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Abstract

In the present work four main problems have been addressed within the

framework of non-linear elasticity based on representative constitutive

models. Namely, problems related to the loss of stability phenomena

associated with boundary value problems for fibre-reinforced materials.

Each of the considered problems is formulated and analysed separately

in different chapters.

We first start with the analysis of discontinuous deformation gradients

for a transversely isotropic material under plane deformation. In par-

ticular, the material model is an augmented neo-Hookean base with a

simple unidirectional reinforcement characterised by a single parame-

ter. The solution of this problem is related to material instabilities and

it is associated with a shear band-type failure mode. The loss of el-

lipticity of the governing differential equations is a necessary condition

for the existence of these material instabilities. The second problem in-

volves a detailed analysis of the combined non-linear extension, inflation

and torsion of a thick-walled circular cylindrical tube where it has been

found that the aforementioned deformation is controllable only for cer-

tain preferred directions of transverse isotropy. Numerical results have

been illustrated to understand the elastic behaviour of the tube for the

admissible preferred directions under the considered deformation. The

third problem deals with the analysis of a doubly fibre-reinforced thick-

walled circular cylindrical tube undergoing pure azimuthal shear for a

special class of the reinforcing model where multiple non-smooth solu-
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tions emerge. The associated instability phenomena are found to occur

prior to the point where the nominal stress tensor changes monotonicity

in a particular direction. It has been also shown that the loss of elliptic-

ity condition that arises from the equilibrium equation and Ŵγγ/2 = 0

(the second derivative of the strain-energy function with respect to the

deformation) are equivalent necessary conditions for the emergence of

multiple solutions for the considered material. Finally, a detailed anal-

ysis in the basis of the loss of ellipticity of the governing differential

equations for a combined helical, axial and radial elastic deformations

of a fibre-reinforced circular cylindrical tube is carried out.
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Resumen

En este trabajo se han analizado varios problemas en el contexto de la

elasticidad no lineal basándose en modelos constitutivos representativos.

En particular, se han analizado problemas relacionados con el fenómeno

de perdida de estabilidad asociada con condiciones de contorno en el

caso de material reforzados con fibras. Cada problema se ha formulado

y se ha analizado por separado en diferentes caṕıtulos.

En primer lugar se ha mostrado el análisis del gradiente de deformación

discontinuo para un material transversalmente isótropo, en particular,

el modelo del material considerado consiste de una base neo-Hookeana

isótropa incrustada con fibras de refuerzo direccional caracterizadas con

un solo parámetro. La solución de este problema se vincula con in-

stabilidades que dan lugar al mecanismo de fallo conocido como banda

de cortante. La perdida de elipticidad de las ecuaciones diferenciales

de equilibrio es una condición necesaria para que aparezca este tipo de

soluciones y por tanto las inestabilidades asociadas. En segundo lu-

gar se ha analizado una deformación combinada de extensión, inflación

y torsión de un tubo ciĺındrico grueso donde se ha encontrado que la

deformación citada anteriormente puede ser controlada solo para deter-

minadas direcciones de las fibras refuerzo. Para entender el compor-

tamiento elástico del tubo considerado se ha ilustrado numéricamente

los resultados obtenidos para las direcciones admisibles de las fibras de

refuerzo bajo la deformación considerada. En tercer lugar se ha estudi-

ado el caso de un tubo ciĺındrico grueso reforzado con dos familias de
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fibras sometido a cortante en la dirección azimutal para un modelo de

refuerzo especial. En este problema se ha encontrado que las inesta-

bilidades que aparecen en el material considerado están asociadas con

lo que se llama soluciones múltiples de la ecuación diferencial de equi-

librio. Se ha encontrado que el fenómeno de instabilidad ocurre en un

estado de deformación previo al estado de deformación donde se pierde

la elipticidad de la ecuación diferencial de equilibrio. También se ha

demostrado que la condición de perdida de elipticidad y Ŵγγ/2 = 0

(la segunda derivada de la función de enerǵıa con respecto a la defor-

mación) son dos condiciones necesarias para la existencia de soluciones

múltiples. Finalmente, se ha analizado detalladamente en el contexto

de elipticidad un problema de un tubo ciĺındrico grueso sometido a una

deformación combinada en las direcciones helicoidal, axial y radial para

distintas geotermias de las fibras de refuerzo .
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for everything.

Besides of my supervisor, very special thanks go to prof. Ray W Ogden

for his hospitality during my stay at University of Glasgow, also for his

help, support and his tremendous contribution to this work during and

after my stay. So thank you Prof. Ray Ogden for everything.

In addition, I would also like to thank Prof. Juan Carlos Garćıa Orden,
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Introduction C
h
a
p
t
e
r

1
1.1 Overview

The concept of combining two or more materials to form a new material

with enhanced material properties is not a new idea since it is present

in nature in different forms, for instance, natural wood is a composite

made of long cellulose fibres held together by a much weaker substance

called lignin. The bone in mammals body is also a composite made of a

hard and brittle material called hydroxyapatite (a natural ceramic) and

a soft and flexible material called collagen (a natural polymer).

The concept of composite materials is not a new idea from a techno-

logical point of view either since early Egyptian used a mixture of mud

and straw to create strong and durable buildings about 3500 years ago.

Later, the Mangols joined wood and bones by means of animal glue to

create strong and accurate bows.

Composite materials are made by combining two or more phases of-

ten with very different properties. The continuous phase called matrix

and the embedded phase called reinforcement. The two phases work

together to give the composite unique properties. Composite materials

can be classified according to either the nature of the matrix (Polymers,

1



Introduction

Ceramics, Metals) or the nature of the reinforcement (Fibre, Particu-

lates, Whiskers, Flake, Filled...etc). The modern era of composites did

not begin until scientists developed plastics such as vinyl, polystyrene,

phenolic and polyester. These new synthetic materials outperformed

resins that were derived from nature. However, plastics alone could not

provide enough strength for structural applications. Reinforcement was

needed to provide the strength and rigidity. In 1935, Owens Corning

introduced the first glass fibre composite and since then special atten-

tion has been addressed to the development of composite materials. In

this work we focus exclusively on composite materials reinforced with

continuous fibres.

1.2 Motivation

In the last few decades, fibre-reinforced materials have been increasingly

used in several applications. Fibre-reinforced materials have become an

attractive alternative to conventional materials in aerospace and auto-

motive industries due to their enhanced properties. Fibre-reinforced

materials are being widely used in modelling of human body organs

and other soft biological tissues. However, this increasing use of fibre-

reinforced materials is being inhibited by some factors, among them

we find the lack of understanding of the failure behaviour of structures

made of fibre-reinforced materials under particular loading conditions.

A substantial research effort is being directed to build suitable models

that can incorporate these factors in the prediction of fibre-reinforced

materials failure. Experimental results have revealed that instability

phenomena associated with fibre-reinforced material failure is usually

initiated at the microstructural level and leads to a global instability. In

order to improve our understanding of the failure mechanism in fibre-

reinforced materials we have been highly motivated to analyse instability

phenomena that arise in such materials under loading conditions that

2



Motivation

create fibre contraction and fibre extension. Figure 4.2 shows some of

the instabilities that we are concerned about in this work

(a) (b)

(c) (d)

Figure 1.1: A close up of fibre kinking and fibre splitting in fibre-reinforced
materials under compressive loading conditions from Lee et al. [1]; Lee and
Anthony [2]. Fibre splitting failure modes in glass/epoxy composite with vf =
0.3 figs. 4.2(a) and 4.2(b). Typical fibre kinking failure mode in fibre carbon
composite with vf = 0.6 fig. 1.1(c) and combined fibre kinking-splitting failure
mode in glass/epoxy with vf = 0.5 fig. 1.1(d).

In our attempt to build a mechanical model that captures the failure

modes illustrated in fig. 4.2 we adopt the model in fig. 1.2

3
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Splitting zone
Splitting zone

Fibre direction

Kink band

Figure 1.2: A simplified model that takes into account the combined fibre
kinking-splitting failure mode in fibre-reinforced materials.

1.3 Objectives

The main goal of this work is to go in depth into the understanding of

the mechanical behaviour of fibre-reinforced materials under particular

loading conditions. Namely, we focus on instability phenomena associ-

ated with boundary value problems for specific material models. To this

end, four principal objectives have been set

� To study a unidirectional fibre-reinforced block of material under

compressive loading conditions aligned with the reinforcement di-

rection.

� To study a fibre-reinforced thick-walled circular cylindrical tube

under combined extension, inflation and torsional deformation.

� To study a doubly fibre-reinforced thick-walled circular cylindrical

tube under pure azimuthal shear deformation.

� To study a fibre-reinforced thick-walled circular cylindrical tube

under helical, axial and radial deformation.

To achieve these objectives, the following specific objectives have been

set as well

� Studying the relevant knowledge and the current state of the art

for each of the problems analysed.

4



Content

� Developing a theoretical formulation for each of the the problems

analysed.

� Numerical illustration of the results obtained and discussion.

1.4 Content

This document is organized in seven chapters. In Chapter 1, a brief

introduction to composite materials is introduced followed by the mo-

tivation of this work, the set objectives to achieve, the content and the

publications produced. A detailed analysis concerning discontinuous so-

lutions for a unidirectional reinforced neo-Hookean material is presented

in Chapter 2. A problem involving the combined extension, inflation

and torsional deformation of a reinforced thick-walled circular cylindri-

cal tube is the concern of Chapter 3. Similar analysis is presented in

Chapter 4 where the attention is paid to the preferred directions for

which the invariant I5 admits more than one critical point followed by

the corresponding ellipticity analysis. A doubly fibre-reinforced thick-

walled circular cylindrical tube under pure azimuthal shear deformation

for a special class of the reinforcing model is studied in Chapter 5. Fi-

nally, the loss of ellipticity in the combined helical, axial and radial

elastic deformations of a fibre-reinforced circular cylindrical tube is con-

sidered and analysed in Chapter 6 followed by conclusions and summary

in Chapter 7.

1.5 Publications

The following scientific articles have been derived from this work

� M. El Hamdaoui, J. Merodio, R.W. Ogden and J. Rodŕıguez. Fi-

nite elastic deformations of transversely isotropic circular cylindri-
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cal tubes. International Journal of Solids and Structures, 51(5):1188-

1196, 2014.

� M. El Hamdaoui and J. Merodio. Azimuthal shear of doubly fibre-

reinforced non-linearly elastic cylindrical tubes. Accepted for pub-

lication.

� M. El Hamdaoui and J. Merodio. A note on finite elastic defor-

mations of fibre-reinforced non-linearly elastic tubes. Accepted for

publication.

� M. El Hamdaoui, J. Merodio and R.W. Ogden. Loss of ellipticity

in the combined helical, axial and radial elastic deformations of a

fibre-reinforced circular cylindrical tube. Submitted.

� M. El Hamdaoui and J. Merodio. Discontinuous solutions for a

unidirectional ne-Hookean fibre-reinforced material. In prepara-

tion.

and the following conference proceeding

� M. El Hamdaoui and J. Merodio. Discontinuous solutions for

a unidirectional neo-Hookean reinforced material. EUROMECH

Colloquium 551, Mechanics of Fibre-Reinforced Materials: Theory

and Applications. University of Nottingham, 2nd–5th of September

2013.
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for a neo-Hookean

reinforced material C
h
a
p
t
e
r

2
2.1 Introduction

Fibre-reinforced materials are being increasingly used during the last few

decades not only in structural applications but also in modelling human

body organs over a wide range of loading conditions. A substantial re-

search effort is being devoted to develop proper models that can predict

fibre failure in structural applications since the use of fibre-reinforced

materials has been mainly constrained by the lack of understanding of

the failure behaviour under certain loading conditions. Fibre-reinforced

materials usually exhibit non-linear behaviour during service due to the

properties of the constituent phases and the interaction between these

phases, to capture these features, they are being modelled as anisotropic

non-linearly elastic solids. The anisotropy is basically a consequence

of the presence of the fibre reinforcement along a direction or more

than one direction. A mathematical framework that might address this

non-linearity is called hyperelasticity, which is the theory of non-linear

elasticity for hyperelastic materials. The constitutive equation of these

materials is given by strain-energy functions which serve to model the

7
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material behaviour.

The anisotropy of homogeneous fibre-reinforced non-linearly elastic solids

is characterized in general by two independent deformation invariants

denoted by I4 and I5. The invariant I4 is the square of the stretch in the

direction of the reinforcement. The invariant I5 is related to the fibre

stretch but registers, additionally, the shearing response of the reinforce-

ment, for more details see Merodio and Ogden [3]. It is well known that

the isotropy of an incompressible material is characterized by the two

invariants I1, I2, of the Cauchy-Green deformation tensors. The com-

bination of the four invariants I1, I2, I4 and I5 gives the more general

homogeneous transversely isotropic incompressible non-linearly elastic

solids. In many cases, the strain energy function is considered to be

given by two terms: one term that reflects the isotropic character of the

material, i.e. a function that depends only on the two invariants I1, I2,

and other term that reflects the anisotropic character of the material,

i.e. a function that depends on the invariants I4, I5. The latter term is

referred to as the reinforcing model.

Many authors have dealt with the theory of fibre-reinforced materials

within this framework from many different aspects since the pioneer-

ing works of Ericksen and Rivlin [4] and Spencer [5]. Some of the works

that can be found in the literature focus on certain characteristics of the

strain energy functions such as convexity Gao and Ogden [6]; Steigmann

[7]; Schröder and Neff [8]; Hartmann and Neff [9], ellipticity Schröder

et al. [10] and deformation invariant formulation see Criscione et al.

[11]. Some other works focus on the mechanical response of the consti-

tutive equations since these are used to model different materials, for

instance, Merodio and Ogden [3]; Holzapfel et al. [12]. In this spirit

a series of works has built a continuum mechanical model within the

framework of non-linear elasticity to predict fibre instability or fibre

failure mechanism in fibre-reinforced materials. Briefly, Polignone and

8
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Horgan [13] studied the effect of material anisotropy on the formation

and growth of void nucleation in the context of cavitation instability

for a neo-Hookean base augmented with a reinforcing model that de-

pends on the fibre shearing. Later on Merodio and Saccomandi [14]

extended this analysis by considering a reinforcing model that depends

on the fibre stretch and simultaneously on both the fibre stretch and

fibre shearing. In addition, closed form analytical solutions were ob-

tained for the problem of cavity formation in radially fibre-reinforced

sphere under tensile loading in the radial direction. Rudykh and deBot-

ton [15] predicted the onset of macroscopic instabilities by applying a

new variational estimate for fibre-reinforced composite including numer-

ical results. The onset of macroscopic instabilities was also investigated

by Rudykh and Bertoldi [16] for an anisotropic magnetorheological elas-

tomer undergoing finite deformation in the presence of a magnetic field.

Agoras et al. [17] investigated the possible macroscopic development of

instabilities in fibre-reinforced elastomer subject to general loading con-

ditions. The relation between microscopic and macroscopic instabilities

has been further examined by Geymonat et al. [18]. Moreover, Michel

et al. [19] investigated the connections between micro-structural instabil-

ities and their macroscopic manifestations for fibre-reinforced elastomer

under loading conditions perpendicular to the fibre direction.

The loss of stability and the onset of fibre failure in fibre-reinforced

materials were established on the basis of the ellipticity status of the

governing differential equation of equilibrium which changes locally in

type as a result of deformation. This change is referred to as a loss of

(ordinary) ellipticity at which point the onset of failure mechanism is

assumed to happen.

In terms of ellipticity status, a thorough understanding was provided

by Merodio and Ogden in a series of article [20–25] where necessary

and sufficient conditions were established for the loss of ellipticity under

9
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plane deformation. In addition, this loss of ellipticity was interpreted

in terms of several failure modes depending on the nature of the rein-

forcement and the loading conditions. Namely, it has been found in [20]

that for incompressible materials under compressive loading conditions,

ellipticity is lost and the associate failure mode is fibre kinking when

the reinforcing model is taken to depend only on the fibre stretch I4,

on the other hand, the associated failure mode is fibre kinking and fibre

splitting when the reinforcing model is taken to depend on the invariant

I5. Those failure modes are characterised by the emergence of weak

surfaces of discontinuity which are: normal to the fibre direction (fibre

kinking) and parallel to the fibre direction (fibre splitting). Ellipticity

can also be lost under fibre extension if the reinforcing model is non-

convex with respect to the invariant that the reinforcing model is taken

to depend on. The failure mode is interpreted in terms of: a) fibre de-

bonding ( weak surfaces of discontinuity parallel to the fibre direction),

for I4−based anisotropy; b) fibre de-bonding and matrix failure (weak

surfaces of discontinuity normal to the fibre direction) or a failure mode

along an intermediate direction between the fibre direction and its nor-

mal, for I5−based anisotropy. The case of fibre extension for I5−based

anisotropy is not easy to follow since I5 > 1 may involve either I4 < 1

(fibre contraction) or I4 > 1 (fibre extension). It has been found that the

fibre-reinforced material is more stable under fibre extension than under

fibre contraction since ellipticity is always lost under fibre contraction,

in agreement with Triantafyllidis and Abeyaratne [26]. Similar analy-

sis for compressible materials can be found in [21]. Loss of ellipticity

in fibre-reinforced materials under tensile loading conditions along the

fibre direction (or under any other deformation that creates fibre exten-

sion), respectively, for incompressible and compressible material was the

concern of [23; 24]. Loss of ellipticity was associated with the convexity-

concavity of the nominal stress tensor in a particular direction. More in
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particular, loss of ellipticity requires a non-convex reinforcing model for

I5−based anisotropy.

It is also worthwhile to mention that many authors have dealt with ma-

terial instabilities within the framework of the isotropic theory, in which

case, the aforementioned material instabilities are known as shear band

type instabilities. These instabilities are usually accompanied with ap-

pearance of zones of localized deformation in the form of narrow shear

bands. This localization can be seen as instabilities in the macroscopic

description of the material. It is understood that for an initially uni-

form material under homogeneous deformation, the constitutive equa-

tions lead to a bifurcation state from which a non-uniform deformation

arise in a band under conditions of equilibrium. A general theoretical

framework for these shear bands in the case of stationary wave, was given

by Hill [27]. Furthermore, with a view to establish a realistic model able

to predict the critical bifurcation stress (strain) into a shear band, dif-

ferent constitutive models were analysed in a variety of contexts. For

example, Rice [28] has shown that some isotropic elastic solids as well

as elastic-plastic with a smooth yield surface do not develop shear band

instabilities.Hutchinson and Tvergaard [29]; Anand and Spitzig [30]; Hill

and Hutchinson [31] made the most important theoretical contributions

within the theory of plasticity with kinematics hardening under sev-

eral loading conditions. Rudnicki and Rice [32]; Rice [33] carried out

the investigation in the context of inelastic behaviour applied to over-

consolidated clay soils. Knowles and Sternberg [34] showed that in con-

nection with asymptotic studies of crack problems, the loss of ellipticity

of the field equations of non-linear compressible hyperelastic material

under plane deformation is a necessary condition for the emergence of

solutions lacking the smoothness properties required by the governing

differential equation of equilibrium. Abeyaratne and Knowles [35] es-

tablished necessary and sufficient conditions in terms of the so called
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shear stress function where it has been found that the shear band is to

exist if the elastic potential as a function of a defined amount of shear

loses convexity. Similar analysis for incompressible materials was car-

ried out by Abeyaratne [36]. The analogous three dimensional results

were established by Simpson and Spector [37] for compressible isotropic

solid, and by Zee and Sternberg [38] for incompressible isotropic solid.

Since then, material instabilities related to loss of ellipticity were stud-

ied in a variety of context by Knowles and Sternberg [39, 40]; Knowles

[41]; Rosakis [42]; Rosakis and Jiang [43]; Horgan [44]; Polignone and

Horgan [45]. . . etc.

Here we deal with the loss of stability phenomena in fibre-reinforced

materials that is associated with the loss of ellipticity of the governing

differential equation of equilibrium. This loss of stability can either be

of local or a global character. A local instability, also referred to as a

material instability, occurs locally in the material at the breakdown of

ellipticity when certain critical loading conditions are reached and it can

be interpreted in terms of several failure modes as discussed by Merodio

and Ogden [20–25]. A global instability, also referred to as a geomet-

rical instability, is associated with the buckling failure mode which can

occur prior to the breakdown of ellipticity under appropriate boundary

conditions.

The loss of ellipticity of the governing differential equation of equilibrium

gives rise to the emergence of new solutions with different smoothness

properties. These new solutions may involve a continuous displacement

field but a discontinuous first derivative of the displacement field, i.e. a

discontinuous deformation gradient. In the context of non-linear elas-

ticity, these solutions are referred to as elastostatic shocks, which is

often used interchangeably with the term shocks (in this work the terms

elastostatic shocks, strong surfaces of discontinuity, strong elastostatic

shocks, shocks will be used interchangeably, as well as, the terms weak
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elastostatic shocks, weak surfaces of discontinuity). The problem of a

discontinuous deformation gradient, also referred to as a piecewise ho-

mogeneous elastostatic shock, is of special interest since it has been ob-

served that the failure of many materials is related to this configuration

for both isotropic and anisotropic materials. The mechanism of fibre

instabilities was interpreted earlier by Rosen [46] as an internal shear

buckling of the fibre reinforcement. Later on, wavy fibres (imperfection

due to initial misalignment of fibres) and plastic yielding of the ma-

trix were incorporated to the analysis by Budiansky [47]. Triantafyllidis

and Abeyaratne [26] showed that a fibre-reinforced Blatz-Ko material

gains stability under fibre extension while loses it under fibre contrac-

tion. Surfaces of discontinuity arise inside the material when a critical

level of stress has been reached, from which a shear band develops.

Budiansky and Fleck [48] provided one of the most widely used model

that incorporates the effect of matrix plastic combined stress loading

to predict realistic ranges of kink band angles in composites. Similar

analysis were given in Sutcliffe and Fleck [49]; Moran et al. [50] for

fibre carbon epoxy composite, in Moran and Shih [51] for ductile ma-

trix fibre composites, in Poulsen et al. [52] for wood at the fibre level,

and Kyriakides et al. [53]; Vogler and Kyriakides [54] for an advanced

fibre-reinforced composite. More specifically, these analyses focus not

only on predicting the compressive strength but also on the propagation

of the kink band. It has been assumed in the literature that a kink

band may start from either a well-defined initial band of wavy fibres or

from a deformation induced band. These two issues have been analysed

both by Kyriakides et al. [53]; Kyriakides and Ruff [55] and Christof-

fersen and Jensen [56]; Jensen and Christoffersen [57]; Christensen and

DeTeresa [58], respectively. In recent studies Qiu and Pence [59] in-

vestigated the mechanical response of a reinforced neo-Hookean base

under homogeneous deformation. Qiu and Pence [60] showed that the
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loss of ordinary ellipticity of a reinforced neo-Hookean base under ho-

mogeneous plane strain deformation requires contraction along the fibre

direction. Merodio and Pence [61, 62] provided qualitative contribu-

tions related to the formation and broadening of kink bands for a unidi-

rectional fibre-reinforced neo-Hookean material where energetic aspects

were being used. Bifurcation and stability of two joined half-spaces that

correspond to two different phases of a single material were provided by

Fu and Freidin [63] where it has been found that violation of the strong

ellipticity condition at some deformation gradient is necessary for a two-

phase deformation to exist. In addition, kinetic stability criterion based

on a quasi-static approach together with an energy analysis were used

to address the stability of two-phase homogeneous deformation. Fur-

thermore Fu and Zhang [64] analysed the kink band formation putting

emphasis on the choice of the strain-energy function and stability of the

solutions based on the so called Maxwell relation. The kink propagation

stress, the kink orientation angle and the fibre direction within the kink

band were completely determined. More recently Baek and Pence [65]

studied the effect of shearing deformation in fibre-reinforced materials

on the emergence and disappearance of kink surfaces in the context of

a variety of boundary values problem.

From the experimental point of view Lee and Anthony [2] carried out a

number of experiments taking into account the effect of fibre diameter

and the initial misalignment angle to study the static compressive be-

haviour and to predict the compressive strength of glass fibre-reinforced

unidirectional composites over a wide range of fibre volume fraction.

The effect of initial fibre misalignment angle and the axial propagation

of kink bands have also been studied experimentally by Kyriakides et al.

[53]; Kyriakides and Ruff [55]. Lee et al. [1] observed experimentally that

glass-epoxy composites fail predominantly by splitting failure mode at

lower fibre volume fractions Vf ∈ (0.1 − 0.3) (glass-fibre composites)
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and by a combination of splitting and kinking at higher fibre volume

fractions Vf ∈ (0.4 − 0.6). In contrast, carbon-epoxy composites were

found to fail by kinking only.

In the present work our concern focuses on material instabilities in fibre-

reinforced material under compressive loading aligned with the rein-

forcement direction. Namely, the considered material consists of an

isotropic neo-Hookean base augmented with a reinforcing model that

accounts for the existence of unidirectional reinforcement so as to create

the transversely isotropic character of the material bearing in mind the

results obtained in Merodio and Ogden[20–25] and following Merodio

and Pence [61, 62]. The main goal of this analysis is to predict the com-

bined splitting-kinking failure mode as it was observed experimentally

in Lee et al. [1] and the evolution of the elastostatic shock direction and

the kinking angle.

2.2 Elastostatic shock

2.2.1 Preliminaries

In our analysis we consider an incompressible material under plane

strain deformation. Let D be the domain occupied by a body in its

undeformed configuration associated to the orthonormal basis system

{Ei}, i = 1, 2, 3, and χ be the mapping that maps D onto D∗ which

is the domain occupied by the same body in its deformed configura-

tion associated to the orthonormal basis system {ei}, i = 1, 2, 3, via the

smooth and invertible mapping

x = χ(X) = X + u(X), (2.1)

where X = (X1,X2) and x = (x1, x2) are the position vector of a particle

in the undeformed and the deformed configuration, respectively, while
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u is the corresponding displacement vector. The deformation gradient

tensor can be expressed as

F =
∂χ

∂X
. (2.2)

We consider an incompressible non-linearly elastic material under plane

strain deformations. The incompressibility constraint given by

det F− 1 = 0, (2.3)

holds during the deformation. In addition, the displacement field in the

plane of deformation can be expressed as

u = u1(X1, X2) E1 + u2(X1, X2) E2, (2.4)

where E1, E2 are the in-plane unit vectors and X1, X2 are the compo-

nents of the position vector X in the (E1,E2)−plane (plane of deforma-

tion). Then by eq. (2.1) and eq. (2.2) we may write

F13 = F31 = F23 = F32 = 0, F33 = 1. (2.5)

The incompressibility eq. (2.3) turns into

F11F22 − F12F21 = 1. (2.6)

We denote by S the first Piola-Kirchhoff stress tensor. In the absence

of body forces, the equilibrium equations are given in terms of the first

Piola-Kirchhoff as

Div S = 0. (2.7)
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For a homogeneous elastic material with elastic potential W = W (F),

the first Piola-Kirchhoff stress tensor is given by

S =
∂W (F)

∂F
− pF−T, (2.8)

in which p is the scalar pressure field arising from the incompressibility

constraint.

2.2.2 Kinematic of a piecewise homogeneous elas-

tostatic shock

The solutions of the governing differential equations of equilibrium of

an incompressible non-linearly elastic fibre-reinforced materials are as-

sumed to satisfy certain smoothness requirements. If these smoothness

requirements are violated then new solutions with different smoothness

properties may emerge. These new solutions emerge due to the loss of

ellipticity of the governing differential equations of equilibrium. At par-

ticular deformation, weak surfaces of discontinuity arise inside the mate-

rial, i.e, the solutions may involve a continuous displacement field but a

discontinuous deformation gradient (discontinuity in the first derivative

of the displacement field).

The mathematical formulation of this problem is as follows: Suppose

that the system of equations (2.6) and (6.16) admits a solution such

that the quantities field F, S and p are continuous in D except at some

smooth surfaces S across which the displacement field is assumed to be

continuous, while, its first derivative (the deformation gradient F), S

and p are discontinuous. The surface S separates the material in two

joined half-spaces that correspond to two different phases of the same

material. We denote by S∗ the image of S in D∗, by Π+, Π− the two

joined half-spaces in D and by Π+
∗ , Π−∗ their corresponding images in

D∗ as it is illustrated in fig. 2.1
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αϕ

Π+ Π− Π+
∗ Π−∗

S S∗

Undeformed configuration D Deformed configuration D∗

E1

E2

LN

e1

e2

l
n

Figure 2.1: Kinematic of the elastostatic shock.

The shock plane is an orthogonal plane to the plane of the deformation.

The dashed line in the undeformed configuration represents the inter-

section of the elastostatic shock plane S with the (E1,E2)−plane. Let

L and N be the tangent and the normal unit vectors to the shock line.

Then

L = L1 E1 + L2 E2

= cosϕE1 + sinϕE2

N = N1 E1 + N2 E2

= − sinϕE1 + cosϕE2.
(2.9)

The continuity-discontinuity requirements imply
F+X = F−X on S
x = F+X in Π+

x = F−X in Π−.

(2.10)

Analogously the dashed line in the deformed configuration represents the

intersection of the elastostatic shock plane S∗ with the (e1, e2)−plane,

while, the two unit vectors l and n are the tangent and the normal to

the shock line, respectively. Then

l = l1 e1 + l2 e2

= cosα e1 + sinα e2

n = n1 e1 + n2 e2

= − sinα e1 + cosα e2.
(2.11)
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The kinematics of the elastostatic shock for incompressible materials

provides a relation between the normal unit vector to the shock line

n in the deformed configuration and its pre-image in the undeformed

configuration N as

N = ‖FL‖FTn, (2.12)

which in turn leads to a relation between the shock angles α and ϕ via

tanα =
F21 + F22 tanϕ

F11 + F12 tanϕ
. (2.13)

The field quantities (F,S, p) can be evaluated as a set on either Π+ half-

space or on Π− half-space. If (F+,S+, p+) give the field values on Π+

half-space and (F−,S−, p−) give the field values on Π− half-space, then,

the global equilibrium of forces may be written as
Div S± = 0 in D± \ S

JSK+
−N = 0 on S

(2.14)

where J•K+
− = •+ − •−. The first Piola-Kirchhoff stress tensor eq. (2.8)

can be evaluated on Π+ and on Π− as
S+ = W+

F − p+ F+−T
in Π+

S− = W−
F − p− F−−T

in Π−
(2.15)

where the subscript F on W and the superscripts ± refer to the dif-

ferentiation of W with respect to F and the evaluation of each of the

quantities on Π+ and Π− half-spaces, respectively. The traction conti-

nuity requirement eq. (2.14)2 becomes

(W+
F |ij − p+F+

ji)Nj − (W−
F |ij − p−F−ji)Nj = 0, i, j = 1, 2. (2.16)
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Under the considered plane strain deformation, the continuity traction

requirement eq. (2.14)2 is trivially satisfied in the out-of-plane direction

(i = 3) since W does not depend on F13,F23, and F33.

The surfaces carrying the discontinuities of the deformation gradient F,

the stress tensor S and the pressure p are often referred to as strong

elastostatic shocks. In parallel to this, there exists a notion of weak elas-

tostatic shocks which involve a continuous derivative of the displacement

field ∂u/∂ξ and a continuous pressure p but a discontinuous second

derivative of the displacement field ∂2u/∂ξ2 and a discontinuous first

derivative of the pressure ∂p/∂ξ. Moreover, a notion of shock strength

will be introduced such that a strong elastostatic shock turns into a weak

elastostatic shock as the shock strength tends to zero.

2.2.3 Specialization to a diagonal deformation gra-

dient on Π+ half-space

For simplicity, we consider a diagonal deformation gradient on Π+ half-

space given by

F+ = λ e1 ⊗ E1 + λ−1 e2 ⊗ E2 + e3 ⊗ E3, (2.17)

where the incompressibility constraint eq. (2.6) has been taken into con-

sideration. The associated right and left Cauchy-Green deformation

tensor, C = FTF and B = FFT, respectively, are

C+ = λ2 E1 ⊗ E1 + λ−2 E2 ⊗ E2 + E3 ⊗ E3, (2.18)

B+ = λ2 e1 ⊗ e1 + λ−2 e2 ⊗ e2 + e3 ⊗ e3. (2.19)

Note that the kinematics of the elastostatic shock under the deformation

in eq. (2.17) will be different from the one illustrated for a more general

case as in fig. 2.1 since now the fibre is expected to maintain its initial
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direction on Π+ half-space, while, on Π− half-space the fibre direction

will suffer an abrupt change with respect to the initial direction. The

angle between the fibre direction in the deformed and the undeformed

configuration denoted by φ is called kinking angle (see fig. 2.2)

φ

αϕ

Π+ Π− Π+
∗ Π−∗

S S∗

Undeformed configuration D Deformed configuration D∗

E1

E2

LN

e1

e2

l
n

Figure 2.2: Kinematic of the elastostatic shock.

The deformation gradient on Π− half-space denoted F− is given in Mero-

dio and Pence [61] by

F− = (I + k l⊗ n)F+, (2.20)

where the parameter k is the measure of the difference between both

deformation gradient, and it is also known as shock strength. As we

mentioned before a strong elastostatic shock turns into a weak elasto-

static shock at the limit k → 0, i.e, at the limit F+ = F−. In view of

eqs. (2.11), (2.17) and (2.20), the component of F− are given by

F−11 = λ(1 + kn1n2)

F−22 = λ−1(1− kn1n2)

F−33 = 1

F−12 = λ−1kn2
2

F−21 = −λkn2
1

F−13 = F−23 = F−31 = F−32 = 0.

(2.21)
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The associated right Cauchy-Green deformation tensor C is

C−11 = (1 + 2kn1n2 + k2n2
1)λ2

C−22 = (1− 2kn1n2 + k2n2
2)λ−2

C−12 = k(n2
2 − n2

1) + k2n1n2

C−13 = C−23 = C−31 = C−32 = 0, C−33 = 1, (2.22)

and the associated left Cauchy-Green deformation tensor B is

B−11 = (1 + kn1n2)2λ2 + k2n4
2λ
−2

B−22 = (1− kn1n2)2λ−2 + k2n4
1λ

2

B−12 = k(n2
2λ
−2 − n2

1λ
2)− k2(n2

2λ
−2 + n2

1λ
2)

B−13 = B−23 = B−31 = B−32 = 0, B−33 = 1. (2.23)

By making use of eq. (2.21), the angle kinking φ can be expressed as

tanφ =
F−21

F−11

= − kn2
1

(1 + kn1n2)
. (2.24)

Let ϕ be the corresponding pre-image in the undeformed configuration

of the kinking angle φ (see fig. 2.2). For the considered deformation,

the connection between the kink orientation α given by eq. (2.13) in

the deformed configuration and the fibre direction in the undeformed

configuration simplifies by using eq. (2.17) to

tanα = λ−2 tanϕ. (2.25)
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2.3 Formulation of the problem

2.3.1 Strain and Stress

We consider an anisotropic finite elastic homogeneous material model

extended from an isotropic neo-Hookean base that accounts for the ex-

istence of a uniaxial reinforcement so as to endow the material with

the transversely isotropic character. We consider the so-called standard

reinforcing model with dependency on the fibre shearing, i.e. on the

invariant I5. The associated strain energy density per unit undeformed

volume is taken to be given by

W =
µ

2
(I1 − 3) + ρ

µ

2
(I5 − 1)2, (2.26)

where µ > 0 is the shear modulus of the neo-Hookean base, ρ > 0 is the

reinforcing strength parameter that regulates the degree of anisotropy

in the preferred direction, I1 = tr(C) and I5 = A · (C2A) = a · (Ba),

where A represents the fibre direction in the undeformed configuration.

The fibre direction in the undeformed configuration is taken to be A =

(1, 0, 0), while in the deformed configuration it will be given by the

mapping a = FA. The fibre stretch is given by
√
I4, with I4 = A ·

(CA) = a · a. All the aforementioned quantities can be evaluated on

either Π+ half-space or on Π− half-space. Note that ρ = 0 retrieves

the neo-Hookean isotropic base response and ρ→∞ corresponds to an

inextensible material.

For further discussions later on, it is worthy to mention here that under

plane strain deformation I4 and I5 are related through

I5 = C2
11 + C2

12 = I2
4 + C2

12. (2.27)
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The considered strain energy function W depends on two invariants

I1, I5, then, it differentiation with respect to F in eq. (2.8) can be written

as
∂W

∂F
= W1

∂I1

∂F
+W5

∂I5

∂F
, (2.28)

in which the subscripts 1 and 5 on W refer to the differentiation with

respect to I1 and I5, respectively. Differentiation of I1 and I5 with

respect to F yields

∂I1

∂F
= 2F,

∂I5

∂F
= 2(FA⊗CA + FCA⊗A), (2.29)

with which the first Piola-Kirchhoff in eq. (2.8) can be expressed as

S = 2W1F + 2W5(FA⊗CA + FCA⊗A)− pF−T. (2.30)

The undeformed configuration is considered to be a stress free state

(S = 0), in which the strain energy function in eq. (5.10) must satisfy

the following properties

W = 0, 2W1 + 4W5 − p = 0. (2.31)

Given that, the first Piola-Kirchhoff given in eq. (2.15) can be expressed

as

S+ = 2W+
1 F+ + 2W+

5 (FA⊗CA + FCA⊗A)+ − p+ F+−T
, (2.32)

on Π+half-space and

S− = 2W−
1 F− + 2W−

5 (FA⊗CA + FCA⊗A)− − p− F−
−T
, (2.33)

on Π−half-space.

In view of eqs. (2.17), (2.18), (2.21), (2.22), (2.32) and (5.10) with A =
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(1, 0, 0), the components of the first Piola-Kirchhoff stress tensor are

S+
11 = µF+

11 + 2µρ(F+
11

2 − 1)F+
11 − p+F+

22

S+
22 = µF+

22 − p+F+
11

S+
33 = µ− p+

S+
12 = S+

21 = S+
13 = S+

31 = S+
23 = S+

32 = 0,

(2.34)

on Π+ half-space, and

S−11 = µF−11 + 2µρ(F−11
2

+ F−21
2 − 1)F−11 − p−F−22

S−22 = µF−22 − p−F−11

S−33 = µ− p−

S−12 = µF−12 + p−F−21

S−21 = µF−21 + 2µρ(F−11
2

+ F−21
2 − 1)F−21 + p−F−12

S−13 = S−31 = S−23 = S−32 = 0, (2.35)

on Π− half-space.

2.3.2 Formulation of a mechanically equilibrated

elastostatic shock

A mechanically consistent elastostatic shock is formulated as follows:

for a given deformation gradient F+ and a scalar p+ that represents

the pressure on Π+ half-space, we seek (k, α, p−) satisfying the traction

continuity requirement eq. (2.16). In plane strain deformation, the trac-

tion continuity requirement leads to two equations in the two directions

i, j = 1, 2, that can be written as

(W+
F |11 − p+F+

11 +W−
F |11 + p−F−11)N1

+ (W+
F |12 − p+F+

21 −W−
F |12 + p−F−21)N2 = 0. (2.36)
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(W+
F |21 − p+F+

12 −W−
F |21 + p−F−12)N1

+ (W+
F |22 − p+F+

22 −W−
F |22 + p−F−22)N2 = 0. (2.37)

Using eqs. (2.17), (2.34), (2.35) and (5.10) in eqs. (2.36) and (2.37),

a simple manipulation in order to collect the terms that contain the

pressure p± in one side leads to

∆p n1 = {µF+
11 + 4µρ F+

11
3

(I+
5 − 1)− µF−11 − 2µρ(I−5 − 1)(2F−11C−11

+ F−12C−21)}F+
11n1 − {µF−12 + 2µρ(I−5 − 1)F−11C−21}F+

22n2, (2.38)

∆p n2 = {µF−21 + 2µρ(I−5 − 1)(2F−21C−11 + F−22C−21)}F+
11n1 − {µF+

22

− µF−22 − 2µρ(I−5 − 1)F−21C−21}F+
22n2, (2.39)

where ∆p = p+ − p−. With a view to obtain the expression of the

difference of pressure ∆p we sum up eq. (2.38) multiplied by n1 and

eq. (2.39) multiplied by n2. This manipulation gives

∆p = {µF+
11 + 4µρ F+

11
3

(I+
5 − 1)− µF−11 − 2µρ(I−5 − 1)(2F−11C−11

+ F−12C−21)}F+
11n

2
1 − {µF−12 + 2µρ(I−5 − 1)F−11C−21}F+

22n1n2

+ {µF−21 + 2µρ(I−5 − 1)(2F−21C−11 + F−22C−21)}F+
11n1n2

− {µF+
22 − µF−22 − 2µρ(I−5 − 1)F−21C−21}F+

22n
2
2, (2.40)

which in turn yields a polynomial of degree seven in k whose coefficients

depend on ρ, λ, n1, n2. Multiplying eq. (2.38) by n2 and eq. (2.39) by

(−n1) and adding, one obtains

H(k, ρ, λ, n1, n2) = 0, with (n1, n2) = (− sinα, cosα), (2.41)

which gives the general equation that the elastostatic shocks have to

obey. The function H can be expressed as a polynomial of degree seven

in k as follows
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H(7) =
i=6∑
i=0

bi k
i+1, (2.42)

in which the coefficients bi are given by

b6 = 4ρ(4n10
1 n

6
2 + 6n12

1 n
4
2 + n16

1 + 4n14
1 n

2
2 + n8

1n
8
2)λ8 + 8ρ(6n10

1 n
6
2

+ 4n12
1 n

4
2 + n14

1 n
2
2 + n6

1n
10
2 + 4n8

1n
8
2)λ4 − 4ρ(4n6

1n
10
2 + n12

1 n
4
2

+ n4
1n

12
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Note that k = 0 is a trivial root to eq. (2.42)(eq. (2.41)). Thus, the roots

of eq. (2.41) are equivalent to the roots of the following polynomial of

degree six

H(6) =
i=6∑
i=0

bi k
i = 0, with (n1, n2) = (− sinα, cosα), (2.44)
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where the coefficients bi are given in eq. (2.43).

A mechanically consistent equilibrated elastostatic shock arises inside

the material if and only if there exists a set (λ, k, α) that satisfies

eq. (2.44) for a fixed material parameter ρ. The loss of ordinary ellip-

ticity is a necessary condition for such elastostatic shock to take place.

The term mechanically equilibrated elastostatic shock is appealed here

so as to point out that stability is not currently a matter of concern.

Namely, even if a mechanically equilibrated elastostatic shock exists for

a given deformation gradient F+ and a fixed material parameter ρ, it

may not be developed unless it satisfies some energy requirements. Such

requirements will be treated later on in this work.

It is also worthwhile to mention that for a given deformation gradi-

ent F+ and a fixed material parameter ρ, if (λ, n1, n2, k) is a solution

of eq. (2.41) then (λ,−n1, n2,−k) and (λ, n1,−n2, k) are also solutions

since it is easy to show that H(6)(λ,−n1, n2,−k) = H(6)(λ, n1, n2, k) and

H(6)(λ, n1, n2, k) = H(6)(λ, n1,−n2, k) by using eqs. (2.43) and (2.44).

Hence one may restrict attention to α ∈ (0, π/2) to minimize the com-

putational cost during solving the equations and then the complete re-

sults can be produced by considering the symmetry around the point

(k, α) = (0, π/2).

2.4 Ellipticity status

The governing differential equation changes locally in type as a result of

deformation. This change is referred to as the loss of ordinary elliptic-

ity and it gives rise to the emergence of weak surfaces of discontinuity

wherefrom the onset of failure is assumed to happen. The loss of ellip-

ticity is given in Merodio and Ogden [66] by

Q(n) : m⊗m = 0, (2.45)
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for any two unit vectors m and n satisfying m · n = 0, where Q is known

as the acoustic tensor which is given for an elastic energy potential Ω

by

Qij = FpαFqβ
∂2Ω

∂Fjβ∂Fiα
npnq. (2.46)

Under plane strain deformation, the theorem of Cayley-Hamilton for the

right Cauchy-Green deformation tensor C leads to the connection

I5 = (I1 − 1)I4 − 1. (2.47)

Hence, we may introduce a new strain energy function such that

W̄ (I1, I4) = W (I1, I5). (2.48)

The second derivative in eq. (2.46) using eq. (2.48) yields

∂2W̄

∂Fiα∂Fjβ
=
∑

x,y=1,4

W̄xy
∂Iy
∂Fiα

∂Ix
∂Fjβ

+
∑
x=1,4

W̄x
∂2Ix

∂Fiα∂Fjβ
, (2.49)

where the subscripts x, y on W̄ refer to the differentiation with respect

to the two invariants Ix and Iy. Differentiation of the invariants in index

form can be written as

∂I1

∂F

∣∣
iα

= 2Fiα

∂I4

∂F

∣∣
iα

= 2FirArAα

∂2I1

∂F2

∣∣
iαjβ

= 2δijδαβ

∂2I4

∂F2

∣∣
iαjβ

= 2δijAαAβ,

(2.50)

and the acoustic tensor in eq. (2.46) yields

Q = W̄1(B : n⊗ n)I + 2W̄11Bn⊗Bn

+ 4W̄14(a · n)Bn⊗ a
+ (a · n)2(W̄4 I + 2W̄44 a⊗ a),

(2.51)
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where W̄ with subscripts can be written in terms of W with subscripts

as

W̄1 = W1 +W5I4

W̄4 = W5(I1 − 1)

W̄44 =W55(I1 − 1)2

W̄11 = W11 +W15I4 + (W51 +W55I4)I4

W̄14 = W15(I1 − 1) +W55(I1 − 1)I4 +W5. (2.52)

while W with subscripts can be obtained from eq. (5.10) as

W1 = µ/2

W5 = ρ(I5 − 1)

W55 = ρ

W11 = W15 = 0.
(2.53)

Finally the loss of ellipticity condition in eq. (2.45) under plane strain

deformation becomes

2W1(B : n⊗ n)+

2W4(a · n)2+

4W11(B : m⊗ n)2+

8W14(B : m⊗ n)(a⊗ a : n⊗m)+

4W44(a⊗ a : n⊗ n)(a⊗ a : m⊗m) = 0. (2.54)

Let us now focus on weak solutions (k → 0). Using eqs. (2.17), (2.19),

(2.54) and (5.31), it yields

4ρ(7n2
2 + 1)n2

1 λ
8 − 2ρ(n2

1 − n2
2 + 8n2

1n
2
2)λ4

+n2
1 λ

2 + 2ρ(4n2
1n

2
2 − 1) + n2

2λ
−2 = 0,

(2.55)

which gives weak surfaces of discontinuity characterised by (λ, α) for a

fixed material parameter ρ that arise inside the material at the break-
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down of ellipticity. Since the two unit vectors m and n are assumed to

be any two unit vectors that satisfy m · n = 0, we may take them to be

identical to the two unit vectors l and n that orientate the elastostatic

shocks as illustrated in figs. 2.1 and 2.2, i.e. m = l and n = n. A simple

manipulation based on ‖n‖ = ‖n‖ = 1 leads to

Q(n) : m⊗m = lim
k→0

H(6) = b0. (2.56)

It follows that the analysis of loss of ellipticity in eq. (2.45) is equivalent

to the analysis of the general equation that gives elastostatic shocks

in the limit k → 0. Thus, for a given deformation (eq. (2.17)) char-

acterised by λ and a given material parameter ρ, the weak surfaces of

discontinuity, which arise as a consequence of losing ellipticity of the

governing differential equations of equilibrium, are associated with weak

elastostatic shocks in the limit k → 0. Weak surfaces of discontinuity

(weak elastostatic shocks) may develop into strong elastostatic shocks

with strength k. If there exists α for a given λ and ρ such that (λ, α, ρ)

satisfies either eq. (2.45) or eq. (2.44) at the limit k → 0, then a weak

surface of discontinuity may emerge at λ̄ = λ and makes an angle ᾱ = α

with the initial fibre direction for a given material characterised by ρ.

Our purpose now is to determine the emergence of these weak surfaces

of discontinuity and their development into strong surfaces of discon-

tinuity. We will then solve either eq. (2.45) or eq. (2.44) in the limit

k → 0 to obtain the (λ, α) that characterises such surfaces for a fixed

material parameter ρ. Under compressive loading, our attention will be

restricted to λ ∈ (0, 1) and α ∈ (0, π/2) since α = π/2 is a point of sym-

metry in eq. (2.44). The results are summarized in fig. 2.3. Figure 2.3

shows that eq. (2.45) admits several solutions ∀ρ. As λ decreases from

1, the first one emerges obeying α = 90◦ and the second one emerges

obeying α = 0. If λ̄o and λ̄p are , respectively, the corresponding values

of λ for those particular solutions, it is clear that they depend on the
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Figure 2.3: The (λ, α)−limit curves that satisfy the loss of ellipticity condition
eq. (2.45) for the material parameter ρ = (3, 9, 30, 60).

material parameter ρ. Table 2.1 summarizes these values for specific

values of ρ.

ρ 3 9 30 60

λ̄o 0.9856 0.9953 0.9986 0.9993

λ̄p 0.9502 0.9853 0.9957 0.9979

Table 2.1: The first two emerging solutions (λ, α) of eq. (2.45) for ρ =
3, 9, 30, 60.

These solutions are associated with weak surfaces of discontinuity and

can be interpreted in terms of fibre splitting failure mode (α = 0◦) and
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fibre kinking failure mode (α = 90◦). Since the considered material

undergoes compressive loading and the reinforcing model in eq. (5.10)

depends on the fibre shearing I5, the emergence of the two solutions and

the results obtained here are in agreement with those given by Merodio

and Ogden [20]. The development of these weak surfaces into strong

surfaces will be the concern of the next section.

2.5 Strong surfaces of discontinuity

If there exists (λ, α) satisfying eq. (2.45) for a fixed material parameter

ρ, then a weak surface of discontinuity arises inside the material. This

weak surface may develop into a strong surface of discontinuity that

described by the set of parameters (λ, k, α), in which, k represents the

strength of the strong surface of discontinuity. Based on the results

obtained in Section 2.4, two particular strong surfaces arise inside the

material at hand, one is referred to as the orthogonal strong surface of

discontinuity (α = 90◦) and the other one as the parallel strong surface

of discontinuity (α = 0◦).

2.5.1 Orthogonal strong surfaces of discontinuity

In this section our attention will be restricted to the orthogonal strong

surfaces of discontinuity associated with the orthogonal weak surfaces.

Thus, by setting α = 90◦ into eq. (2.44) we obtain the following poly-

nomial of degree six in k

4ρλ8k6 + 6ρλ4(2λ4 + 1)k4 + 2ρ(2λ4 + 6λ8 + 1)k2

−2ρ(1 + λ4 − 2λ8) + λ2 = 0,
(2.57)

which describes the evolution of the strong surfaces of discontinuity that

followed from the weak surfaces of discontinuity associated with α = 90◦.

The existence of such strong surfaces of discontinuity are restricted to
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the existence of the parameters set (λ, k, ρ) satisfying eq. (2.57). By

applying Descarte′s rule of signs we derive a necessary condition for

which eq. (2.57) admits real solutions. This condition is given as

ρ >
λ2

2(1 + λ4 − 2λ8)
= ρ̄(λ). (2.58)

Figure 2.4 shows values of ρ̄ vs λ in eq. (2.58)

0 0.2 0.4 0.6 0.8 1
0

0.25

0.5

0.75

1

λ

ρ̄

Figure 2.4: The ρ−limit curve for which eq. (2.57) admits real solutions. Real
solutions of eq. (2.57) correspond to values of (λ, ρ̄) under the curve.

According to these results, eq. (2.57) admits real solutions if and only

if ρ > ρ̄(λ) as it is illustrated in fig. 2.4. Therefore, the existence of a

mechanically consistent orthogonal strong surface is guaranteed for this

range of values of ρ. Note that for ρ = 0 there does not exist a mechan-

ically consistent orthogonal strong surfaces since eq. (2.57) reduces to

λ = 0. In addition, note that ρ→ (∞, 0) when λ→ (1, 0).

Figure 2.5 illustrates the evolution of the strength k against λ from

eq. (2.57) for specific values of ρ satisfying eq. (2.58). As λ decreases

from λ = 1, for each value of the reinforcing parameter ρ, a weak solu-

tion of eq. (2.57) first emerges at (λ̄, k = 0) and then it develops with

increasing values of k up to λ→ 0 where k = ±1. The basic form of the

curves is similar regardless of the value of the reinforcing parameter ρ.

For higher degrees of anisotropy, surfaces of discontinuity require small
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Figure 2.5: Strong orthogonal surface setrength k that follows from eq. (2.57)
against λ for the material parameter ρ = 0.25, 3, 9, 30.

deformations to emerge, while larger deformations are needed for lower

degrees of anisotropy to do so. When ρ → 0 the surfaces of discon-

tinuity will not emerge since an isotropic neo-Hookean base does not

sustain surfaces of discontinuity. Note that the positive values of k are

associated with the solution (λ, n1, n2, k) and the negative values of k

are associated with the solution (λ,−n1, n2,−k).

We now examine the response of the considered reinforcement in the

zones of the localized deformation where the deformation in eq. (2.21)

proceed. To this end we will evaluate both the invariants I4 and I5, as

well as, the components C−11
2

and C−12
2

of the left Cauchy-Green de-

formation tensor for the values (λ, n1, n2, k, ρ) obeying eq. (2.57). The

results are summarized in fig. 2.6. For a fixed reinforcing parameter ρ,

if the considered fibre-reinforced material is subject to the homogeneous

deformation eq. (2.17), then for λ ∈ (λ̄, 1) it follows that I+
4 < 1 and

I+
5 < 1, since λ < 1 and I+

5 = I+
4

2 = λ4, i.e. the fibres are contracted.

We recall here that λ̄ satisfies eq. (2.58) and it has been given in the

table 2.1 for the orthogonal weak solution.

For λ = λ̄(ρ) surfaces of discontinuity arise inside the material giving

rise to fibre instabilities, i.e. the applied deformation is no longer homo-

geneous and both deformations eqs. (2.17) and (2.21) act locally in the
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Figure 2.6: Plots of C−11
2
, C−12

2
, I−4 and I−5 for (λ, n1, n2, k) satisfying

eq. (2.57) and the reinforcing parameter ρ = 0.25, 3, 9, 30.

considered fibre-reinforced material. The zones where each deformation

acts are separated by surfaces of discontinuity. The local mechanical

response under the deformation eq. (2.17) remains the same as the one

corresponding to λ ∈ (λ̄, 1), while a different local response is expected

under the deformation eq. (2.21). Under plane strain deformation, the

invariants I−4 and I−5 are related via the connection

I−5 = C−11
2

+ C−12
2

= I−4
2

+ C−12
2
. (2.59)

Note that for λ ∈ (λ̄, 1), i.e. C−12 = 0, the connection between I−4 and I−5
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reduces to I−5 = I−4
2

which satisfies F+ = F−. In fig. 2.6 the quantities

C−11
2
, C−12

2
, I−4 and I−5 are plotted for (λ, k, α = 90◦) satisfying eq. (2.57)

with λ ∈ (0, λ̄). For λ ∈ (λ̄, 1), the invariants I4 and I5 depend on λ2

and on λ4, respectively. Note also that for λ ≤ λ̄ the shear component

C−12 is not zero and it is monotonically increasing up to C−12 ≈ 1, while

C−11 decreases monotonically up to C−11 ≈ 0. Figure 2.6 shows that

fibres are locally contracted and subject to shear deformation under the

deformation given by eq. (2.21).

2.5.2 Parallel strong surfaces of discontinuity

The parallel strong surfaces of discontinuity (associated with the parallel

weak surfaces) are given by eq. (2.44) restricted to α = 0◦ which yields

k2 − 1

2ρλ2
(−2ρλ6 + 2ρλ2 − 1) = 0. (2.60)

A mechanically consistent strong parallel surface takes place if there

exists a set of parameters (λ, k, ρ) satisfying eq. (2.60). A necessary

condition for such surfaces to exist is

ρ >
1

2λ2(1− λ4)
= ρ̄(λ). (2.61)

This is illustrated in fig. 2.7

0 0.2 0.4 0.6 0.8 1
0
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6

8

10

ρ̄∗

λ

ρ̄

Figure 2.7: The ρ−limit curve for
which eq. (2.60) admits real solu-
tions.
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A mechanically consistent parallel strong surface exists if and only if

ρ > ρ̄∗, with ρ̄∗ ≈ 1.298. Alternatively, for a given value of ρ̄, parallel

strong surfaces are possible for values of λ ∈ (λmin, λmax), with λmin and

λmax obeying eq. (2.61), i.e. ρ̄ = 1/2λ2(1− λ4). Here λmin and λmax are

again consistent with those summarized in table 2.1.

In fig. 2.8 we illustrate the evolution of the strength of the shock k that

followed from eq. (2.60) against λ for specific values of the reinforcing

parameter ρ
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ρ = 2 ρ = 3
ρ = 9 ρ = 30

Figure 2.8: Strong parallel surface strength k that follows from eq. (2.57) Vs
λ for the material parameter ρ = 2, 3, 9, 30.

In fig. 2.8 λ decreases from λ = 1, the first solution of eq. (2.60) emerges

at k = 0. Solutions with k 6= 0 emerge as λ farther decreases. Sim-

ilarly to fig. 2.5, positive values of k are associated with the solution

(λ, n1, n2, k) and the negative values of k are associated with the solu-

tion (λ,−n1, n2,−k). These solutions are not possible as ρ→ 0. Parallel

strong surfaces require a minimum and a maximum value of λ to appear.

On the other hand orthogonal strong surfaces require a maximum value

of λ. The values of λ that bond the non-elliptic domain tend to (0, 1)

when ρ tends to ∞. In addition, these solutions are again consistent

with those given in table 2.1, i.e. a parallel weak surface develops into
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its corresponding strong surface.

Figure 2.9 shows the response of the reinforcement in the zones of the

localized deformation imposed by the one defined in eq. (2.21) by means

of the components C−11
2

and C−12
2

of the left Cauchy-Green deformation

tensor and the invariants I4 and I5 for the value (λ, n1, n2, k, ρ) satisfying

eq. (2.60).
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Figure 2.9: Plots of C−11
2
, C−12

2
, I−4 and I−5 for (λ, n1, n2, k) satisfying

eq. (2.60) and the reinforcing parameter ρ = 2, 3, 9, 30.

The quantities C−11
2
, C−12

2
, I−4 and I−5 are plotted for λ ∈ (λ̄min, λ̄max)

where the considered material undergoes the deformation given by eq. (2.21).

With regards to the quantities C+
11

2
, C+

12
2
, I+

4 and I+
5 , the comments

that have been made in fig. 2.6 (Section 2.5.1) are also applied here. It
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is clear that ∀ρ, the invariants satisfy I−4 < 1 and I−5 < 1 at λ = λ̄max

since the fibres were previously contracted under the deformation given

by eq. (2.17). As λ decreases, the plotted quantities evolve according to

the connection in eq. (2.59). The fibres further contract and fibre shear-

ing takes place which is reflected by the component C−12. The shear

component C−12 increases from 0 at λ = λ̄max until it reaches a maxi-

mum and then it decreases until it becomes null again at λ = λ̄min, in

contrast to the case of an orthogonal strong surface (fig. 2.6) where the

shear component C−12 is a monotonically increasing function of λ from

zero at λ = λ̄max.

2.6 The manifold Eρ

In this section, a general three dimensional solution (λ, k, α) of eq. (2.44)

will be determined for a fixed reinforcing parameter ρ. The three dimen-

sional solution (λ, k, α) will be illustrated here only for ρ = 3 since for

higher values of ρ, the surfaces that give the three dimensional solution

(manifold) have basically the same features. The eq. (2.44) is solved for

λ ∈ (0, 1) and α ∈ (0, π/2). The results are summarized in fig. 2.10. It

is worth to mention here that the contour in fig. 2.10 represents the con-

tour between the elliptic and the non-elliptic domain for the deformation

given by eq. (2.17). Nevertheless, strong ellipticity may be lost inside

the contour under the deformation given by eq. (2.21) while outside the

behaviour is strongly elliptic. As it is seen in fig. 2.10, the number of

real solutions of eq. (2.44) varies between 1 and 4 depending on the do-

main of λ and α. Note that for α = π/2 (fig. 2.10(a)) and for α = 0

(fig. 2.10(b)), we retrieve the two special cases (black dashed lines) cor-

responding to the orthogonal strong surface in fig. 2.5 (Section 2.5.1)

and the parallel strong surface in fig. 2.8 (Section 2.5.2).

Next, the envelope curve on (λ, k)−plane will be illustrated, i.e. the

k−limit curve that contains all the possible three dimensional solutions
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(a) (b)

Figure 2.10: The three dimensional manifold (λ, k, α) that followed from
eq. (2.44) for the reinforcing parameter ρ = 3 from two different viewing
positions.

(λ, k, α) of eq. (2.44) for ρ = 3. This k−limit curve can be obtained

either by projecting all the points that belong to the surface-contour

in fig. 2.10 onto the plane (λ, k) or by plotting the three dimensional

solution (λ, k̄, α), with k̄ = (kmin, kmax), here kmin and kmax represent the

minimum and the maximum values of k that followed from the three di-

mensional solutions (λ, k, α) satisfying eq. (2.44). The results are shown

in fig. 2.11

Figure 2.11: The envelope curve
of the three dimensional solu-
tion (λ, k, α) projected onto the
(λ, k)−plane for the reinforcing
parameter ρ = 3.
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The curve (λ, k) in fig. 2.11 gives the boundaries of the area denoted
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S1 in where eq. (2.44) admits real solutions given by (λ, ki, αi), with

αi ∈ (0, π/2) and i ∈ (1, 2, 3, 4). Note that eq. (2.44) admits real so-

lutions obeying λ > 1. These solutions may have arisen from other

deformation states and they will be ruled out later on with the energy

analysis. It is worth mentioning here that eq. (2.44) is highly sensitive

to the value of n1. The results in fig. 2.11 are obtained using an in-

crement of n1 of the order of 10−2 during solving eq. (2.44), but if we

use a smaller increment of n1, for example ∆n1 ≤ 10−3, two other fam-

ilies of solutions appear (S2 and S3) for which n1 ∈ (−0.999,−0.993)

and n1 ∈ (−0.132,−0.001), respectively. The complete k−limit curve

for which a mechanically consistent strong surface of discontinuity takes

place is illustrated in fig. 2.12. The two families of solutions S2 and S3
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Figure 2.12: The (λ, k, α) obeying eq. (2.44) for the reinforcing parameter
ρ = 3. In the area that are not labelled, there are no solutions for eq. (2.44).

are associated with angles α ≈ 90◦ and α ≈ 0, respectively. They can be

interpreted in terms of orthogonal and parallel strong surfaces of discon-

tinuity. Figure 2.12 shows the complete domain of the solutions (λ, k, α)

associated with mechanically consistent strong surfaces of discontinuity

given by eq. (2.44) for a the reinforcing parameter ρ = 3 where the sym-

metry (λ, n1, n2, k)→ (λ,−n1, n2,−k), i.e. (λ, α, k)→ (λ, π − α,−k) is

taken into consideration. For higher values of the reinforcing parame-

ter ρ the families of solutions S1 and S2 intersect at some point in the
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(λ, k)−plane as well as S1 and S3. This is illustrated in fig. 2.13 for

ρ = 9, 30, 60
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Figure 2.13: Areas Si, i = 1, 2, 3, for ρ = 3 fig. 2.13(a), ρ = 9 fig. 2.13(b),
ρ = 30 fig. 2.13(c). In fig. 2.12 these are not to intersect. As ρ increases, the
areas Si intersect as it is seen here.
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2.7 Ellipticity on Π− and Π+ half-spaces

The concern of this section will be the type of deformation on both half-

spaces of a mechanically consistent strong surface of discontinuity. The

deformation on Π+ and on Π− may be either elliptic or non-elliptic. The

ellipticity status of a mechanically consistent strong surface of disconti-

nuity can be summarized as follows: If the deformation on Π+ is elliptic

or non-elliptic, then, the deformation on Π− may be either elliptic or

non-elliptic (see Merodio and Pence [61, 62]; Merodio [67]). Recall that

the deformation on Π+ is characterized by λ through eq. (2.17), the de-

formation on Π− is characterized by λ, k and α by means of eq. (2.21).

Since weak surfaces of discontinuity require the loss of ordinary elliptic-

ity on Π+ under the deformation in eq. (2.17) and involve F− = F+,

then weak surfaces of discontinuity involve the loss of ordinary ellipticity

on Π− under the deformation given in eq. (2.21). In order to examine

the ellipticity status, the two half-spaces will be treated separately. For

this we take α = (π/2, 0) and k = (0.2, 0.4). We now suppose that

the material at hand undergoes locally two different deformations, the

deformation given by eq. (2.17) on Π+ and the deformation given by

eq. (2.21) on Π− specialized for the values of α and k previously men-

tioned. We assume that the surfaces of discontinuity make an angle α′

with the initial preferred direction. Then the components of the acous-

tic tensor will depend on λ and α′ on both half-spaces and so does

the loss of ellipticity condition eq. (2.45). Let K be the scalar value of

the loss of ellipticity condition for a given deformation (λ, k, α, α′), i.e.

K(λ, α′) = Q(n) : m⊗m for given α and k. The ellipticity status then

depends on the sign of K on both half-spaces, K > 0 corresponds to

a strong elliptic behaviour, while K < 0 corresponds to a non-elliptic

behaviour. The considered values of α and k generate four possibilities,

three of them are summarized in tables 2.2 and 2.3 for specific values of
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k and α′. The fourth possibility is simply the opposite of the one in the

center of each table and it can be obtained by using the same values of

the angle α′ and changing the value of k

λ . . . 0.783 0.827 . . .

Π+ K < 0 K > 0 K > 0

Π− K < 0 K < 0 K > 0

Table 2.2: The ellipticity status of the material model eq. (5.10) for k = 0.4,
α′ = π/4 and ρ = 3 under the special deformation eq. (2.21) restricted to
α = π/2 on Π− half-space and the deformation eq. (2.17) on Π+ half-space.

λ . . . 0.890 0.903 . . .

Π+ K < 0 K > 0 K > 0

Π− K < 0 K < 0 K > 0

Table 2.3: The ellipticity status of the material model eq. (5.10) for k = 0.2,
α′ = 3π/40 and ρ = 3 under the special deformation eq. (2.21) restricted to
α = 0 on Π− half-space and the deformation eq. (2.17) on Π+ half-space.

It is enlightening here to recall from Knowles and Sternberg [34]; Abe-

yaratne and Knowles [35]; Abeyaratne [36]; Merodio and Pence [62] that

the existence of strong surfaces of discontinuity (k 6= 0) can be associ-

ated with two different elliptic deformation gradients. Nevertheless, it

requires an intermediate non-elliptic deformation gradient between the

two given deformation gradients separated by the strong surface of dis-

continuity. Recall that Eρ denotes the solutions (λ, k, α) of eq. (2.44) for

the deformations in eqs. (2.17) and (2.21) (see fig. 2.10). Let Ēρ be the

three dimensional solutions (λ, k̄, α) of eq. (2.44) for the deformations in

eqs. (2.17) and (2.21) specialized for k̄ ∈ (−k, k). Then we summarize:

If (λ, k, α, ρ) ∈ Eρ, there exists (λ, k̄, α, ρ) ∈ Ēρ obeying k̄ ∈ (−k, k) such
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that the homogeneous deformation in eq. (2.21) given by the deforma-

tion gradient F̄ is non-elliptic, with F̄ parametrizes the deformation path

between the given deformations in both half-spaces, i.e. at least there

exists a unique k̄ that gives a characteristic direction in the reference

configuration that is aligned with a surface of discontinuity in the refer-

ence configuration.
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Figure 2.14: Different λ−cross sections of Eρ and Ēρ manifolds for ρ = 3. The
manifold Eρ is related to values k, while the manifold Ēρ is related to values
k̄. Note that both manifolds intersect at k = k̄ = 0 (weak surfaces) and at
k = k̄ that follows from the k−limit point in fig. 2.12. This establishes that
a mechanically strong surface of discontinuity involves the loss of ordinary
ellipticity at some deformation gradient on the particular path connecting
F+ and F− that is parametrized by k̄, with |k̄| ≤ |k|.
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For the purpose of this discussion, our attention will be restricted to a

fixed λ−cross sections in order to show whether or not there exists an

intermediate value of k̄ ∈ (−k, k) such that F̄ = F−(k̄) is non-elliptic.

To this end, we plot in fig. 2.14 the solutions (λ, k, α) that follow from

eq. (2.44) and the solutions (λ, k, α) that follow from eq. (2.45) subject

to F̄ projected onto the (λ, k)−plane for the reinforcing parameter ρ = 3

and different fixed λ−cross sections. It is clearly seen in fig. 2.14 that for

a mechanically consistent strong surface of discontinuity characterized

by (λ, k, α, ρ) there always exists at least one value of k̄ ,with |k̄| < k,

such that the set (λ, k̄, α, ρ) yields an intermediate non-elliptic deforma-

tion given by F̄ = F−(k̄). The parameter k̄ is then understood as the

parameter giving the sequence of deformations connecting the deforma-

tion on Π+ (k̄ = 0) and the deformation on Π− (k̄ = k). A mechanically

consistent strong surface of discontinuity involves the loss of ordinary

ellipticity at some deformation on the k̄−parametrized path connecting

F+ and F−. The loss of ordinary ellipticity is associated with a weak

surface of discontinuity on Π− that develops into a strong surface of

discontinuity.

2.8 Energetics

2.8.1 Shock driving traction

Various aspects of the theory of finite elastostatics for materials charac-

terized by non-elliptic elastic potentials have been studied in a number

of investigations. Under suitable conditions, such materials can sustain

equilibrium deformations with jump discontinuities in the derivative of

the displacement field and the stress field across the elastostatic shocks.

A quasi-static motion involving equilibrium elastostatics shocks at each

instant may be dissipative. Thus, the existence of an elastostatic shock

modifies the mechanical energy balance of the elastic body. For every
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regular three dimensional sub-domain D occupied by the body, it is

required at each instant of time t that∫
∂D

t · v dA− d

dt

∫
D
W (F)dV ≥ 0, (2.62)

where t is the nominal traction vector, v is the quasi-static particle ve-

locity given in material coordinates, A is the area where the external

forces exert and W is the elastic energy potential. The first term gives

the work done by the external forces acting on ∂D, while the second

term represents the elastic energy storage rate.

At any point of the body that is being traversed by a moving elastostatic

shock, the work of the external forces differs from the elastic energy stor-

age rate by the work done in moving the elastostatic shock. The work

done in moving the elastostatic shock can be expressed as the integral

over the shock surface A of the product of a scalar parameter that rep-

resents the so-called shock driving traction, denoted by S, with the

normal component of the elastostatic shock velocity. It has been shown,

as in Knowles [41], that in the presence of a mechanically equilibrated

elastostatic shock, the energy balance can be expressed as

d

dt

∫
D
W (F)dV =

∫
∂D

t · v dA−
∫
δA

SV⊥ dA, (2.63)

where δA gives the material area that represents the elastostatic shock

at time t and V⊥ = V ·N represents the normal velocity component of

δA in the undeformed configuration. The equality eq. (2.63) is true if

and only if the field quantities involved in the considered problem do

not have classical smoothness, otherwise the second term of eq. (2.63)

vanishes and the inequality eq. (2.62) becomes an equality.

As in Abeyaratne and Knowles [35], the shock driving traction S is

defined as the magnitude of a fictitious nominal traction vector acting

on the elastostatic shock by the surrounding material. Knowles [41] has

48



Energetics

shown that the shock driving traction S is equivalent to

S = JW (F)− SN · FNK+
−. (2.64)

From a variational point of view, Abeyaratne [68] has shown that for

the particular case of dead load the criterion on energy stability S = 0

is a necessary condition for the displacement field u to minimize the po-

tential energy over the class of the considered function . Then, if during

the quasi-static motion the shock driving traction vanishes (S = 0) at

any point of the elastostatic shock, the motion is said to be dissipation

free. An equilibrium state for which S = 0 is said to satisfy the Maxwell

condition, also known as a Neutral stability , in which, neither Π+ nor

Π− are energetically favoured. If the elastostatic shock is considered to

be advancing into Π+ requires V⊥ > 0, while the advancement towards

Π− requires V⊥ < 0. Then, based on the energy balance in eq. (2.63),

the existence of an energetically admissible elastostatic shock requires

� S ≤ 0 when the admissible elastostatic shock motion involves Π−

being converted into Π+, i.e. Π+ is favoured (V⊥ < 0).

� S ≥ 0 when the admissible elastostatic shock motion involves Π+

being converted into Π−, i.e. Π− is favoured (V⊥ > 0).

Abeyaratne and Knowles [35] have shown that in the case of an anisotropic

incompressible non-linear elastic material under plane deformation, the

expression of the shock driving traction given in eq. (2.64) reduces to

S = JW (F)K+
− + kΛ, (2.65)

where k is the shear discontinuity across the elastostatic shock (strength

of the elastostatic shock) and Λ is the component 12 of the Cauchy stress

tensor in the frame (l,n, e3). In what follows a special attention will be

paid to the Maxwell condition, namely, the neutral stability S = 0 since
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this latter leads to solutions that satisfy the boundary conditions of the

considered problem.

2.8.2 Favourability of Π− vs Π+

In this section attention is paid to the neutral stability characterized

by S = 0. The expression of the shock driving traction S will be de-

rived explicitly following eq. (2.65) for the strain energy function W in

eq. (5.10) subject to the deformations in eqs. (2.17) and (2.21). The

scalar Λ is the component 12 of the stress tensor σ∗ = HσHT, where

σ is the Cauchy stress tensor in the frame (e1, e2, e3) which is derived

from the first Piola-Kirchhoff stress tensor for an incompressible mate-

rial by σ = SFT , σ∗ is the same tensor in the frame (l,n, e3) and H

is the rotation matrix from (e1, e2, e3) to (l,n, e3) which in is given by

Hij = cos(ei, ēj), with ei = (e1, e2, e3) and ēj = (l,n, e3). Finally the

function Λ results to

Λ = (S11F11 − S22F22)n1n2

= µn1n2(λ2 − 1

λ2
− 4ρ(1− λ4)), (2.66)

which in turn by means of eq. (2.65) yields an eighth degree polynomial

equation on k given by

S =
i=6∑
i=0

si k
i+2, (2.67)

where the coefficients si are given by

s0 =− 1/2µλ−2(n4
1λ

4 + n4
2 + n2

1n
2
2λ

4 + n2
1n

2
2 + 28ρn2

1n
2
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1λ

10 + 2ρn4
2λ

6 − 16ρn2
1n

2
2λ

6 − 2ρn4
1λ

6 − 2ρn4
2λ

2

+ 4ρn2
1n

2
2λ

2 − 2ρn4
1λ

2),
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s1 =− 2µρn1n2(14n2
1n
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8 + 3n4
2λ

4 − n4
1λ

4 − 6n2
1n

2
2λ

4

− n4
2 + n4

1),

s2 =− 1/2µρ(n8
1 + n8

2 − 14n6
1n

2
2λ

4 − 18n4
1n

4
2λ

4 + 30n2
1n

6
2λ

4

+ 70n4
1n

4
2λ

8 + 60n6
1n

2
2λ

8 + 6n8
1λ

8 − 6n2
1n

6
2 + 2n4

1n
4
2

− 6n6
1n

2
2 + 2n8

1λ
4),

s3 =− 2µρn1n2(10n2
1n

6
2λ

4 + 4n4
1n

4
2λ

4 − 6n6
1n

2
2λ

4 + 14n4
1n

4
2λ

8

+ 20n6
1n

2
2λ

8 + 6n8
1λ

8 + n8
2 − 2n2

1n
6
2 + 2n6

1n
2
2 − n8

1),

s4 =− µρn2
1(−6n8

1n
2
2λ

4 + 14n4
1n

6
2λ

8 + 18n8
1n

2
2λ

8 + 15n2
1n

8
2λ

2

+ 30n6
1n

4
2λ

8 + 22n4
1n

6
2λ

4 + 2n10
1 λ

8 + 3n10
2 − 6n4

1n
6
2 + 3n8

1n
2
2

+ n10
1 λ

4),

s5 =− 2µρn3
1n2(2n2

1n
2
2λ

4 + 2n4
1λ

4 − n4
1 + n4

2)(n6
2 + 2n4

2n
2
1 + n4

1n
2
2

+ n2
1n

4
2λ

4 + 2n4
1n

2
2λ

4 + λ4n6
1),

s6 =− 1/2µρ(n2
1n

6
2 + 2n4

1n
4
2 + n6

1n
2
2 + λ4(n4

1n
4
2 + 2n6

1n
2
2 + n8

1))2. (2.68)

Here, after ruling out the trivial solution k = 0 in eq. (2.67), the neutral

stability reduces to the solutions of the equation S(6) = 0, where S(6) is

given by

S(6) =
i=6∑
i=0

si k
i, (2.69)

the coefficients si are the same as the ones given in eq. (2.68). Then

a mechanically consistent elastostatic shock (λ, k, α, ρ) followed from

eq. (2.44) is an energetically admissible elastostatic shock if and only if

there exists a set parameters (λ, k, α, ρ) satisfying the neutral stability

in eq. (2.69) (S(6) = 0), the eq. (2.44) and H(6) = S(6). Therefore a

mechanically consistent and energetically admissible elastostatic shock

characterized by (λ, k, α, ρ) must satisfy the following system of equa-

tions
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H(6) = 0

S(6) = 0

H(6) = S(6),

(2.70)

in other words, for a given λ and ki, if there exists αi ∈ [−1, 0], with i ∈
(1, 2, 3, 4, 5 . . .), such that H(6) = S(6) = 0, then, each set (λ, ki, αi) gives

an energetically admissible elastostatic shock characterized by (λ, ki, αi),

with i is the number of the existing elastostatic shocks. Figure 2.15

shows the strength of the shock k against λ that follows from eq. (2.70)
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Figure 2.15: The strength of the shock k obeying eq. (2.70) for the parameter
ρ = (3, 9, 30, 60).
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Figure 2.15 shows that eq. (2.70) admits several real solutions, for ex-

ample, in figs. 2.15(a) and 2.15(b) (ρ = 3, 9), eq. (2.70) admits two

real solutions associated with angles α = 0◦ and α = 90◦, while in

figs. 2.15(c) and 2.15(d) (ρ = 30, 60), eq. (2.70) admits four solutions,

two of them are associated with angles α = 0◦ and α = 90◦ which are

basically the same as the ones mentioned previously. The other two

solutions are associated with angles α ≈ 0◦ and α ≈ 90◦ and emerge at

λ→ 1 and λ→ 0, respectively. These two new solutions that emerge for

higher values of ρ may be related to the families of solutions S2 and S3 in

figs. 2.12 and 2.13. For smaller values of ρ, these two new solutions are

not energetically admissible as in the case of figs. 2.15(a) and 2.15(b) but

for higher values of ρ figs. 2.15(c) and 2.15(d) they become energetically

admissible (They become energetically admissible when the families of

solutions S2 and S3 intersect with S1 ). Figures 2.16 and 2.17 show the

angles α and φ vs λ, respectively, wherefrom the same conclusion can

be drawn as in fig. 2.15 for the energy admissibility of the solutions of

the system of equations (2.70)
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Figure 2.16: The angle α that gives the elastostatic shock direction and obeys
eq. (2.70) for the parameter ρ = (3, 9, 30, 60).
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Figure 2.17: The angle φ obeying eq. (2.70) for ρ = (3, 9, 30, 60).
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For a better understanding of the fibres behaviour in the zones of lo-

calized deformation, we illustrate in fig. 2.18 the components C−11
2

and

C−12
2

of the right Cauchy-Green deformation tensor for (λ, k, α) obeying

eq. (2.70) in the case of fibre kinking failure mode
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Figure 2.18: The components C−11
2

and C−12
2

of the right Cauchy-Green
deformation tensor for (λ, k, α) obeying eq. (2.70) in the case of fibre kinking
failure mode, with ρ = (3, 9, 30, 60).

The energetically admissible solutions emerge at λ̄(ρ) obeying eq. (2.58).

The fibres are highly contracted and undergo high shear deformation as

it is manifested by means of the components C−11 and C−12 in fig. 2.18.

Similarly, we illustrate in fig. 2.19 the components C−11
2
, C−12

2
of the

right Cauchy-Green deformation tensor for (λ, k, α) obeying eq. (2.70)

in the case of fibre splitting failure mode
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Figure 2.19: The components C−11
2

and C−12
2

of the right Cauchy-Green
deformation tensor for (λ, k, α) obeying eq. (2.70) in the case of fibre splitting
failure mode, with ρ = (3, 9, 30, 60).

2.8.3 Maximally dissipation

We recall that the shock driving traction S determines the local rate of

mechanical energy dissipation. A mechanically consistent elastostatic

shock that creates Π− at the expense of Π+ requires S ≥ 0 to be en-

ergetically admissible. It has been shown in Merodio and Pence [62]

that for a given λ, the shock direction α parametrizes the energetically

admissible elastostatic shocks of strength k which in turn gives S = S(α)

at fixed λ and ρ. We now look for the particular energetically admissi-

ble shocks that maximize the energy dissipation rate S. Based on the

interpretation of the shock driving traction, these particular shocks cor-
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respond to a maximum traction exerted by the surrounding material.

Then maximally dissipative elastostatic shocks is given by

dS

dα
= 0. (2.71)

In view of eqs. (2.41) and (2.71), the maximally dissipative elastostatic

shocks is given by the following system of equations

dS/dα = 0

H(6) = 0

dS/dα = H(6)

S ≥ 0

(2.72)

the derivative of S with respect to α can be obtained from eq. (2.69) as

dS

dα
=

i=6∑
i=0

dsi
dα

ki + isik
i−1 dk

dα
, (2.73)

where the derivative of k with respect to α can be obtained by taking

the derivative of eq. (2.41) with respect to α and it expressed as

dk

dα
= −

i=6∑
i=0

dbi
dα
ki

(
i=6∑
i=1

ibik
i−1

)−1

, (2.74)

which in turn together with eq. (2.73) yields

dS

dα
=

i=6∑
i=0

dsi
dα

ki −
i=6∑
i=0

isik
i−1

i=6∑
i=0

dbi
dα
ki

(
i=6∑
i=1

ibik
i−1

)−1

. (2.75)

The coefficients bi and si are, respectively, given in eqs. (2.43) and (2.68).

Figure 2.20 shows the values of S against λ for a maximally dissipative

elastostatic shock given by (λ, k, α) obeying the system of eqs. (2.72)
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Figure 2.20: Values of S from
eq. (2.69) for (λ, k, α) obeying
eq. (2.72) for ρ = 3.

Figure 2.21 shows the elestostatic shock angle α and the kinking angle

φ given in eq. (2.24) for (λ, k, α) followed from the system of eqs. (2.72)
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Figure 2.21: The angles α and φ (given in eq. (2.24)) vs λ associated with
fibre splitting and fibre kinking failure modes obeying to eq. (2.70) together
with the one associated with the neutral stability S = 0 (eq. (2.72)) for ρ = 3.
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Figure 2.21 shows the evolution of the angles α and φ against λ for

(λ, k, α) obeying the system of eqs. (2.70) in both cases, fibre kink-

ing and fibre splitting failure modes. For comparison the elastostatic

shock direction α and the kinking angle φ obeying the neutral stability

S = 0 are also plotted. The criteria of maximum dissipation (maximiz-

ing the dissipative inequality) singles out physically admissible elasto-

static shocks from energetically admissible elastostatic shocks. These

maximally dissipative elastostatic shocks are shown to follow features

observed in different experiments of the kink band formation in fibre-

reinforced materials. Further, maximally dissipative elastostatic shocks

are shown to be related to a non-elliptic deformation on one half-space

i.e. the one gives the bifurcation point, and an elliptic deformation

on the other half-space i.e. the one being created. As elliptic deforma-

tions are energetically favoured (the ones being created), maximizing the

dissipative inequality may be a reasonable condition for singling out a

physically and mechanically admissible consistent elastostatic shocks. In

addition, we illustrate in figs. 2.22 and 2.23, respectively, the fibre stretch

indicator I−4 and the fibre shearing indicator I−5 that obey eq. (2.72).

For comparison we again plot the quantities I−4 and I−5 that obey the

neutral stability in the system of eqs. (2.70)
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Figure 2.22: Plots of I−4 obeying the system of eqs. (2.70) and (2.72) for
ρ = 3.
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Figure 2.23: Plots of I−5 and I−5 obeying the system of eqs. (2.70) and (2.72)
for ρ = 3.

The shearing indicator C−12 captured by the invariant I−5 changes the

solution in comparison with the one given by considering the invariant I4

(see Merodio and Pence [61, 62]). This implies that shearing between the

matrix and fibre in a composite (heterogeneous) materials is associated

with possible failure mechanism such as fibre splitting.

Our main purpose in this chapter has been to obtain the solutions at

hand. In the next chapters, we will make use of all this mathematical

machinery to analyse different boundary value problems and possible

emergence of discontinuous solutions.
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3.1 Introduction

It is well known from the literature (see, for example, the review by Sac-

comandi [69]) that, in the abscence of body forces, a number of deforma-

tions can be supported in equilibrium in an incompressible isotropic non-

linearly elastic solid material by application of surface tractions alone.

Such deformations are are said to be controllable. If, within a given class

of materials, the deformation is controllable for all materials and inde-

pendent of any specific constitutive law in the considered class then the

deformation is said to be universal (within the considered class). Sac-

comandi [69] introduced the term relative-universal for situations where

the class of materials is a subclass of a general class of materials. The de-

formation that is of particular interest in the present work is a combined

deformation consisting of the (i) finite extension, (ii) inflation and (iii)

torsion of a cylindrical circular tube, which, for an isotropic material,

is indeed universal. However, for anisotropic materials, in particular

for the transversely isotropic materials with which we are concerned is

this work, this deformation is only controllable for certain directions of
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transverse isotropy, and then, in these cases, it is also universal.

Several authors have studied the deformations (i)-(iii) for isotropic ma-

terials from many different perspectives in the past. In brief, torsional

deformations for incompressible isotropic materials were first examined

in a series of papers by Rivlin [70, 71, 72] while associated experimental

data were were provided in Rivlin [73]; Rivlin and Saunders [74]. Gent

and Rivlin [75] guided by the theoretical results of Rivlin [72], performed

experiments to obtain data for the problem of combined uniform exten-

sion, uniform inflation and small amplitude torsion. Comparison of the

the Ogden model Ogden [76] for rubber-like solids with the data given

in Rivlin and Saunders [74] for solid and tabular cylinders composed of

natural rubber under combined extension and torsional deformation has

been presented by Ogden and Chadwick [77]. A detailed analysis of the

combined extension and inflation of such materials with particular ref-

erence to bifurcation into non-circular cylindrical modes of deformation

was provided by Haughton and Ogden [78, 79].

More recently, Horgan and Saccomandi [80] used a material model incor-

porating limiting chain extensibility to capture the hardening response

of incompressible isotropic elastic materials under large strain torsional

deformations. while Kanner and Horgan [81] were concerned with inves-

tigating the effects of strain stiffening on the response of solid circular

cylinders in the combined deformation of torsion superimposed on axial

extension.

For compressible isotropic materials. for which the deformation (i)-(iii)

are not, in general, controllable, a class of materials admitting isochoric

pure torsional deformation was proposed by Polignone [82]. In the same

spirit, Kirkinis and Ogden [83] derived analogous solutions and also in-

troduced a methodology for generating corresponding results for incom-

pressible materials, Different aspects of pure torsion for special classes of

compressible materials and considerations of loss of ellipticity have been
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studied in Beatty [84]; Horgan and Polignone [85], respectively, amongst

other.

The contributions mentioned above related to rubber-like materials, but

more recently attention has also been focused on elastic deformations

of soft biological tissues in the context of biomechanics, and these ma-

terials are in general anisotropic, typically transversely isotropic or or-

thotropic. To the best of our knowledge, very few authors have studied

the deformations (i)-(iii) for anisotropic elastic solids in the finite de-

formation regime, in particular for incompressible transversely isotropic

elastic solids, including fibre-reinforced materials, although Green and

Adkins [86] presented some general theoretical results for a transversely

isotropic circular cylindrical tube subject to axial extension, inflation

and torsion for the case in which the axis of transverse isotropy is aligned

with the tube axis (i.e. inextensible fibres), Spencer [87] discussed the

problem of extension and torsion of solid elastic cylinders augmented

with one or two families of helical fibres, although the analysis is mainly

restricted to the linear theory (see also the interesting discussion relating

to two symmetric helically disposed fibre families in Spencer [88]). For

large deformation, in the context of soft tissue biomechanics (with par-

ticular references to arteries), the problem of extension and inflation has

been examined by Ogden and Schulze-Bauer [89], with the anisotropy

associated with helical fibre reinforcement, which is used to model the

contribution of embedded collagen fibres to the overall response of the

tissue, while Horgan and Saccomandi [90] discussed the combined exten-

sion and inflation problem for soft tissue by taking into account limiting

chain extensibility. A thorough analysis of the elastic response of arter-

ies, for simultaneous extension, inflation and torsion, was provided by

Holzapfel et al. [91].

In the analysis, we consider the problem of combined finite extension/contraction,

radial contraction/extension and torsion of a circular cylindrical tube
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of homogeneous elastic material with specific directions of transverse

isotropy ( which may be, but need not necessarily be considered as a

material reinforced by a single family of fibres). In particular in Sec-

tion 3.2 we introduce the notation and summarize the necessary kine-

matics for the combined deformation in an incompressible material. We

then summarize, in Section 3.3, the constitutive equation for a trans-

versely isotropic material, and the equilibrium equations ( in the absence

of body forces) are used to obtain general formulas for the internal pres-

sure in the tube, the resultant axial load and moment on the ends of

the tube that are applied to maintain the prescribed deformation in re-

spect of a general transversely isotropic form of constitutive law. These

results, which also apply in the isotropic specialization, recover the for-

mulas given in Haughton and Ogden [78], for the case in which no torsion

is applied to the tube.

In Section 3.4 we highlight the fact that, for transversely isotropic mate-

rials, the considered deformation cannot be maintained for all possible

directions of transverse isotropy, and we therefore specialize to those

directions which are admissible, specifically the radial direction and di-

rections locally lying in planes normal to the radius of the tube.

Closed form solutions are numerically illustrated based on a simple

prototype form of transversely isotropic strain-energy function in Sec-

tion 3.5. In particular, we show, in graphical form, how, for a fixed value

of the axial extension, the pressure, the (reduced) axial load and the mo-

ment depend on the applied torsion and radial stretch for a specific tube

thickness and transverse and transverse isotropy parameter.

3.2 Kinematics and geometry

Consider a material continuum which, when unstressed and unstrained,

occupies the reference configuration Br. Let a typical material points

in this configuration be identified by their position vector X. The cor-
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responding position vector in the deformed configuration B is denoted

x and the deformation from Br to B is written x = χ(X), where the

vector function χ is called the deformation (we are considering quasi-

static deformations here). The deformation gradient tensor, denoted F,

is given by

F = Gradχ(X), (3.1)

where Grad is the gradient operator with respect to X. The associated

right and left Cauchy-Green deformation tensors, denoted C and B

respectively, are defined as

C = FTF = U2, B = FFT = V2, (3.2)

where U and V, respectively, are the right and the left stretch tensors,

which are positive definite and symmetric and come from the polar de-

compositions F = RU = VR, R being a proper orthogonal tensor. For

a homogeneous incompressible non-linearly isotropic elastic solid, the

elastic stored energy per unit of volume in the reference configuration

depends only on two invariants, which are the principal invariants of C

(equivalently of B), defined by

I1 = tr(C) = λ2
1 + λ2

2 + λ2
3,

I2 = tr(C−1) = λ2
1λ

2
2 + λ2

1λ
2
3 + λ2

2λ
2
3, (3.3)

where λi > 0, i ∈ {1, 2, 3}, are the principal stretches, i.e. the eigenval-

ues of U and V. The incompressibility constraint, which in terms of F

is

det F = 1, (3.4)

may be written in terms of the principal stretches as

λ1λ2λ3 = 1. (3.5)
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If the material has a single distinguished direction (the direction of trans-

verse isotropy), identified by M in the reference configuration, two more

invariants, denoted I4 and I5 (in general independent), are introduced

that are associated with the direction of transverse isotropy M. These

invariants are defined by

I4 = FM · FM = m ·m,

I5 = CM ·CM = m ·Bm, (3.6)

where we have introduced the vector m = FM, which represents the

direction of transverse isotropy in the deformed configuration. In general

m is not a unit vector.

3.2.1 Combined extension, inflation and torsion

We now consider a circular cylindrical tube, which, in terms of cylindri-

cal polar coordinate (R,Θ, Z) is defined by

A ≤ R ≤ B, 0 ≤ Θ ≤ 2π, 0 ≤ Z ≤ L (3.7)

in the reference configuration Br, where A and B are the internal and

external radii and L is the length of the tube. The position vector X of

a point of the tube is given by

X = RER + ZEZ , (3.8)

where ER and EZ are the unit basis vectors associated with R and

Z, respectively. We also denote by EΘ the corresponding unit vector

associated with Θ.

The position vector x in the deformed tube is written

x = rer + zez, (3.9)
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where we make use of cylindrical polar coordinates (r, θ, z) in B, which

are associated with unit basis vectors (er, eθ, ez). The (isochoric) defor-

mation consisting of axial extension, radial inflation and a superimposed

torsion is defined by

r =
√
a2 + λ−1

z (R2 − A2), θ = Θ + τλzZ, z = λzZ, (3.10)

where λz is the (uniform) axial stretch of the cylinder, τ is the torsional

deformation per unit deformed length (plane cross sections of the tube

remain plane and an initial radius at station Z turns through an angle τz

after axial extension, and the deformed geometry of the tube is defined

by

a ≤ r ≤ b, 0 ≤ θ ≤ 2π, 0 ≤ z ≤ l = λzL. (3.11)

For this deformation the deformation gradient is calculated explicitly as

F = λr er ⊗ ER + λθ eθ ⊗ EΘ + λz ez ⊗ EZ + λzγ eθ ⊗ EZ , (3.12)

where we have defined γ as γ = τr and λr and λθ are the principal

stretches in the radial and azimuthal directions prior to application of

the torsion. Once the torsion is applied λθ and λz are no longer prin-

cipal stretches. Nevertheless, the incompressibility constraint eq. (3.5)

becomes

λrλθλz = 1, (3.13)

which is independent of γ. In general, application of the torsion will

change the geometry given by eq. (3.11) but here we fix the length l

during torsion and the internal radius a so that the circular cylindrical

configuration is maintained. The deformation tensors in eq. (3.2) are

calculated as

C =λ2
rER ⊗ ER + λ2

θEΘ ⊗ EΘ + λ2
z(1 + γ2)EZ ⊗ EZ

+ γλzλθ(EΘ ⊗ EZ + EZ ⊗ EΘ. (3.14)
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B =λ2
rer ⊗ er + (λ2

θ + γ2λ2
z)eθ ⊗ eθ + λ2

zez ⊗ ez

+ γλ2
z(eθ ⊗ ez + ez ⊗ eθ). (3.15)

For the considered deformation one of the Eulerian principal axes re-

mains aligned with er and corresponds to the principal stretch λ1 = λr.

Now let v(i), i ∈ {1, 2, 3} be the unit Eulerian principal axes associated

with the deformation (i.e. the principal axes of B), and λi, i ∈ {1, 2, 3},
be the corresponding principal stretches. Then, we may express v(i) in

terms of er, eθ and ez, in the form

v(1) = er,

v(2) = cosψ eθ + sinψ ez,

v(3) = − sinψ eθ + cosψ ez, (3.16)

where ψ identifies the orientation of the axis v(2) and v(3) in the (eθ, ez)−plane

.

The spectral decomposition of B is given by

B =
3∑
i=1

λ2
iv

(i) ⊗ v(i), (3.17)

and combining this latter with eq. (3.2)2 we obtain the connections

λ1 =λr,

(λ2
2 − λ2

3) sinψ cosψ = γλ2
z,

λ2
2 cos2 ψ + λ2

3 sin2 ψ =λ2
θ + γ2λ2

z,

λ2
2 sin2 ψ + λ2

3 cos2 ψ =λ2
z, (3.18)
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from which we deduce that

λ2λ3 =λθλz,

λ2
2 + λ2

3 =λ2
θ + λ2

z(γ
2 + 1),

(λ2
2 − λ2

3) cos 2ψ =λ2
θ + λ2

z(γ
2 − 1),

(λ2
2 − λ2

3) sin 2ψ = 2 γλ2
z, (3.19)

and then

tan 2ψ =
2 γλ2

z

λ2
θ + λ2

z(γ
2 − 1)

. (3.20)

Note that in a different notation the above equations were derived by

Ogden and Chadwick [77]; see also Kirkinis and Ogden [83] for the case

of extension and torsion of a compressible elastic circular cylinder.

It is also easily shown that λ2 and λ3 are given in terms of λθ, λz and γ

through

λ2
2 =λ2

θ cos2 ψ + λ2
z(γ cosψ + sinψ)2,

λ2
3 =λ2

θ sin2 ψ + λ2
z(γ sinψ − cosψ)2. (3.21)

Since λθ, λz and γ are independent, the properties

λθ
∂λ2

∂λθ
+ λz

∂λ2

∂λz
=λ2,

λθ
∂λ3

∂λθ
+ λz

∂λ3

∂λz
=λ3,

λθ
∂λ2

∂λθ
+ γ

∂λ2

∂γ
=λ2 cos2 ψ,

λθ
∂λ3

∂λθ
+ γ

∂λ3

∂γ
=λ3 sin2 ψ. (3.22)

can be established from eq. (3.19).

As a prelude to the next section we record here the explicit expres-
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sions for the invariants I1, I2, I4, I5 for the considered deformation with

the direction M having components (MR,MΘ,MZ) with respect to the

reference cylindrical polar coordinates:

I1 =λ2
r + λ2

θ + λ2
z(1 + γ2),

I2 =λ2
θλ

2
z + λ2

rλ
2
z(1 + γ2) + λ2

rλ
2
θ,

I4 =λ2
rM

2
R + (λθMΘ + γλzMZ)2 + λ2

zM
2
Z ,

I5 =λ4
rM

2
R + λ2

θ(λ
2
θ + γ2λ2

z)M
2
Θ + λ2

z[(1 + γ2)2λ2
z

+ γ2λ2
θ]M

2
Z + 2γλθλz(λ

2
θ + λ2

z + γ2λ2
z)MΘMZ . (3.23)

3.3 Constitutive laws

For a homogeneous incompressible elastic solid the strain energy is a

function only of the deformation gradient F, and we write the strain-

energy function as W (F) per unit volume, although, by objectivity, W

depends on F only through the left Cauchy–Green tensor C defined in

eq. (3.2). The Cauchy stress tensor σ is given by

σ = F
∂W

∂F
− pI, (3.24)

where p is a Lagrange multiplier associated with the incompressibility

constraint eq. (3.4) and I is the identity tensor.

For a transversely isotropic material, W depends on the invariants I1, I2, I4, I5,

and we write W = W (I1, I2, I4, I5) without changing the notation for the

functional dependence of W . The Cauchy stress can then be expanded

out in the standard form

σ = 2W1B + 2W2 (I1I−B)B + 2W4m⊗m

+ 2W5(m⊗Bm + Bm⊗m)− pI, (3.25)
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where Wi = ∂W/∂Ii, i ∈ {1, 2, 4, 5}. The reference configuration B, in

which I1 = I2 = 3 and I4 = I5 = 1, is taken to be stress free, and the

energy W is measured from the reference configuration, so we have, on

evaluation of eq. (3.25) in that configuration,

2W1(3, 3, 1, 1) + 4W2(3, 3, 1, 1) = p0,

W4(3, 3, 1, 1) + 2W5(3, 3, 1, 1) = 0, (3.26)

as well as W (3, 3, 1, 1) = 0, as given by Merodio and Ogden [66], , where

p0 is the value of p in the reference configuration.

For the considered deformation the invariants I1, I2, I4, I5 depend on only

three independent deformation variables, which we take to be λθ, λz

and γ, while λr is given by eq. (3.13) in terms of λθ and λz, and we

write the strain energy as a function of these three variables, specifically

Ŵ (λθ, λz, γ), which is given by

Ŵ (λθ, λz, γ) = W (I1, I2, I4, I5) (3.27)

with I1, I2, I4, I5 given by eq. (3.23).

Then, a straightforward calculation using the appropriate specialisation

of the components of the Cauchy stress in eq. (3.25) leads to the compact

formulas

σθθ − σrr = λθ
∂Ŵ

∂λθ
+ γ

∂Ŵ

∂γ
, σθz =

∂Ŵ

∂γ
,

σθθ + σzz − 2σrr = λθ
∂Ŵ

∂λθ
+ λz

∂Ŵ

∂λz
. (3.28)

We emphasize that these hold independently of the direction of the

vector M. Note, however, that no corresponding simple formulas are

available for the stress components σrθ and σrz. An equivalent set of

equations expressed in terms of the components of the Green strain
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tensor E = (C− I)/2, was given by Holzapfel et al. [91].

3.3.1 Equilibrium and boundary loads

In the absence of body forces the Cauchy stress tensor must satisfy the

equilibrium equation divσ = 0. Since λθ and γ depend on one spatial

variable only, namely r, and λz is uniform, the cylindrical polar compo-

nents of Cauchy stress likewise depend only on r, and the equilibrium

equation therefore reduces to the three standard component equations

r
d

dr
(σrr) + σrr − σθθ = 0,

d

dr
(r2σrθ) = 0,

d

dr
(rσrz) = 0. (3.29)

Equation (3.29)1 can be integrated to give

σrr(b)− σrr(a) =

∫ b

a

(σθθ − σrr)
dr

r
, (3.30)

where σrr(a) and σrr(b) are the values of the radial stress σrr on the

boundaries r = a and r = b, respectively. Eqs. (3.29)2,3 are integrated

immediately to give

σrθ =
c1

r2
, σrz =

c2

r
, (3.31)

where c1 and c2 are constants. In general, because the deformation is

known as a function of r, i.e. γ = τr, λ2
θ = r2/[λz(r

2 − a2) + A2]

and λz is constant, the later two solutions are untenable since they

are not compatible with the specific forms of σrθ and σrz that arise

from the constitutive equation as will become clear latter on, and we

shall consider only very special situations in which they are possible

solutions. This means that we can only consider situations in which the
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constitutive law leads to σrθ = σrz = 0, and hence c1 = c2 = 0.

Let us now suppose that the curved boundaries of the tube are subject

to an inflating pressure P on r = a and no radial traction on r = b, so

that σrr(a) = −P and σrr(b) = 0. Then, on use of eq. (3.28)1, eq. (3.30)

becomes

P =

∫ b

a

(
λθ
∂Ŵ

∂λθ
+ γ

∂Ŵ

∂γ

)
dr

r
, (3.32)

The resultant axial load N on an end of the tube (and on any cross

section) is calculated from

N =

∫ b

a

∫ 2π

0

σzzr dθ dr = 2π

∫ b

a

σzzr dr, (3.33)

which can be rearranged in a standard way using eq. (3.29)1 and the

boundary values of σrr to obtain

N = π

∫ b

a

(2σzz − σrr − σθθ)r dr + πa2P, (3.34)

and hence, on use of eq. (3.28),

N = π

∫ b

a

(
2λz

∂Ŵ

∂λz
− λθ

∂Ŵ

∂λθ
− 3γ

∂Ŵ

∂γ

)
r dr + πa2P. (3.35)

A corresponding expression can be obtained for the resultant moment

M . This is defined as

M =

∫ b

a

∫ 2π

0

σθzr
2 dθ dr, (3.36)

and hence, on use of eq. (3.28)2,

M = 2π

∫ b

a

∂Ŵ

∂γ
r2 dr. (3.37)
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Note that, since γ = τr, eq. (3.37) can be used to rewrite eq. (3.35) as

N = π

∫ b

a

(
2λz

∂Ŵ

∂λz
− λθ

∂Ŵ

∂λθ

)
r dr − 3

2
τM + πa2P. (3.38)

We also make use of the so-called reduced axial load Nr defined by

Nr = N − πa2P = π

∫ b

a

(
2λz

∂Ŵ

∂λz
− λθ

∂Ŵ

∂λθ

)
r dr − 3

2
τM, (3.39)

which reduces the axial load by the axial contribution due to the pressure

on the ends of a closed-ended tube.

3.4 Admissible directions of transverse

isotropy

As indicated above, the solutions in eq. (3.31) are not in general com-

patible with the expressions for σrθ and σrz obtained from eq. (3.25),

which are

σrθ = 2λrMR{λθMΘ[W4 + (λ2
r + λ2

θ + γ2λ2
z)W5]

+ γλzMZ [W4 + (λ2
r + λ2

θ + γ2λ2
z + λ2

z)W5]}, (3.40)

σrz = 2λrMR{λθγλ2
zMΘW5 + λzMZ [W4 + (λ2

r

+ γ2λ2
z + λ2

z)W5]}. (3.41)

For the problem of extension, inflation and torsion non-zero stresses σrθ

and σrz are generated by the presence of the preferred direction, except

for the situations in which either MR = 0 or MΘ = MZ = 0 when they

both vanish and c1 = c2 = 0, as is the case for an isotropic material

(M = 0). If we take MZ = 0, for example, they reduce to
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σrθ = 2λ−1
z MRMΘ[W4 + (λ2

r + λ2
θ + γ2λ2

z)W5],

σrz = 2γλzMRMΘW5, (3.42)

but still the solutions in eq. (3.31) are not in general consistent with

these expressions. Similarly if we take MΘ = 0 instead of MZ = 0.

In the following, therefore, we consider only the cases MR = 1, MΘ =

1 and MR = 0. For these tow cases the considered deformation is

controllable and also relative-universal in the full class of transversely

isotropic elastic materials, for each case separately.

3.4.1 Radial transverse isotropy

First we consider the case of transverse isotropy in the radial direction, so

MR = 1 and MΘ = MZ = 0, m = FM = λrer, I4 = λ2
r and I5 = I2

4 . In

particular, we see that under extension and inflation (λθ > 1 and λz > 1)

the radial direction is compressed. Here we are allowing the direction

of transverse isotropy to support compression, which is commonly not

the case when associating the direction with that of biopolymer fibres

or filaments such as collagen, as in Holzapfel et al. [91]. Note, in partic-

ular, that neither I4 nor I5 depends on γ and thus the presence of the

transverse isotropy does not contribute more to the strain energy as a

result of torsion than the corresponding isotropic material as noted by

Qiu and Pence [59]. Moreover, we have σrθ = σrz = 0 from eqs. (3.40)

and (3.41), so that c1 = c2 = 0.

In fact, it is easy to see that in this case σ is coaxial with B, just as for

an isotropic material, and therefore yields the universal relation

γλ2
z

λ2
θ + γ2λ2

z − λ2
z

=
σθz

σθθ − σzz

(
=

1

2
tan 2ψ

)
. (3.43)
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For general discussion of universal relations we refer to Saccomandi [69];

Pucci and Saccomandi [92].

3.4.2 Transverse isotropy with MR = 0

First we note that the case MR = 0 includes the case of circumferential

transverse isotropy, for which MΘ = 1,MZ = 0, m = FM = λθeθ, and

hence I4 = λ2
r and I5 = I2

4 . Again the invariants are independent of

γ, but, unlike the radial case, σ is not coaxial with B. More generally,

when the direction of transverse isotropy is not circumferential but has

no radial component then M can be written

M = cosαEΘ + sinαEZ , (3.44)

where α, with 0 ≤ α ≤ π/2, is the angle that the direction make locally

with the azimuthal direction. In this situation the invariants I4 and I5

are given by

I4 = (λθ cosα + γλz sinα)2 + λ2
z sin2 α,

I5 = (λθ cosα + γλz sinα)2(λ2
θ + γ2λ2

z)

+ λ4
z sin2 α + 2γλ3

z(λθ cosα + γλz sinα) sinα, (3.45)

and it can be shown that

I5 = I4(I1 − λ−2
θ λ−2

z )− λ2
θλ

2
z. (3.46)

The stress components σrθ and σrz are both zero in this situation, and

the remaining stress components are given by eq. (3.28), with MR = 0

being implicit.

For positive γ, both I4 and I5 are monotonic increasing functions of each

of γ, λθ and λz. Thus, in this case the preferred directions are extending.

76



A neo-Hookean transversely isotropic material model

For γ < 0 and λz fixed, I4 has a minimum when γλθλ
−1
z = − cotα, and

its minimum value may be expressed as λ2
z sin2 α, which may be greater

than or less than 1. To illustrate this we plot, in fig. 3.1, I4 against γ

for negative values of γ but by taking λθ = λz = 1. For other values of

λθ and λz the plots are similar. As pointed out in Merodio and Ogden

[66] for the simple shear of fibre-reinforced materials, this means that

certain preferred directions contract as γ decreases from zero, reach a

minimum length after which the length increases until it surpasses its

initial value and continues to extend.

−3 −2 −1 0
0

1

2

3

α1

α2

α3

α4
α5

γ

I 4

Figure 3.1: Plot of I4 against neg-
ative γ for λθ = λz = 1 with
αi ∈ (0, π/6, π/4, π/3, π/2), i ∈
(1, 2, 3, 4, 5).

The situation with I5 is not so straightforward, and closed form results

for a minimum are not forthcoming, but for certain values of α two

minima can be found. Because of this complication the situation of the

invariant I5 will further be treated separately in the next chapter.

3.5 A neo-Hookean transversely isotropic

material model

In order to illustrate the results further we consider a specific form

of strain-energy function, the so-called standard reinforcing model, for

which we denote the energy function W̄ , defined by
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W̄ =
µ

2

[
I1 − 3 + ρ(I4 − 1)2

]
, (3.47)

where µ (> 0) is a constant, which would correspond to the shear modu-

lus in the undeformed configuration of a neo-Hookean isotropic material,

while ρ (> 0) is a constant that measures the strength of the reinforce-

ment. The first term corresponds to the energy of the neo-Hookean base

material and the second term to the energy associated with the direction

of transverse isotropy, referred to as the standard reinforcing model in

situations where the isotropic base material is reinforced with fibres of

a stronger material.

We apply this model to the specific cases of transversely isotropic direc-

tions mentioned previously. In each case we give results for P,M and

the reduced axial load Nr = N − πa2P in dimensionless form P ∗,M∗

and N∗r , defined by

P ∗ =
P

µ
, M∗ =

M

πµA3
, N∗r =

Nr

πµA2
, (3.48)

and we define the notations η = B2/A2, τ ∗ = τA. In general, α is allowed

to depend on R but for simplicity here we take it to be constant.

3.5.1 Radial transverse isotropy

In this case the preferred direction here is represented by the unit vector

M with MR = 1 and it is straightforward to show that

M∗ =
1

2
τ ∗(η − 1)(2λ2

aλz + η − 1), (3.49)

which depends linearly on both τ and λz and quadratically on λa and η,

where λa = a/A is the value of λθ on r = a. Note, in particular, that M∗

does not depend on the transverse isotropy. This is not surprising since

at fixed λθ and λz the torsion just rotates the direction of transverse
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A neo-Hookean transversely isotropic material model

isotropy and does not change its length.

The pressure P ∗ and the reduced axial load N∗r are given by

P ∗ = 1/2 (ρ(1− λ−1
z )− 1)λ−1

z log(1 + λ−2
a λ−1

z (η − 1))

− 1/2(ρ− 1)(λaλZ)−2(λ2
aλz − 1)(η − 1)(λ2

aλz + η − 1)−1

+ ρλ−2
a λ−3

z (λ2
aλz − 1)(η − 1)(λ2

aλz + η − 1)−1

− 1/4ρ(λ−1
z − λ−2

a λ−2
z )2(η − 1)(2λ2

aλz + η − 1)(λ2
aλz + η − 1)−2

+ 1/2λ−1
z log(η) + 1/2λz τ

∗ 2 (η − 1) (3.50)

N∗r =λz(η − 1)− 1/4 τ ∗ 2 (η − 1)(2λ2
aλz + η − 1)− 1/2λ−2

z (η − 1)

− 1/2λ−2
z (λ2

aλz − 1) log(η) + 1/2(ρ− 1)λ−2
z (η − 1)

− 1/2λ−2
z (ρ− 1)(λ2

aλz − 1) log(1 + λ−2
a λ−1

z (η − 1))

− 1/2ρλ−3
z (η − 1) + ρλ−3

z (λ2
aλz − 1) log(1 + λ−2

a λ−1
z (η − 1))

− 1/2ρλ−2
a λ−4

z (λ2
aλz − 1)2(η − 1)(λ2

aλz + η − 1)−1 (3.51)

To illustrate these we consider fixed values of the fibre contribution

parameter ρ = 2, the geometric parameter η = 4 and the axial stretch

λz = 1.2. In fig. 3.2 we plot P ∗ and N∗r versus λa = a/A for a series of

values of τ ∗. The curves in each plot of fig. 3.2 show the same qualitative

behaviour for the different values of the dimensionless torsional strain

τ ∗. In particular, if we suppose that the axial stretch λz is applied first

with P = 0. This requires an axial load N and, for non-zero τ ∗, end

moments M . The value of λa at P = 0 depends on both λz and τ ∗ and

then the pressure increases as λa is increased until it reaches a maximum,

after which it decreases monotonically to an approximately constant

value for several different values of τ ∗, as illustrated in fig. 3.2(a). For

a given value of λa, greater values of τ ∗ are associated with greater

values of P ∗. On the other hand, in in fig. 3.2(b), the curves show

that the dimensionless reduced axial load N∗r , which is positive initially,
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Figure 3.2: For the case of radial transverse isotropy the dimensionless
pressure P ∗ = P/µ and reduced axial load N∗r = Nr/(πA

2µ) are plot-
ted against λa for the following values of the dimensionless torsional strain
τ∗i ∈ (0, 0.3, 0.5, 0.7), i ∈ (1, 2, 3, 4).

increases up to a maximum, after which it decreases as λa increases and

then becomes negative. For a given value of λa, greater values of τ ∗ are

associated with smaller values of N∗r .

3.5.2 Transverse isotropy with MR = 0

In this case M = MΘEΘ + MZEZ , where MΘ = cosα and MZ = sinα.

For the special case circumferential transverse isotropy (α = 0) M∗

is again given by eq. (3.49). The expressions of the pressure P ∗, the

moment M∗ and the reduced axial load N∗r for the general case are

given by

M∗ = 1/2(1 + ρ sin2 α(λ2
z sin2 α− 1))τ ∗(η − 1)(2λ2

aλz + η − 1)

+ 2ρλ−2
z sinα cos3 α[1/3(η3/2 − 1) + 2(λ2

aλz − 1)(η1/2 − 1)

+ (λ2
aλz − 1)2(1− η−1/2] + 3ρλ−1

z sin2 α cos2 ατ ∗[1/2(η2 − 1)

+ 2(λ2
aλz − 1)(η − 1) + (λ2

aλz − 1)2 log η]
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+ 6ρ sin3 α cosα τ ∗ 2 [1/5(η5/2−1) + 2/3(λ2
aλz − 1)(η3/2 − 1)

+ (λ2
aλz − 1)2(η1/2 − 1)]

+ 2ρλ−1
z sinα cosα(λ2

z sin2 α− 1)[1/3(η3/2 − 1)

+ (λ2
aλz − 1)(η1/2 − 1)]

+ 1/3ρλz sin4 α(η − 1)[3λ4
aλ

2
z + 3λ2

aλz(η − 1) + (η − 1)2]. (3.52)

P ∗ = 1/2λ−1
z log η − 1/2λ−1

z log(1 + λ−2
a λ−1

z (η − 1))

+ 1/2λ−2
a λ−2

z (λ2
aλz − 1)(η − 1)(λ2

aλz + η − 1)−1

+ 1/2ρλ−2
z cos4 α[log η + (λ2

aλz − 1)(1− η−1)]

+ 1/4ρλ2
a sin4 α τ ∗ 2 (η − 1)(2λ2

aλz + η − 1)

+ 1/2ρλz sin2 α(λ2
z sin2 α− 1) τ ∗ 2 (η − 1)

+ 1/2ρλ−1
z cos2 α(λ2

z sin2 α− 1) log η

+ 2ρ sinα cosα(λ2
z sin2 α− 1)τ ∗(η1/2 − 1)

+ 4ρλ−1
z sinα cos3 ατ ∗[η1/2 − 1 + (λ2

aλz − 1)(1− η−1/2)]

+ 3ρ sin2 α cos2 α τ ∗ 2 [η − 1 + (λ2
aλz − 1) log η]

+ 4ρλz sin3 α cosα τ ∗ 3 [1/3(η3/2 − 1) + (λ2
aλz − 1)(η1/2 − 1)]

+ 1/2 τ ∗ 2 λz(η − 1). (3.53)

N∗r =λz(η − 1)(1 + ρ sin2 α(λ2
z sin2 α− 1))− 1/2λ−2

z (η − 1)

− 1/4 τ ∗ 2 (η − 1)(1− ρ sin2 α(λ2
z sin2 α + 1))(2λ2

aλz + η − 1)

+ 1/2λ−2
z (ρ cos2 α(λ2

z sin2 α + 1)− 1)(η − 1 + (λ2
aλz − 1) log η)

+ 1/2λ−2
z (λ2

aλz − 1) log(1 + λ−2
a λz−1(η − 1))

− 1/2ρλ−3
z cos4 α(η − 1 + 2(λ2

aλz − 1) log η + (λ2
aλz − 1)2(1− η−1))

− 4ρλ−2
z sinα cos3 ατ ∗[1/3(η3/2 − 1) + 2(λ2

aλz − 1)(η1/2 − 1)

+ (λ2
aλz − 1)2(1− η−1/2)]
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− 3ρλ−1
z sin2 α cos2 α τ ∗ 2 [1/2(η2 − 1) + 2(λ2

aλz − 1)(η − 1)

+ (λ2
aλz − 1)2 log η]

− 4ρ sin3 α cosα τ ∗ 3 [1/5(η5/2 − 1) + 2/3(λ2
aλz − 1)(η3/2 − 1)

+ (λ2
aλz − 1)2(η1/2 − 1)]

+ 2ρλ−1
z sinα cosα(λ2

z sin2 α + 1)τ ∗[1/3(η3/2 − 1)

+ (λ2
aλz − 1)(η1/2 − 1)]

− 1/6ρλz sin4 α τ ∗ 4 (η − 1)[3λ4
aλ

2
z + 3λ2

aλz(η − 1) + (η − 1)2]. (3.54)

The results for P ∗, M∗ and N∗r are again illustrated numerically as

functions of λa for the values ρ = 2, η = 4, λz = 1.2 as well as for

different values of τ ∗ and α.
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Figure 3.4: The curves give values
of pressure P ∗ vs λa in the case of
helical transverse isotropy: τ∗ =
0 fig. 3.3(a), τ∗ = 0.4 fig. 3.3(b)
and τ∗ = −0.4 fig. 3.4 for specific
values of α.
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Again The axial stretch is applied first, requiring not only an axial load

but also, depending on the angle α even when τ ∗ = 0. Thus, the values

of λa at P = 0 depends on λz, τ
∗ and α, and P is then increased from

zero as λa is increased from its value at P = 0.

First, figs. 3.3 and 3.4 shows the results for P ∗. The qualitative be-

haviour of the curves in each of the curves in fig. 3.3(a), for which

τ ∗ = 0, is the same, and all the curves increase monotonically with λa.

Moreover, for a given value of λa larger values of α are associated with

smaller values of the pressure. For the curve associated with α = π/2,

it follows from eq. (3.45)1 that I4 = λ2
z and the radial behaviour of the

tube is just that of a neo-Hookean isotropic material (the term in ρ in

eq. (3.47) does not contribute to the pressure).

When τ ∗ is not zero the clear pattern of fig. 3.3(a) is significantly al-

tered, as illustrated in fig. 3.3(b) for positive τ ∗ and fig. 3.4 for negative

τ ∗. Indeed, the results for positive and negative τ ∗ are very different

because the directions of transverse isotropy have different influences

in the two cases. For example, for τ ∗ = 0.4 the curve associated with

α = π/6 or the one associated with α = π/4, requires the largest value

of the pressure to achieve a given radial expansion beyond a certain level

whereas it is curve associated with α = 0 for τ ∗ = 0 or for τ ∗ = −0.4.

It is worth remarking that for a thin-walled tube, but not in the case of a

thick-walled tube, it is easy to show, by approximating the expression in

eq. (3.32) and using the energy function eq. (3.47), that for given values

of τ , λz and the initial radius R of the tube, there is an angle α for which

the pressure is independent of ρ. This is given by tanα = −1/(τRλz),

and in this case the radial response of the tube is again neo-Hookean

in character. Note that the curve associated with α = 0 in fig. 3.4 is

the same as that in figs. 3.3(a) and 3.3(b), although this is not apparent

since the vertical scales are different. We also note that the results for

negative τ ∗ can be reproduced from those for positive τ ∗ by changing
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the range of values of the angle α.

In fig. 3.5, plots of M∗ against λa are provided, corresponding to those

in figs. 3.3 and 3.4, respectively, for the three values of τ ∗.
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Figure 3.5: The curves give values of moment M∗ vs λa for helical transverse
isotropy: τ∗ = 0 in fig. 3.5(a), 0.4 in fig. 3.5(b), τ∗ = −0.4 in fig. 3.5(c)

It is clear that for τ ∗ = 0, by symmetry, the moment is exactly zero for

α = 0 and α = π/2, as shown in fig. 3.5(a). Furthermore, for α = 0 it

follows that I4 = λ2
θ (independent of γ) and the value of M∗, as given

by eq. (3.49), corresponds to that for the neo-Hookean case. Again,

there is a sharp distinction in the behaviour for positive and negative

values of τ ∗. In fig. 3.5(b) , corresponding to positive τ ∗, the moment

is positive for all angles α, but, for negative τ ∗, as fig. 3.5(c) illustrates,

M∗, although mainly negative, can be positive for certain angles α for
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sufficiently large radial expansion. Apart from sign the curves associated

with α = 0 in figs. 3.5(b) and 3.5(c) are the same.

Figure 3.6 provides plots of N∗r against λa for the three values of τ ∗
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Figure 3.6: The curves give values of reduced axial load N∗r vs λa in the case
of helical transverse isotropy: τ∗ = 0 fig. 3.6(a), τ∗ = 0.4 fig. 3.6(b), and
τ∗ = −0.4 fig. 3.6(c) for specific values of α.

As can be seen from fig. 3.6(a), as the angle α decreases from π/2 to 0

the reduced axial load turns from positive to negative as λa increases.

Again, when τ ∗ is not zero the ordering of the curves for different α

changes, and there is a significant difference in the response between

positive and negative values of τ ∗. The curves associated with α = 0

are the same in each case, and the curves associated with α = π/2 in

fig. 3.6(b), and fig. 3.6(c) are also the same. Thus far, all the plots show
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curves plotted with λa as the abscissa.

To provide an alternative view, we now fix λa = 1.2 and λz = 1.2 and

plot P ∗, M∗ and N∗r as functions of τ ∗ for the same representative angles

α as in the previous plots.
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Figure 3.7: Adimensional pressure P ∗ fig. 3.7(a), adimensional moment M∗

fig. 3.7(b) and adimensional reduced axial load N∗r fig. 3.7(c) vs the torque
deformation parameter τ∗ for helical transverse isotropy (ρ = 2) with the
geometric parameter η = 4 under stretches λz = 1.2 and λa = 1.2, for values
of the fibre angle αi = 0, π/6, π/4, π/3, π/2, i ∈ (1, 2, 3, 4, 5).

The pressure and the reduced axial force are even functions of τ ∗ for

α = 0 and α = π/2, but not for the other angles. We note that all the

α = 0 curves correspond in general to smaller magnitudes of P ∗, M∗

and N∗r than are associated with the other angles. This is because, for

α = 0, I4 does not depend on τ ∗. The transverse isotropy therefore has
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a stiffening effect.
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4
4.1 Introduction

In this chapter, our purpose is to investigate a neo-Hookean material

reinforced with a function that depends on I5, taken as a quadratic

model, and to compare the results with those given in Chapter 3 for

the corresponding I4 reinforcement. In addition, we include here the

analysis of loss of ellipticity that determines both the deformation as-

sociated with the existence of surfaces of weak discontinuity and the

direction of the normal to that surface (see Merodio and Neff [93]). The

ellipticity analysis further enlightens the application of this study. Most

of the analyses dealing with boundary value problems just focus on the

analytical solution and do not deal with the ellipticity analysis of the

solution.

The so called standard reinforcing model is a quadratic function that

depends only on I4. It has been widely investigated in the last few years

with application to the behaviour of rubber-like materials as well as to

soft tissue in biomechanics. The same is not the case for the invariant

I5 for which there are only a few studies available in the literature.
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In most of the cases, for the loading conditions at hand the fibre rein-

forcement is under compression. Compressive failure of fibre composites

which consist of an isotropic base material includes fibre kinking and

fibre splitting Lee et al. [1]. In this chapter, our objective is to present

in the setting of non-linear elasticity theory the material instabilities

mentioned above for the particular fibre-reinforced materials at hand.

Surfaces of weak discontinuity (or weak surfaces) are surfaces across

which the second derivative of the deformation field is discontinuous,

while across a fully developed (or strong) surface of discontinuity the

first derivative (i.e. the deformation gradient) suffers a finite jump as it

is mentioned previously in Chapter 2.

The torsion of isotropic incompressible materials has been studied by

many authors in many papers since the pioneering work of Rivlin and

Saunders [94], among others, as well as the simultaneous extension, in-

flation and torsion, see, for instance, Gent and Rivlin [95], Rivlin and

Saunders [94], Kanner and Horgan [96], Horgan and Polignone [97] and

references therein. Combined extension and inflation of such materi-

als including bifurcation into non-circular cylindrical modes of deforma-

tion has been presented in Haughton and Ogden [98] and Merodio and

Haughton [99]. An extension to fibre reinforced materials of that anal-

ysis has been given in Rodŕıguez and Merodio [100].

4.2 A Neo-Hookean transversely isotropic

material model

We focus now on the strain energy function

W =
µ

2

[
I1 − 3 + ρ(I5 − 1)2

]
, (4.1)
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where µ > 0 is the constant representing the shear modulus of the

base (isotropic) material in the undeformed configuration and ρ > 0 is

a constant related to the degree of anisotropy. The isotropic material

is the neo-Hookean model while the fibre contribution is given by the

anisotropic invariant I5 (see Merodio and Ogden [101]). Using (3.25)

and (4.1) one can write

σ = 2W1B + 2W5 (m⊗Bm + Bm⊗m)− pI. (4.2)

The components rθ and rz of the Cauchy stress tensor (4.2) using

eq. (3.14)2 and (3.12) can be written as

σrθ = 2λrMRW5{λθMΘ(λ2
r + λ2

θ

+ γ2λ2
z) + γλzMZ(λ2

r + λ2
θ + λ2

z(γ
2 + 1))},

σrz = 2λrMRW5{γλθλ2
zMΘ + λzMZ(λ2

r + λ2
z(γ

2 + 1))}. (4.3)

It follows that none of these components is consistent with (6.41), unless

MR = 1 and MΘ = MZ = 0 or MR = 0 when they both vanish and

c1 = c2 = 0. Therefore, we further restrict attention to these special

fibre geometries where, furthermore, the deformation is controllable and

also relative-universal in the full class of transversely isotropic elastic

materials (see Chapter 3).

For the model at hand, as opposed to the work developed in Chapter 3,

expressions for P ∗, M∗ and N∗ can not be obtained explicitly. Whence,

we further consider that A = 1, B = 2 while the the axial stretch and

the anisotropy parameter are also taken to be, for most of the work,

λz = 1.2 and ρ = 2, respectively.
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4.2.1 Radial transverse isotropy MR = 1

First we consider the case of transverse isotropy in the radial direction,

for which MR = 1, MΘ = MZ = 0. It follows using (3.45), under these

circumstances, that I4 = λ2
r and I5 = I2

4 . The latter identity establishes

that under these circumstances the results are qualitatively similar to the

results in Chapter 3. Nevertheless, we provide some numerical results

to asses the analytical methodology described. In particular, for ρ = 2

and λz = 1.2 results are shown in fig. 5.1 for a series of values of τ
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Figure 4.1: For the case of radial transverse isotropy the dimensionless pres-
sure P ∗, given in Figure 5.1(a), and reduced axial load N∗r , given in Fig-
ure 5.1(b), are plotted against the inner radius a for the following values of
the dimensionless torsional strain τi = (0, 0.2, 0.4, 0.5), i ∈ (1, 2, 3, 4).

The curves in each plot of Figure 5.1 show the same qualitative be-

haviour for the different values of the dimensionless torsional strain τ .

In particular, the curves in the left plot show that the dimensionless

pressure P ∗ has a maximum, i.e. for a given value of τ , values of P ∗

increase up to a maximum and then decrease down to a more or less

a constant value for a plateau of values of a. For a given value of a,

greater values of τ are associated with greater values of P ∗. On the

other hand, in the right plot, the curves show that the dimensionless

reduced axial load N∗r has a maximum, i.e. values of N∗r increase up to
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A Neo-Hookean transversely isotropic material model

a maximum and then decrease. For a given value of a, greater values of

τ are associated with smaller values of N∗r .

4.2.2 Transverse isotropy MR = 0

The direction M for a general (helical) transverse isotropy is character-

ized by

M = cos(α) EΘ + sin(α)EZ , (4.4)

where α, with 0 ≤ α ≤ π/2, is the angle that the direction makes locally

with the azimuthal direction. In this situation the invariants I4 and I5

using (3.23) yield

I4 = (λθMΘ + γλzMZ)2 + λ2
zM

2
Z ,

I5 = 2γλθλz(λ
2
θ + λ2

z(1 + γ2))MΘMZ

+ λ2
θ(λ

2
θ + γ2λ2

z)M
2
Θ + λ2

z(γ
2λ2

θ + (1 + γ2)2λ2
z)M

2
Z . (4.5)

Note that, as opposed to the case in which the fibre was in the radial

direction, σ is not coaxial with B due to the torsion. For the circum-

ferential transverse isotropy, i.e. MΘ = 1,MZ = 0, the invariant I4 does

not depend on γ but I5 depends on γ, which in turn means that the fi-

bre length does not change with torsion. Furthermore, in general, using

(4.5), it can be shown that

I5 = I4(I1 − λ−2
θ λ−2

z )− λ2
θλ

2
z. (4.6)

For positive γ, both I4 and I5 are monotonic increasing functions of

each of γ, λθ and λz. For γ < 0 and λz fixed, I4 has a minimum, which

may be greater than or less than 1. The situation with I5 is not so

straightforward, and for certain values of α two minima can be found.

More in particular, the invariant I5 has two minima for α ∈ (αmin, αmax)

where i) αmax changes (slightly) with λz and λθ and ii) αmin tends to
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0 as γ → ∞. For λθ = λz = 1.2 and −8 < γ < 0, αmin ≈ 3.4◦ and

αmax ≈ 15.5◦ (see Figure 4.2). This opens the possibility to get non-

smooth solutions, whose study goes beyond this note.
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Figure 4.2: The curves of Figure 4.2(a) give values (γ, α) obeying ∂I5/∂γ = 0
while the curves of Figure 4.2(b) give values of I5 vs γ for λθ = λz = 1.2
and α1,2,3 ≈ 14◦, 11◦, 8◦, which obey α ∈ (αmin, αmax). The adimensional
quantities P ∗, M∗ and N∗ for values of α ∈ (αmin, αmax) are similar to those
corresponding to α = 0.
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Figure 4.3: The curves give values of pressure P ∗ vs the inner radius a for
τ = −0.1 and specific values of α.

We further illustrate the results numerically for values ρ = 2 and λθ =

λz = 1.2 as well as for different values of τ and α. The qualitative
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behaviour of the curves in in Figure 5.3 is quite similar. All curves are

monotonically increasing. Let us focus on the the curve for which α is

equal to 90◦. In this case I5 is a fixed value given by (3.45)2. It follows

by (4.1) that this case is qualitatively (not quantitatively) associated

with the behaviour of a neo-Hookean material.
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Figure 4.4: The curves give values of moment M∗ vs the inner radius a for
τ = −0.1 and specific values of α.
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Figure 4.5: The curves give values of reduced axial load N∗r vs the inner
radius a for τ = −0.1 and specific values of α.

There is a correspondence between Figure 5.3, Figure 5.4 and Figure 5.5.

In particular, Figure 5.3 gives values of P ∗ while under the same cir-

cumstances Figure 5.4 gives values of M∗ and Figure 5.5 gives values of
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N∗r . The plots show that curves may intersect each other which in turn

means coupling among the values of the parameters involved. It is inter-

esting to note that as the angle α decreases from 90◦ the reduced axial

load in Figure 5.5 turns from positive to negative as the inner radius

increases.

−1 −0.5 0 0.5

−100

0

100

200

Twist τ

A
x
ia
l
L
oa
d
N

∗ r

α = 0◦ α = 30◦ α = 45◦

α = 60◦ α = 90◦ α ≈ 8◦

Figure 4.6: Values of the adimensional dimensional reduced axial load N∗r
Figure 5.7 vs the torque deformation parameter τ for a = 1.2, λz = 1.2 and
specific values of the fibre angle α.

Finally, we consider a = 1.2 and λz = 1.2 and we plot different values

of the reduced load vs the torque deformation parameter τ for specific

fibre angles in Figure 5.7. These values are symmetric with respect to

the values of the torque deformation for fibre angles α = 0 and α = 90◦.

In addition we notice that α = 0-curve is associated with range of values

smaller than the range of values associated with other angles since the

fibre is in the circumferential direction.
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4.3 Ordinary Ellipticity

The loss of ordinary ellipticity was given by, for instance, Merodio and

Neff [93] as

Q(n) : t⊗ t = 0, (4.7)

where Qij = FpαFqβ
∂2W

∂FjβFiα
npnq is the acoustic tensor and t and n are

two unit vectors satisfying t · n = 0. The acoustic tensor particularized

for (4.1) yields

Q = 2W1(B : n⊗ n)I

+ 2W5{2(B : m⊗ n)(m · n)I + (B : n⊗ n)(m⊗m)

+ (m · n)(m⊗ n)B + (m · n)B(n⊗m) + (m · n)2B}
+ 4W55{(B : m⊗ n)m + (m · n)Bm}
⊗ {(B : m⊗ n)m + (m · n)Bm}. (4.8)

The analysis of (4.7) for a given W furnishes the ellipticity status of

that particular strain energy. A given deformation gradient F satisfying

(4.7) for every pair of unit vectors t and n such that t · n = 0 is said to

be an elliptic deformation for that W . On the other hand, if, for some

pair of orthogonal unit vectors t and n, a given deformation gradient F

satisfies equation (4.7), then the deformation is said to be non-elliptic

for that material model. Furthermore, the unit vector n is identified

as the normal vector to a surface (in the deformed configuration), re-

ferred to as a weak surface, across which some of the differentiability

properties required in the derivation of the equilibrium equations are

not satisfied by some or all the variables involved. Once we have ob-

tained F, it is possible to check the ellipticity of the deformation. On the

other hand, using (3.12), the incompressibility constraint λrλθλz = 1,

97



Combined deformations for the I5−based anisotropy

(4.8) and (4.7), the ellipticity condition can be written as a function

of (λθ, λz, γ, α, ρ, µ, n). One can assume that all variables are known

except λθ and n and solve for those values. Whence, using (3.10), one

can write λθ = r/
√
λz(r2 − a2) + A2 and, now, choose appropriate val-

ues for A and B to design an structure subject to elliptic deformations.

Of course, this may not be possible. The following analysis enlightens

the discussion. We consider as an example the case of radial transverse

isotropy with MR = 1 and assume that the unit vectors t and n are in

either the rz−plane or in the rθ−plane. In the former case, the two

directions n and t can be written as

n = − sinϕ er + cosϕ ez, t = cosϕ er + sinϕ ez (4.9)

It follows that the condition of loss of ellipticity (4.7) does not depend on

γ. The onset of ellipticity is shown for ρ = 2 and λz = 1 in Figure 4.8(a)

and λZ = 1.2 in Figure 4.8(b). The former case (λz = 1) correspond to

internal pressure only while the latter corresponds to combined exten-

sion and inflation. The curves in these plots obey (4.7). In Figure 4.8(a),

ellipticity is lost for λθ > 1 but very close to the undeformed configu-

ration and the weak surface is perpendicular to the fibre (ϕ = π/2),

which is interpreted as fibre kinking. As λθ increases there could be

two (symmetric) weak surfaces in the rz−plane: one with ϕ > π/2

and the other with ϕ < π/2. Furthermore, it is possible to obtain a

weak surface parallel to the fibre obeying ϕ = 0, which is interpreted

as fibre splitting. The description applies to the results associated with

λz = 1.2. Whence, very moderate inflation is sufficient to lose ellipticity.

Furthermore, it follows that moderate axial tensile load is just sufficient

to lose ellipticity. The fibre is under compression under these circum-

stances. For completeness, similar plots are shown for ρ = 4 in Figure

9. The two solutions that unfold in Figure 4.8(a) (Figure 4.8(b)), one

related to fibre kinking and the other related to fibre splitting, are fully
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developed and emerge together in the curve on the left of Figure 4.9(a)

(Figure 4.9(b)).

ez

er

tn

er

eθ

t−n

Figure 4.7: Kinematics of fibre kinking in fibre reinforced materials. The
boundary of the kink band in the incipient fibre kinking mechanism is in-
terpreted as a weak surface and is close to the normal direction of the fibre
reinforcement. The unit vector n is perpendicular to the boundary of the
kink. Two possible kink bands are shown. The lower right sketch in the
cylinder considers a kink band with unit vectors t and n in the rz−plane
while the upper left sketch considers a kink band with these vectors in the
rθ−plane.
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Figure 4.8: The curves in these plots obey (4.7) and show the ellipticity status
of λθ for ρ = 2 and λz = 1 in Figure 4.8(a) and λZ = 1.2 in Figure 4.8(b).
The kink band is in the rz−plane.
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Figure 4.9: The curves in these plots obey (4.7) and show the ellipticity status
of λθ for ρ = 4 and λz = 1 Figure 4.9(a) and λZ = 1.2 Figure 4.9(b). The
kink band is in the rz−plane.

When the two directions n and t are on the rθ−plane, it follows that

n = − sinϕ er − cosϕ eθ, t = cosϕ er − sinϕ eθ. (4.10)

Under these circumstances, the loss of ellipticity condition (4.7) depends

on γ. Nevertheless, for γ = 0 results give the situation described previ-

ously with the weak surfaces now in the rθ−plane.
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5
5.1 Introduction

Since the pioneering work of Rivlin [102], the pure azimuth shear prob-

lem has been studied in the context of non-linear elasticity by different

authors from several points of view, which has included the analysis of

multiple solutions, among others. Most of the works deal with isotropic

solids. Very recently, discontinuous solutions have been obtained for

non-isotropic models, in particular, for materials with unidirectional re-

inforcements. These models depend on an anisotropic character that is

given by the stretch in the fibre direction. Here, we also focus on the

occurrence of discontinuous solutions in the azimuthal shear of a tube

and extend the results found previously for the models mentioned to

materials with a different anisotropic character.

For fibre-reinforced materials it is common to work with a strain energy

that considers separately, on the one hand, the isotropic base material

and, on the other hand, the anisotropic character of the material, which

is referred to as the reinforcing model. Two independent invariants are

sufficient to characterize the anisotropic nature of a unidirectional rein-
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forcement (a family of fibres), one of which is related directly to the fibre

stretch and is denoted by I4. The other invariant, denoted I5, is also

related to the fibre stretch but introduces an additional effect associated

with the behaviour of the reinforcement under shear deformations. To

the best of our knowledge, most of the solutions of the different bound-

ary value problems found in the literature dealing with non-isotropic

materials use strain energy functions that depend on the invariant I4

(see Gao and Ogden [6]; Kassianidis et al. [103] for materials with one

family of fibres, and Dorfmann et al. [104] for two families of fibres, as

well as references therein). This is so not only for the azimuthal shear

problem but also for other boundary value problems (see El et al. [105]

and references therein). If the material is reinforced with two families of

fibres the analogues of I4 and I5 are denoted I6 and I7, respectively, for

the second family. Here, following Dorfmann et al. [104], we define the

strain energy in terms of an augmented isotropic base material but we

use a reinforcing model in which the anisotropic character of each fam-

ily of fibres depends on I5 (I7). Unlike in the isotropic theory, isotropic

base energy functions convex in the amount of shear do not guarantee

that the azimuthal shear deformation is admissible. It is necessary to

fully analyse both the azimuthal equilibrium equation and the boundary

conditions. The problem depends also on the direction of the fibre and

the sense of shear.

Given a simple shear deformation some strain energy functions can be

written in terms of the single deformation variable γ. It follows that the

shear stress, in the direction of shearing, is obtained simply as the deriva-

tive of the strain energy formulated as a function of γ with respect to the

amount of shear (see Kassianidis et al. [103]). In particular, this result

can be established for a simple shearing in any direction when there are

preferred directions in the material. Let us assume the existence of such

a strain energy function denoted W which can be expressed in terms
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of γ as Ŵ , it follows that the shear stress is given as ∂Ŵ/∂γ. Here,

following these results, the notion of strong ellipticity is related to the

magnitude and direction of the applied (azimuthal shear) loading and

the resulting shear strain in the material. Furthermore, the associated

surfaces of discontinuity are shown to be circular cylinders concentric

with the tube.

A review of the literature dealing with isotropic models for the prob-

lem at hand is provided by Jiang and Ogden [106]. With respect to

anisotropic bodies undergoing azimuthal shear deformation, Jiang and

Beatty [107] examined the helical shear problem and Tsai and Fan [108]

analysed the anti-plane shear problem for transversely isotropic elas-

tic materials. The purpose was the analyses of strain-energy functions

capable to support the considered deformations. For non-isotropic ma-

terials, Jiang and Beatty [107] give necessary and sufficient conditions

for the strain-energy function to sustain controllable and axisymmetric

helical shear deformations for a homogeneous, compressible, anisotropic

hyperelastic circular tube. We refer to Kassianidis et al. [103] for incom-

pressible materials. More recent studies, see for instance O’Callaghan

et al. [109], provide applications of the dynamic azimuthal shearing of a

mixture of a transversely isotropic viscoelastic material surrounded by a

softer isotropic viscoelastic material. In Dagher and Soldatos [110], the

problem of small azimuthal shear deformation of a transversely isotropic

tube, emphasizing the flexibility of the fibre-reinforcement, was consid-

ered (see also Dagher and Soldatos [111]). With regard to discontinuous

solutions, Gao and Ogden [6] provided a variational approach capable

to capture discontinuous solutions in the problem of azimuthal shear

for a transversely isotropic circular cylindrical tube. The results can be

extended to doubly fibre reinforced materials as we show here.
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5.2 Pure Azimuthal Shear. Kinematics

We consider a stress free circular cylindrical tube in the reference con-

figuration Br. In terms of cylindrical polar coordinates (R,Θ, Z) in the

reference configuration Br, relative to a rectangular cylindrical polar

basis {Ei}, i ∈ {R,Θ, Z}, the geometry of body is given by

A ≤ R ≤ B, 0 ≤ Θ ≤ 2π, 0 ≤ Z ≤ L. (5.1)

The pure azimuthal shear is

r = R, θ = Θ + g(r), z = Z, (5.2)

where (r, θ, z) is the cylindrical polar coordinate system in the deformed

configuration Bt relative to the polar basis {ei}, i ∈ {r, θ, z} and g is an

unknown (azimuthal) function to be determined. We assume that

g =

0 on R = a = A

ψ on R = b = B
(5.3)

in which ψ ≶ 0 is the angle of rotation of the outer boundary r = b = B

relative to the inner one r = a = A. We further take ψ > 0 to correspond

to the positive sense of increasing θ (positive shear). The deformation

eq. (5.2) can be maintained under the action of surface tractions alone

depending on the nature of the material properties. The deformation

gradient, in this case, can be written as

F = er ⊗ ER + eθ ⊗ Eθ + ez ⊗ EZ + γeθ ⊗ ER, (5.4)

where γ = rg′(r) is the local amount of simple shear in planes normal

to ez. The left and right Cauchy-Green deformation tensors, denoted
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B = FFT and C = FTF, respectively, are

B = I + γ(er ⊗ eθ + eθ ⊗ er) + γ2eθ ⊗ eθ, (5.5)

C = I + γ(ER ⊗ EΘ + EΘ ⊗ ER) + γ2ER ⊗ ER, (5.6)

We consider a tube in which at each point there are two families of fibres,

each one of them defined in the reference configuration by one preferred

direction. The vectors M and M′ that lie in the (ER,EΘ)−planes of

the tube identify these two preferred directions. More particularly, we

assume that the vectors are symmetrically arranged relative to the radial

direction ER, i.e. one can write

M = MRER +MΘEΘ M′ = MRER −MΘEΘ, (5.7)

where MR = cosα and MΘ = sinα, in which 0 ≤ α ≤ π/2 is the angle

between the preferred direction and the radial direction. More details

related to this special fibre arrangement can be found in Kassianidis

et al. [103] and Dorfmann et al. [104].

Since the deformation is plane and isochoric, the principal (isotropic)

invariants of the tensor C are

I1 = I2 = 3 + γ2. (5.8)

The (anisotropic) invariants associated with the preferred directions are

(see Merodio and Ogden [112])

I4 = FM · FM

I6 = FM′ · FM′

I5 = M · (C2M)

I7 = M′ · (C2M′)

I8 = FM · FM′

= m ·m,

= m′ ·m′,
= m · (Bm)

= m′ · (Bm′)

= m ·m′,

(5.9)
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where M and M′ are the two preferred directions. Note that I6 and I7

are the analogues of I4 and I5, respectively, for M′, while I8 introduces

coupling between the two families. It is easy to check using eq. (5.6)

and eq. (5.9)3 that the invariant I5 captures any kind of deformation

effects that might be due to the presence of individual radial fibres in

the pure azimuthal shear deformation of an elastic tube, as opposed to

the invariant I4.

5.3 Material model

Our interest is in the invariant I5 (I7) as opposed to the analysis given in

Dorfmann et al. [104] that focused on I4 (I6). We restrict our attention

to the isotropic invariant I1 and the two anisotropic invariants I5, I7,

i.e. we consider

W = W (I1, I5, I7). (5.10)

The associated Cauchy stress tensor σ has the form (see Merodio and

Ogden [112])

σ =− pI + 2W1B + 2W5(m⊗Bm + Bm⊗m)

+ 2W7(m′ ⊗Bm′ + Bm′ ⊗m′),

where p is the Lagrange multiplier associated with the incompressibility

constraint and Wi = ∂W/∂Ii, i = 1, 5, 7. For the deformation considered

in Section 5.2 the in-plane cylindrical polar components of σ are found

to be

σθθ = 4W5(M2
Rγ

4 + 2MRMΘγ
3 + (M2

R + 1)γ2 + 3MRMΘγ +M2
Θ)

+ 4W7(M2
Rγ

4 − 2MRMΘγ
3 + (M2

R + 1)γ2 − 3MRMΘγ +M2
Θ)

+ 2W1γ
2
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σrr = 4W5(M2
Rγ

2 +MRMΘγ +M2
R) + 4W7(M2

Rγ
2 −MRMΘγ +M2

R)

σrθ = 2W5(2M2
Rγ

3 + 3MRMΘγ
2 + (2M2

R + 1)g + 2MRMΘ)

+ 2W7(2M2
Rγ

3 − 3MRMΘγ
2 + (2M2

R + 1)γ − 2MRMΘ)

+ 2W1γ, (5.11)

where σzz = −p + 2W1 = 0 (the normal section to the ez direction is

free of stress) has been used to eliminate p.

In view of eq. (5.8) as well as eq. (5.6) and eq. (5.9)3,4 we introduce a

new function, denoted Ŵ , such that

Ŵ (α, γ) = W (I1, I5, I7). (5.12)

Differentiating eq. (5.12) with respect to γ, one obtains that

σrθ =
∂Ŵ

∂γ
. (5.13)

The discussion provided for I4 and I6 in Dorfmann et al. [104] also applies

here for I5 and I7. In particular, if the material properties associated

with the two preferred directions are different, then W would not be a

symmetric function of I5 and I7. We consider the symmetric case and,

whence, it is appropriate to work with symmetric combinations of I5 and

I7. Following Dorfmann et al. [104], we take the product I5I7 which is

shown to have the features associated with the discontinuities we want

to capture. It follows using eq. (5.7) and eq. (5.9)3,4 that

I5I7 =M4
Rγ

8 + 2M2
R(4M2

R − 1)γ6

+ (1 + 10M2
R(2M2

R − 1))γ4

+ 2(1 + 2M2
R(4M2

R − 3))γ2 + 1, (5.14)
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whose critical points (γ, I5I7(γ)) are

(
±

√
2(1− 4M2

R) + 2
√

1 + 8M4
R − 4M2

R

2MR

, 4M2
R(1−M2

R)

)
(
±
√

2(1− 4M2
R)

2MR

, 2− 1

2M2
R

(1− 1

8M2
R

)

)
(0, 1),

(5.15)

for α ∈ (π/4, π/2), α ∈ (π/3, π/2) and α ∈ (0, π/2), respectively.
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Figure 5.1: Plots of the product the amount of shear γ for α1 = 7π/24,
fig. 5.1(a), and α2 = 5π/12, fig. 5.1(b).

These critical points are illustrated in fig. 5.1 for two different values

of α. The critical point given by (5.15)3, i.e. the point (0, 1) is a local

maximum in fig. 5.1(a) and a local minimum in fig. 5.1(b). In addition,

the product I5I7 has two local minima given by (5.15)1 as it is shown in

both fig. 5.1(a) and fig. 5.1(b). The two local maxima given by (5.15)2

appear in fig. 5.1(b).

In view of eq. (5.12) and eq. (5.14) we introduce a new energy function,

denoted by W̃ , depending on I1 and Γ = I5I7 such that

W̃ (Γ, I1) = Ŵ (γ, α) = W (I1, I5, I7). (5.16)
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The Cauchy stress components (5.11) can be written then as

σrr = 4W̃Γ{I7(M2
Rγ

2 +MRMΘγ +M2
R) + I5(M2

Rγ
2

−MRMΘγ +M2
R)}

σrθ = 2W̃Γ{I7(2M2
Rγ

3 + 3MRMΘγ
2 + (2M2

R + 1)γ

+ 2MRMΘ) + I5(2M2
Rγ

3 − 3MRMΘγ
2

+ (2M2
R + 1)γ − 2MRMΘ)}+ 2W̃1γ

σθθ = 4W̃Γ{I7(M2
Rγ

4 + 2MRMΘγ
3 + (M2

R + 1)γ2

+ 3MRMΘγ +M2
Θ) + I5(M2

Rγ
4 − 2MRMΘγ

3

+ (M2
R + 1)γ2 − 3MRMΘγ +M2

Θ)}+ 2W̃1γ
2, (5.17)

where the subscripts 1 and Γ represent differentiation with respect to I1

and Γ, respectively. It is easy to show that Ŵγ = σrθ and that

Ŵγγ =
∂σrθ
∂γ

= 4W̃Γ{14M4
Rγ

6 − 15M2
R(1− 4M2

R)γ4 + 3(1− 10M2
R

+ 20M4
R)γ2 + 1− 6M2

R + 8M4
R}+ 2W̃1 + 2(W̃ΓΓΓγ

+ W̃Γ1I1γ){I7(2M2
Rγ

3 + 3MRMΘγ
2 + (2M2

R + 1)γ

+ 2MRMΘ) + I5(2M2
Rγ

3 − 3MRMΘγ
2 + (2M2

R + 1)γ

− 2MRMΘ)}+ 2(W̃1ΓΓγ + W̃11I1γ)γ. (5.18)

5.3.1 A particular energy function

We now adopt a simple form of W that captures the essential features

of the deformation. We consider

W̃ =
µ

2
(I1 − 3 + ρ(Γ− 1)2), (5.19)
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where µ is the shear modulus of the isotropic base and ρ is a pa-

rameter associated with the degree of anisotropy of the reinforcement

model. In fig. 5.2, we illustrate the quantities Ŵγ/µ (fig. 5.2(a)), Ŵγ/µγ

(fig. 5.2(b)), obtained using (5.17)2, and Ŵγγ/µ (fig. 5.2(c)) for ρ = 20

and α = 7π/24, which is associated with 3 critical points of Γ (see

fig. 5.1(a)). Similarly, in fig. 5.3, we illustrate the same quantities for

ρ = 20 and α = 5π/12, which is associated with 5 critical points of Γ

(see fig. 5.1(b)).
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Figure 5.2: Plots of Ŵγ/µ, Ŵγ/µγ and Ŵγγ/µ for ρ = 20 and α = 7π/24.
Note that for α = 7π/24 the curves are qualitatively similar to the ones
associated with the product I4I6 (see Dorfmann et al. [104]).
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Figure 5.3: Plots of Ŵγ/µ (fig. 5.3(a)), Ŵγ/µγ (fig. 5.3(b)) and Ŵγγ/µ
(fig. 5.3(c)) for ρ = 20 and α = 5π/12.
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In fig. 5.3(b) we notice that Wγ is negative for some positive values of γ.

In what follows we restrict either the angle α or the amount of shear γ to

satisfy that Wγ > 0 for γ > 0. A simple illustration in the (γ, α)−plane

of the sign of Wγ is shown in fig. 5.4 for ρ = 20. In particular, pairs of

values (γ, α) enclosed between the curves in fig. 5.4 obey that Wγ < 0

for γ > 0

0 1 2 3 4 5
45
50

60

70

80

90

A

B

γ

α

Figure 5.4: Pairs of points (γ, α) within the two loops obey that Wγ < 0 for
γ > 0, which is related to a non-physical behaviour.

In order to eliminate non-physical behaviour of W so that positive

(negative) shear stress is associated with positive (negative) amount

of shear, we restrict either values of γ or α around either A(0.91, 54.62◦)

or B(0.91, 82.4◦) (see fig. 5.4). Note that when γ →∞, αB → 90◦. We

consider two cases: firstly, we do not restrict the fibre angle, which in

turn means that γ has to be in the domain (0, γA); secondly, we do not

restrict the amount of shear, which requires values of α in the domain

(45, αA). To illustrate these conditions, we plot Ŵγ/µγ and Ŵγγ/µ vs

γ in fig. 5.5(a) and fig. 5.5(b), respectively, for different values of α.

Other cases need to be analysed on a one to one basis. It is clear that

the shear stress Wγ is positive in fig. 5.3(a) for all values of α when

γ > 0. Furthermore, as it is shown in fig. 5.5(a), the shear stress is

monotonically increasing if and only if α < α3 = 50.11◦. In fig. 5.5(b)

for α < α3, it follows that Ŵγγ is always positive. On the other hand,

for α3 < α < α5, it follows that Ŵγγ may be positive or negative when
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γ > 0.

−1 −0.5 0 0.5 1

−2

0

2

0

0

γ

Ŵ
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Figure 5.5: Plots of Ŵγ/µ, fig. 5.5(a), and Ŵγγ/µ, fig. 5.5(b), for values of
αi = (45, 47 , 50.11, 51.56, 54.62), i ∈ (1, 2, 3, 4, 5).

5.4 Equilibrium equations

To completely characterise the solution, it is necessary to fully analyse

both the azimuthal equilibrium equation and the boundary conditions.

We do so in what follows.

5.4.1 Equilibrium equations and the Maxwell line

Under the considered plane deformation and in the absence of body

forces, the equilibrium equations that are not trivially satisfied reduce

to (see Kassianidis et al. [103], for instance)

r
d

dr
(σrr) + σrr − σθθ = 0

d

dr
(r2σrθ) = 0. (5.20)
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The azimuthal equation (5.20)2 can be integrated to give

σrθ =
τθb

2

r2
= τ(r), (5.21)

in which τθ is a constant parameter that gives the value of the applied

azimuthal shear stress on the boundary r = b. Positive values of τθ

are associated with positive values of γ while negative values of τθ are

related to negative values of γ as discussed by Jiang and Ogden [106]

in the context of isotropy. Combining eq. (5.13) and eq. (5.21) one can

write

Ŵγ − τ(r) = 0, (5.22)

which, given Ŵ and τθ, can be solved to obtain the admissible solutions

γ (for the deformation described in Section 5.2). Furthermore, using

γ = rg′ and the boundary conditions eq. (5.3), the deformation function

g can be finally obtained.

It is easy to show that strong ellipticity is equivalent to the strain-energy

function being a strictly locally convex function of γ, i.e.

Ŵγγ ≡
∂σrθ
∂γ

> 0. (5.23)

The analysis is similar to the one developed in Kassianidis et al. [103] for

transversely isotropic materials. The ellipticity condition for the consid-

ered azimuthal shear deformation and constitutive law can be obtained

from Merodio and Ogden [112]. We are considering that eq. (5.23) may

not be satisfied. Since the circular geometry is to be maintained, it fol-

lows that the surface of discontinuity is necessarily circular cylindrical

and concentric with the tube.

We now investigate the loss of ellipticity of the governing differential

equation of equilibrium. The loss of ellipticity is given given in terms of

the acoustic tensor as

Q(n) : t⊗ t = 0, (5.24)
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where Q is the acoustic tensor given by

Qij = FpαFqβ
∂2W

∂FiαFjβ
npnq, (5.25)

For any two unit vectors t and n satisfying t · n = 0. We recall that

under plane deformation, the invariants I5, I7 are related to I1, I4, I6 via

C ayley-Hamilton theory by

I5 = (I1 − 1)I4 − 1, I7 = (I1 − 1)I6 − 1, (5.26)

then we may introduce a new strain-energy function given by

Ω(I1, I4, I6) = W (I1, I5, I7). (5.27)

Under this circumstances, the second derivative of the strain-energy

function eq. (5.27) can be expressed as

∂2Ω

∂Fiα∂Fjβ
=

∑
x,y=1,4,6

Ωxy
∂Iy
∂Fiα

∂Ix
∂Fjβ

+
∑

x=1,4,6

Ωx
∂2Ix

∂Fiα∂Fjβ
, (5.28)

here the subscripts x, y on Ω represent the differentiation of Ω with

respect to the corresponding invariants. The associated acoustic tensor

given by eq. (6.19) results to

Q = Ω1(B : n⊗ n)I + 2Ω11Bn⊗Bn + 4Ω14(m · n)Bn⊗m

+ 4Ω16(m′ · n)Bn⊗m′ + 4Ω46(m · n)(m′ · n)m′ ⊗m′

+ (m · n)2[Ω4I + 2Ω44m⊗m] + (m′ · n)2[Ω6I

+ 2Ω66m
′ ⊗m′].

(5.29)

where the subscripts on Ω for a general strain-energy function are given

by

114



Equilibrium equations

Ω1 = W1 +W5I4 +W7I6

Ω4 = W5(I1 − 1)

Ω6 = W7(I1 − 1)

Ω14 = W15(I1 − 1) +W55(I1 − 1)I4 +W5 +W75(I1 − 1)I6

Ω16 = W17(I1 − 1) +W57(I1 − 1)I4 +W7 +W77(I1 − 1)I6

Ω46 = W57(I1 − 1)2

Ω11 = W11 +W15I4 +W17I6 + (W51 +W55I4 +W57I6)I4

+ (W71 +W75I4 +W77I6)I6

Ω44 = W55(I1 − 1)2

Ω66 = W77(I1 − 1)2. (5.30)

For illustration we will take the strain-energy function W to be given by

the one defined in eq. (5.19), in which case, the subscripts on W reduce

to

W1 =µ/2

W5 = ρ(I5I7 − 1)I7

W7 = ρ(I5I7 − 1)I5

W11 = 0

W55 = ρI2
7

W77 = ρI2
5

W15 = 0

W17 = 0

W57 = 2ρI5I7 − ρ.
(5.31)

The breakdown of ellipticity is accompanied with the emergence of

weak (strong) surfaces of discontinuity orientated with the unit vec-

tor t. These surfaces are necessarily constrained to be circular in the

(r− θ)−plane and centric with tube so as the circular cylindrical geom-

etry is maintained. Then, we may take t = eθ and n = er, together

with eqs. (5.29)-(5.31), the loss of ellipticity condition eq. (5.24) yields

a fourteenth degree polynomial function on γ whose coefficients depend

on (ρ, α).
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Ŵγγ/2µ Q(n): t ⊗ t/µ Figure 5.6: Plots of the loss of elliptic-
ity condition eq. (5.24) and Ŵγγ/2µ.

Figure 5.6 shows that eq. (5.24) and Ŵγγ/2µ = 0 are equivalent nec-

essary conditions for the loss of ellipticity which is in agreement with

Kassianidis et al. [103] where the same formula has been derived for

a single preferred direction. Here, following these results, the notion of

strong ellipticity is related to the magnitude and direction of the applied

(azimuthal shear) loading and the resulting shear strain in the material.

For the discussion, and without loss of generality, it is useful to consider

a particular case. In fig. 5.7, values of w̄γ = Ŵγ/µ vs γ are displayed

for α4 = 51.5◦ and ρ = 20.
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w̄
γ

Figure 5.7: Plot of w̄γ for α =
51.5◦ and ρ = 20. The two points
(γ1, w1) and (γ2, w2) are the lo-
cal maximum and the local min-
imum, respectively, of the curve.

Let w1 and w2 be, respectively, the local maximum and minimum val-

ues of w̄γ and let γ1 and γ2 be their corresponding pre-images. Then,

for a given w̄γ 6∈ (w1, w2) the solution is unique. On the other hand,

for a given w̄γ ∈ (w1, w2) there are three solutions of γ. This does not

mean that there is a discontinuous solution. Firstly, it is necessary to

check if for that w̄γ there are values of r that satisfy eq. (5.22) obeying
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a < r < b. If this is not satisfied, the solution is continuous and is either

the smaller or the greater value of γ of the three possible values shown

in fig. 5.7 as will be explained in what follows. On the other hand, if

the condition is satisfied, the possibility to get discontinuous solutions is

opened. Under these circumstances, and following parallel analyses (see

Kassianidis et al. [103]; Dorfmann et al. [104]; Jiang and Ogden [106]),

the Maxwell line plays an important role.

The physical interpretation of the problem is as follows, in analogy with

parallel situations (for instance the inflation of a balloon). This kind

of instability phenomenon is characterized by a substantial barrier to

the initiation of the instability mode, and, once initiated, the mode en-

counters less resistance and propagates at reduced load. Whence, the

instability is associated with the existence of the peak (γ1, w1). Fur-

thermore, under the circumstances at hand, there is a specific value of

w̄γ at which the instability (discontinuous solution) appears. That spe-

cific value can be obtained by means of the graphical solution known

as Maxwell line. In the literature of phase transitions, this graphical

solution involves the analyses of conjugate thermodynamical variables

for coexisting phases (see, for instance, James [113]). Since conjugate

thermodynamical variables for the pure azimuthal shear problem are the

shear stress and the deformation γ (see Gao and Ogden [6]; Dorfmann

et al. [104]), one has to construct a horizontal line in Figure 6 that cuts

the curve in such a way that the two enclosed areas between the response

curve and the horizontal line are equal (see fig. 5.9). It follows that the

horizontal line w̄γ = w̄∗ must satisfy
w̄(γ∗2)− w̄(γ∗1)− w̄∗(γ∗2 − γ∗1) = 0,

w̄γ(γ
∗
2)− w̄γ(γ∗1) = 0,

γ∗1 < γ∗2 ,

(5.32)
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where w̄ = Ŵ/µ. Once w̄∗ is obtained, one has to check if there exists

a value of r, r∗, that satisfies eq. (5.22) obeying a < r∗ < b. If this

happens, then, there exists a discontinuous solution with a jump in the

deformation γ across the surface of discontinuity r = r∗.

For the energy function in eq. (5.19), the system of equations given by

eq. (5.32) is solved to obtain the values γ∗1 , γ∗2 and w̄∗. Results are shown

in fig. 5.8. In particular, (γ∗1 , γ∗2) ≈ (0.4398, 0.7362), w̄∗ ≈ 0.545, and the

critical value of r corresponding to the Maxwell’s line is r∗ = b
√
τ̄θ/w̄∗,

where τ̄θ = τθ/µ. In fig. 5.9, the Maxwell construction is shown.
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γ
∗
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= γ

∗
2
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γ
∗ 2

Figure 5.8: The solid line is ob-
tained using eq. (5.32)1 and the dot-
ted line is obtained using eq. (5.32)2

for α = α4 and ρ = 20. The so-
lutions γ∗1 , γ

∗
2 are given by the in-

tersection of the two curves. It fol-
lows that the solution of the sys-
tem of Equations (5.32) is the top-
left pair (γ∗1 , γ∗2) ≈ (0.4398, 0.7362)
since eq. (5.32)3 has to be obeyed.
The line γ∗1 = γ∗2 is plotted for ref-
erence.
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Maxwell Line Figure 5.9: Maxwell line for α = α4

and ρ = 20.

5.4.2 Numerical example

For completeness, we illustrate the analysis with some numerical values.

We solve eq. (5.22) to show the emergence of multiple solutions. The
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parameters are ρ = 20, α = α4, r ∈ (a = 1, b = 4) and an applied az-

imuthal shear stress τ̄θ. Several values of τ̄θ are considered, in particular,

τ̄θ = (0.01, 0.036, 0.1, 0.2, 0.3, 0.5, 1.5), each one denoted τ̄ iθ, i = 1...7,

respectively. The solutions for γ are shown in fig. 5.11 for each τ̄ iθ.

EΘ

EΘ

ERER
αα

M′M

•

Figure 5.10: Preferred direc-
tions are taken to be defined by
a spiral logarithmic that satis-
fies eq. (5.7), i.e. the angle α
does not depend on R and it is
constant at any point of the fi-
bre.
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Figure 5.11: Each one of these
curves gives the admissible values
of γ obtained using eq. (5.22) for
α = α4, ρ = 20 and a given τ̄ iθ,
i = 1...7. Values τ̄ iθ, i = 1...7, are
(0.01, 0.036, 0.1, 0.2, 0.3, 0.5, 1.5),
respectively. Values of r associ-
ated with three solutions of γ are
bounded by two gray lines for each
τ̄ iθ.

For a given tube, the emergence of discontinuous solutions depends on

τ̄θ. For both small or large values of τ̄θ, eq. (5.22) gives just one solution

γ, as shown in curves τ̄ 1
θ and τ̄ 7

θ of Figure 10. On the other hand,

multiple solutions of γ appear for the other values of τ̄θ. In fact, there

exists a minimum (maximum) value of τ̄θ associated with the appearance

(disappearance) of multiple solutions for the tube at hand. It is easy
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to get that these values are τ̄θmin ≈ 0.02903 and τ̄θmax ≈ 0.602. The

critical value of the radius associated with the Maxwell line is found to

be r∗ ≈ (1.0137, 1.7134, 2.4231, 2.9677, 3.8313) for τ̄ 2
θ , τ̄ 3

θ , τ̄ 4
θ , τ̄ 5

θ , τ̄ 6
θ ,

respectively. Let γ(1), γ(2) and γ(3) be the solutions of eq. (5.22) in the

intervals (0, γ1), (γ1, γ2) and (γ2,∞), respectively, where γ1 and γ2 are

the values shown in Figure 6. It can be shown, following the discussion

given in Gao and Ogden [6] for a single preferred direction, that γ(1)

corresponds to the global minimizer of g(r) obeying 0 ≤ w̄γ < w∗ while

γ(3) corresponds to the global minimizer of g(r) obeying w̄γ > w̄∗. In

Figure 11, the stars in each curve give the value of the deformation

γ inside the tube, i.e. for each value of r. It follows that there is

a discontinuous solution associated with a jump in the deformation γ

across the surface of discontinuity r = r∗.

Figure 5.12: The curves
(τ̄1
θ , τ̄

2
θ , τ̄

4
θ , τ̄

6
θ , τ̄

7
θ ) of fig. 5.11

are shown again in this figure. The
stars in each curve give the value of
the deformation γ inside the tube,
i.e. for a given r. The values of
γ∗1 and γ∗2 are the ones obtained
with the Maxwell construction, see
fig. 5.9. The curves τ̄1
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6.1 Introduction

The aim of this section is to analyse the equilibrium configurations of a

tube of transversely isotropic hyperelastic material subject to combined

axial compression (or extension), inflation and helical shear deforma-

tions for which the governing differential equation varies in type locally

from strongly elliptic to non-elliptic as the deformation proceeds. This

change is associated with the possible emergence of surfaces of discon-

tinuity in the deformation.

This analysis as been motivated by instability phenomena in fibre-reinforced

composite materials. In particular, the material under consideration is

an isotropic neo-Hookean base (or matrix) material augmented by an

energy function that accounts for the existence of fibre reinforcement,

and in this work we will deal in particular with the so-called standard

model of reinforcement. The loss of ellipticity of the governing differen-

tial equations for the considered material is interpreted in terms of fibre

failure.

The helical shear problem has been studied by many authors from sev-
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eral points of view in the case of an isotropic material, starting from the

pioneering work of Rivlin [102]. These include the study of combined

axial and azimuthal shear of a circular cylindrical tube of incompressible

isotropic elastic material by Ogden et al. [114], in which some universal

relations between the stress components were provided, and the works

of Beatty and Jiang [115]; Kirkinis and Ogden [116], which were con-

cerned with compressible materials capable of supporting helical shear.

Horgan and Saccomandi [117] investigated different constitutive models

that account for hardening at large deformation in the case of a circular

cylindrical tube composed of an incompressible hyperelastic material.

None of these papers were concerned with the loss of ellipticity, but,

by contrast, Fosdick and MacSithigh [118] provided a detailed study of

helical shear with emphasis on the structure of the energy function and

its convexity, with particular reference to a non-convex energy function

and the emergence of equilibrium states with discontinuous deformation

gradients.

In the case of an anisotropic material the problem of helical shear has

barely been studied, although Jiang and Beatty [119] derived a nec-

essary and sufficient condition for the strain-energy function to admit

helical deformations for a compressible, anisotropic hyperelastic circu-

lar tube, considering transverse isotropy as a special case. Again, loss

of ellipticity was not considered. In terms of loss of ellipticity, Abe-

yaratne [120] investigated the emergence of discontinuous solutions in

the finite twisting of an incompressible isotropic elastic tube, while more

recently Kassianidis et al. [103] and Gao and Ogden [6], from different

perspectives, have analysed the problem of azimuthal shear of a circular

cylindrical tube of incompressible transversely isotropic elastic mate-

rial where loss of strong ellipticity and the emergence of discontinuous

solutions was examined. Dorfmann et al. [104] similarly studied the

azimuthal shear problem, but with the anisotropy associated with two
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symmetrically disposed preferred material directions.

6.2 Problem formulation

6.2.1 Kinematics and constitutive laws

We consider a circular cylindrical tube with an undeformed and stress-

free reference configuration defined by

A ≤ R ≤ B, 0 ≤ Θ ≤ 2π, 0 ≤ Z ≤ L, (6.1)

where (R,Θ, Z) are cylindrical polar coordinates with associated unit

basis vectors (ER,EΘ,EZ). The position vector, denoted X, of a mate-

rial point in this configuration is given by X = RER + ZEZ relative to

an origin on the tube axis. The deformation of the cylinder is described

by the equations

r = r(R), θ = Θ + g(R), z = λzZ + w(R), (6.2)

where (r, θ, z) are cylindrical coordinates with unit basis vectors (er, eθ, ez)

and X becomes x = rer + zez (with the same origin). The constant λz

is the axial stretch of the cylinder, and g and w are unknown azimuthal

and axial displacement functions to be determined from the solution of

the equilibrium equations and boundary conditions.

The deformation gradient tensor is denoted F and given by Gradx,

where Grad is the gradient operator with respect to X. We assume that

the material is incompressible, so that the constraint

detF = 1, (6.3)

is satisfied.
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For the considered deformation F is given by

F =
∂x

∂R
⊗ ER +

1

R

∂x

∂Θ
⊗ EΘ +

∂x

∂Z
⊗ EZ ,

and it is calculated explicitly as

F = (λrer + γθ eθ + γz ez)⊗ ER + λθeθ ⊗ EΘ + λzez ⊗ EZ , (6.4)

where λr = r′(R) is the radial stretch, λθ = r/R is the azimuthal stretch,

γθ = rg′(R) and γz = w′(R), the prime indication differentiation with

respect to R. Then, by incompressibility,

λr = (λzλθ)
−1 (6.5)

and

r2 = a2 + λ−1
z (R2 − A2), (6.6)

where a = r(A) is the deformed inner radius of the tube, and we adopt

the notation b = r(B) for the outer deformed radius.

The right Cauchy-Green deformation tensor is C = FTF is given by

C = (γ2
z + γ2

θ + λ2
r)ER ⊗ ER + λ2

θ EΘ ⊗ EΘ + λ2
z EZ ⊗ EZ ,

+ γθλθ (ER ⊗ EΘ + EΘ ⊗ ER) + γzλz (ER ⊗ EZ + EZ ⊗ ER),

(6.7)

and the left Cauchy-Green deformation is tensor FFT by

B =λ2
rer ⊗ er + (γ2

θ + λ2
θ) eθ ⊗ eθ + (λ2

z + γ2
z ) ez ⊗ ez,

+ γθλr (er ⊗ eθ + eθ ⊗ er) + γzλr (er ⊗ ez + ez ⊗ er),

+ γθγz (eθ ⊗ ez + ez ⊗ eθ). (6.8)

We consider an incompressible elastic material with strain-energy func-
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tion W (F) per unit volume, and by objectivity it depends on F only

through C. The nominal and Cauchy stress tensor S and σ are

S =
∂W

∂F
− pF−T, σ = F

∂W

∂F
− pI (6.9)

where p is a Lagrange multiplier associated with the incompressibility

constraint and I is the identity tensor.

In this analysis we are concerned with a transversely isotropic material

with direction of transverse isotropy denoted by the unit vector A in

the reference configuration. This can be thought of an isotropic matrix

material reinforced by a single family of fibres (with A the local fibre

direction), although this is not essential. For such a material W can be

expressed in terms of four invariants in the incompressible case, and in

standard notation these are typically taken to be

I1 = tr(C),

I2 = 1/2 [I2
1 − tr(C2)],

I4 = A ·CA,

I5 = A · (C2A),
(6.10)

where (by incompressibility) I3 = detC = 1 has been omitted. In

general, A depends on position X. With W = W (I1, I2, I4, I5) the

Cauchy stress eq. (6.9)2 expands out in the standard general form

σ = 2W1B + 2W2(I1B−B2)

+ 2W4a⊗ a + 2W5(a⊗Ba + Ba⊗ a)− pI, (6.11)

where a = FA, which, in general, is not a unit vector, and Wi = ∂W/∂Ii,

i=1,2,4,5. We shall be using specific examples of this constitutive law

in the body of this chapter. For background on the formulation of

equations for fibre-reinforced materials we refer to the works of Spencer

[5, 88]; Holzapfel [121]; Ogden [122].
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For the considered deformation, we have

I1 = γ2
θ + γ2

z + λ2
r + λ2

θ + λ2
z, (6.12)

a = ARλrer + (ARγθ + AΘλθ)eθ + (ARγz + AZλz)ez, (6.13)

and

I4 = a · a = (γθAR + λθAΘ)2 + (γzAR + λzAZ)2 + λ2
rA

2
R, (6.14)

where AR, AΘ, AZ are the components of A with respect to the basis

(ER,EΘ,EZ). Expressions for I2 and I5 are more lengthy and are not

therefore given in full, although we shall provide expression for I5 in

particular cases in Section 5.4.

In the reference configuration, we have I1 = I2 = 3 and I4 = I5 = 1.

Then, assuming the reference configuration is stress free, from eq. (6.9)

the restrictions (see Merodio and Ogden [20])

2W1 + 4W2 − p = 0, W4 + 2W5 = 0, (6.15)

are obtained, all terms of which are evaluated in the reference configu-

ration.

6.2.2 Equilibrium and ellipticity

In the absence of body forces the equilibrium equation can be expressed

in the two equivalent forms

DivS = 0, divσ = 0, (6.16)

where Div and div are the divergence operators with respect to X and

x, respectively.

We are interested in situations where the character of the equilibrium
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equation changes from strongly elliptic to non-elliptic. For this purpose

we write the first of these equations in (Cartesian) component form as

∂

∂Xα

(
∂W

∂Fiα
− pF−1

αi

)
≡ Aαiβjxj,αβ − p,i = 0, (6.17)

where Roman indices are associated with the deformed configuration (

x has Cartesian components xi, i = 1, 2, 3) and Greek indices with the

reference configuration (X has Cartesian components Xα, α = 1, 2, 3),

a subscript following a comma stands for differentiation with respect

to the relevant coordinate, F−1
αi is defined as (F−1)αi, we have used the

identity (F−1
αi ),α = 0, and Aαiβj are the components of the elasticity

tensor defined by

Aαiβj =
∂2W

∂Fiα∂Fjβ
(6.18)

In these differentiations the components Fiα are regarded as indepen-

dent, the incompressibility being taken care of by the Lagrange multi-

plier. The usual summation convention applies for repeated indices.

Associated with Aαiβjis the so-called acoustic tensor Q(n), the compo-

nents of which are defined by

Qij = FpqFqβ
∂2W

∂Fjβ∂Fiα
npnq. (6.19)

Evaluation of the elliptic character of the equations is determined by the

properties of Q(n). First, we note that the strong ellipticity condition

has the form

[Q(n)m] ·m > 0, for all non-zero m and n such that m · n = 0,

the latter restriction arising from incompressibility. Typically, m and n

can be taken to be unit vectors. For some background discussion on the

notion of strong ellipticity we refer to section 6.4 of Ogden [123].
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Strong ellipticity is lost if there are (non-zero) real m and n satisfying

the eigenvalue problem

[Q(n)− n⊗Q(n)n]m = 0 and hence [Q(n)m] ·m = 0. (6.20)

Note that ellipticity requires only [Q(n)m] · m 6= 0 and that strong

ellipticity is a special case of this. In the literature loss of ellipticity (for

example, in Qiu and Pence [60]) loss of ellipticity is sometimes referred

to as loss of ordinary ellipticity. However, since we assuming that the

transition is from strong ellipticity we refer only to loss of ellipticity.

We note that Q(n)− n⊗Q(n)n is not in general symmetric. However,

because of incompressibility, the eigenvalue problem can be cast as a

two-dimensional problem by defining Q̄ = ĪQĪ, the projection of Q on

to the plane normal to n, where Ī = I−n⊗n is the projection operator.

This yields the two-dimensional eigenvalue problem

Q̄(n)m = 0 (6.21)

in the plane normal to n, where Q̄(n) is symmetric. Admissible values

of the unit normal n are solutions of 2× 2 determinantal equation

detQ̄ = 0, (6.22)

and once n is determined (when it exists) m is found from eq. (6.21)

subject, of course, to m · n = 0. At this point we note that for the

considered deformation the equilibrium equation eq. (6.9)2 reduces to

the three scalar equations

d

dr
(σrr) +

1

r
(σrr − σθθ) = 0,

d

dr
(r2σrθ) = 0,

d

dr
(rσrz) = 0. (6.23)
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The first of these is used to essentially determine the radial stress σrr

(equivalently the Lagrange multiplier p) when suitable boundary con-

ditions are specified on the lateral boundaries of the tube. The second

and third equations can be integrated as

σrθ = c1/r
2, σrz = c2/r, (6.24)

where c1 and c2 are constants related to the shear stresses on the lateral

boundaries.

6.3 Application to I4 reinforcement

6.3.1 Stress

We now specialise the constitutive law so that the strain energy depends

only on I1 and I4 i.e. W = W (I1, I4). The Cauchy stress eq. (6.9) then

simplifies to

σ = 2W1B + 2W4a⊗ a− pI, (6.25)

while the restrictions eq. (6.15) give, in the reference configuration,

2W1 − p = 0, W4 = 0 (6.26)

Next we specialise the fibre direction to lie locally in the (R,Z) plane,

so that

A = ARER + AZEZ , where A2
R + A2

Z = 1, (6.27)

and the expression in eq. (6.14) for I4 reduces to

I4 = (γ2
θ + λ2

r)A
2
R + (γzAR + λzAZ)2. (6.28)

We note, in particular, that for the considered specialisation σrθ and σrz

are given by
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σrθ = 2(W1 +W4A
2
R)λrγθ,

σrz = 2[(W1 +W4A
2
R)γz +W4ARAZλz]λr, (6.29)

and in conjunction with eq. (6.24) provide two coupled nonlinear alge-

braic equations that in principle can be used to determine γθ and γθ.

In general these solutions may not be unique, as, for example, in the

azimuthal shear problem discussed in Gao and Ogden [6]; Kassianidis

et al. [103].

6.3.2 Loss of ellipticity

The second derivative of W with respect to the deformation gradient in

eq. (6.4) has a relatively simple form since the invariant I2 and I5 are

absent. It is given by

∂2W

∂FjβFiα
= 2W1δijδαβ+2W4δijδrβArAs+4W44FirFjsArAαAsAβ, (6.30)

and, by use of eq. (6.19), we obtain the corresponding acoustic tensor

in the form

Q = 2W1[(Bn) · n]I + 2W4(a · n)2I + 4W44(a · n)2a⊗ a, (6.31)

where W44 = ∂2W/∂I2
4 .

Then

Q̄ = αĪ + βā⊗ ā, (6.32)

where

α = 2W1n · (Bn) + 2W4(a · n)2, β = 4W44(a · n)2, ā = Īa, (6.33)

and we note that m · a = m · ā and n · ā = 0.
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Only values of n satisfying eq. (6.22) are admissible, and in respect of

eq. (6.32) this equation reduces to

α(α + βā · ā) = 0. (6.34)

Thus, either α = 0 or α + βā · ā = 0, and these two possibilities will in

general determine different values of n.

From eq. (6.21), by taking the scalar product with m and m×n in turn,

we obtain two scalar equations, both of which must hold:

α + β(m · a)2 = 0, β(m · a)[(m× n) · a] = 0. (6.35)

First, if α = 0 then it follows from eq. (6.35) that

m · n = 0 or β = 0. (6.36)

Second, if α + βā · ā = 0 then either β = 0 or

(m · a)2 = ā · ā and (m · a)[(m× n) · a = 0. (6.37)

Note that β = 4W44(n · a)2 vanishes if either W44 = 0 or n · a = 0. We

exclude the first of these by setting W44 > 0, as will be justified shortly

in considering a particular form of strain-energy function. Essentially,

this condition is sufficient to ensures that increasing extension in the di-

rection of transverse isotropy is accompanied by an increasing uniaxial

stress in the same direction.

To illustrate these results we consider two special examples of the direc-

tion of transverse isotropy, axial (A = EZ) and radial (A = ER).
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6.3.3 Example 1: fibres with A = EZ

Consider now the special case in which the fibres are aligned initially

along the axis of the tube, so that AR = 0, AZ = 1. Then a = λzez and,

considering m and n to lie in the (r, θ) plane, we may write

m = cosχer − sinχez, n = sinχer + cosχez, (6.38)

where the angle χ ∈ [−π/2, π/2], when it exists, defines (locally, i.e. as

a function of r) a curve of weak discontinuity on which ellipticity has

failed.

The invariant I4 in eq. (6.28) reduces to

I4 = a · a = λ2
z, (6.39)

and the fibres are not therefore affected by either the helical shear or

radial deformation. Also, we have

ā = a− (n · a)n =− λz sinχm,

m · a =− λz sinχ,

n · a =λz cosχ. (6.40)

In this case the shear stresses in eq. (6.29) reduce to

σrθ = 2W1λrγθ, σrz = 2W1λrγz, (6.41)

which are indistinguishable from those arising for anisotropic material

when W1 is independent of I4, i.e the axial fibres do not influence the

shear response.

In fig. 6.1 we depict a line of discontinuity parallel to m, which is

the cross section of a surface of discontinuity under the deformation
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in eq. (6.4) and has a normal n. For illustration a kink band bounded

by two lines of discontinuity is shown, although we should emphasize

that the theory of elasticity, lacking an intrinsic length scale, cannot

predict the width of a kink band. However, we can consider a discon-

tinuity surface as initiating a discontinuous deformation of the whole

cylinder.

Figure 6.1: Deformed section of a circular cylindrical tube showing an axial
distribution of fibres with a small kink band between two local discontinuity
lines in the direction m which are generators of conical surfaces of disconti-
nuity on which ellipticity is lost. The vector m and the normal n lie in the
(er, ez) plane.

By combining eq. (6.41) with eq. (6.24) we obtain

γθ/γz = c1/c2r, (6.42)

which is the same as that arising for pure helical shear of an isotropic

elastic material Ogden et al. [114], for which λz = 1 and r = R. Thus,

as in the case of pure helical shear, γθ and γz are not independent.

If α = 0 it follows from eq. (6.36) that either χ = 0 or χ = π/2 (indepen-

dently of r), which may be interpreted, for example, as related to fibre
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breaking ( the line of discontinuity is perpendicular to the direction of

transverse isotropy) or splitting (parallel to the direction of transverse

isotropy). On the other hand, if α+βā · ā = 0 the equations in eq. (6.37)

are automatically satisfied and this condition can be written explicitly

as

W1[λ2
rs

2 + (λ2
z + γ2

z )c
2 + 2λrγθsc] +W4λ

2
zc

2 + 2W44λ
4
zs

2c2 = 0, (6.43)

where, for compactness, we have introduced the notations s = sinχ,

c = cosχ.

Now, for purposes of illustration, we specialise to a prototype model

consisting of an isotropic neo-Hookean base material augmented with

the standard reinforcing model (see, for example, Qiu and Pence [59]

and references therein). The strain-energy function is given by

W =
µ

2
[(I1 − 3) + ρ(I4 − 1)2)], (6.44)

in which the constant µ(> 0) is the shear modulus of the base material

and the constant ρ(> 0) is a measure of the strength of the anisotropy

introduced by the preferred direction. In general both µ and ρ could

depend on X, but here we assume that they are constant. It follows

that

2W1 = µ, W4 = µρ(I4 − 1), W44 = µρ. (6.45)

In particular, we note that W1 > 0, W44 > 0, but W4 can be positive or

negative, depending on whether the fibres are extended or contracted.

In this problem this corresponds to λz > 1 or λz < 1.

Now, from eq. (6.41) and eq. (6.24) and the definitions γθ = rg′(R) and

γz = w′(R) we obtain the equations

rg′(R) =
c1λzλθ
µr

, w′(R) =
c2λzλθ
µr

, (6.46)
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which are now decoupled equations from which we may determine g(R)

and w(R) separately. By using (6.6) and λθ = r/R these equations can

be integrated to give, assuming g(A) = w(A) = 0,

g(R) =
c1λ

2
z

µ(λza2 − A2)
log(λa/λθ), w(R) =

c2λz
µ

log(R/A), (6.47)

where λa = a/A. For the pure helical shear problem, for which λz = 1

and r = R, these reduce to (Ogden et al. [114])

g(r) =
c1

2µ

(
1

a2
− 1

r2

)
, w(r) =

c2

µ
log(r/a), (6.48)

the first requiring taking the limit a→ A after setting λz = 1.

On use of eq. (6.45) the loss of ellipticity condition in eq. (6.43) reduces

to

λ2
rs

2 + (λ2
z + γ2

z )c
2 + 2λrγθsc+ 2ρ(λ2

z − 1)λ2
zc

2 + 4ρλ4
zs

2c2 = 0, (6.49)

which, in particular, is quadratic in γz. This defines the deformation,

through λθ, λz, (λr = λ−1
θ λ−1

z ) and γz, the angle χ and the anisotropy

parameter ρ for which a curve (and a surface of revolution) of discon-

tinuity can exist for fibres that are initially distributed locally in the

(R,Z)−plane parallel to the EZ direction. This is a local condition and

we note that in general λr, γz and χ depend on r. This leads to a curve

of discontinuity which is locally parallel to the unit vector m and has

normal n in the considered plane. Note, in particular, that the possible

appearance of weak solutions does not depend on the azimuthal shear

γθ with this distribution of fibres. It is worth mentioning here that if

(γθ, sinχ) is a solution of eq. (6.49), then so is (−γθ, sinχ), not surpris-

ingly since since there is symmetry about the axial direction.

Without reference to dependence on r we now consider some properties

of eq. (6.49). If λθ = λz = 1, so the deformation is pure helical shear,
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eq. (6.49) reduces to

γ2
zc

2 + 2γθsc+ 2ρs2c2 + 1 = 0, (6.50)

which has no real solution for γz. Thus, the pure helical shear deforma-

tion does not admit weak solutions (at least for the considered simple

model).

In general equation eq. (6.49) admits real solutions for γz if and only if

s2 ≤ 2ρ(λ−2
z − 1)− λ−2

z

4ρ
, (6.51)

which requires λz < 1 and also

λz ≤
√

1− 1

2ρ
. (6.52)

The latter recovers the restriction on λz found by Merodio and Pence

[61] as a necessary condition for the appearance of an orthogonal weak

solution (χ = 0). Note that this is independent of the azimuthal stretch

λθ.

Satisfaction of the equality in eq. (6.52) requires that ρ > 0.5, as also

does eq. (6.49) in the case of pure compressive loading, in agreement

with Qiu and Pence [60] in which it was shown that, under plane strain,

ρ > 0.5 is a necessary for the loss of ellipticity for a reinforced neo-

Hookean material.

Figure 6.2: Plot of the curve of λz
versus ρ corresponding to equality
in (6.52).
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Figure 6.2 provides a plot of the boundary of the region defined in

eq. (6.52). Strong ellipticity holds in the region above the curve. In

Figures 6.3 and 6.4, respectively, we illustrate the curves corresponding

to loss of ellipticity in the (λz, χ) and (γz, χ) planes based on eq. (6.49)
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Figure 6.3: Plots of the curves corresponding to solutions of eq. (6.49): χ
versus λz for γz = 0 fig. 6.3(a) and γz = 1 fig. 6.3(b) with λθ = 1 and
ρi = (1, 3, 9, 30), i ∈ (1, 2, 3, 4). Curves for negative γz are just the reflections
of those for positive γz in the axis χ = 0.

Figure 6.4: Plots of the curves
corresponding to solutions of
eq. (6.49) with χ versus γz for
λiz = (0.95, 0.85, 0.7, 0.6), i ∈
(1, 2, 3, 4).
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In figs. 6.3(a) and 6.3(b) the plots in the (λz, χ) plane correspond to γz =

0 and γz = 1, respectively, with the following values of ρ : 1, 3, 9, 30,

corresponding to relatively weak to relatively strong reinforcement . In
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fig. 6.4 the plots are in the (γz, χ) plane for representative ρ = 9 with

λz = 0.6, 0.7, 0.85, 0.95. In each case λθ has been set at 1 because λθ

does not have a significant influence on the the loss of ellipticity condi-

tion for the considered fibre distribution, in the sense that the shapes of

the curve are essentially unaffected by a change in the value of λθ. In

these figures and subsequently χ is expressed in radians.
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Figure 6.5: Plots of the curves corresponding to solutions of eq. (6.49) with
χ versus λz for ρ = 9 and λθ = 1 for the following values of γθ: (a) ±0.2; (b)
±0.7; (c) ±1.2; (d) ±1.8; (e) ±2.5; (f) ±5.
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In fig. 6.5, for ρ = 9, we illustrate how the loss of ellipticity limit in the

(λz, χ) plane changes with both positive and negative values of γz. In

particular, as noted in the caption of fig. 6.3, in respect of fig. 6.3(b),

the curves for negative γz are just the reflections (in the χ = 0 axis)

of the corresponding curves for positive γz. Clearly, as the magnitude

of γz increases the initiation of weak solutions requires increased axial

compression.

For each value or ρ used here the weak solutions begin to appear starting

from a value of λz reducing from 1 which satisfies equality in eq. (6.52)

and corresponding to χ = 0. It can be seen from fig. 6.3(a) that for

larger values of ρ the region enclosed by the curve bounding the strongly

elliptic region (which is outside the enclosed region) is more significant

than for smaller values, i.e. the stronger the anisotropy the sooner weak

solutions appear. Thus, for small values of ρ the mechanical properties of

the material are dominated by the isotropic base material, in which case

larger compressions are required for the appearance of weak solutions,

while for larger values of ρ the anisotropic component dominates the

mechanical behaviour of the composite and for weak solutions to appear

a smaller compression is needed.

We now consider the r dependence of eq. (6.49). For this purposes we

note that from eq. (6.24)2, with the constant c2 replaced by τb, and

eq. (6.41)2 we have µγz = τb/rλr, where τ is the axial shear stress

applied on the outer boundary r = b of the tube. Also, by making use

of the definition λθ = r/R and the incompressibility condition eq. (6.5),

eq. (6.6) can be arranged in the form

λ2
r = λ−1

z

(
1− a2 − λ−1

z A2

r2

)
(6.53)

By substituting for γz and λr into eq. (6.49) we then have an equation

from which we can elicit the dependence of χ on r for different choices of
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the parameter ρ, the axial stretch λz, the tube cross-sectional geometry

(reference and deformed) and the axial shear stress. Note that there are

no real solutions of eq. (6.49) for λz ≥ 1.

For numerical purposes we define the dimensionless quantities

η = B/A, ā = a/A, b̄ = b/B, r̄ = r/A, τ̄ = τ/µ, (6.54)

noting that

b2 = ā2 + λ−1
z (η2 − 1). (6.55)

The range of values of r̄ is then [ā, b̄], and eq. (6.49) becomes

4ρλ4
zs

2c2 + 2τ̄
b̄

r̄
sc+ λ−1

z

(
1− ā2

r̄2
+
λ−1
z

r̄2

)
s2

+

(
λz τ̄

2 b̄
2

r̄2
(1− ā2

r̄2
+
λ−1
z

r̄2
)−1 + 2ρλ2

z(λ
2
z − 1) + λ2

z

)
c2 = 0 (6.56)

In fig. 6.6, for representative values of the quantities in eq. (6.54), we

illustrate how χ depends on r̄. We take ρ = 12, λz = 0.8, η = 3, ā = 1.5

and a series of values of τ̄ , specifically τ̄ = 0, 0.7, 1, 1.5, 2, 2.4. The

general nature of the solutions follows the same trend for other values

of these quantities

1.5 2 2.5 3 3.5

−0.5

0

0.5

r̄

χ
in

[r
ad

]

τ̄ = 0 τ̄ = 0.7 τ̄ = 1
τ̄ = 1.5 τ̄ = 2 τ̄ = 2.4

Figure 6.6: Plots of χ versus r̄
based on eq. (6.49) with ρ = 12,
λz = 0.8, η = 3, ā = 1.5 and
τ̄ = 0, 0.7, 1, 1.5, 2, 2.4.
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For τ̄ = 0, fig. 6.6 shows two curves, symmetrically disposed with respect

to χ = 0. These curves (actually straight lines in this case) correspond

to two possible, but equivalent (because z and −z may be interchanged),

curves with different orientations (at approximately ±30◦ to the radial

direction). Curves in fig. 6.6 show how the curves changes as γz is in-

creased from 0. The symmetry is broken and the two curves evolve

differently, the discontinuities disappear from the inner part of the tube

and eventually disappear from the tube altogether.

Figure 6.7 shows a schematic of the upper discontinuity curves them-

selves through the tube thickness as τ̄ increases for the values τ̄ =

0, 0.7, 1.5, 2

(a) (b) (c) (d)

Figure 6.7: Depiction of the curves of discontinuity as functions of the de-
formed tube radius r for the following values of τ̄ : (a) 0; (b) 0.7; (c) 1.5; (d)
2. In each figure a longitudinal section of the tube is shown with the inner
radius on the left and the outer radius on the right; the discontinuity curve
is based on the centre of the tube section.

Note that in figs. 6.7(c) and 6.7(d) the orientation of the curves changes

as χ changes from negative to positive. By contrast, the corresponding

curves for the lower branches in fig. 6.6 (not shown) maintain negative

values of χ for all r ∈ [a, b] as τ̄ increases. Results for negative values

of τ̄ are merely obtained from those for positive values by reversing the

sign of χ. Of course, the curves, which lie locally in the (r, z) plane, are

141



Loss of ellipticity in the combined helical, axial and
radial deformations

cross sections of rotationally symmetric surfaces of discontinuity

6.3.4 Example 2: fibres with A = ER

We now consider the fibres to be purely radial, so that A = ER. Fig-

ure 6.8 illustrates the situation with again m being aligned with the

curve on which ellipticity is lost and n being its normal ( in the (r, z)

plane) when the tube is subject to the the deformation with gradient

eq. (6.4) .

Figure 6.8: Deformed section of a circular cylindrical tube showing a radial
distribution of fibres with a small kink band between two local discontinuity
lines which are generators of a conical surface of discontinuity on which ellip-
ticity is lost. m is the direction of a line and n is normal to the line, both in
the (er, ez) plane.

Here we again define χ as the angle between the vector m and er direc-

tion, but because of the different orientation of the preferred direction

m and n are given by

m = cosχer + sinχez, n = − sinχer + cosχez, (6.57)

as distinct from eq. (6.38).

142



Application to I4 reinforcement

The invariant I4 in this case is given by

I4 = γ2
z + γ2

θ + (λθλz)
−2, (6.58)

and is plotted against λθ in fig. 6.9 for two different values of λz in each

case γ =
√
γ2
θ + γ2

z and three values of λz in each case. In the absence

of helical shear (γ = 0), I4 < 1 for all λθλz > 1, which means that the

fibres are contracted in the radial direction and the loss of ellipticity

may occur before inflation of the tube begins. As far as I4 is concerned,

γθ and γz have equivalent effects

0.5 1 1.5 2 2.5 3
0

1

2

γ = 1

γ = 0

λθ

I 4

λz = 1.2
λz = 1.0
λz = 0.8

Figure 6.9: Plot of I4 vs λθ for λz = (1.2, 1.0, 0.8) and γ = (0, 1), where

γ =
√
γ2
θ + γ2

z .

In this case the shear stresses eq. (6.29) reduce to

σrθ = 2(W1 +W4)λrγθ, σrz = 2(W1 +W4)λrγz, (6.59)

which, in contrast to those in eq. (6.41), exhibit dependence on W4 and

hence are affected by the presence of the fibres. However, it is worth

noting that the connection eq. (6.42) also holds in this case, but the

equations do not admit simple exact solutions ( for the model eq. (6.44)

a cubic equation for γz is obtained as a function of r, for example).

For the model eq. (6.44), the loss of ellipticity condition in eq. (6.20)2
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in this case may be written

b4 γ
4
z + b4 γ

3
z + b2 γ

2
z + b1 γz + b0 = 0, (6.60)

where we have defined the coefficients

b4 = 2ρc2(1 + 2s2), b3 = 4ρsc(1− 4s2)λr,

b2 = c2[1 + 2ρ(γ2
θ − 1)] + 6ρ(1− 4s2c2)λ2

r,

b1 = − 2sc[1 + 2ρ(γ2
θ − 1) + 2ρ(3− 4s2)λ2

r]λr,

b0 = s2[1 + 2ρ(γ2
θ − 1)]λ2

r + 2ρs2(1 + 2c2)λ4
r + c2λ2

z, (6.61)

and we have again used the notation s = sinχ, c = cosχ.

In the absence of helical shear, eq. (6.60) reduces to b0 = 0 which, for

χ = π/2 yields

λθ = λ−1
z

√
2ρ

2ρ− 1
. (6.62)

For a given axial extension λz, this is the limiting value of λθ for the loss

of ellipticity corresponding to the orthogonal weak solution χ = ±π/2.

It should also be noticed that ρ > 0.5 is required for loss of ellipticity in

this case (Qiu and Pence [60]).

In fig. 6.10 We illustrate the dependence of λθ satisfying equality eq. (6.62)

on ρ for λz = 1
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θ

Figure 6.10: Plot of λθ against ρ
based on eq. (6.62) for λz = 1.
Strong ellipticity holds below the
curve
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As mentioned before,the stronger the anisotropy (i.e. the larger ρ) the

smaller the deformation required, while the weaker the anisotropy the

larger is the deformation required for the loss of ellipticity. The region

of strong ellipticity lies below the curve.

Similarly to the case discussed in Section 6.3.3 we now present the curves

corresponding to loss of ellipticity, with χ plotted against λr for a series

of values of ρ in fig. 6.11(a) with γz = 0 and against γz for several values

of λr with ρ = 9 in fig. 6.11(b). In each case we have set λz = 1 and

γθ = 0. We note that γθ was taken to be zero and λz was fixed at 1

because they do not have a significant influence on the qualitative nature

of the results
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Figure 6.11

Figure 6.11(a) shows plots of χ against the radial stretch λr for γz =

0, λz = 1 and different values of ρ, and it is similar to fig. 6.3(a).

When γz is changed the curves in fig. 6.11(a) change in a similar way to

those shown in fig. 6.3(b) so we do not show plots for different values

of γz in this case. For γz = 0 the only weak solution captured is the

orthogonal solution corresponding to χ = ±π/2 and as the magnitude

of γz is increased the weak solution become non-orthogonal, is delayed

with respect to decreasing λr and is phased out for sufficiently large
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values of γz. Fig 6.11(b) shows plots of χ against γz for ρ = 9, λz = 1

and several values of λr. This has feature similar to those shown in

fig. 6.4, but the range of values of γz involved in significantly smaller.

Note that, similarly to fig. 6.4 the curves are not affected by the change

(χ, γθ) −→ (−χ,−γθ). The different orientations of the closed curves

in fig. 6.11 compared with those in fig. 6.4 are merely associated with

the different range of values of χ used in the two cases. Changing the

value of λz from 1 has only a marginal effect, but changing γθ from 0

to positive or negative values again delays the onset of loss of ellipticity

with respect to decreasing λr and for large enough γθ loss of ellipticity

is excluded altogether.
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� The existence of equilibrium elastostatic shocks has been analysed

for a particular material, namely, the reinforced neo-Hookean ma-

terial. The existence of equilibrium elastostatic shocks give rise

to local solutions which in turn involve a continuous displacement

field but a discontinuous deformation gradient, i.e. a disconti-

nuity in the first derivative of the displacement field. The term

elastostatic shock has been used to refer to the surface carrying

the discontinuities which together with the discontinuous deforma-

tion gradient that is consistent with the traction and displacement

continuity requirements give the so-called machanically consistent

elastostatic shocks. There also exists the notion of weak machani-

cally consistent elastostatic shocks in which the local solutions in-

volve discontinuities in the second derivative of the displacement

field in a direction normal to the shock. The necessary condi-

tion for the existence of weak mechanically consistent elastostatic

shocks for reinforced neo-Hookean materials is shown to be the

loss of (ordinary) ellipticity of the governing differential equations

on Π+ half-space (as in section 2.4). It has been also shown that

the existence of strong mechanically consistent elastostatic shocks
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necessarily involves the loss of (ordinary) ellipticity of the gov-

erning differential equations at some intermediate deformation in

between the existing deformation gradients on Π+ and Π− where

the ellipticity status of a mechanically consistent elastostatic shock

generates four possibilities, namely, either half-space Π+ or Π− can

be either elliptic or non-elliptic. The existence of mechanically

consistent elastostatic shocks involve fibre contraction at least on

one half-space which rules out the possibility to obtain such elas-

tostatic shocks if both half-spaces are in fibre extension. Neverthe-

less, it is the energetic analysis in section 2.8 which allows to rule

out some of the mechanically consistent elastostatic shocks among

the ones obtained in section 2.6. The energetic analysis is based

on the dissipative inequality with the idea that the existence of

a mechanically consistent elastostatic shock can not increase the

energy of the system which leads to consider the energetically ad-

missible elastostatic shocks as those simultaneously move towards

the side of the shock with a lower hydrostatic pressure and either

both half-spaces have fibre contraction or only one half-space has

fibre contraction. Furthermore, the energetically admissible elast-

static shocks are viewed as a bifurcation away from the simple

homogeneous deformation in the fibre direction, Whence, energet-

ically admissible elastostatic shocks necessarily involve the loss of

ordinary ellipticity on the same half-space as the weak shocks, i.e.

on Π+.

Moreover, in order to obtain physically admissible elastostatic

shocks among the energetically admissible elastostatic shocks, we

appeal to the so-called maximally dissipation condition which ba-

sically maximizes the dissipative inequality. The energetically ad-

missible elastostatic shocks under this condition yield the so-called

maximally dissipative elastostatic shocks. The family of maxi-

148



mally dissipative elastostatic shocks are shown to follow features

observed in different experiments of the kink band formation in

fibre-reinforced materials. Further, maximally dissipative elasto-

static shocks are shown to be related to a non-elliptic deformation

on the half-space that gives the bifurcation point and an ellip-

tic deformation on the other half-space ( the one being created).

Since elliptic deformations are energetically favored ( and these

are precisely the ones being created), maximizing the dissipative

inequality may be a reasonable condition for singling out a phys-

ically consistent elastostatic shock. Finally, we should point out

that in this work (chapter 2), the features of the combined kinking-

splitting failure mode, as the one in Lee et al. [1] (fig. 1.1(d)), have

been captured and analysed.

� It has been shown in chapter 3 that the combined extension, in-

flation and torsional deformation of a thick-walled circular cylin-

drical tube is only controllable for certain directions of transverse

isotropy, and for these directions it is also universal relative to the

considered class of transverse isotropy, and have shown, even for

this simple model, how the direction of transverse isotropy has a

significant effect on the pressure, (reduced) axial load and torsional

moment response of a thick-walled elastic tube undergoing finite

deformations. When specialized to the linear theory, this model,

as shown in Merodio and Ogden [3], yields only two elastic con-

stants instead of the three associated with a general incompressible

transversely isotropic linearly elastic material. More general non-

linear models that do capture the full linear specialization with

three elastic constants can of course be considered and will un-

doubtedly lead to somewhat different results. The present model,

however, is sufficient for our purposes.

We should also point out that restricted forms of transversely
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isotropic constitutive laws are not in general able to fully cap-

ture available experimental data. In particular, both I4 and I5 are

needed in the infinitesimal longitudinal and transverse shear mod-

uli of the material are different, as explained by Murphy [124] ; see

also the discussion in Destrade et al. [125]; Pucci and Saccomandi

[126].

� The combined extension, inflation and torsional deformation of a

thick-walled circular cylindrical tube made of a fibre reinforced

material has been examined in chapter 4. More in particular,

the reinforcing model has been taken to depend on the invari-

ant I5. For radial transverse isotropy, the results obtained here

are qualitatively similar to the ones obtained previously in the

case of I4−based anisotropy in chapter 3. On the other hand,

the coupling among all the variables for transverse isotropy in a

plane perpendicular to the radial direction for the model with I5

gives results qualitatively different to the results obtained with the

model depending on I4. In addition, we have shown that most of

the deformations obtained are non-elliptic, as it is expected also

for the invariant I4. We have wanted to illustrate the analysis by

choosing representative values of the parameters. For other mod-

els, as well as geometries, the possibility of obtaining a huge range

of non-unique and non-smooth behaviour is open.

� Azimuthal shear of doubly fibre reinforced non-linearly elastic cylin-

drical tubes has been studied in chapter 5. Such types of constitu-

tive models are of highest importance to further understand load-

carrying mechanisms of fibre reinforced materials. For instance,

it has been shown for the model at hand under the finite defor-

mation considered that fibres react even if they are placed along

the radial direction of the tube cross-section as opposed to previ-

ous analyses (see Dorfmann et al. [104] and Dagher and Soldatos
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[110]). Whence the invariant I5 is necessary to capture any kind

of deformation effects that might be due to the presence of indi-

vidual radial fibres in the pure azimuthal shear deformation of an

elastic tube. The emergence of multiple non-smooth solutions are

found to happen prior to the point where the nominal stress tensor

changes its monotonicity in the azimuthal direction of the tube.

It has been also shown that the loss of ellipticity condition and

Ŵγγ/2 = 0 (the second derivative of the strain-energy function

with respect to the deformation) are equivalent necessary condi-

tions for the emergence of multiple solutions for the considered

material.

� Finally the emergence of loss of ellipticity for a specific bound-

ary value problem involving non-homogeneous deformations of a

circular cylindrical tube, one of the few such problems for which

this type of analysis has been conducted for transversely isotropic

elastic materials. Specifically, we have considered helical shear su-

perimposed on the axial and radial deformation of the tube with

the direction of transverse isotropy either axial or radial, and for

a specific form of the constitutive law we have obtained explicit

expressions that show how the loss of ellipticity depends on the

various contributions to the deformation and the strength of the

anisotropy. The loss of ellipticity presages, for example, the emer-

gence of non-uniqueness of solutions involving weak or strong dis-

continuities, leading to non-smooth solutions such as fibre kinking

in a fibre-reinforced material and possible material failure. This

type of failure might, for example, be induced by small imperfec-

tions in the material that arise during the manufacturing process.
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hyperelastic model for incompressible fiber-reinforced elastomers.
Journal of the Mechanics and Physics of Solids, 57(2):268 – 286,
2009.

154



[18] G. Geymonat, St. Müller, and N. Triantafyllidis. Homogeniza-
tion of nonlinearly elastic materials, microscopic bifurcation and
macroscopic loss of rank-one convexity. Archive for Rational Me-
chanics and Analysis, 122(3):231–290, 1993.

[19] J.C. Michel, O. Lopez-Pamies, P. Ponte Castañeda, and N. Tri-
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