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A B S T R A C T 

A generalized Lévêque solution is presented for the conjugate fluid-fluid problem that arises in the ther-mal entrance 
region of laminar counterflow heat exchangers. The analysis, carried out for constant prop-erty fluids, assumes that the 
Prandtl and Peclet numbers are both large compared to unity, and neglects axial conduction both in the fluids and in the 
plate, assumed to be thermally thin. Under these conditions, the thermal entrance region admits an asymptotic self-
similar description where the temperature varies as a power j of the axial distance, with the particularity that the self-
similarity exponent must be deter-mined as an eigenvalue by solving a transcendental equation arising from the 
requirement of continuity of heat fluxes at the heat conducting wall. Specifically, the analysis reveals thatj depends only 
on the lumped parameter = ( _42/-4.i)1/3(ai/a2)1/3(fe/ki)> defined in terms of the ratios of the wall velocity gra-dients, A¡, 
thermal diffusivities, a,-, and thermal conductivities, k¡, of the fluids entering, 1, and exiting, 2, the heat exchanger. 

Moreover, it is shown that for large (small) values of k the solution reduces to the classical first (second) Lévêque solution. 
Closed-form analytical expressions for the asymptotic temper-ature distributions and local heat-transfer rate in the 
thermal entrance region are given and compared with numerical results in the counterflow parallel-plate configuration, 
showing very good agreement in all cases. 

k 

1. Introduction 

The canonical problem of the steady-state convective heat 
transfer in the thermal entrance region of a circular tube - or flat 
channel - with a fully developed laminar velocity profile is com
monly known as the Graetz-Nusselt problem [1-3]. This funda
mental problem, and the analogous mass-transfer process, have 
received a great deal of attention over the past decades due to their 
importance in heating and cooling equipment, as well as in chem
ical, pharmaceutical, food-processing, and many other industrial 
applications. A comprehensive review of the relevant literature 
may be found in classical textbooks on convective heat transfer 
[4-7]. However, we shall give here a brief account of the most rel
evant references related to the present work. 

The analytical solution of the Graetz-Nusselt problem involves 
separation of variables followed by eigenfunction expansions. The 
resulting expansion is convergent for all axial positions downstream 
of the inlet, but the convergence becomes very slow at small axial 
distances, where a large number of terms is required for an accurate 
description of the solution. Thus, as the inlet is approached the cal

culation becomes tedious and the numerical solution may not even 
converge, so that an alternative procedure is required. 

The alternative approach, due to Lévêque [8], exploits the fact 
that for sufficiently large Peclet numbers the temperature varia
tions are initially confined to a thin layer of fluid adjacent to the 
wall, where the velocity profile is linear - corresponding to the 
near-wall velocity gradient of the fully developed flow. The first 
extension to the problem involved the replacement of the isother
mal wall assumption by a constant heat flux, leading to the so-
called second Lévêque problem [9]. The solution of the thermal 
entrance problem was then expanded as an asymptotic series for 
small axial distances - the leading order term being Lévêque's 
solution - to include nonlinear inlet velocity profiles and curvature 
effects [10-13]. The analysis was further extended to account for 
non-axisymmetric heat transfer [14], unsteady effects [15], non-
Newtonian fluids of different rheologies with viscous dissipation 
[16-19], wall slip [20], and swirling flows [21]. Other authors re
sorted to similar techniques to study the thermal entrance region 
of concentric annuli [22-24]. External convection effects were also 
included as a third kind of boundary condition [25], in which the 
heat flux normal to the wall is assumed to be proportional to the 
wall temperature. 

Regarding conjugate fluid-solid problems [26], the analysis of 
the thermal entrance region was generalized to investigate the 



Nomenclature 

A expansion coefficient. 
a¡ channel half-width of fluid i. 
c„ expansion coefficient corresponding to the nth eigen 

function. 
Ci specific heat of fluid i. 
fn nth eigenfunction. 
k dimensionless parameter, {a1k2)l{a2k1). 
ki thermal conductivity of fluid i. 
k lumped parameter, m}l3k. 
L length of the heat-exchanger. 
m dimensionless parameter, (a2Pe2)/(c¡iPe1). 

m mass flow rate of fluid ¡,2a,V¡p¡. 
Pe, Peclet number of fluid i,2a?i/ij(x.i. 
Pr, Prandtl number of fluid ¡, v¡/a¡. 

r temperature. 
Ui longitudinal velocity of fluid i. 
Vi average flow velocity of fluid i. 

w Whittaker's function, WKfl(z). 
X longitudinal distance from the inlet of fluid 1. 
Yi transverse distance from channel i symmetry plane. 
Vi dimensionless transverse coordinate, Y¡la¡. 

effect of the wall thermal resistance considering both isothermal 
and constant heat flux boundary conditions at the outer wall sur
face [27-35]. Fluid-fluid problems have also received great atten
tion due to their relevance for the design of practical heat transfer 
systems, such as double-pipe, or multilayered, heat exchangers. 
Specifically, several investigations have been reported dealing with 
both the co-current [36-40] and counter-current [41-49] flow con
figurations. In these studies the counter-current configuration typ
ically results in a more challenging mathematical problem, since 
due to the existing counterflow pattern the set of governing equa
tions is elliptical rather than parabolic even though longitudinal 
conduction effects are not taken into account. 

Besides the classical approach, based on a combination of theo
retical, asymptotic, and numerical methods, modern mathematical 
tools have recently been incorporated into the study of the Graetz-
Nusselt problem. Thus, the analysis of the steady-state heat 
transfer in the thermal entrance region of circular tubes [50], in 
microchannels formed by parallel-plates [51], or in multilayered 
parallel-plate heat exchangers [52], has benefited from the valu
able help of symbolic algebraic computation. Moreover, an inter
esting application of the method of lines resulting in the 
amplification of the size of Lévêque's thermal entrance subregion 
has also been reported [53,54]. Finally, an alternative approach 
based on Laplace's transform can be found in [55,56]. 

Although several studies have been presented in the literature, 
no analytical results have been found for the asymptotic behavior 
of the temperature field in the thermal entrance region of conju
gate counter-current fluid-fluid problems. Thus, the aim of this pa
per is to combine analytical, symbolic, and numerical tools to 
extend the classical Lévêque analysis to the conjugate fluid-fluid 
problem that arises in the thermal entrance region of laminar 
counterflow heat exchangers. Specifically, the analysis will shed 
new light of the singular nature of the temperature field for small 
axial distances in the relevant limit of large Prandtl and Peclet 
numbers with negligible wall thermal resistance. 

The paper is organized as follows. In Section 2 we present the 
mathematical formulation of the problem. In Section 3 we particu
larize the formulation to the thermal entrance region at small axial 
distances, showing that in this region the temperature field admits 
an asymptotic self-similar solution of the second kind. In Section 4 

Greek letters 
a¡ thermal diffusivity of fluid ¡, k¡/(p¡c¡). 
r Gamma function, T(z). 
K first a rgument of Whit taker functions. 
Xn n th eigenvalue. 
¡i second a rgument of Whit taker functions. 
v dimensionless local heat-transfer rate, ddi/dyl \y . 
v, kinematic viscosity of fluid i. 
pi densi ty of fluid i. 
&i normalized t empera tu re of fluid i. 
Ç dimensionless longitudinal coordinate, X/iPe^). 

Subscripts 
i subscript used indistinctly for fluids 1 and 2. 
in Inlet. 
L length of the heat-exchanger. 
m bulk, or mixing-cup, temperature. 
out outlet. 
w heat-exchanging wall. 

we write closed form analytical expressions for the self-similar 
solution in terms of Whittaker's functions. The resulting expres
sions for the temperature distributions and local heat-transfer rate 
are discussed and compared with fully numerical simulations in 
Section 5. Finally, the conclusions are presented in Section 6. 

2. Problem formulation 

As a convenient framework for the analysis of the thermal en
trance region in laminar counterflow heat exchangers, we shall 
analyze the laminar flow of two constant-property Newtonian flu
ids through a multilayered counterflow parallel-plate heat exchan
ger composed by a relatively large number of channels separated 
by thermally thin plates. The conducting plates allow the exchange 
of heat through a section of length L, presenting insulated sections 
at both ends of the heat exchange section, where no heat transfer is 
allowed. In the counterflow configuration considered here, the two 
fluids, denoted by 1 and 2 (the subscript ¿ = 1,2 will be used indis
tinctly for both fluids), flow in opposite directions in adjacent 
channels. 

Fig. 1 shows a sketch of the physical model under study, where 
X denotes the longitudinal (i.e. axial) coordinate measured from 
the inlet of fluid 1, and Y¡ denotes the transverse coordinate mea
sured from the symmetry plane of channel ¡. The Prandtl number, 
Pr, = v,/a„ defined in terms of the kinematic viscosity, v„ and ther
mal diffusivity, a„ of fluid ¡, will be assumed to be large compared 
to unity, so that the thermal entry length is large compared to the 
hydrodynamic entry length, a good approximation for most non-
metallic liquids in applications. Then, as long as the flow remains 
laminar, it can be assumed to be a fully developed Poiseuille flow, 
ui(yi) = ±(3/2)Vi[l -(y¡/a¡)2], where c¡¡ denotes the channel half-
width corresponding to fluid ¡, and the plus (minus) sign holds 
for fluid 1 (2). 

In addition, we shall assume that the Peclet numbers of the flow 
in the channels, Pe, = 2a,V,/a„ are both large compared to unity. In 
this case axial heat conduction in the fluids is confined to small re
gions located at the end sections of the heat exchanger, close to the 
heat conducting plates, whose characteristic size, of order 
[ajaj/(2Vj)]1/2 = Per1/2a¡, is small compared to a¡ when Pe,-> 1. In 
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Fig. 1. Unitary cell of the idealized counterflow parallel-plate heat exchanger showing the coordinate system, the velocity field, and the physical properties of fluids 1 and 2. 
The domain under study is shaded gray. 

this limiting case we can neglect axial conduction in the fluid as a 
first approximation, and therefore we shall assume that the inlet 
temperature of fluid i is uniform and equal to r i in [43,57]. 

To write the problem in non-dimensional form, we introduce 
the dimensionless variables £ =X/(Pe1a1), y¡ = V¡/a¡, and 0¡ = (-
Ti - Ti,m)l(T2,m - Ti.in)- Then, under the assumptions stated above, 
the energy equations for fluids 1 and 2 reduce, as a first approxima
tion, to a balance between axial convection and transverse 
conduction 
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in 0 < t, < {L, 0 < y¡ < 1, where the parameters m = a2 Pe2/(c¡iPe1) and 
£L = LKa^Pe^) are both assumed to be of order unity. 

The above equations have to be integrated with the boundary 
conditions at the channel symmetry planes 

<90i _ d02 

9y1 ~ dy2 
= 0 at 0 < { < f L , y, = 0, (3) 

at the heat conducting wall 

0i = 02 = 0W(£) 

¡Hi Kdy2 ~ v\c=) 
at 0 < { < f L , y, = l, 

and at the inlet sections 

0i, m = 0 at £ = 0, O s s y ^ l , 

02,to = l at f = fL, 0 < y 2 < l . 

(4) 

(5) 
(6) 

Notice that the requirement of continuity of heat fluxes at the heat 
conducting wall, given by Eq. (4), introduces the additional param
eter k = (aik2)l(a2ki). Note also that in the thermally thin wall re
gime considered here the absence of longitudinal heat conduction 
effects for Pe¡ » 1 implies that the temperature at both ends of 
the heat exchanging wall, 0W(O) and 0W({L), is imposed by the fluid 
entering the heat exchanger in that section, so that we may antici
pate that 0W(O) = 0 and 0W({L) = 1. 

The solution to the problem stated by Eqs. (l)-(6) provides the 
temperature field, 0¡(í.y¡). along with the plate temperature, 0w(f), 
for given values of m, k, and t,L. Moreover, it provides the local heat-
transfer rate, v(f), defined in Eq. (4), which represents the dimen
sionless heat flux from fluid 2 to fluid 1, as well as the outlet tem
perature profiles 

0i = 0i,out(yi) 

02 = 02,out(y2) 

at 
at = 0, 0 ; ï y 2 < l . 

(7) 
(8) 

Another interesting result is the distribution of the bulk, or mixing-
cup, temperatures of both streams 

Mf) = j[ §(i -timui )dy„ (9) 

defined as the uniform temperature that would eventually be at
tained if the fluid at a particular section t, was allowed to evolve 
adiabatically. 

Following Nunge and Gill [41,42], the analytical solution of the 
problem can be written as an infinite series of eigenfunctions 

di{Ui)=A+ ]T Cne-»*%(y{), (10) 

where satisfaction of the inlet boundary conditions at both ends of 
the heat exchanger forces us to use an infinite set of both positive 
(n > 0) and negative (n < 0) eigenvalues, ln, and their corresponding 
eigenfunctions, f„,¡{y¡). The orthogonality condition for the eigen
functions can then be used, together with the inlet conditions (5) 
and (6), to calculate the expansion coefficients A and Cn [52]. How
ever, the convergence of the series becomes very slow at small axial 
distances from the inlets, t, « 1 (or, alternatively, i;L - t, « 1 ), where 
a large number of terms is required for an accurate description of 
the solution [41,45]. Accordingly, as the inlets are approached the 
calculation becomes tedious and the numerical solution may not 
even converge. It is therefore necessary to consider an alternative 
method of solution for the counterflow heat exchanger in this re
gion. The alternative approach, due to Lévêque [8], exploits the fact 
that for sufficiently large Peclet numbers the temperature varia
tions are initially confined to a thin layer of fluid adjacent to the 
wall where the velocity profile is linear - corresponding to the 
near-wall velocity gradient of the fully developed flow (see also 
Refs. [4,9,13,32]). 

In this paper we shall extend the classical Lévêque analysis to 
the conjugate fluid-fluid problem that arises in the thermal en
trance region of counterflow heat exchangers. Thus, in the limiting 
case, Pe, > 1, Pr¡ > 1, that we are analyzing, the flow in the heat 
exchanger is under thermal development conditions. Hence, at dis
tances from the inlets that are small compared to the thermal entry 
length, of characteristic size £ ~ l^1 (or, alternatively, 
t,i - t, ~ \ÂZ] |), the temperature field presents a thermal boundary 
layer structure in the vicinity of the separating plate. The special 



feature of the counter-current configuration considered here is 
that due to the different sign of the flow velocity at both sides of 
the separating plate the thermal boundary layer adopts the form 
of a self-similar solution of the second kind [58], to be discussed 
in the following sections. 

3. The self-similar thermal entrance region for small axial 
distances 

In the following sections we shall focus our attention on the 
analysis of the thermal entrance region of fluid 1. As discussed in 
the Appendix, the resulting expressions can be used, together with 
appropriate symmetry conditions, to describe the thermal entrance 
region of fluid 2. 

When written in terms of the new independent variables 
*7i = (1 — yiO/í1'3. EQS- (1) a n d (2) take the approximate form 
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in 0 < t, « 1, 0 < f/j < oo, where we have approximated the fully 
developed velocity profile (3/4)(2 - »;,•{ 1'3)i/,-f1'3 by the linear veloc
ity profile (3/2)?7,cJ1/3 that prevails in the near-wall region, thus 
neglecting terms of order f1'3 in the convective terms. Hereafter 
the problem stated by Eqs. (11) and (12) will be referred to as the 
inner problem, in contraposition to the original problem, which will 
be referred to as the outer problem. 

Assuming separation of variables of the form 

e((f,j/() = ew(i)©f(»/(), (13) 

we obtain the temperature variation along the heat exchanging 
plate as 

M f ) = ©wi{', (14) 

where the exponent j has yet to be determined and @wl is a con
stant of order unity to be calculated by matching the inner (i.e. 
Lévêque) self-similar solution with the numerical solution of the 
outer problem for t, « 1. Substituting expressions (13) and (14) in 
(11) and (12) and absorbing the parameter m into the new stretched 
variable í)2 = m'i/3ri2, we obtain the following differential equations 
for the self-similar temperature profiles @i(f/i) and @2(rç2) 

m -j&i 
d&i d201 

dr\\ 
= 0, 

h -i&2 
fj2d02 

3 di]2 

d202 = 0, 

(15) 

(16) 

to be solved in 0 < )?, < 00,0 < ij2 < 00 subject to the boundary 
conditions stating the continuity of temperatures and heat fluxes 
at the heat exchanging wall 

01 =©2 = 1, 
30! 

dt]2 
at rj1 = f]2 = 0 (17) 

and the matching conditions with the solution of the outer problem 
at the edges of the thermal boundary layers 

© i ^ O as r\x 

\0 J2902 

3 dï]2 

>oo, (18) 

0 as tj2 —> 00, (19) 

, where C is a constant to be - Cif-l as f]2 or, alternatively, 02 

determined as part of the solution. 
Although the matching condition for 0X is obvious, the one for 

02 deserves further attention. Specifically, condition (19) must be 

satisfied since otherwise the second derivative 8¿02/df]l in Eq. 
(16) would tend to infinity as jj2 —» 00, thus preventing the self-
similar solution to match with the solution of the outer problem. 

It is interesting to note that the lumped parameter 

[/2 d! a i y / 3 fc2 fA2lW,3k2 
\Ai a21 h ' \U1 a2 a.2 h 

(20) 

appearing in the condition of continuity of heat fluxes (17) is the 
only dimensionless parameter that remains in the problem. As 
shown by the last equality in Eq. (20), this parameter can be rewrit
ten in terms of the ratio, A2/A1, of the wall velocity gradients, 
Ai = (dUi/dy,)|y.=1, of fluids 1 and 2, which becomes the only rele
vant fluid-dynamical parameter of the problem. We would also like 
to mention that k = m^/3k is the only parameter that emerges in the 
asymptotic description of the higher order eigenvalues (l±n for 
n -> 00) of the original problem (1 )-(6), whose corresponding eigen-
functions are those mainly involved in the mathematical descrip
tion of the thermal entrance region [52]. 

4. The self-similar solution 

For a given value of k the self-similar problem stated above ad
mits a solution for a single value of j , which must be determined as 
an eigenvalue. Accordingly, the temperature field in the thermal 
entrance region has the character of a self-similar solution of the 
second kind [58], where the exponent j cannot be obtained from 
conservation laws, but only by solving the nonlinear eigenvalue 
problem given by Eqs. (15)-(19). 

The solution to this problem can be obtained in closed analyti
cal form in terms of Whittaker's confluent hypergeometric func
tions [59,60] using standard symbolic algebra packages, such as 
Mathematica or Maple, leading to 

01(tlíJ)=A^ exp(-i/?/12)r(l +i)WKl0)i/J()?
3/6), (21) 

©2W2 J") = Afif exp()73/12)r(l/3 -j)WK2^(rf2/6), (22) 

with A = 31/261/3r(2/3)/(27i), K2{j) = - Kx{j) = 1/3 + j , and \i = 1/6. In 
the above expressions the value of j is given implicitly as a function 
of k by the condition of continuity of heat fluxes (17), which, apply
ing symbolic derivation to (21) and (22) and particularizing the 
results at )?, = ij2 = 1, reduces to the closed-form transcendental 
equation 

1 imn-î) 
( i / 3 - i ) r ( i / 3 - i ) r ( - i / 3 + j y 

(23) 

written here in terms of the Gamma function r(z). The variation of j 
with k given by this expression is plotted in Fig. 2(a), which shows a 
monotonie decrease in the exponent j from 1/3 to 0 as k grows from 
0 to ex). Notice, in particular, that the logarithmic scale used for k 
renders the curve j(k) antisymmetric with respect to k=\,j = 
1/6, due to the invariance of Eq. (23) under the transformation 
k^k~\j^i/3-j. 

Fig. 3 shows the self-similar temperature profiles given by Eqs. 
(21)-(23) corresponding to different values of k. The asymptotic 
behavior 02 ~ Cf]^ as jj2 —» 00 is also plotted in the figure, where 
the value of the constant C= [31 / 2r(2/3)r(l/3 -j)]l(&2n) results 
from the application of the asymptotic expansion WKfl(z) ex zK exp 
(—z/2)[l + C(z-1)] as \z\ -> 00 to Eq. (22). This asymptotic behavior 
holds in the matching region (f/m)1'3 <c (1 — y2) < 1 between the 
inner (Lévêque) and outer (numerical) solutions, and can be 
rewritten in terms of outer variables as follows 

2(f,y2) = ©wi^Ci/3/ = ©wiCWo -y 2 ) 3 j . (24) 

Once we have obtained the solution, we can evaluate the local 
heat-transfer rate 



10 10 
— Constant heat flux 

10 10 
Isothermal wall —» 

0.72 0.74 

Fig. 2. Dependence of j with k given implicitly by (23) (left plot) and relationship between j and a given by (26) (right plot). Dashed-dotted lines: asymptotic approximations 
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Fig. 3. Self-similar temperature profiles 0-¡(r¡-¡) and ©2(1)2) given by (21)-(23) for 
different values of k = m1/3k. Dashed-dotted lines: asymptotic approximation 
02 ~ Cifi as i)2 -• 00, with C= [31,2r(2/3)r(l/3 -j)\¡[S2n); dashed lines: asymp
totic profile ®i(f/i) corresponding to k -» 00 (isothermal wall limit). 

V(f) = 
501 • 0 ^ 0 0 , 

<h=o 
= 0wla(j)t1/3, 

where 

«(/) = 
Ô01 

* ? 7 <h=o 

31/262/3[r(2/3)]2 r ( i+ j ) 
An r(2/3 +j) ' 

(25) 

(26) 

is a bounded function that takes values of order unity, 
0.6163 sg a sg 0.7452 for 0 sgj sc 1/3, as shown in Fig. 2(b). It is inter
esting to note that Eq. (25) predicts a singular behavior for the heat-
transfer rate, v({) ~ f'-1'3, as long as k > 0 (j! < 1/3). Note also the 
weak dependence of &i(ri-¡) on k, which results in an almost con
stant value of a. 

We would like to point out that the uniparametric family of 
solutions presented above constitutes a natural extension to the 
classical first and second Lévêque solutions, which are recovered 
for large and small values of k respectively. Thus, in the limit 
k —> 00 0 -> 0) we obtain the isothermal wall solution: 
ew(0 EE 1 ,0 , (^ ,0) = 1 - r ( l /3 , í t f /6 ) / r ( l /3 ) ,v ( í ) = 0.6163r1/3, 
where r{a,z) denotes the incomplete Gamma function and <9wl is 
set equal to unity without loss of generality. On the other hand, for 
k = 0 (j = 1/3) we recover the constant heat flux solution: v(f) = 1, 
6w(f) = 0.7452_1f'. and © ^ J J L I / 3 ) given by Eq. (21), where <9wl is 

set equal to 0.7452-1 in order to normalize the dimensionless heat-
transfer rate to unity. 

Integration of Eq. (1) across the channel width using (4) and 
(25) to evaluate v(f) provides the evolution of the mixing-cup tem
perature of fluid 1 

i ( f )= / 2v(f)df = 2©wla(/)T 
Jo J 

ÇJ+2/3 

+ 273' (27) 

where use has been made of the inlet boundary condition 
^mi(O) = 0. According to this expression, the singular heat transfer 
rates that occur for 0 sgj < 1/3 in the thermal entrance region result 
in an enhanced mixing-cup temperature growth rate for the fluid 
entering the heat exchanger as compared to the linear growth rate, 
0mi(f) ~ f> predicted by a constant overall heat transfer coefficient -
which in the thermal entrance region corresponds, in first approxi
mation, to a constant value of v (J = 1/3). Accounting for the heat 
transfer enhancement in the thermal entrance region of laminar 
counterflow heat exchangers may lead to further improvements 
in the design and operation of practical heat-transfer devices, par
ticularly of short heat exchangers, where this effect is known to 
have a larger impact [41]. 

The self-similar description of the thermal entrance region pre
sented above fails in a small region near the inlet section, close to 
the heat exchanging plate, where upstream conduction becomes 
important and must be retained in Eqs. (1) and (2). In this region 
- whose characteristic length, of order Pe^1/2c¡i, is small compared 
to a\ when Pe! > 1 - upstream conduction smoothes out the sin
gularities that arise in 6w(f) and v(f) as £ -> 0 according to (14) 
and (25). 

The characteristic size of this region can be used to estimate the 
order of magnitude of the maximum longitudinal temperature gra
dient suffered by the heat exchanging plate, which is of great prac
tical importance for predicting problems of fouling and thermal 
stresses in the walls. Thus, a rough calculation from Eq. (14) taking 
Í ~ (Pe-"2a{)/(Pe,a{) ~ P e ^ 2 provides dew/dt;|max ~ 6>wljPef-J')/2, 
or alternatively, in dimensional form, 

dX 
'2,in • T \ j r 

Ql 
0«ijPe\ (l-3j)/2 (28) 

Fig. 4 shows the dependence of the maximum dimensionless axial 
temperature gradient, jPe!¡1_3j)/2, with both k and Pe-i. Note that in 
the plot we ignore the effect of the constant 0 w l , which accounts 
for the non-local influence of the parameters m, k, and fL of the out
er problem (see Tables 1 and 2 for details). As expected, in the iso
thermal wall limit, k —> 00, the longitudinal temperature gradient 
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Table 2 
Numerical values of ®w l and 0w2 for five benchmark cases corresponding to 
ii = 0.0625 and selected values of m and k. The estimated numerical error of ®w l and 

Fig. 4. Characteristic value of the maximum longitudinal wall temperature gradient 
at the thermal entrance region of fluid 1, (dTw/dX)max/[6>wl(T2)in- T l in)/ 
0]] ~jPe1

(1~3j) '2, as a function of k for several values of the Peclet number, 
Pei > 1. The curves reach the peak value pef

/2y(1/"'gPe''>l/logPe3
1

/2 for j = 1/log Pe3/2. 

decreases asymptotically to zero, while in the constant heat flux 
limit, k —> 0, it approaches the value 1/3 for all Pe^. For intermediate 
values of fc the longitudinal temperature gradient grows with Pe!, 
reaching a peak value Pei(1/^-(1/logPei)1/log Pe^/2 for j = 1/log Pe]'2, 
corresponding to a value of k slightly larger than one. 

Using order of magnitude estimates in (25) we can also obtain 
the order of magnitude of the maximum transverse wall tempera
ture gradient, which can be written as 

dY 
fci aQ') dTw 

few j dX 
(29) 

in terms of the thermal conductivity of the heat exchanging wall, 
few-

According to the above discussion, transverse gradients will 
dominate for poorly conductive plates, fcï/fcw > 1, near the isother
mal wall limit, k —> oo, j —> 0. In contrast, longitudinal temperature 
gradients will be more vigorous for highly conductive plates, k-¿ 
few <c 1, near the constant heat flux limit, fe —> 0, j —> 1/3. 

5. Numerical solution and discussion of results 

In order to assess the domain of validity of the generalized Lévê-
que solution, finite-difference numerical solutions of the problem 
described by Eqs. (l)-(6) were carried out for selected values of 
the governing parameters m, fe, and fL. The governing equations 
(1 ) and (2) were discretized using second-order centered finite dif
ferences on a distorted grid with nodes clustered near the inlet, 
outlet and separating wall. Second-order non-centered finite dif
ferences were used to discretize the derivatives appearing in the 
boundary conditions represented by Eqs. (3)-(6). The steady solu
tion was obtained using a time-marching method with local time 
stepping until the convergence criteria \1Z\ < 1CT5 was achieved, 
\1Z\ being a suitable norm of the residuals (e.g., the infinite norm). 
Further details on the numerical method can be found elsewhere 
[52,61]. 

The numerical solutions were used to calculate the value of <9wl 

by matching the profiles 0W (£), v(f), 0ml(f), and 02,Out(y2), t 0 t n e 

self-similar expressions given by Eqs. (14), (23)-(27) at the thermal 

&W2 ¡S jelow 1 %. 

m 1 1 1 2 4 

k 1 2 4 1 1 

®w2 

0.800 
0.800 

0.931 
0.590 

0.976 
0.376 

0.861 
0.831 

0.905 
0.891 

2a(y)0wi/Ü + 2/3) 

Fig. 5. Log-log representation of ew(i), v({), and emi({) corresponding to m = l, 
k = 2, and (L = 0.0625. Solid lines: numerical results; dash-dotted lines: asymptotic 
behavior predicted by the generalized Lévêque solution, Eqs. (14), (25), and (27), 
with 6>wl = 0.931. Thick solid lines indicate the respective fitting intervals. 

entrance region of fluid 1. To illustrate the matching procedure we 
may refer to the results presented in Fig. 5, corresponding to m = 1, 
fe = 1, and t,L = 0.0625. The figure shows the variation of the plate 
temperature, 0W(Í). the local heat transfer rate, v(f), and the mix
ing-cup temperature of fluid 1, 0ml( f), as a function of the distance 
f from the inlet of fluid 1. By taking logarithms on both sides of Eq. 
(14) we get 

Iog0„=i log í + log0w (30) 

Therefore, when plotted on a log-log scale, 0w(f) should approach a 
straight line with slope j for t, « 1, as confirmed by Fig. 5. To find 
the corresponding value of <9wl we fitted the plot of 0w(f) to a 
straight line on different fitting intervals, fmin sg t, sg fmax « 1, and 
selected the interval which provided the best approximation for 
the slope j . The resulting linear fit was continued until it intercepted 
the axis log { = 0, where we read the value of log <9wl. The same 
procedure was applied to match the numerical results to the self-
similar expressions (24), (25), and (27), leading in all cases to very 
close values of <9wl, the small numerical discrepancies being due 
to the inability of the numerical method to capture the singular 
behavior of the solution for small axial distances. The different val
ues of <9wl thus obtained were conveniently averaged to minimize 
the numerical error, leading to the final results presented in Tables 
1 and 2, which correspond to the different benchmark cases consid
ered below. 

Several conclusions may be drawn from the results collectively 
shown in Fig. 5 and Tables 1 and 2. First of all, the generalized 
Lévêque solution is seen to accurately describe the solution up to 
distances of the order of the thermal development length away 

Table 1 
Numerical values of ®w l = &w for five benchmark cases corresponding to m = k = 1 and selected values of iL. The estimated numerical error of ®w l and 0w2 is below YÁ. 

0.0625 
0.800 

0.125 
0.698 

0.25 
0.580 

0.375 
0.498 

0.5 
0.437 

0.625 
0.390 

0.75 
0.351 

0.875 
0.320 

1 
0.293 
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Fig. 6. Profiles of wall temperature, ew({), mixing-cup temperatures, emi({) and 6m2((), local heat-transfer rate, v({), and outlet temperature profile of fluid 2, 02out(y2), 
corresponding to m = k = 1 and different values of 4 = [0.0625,0.125,0.25,0.5,1 ]. The arrows indicate the trends for increasing values of (L. Solid lines: numerical results; dash-
dotted lines: approximate results given by the generalized Lévêque solution, Eqs. (14), (23)-(27), with 6>wi and 0w2 given in Table 1. Note that due to the symmetry of the 
problem for m = k = 1 ew(i) and v({) are only plotted for 0 < { < (L¡2. 

from the inlets, f ~ X^A ~ 0.02, where Xi~ 25-40 denotes the first 
positive eigenvalue of the problem modeled by Eqs. (l)-(6) (see 
[52] for details). This result is indeed rather general as demon
strated by a detailed inspection of the solutions corresponding to 
the benchmark cases listed in Tables 1 and 2. Second, the value 
of <9wl is seen to decrease with the heat exchanger length, fL, 
and increase both with m and - more appreciably - with k. And 
third, the estimated numerical error associated with the values of 
<9wl and 0w2 is quite large, about 1%. This is a direct consequence 
of the singular character of the solution in the thermal entrance re
gion, which is hard to capture using standard finite-difference 
methods. Thus, high-order methods would be mandatory to calcu
late <9wl and 0w2 with better accuracy. However, the aim of this 
work was not to provide precise numerical values of these con
stants (which are, in addition, configuration dependent), but to un
veil the general structure of the solution in the thermal entrance 
region of laminar counterflow heat exchangers. 

For illustrative purposes, Fig. 6 shows the variations of the wall 
temperature, 0W, mixing-cup temperatures, 0ml and 0m2. and local 
heat-transfer rate, v, as a function of f, along with the outlet tem
perature profile of fluid 2, 02,Out(y2), corresponding to m = k = 1 and 
different values of £,L = [0.0625,0.125,0.25,0.5,1]. The approximate 
profiles predicted by the self-similar thermal entrance solution 
through expressions (14), (24), (25), and (27) are also shown for 
illustrative purposes. As can be seen, the self-similar near-inlet 
solution describes accurately the asymptotic behaviors of the wall 
temperature, 0W, and local heat-transfer rate, v, as the inlet is ap
proached, and provides a fairly good prediction of the mixing-
cup temperatures of both streams, 0ml and 0m2, over a large portion 
of the heat exchanger length. It also provides a precise description 
of the singularity that appears in the outlet temperature profile of 
the fluid exiting the heat exchanger. 

Parallel results are presented in Figs. 7 and 8, where we fix the 
heat exchanger length, t,L = 0.0625, and vary the values of 

<£ 

0.4 0.6 

Fig. 7. Profiles of wall temperature, ew(i), mixing-cup temperatures, emi({) and 9m2{{), local heat-transfer rate, v({), and outlet temperature profile of fluid 2, e2,out(y2), 
corresponding to (L = 0.0625, k = 1 and different values of m = [1,2,4]. The arrows indicate the trends for increasing values of m. Solid lines: numerical results; dash-dotted 
lines: approximate results given by the generalized Lévêque solution, Eqs. (14), (23)-(27) with 6>wi and 0w2 given in Table 2. 
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Fig. 8. Profiles of wall temperature, ew(i), mixing-cup temperatures, emi({) and 6m2(i), local heat-transfer rate, v({), and outlet temperature profile of fluid 2, e2,out(y2), 
corresponding to (L = 0.0625, m = 1 and different values of k = [1,2,4]. The arrows indicate the trends for increasing values of k. Solid lines: numerical results; dash-dotted 
lines: approximate results given by the generalized Lévêque solution, Eqs. (14), (23)-(27) with 6>wi and 0w2 given in Table 2. 

m = [1,2,4] and k = [1,2,4]. Note that the agreement between the 
numerical and the theoretical predictions is excellent in all cases. 

6. Conclusions 

In this paper we have combined analytical, symbolic, and 
numerical techniques to investigate the structure of the conjugate 
fluid-fluid problem that arises in the thermal entrance region of 
fully-developed laminar counterflow heat exchangers. The study, 
carried out for constant property fluids, assumes that the Prandtl 
and Peclet numbers are both large compared to unity, and neglects 
axial conduction both in the fluids and in the plate, assumed to be 
thermally thin. The discussion begins with the formulation of the 
conservation equations and boundary conditions governing the 
temperature field in parallel-plate counterflow heat exchangers, 
but attention is rapidly shifted to the self-similar description of 
the thermal entrance region for small axial distances. 

The solution of the resulting mathematical problem has the 
character of a self-similar solution of the second kind and can be 
expressed in terms of Whittaker's confluent hypergeometric func
tions. According to this local, near-inlet solution, the dimensionless 
plate temperature grows as ¿?, where £ is the dimensionless dis
tance measured from the inlet section, and the exponent, 
0 sg j sg 1/3, must be calculated as part of the solution as an eigen
value. Indeed, the analysis demonstrates that the exponent j de
pends exclusively on the lumped parameter k, defined by Eq. 
(20) in terms of the ratios of the wall velocity gradients, thermal 
diffusivities, and thermal conductivities of the fluids entering and 
exiting the heat exchanger. Interestingly, the generalized Lévêque 
solution presented here admits as limiting cases the classical iso
thermal wall (i.e. first) and constant heat-flux (i.e. second) Lévêque 
solutions, obtained respectively for large and small values of k. 

As a result of the study, closed-form analytical expressions for 
the self-similar near-inlet temperature distributions, local heat-
transfer rates, and bulk temperature distribution of the fluid enter
ing the heat exchanger were obtained. The analytical expressions 
were defined up to an undetermined constant which has to be ob
tained by matching with the (outer) numerical solution. Thereafter, 
these expressions were compared with fully numerical simula
tions, showing very good agreement in the counterflow parallel-
plate configuration in all cases. 

The local character of the generalized Lévêque solution makes it 
applicable to more complex configurations extensively used in 
industrial applications, such as concentric tube heat exchangers. 
Using the appropriate value of the ratio of the wall velocity gradi
ents, A2/A1, to determine the value of k in Eq. (20), the analytical 
expressions presented herein would provide a reliable first-order 
approximation for the quasi-planar temperature field in the ther
mal entrance region of concentric tube heat exchangers. Since 
the effect of curvature is known to be significant, the resulting 
approximation should be used with caution in cylindrical geome
tries because it is expected to be less accurate than for the planar 
case considered here [13]. 

Further improvements of the generalized Lévêque solution 
would be worthwhile exploring. For instance, the analysis could 
be extended to cover finite wall conduction effects, curvature ef
fects (by consideration of cylindrical configurations), nonlinear in
let velocity profiles, swirling flows, or non-Newtonian fluids. 
Besides its value as a dependable solution to a fundamental prob
lem, the analytical solution presented in this work may find appli
cation in benchmarking exercises of numerical codes. 
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Appendix A. The self-similar entrance region of fluid 2 

The self-similar description of the thermal entrance region of 
fluid 1 presented in Section 3 can be extended using appropriate 
symmetry conditions to describe the self-similar entrance region 
of fluid 2. First of all, we should note that the problem formulated 
by Eqs. (l)-(6) is invariant under the group of transformations 
1 <-> 2, 0,- <-> 1 - 0(, m <-> m"1, k <-> k"1, f <-> m_1(fL - £,)• This, in turn, 
ensures the invariance of the self-similar solution of the thermal 
entrance region under the group of transformations 
k <-> fc_1 J <-> 1/3 —j,r¡¡ <-> m1'3»/,-. Applying these symmetry condi
tions in the asymptotic expressions for 6w(f), v(f), and 0mi(£), the 
respective Eqs. (13), (25), and (27) yield the corresponding expres
sions for the thermal entrance region of fluid 2, 



0W(£) - 1 - ©v, 
¿L-rv1/3-J 

m / ' 

v ( í ) -0 w 2 ka( l /3 - i ) m 

e m 2 ( í ) - i - 2 0 M 
a ( l / 3 - j ) / f i - f 

W m 

i - j 

(31) 

(32) 

(33) 

and, in analogy with (24), the asymptotic temperature profile of 
fluid 1 at the outlet 

9 1 ( i , y 1 ) ^ l -0 w 2 Cm' ' - 1 / 3 ( l -y 1 ) 1 - 3 J . (34) 

In (31)-(34) the constant 0w2 must be determined by matching 
with the numerical solution for i;L - t, « 1 following the same pro
cedure applied to <9wl. 

As can be observed in Figs. 6-8, the resulting approximations 
for 6w(f), v(f), and 6m2(i) in the thermal entrance region of fluid 
2 are also in very good agreement with the numerical results. 
Although the asymptotic behavior of 6i(f,yi) is not shown in the 
figures, the agreement was also found to be satisfactory. 
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