
Chapter 3
The strong discontinuity approach.

“We live not according to reason,

but according to fashion.”

Seneca

3.1 The eXtended Finite Element Method, X-FEM

3.1.1 Introduction

The X-FEM is an approach to include enriched kinematic information with arbitrary

functions within a conventional finite element discretization without the need of remesh-

ing. A good literature survey of X-FEM generalities can be found in Belytschko et al.

(2009) or Fries & Belytschko (2010). The discussion in this thesis follows the exposition in

Mohammadi (2008) or Pommier et al. (2013) with some additional technical notes.
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3.1 The eXtended Finite Element Method, X-FEM

The interest here is to introduce a strong displacement discontinuity (crack) at arbitrary

locations, and to control the propagation and opening using a cohesive crack model. The

X-FEM approach answers to the following requirements in the simulation of the mechanical

behaviour of composite materials:

• The location of cracks has to be independent of the mesh. In particular, a mesh

designed for capturing a continuous stress field should also be able to capture a

discontinuous (cracked) stress field.

• The crack opening has to be compatible with a traction-separation law, including

normal and shear fracture modes.

• The enrichment has to make distinction between transverse and parallel-to-fiber shear

deformation upon failure.

• The implementation should be scalable, robust and computationally affordable.

Several approximations to the strong discontinuity approach can be found in the liter-

ature. The Continuum Damage Mechanics (CDM), discussed in chapter 2, is implemented

at the constitutive level; the Enhanced Assumed Strain methods (EAS), such as Linder

& Armero (2007), enrichs the element with an enhanced strain field and does not require

additional degrees of freedom. The Phantom Node (PN) (equivalent to the X-FEM ap-

proach, Areias & Belytschko (2006)) uses additional kinematic degrees of freedom in the

discretization, Song et al. (2006). EAS and X-FEM can be understood as alternative forms

of enrichment, Borja (2008). The superior kinematic properties of X-FEM are illustrated

by the schematic tests in figure 3.1.

X-FEM or variants have been successfully used for composite modeling by Ling et al.

(2009), Iarve et al. (2011) or van der Meer & Sluys (2009b). In the following paragraphs,

the conventional finite element method is introduced as a base for subsequent discussions.

Then, the basic discretization concepts of X-FEM are presented: the partition of unity, the

enrichment procedure and the level set approach. The selection of the cohesive approach,

among the possible X-FEM strategies, is justified for composite materials. Finally, the

mathematical formulation of the X-FEM discrete problem is stated.
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3.1 The eXtended Finite Element Method, X-FEM

WCCM V, July 7–12, 2002, Vienna, Austria

(a) (b) (c) (d) (e)

Figure 4: Separation test: (a) real body split into two independent parts, (b) standard finite element
with smeared representation of fracture, (c) element with embedded discontinuity, (d-e) extended finite
element

behavior of two separated material bodies in full generality. On the other hand, the XFEM-PUM formu-
lation can be interpreted as an approximation on two completely independent meshes, with no kinematic
constraints (interaction takes place only through the traction-separation law).

The superior kinematic properties of the extended finite element method are illustrated by the schematic
tests in Fig. 4. A rectangular piece of material divided into two parts by a vertical stress-free crack
(top row) is first subjected to a relative motion of the two parts (middle row), and then the right part is
compressed in the direction parallel to the crack (bottom row). Fig. 4a depicts the actual physical process.
Fig. 4b shows the approximation obtained with a standard bilinear finite element. The relative motion of
the two parts is transformed into normal and shear strain, and the forces imposed on the right part of the
body influence the deformation of the left part. An element with an embedded discontinuity (Fig. 4c) can
cleanly reproduce the rigid-body separation but forces parallel to the crack are still transmitted from the
right part to the left one. This is because the formulation allows a displacement jump but the strain in the
bulk material is still interpolated in a continuous manner. The approximation obtained with the extended
finite element method can be thought of as using two independent overlayed elements (Fig. 4d). The
edges of these elements are plotted by dotted and dashed lines, resp. Solid circles mark physical nodes
while empty circles mark “virtual” nodes that correspond to a continuous extension of the displacement
field beyond the discontinuity line. The displacement interpolation constructed on the “dotted” element
is valid to the left of the crack, and that constructed on the “dashed” element is valid to the right of
the crack (Fig. 4e). In this way, both the separation and the independent deformation of one part can be
reproduced exactly.

The foregoing example considered only one single element. Fig. 5a shows an assembly of extended
triangular finite elements modeling a partially cracked body. All the elements that are crossed by the
crack can be thought of as doubled. Each of the “child elements” provides an approximation valid only
on one side of the crack and is connected to the standard nodes on this side and to special enrichment
nodes (marked by empty circles) on the other side. The enrichment nodes are introduced at the same
initial locations as the standard nodes but their displacements are completely independent of the standard

13

(b) (c) (d) (e)
(a) Exact (b) CDM (c) EAS (d) PN

Figure 3.1: (a) A piece of material divided into two regions by a vertical stress-free
crack (top row) is first subjected to a relative motion of the two regions (middle row), and
then the right region is compressed (bottom row). (b) Continuum Damage Mechanics
(CDM): the forces imposed on the right region influence the deformation of the left part.
(c) The Embedded discontinuity (EAS) reproduces the rigid-body separation, but forces
are still transmitted. This is because the formulation allows a displacement jump but the
strain in the bulk material is interpolated in a continuous manner. (d) Phantom Node
(PN) can be thought of as using two independent overlayed elements. Solid circles mark
physical nodes while empty circles mark “virtual” nodes. Both the separation and the
independent deformation of one part can be reproduced exactly. Adapted from Jirásek
& Belytschko (2002).
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3.1 The eXtended Finite Element Method, X-FEM

3.1.2 Basics of the FEM

The FEM problem statement and programming of an isoparametric finite element is

briefly reviewed. For simplicity, a linear quadrilateral element is used in the discussion,

although the generalization is straightforward. The X-FEM is presented later as an aug-

mented method of the conventional FEM strategy.

Strong form: the Navier formulation for the elastic problem

The solution of the elastic problem for a domain Ω is obtained from the simultaneous

application of the compatibility equation ε = ∇su, the elastic constitutive equation σ = Cε
and the final equilibrium equation∇·σ+f̄ = 0. Here u, ε and σ stand for the displacement,

strain and stress fields while C is the elastic constitutive tensor. Boundary conditions ū

(Dirichlet) and h̄ (Neumann) are defined in disjoint boundary sets ∂uΩ, ∂hΩ with normal

n, and the volumetric body forces f̄ in the domain Ω. The solution of the problem is a

continuous displacement field in Ω satisfying:

−∇ · (C : ∇su) = f̄ in Ω

u = ū in ∂uΩ

C : ∇su · n = h̄ in ∂hΩ

(3.1)

Discretization: the linear isoparametric plane quadrilateral Q4 element

The Finite Element Method tries to solve approximately this problem by assuming a

piecewise displacement field based on a predefined spatial discretization.

The discrete space of kinematically admissible displacement solutions Uh, with finite

dof’s uj, is chosen as a Hilbert space with the appropriate modification to include bound-

ary conditions. The interpolation assumes the domain tessellation Ωh = ∪KΩK in K

conforming quadrilaterals, with j nodes:

Uh ≡

{
uh ∈ H1

∂(Ωh) such that uh =
nodes∑
j=1

Njûj and uh = ū in ∂uΩ
h

}
(3.2)
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Figure 3.2: The standard FEM method. The domain Ω is approximated by a discrete
domain Ωh, a tessellation of conforming quadrilaterals. For all quadrilaterals K exists
a mapping χ from the (x, y) coordinates to the reference element in natural coordinates
(ξ, η). The shape functions Nj are defined in the reference element.

where Nj are the usual bilinear interpolation shape functions in Zienkiewicz et al. (2005).

The geometry is also interpolated with nodal shape functions, figure 3.2. The strain ε(x)

and stress σ(x) fields at any point of the discretization can be written as:

ε = ∇su =
nodes∑
j=1

Bjûj

σ = C∇su = CBu

(3.3)

The method assumes the existence of a bijective mapping χ from a reference element, in

natural coordinates (ξ, η), to the geometric support ΩK , in real coordinates (x, y), for each

element of the discretization. The mapping is defined with the aid of the shape functions

Nj, with the corresponding spatial derivatives Bj (see figure 3.2).

χ : (ξ, η) → (x, y)

xh =
nodes∑
j=1

Nj(ξ, η)xj

(3.4)
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3.1 The eXtended Finite Element Method, X-FEM

The chain rule is invoked to determine coefficients of Bj:

(3.5a)

Bj =


∂Nj
∂x

0

0
∂Nj
∂y

∂Nj
∂y

∂Nj
∂x

 (3.5b)

{
∂N
∂x
∂N
∂y

}
= J−1

{
∂N
∂ξ

∂N
∂η

}
, with J =

[
∂x
∂ξ

∂y
∂ξ

∂x
∂η

∂y
∂η

]
(3.5c)

For the case of the Q4 element, the shape functions are given by

Nj = 1
4
(1 + ξξj)(1 + ηηj) (3.6)

where ξj, ηj stand for the values of the natural coordinate at the node j, see figure 3.2.

The shape functions Nj in ΩK of equation 3.6 can be rearranged as polynomials of

second order and mapped to the coordinates (x, y), forming a basis of dimension 8:

PQ4 =

{{
1

0

}
,

{
x

0

}
,

{
y

0

}
,

{
xy

0

}
,

{
0

1

}
,

{
0

x

}
,

{
0

y

}
,

{
0

xy

}}
(3.7)

The set of degrees of freedom of the element NK is a basis of the dual space of PQ4 and

can be expressed as

NK =
{
û1
x, û

2
x, û

3
x, û

4
x, û

1
y, û

2
y, û

3
y, û

4
y

}
(3.8)

where theˆsymbol is used for the standard displacement degrees of freedom at the element

nodes.

Finally, Q4 is defined by its geometric support ΩK (quadrilateral geometry), the set

NK of 8 dof’s (arbitrary nodal displacements), and the approximation space PQ4 (used

for bilinear shape functions). In compact notation, K ≡ {ΩK ,PQ4,NK}, as in Brenner &

Carstensen (2004).
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3.1 The eXtended Finite Element Method, X-FEM

Discrete weak form: the Ritz-Galerkin minimization problem

The standard procedure in solid mechanics is to invoke the virtual work principle to

solve the equivalent discrete weak form of equation 3.1, Bathe (1996): find uh ∈ V h such

that for all kinematically admissible displacement fields vh ∈ V h

∫
Ωh
∇svhC∇suh dΩ =

∫
Ωh
vh f̄ dΩ +

∫
∂hΩh

vh h̄ d(∂Ω)

uh = ū in ∂uΩ
h

(3.9)

The solution of the weak form is the same as the Ritz-Galerkin minimization problem

Ciarlet (2002): find uh ∈ V h minimizing the variational form Π(uh):

Π(uh) =

∫
Ωh
∇suhC∇suh dΩ−

∫
Ωh
uh f̄ dΩ−

∫
∂hΩh

uh h̄ d(∂Ω) (3.10)

Numerical implementation: The assembly and solution procedures

The FEM chooses the uh dof’s as elements with a finite support, figure 3.2. The

integrals over the domain (equation 3.9) can be substituted by the sum of integrals over

the domain of each element.

[K] =
∑
K

KK (3.11)

The stiffness matrix KK of an element K can be determined from the integral over the

domain of the element

KK =

∫
ΩK

BTCB dΩ (3.12)

Using the mapping properties, the equations can be referred to a “reference element” in

natural coordinates (ξ, η), figure 3.2

KK =

1∫
−1

1∫
−1

BTCB · det J dξdη (3.13)
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3.1 The eXtended Finite Element Method, X-FEM

The computational implementation of the method is completed with the numerical

integration of equation 3.13 and the assembly of the force terms in equation 3.9 to obtain

the discrete field minimizing the functional equation 3.9. Typically, an algebraic system of

equations for the displacement dof’s is formed as

[K]{u} = fLHS (3.14)

The extension to nonlinear materials is straightforward: instead of the constitutive matrix

C, a nonlinear operator is considered. Then, the equation fRHS{u} = fLHS can be solved

iteratively using the Newton Raphson method (Bathe (1996)).

3.1.3 Partition of unity

The concept of partition of unity provides a mathematical framework for the develop-

ment of an enriched solution, Melenk & Babuska (1996). A partition of unity is defined as

a set of nenr functions fj(x) within a domain Ωpu such that the sum of the functions is the

unity in the domain,
nenr∑
j=1

fj(x) = 1

For instance, the set of isoparametric finite element shape functions, Nj, satisfies automat-

ically the condition of partition of unity in the whole domain Ωh,
∑
j

Nj(x, y) = 1

It can be easily shown that the following property is automatically satisfied for any

arbitrary function ψ(x):
nenr∑
j=1

fj(x)ψ(x) = ψ(x) (3.15)

Apart from X-FEM, other methods based on partition of unity are: the generalized

FEM (GFEM of Strouboulis et al. (2000)), the partition of unity FEM (PUFEM of Melenk

& Babuska (1996)) or Hp-clouds enrichment (Duarte & Oden (1996)). The particularity of

the X-FEM method is that the partition of unity is made with the set of shape functions

of the element Nj, and the enrichment with menr functions ψk(x) with local support Eenr
within the domain Ωh according to
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3.1 The eXtended Finite Element Method, X-FEM

uh(x) =
nodes∑
j=1

Nj(x)

(
ûj +

menr∑
k=1

ψk(x)ũj

)
where ûj and ũj stand for the standard and enriched dof’s respectively (as defined in

equation 3.8). The standard shape functions are the same as the conventional FEM of

section 3.1.2, figure 3.3. Rearranging terms, it can be observed that the approximation is

equivalent to the standard ûh ∈ V h in equation 3.2, with the exception of a local subset

of the nodes, nenr with support Eenr, where the additional non-zero degrees of freedom ũh

are defined as:

uh(x) = ûh +
nenr∑
j=1

menr∑
k=1

Njψk(x)ũj = ûh
∣∣
Ωh

+ ũh
∣∣
Eenr

(3.16)

It is worth noting that the interpolation space of ũh includes the standard shape func-

tions Nj, so the geometrical location of enriched dof’s is also at nodal locations of the

standard ûh. This fact is interesting for the implementation in traditional finite element

codes.

3.1.4 Enrichment

Enrichment may target higher accuracy of the standard approximation PK in equa-

tion 3.7 by including a priori information. For instance, this information could come from

an a prori analytical solution. Three types of enrichment functions ψ are presented here:

the ridge function R used for the bimaterial interface (with a weak discontinuity), the

signed Heaviside function H for a jump in the displacement field (strong discontinuity)

and the crack tip functions Fk containing the stress singularity given by Linear Elastic

Fracture Mechanics.

To help out during the discussion, let’s recall the signed distance function ζ(x) as the

distance to the oriented surface Γ with normal nΓ, plus an additional sign depending on

the side of the surface as:

ζ(x) = min
xΓ∈Γ
‖x− xΓ‖ sign(nΓ · (x− xΓ)) (3.17)
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3.1 The eXtended Finite Element Method, X-FEM

Figure 3.3: Standard linear shape functions Nj of a 1D mesh for the grey element with
the nodes 2-3, and the neighbour elements.

The standard shape functions N̂K are illustrated in figure 3.3. The following enrichment

functions can be defined:

The ridge function The bi-material interface with perfect displacement continuity is

conventionally solved with conforming discretization at the material interface. The PU

technique can be also used for discretizations not conforming to the interface. Moës et al.

(2003) generated a suitable function for a weak discontinuity (continuous displacement,

discontinuous strain), the ridge function:

R(x) = |ζ(x)| − |ζ(xj)| (3.18)

where •j stands for the value at node j.

Using the PU property, the interpolation basis and dof’s can be expressed as (Fries &

Belytschko (2006)):

PRK = PK ⊕

{{
R

0

}
,

{
0

R

}}
(3.19a)

NR
K = N̂K ⊕

{
ũ1
x, ũ

2
x, ũ

3
x, ũ

4
x, ũ

1
y, ũ

2
y, ũ

3
y, ũ

4
y

}
(3.19b)

The signed Heaviside function represents naturally a discontinuous field. Among

several possible definitions, the Heaviside sign function selected for this thesis is defined

as:
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3.1 The eXtended Finite Element Method, X-FEM

R
R

R
R

Figure 3.4: a) The ridge function R b) The enriched shape functions Nj ·Rj . Note that
the enriched shape functions are zero outside the enriched element.

H(x) = sign(ζ(x)) =

{
+1 if ζ > 0

−1 if ζ < 0
(3.20)

and stands for the spatial derivative the Kronecker’s delta function, ∇H(x) = 2δs(x), which

is zero outside of the discontinuity. The H and δs functions are regularized as the smooth

jump and bump functions, respectively, in Iarve et al. (2011), with non-zero values in the

continuous domain.

Using the PU property, the interpolation basis and dof’s are given by (Fries & Be-

lytschko (2006)):

PHK = PK ⊕

{{
H

0

}
,

{
0

H

}}
(3.21a)

NH
K = N̂K ⊕

{
ũ1
x, ũ

2
x, ũ

3
x, ũ

4
x, ũ

1
y, ũ

2
y, ũ

3
y, ũ

4
y

}
(3.21b)

The LEFM crack tip functions The asymptotic near-tip displacements in polar co-

ordinates (r, θ) can be written as a function of the stress intensity factors KI , KII , the
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3.1 The eXtended Finite Element Method, X-FEM

Figure 3.5: a) The heaviside sign function H b) The enriched shape functions Nj ·H.
Note that the enriched functions are non-zero outside the enriched element.

Kolosov constant κ and the Lamé parameter µ. It is assumed that the crack lies in the

x-axis and crack tip is located at the origin (r = 0). The Kolosov constant depends on

whether the crack propagates under plain stress or plane strain conditions. The singular

displacement field is expressed as

ux = 1
µ

√
r

2π

(
KI cos θ

2
(κ− cos θ) +KII sin θ

2
(κ+ cos θ + 2)

)
uy = 1

µ

√
r

2π

(
KI sin θ

2
(κ− cos θ)−KII cos θ

2
(κ+ cos θ − 2)

) (3.22)

and the following four enrichment functions are proposed to capture 1/
√
r singularity stress

field at the crack tip:

{Fk}k=1,4 = {
√
r sin θ

2
,
√
r cos θ

2
,
√
r sin θ sin θ

2
,
√
r sin θ cos θ

2
} (3.23)

Using the PU property for a basis of equation 3.22 (as in Belytschko & Black (1999)),

the following extension of the PQ4 basis of equation 3.7 is able to capture both the far-field
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3.1 The eXtended Finite Element Method, X-FEM

and the near-tip displacement:

PT ipK = PK ⊕

{{
F1

0

}
,

{
F2

0

}
,

{
F3

0

}
,

{
F4

0

}
,

{
0

F1

}
,

{
0

F2

}
,

{
0

F3

}
,

{
0

F4

}}
(3.24a)

N T ip
K = N̂K ⊕ {b̃1k, b̃2k, b̃3k, b̃4k}k=1,4 (3.24b)

where b̃1k are the enriched degrees of freedom used to capture the singular stress field.

Blending

The enriched functions NjH in figure 3.5 are nonzero outside the grey central element

(nodes 2-3). Therefore, the neighbour elements are “blending”elements which share enrich-

ment dof’s with the unenriched discretization. In particular, the enriched nodal variables

N̂K do not correspond to physical displacements, and do not fulfill the interpolation prop-

erty. Then, it is necessary to define a new element class.

However, this definition can be avoided in practice for the Heaviside enrichment function

by changing to the shifted heaviside sign function, expressed as

NjH(x) 7→ Nj(H(x)−H(xj)) (3.25)

where xj stands for the coordinate at node j, which implies N̂K 7→ NK of the conventional

FEM in equation 3.8. The effect in the enriched shape functions is illustrated in figure 3.6,

where it is shown that blending elements are no longer necessary.

Figure 3.6: The enriched shape functions Nj (H − Hj) with Hj = H(χj). Note that
the enriched functions are zero outside the enriched element. Belytschko et al. (2009).
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3.1 The eXtended Finite Element Method, X-FEM

This problem is not found in the ridge-type enrichment, but appears in the LEFM crack-

tip enrichment, figure 3.7a. An extensive discussion is found in Fries (2008) or Tarancón

et al. (2009).

3.1.5 The level set

The level set is a convenient strategy to describe a curve Γ in Rn−1 as a subset of a

more general hypersurface φ in Rn as

Γ =
{
xΓ ∈ Rn−1|φ(xΓ) = 0

}
An example of level set is the sign function ζ, equation 3.18. The level set simplifies

the normal calculation nΓ = ∇φ
‖∇φ‖ from nodal values ∇φh =

nodes∑
j=1

Bjφj, and the “side” is

given by sign(φ). The crack tip can be described as the intersection of the crack level set

φ and the orthogonal level set φ⊥, Mohammadi (2008).

The use of a level set is of particular importance in moving interfaces, such as the Fast

Marching Method in Sethian (1999).

3.1.6 The X-FEM method: LEFM crack tip vs cohesive crack

So far, the discussion has been focused on aspects of the discontinuity description

and discretization. To complete the X-FEM approach, a crack evolution criterion is also

necessary. There are two families of X-FEM for fracture: one is based on the description of

the crack tip singularity field by Linear Elastic Fracture Mechanics, and the other is based

on a cohesive description of fracture.

LEFM approximation The early implementations of X-FEM (Moës et al. (1999)) were

based on the open crack and the LEFM crack tip enrichments: ũ-dof’s are needed for the

fully cracked elements while additional b̃-dof’s are required for crack-tip elements which
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3.1 The eXtended Finite Element Method, X-FEM

exhibit a stress singularity, figure 3.7a, as

uh(x) = ûh +

ncrack∑
j=1

NjH(x)ũj +

ntip∑
j=1

4∑
k=1

NjFk(x)b̃kj = ûh
∣∣
Ωh + ũh

∣∣
Ecrack

+ b̃h
∣∣∣
Etip

(3.26)

The crack tip lays on any position of the domain. The stress intensity factors KI and

KII are calculated from the asymptotic field. The extension and direction of the crack prop-

agation are computed by comparing the stress intensity factors with the fracture toughness

of the material according to different criteria. Then, the global tracking algorithm activates

or deactivates the fully cracked ũ and the crack tip b̃ dof’s according to the new position of

the crack tip, which is calculated explicitly from the previous increment in terms of direc-

tion and extension. Examples of XFEM implementations in commercial codes are found

in Giner et al. (2009), Shi et al. (2010), Xu & Yuan (2009) or Broumand & Khoei (2013).

A

B

Crack
Node with dof’s 

Open crack X-FEM

u
Node with dof’s ,u b

Crack tip X-FEM
Blending element

(a) LEFM

A

Crack
Node with dof’s 
Cohesive crack X-FEM

u

Tip cohesive X-FEM B

(b) Cohesive crack

Figure 3.7: X-FEM strategies: (a) The LEFM approximation requires open crack,
crack tip and blending elements. Two enrichment sets of enriched dof’s, ũ and b̃, are
used. (b) The cohesive crack approximation requires cohesive crack elements with special
treatment at the tip location, and one set of enriched dof’s, ũ.

Cohesive crack approximation Wells & Sluys (2001) circumvent the previous crack-

tip enrichment (b̃’s dof’s) by using a cohesive crack with the crack tip allowed to be only at

the edge of the element, figure 3.7b. This assumption is valid for discretizations finer than

the typical cohesive characteristic length. They eliminate the set of b̃-dof’s at the expense

of creating a cohesive interaction between crack faces. Therefore, the displacement field
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3.1 The eXtended Finite Element Method, X-FEM

reads as

uh(x) = ûh +

ncrack∑
j=1

NjH(x)ũj = ûh
∣∣
Ωh

+ ũh
∣∣
Ecrack

(3.27)

and the cohesive interaction involves ũ dof’s at the intersected elements Ecrack.

The crack initiation and propagation critera rely on the bulk stresses at the (tip) ele-

ment. The crack tip can only lie at an element boundary, prescribing the use of partially

cracked elements. This assumption is plausible as far as the mesh size is much smaller than

the typical length of the cohesive zone, section 2.2.2, and allows the use of only one type of

enriched element. A global tracking algorithm is also used to activate cracked elements and

to constraint the crack tip directionality: the tip element is fully cracked in the next step

with a direction normal to the maximum spatially-averaged principal stress. The equiv-

alent Phantom Node basis for Q4 elements is used in Song et al. (2006) and Ling et al.

(2009). They do not take advantage of the fact that the cohesive law allows to combine an

initiation stress criterion and an energy-based propagation criterion.

Finally, methods combining the cohesive approach with cohesive crack-tip enrichment

can also be found in the literature; Cox (2009), Zi & Belytschko (2003).

3.1.7 The cohesive X-FEM problem statement

The cohesive X-FEM can be considered an augmented method of the conventional

FEM procedure described in section 3.1.2. Any cohesive crack algorithm relies on three

principles: the crack discretization, the constraint between crack faces and the tracking

algorithm to follow the crack propagation. The numerical solution of the equilibrium

problem is summarized below.

Strong form

The strong problem of equation 3.1 is extended to an internal (oriented) crack surface

Γ. The surface splits the domain Ω in two disjoint subdomains Ω1, Ω2 (at least, locally),

with normal nΓ pointing to 2. The displacement is discontinuous, with values u1, u2 at each

side, but not independent: both sides of the crack should be in equilibrium, and the crack

opening [[u]] (displacement jump between crack surfaces) is related to the traction vector
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3.1 The eXtended Finite Element Method, X-FEM

through the cohesive law tcoh ([[u]]) which governs the stress transmitted by the cohesive

crack. The strong form, figure 3.8, reads: find u such that

−∇ · (C : ∇su) = f̄ in Ω\Γ

u = ū in ∂uΩ

(C : ∇su) · n = h̄ in ∂hΩ

t = (C : ∇su1) · nΓ = (C : ∇su2) · (−nΓ),

t = tcoh([[u]]) in Γ

(3.28)

�

��

��

�
�

���

���

Figure 3.8: Continuous domain with an embedded discontinuity.

Discretization

Following the discussion above, the shifted Heaviside sign enrichment is used, which

avoids the use of blending elements. The displacement field can be discretized as:

uh =
nodes∑
j=1

Njûj +
nenr∑
j=1

Ñjũj (3.29)
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with Ñj = Nj(H −Hj), see figure 4.2. The displacement jump between both faces of the

cohesive crack is given by

[[u]] = 2
nenr∑
j=1

Njũj (3.30)

��

Figure 3.9: Discrete domain with a mesh-independent embedded discontinuity.

Equation 3.29 is called the X-FEM basis. Since ∇H = 0, the strain and stress tensors

at the bulk Ω\Γ (excluding the crack), can be expressed in matrix notation, as:

ε = ∇su =
nodes∑
j=1

Bjûj +
nenr∑
j=1

B̃jũj

σ = CBû+ CB̃ũ

(3.31)

with B̃j = Bj(H −Hj).

The enriched bidimensional finite element Q4X is defined by the same geometric sup-

port ΩK (quadrilateral geometry), the enriched set of 16 nodal displacement dof’s and the

approximation space in equation 3.21. It should be emphasized that the use of the tech-

nique in equation 3.25 makes the new dof’s an extension of the node set of a conventional

Q4 element.

Alternatively, the displacement field can be reformulated using the canonical basis pro-

posed by Hansbo & Hansbo (2002) as:
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3.1 The eXtended Finite Element Method, X-FEM

uh =


nodes∑
j=1

Nju
1
j if x ∈ Ωh

1

nodes∑
j=1

Nju
2
j if x ∈ Ωh

2

(3.32)

where the displacement jump between faces is given by

[[u]] =
nenr∑
j=1

Nj

(
u2
j − u1

j

)
(3.33)

The basis in equation 3.32 is called the Phantom Node basis, as coined by Song et al.

(2006).

Figure 3.10 illustrates the new set of 16 dof’s per element, N PN
K = {uixj, uiy j}

i=1,2
j=1−4 as

two mathematical elements of 4 nodes each, with their own displacement dof’s. The “real”

nodes (solid discs in figure 3.10) are those whose dof’s coincide with the displacement field

uh and the “phantom” nodes (circles in figure 3.10) are those whose dof’s are only defined

mathematically, i.e. uh(xj) = u1
j in Ωh

1 but uh(xj) 6= u1
j in Ωh

2 . The displacement at any

arbitrary point is calculated as shown in equation 3.32.

2

1

Figure 3.10: Representation of a crack with Phantom Nodes.

Areias & Belytschko (2006) pointed out that the discrete spaces of equations 3.29 and

3.32 are equivalent. Indeed, any uh of equation 3.32 can be rewritten, with the help of the
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Heaviside sign function as:

uh = 1
2
(1−H)

nodes∑
j=1

Nju
1
j + 1

2
(1 +H)

nodes∑
j=1

Nj(x)u2
j

The relationship between dof’s of the Phantom Node method (u1
k and u2

k) and the

standard X-FEM discretization (ũ and û) can be written as[
u1
k

u2
k

]
=

[
δkj −(1 +Hj) · δkj
δkj +(1−Hj) · δkj

][
ûj

ũj

]
(3.34)

where δkj is the Kronecker’s delta.

From the observations above, it is clear that the Phantom Node method reuses all FE

code properties, with the exception of the element integration rules. In particular, the

compatibility with a standard FE mesh is straightforward.

Discrete weak form

The weak problem is based on the virtual work principle: find uh ∈ V h such that for

all kinematically admissible displacement field vh ∈ V h

∫
Ωh\Γh

∇svhC∇suhdΩ +

∫
Γh

[[vh]]tcoh([[u
h]])dΓ =

∫
Ωh\Γh

vhf̄ dΩ +

∫
∂hΩh

vhh̄ d(∂Ω)

uh = ū in ∂uΩ
h

(3.35)

where the power spent in the cohesive crack is clearly identified in the second term of the

left hand side of the equation 3.35.

The problem is equivalent to find uh ∈ V h such that the functional Π(uh) is minimum

Π(uh) =

∫
Ωh\Γh

∇suhC∇suhdΩ + Πcoh([[u
h]])−

∫
Ωh\Γh

uhf̄dΩ−
∫
∂hΩh

uhh̄d(∂Ω) (3.36)
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and it is assumed that the cohesive interaction potential Πcoh exists, and the spatial deriva-

tive (see equation 3.35) is the cohesive traction tcoh = ∂Πcoh
∂[[u]]

in equation 2.26 of chapter 2.

Numerical implementation

The element stiffness matrix is calculated from integrals in the reference element with

natural coordinates (ξ, η), and in the discontinuity reference element s (with line-to-line

mapping jacobian JΓ). Assuming that kcoh is the cohesive stiffness (linear relation between

tcoh and the displacement jump [[uh]]), and nΓ stands for the 2 × 2 projection operator to

normal-tangential coordinates of the discontinuity, the stiffness matrix structure for the

X-FEM basis

{
û

ũ

}
is expressed as

KXFEM =

1∫
−1

1∫
−1

[
BTCB BTCB̃
B̃TCB B̃TCB̃

]
· det J dξdη

+

1∫
−1

[
0 0

0 2I

]
NTnTΓkcohnΓN · det JΓ ds

(3.37)

where I is the identity matrix. Explicitly, the matrix form for the X-FEM basis can be

written as [
Kûû Kûũ

KT
ûũ Kũũ + 2G

]{
û

ũ

}
=

{
f̄

0

}
(3.38)

where K• and G are the volume integral and surface integral, respectively, described above.

For the Phantom Node basis

{
u1

u2

}
, the stiffness matrix is given by

KPN =

1∫
−1

1∫
−1

[
1
2
(1−H)BTCB 0

0 1
2
(1 +H)BTCB

]
· det J dξdη

+

1∫
−1

[
I −I

−I I

]
NTnTΓkcohnΓN · det JΓ ds

(3.39)
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with the matrix form (using the same notation)[
K1 + G −G

−G K2 + G

]{
u1

u2

}
=

{
f̄1

f̄2

}

The presence of the discontinuous function H in the integral term deserves special

attention. In principle, the conventional Gauss integration can not be used, except if special

techniques are applied: the “equivalent polynomial” (Ventura (2006)) or the regularized H

(Benvenuti et al. (2008)). Examples of domain partitions can be found in the literature for

quads (Song et al. (2006)), triangles (Wells & Sluys (2001), Baiges et al. (2012)), tetrahedra

(Park et al. (2009)) and hexahedra (Loehnert et al. (2011), Gerstenberger & Wall (2010)).

In the discussion below, it is proposed to use a convenient integration scheme for best

compatibility with Abaqus/Explicit. A rule of thumb to choose the integration scheme is

that the convergence order of the method upon mesh refinement must be preserved, as

discussed in chapter 4.
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3.2 An implementation of X-FEM cohesive approach in explicit dynamics

3.2 An implementation of X-FEM cohesive approach

in explicit dynamics

The proposed approach is motivated by the architecture of a commercial FE program

such as Abaqus/Explicit, section 3.3.2. The property of PU in section 3.1.3 is exploited to

embed a cohesive discontinuity in a conventional quadrilateral element, at the expense of

adding extra displacement-like dof’s at the same nodal locations.

Contrary to the tracking in Wells & Sluys (2001) or Ling et al. (2009), here we take

advantage of the fact that a cohesive interface can simulate both closed cracks and open

cracks. Therefore, it is no longer necessary to change the element status from closed to

open or activate/deactivate enriched dof’s: the crack nucleation and evolution is dictated

by a cohesive law following the procedure depicted in section 2.2.2.

• Initially, the crack is constrained to be closed (closed stage), using an elastic penalty

stiffness given by kcoh →∞.

• When the traction at the crack interface reaches the cohesive crack strength, as given

by the failure criterion, the element is switched to a mixed-mode cohesive law (crack

opening) introducing softening in the mechanical response.

Four items need to be specified to define the X-FEM: the discretization, the numerical

integration, the crack representation and the crack evolution or tracking algorithm. Ad-

ditionally, it is also necessary to define the mass discretization for a dynamic model. The

proposed approach chooses the Phantom Node basis and completes the formulation with

the numerical integration of bulk and cohesive integrals in the following subsections.

The use of a global tracking algorithm is an undesiderable feature that violates closed

FEM environments as Abaqus. Jirásek (2007) illustrated the research efforts to avoid

global tracking algorithms due to the difficulty of implementation and poor scalability in

commercial FE packages. An algorithm is scalable to multiple machines only if the code

has “local” memory access: global variables of the whole model must be avoided for global

efficiency. The use of the approach proposed in this thesis makes the tracking algorithm

totally unnecessary.
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3.2 An implementation of X-FEM cohesive approach in explicit dynamics

3.2.1 A Phantom Node integration scheme

The Phantom Node basis reuses the standard algorithms of the FE method to solve the

weak formulation of the elastic problem for a given discretization following equation 3.32.

In particular, an efficient integration point and the assembly loop is presented. Then, the

integration scheme for K and G in equation 3.39 is proposed in this section.

The integration of the first term in equation 3.35, called the bulk integral, is carried

out using the following approximation:

∫
ΩK

∇svC∇su dΩ =
2∑
e=1

∫
ΩK

(
1
2
(1− (−1)eH)

)
(∇sveC∇sue) dΩ

≈
2∑
e=1

(∫
ΩK

1
2
(1− (−1)eH)dΩ

)∫
ΩK

∇sveC∇suedΩ =
2∑
e=1

(
Ae

A

)
KK

(3.40)

where KK is the conventional element stiffness matrix. The approximation “≈” used is

actually“=”if the second term (∇sveC∇sue) is constant. The Uniform Reduced Integration

(URI) scheme fulfills the equality, and is chosen for compatibility with the traditional

reduced integration in Abaqus/Explicit.

It is worth noting that the rearrangement of the dof’s proposed with the Phantom

Nodes approach allows an efficient integration of the stiffness matrix of the element, which

is fully coherent with the structure of a commercial FE package. With a rearrangement of

the nodal forces between conventional and phantom nodes, as depicted in the first integral

of equation 3.39 and figure 3.11, the element algorithms can be reused in section 3.4.

Figure 3.11: Integration scheme for URI in the proposed approach. Song et al. (2006).
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The recommendation proposed by de Borst (2003) was followed for the surface integral

on the crack plane (second term in equation 3.35): the Newton-Cotes integration scheme

in the second integral in equation 3.39.

The remaining part of this section includes considerations regarding the integration

scheme to embed a discontinuous field in an Abaqus/Explicit element. As a conclusion,

a significant part of the Abaqus code can be reused, but some new code has to be pro-

grammed, as explained later in section 3.4.

Bulk integral: issues with the conventional URI element

The URI (uniform reduced integration) element proposed in Flanagan & Belytschko

(1981) and Belytschko (1983) (Q4R) is simple to implement. A strong feature of this

element is the ability to represent constant stress fields exactly, so the order of convergence

is O(h2), the same as in the full-integration version (Q4) (Ciarlet (2002), Hughes (1987)),

but with significant less computational cost. However, the weakness of the URI element is

that the assembled matrix contains displacement vectors {u} in the null-space (with zero

elastic energy) different from the rigid body motions, called traditionally the hourglass

vectors. A global hourglass mode is built from the assembly of local hourglass modes, which

might pollute the physical solution and make the results useless (see the discussion in

Flanagan & Belytschko (1981) or Puso (2000)).

To visualize all the specific issues of hourglass modes in the URI element, a first degree

of freedom rearrangement of the standard Q4 element is described. The Q4 element has

eight independent displacement dof’s: four nodes and two spatial directions. Recalling

the results exposed in section 3.1.2, the dimension of the dof set NK in equation 3.8, and

also of the polynomial space PQ4, is eight. Alternatively, the dof set associated with the

coefficients of PQ4 can be used and the displacement field uh can be written from the vector

of eight nodal displacements. The kinematics of the element can be recovered using eight

displacement modes related with the rigid body motions, elastic deformation and hourglass

modes.

uh = 1
4

[sX + sY + ξ1Xξ + ξ1Y ξ + ξ2Xη + ξ2Y η + hXξη + hY ξη]

{
uxj

uyj

}
(3.41)
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The base vectors sX , sY , ξ1X , ξ1Y , ξ2X , ξ2Y , hX , hY can be represented as the bidimen-

sional shapes in figure 3.12.

Xs Ys 1X
ξ

1Y
ξ

2X
ξ 2Y

ξ X
h

Y
h

Figure 3.12: Graphical representation of base vectors in the space of natural coordi-
nates. sX , sY represent rigid body translations, ξ1X , ξ1Y , ξ2X , ξ2Y are associated to
element deformations and hX , hY are the hourglass base vectors. The URI kinematic
assumption erases the two last modes of the constitutive response.

Using the element bijective mapping to the actual element configuration in coordinates

(x, y), an analogous expression is given:

uh = 1
4

[sX + sY + b1Xx+ b1Y x+ b1Xy + b1Y y + γXxy + γY xy]

{
uxj

uyj

}
(3.42)

with the shape vectors b1X , b1Y , b2X , b2Y corresponding to the rows i = 1, 2 of the matrix

BiI defined below. The index X (c.f. Y ) indicates that the vector biX (c.f. biY ) completes

the terms related to coordinate Y (c.f X) with zeroes. The hourglass shape vectors γX , γY

will be calculated using orthogonality considerations below.

The additional kinematic assumption of the URI element with respect to Q4 is that

the displacement field in the element can be expressed as a Taylor series expansion from
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the mean values (•̄ = 1
4

nodes∑
i

•i) of the element

u(x) = ū+ ε̄(x− x̄)︸ ︷︷ ︸
uLIN

+O(x2)︸ ︷︷ ︸
uHG

and the mean strain field ε̄ is used to compute the constitutive element forces:

ε̄ij =
1

A
uiIBjI

where the area A and the symmetric gradient B matrix are explicitly written as:

A =
1

2
((x3 − x1)(y4 − y2) + (x2 − x4)(y3 − y1))

[BiI ] =
1

2

[
(y2 − y4) (y3 − y1) (y4 − y2) (y1 − y3)

(x4 − x2) (x1 − x3) (x2 − x4) (x3 − x1)

]

Flanagan & Belytschko (1981) proved that the hourglass field uHG is orthogonal to the

rigid body motion and the homogeneous deformation of the element. Mathematically, this

implies:

[Bi] u
HG = 0

Therefore, uHG should have only components in the hourglass space in equation 3.41:

uHG =

(
1

2
qx

)
hX +

(
1

2
qy

)
hY

for some generalized coordinates qX , qY . The hourglass shape vectors γX , γY in equa-

tion 3.42 are defined to project the displacements to the generalized coordinates. Mathe-

matically, any displacement field uh proportional to γi is pure hourglass:

qi =
1

2
[γi]

TuHG

Flanagan & Belytschko (1981) determined the shape vectors using the orthogonality of

base vectors:

[γi] =

(
[I]− 1

A
[Bx] [x]T − 1

A
[By] [x]T

)
[hi]
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From the discussion above, it is clear that the hourglass modes are not directly affected

by the constitutive response due to orthogonality. The hourglass forces can be used to

stabilize the behaviour of the element:

fHG =
1

2
· α · (qX [γX ] + qY [γY ]) (3.43)

where α is a user-defined parameter that is scaled with the constitutive moduli of the

material.

Interestingly, the energy orthogonality is observed: exploiting the property [γi]
TuLIN =

0, the power Ẇ is split into linear (constitutive) and hourglass (numerical) parts:

Ẇ = u̇·f =
(
u̇LIN + u̇HG

) (
fLIN + fHG

)
= u̇LINfLIN︸ ︷︷ ︸

ẆLIN

+ u̇HGfHG︸ ︷︷ ︸
ẆHG

+
(
u̇LINfHG + u̇HGfLIN

)︸ ︷︷ ︸
=0

(3.44)

So far, it can be seen that the URI element relies on a careful choice of the null-space

preserving the orthogonality between the constitutive model and the hourglass part.

The element stiffness matrix for the URI element reads as

KK = A [B]T [C] [B]︸ ︷︷ ︸
LIN

+α[γ]T [γ]︸ ︷︷ ︸
HG

(3.45)

Surface integral: the embedded cohesive interface

From equation 3.44, it can be seen that a key property of an URI element is the

orthogonality between constitutive and hourglass forces. Analogously, the interface term

in equation 3.35 has to prevent from introducing spurious constitutive forces in the null-

space and viceversa. Thus, the integration points in the cohesive integral of equation 3.39,

[G], have to fulfill the orthogonality condition ũHG [G] ũ = 0. Equivalently:

[hX ]T [N(ξ, η)] = 0

[hY ]T [N(ξ, η)] = 0
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for the element shape functions Nj arranged in matricial form, figure 3.2. Then, the feasible

locations for the integration points fulfill

ξη = 0 (3.46)

Therefore, increasing the dimension of the null space has to be avoided, because rigid body

motions would trigger constitutive forces; also reducing the dimension of the null space

because new zero-energy modes would arise. By studying the rank of the different posi-

tions of the integration points of the internal discontinuity, the possible choices satisfying

equation 3.46 are shown in figure 3.13.

Xs

Figure 3.13: Possible crack configurations and integration points in the reference ele-
ment. Dotted lines fulfill equation 3.46. The two integration points prevent new zero-
energy modes to appear.

For the proposed approach, the energy decoupling is critical at the closed stage. The

choice here is to exactly decouple the null-space from the deformation at the expense of

a less accurate crack representation. Note that the X-FEM version of the URI element in

Song et al. (2006) suffers from this pathology.

Shifting the actual crack position to preserve numerical properties is a common practice

in the literature. See, for instance, Sancho et al. (2007).

3.2.2 Mass matrix integration

The choice of the lumped mass matrix for the open crack problem is studied in detail

by Menouillard et al. (2006) for the X-FEM and Phantom Node basis.

A successful lumping scheme must preserve two features of the uncracked element:
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• The kinetic energy under rigid body motion must be the same as that of the tradi-

tional element.

• The maximum eigenvalue of the element must be as low as possible (optimally, the

same). At least, it should not approach infinite in any configuration.

• A traction shockwave at one side of an open discontinuity may not propagate to the

other side (Remmers (2006)).

The lumped mass matrix for the standard URI element for areal density ρ̄ (Bathe

(1996)) is given by

M0 = 1
4
ρ̄ · A · [I]

When dealing with X-FEM, the optimum integration scheme is found for the Phantom

Node basis by applying the standard lumping procedure to each sub-element, and then

multiplying by the area ratio between them:

[MPN] =

[
A1

A
M0 0

0 A2

A
M0

]

This lumping fulfills all the requirements without degrading the stable time step.

Nevertheless, the transformed mass matrix to the X-FEM basis contains non-diagonal

terms which makes the method incompatible with explicit dynamic simulations (section 3.3.1).

The lumped mass matrix has the correct lumping structure for the standard û dof’s,

while the nodal mass for each enriched ũ dof reads as

mũ
j =

{
1
4
ρ̄ · A2 if j ∈ Ω1

1
4
ρ̄ · A1 if j ∈ Ω2

where A1 and A2 are the respective areas contained by the element in the Phantom Node

method.

Regretfully, it cannot be found a lumped diagonal matrix that fulfills all the require-

ments and gives the optimal eigenvalue for any configuration of the cracked element. Then,
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a good choice of lumped mass matrix could be:

[MXFEM] =

[
M0 0

0
[
mũ
j δij
] ] (3.47)

In practice, the stable time step ∆tstable for explicit dynamics in section 3.3.1 is degraded

by the worst possible configuration. The ratio between the ∆tstable of fully cracked and

uncracked element oscillates between 0.93−0.7, which does not introduce excessive penalty

in the computation time. Also notice that the stiffness between crack faces kcoh has a

significant effect and governs the stable time step.

3.3 Implementation details

The structure of the code Abaqus/Explicit (Dassault Systemes (2010)) is shared by

many commercial codes due to its simplicity and efficiency. The key point is that the the

central difference algorithm is used as the time integration scheme.

3.3.1 The explicit time incrementation scheme

The equations of motion are integrated using the explicit central difference scheme

(Bathe (1996)). The assembled FE equations of motion are given by

[K] {u}+ [C] {u̇}+ [M] {ü} = {fLHS} (3.48)

where [K], [C] and [M] are the stiffness, damping and mass matrix, {fLHS} the nodal consis-

tent force vector and {u}, {u̇} and {ü}, the nodal displacement, velocity and acceleration,

respectively.

The central difference scheme belongs the family of Newmark integrators. Taking into

account that the Central Difference (Abaqus/Explicit) uses the nonlinear general scheme,
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for a linear elastic material {fRHS} = [K] {u}

[M]−1 {üt
}

=
{

ft
LHS

}
−
{

ft
RHS

({
ut
})}{

u̇t+∆t/2
}

=
{

u̇t−∆t/2
}

+ ∆t
{

üt
}{

ut+∆t
}

=
{

ut
}

+ ∆t
{

u̇t
}

The algorithmic properties are recalled:

• The time integration is explicit : current step depends only on previous steps.

• The method is conditionally stable, with ∆tstable typically very small.

• The mass matrix has to be diagonal (lumped mass matrix).

• Round-off errors may be significant for low stable time steps.

• The computational cost-per-increment is roughly proportional to float operations in

the constitutive loop.

• The algorithm needs relatively low RAM-memory requirements.

• The algorithm is scalable and amenable to distributed memory parallelization (DMP)

and message passing interface (MPI) for massive computation.

It is noting that the computational cost of the method is proportional to the ∆tstable and

the cost per increment. The method is obviously sensitive to the presence of constraints,

such as cohesive forces between crack faces: an eigenvalue is generated associated to the

constraint. When the value of the stiffness parameter kcoh is low enough, as compared

with the bulk stiffness, the constraint does not affect the ∆tstable. However, high values

of the stiffness kcoh are needed to ensure the displacement continuity of the undamaged

structure meaning that the accuracy of the solution will compete directly with the stability

(Courant) condition.

3.3.2 Integration in Abaqus/Explicit

As in all commercial FE packages, Abaqus/Explicit requires three stages in the simu-

lation: the preprocessing, the solver and the postprocessing. The preprocessing generates
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an input .inp file with a node table (i.e. location of nodes j), an element connectivity

table (i.e. domain partition Ωh = ∪KΩK), element definition (i.e. type of Nj, Bj and

integration), material properties (i.e. C definition), and loads and boundary conditions

(to build {f t}K). The information is read and conveniently stored (package_dp.exe). Af-

terwards, the central difference algorithm iterates (explicit_dp.exe). At some defined

stages, information is written to an output database .odb to be read by the postprocessor.

The user has access to the three stages. Firstly, to define a suitable .inp mesh file with

appropriate dof’s and connectivity. Secondly, to create a convenient set of user variables

for iteration in package.exe. And, finally, the set of nodal forces are computed in the

element loop, and the user results are written in ASCII files. The first task is typically

performed with an .inp generator, such as Abaqus/CAE or Python for Abaqus. The other

tasks are carried out by the user subroutine VUEL that enables user access to the element

loop. Finally, the results file is read by Abaqus/Viewer or a user-defined postprocessor.

The implementation of the Phantom Node model described in this chapter is presented

below, with special emphasis in the issues related with the Abaqus/Explicit FE package.

A 2D domain is discretized with plane stress CPS4R elements, or the equivalent mem-

brane 3D version, M3D4R. The formulation of both cases corresponds to the Uniform Re-

duced Integration found in Flanagan & Belytschko (1981) and Belytschko (1983). The

implementation in Abaqus uses a constitutive hypoelastic law: the Green-Naghdi rate

(Flanagan & Taylor (1987)) is applied if the VUMAT material user subroutine is active, and

the Jaumman rate (Hughes & Winget (1980)) if inactive.

All the dof’s corresponding to all elements crossed by a potential crack were active from

the beginning of the simulation. It was assumed that initially closed cracks are constrained

by a penalty stiffness method in 3.35, where kcoh is as high as possible but without excessive

degradation of the stable time increment.

The implementation of the bulk integration scheme in equation 3.40 can be carried

out at the material properties level, without extensive code modification. Substituting the

elastic constitutive matrix [C] for an orthotropic lamina (equation 3.45) for [Ce] and the
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hourglass stabilization constitutive parameter α (equation 3.43) for αe:

[Ce] =
Ae

A


E1

1−ν12ν21

ν12E2

1−ν12ν21
0

ν12E2

1−ν12ν21

E2

1−ν12ν21
0

0 0 G12


This stiffness matrix can be directly obtained by modifying the elastic constants of the

equivalent lamina by the area ratio of the Phantom Node model, according to

Ee
1 = Ae

A
E1; Ee

2 = Ae

A
E2; νe12 = ν12; Ge

12 = Ae

A
G12 (3.49)

The stabilization constant, αe, section 3.2.1, is more tedious to derive. Flanagan &

Belytschko (1981) propose α as a function of Lamè parameters (λ, µ) of an isotropic

material. The calculation of equivalent parameters for an arbitrary material is carried out

as in Dassault Systemes (2010), approximating the effective bulk κeff and shear Geff moduli

as

κeff = − ∆p

∆εvol
, Geff =

∆
(
(σ − pI) : (ε− 1

3
εvol)

)
∆
(
(ε− 1

3
εvol) : (ε− 1

3
εvol)

) , λeff = κeff − 2
3
Geff, µeff = Geff

where the hydrostatic pressure p and the volumetric deformation εvol are introduced. Then,

it can be concluded that the modified moduli also give equivalent results to scale stabiliza-

tion forces.

The bulk and surface integrals in equation 3.35 in the space equation 3.32 can be

computed with three elements (see figure 3.14):

• A 4-node built-in plane stress element with equivalent moduli for the domain 1 of

the bulk integral, CPS4R in 2D or membrane M3D4R in 3D.

• A 4-node built-in plane stress element with equivalent moduli for the domain 2 of

the bulk integral, CPS4R in 2D or membrane M3D4R in 3D.

• An 8-node user element VU1001 coded as a VUEL subroutine for the surface integral

coupling the behaviour of the aforementioned elements.
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Figure 3.14: Possible quadrilateral element division by a discontinuity. Representation
of both sides by the Phantom Node.

In the matrix form of equation 3.39, the first element corresponds to K1, the second to

K2 and the third to the G terms, rearranged for a nonlinear cohesive law. If the nodes

are ordered conveniently, only two geometrical configurations are possible: the quad-quad

and the tria-penta, figure 3.14. The connectivity table for the three elements is also drawn

explicitly in table 3.1 for clarity.

Element 1 Element 2 Element 3
CPS4R CPS4R VU1001

Quad - Quad 1-2-3’-4’ 1’-2’-3-4 1-2-3-4-1’-2’-3’-4’
Tria - Penta 1’-2-3-4 1-2’-3’-4’ 1-2-3-4-1’-2’-3’-4’

Table 3.1: Connectivity table of the three elements to compute equation 3.39.

The traction-separation law at the interface is calculated from the displacement opening

[[uh]] as in equation 3.35. The constitutive cohesive law compares the traction with the

critical value tc at the initial linear part. When the critical value is reached, the penalty

stiffness is generalized to a nonlinear cohesive law, following section 2.2.2, to model cohesive

crack opening.
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3.3.3 Model preprocessing, solution and postprocessing

Preprocessing

The python scripts are executed in the Abaqus command line

abaqus python myPythonScript.py user_parameters

The following scripts were developed to define the .inp input model for the program

Abaqus/Explicit ready for computation. The initial model is a rectangular domain with

specified dimensions, fiber orientation and load type, although it can be adapted to any

particular geometry.

1. The script anglePlyLaminate.py includes parameters for specimen dimensions and

material. A conventional mesh model.inp, with plane stress M3D4R and cohesive

COH3D8 elements, is created.

2. The script addCracks.py modifies the previous file to an enriched mesh file

modModel.inp with predefined crack locations, according to the level set parame-

ters given. Only one crack per element is allowed, and the minimum admissible

separation is, therefore, two rows of uncracked elements. The level set information,

such as element crack intersections and nodal values, is stored in the ASCII datafile

additionalElementInfomation.inp. The connectivity and properties of the en-

riched elements are stored in an *INCLUDE file enrichedNodesElementsfile.inp.

3. Boundary conditions and loads are stored in loads.inp.

Solver: construction of data structures and iteration

The solver is called in Abaqus command line:

abaqus explicit job=modModel user=phantom-explicit.f double=both

This commands executes the programs pre.exe, package_dp.exe, explicit_dp.exe

and post.exe sequentially.
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The program pre.exe interprets the input file modModel.inp and the callable files

enrichedNodesElementsfile.inp and loads.inp, and translates the information to

Abaqus/Explicit central difference algorithm, creating a suitable data structure. The user

array STATEVAR(nK ,NSTATEV) is created, with nK number of elements per computer pro-

cessor thread, NSTATEV user supplied allocation length

package_dp.exe initializes the central difference algorithm. In particular, the FOR-

TRAN user subroutines VUSDFLD, VUMAT and VUEL are executed for the first time. The

code is flagged to be executed only at increment 0. An scheme with the procedures and

variables is sketched in figure 3.15:

• VUEL, at increment 0, reads additionalElementInfomation.inp level set informa-

tion and the pre-calculated values for Γ-integral in equation 3.39: the jacobian JΓ

and angle θ (i.e. nΓ) before the shift, the Nj functions for shifted (ξsh, ηsh) integration

points.

• VUSDFLD, at increment 0, reads additionalElementInfomation.inp pre-calculated

values for Ω-integral in equation 3.39: area ratios Ae

A
. The subelements 1 and 2 are

identified by the global numbering, and the offset number with respect to the original

standard element. The values are written to the user array stateNew(nK ,NSTATEV).

• VUMAT, at increment 0, simply maps input variable (renamed as stateOld(nK ,NSTATEV))

to the element user variable variable array stateNew(nK ,NSTATEV).

After initialization, explicit_dp.exe iterates with the central difference scheme. An

scheme with the procedures and variables is found in figure 3.16:

• VUEL reads det JΓ, nΓ, Nj(ξsh, ηsh) information and calculates the Γ-integral of equa-

tion 3.39. The forces are transmitted to the nodes according to the connectivity

definition.

• VUMAT reads A0

A
information and calculates the modified moduli, equation 3.49. Then,

the built-in URI code is executed. The forces are transmitted to the nodes according

to the connectivity definition.

133



3.3 Implementation details

eA
A

eA
A

eA
A

modModel.inp enrichedNodesElementsFile.inp additionalElementInformation.inp

pre.exe Fortran I/O

VUSDFLD

VUMAT

VUSDFLD

VUMAT

VUEL

Enriched
CPS4R

Unenriched
CPS4R

Abaqus/Explicit local data structure

Enriched
U1001

package_dp.exe

jElem

stateNew

stateNew

jElem
props

STATEV

jElem

field

det , ,
( , )

J n
N ξ η

Γ Γ

det , ,
( , )

J n
N ξ η

Γ Γ

ρ

Figure 3.15: The user intervention in the Abaqus/Explicit program package_dp.exe

for data structure organization.

The information from the solver {u} and other derived quantities are written to the

output file modModel.odb at specified times tout. Also, an ASCII file output-tout.out is

created with internal user element results.

Following Dassault Systemes (2010), the suitable VUMAT, VUSDFLD, VUEL subroutines for

the proposed method are implemented in the user subroutine file phantom-explicit.f.

The details can be found in Appendix C.

Postprocessing

For easier postprocessing, a visualization element with zero elastic moduli is created in

the preprocessing stage which ties the four standard nodes of the proposed element. If the

element is in the closed stage, the strain is very close to the conventional mesh (i.e.: the

strain in the enriched mesh converges to the conventional mesh as k → ∞). In the crack

opening phase, the strain shows very high values but has no direct physical interpretation;

it can be regarded as the apparent average strain adding the contributions of continuous

and discontinuous fields.
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Figure 3.16: The user intervention in the Abaqus/Explicit program explicit_dp.exe

for central difference integration.

3.3.4 Benckmark example: the Double Cantilever Beam test

The correct implementation of the model was verified using a well-known benchmark

test: the Double Cantilever Beam test (DCB) for unidirectional carbon/epoxy composite

following ASTM D5528. In this test, an insert of teflon (PTFE) is placed at the mid plane

of the laminate during manufacturing in order to obtain a stress-free crack of 35 mm. The

stack sequence of the laminate is [08], with a thickness of 1.84 mm for each sublaminate,

25 mm in width and 250 mm in length.

Typical properties of unidirectional carbon/epoxy composites were used, table 3.2. The

relevant parameters for the peel tests are the lamina longitudinal and transverse elastic

moduli, E1, E2, the Poisson’s ratio ν12 and shear module G12 as well as the parameters

that control the fracture in mode I, namely cohesion NC and mode I toughness GIC ,

section 2.2.2.

The FE model consists in a through-thickness discretization (5.5 elements per sub-

laminate), where the interlamina is discretized non-conformally. The limits of the solid

elements do not coincide with the interface, nor cohesive elements are placed. Instead, the

level set indicates where the crack should appear. The boundary conditions, also sketched

in figure 3.17, include a vertical displacement close to the opening mouth, and a con-

strained horizontal displacement at the loading pins. Quadrilateral plane strain elements
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Figure 3.17: Contour plots of out-of-plane tension σ33 in a Double Cantilever Beam peel
test modeled with X-FEM. The enriched X-FEM elements are shown in grey, without
stress contours. The side elements Quad-Quad in table 3.1, and the visualization element
in section 3.3.3 are plotted.

with reduced integration, CPE4R, are used for the standard mesh part, and user elements

VU1001 for the enriched region. Following section 3.3.3, CPE4R with null stiffness moduli

are superimposed to the mesh and used for visualization.

The load-CMOD (crack mouth opening displacement) curves obtained with the X-FEM

simulation are compared with the predictions of the linear elastic fracture mechanics LEFM

(Elices (1998)) in figure 3.18a. The LEFM results are obtained using the geometry of the

DCB specimen and the mode I toughness and moduli in table 3.2.

The overall response of the laminate follows the theoretical behaviour. The fluctuations

of the numerical curve were induced by the wave propagation during the quasi-static loading

of the DCB specimen. The curve indicates that the X-FEM energy dissipation is correct.
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Figure 3.18: Double Cantilever Beam: (a) Load-CMOD curves of the DCB specimen.
Theoretical and numerical results obtained by X-FEM. (b) Tractions at the embedded
interface as function of the distance to the crack tip.

The tractions at the cohesive interface are plotted in figure 3.18b. For the later dis-

cussion, it is important to remark that all the enriched elements in the model are in the

Quad-Quad configuration of table 3.1 and figure 3.14. The next examples will plot the

interface tractions in general element configurations.
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3.4 Application: tensile test of [±45]S laminates

The proposed X-FEM implementation for laminates in Abaqus/Explicit is based on

van der Meer & Sluys (2009b) but includes important modifications. Plane stress state

in the laminae and shear deformation at the interface between plies will be considered to

model only in-plane loading. Therefore, 2D quad elements will be used to discretize plies,

under plane stress conditions. They will be connected through cohesive elements which

will stand for the interaction between plies, figure 3.19. The whole model will be subjected

to in-plane loads through the appropriate boundary conditions. The model will include a

predefined set of potential cracks parallel spaced that will open when the matrix cracking

failure criteria is fulfill transferring the stresses to adjacent plies by interface shearing.

SPACING

PREDEFINED
POTENTIAL CRACKS

COHESIVE
ELEMENTS

Figure 3.19: Simulation strategy for laminates. Intralaminar damage simulated with
X-FEM. Interlaminar damage with cohesive elements. Valid only for in-plane loads.

3.4.1 Laminate model

The model was used to simulate the tensile deformation of a [±45]S plain laminate,

and a [±45]S with an open hole in the center. The laminate has width W = 25 mm, and a

length L = 4W . The central hole has 5 mm in diameter, D = 0.2W . Mid-plane symmetry

was used in the model. Using this approach, only the lamina in-plane stresses and mode

II delamination are reproduced, neglecting the out-of-plane phenomena.
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To simulate in-plane uniaxial load, the axial dof’s of the nodes at each extreme are tied

to respective reference nodes through the use of constraint equations between them. The

specimen was loaded quasi-statically maintaining the kinetic energy low as compared with

the external applied work..

Each lamina was discretized with membrane elements M3D4R, formulated as plane stress

elements with additional out-of-plane displacement; the interlamina was discretized with

8-node cohesive elements COH3D8.

The typical properties of unidirectional carbon-epoxy composites were used, table 3.2.

For in-plane deformation, the elastic response is determined by the lamina longitudinal and

transverse elastic moduli, E1, E2, the Poisson’s ν12 and the shear modulus G12. Damage

depends on the the matrix tensile, YT , and shear strengths SL, the normal and shear

intralaminar toughnesses, G2+, G6, and the properties of the interply in mode II: shear

cohesion SC and mode II toughness GIIC , section 2.2.2. The shear nonlinearity (material

and geometry) was not included in the model to concentrate on the localization of damage

and the interaction between failure modes (matrix cracking and delamination).

Parameter Value
Density, ρ (kg/m3) 1500
Elastic modulus, E1 (GPa) 181.2
Elastic modulus, E2 = E3 (GPa) 8.88
Poisson ratio, ν12 = ν13 0.36
Poisson ratio, ν23 0.36
Shear modulus, G12 = G13 (GPa) 5.27
Shear modulus, G23 (GPa) 5.27
Transversal tensile strength, YT (MPa) 80
In-plane shear strength, SL = S12 = S13 (MPa) 162.5
Matrix tensile toughness, G2+ (kJ/m2) 0.58
In-plane shear toughness, G6 (kJ/m2) 2.4
Interface normal strength, NC (MPa) 33
Interface shear strength, SC (MPa) 70
Interface mode I toughness, GIC (kJ/m2) 0.05
Interface mode II toughness, GIIC (kJ/m2) 0.08
Benzegagh-Kenane parameter ηBK 1.2

Table 3.2: Properties of a unidirectional carbon/epoxy composite.
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Ply damage modeling

The experimental evidence indicates that matrix cracking is constrained to be parallel

to the fiber direction. The stresses are redistributed between laminae when an intralaminar

crack appears. The crack growth is energetically-driven (Nairn (2000), Johnson & Chang

(2001a) or chapter 1) up to a laminate-dependent crack saturation density (number of

cracks per length). Above the saturation density, the lamina is no longer able to sustain

load in the transverse direction. The crack saturation not only depends on the lamina

strength and toughness, but also on the interply properties.

These facts (saturation crack density) justify the choice of a finite set of potential in-

tralaminar cracks that could be defined a priori. Additionally, van der Meer & Sluys

(2009b) found that there is a threshold in crack discretization density above which increas-

ing the number of cracks becomes irrelevant. The lamina model proposed defines first a

level set for all possible cracks in the lamina, corresponding to the maximum crack density

possible in the model (cracks/mm). The crack discretization density is chosen consider-

ing the saturation density, and is regarded a user’s choice analogous to the mesh size.

Therefore, the definition of a sufficiently large crack density is of general applicability.

For the plain stress test, the potential crack positions were equally spaced for a given

density, and are placed far from corners of the coupon, figure 3.20. In this case, seven

cracks per lamina are modelled, figure 3.20a. For the open hole test, only three candidate

cracks are placed around the hole according to experimental findings, figure 3.20b.

The cracks were forced to stay closed by a penalty constraint, as explained in section 3.4,

until the stress criterion for matrix cracking was met. Once a crack opens, the stresses

above and below the crack surface are relieved according to the softening curve.

Interply delamination

van der Meer & Sluys (2009b) showed that a conventional cohesive element (i.e. COH3D8

in Abaqus) is not compatible with the enriched intralaminar element. Therefore, an en-

riched version of a cohesive element should be implemented as in Fang et al. (2011). How-

ever, they concluded that, for sufficient mismatch in adjacent ply orientations, the use

of the incompatible version gives reasonable results. Due to minimal gain in accuracy of
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the model, it was decided to use the incompatible version with built-in COH3D8 elements

instead of programming a new enriched version with a VUEL subroutine.

Figure 3.20: Definition of possible matrix cracks given by the level set. (a) Crack
density in the plain stress test (b) Crack locations in the open hole tension test.

3.4.2 Results

In order to better explain the simulation results, a short introduction to the qualitative

failure modes expected in the plain stress and open hole [±45]S laminates is made first.

Then, the results itself are presented. Finally, an unexpected behaviour of the models is

explained in detail.

The proposed configurations [±45]S with and without hole were analyzed by Sket et al.

(2012b, 2014, 2012a). The characteristic microcracking pattern is shown in figure 3.21.

Plain tension [±45]S

The stress-strain curve obtained in the simulation of the [±45]S laminate is plotted

in figure 3.22. The strength of the laminate is slightly higher than the prediction of the

Classical Laminate Theory, figure 3.22.

The intraply cracks appeared first. They were deflected to the +45/ − 45 interface,

leading to ply delaminations, figure 3.23. The delaminations did not propagate until the
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(a) (b)
(a) Plain stress

Intralaminar cracks Interlaminar cracks

(b) With hole

Figure 3.21: Experimental microcracking of [±452]S carbon-epoxy laminate.

interlaminar stresses were sufficiently high, leading to final failure by overall delamination

and the impossibility of the intralaminar cracks to substain additional load. The evolution

of damage was a combination of damage mechanisms: matrix cracking and delamination.

Open hole tension (OHT) [±45]S

The notched specimen supports a much lower level of load, figure 3.22. This is obviously

produced by the sensitivity of the laminate to the notch: the presence of a hole produces

a stress concentration that propagates failure at an early stage. However, such a notch

sensitivity is more pronounced than expected by the Classical Laminate Theory, and the

main reasons are explained below.

The stress concentration in the vicinity of the hole leads to the opening of the crack in

the middle, but with no sufficient energy for the propagation. Afterwards, the cracks at

the hole tangents appear and propagate only in one direction, figure 3.20, according to the

experiments above. The delamination is found between intraply cracks in accordance with

the experimental results.
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Figure 3.22: Stress-strain curve for a [±45]S laminate loaded in tension for plain stress
test (without hole) and open hole test (with hole). The failure point is compared to the
lamina shear strength, SL. The open hole tests shows a high notch sensitivity.

The crack-induced delamination appeared immediately after matrix cracking. Final

failure occurred by propagation of the delamination cracks, creating two independent sub-

laminates.

The interaction of matrix cracks with delamination is shown in figure 3.24. It is clear

that the final failure of the specimen is very similar to the experimental results in fig-

ure 3.21a. The laminate final failure consists of a combination of intraply cracks tangent

to the hole with delaminations that split the laminate in two parts.

There are, however, two significant differences between tests and simulations. First,

the material non-linearity due to matrix plasticity was not introduced in our model for

simplicity. Second, and more importantly, the initiation of failure occurs at an apparent

stress level much lower than the expected level according to the classical laminate theory

(first ply failure).
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Figure 3.23: Tensile test of plain [±45]S laminate. (a) Displacement field perpendicular
to load direction. The displacement is discontinuous due to the presence of matrix cracks.
(b) Delamination patterns at the +45/− 45 interface.
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Figure 3.24: Tensile test of open hole [±45]S laminate. Ply shear strain γ12 (a) and
interply damage (b) at final failure.

A detailed analysis of the numerical results shows a fundamental problem of the model

discretization. In the undamaged state, the choice of the intraply cohesive stiffness param-

eter kcoh was made by the user to trade off accuracy in terms of effective lamina stiffness

(the crack opening should be negligible compared to the overall lamina deformation for a

closed crack) and computational time (which deteriorates with high kcoh). However, the
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(c) Traction for high stiffness
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Figure 3.25: Evolution of the shear traction along the lower crack in figure 3.20 when
it is closed. The shear profile of the interface cohesive law is compared against the
correlative bulk stress tensors at both interface sides and the “exact” traction profile of
a continuous FE model (without discontinuity). The left figures compare the cohesive
interface shear traction with the effective and continuous tractions. The right figures
compare the shear traction calculated from side elements with the effective traction from
the visualization elements and the “exact” traction.

value of kcoh also influences the tractions calculated at the intraply crack locations in an

unexpected way, figure 3.25.
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3.4 Application: tensile test of [±45]S laminates

The traction calculated from the displacement jump (tshear = kcoh[[u]]shear) was com-

pared with the “exact” solution of the equivalent conventional FEM model without crack,

figures 3.25a and 3.25c. This gives an idea of the accuracy of the intralaminar cohesive

law, because tshear plays role in the constitutive equations. Also, the “effective” shear stress

of the X-FEM was calculated from the deformation of a traditional element with the stan-

dard displacement field û, figures 3.25c and 3.25d. This gives an idea of the accuracy of

the closed crack solution in terms of lamina stiffness.

A low value of kcoh gives tshear values that overpredict the “exact” traction values,

figure 3.25a. In consequence, the intraply failure appears at lower load due to this numerical

reasons. The effective stress is also overpredicted, due to excessive interface compliance,

figure 3.25b.

A reasonable improvement way is to increase the value of kcoh, with the hope that the

interface behaviour is closer to a perfect interface and the predicted values get better. The

effective shear stress improves significantly, figure 3.25d. However, tshear shows an spurious

oscillating behaviour, figure 3.25c. The cohesive model in this case gives wrong results,

particularly for the damage initiation criterion.

3.4.3 Some remarks on X-FEM results obtained

In the DCB simulation, it was seen that the embedded discontinuity behaves well in

terms of cohesive traction values, even for high values of the cohesive stiffness (figure 3.18b).

In this case, the element split configuration is always Quad-Quad (recall figure 3.14). This

situation, however, is of limited practical interest, since the mesh is no longer arbitrary,

but needs of a strong orientation and sophisticated meshing before introducing the crack

locations.

However, a much worse behaviour was found when arbitrary configurations, mainly

Tria-Penta, were used (figure 3.25). In this case, the interface solutions were oscillating,

with the subsequent influence on the cohesive behaviour of the interface (i.e. figure 3.25c).

This problem has strong implications even in global quantities, as observed in the stress-

strain curves (figure 3.22) as damage is dependent on maximum stress values attained at

the interface.
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3.5 Limitations of X-FEM

3.5 Limitations of X-FEM

The X-FEM was initially developed for the LEFM “crack tip” approach, Moës et al.

(1999) using additional dof’s to improve kinematics. Later approaches, Wells & Sluys

(2001) or Song et al. (2006), introduced interactions by additional kinematics constraints

(e.g. a cohesive law between crack faces). It will be shown that the additional interactions

do not behave nicely for careless choices of the discrete spaces.

Some disappointing, yet clarifying results, can be found in Moës et al. (2006), Liu &

Borja (2010) for T3 triangles or Coon et al. (2011), Simone (2004) or in section 3.4.3 for

Q4 quadrilateral elements: if the crack faces (located at arbitrary positions at the mesh)

interact with a traction-separation law, the discrete inf-sup condition (Brezzi & Fortin

(1991)) does not hold in general, and the interface tractions are calculated inaccurately.

For example, the penalty approach of Simone can give “locked” traction values at the

interface: the tractions are inaccurate for the closed, or near-closed crack (i.e. high values

of the stiffness parameter kcoh), but accurate for open or near-open cracks.

In view of these results, the key assumption of the proposed method fails: the tractions

calculated from stresses at the bulk and from cohesive opening values do not coincide at

all. However, the effective displacement field and stress is still somehow accurate enough

(see figure 3.25), enabling to solve the problem in two ways:

• If the traction values are not of interest, a model that makes decisions based on the

correct initiation value (based on the effective stress prior to failure) and does not

need accurate traction values for the propagation can be chosen: a tracking algorithm.

• Fix the discretization to hold the discrete inf-sup condition to get correct traction

values for the initiation and propagation criteria.

The first approach, based on a deficient solution, could possibly give reasonable results

if the effective stress is used for the failure initiation criterion and the propagation is

controlled by the interface tractions. The propagation model will retain some accuracy if

the fracture is energetically controlled and the mixed mode is reasonably captured with the

limitations shown. In this case, the continuity in terms of spatial and temporal variables is

not guaranteed. The second approach accounts for spatial and temporal continuity of the

tractions and stresses. The time continuity, essential to avoid spurious dynamic effects in
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3.5 Limitations of X-FEM

dynamic solvers, is explained in detail in the next subsection. Also, the tracking is closely

related, and studied next.

3.5.1 Time continuity

The X-FEM method relies on a mesh projection between two meshes, figure 3.26: the

stresses and fracture criteria are initially calculated in the “unenriched” mesh; then, the

additional dof’s are inserted (the “enriched” mesh) to model the appearance of a crack.

The solution is projected from the “unenriched” mesh to the “enriched” mesh, figure 3.26a,

if loads are constant; or in other words, if the time increment ∆t is zero, Broumand &

Khoei (2013).

The common projection strategy consists in transferring the displacements of the unen-

riched mesh to the initial guess of the enriched mesh, and setting the enriched dof’s to zero

(if X-FEM basis) or to the displacements of the nodes unenriched mesh at the same loca-

tion (if Phantom Node). The initial solution evolves to equilibrium with Newton-Raphson

iterations in a static solver, or a disequilibrium appears in a dynamic solver.

The dynamic problem was studied from the implementation perspective in Menouillard

& Belytschko (2010), without an in-depth study of the causes of the inertial forces arisen in

the projection. They considered the difference in the equilibrium solution of both meshes

so small that dynamic smoothing techniques, like damping or gradual mesh changes, could

be effectively used.

The concept of time continuity was coined by Sam et al. (2005) in the context of initially-

rigid cohesive elements: “There shouldn’t be a jump in the behaviour of the element before

opening the crack and after opening”. Sam’s idea was exploited independently in the context

of X-FEM to obtained initially-rigid cohesive X-FEM by van der Meer & Sluys (2009b),

as a generalization of the model of Hille et al. (2009). An initially-rigid cohesive law is

approximated as a bilinear cohesive law, where the initial stiffness is kcoh, figure 3.26b.

The cohesive law is “shifted” to the left so that the cohesion traction (maximum value)

corresponds to zero opening. A tracking algorithm controls when the left region is inactive:

the traction value calculated from the bulk stress of the unenriched mesh is monitored, and

the discontinuous (enriched) element is introduced when it reaches the cohesion value, with

initial values equal to the unenriched stress at the bulk locations and equal to the cohesive

148



3.5 Limitations of X-FEM

 →∞
≈


Γ

 


Γ

  
Γ

 


Γ

 

( ) 
Γ Γ

+   

A

Crack
Node with dof’s 
Cohesive crack X-FEM

u

Tip cohesive X-FEM

B

A’

Crack
Node with dof’s 
Cohesive crack X-FEM

u

Tip cohesive X-FEM

B

Activation

Transition

Cl
os

ed
(c

on
st

ra
in

ed
)

Open

Transition
(using tracking)

Open

Mesh 1 Mesh 2

(a) X-FEM activation as mesh projection.

�� �∞
≈

� Γ� �

� Γ� �
� Γ� �

� Γ� �

( )�� �Γ Γ+� � � �

B
Transition

Cl
os

ed
(c

on
st

ra
in

ed
)

Open

Transition
(using tracking)

Open

Traction

Separation

Cl
os

ed

Open

Exact

Transition
t

u 

≈

Traction

Separation

Cl
os

ed

Open

Approximation

Transition
(using tracking)

t

0u u+   
u 

cohk →∞

0u− 

(b) Hille’s initially rigid cohesive crack.

Figure 3.26: a) Projection from“unenriched”mesh 1 to “enriched”mesh 2. The projec-
tion retains global equilibrium upon activation. (b) Transition in a material point of an
initially-rigid cohesive law (left) and the algorithmic approximation (right). The tracking
algorithm decides if the point corresponds to the constrained interface law (left) or the
cohesive interface (right) approximated as in Hille et al. (2009).

traction at the interface. The inaccuracy of finite kcoh only appears upon unloading, and

reduces as k → ∞. Another approach to initially-rigid cohesive laws is found in Moonen

et al. (2008), where a Nitsche’s method for the rigid part is extended to a cohesive law (see

Chapter 4).

The multiaxial case is more complex, since a potential function has to be defined at

the constitutive level such that the cohesion traction at zero opening equals the traction

calculated from the bulk stress. The continuum solution was studied by Oliver (2000), but

a discretization introduces fundamental difficulties: such an approach behaves properly

when it is guaranteed that the solution of the “enriched” mesh with closed crack tends to
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3.5 Limitations of X-FEM

the solution of the “unenriched” mesh. If the discretization does not admit such a solution

(see discussion below), pure algorithmical solutions have to be used (i.e. “encoding” in

Sam et al. (2005), treating directly the element disequilibrium forces for each element) or

the disequilibrium has to be overcome by the zero-finding solution method (i.e. finding a

far equilibrium solution from the projected solution as initial guess) or the dynamic solver

encounters a discontinuity due to the explained numerical reasons.

Now it is proven that the element-wise time continuity cannot be reached for the pro-

posed discretization. The stiffness matrix of an “unenriched” element can be written as a

particular case of the corresponding “enriched” element by setting to zero the appropriate

terms in equation 3.38 (in the X-FEM basis):[
Kûû 0

0 0

]{
û

ũ

}
=

{
f̄

0

}

The standard displacement field is û; when the element is unenriched, the enriched displace-

ment ũ is set to zero. Upon activation of the enrichment field, the submatrices multiplying

the zero terms are set to zero for clarity:[
Kûû 0

KT
ûũ 0

]{
û

ũ

}
=

{
f̄

−fcoh

}

Then, equilibrium is fulfilled by choosing the cohesive forces fcoh appropriately. In general,

fcoh is a nonlinear function of the enriched displacement ũ. For simplicity, let’s assume

that it can be written in terms of the secant stiffness kcoh, and the shift vector parameter

[[u0]] = 2ũ0 in figure 3.26b, so the condition reads:

KT
ûũû

fail = −fcoh(ũ = 0) ≡ kcoh(N
TnTΓnΓN)[[u0]]

However, it has been numerically observed that for different configurations of the pro-

posed element, rank(KT
ûũ) = 5, but rank(NTnTΓnΓN) = 4, and no element-wise solution

exists.
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3.5 Limitations of X-FEM

Instead, it is proposed here to fulfill a global property, the weak time continuity : the

element size h controls the error of the projection:

lim
h→0

∥∥uhunenr − uhenr∥∥ = 0 (3.50)

The last condition has strong connections with error estimators in the inf-sup condition,

and is explored in section 3.5.3. The assumption that the bulk stress at the failure point

approaches the interface traction is reasonable only in this case, van der Meer & Sluys

(2009b).

σfail nΓ ≈ tfail (3.51)

3.5.2 Tracking

The X-FEM method, as formulated in Moës et al. (1999), strongly relies on tracking of

the crack position for:

• Crack initiation: store the initial positions of the extremes and broadcast them glob-

ally to all elements of the model.

• Enrich the dof’s of those elements that have been crossed by the crack.

• Position of the crack tip. Transition from enriched region to non-enriched.

• Crack propagation: given the crack tip position, decide which elements are to be

enriched next and how: position and orientation.

The global tracking

From the discussion above, the proposed X-FEM approach could possibly give reason-

ably good results if the effective stress is used for the failure initiation criterion and the

propagation is controlled by the interface tractions. Additionally, the convergence should

give acceptable computational times despite the issues related to time continuity, Wells &

Sluys (2001), Song et al. (2006).
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Figure 3.27: Global tracking: examples of crack growth. Circles represent the enriched
nodes. Dotted circles are the nodes enriched in the crack growth step. At the tip element
T1, the nodes of the segment where the crack tip lies are not enriched. The elements U,
E, T1, T2 are particular cases of the augmented element E∗.

The Phantom Node Abaqus implementation in Ling et al. (2009), coined as A-FEM,

relies strongly on a set of global variables, the crack tip positions, which are broadcasted

to every element in the model. This global tracking is hardly scalable, and transmission of

global information is undesiderable for coding, Jirásek (2007).

The A-FEM main contribution is the seamless symmetric active/inactive element E∗,

which is integrated in Abaqus/Standard, figure 3.27. The deactivated element U is a par-

ticular case of E∗ where all nodes are inactive: the Phantom Node variables (equation 3.32)

are constrained to be equal at both side domains, u1 = u2. The element U relies on the fact

that, given no external forces in the enriched nodes, the FE equations and the constraint

can be expressed in matrix form as:[
KUU 0

− [δij] [δij]

][
u1
e

u2
e

]
=

[
fe

0

]
(3.52)

The transformation to a symmetric matrix of equation 3.53 is valid for invertible KUU (i.e.

no admissible rigid body motion of u1, u2 ).[
2KUU −KUU

−KUU KUU

][
u1
e

u2
e

]
=

[
fe

0

]
(3.53)
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3.5 Limitations of X-FEM

For the fully inactive element, the constraint u = u1 = u2 implies that an equivalent

“closing” traction (the associated Lagrange Multiplier) could also be inferred. For a general

active/inactive element E∗, if the node j is inactive, Kijuj = fj and u1
j = u2

j , which is

equivalent to substituting rows and columns j in equation 3.39 by those in equation 3.53.

Additionally, the dynamic problem has an associated mass matrix. Using the same

strategy: [
2Me −Me

−Me Me

][
ü1
e

ü2
e

]
+

[
2KUU −KUU

−KUU KUU

][
u1
e

u2
e

]
=

[
fe

0

]
but this mass matrix is impossible for the Central Difference architecture because the

inverse mass matrix M−1 is non-trivial (Bathe (1996), section 3.3.1).

There is a strong assumption here: upon deactivation, the global force f 2 = 0. If

a neighbour element is active, the deactivation does not work. But the global tracking

algorithm takes care of this: the stiffness terms are set as in equation 3.53 for the nodes

lying at the crack tip edge.

Finally, a limitation of other implementations based on tracking is emphasized, mainly

in Abaqus/Standard. Xu & Yuan (2009) rely on an intensive access of material subroutine

UEL to the database through UEXTERNALDB and URDFIL at solution time. Such an approach

would be unaffordable for Abaqus/Explicit.

3.5.3 The discrete space: mixed locking

From the results in section 3.4, it is clear that a careless choice of the discrete space,

combined with constraints in non-conformal degrees of freedom leads to inaccurate results

in terms of the constrained (dual) variables, but not-far-apart in terms of displacement (pri-

mal) variables. This fact, though sometimes neatly observed, needs a rigorous treatment

beyond the heuristic arguments of a large body of X-FEM literature.

In chapter 4 it is shown that the good agreement between effective displacement of

uncracked X-FEM at the closed stage (recall figure 3.25) was actually misleading: the

apparent accuracy of the primal field, the displacement, seems reasonable. However, the

inaccuracy of the dual field, the traction at the interface, spoils the results.
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3.5 Limitations of X-FEM

Also, different alternatives are explored to see why the proposed approach fails to predict

the threshold values. The coding in Abaqus/Explicit VUEL in FORTRAN is tedious, and

high-level MATLAB code is preferred. It will be developed the mathematical principle that

is amenable to the implementation in Abaqus/Explicit and fixes the proposed approach.
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Chapter 4
A stable cohesive X-FEM for the

transition from closed to open crack.

“When you look at yourself from a universal standpoint, something inside always

reminds or informs you that there are bigger and better things to worry about.”

Albert Einstein

4.1 Introduction to embedded discontinuity methods

The previous chapter clearly stated the necessity of an embedded cohesive law where the

stresses at the bulk are consistent with the tractions at the cohesive interface. It was also

shown that a näıve choice of the discrete spaces and interactions does not give satisfactory

results, and a rigourous mathematical insight in the embedded interface for X-FEM should

be carried out.
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4.1 Introduction to embedded discontinuity methods

This chapter surveys the existing discrete methods to model embedded interfaces and

chooses an approach based on X-FEM. Later, an embedded formulation for general cohesive

interactions between crack faces is developed. The new formulation should be compatible

with exiting X-FEM discretizations, and the performance in implicit and explicit solvers

should be scalable to engineering problems.

4.1.1 Discrete variational strategies in the embedded cohesive

interaction.

Five possible strategies were first considered to represent embedded discontinuities:

(a) choose a discretization such that the interface forces are in equilibrium

(b) enforce traction equilibrium ([[σ]]nΓ = 0) in the strong and weak forms

(c) add an “enhanced” strain field related to jump (ε̃enh = δkronreg ([[u]]⊗ nΓ)sym, δkronreg the

regularized Kronecker’s delta in Oliver (2000), [[u]] the jump displacement across the

discontinuity)

(d) choose a discretization such that traction equilibrium is exactly enforced in the limit

(lim
h→0

[[σh]]nΓ = 0)

(e) choose carefully the discrete solution space by heuristic arguments.

To the author’s knowledge, (a) corresponds to the (conformal) cohesive element (Ortiz

& Pandolfi (1999)). (b) has been used for the closed crack problem in the context of X-

FEM by Dı́ez et al. (2013), combined with the ridge function of Moës et al. (2003). (c)

corresponds to the EAS method of Simó & Rifai (1990) particularized for the cohesive

crack (Linder & Armero (2007)). (d) is used in non-conforming discontinuous Galerkin

methods (DG) for elasticity (Noels & Radovitzky (2006)). It was also used in X-FEM

for bi-material problems (e.g. the closed crack problem,) Zilian & Fries (2009); Dolbow &

Harari (2009), contact (Gravouil et al. (2011)) or fluid-structure interaction (Gerstenberger

& Wall (2010)). (e) includes discrete spaces not based on Partition of Unity, such as the

discrete continuous-discontinuous models of Dias-da Costa et al. (2009); Kawashita et al.

(2012); Pinho et al. (2013) for the cohesive crack.
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4.1 Introduction to embedded discontinuity methods

The open crack description with X-FEM is trivial, whereas the closed crack must be

treated carefully, because the discrete constraint enforcement has to fulfill an inf-sup con-

dition. This problem was addressed in the previous chapter when dealing with the cohesive

X-FEM model for arbitraty large interface stiffness and the subsequent stress oscillations

at the cracked interface. The model described in this chapter exploits the analogy be-

tween Nitsche’s enforcing method of Dolbow Dolbow & Harari (2009) and mixed Hellinger-

Reissner enforcing method of Zilian & Fries (2009) to design a new method retaining the

desiderable properties of the former (Annavarapu et al. (2012)) for a closed crack, but sim-

plifying the code complexity of the later. The method is extended to any linear cohesive

law, for interface stiffness values ranging k ∈ (∞, 0), and the stability is studied.

4.1.2 The embedded interface in X-FEM

The embedded interface methods are becoming increasingly popular among the com-

putational mechanics community owing to their flexibility. They are particularly efficient

in problems in which an interface either evolves in time or assumes a complex geometrical

shape, rendering the preprocessing step of generating conforming meshes prohibitively ex-

pensive. The attractiveness of these methods stems from the fact that they do not mandate

the mesh lines to explicitly align with the surface of discontinuity and yet yield optimal

convergence behaviour.

Our primary concern is the introduction of initially-rigid cohesive laws (Oliver (2000)) in

arbitrary locations of the embedded surface. The introduction of a crack can be interpreted

as a transmission of information from a conventional mesh (without discontinuity) to the

enriched mesh, that has the ability to represent the crack: the continuous-discontinuous

transition. A desirable property is the discrete time continuity (Sam et al. (2005)): the

final displacement field and equilibrium state described by the discrete solution space of

the conventional mesh has to be the same as the initial of the new discrete space of the

enriched mesh without strong numerical transitions between them.

The performance of these methods, however, is strongly dependent on the efficient en-

forcement of interfacial kinematics. While such an embedding facilitates the representation

of internal surfaces, it also complicates the imposition of constraints. The initially-rigid

cohesive interfacial laws have been used in Song et al. (2006); Wells & Sluys (2001); van der
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4.1 Introduction to embedded discontinuity methods

Meer & Sluys (2009b) with an algorithmic treatment of the mesh transition. The lack of

robustness is pointed out by Simone (Simone (2004)) when the cohesive law of the en-

riched mesh is pushed to the limit of a rigid interface (i.e. the continuous displacement

field described by its discrete space).

Although imposing Neumann conditions can be accomplished in a relatively straight-

forward manner, imposing Dirichlet or enforced displacement jump boundary conditions on

embedded interfaces has proved to be a challenging task. Such conditions frequently arise

at material interface (i.e. the bi-material problem), while simulating perfect or frictional

contact, as well in phase transformation and solidification problems (Liu & Borja (2010);

Gravouil et al. (2011)).

The simplest approach to the bi-material problem in an enriched mesh is the ridge

function of Moës (Moës et al. (2003), section 3.1.3). It preserves the convergence rate in

displacements of a conformal method, but using a mesh-independent discontinuity. How-

ever, this approach is designed for perfect interface, and complicates the introduction of

cohesive laws. Additionally, the traction values associated to the constraint of a perfect

material interface show an inconsistent behaviour, which requires a careful numerical treat-

ment (Dı́ez et al. (2013)).

Another common approach is to enforce the continuity of interface displacements weakly

by building them into the variational statement of the problem through the use of Lagrange

multipliers or penalty methods: the mixed approach. Unfortunately, as observed in the

classical mixed finite element literature, choosing a suitable basis for interpolating the La-

grange multipliers is a non-trivial task, as the inf-sup condition has to be fulfilled, Brezzi &

Fortin (1991). The näıve choice of Lagrange multipliers violates the stability of the discrete

variational problem, resulting in an overconstrained problem and lack of robustness.

The primal (displacement) and dual (enforcement multipliers) discrete spaces must be

carefully chosen. For instance, Moës and co-workers (Moës et al. (2006)) select carefully

the active dof’s, by reducing the dimension of the global näıve space to fulfill the inf-sup

condition without spoiling the constraint enforcement. Alternatively, the inf-sup condition

can be approached through a stabilization strategy for the dual interpolation. A local

stabilization by means of the Polynomial Pressure Projection is proposed in Liu & Borja

(2010).
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4.1 Introduction to embedded discontinuity methods

Penalty methods, on the other hand, are simple to implement but result in suboptimal

convergence rates because they break the variational consistency of the method. The mixed

approach cannot easily generalize to cohesive models, whereas the penalty method allows

a generalization of the penalty parameter to a general cohesive law (e.g. Xu & Needleman

(1993)). The equivalence of penalty to a pure constrained problem is discussed in Brezzi

& Fortin (1991) II.4., and exploited in Liu & Borja (2010) to stabilize the penalty method

with an analogous strategy.

The problem of imposing perfect continuity constraints for enriched approximations also

shares many features with the problem of enforcing continuity constraints across element

boundaries in discontinuous Galerking (DG) methods (e.g. Noels & Radovitzky (2006)):

an inf-sup stable approximation can be constructed by methodically coarsening the ap-

proximation space for the interfacial field with respect to the bulk field, as in Nitsche’s

method Nitsche (1971). See for instance Hansbo & Hansbo (2002); Sanders et al. (2009);

Dolbow & Harari (2009). The properties of the later approach are attractive in terms of

implementation, Annavarapu et al. (2012):

• the implementation of the method is local, and easily interchangeable with standard

elements routines by enriching nodal dof’s.

• the convergence of the method is optimal in displacement field and flux

• the symmetry and positiveness of the global system matrix is preserved

• combined with appropriate mass lumping, Menouillard et al. (2008), the method has

good performance in a transient central-difference explicit time integration (Bathe

(1996))

In the present chapter, the focus is on the generalization of the fixed embedded interface

to cohesive interfaces, modeling phenomena such as phase decohesion or, in general, crack

opening. For simplicity, the material is the same at both sides of the interface. The methods

presented here extend in a straightforward manner to the case where the embedded surface

evolves in time.

The fixed embedded interface can also be exploited to fix initially-rigid cohesive laws

in the continuous-discontinuous transition. This approach enables the weak fulfillment of
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4.2 Problem statement

time continuity: the “weak time continuity” of section 3.5.1. That is, both the continuous

mesh (conventional mesh) and the cracked mesh (enriched mesh) with embedded discon-

tinuity converge to the exact solution of the transition with mesh refinement. The error

is of optimal order (i.e. O(h2) for linear interpolation, h a characteristic element size) in

displacement and (i.e. O(h)) in flux. Then, the discrete time continuity is not fulfilled

exactly, but has the same order of accuracy as the discretizations.

4.1.3 Outline

The chapter is outlined as follows. Firstly,the problem of the strong conditions of

a cohesive interface and the associated potential is stated, section 4.2. In section 4.3,

a rigourous mathematical formulation of the stable cohesive X-FEM is exposed. The

implementation of the method is discussed in detail, and the method is compared with some

representative methods in the previous discussion. Section 4.4.1 compares numerically the

methods for stiff interfaces: the“closed crack”. Also, the convergence properties are studied

with the help of an exact solution. Later, numerical parameters related to computational

time (condition number and the stable time increment) are compared between different

the methods, giving an idea of the scalability. Finally, the last section provides concluding

remarks.

4.2 Problem statement

We start by providing the continuum theory behind the formulation of solid mechanics

for a certain type of cracked bodies. To that end, we initially describe the mechanics

on a crack based on the cohesive crack model, which is later incorporated in the balance

equations of the whole body. This is done in a weak or variational sense, paving the way

for its numerical approximation with a Galerkin method.

4.2.1 The cohesive crack

In this work we consider the mechanics of a cracked body occupying a set Ω ⊂ Rd

with d = 2 or 3. The crack is represented by a surface Γ (or a curve, in two-dimensional
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Figure 4.1: Geometry of the cracked body.

problems) in the interior of Ω, possibly partitioning the solid in two disjoint subsets denoted,

respectively, as Ω− and Ω+. Since some of the fields of interest can be discontinuous across

the interface, the average 〈 〉 and jump operators [[ ]] are defined respectively as:

〈β〉 = 1
2
(β+ + β−) , [[β]] = β+ − β− , (4.1)

for any field β whose values on both sides of the crack are denoted, respectively, as β+, β−.

Let t+, t− and u̇+, u̇− be, respectively, the tractions and time derivatives of the displace-

ments, i.e., the velocities, on both sides of the discontinuity. Equilibrium considerations

imply that [[t]] = 0, hence there must be a vector field t defined on points of Γ such that

t = t+ = −t− . (4.2)

If nΓ is the normal to the interface Γ pointing towards Ω+ , the vector t can be recovered

from σnΓ, with σ being the stress tensor. In addition, we say that the interaction between

the two sides of Γ is cohesive when this unique vector t possesses a constitutive relation of

the form

t = t ([[u]],H([[u]])) , (4.3)

where H([[u]]) indicates the history of the displacement jump. We note that if the crack is

completely open, t = 0; on the other hand, for a closed crack, [[u]] = 0 and t is the traction

that guarantees the continuity of the displacement field.
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4.2.2 The strong form of the problem

To complete the description of the mechanical problem, let the exterior domain of Ω,

denoted as ∂Ω, have outward normal n and be partitioned into two disjoint subsets ∂uΩ and

∂hΩ. The displacement field on the body is assumed to be zero on ∂uΩ and the tractions

on ∂hΩ is a known vector field h. The set ∂uΩ must be of positive measure and we assume

it is a subset of either ∂uΩ ∩Ω− or ∂uΩ ∩Ω+. This last assumption makes the problem as

general as possible, and as a consequence its analysis more complex, because it invalidates

the classical Korn inequality necessary to assess the stability of the solution.

If, additionally, a vector field of volume forces f acts on points of the body, the

body is linearly elastic away from the discontinuity with elasticity tensor C, and the

traction-separation law on the crack is linear with constant k, the displacement field

u ∈ [H1
∂ (Ω\Γ)]

d ∩ [L2 (Γ)]
d

of the body in equilibrium must satisfy the following boundary

value problem:

−∇ · σ = f in Ω\Γ

σ = C∇su in Ω\Γ

o = [[u]], t = 〈σ〉nΓ on Γ

t = k o, [[σ]]nΓ = 0 on Γ

u = 0 on ∂uΩ

σ n = h on ∂hΩ

(4.4)

As customary, the set [L2 (Γ)]
d

contains d-dimensional functions with bounded square

(Lebesgue) integral over Γ and [H1
∂ (Ω\Γ)]

d
denotes the set of d-dimensional functions

in the Hilbert space H1 over Ω\Γ with vanishing trace on ∂uΩ.

4.2.3 The potential energy

For the numerical discretization of the problem, it is convenient to formulate it in

variational form and to express in a compact way the energies involved in the deformation.

In particular, for a cracked body, the total potential energy can be expresses as the sum of

a contribution due to the energy in the bulk and another part due to the stored energy in

the cohesive crack, i.e.,

Π(u, o) = Πb(u) + Πc(o) . (4.5)

162



4.3 The stable cohesive X-FEM

Given two functions f, g ∈ L2(ω), for some set ω, let us indicate their L2−product as

(f, g)ω and their L2−norm as ‖f‖ω. With this notation, the potential energy stored in the

bulk Ω \ Γ has the standard form

Πb(u) =
1

2
(C∇u,∇u)Ω\Γ − (f, u)Ω\Γ − (h, u)∂hΩ . (4.6)

In addition, the potential energy Πc of the cohesive interaction across the interface Γ can

be written as

Πc(o) =
k

2
‖o‖2

Γ . (4.7)

Alternative expressions for the cohesive energy can be found in the literature. See, e.g.,

Ortiz & Pandolfi (1999); Lorentz (2008); Xu & Needleman (1993).

4.3 The stable cohesive X-FEM

The main difficulty of the boundary value problem (equation 4.4) comes from the ex-

istence of the internal surface Γ, across which a possibly open crack exists. As discussed

in Section 4.1, dealing with cracked bodies entails difficulties from the numerical point of

view and many different solutions have been proposed in the literature. In this section

we advocate a new approach based on the ideas of the Partition of Unity, X-FEM, and

embedded interfaces.

The Partition of Unity is a numerical technique that allows to introduce displacement

enrichments on top of the standard displacement field of a classical Galerkin method Melenk

& Babuska (1996). Early models of this kind were developed for open crack and crack-tip

enrichment by Belytschko & Black (1999). In addition, cohesive discontinuities have been

employed, e.g., in Song et al. (2006); Wells & Sluys (2001), where the stress jump [[t]]

was strongly imposed. In what follows we will ignore crack tip effects and follow a purely

cohesive approach.

4.3.1 Description of the method

We consider a finite element mesh of elements E = {K}, each one defined over a

domain ΩK , connecting a collection of nodes N , and we denote Ωh = ∪KΩK . Let EΓ be
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��

Figure 4.2: X-FEM discretization. Hollow circles represent the enriched degrees of
freedom.

the set of elements that intersect the surface Γ, whose nodes will be denoted NΓ and define

ΩΓ = ∪K∈EΩK\Γ. To formulate the new method, the following functional spaces for the

displacement, crack opening and stress are defined:

Uh =




uh ∈
[
H1

0 (Ω
h\Γh)

]d ∩ [
L2(Γh)

]d−1
, uh(x) = ûh(x) + ũh(x),

ûh(x) =
∑
a∈N

Na(x)ûa, ũh(x) =
∑
a∈NΓ

Ña(x)ũa ,




Oh =

{
oh ∈

[
L2(Γ)

]d−1
, oh(x) =

∑
K∈EΓ

1KΓ (x)oK

}
,

Σh =




σh ∈
[
L2(Ωh)

]d
, σh = 0 in Ωh\Ωh

Γ, σh(x) = σ̂h(x) + σ̃h(x),

σ̂h(x) =
∑
K∈EΓ

1KΩ (x)σ̂K , σ̃h(x) =
∑
K∈EΓ

HK
s (x)σ̃K in Ωh

Γ ,




(4.8)

and Sh = Uh × Oh × Σh. The functions Na : Ωh → R are the standard finite element

isoparametric, piecewise bilinear or trilinear shape functions. To define the rest of the

interpolation functions, let us note that the surface Γ partitions the body, and hence the

mesh, in two disjoint parts denoted respectively as Ωh
+, Ω

h
−. The signed Heaviside function

HK
s : Ωh → R is thus

HK
s (x) =




+1 x ∈ Ωh
+ ∩K

−1 x ∈ Ωh
− ∩K

0 otherwise

(4.9)

The interpolation functions Ña : Ωh → R are defined elementwise by

Ña(x)
∣∣∣
K
= Na(x)

(
HK

s (x)−HK
s (xa)

)
(4.10)
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and the indicator functions 1KΓ : Γ→ R, 1KΩ : Ω→ R are defined, respectively, as

1KΓ (x) =

1 x ∈ Γ ∩K,

0 otherwise,
1KΩ (x) =

1 x ∈ K,

0 otherwise.
(4.11)

Using the previous notation, the displacement jump and stress average across the dis-

continuity can be evaluated as

[[uh]](x) = 2 ·
∑
a∈NΓ

Na(x) · ũa, 〈σh〉(x) =
∑
K∈EΓ

1KΩ (x)·σ̂K (4.12)

Other authors, see e.g. Hansbo & Hansbo (2002), employ “phantom nodes” to describe

discontinuous displacements across an internal surface Γ. This approach was explained

carefully in chapter 3 and an implementation of the model in a FEM package developed

and described. As explained in Areias & Belytschko (2006), the two descriptions are

equivalent and there exists a closed-form transformation between the corresponding degrees

of freedom. For convenience, in the numerical method proposed, the “X-FEM” basis was

employed (e.g. Belytschko & Black (1999)), as indicated in (4.8), but the formulation that

follows can easily be rephrased in this alternative parametrization.

The solution (uh, oh, σh) ∈ Sh is defined to be the solution to the variational equations

(
C∇uh,∇vh

)
Ω\Γ −

(
f, vh

)
Ω\Γ +

(
〈σh〉nΓ, [[v

h]]
)

Γ
+

1

α

(
σh − C∇uh,∇vh

)
ΩΓ

= 0(
〈τh〉nΓ, [[u

h]]− oh
)

Γ
− 1

α

(
C−1σh −∇uh, τh

)
ΩΓ

= 0

k
(
oh, wh

)
Γ
− 1

α

(
〈σh〉nΓ, w

h
)

Γ
= 0

(4.13)

for all (vh, wh, τh) ∈ Sh and α > 1. The first equation is the weak statement of the

equilibrium in the bulk with a modification that accounts for the stresses originating at

the discontinuity. The second equation relates the field σh with the stresses derived from

the displacement field; finally, the third equation imposes weakly that, on each element,

the projection of 〈σh〉 on the normal to the crack defines the cohesive traction, which itself

is proportional to the opening, i.e., 〈σh〉nΓ = k oh.
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4.3.2 Variational formulations

First we note that the equations (4.13) of the proposed method correspond to the

stationarity conditions of the lagrangian L : Sh → R defined as:

L
(
uh, oh, σh

)
= Πb(u

h)+Πc(o
h)−

(
〈σh〉nΓ, o

h − [[uh]]
)

Γ
− 1

2α

∥∥σh − C∇suh
∥∥2

C−1,ΩΓ
. (4.14)

The terms Πb and Πc account, respectively, for the potential energy of the bulk and the

crack interaction; the third term in the lagrangian can be interpreted as weak enforcement

of the relation [[uh]] = oh with the normal stress 〈σh〉nΓ acting as Lagrange multiplier;

finally, the last term relates the stresses derived from the displacement field and the inde-

pendent stress field. This last term does not enforce that the two fields be identical, but

relates them without upsetting the consistency of the method. See Zilian & Fries (2009);

Gerstenberger & Wall (2010); Baiges et al. (2012) for similar formulations.

To compute the finite element equations to the problem, the weak form of the equa-

tions (4.13) is obtained from the Gateaux derivatives of the lagrangian (4.14), which result

in the standard Galerkin problem: find (uh, oh, σh) ∈ Sh such that

B(uh, oh, σh; vh, wh, τh) = L(vh, wh, τh) (4.15)

for all variations (vh, wh, τh) ∈ Sh, with

B
(
uh, oh, σh; vh, wh, τh

)
=
(
C∇uh,∇vh

)
Ω\Γ +

(
〈σh〉nΓ, [[v

h]]
)

Γ
+

1

α

(
σh − C∇uh,∇vh

)
ΩΓ

+
(
〈τh〉nΓ, [[u

h]]
)

Γ
−
(
〈τh〉nΓ, o

h
)

Γ
− 1

α

(
C−1σh −∇uh, τh

)
ΩΓ

+ k
(
oh, wh

)
Γ
−
(
〈σh〉nΓ, w

h
)

Γ

L
(
vh, wh, τh

)
=
(
f, vh

)
Ωh\Γ + (h, vh)∂uΩ

(4.16)

The consistency of the proposed formulation can be verified by substituting the finite

element fields by the solution of equation 4.4.
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4.3.3 Implementation

The linear case

The method 4.16 can be implemented in a standard fashion with the associated matrices

defined in table 4.1. The element matrices involve degrees of freedom associated with the

displacement field U , the opening O and the stress Σ, equation 4.17.

Algebraic form Discrete variational

KUU

(
C∇uh,∇vh

)
Ωh\Γ

KUΣ

(
〈σh〉nΓ, [[v

h]]
)

Γ

KT
UΣ

(
σh,∇vh

)
ΩhΓ

KΣΣ

(
C−1σh, τh

)
ΩhΓ

GUΣ

(
〈σh〉nΓ, [[v

h]]
)

Γ

GT
UΣ

(
〈τh〉nΓ, [[u

h]]
)

Γ

LΣO

(
〈τh〉nΓ, o

)
Γ

LTΣO
(
〈σh〉nΓ, w

)
Γ

LOO (o, w)Γ

fU
(
f, vh

)
Ωh\Γ + (h, vh)∂uΩ

Table 4.1: Matrices and vectors associated the variational form of the stable cohesive
X-FEM.

The elementwise definition of the crack opening oh and stress σh allows a static con-

densation of the element matrix before the assembly procedure. Therefore, the vectors O,

Σ of element crack openings and stresses can be stored as local state variables, whereas

the assembly and global solution procedure (i.e. Newton-Raphson, central difference) in-

volves only U dof’s. The result of the static condensation of the linear problem in shown

in eqs. 4.17.
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(1− 1

α
)KUU

1
α
KUΣ −GUΣ 0

( 1
α
KUΣ −GUΣ)

T − 1
α
KΣΣ LΣO

0 LΣO
T k · LOO



U

Σ

O

 =


fU

0

0


[

(1− 1
α

)KUU
1
α
KUΣ −GUΣ

( 1
α
KUΣ −GUΣ)

T − 1
α
KΣΣ − 1

k
LΣOLoo

−1LΣO
T

][
U

Σ

]
=

[
fU

0

]

((1− 1
α

)KUU − ( 1
α
KUΣ −GUΣ)(− 1

α
KΣΣ − 1

k
LΣOLOO

−1LTΣO)−1( 1
α
KUΣ −GUΣ)T )U = fU

(4.17)

Numerical integration

The numerical integration of bulk integrals involved in the computation of the K••-

terms of the tangent matrix requires non-standard techniques due to the presence of the

Heaviside function in the integral. To describe the strategy employed, we distinguish Gauss,

reference, and real element coordinates (see Fig. 4.3). The standard second order Gauss

quadrature rule Bathe (1996) is defined for a square in the Gauss coordinates (χ2, η2) and

mapped to general quadrilaterals, figure 4.3. The integral K•• is calculated numerically

using shape functions defined on the reference element, N(ξ, η) B(ξ, η), and the jacobian

|χ| of the transformation from the reference to the real element. The different integration

strategies in X-FEM (e.g. Mohammadi (2008)) position the different integration points

with the corresponding weights in the reference element.

For example, the mapping χA (RWTH (2013)) assumes that the discontinuity is straight

in the reference coordinates (ξ, η). The reference element is partitioned by the discontinuity

either in pentagon-triangle or in quadrilateral-quadrilateral, figure 4.3a. The first case

is further subdivided in integration subcells: two squares (pentagon) and three squares

(triangle). The integration weights take into account the mapping sequence wA = 1 ·
|χ1|−1 · |χ|−1.

The mapping χB proposed here assumes a straight discontinuity in the real coordinates

(x, y). The real element is partitioned and subdivided in subcells analogous to the previous
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case, figure 4.3b. The inverse mapping (Hua (1990); Ventura (2006)) is used to map the

integration points from the locations at the real element to the reference element. This

mapping sequence gives integration weights wB = 1 · |χ2|.

Two Gauss points are used at the interface for surface Γ integrals to compute the G••-

terms. The location is defined on the geometry of the reference element (mapping χA) or

the real element (mapping χB).
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(a) Mapping χA, RWTH (2013).
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(b) Mapping χB: improved integration.

Figure 4.3: Bulk integration strategies. (a) Integration scheme in RWTH (2013), χA,
with subcell division in the reference element (ξ, η). (b) Integration scheme proposed,
χB, with subcell division in the real element (x, y). The bulk integrals are calculated in
the reference element.

Nonlinear cohesive potential

The nonlinear elastic cohesive law of Smith-Ferrante (Rose et al. (1981)) was also used

for the cohesive interaction. The cohesive potential is

Πc(o
h) ≡ ΠSF (o

h) = e · σcδc

[
1−

(
1 +

‖o‖f
δc

)
e−

‖o‖f
δc

]
(4.18)
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where σc is the cohesion stress and δc is the cohesive opening at the maximum. The

norm-like quantity ‖o‖f is computed from the normal and shear opening on, os and the

mode-mixicity parameter βM as

‖o‖f =

√
on2 + βM · os2 (4.19)

The equilibrium equation 4.17.1 is modified to include the nonlinear cohesive law. The

first two rows are simply rearranged to calculate the residue, while the last row LΣO
TΣ +

k · LOOO = 0 is substituted by

LΣO
TΣ− ∂ (∂ΠNL)

∂

([
os

on

]) = LΣO
TΣ−

∫
Γ

σc

δc
e1−

‖o‖f
δc

(
osβ

2
M

on

)
dΓ (4.20)

And the consistent jacobian of the Newton-Raphson method is the same as equa-

tion 4.17.1, except the term k · LOO, which is substituted by

∂2 (−∂ΠSF )

∂

([
os

on

])2 =
σce

1−
‖o‖f
δc

δc
2‖o‖f

 β2
M

(
−os

2β2
M + ‖o‖fδc

)
−onosβ

2
M

−onosβ
2
M

(
−on

2 + ‖o‖fδc
)  (4.21)

The nonlinear cohesive law is represented in terms of effective traction - effective opening

in figure 4.4.

The stable cohesive X-FEM was implemented in Matlab. The code is based on RWTH

(2013); Zilian & Fries (2009), with field postprocessing of Ferreira (2009).

4.3.4 Relationship with known formulations

We state briefly some of the methods mentioned in the introduction of the chapter.

The methods have in common the numerical treatment of interfacial constraints in an X-

FEM discretization. We will show later that the proposed formulation, the stable cohesive

X-FEM, generalizes some methods in the literature.
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Figure 4.4: Traction-opening relation for Smith-Ferrante cohesive law with σc = 0.001,
δc = 0.3.

Known formulations

The following subsections briefly outline some methods of enforcement of closed crack.

The penalty method The strong form of the penalty method assumes ε ≡ ∇su, σ ≡
C∇su, and [[u]] = o as a particular case of equation 4.4. Following Simone (2004); Sanders

et al. (2009), the crack opening in Uh is penalized.

The solution of the penalty method uh ∈ Uh is defined to be the solution of the varia-

tional equation:

(
C∇uh,∇vh

)
Ωh\Γ −

(
f, vh

)
Ωh\Γ + k

(
[[uh]], [[vh]]

)
Γ

= 0 (4.22)

for all vh ∈ Uh.
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The penalty equations 4.22 corresponds to the stationarity conditions of the lagrangian

Lk : Uh → R defined as:

Lk
(
uh
)

= Πb(u
h) + Πc([[u

h]])

Πb(u
h) =

1

2

(
C∇uh,∇uh

)
Ω\Γ −

(
f, uh

)
Ω\Γ −

(
h, uh

)
∂hΩ

Πc([[u
h]]) =

k

2

∥∥[[uh]]
∥∥2

Γ

(4.23)

The method 4.22 is attractive because the framework is easily applicable to general

cohesive crack laws if we modify the potential term Πc([[u
h]]) to a nonlinear cohesive po-

tential. The difficulties appear when the stiffness k → ∞, the closed crack problem, as a

result of the spring-like approximation for the flux. This breaks the variational consistency

of the method. Moreover, as seen below, as larger values of k are used to attain a better

approximation for this problem, the form 4.22 quickly becomes ill-conditioned.

Simone (Simone (2004)) reports instability in formulation 4.23 for linear quadrilateral

elements (Q4) and Sanders et al. (Sanders et al. (2009)) for linear triangles (T3). The

method was analyzed for the T3 discretization by Liu and Borja (Liu & Borja (2010)),

where the inf-sup condition was fixed using a discretization-dependent stabilization term.

The analysis of the limit case k → ∞ is equivalent to the constrained problem, with

lagrange multipliers, described below Brezzi & Fortin (1991).

Lagrange multipliers The constrained closed crack problem consists in finding a dis-

placement field such that the interfacial traction t that guarantees displacement continuity,

t[[u]] = 0: a constrained minimization. We seek to minimize the potential energy of the

system given the constraint on the embedded surface. A standard way to transform such a

constrained minimization problem into an unconstrained one is through the use of Lagrange

multipliers.

The discrete space of Lagrange multipliers, λh, can be defined either at the mesh nodes

or directly at the intersection of Γ with the element boundaries (Moës et al. (2006); Sanders
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et al. (2009); RWTH (2013)), figure 4.5:

Λh
Ω =


λh ∈

[
L2(Ωh)

]d
, λh = 0 in Ωh\Ωh

Γ,

λh(x) =
∑
a∈NΓ

Na(x)λa in Ωh
Γ


Λh

Γ =


λh ∈

[
L2(Γh)

]d−1
,

λh(x) =
∑

b∈∂K∩Γ

Ň b(x)λb in Γ


(4.24)

where Ň b are the standard d− 1 linear shape functions with nodes b ∈ ∂K ∩ Γ (circles in

figure 4.3b).

(a) ΛhΩ (b) ΛhΓ

Figure 4.5: Geometrical location of lagrange multipliers dof’s (a) in bulk ΛhΩ and (b)
on surface ΛhΓ.

In order to enforce the constraint, the lagrangian of the system, LΛ, might be built by

adding the work of the Lagrange multipliers, λ ≡ t in 4.24 to the potential energy of the

system.

The solution of the Lagrange multiplier method (uh, λh) ∈ Uh×Λh
• is defined to be the

solution of the variational equations

(
C∇uh,∇vh

)
Ωh\Γ −

(
f, vh

)
Ωh\Γ −

(
λh, [[vh]]

)
Γ

= 0

−
(
µh, [[uh]]

)
Γ

= 0
(4.25)

for all (vh, µh) ∈ Uh × Λh
• .
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The Lagrange multiplier method corresponds to the stationarity conditions of the la-

grangian LΛ : Uh × Λh
• → R defined as:

LΛ

([
uh, λh

])
= Πb(u

h)−
(
λh, [[uh]]

)
Γ

(4.26)

In order for the discretized form to remain stable, the choice of interpolation for both

the primal and the dual variables has to fulfill the necessary inf-sup stability condition

Brezzi & Fortin (1991). Finding such interpolations is not straightforward and most näıve

choices do not satisfy this condition, result in spurious non-physical oscillations in the

traction field at the interface.

The space Λh
Ω has shown “locking” (failure to fulfill inf-sup, leading to meaningless

solutions) in linear triangles T3 Sanders et al. (2009). Moës et al (Moës et al. (2006)) report

locking due to excessive dimension of the space of lagrange multipliers Λh
Ω. They propose

to artificially reduce its dimension with the selection the subspace of “vital vertices”. The

technique requires discretization-dependent tedious modifications of the code to search for

active/inactive nodes. Alternatively, Liu and Borja (Liu & Borja (2010)) use a stabilization

term in the discrete variational formulation to obtain locking-free solutions.

Stable X-FEM (Zilian & Fries (2009)) The stable X-FEM uses the mixed stress σ at

each side of the discontinuity in the stress projection to guarantee displacement continuity

t ≡ 〈σ〉nΓ. Gerstenberger and Wall (Gerstenberger & Wall (2010)) developed the approach

for fluid-structure interaction with embedded Dirichlet BC’s. Baiges et al (Baiges et al.

(2012)) performed the mathematical analysis and proposed a lagrangian. Finally, Zilian

& Fries (2009) state the bi-material problem for plane linear quadrilaterals Q4. Merging

approaches, the solution of the stable X-FEM (uh, oh, σh) ∈ Uh ×Oh ×Σh is defined to be

the solution of the variational equations

(
C∇uh,∇vh

)
Ωh\Γ −

(
f, vh

)
Ωh\Γ +

(
〈σh〉nΓ, [[v

h]]
)

Γ
+

1

α

(
σh − C∇uh,∇vh

)
ΩhΓ

= 0(
〈τh〉nΓ, [[u

h]]
)

Γ
− 1

α

(
C−1σh −∇uh, τh

)
ΩhΓ

= 0
(4.27)

for all (vh, wh, τh) ∈ Uh ×Oh × Σh
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4.3 The stable cohesive X-FEM

The stable X-FEM corresponds to the stationarity conditions of the lagrangian LZ :

Uh ×Oh × Σh → R defined as:

LZ
(
uh, σh

)
= Πb(u

h)−
(
〈σh〉nΓ,−[[uh]]

)
Γ
− 1

2α

∥∥σh − C∇suh
∥∥2

C−1,ΩΓ
(4.28)

Note that the original paper Zilian & Fries (2009) uses piecewise discontinuous, linear

Σh and α = 1. In the discussion below, we use piecewise, constant Σh in 4.8 and α = 2.

Nitsche’s method For completeness, we formulate Nitsche’s method of Dolbow & Harari

(2009); Sanders et al. (2009); Annavarapu et al. (2012). Nitsche’s method uses the stress

calculated from the displacement at each side of the discontinuity to guarantee displace-

ment continuity t ≡ 〈C∇suh〉nΓ. The method is feasible if a consistent“stabilization term”,

with adjustable parameter β∗ is added.

The solution of the Nitsche’s method uh ∈ Uh is defined to be the solution of the

variational equation:

(
C∇uh,∇vh

)
Ωh\Γ −

(
f, vh

)
Ωh\Γ −

(
〈C∇suh〉nΓ, [[v

h]]
)

Γ

−
(
〈C∇svh〉nΓ, [[u

h]]
)

Γ
+
β∗

h

(
[[uh]], [[vh]]

)
Γ

= 0
(4.29)

for all vh ∈ Uh.

The Nitsche’s corresponds to the stationarity conditions of the lagrangian LN : Uh → R

LN(uh) = Πb(u
h)−

(
〈C∇suh〉nΓ, [[u

h]]
)

Γ
+
β∗

2h

∥∥[[uh]]
∥∥2

Γ
(4.30)

The stability analysis is performed in Dolbow and Harari (Dolbow & Harari (2009)),

and applied to linear triangular T3 elements Sanders et al. (2009); Annavarapu et al. (2012);

Hansbo & Hansbo (2002). The constant β∗ depends only on local model parameters and

it is independent of the mesh size h. We will not consider the numerical implementation

here because the equivalence to 4.28 is proven below.
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4.3 The stable cohesive X-FEM

Equivalences between methods

We prove some equivalences between different methods in the spirit of Sanders et al

Sanders et al. (2009). The equivalences below allow a significant body of the literature in

embedded methods to be extrapolated to the stable cohesive X-FEM.

Stable X-FEM as limit of stable cohesive X-FEM for closed crack The equiva-

lence between methods is easily proven in the matrix form Baiges et al. (2012). The matrix

form of the stable X-FEM, using notation in table 4.1 is:[
(1− 1

β
)KUU

1
β
KUΣ −GUΣ

( 1
β
KUΣ −GUΣ)

T − 1
β
KΣΣ

][
U

Σ

]
=

[
fU

0

]
(4.31)

which is the limit of the cohesive stable X-FEM for closed crack (k →∞), equation 4.17.2.

Nitsche’s method as limit of stable X-FEM Since the equivalence between the

stable cohesive X-FEM with k →∞ and the stable X-FEM has been shown, we follow the

argumentation of Baiges et al. (2012); Gerstenberger & Wall (2010) to prove the equivalence

between the later method and Nitsche’s method.

Algebraic form Discrete variational

GUU

(
〈C∇suh〉nΓ, [[v

h]]
)

Γ

GT
UU

(
〈C∇svh〉nΓ, [[u

h]]
)

Γ

Gstab
UU

(
[[uh]], [[vh]]

)h
Γ

Table 4.2: Additional matrices for the Nitsche’s method.

We rearrange the matrix form of stable X-FEM, equation 4.17.3:

((1− 1
α

)KUU − (KUΣKΣΣ
−1KUΣ

T )

+(KUΣKΣΣ
−1GUΣ

T ) + (GUΣKΣΣ
−1KUΣ

T )

− 1
α

(GUΣKΣΣ
−1GUΣ))U = fU

(4.32)

And the matrix form of Nitsche’s method, using notation in tables 4.1 and 4.2:

(KUU −GUU −GT
UU +

β∗

h
Gstab
UU ) U = fU (4.33)
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4.3 The stable cohesive X-FEM

In order to compare 4.32 and 4.33, we can prove the following identities:

1

α
KUUU = −(KUΣKΣΣ

−1KUΣ
T )U

GUUU = (KUΣKΣΣ
−1GUΣ

T )U

GT
UUU = (GUΣKΣΣ

−1KUΣ
T )U

(4.34)

For the spaces 4.8, Σh is one order less than Uh. Then, we can find Σ̆ such that KΣΣΣ̆ =

KΣUU . Then, Σ̆ are the (mixed) dof of σ̆h ∈ Σh such that σ̆h = −PΣh
(
C∇suh

)
, where PΣh

is the L2 projection onto the space of mixed stress. Thus, KUΣΣ̆ = (KUΣKΣΣ
−1GUΣ

T )U

amounts to say that 1
α

(
∇svh, σ̆h

)
ΩΓ

= − 1
α

(
∇svh,C∇suh

)
ΩΓ

, which implies the first identity.

With similar arguments, we can prove the second and third.

Then, the stable X-FEM 4.14 is identical to Nitsche’s method 4.29 (for a rich enough

discontinuous flux field), except for the stabilization term.

(KUU −GUU −GT
UU − 1

α
(GUΣKΣΣ

−1GT
ΣU))U = fU (4.35)

Note that the Nitsche’s stabilization terms in 4.33 involve surface integrals, whereas

they involve volume integrals in stable X-FEM 4.32. Although the set of equations 4.17

is not positive definite before eliminating the stress nodal unknowns, the final matrix 4.32

is symmetric and positive definite after condensing the element-wise discontinuous stress

field.

The equivalence of the stable cohesive X-FEM 4.16 for the closed crack to the Nitsche’s

method of Dolbow & Harari (2009) implies that the good properties of Annavarapu et al.

(2012) regarding explicit dynamics are inherited.
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4.4 Numerical examples

4.4 Numerical examples

The performance of the different embedded methods in the literature is compared first

using a constant strain patch test. Then, the stable cohesive X-FEM is tested for the

worst configuration. Two additional configurations were used for the stable cohesive X-

FEM, including the Smith-Ferrante’s cohesive potential. The convergence properties of the

stable cohesive X-FEM were tested in the inclusion problem with compliant interface.

4.4.1 Embedded methods: the closed crack

Model A is a simple traction contact patch test El-Abbasi & Bathe (2001) of a 1 × 1

square. The nodal displacements are constrained to zero in one of the extremes, whereas a

nodal displacement of 0.1 in the Y direction is imposed on the other (Dirichlet boundary

conditions), figure 4.12. This produces a uniform uniaxial strain field of 0.1. The mesh

is either structured or distorted, with a nodal random position with respect to the center

of the undistorted mesh driven by a random number and a maximum value of 0.15h. An

isotropic linear elastic material with properties Young modulus E = 1, Poisson’s ratio

ν = 0.2 and density ρ = 1 was used.

Arbitrary discontinuity lines are placed roughly parallel (alligned) and inclined (mis-

aligned) with respect to the mesh and load orientations. For the penalty, Lagrange multi-

pliers and stable X-FEM, we simulate the three cases:

(i) Model A with regular mesh and aligned interface

(ii) Model A with perturbed mesh and aligned interface

(iii) Model A with perturbed mesh and misaligned interface

The equilibrium at the interface [[σ]]nΓ = [[t]] = 0 is fulfilled by the Lagrange multiplier

and penalty methods strongly. However, the methods stable X-FEM and stable cohesive

X-FEM do not impose equilibrium in the formulation. The stress values at the nearby of

the discontinuity σ+nΓ, σ+nΓ were compared with the interface tractions t+, t− for the

three methods enforcing displacement continuity: Lagrange multiplier, penalty and stable

X-FEM.
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�

(a) Model A, case i

�

(b) Model A, case ii

�

(c) Model A, case iii

Figure 4.6: Mesh and discontinuity for Model A, cases i, ii and iii.

The Lagrange multiplier

The constraint enforcement with Lagrange multipliers 4.26, with the spaces of con-

straints Λh
Ω and Λh

Γ in 4.24, is tested in cases i, ii and iii. The traction at the interface is

represented in figures 4.7 and 4.8.

     

























(a) Model A, case i

     

























(b) Model A, case ii

      

























(c) Model A, case iii


Γ

Γ

Γ

Γ



Figure 4.7: Interface traction values for the bulk Lagrange multiplier method (eq. 4.26)
with space of constraints Λh

Ω. The normal tn = (λ · nΓ)nΓ and shear ts = λ− tn tractions
are compared with the tractions calculated from the displacement field tu = (C∇su)nΓ.

For the space of constraints Λh
Γ in equation 4.24 (fig. 4.7), the normal traction profile

tn = λ · nΓ of the Lagrange multipliers coincides with the average normal stress field

tu = (nΓ ⊗ nΓ) (C∇su)nΓ for the case i. However, the method shows severe oscillations if

the mesh is perturbed as in ii or iii.

The results for the space of constraints Λh
Ω in equation 4.24 (fig. 4.8) apparently behave

better for cases ii and iii. However, a deeper insight reveals that stiffness matrix of the
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4.4 Numerical examples

numerical problem is severely ill-conditioned, regardless of the boundary conditions or crack

position, as discussed below (section 4.4.4).
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(a) Model A, case i

0 0.2 0.4 0.6 0.8 1
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

Path length

S
tr

e
s
s

(b) Model A, case ii
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(c) Model A, case iii
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Figure 4.8: Interface traction values for the surface Lagrange multiplier method
(eq. 4.26) with space of constraints ΛhΓ. The normal tn = (λ · nΓ)nΓ and shear
ts = λ − tn tractions are compared with the tractions calculated from the displacement
field tu = (C∇su)nΓ. The severe ill-conditioning of the stiffness matrix forces Matlab to
use a least-squares solution.

The penalty approach

To enforce displacement continuity (closed crack), a penalty parameter k = 100 was

chosen. The condition number gets worse as k increases, as discussed in section 4.4.4.
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(a) Model A, case i
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(b) Model A, case ii
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(c) Model A, case iii
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Figure 4.9: Interface traction values for the penalty approach (eq. 4.22). The normal
tn = k ([[u]] · nΓ)nΓ and shear ts = k[[u]] − tn tractions are compared with the tractions
calculated from the displacement field tu = (C∇su)nΓ.
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4.4 Numerical examples

At small partitioned areas (e.g. figure 4.12a), the tractions calculated from the dis-

placement field at the bulk tu = (C∇su)nΓ deviate from the interface traction calculated

as t = k[[u]], figure 4.9c. The deviation reduces with increasing k.

Besides its simplicity, the main advantage of a penalty approach is the possibility to

emulate different crack stiffness by modification of the parameter k. In particular, the open

crack corresponds to k = 0.

U YY  (on deformed shape)

(a) Penalty with k = 100 for
Model A, case iii

U YY  (on deformed shape)

(b) Penalty with k = 0 for
Model A, case iii
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Figure 4.10: Displacement field UY for the penalty approach (eq. 4.22): model A, cases
iii for (a) closed crack k = 100 and (b) open crack k = 0. Note that in the open crack
the traction at the interface is exactly zero.

The stable X-FEM

Zillian’s stable X-FEM variational form 4.28 is combined with the mixed stress field

Σh 4.8. The mixed stress tensor is defined for each side of the interface σ+, σ−, and the

values are projected to the discontinuity Γ to obtain the traction at both sides t+, t−. The

traction values represented in figure 4.11 correspond to the mean 〈t〉n and shear 〈t〉s values.

The difference between both sides in normal and tangential components, [[t]]n, [[t]]s, should

approach to zero.

The model seems robust in any case: the traction values calculated from the dual stress

field are close to the values calculated from the primal displacement field, figure 4.11. In this

case, the small partitioned areas by the discontinuity do not affect the results significantly.

However, the condition number is affected, section 4.4.4.
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(a) Model A, case i
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(b) Model A, case ii
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(c) Model A, case iii
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Figure 4.11: Interface traction values for the stable X-FEM (eq. 4.28). The normal
〈t〉n = (nΓ ⊗ nΓ) 〈σ〉nΓ and shear 〈t〉s = 〈σ〉nΓ − 〈t〉n tractions are compared with the
tractions calculated from the displacement field tu = (C∇su)nΓ.

4.4.2 The stable cohesive X-FEM

Model B is a 16× 5 rectangle loaded in shear. The nodal displacements at the left side

are constrained to zero. A displacement of 1 mm is imposed at the right side. With this

load, the stress distribution is not uniform. The normal stress distribution σxx at vertical

plane is linear and the shear τxy is parabolic. The mesh was distorted, with a nodal random

position with respect to the center of the undistorted mesh driven by a random number

and a maximum value of 0.15 ·h. An isotropic linear elastic material with properties Young

modulus E = 1, Poisson’s ratio ν = 0.2 and density ρ = 1 was used.

Arbitrary discontinuity lines are placed parallel (alligned) and inclined (misaligned)

with respect to the mesh and load orientations.

For the stable cohesive X-FEM, we simulate model A, case i, and model B in two

additional cases:

(iv) Model B with perturbed mesh and aligned interface

(v) Model B with perturbed mesh and misaligned interface

From the discussion in section 4.3.4 above, the results for the stable cohesive X-FEM

with k →∞ for cases (i) (ii) (iii) must be the same as stable X-FEM, figure 4.11. On the

other hand, the open crack problem is the limit of k → 0 in section 4.4.1. The interface

stiffness is controlled by the stiffness parameter k parameter in equation 4.16.
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�

(a) Model A, case iii

�

(b) Model B, case iv

�

(c) Model B, case v

Figure 4.12: Mesh and discontinuity for the simulation cases: model A case iii, and
Model B cases iv, v.

(a) Model A, case iii, k = 1. (b) Model B, cases iv and v, k → ∞























Figure 4.13: Stable cohesive X-FEM (equation 4.14): displacement field UY.

The deformed shapes are shown in figure 4.13. Figure 4.13a plot a discontinuous dis-

placement field, where the location of the discontinuity is mesh-independent, with interface

stiffness one. Figure 4.13b plots a continuous displacement field, with the same model ex-

cept the interface stiffness set to infinity.

The path plots in figure 4.14 are plotted for perfect interface. It was proven that

the results of stable X-FEM are the same as the results of stable cohesive X-FEM for

perfect interface. Model A (figure 4.14a) can be compared with results from the previous

subsection. Model B (figure 4.14b) represents a short beam under flexion. Therefore, the

normal traction at the perpendicular plane shows a linear distribution. The shear traction

has a parabolic profile. For an inclined plane (figure 4.14c), the traction profiles of normal
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(a) Model A, case iii, k →∞
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(b) Model B, case iv, k →∞
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(c) Model B, case v, k →∞
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Figure 4.14: Interface traction values for the stable cohesive X-FEM (eq. 4.14) with
rigid interface. The normal 〈t〉n = (nΓ ⊗ nΓ) 〈σ〉nΓ and shear 〈t〉s = 〈σ〉nΓ−〈t〉n tractions
are compared with the tractions calculated from the displacement field tu = (C∇su)nΓ.

and shear should be parabolas. The jump of stresses between both sides of the discontinuity

is zero, retaining equilibrium as expected.
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(a) Model A, case iii, k = 1
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(b) Model B, case iv, k = 1
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(c) Model B, case v, k = 1
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Figure 4.15: Interface traction values for the stable cohesive X-FEM (eq. 4.14) with
compliant interface. The normal 〈t〉n = (nΓ ⊗ nΓ) 〈σ〉nΓ and shear 〈t〉s = 〈σ〉nΓ − 〈t〉n
tractions are compared with the tractions calculated from the displacement field tu =
(C∇su)nΓ.

The path plots in figure 4.15 are plotted for imperfect interface, with interface stiffness

k = 1. The results are analogous to figure 4.14, with reduced stress values due to the

presence of a weaker interface.

The path plots in figure 4.16 are plotted for an interface with a nonlinear Smith-

Ferrante’s cohesive law. The results for constant stress field of model A (figure 4.16a)

are similar to the linear case. For non-constant field of Model B (figures 4.16b and 4.16c),
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(a) Model A, case iii, ΠSF
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(b) Model B, case iv, ΠSF
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(c) Model B, case v, ΠSF
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Figure 4.16: Interface traction values for the stable cohesive X-FEM (eq. 4.14) with
Smith-Ferrante’s cohesive potential (eq. 4.18). The normal 〈t〉n = (nΓ ⊗ nΓ) 〈σ〉nΓ and
shear 〈t〉s = 〈σ〉nΓ − 〈t〉n traction are compared with the tractions calculated from the
displacement field tu = (C∇su)nΓ.

The nonlinear results show cleaner traction profiles with the reduction of the mesh distor-

tion and the increase of the stability parameter α for the same mesh size h.

4.4.3 Convergence

Model C consider a 1 × 1 square domain of a circular inclusion (I) of radius a = π
4

embedded in a matrix (M) in 2D plane stress. The displacements at the domain boundaries

are imposed to be the same as the exact solution in appendix D, figure 4.17a. The exact

solution imposes the uniaxial traction as a superposition of the solutions of an hydrostatic

pressure of P = 0.1 and a shear deformation of γ = 0.1 rotated an angle of π
4
. The mesh is

distorted, with a nodal random position with respect to the center of the undistorted mesh

driven by a random number and a maximum value of 0.15 · h. For simplicity, an isotropic

linear elastic material with properties Young modulus E = 1, Poisson’s ratio ν = 0.2 was

used for both matrix (M) and inclusion (I). We consider the linear potential equation 4.7

with interface stiffness k = 1, which gives a characteristic value ψ = ak
E

= π
4
.
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������

(a) Mesh of model C















(b) UX displacement of model C

Figure 4.17: Model C under vertical (Y) uniaxial load: (a) mesh and level set, (b) dis-
placement field in the X direction (UX) shows the Poisson’s effect, where the discontinuity
in the displacement field is clearly observed.

The results in figure 4.17b show a discontinuous displacement field across the disconti-

nuity. The relative error norms are defined as

‖e(u)‖L2(Ω) =

(∫
Ω
(uh − u)

2
dΩ∫

Ω
u2dΩ

)1/2

, ‖e([[u]])‖L2(Γ) =

(∫
Γ
([[uh]]− [[u]])

2
dΩ∫

Γ
[[u]]2dΩ

)1/2

‖e(〈σ〉)‖L2(Γ) =

(∫
Γ
(〈σh〉nΓ − σnΓ)

2
dΓ∫

Γ
(σnΓ)

2dΓ

)1/2

, ‖e([[σ]])‖L2(Γ) =

(∫
Γ
([[σh]]nΓ)

2
dΓ∫

Γ
(σnΓ)

2dΓ

)1/2

‖e(o)‖L2(Γ) =

(∫
Γ
(oh − o)

2
dΓ∫

Γ
(o)2dΓ

)1/2

(4.36)

with u, σ, o the exact displacement, stress and opening solutions defined in appendix D.

The plot log h vs error norm in figure 4.18a shows the convergence for an unperturbed

mesh. The exponent is one for variables 〈σ〉, [[σ]], and o one (linear convergence) and

two for variables u, [[u]] (quadratic convergence). The perturbed mesh with mapping χA,

figure 4.18b, shows locking behaviour: the accuracy is not improved refining the mesh

for values below h < 0.01. This indicates problems with the integration scheme, due

to inaccuracy of the non-affine mapping for distorted quadrilaterals. The correction χB,

figure 4.18c, recovers the optimal behaviour of the unperturbed mesh.
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4.4 Numerical examples

We must stress that most literature about integration in linear quadrilaterals Q4 is

based on mapping χA (e.g. Ventura (2006); Mohammadi (2008)), and suffer from the same

lack of convergence upon refinement. On the other hand, the mapping is affine in linear

triangles T3 elements, not implemented here.
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(a) Unperturbed.
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(b) Perturbed, mapping χA
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(c) Perturbed, mapping χB

Figure 4.18: Convergence plot of stable cohesive X-FEM 4.16 for regular mesh (un-
perturbed) (a) and irregular mesh, where the distorted elements are perturbed to obtain
irregular quadrilaterals. The mappings χA (b) and χB (c) are used for the calculation of
volume integrals.

4.4.4 Condition number and Courant stability criterion

In this subsection, we check the numerical performance of the method. Two solution

methods are proposed Bathe (1996): the “static” Newton-Raphson solver and the transient

“explicit” central difference time integration. The static method finds the solution vector

such that the internal forces are in equilibrium with the external forces, excluding intertial

effects. The explicit method increments the solution of the dynamic problem (including

inertial effects) in time, and is conditionally stable.

For a good performance of the static solver, the optimal condition number of the consis-

tent tangent matrix K should be of the order of magnitude of one, and should not approach

to infinity. For the explicit solver, the computational cost of the method is governed by the

Courant condition (Courant et al. (1928); Bathe (1996)): the maximum eigenvalue ω2
max of

the problem Ku = ω2Mu should be the smallest possible. We define the mass matrix M

with the special lumping strategy in Menouillard et al. (2008). The stable timestep ∆tstable

is affected directly by the eigenvalue as ∆tstable <
2

ωmax
.
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4.4 Numerical examples

The different models are benchmarked in table 4.3 using model A with distortion 0.15.

The “aligned” and “misaligned” cases corresponds to cases (ii) and (iii) mentioned above

respectively.

Case Discont. Cond. number K Max. eig. ω2

Linear elastic none 1.26E3 1.54E3
Open crack aligned 2.12E3 1.97E3
Open crack misaligned 1.94E8 2.29E3
Lagrange multiplier Λh

Γ (eq. 4.24) aligned 2.12E3 n/a
Lagrange multiplier Λh

Γ misaligned 1.12E16 n/a
Lagrange multiplier Λh

Ω (eq. 4.24) aligned ∞ n/a
Lagrange multiplier Λh

Ω misaligned ∞ n/a
Penalty with k = 100 aligned 4.42E3 5.09E3
Penalty with k = 100 misaligned 4.34E8 7.25E3
Penalty with k = 10000 aligned 2.88E5 4.03E5
Penalty with k = 10000 misaligned 9.16E9 5.02E5
Penalty with k →∞ aligned ∞ ∞
Penalty with k →∞ misaligned ∞ ∞
Stable X-FEM Σh (eq. 4.8) aligned 1.58E3 1.55E3
Stable X-FEM Σh misaligned 9.01E8 5.66E3
Stable cohesive with k → 0 (eq. 4.14) aligned 1.46E3 1.51E3
Stable cohesive with k → 0 misaligned 3.35E8 1.83E3
Stable cohesive with k = 1 aligned 1.59E3 1.54E3
Stable cohesive with k = 1 misaligned 3.61E8 2.07E3
Stable cohesive with k = 100 aligned 1.57E3 1.55E3
Stable cohesive with k = 100 misaligned 5.13E3 2.70E3
Stable cohesive with k = 10000 aligned 1.58E3 1.55E3
Stable cohesive with k = 10000 misaligned 8.63E8 5.32E3
Stable cohesive with k →∞ aligned 1.58E3 1.55E3
Stable cohesive with k →∞ misaligned 9.01E8 5.66E3

Table 4.3: Model A with distortion 0.15: numerical performance of different approaches
in terms of condition number of stiffness matrix K and ω2 the maximum eigenvalue of
Ku = ω2Mu.

The misaligned cases have a much worse condition number of K, regardless of the

approach. The reason is that the Q4 elements are sometimes partitioned by the crack

in small and big areas, affecting the condition number negatively. In the literature, it is

commonly accepted a shift of the crack close to a node to improve the condition number

(e.g. Kawashita et al. (2012); Sancho et al. (2007)) or fix the conditioning (e.g. Zunino et al.

(2011)). The volume Lagrange approach Λh
Ω in equation 4.8 leads to singularity, whereas
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4.5 Conclusions

the surface Lagrange approach Λh
Γ shows poor numerical performance. For the penalty

approach, the value of the penalty parameter k affects the condition number significantly,

for sufficiently well-shaped intersections. The stable cohesive X-FEM has similar behaviour

to the open crack, meaning the interface terms do not affect the condition number signifi-

cantly.

For the cases where the mass matrix can be built, the negative effect of distortion on

the eigenvalue ω2
max is limited, as one of the benefits of lumping (Menouillard et al. (2006)).

The stable cohesive X-FEM has benefits with respect to the penalty approach, increasing

with the precision: k → ∞ spoils the eigenvalue in the penalty approach, but the stable

cohesive X-FEM is almost insensitive to k.

4.5 Conclusions

• The stable cohesive X-FEM uses a three-field formulation: displacement-stress-opening.

The stress and opening dof’s can be condensed elementwise to displacement dof’s

only, so the coupling to a pure displacement code is trivial.

• The stable cohesive X-FEM generalizes the methods Lagrange multiplier, penalty,

Nitsche’s and stable X-FEM for perfect embedded interface in X-FEM. Additionally,

it represents adequately imperfect interfaces with finite or null interface stiffness, and

general cohesive (traction-separation) laws.

• The stable cohesive X-FEM shows optimal convergence rate.

• The embedded methods (including stable cohesive X-FEM) combined with a “static”

Newton-Raphson solver may suffer from ill-conditioning, which can easily alleviated

shifting the crack position in badly intersected elements. The geometric accuracy

would be of order of the discretization size.

• The stable cohesive X-FEM performs well with “explicit” transient central-difference

solver. Moreover, the Courant condition is not spoiled by bad intersections nor by

high or low interface stiffness k.
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Chapter 5
Conclusions

“A good scientist is a person in whom the

childhood quality of perennial curiosity lingers on.

Once he gets an answer, he has other questions.”

Frederick Seitz

5.1 Conclusions

The following conclusions can be established from the work presented in this thesis:

• CDM is a constitutive model that can take into account the physical deformation

and damage mechanisms found in fiber-reinforced composites, reproducing the com-

plex interactions between fiber and matrix damage modes. CDM offers simplicity of

implementation in finite elements codes as a user-defined material behaviour and can

combine multiple failure modes.
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5.1 Conclusions

• CDM is an appropriate tool to model the global structural response driven by con-

centrated external loads. CDM is likely to succeed if the damaged area is governed by

a region constrained by external loads, such as for instance the material surrounding

the impact area. In this case, locking, crack replication and microstructure are of

secondary importance, and the stress concentration drives the failure of the laminate.

• CDM fails to predict the actual damage mechanism when the cracking pattern has

significant effect on the propagation of damage. In this case, locking, crack replication

and microstructure are of primary importance to simulate damage in fiber-reinforced

composites.

• The X-FEM allows to represent a mesh-independent embedded crack with minimal

mesh modifications. It can capture the effect of the microstructure on matrix cracking

in fiber-reinforced composites. Combined with interply failure models (i.e. cohesive

element), it has the ability to represent the interaction between both failure modes,

providing results consistent with experimental findings.

• Traditional X-FEM implementations based on the cohesive interaction have limi-

tations that lead to cumbersome implementations in FE codes. For instance, the

X-FEM requires global tracking addressing the position of the crack tip at any time.

Moreover, the stress description at the crack tip is affected by some inconsistencies,

such as failure to fulfill the inf-sup condition and time-discontinuous transition from

uncracked to cracked situations.

• The stable cohesive X-FEM, proposed in Chapter 4, makes the behaviour of the em-

bedded crack consistent with the surrounding bulk stress distribution for the discrete

problem. The formulation is based on the mixed enriched primal displacement-dual

stress of Zilian’s stable X-FEM formulation, modified by the introduction an addi-

tional field (the crack opening) in a three-field formulation. The discrete variational

form is stabilized with an energetically-consistent term. This term does not enforce

that the two fields, dual and primal stresses, be identical, but relates them without

upsetting the consistency of the method.
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5.2 Original contributions

5.2 Original contributions

For the sake of clarity, the main original research contributions are detailed below:

• The Continuum Damage Model (Chapter 2) of Maimı́ et al. (2007a) and Maimı́ et al.

(2007b) was simplified and enriched with the advanced shear model (section 2.2.1).

The model was coded as user routines and successfully applied to industrial impact

applications. The model includes 2D-1/2 crack description and delamination (sec-

tions 2.3 and 2.4), and it was validated by means of mechanical tests and damage

inspection by ultrasound C-scan and X-ray computer tomography.

• A critical assesment of the validity of CDM was carried out. The impact loadcases

(sections 2.3 and 2.4) showed good correlation with experiments. However, plain

stress and V-notch test (sections 2.5.4 and 2.5.5) did not reproduce adequately the

experiments. It was demonstrated that the CDM models are likely to succeed when

the damage zone is driven by stress concentrations produced by external loads. They

are likely to fail if the microstructure drives the crack propagation.

• The X-FEM with cohesive discontinuity of Song et al. (2006) was reformulated and

implemented in Chapter 3. An explicit method with microcracking was developed

to capture the damage propagation in fiber-reinforced composites. The method was

designed for easy implementation and high scalability. It was shown (section 3.4)

that the method was able to capture qualitatively the failure mechanisms. However,

the discrete approach used was inaccurate in terms of the failure stress and cohesion

energy, due to problems with the discrete space of displacements.

• A new formulation based on X-FEM, the stable cohesive X-FEM, was developed. The

stable cohesive X-FEM consists in a three-field formulation that can be condensed

elementwise to displacement degrees of freedom only. This method overcomes the lack

of robustness of conventional X-FEM in terms of closed crack status and interaction

between crack faces. The method gathers a set of embedded formulations in the

literature as particular cases. The Courant condition was checked for implementation

in explicit, showing good numerical performance.
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5.3 Future work

5.3 Future work

• Mathematical proof of stability of the stable cohesive X-FEM.

• Implement the stable cohesive X-FEM formulation developed in Chapter 4 to model

intraply damage in a compiled code or commercial software.

• Develop stable cohesive X-FEM in Abaqus for out-of-plane loads with solid elements
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Appendix A

Periodic Boundary Conditions in

Abaqus/Explicit

The tensile test aims to reproduce a macroscopically homogeneous tensile stress state.

Edge cracking and delamination of the specimen have important effects in this kind of tests,

Pipes & Pagano (1970), Mittelstedt & Becker (2007) because of the three dimensional stress

state at the edges, figure A.1. A good specimen finishing and high interface toughness are

essential to avoid the early cracking at the specimen edge. To avoid these problems, the

edge effects are removed from the boundary by using periodic boundary conditions so that

the emphasis is placed on the material response. This appendix deals with the development

of these periodic boundary conditions.

Segurado & LLorca (2004) describe how to incorporate the periodic boundary conditions

in Abaqus/Standard using the *EQUATION command (section 29.16 of Dassault Systemes

(2010)). The counterpart for Abaqus/Explicit under quasi-static (with negligible kinetic

energy) simulations is developed here, because using the same approach is extremely inef-

ficient in Explicit.

The difference between displacement vectors u of opposite sides in the cartesian direc-

tion xi for a representative volume element (RVE) of side ` has to be equal to the imposed
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Figure A.1: Tomography of a [±45]S specimen loaded in traction showing microcracking
(dark grey) and edge delamination (red), Sket et al. (2012a)

displacement Ui:

ϕ1(x2, x3, U1) = (u(x1 = 0, x2, x3)− u(x1 = �, x2, x3))− U1e1 = 0

ϕ2(x1, x3, U2) = (u(x1, x2 = 0, x3)− u(x1, x2 = �, x3))− U2e2 = 0
(A.1)

where ei is the i unit vector of the standard cartesian basis and ϕi the constraint equation.

The constrained problem in the variational form in the discrete space of displacements

uh in Abaqus is considered, (recall equation 3.10 and section 3.1.2):

L(uh) =

∫

Ωh

∇suhC∇suhdΩ−
∫

Ωh

uh f̄ dΩ−
∫

∂hΩh

uh h̄d(∂Ω) + Ψ(uh) (A.2)

where Ψh(uh) represents a potential energy due to the introduction of the periodicity

constraints.

An expression is found for the constraints ϕi amenable to the FE assembly procedure.

As in figure A.2, the global reference nodes Mi and M ′
i (master nodes) are defined such

that:

Uiei = uMi
− uM ′

i
(A.3)

The relative motion between a local point P belonging to the plane xi = 0 and P ′ on

xi = � can be expressed as the 4-point condition:
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Pu

'Pu'Mu

Mu

Figure A.2: Four nodes involved in the periodic boundary condition of displacement of
node P

ϕi(uP,uP′ ,uMi
,uM′

i
) = (uP − uP′)− (uMi

− uM′
i
) = 0 ∀P, P ′ (A.4)

for xi = {x1, x2} and OP ′ = OP + � · ei initially.

The linear constraint (Bridson (2004)) between the displacements of these four points

in the directions 1, 2 and 3 can be defined as:
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ϕe(uP,uP′ ,uM,uM′) = Lueh =

=


1 0 0 −1 0 0 −1 0 0 1 0 0

0 1 0 0 −1 0 0 −1 0 0 1 0

0 0 1 0 0 −1 0 0 −1 0 0 1





u1
P

u2
P

u3
P

u1
P ′

u2
P ′

u3
P ′

u1
M

u2
M

u3
M

u1
M ′

u2
M ′

u3
M ′



=


0

0

0

 (A.5)

Instead of satisfying the constraint exactly, a penalty approach is used: the deviation

from the exact fulfillment of the constraint penalizes the potential energy. If the constraint

Lueh = 0 is verified, the element-wise elastic potential is minimum:

Ψe
h(u

e
h) =

1

2
k · ϕeTϕe =

1

2
k · (Lueh)T (Lueh) (A.6)

and the force necessary to obtain a good approximation of the constraints is the gradient

of the potential, according to:

F e
k =

(
∂Ψe

h

∂ueh

)T
= k · LTLueh (A.7)

This is just a generalized spring network between nodes belonging to the boundaries,

pulling the system back to the periodic constraint. In a dynamic model, this will cause

undamped oscillations. Early simulations show that a damping force has to be included

that does not damp valid motions of the system. The Rayleigh damping gives a force
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proportional to the negative rate of change of Lueh and parallel to the elastic force:

F e
c = c · LTLu̇eh (A.8)

where c is the damping coefficient.

An additional mass m can be added if the loading rate makes the effect of inertial forces

negligible:

F e
m = m · LTLüeh (A.9)

and the equation of motion of the element, taking into account the external forces, would

be:

0 = F e
k + F e

c + F e
m + F e

EXT = LTL(k · ueh + c · u̇eh) +m · üeh + F e
EXT (A.10)

Now the global constraint Ψh appears naturally if the elements associated with the

nodes belonging to the boundaries are assembled.

The value of k is chosen based on a decision from the external forces acting on the

element. The Courant condition can also be analysed (Courant et al. (1928), section 3.3.1),

based on equation A.10: the maximum eigenvalue of the elements of the model, ω, is a

conservative upper bound of the stable time increment ∆tstab ≤ 2π
ωmax

. The mass parameter

m acts as a mass scaling and a very small value of c is sufficient to remove spurious

high-frequency oscillations. In practice, the Courant condition is too conservative and the

instability due to excessive stiffness value k will be evident at early steps of the analysis.

The implementation in Abaqus/Explicit is carried out by means of four-point elements

defined as a VUEL. Each user element mimics a “penalty” local constraint between opposite

nodes P , P ′, and master nodes Mi, M
′
i , as in equation A.1. The points {Mi,M

′
i} are

assembled to be the same for each pair of opposite surfaces related to the direction i,

{xi = 0, xi = `}, so that the globally imposed displacement difference in direction i, Ui, is

the same for all pair of points P , P ′.

Therefore, the “global” constraint is satisfied approximately for each pair of opposite

surfaces. Using these new defined user elements, the nodes Mi to 0 are constrained, whereas
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Periodic cracks

Figure A.3: Development of microcracking in RVE of section 2.5.4, with area 10 mm
x 10 mm, stack sequence [±452/02]S , 0.125 mm per ply and uniaxial vertical load. The
RVE damage contours fit perfectly at every deformation stage, satisfying periodicity.

the displacement of nodes M ′
i are imposed as in equation A.3. It should be noticed that

only the displacement Uiei is imposed, and the node is not constrained in the perpendic-

ular directions. Also, the effective value of Ui can be regarded as an output if consistent

boundary conditions were imposed. It is observed that the constraint is better satisfied

at the center of the domain than at the edges. A possible improvement is to scale the

stiffness k of the elements at the edges by a factor 2. A mass scaling of the same amount

is appropriate to prevent excessive degradation of the stable timestep ∆tstab.
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Appendix B
Abaqus/Explicit technical notes

B.1 Lamina modeling

The laminae are modelled with continuum, 8 node, built-in solid brick elements of

Abaqus/Explicit C3D8R with the enhanced hourglass control of Puso (2000). It is clear

that the computational cost is reduced significantly if the reduced integration scheme is

used (section 3.3.1, Dassault Systemes (2010)). The material model of section 2.2.1 was

implemented with a user subroutine VUMAT. The subroutine includes 21 material constants

as input data, and 25 solution-dependent variables. To make computational time afford-

able, three strategies are simultaneously used: element distortion control, element removal

and variable mass scaling.

...

*SECTION CONTROLS, NAME=controls_name, DISTORTION CONTROL=YES,

LENGTH RATIO=0.75, HOURGLASS=ENHANCED

1.,1.,1.,

**

*SOLID SECTION, ELSET=elset_name, CONTROLS=controls_name,

MATERIAL=mat_name, ORIENTATION=ori_name

...

*MATERIAL,NAME=mat_name

*DENSITY

ρ
*USER MATERIAL,CONSTANTS=21
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B.2 Cohesive interfaces

E1,E2,E2,ν12,ν12,ν23,G12,G12,

G23,XT,XC,YT,YC,SL,53.,G1+,

G1−,G2+,G2−,G6,thickness

*DEPVAR,DELETE=20

25,

7,R1P,"Damage threshold R1P"

8,R1M,"Damage threshold R1M"

9,R2P,"Damage threshold R2P"

10,R2M,"Damage threshold R2M"

13,D1,"Damage variable fiber D1"

14,D2,"Damage variable fiber D2"

15,D3,"Damage variable crushing D3"

16,D6,"Damage variable D6 in-plane shear 1-2"

17,D5,"Damage variable D5 shear 2-3"

18,D4,"Damage variable D4 shear 1-3"

19,DMAX,"Max damage DMAX"

20,FDEACT,"Deactivation flag FDEACT"

21,A1P,"Exponential fiber tension A1P"

22,A1M,"Exponential fiber compression A1M"

23,A2P,"Exponential matrix tension A2P"

24,A2M,"Exponential matrix compression A2M"

25,A1P,"Exponential shear A6"

...

*VARIABLE MASS SCALING,ELSET=elset_name,dt=∆tmin,TYPE=BELOW MIN,FREQUENCY=5

...

To balance the failure modes (i.e. competing modes that appear under similar load-

cases), the choices G2+ = GIc, G6 = GIIc, YT = NC , SL = SC are reasonable. Frequently,

the critical mesh size is dependent on the parameter YT , and the analyst has to decide the

trade-off between accuracy and computational cost.

B.2 Cohesive interfaces

Abaqus/Explicit allows two types of cohesive interface: the cohesive element (con-

forming approach) and the cohesive contact (non-conforming). Both have advantages and

limitations.
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B.2 Cohesive interfaces

B.2.1 The cohesive element

The cohesive element in Abaqus/Explicit is COH3D8. The choice of the penalty stiffness k

and the cohesive element thickness ecoh is a common source of confusion. In this subsection,

some guidelines are given.

For parameter choice, a trade-off between three aspects of the simulation occurs:

• The stable timestep

• The interface stiffness

• The geometrical accuracy

The rules of the estimation of the stable timestep in Abaqus/Explicit are conservative.

The Courant’s stability condition for the central-difference scheme asserts that the spectral

radius (maximum eigenvalue) of the global amplification matrix %s(A) = %s(M
−1K), with

M, K global mass and stiffness matrix, has to be strictly lower than one. In practice, the

interest is rather the stable time step, ∆tglobalstable = 2π√
%s(A)

. This value can be calculated by

Abaqus in two ways:

• Global estimation of %s(A)

• Element-by-element conservative upper bound of %s(A)

According to Dassault Systemes (2010), the first choice is the default for general models

without special features, and the requirement is that every global dof has nonzero mass.

Note that a choice of high k spoils %s(A). On the other hand, the choice of small ecoh

makes the contribution of the cohesive mass negligible.

When VUMAT user subroutines are used, the element-by-element bound is used. The

bound consists in calculating a local estimator for each element

∆tglobalstable = l∗ch

√
ρ̄

k
(B.1)

for a typical in-plane length l∗ch (also distortion-dependent), surface density ρ̄ and stiffness

k. It is clear that the choice of k influences the local estimator, as well as the thickness

ecoh in the calculation of the surface density from the density, as seen below.
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B.2 Cohesive interfaces

Although the internal parameters are ρ̄, k, Abaqus offers several ways to introduce the

data. The surface density is introduced through a density value and geometrical thick-

ness ρ̄ = ρ · egeom. Remark that, unless specified, ecoh 6= egeom. The stiffness value

is calculated from the material module E as k = E
ecoh

. The choice of e is controlled

in *COHESIVE SECTION. Then, THICKNESS=GEOMETRY chooses ecoh ≡ egeom. The recom-

mended option is THICKNESS=SPECIFIED and set ecoh = 1, with and the material defined

as TRACTION SEPARATION, so that the value of modulus E defines directly the value of k.

...

*SECTION CONTROLS, NAME=controls_name, ELEMENT DELETION=YES,

MAX DEGRADATION=0.99

...

*COHESIVE SECTION, ELSET=elset_name, CONTROLS=controls_name,

RESPONSE=TRACTION SEPARATION, THICKNESS=SPECIFIED,

MATERIAL=mat_name

ecoh,
...

*MATERIAL,NAME=mat_name

*DENSITY

ρ
*ELASTIC,TYPE=TRACTION SEPARATION

E,E,E
*DAMAGE INITIATION,CRITERION=QUADS

NC,SC,SC
*DAMAGE EVOLUTION,TYPE=ENERGY,MIXED MODE BEHAVIOUR=BK,POWER=ηBK
GIc,GIIc,GIIc

...

Another important aspect in the minimization of the thickness ecoh is the following

inconsistency: no membrane stress σ11, σ22, σ12 appear in the balance equations. As a

result, through-thickness and transverse stresses σ33, σ13, σ23 grow artificially due to the

principle of minimum energy in FE. Although the magnitude of this error is controlled by

egeom → 0, it could be of practical importance under some load conditions.

The choice of the stiffness has to comply with the overall stiffness of the structure.

There are two approaches, either

• The stiffness of the cohesive interface is much higher than the lamina stiffness
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B.2 Cohesive interfaces

• The stiffness the resin rich layer on the interface is approximated with the thickness

of the interface elements as a small fraction of the thickness of the adjacent layers

The first choice implies k >> E3

elayer
. The second, k ≈ Eresin

ecoh
: in this case ecoh =

0.04 · elayer between plies. For the properties in the current work, both approaches give

very similar results.

The choice of the cohesive parameters is made through engineering judgement of sec-

tion 2.2.2.

B.2.2 The modified cohesive law

Apart from the built-in routines of section B.2.1, the subroutine VUMAT of González

et al. (2009) implements essentially the same model. It is modified here to control spurious

high frequencies from the Abaqus/Explicit, resulting in an improved robustness in terms of

repeatability. The inclusion of a simple model of Exponentially Weighted Moving Average,

EWMA, has four equivalent effects, Mercer (2003) and Allix et al. (2003):

• The appearance of damage is delayed with respect to the criterion.

• A material time-length scale is introduced in the loading process as the difference

between the stress field and the EWMA stress criterion.

• The effective displacement δ̄EWMA entering the damage criterion is averaged expo-

nentially back in time.

• The frequencies over fc = 2π
ωc

, the cutoff frequency, are filtered through hysteretic

(frictional) damping.

The implementation of EWMA in discrete time is very simple: the EWMA displacement

is stored from increment to increment, and modified according to the current effective

displacement (recall equation 2.29)

δ̄tEWMA =
η

η + ∆t
δ̄t−∆t
EWMA +

∆t

η + ∆t
δ̄t (B.2)

where η = f−1
c . The routine VUEL is called from Abaqus/Explicit with the user parameters
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B.3 Large shear strain in Abaqus

...

*COHESIVE SECTION, ELSET=elset_name, CONTROLS=controls_name, MATERIAL=mat_name,

RESPONSE=TRACTION SEPARATION, THICKNESS=SPECIFIED

ecoh,
...

*MATERIAL,NAME=mat_name

*DENSITY

ρ
*USER MATERIAL,CONSTANTS=9

GIc,GIIc,NC,SC,η,kcoh,0.5,1.,Dmax

...

B.2.3 The cohesive surface

Opposite to cohesive element, the cohesive surface definition does not require any mass

or thickness definition. k is chosen as pointed previously. The choice of the cohesive

parameters is made through engineering judgement of section 2.2.2.

...

*SURFACE INTERACTION,NAME=surface_interaction_name

*COHESIVE BEHAVIOUR,ELIGIBILITY=ORIGINAL CONTACTS

k,k,k
*DAMAGE INITIATION,CRITERION=QUADS

NC,SC,SC
*DAMAGE EVOLUTION,TYPE=ENERGY,MIXED MODE BEHAVIOUR=BK,POWER=η
GIc,GIIc,GIIc

...

Conversely, the computational cost increases with the contact algorithm: the more

contact possibilities and the higher k, the slower the algorithm.

B.3 Large shear strain in Abaqus

The numerical treatment of the large deformation case in Abaqus/Explicit continuum

solid elements (CPS4R, CPE4R, C3D8R) follows the algorithm of Hughes & Winget (1980) (if

no VUMAT is used) or Flanagan & Taylor (1987) (if VUMAT is used) because of its simplicity.
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B.3 Large shear strain in Abaqus

A deeper look in the properties reveals that the simplification behind is an incremental

model based on the Jaumann and Green-Naghdi rates respectively.

The Jaumann/Green-Naghdi models are particular cases of“hypoelastic”models. These

models are known to be good kinematic approximations for any solid rotation R, even with

reasonably large angles. The accuracy is fine as the stretch tensor V is close to the identity,

but it quickly deteriorates when the shear deformation is moderately high, as in the shear

test of figure B.1.

Figure B.1: Predictions of different objective rates under shear.

Another important feature of these models is that an elastic material does not fulfill the

hyperelasticity property: no scalar energy function Ψ can be found such that the stress is

the derivative of this function with respect to its conjugate strain tensor. In the case of first

Piola-Kirchoff stress, the condition reads: P = ∂Ψ
∂F

. Particularly, the residual strain will be

different from zero for a loading-unloading cycle, except if the rate is carefully chosen as

in Xiao et al. (1997).

In the case of a material with fibers, several kinematic assumptions have to be made for

the rotation of the fibers. To include fiber rotation in a constitutive matrix, a symmetric

approximate formulation of the Nanson’s formula to approximate material directions is

required: �ef = J · F �Ef .
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B.3 Large shear strain in Abaqus

The mathematical formulation of the problem is simplified enormously if a hyperelastic

formulation based on F is used for the kinematics. But this requires hard reprogramming,

and an extensive material calibration would be necessary as in Holzapfel (2000). The

problem turns specially complex for fabrics with scissoring when the hypoelastic approach

is used. The large shear strain values in this study is out of the validity range: the

kinematic approach has a great effect in the constitutive approach, Truesdell et al. (2004).

The PhD scope deals the “large shear strain” issue by means of programming the stress-

strain routine (VUMAT) to get consistent rotations. But it turns out that more fundamental

issues in Matzenmiller et al. (1995) urge to be solved.

Abaqus used historically the hypoelastic approach because it allows a reuse of existing

routines for small strain, at the expense of inaccuracy in large shear deformation. Although

VUMAT has access to the deformation gradient tensor F, it is clear that the problem is a

fundamental question in continuum mechanics, out of scope of the current thesis.
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Appendix C
Code of X-FEM implementation in

Abaqus

The program structure sketched in section 3.3.3 is detailed in the current appendix. The

steps to generate a model were automated as Python scripts, with a module called “Python

for Abaqus”. The input file for Abaqus/Explicit solver was created by the script. The

Abaqus/Explicit solver was customized with the use of material routines for the material

loop (VUMAT) and for the element loop (VUEL).

C.1 Python scripts: preprocessing

The script anglePlylaminate.py generates the model geometry and mesh as a stack

of planar laminae (membrane elements M3D4R) joined by cohesive elements COH3D8, recall

figure 3.19.

The script addCracks-xfem.py assigns the level set values to the nodes

internally, and passes relevant information to Abaqus. The crack intersections in the

reference element, the values of Hj and the integration weights are written to the file

additionalElementInformation.inp. Also, the set of elements and nodes to represent

X-FEM are created in enrichedNodesElementsFile.inp, section 3.3.2.
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C.2 Input file: model organization

C.2 Input file: model organization

The input file modModel.inp is called by Abaqus as the model definition. The rel-

evant parameters have to be passed to the solver, and also the parameters for the user

customization subroutines have to be defined there.

...

********************************************************************
** CONVENTIONAL ELEMENTS
********************************************************************
**
*ELEMENT,TYPE=M3D4R,ELSET=LAMINA-1
1,1,2,3,4
2,5,6,7,8
...
**
********************************************************************
** ENRICHED ELEMENTS
********************************************************************
**
*User Element, Nodes=8, Coordinates=3, Type=VU1001, I Properties=2,

Properties=23, Variables=175
1, 2, 3,

**
*INCLUDE, INPUT=enrichedNodesElementsFile.inp
**
...
**
********************************************************************
** SECTIONS
********************************************************************
**
*SECTION CONTROLS,NAME=EC,HOURGLASS=COMBINED,WEIGHT FACTOR=0.5,

KINEMATIC SPLIT=AVERAGE STRAIN
2.,,,1.,
**
*ORIENTATION,NAME=ORI-1
1.,0.,0.,0.,1.,0.
3,0.0
*SOLID SECTION,CONTROLS=EC,MATERIAL=ORTHOTROPIC,ELSET=LAMINA-1,ORIENTATION=ORI-1
0.25
**
********************************************************************
** MATERIAL PROPERTIES
********************************************************************
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C.2 Input file: model organization

**
** COHESIVE MATERIAL ***********
*MATERIAL, NAME=COHESIVE_MATERIAL
*DENSITY
1.5e-06,
*ELASTIC, TYPE=TRACTION
1000.0,1000.0,1000.0,
*DAMAGE INITIATION, CRITERION=QUADS
0.033,0.07,0.07,
*DAMAGE EVOLUTION, TYPE=ENERGY, DEGRADATION=MULTIPLICATIVE,

MIXED MODE BEHAVIOR=BK,POWER=1.2,MODE MIX RATIO=ENERGY,SOFTENING=LINEAR
0.0005,0.0008,0.0008,
**
** USER MATERIAL ***********
*MATERIAL,NAME=ORTHOTROPIC
*USER MATERIAL, CONSTANTS=12
**E1,E2,E3,nu12,xnu13,xnu23,G12,G13,
181.2,8.88,8.88,0.36,0.36,0.36,5.27,5.27,
**G23,ttnorm,ttshear,dtdam,
5.27, 0.08, 0.1625, 0.
*DENSITY
1.5e-06
*DEPVAR,DELETE=3
4,
1, DAM, "Damage flag"
2, ALP, "Alpha smooth deact"
3, DEL, "Deletion flag"
4, CAN, "If candidate to break"
*USER DEFINED FIELD,PROPERTIES=2
** dtdam, offset

1.e-03,1000000
**
** USER ELEMENT PROPERTIES (MATERIAL + COHESIVE) ***********
*Uel Property, Elset=EVU
** E1,E2,E3,nu12,xnu13,xnu23,G12,G13,
181.2,8.88,8.88,0.36,0.36,0.36,5.27,5.27,
** G23, dens, aKhg, aEhg, aK, fcoh, etacoh, G2p

5.27,1.5e-06,0.9436, 0., 2.e4, 0., 1.5,0.00058,
** G6,ttnorm,ttshear,thickness,dtStable,Lchar, dtdam,incrOUT
2.395e-3, 0.08, 0.1625, 0.25, 1e-06, 0.35,1.e-03,260000,
**elemOUT
0,
**
**
** VISUALIZATION MATERIAL ***********
*MATERIAL,NAME=ORTHOTROPIC
*ELASTIC, TYPE=ENGINEERING CONSTANTS
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C.2 Input file: model organization

**E1,E2,E3,nu12,xnu13,xnu23,G12,G13,
181.2e-9,8.88e-9,8.88e-9,0.36,0.36,0.36,5.27e-9,5.27e-9,
**G23,
5.27e-9,
*DENSITY
1.5e-15
...

The level set information was generated by the Python script addCracks-xfem.py, and

written as an Abaqus separate input file enrichedNodesElementsFile.inp. This file is

called by the previous file with the card *INCLUDE.

** ELEMENTS FOR VISUALIZATION
*ELSET,ELSET=LAMINA-1-EVIEW
179, ...
** SIDE ELEMENTS (+)
*NODE,NSET=LAMINA-1-NPLUSE
1000360, 2.0650E+01, 7.0000E-01, 0.0000E+00
1000364, 2.1000E+01, 7.0000E-01, 0.0000E+00
...
*NSET,NSET=LAMINA-1-NPLUS
360,364, ...
** SIDE ELEMENTS (-)
*NODE,NSET=LAMINA-1-NMINUSE
1000359, 2.0650E+01, 3.5000E-01, 0.0000E+00
1000363, 2.1000E+01, 3.5000E-01, 0.0000E+00
...
*NSET,NSET=LAMINA-1-NMINUS
359,363, ...
** ELEMENTS FOR COHESIVE TERM
*ELEMENT,TYPE=VU1001,ELSET=LAMINA-1-EVU
1000179, 359, 363, 364, 360, 1000359, 1000363, 1000364, 1000360
...

The script addCracks-xfem.py also generates information to be read by the runtime

executables, which were customized with the use of user subroutines. This information

is written to the file additionalElementInformation.inp and read through Fortran I/O

capabilities.

(columns 1 to 7)
nelement, gg1, hh1, gg2, hh2, CohL, CohAngle,
1000002, -1., 0., +1., 0., 0.35, 0.,
1000005, -1., 0., +1., 0., 0.35, 0.,
...
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C.3 Fortran codes: solution time

(columns 8 to 13)
areaMinusFactor, areaPlusFactor, H1, H2, H3, H4

0.5, 0.5, -1, -1, 1, 1
0.5, 0.5, -1, -1, 1, 1

...

C.3 Fortran codes: solution time

The Abaqus solver customization is done through user subroutines. The material def-

inition is made with VUMAT subroutine, which uses deformation as input and gives stress

as output. The element definition is made with VUEL subroutine, which uses displacement,

velocities and acceleration as input and internal forces as output.

C.3.1 User material routine: VUMAT

The VUMAT subroutine does not have information about element numbering. Therefore,

the subroutine VUSDFLD was used. The information is read from disk and written to state

variable stateNew. This variable is passed to VUMAT, which uses the block number kblock

internally.

c ---------------------------------------------------------------------
c #VUSDFLD
c ---------------------------------------------------------------------

subroutine vusdfld(
c Read only -

* nblock, nstatev, nfieldv, nprops, ndir, nshr,
* jelem, kIntPt, kLayer, kSecPt,
* stepTime, totalTime, dt, cmname,
* coordMp, direct, T, charLength, props,
* stateOld,

c Write only -
* stateNew, field )
use read_state_module
implicit none

...

if (totalTime.eq.dt) then
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C.3 Fortran codes: solution time

c if condition necessary in order to read the input file only once
c otherwise read errors appears, since the .inp file is treated
c as an empty file

c INITIALIZE VALUES

write(6,*) ’initialize vusdfld’
write(6,*) ’state is not read in package.exe **********’
write(6,*) ’therefore density will never be updated ***’

call read_state(
* jelem,props,k_cand,kpr_offset,

c to be defined
* stateNew,

c auxiliar
* nblock,nstatev,nprops)

c COPY VALUES FROM PREVIOUS INCREMENT

do kblock=1,nblock
stateNew(kblock,k_cand)=stateOld(kblock,k_cand)

end do
end if

return
end

The pointwise stress-strain relationship is written in the subroutine user subroutine

vumat_solid. Where required, the stress values are corrected with the area ratios in

VUMAT, previously stored as variable stateNew.

c ---------------------------------------------------------------------
c #VUMAT
c ---------------------------------------------------------------------

subroutine vumat(
C Read only (unmodifiable)variables -

1 nblock, ndir, nshr, nstatev, nfieldv, nprops, lanneal,
2 stepTime, totalTime, dt, cmname, coordMp, charLength,
3 props, density, strainInc, relSpinInc,
4 tempOld, stretchOld, defgradOld, fieldOld,
5 stressOld, stateOld, enerInternOld, enerInelasOld,
6 tempNew, stretchNew, defgradNew, fieldNew,

C Write only (modifiable) variables -
7 stressNew, stateNew, enerInternNew, enerInelasNew )
use avumat
implicit none
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C.3 Fortran codes: solution time

...

if (stepTime.eq.dt) then
write(6,*) ’vumat’

c Important messages
write(6,*) ’ WARNING ***************************************’
write(6,*) ’vumat uses tensor strain epsilon12 instead of ’
write(6,*) ’ engineering strain gamma12’
write(6,*) ’X-FEM = iEl; Standard = iEl+offset’

end if

call vumat_solid(
C Read only (unmodifiable) variables -

* nblock,ndir,nshr,nstatev,nfieldv,nprops,lanneal,
* stepTime,totalTime,dt,
* cmname,coordMp,charLength,
* props,
* density,
* strainInc,
* relSpinInc,tempOld,stretchOld,defgradOld,fieldOld,
* stressOld,stateOld,enerInternOld,enerInelasOld,
* tempNew,stretchNew,defgradNew,fieldNew,

C Write only (modifiable) variables -
* stressNew,stateNew,enerInternNew,enerInelasNew)

c Modify stress with area ratio
do kblock=1,nblock

stressNew(kblock,1)=stressNew(kblock,1)*stateNew(kblock,k_aratio)
stressNew(kblock,2)=stressNew(kblock,2)*stateNew(kblock,k_aratio)
stressNew(kblock,3)=stressNew(kblock,3)*stateNew(kblock,k_aratio)
stressNew(kblock,4)=stressNew(kblock,4)*stateNew(kblock,k_aratio)

end do

end do

return
end

C.3.2 User element routine: VUEL

The cohesive integral subdivision (figure 3.14) is calculated using the VUEL user sub-

routine, if the Phantom Node basis is used. The use of the X-FEM basis requires the

calculation of the domain integrals, as in the example below.
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C.3 Fortran codes: solution time

c ---------------------------------------------------------------------
c #VUEL
c ---------------------------------------------------------------------

subroutine vuel(
* nblock,

c to be defined
* rhs,amass,dtimeStable,
* svars,nsvars,
* energy,

c auxiliar
* nnode,ndofel,
* props,nprops,
* jprops,njprops,
* coords,ncrd,
* u,du,v,a,
* jtype,jelem,
* time,period,dtimeCur,dtimePrev,kstep,kinc,lflags,
* dMassScaleFactor,
* predef,npredef,
* jdltyp,adlmag)
use vuel_parameters
use force_calculation
implicit none
...

c Notes:
c Define only nonzero entries; the arrays to be defined have
c been zeroed out just before this call

C
C INITIAL CHECKS
C

if (kinc.eq.1) then
call check_dimension(nsvars,nprops,njprops,nnode,ncrd,jtype)

end if

7001 if ((jtype.eq.1001) .and.
* lflags(iProcedure).eq.jDynExplicit) then

7002 if (lflags(iOpCode).eq.jMassCalc) then
C
C MASS CALCULATION
C

call element_discontinuity(
* jtype,jelem,coords,

c to be defined
* svars,
* nblock,nnode,ncrd,nsvars,kinc)

216



C.3 Fortran codes: solution time

call amass_matrix(
* props,jprops,jelem,coords,svars,jtype,predef,

c to be defined
* amass,

c auxiliar
* nprops,njprops,nblock,nnode,ncrd,ndofel,nsvars,
* npredef,nPred)

7012 else if (lflags(iOpCode).eq.jIntForceAndDtStable) then

7003 if (kinc.eq.0) then
C
C CIRCUMNAVIGATE PACKAGE.EXE (kinc = 0)
C

...
7013 else
C
C INTERNAL FORCE, STABLE TIME, ENERGIES (kinc >= 1)
C

stepTime=time(iStepTime)
totalTime=time(iTotalTime)
call compute_internal_forces(

* coords,u,du,v,a,props,jprops,predef,
* time,period,stepTime,totalTime,dtimeCur,dtimePrev,
* dMassScaleFactor,jtype,jelem,

c to be defined
* rhs,svars,energy,adlmag,dtimeStable,

c auxiliar
* nblock,nnode,ndofel,ncrd,nprops,njprops,
* nsvars,npredef,
* jdltyp,
* kstep,kinc)

7023 end if
C
C STABLE TIME
C
c Stable time increment is given by either fixed time increment
c or this increment

do kblock=1,nblock
dtimeStable(kblock)=props(i_dt_Stable)

end do
C
C KINETIC ENERGY
C
7022 else if (lflags(iOpCode).eq.jExternForce) then
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C.3 Fortran codes: solution time

C
C EXTERNAL FORCE
C

...
7032 end if

7031 end if

return
end

subroutine compute_internal_forces(
* coords,u,du,v,a,props,jprops,predef,
* time,period,stepTime,totalTime,dtimeCur,dtimePrev,
* dMassScaleFactor,jtype,jelem,

c to be defined
* rhs,svars,energy,adlmag,dtimeStable,

c auxiliar
* nblock,nnode,ndofel,ncrd,nprops,njprops,
* nsvars,npredef,
* jdltyp,
* kstep,kinc)
implicit none
...

c Definition of variables internal to the subroutine

parameter(nQ=2,nQSurf=2,maxip=1)
integer, dimension(16), parameter ::
* mask=(/1,4,7,10, 2,5,8,11, 13,16,19,22, 14,17,20,23/)
....

C ----------------------------
C Input props
C ----------------------------

thickness=props(20)
call get_C(
* props,angle,

C output
* C,

C auxiliar
* nprops)

do kblock=1,nblock

call IntPoints2DLevelSet(
* LevelSetElem,nQ,
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C.3 Fortran codes: solution time

c output variables
* xxIntRef,yyIntRef,wwIntRef,nip)

c Create ElemMat
do k1=1,16
do k2=1,16
ElemMAT(k1,k2)=0.

end do
end do
do k1=1,16

ElemRHS(k1)=0.
end do
do k1=1,ndofel

rhs(kblock,k1)=0.d0
end do

c one call for all integration points
call ShapeFctsXFEMSign(

* xxElem, yyElem, LevelSetElem, xxIntRef, yyIntRef, wwIntRef,
* nip,

c output variables
* N, dNdx, dNdy, M, dMdx, dMdy, xxInt, yyInt, wwInt,
* LevelSetInt,

c auxiliar
* maxip)

C DOMAIN INTEGRAL
call BuildMatRhs_HookeOrtho2(

* N, dNdx, dNdy, M, dMdx, dMdy,
* wwInt,C, thickness, fx, fy, nip,

c output variables
* elemMAT, elemRHS,

c auxiliar
* maxip)

C SURFACE INTEGRAL (COMPUTED IN X-FEM BASIS)
c [ ElemMATQQ, ElemRHSQQ,tAUX1,tAUX2,xxPenaltyAUX,yyPenaltyAUX,B] = ...
c BuildMatRhs_Penalty(xxElem, yyElem,ffElem,NodesAct,ak,thickness,nQ);

do k1=1,8
uq(k1)=u(kblock,mask(8+k1))

end do
call BuildMatRhs_Penalty(

* xxElem, yyElem,LevelSetElem,NodesAct,thickness,nQSurf,
* props,svars,uq,

c output variables
* ElemMATQQ, ElemLHSQQ,

c auxiliar
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* nprops,nsvars)

end do

return
end subroutine compute_internal_forces
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AppendixD

Analytical solution of a circular

inclusion with compliant interface

under uniaxial traction

Let’s consider a circular inclusion (I) of radius a embedded in a matrix (M) in 2D plane

stress Hashin (1991, 2002). The matrix and inclusion have elastic constants (E(M), ν(M))

and (E(I), ν(I)) respectively. The interface is not perfect, and it follows a linear cohesive

traction-separation law, with interface stiffness k.

A uniaxial stress field at the infinity is imposed. The uniaxial stress can be regarded

as the superposition of two load cases: a hydrostatic pressure P
2
at the infinity and an

imposed shear stress P
2
at the infinity, but rotated an angle of π

4
, figure D.1.

� �
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���

Figure D.1: Uniaxial stress as superposition of hydrostatic pressure and shear.
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D.1 Compatibility, constitutive, and equilibrium relations

For simplicity, the results are presented with the same material properties, with con-

stants (E, ν) in both matrix and inclusion. In this case, the results can be presented in

terms of the characteristic dimensionless parameter

ψ =
2ak

E
(D.1)

D.1 Compatibility, constitutive, and equilibrium re-

lations

The elastic inclusion problem solves the Navier’s equilibrium equations:

∇ · σ = 0 (D.2)

The compatibility relationships between strains and displacement, in cylindrical coor-

dinates, are given by

ε(M,I)
rr =

∂u
(M,I)
r

∂r

ε
(M,I)
θθ =

u
(M,I)
r

r
+
∂u

(M,I)
θ

r∂θ

2 ε
(M,I)
rθ =

∂u
(M,I)
r

r∂θ
+
∂u

(M,I)
θ

∂r
− u

(M,I)
θ

r

(D.3)

And the Lame equation relates strain and stress:

σ(M,I)
rr = (λ(M,I) + 2G(M,I))ε(M,I)

rr + λ(M,I)ε
(M,I)
θθ

σ
(M,I)
θθ = λ(M,I)ε(M,I)

rr + (λ(M,I) + 2G(M,I))ε
(M,I)
θθ

τ
(M,I)
rθ = 2G(M,I)ε

(M,I)
rθ

(D.4)

where λ(M,I) and G(M,I) stand for the constitutive parameters

G(M,I) =
E(M,I)

2(1 + ν(M,I))

λ(M,I) =
E(M,I)ν(M,I)

(1 + ν(M,I))(1− 2ν(M,I))

(D.5)
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D.2 Hydrostatic pressure loading

Equilibrium at the inclusion interface r = a implies the stress continuity:

σ(I)
r = σ(M)

r ≡ σar

τ
(I)
rθ = τ

(M)
rθ ≡ τarθ

(D.6)

while the constitutive cohesive traction-separation law, at r = a, allows to obtain the

displacement jump a the interface for a given stiffness k.

(u(M)
r − u(I)

r ) = σar/k

(u
(M)
θ − uaθ) = τarθ/k

(D.7)

The choice of the displacement field and boundary conditions depend on the particular

case, as explained below.

D.2 Hydrostatic pressure loading

The proposed displacement field for the hydrostatic pressure loading involves radial

symmetry, being the displacement of the type:

u(M,I)
r = AM,I r +BM,I

(
1

r

)
u

(M,I)
θ = CM,I r +DM,I

(
1

r

) (D.8)

and the boundary conditions

lim
r→∞

σ(M) = Per ⊗ er

lim
r→0

σ(I) <∞
(D.9)
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D.3 Shear strain loading

Solving the equations taking into account the cylindrical symmetry (i.e. CM,I = DM,I = 0)

the parameters for the given displacement field are:

AM =

(
P

E

)
(1− ν − 2ν2)

BM = a2

(
P

E

)
(1− ν)

(1− 2ν)(1 + ψ(1− ν2))

AI =

(
P

E

)
ψ

(1− ν)2(1 + ν)

1 + ψ(1− ν2)

BI = 0

(D.10)

For hydrostatic pressure P at the infinity, the exact displacement field, stress and jump

at the interface are in table D.1.

D.3 Shear strain loading

The proposed displacement field for the shear loading involves Legendre polynomials,

due to the antisymmetry of the load:

u(M,I)
r =

(
AM,I r

3 +BM,I r + CM,I

(
1

r

)
+DM,I

(
1

r3

))
sin(2θ)

u
(M,I)
θ =

(
2+χM,I
1−χM,I

AM,I r
3 +BM,I r +

χM,I
1+χM,I

CM,I

(
1

r

)
−DM,I

(
1

r3

))
cos(2θ)

(D.11)

with the boundary conditions

lim
r→∞

σ(M) = GMγ(er ⊗ eθ + eθ ⊗ er)

lim
r→0

σ(I) <∞
(D.12)
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D.3 Shear strain loading

Solving the equations and taking into account the symmetry the parameters for the given

displacement field, the following coefficients are obtained:

AM = 0

BM = γ/2

CI = 0

DI = 0

(D.13)

For a given shear deformation γ at the infinity, the exact displacement field, stress and

jump at the interface are given in table D.2.

Displacement field

u
(I)
r

a
=

(
P

E

)
ψ(1− ν)2(1 + ν)

1 + ψ(1− ν2)

(r
a

)
u

(M)
r

a
=

(
P

E

)[(r
a

)
+

(1− ν)/(1− 2ν)

1 + ψ(1− ν2)

(a
r

)]
uθ
a

= 0

(D.14)

Stress at interface

σrr
E

(r = a) =

(
P

E

)
ψ(1− ν)2/(1− 2ν)

1 + ψ(1− ν2)
σrθ
E

(r = a) = 0

(D.15)

Jump at interface

[[ur]]

a
(r = a) =

(
P

E

)[
ν +

(1− ν)/(1− 2ν)

1 + ψ(1− ν2)
+

(1− ν)

1 + ψ

]
[[uθ]]

a
(r = a) = 0

(D.16)

Table D.1: Circular inclusion in plane strain with complaint interface: hydrostatic load
at the infinity. Fields in polar coordinates (r, θ). Pressure P ; radius a, elastic properties
(E, ν) at matrix (M), r > a, and inclusion (I), r < a, interface stiffness k. Dimensionless
parameter ψ = 2ak

E .

225



D.3 Shear strain loading

Displacement field

u
(I)
r

a
=
γ

2
sin(2θ) · 2ψ(1− ν2)

1 + ψ(1− ν2)

(r
a

)
u

(M)
r

a
=
γ

2
sin(2θ)·[(r

a

)
+

4(1− ν)

1 + 2ψ(1− ν2)

(a
r

)
− 2

2(1 + 2ψ(1− ν2))

(a
r

)3
]

u
(I)
θ

a
=
γ

2
cos(2θ) · 2ψ(1− ν2)

1 + ψ(1− ν2)

(r
a

)
u

(M)
θ

a
=
γ

2
cos(2θ)·[(r

a

)
+

2(1− 2ν)

1 + 2ψ(1− ν2)

(a
r

)
+

2

2(1 + 2ψ(1− ν2))

(a
r

)3
]

(D.17)

Stress at interface

σrr
E

(r = a) =
γ

2
sin(2θ) · 2ψ(1− ν)

1 + 2ψ(1− ν2)

σrθ
E

(r = a) =
γ

2
cos(2θ) · 2ψ(1− ν)

1 + 2ψ(1− ν2)

(D.18)

Jump at interface

[[ur]]

a
(r = a) =

γ

2
sin(2θ)·[

3 +
(3− 4ν)

1 + 2ψ(1− ν2)
− 2

1 + ψ(1− ν2)

]
[[uθ]]

a
(r = a) =

γ

2
cos(2θ)·[

3 +
(3− 4ν)

1 + 2ψ(1− ν2)
− 2

1 + ψ(1− ν2)

]
(D.19)

Table D.2: Circular inclusion in plane strain with complaint interface: shear load at
the infinity. Fields in polar coordinates (r, θ). Imposed shear strain γ; radius a, elastic
properties (E, ν) at matrix (M), r > a, and inclusion (I), r < a, interface stiffness k.
Dimensionless parameter ψ = 2ak

E .
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Maiḿı P., Camanho P., Mayugo J. & Dávila C. (2007b). A continuum damage

model for composite laminates: Part II - computational implementation and validation.

Mechanics of Materials , 39, 909 – 919.
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Nitsche J. (1971). Über ein variationsprinzip zur Lösung von Dirichlet-Problemen bei
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