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a b s t r a c t

In recent years, all the operating principles of intermediate band behaviour have been demonstrated in
InAs/GaAs quantum dot (QD) solar cells. Having passed this hurdle, a new stage of research is underway,
whose goal is to deliver QD solar cells with efficiencies above those of state-of-the-art single-gap
devices. In this work, we demonstrate that this is possible, using the present InAs/GaAs QD system, if the
QDs are made to be radiatively dominated, and if absorption enhancements are achieved by a
combination of increasing the number of QDs and light trapping. A quantitative prediction is also made
of the absorption enhancements required, suggesting that a 30 fold increase in the number of QDs and a
light trapping enhancement of 10 are sufficient. Finally, insight is given into the relative merits of
absorption enhancement via increasing QD numbers and via light trapping.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

The intermediate band solar cell (IBSC) is a high efficiency solar
cell concept whose detailed balance efficiency limit has been
calculated as 63% [1] to be compared to the Shockley–Queisser limit
of 41% [2] for conventional single-bandgap solar cells. IBSCs have been
realized using semiconductor quantum dots (QDs) [3–9], highly
mismatched alloys [10–12] and semiconductor bulk materials contain-
ing a high density of deep-level impurities [13–15], amongst others.
This work deals exclusively the first of these (QD-IBSCs), paying
specific attention to the InAs/GaAs based prototypes, which have
received particular attention.

Research into IBSCs has largely been conducted in two phases;
the earliest works were theoretical studies of the thermodynamic
consistency [16] and absolute limiting efficiency [1] of the IBSC
concept, and theoretical studies of possible implementations and
design issues [3,17,18]. In the second phase, extensive work was
undertaken to fabricate and develop QD-IBSC prototypes [4–8] and
demonstrate that they fulfill the fundamental operating principles
of the IBSC: most importantly the generation of subbandgap
photocurrent due to sequential two-photon absorption via the
intermediate band/levels [19], and a Voc that is above the sub-
bandgap absorption thresholds [20]. A recent review of which
technologies have demonstrated these principles can be found in
Ref. [21]; in the context of QD-IBSCs, they have been demonstrated

on the InAs/GaAs material system, though the voltage preservation
has only been demonstrated at low temperatures [20].

Following the demonstration of the operating principles, QD-
IBSC research is now entering a third phase, whose ultimate goal
must be to deliver solar cells with conversion efficiencies surpass-
ing those of conventional single-gap devices. For this to be
achieved, two broad technological advances are needed. First,
QD-IBSCs must demonstrate high Vocs at room temperature. This
requires that thermal carrier escape from the QDs be suppressed
[22] and that non-radiative processes in the cells be minimised.
Recent results of reduced thermal escape due to a higher bandgap
(AlGaAs) host material [23], and high QD-IBSC Vocs due to
improved material quality [24] are promising in this regard.
Second, the subbandgap photocurrent must be improved signifi-
cantly by increasing subbandgap photon absorption in the QD
array. This may be achieved by increasing the number of QDs, by
optical absorption enhancement, or a combination of both. QD
arrays are being fabricated with an increasing number of QDs both
in the context of QD-IBSCs [25] and elsewhere [26]. Optical
absorption enhancement is standard in wafer-based crystalline
silicon solar cells [27,28] and thin-film crystalline silicon solar cells
[29], and we expect and encourage researchers to bring this
technology into the context of QD-IBSCs.

This paper is aimed at informing this third phase of research.
The experimental achievements described in the previous para-
graphs have been accompanied by theoretical studies of the
fabricated prototypes [7,30–34], giving us a much deeper under-
standing of their operation and highlighting pathways to improve-
ment. Based on this understanding, it is now possible to make a
realistic assessment of the feasibility of achieving high efficiencies
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using InAs/GaAs QD arrays, and to quantify the advances that are
required to do so. In this paper, such an assessment is made
using our recently developed realistic detailed balance model,
which has been shown to reproduce well the measured quantum
efficiency of an InAs/GaAs QD-IBSC prototype and its temperature
dependence [34].

This paper has three objectives:

1. to reassess the feasibility of achieving high efficiencies in InAs/
GaAs QD-IBSCs, based on the understanding that has been
acquired over the previous years.

2. to quantify the degree of absorption enhancement that is
required for present QD-IBSCs to supersede the efficiency of
an equivalent single gap reference.

3. to compare the relative merits of absorption enhancement via
increasing the number of QDs and employing optical absorp-
tion enhancement techniques.

2. The detailed balance model applied to the QD-IBSC
prototype

The subject of our study is the sample labelled SB in Ref. [22]
and S3 in Ref. [35]. This sample has been chosen since it has
demonstrated all of the operating principles of the IBSC concept
[21]. A simplified level/band diagram of a single QD in this
exemplary QD-IBSC is shown in Fig. 1. The grey lines represent
the VB and CB band edges, the offsets being due to the InAs QD.
The confining potential in the CB supports three discrete bound
state levels in the energy range of the host forbidden band. These
are denoted IB levels, and are labelled IB1, IB2 and IB3, with
energies EIB1, EIB2 and EIB3, respectively (these correspond to the
states labelled (1 1 1), (2 1 1)/(1 2 1), (2 2 1) in Ref. [31]). The VB
potential pedestal supports a quasi-continuum of confined heavy-
hole states which act to displace the energy onset of the VB to EVB, eff
(shown), thus reducing the effective overall bandgap from that of the
GaAs host (1.42 eV) to the value Eg, eff¼1.24 eV. The energies of the
principal transitions between the VB pedestal and the IB levels, Et1,
Et2, Et3, are given in the figure.

The system is treated as five distinct electron populations: that
of the CB, that of the VB (whose upper energy onset is considered

to be at EVB, eff), and those of the three discrete IB energy levels.
The electron populations are each described by a Fermi–Dirac
function with a distinct quasi Femi level (QFL): EF,IB1, EF,IB2 and EF,IB3,
EF,CB and EF,VB.

The model is based on solving five simultaneous equations to
yield the five QFLs defined above. Three equations emerge from
the condition that the electron population in each IB level is time
constant, implying that the sum of transitions received by any IB
level per second is equal to the sum of transitions proceeding from
that level. One equation emerges from assuming that the net
charge is zero in most of the QD layer stack. The final equation sets
the difference between the VB and CB QFLs equal to the externally
applied bias voltage, which is equivalent to assuming infinite
carrier mobility throughout the device. This is approximately
achieved in GaAs solar cells. Present QD-IBSC prototypes exhibit
higher series resistance [36]. However, this is likely due to
unwanted recombination and non-optimal contacting, both of
which can be improved. Indeed, IV curves of more recent QD-
IBSC prototypes suggest series resistances close to GaAs references
have been achieved [24].

Once calculated, the QFLs are then used to calculate the
strengths of the subbandgap transition currents. Adding these to
the above-bandgap photocurrent, which is calculated using the
standard single-gap Shockley–Queisser model with the bandgap of
the GaAs host (1.42 eV), yields the total current produced at the
terminals of the QD-IBSC for a given applied voltage.

The realistic detailed balance model differs from previous detailed
balance models used to calculate the upper limits to IBSC efficiency
[1] in two important aspects. First, whereas previous detailed balance
models assume that the subbandgap transitions absorb all incident
photons in the corresponding energy range, the present model
calculates the subbandgap transition currents using the absorption
coefficients that have been calculated for the investigated QD-IBSC
using a four-band k�p model [32,37]. This k�p model has been
shown to have good agreement with the measured absorption [32].
Second, the model considers the multiple intermediate levels, and
not just the ground state. This is important since the thermal escape
of electrons from the QD has been shown to occur via the ladder of
excited states between the ground state and the CB [33,34]. Corre-
spondingly, we expect the Voc to be limited by recombination that
occurs via the excited levels.

It must be emphasised that the model only considers radiative
processes (i.e. photogeneration and radiative recombination). In
our previous work, the model was shown to reproduce well the
experimental quantum efficiency, and its temperature depen-
dence, at short circuit: a condition under which the prototype is
believed to be radiatively dominated. Closer to open circuit, the
present prototypes are believed to be dominated by non-radiative
processes, such as Shockley–Read–Hall recombination. Therefore,
we expect the model to overestimate the Voc of the present
prototypes (a simple comparison of the results presented here
with experimental Vocs in Ref. [20] verifies this). Nonetheless, the
use of this radiative model is justified for the present study, as is
described in the following.

QD-IBSCs must be made to be radiatively dominated under
operating conditions if they are to supersede the efficiency of
single-gap devices. The purpose of this paper is to determine
whether, using the present QD and host materials and QD
dimensions, radiative operation combined with absorption
enhancement is sufficient for these efficiencies to be achieved.
It is therefore appropriate to use a radiative model. Notice that the
recombination involved in the radiative model is unavoidable and
therefore it represents its lower limit; non-radiative recombina-
tion is deemed to be avoidable.

A detailed description and derivation of the model can be
found in Ref. [34]. A brief mathematical description is given in
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Fig. 1. A simplified band diagram of a single QD in the exemplary QD-IBSC. Upper
grey line: conduction band edge. Lower grey line: valence band edge. Black lines:
confined state energy levels whose energy is within the host forbidden band.
Dashed grey line: effective valence band edge.
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Appendix A of the present paper for the convenience of the reader.
The model has been adapted to allow for higher subbandgap
absorption. The adaption is derived in Appendix B.

3. Means of increasing the subbandgap photon absorption

Two means of increasing the absorption are investigated. The
first is by increasing the number of QDs in the QD stack. The
second is by so-called light trapping, in which optical texturing of
the substrate causes incident photons to be more strongly
absorbed in the QD stack. Both means are described in the
following paragraphs, along with the effects they are expected to
have on the subbandgap photocurrents.

3.1. Increasing the number of quantum dots

The overall subbandgap absorption can be increased by
increasing the overall QD density per cm2 of solar cell area. This
can be achieved by increasing the areal QD density per layer and/
or by increasing the number of QD layers. The density per cm3 is
also increased if we reduce the separation between layers so
permitting the reduction the IB thickness. The IB region of the
studied prototype is a layer stack of 30 QD layers, each layer
having an areal QD density of 4�1010 cm�2 [22]. More recently,
QD stacks have been grown with more layers and other have been
grown with higher areal QD densities per layer. Ref. [25] reported
an InAs/GaNAs QD stack with 100 layers and an areal QD density of
4�1010 cm�2, and Ref. [26] reported an InAs/GaNAs QD stack with
300 layers and an areal QD density of 6�1010 cm�2. These
represent an increase in the number of layers of a factor of
3 and 10, respectively, compared to our prototype. Other authors
have reported InAs/GaAs QDs with an areal density per layer of
1.1�1011 cm�2 [38] and GaAsSb/GaAs QDs with an areal density
per layer of 4�1011 cm�2 [39]: increases by factors of 3 and 10
respectively. In these works, only a few QD layers were grown,
making the overall density similar to our prototype; however, the
areal densities per layer are remarkable.

Growing a high number of layers and achieving a high QD
density per layer simultaneously will undoubtedly require further
development. However, based on these results in the literature we
can envisage the combination of a 10 fold increase in areal QD
density per layer and a 10 fold increase in the number layers,
leading to an overall increase in the number of QDs by a factor of
100. Further increases can be expected beyond this as technology
develops in the future.

3.2. Absorption enhancement via light trapping

The probability that an incident photon is absorbed in a
medium is proportional to the distance it travels in that medium.
This distance can be increased without increasing the layer
thickness by employing so-called light trapping or light confinement
techniques. These involve the incorporation of optical components
into the solar cell with the aim of increasing the optical path
length of incident photons within the absorber layer. Light trap-
ping techniques may involve a rear reflector, a scattering mechan-
ism, or both. A rear reflector causes photons not absorbed on
making a single pass of the absorber layer to be reflected and
make another pass before leaving the cell, thus increasing their
probability of absorption. Rear reflectors include metals, dielectric
Bragg-type reflectors [40] and even white paint [41]. Scattering
deflects incident light into oblique directions. These have higher
path lengths in the absorber layer than light which traverses
normally. What’s more, light deflected at certain angles can be
confined in the solar cell by total internal reflection at the surface,

causing it to make multiple passes of the absorber layer before
escape. Scattering mechanisms include roughened surfaces [42],
geometrically textured surfaces [43], diffraction gratings [44] and
metal or dielectric nanoparticles [45].

It has been shown by Yablonovitch that, in the limit of
completely isotropic scattering and a perfect rear reflector, the
mean optical path length enhancement of incident photons
approaches 4n2: the so called Lambertian limit. In this work, we
have taken the refractive index of the GaAs wafer substrate and
InAs/GaAs QD stack to be n¼3.5, making the Lambertian limit a
factor of around 50. In practise, more light tends be transmitted or
reflected specularly than is scattered. Consequently, the surface
textures used in present solar cells are believed to offer below-
Lambertian light trapping, with optical path length enhancements
of around 10 [46]. It should be observed that the Lambertian Limit
is not an upper limit; it can be superseded at some wavelengths
through the use of diffraction gratings [47], angle-selective filters
[48] and near-field absorption enhancement techniques [49].
However, in this work, we take an optical absorption enhancement
of 50 to be optimistic and absorption enhancements of 10 to be
realistic, and do not consider the wavelength dependence of the
absorption enhancement.

3.3. The effect of absorption enhancement on the subbandgap
transition currents

As described in Appendix A and B, the subbandgap photon
absorption is characterised by the thickness of the QD stack, W,
and by two absorption coefficients αx,y and αiso, which respectively
describe the absorption of photons polarized in the x,y plane
(those incident from the sun) and the absorption of isotropically
polarized photons (thermal photons incident from the surround-
ings and the substrate). The two means of increasing the sub-
bandgap photon absorption, described above, affect the subbandgap
transition currents in different ways. The effect of increasing the
number of QDs is to increase the absorbance (αx;yW and αisoW) by a
constant factor, which we denote ΛQD. This is true whether the
number of QDs is increased by increasing the number of layers or by
increasing the areal QD density per layer. Note that increasing the
number of QDs therefore affects both the illumination- and dark
currents. The effect of employing light trapping is quite different.
Photons incident from the sun are scattered by the scattering
mechanism, making them more isotropic, and thus increasing their
optical path length inside the absorber layer. However, thermal and
luminescent photons are already isotropic before reaching the sur-
face texture. Light trapping is therefore expected to affect the
illumination current, but not the dark current. To summarize, the
detailed balance model is adapted to incorporate the effect of
absorption enhancement by using the following expressions for the
illumination and dark currents for each subbandgap transition (l is
the lower level and u the upper level; see Appendix A for a definition
of other terms).

JLl-u ¼ qe

Z Eg

0
dðℏωÞð1�exp½�ΛoptΛQDαx;yW �ÞΦinc

JDl-u ¼ qe

Z Eg

0
dðℏωÞ2πn

2ðℏωÞ2
h3c2

ðf B;μTc
� f B;0Tc

ÞID½ΛQDαisoW � ð1Þ

where ΛQD is the factor by which the overall QD density has been
increased per cm2 of solar cell area (not per QD layer) with respect to
the studied prototype, and Λopt is the mean optical path length
enhancement of incident photons achieved by light trapping. Note
that Λopt only appears in JL, whereas ΛQD appears in both. From this
insight, it should already be clear that absorption enhancement via
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light trapping will lead to a better efficiency boost than via increasing
the number of QDs. This is examined quantitatively further on.

4. Results

4.1. Reference curves

The purpose of this work is to predict if and how present QD-
IBSC prototypes can be made to supersede the efficiency of state-
of-the-art single-gap solar cells. It is therefore necessary to
compare the results to the Shockley–Queisser limit [2] for single-
gap solar cells. Using the standard Shockley–Queisser model
[2,50], we have calculated that the maximum single-gap efficiency
is 34.2% and is achieved with a bandgap of Eg¼1.17 eV. This has
been calculated assuming the same set of conditions assumed for
the QD-IBSC: 1000� concentration, 300 K cell temperature and an
étendue [51] of escaping luminescence proportional to 1þn2, the
1 representing escape into the vacuum at the front and the n2 into
the electrically inactive wafer substrate at the rear. The JV
characteristics of this hypothetical limiting single-gap device are
shown in Table 1 under the row heading “SQ single-gap limit”. It
should be observed that, where we have made idealised assump-
tions in calculation the QD-IBSC current (infinite carrier mobility
etc.), the same assumptions have been made for the single-
gap-limit solar cell.

In addition, we take as a second reference an ideal IBSC with a
single intermediate level and the same principal bandgaps as the
QD-IBSC under investigation (that is with EH¼Et1 and EL¼Eg,eff�Et1).
The JV curve for the ideal IBSC is calculated by applying the model in
Ref. [1]; full absorption of incident photons and the radiative limit are
assumed. The JV characteristics and bandgaps are shown in Table 1
under the row heading “IBSC limit”. Observe that this is not the
absolute limit to IBSC efficiency, since non-optimal bandgaps have
been selected to correspond to the QD-IBSC prototype.

The JV characteristics of the QD-IBSC prototype, calculated
using the realistic detailed balance model, are also shown in
Table 1.

4.2. JV characteristics of QD-IBSCs with increased subbandgap
absorption

JV curves have been calculated for the QD-IBSC cell taking
different combinations of Λopt and ΛQD in order to predict the
effect of increasing the number of QDs, employing light trapping,
or a combination of both. The short circuit current density, Jsc,
open circuit voltage, Voc, and conversion efficiency, η, have been
extracted from these curves, and are plotted in Fig. 2 (top, middle
and bottom respectively). Each curve is plotted as a function of the
QD number enhancement factor, ΛQD, and different curves are
plotted for different values of the optical path length enhancement
due to light trapping, Λopt. Results are plotted for Λopt¼1, Λopt¼10,
and Λopt¼50, which respectively represent no light trapping,
realistic light trapping using presently employed surface textures,

Table 1
Calculated JV characteristics and bandgaps of the QD-IBSC prototype compared to the hypothetical single-gap efficiency limit and the IBSC limit, where the latter assumes the
same principal bandgaps as the prototype.

Eg/eV EH/eV EL/eV Jsc/A cm�2 Voc/V Efficiency (%)

QD-IBSC prototype see Table A1 (Appendix A) for energy levels 28.9 1.18 29.4
SQ single-gap limit 1.17 n/a n/a 37.3 1.04 34.3
IBSC limit 1.24 0.98 0.26 46.9 1.07 44.4

1 10 100 1000 10000 100000
25

30

35

40

45

50

Jsc of "SQ single-gap-limit"

Jsc of "IBSC-limit"

Λopt = 50

Λopt = 10

J sc
 (A

cm
-2

)

ΛQD

Λopt = 1

1 10 100 1000 10000 100000
0.95

1.00

1.05

1.10

1.15

1.20

Voc of "SQ single-gap limit"

Voc of "IBSC-limit"

V oc
 (V

)

ΛQD

 Λopt = 1
 Λopt = 10
 Λopt = 50

1 10 100 1000 10000 100000
24
26
28
30
32
34
36
38
40
42
44
46

Ef
fic

ie
nc

y 
(%

)

ΛQD

Λopt = 50

Λopt = 10

Λopt = 1

IBSC efficiency limit
(with fixed bandgaps)

SQ single-gap
efficiency limit

Fig. 2. JV characteristics of the QD-IBSC prototype for different absorption
enhancements. ΛQD is the factor by which the number of QDs per unit solar cell
area is increased compared to the present prototype. Λopt is the optical path length
enhancement achieved by light trapping. Top: Jsc; Middle: Voc; Bottom: conversion
efficiency. In each graph, the labelled horizontal lines represent values for the
single-gap limit and the IBSC limit. The reader is reminded that the single-gap-limit
is for a bandgap of Eg¼1.17 eV, which maximises the efficiency. The IBSC limit has
bandgaps corresponding to the principal bandgaps of the QD-IBSC prototype, and is
therefore not the absolute upper limit to IBSC efficiency.
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and light trapping at the Lambertian limit. In each graph, the
horizontal lines represent the respective quantity for the SQ
single-gap limit, as well as for the ideal IBSC limit described
previously and shown in Table 1.

Looking at the Jsc, we can see that, without light trapping, the
number of QDs must be increased by a factor of around 300 for the
QD-IBSC Jsc to exceed that of the single-gap-limit solar cell. If
absorption enhancements by factors of 10 and 50 are achieved via
light trapping, this value drops to 30 and 5 respectively.

The behaviour of the Voc requires careful discussion. First, the
model predicts that, under radiative conditions, the Voc of the QD-
IBSC with no absorption enhancement is higher than that of the
ideal QD-IBSC. This appears to be a confusing result at first. The
chosen ideal IBSC has an overall bandgap of Eg¼1.24 eV; this being
equal to the effective bandgap, Eg, eff, of the QD-IBSC. It is generally
supposed that the QD-IBSC’s Voc is limited at most by its effective
bandgap, or, perhaps more likely, by one of the lower subbandgap
transition energies (Et1, Et2 or Et3 in Fig. 1). We would therefore
expect the Voc of the QD-IBSC to be lower or equal to that of the
ideal IBSC. However, since the subbandgap photon absorption/
emission is so weak, and radiative conditions are assumed, the
recombination via subbandgap transitions (those from the CB to
the VB pedestal included) is extremely weak. This is to be
compared to the above-bandgap photocurrent generated in the
GaAs emitter (around 29 A cm�2), which absorbs all incident
photons above the GaAs bandgap (1.42 eV). Hence, in the absence
of absorption enhancement, and in the radiative limit, the Voc of
the QD-IBSC is more similar to that of a single-gap GaAs device
(around 1.26 V under the assumptions of the SQ model). Once
again, the reader is reminded that present QD-IBSCs are domi-
nated by non-radiative recombination, and therefore have much
lower Vocs (around 0.9 V for the prototype on which this study is
based at 300 K and 1000� [20]). It should be mentioned that the
fact that a high Voc is predicted for a weakly absorbing solar cell is
of no practical use. A highly efficient solar cell must absorb most
incident photons; hence, only the results for stronger absorption
are of practical importance.

We can see that there is a steady drop in the QD-IBSC’s Voc as
the number of QDs increases. This follows from our discussion in
the previous paragraph. As the number of QDs is increased, the
total current becomes more strongly influenced by the subband-
gap recombination currents, and the overall Voc falls to a lower
value. Importantly, the Voc is predicted to fall to a value below that
of the aforementioned IBSC limit, meaning that the Voc is limited
not by the effective bandgap, but by one of the lower energy gaps
(Et1, Et2 or Et3). This is due to the CB QFL being pinned to one of the
IB levels at open circuit at room temperature.

We can confirm from the calculations that, for high values of
ΛQD, the CB QFL is at around 0.16 eV below the CB onset, meaning
that it is pinned at the IB2 level. This follows naturally from our
results in Refs. [33,34], in which it was shown that there is a strong
radiative thermal escape from the IB levels to the CB, but that this
radiative escape always occurs via the IB2 level. Since the CB QFL is
pinned to the IB2 level, the Voc is limited by Et2. This is higher than
the absorption onset, which is at Et1, and consequently the SQ limit
can be superseded. However, it is lower than the effective
bandgap, Eg,eff, and, consequently, the QD-IBSC Voc tends to a value
below that of the IBSC limit. It shall be seen later on that the
conversion efficiency correspondingly levels off at a value between
the SQ limit and the IBSC limit.

The Voc is mainly affected by the dark current, and therefore
does not vary significantly with optical path length enhancement,
although there is a slight improvement of the Voc for higher Λopt.
This is probably related to the increased Jsc, which is analogous to
the way in which the Voc of a solar cell tends to improve
logarithmically with increased concentration.

The most important metric resulting from the JV curve is the
conversion efficiency. In the absence of light trapping (Λopt¼1),
the predicted efficiency actually drops on increasing ΛQD from 1 to
10; this is due to the predicted drop in Voc. The efficiency then rises
on increasing ΛQD and surpasses the SQ single-gap limit for an
enhancement of ΛQD41000. On further increasing ΛQD, the
efficiency saturates at about 40%, which is between that of the
single-gap reference and the ideal IBSC. This follows from our
previous assertion that the Voc is limited by Et2 and not Et1 or Eg,eff.

Clearly, an increase in the number of QDs by a factor of 1000 or
more is far beyond present technological capabilities. However, we
can see from Fig. 2 (bottom) that, by employing light trapping,
a much lower increase in the number of QDs are required for the
QD-IBSC to supersede the single-gap limiting efficiency. For optical
enhancements of Λopt¼10 and Λopt¼50, an increase in the
number of QDs by factors of ΛQD¼30 and ΛQD¼3 are required
respectively.

Comparing Fig. 2 top and bottom, we can see that absorption
enhancement due to light trapping has a more profound effect on
the efficiency than on the Jsc. To illustrate this, JV curves have been
calculated for different combinations of ΛQD and Λopt that lead to
an overall absorption enhancement of 1000—the overall absorp-
tion enhancement being the product ΛQD�Λopt. The combinations
are (Λopt¼1, ΛQD¼1000), (Λopt¼10, ΛQD¼100) and (Λopt¼50,
ΛQD¼20). The three JV curves are plotted in Fig. 3. All have the
same Jsc, as would be expected. However, the Voc is higher when a
greater proportion of the enhancement is achieved by light
trapping. Hence, the advantage of light trapping is two-fold; it
reduces the number of QDs that are required for a high Jsc, making
the QD stack more technologically feasible, and it also allows this
high Jsc to be accompanied by a higher Voc than would possible if
no light trapping were employed.

5. Conclusions

The JV characteristics of an InAs/GaAs QD-IBSC have been
calculated using the realistic detailed balance model. The model
is used to predict the Jsc, Voc and overall efficiency that would be
expected if non-radiative processes were supressed and photon
absorption were enhanced by different degrees, either by increas-
ing the number of quantum dots, employing light trapping or a
combination of the two. Calculations are made assuming 1000�
sunlight concentration and 300 K operating temperature. Results
are compared to the Shockley–Queisser limits for single-gap
devices under the same conditions, as well as to the limiting
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give a total absorption enhancement of ΛQD�Λopt¼1000.
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efficiency of an ideal IBSC with the same principle bandgaps as the
studied prototype.

On increasing the number of QDs indefinitely, the efficiency
saturates at a value below the IBSC limit. This is because the Voc is
limited due to the thermal escape from the IB levels to the CB [22],
which has been revealed in previous works to have a strong
radiative component [33,34]. However, the QD-IBSC efficiency is
predicted to supersede the single-gap Shockley–Queisser limit.
This is because, under radiative conditions, the Voc is predicted to
be limited by a higher energy gap than the absorption onset.

In the absence of light trapping, a factor of 1000 increase in the
number of QDs, compared to the studied prototype, is required for
the QD-IBSC to supersede the SQ limit. If optical path length
enhancements of 10 and 50 are achieved by light confinement
techniques, this value drops to 30 and 3 respectively. We believe
that combing an increase in the number of QDs by a factor of 30
with an optical absorption enhancement of 10 is within present
capabilities, or at least those expected in the near future.

Finally, it has been argued that absorption enhancement via
light trapping is especially beneficial since it is expected to affect
only the illumination current and not the dark current. Of course,
both light trapping and an increase in the number of QDs will be
required.

We hope that researchers will see these results as promising
and a motivation to make the final advances necessary to achieve
high efficiency QD-IBSCs.
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Appendix A. summary of calculation method and input
parameters

Here, a brief description of the detailed balance model, first
derived in Ref. [34], is given, along with the input parameters for
the QD-IBSC under investigation.

Generation and recombination currents exist between the five
electronic populations due to the respective emission and absorp-
tion of photons. The net generation current (generation or upward
traffic of electrons up minus recombination or downward traffic)
between a given pair of bands/levels is denoted Jl-u, where l and u
are respectively the lower and upper level or band. This can be
conveniently decomposed into an illumination current, JLl-u, and a
dark current, JDl-u.

Jl-u ¼ JLl-uþ JDl-u ðA1Þ
where

JLl-u ¼ qe

Z Eg

0
dðℏωÞð1�exp½�αx;yW �ÞΦinc

JDl-u ¼ qe

Z Eg

0
dðℏωÞ2πn

2ðℏωÞ2
h3c2

ðf B;μTc
� f B;0Tc

ÞID½αisoW �

ID½s� ¼ πð1�ð1�2sÞexp½�2s�þ4s2Ei½�2s�Þ

Ei½s� ¼ �
Z 1

� s
dt
e� t

t
ðA2Þ

ħω is the photon energy, Φinc[ħω] is the incident photon flux per
unit time and area, n is the refractive index of the QD layer stack,
qe, h and c have their usual meanings, s and t are auxiliary free
variables, f B;μTc

is the Bose–Einstein energy distribution of lumi-
nescent photons at temperature Tc and chemical potential μ¼EF,u�EF,l,
and f B;0Tc

denotes the Bose–Einstein distribution at zero chemical

potential. f B;μTc
and f B;0Tc

represent respectively the populations of
luminescent and thermal photons; these respectively escape into and
are incident from the air at the front surface and the electrically
inactive substrate at the rear.

It should be observed that the transition currents between two
levels were, in our previous paper [34], derived in the limit of low
absorption. In this work, we consider the effects of increasing
photon absorption in the QD layer stack. The currents shown in
Eq. (A2) have therefore been adapted to allow for the possibility of
higher absorption; i.e., they have been generalised. The adaption
to the derivation that yields Eq. (A2) is given in Appendix B of the
present paper.

αx,y[ħω] is the absorption coefficient of the QD stack averaged
over photon polarizations in the xy plane (as is the case for
photons incident from the sun, to a good approximation). αiso[ħω]
is the absorption coefficient of the QD stack averaged over all
polarizations for photons incident isotropically incidence (as is the
case for thermal photons incident from the surroundings or the
substrate at TC). Both αx,y and αiso are dependent on the Fermi
filling factors of the lower and upper levels (denoted fu and fl
respectively), which are in turn dependent on the unknown quasi
Fermi levels. It is therefore convenient to define the quantities
αmax
x;y and αmax

iso by

αmax
x;y ¼ αx;y=ðf l� f uÞ

αmax
iso ¼ αiso=ðf l� f uÞ ðA3Þ

αmax
x;y and αmax

iso are independent of the quasi Fermi levels and
therefore serve as the input for the detailed balance model; they have
been calculated for the QD-IBSC prototype in Refs. [31,32,52–54], and
are plotted in Fig. A1.
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Fig. A1. Absorption coefficients for the different transitions in the QD-IBSC
prototype before modification by the electron occupancies of the lower and upper
levels. Top: absorption coefficients for photons polarized in the xy plane. Bottom:
absorption coefficient for isotropic photons. Each curve represents a different
electronic transition. Curves are shown for all pairs of bands and levels shown in
Fig. 1, except for the IB1-IB3 transition, which is forbidden [31].

A. Mellor et al. / Solar Energy Materials & Solar Cells 130 (2014) 225–233230



The detailed balance model is based on solving five simulta-
neous equations. The first three are the continuity of the net
transition currents that populate and depopulate each IB level.
Due to the conventional GaAs layers on either side of the QD stack,
current can only be extracted via the VB and CB and not directly
from the IB levels. Hence, for each IB level with index k, we can
write a current continuity equation:

∑
l
Jl-k�∑

u
Jk-u ¼ 0 ðA4Þ

where the first and second sums are made over all levels (or
bands) whose energy is respectively lower or higher than that of IB
level k. Eq. (A4) presents three equations; one for each intermedi-
ate band level.

Charge neutrality is assumed to in the QD stack. This condition
is found in the inside (far from the edges) of thick stacks of QDs, as
is the case for the QD-IBSC under investigation [55]. We can
therefore write the equation

nCB�pVBþnIB�Nþ
d ¼ 0 ðA5Þ

where nCB and pVB are the concentrations of electrons and holes in
the CB and VB respectively (taking also the confined hole states
into account), nIB is the electron concentration in the several IB
states (summed), and Nd

þ is the concentration of ionized donor
atoms used to prefill the IB.

Finally, we make the simplifying assumption that the terminal
voltage is equal to the split between the VB and CB QFLs. This is
equivalent to assuming infinite carrier mobility and, therefore,
zero series resistance. The appropriateness of this assumption is
discussed in the introduction.

EF;CB�EF;VB ¼ qeV ðA6Þ
Through Eqs. (A4)–(A6), we have a system of simultaneous

equations with as many equations as unknowns (five in the
example analysed here). The input parameters are the energy
levels of both confined and extended states in all bands (calculated
in Ref. [31] ), the Fermi-level-free absorption coefficients (αmax) for
all possible transitions (shown in Fig. A1), the cell temperature, the
terminal voltage and the illumination photon flux. The problem is
solved numerically using Wolfram Mathematicas, yielding the
QFLs. The net generation current for each transition is then
calculated using Eqs. (A1) and (A2).

The incident photon flux Φinc[Ephot] is taken to be that directly
incident on the solar cell from the sun, which is modelled as a
black body at temperature TS¼5762 K. The sun’s rays reach the
earth through a conical manifold, whose solid angle is a 46000th
part of the celestial hemisphere. The modelled incident solar
photon flux is therefore

ΦincðℏωÞ ¼ C
1

46;000
2πðℏωÞ2
h3c2

f B;0TsðℏωÞ1000
1360

ðA7Þ

The factor of 1000/1360 is a correction to allow for absorption
by the earth’s atmosphere; this normalises the spectrum to a total
irradiance of 1000 W m�2 as the usual standard at the Earth’s
surface (in the absence of concentration). C is the concentration
factor, which accounts for any concentrating optics focusing sun-
light on the cell. Throughout this paper, we will take C¼1000�
unless otherwise stated.

The input parameters used in the model are given in Table A1.

Appendix B. adaptation of the model to allow for stronger
absorbance of the QD layer stack

In this appendix, all equations written (S-) refer to the
supporting information of Ref. [34]. In the initial derivation of
the net current between two levels, the exponential function in

Eq. (S9) was expanded in a Taylor series up to the first order. This is
justified in the limit of low absorption. Here, the derivation is
modified to allow for higher absorptions.

It will be convenient to make the following definitions:

βk;ε ¼ αmax
k;ε ðf l� f uÞW

βx;y ¼ αmax
x;y ðf l� f uÞW

βz ¼ αmax
z ðf l� f uÞW ðB1Þ

where JLl-u and JDl-u are the illumination and dark currents that
make up the total current for a given transition. The illumination
current contains all terms proportional to the illuminating photon
flux and the dark current contains all other terms.

Working through steps (S9) to (S13) of the supporting informa-
tion in [34], without taking the Taylor expansion of the exponen-
tial, we have

JLl-u ¼ qe

Z Eg

0
dEphot

c
n
ρphot I

L

JDl-u ¼ qe

Z Eg

0
dEphot

c
n
ρphotðf B;μTc

� f B;0Tc
ÞID ðB2Þ

where IL and ID represent the following integrals

IL ¼ R 2π
0

R θc

0 dϕdθ cos θ sin θ 1�exp � 〈βk;ε〉ε
cos θ

h i� �
Ninc

ID ¼
R 2π
0

R θc

0 dϕdθ cos θ sin θ 1�2exp � 〈βk;ε〉ε
cos θ

h i
þexp �2〈βk;ε〉ε

cos θ

h i� �
þ

R 2π
0

R π=2
0 dϕdθ cos θ sin θ 1�exp �2〈βk;ε〉ε

cos θ

h i� �
2
64

3
75

ðB3Þ
Returning to Eq. (S19), we observe that the QDs in the QD-IBSC

under investigation have xy symmetry, such that αx
max¼αy

max¼
αx,y
max. Eq. (S19) then becomes

〈αmax
k;ε 〉ε ¼ 1� sin 2θk

2

� �
αmax
x;y þ sin 2θk

2 αmax
z

� cos ϕk sin ϕk sin
2θkαmax

x;y

�ð sin ϕkþ cos ϕkÞ cos θk sin θk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αmax
z αmax

x;y

q
ðB4Þ

Clearly, the many sine and cosine terms in 〈αmax
k;ε 〉εmake the

integrals IL and ID very difficult to compute. For IL, we can take a
Taylor expansion of the bracketed expression up to an arbitrary
order. We observe that all terms but one in the integrand are then
proportional to sinθ to the second power or higher. Making the
approximation that these terms integrate to zero over the interval
0rθrθc, the integral becomes

IL ¼
Z 2π

0

Z θc

0
dϕdθ sin θð1�exp½�βx;y�ÞNinc ðB5Þ

Table A1
Input parameters used in detailed balance model.

Symbol Value Units

ECB 0 eV
EVB at 300 K �1.42 eV
EVB,eff at 300 K �1.24 eV
EIB(1 1 1) �0.26 eV
EIB(2 1 1) �0.16 eV
EIB(2 2 1) �0.06 eV
W 2.4 mm
n 3.5
ρQD 5�1015 cm�3

Nd 5�1015 cm�3

Ed �0.006 eV
NCB 8.4�1013 Tc

3/2 cm�3

NVB 1.8�1015 Tc
3/2 cm�3

The energy origin is at the host CB band edge. Tc is expressed in degrees Kelvin.
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where we have also made the approximation cosθE1, which is
reasonable throughout the interval of integration. The illumination
current for the transition is therefore

JLl-u ¼ qe

Z Eg

0
dEphotΦincð1�exp½�βx;y�Þ ðB6Þ

as we would expect. Eq. (B6) appears as part of Eq. (A2) in
Appendix A with βx,y¼αx,yW, which can be verified from inspec-
tion of Eqs. (A3) and (B1).

For ID we can make a two approximations, both of which are
justified numerically further on. First, we take the first integral in
the expression for ID (Eq. (B3)) to be negligible compared to the
second integral. Second, we perform the second integral taking
αk;ε
� �

ε to be simply the mean value of αx
max, αy

max and αz
max. Under

these approximations, ID becomes

ID ¼ R 2π
0

R π=2
0 dϕdθ cos θ sin θ 1�exp � 2βiso

cos θ

h i� �h i

¼ πð1�ð1�2βisoÞexp½�2βiso�þ4β2
isoEi½�2βiso�Þ ðB7Þ

where

βiso : ¼ 2βx;yþβz

3
ðB8Þ

and Ei[x] is the exponential integral defined by

Ei½x� ¼ �
Z 1

� x
dt
e� t

t
ðB9Þ

To justify the approximations made in the expression of ID,
Fig. B1 shows the relative difference between the approximate ID

expressed in Eq. (B7) and the exact ID expressed in Eq. (B3), for a
range of values of βx,y and βz. The exact ID is calculated numeri-
cally. The relative error is in most cases below 10%, but approaches
almost 30% if the absorption is much stronger for photons
propagating in the z direction than in the xy plane. In all cases,
the error is tolerable for the semi-quantitative analysis
performed here.

Computationally, it is far preferable to use the approximate ID.
The exact ID requires a numerical integral that would have to be
executed in every iteration of the numerical solver used to find the
QFLs. The approximate ID is not quite analytical, since it contains
the exponential integral Ei[x]; however, software packages such
as Mathematica or Matlab will calculate its value using a
truncated series, which is much faster than performing a numer-
ical integration.

The dark current can now be expressed as

JDl-u ¼ qe

Z Eg

0
dEphot

2πn2ðEphotÞ2

h3c2
ðf B;μTc

� f B;0Tc
ÞIDðβisoÞ ðB10Þ

Eq. (B10) appears as part of Eq. (A2) in Appendix A with
βiso¼αisoW, which can be verified from inspection of Eqs. (A3),
(B1) and (B8).
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