model. When A increases, the electric 
field first becomes negative (toward the injection electrode) in the region where the 
spray broadens, and negative velocities, leading to fly back of the droplets toward the 
injection electrode and to the breakdown of the Eulerian model, occur above a critical 
value of A of the order of Ac. This critical value computed for a gas at rest is small 
compared with the values of A reported in the experiments of Ganan-Calvo et al. 
(1994) and Tang & Gomez (1994). The critical value of A increases when the effect 



of the image charge in the injection electrode is omitted, as has been often done in 
Lagrangian simulations. 

The flow induced in the gas plays an important role when the dimensionless flux 
is of order \/(FTJ2Re) or larger, which includes the conditions of these experiments. 
The drag of the droplets generates a plume of gas at some distance from the injection 
electrode. The entrainment of this plume convects the droplets with a velocity large 
compared with the axial velocity directly induced by the electric field, which allows 
the droplets to cross the region of negative axial field that appears around the origin 
of the spray when the flux of droplets increases. This suppresses fly back and allows 
to reach the fluxes reported in the experiments of Gafian-Calvo et al. (1994) and Tang 
& Gomez (1994). A new limitation appears for even larger fluxes, when the region of 
negative axial field extends to the electrospray source. The radial velocity of the gas 
opposes the radial velocity of the droplets relative to the gas due to the radial electric 
field induced by the droplets. As a consequence, the radius of the spray is smaller than 
in a quiescent gas and increases linearly with streamwise distance. For large values of 
the droplet-to-gas mass ratio, measured by the parameter F, the resistance of the gas is 
negligible, and the velocity of the gas rapidly adjust to the velocity of the droplets, in 
a leading region of the spray whose length increases with F. 

Size segregation, whereby satellite droplets migrate to the shroud of the spray, is 
reproduced by the Eulerian model and is also affected by the motion of the gas. 
Owing to their smaller charge to friction coefficient ratio, the velocity of the satellite 
droplets relative to the gas is smaller than the velocity of the primary droplets relative 
to the gas when the inertia of both types of droplets becomes negligible. Since the 
radial velocity of the gas is negative (toward the axis) in the shroud of the spray, the 
combination of this flow and the differential mobility opposes the electrostatic/inertial 
mechanism of segregation and may cause satellite droplets to concentrate in an 
intermediate radial region of the spray. The gas mediates an interaction between 
primary and satellite droplets in the leading region of the spray there the effect of the 
gas inertia is small when F » 1. If the inertia of the satellite droplets is also small 
in this region, the interaction amounts to an apparent increase of the charge of the 
primary droplets. 
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