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\section{Introduction}
Hyperbolic spaces play an important role in geometric
group theory and in the geometry of negatively curved
spaces (see \cite{ABCD, GH, G1}).
The concept of Gromov hyperbolicity grasps the essence of both negatively curved
spaces like the classical hyperbolic space or Riemannian manifolds of
negative sectional curvature, and of discrete spaces like trees
and Cayley graphs of many finitely generated groups. It is remarkable

% the abstract
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how a simple concept leads to such a rich
general theory (see \cite{ABCD, GH, G1}).
The study of mathematical properties of Gromov hyperbolic spaces
and their applications is a topic of recent and increasing
interest in graph theory; see, for instance,
\cite{BRS,BRST,BHB1,CPRS,CRSV,K27,K21,K22,
%K23,K24,
K56,MRSV,PRT1,RSVV,
%RT1,
RT3,T,WZ}.
The theory of Gromov spaces was used initially for the study of
finitely generated groups (see \cite{G1}
%,G2}
and the references therein), where it was observed to have
practical importance. This theory was applied mainly to the study
of automatic groups (see \cite{O}), which play a role in
computational science. The concept of hyperbolicity appears also
in discrete mathematics, algorithms and networking. For example,
it has been shown empirically in \cite{ShTa} that the internet
topology embeds with better accuracy into hyperbolic space than
into Euclidean space of comparable dimension. A few algorithmic
problems in hyperbolic spaces and hyperbolic graphs have been
considered in recent papers (see \cite{ChEs, Epp, GaLy, Kra}).
Another interesting application of these spaces is secure
transmission of information on the internet (see
\cite{K27,K21,K22}). In particular, the hyperbolicity plays a key
role in the spread of viruses through the network (see
\cite{K21,K22}). The hyperbolicity is also useful in the study of
DNA data (see \cite{BHB1}).
In \cite[Section 1.3]{BHB}, it is observed that the hyperbolicity
of a geodesic metric space is equivalent to the hyperbolicity of a
graph related to it (see also \cite{PRT1,RT3,T}). Hence,
establishing hyperbolicity criteria for graphs will be of
interest to us.
Let us state some basic facts about Gromov's spaces. If
$\g:[a,b]\rightarrow X$ is a continuous curve in a metric space
$(X,d)$, we say that $\g$ is a \emph{geodesic} if it is an
isometry, i.e., $L(\g|_{[s,t]})=d(\g(t),\g(s))=|t‐s|$ for every
$s,t\in [a,b]$. The space $X$ is a \emph{geodesic metric space} if
for every $x,y\in X$, there exists a geodesic joining $x$ and $y$;
denote by $[xy]$ any of such geodesics (since uniqueness of
geodesics is not required, this notation is ambiguous, but it is
convenient). It is clear that every geodesic metric space is
path‐connected.

By a graph $G$, we mean a set of points called vertices connected
by (undirected) edges. The set of vertices is denoted by $V(G)$
and the set of edges by $E(G)$; we assume also that each edge has
a length assigned. In order to consider a graph $G$ as a geodesic
metric space, identify (by an isometry) any edge $[u,v] \in E(G)$
with the real interval $[0, l]$ (if $l := L([u,v])$); therefore,
any point in the interior of an edge is a point of $G$. Then $G$
is naturally equipped with a distance defined on its points,
induced by the shortest paths.

If $X$ is a geodesic metric space and $J=\{J_1,J_2,\dots,J_n\}$ is
a polygon, with sides $J_j\subseteq X$, the polygon $J$ is
$\d$‐{\it thin} if for every $x\in J_i$, one has that
$d(x,\bigcup_{j\neq i}J_{j})\le \d$. Denote by $\d(J)$ the sharp
thin constant of $J$, i.e., $ \d(J):=\inf\{\d: J \, \text{ is
$\d$‐thin}\}. $ If $x_1,x_2,x_3\in X$, a {\it geodesic triangle}
$T=\{x_1,x_2,x_3\}$ is the union of the three geodesics
$[x_1x_2]$, $[x_2x_3]$ and $[x_3x_1]$. The space $X$ is
$\d$‐\emph{hyperbolic} if every geodesic triangle in $X$ is
$\d$‐thin. Let us denote by $\d(X)$ the sharp hyperbolicity
constant of $X$, i.e., $\d(X):=\sup\{\d(T): T \, \text{ is a
geodesic triangle in }\,X \}.$ The space $X$ is \emph{hyperbolic}
if $X$ is $\d$‐hyperbolic for some $\d$. Note that if $X$ is
$\d$‐hyperbolic, then every geodesic polygon with $n$ sides is
$(n‐2)\d$‐thin; in particular, every geodesic quadrilateral is
$2\d$‐thin.
As a remark, the main examples of hyperbolic graphs are trees. In
fact, the hyperbolicity constant of a geodesic metric space can be
viewed as a measure of how ``tree‐like'' the space is, since those
spaces $X$ with $\delta(X) = 0$ are precisely the metric trees. In
many applications, one finds that the borderline between tractable
and intractable cases may be the tree‐like degree of the structure
to be dealt with (see, e.g., \cite{CYY}).
It is worth pointing out that deciding whether or not a space is
hyperbolic is usually extraordinarily difficult: Note that, first
of all, one needs to consider an arbitrary geodesic triangle $T$,
and calculate the minimum distance from an arbitrary point $P$ of
$T$ to the union of the other two sides of the triangle to which
$P$ does not belong to. And then, take the supremum over all
possible choices of $P$ and then over all possible choices of
$T$. Without disregarding the difficulty of solving this minimax
problem, notice that in general, the main obstacle is that the
location of geodesics in the space is not usually known.
One of the main questions in the study of any mathematical
property is to characterize it in a simple way. If the property is
very difficult to characterize (as in the case of hyperbolicity),
a natural strategy is to do so for a subclass of objects. In this
paper, a very simple characterization of the hyperbolicity of
periodic tessellation graphs of $\RR^2$ is given (see Theorem
\ref{t:periodic} and Definitions \ref{d1} and \ref{d2}).
Theorem \ref{t:periodic} characterizes the hyperbolicity of any
periodic tessellation graph $G$ in terms of the hyperbolicity of a
``period graph" $G^*$ ($G$ can be obtained by pasting infinitely
many copies of $G^*$, see Definition \ref{d2}). As a first
intuition, one might think that the hyperbolicity of $G^*$
guarantees the hyperbolicity of $G$; however, this does not hold
for the Cayley graph $G$ of $\ZZ\times\ZZ$, where one can take
$G^*$ as the Cayley graph of $\ZZ\times\ZZ_2$ (note that $G^*$ is
hyperbolic and $G$ is not hyperbolic). Theorem \ref{t:periodic}
states that $G$ is hyperbolic if and only if $G^*$ is hyperbolic
and the geodesic lines bordering $G^*$ ``diverge" (this last
condition is not satisfied in $\ZZ\times\ZZ_2$).
The outline of the paper is as follows. In Section 2, the needed
background is collected. Section 3 contains the technical results
used in the proof of the main theorem, which appears in Section 4.
\section{Background on Gromov Hyperbolic Spaces}

Let $(X,d_X)$ and $(Y,d_Y)$ be two metric spaces. A map $f:
X\rightarrow Y$ is said to be an $(\alpha,
\beta)$‐\emph{quasi‐isometric embedding}, with constants
$\alpha\geq 1,\ \beta\geq 0$ if, for every $x, y\in X$,
$$
\alpha^{‐1}d_X(x,y)‐\beta\leq d_Y(f(x),f(y))\leq \alpha d_X(x,y)+\beta.
$$
The function $f$ is $\varepsilon$‐\emph{full} if for each $y \in
Y$, there exists $x\in X$ with $d_Y(f(x),y)\leq \varepsilon$.
A map $f: X\rightarrow Y$ is said to be a \emph{quasi‐isometry},
if there exist constants $\alpha\geq 1,\, \beta,\varepsilon \geq
0$ such that $f$ is $\varepsilon$‐full $(\alpha,
\beta)$‐quasi‐isometric embedding.
Two metric spaces $X$ and $Y$ are \emph{quasi‐isometric} if there
exists a quasi‐isometry $f:X\rightarrow Y$.
An $(\alpha,\beta)$‐\emph{quasigeodesic} of a metric space $X$ is
an $(\alpha,\beta)$‐quasi‐isometric embedding $\gamma:
I\rightarrow X$, where $I$ is an interval of $\mathbb R.$ A
\emph{quasigeodesic} is an $(\alpha,\beta)$‐quasigeodesic for some
$\alpha\geq 1,\ \beta\geq 0$. Note that a $(1,0)$‐quasigeodesic is
a geodesic. A \emph{geodesic line} is a geodesic with domain
$\RR$. A \emph{geodesic ray} is a geodesic with domain
$[0,\infty)$.
Let $X$ be a metric space, $Y$ a non‐empty subset of $X$ and
$\varepsilon$ a positive number. The
$\varepsilon$‐\emph{neighborhood} of $Y$ in $X$, denoted by
$\mathcal{V}_{\varepsilon}(Y)$, is the set $\{x\in X:
d_X(x,Y)\leq\varepsilon\}$.
The \emph{Hausdorff distance} between two non‐empty subsets $Y$
and $Z$ of $X$, denoted by $\mathcal{H}(Y,Z)$, is the number
defined by
\[\inf\{\varepsilon>0: Y\subset\mathcal{V}_{\varepsilon}(Z)\ \mbox{and}\ Z\subset\mathcal{V}_{\varepsilon}(Y)\}.\]
Two of the fundamental properties of hyperbolic spaces are the following:
\begin{theorem}[Invariance of hyperbolicity]\label{invarianza}
Let $f:X\rightarrow Y$ be an $(\alpha,\beta)$‐quasi‐isometric
embedding between the geodesic metric spaces $X$ and $Y.$ If $Y$
is hyperbolic, then $X$ is hyperbolic.
Besides, if $f$ is $\e$‐full for some $\e\ge0$ $($a
quasi‐isometry$)$, then $X$ is hyperbolic if and only if $\,Y$ is
hyperbolic.
\end{theorem}
\begin{theorem}[Geodesic stability]\label{teoremaestabilidad}
For given constants $\a\ge 1$ and $\b,\d\ge 0$, there exists a
constant $H=H(\delta,\alpha,\beta)$ such that for every
$\delta$‐hyperbolic geodesic metric space and for every pair of
$(\alpha,\beta)$‐quasigeodesics $g,h$ with the same endpoints,
$\mathcal{H}(g,h)\leq H$.
\end{theorem}
If $X$ is a metric space, define the \emph{Gromov product} of
$x,y\in X$ with the base point $w\in X$ by
$$
(x,y)_w:= \frac12\, (d(x,w)+d(y,w) ‐d(x,y) ) .
$$
If $X$ is a Gromov hyperbolic space, it holds that

\begin{equation}
\label{eq:product}
(x,z)_w
\ge \min \big\{ (x,y)_w, (y,z)_w \big\}‐ \d
\end{equation}
for every $x,y,z,w\in X$ and some constant $\d\ge 0$ (see,
\mbox{e.g.}, \cite[Proposition 2.1]{ABCD} or \cite[p.\,41]{GH}).
We denote by $\d^*(X)$ the sharp constant for this inequality,
i.e.,
$$
\d^*(X):= \sup\big\{\!\min \big\{ (x,y)_w, (y,z)_w \big\}‐ (x,z)_w
:\, x,y,z,w\in X \big\} .
$$
\begin{remark} \label{r1}
If $X$ is a geodesic metric space, it is known that
\eqref{eq:product} is, in fact, equivalent to our definition of
Gromov hyperbolicity; furthermore, $\d^*(X)\le 4\,\d(X)$ and
$\d(X)\le 3\,\d^*(X)$ (see, \mbox{e.g.}, \cite[Proposition
2.1]{ABCD} or \cite[p.\,41]{GH}).
\end{remark}
If $D$ is a closed subset of $X$, always consider in $D$ the
\emph{inner metric} obtained by the restriction of the metric in
$X$, that is
$$
d_{D}(z,w):= \inf\big\{ L_{X}(\g) : \, \g\subset D \text{ is a
continuous curve joining $z$ and $w$} \big\}\ge d_{X}(z,w).
$$
Consequently, $L_{D}(\g) = L_{X}(\g)$ for every curve $\g\subset D$.

In an informal way, a tessellation, $T$, on $\RR^2$ is a partition
of $\RR^2$ by geometric shapes (called tiles) with no overlaps and
no gaps. The tessellation graph associated with $T$ is the union
of the boundaries of the tiles. More precisely, for $n\ge 1$, an
$n$‐cell is a topological space homeomorphic to the open ball in
$\RR^n$. A $0$‐cell is a singleton space. A \emph{tesselation} on
$\RR^2$ is a CW $2$‐complex on $\RR^2$ such that every point on
$\RR^2$ is contained in some $n$‐cell of the complex for some
$n\in\{0,1,2\}$. A \emph{tessellation graph} is the $1$‐skeleton
(the set of $0$‐cells and $1$‐cells). The edges ($1$‐cells) of a
tessellation graph are just rectifiable paths (paths with finite
Euclidean length) in $\RR^2$ and have the length induced by the
Euclidean metric. Note that this class of graphs contains as
particular cases many planar graphs.
\section{Technical Lemmas}
Since the proof of our main result (Theorem \ref{t:periodic})
is long and technical, in order to make the arguments more transparent, we
collect some results needed along the proof in technical lemmas.
Let us start with the definition of periodic graph.
\begin{definition}
Let $G$ be a tessellation graph of $\RR^2$. Then, $G$ is
\emph{periodic} if there exists $(u,v) \in\RR^2 \backslash
\{(0,0)\}$ such that $T(G)=G$, where $T:\RR^2 \rightarrow \RR^2$
is defined as $T (x,y) = (x,y) + (u,v)$. In this case, $T$ is a

\emph{periodic transformation of} $G$.
\end{definition}

\begin{definition} \label{d1}
A periodic tessellation graph $G$ of $\RR^2$ is \emph{normalized}
if $T (x,y) = (x+k_0,y)$ is a periodic transformation of $G$ for some positive constant $k_0>0$,
and $\s:=\RR\times\{0\}$ is contained in $G$.
\end{definition}
Note that in order to study the hyperbolicity of a periodic tessellation graph $G$ of $\RR^2$, by applying a rotation and/or a lift,
without loss of generality one can assume that
$T(x,y)=(x+k_0,y)$ with $k_0>0$.
Furthermore, one can assume that $\s:=\RR\times\{0\} \subset G$, since otherwise the tessellation graph obtained by adding $\s$ to $G$
is quasi‐isometric to $G$.
Hence, in order to study the hyperbolicity, assume that every periodic tessellation graph of $\RR^2$ is normalized.
\begin{definition} \label{d2}
Denote by $U$ $($respectively, $L)$ the closed upper
$($respectively, lower$)$ half‐plane in $\RR^2$. If $G$ is a
normalized periodic tessellation graph of $\RR^2$, then $\g$ is a
\emph{fundamental ray} of $G$ in $U$ $($respectively, in $L)$ if
it is a geodesic ray of $G$ in $U$ $($respectively, in $L)$
starting in $(0,0)$ satisfying the following property$\,:$ if $B$
is the closed connected set in $U$ $($respectively, in $L)$
bounded by $\g$ and $T(\g)$, then $\bigcup_{n\in\ZZ} T^n(B)=U$
$($respectively, $\bigcup_{n\in\ZZ} T^n(B)=L)$. In this case,
$\g_0$ is a \emph{fundamental line} of $G$ if $\g_0=\g_1 \cup
\g_2$, where $\g_1$ is a fundamental ray of $G$ in $U$ and $\g_2$
is a fundamental ray of $G$ in $L;$ if $B$ is the closed connected
set in $\RR^2$ bounded by $\g_0$ and $T(\g_0)$, then
$\bigcup_{n\in\ZZ} T^n(B)=\RR^2$. The \emph{period graph} $G^*$ of
$G$ $($with respect to $\g_0)$ is the subgraph $G^*:=G \cap B.$
Then $\bigcup_{n\in\ZZ} T^n(G^*)=G$.
\end{definition}
The following result is a main tool

to state our main result.

\begin{lemma} \label{l0}
For any normalized periodic tessellation graph $G$ of $\RR^2$,
there exists a fundamental line.
\end{lemma}
\begin{prof}
By symmetry, it suffices to show that there exists a fundamental
ray of the graph $G$ in~$U$.
Given $s>0$, let $E_s$ be the set of geodesics starting in
$p=(0,0)$ and finishing at some point $q$ with $d_G(p,q) \le s$;
hence, any geodesic in $E_s$ is contained in the closed ball
$\overline{B_G(p,s)}$ (if a geodesic in $E_s$ has length $s'<s$,
it can be considered as a map defined on $[0,s]$ which is
constant in the interval $[s',s]$). Let us consider the uniform
convergence topology in $E_s$. Since the closed ball
$\overline{B_G(p,s)}$ is compact, $E_s$ is compact by
Arzel\`a‐‐Ascoli's theorem. If $\g: J \rightarrow G$ is a geodesic
with $J=[0,a]$, define $J^{s}:=J\cap [0,s]$ and denote by
$\g^{(s)}$ the restriction of $\g$ to $J^s$ (hence, $\g^{(s)} \in
E_s$).
Note that if a geodesic starts at $p=(0,0)$ and leaves $\s$, it
does not return to $\s$. For each natural number $n>s$, choose a
point $r_n$ in the open upper half‐plane with $d_G(r_n,\s) \ge n$
and a geodesic $[pr_n]$. The geodesic $[pr_n]$ exits from $\s$ in

the point $p_n$; let $u$ be such that $T^{‐u}(p_n)\in [pr_n]$ and
$d_G(T^{‐u}(p_n),p) \le s$. Then $\g_n':=[pT^{‐u}(p_n)] \cup
T^{‐u}([p_nr_n])$ is a geodesic; note that $L(\g_n'\cap \s) \le s$
and $L(\g_n') \ge n$. Iterating this argument, one can obtain a
geodesic $\g_n$ with the following property: for every horizontal
line $\s'$ one gets $L(\g_n \cap \s') \le s$ and $L(\g_n) \ge n$.
Since $E_s$ is compact, for each $s>0$, there exists a subsequence
$\{\g_{s,m}\}_m$ of $\{\g_{n}\}_n$ such that
$\{\g_{s,m}^{(s)}\}_m$ converges uniformly. Cantor's diagonal
argument gives a subsequence $\{g_{n}\}_n$ of $\{\g_{n}\}_n$ such
that the sequence $\{g_{n}^{(s)}\}_n$ converges uniformly to a
geodesic $g^s$; since $(g^s)^{(s')}=g^{s'}$ if $s'<s$, these
geodesics $g^s$ define a geodesic ray $g$ starting at $p$. One can
check that $g$ is contained in $U$ and that $L(g\cap \s') \le s$
for every horizontal line $\s'$. If $g=(u,v)$, let us check that
$\limsup_{t\to\infty}v(t) = \infty$: since $g$ does not contain a
horizontal ray, if $v(t)\le M$ for some constant $M$ and every
$t\ge 0$, then $\{T^{‐n}(g)\}_{n\ge 0}$ accumulates, which is a
contradiction.
Let us denote by $B$ the closed connected set in $U$ bounded by
$g$ and $T(g)$. Since $$\limsup_{t\to\infty}v(t) = \infty,$$ then
$\bigcup_{n\in\ZZ} T^n(B)=U$.
\end{prof}

\begin{lemma}\label{l1}
Let $G$ be a $\d$‐hyperbolic graph and let $\g_0$ be either a
geodesic line or a geodesic ray in $G$. For any $x\in G$, denote
by $x'$ a point on $\g_0$ with $d_G(x,\g_0)=d_G(x,x')$. Then, for
any $w\in \g_0$,
$$
d_G(x,x')+d_G(x',w)‐8\d \le d_G(x,w) \le d_G(x,x')+d_G(x',w).
$$
\end{lemma}
\begin{prof}
The upper bound is just the triangle inequality. Let us prove the
lower bound. Given any geodesic triangle $T=\{x,x',w\}$, let
$a\in[x'w],b\in[xw],c\in[xx']$ be the points that satisfy
$d_G(x,b)=d_G(x,c)$, $d_G(x',a)=d_G(x',c)$, $d_G(w,a)=d_G(w,b)$.
Since $G$ is $\d$‐hyperbolic, it is well known that
$d_G(a,b),d_G(a,c),d_G(b,c)\le 4\d$ (see, e.g., \cite[Proposition
2.1]{ABCD}). Since $d_G(x,\g_0)=d_G(x,x')$ and $a\in\g_0$, it
follows that $d_G(x',a)=d_G(c,x')\le d_G(c,a)\le 4\d$ and one
deduces $d_G(x,w)=d_G(x,b)+ d_G(b,w)=d_G(x,c)+ d_G(a,w)\ge
d_G(x,c)+ d_G(c,x')‐4\d+d_G(x',a)‐4\d+ d_G(a,w)
=d_G(x,x')+d_G(x',w)‐8\d$.
\end{prof}
A subgraph $\G$ of $G$ is \emph{isometric} if
$d_{\G}(x,y)=d_{G}(x,y)$ for every $x,y\in \G.$
The following result appears in \cite[Lemma 5]{RSVV}.
\begin{lemma}
\label{l:subgraph} If $\G$ is an isometric subgraph of $G$, then $\d(\G) \le \d(G)$.
\end{lemma}
\begin{lemma}\label{l2}

Let $G$ be a graph and let $\g_0$ be either a geodesic line or a geodesic ray in $G$ such that $\g_0$ disconnects $G$.
Let $G_1',G_2'$ be two connected components of $G\setminus \g_0$ and define $G_1:=G_1'\cup \g_0$ and $G_2:=G_2'\cup \g_0$.
Then $G_1,G_2$ are isometric subgraphs of $G$.
For any $x\in G$, denote by $x'$ a point in $\g_0$ with $d_G(x,\g_0)=d_G(x,x')$.
If $G_1,G_2$ are $\d$‐hyperbolic and $x_1\in G_1,x_2\in G_2$,
then
$$
d_G(x_1,x_1')+d_G(x_1',x_2')+d_G(x_2',x_2)‐16\d \le d_G(x_1,x_2) \le d_G(x_1,x_1')+d_G(x_1',x_2')+d_G(x_2',x_2).
$$
\end{lemma}
\proof First of all, it will be shown that $G_1,G_2$ are isometric
subgraphs of $G$. The inequality $d_{G}(x,y) \le d_{G_i}(x,y)$ for
every $x,y \in G_i$ is straightforward. In order to prove the
reverse inequality, let us fix $x,y \in G_i$ and a geodesic $\s$
in $G$ joining them, $\s:[0,l] \rightarrow G$. If $\s$ is
contained in $G_i$, then $d_G(x,y) = d_{G_i}(x,y)$. Otherwise,
$\s$ intersects $\g_0$. If $\s'$ is a subcurve of $\s$ joining two
points $u,v$ on $\g_0$ and $g$ is the subcurve of $\g_0$ joining
$u,v,$ then $L(\s')=L(g)$ since $\g_0$ is a geodesic.
Consequently, $d_G(x,y) \ge d_{G_i}(x,y)$ and conclude
$d_{G_i}(x,y) = d_{G}(x,y)$ for every $x,y \in G_i$.
Let $w$ be a point in $\g_0 \cap [x_1x_2]$.
Since $G_1,G_2$ are $\d$‐hyperbolic, Lemma \ref{l1} implies
\begin{align*}
d_G(x_1,x_2)
& = d_{G_1}(x_1,w)+d_{G_2}(w,x_2)
\\
& \ge d_{G_1}(x_1,x_1')+d_{G_1}(x_1',w) ‐8\d+d_{G_2}(w,x_2') +d_{G_2}(x_2',x_2) ‐8\d
\\
& = d_{G}(x_1,x_1')+d_{G}(x_1',w) +d_{G}(w,x_2') +d_{G}(x_2',x_2) ‐16\d
\\
& \ge d_G(x_1,x_1')+d_G(x_1',x_2')+d_G(x_2',x_2)
‐16\d.\tag*{$\Box$}
\end{align*}
\begin{lemma}\label{l3}
Let $G$ be a graph and let $\g_0$ be either a geodesic line or a geodesic ray in $G$ such that $\g_0$ disconnects $G$.
Let $G_1',G_2'$ be two connected components of $G\setminus \g_0$ and define $G_1:=G_1'\cup \g_0$ and $G_2:=G_2'\cup \g_0$.
For any $x\in G$, denote by $x'$ a point in $\g_0$ with $d_G(x,\g_0)=d_G(x,x')$.
If $G_1,G_2$ are $\d$‐hyperbolic, $x_1\in G_1,x_2\in G_2$ and $w\in \g_0$,
then
$$
d_G(x_2',w)‐d_G(x_1,x_2')‐16\d \le d_G(x_2,w)‐d_G(x_1,x_2)\le d_G(x_2',w)‐d_G(x_1,x_2')+16\d .
$$
\end{lemma}
\proof Since $\g_0$ is a geodesic line, $G_1,G_2$ are isometric
subgraphs in $G$. Then Lemma \ref{l1} (applied to $G_1$ and $G_2$)
and Lemma \ref{l2} imply
\begin{align*}
d_G(x_2,w)‐d_G(x_1,x_2)
& \ge d_G(x_2,x_2') + d_G(x_2',w)‐8\d ‐d_G(x_1,x_1')‐d_G(x_1',x_2')‐d_G(x_2',x_2)
\\
& \ge d_G(x_2',w)‐d_G(x_1,x_2')‐16\d ,
\\
d_G(x_2,w)‐d_G(x_1,x_2)
& \le d_G(x_2,x_2') + d_G(x_2',w) ‐d_G(x_1,x_1')‐d_G(x_1',x_2')‐d_G(x_2',x_2)+16\d
\\
& \le d_G(x_2',w)‐d_G(x_1,x_2')+16\d. \tag*{$\Box$}
\end{align*}

The following result appears in \cite[Corollary 1.1B]{G1} and \cite[Proposition 2.2]{ABCD}.
\begin{lemma}\label{l4}
Let $X$ be a metric space such that, for some fixed $w_0\in X$,
$$
(x,z)_{w_0} \ge \min \{ (x,y)_{w_0}, (y,z)_{w_0} \}‐ \d
$$
for every $x,y,z\in X$ and some constant $\d\ge 0$. Then
\eqref{eq:product} holds with constant $2\d$ for every $x,y,z,w\in
G$.
\end{lemma}
\begin{lemma}\label{l5}
Let $G$ be a graph and let $\g_0$ be either a geodesic line or a
geodesic ray in $G$ such that $G\backslash \g_0$ has two connected
components $G_1',G_2'$. Define $G_1:=G_1'\cup \g_0$ and
$G_2:=G_2'\cup \g_0$. If $G$ is $\d$‐hyperbolic, then $G_1,G_2$
are $\d$‐hyperbolic. If $G_1,G_2$ are $\d$‐hyperbolic, then $G$ is
$120\d$‐hyperbolic.
\end{lemma}
\begin{prof}
Note that Lemma \ref{l2} gives that $G_1,G_2$ are isometric subgraphs of $G$.
Therefore, if $G$ is $\d$‐hyperbolic, then $G_1,G_2$ are $\d$‐hyperbolic by Lemma \ref{l:subgraph}.
Assume now that $G_1,G_2$ are $\d$‐hyperbolic. We will prove that
$G$ is $120\d$‐hyperbolic by Remark \ref{r1} and Lemmas \ref{l3}
and \ref{l4}. Let us fix $w\in \g_0$ and $x,y,z \in G$. Without
loss of generality, one can assume that either $x,y,z\in G_1$, or
$x,y\in G_1$ and $z\in G_2$, or $x,z\in G_1$ and $y\in G_2$ (in
our argument $x$ and $z$ play a symmetric role, but $y$ plays
another role since it appears in a different place in the
inequalities).
If $x,y,z\in G_1$,
since $G_1$ is $\d$‐hyperbolic, then Remark \ref{r1} gives
$$
(x,z)_{w} \ge \min \{ (x,y)_{w}, (y,z)_{w} \}‐ 4\d.
$$
If $x,y\in G_1$ and $z\in G_2$, then Lemma \ref{l3} gives
$d_G(z,w)‐d_G(x,z) \ge d_G(z',w)‐d_G(x,z')‐16\d$ and
$d_G(z',w)‐d_G(y,z') \ge d_G(z,w)‐d_G(y,z) ‐16\d$. Since $G_1$
satisfies \eqref{eq:product} with constant $4\d$, then
$$
\begin{aligned}
2(x,z)_{w}
& = d_G(x,w) + d_G(z,w)‐d_G(x,z)
\ge d_G(x,w) + d_G(z',w)‐d_G(x,z')‐16\d
\\
& = 2(x,z')_{w}‐16\d \ge \min \{ 2(x,y)_{w}, 2(y,z')_{w} \}‐ 8\d
‐16\d
\\
& = \min \{ d_G(x,w) + d_G(y,w)‐d_G(x,y), d_G(y,w) +
d_G(z',w)‐d_G(y,z') \}‐ 24\d
\\
& \ge \min \{ d_G(x,w) + d_G(y,w)‐d_G(x,y), d_G(y,w) +
d_G(z,w)‐d_G(y,z) \}‐ 16\d ‐24\d
\\
& = 2 \min \{ (x,y)_{w}, (y,z)_{w} \}‐ 40\d.
\end{aligned}
$$

If $x,z\in G_1$ and $y\in G_2$, then Lemma \ref{l3} gives
$d_G(y',w)‐d_G(x,y') \ge d_G(y,w)‐d_G(x,y) ‐16\d$
and $d_G(y',w)‐d_G(y',z) \ge d_G(y,w)‐d_G(y,z) ‐16\d$.
Since $G_1$ satisfies \eqref{eq:product} with constant $4\d$, one concludes
$$
\begin{aligned}
2(x,z)_{w} & \ge \min \{ 2(x,y')_{w}, 2(y',z)_{w} \}‐ 8\d
\\
& = \min \{ d_G(x,w) + d_G(y',w)‐d_G(x,y'), d_G(y',w) +
d_G(z,w)‐d_G(y',z) \}‐ 8\d
\\
& \ge \min \{ d_G(x,w) + d_G(y,w)‐d_G(x,y), d_G(y,w) +
d_G(z,w)‐d_G(y,z) \}‐ 24\d
\\
& = 2 \min \{ (x,y)_{w}, (y,z)_{w} \}‐ 24\d.
\end{aligned}
$$
Hence, in any case, $(x,z)_{w} \ge \min \{ (x,y)_{w}, (y,z)_{w}
\}‐ 20\d$ if $w\in \g_0$. Consequently, Lemma \ref{l4} shows
that \eqref{eq:product} holds with constant $40\d$, and Remark
\ref{r1} gives that $G$ is $120\d$‐hyperbolic.
\end{prof}

\begin{lemma}\label{l:geodesic}
Let $G$ be a normalized periodic tessellation graph of $\RR^2$
such that $G^*$ is $\d^*$‐hyperbolic and $\lim_{|z| \to \infty, z
\in \g_0} d_G(z,T(z)) = \infty$ for some choice of the fundamental
line $\g_0$. Assume also that $\g_0$ is a geodesic line. Let $x\in
T^j(G^*)$ and $y\in T^k(G^*)$ with $j \le k$. Then there exist
constants $M$, $N$, which just depend on $G^*$ and $\d^*$\!, with
the following properties$\,:$
$(1)$ For each geodesic $\g$ joining $x$ and $y$, there exists
another geodesic $\g'$ joining $x$ and $y$, with $\g'$ contained
in $\bigcup_{i=j}^k T^i(G^*)$ and such that
$\mathcal{H}(\g,\g')\leq M$. Furthermore, $\g'\cap T^i(G^*)$ is a
connected set for each $j\le i \le k$.
%$d_G(z,\g') \le M$ for every $z \in \g$.
$(2)$ If $j+2\le k$, then for each $j<i<k$, there exists a point
$z_i \in \g'$ with $d_{T^i(G^*)}(z_i,\s\cap T^i(G^*)) \le N$.
\end{lemma}
\begin{remark}\label{r:geodesic}
The proof of Lemma \ref{l:geodesic} gives that the same result holds for periodic tessellation graphs of $U$ or $L$.
\end{remark}
\begin{prof}[Proof of Lemma $\ref{l:geodesic}$]
Note that $G^*$ is an isometric subgraph, since $\g_0$ (and $T(\g_0)$) is a geodesic line.
Therefore, if $x,y\in G^*$ and $A,B\subset G^*$, then $d_{G^*}(x,y)=d_{G}(x,y)$ and
$\mathcal{H}_{G^*}(A,B)=\mathcal{H}(A,B)$.
In order to prove $(1)$, start by showing that there exists a
constant $M$, which just depends on $G^*$ and $\d^*$, with the
following property: if $u,v\in \g_0$, $\eta_0$ is the subset of
$\g_0$ joining $u$ and $v$, and $\eta$ is any geodesic joining $u$
and $v$, then $\mathcal{H}(\eta_0,\eta)\leq M$.
Let $H$ be the constant $H=H(\d^*,1,0)$ in Theorem \ref{teoremaestabilidad}.
One can check that if

$$
\lim_{|z| \to \infty, z \in \g_0} d_G(z,T(z)) = \infty,
$$
then $\lim_{|z| \to \infty, z \in \g_0} d_G(z,T(\g_0)) = \infty$ and $\lim_{|z| \to \infty, z \in \g_0} d_G(z,T^{‐1}(\g_0)) = \infty$.
Then there exists a constant $R$ such that if $z \in \g_0$ and $d_{G^*}(z,\s\cap G^*) > R$, then
$d_{G^*}(z,T(\g_0)) > H$ and $d_{T^{‐1}(G^*)}(z,T^{‐1}(\g_0)) > H$.
Assume first that $\eta$ is contained either in $G^*$ or in
$T^{‐1}(G^*)$. Without loss of generality, assume that $\eta$ is
contained in $G^*$. Then $\{\eta_0,\eta\}$ is a geodesic bigon in
$G^*$, and Theorem \ref{teoremaestabilidad} gives
$\mathcal{H}(\eta_0,\eta)\leq H$. If $\eta$ is contained in
$G^*\bigcup T^{‐1}(G^*)$, apply the previous argument to each
subset of $\eta$ contained either in $G^*$ or in $T^{‐1}(G^*)$,
obtaining also $\mathcal{H}(\eta_0,\eta)\leq H$.
Assume now that $\eta$ is not contained in $G^*\bigcup
T^{‐1}(G^*)$ and that it is contained either in $\bigcup_{i<0}
T^i(G^*)$ or in $\bigcup_{i\ge 0} T^i(G^*)$. Without loss of
generality, one can assume that $\eta$ is contained in
$\bigcup_{i\ge 0} T^i(G^*)$. If $\eta: [0,l] \rightarrow
\bigcup_{i\ge 0} T^i(G^*)$, then define
$$
a:= \max\{s\in [0,l]/\, \eta(t)\in G^* ,\ \forall\, t\in [0,s]
\}, \quad b:= \min\{s\in [0,l]/\, \eta(t)\in G^* ,\ \forall\,
t\in [s,l] \}.
$$
If $\eta_1$ is the subset of $T(\g_0)$ joining $\eta(a)$ and
$\eta(b)$, then define $\eta_2:=\eta([0,a]) \cup \eta_1 \cup
\eta([b,l])$. Hence, $\{\eta_0,\eta_2\}$ is a geodesic bigon in
$G^*$, and Theorem \ref{teoremaestabilidad} gives
$\mathcal{H}(\eta_0,\eta_2)\leq H$. Since $d_G(\eta_0,\eta(a)),
d_G(\eta_0,\eta(b)) \leq H$ and $\eta(a), \eta(b) \in T(\g_0)$,
one has $d_{G^*}(\eta(a),\s\cap G^*), d_{G^*}(\eta(b),\s\cap G^*)
\le R$; thus, $d_{G^*}(\eta(a),\eta(b)) \le 2R + L(\s\cap G^*)$.
Therefore, $\mathcal{H}(\eta_1,\eta|_{[a,b]})\leq R + L(\s\cap
G^*)/2$ and $\mathcal{H}(\eta_0,\eta)\leq M:= H + R + L(\s\cap
G^*)/2$.
In the general case, one can apply the previous argument to each
subset of $\eta$ contained either in $\bigcup_{i<0} T^i(G^*)$ or
in $\bigcup_{i\ge 0} T^i(G^*)$, to obtain also
$\mathcal{H}(\eta_0,\eta)\leq M$.

Assume now that $\g$ is contained either in $\bigcup_{i\ge j}
T^i(G^*)$ or in $\bigcup_{i\le k} T^i(G^*)$. Without loss of
generality, one can assume that $\g$ is contained in
$\bigcup_{i\ge j} T^i(G^*)$. If $\g: [0,L] \rightarrow
\bigcup_{i\ge j} T^i(G^*)$, then define
\begin{align}
a:& = \max\bigg\{s\in [0,L]/\, \eta(t)\in \bigcup_{i=j}^k T^i(G^*), \; \forall\, t\in [0,s] \bigg\}, \notag \\
b:& = \min\bigg\{s\in [0,L]/\, \eta(t)\in \bigcup_{i=j}^k
T^i(G^*), \; \forall\, t\in [s,L] \bigg\}. \notag
\end{align}
If $\g_1$ is the subset of $T^{k+1}(\g_0)$ joining $\g(a)$ and
$\g(b)$, then define $\g':=\g([0,a]) \cup \g_1 \cup \g([b,L])
\subset \bigcup_{i=j}^k T^i(G^*)$. But
$\mathcal{H}(\g_1,\g|_{[a,b]})\leq M$ and, hence,
$\mathcal{H}(\g,\g')\leq M$.
In the general case, apply the argument above to each subset of
$\g$ contained either in $\bigcup_{i> k} T^i(G^*)$ or in

$\bigcup_{i< j} T^i(G^*)$, therefore $\mathcal{H}(\g,\g')\leq M$.
Applying again the argument above, $\g'\cap T^i(G^*)$ is a
connected set for each $j\le i \le k$.

In order to prove $(2)$, consider the set
$$
W:= \{ z\in G^* /\, d_{G^*}(z,\g_0) \le 2\d^*, \,
d_{G^*}(z,T(\g_0)) \le 2\d^* \} = G^* \cap
\mathcal{V}_{2\d^*}(\g_0) \cap \mathcal{V}_{2\d^*}(T(\g_0)) .
$$
Since $\lim_{|z| \to \infty, z \in \g_0} d_G(z,T(\g_0)) =
\lim_{|z| \to \infty, z \in \g_0} d_G(z,T^{‐1}(\g_0)) = \infty$,
the set $W$ is compact, so define $ N_0:=\max \{ d_{G^*}(z,\s\cap
G^*) /\, z\in W \} . $ Given any geodesic $g: [0,\ell]
\rightarrow G^*$ joining a point on $\g_0$ with a point on
$T(\g_0)$ (and contained in $G^*$),
define
$$
\a:= \max\{s\in [0,\ell]/\, \eta(t)\in \mathcal{V}_{2\d^*}(\g_0),
\; \forall\, t\in [0,s] \}.
$$
\indent Let us consider the geodesic quadrilateral $Q$ in $G^*$
with sides $g=:[a_gb_g]$, $\s\cap G^*=:[a_{\s} b_{\s}]$, $[a_g
a_{\s}] \subset \g_0$ and $[b_g b_{\s}] \subset T(\g_0)$. Since
$Q$ is $2\d^*$‐thin, $d_{G^*}(g(\a),\s\cap G^*) \le
N:=\max\{N_0,2\d^*\}$. Consequence $(2)$ follows directly from
this inequality.
% applied to a connected component of $\g'\cap T^i(G^*)$ joining $T^i(\g_0)$ and $T^{i+1}(\g_0)$.
\end{prof}
\section{Main Result}
\begin{theorem} \label{t:periodic}
Let $G$ be a normalized periodic tessellation graph of $\RR^2$.
Then the following statements are equivalent$\,:$
$(1)$ $G$ is hyperbolic.
$(2)$

$G^*$ is hyperbolic and $\lim_{|z| \to \infty, z \in \g_0} d_G(z,T(z)) = \infty$ for some choice of the fundamental line $\g_0$.

$(3)$ $G^*$ is hyperbolic and $\lim_{|z| \to \infty, z \in \g_0} d_G(z,T(z)) = \infty$ for every choice of the fundamental line $\g_0$.
\end{theorem}
\begin{prof}
Let us define $\g_u:=\g_0\cap U$, $G_u:=G\cap U$ and
$G_u^*:=G^*\cap U$. Then, by symmetry and Lemma \ref{l5} applying
to the geodesic line $\s$, it suffices to show the statement of
Theorem \ref{t:periodic} replacing $\g_0$, $G$ and $G^*$ by
$\g_u$, $G_u$ and $G_u^*$, respectively.
Let us prove the implication $(1) \Rightarrow (3)$.
Assume that $G_u^*$ is not hyperbolic for some choice of the fundamental ray $\g_u$.
Since $\g_u$ and $T(\g_u)$ are geodesic rays, $G_u^*$ is an isometric subgraph of $G_u$.
Hence, Lemma \ref{l:subgraph} gives that $G_u$ is not hyperbolic.
Assume now that for some choice of the fundamental ray $\g_u$,
there exist a constant $c_0$ and a sequence $\{z_n\} \subset \g_u$
with $\lim_{n \to \infty} |z_n| = \infty$ and $d_G(z_n,T(z_n)) \le
c_0$ for every $n$. Since $\bigcup_{n\in\ZZ} T^n(G_u^*)=U$, if
$z_n = (x_n,y_n)$, then the sequence $\{y_n\}$ goes to infinity.

Let $\s_n$ be a geodesic in $G_u$ joining $z_n$ and $T(z_n)$, and
given $m\in \NN$ let $\s_n^m$ be the continuous curve in $G_u$
joining $z_n$ and $T^m(z_n)$ given by $\s_n^m:=\bigcup_{j=0}^{m‐1}
T^j(\s_n)$. Next, it will be shown that $\s_n^m$, with its
arc‐length parametrization, is a $(c_0/k_0, 2k_0)$‐quasigeodesic
(recall that $T(x,y)=(x+k_0,y)$ and then $c_0 \ge d_G(z_n,T(z_n))
\ge d_{\RR^2}(z_n,T(z_n)) = k_0$ and $c_0/k_0\ge 1$). If $s<t$,
then $d_G(\s_n^m(t),\s_n^m(s)) \le L(\s_n^m|_{[s,t]})=t‐s$. If
$\s_n^m(s) \in T^j(\s_n)$ and $\s_n^m(t) \in T^{j+r}(\s_n)$, with
$r\ge 0$, then
$$
\begin{aligned}
& t‐s
\le (r+1)L(\s_n)
= (r+1)d_{G_u}(z_n,T(z_n)) \le (r+1)c_0 ,
\\
& d_{G_u}(\s_n^m(t),\s_n^m(s)) \ge d_{\RR^2}(\s_n^m(t),\s_n^m(s))
\ge (r‐1)k_0 = (r+1)c_0 \frac{k_0}{c_0} ‐ 2k_0 \ge
\frac{k_0}{c_0}\,(t‐s) ‐ 2k_0 ,
\end{aligned}
$$
thus concluding $\s_n^m$ is a $(c_0/k_0, 2k_0)$‐quasigeodesic (for every $n,m$).
If $\g_u^n$ is the subcurve of $\g_u$ joining $z_1$ and $z_n$, then let us choose a natural number $m=m(n)$
with $d_{\RR^2}(\g_u^n,T^m(\g_u^n)) \ge n$.
Hence,
$Q_n:=\{ \g_u^n, \s_n^m, T^m(\g_u^n), \s_1^m \}$ is a
$(c_0/k_0, 2k_0)$‐quasigeodesic quadrilateral.
Seeking for a contradiction, let us assume that $G_u$ is
hyperbolic. Let $Q_n'$
%$Q_n':=\{ g_0^n, s_n^n, T^n(g_0^n), s_1^n \}$
be a geodesic quadrilateral in $G_u$ with the same vertices as
$Q_n$. By Theorem \ref{teoremaestabilidad}, the Hausdorff distance
between a quasigeodesic side in $Q_n$ and its corresponding
geodesic side in $Q_n'$ is less or equal than a constant
$H=H(\d(G_u),c_0/k_0, 2k_0)$. Let us show now that $Q_n$ is
$(2\d(G_u)+2H)$‐thin. If $p$ belongs to a side of $Q_n$, then
there exists a point $p'$ in its corresponding geodesic side in
$Q_n'$ at distance from $p$ less or equal than $H$; since $Q_n'$
is a geodesic quadrilateral, there exists a point $q'$ on the
union of the other three geodesic sides in $Q_n'$ at distance from
$p'$ less or equal than $2\d(G_u)$; then, there exists a point $q$
on the union of the corresponding three quasigeodesic sides in
$Q_n$ at distance from $q'$ less or equal than $H$, and
$d_G(p,q)\le 2\d(G_u)+2H$. Hence, $Q_n$ is $(2\d(G_u)+2H)$‐thin.
Consider a point $p_n:=(a_n,b_n) \in \g_u^n$ with $b_n=(y_n+y_1)/2$.
Since $d_{\RR^2}(z_n,T(z_n)) \le d_G(z_n,T(z_n)) \le c_0$,
\begin{align*}
&d_{G_u}(p_n,\s_n^m\cup \s_1^m) \ge d_{\RR^2}(p_n,\s_n^m\cup
\s_1^m) \ge \frac12 \, (y_n‐y_1) ‐ c_0 ,
\\
&d_{G_u}(p_n,T^m(\g_0^n)) \ge d_{\RR^2}(p_n,T^m(\g_0^n)) \ge n .
\end{align*}
And therefore
$$
\min \!\bigg\{ \frac12 \, (y_n‐y_1) ‐ c_0 , \, n \bigg\} \le
2\d(G_u)+2H
$$
for every $n$.
This is a contradiction
since $\{y_n\}$ goes to infinity,
thus obtaining that $G_u$ is not hyperbolic.

The implication $(3) \Rightarrow (2)$ is direct.

Let us prove the implication $(2) \Rightarrow (1)$.
Define $\d^*:=\d(G_u^*)$.
Let us consider any geodesic triangle $\mathcal{T}=\{x_1,x_2,x_3\}$ with $x_i\in T^{j_i}(G_u^*)$ and $j_1\le j_2\le j_3$.
Since the constant $M$ in Lemma \ref{l:geodesic} just depends on
$G^*$ and $\d^*$, one can assume that $[x_1x_2]\subset
\bigcup_{j=j_1}^{j_2} T^j(G_u^*)$, $[x_2x_3]\subset
\bigcup_{j=j_2}^{j_3} T^j(G_u^*)$, $[x_1x_3]\subset
\bigcup_{j=j_1}^{j_3} T^j(G_u^*)$, and that $[x_1x_2]\cap
T^i(G_u^*)$, $[x_2x_3]\cap T^i(G_u^*)$, $[x_1x_3]\cap T^i(G_u^*)$
are either the empty set or a connected set for each $i$.
Applying at most four times Lemma \ref{l5}, one obtains that if
$b‐a\le 4$, then $\bigcup_{j=a}^{b} T^j(G_u^*)$ is
$\d_0$‐hyperbolic, with $\d_0=(120)^4\d^*$.
By symmetry, it suffices to deal with the following cases:
(a) $j_2‐j_1\le 2$ and $j_3‐j_2\le 2$.
(b) $j_2‐j_1\le 2$ and $j_3‐j_2\ge 3$.
(c) $j_2‐j_1\ge 3$ and $j_3‐j_2\ge 3$.
\th{Case (a)} Since $\mathcal{T}\subset
\bigcup_{j=j_1}^{j_3}T^j(G_u^*)$, with $j_3‐j_1\le 4$,
$\mathcal{T}$ is $\d_0$‐thin.
\th{Case (b)} Let $y_1$ be the endpoint of $[x_1x_3]\cap
(\bigcup_{j=j_1}^{j_2+1} T^j(G_u^*) )$ with $y_1\in
T^{j_2+2}(\g_u)$, and let $y_2$ be the endpoint of $[x_2x_3]\cap
(\bigcup_{j=j_1}^{j_2+1} T^j(G_u^*))$ with $y_2\in
T^{j_2+2}(\g_u)$. Consider the geodesic quadrilateral
$\mathcal{Q}=\{x_1,x_2,y_2,y_1\}$ in $\bigcup_{j=j_1}^{j_2+1}
T^j(G_u^*)$.
Let us bound $d_G(y_1,y_2)$. By Lemma \ref{l:geodesic} and Remark
\ref{r:geodesic}, for each $j_2<j<j_3$, there exists a constant
$N$, which just depends on $G^*$ and $\d^*$, and points $z_1^j\in
[x_1x_3]\cap T^{j}(G_u^*)$, $z_2^j\in [x_2x_3]\cap T^{j}(G_u^*)$,
such that $d_{T^{j}(G_u^*)}(z_1^j,\s\cap T^{j}(G_u^*)),
d_{T^{j}(G_u^*)}(z_2^j,\s\cap T^{j}(G_u^*)) \le N$. Consider $z\in
[x_1x_3]\cap T^{j}(G_u^*)$ and $w\in [x_2x_3]\cap T^{j}(G_u^*)$,
with $j_2+2\le j\le j_3 ‐2$. If $\ell:=L(\s\cap G_u^*)$, then
$d_{G}(z,z_1^j) \le \max\{ d_{G}(z_1^{j‐1},z_1^{j}),
d_{G}(z_1^{j},z_1^{j+1}) \}\le 2N+2\ell$ and $d_{G}(w,z_2^j) \le
\max\{ d_{G}(z_2^{j‐1},z_2^{j}), d_{G}(z_2^{j},z_2^{j+1}) \}\le
2N+2\ell$. Since $d_{G}(z_1^j,z_2^j) \le 2N+\ell$, one obtains
$d_{G}(z,w) \le 6N+5\ell$ and, in particular, $d_{G}(y_1,y_2) \le
6N+5\ell$.
Since $\bigcup_{j=j_1}^{j_2+1} T^j(G_u^*)$ is $\d_0$‐hyperbolic,
$\mathcal{Q}$ is $2\d_0$‐thin; therefore, given any point $p$ on
any side of $\mathcal{Q}$, there exists a point $q$ on another
side of $\mathcal{Q}$ with $d_G(p,q) \le 2\d_0$. Hence, if $p\in
\mathcal{Q}\cap \mathcal{T}$, then there exists a point $q'$ on
another side of $\mathcal{T}$ with $d_G(p,q) \le 2\d_0+6N+5\ell$.

If $z\in [x_1x_3]\cap (\bigcup_{j=j_2+2}^{j_3 ‐2} T^j(G_u^*) )$,
it was shown above $d_{G}(z,[x_2x_3]) \le 6N+5\ell$. The same
argument gives that if $w\in [x_2x_3]\cap (\bigcup_{j=j_2+2}^{j_3
‐2} T^j(G_u^*) )$, then $d_{G}(w,[x_1x_3]) \le 6N+5\ell$.
Let $y_1'$ be the endpoint of $[x_1x_3]\cap
(\bigcup_{j=j_3‐1}^{j_3} T^j(G_u^*) )$ with $y_1'\in
T^{j_3‐1}(\g_u)$, and let $y_2'$ be the endpoint of $[x_2x_3]\cap
(\bigcup_{j=j_3‐1}^{j_3} T^j(G_u^*) )$ with $y_2'\in
T^{j_3‐1}(\g_u)$. Consider the geodesic triangle
$\mathcal{T}_3=\{y_1',x_3,y_2'\}$ in $\bigcup_{j=j_3‐1}^{j_3}
T^j(G_u^*)$. Then $d_{G}(y_1',y_2') \le 6N+5\ell$.
Since $\bigcup_{j=j_3‐1}^{j_3} T^j(G_u^*)$ is $\d_0$‐hyperbolic,
$\mathcal{T}_3$ is $\d_0$‐thin; therefore, given any point $p$ on
any side of $\mathcal{T}_3$, there exists a point $q$ on another
side of $\mathcal{T}_3$ with $d_G(p,q) \le \d_0$. Hence, if $p\in
\mathcal{T}_3\cap \mathcal{T}$, then there exists a point $q'$ on
another side of $\mathcal{T}$ with $d_G(p,q) \le \d_0+6N+5\ell$.

\th{Case (c)} Let $a_1$ be the endpoint of $[x_1x_2]\cap
(\bigcup_{j=j_2‐1}^{j_2+1} T^j(G_u^*) )$ with $a_1\in
T^{j_2‐1}(\g_u)$, and let $a_3$ be the endpoint of $[x_2x_3]\cap
(\bigcup_{j=j_2‐1}^{j_2+1} T^j(G_u^*) )$ with $a_3\in
T^{j_2+2}(\g_u)$. Let $b_1$ and $b_3$ be, respectively, the
endpoints of $[x_1x_3]\cap (\bigcup_{j=j_2‐1}^{j_2+1} T^j(G_u^*)
)$ with $b_1\in T^{j_2‐1}(\g_u)$ and $b_3\in T^{j_2+2}(\g_u)$.
Consider the geodesic pentagon
$\mathcal{P}=\{a_1,x_2,a_3,b_3,b_1\}$ in
$\bigcup_{j=j_2‐1}^{j_2+1} T^j(G_u^*)$.
The argument in Case (b) gives that $d_{G}(a_1,b_1),
d_{G}(a_3,b_3) \le 6N+5\ell$.
Since $\bigcup_{j=j_2‐1}^{j_2+1} T^j(G_u^*)$ is $\d_0$‐hyperbolic,
$\mathcal{P}$ is $3\d_0$‐thin; therefore, given any point $p$ on
any side of $\mathcal{P}$, there exists a point $q$ on another
side of $\mathcal{P}$ with $d_G(p,q) \le 3\d_0$. Hence, if $p\in
\mathcal{P}\cap \mathcal{T}$, then there exists a point $q'$ on
another side of $\mathcal{T}$ with $d_G(p,q) \le 3\d_0+6N+5\ell$.
Finally,

deal with the other situations as in

Case (b).

Hence, $\d(G_u) \le 3\d_0+6N+5\ell$.
\end{prof}
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\subsection{A Subsection}
Please make sure that your paper contains correct reference
sequence (If NOT, please resort them according to its appearance
sequence, not alphabetical order. Moreover, please make sure that
each bibliographical item is labelled and that these items are
recalled using the command \verb|\cite{...}|, such as \cite{ref1},
and \cite{ref2,ref3,ref4,ref5})
All equations, theorems, definitions, lemmas, propositions,
corollaries, examples, remarks etc. would be better to be numbered
consecutively and unrepeatedly within each section. For example,
Definition 2.1, Lemma 2.2, Theorem 2.3 \ldots.
Use \verb|\label| and \verb|\ref| or \verb|\eqref| to
automatically cross‐reference sections, equations, theorems and
theorem‐like environments, tables, figures, etc.
\begin{theorem}[\cite{ref2}]\label{th:1.1} %Theorem 1.1 could be recalled by using Theorem \ref{th:1.1}
The statements of theorems, lemmas, definitions, propositions,
corollaries, conjectures, etc. are set in italics, by using
\begin{verbatim}
\begin{theorem/lemma/definition/proposition/corollary/conjecture}
\end{theorem/lemma/definition/proposition/corollary/conjecture}.
\end{verbatim}
\end{theorem}
\begin{prof} %you can also use the environment \begin{proof}\end{proof}
Observe that
\begin{align}\label{E:1.1}
AAAAAAAAAA &= BBBBBBBBBBB\nonumber \\
&\quad + CCCCCCCCCC\nonumber \\
&= DDDDDDDDDDDDD.
\end{align}
Now apply induction on $n$ to \eqref{E:1.1}\ldots
\end{prof}
\begin{remark}\label{re:1.2}
Remarks, examples, problems, etc. are set in roman type.
\end{remark}
\subsection{Table}
\begin{table}
\begin{tabular}{|c|c|c|l|c|}
\hline $P(x)$ & $i$& $(e(1),e(2),e(4))$ & $(e(3),e(6),e(12),e(24))$ & $T(E)$ \\
\hline $P_1$ &
& & &$\emptyset$ \\
\hline $P_2$ & 4 & & $(1,1,1,0)\rightarrow(0,0,0,1)$ &2\\
\hline $P_3$ & 2 & &$(1,1,1,0)\rightarrow(0,0,2,0)$ &1\\
\hline $P_4$ & 2 & $(0,1,1)\rightarrow(1,2,0)$ & &1\\
\hline $P_5$ & 2 & $(0,1,1)\rightarrow(1,2,0)$ &$(1,1,1,0)\rightarrow(0,0,0,1)$ &$1,2$\\
\hline $P_6$ & 6 & $(0,1,1)\rightarrow(1,2,0)$ &$(1,1,1,0)\rightarrow(2,2,0,0)$ &1\\
\hline $P_7$ & 3 & $(0,1,1)\rightarrow(1,0,1)$ &$(1,1,1,0)\rightarrow(2,0,1,0)$ &0\\
\hline $P_8$ & 3 & $(0,1,1)\rightarrow(2,1,0)$ &$(1,1,1,0)\rightarrow(2,0,1,0) \rightarrow(3,1,0,0)$ &$0,1$\\
\hline
\end{tabular}
\caption{Aaa bbb ccc\label{tab}}
\end{table}

\subsection{Figure}
%\centerline{\includegraphics[scale=1.2]{actmark.eps}}
%\centerline{\small Figure 1\quad Journal mark}
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