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Introduction

1. Mapping time series to networks. Motivation and examples

Disregarding any underlying process (and therefore any physical, chemical, economical or
whichever meaning of its mere numeric values), we can consider a time series just as an
ordered set of values and play the naive mathematical game of turning this set into a different
mathematical object with the aids of an abstract mapping, and see what happens: which
properties of the original set are conserved, which are transformed and how, what can we
say about one of the mathematical representations just by looking at the other... This exercise
is of mathematical interest by itself. In addition, it turns out that time series or signals is a
universal method of extracting information from dynamical systems in any field of science.
Therefore, the preceding mathematical game gains some unexpected practical interest as it
opens the possibility of analyzing a time series (i.e. the outcome of a dynamical process)
from an alternative angle. Of course, the information stored in the original time series
should be somehow conserved in the mapping. The motivation is completed when the new
representation belongs to a relatively mature mathematical field, where information encoded
in such a representation can be effectively disentangled and processed. This is, in a nutshell,
a first motivation to map time series into networks.

This motivation is increased by two interconnected factors: first, although a mature field,
time series analysis has some limitations, when it refers to study the so called complex
signals. Beyond the linear regime, there exist a wide range of phenomena (not exclusive to
physics) which are usually embraced in the field of the so called Complex Systems. Under
this vague definition lies a common feature: the relevant effect of nonlinearities in their
mathematical representation. This feature can be reflected in the temporal evolution of (at
least one of) the variables describing the system and necessitates the use of specific tools for
nonlinear analysis 1. Dynamical phenomena such as chaos, long-range correlated stochastic
processes, intermittency, multifractality, etc... are examples of complex phenomena where
time series analysis is pushed to its own limits. Nonlinear time series analysis develops
from techniques such as nonlinear correlation functions, embedding algorithms, multrifractal
spectra, projection theorems... tools that increase in complexity parallel to the complexity of
the process/series under study. New approaches, new paradigms to deal with complexity
are not only welcome, but needed. Approaches that deal with the intrinsic nonlinearity
by being intrinsically nonlinear, that deal with the possible multiscale character of the
underlying process by being designed to naturally incorporate multiple scales. And such
is the framework of networks, of graph theory. Second, the technological era brings us the

1 We should note that nonlinearity is not the only feature that characterize a complex system; many
interacting parts, randomness and emergence could also be cited but, as we are going to see later,
nonlinearity will be sufficient for our purposes in this introduction.
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possibility of digitally analyze myriads of data in a glimpse. Massive data sets can nowadays
be parsed, and with the aid of well suited algorithms, we can have access and filter data from
many processes, let it be of physical, technological or even social garment. It is now time to
develop new approaches to filter such plethora of information.

It is in this context that the network approach for time series analysis was born.

The idea of mapping time series into graphs seems attractive because it lays a bridge between
two prolific fields of modern science as Nonlinear Signal Analysis and Complex Networks
Theory, so much so that it has attracted the attention of several research groups which have
contributed to the topic with different strategies of mapping. We shall briefly outline some of
them.

Zhang and Small (1) developed a method that mapped each cycle of a pseudoperiodic
time series into a node in a graph. The connection between nodes was established by a
distance threshold in the reconstructed phase space when possible or by the linear correlation
coefficient between cycles in the presence of noise. Noisy periodic time series mapped into
random graphs while chaotic time series did it into scale-free, small-world networks due to the
presence of unstable periodic orbits. This method was subsequently applied to characterize
cardiac dynamics.

Xu, in colaboration with Zhang and Small (2), concentrated in the relative frequencies of
appearance of four-node motifs inside a particular graph in order to classify it into a particular
superfamily of networks which corresponded to specific underlying dynamics of the mapped
time series. In this case, the method of mapping consisted in embedding the time series in
an appropiated phase space where each point corresponded to a node in the network. A
threshold was imposed not only in the minimum distance between two neighbours to be
eligible (temporal separation should be greater than the mean period of the data) but also
to the maximum number of neighbours a node could have. Different superfamilies were
found for chaotic, hyperchaotic, random and noisy periodic underlying dynamics, unique
fingerprints were also found for specific dynamical systems within a family.

Donner et al.(3–5) presented a technique which was based on the properties of recurrence in
the phase space of a dynamical system. More precisely, the recurrence matrix obtained by
imposing a threshold in the minimum distance between two points in the phase space was
interpreted as the adjacency matrix of an undirected, unweighted graph (as in (2)). Properties
of such graphs at three different scales (local, intermediated and global) were presented
and studied on several paradigmatic systems (Hénon map, Rossler system, Lorenz system,
Bernoulli map). The variation of some of the properties of the graphs with the distance
threshold was analyzed, the use of specific measures like the local clustering coefficient was
proposed as a way for detecting dynamically invariant objects (saddle points or unstable
periodic orbits) and studying the graph properties dependent on the embedding dimension
was suggested as a means to distinguish between chaotic and stochastic systems.

The Amaral Lab (6) contributed with an idea along the lines of Shirazi et al. (7), Strozzi et al.
(8) and Haraguchi et al.(9) of a surjective mapping which admits an inverse opperation. This
approach opens the reciprocal possibility of benefiting from time series analysis to study the
structure and properties of networks. Time series are treated as Markov processes, values are
grouped in quantiles which will correspond to nodes in the associated graph. Weighted and
directed connections are stablished between nodes as a function of the probability of transition
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between quantiles. An inverse operation can be defined without any a priori knowledge of the
correspondance between nodes and quantiles just by imposing a continuity condition in the
time series by means of a cost function defined on the weighted adjacency matrix of the graph.
A random walk is performed on the network and a time series with properties equivalent to
the original one is recovered. This method was applied to a battery of cases which included
a periodic-to-random family of processes parametrized by the probability of transition p, a
pair of chaotic systems (Lorentz and Rossler attractors) and two human heart rate time series.
Reciprocally, the inverse map was applied to the metabolic network of Arabidopsis thaliana
and to the ’97 year Internet Network. Time series obtained were demostrated to exhibit
different dynamics.

In the same vein of an inverse transformation, Shimada et al. (10) propose a framework to
transform a complex network to a time series. The transformation from complex networks to
time series is realized by a multidimensional scaling. Applying the transformation method to
a model proposed by Watts and Strogatz (11), they show that ring lattices are transformed
to periodic time series, small-world networks to noisy periodic time series, and random
networks to random time series. They also show that these relationships are analytically held
by using the circulant-matrix theory and the perturbation theory of linear operators. They
generalize the results to several high-dimensional lattices.

Gao & Jin propose in (12) a method for constructing complex networks from a time series
with each vector point of the reconstructed phase space represented by a single node and edge
determined by the phase space distance. Through investigating an extensive range of network
topology statistics, they find that the constructed network inherits the main properties of the
time series in its structure. Specifically, periodic series and noisy series convert into regular
networks and random networks, respectively, and networks generated from chaotic series
typically exhibit small-world and scale-free features. Furthermore, they associate different
aspects of the dynamics of the time series with the topological indices of the network and
demonstrate how such statistics can be used to distinguish different dynamical regimes.
Through analyzing the chaotic time series corrupted by measurement noise, they also indicate
the antinoise ability of the method.

Sinatra et al. (13) introduce a method to convert an ensemble of sequences of symbols into a
weighted directed network whose nodes are motifs, while the directed links and their weights
are defined from statistically significant co-occurences of two motifs in the same sequence. The
analysis of communities of networks of motifs is shown to be able to correlate sequences with
functions in the human proteome database, to detect hot topics from online social dialogs and
to characterize trajectories of dynamical systems.

Sun et al. have also proposed a novel method to transform a time series into a weighted and
directed network (14). For a given time series, they first generate a set of segments via a sliding
window, and then use a doubly symbolic scheme to characterize every windowed segment by
combining absolute amplitude information with an ordinal pattern characterization. Based
on this construction, a network can be directly constructed from the given time series:
segments corresponding to different symbol-pairs are mapped to network nodes and the
temporal succession between nodes is represented by directed links. With this conversion,
dynamics underlying the time series has been encoded into the network structure. They
illustrate the potential of their networks with a well-studied dynamical model as a benchmark
example. Results show that network measures for characterizing global properties can detect
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the dynamical transitions in the underlying system. Moreover, they employ a random walk
algorithm to sample loops in our networks, and find that time series with different dynamics
exhibits distinct cycle structure. That is, the relative prevalence of loops with different lengths
can be used to identify the underlying dynamics.

Among all these methods of mapping, in this thesis we are going to concentrate our attention
on the one developed by Lacasa et al. in (15) and subsequent works. To cite some of its
most relevant features, we will stress its intrinsic nonlocality, its low computational cost, its
straightforward implementation and its quite ’simple’ way of inherit the time series properties
in the structure of the associated graphs. These features are going to make it easier to find
connections between the underlying processes and the networks obtained from them by a
direct analysis of the latter. In what follows we will firstly present different versions of
the algorithm along with its most notable properties, that in many cases can be derived
analytically (theorems are reported when possible). Based on these latter properties, several
applications are addressed.

2. Visibility algorithms: definitions and main properties

2.1 Natural visibility algorithm: definition

Let {x(ti)}i=1..N be a time series of N data. The natural visibility algorithm (15) assigns each
datum of the series to a node in the natural visibility graph (from now on NVg). Two nodes i
and j in the graph are connected if one can draw a straight line in the time series joining x(ti)
and x(tj) that does not intersect any intermediate data height x(tk) (see figure 1 for a graphical
illustration). Hence, i and j are two connected nodes if the following geometrical criterion is
fulfilled within the time series:

x(tk) < x(ti) + (x(tj)− x(ti))
tk − ti
tj − tk

. (1)

It can easily checked that by means of the present algorithm, the associated graph extracted
from a time series is always:

(i) connected: each node sees at least its nearest neighbors (left-hand side and right-hand side).
(ii) undirected: the way the algorithm is built up, there is no direction defined in the links.
(iii) invariant under affine transformations of the series data: the visibility criterium is
invariant under (unsigned) rescaling of both horizontal and vertical axis, as well as under
horizontal and vertical translations.
(iv) “lossy“: some information regarding the time series is inevitably lost in the mapping
from the fact that the network structure is completely determined in the (binary) adjacency
matrix. For instance, two periodic series with the same period as T1 = ..., 3, 1, 3, 1, ... and
T2 = ..., 3, 2, 3, 2, ... would have the same visibility graph, albeit being quantitatively different.

One straightforward question is: what does the visibility algorithm stand for? In order to
deepen on the geometric interpretation of the visibility graph, let us focus on a periodic series.
It is straightforward that its visibility graph is a concatenation of a motif: a repetition of a
pattern (see figure 1). Now, which is the degree distribution P(k) of this visibility graph? Since
the graph is just a motif’s repetition, the degree distribution will be formed by a finite number
of non-null values, this number being related to the period of the associated periodic series.
This behavior reminds us the Discrete Fourier Transform (DFT), which for periodic series is
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Fig. 1. Illustrative example of the visibility algorithm. In the upper part we plot a periodic
time series and in the bottom part we represent the graph generated through the visibility
algorithm. Each datum in the series corresponds to a node in the graph, such that two nodes
are connected if their corresponding data heights fulfill the visibility criterion of equation 1.
Note that the degree distribution of the visibility graph is composed by a finite number of
peaks, much in the vein of the Discrete Fourier Transform of a periodic signal. We can thus
interpret the visibility algorithm as a geometric transform.

formed by a finite number of peaks (vibration modes) related to the series period. Using
this analogy, we can understand the visibility algorithm as a geometric (rather than integral)
transform. Whereas a DFT decomposes a signal in a sum of (eventually infinite) modes, the
visibility algorithm decomposes a signal in a concatenation of graph’s motifs, and the degree
distribution simply makes a histogram of such ’geometric modes’. While the time series is
defined in the time domain and the DFT is defined on the frequency domain, the visibility
graph is then defined on the ’visibility domain’. At this point we can mention that whereas a
generic DFT fails to capture the presence of nonlinear correlations in time series (such as the
presence of chaotic behavior), we will see that the visibility algorithm can distinguish between
stochastic and chaotic series. Of course this analogy is, so far, a simple metaphor to help our
intuition (this transform is not a reversible one for instance).

2.2 Horizontal visibility algorithm: definition

An alternative criterion for the construction of the visibility graph is defined as follows: let
{x(ti)}i=1..N be a time series of N data. The so called horizontal visibility algorithm (16)
assigns each datum of the series to a node in the horizontal visibility graph (from now on
HVg). Two nodes i and j in the graph are connected if one can draw a horizontal line in the
time series joining x(ti) and x(tj) that does not intersect any intermediate data height (see
figure 2 for a graphical illustration). Hence, i and j are two connected nodes if the following
geometrical criterion is fulfilled within the time series:

x(ti), x(tj) > x(tn) for all n such that i < n < j (2)

This algorithm is a simplification of the NVa. In fact, the HVg is always a subgraph of its
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Fig. 2. Illustrative example of the natural and horizontal visibility algorithms. We plot the
same time series and we represent the graphs generated through both visibility algorithms
below. Each datum in the series corresponds to a node in the graph, such that two nodes are
connected if their corresponding data heights fulfill respectively the visibility criteria of
equations 1 and 2 respectively.

associated NVg for the same time series (see figure 2). Beside this, the HVg graph will also be
(i) connected, (ii) undirected, (iii) invariant under affine transformations of the series and (iv)
“lossy“. Some concrete properties of these graphs can be found in (16–19). In the next sections
we are going to focus on properties of this particular method as it is a quite more analytically
tractable version.

2.3 Topological properties of the HVg associated to periodic series: mean degree

Theorem 2.1. The mean degree of an horizontal visibility graph associated to an infinite periodic series
of period T (with no repeated values within a period) is

k̄(T) = 4
(

1 − 1
2T

)
(3)

A proof can be found in (20) and in the second chapter fo this thesis.
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An interesting consequence of the previous result is that every time series extracted from
a dynamical system has an associated HVG with a mean degree 2 ≤ k̄ ≤ 4, where the
lower bound is reached for constant series, whereas the upper bound is reached for aperiodic
(random or chaotic) series (16).

2.4 Topological properties of the HVg associated to random time series

Let {xi} be a bi-infinite sequence of independent and identically distributed random variables
extracted from a continous probability density f (x), and consider its associated HVg. In the
following sections we outline some theorems regarding the topological properties of these
graphs.

2.4.1 Degree distribution of the visibility graph associated to a random time series

Theorem 2.2. The degree distribution of its associated horizontal visibility graph is

P(k) =
1
3

(
2
3

)k−2

, k = 2, 3, 4, ... (4)

A lengthy constructive proof can be found in (16) and alternative, shorter proofs can be found
in (20) and in the second chapter of this thesis.

Observe that the mean degree k̄ of the horizontal visibility graph associated to an uncorrelated
random process is then:

k̄ = ∑ kP(k) =
∞

∑
k=2

k
3

(
2
3

)k−2

= 4 (5)

in good agreement with the prediction of eq. 3 in the limit T → ∞, i.e. an aperiodic series.

2.4.2 Degree versus height

An interesting aspect worth exploring is the relation between data height and the node degree,
that is, to study whether a functional relation between the height of a datum and the degree
of its associated node holds. In this sense, let us define P(k|x) as the conditional probability
that a given node has degree k provided that it has height x. P(k|x) is easily deduced in (16),
resulting in

P(k|x) =
k−2

∑
j=0

(−1)k−2

j!(k − 2 − j)!
[1 − F(x)]2 · [ln(1 − F(x))]k−2 (6)

The average value of the degree of a node associated to a datum of height x, K(x), in then

K(x) =
∞

∑
k−2

kP(k|x) = 2 − 2 ln(1 − F(x)) (7)

where F(x) =
∫ x
−∞ f (x′)dx′.

Since F(x) ∈ [0, 1] and ln(x) are monotonically increasing functions, K(x) will also be
monotonically increasing. We can thus conclude that graph hubs (that is, the most connected
nodes) are the data with largest values, that is, the extreme events of the series.
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2.4.3 Local clustering coefficient distribution

The local clustering coefficient C (21; 22) of an horizontal visibility graph associated to a
random series can be easy deduced by means of geometrical arguments (16): For a given node
i, C denotes the rate of nodes connected to i that are connected between each other. In other
words, we have to calculate from a given node i how many nodes from those visible to i have
mutual visibility (triangles), normalized with the set of possible triangles (k

2). In a first step,
if a generic node i has degree k = 2, these nodes are straightforwardly two bounding data,
hence having mutual visibility. Thus, in this situation there exists 1 triangle and C(k = 2) = 1.
Now if a generic node i has degree k = 3, one of its neighbors will be an inner data, which
will only have visibility of one of the bounding data (by construction). We conclude that in
this situation we can only form 2 triangles out of 6 possible ones, thereby C(k = 3) = 2/6. In
general, for a degree k we can form k − 1 triangles out of (k

2) possibilities, and then:

C(k) =
k − 1

(k
2)

=
2
k

(8)

what indicates a so called hierarchical structure (? ). This relation between k and C allows us
to deduce the local clustering coefficient distribution P(C):

P(k) =
1
3

(
2
3

)k−2

= P(2/C)

P(C) =
1
3

(
2
3

)2/C−2

(9)

2.4.4 Long distance visibility, mean degree and mean path length

The probability P(n) that two data separated by n intermediate data be two connected nodes
in the graph can be demostrated to be (see (16))

P(n) =
(

1
n
− 1
) ∫ 1

0
f (x0)Fn(x0)dx0 +

∫ 1

0
f (x0)Fn−1(x0)dx0

=
2

n(n + 1)
(10)

where P(n) is independent of the probability distribution f(x) of the random variable. Notice
that the latter result can also be obtained, alternatively, with a purely combinatorial argument:
take a random series with n + 1 data and choose its two largest values. This latter pair can
be placed with equiprobability in n(n + 1) positions, while only two of them are such that
the largest values are placed at distance n, so we get P(n) = 2

n(n+1) on agreement with the
previous development.

At this point, we can calculate the mean degree < k > of the horizontal visibility graph:

< k >= ∑ kP(k) =
∞

∑
k=2

k
3

(
2
3

)k−2

= 4 (11)
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that we can recover from P(n) as:

< k >= 2
∞

∑
n=1

P(n) = 4 (12)

2.4.5 Small World property

If we looked the adjacency matrix (21) of the horizontal visibility graph associated to a random
series (16), we would see that every data xi has visibility of its first neighbors xi−1, xi+1, every
node i will be connected by construction to nodes i − 1 and i + 1: the graph is thus connected.
The graph evidences a typical homogeneous structure: the adjacency matrix is predominantly
filled around the main diagonal. Furthermore, the matrix evidences a superposed sparse
structure, reminiscent of the visibility probability P(n) = 2/(n(n + 1)) that introduces some
shortcuts in the horizontal visibility graph, much in the vein of the Small-World model
(23). Here the probability of having these shortcuts is given by P(n). Statistically speaking,
we can interpret the graph’s structure as quasi-homogeneous, where the size of the local
neighborhood increases with the graph’s size. Accordingly, we can approximate its mean
path length L(N) as:

L(N) ≈
N−1

∑
n=1

nP(n) =
N−1

∑
n=1

2
n + 1

= 2 log(N) + 2(γ − 1) + O(1/N) (13)

where we have made use of the asymptotic expansion of the harmonic numbers and γ is
the Euler-Mascheroni constant. As can be seen, the scaling is logarithmic, denoting that the
horizontal visibility graph associated to a generic random series is Small-World (21).

2.5 Topological properties of the HVg associated to other stochastic and chaotic processes

It was proved that P(k) = (1/3)(2/3)k−2 for uncorrelated random series. To find out a
similar closed expression in the case of generic chaotic or stochastic correlated processes is
a very difficult task, since variables can be long-range correlated and hence the probabilities
cannot be separated (lack of independence). This leads to a very involved calculation which
is typically impossible to solve in the general case. However, some analytical developments
can be made in order to compare them with our numerical results. Concretely, for Markovian
systems global dependence is reduced to a one-step dependence. We will make use of such
property to derive exact expressions for P(2) and P(3) in some Markovian systems (both
deterministic and stochastic).

2.5.1 Ornstein-Uhlenbeck process: degree distribution

Suppose a short-range correlated series (exponentially decaying correlations) of infinite size
generated through an Ornstein-Uhlenbeck process (24), and generate its associated HVg. Let
us consider the probability that a node chosen at random has degree k = 2. This node is
associated to a datum labelled x0 without lack of generality. Now, this node will have degree
k = 2 if the datum first neighbors, x1 and x−1 have values larger than x0:

P(k = 2) = P(x−1 > x0 ∩ x1 > x0) (14)
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In this case the variables are correlated, so in general we should have

P(2) =
∫ ∞

−∞
dx0

∫ ∞

x0

dx−1

∫ ∞

x0

dx1 f (x−1, x0, x1) (15)

We use the Markov property f (x−1, x0, x1) = f (x−1) f (x0|x−1) f (x1|x0), that holds for an
Ornstein-Uhlenbeck process with correlation function C(t) ∼ exp(−t/τ) (24):

f (x) =
exp(−x2/2)√

2π
f (x2|x1) =

exp(−(x2 − Kx1)
2/2(1 − K2))√

2π(1 − K2)
, (16)

where K = exp(−1/τ).

Numerical integration allows us to calculate P(2) for every given value of the correlation time
τ. A procedure to compute P(3) can also be found in (18).

2.5.2 Logistic map: degree distribution

A chaotic map of the form xn+1 = F(xn) does also have the Markov property, and therefore a
similar analysis can be applied (even if chaotic maps are deterministic). For chaotic dynamical
systems whose trajectories belong to the attractor, there exists a probability measure that
characterizes the long-run proportion of time spent by the system in the various regions of
the attractor. In the case of the logistic map F(xn) = µxn(1 − xn) with parameter µ = 4, the
attractor is the whole interval [0, 1] and the probability measure f (x) corresponds to the beta
distribution with parameters a = 0.5 and b = 0.5:

f (x) =
x−0.5(1 − x)−0.5

B(0.5, 0.5)
(17)

Now, for a deterministic system, the transition probability is

f (xn+1|xn) = δ[xn+1 − F(xn)], (18)

where δ(x) is the Dirac delta distribution. Departing from equation 14, for the logistic map
F(xn) = 4xn(1 − xn) and xn ∈ [0, 1], we have

P(2) =
∫ 1

0
dx0

∫ 1

x0

f (x−1) f (x0|x−1)dx−1

∫ 1

x0

f (x1|x0)dx1 =∫ 1

0
dx0

∫ 1

x0

f (x−1)δ(x0 − F(x−1))dx−1

∫ 1

x0

δ(x1 − F(x0))dx1. (19)

Now, notice that, using the properties of the Dirac delta distribution,
∫ 1

x0
δ(x1 − F(x0))dx1

is equal to one iff F(x0) ∈ [x0, 1], what will happen iff 0 < x0 < 3/4, and zero otherwise.
Therefore the only effect of this integral is to restrict the integration range of x0 to be [0, 3/4].

On the other hand,∫ 1

x0

f (x−1)δ[x0 − F(x−1)]dx−1 = ∑
x∗

k |F(x∗
k )=x0

f (x∗k )/|F
′(x∗k )|,

that is, the sum over the roots of the equation F(x) = x0, iff F(x−1) > x0. But since x−1 ∈
[x0, 1] in the latter integral, it is easy to see that again, this is verified iff 0 < x0 < 3/4 (as
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a matter of fact, if 0 < x0 < 3/4 there is always a single value of x−1 ∈ [x0, 1] such that
F(x−1) = x0, so the sum restricts to the adequate root). It is easy to see that the particular
value is x∗ = (1 +

√
1 − x0)/2. Making use of these piecewise solutions and equation 17, we

finally have

P(2) =
∫ 3/4

0

f (x∗)
4
√

1 − x0
dx0 = 1/3, (20)

Note that a similar development can be fruitfully applied to other chaotic maps, provided that
they have a well defined natural measure. Analytical and numerical developments for P(3)
can be found in (18).

2.6 Directed horizontal visibility graph

So far, undirected visibility graphs have been considered, as visibility did not have a
predefined temporal arrow. However, such a directionality can be made explicit by making
use of directed networks or digraphs (21).

Let a directed horizontal visibility graph (DHVg, (25)) be a horizontal visibility graph, where
the degree k(xi) of the node xi is now splitted in an ingoing degree kin(xi), and an outgoing
degree kout(xi), such that k(xi) = kin(xi) + kout(xi). The ingoing degree kin(xi) is defined as
the number of links of node xi with other past nodes associated with data in the series (that is,
nodes with j < i). Conversely, the outgoing degree kout(xi), is defined as the number of links
with future nodes (i < j).

Fig. 3. Graphical illustration of the method. In the top we plot a sample time series {x(t)}.
Each datum in the series is mapped to a node in the graph. Arrows, describing allowed
directed visibility, link nodes. The associated directed horizontal visibility graph is plotted
below. In this graph, each node has an ingoing degree kin, which accounts for the number of
links with past nodes, and an outgoing degree kout, which in turn accounts for the number of
links with f uture nodes. The asymmetry of the resulting graph can be captured in a first
approximation through the invariance of the outgoing (or ingoing) degree series under time
reversal.
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For a graphical illustration of the method, see figure 3. The degree distribution of a graph
describes the probability of an arbitrary node to have degree k (i.e. k links, (21)). We define
the in and out (or ingoing and outgoing) degree distributions of a DHVg as the probability
distributions of kout and kin of the graph which we call Pout(k) ≡ P(kout = k) and Pin(k) ≡
P(kin = k), respectively.

2.6.1 Uncorrelated stochastic series: degree distribution

Theorem 2.3. Let {xt}t=−∞,...,∞ be a bi-infinite sequence of independent and identically distributed
random variables extracted from a continuous probability density f (x). Then, both the in and out
degree distributions of its associated directed horizontal visibility graph are

Pin(k) = Pout(k) =
(

1
2

)k
, k = 1, 2, 3, ... (21)

A proof of this theorem can be found in (25) and in chapter 5 of this thesis.

This result is independent of the underlying probability density f (x): it holds not only for
Gaussian or uniformly distributed random series, but for any series of independent and
identically distributed (i.i.d.) random variables extracted from a continuous distribution f (x).

2.7 Diagrammatic and variational approaches

Dr. Lacasa has analytically explored in (26) the degree distributions of Horizontal Visibility
graphs in a list of situations and has presented a diagrammatic formalism which computes
for all degrees their corresponding probability as a series expansion in a coupling constant
which stands for the number of hidden variables. He offers a constructive solution for general
Markovian stochastic processes and deterministic maps, focusing on Ornstein-Uhlenbeck
processes, fully chaotic and quasiperiodic maps as test cases, showing that the perturbation
theory converges in the general case. He has also made use of a variational technique to
predict the complete degree distribution for special classes of Markovian dynamics with
fast-decaying correlations.

2.8 Multiplex visibility graphs

Nicosia et al. have introduced a method in (27) to transform multivariate time series
into multiplex networks. They illustrate how to extract important information on high
dimensional dynamical systems from the topological analysis of the derived networks. In
particular, they focus on both diffusively and globally coupled chaotic maps, showing
that multiplex measures such as the interlayer mutual information accurately describe and
quantify: (i) the information flow among degrees of freedom, (ii) the transition between
different dynamical phases, and (iii) the onset of various types of synchronization. The
method is general and scalable, and can be efficiently used for the analysis of multivariate
time series deriving from physical, biological or socio-economic systems.

3. A graph-theoretical analysis of some selected problems in stochastic
processes, chaotic dynamics, and signal processing

In the preceding section, specific properties of the visibility graphs (either NVg, HVg or the
directed version of HVg) associated to different time series have been considered. Relying on
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the aforementioned dualities between time series structure and network topological features,
we proceed here to make the first steps for a graph theoretical analysis of time series and
dynamical systems, addressing several nontrivial problems of time series analysis through
the visibility algorithm apparatus.

3.1 Estimating the Hurst exponent with NVg

Self-similar processes such as fractional Brownian motion (fBm, (28)) are currently used to
model fractal phenomena of different nature, ranging from Physics or Biology to Economics or
Engineering (see (29) and references therein). A fBm BH(t) is a non-stationary random process
with stationary self-similar increments (fractional Gaussian noise) that can be characterized
by the so called Hurst exponent, 0 < H < 1. The one-step memory Brownian motion is
obtained for H = 1

2 , whereas time series with H > 1
2 shows persistence and anti-persistence

if H < 1
2 . While different fBm generators and estimators have been introduced in the last

years, the community lacks consensus on which method is best suited for each case. This
drawback comes from the fact that fBm formalism is exact in the infinite limit, i.e. when the
whole infinite series of data is considered. However, in practice, real time series are finite.
Accordingly, long range correlations are partially broken in finite series, and local dynamics
corresponding to a particular temporal window are overestimated. The practical simulation
and the estimation from real (finite) time series is consequently a major issue that is, hitherto,
still open. An overview of different methodologies and comparisons can be found in (30–37)
and references therein.

101 102 103
100

101

102

103

104

k

P(k)

H = 0.8

H = 0.3

H = 0.5

Fig. 4. Degree distribution of three visibility graphs, namely (i) triangles: extracted from a
fBm series of 105 data with H = 0.3, (ii) squares: extracted from a fBm series of 105 data with
H = 0.5, (iii) circles: extracted from a fBm series of 105 data with H = 0.8. Note that
distributions are not normalized. The three visibility graphs are scale-free since their degree
distributions follow a power law P(k) ∼ k−γ with decreasing exponents γ0.3 > γ0.5 > γ0.8.
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Here we address the problem of estimating the Hurst exponent of a fBm series via the NVg.
Most of the methods operate either on the time domain (e.g. Aggregate Variance Method,
Higuchi’s Method, Detrended Fluctuation Analysis, Range Scaled Analysis, etc) or in the
frequency or wavelet domain (Periodogram Method, Whittle Estimator, Wavelet Method). If
we map a fBm time series by means of the NVa, what we get is a scale-free graph (15; 29),
see figure 4. As a matter of fact, that fBm yields scale free visibility graphs is not that
surprising; the most highly connected nodes (hubs) are the responsible for the heavy tailed
degree distributions. Within fBm series, hubs are related to extreme values in the series, since
a datum with a very large value has typically a large connectivity (a fact reminiscent of eq. 7).
It can be observed (29) that the degree distribution of a NVg extracted from a fBm with Hurst
exponent H shows a power law shape P(k) ∼ k−γ, such that

γ(H) = 3 − 2H. (22)

Numerical analysis corroborated this theoretical relation in (29).

It is well known that fBm has a power spectra that behaves as 1/ f β, where the exponent β is
related to the Hurst exponent of an fBm process through the well known relation

β(H) = 1 + 2H. (23)

Now according to eqs. 22 and 23, the degree distribution of the visibility graph corresponding
to a time series with f−β noise should be again power law P(k) ∼ k−γ where

γ(β) = 4 − β. (24)

The theoretical prediction eq. 24 , also shows good agreement with the numerics. In this
case, a scatter plot confronting theoretical versus empirical estimation of γ(β) also provides
statistical conformance between them, up to c = 0.99 (29).

Finally, eq. 23 holds for fBm processes, while for the increments of an fBm process, known as
a fractional Gaussian noise (fGn), the relation between β and H turns to be

β(H) = −1 + 2H, (25)

The relation between γ and H for a fGn (where fGn is a series composed by the increments of
a fBm) can be deduced to be

γ(H) = 5 − 2H. (26)
In order to illustrate this latter case, we address a realistic and striking dynamics where
long range dependence has been recently described. Gait cycle (the stride interval in human
walking rhythm) is a physiological signal that has been shown to display fractal dynamics and
long range correlations in healthy young adults (38; 39). In the upper part of fig. 5 we have
plotted to series describing the fluctuations of walk rhythm of a young healthy person, for
slow pace (bottom series of 3304 points) and fast pace (up series of 3595 points) respectively
(data available in www.physionet.org/physiobank/database/umwdb/ (40)). In the bottom
part we have represented the degree distribution of their visibility graphs. These ones are
again power laws with exponents γ = 3.03 ± 0.05 for fast pace and γ = 3.19 ± 0.05 for slow
pace (derived through MLE). According to eq. 24, the visibility algorithm predicts that gait
dynamics evidence f−β behavior with β = 1 for fast pace, and β = 0.8 for slow pace, in perfect
agreement with previous results based on a Detrended Fluctuation Analysis (38; 39). These
series record the fluctuations of walk rhythm (that is, the increments), so according to eq. 26,
the Hurst exponent is H = 1 for fast pace and H = 0.9 for slow pace, that is to say, dynamics
evidences long range dependence (persistence) (38; 39).
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Fig. 5. Black signal: time series of 3595 points from the stride interval of a healthy person in
fast pace. Red signal: time series of 3304 points from the stride interval of a healthy person in
slow pace. Bottom: Degree distribution of the associated visibility graphs (the plot is in
log-log). These are power laws where γ = 3.03 ± 0.05 for the fast movement (black dots) and
γ = 3.19 ± 0.05 for the slow movement (red dots), what provides β = 1 and β = 0.8 for fast
and slow pace respectively according to eq.24, in agreement with previous results (38; 39).

3.2 Discriminating stochastic vs. chaotic series via HVg

Both stochastic and chaotic processes share many features, and the discrimination between
them is indeed very subtle. The relevance of this problem is to determine whether the
source of unpredictability (production of entropy) has its origin in a chaotic deterministic
or stochastic dynamical system, a fundamental issue for modeling and forecasting purposes.
Essentially, the majority of methods (41; 42) that have been introduced so far rely on
two major differences between chaotic and stochastic dynamics. The first difference is
that chaotic systems have a finite dimensional attractor, whereas stochastic processes arise
from an infinite-dimensional one. Being able to reconstruct the attractor is thus a clear
evidence showing that the time series has been generated by a deterministic system. The
development of sophisticated embedding techniques (41) for attractor reconstruction is the
most representative step forward in this direction. The second difference is that deterministic
systems evidence, as opposed to random ones, short-time prediction: the time evolution
of two nearby states will diverge exponentially fast for chaotic ones (finite and positive
Lyapunov exponents) while in the case of a stochastic process such separation is randomly
distributed. Whereas some algorithms relying on the preceding concepts are nowadays
available, the great majority of them are purely phenomenological and often complicated to
perform, computationally speaking. These drawbacks provide the motivation for a search
for new methods that can directly distinguish, in a reliable way, stochastic from chaotic time
series. We show here that the horizontal visibility algorithm offers a different, conceptually
simple and computationally efficient method to distinguish between deterministic and
stochastic dynamics, since the degree distribution of HVGs associated to stochastic and
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chaotic processes are exponential P(k) ∼ exp(−λk), where for stochastic dynamics λ > λun
and for chaotic dynamics λ < λun (18), λun being the uncorrelated case, (theorem 2.2).

3.2.1 Correlated stochastic series

In order to analyze the effect of correlations between the data of the series, we focus
on two generic and paradigmatic correlated stochastic processes, namely long-range
(power-law decaying correlations) and Ornstein-Uhlenbeck (short-range exponentially
decaying correlations) processes. We have computed the degree distribution of the HVg
associated to different long-range and short-range correlated stochastic series (the method
for generating the associated series is explained in (18)) with correlation function C(t) = t−γ

for different values of the correlation strength γ ∈ [10−2 − 101] and with an exponentially
decaying correlation function C(t) = exp(−t/τ). In both cases the degree distribution of the
associated HVG can be fitted for large k by an exponential function exp(−λk). The parameter
λ depends on γ or τ and is, in each case, a monotonic function that reaches the asymptotic
value λ = λun = ln(3/2) in the uncorrelated limit γ → ∞ or τ → 0, respectively. Detailed
results of this phenomenology can be found in (18). In all cases, the limit is reached from
above, i.e. λ > λun (see figure 6). Interestingly enough, for the power-law correlations
the convergence is slow, and there is still a noticeable deviation from the uncorrelated case
even for weak correlations (γ > 4.0), whereas the convergence with τ is faster in the case of
exponential correlations.

3.2.2 Chaotic maps

Poincaré recurrence theorem suggests that the degree distribution of HVgs associated to
chaotic series should be asymptotically exponential (16). Several deterministic time series
generated by chaotic maps have been analyzed:

(1) the α-map f (x) = 1 − |2x − 1|α, that reduces to the logistic and tent maps in their fully
chaotic region for α = 2 and α = 1 respectively, for different values of α,
(2) the 2D Hénon map (xt+1 = yt + 1 − ax2

t , yt+1 = bxt) in the fully chaotic region (a = 1.4,
b = 0.3);
(3) a time-delayed variant of the Hénon map: xt+1 = bxt−d + 1 − ax2

t in the region (a = 1.6,
b = 0.1), where it shows chaotic behavior with an attractor dimension that increases linearly
with the delay d (43). This model has also been used for chaos control purposes (44), although
here we set the parameters a and b to values for which we find high-dimensional chaos for
almost every initial condition (43);
(4) the Lozi map, a piecewise-linear variant of the Hénon map given by xt+1 = 1 + yn −
a|xt|, yt+1 = bxt in the chaotic regime a = 1.7 and b = 0.5;
(5) the Kaplan-Yorke map xt+1 = 2xt mod (1), yt+1 = λyt + cos(4πxt) mod (1); and
(6) the Arnold cat map xt+1 = xt + yt mod (1), yt+1 = xt + 2yt mod (1), a conservative
system with integer Kaplan-Yorke dimension. References for these maps can be found in (45).

We find that the tails of the degree distribution can be well approximated by an exponential
function P(k) ∼ exp(−λk). Remarkably, we find that λ < λun in every case, where λ seems to
increase monotonically as a function of the chaos dimensionality 2, with an asymptotic value

2 This functional relation must nonetheless be taken in a cautious way, indeed, other chaos indicators
(such as the Lyapunov spectra) may also play a relevant role in the final shape of P(k) and such issues
should be investigated in detail
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λ → ln(3/2) for large values of the attractor dimension (see fig. 6 where we plot the specific
values of λ as a function of the correlation dimension of the map (45)). Again, we deduce that
the degree distribution for uncorrelated series is a limiting case of the degree distribution for
chaotic series but, as opposed to what we found for stochastic processes, the convergence flow
towards λun is from below, and therefore λ = ln(3/2) plays the role of an effective frontier
between correlated stochastic and chaotic processes.

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7
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Fig. 6. Plot of the values of λ for several processes, namely: (i) for power-law correlated
stochastic series with correlation function C(t) = t−γ, as a function of the correlation γ, (ii)
for Ornstein-Uhlenbeck series with correlation function C(t) = exp(−t/τ), as a function of
the correlation time τ, and (iii) for different chaotic maps, as a function of their correlation
dimension D. Errors in the estimation of λ are incorporated in the size of the dots. Notice
that stochastic processes cluster in the region λ > λun whereas chaotic series belong to the
opposite region λ < λun, evidencing a convergence towards the uncorrelated value
λun = ln(3/2) (16) for decreasing correlations or increasing chaos dimensionality
respectively.

In the following section we provide some heuristic arguments supporting our findings, for
additional details, numerics and analytical developments we refer the reader to (18).

3.2.3 Heuristics

We argue first that correlated series show lower data variability than uncorrelated ones, so
decreasing the possibility of a node to reach far visibility and hence decreasing (statistically
speaking) the probability of appearance of a large degree. Hence, the correlation tends to
decrease the number of nodes with large degree as compared to the uncorrelated counterpart.
Indeed, in the limit of infinitely large correlations (γ → 0 or τ → ∞), the variability reduces
to zero and the series become constant. The degree distribution in this limit case is, trivially,

P(k) = δ(k − 2) = lim
λ→∞

λ

2
exp(−λ|k − 2|),
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that is to say, infinitely large correlations would be associated to a diverging value of λ. This
tendency is on agreement with the numerical simulations (figure 6) where we show that λ
monotonically increases with decreasing values of γ or increasing values of τ respectively.
Having in mind that in the limit of small correlations the theorem previously stated implies
that λ → λun = ln(3/2), we can therefore conclude that for a correlated stochastic process
λstoch > λun.

Concerning chaotic series, remember that they are generated through a deterministic process
whose orbit is continuous along the attractor. This continuity introduces a smoothing effect
in the series that, statistically speaking, increases the probability of a given node to have a
larger degree (uncorrelated series are rougher and hence it is more likely to have more nodes
with smaller degree). Now, since in every case we have exponential degree distributions (this
fact being related with the Poincaré recurrence theorem for chaotic series and with the return
distribution in Poisson processes for stochastic series (16)), we conclude that the deviations
must be encoded in the slope λ of the exponentials, such that λchaos < λun < λstoch, in good
agreement with our numerical results.

3.3 The period-doubling route to chaos via HVg: Feigenbaum graphs

In low-dimensional dissipative systems chaotic motion develops out of regular motion in a
small number of ways or routes, and amongst which the period-doubling bifurcation cascade
or Feigenbaum scenario is perhaps the better known and most famous mechanism (46).
This route to chaos appears an infinite number of times amongst the family of attractors
spawned by unimodal maps within the so-called periodic windows that interrupt stretches
of chaotic attractors. In the opposite direction, a route out of chaos accompanies each
period-doubling cascade by a chaotic band-splitting cascade, and their shared bifurcation
accumulation points form transitions between order and chaos that are known to possess
universal properties (46–48). Low-dimensional maps have been extensively studied from
a purely theoretical perspective, but systems with many degrees of freedom used to study
diverse problems in physics, biology, chemistry, engineering, and social science, are known to
display low-dimensional dynamics (49).

In this section, we offer a distinct view of the Feigenbaum scenario through the specific HVg
formalism, and provide a complete set of graphs, which we call Feigenbaum graphs, that
encode the dynamics of all stationary trajectories of unimodal maps. We first characterize their
topology via the order-of-visit and self-affinity properties of the maps. We will additionally
define a renormalization group (RG) procedure that leads, via its flows, to or from network
fixed-points to a comprehensive view of the entire family of attractors. Furthermore, the
optimization of the entropy obtained from the degree distribution coincides with the RG fixed
points and reproduces the essential features of the map’s Lyapunov exponent independently
of its sign. A general observation is that the HV algorithm extracts only universal elements of
the dynamics, free of the peculiarities of the individual unimodal map, but also of universality
classes characterized by the degree of nonlinearity. Therefore all the results presented in
this section, while referring to the specific Logistic map for illustrative reasons apply to any
unimodal map.
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Fig. 7. Feigenbaum graphs from the Logistic map xt+1 = f (xt) = µxt(1 − xt). The main
figure portrays the family of attractors of the Logistic map and indicates a transition from
periodic to chaotic behavior at µ∞ = 3.569946... through period-doubling bifurcations. For
µ ≥ µ∞ the figure shows merging of chaotic-band attractors where aperiodic behavior
appears interrupted by windows that, when entered from their left-hand side, display
periodic motion of period T = m · 20 with m > 1 (for µ < µ∞, m = 1) that subsequently
develops into m period-doubling cascades with new accumulation points µ∞(m). Each
accumulation point µ∞(m) is in turn the limit of a chaotic-band reverse bifurcation cascade
with m initial chaotic bands, reminiscent of the self-affine structure of the entire diagram. All
unimodal maps exhibit a period-doubling route to chaos with universal asymptotic scaling
ratios between successive bifurcations that depend only on the order of the nonlinearity of
the map, the Logistic map belongs to the quadratic case. Adjoining the main figure, we show
time series and their associated Feigenbaum graphs according to the HV mapping criterion
for several values of µ where the map evidences both regular and chaotic behavior (see the
text). Inset: numerical values of the mean normalized distance d̄ as a function of mean degree
k̄ of the Feigenbaum graphs for 3 < µ < 4 (associated to time series of 1500 data after a
transient and a step δµ = 0.05), in good agreement with the theoretical linear relation (see the
text).

3.3.1 Feigenbaum graphs

According to the HV algorithm, a time series generated by the Logistic map for a specific value
of µ (after an initial transient of approach to the attractor) is converted into a Feigenbaum
graph (19). Notice that this is a well-defined subclass of HV graphs where consecutive nodes
of degree k = 2, that is, consecutive data with the same value, do not appear, what is actually
the case for series extracted from maps (besides the trivial case of a constant series). While
for a period T there are in principle several possible periodic orbits, and therefore the set of
associated Feigenbaum graphs is degenerate, it can be proved that the mean degree k̄(T) and
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normalized mean distance d̄(T) of all these Feigenbaum graphs fulfill k̄(T) = 4(1 − 1
2T ) and

d̄(T) = 1
3T respectively, yielding a linear relation d̄(k̄) = (4 − k̄)/6 that is corroborated in the

inset of figure 7. Aperiodic series (T → ∞) reach the upper bound mean degree k̄ = 4.

3.3.2 Period-doubling cascade

A deep-seated feature of the period-doubling cascade is that the order in which the positions
of a periodic attractor are visited is universal (50), the same for all unimodal maps. This
ordering turns out to be a decisive property in the derivation of the structure of the
Feigenbaum graphs. A plot the graphs for a family of attractors of increasing period T = 2n,
that is, for increasing values of µ < µ∞ can be found in (19). This basic pattern also leads to
the expression for their associated degree distributions,

P(n, k) =
(

1
2

)k/2
, k = 2, 4, 6, ..., 2n, (27)

P(n, k) =
(

1
2

)n
, k = 2(n + 1),

and zero for k odd or k > 2(n+ 1). At the accumulation point µ∞ the period diverges (n → ∞)
and the distribution is exponential for all even values of the degree,

P(∞, k) =
(

1
2

)k/2
, k = 2, 4, 6, ..., (28)

and zero for k odd. Observe that these relations are independent of the order of the map’s
nonlinearity: the HV algorithm sifts out every detail of the dynamics except for the basic
storyline.

3.3.3 Period-doubling bifurcation cascade of chaotic bands

We turn next to the period-doubling bifurcation cascade of chaotic bands that takes place
as µ decreases from µ = 4 towards µ∞. For the largest value of the control parameter, at
µ = 4, the attractor is fully chaotic and occupies the entire interval [0, 1] (see figure 7). This
is the first chaotic band n = 0 at its maximum amplitude. As µ decreases in value within
µ∞ < µ < 4 band-narrowing and successive band-splittings (46–48; 50) occur. In general, after
n reverse bifurcations the phase space is partitioned in 2n disconnected chaotic bands, which
are self-affine copies of the first chaotic band (51). The values of µ at which the bands split are
called Misiurewicz points (50), and their location converges to the accumulation point µ∞ for
n → ∞. Significantly, while in the chaotic zone orbits are aperiodic, for reasons of continuity
they visit each of the 2n chaotic bands in the same order as positions are visited in the attractors
of period T = 2n (50). A plot of the Feigenbaum graphs generated through chaotic time series
at different values of µ that correspond to an increasing number of reverse bifurcations can
be found in(19). Since chaotic bands do not overlap, one can derive the following degree
distribution for a Feigenbaum graph after n chaotic-band reverse bifurcations by using only
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the universal order of visits

Pµ(n, k) =
(

1
2

)k/2
, k = 2, 4, 6, ..., 2n,

Pµ(n, k ≥ 2(n + 1)) =
(

1
2

)n
, (29)

and zero for k = 3, 5, 7, ..., 2n + 1. We note that this time the degree distribution retains some
dependence on the specific value of µ, concretely, for those nodes with degree k ≥ 2(n+ 1), all
of which belong to the top chaotic band. The HV algorithm filters out chaotic motion within
all bands except for that taking place in the top band whose contribution decreases as n → ∞
and appears coarse-grained in the cumulative distribution Pµ(n, k ≥ 2(n + 1)). As would
be expected, at the accumulation point µ∞ we recover the exponential degree distribution
(equation 28), i.e. limn→∞ Pµ(n, k) = P(∞, k).

3.3.4 Renormalization group

Before proceeding to interpret these findings via the consideration of renormalization group
(RG) arguments, we recall that the Feigenbaum tree shows a rich self-affine structure: for
µ > µ∞ periodic windows of initial period m undergo successive period-doubling bifurcations
with new accumulation points µ∞(m) that appear interwoven with chaotic attractors. These
cascades are self-affine copies of the fundamental one. The process of reverse bifurcations
also evidences this self-affine structure, such that each accumulation point is the limit of
a chaotic-band reverse bifurcation cascade. Accordingly, we label G(m, n) the Feigenbaum
graph associated with a periodic series of period T = m · 2n, that is, a graph obtained from
an attractor within window of initial period m after n period-doubling bifurcations. In the
same fashion, Gµ(n, m) is associated with a chaotic attractor composed by m · 2n bands (that
is, after n chaotic band reverse bifurcations of m initial chaotic bands). Graphs corresponding
to G(1, n) and Gµ(1, n) respectively can be found in (19). For the first accumulation point
G(1, ∞) = Gµ(1, ∞) ≡ G∞. Similarly, in each accumulation point µ∞(m), the identity
G(m, ∞) = Gµ(m, ∞) is fulfilled.

In order to recast previous findings in the context of the renormalization group, let us define
an RG operation R on a graph as the coarse-graining of every couple of adjacent nodes where
one of them has degree k = 2 into a block node that inherits the links of the previous two
nodes. This is a real-space RG transformation on the Feigenbaum graph (52), dissimilar
from recently suggested box-covering complex network renormalization schemes (53–55).
This scheme turns out to be equivalent for µ < µ∞ to the construction of an HV graph
from the composed map f (2) instead of the original f , in correspondence to the original
Feigenbaum renormalization procedure (48). We first note that R{G(1, n)} = G(1, n − 1),
thus, an iteration of this process yields an RG flow that converges to the (1st) trivial fixed
point R(n){G(1, n)} = G(1, 0) ≡ G0 = R{G0}. This is the stable fixed point of the RG flow
∀µ < µ∞. We note that there is only one relevant variable in our RG scheme, represented by
the reduced control parameter ∆µ = µ∞ − µ, hence, to identify a nontrivial fixed point we
set ∆µ = 0 or equivalently n → ∞, where the structure of the Feigenbaum graph turns to be
completely self-similar under R. Therefore we conclude that G(1, ∞) ≡ G∞ is the nontrivial
fixed point of the RG flow, R{G∞} = G∞. In connection with this, let Pt(k) be the degree
distribution of a generic Feigenbaum graph Gt in the period-doubling cascade after t iterations
of R, and point out that the RG operation, R{Gt} = Gt+1, implies a recurrence relation
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(1− Pt(2))Pt+1(k) = Pt(k+ 2), whose fixed point coincides with the degree distribution found
in equation 28. This confirms that the nontrivial fixed point of the flow is indeed G∞.

Next, under the same RG transformation, the self-affine structure of the family of attractors
yields R{Gµ(1, n)} = Gµ(1, n − 1), generating a RG flow that converges to the Feigenbaum
graph associated to the 1st chaotic band, R(n){Gµ(1, n)} = Gµ(1, 0). Repeated application
of R breaks temporal correlations in the series, and the RG flow leads to a 2nd trivial fixed
point R(∞){Gµ(1, 0)} = Grand = R{Grand}, where Grand is the HV graph generated by a
purely uncorrelated random process. This graph has a universal degree distribution P(k) =
(1/3)(2/3)k−2, independent of the random process underlying probability density (see (16;
18)).

Fig. 8. Illustrative cartoon incorporating the RG flow of Feigenbaum graphs in the whole
Feigenbaum diagram: aperiodic (chaotic or random) series generate graphs whose RG flow
converge to the trivial fixed point Grand, whereas periodic series (both in the region µ < µ∞
and inside windows of stability) generate graphs whose RG flow converges to the trivial
fixed point G(0, 1). The nontrivial fixed point of the RG flow G(∞, 1) is only reached through
the critical manifold of graphs at the accumulation points µ∞(m).

Finally, let us consider the RG flow inside a given periodic window of initial period m. As
the renormalization process addresses nodes with degree k = 2, the initial applications of
R only change the core structure of the graph associated with the specific value m. The RG
flow will therefore converge to the 1st trivial fixed point via the initial path R(p){G(m, n)} =
G(1, n), with p ≤ m, whereas it converges to the 2nd trivial fixed point for Gµ(m, n)
via R(p){Gµ(m, n)} = Gµ(1, n). In the limit of n → ∞ the RG flow proceeds towards
the nontrivial fixed point via the path R(p){G(m, ∞)} = G(1, ∞). Incidentally, extending
the definition of the reduced control parameter to ∆µ(m) = µ∞(m) − µ, the family of
accumulation points is found at ∆µ(m) = 0. A complete schematic representation of the
RG flows can be seen in figure 8.

Interestingly, and at odds with standard RG applications to (asymptotically) scale-invariant
systems, we find that invariance at ∆µ = 0 is associated in this instance to an exponential
(rather than power-law) function of the observables, concretely, that for the degree
distribution. The reason is straightforward: R is not a conformal transformation (i.e. a scale
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operation) as in the typical RG, but rather, a translation procedure. The associated invariant
functions are therefore non homogeneous (with the property g(ax) = bg(x)), but exponential
(with the property g(x + a) = cg(x)).

3.3.5 Network entropy

Finally, we derive, via optimization of an entropic functional for the Feigenbaum graphs, all
the RG flow directions and fixed points directly from the information contained in the degree
distribution. Amongst the graph theoretical entropies that have been proposed we employ
here the Shannon entropy of the degree distribution P(k), that is h = −∑∞

k=2 P(k) log P(k). By
making use of the Maximum Entropy formalism, it is easy to prove that the degree distribution
P(k) that maximizes h is exactly P(k) = (1/3)(2/3)k−2, which corresponds to the distribution
for the 2nd trivial fixed point of the RG flow Grand. Alternatively, with the incorporation of the
additional constraint that allows only even values for the degree (the topological restriction for
Feigenbaum graphs G(1, n)), entropy maximization yields a degree distribution that coincides
with equation 28, which corresponds to the nontrivial fixed point of the RG flow G∞. Lastly,
the degree distribution that minimizes h trivially corresponds to G0, i.e. the 1st trivial fixed
point of the RG flow. Remarkably, these results indicate that the fixed-point structure of the RG
flow are obtained via optimization of the entropy for the entire family of networks, supporting
a suggested connection between RG theory and the principle of Maximum Entropy (56).
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Fig. 9. Horizontal visibility network entropy h and Lyapunov exponent λ for the Logistic
map. We plot the numerical values of h and λ for 3.5 < µ < 4 (the numerical step is
δµ = 5 · 10−4 and in each case the processed time series have a size of 212 data). The inset
reproduces the same data but with a rescaled entropy h − log(4). The surprisingly good
match between both quantities is reminiscent of the Pesin identity (see text). Unexpectedly,
the Lyapunov exponent within the periodic windows (λ < 0 inside the chaotic region) is also
well captured by h.
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The network entropy h can be calculated exactly for G(1, n) (µ < µ∞ or T = 2n), yielding
h(n) = log 4 · (1 − 2−n). Because increments of entropy are only due to the occurrence of
bifurcations h increases with µ in a step-wise way, and reaches asymptotically the value
h(∞) = log 4 at the accumulation point µ∞. For Feigenbaum graphs Gµ(1, n) (in the chaotic
region), in general h cannot be derived exactly since the precise shape of P(k) is unknown
(albeit the asymptotic shape is also exponential (19)). Yet, the main feature of h can be
determined along the chaotic-band splitting process, as each reverse bifurcation generates
two self-affine copies of each chaotic band. Accordingly, the decrease of entropy associated
with this reverse bifurcation process can be described as hµ(n) = log 4 + hµ(0)/2n, where
the entropy hµ(n) after n reverse bifurcations can be described in terms of the entropy
associated with the first chaotic band hµ(0). The chaotic-band reverse bifurcation process
takes place in the chaotic region in the direction of decreasing µ’s, and therefore leads
in this case to a decrease of entropy with an asymptotic value of log 4 for n → ∞ at the
accumulation point. These results suggest that the graph entropy behaves qualitatively as
the map’s Lyapunov exponent λ, with the peculiarity of having a shift of log 4, as confirmed
in figure 9. This unexpected qualitative agreement is reasonable in the chaotic region in
view of the Pesin theorem (46), that relates the positive Lyapunov exponents of a map
with its Kolmogorov-Sinai entropy (akin to a topological entropy) that for unimodal maps
reads hKS = λ, ∀λ > 0, since h can be understood as a proxy for hKS. Unexpectedly, this
qualitative agreement seems also valid in the periodic windows (λ < 0), since the graph
entropy is positive and varies with the value of the associated (negative) Lyapunov exponent
even though hKS = 0, hinting at a Pesin-like relation valid also out of chaos which deserves
further investigation. The agreement between both quantities lead us to conclude that the
Feigenbaum graphs capture not only the period-doubling route to chaos in a universal way,
but also inherits the main feature of chaos, i.e. sensitivity to initial conditions.

4. A brief overview of some initial applications

4.1 Physical applications

4.1.1 Seismicity

Aguilar-San Juan and Guzmán-Vargas present in (57) a statistical analysis of earthquake
magnitude sequences in terms of the visibility graph method. Magnitude time series from
Italy, Southern California, and Mexico are transformed into networks and some organizational
graph properties are discussed. Connectivities are characterized by a scale-free distribution
with a noticeable effect for large scales due to either the presence or the lack of large events.
Also, a scaling behavior is observed between different node measures like betweenness
centrality, clustering coefficient, nearest neighbor connectivity, and earthquake magnitude.
Moreover, parameters which quantify the difference between forward and backward links,
are proposed to evaluate the asymmetry of visibility attachment mechanism. Thier results
show an alternating average behavior of these parameters as earthquake magnitude changes.
Finally, they evaluate the effects of reducing temporal and spatial windows of observation
upon visibility network properties for main-shocks.

Telesca et al. in (58–60) have analysed the synthetic seismicity generated by a simple stick-slip
system with asperities by using the method of the visibility graph (VG). The stick-slip system
mimics the interaction between tectonic plates, whose asperities are given by sandpapers of
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different granularity degrees. The VG properties of the seismic sequences have been put in
relationship with the typical seismological parameter, the b-value of the Gutenberg-Richter
law. Between the b-value of the synthetic seismicity a nd the slope of the least square line
fitting the k-M plot (relationship between the magnitude M of each synthetic event and its
connectivity degree k) a close linear relationship is found, also verified by real seismicity.

4.2 Hurricanes

Elsner et al. in (61) demonstrate how to construct a network from a time series of U.S.
hurricane counts and show how it can be used to identify unusual years in the record. The
network links years based on a ?line-of-sight? visibility algorithm applied to the time series
plot and is physically related to the variation of hurricanes from one year to the next. The
authors find that the distribution of node degree is consistent with a random Poisson process.
High hurricane-occurrence years that are surrounded by years with few hurricanes have many
linkages. Of the environmental conditions known to affect coastal hurricane activity, they find
years with little sunspot activity during September (peak month of the hurricane season) best
correspond with the unusually high linkage years.

4.2.1 Turbulence

A classic topic in Fluid Mechanics is the complex behavior exhibited by some fluids within
a cetain regime 3 consisting of a high dimensional spatiotemporal form of chaos called
turbulence. The multiscale nature of this phenomenon is reflected in the distribution of
velocity increments and energy dissipation rates which exhibit anomalous scalings suggesting
some kind of multifractality. A first attemp to characterize an energy dissipation rate time
series by means of the visibility algorithm was made by Liu (62). In this work, a series obtained
from wind tunnel experimental measurements was mapped into a graph by the natural
visibility version of the algorithm yielding a power law of exponent γ = 3.0 for the degree
distribution. An edge covering box-counting method was used to prove the non-fractality
of the graph and allometric scalings for the skeleton and random spanning trees of the
graph were proposed but no functional relation to any physical magnitude characterizing
the phenomenon could be derived.

4.3 Financial applications

Yang (63) mapped six exchange rate series and their corresponding detrended series into
graphs by means of the natural visibility algorithm. A good agreement was found for the
functional relation in equation 22 suggesting that, for certain purposes, these series can
be modelled as fractional brownian motions. The multifractal structure of the series was
broken by shuffling them and so, shuffled series mapped into graphs with exponential degree
distributions.

Qian (64), in the same philosophy as Liu(62), buildt three different classes of spanning trees
from the graphs associted to 30 world stock market indices and studied their allometric
properties finding universal allometric scaling behavior in one of the classes. No satisfactory
explanation was found for this fact. They also built spanning trees from graphs associated
to fractional brownian motions with different Hurst exponents finding discrepancies in their

3 carachterized basically by a dimensionless number known as Reynolds number



26 Mapping Dynamics into Graphs. The Visibility Algorithm

allometric behaviour with the ones mapped from the stock market indices. This discrepancies
were attributed to the nonlinear long term correlations and fat-tailed distributions of the
financial series.

4.4 Biological applications

4.4.1 Physiology

Zhi Gang Shao (65) used the visibility algorithm to construct the associated networks of time
series of filtered data of five healthy subjects and five patients with congestive heart failure
(CHF). He used the assortative coefficient of the networks to distinguish the healthy subjects
from the CHF patients. On the other hand, Zhao Dong & Xiang Li (66), in a comment on
the first work, calculated the assortativity coefficients of heartbeat networks extracted from
(different sizes of) time series of healthy subjects and CHF patiens and conclude that the
assortative coefficients of such networks failed as effective indicator to differentiate healthy
subjects from CHF patients at large.

Ahmadlou et al. in (67) present a new chaos-wavelet approach for electroencephalogram
(EEG)-based diagnosis of Alzheimer’s disease (AD) employing the visibility graph. The
approach is based on the research ideology that nonlinear features may not reveal differences
between AD and control group in the band-limited EEG, but may represent noticeable
differences in certain sub-bands. Hence, complexity of EEGs is computed using the VGs of
EEGs and EEG sub-bands produced by wavelet decomposition. Two methods are employed
for computation of complexity of the VGs: one based on the power of scale-freeness of a
graph structure and the other based on the maximum eigenvalue of the adjacency matrix of
a graph. Analysis of variation is used for feature selection. Two classifiers are applied to
the selected features to distinguish AD and control EEGs: a Radial Basis Function Neural
Network (RBFNN) and a two-stage classifier consisting of Principal Component Analysis
(PCA) and the RBFNN. After comprehensive statistical studies, effective classification features
and mathematical markers are presented.

5. Preliminary observations

In this chapter a review on the state of the art of visibility algorithms as a method to make
time series analysis through network theory has been presented. We have reported the
properties of natural and horizontal visibility algorithms, and have explored their ability
in several problems such as the estimation of Hurst exponent in self-similar (fractal series),
the discrimination between uncorrelated, correlated stochastic and chaotic processes, the
problem of noise filtering, the problem of determining the amount of irreversibility (i.e.
entropy production) of a system, or the generic study of nonlinear systems as they undergo a
period-doubling route to chaos.
Before commenting on the plethora of applications and challenging open problems to be
faced, a few words on how to be cautious and make good science should be stated. The
simplicity and straightforwardness of a method can be tricky, since it could convey the wrong
impression to directly produce results when applied to concrete problems. From a physical
point of view, the practical interest of this method lies in its ability to reveal properties of
the system under study, i.e., to reveal hidden structures in a given eries. But this capacity is
intimately linked to the strength and extent of the theory behind the method. That is why,
before venturing to study complex systems in nature, a method should provide a sufficient
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theoretical support. In the case under study, it should be clearly stated what information and
which properties we are mapping into what and how, before attempting to measure all kind
of features in a visibility graph.
According to this, the first general open problem lies just there: to generate a mathematically
sound, rigorous theory that explains and shows how time series/dynamical systems
properties are mapped into the associated visibility graph. In this chapter we have outlined
the first steps in this direction, but a broad and general theory is still to be completely
developed. This theory should deal with questions such as (i) what concrete information
are the algorithms mapping? and (ii) how they do so? Once we know this, we can understand
what network features are behind multifractality, spatio-temporal chaos, intermittency,
quasi-periodicity, and many other complex dynamical processes.
Only when these questions have been rigorously responded, this tool could be ready to be
unambigously used by practitioners, since visibility algorithms will be a new and universal
method to extract information from complex signals. Moreover, the possibility of defining
mesoscale measures, which are typically network-based (for instance, modularity, community
structure, etc), could be of interest to analyze non-local / multiscale dynamics. The potentials
of the method could then apply to study long standing problems in Physics and Society, such
as turbulence, stock market dynamics, or physiological signals such as electro-encephalogram,
electro-cardiograms, and so on. On this respect, the initial naive approaches in those directions
(turbulence (62), financial series (62; 63), cardiac series (65)) are nowadays inconclusive
because the theory behind the method is not fully developed. Eventually.

In the following chapters, we are going to present the scientific results obtained during
the realization of this thesis which include the characterization of different versions of
intermittency, an approach to detect hidden periodicities in time series and measurements
of nontrivial irreversibilities in dynamical proccesses.
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2

HIDDEN PERIODICITY

Contexto

Mi primer paso en la investigación científica tal y como yo la entiendo a día de hoy (ya
más próximo a defender una tesis) lo di con el trabajo al que este capítulo está dedicado.
Hacer a un joven e inexperto doctorando concebir un trabajo de investigación desde cero
en cada uno de sus pasos: la idea, el planteamiento, el desarrollo, el análisis, el contexto,
las conclusiones, la redacción... puede ser demasiado duro e intimidante. Así lo entedieron
mis directores y por ese mismo motivo juzgaron oportuno proponer un problema bastante
concreto y bien imbricado en una línea de investigación ya fructificada. El algoritmo de
visibilidad en su versión horizontal se había demostrado eficaz a la hora de caracterizar
la ruta al caos por cascada de bifurcación de periodo, para la que se había probado ya
cómo el algoritmo heredaba muchas de las propiedades universales de los mapas iterados
unimodales (1). Se había derivado ya un formalismo para series aleatorias sin correlaciones
(2) y se habían ensayado técnicas para diferenciar estos procesos de dinámicas caóticas con
diferente dimensión (3). Una objeción surgía de forma natural en este punto: la naturaleza
es “ruidosa”. La dificultad para aislar los sistemas dinámicos reales a estudio del resto del
universo hace que las series reales extraídas de experimentos o de mediciones acostumbren
a estar contaminadas con una cierta cantidad de ruido que hipotetizamos extrínseco (no
inherente al sistema dinámico a estudio) y aditivo. La cuestión es clara: se pueden derivar
desarrollos analíticos a partir de modelos teóricos que den cuenta de ciertas propiedades
dinámicas de los sistemas pero...¿cómo de robustas al ruido son esas aproximaciones
teóricas? ¿Se conservan las propiedades estructurales de los grafos de visibilidad para series
contaminadas con ruido? Este punto es crítico para la “aplicabilidad” del método.

Bien ¿cómo habíamos de responder a esta pregunta? Una manera razonable de proceder
es ir de lo simple a lo complejo. ¿Qué característica dinámica podemos encontrar en series
temporales que, sin dejar de ser ‘sencilla’, no resulte trivial? Una posible respuesta es la
periodicidad: ya había sido tratada al estudiar cómo los grafos de visibilidad heredaban en
su estructura la periodicidad de las series temporales y ya se había derivado una relación
entre el periodo T de dichas series x(t + T) = x(t) y la conectividad media de sus grafos

asociados 〈k〉 = 4
(

1 − 1
2T

)
para cualquier serie discreta y determinista a un paso de la

forma x(t + 1) = F[x(t)]. La pregunta era: ¿Se conserva esta propiedad en series periódicas
contaminadas con ruido aditivo? Y la respuesta era (y será): trivialmente no. En general
x(t + T) + ξ(t + T) 6= x(t) + ξ(t) y, dado que el algoritmo de visibilidad se basa en
condiciones de desigualdad estricta, alterar los valores exactos de los términos de la serie
alteraba esas desigualdades introduciendo conexiones espurias en el grafo, enmascarando
su periodicidad y haciéndolo pasar por un proceso aperiódico (T → ∞, 〈k〉 = 4). ¿Existía



entonces alguna forma de soslayar esa dificultad técnica y rescatar esa periodicidad oculta?

Y aquí viene la idea: habíamos dicho que alterar los valores exactos de los términos de la serie
alteraba las desigualdades así que ¿qué tal si alterábamos esa condición de desigualdad entre
valores exactos? Dado que el algoritmo une nodos cuyos valores asociados son mayores que
cualquier valor intermedio x(i), x(j) > x(k) ∀ i < k < j, que el ruido introdujera de forma
aleatoria un decremento en los valores de la serie no parecía intuitivamente tan problemático
como lo contrario; que introdujera un incremento que “peraltara” artificialmente algunos
valores dándoles una visibilidad sobre el resto de la serie que no les correspondía (de ahí
que la conectividad media aumentara). ¿Cómo habíamos, pues, de alterar la condición de
desigualdad? Siendo un poco más restrictivos: no nos bastaría con que los valores asociados
a dos nodos fueran mayores que cualquier valor intermedio, habrían de ser mayores que
dichos valores intermedios incrementados por un “valor de filtro” f que previniera la
eventual contaminación por ruido: x(i), x(j) > x(k) + f ∀ i < k < j. Hasta aquí la intuición.
Para saber cómo de buena era ésta, había que experimentar o, en nuestro caso, el equivalente
teórico de experimentar, que era hacer simulaciones numéricas.

Si estábamos en lo cierto, estas simulaciones numéricas no sólo probarían la validez de nuestra
hipótesis sino que nos pondrían sobre la pista de cuestiones que quedaban abiertas como, por
ejemplo, cuál era el valor óptimo para dicho valor de filtro f . Vaya si lo hicieron: tras hacer
un barrido en valores de f , mi primer pequeño hallazgo como investigador fue una suerte
“plateau” que aparecía en la curva 〈k〉 vs. f (conectividad media del grafo frente a valor del
filtro) para un valor de 〈k〉 que se correspondía precisamente con el periodo oculto T de la
señal. La amplitud de ese “plateau” resultó estar relacionada con la mínima diferencia entre
valores consecutivos de la serie periódica mini∈{1...T}|x(i + 1) − x(i)| y nos daba una cota

inferior del signal-to-noise ratio (SNR =
Psignal
Pnoise

, P = power) que éramos capaces de manejar
con este método:

Pnoisemax ∼ min
i∈{1...T}

|x(i + 1)− x(i)|2, f ∼
√

Pnoise (1)
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Aplicada y Estad́ıstica, ETSI Aeronáuticos,
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The horizontal visibility algorithm was recently introduced as a mapping between time series
and networks. The challenge lies in characterizing the structure of time series (and the processes
that generated those series) using the powerful tools of graph theory. Recent works have shown
that the visibility graphs inherit several degrees of correlations from their associated series,
and therefore such graph theoretical characterization is in principle possible. However, both the
mathematical grounding of this promising theory and its applications are in its infancy. Following
this line, here we address the question of detecting hidden periodicity in series polluted with
a certain amount of noise. We first put forward some generic properties of horizontal visibility
graphs which allow us to define a (graph theoretical) noise reduction filter. Accordingly, we
evaluate its performance for the task of calculating the period of noisy periodic signals, and
compare our results with standard time domain (autocorrelation) methods. Finally, potentials,
limitations and applications are discussed.

Keywords : Horizontal visibility graph; time series; complex networks; periodicity detection; noise
filter.

1. Introduction

In the last years, some methods mapping time series
to network representations have been proposed (see
for instance [Xu et al., 2008; Zhang & Small, 2006;
Lacasa et al., 2008; Luque et al., 2009] and a recent
review on this topic [Donner et al., 2011]). The
general purpose is to investigate the properties of
the series through graph theoretical tools recently
developed at the core of the celebrated complex
network theory, opening the possibility of build-
ing bridges between time series analysis, nonlin-
ear dynamics, and graph theory. Along this line,
the family of visibility algorithms [Lacasa et al.,
2008; Luque et al., 2009; Gutin et al., 2011] was
introduced recently. It has been shown that sev-
eral degrees of correlations (including periodicity
[Lacasa et al., 2008], fractality [Lacasa et al., 2009]

or chaoticity [Luque et al., 2009; Lacasa & Toral,
2010]) can be captured by the algorithm and trans-
lated into the associated visibility graph. Accord-
ingly, several works applying such algorithm in
several contexts ranging from geophysics [Elsner
et al., 2009] or turbulence [Liu et al., 2010] to
physiology [Shao, 2010] or finance [Yang et al.,
2009] have started to appear. Here we focus on
a specific algorithm within this family called the
horizontal visibility graph [Luque et al., 2009],
which has been recently considered for the task
of discriminating chaotic from correlated stochas-
tic processes [Lacasa & Toral, 2010]. While the
first steps for a rigorous mathematical grounding
have been reported recently [Gutin et al., 2011],
this method is currently largely unexplored, both
from a purely theoretical or from an applied point
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of view. To partially solve such issues, in this
work, we address the task of filtering a noisy sig-
nal with a hidden periodic component within the
horizontal visibility formalism, that is, we explore
the possibility of using the method for noise filter-
ing purposes. Periodicity detection algorithms (see
for instance [Parthasarathy et al., 2006]) can be
classified in essentially two categories, namely the
time domain (autocorrelation based) and frequency
domain (spectral) methods. Here we make use of
the horizontal visibility algorithm to propose a third
category, namely graph theoretical methods.

The rest of the paper goes as follows: in Sec. 2
we present the method, and provide some theorems
regarding several topological properties of horizon-
tal visibility graphs. In Sec. 3, we introduce the
concept of a graph-theoretical noise filter, and pro-
vide some examples of noisy periodic series, com-
paring in each case the performance of the proposed
method with an autocorrelation function analysis.
A pathological case that yields misleading results
from the autocorrelation function is also considered.
We finally provide a discussion on the potentials
and limitations of this approach.

2. Horizontal Visibility Algorithm

The horizontal visibility algorithm was recently
introduced [Luque et al., 2009] as a map between a
time series and a graph and it is defined as follows.
Let {xi}i=1,...,N be a time series of N real data. The
algorithm assigns each datum of the series to a node
in the horizontal visibility graph (HVG). Accord-
ingly, a series of N data map to an HVG with N
nodes. Two nodes i and j in the graph are con-
nected if one can draw a horizontal line in the time
series joining xi and xj that does not intersect any
intermediate data height. That is, i and j are two
connected nodes if the following geometrical crite-
rion is fulfilled within the time series:

xi, xj > xn, ∀n | i < n < j. (1)

Basic properties of this graph can be found
in [Luque et al., 2009], and the first steps for
a rigorous mathematical characterization can be
found in [Gutin et al., 2011]. Among the possible
applications of the method for time series analy-
sis purposes, discrimination between chaotic and
stochastic signals has been recently addressed
[Lacasa & Toral, 2010].

In this section we provide some theorems
regarding some specific topological properties of the

horizontal visibility graphs, and in the following sec-
tions we will rely on these theorems to define a noise
filtering technique.

Theorem 1 [Mean degree of periodic series]. The
mean degree of an horizontal visibility graph associ-
ated to an infinite periodic series of period T (with
no repeated values within a period) is

k(T ) = 4
(

1 − 1
2T

)
.

Proof. Without lack of generality, represent the
series as {. . . , x0, x1, . . . , xT , x1, x2, . . .}, where x0 =
xT corresponds to the largest value of the series.
By construction, the associated HVG is composed
as a concatenation of identical motifs, each of these
motifs being itself an HVG of T +1 nodes associated
to the subseries x0, x1, . . . , xT , and the mean degree
of the HVG k corresponds to the mean degree of the
motif constructed with T nodes (the nodes asso-
ciated to x0 and xT only introduce half of their
actual degree in the motif, what is equivalent to
effectively reducing one node). Suppose that the
motif is a graph with V edges, and let xi be the
smallest datum of the subseries (since no repeti-
tions are allowed in the motif, xi will always be
well defined). By construction, the associated node
i will have degree k = 2. Extract now from the motif
this node and its two edges. The resulting motif will
have V −2 edges and T nodes. Iterate this operation
T − 1 times (see Fig. 1 for a graphical illustration
of this process). The resulting graph will have only
two nodes, associated to x0 and xT , linked by a sin-
gle edge, and the total number of deleted edges will
be 2(T − 1). Hence,

k ≡ 2
# edges
# nodes

=
2(2(T − 1) + 1)

T
⇒ k = 4

(
1 − 1

2T

)
. �

An interesting consequence of the previous result is
that every time series extracted from a dynamical
system has an associated HVG with a mean degree
2 ≤ k ≤ 4, where the lower bound is reached for
constant series, whereas the upper bound is reached
for aperiodic series (random, chaotic [Luque et al.,
2009]).

Theorem 2 [Degree distribution associated to
uncorrelated random series]. Let {xi} be a bi-infinite
sequence of independent and identically distributed
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Fig. 1. Graphical illustration of the constructive proof of Theorem 1, considering a motif extracted from a periodic series of
period T = 5.

random variables extracted from a continous proba-
bility density f(x). Then, the degree distribution of
its associated horizontal visibility graph is

P (k) =
1
3

(
2
3

)k−2

, k = 2, 3, 4, . . . (2)

A lengthy constructive proof can be found in
[Luque et al., 2009]. Here we propose two alterna-
tive, shorter proofs for this theorem.

Proof. Let x be an arbitrary datum of the afore-
mentioned series. The probability of its horizontal
visibility being interrupted by a datum xr on its
right and another datum xl on its left is, indepen-
dent of f(x),

Φ2 =
∫ ∞

−∞

∫ ∞

x

∫ ∞

x
f(x)f(xr)f(xl)dxldxrdx

=
∫ ∞

−∞
f(x)[1 − F (x)]2dx =

1
3
. (3)

The probability P (k) of the datum seeing
exactly k data may be expressed as

P (k) = Q(k)Φ2 =
1
3
Q(k) (4)

where Q(k) is the probability of x seeing at least k
data. Q(k) may be recurrently calculated as

Q(k) = Q(k − 1)(1 − Φ2) =
2
3
Q(k − 1) (5)

from which the following expression can be deduced:

Q(k) =
(

2
3

)k−2

(6)

�

Proof. (2) The same result for the distribution
P (k) can be deduced by the expression Φ2 along
with combinatoric arguments: if the arbitrary
datum x is connected to exactly k data, there exist
two data xl > x and xr > x that close the left and
right visibility of x. As we have proven, this happens
with a probability Φ2 = 1/3. The k − 2 remaining
data will therefore be smaller than x and will be
distributed in a monotonically decreasing sequence
on its left and a monotonically increasing sequence
on its right respectively. The number of possible dis-
tributions with i data on its left and k − 2 − i on
its right is

(
k − 2

i

)
, where i = 0, 1, 2, . . . , k − 2. All

these configurations can all be decomposed in k− 2
groups of three data with the central datum being
closed by the two others, therefore, all of them are
equiprobable with a probability φk−2

2 , then

P (k) =
1
3

k−2∑
n=0

(
1
3

)k−2 (
k − 2

n

)

=
(

1
3

)k−1

2k−2

=
1
3

(
2
3

)k−2

(7)

�

Observe that the mean degree k of the horizontal
visibility graph associated to an uncorrelated ran-
dom process is then:

k =
∑

kP (k) =
∞∑

k=2

k

3

(
2
3

)k−2

= 4, (8)

in good agreement with the prediction of the previ-
ous theorem for aperiodic series.
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2.1. Stochastic, chaotic and
periodic processes

Deviations from P (k) = (1
3 )(2

3 )k−2 are, according
to the previous theorem, univoquely associated to
series which are not generated by a purely uncor-
related process. Several possibilities arise: first, the
process can still be of a stochastic nature, while
some correlations can be present. As a matter of
fact, in [Lacasa & Toral, 2010] it has been shown
that such kind of correlated stochastic series map
into HVGs with a degree distribution which is also
exponentially decaying, albeit with a larger slope
than Eq. (2). A second situation involves a deter-
ministic process. Two opposite possibilities arise:
the process can be either regular, that yields a peri-
odic series of a given period T , or chaotic, that
yields an aperiodic series. Periodic series have an
associated HVG with a degree distribution formed
by a finite number of peaks, these peaks being
related to the series period, that is reminiscent of
the discrete Fourier spectrum of a periodic series
[Lacasa et al., 2008; Luque et al., 2009]. The rea-
son is straightforward: a periodic series maps into
an HVG which, by construction, is a repetition
of a root motif. The second possibility has been
addressed in [Luque et al., 2009; Lacasa & Toral,

2010] the conclusion being that chaotic processes
have an HVG whose degree distribution has an
exponential tail with smaller slope than Eq. (2),
and evidences a net deviation from the exponen-
tial shape for small values of the degree, this devia-
tion being associated to short-range memory effects.
Last, an interesting situation takes place when a
given regular process (periodic series) is polluted
with a given amount of noise.

Indeed, if we superpose a small amount of noise
to a periodic series (a so-called extrinsic noise),
whereas the degree of the nodes with associated
small values will remain rather similar, the nodes
associated to higher values will eventually increase
their visibility and hence reach larger degrees.
Accordingly, the delta-like structure of the degree
distribution (associated with the periodic compo-
nent of the series) will be perturbed, and an expo-
nential tail will arise due to the presence of such
noise [Luque et al., 2009; Lacasa & Toral, 2010].
Can the algorithm characterize such kind of series?
The answer is positive, since the degree distribution
can be analytically calculated as it follows.

Consider for simplicity a period-2 time series
polluted with white noise (see Fig. 2(a) for a
graphical illustration). The HVG is formed by two
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Fig. 2. (a) Periodic series of 220 data generated through the logistic map xn+1 = µxn(1 − xn) for µ = 3.2 (where the map
shows periodic behavior with period 2) polluted with extrinsic white Gaussian noise extracted from a Gaussian distribution
N(0, 0.05). (b) Dots represent the degree distribution of the associated HVG, whereas the straight line is Eq. (9) (the plot is
in semi-log). Note that P (2) = 1/2, also as theory predicts, and that P (3) is not exactly zero due to boundary effects in the
time series. The algorithm efficiently detects both signals and therefore easily distinguishes extrinsic noise.

1250160-4



July 30, 2012 14:29 WSPC/S0218-1274 1250160

Detecting Series Periodicity with Horizontal Visibility Graphs

kind of nodes: those associated to high data with
values (x1, x3, x5, . . .) in the figure and those asso-
ciated to data with small values (x2, x4, x6, . . .).
These latter nodes will have, by construction,
degree k = 2. On the other hand, the sub-
graph formed by the odd nodes associated to data
(x1, x3, x5, . . .) will essentially reduce to the one
associated to an uncorrelated series, i.e. its degree
distribution will follow Eq. (2). Now, considering
the whole graph, the resulting degree distribution
will be such that

P (2) =
1
2
,

P (3) = 0,

P (k + 2) =
1
3

(
2
3

)k−2

, k ≥ 2, or

P (k) =
1
4

(
2
3

)k−3

, k ≥ 4,

(9)

that is to say, introducing a small amount of extrin-
sic uncorrelated noise in a periodic signal introduces
an exponential tail in the HVG’s degree distribu-
tion with the same slope as the one associated to
a purely uncorrelated process. The mean degree k
reads

k =
∞∑

k=2

kP (k) = 4,

which, according to Eq. (1), suggests aperiodicity,
as expected. In Fig. 2(a) we plot in semi-log the
degree distribution of a periodic-2 series of 220 data
polluted with an extrinsic white Gaussian noise
extracted from a Gaussian distribution N(0, 0.05).
Numerical results confirm the validity of Eq. (9).
Note that this methodology can be extended to
every integrable deterministic system, and therefore
we conclude that extrinsic noise in a mixed time
series is, in principle, well captured by the algo-
rithm. Based on the previous theorems, in the next
section, we introduce a method to calculate the hid-
den periodicity in a noisy periodic signal.

3. A Graph-Theoretical Noise Filter

3.1. Definition and examples

Let S = {xi}i=1,...,n be a periodic series of period
T (where n � T ) polluted by a certain amount of
extrinsic noise (without loss of generality, suppose

a white noise extracted from a uniform distribution
U [−0.5, 0.5]), and define the filter f as a real valued
scalar such that f ∈ [min xi,maxxi]. The so-called
filtered Horizontal Visibility Graph (f-HVG) asso-
ciated to S is constructed as follows:

(i) each datum xi in the time series is mapped to
a node i in the f-HVG,

(ii) two nodes i and j are connected in the fHVG if
the associated data fulfill

xi, xj > xn + f, ∀n | i < n < j. (10)

The procedure of filtering the noise from a noisy
periodic signal goes as follows: one generates the
f-HVG associated to S for increasing values of f ,
and in each case proceeds to calculate the mean
degree k. For the proper interval fmin < f < fmax,
the f-HVG of the noisy periodic series S will be
equivalent to the noise free HVG of the pure (peri-
odic) signal, which has a well-defined mean degree
as a function of the series period. In this interval,
the mean degree will therefore remain constant, and
from Eq. (1) the period can be inferred.

As an example, we have artificially generated a
noisy periodic series of hidden period T = 2, that we
plot in Fig. 3(a). The results of the graph filtering
technique are shown in Fig. 3(b), where we plot the
values of k as a function of f . Notice that the graph
filtering yields a net decrease of the mean degree,
which has an initial value of 4 (as expected for the
HVG (f = 0) of an aperiodic series such as a noisy
periodic signal) and an asymptotic value of 2 (lower
bound of the mean degree). The plateau is clearly
found at k = 3, which according to Eq. (1) yields a
period

T =
(

2 − k

2

)−1

= 2,

as expected. For comparison, the autocorrelation
function ACF(τ) of the series is also calculated,
according to the following definition

ACF(τ) = 〈x(t) · x(t − τ)〉t,
such that ACF is not bounded in [−1, 1] since it
is not normalized. This expression has a periodic
shape of period T when the series is itself periodic
with period T , whereas aperiodic structures yield an
autocorrelation function that lacks any structure. In
the Fig. 3(c), we plot the values of the autocorrela-
tion, showing a period-2 structure as expected.
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Fig. 3. (a) Periodic series of period T = 2 polluted with extrinsic noise extracted from a uniform distribution U [−0.5, 0.5] of
amplitude 0.1. (b) Values of the HVG’s mean degree k as a function of the amplitude of the graph theoretical filter. The first
plateau is found for k = 3, which renders a hidden period T = (2 − k/2)−1 = 2. The second plateau corresponding to k = 2
is found when the filter is large enough to screen each datum with its first neighbors, such that the mean degree reaches its
lowest bound. (c) Autocorrelation function of the noisy periodic series, which is itself an almost periodic series with period
T = 2, as it should.

1250160-6



July 30, 2012 14:29 WSPC/S0218-1274 1250160

Detecting Series Periodicity with Horizontal Visibility Graphs

 0.1

 0.2

 0.3

 0.4

 0.5

 10  20  30  40  50  60  70

x
(t

)

t

noisy series with hidden period T=5

 2.2

 2.4

 2.6

 2.8

 3

 3.2

 3.4

 3.6

 3.8

 4

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14
<

k
>

f

mean degree

(a) (b)

 0.07

 0.075

 0.08

 0.085

 0.09

 0.095

 0.1

 0.105

 0.11

 0.115

 0.12

 5  10  15  20  25  30  35  40  45  50

A
C

F
(τ

)

τ

Autocorrelation

(c)

Fig. 4. (a) Periodic series of period T = 5 polluted with extrinsic noise extracted from a uniform distribution U [−0.5, 0.5] of
amplitude 0.05. (b) Values of the HVG’s mean degree k as a function of the amplitude of the graph theoretical filter. The first
plateau is found for k = 3.6, which renders a hidden period T = (2 − k/2)−1 = 5. (c) Autocorrelation function of the noisy
periodic series, which is itself an almost periodic series with period T = 5, as it should.
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At this point we conclude that the noise filter-
ing is yet another feature of standard time series
analysis that can be recovered in the visibility the-
ory. An example of a noisy periodic series of period
T = 5 is plotted in Fig. 4.

3.2. Noisy periodic versus chaotic

The autocorrelation function is an extremely useful
tool to unveil periodic structures in noisy data, in
this sense, the aforementioned filter is not meant
to be used instead of an autocorrelation analysis,
but rather as a complementary study. As a mat-
ter of fact, in specific situations it is probable that
an autocorrelation analysis may provide misleading
results. This is so, for instance, in the case of chaotic
maps with disconnected attractors. Consider the
well-known Logistic map

xt+1 = µxt(1 − xt),

with µ ∈ [0, 4] and x ∈ [0, 1]. This map gener-
ates periodic series for µ < µ∞ = 3.569..., while
for µ > µ∞ the map generates chaotic (determinis-
tic and aperiodic) series (besides regions where the
orbit turns regular again, called islands of stabil-
ity [Peitgen et al., 1992]). In the chaotic region,
the chaotic attractor is the whole interval [0, 1]
only for µ = 4. Concretely, for µ ∈ [3.6, 3.67] the
attractor is partitioned in two disconnected chaotic
bands, and the chaotic orbit makes an alternating

journey between both bands. In Fig. 5 we have plot-
ted a time series of 218 data generated through the
Logistic map at µ = 3.65. Note that the map is
ergodic, but the attractor is not the whole inter-
val, as there is a gap between both chaotic bands.
In this situation, the chaotic series is by defini-
tion not periodic, however, an autocorrelation func-
tion analysis indeed suggests the presence of peri-
odicity (see Fig. 6(a)), that is reminiscent of the
disconnected two-band structure of the attractor.
Interestingly enough, applying the aforementioned
noise filter technique, at odds with the autocorrela-
tion function, the result suggests that the method
does not find any periodic structure, as it should
(Fig. 6(b)). Furthermore, information of both the
phase space structure and the chaotic nature of
the map becomes accessible from an analysis of the
HVGs degree distribution (plotted in semi-log scale
in Fig. 6(c)): first, we find P (2) = 1/2, that indi-
cates that half of the data are located in the bot-
tom chaotic band, in agreement with the alternat-
ing nature of the chaotic orbit. This is reminiscent
of the misleading result obtained from the autocor-
relation function. Second, the tail of the degree dis-
tribution is exponential, with an asymptotic slope
smaller than the one obtained rigorously (Theo-
rem 2 and [Luque et al., 2009]) for a purely uncor-
related process. This is, according to a recent study
on HVGs [Lacasa & Toral, 2010], characteristic of
an underlying chaotic process.
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Fig. 5. (a) Series extracted from the Logistic map at µ = 3.65, where the map is chaotic and the attractor is partitioned in
two disconnected chaotic bands. (b) Same plot as the left panel, for the first 75 values of the series.
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Fig. 6. (a) Autocorrelation function of the chaotic series plotted in Fig. 5, which suggests that the series has a periodic
component. This misleading result is the consequence of the orbit within the attractor, more specifically to the alternated visit
to the disconnected bands in the chaotic attractor. (b) Values of the HVG’s mean degree k associated to the same chaotic
series, as a function of the amplitude of the graph theoretical filter. No plateau is found, which suggests that the series lacks
any periodic structure, as it should. (c) Degree distribution P (k) of the HVG associated to the chaotic series, in semi-log scale.
P (2) = 1/2, that is reminiscent of the attractor structure and the order of visits to chaotic bands (half of the nodes correspond
to data located in the bottom chaotic band, that by construction has degree k = 2). The tail of the distribution is exponential
with a slope that deviates from the distribution associated to a purely uncorrelated process, which is an indication of a chaotic
process, according to a previous study on HVGs [Lacasa & Toral, 2010].
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4. Discussion

In this work we have outlined some properties of
the HVGs associated to time series extracted from
dynamical systems, and have accordingly proposed
a method to detect periodicity in signals polluted
with noise. The results suggest that the HVG cor-
rectly inherits the hidden periodicity of noisy sig-
nals, and can be retrieved by making use of the
aforementioned filter in situations where the noise
level is not very large (indeed, the maximum power
of the noise is of order O(∆x2), where ∆x =
min{|xi − xj |}i,j).

Also, we have found that specific patholog-
ical cases where a classical time series analysis
yields misleading results, such as in chaotic (ape-
riodic) series generated from chaotic maps with
a disconnected attractor, can be efficiently ana-
lyzed within this network-based tool. This approach
is radically different from traditional methods for
time series analysis since it is based on graph
theoretical properties, and therefore can be used
as a complementary tool in practical situations.
We have deliberately not tackled the task of sys-
tematically comparing the goodness of such graph
theoretical method with other standard tools of
time series analysis, and have restricted this com-
parison to checking that an autocorrelation function
analysis provides equivalent results for the cases
addressed here. In this sense, we must emphasize
that the goal of this work is to push forward the
state of the art in the visibility theory provid-
ing mathematically sound properties, rather than
putting the practical usefulness of both methods in
direct competence.
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3

IRREVERSIBILITY

Contexto

Mi segundo trabajo y mi primera colaboración con “gente de fuera”. Este capítulo me
va a resultar útil para hablar de otro aspecto crucial del oficio de investigador científico:
las colaboraciones. No voy a hacer en esta tesis ninguna crítica al individualismo del
investigador, al contrario, hablaré en algún momento de la importancia de tener uno su
propia voz y sus propias preguntas, que son lo que definen a uno como investigador.
No obstante, he de resaltar un hecho que, más allá de una percepción subjetiva, podría
ser una evidencia empírica (solamente cualitativa, eso sí): la mayor parte de los trabajos
científicos publicados (al menos en mi campo) están firmados por más de un investigador.
Ergo, colaborar (saber colaborar) es importante. Antes he empleado el término “gente
de fuera” para referirme a colegas no adscritos a mi grupo, a los que ni siquiera conocía
personalmente antes de trabajar con ellos. No es imprescindible: las colaboraciones pueden
surgir por afinidades estrictamente científicas, no personales. Los congresos, los workshops,
los proyectos, etc. son los mecanismos que la comunidad científica pergeña para estimular
que estas colaboraciones tengan lugar y que con ellas la producción científica crezca. Es una
dimensión más “social” de nuestra labor pero una dimensión relevante, muy relevante diría,
de nuestra profesión.

Fue precisamente en un workshop de un proyecto donde mis directores de tesis coincidieron
con nuestros colaboradores en el trabajo al que se decica este capítulo: Édgar Roldán
y Juan M.R. Parrondo. En el seno de su grupo se había dado con una ingeniosa forma
de acotar la energía disipada (o la entropía producida) en trayectorias estacionarias
individuales basándose en la relación existente entre la entropía relativa entre dos puntos
de una trayectoria y la producción media de entropía del proceso (1). Este resultado era
trascendente, pues relacionaba una magnitud física como la producción de entropía (o la
energía disipada) con una magnitud puramente estadística proveniente de la teoría de la
información: la divergencia de Kullback-Leibler, DKL (2). Su método era capaz de distinguir
si el proceso subyacente a la trayectoria observada disipaba o no energía sólo con información
parcial sobre el mismo e incluso en el caso de que no se observaran indicios, como podrían
ser corrientes o flujos netos, de estar el sistema fuera del equilibrio.

Como todo en ciencia, este método tenía sus limitaciones técnicas. En el caso de sistemas
continuos, la manera de extraer información de las trayectorias que permitiera calcular
esta magnitud estadística DKL no era trivial. ¿Cómo particionar el espacio de fases del
sistema, cómo simbolizarlo, “binearlo” de forma que el problema de la medida fuera
técnicamente tratable: se pudiera establecer la medida de manera eficaz y resultara fiable?



Una simbolización demasiado fina exigiría trayectorias inacabablemente largas para tener
una estadísitica fiable, quedarse corto a la hora de medir “trocitos” de trayectoria podría
dar lugar a enmascarar efectos que fueran más allá de las corrientes netas... Sabíamos que
cualquier subrogado de la trayectoria original que codificara sólo parte de la información
relevante que hubiera en ésta nos iba a dar una cota inferior de la irreversibilidad (y de
la disipación) del proceso, sabíamos también que el algoritmo de visibilidad horizontal
codificaba de forma no trivial y no intuitiva información sobre las series temporales que
mapeaba, con la ventaja de que, dado que el método se basaba en desigualdades estrictas
entre valores, en principio, no necesitábamos una simbolización previa de la trayectoria
temporal.

Era una mera cuestión de probar: generaríamos trayectorias de sistemas dinámicos
cuya naturaleza disipativa o estadísticamente reversible conociéramos de antemano y
las someteríamos al “test de la visibilidad”. Si éramos capaces de establecer medidas
cuantitativas que reflejaran la irreversibilidad creciente de procesos cada vez más disipativos
y éramos capaces de dar cuenta de procesos irreversibles “enmascarados” por efectos que iban
más allá de las corrientes netas, tendríamos un método diferente, una opción válida más para
acometer el problema técnico al que nuestros colaboradores se enfrentaban.

Por mi parte, este trabajo supuso la oportunidad de adentrarme (bueno, de asomar
ligeramente la cabeza todo lo más) en una parte de la física estadística que me era del
todo desconocida hasta aquel día; aquella que implica sistemas en los que las fluctuaciones
adquieren una escala tal respecto a la del sistema y sus variables termodinámicas que impiden
hablar de equilibrio termodinámico en sentido clásico (o en el sentido en que yo lo había
estudiado hasta la fecha, al menos). Sin menoscabo de lo cual, bajo ciertas hipótesis más laxas,
se siguen cumpliendo ciertas relaciones termodinámicas (los teoremas de fluctuación) sin más
que recurrir a promedios temporales de las variables y sus funciones. Colaborar es también
enriquecer uno su conocimiento científico, circunscribiéndolo al ámbito de un problema
concreto que puede dar lugar a una investigación de interés científico. Una manera productiva
de aprender, diríamos, en oposición a la forma dispersa, sin criterio y, como consecuencia,
menos eficiente en la que acostumbro a caer si no se me ata en corto. No olvidemos que en su
tesis uno busca también ser capaz de manejar sus propias riendas. Colaborar puede ayudar a
ello.

Casi olvido mencionar un hecho relevante para esta investigación por el camino de esta
introducción: dado que la idea fundamental en que nos basábamos era la de establecer una
medida de la probabilidad de observar una determinada trayectoria (o un surrogado de ésta
o un fragmento de un surrogado) respecto a su reversa temporal (a la que observaríamos
pulsando el botón de “rewind”en el vídeo), hubimos de modificar el algoritmo de visibilidad
horizontal tal y como lo habíamos venido empleando para introducir en los enlaces del grafo
la propiedad de direccionalidad. Una direccionalidad inducida por el sentido de la flecha del
tiempo, contribuyendo con ello a enriquecer la familia de algoritmos de visibilidad con los
que habíamos venido trabajando y dando lugar a posteriores aplicaciones por parte de otros
grupos (3–5).

El trabajo técnico al que dio lugar esta colaboración se presenta a continuación, la valiosa
lección profesional que extraje, más allá de lo estrictamente técnico, es que hay que atreverse a
hablar: no sólo es importante tener el valor de plantearse uno sus propias preguntas e intentar



responderlas por uno mismo, es importante transmitírselas a los demás, ponerlas en valor,
hacerlas atractivas y despertar el interés de otros que, en el mejor de los casos, serán capaces
de llevarlas mucho más lejos de lo que uno habría imaginado o habría sido capaz de hacer él
solo.
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Abstract. We propose a method to measure real-valued time series irreversibility which combines two dif-
ferent tools: the horizontal visibility algorithm and the Kullback-Leibler divergence. This method maps a
time series to a directed network according to a geometric criterion. The degree of irreversibility of the
series is then estimated by the Kullback-Leibler divergence (i.e. the distinguishability) between the in and
out degree distributions of the associated graph. The method is computationally efficient and does not re-
quire any ad hoc symbolization process. We find that the method correctly distinguishes between reversible
and irreversible stationary time series, including analytical and numerical studies of its performance for:
(i) reversible stochastic processes (uncorrelated and Gaussian linearly correlated), (ii) irreversible stochas-
tic processes (a discrete flashing ratchet in an asymmetric potential), (iii) reversible (conservative) and
irreversible (dissipative) chaotic maps, and (iv) dissipative chaotic maps in the presence of noise. Two
alternative graph functionals, the degree and the degree-degree distributions, can be used as the Kullback-
Leibler divergence argument. The former is simpler and more intuitive and can be used as a benchmark,
but in the case of an irreversible process with null net current, the degree-degree distribution has to be
considered to identify the irreversible nature of the series.

1 Introduction

A stationary process X(t) is said to be statistically time
reversible (hereafter time reversible) if for every N , the se-
ries {X(t1), . . . , X(tN )} and {X(tN ), . . . , X(t1)} have the
same joint probability distributions [1]. This means that a
reversible time series and its time reversed are, statistically
speaking, equally probable. Reversible processes include
the family of Gaussian linear processes (as well as Fourier-
transform surrogates and nonlinear static transformations
of them), and are associated with processes at thermal
equilibrium in statistical physics. Conversely, time series
irreversibility is indicative of the presence of nonlineari-
ties in the underlying dynamics, including non-Gaussian
stochastic processes and dissipative chaos, and are associ-
ated with systems driven out-of-equilibrium in the realm
of thermodynamics [2,3]. Time series irreversibility is an
important topic in basic and applied science. From a phys-
ical perspective, and based on the relation between sta-
tistical reversibility and physical dissipation [2,3], recent
work uses the concept of time series irreversibility to derive
information about the entropy production of the physical
mechanism generating the series, even if one ignores any
detail of such mechanism [4,5]. In a more applied con-
text, it has been suggested that irreversibility in complex
physiological series decreases with aging or pathology, be-
ing maximal in young and healthy subjects [6–8], render-

a e-mail: lucas lacasa@yahoo.es

ing this feature important for noninvasive diagnosis. As
complex signals pervade natural and social sciences, the
topic of time series reversibility is indeed relevant for sci-
entists aiming to understand and model the dynamics be-
hind complex signals.

The definition of time series reversibility is formal and
therefore there is not an a priori optimal algorithm to
quantify it in practice. Recently, several methods to mea-
sure time irreversibility have been proposed [6,7,9–15].
The majority of them perform a time series symboliza-
tion, typically making an empirical partition of the data
range [9] (note that such a transformation does not al-
ter the reversible character of the output series [10]) and
subsequently analyze the symbolized series, through sta-
tistical comparison of symbol strings occurrence in the
forward and backwards series or using compression algo-
rithms [5,10,16]. The first step requires an extra amount
of ad hoc information (such as range partitioning or size
of the symbol alphabet) and therefore the output of these
methods eventually depend on these extra parameters. A
second issue is that since typical symbolization is local, the
presence of multiple scales (a signature of complex signals)
could be swept away by this coarse-graining: in this sense
multi-scale algorithms have been proposed recently [7,8].

Motivated by these facts, here we explore the useful-
ness of the horizontal visibility algorithm in such context.
This is a time series analysis method which was proposed
recently [17]. It makes use of graph theoretical concepts,
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and it is based on the mapping of a time series to a graph
and the subsequent analysis of the associated graph prop-
erties [17–20]. Here we propose a time directed version of
the horizontal visibility algorithm, and we show that it is
a simple and well defined tool for measuring time series
irreversibility. More precisely, we show that the Kullback-
Leibler divergence [16] between the out and in degree dis-
tributions, D[Pout(k)||Pin(k)], is a simple measure of the
irreversibility of real-valued stationary stochastic series.
Analytical and numerical results support our claims, and
the presentation is as follows: the method is introduced
in Section 2. In Section 3 we analyze reversible time se-
ries generated from linear stochastic processes, which yield
D[Pout(k)||Pin(k)] = 0. As a further validation, in Sec-
tion 4 we report the results obtained for irreversible se-
ries. We first analyze a thermodynamic system (a discrete
flashing ratchet) which shows time irreversibility when
driven out of equilibrium. Its amount of irreversibility can
be increased continuously tuning the value of a parameter
of the system, and we find that the method can, not only
distinguish, but also quantify the degree of irreversibility.
We also study the effect of applying a stalling force in the
opposite direction of the net current of particles in the
ratchet. In this case the benchmark measure fails predict-
ing reversibility whereas a generalized measure based on
degree-degree distributions D[Pout(k, k′)||Pin(k, k′)] goes
beyond the phenomenon associated to physical currents
and still detects irreversibility. We extend this analysis to
chaotic signals, where our method distinguishes between
dissipative and conservative chaos, and we analyze chaotic
signals polluted with noise. Finally, a discussion is pre-
sented in Section 5.

2 The method

2.1 The horizontal visibility graph

The family of visibility algorithms is a collection of meth-
ods that map series to networks according to specific geo-
metric criteria [17,18]. The general purpose of such meth-
ods is to accurately map the information stored in a time
series into an alternative mathematical structure, so that
the powerful tools of graph theory may eventually be em-
ployed to characterize time series from a different view-
point, bridging the gap between nonlinear time series anal-
ysis, dynamical systems, and graph theory [19,21–24].

We focus here on a specific subclass called horizontal
visibility algorithm, firstly proposed in [17], and defined
as follows: let {xt}t=1,...,N be a real-valued time series of
N data. The algorithm assigns each datum of the series
to a node in the horizontal visibility graph (HVg). Then,
two nodes i and j in the graph are connected if one can
draw a horizontal line in the time series joining xi and
xj that does not intersect any intermediate data height
(see Fig. 1). Hence, i and j are two connected nodes if the
following geometrical criterion is fulfilled within the time
series:

xi, xj > xn, ∀ n | i < n < j . (1)

kout

kin

x(t)

t

Fig. 1. Graphical illustration of the method. In the top we
plot a sample time series {x(t)}. Each datum in the series is
mapped to a node in the graph. Arrows, describing allowed
directed visibility, link nodes. The associated directed horizon-
tal visibility graph is plotted below. In this graph, each node
has an ingoing degree kin, which accounts for the number of
links with past nodes, and an outgoing degree kout, which in
turn accounts for the number of links with future nodes. The
asymmetry of the resulting graph can be captured in a first
approximation through the invariance of the outgoing (or in-
going) degree series under time reversal.

Some results regarding the characterization of stochastic
and chaotic series through this method have been put
forward recently [17,20], and the first steps for a math-
ematically sound characterization of horizontal visibility
graphs have been established [25]. Interestingly, a very re-
cent work suggests that the method can be used in practice
to characterize not only time series but generic nonlinear
discrete dynamical systems, sharing similarities with the
theory of symbolic dynamics [21].

2.2 Directed HVg

So far in the literature the family of visibility graphs are
undirected, as visibility did not have a predefined tempo-
ral arrow. However, as conjectured in a previous work [18],
such a directionality can be made explicit by making use
of directed networks or digraphs [26]. We address such
directed version, defining a Directed Horizontal Visibility
graph (DHVg) as a HVg, where the degree k(t) of the
node t is now split in an ingoing degree kin(t), and an
outgoing degree, such that k(t) = kin(t) + kout(t). The in-
going degree k(t) is defined as the number of links of node
t with other past nodes associated with data in the series
(that is, nodes with t′ < t). Conversely, the outgoing de-
gree kout(t), is defined as the number of links with future
nodes.

For a graphical illustration of the method, see Fig-
ure 1. The degree distribution of a graph describes the
probability of an arbitrary node to have degree k (i.e.
k links) [26]. We define the in and out (or ingoing and
outgoing) degree distributions of a DHVg as the proba-
bility distributions of kout and kin of the graph which we
call Pout(k) ≡ P (kout = k) and Pin(k) ≡ P (kin = k),
respectively.

http://www.epj.org


Eur. Phys. J. B (2012) 85: 217 Page 3 of 11

2.3 Quantifying irreversibility: DHVg
and Kullback-Leibler divergence

The main conjecture of this work is that the information
stored in the in and out distributions takes into account
the amount of time irreversibility of the associated se-
ries. More precisely, we claim that this can be measured,
in a first approximation, as the distance (in a distribu-
tional sense) between the in and out degree distributions
(Pin(k) and Pout(k)). If needed, higher order measures
can be used, such as the corresponding distance between
the in and out degree-degree distributions (Pin(k, k′) and
Pout(k, k′)). These are defined as the in and out joint de-
gree distributions of a node and its first neighbors [26], de-
scribing the probability of an arbitrary node whose neigh-
bor has degree k′ to have degree k.

We make use of the Kullback-Leibler divergence [16] as
the distance between the in and out degree distributions.
Relative entropy or Kullback-Leibler divergence (KLD) is
introduced in information theory as a measure to distin-
guish between two probability distributions. Given a ran-
dom variable x and two probability distributions p(x) and
q(x), KLD between p and q is defined as follows:

D(p||q) ≡
∑
x∈X

p(x) log
p(x)
q(x)

, (2)

which vanishes if and only if both probability distribu-
tions are equal p = q and it is bigger than zero otherwise.
Unlike other measures used to estimate time irreversibil-
ity [6,9,10,13], the KLD is statistically significant, as it is
proved by the Chernoff-Stein lemma: the probability of in-
correctly guessing (via hypothesis testing) that a sequence
of n data is distributed as p when the true distribution is
q tends to e−nD(p||q) when n → ∞. The KLD is then re-
lated to the probability to fail when doing an hypothesis
test, or equivalently, it is a measure of “distinguishabil-
ity”: the more distinguishable are p and q with respect to
each other, the larger is D(p||q).

In statistical mechanics, the KLD can be used to mea-
sure the time irreversibility of data produced by nonequi-
librium processes but also to estimate the average en-
tropy production of the physical process that generated
the data [2,4,12,27,28]. Irreversibility can be assessed by
the KLD between probability distributions associated to
observables in the process and in its time reversal. These
measure gives lower bounds to the entropy production,
whose accuracy increases as the observables contain a
more detailed description of the system. The measure that
we present in this work has this limitation: it takes the in-
formation from the degree, which is a partial description
of the process. Consequently, our technique does not give
a tight bound to the entropy production.

Nevertheless, as we will show in several examples,
the information of the outgoing degree distribution kout

is sufficient to distinguish between reversible and irre-
versible stochastic stationary series which are real-valued
but discrete in time {xt}t=1,...,N . We compare the out-
going degree distribution in the actual (forward) series
Pkout(k|{x(t)}t=1,...,N ) = Pout(k) with the corresponding

probability in the time-reversed (or backward) time series,
which is equal to the probability distribution of the ingo-
ing degree in the actual process Pkout(k|{x(t)}t=N,...,1) =
Pin(k). The KLD between these two distributions is

D[Pout(k)||Pin(k)] =
∑

k

Pout(k) log
Pout(k)
Pin(k)

. (3)

This measure vanishes if and only if the outgoing and in-
going degree probability distributions of a time series are
identical, Pout(k) = Pin(k), and it is positive otherwise.
We will apply it to several examples as a measure of irre-
versibility.

Notice that the majority of previous methods to esti-
mate time series irreversibility generally proceed by first
making a (somewhat ad hoc) local symbolization of the
series, coarse-graining each of the series data into a sym-
bol (typically, an integer) from an ordered set. Then, they
subsequently perform a statistical analysis of word occur-
rences (where a word of length n is simply a concatenation
of n symbols) from the forward and backwards symbolized
series [14,15]. Time series irreversibility is therefore linked
to the difference between the word statistics of the for-
ward and backwards symbolized series. The method pre-
sented here can also be considered as a symbolization if
we restrict ourselves to the information stored in the series
{kout(t)}t=1,...,N and {kin(t)}t=1,...,N (note that the net-
work has indeed more structure than the degree series).
However, at odds with other methods, here the symboliza-
tion process (i) lacks ad hoc parameters (such as number
of symbols in the set or partition definition), and (ii) in
principle, it takes into account global information: each
coarse-graining xt → (kin(t), kout(t)) is performed using
information from the whole series, according to the map-
ping criterion (1). Hence, this symbolization may in prin-
ciple take into account multiple scales, which is desirable
if we want to tackle complex signals [7,8].

3 Reversibility

3.1 Uncorrelated stochastic series

For illustrative purposes, in Figure 2 we have plotted the
in and out degree distributions of the visibility graph as-
sociated to an uncorrelated random series {xt}t=1,...,N of
size N = 106: the distributions cannot be distinguished
and KLD vanishes (the numerical value of KLD is shown
in Tab. 1) which is indicative of a reversible series. In
what follows we provide an exact derivation of the associ-
ated outgoing and ingoing degree distributions associated
to this specific process, showing that they are indeed iden-
tical in the limit of infinite size series.
Theorem 1. Let {xt}t=−∞,...,∞ be a bi-infinite sequence
of independent and identically distributed random vari-
ables extracted from a continuous probability density f(x).
Then, both the in and out degree distributions of its asso-
ciated directed horizontal visibility graph are

Pin(k) = Pout(k) =
(

1
2

)k

, k = 1, 2, 3, . . . (4)
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Fig. 2. Top: a sample uncorrelated random time series
(500 data points) extracted from a uniform distribution U [0, 1].
Bottom: the in and out degree distributions of the DHVg as-
sociated to the random series of 106 data points. The process
is reversible and the graph degree distributions are, besides fi-
nite size effects, equivalent. The deviation is measured through
their KLD (see Tab. 1). Note that for computing the KLD, in
all numerical simulations we have assumed 0 log 0 = 0 [5].

Proof (out-distribution). Let x be an arbitrary datum of
the aforementioned series. The probability that the hori-
zontal visibility of x is interrupted by a datum xr on its
right is independent of f(x),

Φ1 =
∫ ∞

−∞

∫ ∞

x

f(x)f(xr)dxrdx

=
∫ ∞

−∞
f(x)[1 − F (x)]dx =

1
2
,

where F (x) =
∫ x

−∞ f(x′)dx′.
The probability P (k) of the datum x being capable of

exactly seeing k data may be expressed as

P (k) = Q(k)Φ1 =
1
2
Q(k), (5)

where Q(k) is the probability of x seeing at least k data.
Q(k) may be recurrently calculated via

Q(k) = Q(k − 1)(1 − Φ1) =
1
2
Q(k − 1), (6)

from which, with Q(1) = 1, the following expression is
obtained

Q(k) =
(

1
2

)k−1

, (7)

which together with equation (5) concludes the proof. An
analogous derivation holds for the in case.

N
104 105 106

10-5

10-4

10-3

10-2

Dkl

Ornstein-Uhlenbeck

N

D

Fig. 3. Log-log plot of D[Pout(k)||Pin(k)] of the graph asso-
ciated to an Ornstein-Uhlenbeck process as a function of the
series size N (dots are the result of an ensemble average over
several realizations). Note that KLD decreases with series size
and tends to zero asymptotically.

Note that this result is independent of the underlying
probability density f(x): it holds not only for Gaussian
or uniformly distributed random series, but for any series
of independent and identically distributed (i.i.d.) random
variables extracted from a continuous distribution f(x). A
trivial corollary of this theorem is that the KLD between
the in and out degree distributions associated to a random
uncorrelated process tends asymptotically to zero with the
series size, which correctly suggests that the series is time
reversible.

3.2 Correlated stochastic series

In the last section we considered uncorrelated stochas-
tic series which are our first example of a reversible se-
ries with D[Pout(k)||Pin(k)] = 0. As a further validation,
here we focus on linearly correlated stochastic processes
as additional examples of reversible dynamics [1]. We use
the minimal subtraction procedure [20] to generate such
correlated series (details are depicted in an appendix).
This method is a modification of the standard Fourier fil-
tering method, which consists in filtering a series of un-
correlated random numbers in Fourier space. We study
time series whose correlation is exponentially decaying
C(t) ∼ exp(−t/τ) (akin to an Ornstein-Uhlenbeck pro-
cess) and power law decaying C(t) ∼ t−γ . In Table 1
we show that the KLD of these series (for τ = 1.0 and
γ = 2.0) are all very close to zero, and its deviation from
zero is originated by finite size effects, as it is shown in
Figure 3.
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Fig. 4. Discrete flashing ratchet scheme. Particles are at tem-
perature T moving in a periodic linear asymmetric potential of
height 2V . The potential is switched on and off at a constant
rate r, which originates a net current of particles to the left. If
the potential is ON, the state of the potential is represented by
its position x = {0, 1, 2}, and if it is OFF by x + 3 = {3, 4, 5}.

4 Irreversibility

4.1 Discrete flashing ratchet

We now study a thermodynamic system which can be
smoothly driven out of equilibrium by modifying the value
of a physical parameter. We make use of the time series
generated by a discrete flashing ratchet model introduced
in [4]. The ratchet consists of a particle moving in a one
dimensional lattice. The particle is at temperature T and
moves in a periodic asymmetric potential of height 2V ,
which is switched on and off at a rate r (see Fig. 4 for
details). The switching rate is independent of the posi-
tion of the particle, breaking detailed balance [4,5]. Hence,
switching the potential drives the system out of equilib-
rium resulting in a directed motion or net current of par-
ticles. When using full information of the process, tra-
jectories of the system are described by two variables:
the position of the particle x = {0, 1, 2} and the state
of the potential, y = {ON, OFF}. The time series are con-
structed from x and y variables as follows: (x, y) = x if
y = ON and (x, y) = x + 3 if y = OFF.

The dynamics of the system is described by a six-
state Markov chain with transition probabilities pi→j =
Γi→j/

∑
j Γi→j , where Γi→j is the transition rate from

i to j and the sum
∑

j runs over the accessible states
from i (see Fig. 4). All transition rates satisfy the de-
tailed balance condition with respect to the thermal bath
at temperature T , except the switches between ON and
OFF. When the potential is on, i, j = {0, 1, 2} and
Γi→j = exp[−(Vj −Vi)/kT ]. When it is off, i, j = {3, 4, 5}
and Γi→j = 1. On the other hand, switches are imple-
mented with rates that do not depend on the position of
the particle and therefore do not satisfy detail balance
condition [5]: Γi→i+3 = Γi+3→i = r, for i = {0, 1, 2}1.

1 Note that in this concrete subsection the series under study
are discrete, and in this sense the lack of symbolization that
our approach provides is not relevant in this case. However it
should be stressed that this in this subsection the aspect under
study is not the absence of symbolization, but the degree up
to which the method can not only distinguish but quantify
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Fig. 5. D[Pout(k)||Pin(k)] and D[Pout(k, k′)||Pin(k, k′)] for a
discrete flashing ratchet (r = 1) as a function of V/kT . For
each value of V we generate a stationary time series of N =
106 steps described with full information (position and state
of the potential). The system is in equilibrium for V = 0, and
it is driven out of equilibrium for V > 0.

In Figure 5 we depict the values of D[Pout(k)||Pin(k)]
and D[Pout(k, k′)||Pin(k, k′)] as a function of V/kT , for
6-state time series of 219 data. Note that for V = 0 de-
tailed balance condition is satisfied, the system is in equi-
librium and trajectories are statistically reversible. In this
case both KLD using degree distributions and degree-
degree distributions vanish. On the other hand, if V is
increased, the system is driven out of equilibrium, what
introduces a net statistical irreversibility which increases
with V [4]. The amount of irreversibility estimated with
KLD increases with V for both measures, therefore the
results produced by the method are qualitatively correct.
Interestingly enough, the tendency holds even for high val-
ues of the potential, where the statistics are poor and the
KLD of sequences of symbols usually fail when estimating
irreversibility [4]. However the values of the KLD that we
find are far below the KLD per step between the forward
and backward trajectories, which is equal to the dissipa-
tion as reported in [4]. The degree distributions capture
the irreversibility of the original series but it is difficult to
establish a quantitative relationship between (3) and the
KLD between trajectories.

On the other hand, the measure based on the degree-
degree distribution D[Pout(k, k′)||Pin(k, k′)] takes into ac-
count more information of the visibility graph struc-
ture than the KLD using degree distributions, providing
a closer bound to the physical dissipation as it is ex-
pected by the chain rule [16], D[Pout(k, k′)||Pin(k, k′)] ≥
D[Pout(k)||Pin(k)]. The improvement is significant in some

the amount of irreversibility, something that can be analyzed
within this model, where the amount of irreversibility can be
fine tuned.
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Fig. 6. Irreversibility measures D[Pout(k)||Pin(k)] and
D[Pout(k, k′)||Pin(k, k′)] in the flashing ratchet (r = 2, V =
2kT ) as a function of FL/kT . Here, F is the applied force and
L is the spatial period of the ratchet, which in this case is equal
to 1. For each value of the force, we make use of a single sta-
tionary series of size N = 106 containing partial information
(the state information is removed).

situations. Consider for instance the flashing ratchet with
a force opposite to the net current on the system [4].
The current vanishes for a given value of the force usu-
ally termed as stalling force. When the force reaches this
value, the system is still out of equilibrium (V > 0) and it
is therefore time irreversible, but no current of particles is
observed if we describe the dynamics of the ratchet only
with partial information (that is, if the series under study
are generated by the successive positions of the particle
x = {0, 1, 2}).

In Figure 6 we address this situation, evaluating our
method for series with only partial information. We show
how D[Pout(k)||Pin(k)] tends to zero when the force ap-
proaches to the stalling value (situation with null net cur-
rent). Therefore, our measure of irreversibility (3) fails in
this case, as do other KLD estimators based on local flows
or currents [4]. However, D[Pout(k, k′)||Pin(k, k′)] captures
the irreversibility of the time series, and yields a posi-
tive value at the stalling force (note that when addressing
higher order statistics, convergence of KLD values with
system size is slower [5]).

4.2 Chaotic series

We have applied our method to several chaotic series and
found that it is able to distinguish between dissipative and
conservative chaotic systems. Dissipative chaotic systems
are those that do not preserve the volume of the phase
space, and they produce irreversible time series. This is
the case of chaotic maps in which entropy production via

x
P

(k
)

t

k

Pin(k)
Pout(k)

Fig. 7. Top: a sample chaotic time series (500 data points)
extracted from a fully chaotic Logistic map xt+1 = 4xt(1 −
xt). Bottom: the in and out degree distributions of the DHVg
associated to the chaotic series of 106 data points. The process
is irreversible and the graph degree distributions are clearly
different. The deviation is measured through the KLD, which
is positive in this case (see Tab. 1).

instabilities in the forward time direction is quantitatively
different to the amount of past information lost. In other
words, those whose positive Lyapunov exponents, which
characterize chaos in the forward process, differ in magni-
tude with negative ones, which characterize chaos in the
backward process [10]. In this section we analyze several
chaotic maps and estimate the degree of reversibility of
their associated time series using our measure, showing
that for dissipative chaotic series it is positive while it
vanishes for an example of conservative chaos.

4.2.1 The logistic map at μ = 4 is irreversible: analytical
derivations

For illustrative purposes, in Figure 7 we have plotted the
in and out degree distributions of the DHVg associated
to a paradigmatic dissipative chaotic system: the Logistic
map at μ = 4. There is a clear distinction between both
distributions, as it is quantified by the KLD, which in this
case is positive both for degree and degree-degree cases
(see Tab. 1). Furthermore, in Figure 8 we make a finite size
analysis in this particular case, showing that our measure
quickly converges to an asymptotic value which clearly
deviates from zero, at odds with reversible processes.

Recall that in Section 3 we proved analytically that
for a random uncorrelated process D[Pout(k)||Pin(k)] = 0,
since Pin(k) = Pout(k). Proving a similar result for a
generic irreversible process is a major challenge, since
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Table 1. Values of the irreversibility measure associated to the degree distribution D[Pout(k)||Pin(k)] and the degree-degree
distribution D[Pout(k, k′)||Pin(k, k′)] respectively, for the visibility graphs associated to series of 106 data generated from re-
versible and irreversible processes. In every case chain rule is satisfied, since D[Pout(k, k′)||Pin(k, k′)] ≥ D[Pout(k)||Pin(k)]. Note
that that the method correctly distinguishes between reversible and irreversible processes, as KLD vanishes for the former and
it is positive for the latter.

Series description D[Pout(k)||Pin(k)] D[Pout(k, k′)||Pin(k, k′)]
Reversible stochastic processes

U [0, 1] uncorrelated 3.88 × 10−6 2.85 × 10−4

Ornstein-Uhlenbeck (τ = 1.0) 7.82 × 10−6 1.52 × 10−4

Long-range (power law) correlated
stationary process (γ = 2.0) 1.28 × 10−5 2.0 × 10−4

Dissipative chaos
Logistic map (μ = 4) 0.377 2.978

α map (α = 3) 0.455 3.005
α map (α = 4) 0.522 3.518

Henon map (a = 1.4, b = 0.3) 0.178 1.707
Lozi map 0.114 1.265

Kaplan Yorke map 0.164 0.390
Conservative chaos
Arnold Cat map 1.77 × 10−5 4.05 × 10−4

N
103 104 105 106

0.3
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0.4

DD

N

Fig. 8. Semi-log plot of D[Pout(k)||Pin(k)] of the graph asso-
ciated to a fully chaotic Logistic map xt+1 = 4xt(1 − xt), as a
function of the series size N (dots are the result of an ensemble
average over different realizations). Our irreversibility measure
converges with series size to an asymptotical nonzero value.

finding out exact results for the entire degree distribu-
tions is in general difficult [20]. However, note that the
KLD between two distributions is zero if and only if the
distributions are the same in the entire support. Therefore,
if we want to prove that this measure is strictly positive,
it is sufficient to find that Pin(k) �= Pout(k) for some value
of the degree k. Here we take advantage of this fact to pro-
vide a rather general recipe to prove that a chaotic system
is irreversible.

Consider a time series {xt}t=1,...,N with a joint prob-
ability distribution f(x1, x2, . . . , xN ) and support (a, b),
and denote xt−1, xt, xt+1 three (ordered) generic data of

the series. By construction,

Pout(k = 1) = P (xt ≤ xt+1)

=
∫ b

a

dxt

∫ b

xt

dxt+1f(xt, xt+1),

Pin(k = 1) = P (xt−1 > xt)

=
∫ b

xt

dxt−1

∫ b

a

dxtf(xt−1, xt). (8)

The probability that kout = 1 (kin = 1) is actually the
probability that the series increases (decreases) in one
step. This probability is independent of time, because we
consider stationary series. If the chaotic map is of the form
xt+1 = F (xt), it is Markovian, and the preceding equa-
tions simplify:

Pout(k = 1) =
∫ b

a

dxt

∫ b

xt

dxt+1f(xt)f(xt+1|xt),

Pin(k = 1) =
∫ b

a

dxt

∫ b

xt

dxt−1f(xt−1)f(xt|xt−1). (9)

For chaotic dynamical systems whose trajectories are in
the attractor, there exists an invariant probability mea-
sure that characterizes the long-term fraction of time
spent by the system in the various regions of the attractor.
In the case of the Logistic map

F (xt) = μxt(1 − xt) (10)

with parameter μ = 4, the attractor is the whole interval
[0, 1] and the probability measure f(x) corresponds to

f(x) ≡ ρ(x) =
1

π
√

x(1 − x)
. (11)

Now, for a deterministic system, the transition probability
is simply

f(xt+1|xt) = δ(xt+1 − F (xt)), (12)
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where δ(x) is the Dirac delta distribution. Equations (9)
for the Logistic map with μ = 4 and x ∈ [0, 1] read

Pout(k = 1) =
∫ 1

0

dxt

∫ 1

xt

dxt+1f(xt)δ(xt+1 − F (xt)),

Pin(k = 1) =
∫ 1

0

dxt

∫ 1

xt

dxt−1f(xt−1)δ(xt − F (xt−1)).

(13)

Notice that, using the properties of the Dirac delta dis-
tribution,

∫ 1

xt
δ(xt+1 − F (xt))dxt+1 is equal to one iff

F (xt) ∈ [xt, 1], what happens iff 0 < xt < 3/4, and it
is zero otherwise. Therefore the only effect of this integral
is to restrict the integration range of xt to be [0, 3/4]. The
first equation in (13) reduces to

Pout(k = 1) =
∫ 3/4

0

dxtf(xt) = 2/3. (14)

On the other hand,∫ 1

xt

dxt−1f(xt−1)δ(xt − F (xt−1)) =∑
x∗

k|F (x∗
k)=xt

f(x∗
k)/|F ′(x∗

k)|, (15)

that is, the sum over the roots x∗ of the equation F (x) =
xt, iff F (xt−1) > x0. But since xt−1 ∈ [xt, 1] in the latter
integral, it is easy to see that again, this is verified iff
0 < xt < 3/4 (as a matter of fact, if 0 < xt < 3/4 there is
always a single value of xt−1 ∈ [xt, 1] such that F (xt−1) =
xt, so the sum restricts to the adequate root). It is easy
to see that the particular value is x∗ = (1 +

√
1 − xt)/2.

Making use of these piecewise solutions and equation (11),
we finally have

Pin(k = 1) =
∫ 3/4

0

dxt
f(x∗)

4
√

1 − xt
= 1/3.

We conclude that Pout(k) �= Pin(k) for the Logistic map
and hence the KLD measure based on degree distribu-
tions is positive. Recall that Pout(k = 1) = 2/3 is the
probability that the series exhibits a positive jump (xt >
xt−1) once in the attractor. These positive jumps must be
smaller in size than the negative jumps because, once in
the attractor, 〈xt〉 is constant. The irreversibility captured
by the difference between Pout(k = 1) and Pin(k = 1) is
then the asymmetry of the probability distribution of the
slope xt−xt−1 of the original time series. The KLD of the
degree distributions given by (3) clearly goes beyond this
simple signature of irreversibility and can capture more
complex and long-range traits.

4.2.2 Other chaotic maps

For completeness, we consider other examples of dissipa-
tive chaotic systems analyzed in [29]:

(1) the α-map: xt+1 = 1−|2xt−1|α, which reduces to the
Logistic and tent maps in their fully chaotic region for
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Fig. 9. Top: a sample chaotic time series (500 data points)
extracted from the (chaotic and conservative) Arnold cat map.
Bottom: the in and out degree distributions of the DHVg asso-
ciated to the chaotic series of 106 data points. Albeit chaotic,
the process is reversible (see the text) and the and the graph
degree distributions are, besides finite size effects, equivalent.
The deviation is measured through their KLD (see Tab. 1).

α = 2 and α = 1 respectively. We analyze this map for
α = 3, 4;

(2) the 2D Hénon map: xt+1 = 1 + yt − ax2
t , yt+1 = bxt,

in the fully chaotic region (a = 1.4, b = 0.3);
(3) the Lozi map: a piecewise-linear variant of the Hénon

map given by xt+1 = 1 + yn − a|xt|, yt+1 = bxt in the
chaotic regime (a = 1.7 and b = 0.5);

(4) the Kaplan-Yorke map: xt+1 = 2xt mod(1), yt+1 =
λyt + cos(4πxt) mod(1).

We generate stationary time series with these maps and
take data once the system is in the corresponding attrac-
tor. In Table 1 we show the value of the KLD between
the in and out degree and degree-degree distributions for
these series. In every case, we find an asymptotic posi-
tive value, in agreement with the conjecture that dissi-
pative chaos is indeed time irreversible. Finally, we also
consider the Arnold cat map: xt+1 = xt + yt mod(1),
yt+1 = xt + 2yt mod(1).

At odds with previous dissipative maps, this is an ex-
ample of a conservative (measure-preserving) chaotic sys-
tem with integer Kaplan-Yorke dimension [29]. The map
has two Lyapunov exponents which coincide in magni-
tude λ1 = ln(3 +

√
5)/2 = 0.9624 and λ2 = ln(3 −√

5)/2 = −0.9624. This implies that the amount of in-
formation created in the forward process (λ1) is equal
to the amount of information created in the backwards
process (−λ2), therefore the process is time reversible.
In Figure 9 we show a sample series generated by the
Arnold cat map, and the in and out degree distributions

http://www.epj.org
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Fig. 10. Log-log plot of D[Pout(k)||Pin(k)] of the graph asso-
ciated to the Arnold cat map as a function of the series size N
(dots are the result of an ensemble average over different real-
izations). Note that the irreversibility measure decreases with
series size, and asymptotically tends to zero, which suggests
that this chaotic map is reversible.

of its associated DHVg, for a time series of 106 data (their
KLD is depicted in Tab. 1), and in Figure 10 we show that
D[Pout(k)||Pin(k)] asymptotically tends to zero with series
size, and the same happens with the degree-degree distri-
butions (see Tab. 1). This correctly suggests that albeit
chaotic, the map is statistically time reversible.

4.3 Irreversible chaotic series polluted with noise

Standard time series analysis methods evidence problems
when noise is present in chaotic series. Even a small
amount of noise can destroy the fractal structure of a
chaotic attractor and mislead the calculation of chaos indi-
cators such as the correlation dimension or the Lyapunov
exponents [30]. In order to check if our method is robust,
we add an amount of white noise (measurement noise)
to a signal extracted from a fully chaotic Logistic map
(μ = 4.0). In Figure 11 we plot D[Pout(k)||Pin(k)] of its
associated visibility graph as a function of the noise am-
plitude (the value corresponding to a pure random signal
is also plotted for comparison). The KLD of the signal
polluted with noise is significantly greater than zero, as it
exceeds the one associated to the noise in four orders of
magnitude, even when the noise reaches the 100% of the
signal amplitude. Therefore our method correctly predicts
that the signal is irreversible even when adding noise.

5 Discussion

In this paper we have introduced a new method to mea-
sure time irreversibility of real valued stationary stochas-
tic time series. The algorithm proceeds by mapping the

0 0.2 0.4 0.6 0.8 1

10-6

10-5

10-4

10-3

10-2

10-1

100

Noisy Logistic map

Uniform noise
D

noise amplitude

Noisy logistic map

Uniform noise

Fig. 11. Semi-log plot of D[Pout(k)||Pin(k)] of the graph as-
sociated to series of 106 data extracted from a fully chaotic
Logistic map xt+1 = 4xt(1 − xt) polluted with extrinsic white
uniform noise U [−0.5, 0.5], as a function of the noise ampli-
tude. The corresponding KLD value of a uniform series is plot-
ted for comparison, which is five orders of magnitude smaller
even when the chaotic signal is polluted with an amount of
noise of the same amplitude. This suggests that our measure
is robust against noise.

series into an alternative representation, the directed hor-
izontal visibility graph. We have shown that the Kullback-
Leibler divergence (KLD) between the in and out degree
distributions calculated on this graph is a measure of the
irreversibility of the series.

The method has been validated by studying both re-
versible (uncorrelated and linearly correlated stochastic
processes as well as conservative chaotic maps) and ir-
reversible (out-of-equilibrium physical processes and dis-
sipative chaotic maps) series. The method not only dis-
criminates but also quantifies the amount of irreversibility
present in the series, as shown in the case study of the dis-
crete flashing ratchet. When the dissipative process hap-
pens to show null net current, higher-order statistics of
the visibility graph (namely, the joint degree-degree dis-
tribution) need to be addressed to detect the irreversible
character of the process.

We have also shown that the method is robust against
noise, in the sense that irreversible signals are well charac-
terized even when these signals are polluted with a signifi-
cant amount of (reversible) noise. While the results of our
measure for reversible and irreversible dynamics quanti-
tatively differ in several orders of magnitude, a statistical
test [11,31,32] can be easily built as follows: one first pro-
ceeds to shuffle the series under study in order to generate
a randomized resampled data set with the same underly-
ing probability density. This resampled series, whose ir-
reversibility measure is asymptotically null in the light of
Theorem 1, is considered as the null hypothesis of the test.

It is also worth emphasizing that it lacks an ad hoc
symbolization process, and hence it can be applied directly

http://www.epj.org
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to any kind of real-valued time series. While a detailed
comparison of the performance of this approach to classi-
cal time series symbolization techniques is left for future
investigation, the current results suggest that this tech-
nique can be of potential interest for several communities.
This includes for instance biological sciences, where there
is not such a simple tool to discriminate between time
series generated by active (irreversible) and passive (re-
versible) processes. In further work this proposed measure
will indeed be used to study empirical data of such kind.

Appendix: Generating correlated series
through the minimal subtraction procedure

In what follows we explain the method [20] we have used
in Section 3 to generate series of correlated Gaussian ran-
dom numbers xi of zero mean and correlation function
〈xixj〉 = C(|i − j|). The classical method for generat-
ing such correlated series is the so-called Fourier filter-
ing method (FFM). This method proceeds by filtering the
Fourier components of an uncorrelated sequence of ran-
dom numbers with a given filter (usually, a power-law
function) in order to introduce correlations among the
variables. However, the method presents the drawback of
evidencing a finite cut-off in the range where the variables
are actually correlated, rendering it useless in practical sit-
uations. An interesting improvement was introduced some
years ago by Makse et al. [33] in order to remove such cut-
off. This improvement was based on the removal of the sin-
gularity of the power-law correlation function C(t) ∼ t−γ

at t = 0 and the associated aliasing effects by introducing
a well defined one C(t) = (1+t2)−γ/2 and its Fourier trans-
form in continuous-time space. Accordingly, cut-off effects
were removed and variables present the desired correla-
tions in their whole range.

We use here an alternative modification of the FFM
that also removes undesired cut-off effects for generic
correlation functions and takes in consideration the dis-
crete nature of the series. Our modification is based on
the fact that not every function C(t) can be consid-
ered to be the correlation function of a Gaussian field,
since some mathematical requirements need to be ful-
filled, namely that the quadratic form

∑
ij xiC(|i − j|)xj

be positive definite. For instance, let us suppose that we
want to represent data with a correlation function that
behaves asymptotically as C(t) ∼ t−γ . As this func-
tion diverges for t → 0 a regularization is needed. If
we take C(t) = (1 + t2)−γ/2, then the discrete Fourier
transform S(k) = N1/2

∑N
j=1 exp(i jk

N )C(j) turns out to
be negative for some values of k, which is not accept-
able. To overcome this problem, we introduce the mini-
mal subtraction procedure, defining a new spectral density
as S0(k) = S(k) − Smin(k), being Smin(k) the minimum
value of S(k) and using this expression instead of the for-
mer one in the filtering step. The only effect that the min-
imal subtraction procedure has on the field correlations is
that C(0) is no longer equal to 1 but adopts the minimal

value required to make the previous quadratic form posi-
tive definite. The modified algorithm is thus the following:

– generate a set {uj}, j = 1, . . . , N , of independent
Gaussian variables of zero mean and variance one,
and compute the discrete Fourier transform of the se-
quence, {ûk};

– correlations are incorporated in the sequence by mul-
tiplying the new set by the desired spectral den-
sity S(k), having in mind that this density is re-
lated with the correlation function C(r) through
S(k) =

∑
r N1/2 exp(irk)C(r). Make use of S0(k) =

S(k)−Smin(k) (minimal subtraction procedure) rather
than S(k) in this process. Concretely, the corre-
lated sequence in Fourier space x̂k is given by x̂k =
N1/2S0(k)1/2ûk;

– calculate the inverse Fourier transform of x̂k to obtain
the Gaussian field xj with the desired correlations.
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4

QUASIPERIODICITY

Contexto

Este capítulo está dedicado a la investigación más “marciana” en la que he participado hasta
la fecha. Creo que quien esté familiarizado con la carrera investigadora de mis directores de
tesis Bartolo Luque y Lucas Lacasa, sabrá interpretar a lo que me refiero con “marciano”.
Para los que no lo estén tanto, me veo obligado a reconocer que no he empleado un término
excesivamente científico salvo en un sentido muy impropio. Pero si es de ciencia de lo que
hablamos, podemos decir que el trabajo de ambos, sobre todo durante el tiempo en que
colaboraron más estrechamente (no olvidemos que Bartolo dirigió la tesis de Lucas), tiene
para mí algo de exótico, de desconcertante, de difícil de clasificar en áreas de conocimiento
convencionales. Dudo que un matemático dedicado a la teoría de números o un físico
dedicado a la físca estadística consideraran muy ortodoxo hacer “física estadística de
números” (o comoquiera que se puedan calificar sus incursiones en este territorio híbrido
entre los dos campos). Mi todavía poco refinada sensibilidad como investigador encuentra
hermosos e inquietantes esos vínculos insospechados entre las estructuras abstractas de las
matemáticas y las propiedades complejas (en sentido físico) de la materia. No perdamos
de vista que, en el fondo, dicho esto de forma bastante general, esta tesis trata sobre cómo
la complejidad de ciertos procesos dinámicos puede ser reducida a ciertas restricciones
meramente topológicas. El algoritmo de visibilidad es un paso en esa dirección y la aplicación
del mismo a la que este capítulo está dedicada pone bien de manifiesto lo anteriormente dicho.

El mapa círculo pertence a la clase de universalidad de los mapas iterados con una
no-linealidad de tipo cúbico en un entorno del origen. En este trabajo empleamos la versión
más conocida del mismo,

θt+1 = θt + Ω − K
2π

sin(2πθt) mod 1 (1)

en la que la no-linealidad adquiere la forma de una función seno y el mapa está periodificado
mediante una congruencia módulo 1. Dos parámetros caracterizan el mapa: el primero es
un término Ω que se corresponde con una rotación sólida de ese valor, el segundo es un
factor K que multiplica al término no lineal del mapa. Al efectuar un barrido paramétrico
observamos unas estructuras en el mapa conocidas como Lenguas de Arnold que dan cuenta
de un fenómeno que se conoce como phase-locking o mode-locking y que se traduce en que, para
ciertas combinaciones de valores de los parámetros, el mapa se mantiene en una rotación
periódica cuya frecuencia (o dressed winding number ω = limt→∞

θt
t ) está determinada por

la posición y el tamaño de dicha lengua.



Las Lenguas de Arnold se organizan jerárquicamente en una estructura que remeda el
llamado Árbol de Farey: una forma de organizar todos los números racionales entre el 0
y el 1 mediante una operación, la “suma de Farey”, consistente en sumar por separado
los numeradores y los denominadores de las dos fracciones irreducibles más próximas
encontradas en un determinado paso para generar otra fracción irreducible mayor que la
menor de sus “fracciones progenitoras” y menor que la mayor de ellas:

e
f
=

a
b
⊕ c

d
=

a + c
b + d

(2)

Cuál no fue mi sorpresa al revelarme Bartolo que había observado que al mapear con el
algoritmo de visibilidad horizontal trayectorias del mapa círculo cuyos números de rotación
ω se correspondían con los números racionales de la ordenación de Farey, se obtenían grafos
periódicos cuyos patrones se podían ordenar de idéntica manera sin más que definir una
operación, una suerte de “suma de Farey para grafos” consistente en construir un nuevo
patrón periódico concatenando el patrón con un número de rotación ω mayor con el de menor
número de rotación ω′ y cerrando la estructura resultante con un nuevo enlace:

Gω⊕ω′ = Gω ⊕ Gω′ (3)

Este sorprendente hallazgo (el cual no supe demostrar analíticamente, por cierto) es el
núcleo del que emana todo el trabajo posterior relacionado con la caracterización de la ruta
al caos por cuasiperiodicidad a través del formalismo de visibilidad horizontal. A partir
de aquí, pudimos construir rutas que conducían de lo periódico a lo caótico a través de
lo cuasiperiódico descendiendo por nuestro Árbol de Farey de grafos mediante sucesivas
fracciones aproximantes de números irracionales. Más aún, el hecho de poder definir una
operación algebraica entre grafos de visibilidad nos abre la puerta a una nueva dimensión
del formalismo de Visibilidad. Un álgebra de grafos nos permitiría trabajar directamente con
estos objetos matemáticos, abstrayéndonos de su significado dinámico (pero sin perderlo)
y pudiendo establecer relaciones y deducir propiedades prescindiendo de las analogías
necesarias hasta este punto con los procesos dinámicos subyacentes.
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Quasiperiodicity is observed along time evolution in nonlinear dynamical systems
(Schuster 1988; Strogatz 1994; Hilborn 1994) and also in the spatial arrangements of
crystals with forbidden symmetries (Shechtman et al. 1984; Schroeder 1991). These
two manifestations of quasiperiodicity are rooted in self-similarity and are seen to
be related through analogies between incommensurate quantities in time and spatial
domains (Schroeder 1991). Here we point out that quasiperiodicity can be visualized
in a third way: in the graphs generated when the Horizontal Visibility (HV) algorithm
(Lacasa et al. 2008; Luque et al. 2009) is applied to the stationary trajectories of the
universality class of low-dimensional nonlinear iterated maps with a cubic inflexion
point, as represented by the circle map (Schroeder 1991).

The idea of mapping time series into graphs has been presented in recent work
(Zhang et al. 2006; Kyriakopoulos and Thurner 2007; Xu et al. 2008, Donner et al.
2010a, 2010b, 2011; Campanharo et al. 2011) where different approaches have been
developed. In particular, the period-doubling bifurcation cascade has been analyzed
in the light of the HV formalism (Luque et al. 2011, 2012) and a complete set of
graphs, called Feigenbaum graphs, that encode the dynamics of all stationary tra-
jectories of unimodal maps has been provided. The Feigenbaum scenario is one of
the three well-known routes to reach chaos in low-dimensional dissipative systems
(along with the intermittency route and the quasiperiodicity route) (Schuster 1988;
Strogatz 1994; Hilborn 1994). In this Letter we characterize the structural, scal-
ing and entropic properties of the graphs obtained when the HV formalism is ap-
plied to the quasiperiodic routes to chaos. As we shall see, a Renormalization Group
(RG) treatment of such graphs is the instrument that grants access to our main re-
sults.

We briefly recall that the standard circle map (Schuster 1988; Strogatz 1994;
Hilborn 1994) is the one-dimensional iterated map given by

θt+1 = fΩ,K(θt ) = θt + Ω − K

2π
sin(2πθt ), mod 1, (1)

representative of the general class of nonlinear circle maps: θt+1 = fΩ,K(θt ) = θt +
Ω +K ·g(θt ), mod 1, where g(θ) is a periodic function that fulfills g(θ + 1) = g(θ).
The HV graphs obtained for this family of maps exhibit universal properties that
without loss of generality we explain in the next paragraphs in terms of the standard
circle map.

The dynamical variable 0 ≤ θt < 1 can be interpreted as a measure of the an-
gle that specifies the trajectory on the unit circle, the control parameter Ω is the
so-called bare winding number, and K is a measure of the strength of the nonlin-
earity. The dressed winding number for the map is defined as the limit of the ratio:
ω ≡ limt→∞(θt − θ0)/t and represents an averaged increment of θt per iteration. For
0 ≤ K ≤ 1 trajectories are periodic (locked motion) when the corresponding dressed
winding number ω(Ω) is a rational number p/q and quasiperiodic when it is irra-
tional. The winding numbers ω(Ω) form a devil’s staircase which makes a step at
each rational number ω = p/q and remains constant for a range of Ω . For K = 1
(critical circle map) locked motion covers the entire interval of Ω leaving only a
multifractal subset of Ω unlocked.

The resulting hierarchy of mode-locking steps at K = 1 can be conveniently repre-
sented by a Farey tree which orders all the irreducible rational numbers p/q ∈ [0,1]
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Fig. 1 Examples of two standard circle map periodic series with dressed winding number ω = 5/8, K = 0
(top) and K = 1 (bottom). As can be observed, the order of visits on the circle and the relative values of
θn remain invariant and the associated HV graph is therefore the same in both cases

according to their increasing denominators q . In the devil’s staircase, ω(Ω), the width
of the steps (intervals where ω is constant) becomes smaller when the denominator q

increases. Furthermore, if we have two steps with winding numbers p/q and p′/q ′,
the largest step between them has a winding number (p +p′)/(q + q ′), which is also
the irreducible rational number with the smallest denominator. Thus, the Farey tree
also orders all mode-locking steps with ω = p/q in the circle map according to their
decreasing widths (Hao and Zeng 1998).

The HV algorithm assigns each datum θi of a time series {θi}i=1,2,... to a node i

in its associated HV graph, and i and j are two connected nodes if θi, θj > θn for
all n such that i < n < j . Without loss of generality, we apply the HV algorithm to
the superstable orbits of the critical circle map (K = 1) with an irreducible rational
number ω(Ω) = p/q . Thus, the associated time series always contains θ0 = 0 as one
of its values and has period q (cf. Schuster 1988; Strogatz 1994; Hilborn 1994). If
p/q � 1/2 the associated HV graph is a periodic repetition of a motif with q nodes,
p of which have connectivity k = 2. (Observe that p in the map indicates the number
of turns in the circle to complete a period.) If p/q > 1/2, it can be considered as
1 − (q − p)/q with (q − p)/q < 1/2 and the associated HV graph is a periodic
repetition of a motif with q nodes, (q − p) of which have connectivity k = 2. In fact,
the series generated with p/q > 1/2 (counterclockwise rotation in the circle map)
is the time reversed of the one generated with (q − p)/q < 1/2 (clockwise rotation
in the circle map) and their associated graphs are symmetric mirror versions of each
other. For K ≤ 1, the order of visits of positions in the attractors and their relative
values remain invariant for a locked region with ω = p/q (Hao and Zeng 1998),
such that the HV graphs associated with them are the same. In Fig. 1 we present an
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Fig. 2 Six levels of the Farey tree and the periodic motifs of the graphs associated with the corresponding
rational fractions p/q taken as dressed winding numbers ω in the circle map (for space reasons only
two of these are shown at the sixth level). (a) In order to show how graph concatenation works, we have
highlighted an example using different grey tones on the left side: as 1/3 > 1/4, G(1/3) is placed on the
left, G(1/4) on the right and their extremes are connected to an additional link closing the motif G(2/7).
(b) Five steps in the Golden ratio route, b = 1 (thick solid line); (c) Three steps in the Silver ratio route,
b = 2 (thick dashed line)

example where the first and the last node in the motif correspond to the largest value
in the attractor.

In Fig. 2 we depict the associated HV periodic motifs for each p/q in the Farey
tree. We observe straightforwardly that the graphs can be constructed by means of the
following inflation process: let p/q be a Farey fraction with ‘parents’ p′/q ′ < p′′/q ′′,
i.e., p/q = (p′ + p′′)/(q ′ + q ′′). The ‘offspring’ graph G(p/q) associated with ω =
p/q , can be constructed by the concatenation G(p′′/q ′′)⊕G(p′/q ′) of the graphs of
its parents. By means of this recursive construction we can systematically explore the
structure of every graph along a sequence of periodic attractors leading to quasiperi-
odicity. A standard procedure to study the quasiperiodic route to chaos is fixing K = 1
and selecting an irrational number ω∞ ∈ [0,1]. Then, a sequence ωn of rational
numbers approaching ω∞ is taken. This sequence can be obtained through succes-
sive truncations of the continued fraction expansion of ω∞. The corresponding bare
winding numbers Ω(ωn) provide attractors whose periods grow towards the onset of
chaos, where the period of the attractor must be infinite. A well-studied case is the se-
quence of rational approximations of ω∞ = φ−1 = (

√
5 − 1)/2 
 0.6180 . . . , the re-

ciprocal of the Golden ratio, which yields winding numbers {ωn = Fn−1/Fn}n=1,2,3...

where Fn is the Fibonacci number generated by the recurrence Fn = Fn−1 + Fn−2

with F0 = 1 and F1 = 1. The first few steps of this route are shown in Fig. 2(b):
ω1 = 1/1,ω2 = 1/2,ω3 = 2/3,ω4 = 3/5,ω5 = 5/8, . . . ,ω6 = 8/13 . . . . Within the
range Ω(Fn−1/Fn) one observes trajectories of period Fn and, therefore, this route to
chaos consists of an infinite family of periodic orbits with increasing periods of val-
ues Fn, n → ∞. If we denote by Gφ−1(n) the graph associated to ωn = Fn−1/Fn in
the Golden ratio route, it is easy to prove that the associated connectivity distribution
P(k) for Gφ−1(n) with n ≥ 3 and k ≤ n + 1 is Pn(2) = Fn−2/Fn, Pn(3) = Fn−3/Fn,
Pn(4) = 0 and Pn(k) = Fn−k+1/Fn. In the limit n → ∞ the connectivity distribution
at the accumulation point Gφ−1(∞), the quasiperiodic graph at the onset of chaos,
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Fig. 3 Empty circles stand for
theoretical degree distributions
of quasiperiodic graphs. Filled
values have been obtained by
direct application of the HV
algorithm to critical circle map
series of 106 values.
Distributions have been shifted
from each other to enhance
visualization. From down-up:
(a) ω∞ = [1̄],
Ω = 0.606661 . . . .
(b) ω∞ = [2̄],
Ω = 0.418864 . . . ; ω∞ = [3̄],
Ω = 0.323873 . . . ; ω∞ = [4̄],
Ω = 0.271502 . . .

takes the form

P∞(k) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1 − φ−1 k = 2,

2φ−1 − 1 k = 3,

0 k = 4,

φ1−k k ≥ 5.

(2)

Figure 3(a) shows that the theoretical degree distribution of the quasiperiodic graph
for the route described above is in perfect agreement with the same quantity obtained
by applying the HV algorithm to a circle map time series with a dressed winding
number ω∞ = φ−1. The procedure explained for the Golden ratio can be repeated for
the ‘time reversed sequence’: {ωn = Fn−2/Fn = 1 − Fn−1/Fn}n=1,2,3,.... In this case
the ratio converges to 1 − φ−1 in the limit n → ∞. The connectivity distributions of
the graphs {G1−φ−1(n)}n=1,2,3,... are the same as in the Golden ratio route because
these graphs are symmetric mirror versions of the former (as we have mentioned
before we use the term ‘time’ because the ‘time reverse’ of a graph from a series
generated by a clockwise rotation in the circle map corresponds to the graph from the
same but counterclockwise rotation).

The previous results can be interpreted through a suitably defined Renormaliza-
tion Group (RG) transformation. We proceed as in previous work (Luque et al. 2011,
2012) and define the RG graph operation R as the coarse-graining of every cou-
ple of adjacent nodes where one of them has degree k = 2 into a block node that
inherits the links of the previous two nodes. If we continue with the case of the
Golden ratio, we first note that R{Gφ−1(n)} = G1−φ−1(n − 1) and R{G1−φ−1(n)} =
Gφ−1(n − 1), so the RG flow alternates between the two mirror routes. If we define

the operator ‘time reverse’ by Gφ−1(n) ≡ G1−φ−1(n), the transformation becomes

R{Gφ−1(n)} = Gφ−1(n − 1) and R{G1−φ−1(n)} = G1−φ−1(n − 1). Repeated appli-

cation of R yields two RG flows that converge, for n finite, to the trivial fixed point
G0 (a graph with P(2) = 1). The accumulation points n → ∞, the quasiperiodic
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graphs, act as nontrivial fixed points of the RG flow: R{Gφ−1(∞)} = Gφ−1(∞) and

R{G1−φ−1(∞)} = G1−φ−1(∞).
The above RG procedure works only in the case of the Golden ratio route. (As a

counterexample look at the so-called Silver ratio route shown in Fig. 2c.) To extend
the above formalism to other irrational numbers, we develop the following explicit
algebraic version of R and apply it to the Farey fractions associated with the graphs,

R

(
p

q

)

=
{

R1
(p

q

) = p
q−p

if p
q

< 1
2 ,

R2
(p

q

) = 1 − q−p
p

if p
q

> 1
2 ,

(3)

along with the algebraic analog of the ‘time reverse’ operator R(x) = 1 − R(x). Ob-
serve that along the Golden ratio route fractions are always greater than 1/2, and we
can therefore renormalize this route by setting

R

(
Fn−1

Fn

)

= R2

(
Fn−1

Fn

)

= Fn−2

Fn−1
, (4)

whose fixed-point equation R(x) = x is x2 + x − 1 = 0, with φ−1 a solution of it.
A straightforward generalization of this scheme is obtained by considering the

routes {ωn = Fn−1/Fn}n=1,2,3... with Fn = bFn−1 + Fn−2, F0 = 1, F1 = 1 and b

a natural number. It is easy to see that limn→∞ Fn−1/Fn = (−b + √
b2 + 4)/2,

which is a solution of the equation x2 + bx − 1 = 0. Interestingly, all the pos-
itive solutions of the above family of quadratic equations happen to be positive
quadratic irrationals in [0,1] with pure periodic continued fraction representation:
φ−1

b = [b, b, b, . . .] = [b̄] (b = 1 corresponds to the Golden route). Every b > 1 ful-
fills the condition Fn−1/Fn < 1/2, and, as a result, we have

R

(
Fn−1

Fn

)

= R1

(
Fn−1

Fn

)

= Fn−1

(b − 1)Fn + Fn−2
. (5)

The transformation R1 can only be applied (b−1) times before the result turns greater
than 1/2, so the subsequent application of R followed by reversion yields

R(b)

(
Fn−1

Fn

)

= R2

[

R
(b−1)
1

(
Fn−1

Fn

)]

= Fn−2

Fn−1
. (6)

It is easy to demonstrate by induction that

R
(b−1)
1 (x) = x

1 − (b − 1)x
, (7)

whose fixed-point equation R(b)(x) = R2[R(b−1)
1 (x)] = x leads in turn to x2 + bx −

1 = 0, with φ−1
b a solution of it. We can proceed in an analogous way for the symmet-

ric case ωn = 1 − (Fn−1/Fn), but, as the sense of the inequalities for 1/2 is reversed,
the role of the operators R1 and R2 must be exchanged.

The previous result indicates that graphs must be renormalized via Rb{G
φ−1

b
(n)} =

G
φ−1

b
(n − 1). Again, the iteration of this process yields two RG flows that con-

verge to the trivial fixed point G0 for n finite. The quasiperiodic graphs, reached as
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accumulation points (n → ∞), act as nontrivial fixed points of the RG flow since
Rb{G

φ−1
b

(∞)} = G
φ−1

b
(∞).

We observe that for fixed b ≥ 2, and from the construction process illustrated in
Fig. 2(a), it can be deduced that P∞(2) = φ−1

b , P∞(3) = 1 − 2φ−1
b and P∞(k �=

bn + 3) = 0,∀n ∈ N. P∞(k = bn + 3), n ∈ N can be obtained from the condition
of RG fixed-point invariance of the distribution, as it implies a balance equation
P∞(k) = φ−1

b P∞(k + b) whose solution has the form of an exponential tail. The
degree distribution P∞(k) for this quasiperiodic graphs is therefore

P∞(k) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

φ−1
b k = 2,

1 − 2φ−1
b k = 3,

(1 − φ−1
b )φ

(3−k)/b
b k = bn + 3, n ∈ N,

0 otherwise.

(8)

A perfect agreement between theoretical and numerical results for some examples
can be observed in Fig. 3(b).

Notably, all the RG flow directions and fixed points described above can be derived
directly from the information contained in the degree distribution via optimization of
the graph entropy functional H = −∑∞

k=2 P(k) logP(k). The optimization is for a
fixed b and takes into account the constrains: P(2) = φ−1

b , P(3) = 1 − 2φ−1
b , max-

imum possible mean connectivity 〈k〉 = 4 (Luque et al. 2012) and P(k) = 0 ∀k �=
bn + 3, n ∈ N. The degree distributions P(k) that maximize H can be proven to be
exactly the connectivity distributions of (2) and (8) for the quasiperiodic graphs at the
accumulation points found above. This establishes a functional relation between the
fixed points of the RG flow and the extrema of H as it was verified for the period-
doubling route (Luque et al. 2011, 2012).

We have demonstrated the capability of the HV algorithm for transforming into
graph language the universal properties of the route to chaos via quasiperiodicity in
low-dimensional nonlinear dynamical systems. The outcome is a novel type of graph
architecture where the motifs are the building blocks with which quasiperiodicity
is expressed recursively via concatenation. Significantly, the HV formalism leads to
analytical expressions for the degree distribution, a function that in all mode-locking
regions is essentially exponential. The networks’ scaling properties can be formulated
in terms of an ad hoc RG transformation for which the nontrivial graph fixed points
capture the features of the quasiperiodic accumulation points. As we have seen, it
is through the properties of the RG transformation presented above that the relevant
details of the quasiperiodic graphs studied are determined. This class represents all
the quasiperiodic attractors reached when irrational winding numbers with pure peri-
odic continued fractions are used as dressed winding numbers. Furthermore, a graph
entropy is introduced via the degree distribution and its optimization reproduces the
RG fixed points.

By means of the HV algorithm, we have found a connection between pure peri-
odic continued fractions and the degree distribution of their associated quasiperiodic
graphs. It seems feasible to generalize our results beyond to periodic continued frac-
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tions or any irrational with a pattern in its continued fraction. Finally, it has not es-
caped our notice that, as we have a one-to-one correspondence between graphs and
rational numbers, a possible graph algebra can be explored.
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THE POMEAU-MANNEVILLE SCENARIO

Contexto

Este capítulo está dedicado a un viejo conocido revisitado. No sólo lo digo porque el
mecanismo de transición al caos popularmente conocido como intermitencia (o escenario
de Pomeau-Manneville, en honor a los autores del paper seminal en que se documentaba
este mecanismo (1) sea, él mismo, un viejo conocido de la física no lineal y lo vayamos
a revisitar en este capítulo bajo el prisma de los grafos de visibilidad horizontal (que
también). Hay otra cuestión más personal de fondo que hizo que en su día fuera para mí
un problema “revisitado” (abandonado y después retomado). Y ésta anécdota me hace
regresar a una cualidad que ya he mencionado y que considero que un investigador ha
de desarrollar en su proceso de maduración como tal: la capacidad de poner en valor
sus ideas e intuiciones o, dicho de otra forma, la capacidad para seducir e implicar a
otros investigadores en una aventura colectiva, de hacer ver la posibilidad de un trabajo
interesante y fructífero donde todavía no hay más que una mera conjetura. Contextualicemos:

Pese a estar esta tesis organizada cronológicamente, lo cierto es que el primer hilo del
que comencé a tirar en mi periplo investigador no fue el que se documenta en el capítulo
segundo de esta tesis sino el del presente capítulo. Dado que ya se había empleado el mapa
logístico x(t + 1) = µx(t)[1 − x(t) ] como ejemplo paradigmático de mapa iterado unimodal
para caracterizar la transición al caos por cascada de bifurcación de periodo mediante el
algoritmo de visibilidad horizontal en anteriores trabajos, resultaba una extensión natural de
dicha investigación explorar en el mismo mapa otro mecanismo de transición al caos: el de
intermitencia, dado que dicho mapa exhibe también ventanas periódicas que, de forma no
trivial pero ordenada, se abren esporádicamente en su región caótica µ > µ∞. ¿Qué aspecto
tenían los grafos de visibilidad mapeados de trayectorias generadas en las inmediciones
de dichas ventanas? ¿Daban cuenta de alguna forma del cambio de régimen que estaba
teniendo lugar? Bueno, el primer paso no parecía muy complicado de dar: situémonos
en las inmediaciones de una ventana periódica, generemos trayectorias, mapeémoslas y
veamos. Resultado: “un churro”. No es que sea un término muy científico pero resulta
bastante descriptivo de lo que encontramos en una observación superficial. Por simplicidad
algorítmica, lo primero que solíamos calcular en las simulaciones era la distribución de
grado del grafo; una función suficientemente sencilla para ser analíticamente tratable pero
capaz también de codificar información no trivial de la dinámica... en teoría, pero lo que
allí observábamos estaba muy lejos de tener la elegancia de los patrones autosimilares de
la cascada de bifurcación de periodo, pongamos por caso. La distribución P(k) tenía un
soporte amplísimo, había nodos con conectividades inusitadamente altas (k >>>), algunas
conectividades parecían estar sobrerrepresentadas respecto al resto. El conjunto no era
regular y resultaba confuso. Ahora esta estructura me parece clara pero, entonces, no estaba



tan familiarizado ni con la dinámica en las inmediaciones de una bifurcación tangente ni con
la forma de pensar en términos de grafos de visibilidad. No obstante, había algo que llamó
mi atención, no así la de mi director de tesis: la función de distribución P(k) tenía una extraña
joroba hacia el final del soporte, o sea, que existía un conjunto de nodos con conectividades
altísimas cuya probabilidad no era despreciable. Más aún, la posición de esta joroba se
desplazaba en sentido creciente de la conectividad a medida que nos acercábamos al punto
crítico. Insólito, contraintuitivo (si es que existe la palabra) y difícil de explicar. “Algo debía
haber hecho mal”, algún “bug” debía tener el programa, algo así debía estar ocurriendo. Eso
pensamos y eso creí yo porque a) es la explicación más habitual en esos casos y b) yo carecía
aún de la capacidad de poner en valor mis ideas e intuiciones, todavía no creía tanto en mi
capacidad como investigador como para pensar que estaba sobre la pista de algo.

Podría haberme quedado semanas mirando fijamente esas funciones de distribución y
esperando a que se encendiera como por arte de magia alguna bombilla sobre mi cabeza
(de hecho, puede que incluso lo llegara a hacer, ya no lo recuerdo bien), por fortuna para
mí, otra cosa que mis directores de tesis se han esforzado en inculcarme (y que no sé si
habré interiorizado suficientemente bien) es que uno no debe estancarse. Si, tras un tiempo
razonable de trabajo, una línea no tiene visos de arrojar resultado satisfactorio alguno, uno
debe evitar orbitar alrededor de un punto muerto aferrándose al tiempo y al esfuerzo ya
invertidos. Investigar es, en primera aproximación, equivocarse. Así que, cambio de tercio,
llegados a este punto, nos olvidamos de la intermitencia y pasamos a trabajar en la línea del
capítulo dos.

Pero como este capítulo trata sobre intermitencia, debemos dar un salto hacia adelante en
el tiempo hasta el día en que mis directores de tesis me transmitieron su consternación
por la preocupante falta de evolución que detectaban en mi trabajo: no tenía iniciativa, no
tenía ideas propias y me limitaba a ir ejecutando dócilmente las tareas que buenamente
me iban asignando. Y no es en eso en lo que consiste el trabajo de un investigador, no
del tipo de investigador que ellos querían formar, al menos. Había llegado el momento en
que debía demostrar iniciativa y decidir yo mismo por dónde quería conducir mi trabajo,
a qué preguntas quería dar respuesta. Ahora sé que tener uno sus propias preguntas es
precisamente lo que define el investigador que es. De hecho, me sorprende que no sea
prácticamente un tópico en el mundo de la investigación: un investigador genuino se define
menos por sus resultados que por sus preguntas. Uno no se puede fiar del todo de sus
resultados: podría estar respodiendo las preguntas de otros. Afirmo esto con la seguridad
que me otorga haber tenido que hacerlo yo mismo; responder las preguntas de otros, digo,
porque, llegados al punto de tener que decidir por dónde encaminaba mis pasos, sentí el
terror de naufragar en el bastísimo océano del conocimiento científico y tuve que asirme
al madero de la intermitencia: una cuestión sobre la que ya había trabajado antes dejando
preguntas abiertas.

Tuve la suerte o el acierto de poder reformular mi intuición con la claridad suficiente para
hacerla atractiva a mis directores: aquella distribución P(k) tan fea no era un error, su
estructura heredaba, efectivamente, propiedades dinámicas de las trayectorias intermitentes
que mapeaba: las conectividades sobrerrepresentadas se correspondían con los episodios
pseudoperiódicos, la región intermedia con los bursts caóticos y las “jorobas” con las



reinyecciones en las proximidades del atractor periódico. Una vez más, esto era sólo una
intuición que, de ser cierta, se podrían verificar numéricamente.

El mecanismo de transición del caos a la periodicidad (o a la inversa) era un fenómeno bien
estudiado y bien documentado. El trabajo original de Pomeau y Manneville anteriormente
mecionado clasificaba esta ruta al caos a partir de tres mecanismos bien diferenciados,
tres “tipos” de intermitencia en función del tipo de bifurcación en cuyas inmediaciones
estuviera teniendo lugar el cambio de régimen. El mapa logístico daba cuenta de la clase de
universalidad que aparecía en las inmediaciones de una bifurcación tangente inversa, este
tipo de intermitencia está clasificada como tipo-I y en el mapa logístico aparecían cada vez que
en algún iterado del mapa encontrábamos un punto fijo: x f = Fn(x f ), con F(x) = µx(1 − x).
Un punto fijo x f del mapa Fn(x) es un atractor periódico x1 . . . xT de periodo T = n en el
mapa original. Cuando estamos muy próximos al valor crítico del parámetro de control µT
para el cual tenemos un atractor periódico de periodo T, en lugar de tener una tangencia
x f = Fn(x f ), Fn ′(x f ) = 1 con los puntos x1 . . . xT del atractor periódico, lo que tenemos es
un estrecho canal entre la curva y su “pseudotangente” y = x de la que dista un infinitésimo
ε = |Fn(x)− x |=| (µT − µ)x(1 − x) | . En una situación como la descrita, las trayectorias del
mapa “surfean” un atractor que todavía es extraño y se inyectan esporádicamente en ese
canal en el que permanecen un determinado número de iteraciones hasta que vuelven a ser
expulsadas de él, dejando la “sombra” del atractor periódico al que están próximas. A los
periodos de residencia en el canal se los suele denominar, por analogía con la turbulencia,
epsiodios (trends) laminares (por su aparente regularidad, por su pseudoperiodicidad) y a
las abruptas interrupciones de los mismos para surfear el resto del atractor, se las denomina
episodios (bursts) caóticos.

Era un hecho conocido el escalamiento existente entre el valor medio de la longitud (duración)
de estos trends laminares con su distancia al punto crítico 〈`〉 ∼ ε1/2. Si nuestra intuición era
correcta, seríamos capaces de reproducir este escalamiento con alguna medida sobre nuestros
grafos y podríamos caracterizar esta dinámica intermitente. Sólo había una pega: aunque las
conectividades de nuestros grafos estuvieran dando cuenta de alguna forma de la dinámica
intermitente, por construción, los grafos de visibilidad horizontal aperiódicos tienen siempre
una conectividad media k = 4. Esto invalidaba toda posibilidad de escalar la distancia al
punto crítico ε mediante dicho parámetro del grafo. Una vez más, hubo que moverse de
las intuiciones a las pruebas: una mayor longitud de los trends laminares implicaba nodos
con conectividades mayores, por tanto, una mayor dispersión de valores de conectividad
respecto a la media, algo así como unas fluctuaciones crecientes en torno a un valor constante.
El momento de primer orden de la distribución no me resultaba útil pero tal vez el segundo
σ2

k = 〈k2〉 − 〈k〉2... ¡Bingo! El momento de orden dos de la distribución escalaba como
σ2

k ∼ 〈`〉, ahora sólo quedaba justificar por qué y, a partir de ahí, empezar a construir una
teoría. No es que el resto fuera trivial pero el paso crucial estaba ya dado... Después pudimos
estudiar de forma análoga a como se hizo en las otras rutas al caos, la manera en que operaba
el flujo de renormalización de grafos en las inmediaciones del punto crítico, los puntos fijos
triviales y no triviales a los que daba lugar y su correspondencia con extremos entrópicos.

Al pasar a estudiar la intermitencia de tipo-II, nos dimos cuenta de que habíamos empezado
por el final pues, para mapas iterados unidimensionales, la forma en que la estructura del



grafo hereda la dinámica es más inmediata para este tipo de intermitencia que para la tipo-I;
las reinyecciones en las inmediaciones del punto crítico suceden en este caso sin mediar entre
ellas bursts caóticos, hecho que simplifica la forma funcional de la distribución de grado y
facilita los cálculos analíticos.

Referencias

Manneville P. & Pomeau Y., Comm. Math. Phys. 74 (1980).



PHYSICAL REVIEW E 87, 052801 (2013)

Horizontal visibility graphs generated by type-I intermittency
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The type-I intermittency route to (or out of) chaos is investigated within the horizontal visibility (HV) graph
theory. For that purpose, we address the trajectories generated by unimodal maps close to an inverse tangent
bifurcation and construct their associated HV graphs. We show how the alternation of laminar episodes and chaotic
bursts imprints a fingerprint in the resulting graph structure. Accordingly, we derive a phenomenological theory
that predicts quantitative values for several network parameters. In particular, we predict that the characteristic
power-law scaling of the mean length of laminar trend sizes is fully inherited by the variance of the graph degree
distribution, in good agreement with the numerics. We also report numerical evidence on how the characteristic
power-law scaling of the Lyapunov exponent as a function of the distance to the tangent bifurcation is inherited
in the graph by an analogous scaling of block entropy functionals defined on the graph. Furthermore, we are able
to recast the full set of HV graphs generated by intermittent dynamics into a renormalization-group framework,
where the fixed points of its graph-theoretical renormalization-group flow account for the different types of
dynamics. We also establish that the nontrivial fixed point of this flow coincides with the tangency condition and
that the corresponding invariant graph exhibits extremal entropic properties.

DOI: 10.1103/PhysRevE.87.052801 PACS number(s): 89.75.Hc, 05.45.Ac, 05.45.Tp

I. INTRODUCTION

One of the common transitions between regular and chaotic
behavior is intermittency, the seemingly random alternation of
long quasiregular or laminar phases, so-called intermissions,
and relatively short irregular or chaotic bursts. Intermittency
is omnipresent in nonlinear science and has been weighed
against comparable phenomena in nature, such as Belousov-
Zhabotinski chemical reactions, Rayleigh-Benard instabilities,
turbulence, etc. [1–4]. The study and characterization of
the onset mechanisms and main statistical properties of
intermittency was carried out already a long time ago; Pomeau
and Manneville [5] introduced a classification as types I–III for
different kinds of intermittency. Subsequently, other types have
been described and typified, such as on-off intermittency [6],
ring intermittency [7], etc. Our objective here is to generate
networks from the time series associated with intermittency
and look at how this phenomenon translates into such a
different setting, and then examine the manifestation of its
properties in the new context. For definiteness we chose
the case of type-I intermittency as it occurs just preceding
an (inverse) tangent bifurcation in nonlinear iterated maps,
although the very same methodology can be extended to other
situations. Specifically, we show how this phenomenon can be
visualized through the graphs generated when the horizontal
visibility (HV) algorithm [8–10] is applied to the trajectories
of the universality class of unimodal maps, as represented by
the quadratic logistic map.

The idea of mapping time series into graphs is actively
developed at present via different approaches [8,9,11–17].
Amongst them, the HV approach offers a promising new
method for performing time series analysis, most of all because
it has been corroborated that the fundamental nature of rather
different complex dynamical processes is inherited by the
associated visibility graphs. As part of the effort of developing

a mathematically sound visibility graph theory of dynamical
systems, in recent years the performance of the visibility
method has been tested and found to be consistently capable in
different circumstances, including the description of chaotic,
fractal-stochastic, dissipative processes [18,19]. The method
has also been successfully applied in the characterization of
real-world time series in different fields such as physiology
and geophysics to cite some [20–23]. In every case the
network counterpart of each particular kind of dynamics has
been determined with precision, positioning the visibility
algorithm as a well-defined method to analyze the dynamics of
complex systems using graph-theoretical tools. In the context
of low-dimensional chaos, two main routes to chaos have
been studied in the light of this technique. Specifically, the
period-doubling bifurcation cascade (Feigenbaum scenario)
and the quasiperiodic route have been analyzed through
the HV formalism and two complete sets of graphs, called
Feigenbaum and quasiperiodic graphs, respectively, that
encode the dynamics of their corresponding classes of
iterated maps, have been introduced and characterized
recently [24–27]. The third well-known route to chaos present
in low-dimensional dissipative systems is type-I intermittency
(Pomeau-Manneville scenario), and in the present work we
present the structural, scaling, and entropic properties of the
graphs obtained when the HV formalism is applied to this
situation.

Before proceeding, let us briefly discuss some general is-
sues and motivations concerning this particular method. Once
the HV procedure was envisaged and proposed [9], a first task
was to investigate whether the transformation is well defined
and that the patterns present in the time series are properly
reflected in graph space. In general, this is a huge task since
the range of possible dynamical behaviors to be addressed is
vast, and in the past years we have focused, in order to validate
the method, on some of the most representative ones (periodic,
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random, chaotic, fractal, etc.). We have found that the kernel
dynamics in each case is well captured by the associated
graphs (in some cases very easily when compared to traditional
methods; see, for instance, the case of discriminating chaos
from stochasticity [18]). It is also worth noticing that when
the HV method is applied to a time series of unknown source,
inspection of the resulting graph provides basic information
about its nature, i.e., its underlying dynamics, and without
referral to paradigmatic systems. To cite some examples, for a
process with unknown detailed dynamics the HV method in-
dicates whether it is statistically reversible (a stationary steady
state in thermodynamical equilibrium with a thermal bath)
or, on the contrary, statistically irreversible and dissipative,
without the need to make an ad hoc symbolization of the
series [19]. Also, in a system whose dynamics is unknown
the HV method can distinguish periodic dynamics polluted
with noise from chaotic dynamics within an attractor divided
into bands, when the correlation function fails to differentiate
between the two options [28]. Finally, a time series can be
determined via the HV method to be random or chaotic without
knowing where it comes from [9,18]. Also note that the HV
method distills time series, condensing classes of them into
a single graph that represents their basic common properties
(e.g., a periodic time series leads always to a periodic network
with motifs that portray the essentials of the periodicity that is
being analyzed, and similarly with quasiperiodic and chaotic
time series). That is, the method uncovers structural features,
and forms sets of time series with the same feature by their
representative HV graph, excluding from the group those that
lack that feature. In this sense the HV method is not invertible,
like other important tools, such as the renormalization-group
and symbolic dynamics methods. While this noninvertibility
can be recovered by appropriately weighting the resulting
graph [9], we recall that the aim of the method is precisely
to characterize and gather together series with analogous
dynamics, rather than find graph analogues of single time
series.

In the following, we first recall in Sec. II the key
aspects of type-I intermittency. In Sec. III we present the
horizontal visibility algorithm and apply it to the study of
trajectories generated by unimodal maps close to an inverse
tangent bifurcation, where type-I intermittency takes place. A
phenomenological derivation of the degree distribution P (k; ε)
of this kind of graph is performed. We show that this single
graph metric encodes the key scaling properties of type-I
intermittency, namely (i) the mean length 〈�〉 of the laminar
episodes with ε manifests in network space as a comparable
scaling with the same variable of the second moment 〈k2〉 of
the degree distribution P (k,ε), and (ii) the scaling of Lyapunov
exponent λ(ε) is recovered in network space from the Shannon
block entropies over P (k; ε).

Next, in Sec. IV we recast the family of HV graphs
generated by intermittent series into a graph-theoretical
renormalization-group (RG) framework and determine the RG
flows close to and at tangency. We show that there are two
trivial fixed points akin to the high- and low-temperature fixed
points in thermal phase transitions together with a nontrivial
fixed point associated with the tangency condition. Finally,
we also determine the extremal entropic properties of the RG
fixed points as well as the entropy evolution along the RG
flows.

II. TYPE-I INTERMITTENCY

Type-I intermittency can be observed infinitely many times
in the logistic map

xt+1 = F (xt ) = μxt (1 − xt ), 0 � x � 1, 0 � μ � 4,

(1)

close to the control parameter values μ = μT at which
windows of periodicity open with period T for values μ >

μ∞ � 3.569 945 672 . . ., where μ∞ is the accumulation point
of the main period-doubling cascade that locates the first
appearance of chaos when increasing μ from small values.
It can be observed that at μ3 = 1 + √

8 this map exhibits a
cycle of period T = 3 with subsequent bifurcations. This is
the most visible window of periodicity in the chaotic regime
and the one in whose vicinity our simulations have been
performed. The regular periodic orbits hold slightly above
μT , but below μT the dynamics consists of laminar episodes
interrupted by chaos, a phenomenon known as intermittency.
In what follows we relabel μT ≡ μc and define ε ≡ μc − μ.
In the upper part of Fig. 1 we show a sample type-I intermittent
time series generated by the logistic map close to μ3, showing
alternation between laminar trends, represented by black dots
in the series, and chaotic bursts, represented in turn by white
dots. We note that the laminar phase is not actually periodic, but
approaches a periodic behavior of period 3 and it is precisely
this behavior which is close to periodicity that makes it easily
distinguishable from the chaotic bursts.

A. Basic properties of intermittent series generated
by unimodal maps

Under rather general circumstances, trajectories generated
by canonical models evidencing type-I intermittency show
power-law scaling in the mean length of laminar phases

FIG. 1. Graphical illustration of how the horizontal visibility
(HV) graph inherits in its structure the dynamics of the associated
intermittent series. In the top of the figure we show a sample
intermittent series generated by the logistic map close to μc (ε > 0),
producing laminar regions (black) mixed with chaotic bursts (white).
In the bottom we plot the associated HV graph. Laminar regions are
mapped into nodes with a periodic backbone, whereas the actual
pseudoperiodicity of the series is inherited in the graph by the
existence of so-called peak or interfacial nodes. Chaotic bursts are
mapped into chaotic nodes, with a characteristic degree distribution
(see the text).
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FIG. 2. Log-log plot of the length distribution of laminar phases
P (�; ε) in our system, derived numerically from time series of 107

data generated through the logistic map (all over the work numerical
analysis is performed over time series of similar size), or different
values of ε: (squares) ε = 3 × 10−5, (up triangles) ε = 10−5, (down
triangles) ε = 3 × 10−6, (right triangles) ε = 10−6, (left triangles)
ε = 3 × 10−7, (diamonds) ε = 10−7, and (circles) ε = 3 × 10−8. The
starting power-law decay is saturated at certain lengths, obtaining
the classical asymmetrical U-shaped curves. (Inset bottom panel)
Log-log plot of the laminar phases mean length 〈�〉 as a function of ε,
yielding the expected scaling 〈�〉 ∼ ε−0.5. (Inset upper panel) Log-log
plot of the local maximum of the distribution lp as a function of ε,
also yielding a scaling lp ∼ ε−0.5.

〈�〉 ∼ ε−γ , where ε, called the channel width of the Poincaré
section, is the distance between the local Poincaré map and
the diagonal [29]. The specific value of exponent γ is typically
associated to the reinjection mechanism and several exponents
have been reported, although γ = 0.5 holds in a rather large
set of situations [30]. In Fig. 2 we plot in log-log scales the
size distribution of laminar phases P (�; ε), derived numerically
from time series of 107 data generated through the logistic map,
for different values of ε, showing the characteristic asymmetric
U shape. In the bottom inset panel of the same figure, we plot
the dependence of the mean length of laminar trends with
ε, showing the well studied scaling 〈�〉 ∼ ε−1/2. We finally
note that the maximum length of the laminar trends �p, the
extremum of the distribution P (�; ε), scales also as �p ∼ ε−1/2.

On the other hand, the length of a chaotic burst is known to
be unpredictable. In Fig. 3 we plot, in semilog scales, the size
distribution of chaotic bursts P (�b; ε) for the same time series
as used in Fig. 2. This distribution has in turn an exponential
decay which becomes fairly independent of ε for sufficiently
large lengths, a result that can be justified invoking the survival
time of a random memoryless process. In the lower inset of
Fig. 3 we numerically check that, as P (�b; ε) ≈ P (�b), the
mean length of the chaotic bursts remains constant independent
of ε, with an approximated value of 〈�b〉 ≈ 15.

III. TRANSFORMATION OF INTERMITTENT TIME
SERIES INTO HORIZONTAL VISIBILITY GRAPHS

The horizontal visibility (HV) algorithm [8,9] assigns each
datum xi of a time series {xi}i=1,2,... to a node i in its
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FIG. 3. Semilog plot of the size distribution of chaotic bursts
in the system, showing a clear exponential decay which is fairly
independent of ε. This behavior, which can be understood as a result
of the survival time of an random uncorrelated process, suggests that
the relaminarization process occurs at unpredictable, uncorrelated
times. (Inset bottom panel) Mean length of the chaotic bursts 〈lb〉
for different values of ε, showing a constant value 〈lb〉 ≈ 15. (Inset
upper panel) Semilog plot of the degree distribution associated to the
nodes belonging to chaotic bursts Pb(k), for different values of ε.
The exponential decay, characteristic of an HV graph associated to a
chaotic series, has been already found in several other maps [9,18].
The results seem to be independent of ε, in good agreement with the
fact that the relaminarization process occurs at unpredictable times,
which suggests Pb(k) = A exp(−ck).

associated HV graph (HVg), where i and j are two connected
nodes if xi,xj > xn for all n such that i < n < j . Structural
properties of a time series are inherited by its HVg (see
the Appendix for some specific properties relevant to the
intermittent structure). In the bottom part of Fig. 1 we show the
HV graph of the associated intermittent series, which consists
of several repetitions of a three-node motif (periodic backbone)
linked to the first node of the subsequent laminar trend,
interwoven with groups of nodes irregularly (chaotically)
connected amongst them. We observe that the motif repetitions
in the graph correspond to the laminar regions in the trajectory
(pseudoperiodic data with pseudoperiod 3) and the chaotically
connected groups correspond to the chaotic bursts in the
trajectory. As laminar trends are indeed pseudoperiodic in the
sense that they can be decomposed as a periodic signal and
a drift (see the Appendix), this pseudoperiodicity expresses
in the graph structure by allowing a node for each period-3
motif to be connected to the first node in the next laminar
region (the so-called peak or interfacial node), as the values
of the time series in the chaotic bursts are always smaller than
those in the former laminar trend. The sequence of degrees
is of the form 2-3-6 for laminar trends and loses this pattern
in the chaotic burst. At odds with standard approaches, for
which the distinction between laminar and chaotic phases is
somewhat ambiguous, in this work we take advantage of this
characteristic pattern as the criterion to numerically distinguish
between both phases.

The assembly of repeated three-node motifs separated by
sets of nodes with chaotic links inherited by the HVg from
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FIG. 4. Log-log plot of the total degree distribution P (k; ε) of
7 HV graphs mapped from trajectories of the logistic map in the
vicinity of the window of period 3 (ε > 0). Squares: ε = 3 × 10−5;
up triangles: ε = 10−5; down triangles: ε = 3 × 10−6; right triangles:
ε = 10−6; left triangles: ε = 3 × 10−7; diamonds: ε = 10−7; circles:
ε = 3 × 10−8. Note that the tail of each distribution, associated to
the peak nodes, scales with ε0.5, while this scaling is absent in the
tail of the peak degree distribution (see the main panel of Fig. 5).
This scaling is reminiscent of the contribution of the amount of peak
nodes present in each series, whose abundance scales with ε0.5 (see
the inset upper panel of this figure). (Inset upper panel) Log-log plot
of the fraction of nodes associated with chaotic bursts, showing a
scaling fb(ε) � 54ε0.5 (circles), and fractions of peak (interfacial)
nodes, showing a scaling fp(ε) � 3.2ε0.5 (squares). (Inset bottom
panel) Log-log plot of the variance of the total degree distribution
σ 2

k = 〈k2〉 − 〈k〉2 as a function of ε, obtained from the same graphs
whose degree distribution is plotted in the main panel. A power-law
scaling of the form σ 2

k ∼ ε−0.5 is found, which is the graph analog
of the well-known laminar phase scaling reported in the inset bottom
panel of Fig. 2.

the laminar trends and chaotic bursts in the intermittent
series leaves also a characteristic footprint in its degree
distribution P (k; ε) (see Fig. 4). This can be seen when
P (k; ε) is compared with that for fully chaotic motion (see,
for instance, [18]). In the former the connectivity of the
nodes in the three-node motifs is over-represented than in
the latter, since their relative frequencies are proportional to
the length of the laminar episodes. Also, nodes with large
degree (peak or interfacial nodes), increasingly large as ε

decreases, emerge due to reinjections after chaotic bursts
because these have visibility over the nodes from laminar
phases. The evidence collected leads us to express the total
degree distribution P (k; ε) as composed of three contributions
that originate from three different types of nodes. Namely, the
following.

(i) Laminar. The contribution from the laminar phases,
Pl(k; ε), consists of a discrete set of degrees that corresponds
to the background periodic behavior. By construction (see
the Appendix) a periodic series with a superimposed drift
generates a graph where the nodes have, for the particular
case in which T = 3, a degree belonging to the set {2,3,6};
therefore, Pl(k; ε) ≡ Pl(k) = 1/3 when k = 2,3,6, and zero
otherwise.
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FIG. 5. Log-log plot of the degree distribution of the so-called
peak nodes, obtained from the HV graphs at different values of ε. The
asymmetrical U shape is qualitatively similar to the size distribution
of laminar phases (see the text). (Inset bottom panel) Log-log plot of
the mean degree of peak nodes, as a function of ε, calculated from
the distributions plotted in the main panel of the figure. The scaling
coincides with 〈�〉/3 (see the text). (Inset upper panel) Log-log plot of
the local maximum of the distribution kp as a function of ε showing
a scaling kp ∼ ε−0.5.

(ii) Chaotic. The contribution from the chaotic bursts,
Pb(k; ε), which, according to previous works [9,18], has
an exponential decay (see the upper inset panel of Fig. 3
for numerical evidence). Moreover, as argued in the pre-
vious section, since the mean size of chaotic bursts is
independent of ε (as we can see in the inset bottom
panel of Fig. 3), the contribution Pb(k; ε) is thus also
independent of ε, and in general reads Pb(k; ε) = Pb(k) ∼
exp(−ck), where the specific value of c depends on the chaos
dimensionality [18].

(iii) Peak. The contribution from the interface between the
chaotic and laminar phases, Pp(k; ε) (see Fig. 5), arises from
the peak nodes, with a very large degree that is approximately
proportional to the size of the laminar phase. Roughly, all of
the peak nodes inherit a degree based on their visibility of the
previous laminar phase, and therefore we a priori may assume
that Pp(k; ε) ≈ P (�/3; ε) (see Figs. 2 and 5). The factor of
1/3 arises because, for the periodic window studied, k ∼ �/3
(or k ∼ �/T if the study focuses on intermittency close to a
periodic window of period T ), as we can observe in Fig. 1. In
particular, the maximum laminar size and peak node degree
scale similarly, �p/3 ≈ kp ∼ ε−0.5 (see the upper panels of
Figs. 2 and 5). Note, however, that the connectivity k of the
peak nodes is not straightforwardly distributed as �, since the
actual value of the degree of the peak node assigned by the HV
is not necessarily equal to the size of the full laminar phase, but
varies somewhat according to the actual value (position) of the
series datum at reinjection (compare Figs. 5 and 2). That is to
say, visibility of a peak node may be as large as the preceding
laminar trend, but it can also be smaller if reinjection takes
place below tangency, or larger, allowing full visibility of the
preceding trend and part of the previous one, if reinjection
takes place above tangency.
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Nevertheless, in the following we will argue, and have
numerically checked, that Pp(k; ε) and P (�/3; ε) have, up
to first order, similar first and second moments, concretely.
(a) The mean degree of peak nodes is approximately equal
to 1/3 the mean value of the laminar phase size. This is
due to the fact that the degree of peak nodes statistically
self-averages over laminar phase sizes, as the variability in
reinjection is symmetrical with respect to tangency. And (b)
the second moment of Pp(k; ε) is associated with both the
second moment of P (�; ε) and the variance of the reinjection
distribution. However, the contribution of the latter is typically
much smaller than the former. Indeed, whereas fluctuations
in the reinjection position tend to decrease as ε decreases,
fluctuations in the size of laminar trends tend to increase as
ε decreases (this has been confirmed numerically). Therefore,
the leading contribution comes from the variability of laminar
sizes for small values of ε.

The aforementioned phenomenology lead us to formally
write down P (k; ε) as

P (k; ε) = fl(ε)Pl(k) + fb(ε)Pb(k) + fp(ε)Pp(k; ε), (2)

where fl(ε),fb(ε), and fp(ε) are the fractions of nodes in the
graph that correspond to laminar, chaotic, and peak regions,
respectively. In order to derive these fractions, we rely on three
restrictions, namely as follows.

(i) Normalization, which trivially implies fl(ε) + fb(ε) +
fp(ε) = 1.

(ii) Bounded degree. It has been proved [9,24,25] that
aperiodic series generate an HVg with constant mean degree
〈k〉 = 4, the upper bound value for HV graphs. This restriction
implies

fl(ε)
∑

k

kPl(k)+fb(ε)
∑

k

kPb(k) + fp(ε)
∑

k

kPp(k; ε) = 4.

(3)

Note that, in the latter expression, the first sum is trivially∑
k kPl(k) = 11/3, the second sum corresponds to the graph

associated with a chaotic series, and is directly
∑

k kPb(k) = 4
[24,25], while the third sum yields, due to the aforementioned
arguments,

∑
k kPp(k; ε) ≈ 〈�〉/3.

(iii) After each chaotic burst a peak node emerges and
anticipates the next laminar region, what implies fb = fp〈�b〉,
where 〈�b〉 is the mean size of a chaotic burst and has been
argued to be ε independent.

After a little algebra, (i), (ii), and (iii) along with the rest
of the arguments yield the prediction 〈�b〉 = 11, fb = 11fp,
fl = 1–12fp, and fp = 〈�〉−1.

In order to compare our phenomenological prediction with
the numerics, we recall that under rather general conditions
〈�〉 ≈ 0.2ε−0.5 [31], which indeed coincides with the scaling
plotted in the lower inset panel of Fig. 2. The predicted values
for the fractions are therefore fp = 5ε0.5, fb = 55ε0.5, and
fl = 1–60ε0.5. These can be compared with the results of
numerical simulations, shown in the upper inset panel of
Fig. 4, for which the best fit are fp ≈ 3.2ε0.5, fb ≈ 54ε0.5,
fl ≈ 1–57.2ε0.5, and additionally 〈�b〉 ≈ 15 (bottom inset
panel of Fig. 3), on fairly good agreement with our prediction.
To give a hint of the statistics available in our numerics,
note that for a time series of 107 data, the number of peak

events for the lowest value of ε explored, ε = 3 × 10−8, is
no. events = 107fp ≈ 5 × 103.

A. Variance σ 2
k = 〈k2〉 − 〈k〉2: Graph analog of 〈�〉

While there can be no equivalence between 〈�〉 and 〈k〉 in
the intermittent graphs as the latter is fixed to be 〈k〉 = 4 for
an aperiodic regime [19], a relationship may hold between 〈�〉
and higher moments of P (k; ε). Note that there is an increasing
dispersion of the values of k from its mean 〈k〉 in the degree
distributions of the graphs as ε → 0+, that we show below is
related to the distribution connectivity Pp(k; ε). If we measure
this dispersion by means of the variance of the total degree
distribution σ 2

k = 〈k2〉 − 〈k〉2 we recover numerically the ε−0.5

scaling, as shown in the bottom inset panel of Fig. 4.
This scaling is also a prediction of our phenomenological

theory:

σ 2
k = 〈k2〉 − 〈k〉2 = fl(ε)

∑

k

k2Pl(k) + fb(ε)
∑

k

k2Pb(k)

+ fp(ε)
∑

k

k2Pp(k; ε) − 〈k〉2. (4)

Proceeding as before, the first sum is
∑

k k2Pl(k) = 49/3 and
the second sum

∑
k k2Pb(k) is finite and ε independent. To

determine the third sum we recall that the variance of the
distributions Pp(k; ε) and P (�; ε) are equal up to first order in
ε−1 (the variance associated with the reinjection probability
is always a smaller quantity), yielding

∑
k k2Pp(k; ε) ∼∑

� �2P (�; ε) ∼ ε−1, where the higher-order terms take into
account the fluctuations associated to the reinjection variabil-
ity. Collecting these results we straightforwardly find

σ 2
k ∼ ε−0.5, (5)

for small values of ε. This is a main quantitative result linking
the key property of intermittent time series with its counterpart
in the corresponding HV graphs.

To round off, we here provide as an ansatz a concrete
expression for Pp(k; ε):

Pp(k; ε) ∼ k−α εα/2

|k − kp| + 1
, (6)

where kp = aε−0.5. This ansatz complies with all the proper-
ties obtained in our phenomenological theory (although note
that we do not need to use it to derive several observables
as the fraction of nodes or the variance σ 2

k ), and provide
a closed expression for the total degree distribution. This
closed expression allows us to calculate the concrete degree
distribution at tangency. This consists of an infinite-size
laminar phase and a “phantom” of kp with diverging degree
and vanishing probability of occurrence. Incidentally, note that
in this limit case we also recover 〈k〉 = ∑

kP (k; ε → 0) = 4,
as expected.

B. Scaling of Lyapunov exponent: Block entropies hn

In the previous section we have studied how the scaling of
〈l〉 was inherited in P (k) by kp and σ 2

k , but there exists another
well-known scaling relation in the type-I intermittency route
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FIG. 6. Log-log plot of the block entropies hn constructed from
degree distributions of n sequence of connectivities in the HV graphs
as a function of ε: n = 1 (squares), n = 2 (up triangles), n = 3
(down triangles), and n = 4 (right triangles). A scaling of the form
hn ∼ εα(n), reminiscent of the well-known scaling of the Lyapunov
exponent λ ∼ ε0.5 is found, albeit with a different, n-dependent
exponent α(n). (Inset panel) Log-log plot of the convergence of α(n)
to the exponent associated to the Lyapunov exponent, as a function
of n. A relation of the form [0.5 − α(n)] ∼ n−0.19 is found, whose
extrapolation suggests limn→∞ α(n) = 0.5.

involving the Lyapunov exponent

λ = lim
n→∞

1

n

n−1∑

i=0

ln |F ′(xi)| (7)

of the trajectories [5], which reads λ ∼ ε0.5 as ε → 0. We
recall here that the Pesin identity relates the positive Lyapunov
exponents of a chaotic dynamics with the Kolmogorov-Sinai
entropy of the system. In recent works [24,25,27], such a
relation has been investigated in the visibility graph frame-
work, through the definition of a graph-theoretical entropy, a
Shannon-like entropy over the degree distribution

h1 = −
∑

k

P (k) log P (k). (8)

In Fig. 6 we plot in log-log the values of h1 (solid squares) as a
function of the channel width ε. A power-law scaling is recov-
ered, albeit with a different scaling exponent α < 0.5. Notice,
however, that h1 is only a proxy of the Kolmogorov-Sinai
entropy and thus a comparison with the Lyapunov exponent
is only approximate. Interestingly, h1 is indeed the graph-
theoretical version of a size-1 block entropy over the degree
distribution. Since the Kolmogorov-Sinai entropy of a map can
be recovered as the asymptotic limit of block entropies [32,33]
s(n) = − 1

n

∑
x1,...,xn

p(x1, . . . ,xn) log p(x1, . . . ,xn), we take
advantage of this fact to define a set of graph-theoretical block
entropies,

hn = −1

n

∑

k1,...,kn

P (k1, . . . ,kn) log P (k1, . . . ,kn). (9)

The ε dependence of these block entropies is also plotted
in Fig. 6, for different block sizes n. We observe in every
case a power-law scaling hn ∼ ε−α(n). In the inset of the same
figure we show how the exponent α(n) converges with n to

the exponent found for the scaling of the Lyapunov exponent,
suggesting

lim
n→∞ hn = λ. (10)

We remark at this point that, whereas the entropy is a
magnitude defined in the graph, the Lyapunov exponent is only
defined in the system. Therefore, in rigor the Pesin identity
cannot be used here as the explanation for Eq. (10), as we are
mixing properties defined in two different contexts. However,
the strong numerical evidence in favor of a Pesin-like identity
between the map’s Lyapunov exponent and the graph’s block
entropy suggest that a graph analog of the Lyapunov exponent
may be defined in network space [27].

IV. GRAPH-THEORETICAL
RENORMALIZATION-GROUP ANALYSIS

Once the characteristic scalings of type-I intermittency have
been recovered in the topology of the asssociated graphs, let
us provide a wider picture of the phenomenon. The overall
properties of intermittency graphs can be framed in the context
of a renormalization-group (RG) transformation by following
the procedure of previous studies [24–26]. We define an RG
transformation R on an HV graph G as the coarse graining of
every couple of adjacent nodes, where at least one of them has
degree k = 2, into a block node that inherits the links of the
previous two nodes. Iterating R we can trace the RG flows of
intermittent graphs G(ε). Results include the following.

(i) When ε < 0 (μ � μc) trajectories are periodic and every
HV graph trivially renormalizes towards the so-called chain
graph G0, an infinite chain with k = 2 for all nodes [24,25]. G0

is invariant under renormalization R{G0} = G0, and indeed
constitutes a trivial (attractive) fixed point of the RG flow,
R(n){G(ε < 0)} = G0.

(ii) When ε > 0 (μ � μc) repeated RG transformations
eliminate progressively the links in the graph associated with
correlations in the time series, leading ultimately to the HV
graph that corresponds to a random time series. The links that
stem from temporal correlated data connect primarily laminar
nodes, whereas the links between either burst or peak nodes
originate from uncorrelated segments of the time series. If
the laminar episodes are eliminated from the time series, the
burst and reinjection data values form a new time series that
upon renormalization leads to the random time series. We
have limn→∞ R(n){G(ε > 0)} = Grand, where Grand is the HVg
associated with a random uncorrelated process with known
graph properties [25]. This constitutes the second (attractive)
fixed point of the RG flow.

(iii) At ε = 0 (μ = μc) the HV graph generated by
trajectories at tangency converges after only two steps of the
RG transformation to a nontrivial fixed point R2{G(ε = 0)} =
Gc = R{Gc} and remains invariant under R afterwards. This
feature can be demonstrated by explicit application of R upon
G(ε = 0) (see Fig. 7 for a graphical illustration of this process).
The fixed-point graph Gc is the HVg of a monotonically
decreasing time series bounded at infinity by a large value; Gc

is unstable under perturbations in ε and it is thus technically
a saddle point of the RG flow, attractive along the critical
manifold [spanned by G(ε = 0) and its replicas within other
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FIG. 7. (Color online) Illustration of the renormalization operator
R applied on the HV graph at ε = 0. This graph renormalizes, after
two iterations of R, into an HV graph Gc which is itself (i) invariant
under R, and (ii) unstable under perturbations in ε, thus constituting
a nontrivial (saddle) fixed point of the graph-theoretical RG flow.

periodic windows of period T ]. The RG flow diagram is shown
in Fig. 8.

From visual inspection of Fig. 7 the degree distribution for
G(ε = 0) is by construction

P (k; 0) = lim
N→∞

⎧
⎪⎨

⎪⎩

N/3
N

if k = 2,3,

(N/3)−1
N

if k = 6,
1
N

if k = N/3,

(11)

and zero otherwise, where N is the number of nodes. Note
that this expression coincides with the one predicted from
our phenomenological theory when ε → 0. Its first moment is
〈k〉 = 4, while its second moment 〈k2〉 diverges, as expected
from the previous result σ 2

k ∼ ε−0.5. By construction the
degree distribution of Gc is

PGc
(k) = lim

N→∞

⎧
⎪⎨

⎪⎩

N−2
N

if k = 3,

1
N

if k = 2,
1
N

if k = N − 1,

(12)

and zero otherwise. The mean degree is again 〈k〉 = 4 and its
second moment also diverges.

FIG. 8. Graph-theoretical RG flow of intermittent graphs. Graphs
renormalize to G0 for ε < 0 and to Grand for ε > 0, the trivial
(attractive) fixed points of the flow. The graph obtained at ε = 0
renormalizes into Gc, which is invariant under the RG transformation
and unstable under perturbations in ε, constituting the nontrivial
graph-theoretical fixed point of the dynamics, whose degree distribu-
tion coincides with Eq. (12) for ε = 0.

Let us return now, within our RG treatment, to the concept of
graph-theoretical entropies hn. We first look at the dependence
of hn on ε. This is shown when ε > 0 in Fig. 6 in logarithmic
scales and we observe that these functions are power laws that
reach in every case a minimum at tangency. For concreteness
we focus on h1, for which h1(ε = 0) = log 3. This minimum
value of h1 is retained for all ε < 0 (but with |ε| below the
period-doubling bifurcations that take place within the window
of period 3). Hence entropy reaches a global minimum for the
HV graph at tangency ε = 0. Next we enquire about the effect
of the RG transformations on h1. The entropy at the nontrivial
fixed point vanishes, as h1[PGc

(k)] → 0 when N → ∞, that is,
the RG reduces h1 when ε = 0. Also, the RG transformations
increase h1 when ε > 0 (as h1[PGrand (k)] = log(27/4) [24,25])
and reduce it when ε < 0 (since h1[PG0 (k)] = 0 [24,25]).
When ε > 0 the renormalization process of removal at each
stage of all nodes with k = 2 eliminates node-node correlations
(temporal correlations of the intermittent dynamics) and leads
to a limiting renormalized system that consists only of a
collection of uncorrelated variables, generating an irreversible
flow along which the entropy grows. On the other hand,
when ε < 0 renormalization increments the fraction of nodes
with degree k = 2 at each stage driving the graph structure
towards the simple chain G0 and thus decreases its entropy
to its minimum value. Thus we observe the familiar picture
of the RG treatment of a model phase transition, two trivial
fixed points that represent disordered and ordered, or high-
and low-temperature, phases, and a nontrivial fixed point
with scale-invariant properties that represents the critical
point. There is only one relevant variable, ε = μc − μ, that
is necessary to vanish to enable the RG transformation to
access the nontrivial fixed point. The property that is seldom
observed [34] is that an entropy functional, in the present
case h1[P (k; ε)], varies monotonously along the RG flows and
is extremal at the fixed points. A salient feature of the HV
studies of the routes to chaos in low-dimensional nonlinear
iterated maps, period doubling [24,25], quasiperiodicity [26],
and intermittency as presented here, is the demonstration that
the entropy functional h1[P (k)] behaves as mentioned and
attains extremal (maxima, minima, or saddle-point) values at
the RG fixed points.

V. SUMMARY

We have demonstrated the capability of the HV algorithm
for transforming into network language the properties of the
route to chaos via intermittency of type I as it occurs in
unimodal one-dimensional iterated maps. The outcome is a
type of network architecture composed by nodes of three types
with characteristic connectivities and that are the building
blocks with which intermittency is expressed recursively via
concatenation in network space. These node types arise from
the laminar trends, the chaotic bursts, and the interfacial
positions related to reinjection into the channel. Their relative
numbers as a function of the channel width ε and their
contributions to the degree distribution P (k) were determined
from a phenomenological theory, with accurate results in
agreement with numerical simulations. We have shown that the
characteristic ingredients of type-I intermittency are inherited
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by the graph as functionals of the latter degree distribution,
namely (i) the graph analog of the laminar phase mean length,
which evidences the well-known scaling 〈�〉 ∼ ε−0.5, was
identified to be the variance of the total degree distribution,
and (ii) the Shannon block entropy over the degree distribution
appears as the graph analog of the Lyapunov exponent λ, as the
characteristic scaling λ ∼ ε−0.5 is asymptotically recovered
in network space through graph-theoretical block entropies
hn. We note at this point that Pesin identity suggests that a
graph-theoretical analog to the Lyapunov exponents could be
defined in the network context [27]. We also would like to
highlight that while we have focused, for definiteness, in the
logistic map close to the periodic window of period 3, results
can be trivially extended to the intermittent dynamics close to
any given periodic window or any chaotic map undergoing an
inverse tangent bifurcation.

Significantly, the HV formalism leads to analytical ex-
pressions for the degree distribution near and at tangency.
The scaling properties of the intermittent networks can be
determined in terms of the same RG transformation employed
with success on the HV graphs obtained for the period
doubling and quasiperiodicity routes to chaos [24–26]. The
graph-theoretical RG fixed points capture the features of
the dynamics above, below, and at the tangent bifurcation.
Finally, the optimization of a graph entropy introduced via
the degree distribution reproduces the RG flows and fixed
points.

In conclusion, the transition to chaos via type-I inter-
mittency, as exemplified in unimodal maps near and at an
inverse tangent bifurcation, has been fully described within the
horizontal visibility theory. This technique may be extended
to the study of other types of intermittency and may be useful
for the analysis and interpretation of time series with sporadic
features of diverse origin.
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APPENDIX

Some properties of HV graphs which are relevant to the
characteristics of intermittent series include the following.

(i) Drift. Let {xi}i=1,2,... be a monotonically increasing-
decreasing series and define its drift as {di}i=1,2,... ≡ {xi+1 −
xi}i=1,2,.... Every node i of its HVg is connected only to
the previous node i − 1 and to the following node i + 1, as
it is always true that xi+1 � xi � xi−1 or xi+1 � xi � xi−1.
Therefore, every node has connectivity k = 2 and the degree
distribution is P (k = 2) = 1.

(ii) Periodicity. Let {xi}i=1,2,... be a periodic series of period
T so that xi+T = xi . Let xmax be max{xk}k=i,...,i+T . Its HVg
consists of a repeated periodic motif of T nodes from node
imax corresponding to xmax to node imax + T corresponding to
xmax+T = xmax [19].

(iii) Periodicity with drift. Let {xd
i }i=1,2,... be a drifted

periodic series with drifted period T so that xd
i+T = xd

i + di .
If the series satisfies | xd

i+1 − xd
i |>| di − di+1 | for all i, the

HV graphs associated to {xd
i } and to {xi} in (ii) are identical.

(iv) Chaoticity. Let {xi}i=1,2,... be a chaotic series. The
degree distribution of its HVg has an exponential tail P (k) ∼
exp(−λk) with λ � ln(3/2); the specific value of λ depends on
the chaotic process from which the series has been extracted
from [18].

Also note that the initial period-3 cycle behaves as x2 =
μcx1(1 − x1), x3 = μcx2(1 − x2), x1 = μcx3(1 − x3), and in
the chaotic vicinity of this orbit we have

xd
2 = (μc − ε)x1(1 − x1) = μcx1(1 − x1) − ε[x1(1 − x1)]

= x2 − εμ−1
c x2, (A1)

xd
3 = (μc − ε)x2

(
1 − εμ−1

c

)[
1 − x2

(
1 − εμ−1

c

)]

≈ x3 − εμ−1
c

(
2x3 − μcx

2
2

)
, (A2)

xd
1 ≈ x1 − εμ−1

c

(
x1 − 4μcx

2
3 + 2μcx3 + 2μ2

cx3x
2
2 − μ2

cx
2
2

)
,

(A3)

that can be seen to be a perturbed periodic orbit. If we consider
the series {xd

i }i=1,2,... to be periodic with a drift, xd
i+T =xd

i + di ,
then according to condition (iii) above the periodic HVg
remains invariant for pseudoperiodic orbits {xd

i }i=1,2,....
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J. Bif. Chaos 22, 1250160 (2012).
[29] C. M. Kim, O. J. Kwon, E. K. Lee, and H. Lee, Phys. Rev. Lett.

73, 525 (1994).

[30] For controlled reinjections, this scaling is of the form 〈�〉 ∼
ε−1/2 for uniformly distributed reinjection probabilities below
tangency, whereas the scaling breaks down in favor of a
logarithmic dependence if such reinjection occurs within a
small neighborhood of the tangency region. If the reinjection
probability is δ distributed, the exponent of the dynamics is found
again and rather generally to be 1/2 if the distribution is located
below and sufficiently far from tangency, whereas an ε−1/4

scaling is found if the reinjection is deterministically performed
at tangency. Finally, reinjections above tangency generate trivial
ε0 scaling [29]. On the other hand, natural reinjection, such as in
the case of the logistic map close to any window of periodicity,
occurs due to the presence of homoclinic orbits that take
trajectories that leave the channel to place them arbitrarily close
to the entrance of it at later, unpredictable, times. In this case
the reinjection probability p0(y) is not controlled by hand and
the resulting distribution of laminar sizes is asymmetrically U
shaped [33]. However, noncontrolled reinjection usually yields
again the ε−0.5 scaling for the mean length of laminar phases.

[31] It is well known [1,33] that P (�; ε) = εp0(y)(1 + tan2[π/2 −√
εa�]) [33], where p0(y) is the reinjection probability dis-

tribution and a = 1
2

d2F (3)(x)
dx2 |x∗,μc

dF (3)(x)
dμ

|x∗,μc
= 68.5, such that

〈�〉 = πε−0.5

2
√

a
for small values of ε.

[32] A. E. Hramov, A. A. Koronovskii, M. K. Kurovskaya, A. A.
Ovchinikov, and S. Bocaletti, Phys. Rev. E 76, 026206 (2007).

[33] K. Karamanos and G. Nicolis, Chaos Solitons Fractals 10, 7
(1999).

[34] A. Robledo, Phys. Rev. Lett. 83, 2289 (1999).

052801-9

http://dx.doi.org/10.1088/1367-2630/12/3/033025
http://dx.doi.org/10.1140/epjb/e2011-10899-1
http://dx.doi.org/10.1371/journal.pone.0023378
http://dx.doi.org/10.1103/PhysRevE.82.036120
http://dx.doi.org/10.1140/epjb/e2012-20809-8
http://dx.doi.org/10.1209/0295-5075/86/30001
http://dx.doi.org/10.1209/0295-5075/86/30001
http://dx.doi.org/10.1029/2009GL039129
http://dx.doi.org/10.1029/2009GL039129
http://dx.doi.org/10.1209/0295-5075/97/50002
http://dx.doi.org/10.2478/s11600-012-0032-x
http://dx.doi.org/10.2478/s11600-012-0032-x
http://dx.doi.org/10.1371/journal.pone.0022411
http://dx.doi.org/10.1371/journal.pone.0022411
http://dx.doi.org/10.1063/1.3676686
http://dx.doi.org/10.1063/1.3676686
http://dx.doi.org/10.1007/s00332-012-9153-2
http://dx.doi.org/10.1007/s00332-012-9153-2
http://dx.doi.org/10.1016/j.physleta.2012.10.050
http://dx.doi.org/10.1016/j.physleta.2012.10.050
http://dx.doi.org/10.1142/S021812741250160X
http://dx.doi.org/10.1142/S021812741250160X
http://dx.doi.org/10.1103/PhysRevLett.73.525
http://dx.doi.org/10.1103/PhysRevLett.73.525
http://dx.doi.org/10.1103/PhysRevE.76.026206
http://dx.doi.org/10.1016/S0960-0779(98)00095-2
http://dx.doi.org/10.1016/S0960-0779(98)00095-2
http://dx.doi.org/10.1103/PhysRevLett.83.2289




Journal of Physics A: Mathematical and Theoretical

J. Phys. A: Math. Theor. 47 (2014) 035102 (14pp) doi:10.1088/1751-8113/47/3/035102

Horizontal Visibility graphs generated by
type-II intermittency
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Abstract
In this contribution we study the onset of chaos via type-II intermittency
within the framework of Horizontal Visibility graph theory. We construct
graphs associated to time series generated by an iterated map close to a
Neimark–Sacker bifurcation and study, both numerically and analytically,
their main topological properties. We find well defined equivalences between
the main statistical properties of intermittent series (scaling of laminar
trends and Lyapunov exponent) and those of the resulting graphs, and
accordingly construct a graph-theoretical description of type-II intermittency.
We finally recast this theory into a graph-theoretical renormalization group
(RG) framework, and show that the fixed point structure of RG flow diagram
separates regular, critical and chaotic dynamics.

Keywords: intermittency, mapping, graphs
PACS numbers: 05.45.Ac, 05.45.Tp, 89.75.Hc

1. Introduction

Some relatively recent strategies in nonlinear analysis techniques are based on the mapping of
time series into graphs according to different algorithms and criteria (see for instance [1–6])
and on the subsequent study of the associated graphs. Topological features of the associated
graphs are then related to dynamical aspects of the systems that generated the series and these
methods are used for feature classification based analysis of complex signals.

Amongst them, the so called Horizontal Visibility Algorithm (HVA) [1, 7] can be
distinguished from others by being capable of distilling time series, condensing classes of
them into a single graph whose structural properties represent the basic common dynamical
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properties of the series. The method uncovers structural features and forms sets of time series
with the same feature by their representative HV graph (HVg) ensemble, excluding from the
ensemble those that lack that feature. The kernel dynamics in each case is well captured by
the associated graphs, such that when the HV method is applied to a time series of unknown
source, inspection of the resulting graph provides basic information about its underlying
dynamics. Some relevant applications of this approach include the discrimination of reversible
from irreversible dynamics [8], the characterization of chaotic and stochastic signals [7, 9] or,
in general, applications to series classification problems where the HV is used as the feature
extraction method (see [10] for a recent review). However, from a theoretic point of view, the
method is still in its infancy and graph-theoretical descriptions of nontrivial dynamics are in
general open problems. This is specially important within this methodology, which has been
proved to be simple enough to be addressed analytically instead of being yet another (black
box) classification method, while at the same time being accurate and powerful for series
classification.

In the context of low-dimensional chaos, two of the canonical routes to chaos (Feigenbaum
scenario and quasiperiodic route) have been studied from this perspective and complete sets
of graphs that encode the dynamics of their corresponding classes of iterated maps have been
introduced and characterized [11, 12]. The third canonical route to chaos is the so called
Pomeau–Manneville or intermittency route [13]. Under the generic term intermittency several
dynamical behaviours with a common feature can be considered. The common feature is the
alternation of (pseudoperiodic) laminar episodes with sporadic break-ups or bursts between
them called intermissions. Intermittent behaviour can indeed be observed experimentally
in many situations such as Belousov–Zhabotinski chemical reactions, Rayleigh–Benard
instabilities, or turbulence [13–16] and has been deeply studied in the context of nonlinear
sciences. As a result of this, a characterization of the onset mechanisms and main statistical
properties of intermittency have been described and typified: from the classification of types
I–III intermittency by Pomeau and Manneville [17] to other more recent types such as on–off
intermittency [18] or ring intermittency [19].

The theoretical description of type-I intermittency from a HV perspective has been
advanced recently [20]. In the present contribution we extend the HV description to type-II
intermittency and present the structural, scaling and entropic properties of the graphs obtained
when the HV formalism is applied to the type-II intermittency case, further advancing the HV
theory. We recall here that type-II as described by Pomeau and Manneville in their seminar
paper [17] is not only of theoretical interest, but indeed constitutes a physical mechanism
which has been experimentally identified, for example, in coupled nonlinear oscillators [21]
or hydrodynamic systems [22].

In the following we first recall in section 2 the key aspects of type-II intermittency. In
section 3 we outline the basic methodology defined as the HVA and apply it to the study of
trajectories generated by iterated maps close to a Neimark–Sacker bifurcation, where type-II
intermittency takes place. An heuristic derivation of an analytical expression for the degree
distribution P(k; ε) of this kind of graphs is performed. This graph measure encodes the key
scaling property of type-II intermittency: the mean length 〈�〉 of the laminar episodes with
ε manifests in network realm as a comparable scaling with the same variable of the second
moment 〈k2〉 of the degree distribution P(k, ε). In turn, the scaling of Lyapunov exponent
λ(ε) is recovered in network space, via Pesin-like identity, from Shannon block entropies
hn over P(k1, k2, . . . , kn; ε), whose block-1 entropy h1 is only a first order approximation.
In section 4 we recast the family of HVgs generated by intermittent series into a graph-
theoretical renormalization group (RG) framework and determine the RG flows close to and at
the bifurcation point. As in other transition-to-chaos scenarios [11, 12, 20], we find two trivial
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fixed points of the RG flow (akin to the high and low temperature fixed points in thermal phase
transitions) which are the attractors of regular and chaotic dynamics respectively, together
with a nontrivial fixed point associated to critical (null Lyapunov exponent) dynamics.

2. Type-II intermittency: definition and basic statistical properties

For definiteness we chose the case of type-II intermittency [13] as it develops for nonlinear
iterated maps in the vicinity of a Neimark–Sacker bifurcation. As a canonical example of a
discrete system exhibiting this type of dynamics let us consider the iterated complex map:

zt+1 = αzt + μ|zt |2zt (1)

with α = (1 + ε)eϕi and μ ∈ R. If we rewrite the variable z in its polar form z = xeθ i, we can
decompose the dynamics of the system in a rotation of its argument θ and a nonlinear dynamics
in its modulus x. We focus on the dynamics of the modulus x, which is where intermittency
appears:

xt+1 = (1 + ε)xt + x3
t = F(xt ) (2)

with a choice of μ = 1 for simplicity.
This one-dimensional iterated map has an unstable fixed point in x = 0 for 1 ≫ ε > 0.

If no additional constraints were imposed the map would diverge for initial conditions larger
than zero, however, we can bound the phase space by introducing a modular congruence in
the definition of this map

xt+1 = (1 + ε)xt + x3
t mod 1. (3)

The trajectories of this map are monotonically increasing functions up to a certain value
0 < xr < 1 that fulfils 1 = (1 + ε)xr + x3

r . Then, the modular congruency reinjects it
somewhere in the vicinity of the unstable fixed point x∗ = 0, where they remain for a certain
time (a certain number of iterations) t until they escape, go beyond xr and are reinjected
once again (see figure 1 for a graphical illustration). Reinjections close to the unstable fixed
point take long journeys to depart from its neighbourhood, and are experimentally seen as
pseudoperiodic (laminar) phases. Chaotic bursts are actually concatenation of short trends
generated out from reinjections far from the unstable fixed point (see in figure 1 the alternation
between long laminar phases and chaotic bursts, governed by the location of the reinjection
value).

Note that there is also a second value xr < x2r < 1 very close to 1 that fulfils
2 = (1+ε)x2r +x3

2r from which the trajectories are also reinjected in the vicinity of x = 0+. As
a numeric guide, for ε = 10−3 xr = 0.68204 . . . and x2r = 0.99975 . . .. This map densely fill
the phase space [0,1] and evidence sensitivity to initial conditions for ε > 0, regular dynamics
for ε < 0 [13] and criticality at ε = 0. ε actually determines the distance of the system to the
bifurcation.

A paradigmatic feature of type-II intermittency is the scaling of the mean length of the
laminar trends 〈�〉 ∼ ε−1. This scaling is suggested by assuming the laminar trends to start at
a x0 ≪ 1 close enough to the fixed point of our map (x∗ = 0), such that

x1 = (1 + ε)x0 + x3
0 ≈ (1 + ε)x0, x0 ≪ 1. (4)

This lead us by recurrence to

x� ≈ (1 + ε)�x0 = [1 + ε� + O(ε2)]x0 ≈ (1 + ε�)x0 (5)
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Figure 1. A sample trajectory of the map defined in equation (3), with ε = 10−3.
In type-II intermittency, trajectories monotonously increase until reinjection takes
place. Reinjections close to the unstable fixed point take long journeys to depart from
its neighbourhood, and are experimentally seen as pseudoperiodic (laminar) phases.
Chaotic bursts are actually concatenation of short laminar trends generated out from
reinjections far from the unstable fixed point.

with x� the value at which we can consider the laminar trend is over. From the former expression
we get

� ≈ 1

ε

(
x�

x0
− 1

)

(6)

and averaging � for different initial values x0i of the trend, we get

〈�〉 ≈ lim
n→∞

1

n

n∑

i=1

1

ε

(
x�

x0i

− 1

)

= (〈
x−1

0

〉
x� − 1

)
ε−1,

〈
x−1

0

〉 = lim
n→∞

1

n

n∑

i=1

1

x0i

. (7)

However, note that the definition of a laminar trend is somewhat ad hoc, as we shall define what
we consider to be such a phase, that is, when do we consider that the trajectory has escaped
laminarity. Accordingly, the mean length of laminar trends 〈�〉 is not a variable that directly
contains information particularly relevant from the point of view of the graph-theoretical
description as we shall later see. A more objective measure is the time t between reinjections
(or its mean value 〈t〉). An expression for this variable t as a function of the initial value x0

can be found by taking the continuous limit and traducing our map to a flow:

xt+1 − xt ≈ dx

dt
= x(ε + x2) ⇒

∫ xr

x0

dx

x(ε + x2)
=

∫ t

t0

dt. (8)

Assuming a relatively small initial time (t − t0 ≈ t) this integration is straightforward and lead
us to the following expression:

t(x0, ε) = 1

ε
log

xr

√

ε + x2
0

x0

√
ε + x2

r

(9)

where x0 is the initial or so called reinjection value (see figure 2). If, on this expression, we
make the substitution xr = x� � 1 we can recover by approximation the expression found in
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Figure 2. Reinjection time t(x0) for the map defined in equation (3), with ε = 10−3 (see
figure 1). Red curve stands for the theoretical expression deduced in equation (9). Black
circles are direct numerical measures in a trajectory of length T = 107.

equation (6). A probability density function g(t) can now be deduced for the reinjection time
t from the corresponding pdf f (x0) of the reinjection values x0, since we know that

g(t) dt = f (x0) dx0 ⇒ g(t) = f [x0(t)]

∣
∣
∣
∣
dx0(t)

dt

∣
∣
∣
∣ . (10)

From equation (9) we have that

x0(t, ε) = ε1/2

√
ae2εt − 1

, a = ε + x2
r

x2
r

. (11)

In absence of a more detailed description, we may assume in a first approximation that f (x0)

is reasonably uniformly distributed in the interval [0,1] which takes the role of the phase space
of our system (x0 → U[0, 1] ⇒ f (x0) = 1). This yields the following density:

g(t) = f [x0(t)]

∣
∣
∣
∣
dx0(t)

dt

∣
∣
∣
∣ = aε3/2 e2εt

(ae2εt − 1)3/2
≈

⎧
⎪⎪⎨

⎪⎪⎩

a
√

ε

2
t−1, tm  t

ε3/2

√
a

e−εt, tm � t,
(12)

where tm is a characteristic time scale for which we can consider that the function behaves
as a power law for short times t (tm  t) and exponentially for long times t (tm � t). If we
calculate the mean value 〈t〉 with this approach for short and long times, we obtain

〈t〉 =
∫ ∞

t0

tg(t) dt ≈ a
√

ε

2

∫ tm

t0

dt +
∫ ∞

tm

ε3/2

√
a

te−εt dt

= atm
2

ε1/2 + tme−εtm

√
a

ε1/2 + e−εtm − 1√
a

ε−1/2 ∼ ε−1/2, (13)

which exhibits a scaling with ε that however quantitatively differs from the one found for �

(again, tm − t0 ≈ tm). We can recover the scaling for � with this approach just by assuming
that, in order a trend to be considered as laminar, the reinjected value has to be in the vicinity
of the fixed point: x0 ∈ (0, b], b ∼ √

ε or otherwise, f (x0) must be a reasonably uniform
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Figure 3. Log–log plot of the probability density function of times to reinjection
g(t; ε = 10−3) for the map defined in equation (3). Red curve stands for the theoretical
approximation. Black dots are extracted from the simulation of a trajectory of length
L = 107.

pdf: x0 → U[0,
√

ε] ⇒ f (x0) = 1/
√

ε, The pdf, g(�), that we obtain in this case is slightly
different:

g(�) = f [x0(�)]

∣
∣
∣
∣
dx0(�)

d�

∣
∣
∣
∣ = 2ε

e2ε�

(2e2ε� − 1)3/2
≈

⎧
⎨

⎩

�−3/2, �m  �
ε√
2

e−ε�, �m � �.
(14)

This new pdf predicts a scaling for the mean length of the laminar trend of the form:

〈�〉 =
∫ ∞

�0

�g(�) d� ≈
∫ �m

�0

�−1/2d� +
∫ ∞

�m

ε√
2
�e−ε�d�

= 2
√

�m + �me−ε�m

√
2

ε + e−ε�m − 1√
2

ε−1 ∼ ε−1. (15)

where �m − �0 ≈ �m. A comparison of these expressions with the results of numerical
simulations is shown in figure 3. Note that, if we expand our interval of initial conditions in
the reinjection to the whole phase space [0, 1], we recover t (limb→1 � = t).

3. Transformation of intermittent time series into Horizontal Visibility graphs

The HVA [7] assigns each datum xt of a time series {xt}t=1,2,... to a node nt in its associated
HVg, where nt and nt ′ are two connected nodes if xt, xt ′ > xτ for all τ such that t < τ < t ′. The
resulting are outerplanar graphs connected through a Hamiltonian path [24] whose structural
properties capture the statistics enclosed in the associated series [10]. A relevant measure is
the degree distribution P(k), that accounts for the probability of a randomly chosen node to
have degree k, which has been showed to encode key dynamical properties such as fractality,
chaoticity or reversibility to cite some [10].

For illustrative purposes, in figure 4 we represent a sketch of a type-II intermittent series
along with its associated HVg. At odds with the phenomenology of type-I intermittency, whose
mapping consisted of several repetitions of a T -node motif (periodic backbone of period T

6
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Figure 4. Sketch of an intermittent trajectory along with its associated HV graph. Nodes
‘before reinjection’ correspond to values in the trajectory which have ‘visibility’ over
the values until the next reinjection. Nodes just after reinjection correspond to values in
the trajectory which are bounded by two higher values.

associated to the ghost of the periodic series) linked to the first node of the following laminar
trend and interwoven with the chaotically connected nodes associated to the chaotic bursts
between laminar trends [20], the case of type-II lacks any periodic backbone or chaotic burst,
and consists of nodes associated to reinjections and nodes linked to the last node of the previous
reinjection. That is, the method naturally distinguishes reinjections from each other and do not
include the (nonetheless ambiguous) distinction between laminarity and burstiness.

Accordingly, we can classify nodes in three different categories (see figure 4):

(a) nodes located just before a reinjection nr−, whose degree distribution will be later
discussed in detail,

(b) nodes located just after a reinjection nr+, with a trivial degree distribution (Pr+ (k = 2) = 1)
and

(c) the rest of the nodes nt , whose degree distribution is also trivial (Pt (k = 3) = 1).

Based on these observations, in what follows we derive some topological properties of
these graphs and will show that they indeed incorporate the main statistical properties of
type-II intermittency.

3.1. Degree distribution P(k )

Consider the degree distribution P(k), that describes the probability that a randomly chosen
node of a graph has k links (degree k). The previous features allow us to decompose the

7
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Figure 5. (Circles) Log–log plot of the degree distribution P(k) of the Horizontal
Visibility graph (HVg) mapped from a trajectory generated by equation (3) for ε = 10−3.
(Red curve) theoretical expression for the same distribution as presented in equation
(16).

degree distribution of type-II intermittency graphs as a weighted sum of the aforementioned
contributions:

P(k) = frPr− (k) + frPr+ (k) + (1 − 2 fr)Pt (k), (16)

where fr is the reinjection fraction

fr = lim
τ→∞

nr

τ
, (17)

and nr is the number of reinjections that have occurred up to time τ .
On the other hand, the degree of the nodes before a reinjection can be decomposed

in two different contributions k = t + k′. The first term t consists on the visibility the
node has over the following laminar trend up to the next reinjection and it is distributed
like Pt

r− (t) ≈ g(t). The second term k′ = k − t comes from the visibility the node has
over the rest of the reinjections and its distribution can be supposed to be the characteristic
exponential distribution found in HVgs that come from stochastic/chaotic processes like a
reinjection: Pr

r− (k) = δ(k − k′)e−λk, k′ ∈ Z
+ − {1} [9]. We have one further consideration: by

construction, the degree of these nodes has an additional restriction: kr− � 4. As an approach,
we can assume k  k′ or, equivalently, k ≈ t. Therefore, the degree distribution for these
nodes turns out to be

Pr− (k) ≈
∫ k

0
Pt

r− (t)Pr
r− (k − t) dt = g(t), k = t. (18)

In figure 5 we plot in log–log the approximate theoretical expression for the degree distribution
P(k, ε), for a concrete value of ε = 10−3, along with the numerics.

3.2. Variance σ 2
k = 〈k2〉 − 〈k〉2

In this section we are going to verify our previous hypothesis Pr− (k) ≈ g(t) by deducing
an expression for the mean value of the degree distribution 〈k〉, and we are going to analyse

8
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how the second order moment of the distribution σ 2
k inherits the scaling of 〈�〉. Let us start

with the mean degree 〈k〉. Recall that HVgs associated to generic aperiodic series tend, as
size increases, to a constant mean degree 〈k〉 = 4 [23] and that HVgs are, by construction,
connected graphs where node i has degree k � 2 ∀i (they have a Hamiltonian path). Then,

〈k〉 =
∞∑

k=2

kP(k) = (1 − 2 fr) · 3 + fr · 2 + fr

∞∑

k=4

kPr− (k) = 4 ⇒
∞∑

k=4

kPr− (k)

= 4 + f −1
r = 〈kr−〉. (19)

This expression tell us that the mean value of the connectivity of the nodes before reinjetion
〈kr−〉 behaves as the inverse of the reinjection fraction f −1

r . Moreover, we can express the
reinjection fraction as

fr = 1 − lim
τ→∞

nr · 〈t〉
τ

= 1 − fr · 〈t〉 ⇒ f −1
r = 〈t〉 + 1 ⇒ 〈kr−〉 = 〈t〉 + 5 (20)

for which we have assumed that the number of nodes between reinjections is quite the same as
the number of reinjections multiplied by the mean value of the reinjection time (Nt = nr · 〈t〉),
which gives a compact expression 〈t〉 = 〈kr−〉 − 5 ∼ ε−1/2 that indicates the behaviour of
Pr− (k) and g(t) coincides up to first order, and that fr goes to zero as ε1/2.

If we now move to the second order moment, we get

σ 2
k = 〈k2〉 − 〈k〉2 =

∞∑

k=2

k2P(k) − 16 = fr

∞∑

k=4

k2Pr− (k) + 7(1 − 2 fr), (21)

and following our hypothesis we can approximate
∞∑

k=4

k2Pr− (k) ≈
∫ ∞

t0

t2g(t) dt ≈ a
√

ε

2

∫ tm

t0

tdt +
∫ ∞

tm

ε3/2

√
a

t2e−εtdt

= at2
m

2
ε1/2 + 2√

a
ε−3/2 ∼ ε−3/2,

where the last formula requires small values of ε and tm − t0 ≈ tm. As fr ∼ ε1/2 for small
values of ε, in this low limit we have a leading order of

σ 2
k ∼ ε−1 (22)

which reproduces the expected scaling (see figure 6 for a comparison with numerics). We
conclude that the scaling of the mean length of laminar phases with ε is inherited in network
space by a similar scaling in the variance of the degree distribution.

3.3. Scaling of Lyapunov exponent: block entropies hn

The second paradigmatic feature of type-II intermittency is the scaling of the Lyapunov
exponent λ (which for a map xt+1 = F(xt ) reads λ = limt→∞ 1

t

∑t−1
i=0 ln |F ′(xi)|) with respect

to the distance to criticality λ(ε) ∼ ε1/2 [13]. Note that Lyapunov exponents characterize a
purely dynamical feature and, although some graph-theoretical extensions of these exponents
have been recently advanced [25], it is not evident at all how to cast this dynamical behaviour
into a graph-theoretical realm. However, note that Pesin identity relates positive Lyapunov
exponents of chaotic trajectories with Kolmogorov–Sinai rate entropy in dynamical systems.
Based on this identity, a relation between Lyapunov exponents of maps and Shannon-like
entropies over the degree distribution of the associated visibility graphs has been proposed
[11, 20, 23, 25]. The block-1 graph theoretical entropy h1 [20] is defined as

h1 = −
∞∑

k=2

P(k) log P(k),

9
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Figure 6. Log–log plot of 〈t〉 (circles) and 〈�〉 (squares) as a function of ε, numerically
calculated from time series of 107 data. Diamonds correspond to the variance of the
degree distribution of the associated HV graph (numerical results). In each case, solid
lines are the predicted analytical scaling 〈t〉 ∼ ε−1/2 (equation (13)), 〈�〉 ∼ ε−1 (equation
(15)) and 〈k2〉 − 〈k〉2 ∼ ε−1 (equation (22)), in good agreement with the numerics.

and block-n entropies take into account higher order statistics of blocks P(k1, k2, . . . , kn), the
probability of a sequence of n nodes (nt, nt+1, . . . , nt+n−1) with connectivities (k1, k2, . . . , kn).

An approximate leading order calculation for h1 can be performed assuming Pr− (k) ≈ g(t)
and recalling that the rest of the terms in P(k) only contribute for k = 2, 3. h1 reduces to a
linear combination

− h1 = fr log fr + (1 − 2 fr) log (1 − 2 fr) +
∞∑

k=4

frPr− (k) log [ frPr− (k)]

≈ fr log fr + (1 − 2 fr) log (1 − 2 fr) +
∫ ∞

t0

frg(t) log [ frg(t)] dt

= 2 fr log fr + (1 − 2 fr) log (1 − 2 fr) + fr

∫ ∞

t0

g(t) log [g(t)] dt. (23)

In order to derive the leading order of h1 in ε, we recall that fr ∼ ε1/2 for small values of ε.
Let us pay attention to the last integral, which can be evaluated by a time scale separation for
short (tm  t) and long times (tm � t) as in (12):
∫ ∞

t0

g(t) log g(t) dt ≈
∫ tm

t0

a
√

ε

2
t−1 log

a
√

ε

2
t−1dt +

∫ ∞

tm

ε3/2

√
a

e−εt log
ε3/2

√
a

e−εtdt (24)

= a
√

ε

2
log

a
√

ε

2

∫ tm

1

1

t
dt − a

√
ε

2

∫ tm

1

log t

t
dt + ε3/2

√
a

log
ε3/2

√
a

∫ ∞

tm

e−εt dt

+ε3/2

√
a

∫ ∞

tm

t(−εe−εt ) dt

= aε1/2

2
log

aε1/2

2
log tm − aε1/2

2
(log tm)2 + ε1/2

√
a

log
ε3/2

√
a

e−εtm

+ε1/2

√
a

e−εtm + tmε3/2

√
a

e−εtm . (25)
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Figure 7. (Circles) Log–log plot of the Lyapunov exponent λ calculated numerically
from a trajectory of length L = 107 with the expression λ = limt→∞ 1

t

∑t−1
i=0 ln |F ′(xi)|.

Solid line is a regression with the predicted scaling: λ(ε) ∼ ε1/2. (Squares) Log–log
plot of the block-1 graph entropy h1(ε) (see the text) of the Horizontal Visibility graph
associated to the same trajectory along with a regression, whose best power law fit reads
h1 ∼ ε0.44.

After a brief inspection, we conclude that for small values of ε, the leading term of h1 is
not exactly ∼ ε1/2 but ∼ −ε1/2 log ε, what should yield an approximate scaling albeit with
a smaller exponent. In figure 7 we plot in log–log the numerical results of h1 as a function
of ε, together with the numerics of λ(ε) in the same range (ε � 1). As expected, h1 shows
a reasonably similar scaling, although with a slightly smaller exponent (the numerical fit is
α ≈ 0.44).

If we now proceed as in [20] and we increase the size n of the block in the graph-theoretical
entropy hn:

hn = −1

n

∑

k1,...,kn

P(k1, . . . , kn) log P(k1, . . . , kn), (26)

we numerically observe a tendency in the scaling behaviour hn(ε) ∼ εα(n) that suggests
limn→∞ α(n) −→ 1/2 and therefore points towards a graph-theoretical Pesin identity

lim
n→∞ hn = λ.

Numerical evidence for these latter results are shown in figure 8.

4. Graph-theoretical renormalization group analysis

As in previous works [11, 12, 20, 23], we can define a RG transformation R on the HVgs G
as the coarse-graining of every couple of adjacent nodes where at least one of them has degree
k = 2 into a block node that inherits the links of the previous two nodes. In other words,
the operation removes form the graph every node of degree k = 2 along with its two links.
Assuming infinitely long series (in order to avoid the rescaling procedure in standard RG),
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Figure 8. (Circles) Semilog plot of the function (1/2 − α(n)) as a function of n,
where 1/2 and α(n) are the respective scaling exponents of the Lyapunov exponent
and the block entropy hn with respect to ε. We observe that these differences decreases
logarithmically with n, suggesting the presence of a graph-theoretical Pesin identity (see
the text).

Figure 9. Cartoon of an HV graph at criticality G(ε = 0) (mapped from a trajectory
at the onset of chaos in a Neimark–Sacker bifurcation, ε = 0 in equation (3)). By
construction the graph is invariant under renormalization (see the text), such that
R{G(ε = 0)} = G(ε = 0). As any perturbation in ε generates a RG flow that takes
the HV graph away from this equilibrium towards the stable attractors (parsimoniously
towards the random graph Grand for positive perturbations and instantaneously to the
chain graph G0 for negative perturbations), G(ε = 0) constitutes an unstable fixed point
of the renormalization group flow associated to critical dynamics on the map and acts
as a boundary between regular (ε < 0) and chaotic (ε > 0) dynamics.

in what follows we argue that the flow induced by iteratively performing this RG operation
classifies dynamics coming from above and below transition, although the phase portrait turns
to be very different from the one found in type-I intermittency [20].

• When ε < 0, trajectories are damped and rapidly converge to a constant series x(t) = 0 ∀t,
so after a transient the associated HVg G0 will be a chain graph with k = 2 for all
nodes [11]. A graph which is indeed the RG attractor of regular dynamics, invariant under
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renormalization R{G0} = G0 [23] and represents a minimum for the entropy functional
h1 = 0.

• When ε > 0 (the situation mostly addressed in the former sections), the associated
HVgs describe a flow in RG phase space where, in each iteration of the renormalization
procedure, the so called ‘nodes after reinjection’ (nr+ , k = 2) are eliminated progressively
and, step by step, the laminar phases disappear, leaving essentially a series of ‘nodes before
reinjection’ which form mainly an uncorrelated random series. The analogous flow in graph
space slowly converges towards Grand, the universal HVg associated to an uncorrelated
series, which constitutes a stable fixed point of the RG flow limp→∞ R(p){G(ε > 0)} =
Grand = R(Grand) [23]. As it has been proved that Grand is a maximally entropic HVg [23],
we conclude that the RG flow ∀ ε > 0 increases the entropy of the system as it breaks
correlations.

• At the bifurcation (ε = 0) the trajectories are monotonically increasing series bounded at
−∞ by a large value (the ghost of the intermittent regime), which maps into a HVg which
is itself indeed invariant under renormalization Gc = G(ε = 0) = R{G(ε = 0)} (see
figure 9 for a graphical illustration). Its degree distribution can be described for a graph
of N nodes (where the limit N → ∞ will be taken afterwards) as P(k = 2) = P(k =
N − 1) = 1/N; P(k = 3) = (N − 2)/N, yielding also a null entropy h1 = 0 in the limit of
diverging sizes. This constitutes the third fixed point of the RG flow. Note that this fixed
point is different from G0, nonetheless, they both share the same entropy. The reason is
that there is no actual parsimonious trajectory connecting G(ε = 0) to G(ε < 0) = G0,
once you apply an infinitisemal perturbation making ε < 0, after a (large transient) you
reach the stationary damped solution x(t) = 0 ∀ t, whose associated HVg is directly G0.
There is hence no RG flow or entropy production associated with the path. On the other
hand, any positive perturbation in ε is amplified in the RG flow, taking the graph to Grand.
We conclude that G(ε = 0) is an unstable fixed point of the RG flow.

5. Conclusions

To conclude, in this work we have further advanced the Horizontal Visibility graph theory by
providing an analytical and numerical graph-theoretical description of type-II intermittency
route to chaos, extending previous results for type-I intermittency [20]. We have shown that
the key ingredients of type-II intermittency (concrete scalings of the mean length of laminar
trends and Lyapunov exponent with respect to ε) are recovered in the network realm by
comparable scalings of the variance of the degree distribution and Shannon block entropy
respectively. Finally, we have recasted the problem into a graph-theoretical renormalization
group framework and have shown that the graph-theoretical fixed points of the RG flow
distinguish regular, chaotic and critical dynamics. Whereas the trivial fixed points of the RG
flow are universal attractors of regular and chaotic dynamics respectively, the unstable graph-
theoretical fixed point, the RG flows and the associated entropy production paths are unique
for type-II intermittency, being for instance a different scenario than what we found in type-I
intermittency [20] or in other routes to chaos [12, 23].
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Conclusiones finales

En lo académico, llegados a este punto, no creo que se deba seguir diciendo, como hemos
venido repitiendo trabajo a trabajo durante el desarrollo de esta tesis, que el formalismo
de visibilidad sea prometedor como método. Creo que va siendo hora de decir que es una
realidad científica, con fundamento científico, con resultados científicamente relevantes y con
un impacto científico tanto en forma de desarrollos teóricos como en forma de aplicaciones
que trascienden la órbita del grupo de investigación al que pertenezco y en el seno del cual se
ha desarrollado mi actividad investigadora. Sólo los artículos que aquí se incluyen rondarán
en el momento que escribo estas líneas las cuarenta citas (autocitas excluidas). Una realidad
científica con futuro: durante el desarrollo de esta tesis se han seguido publicando al margen
de ella y de forma paralela otros trabajos sobre el método y me consta que existe trabajo
aún por publicar. Me consta porque parte de él es mío pero también de colaboradores que
continúan ahondando los fundamentos teóricos del método. Unos fundamentos teóricos que
transcienden el propio método y que sugieren, de forma general, la posibilidad de describir
el comportamiento dinámico de sistemas mediante restricciones meramente topológicas que
les son características, que se relacionan íntimamente con sus órbitas, con sus atractores, con
su complejidad dinámica y con sus propiedades físicas a través de las relaciones existentes
entre éstas y la información que codifican o que necesitamos codificar para describir
cuantitativamente su evolución.

En lo profesional, tocaría hablar de “cuestiones abiertas”. Una de las limitaciones del
método tal y como ha sido presentado en este trabajo es cómo lidiar con la cuestión
de la multidimensionalidad en sistemas: qué ocurre si, en lugar de una serie temporal
x(t) de una sola variable x, la descripción dinámica de mi sistema implica un vector
~r(t) = [x1(t), . . . , xn(t)] de n variables dinámicas de estado o dicho de otra forma ¿cómo se
puede generalizar el método a n dimensiones? El trabajo de Nicosia et al. (1) responde a esta
pregunta por la vía de las multiplex networks: generando un grafo de visibilidad para cada
una de las variables xi(t) y cuantizando la correlación existente entre nodos para diferentes
variables en los mismos instantes de tiempo. Este método funciona: consigue (i) cuantizar
el flujo de información entre grados de libertad del sistema, (ii) caracterizar la transición
de fase entre dos dinámicas diferentes y (iii) determinar un umbral para varios tipos de
sincronización. Es escalable y aplicable a sistemas reales.

Existe, no obstante, otra generalización posible: la que se obtendría al interpretar el vector~r(t)
como una trayectoria en Rn y generalizar la condición de desigualdad entre valores x(t) de la
visibilidad horizontal:

x(ti), x(tj) > x(tn) para todo n tal que i < n < j (1)



como una condición de distancia entre vectores:

d(~ri,~rj) < d(~ri,~rn) and|~ri| > |~rn| para todo n tal que i < n < j (2)

La ventaja respecto a la generalización de Nicosia et al. es que se obtiene un único grafo por
trayectoria y no una multiplex network. El inconveniente es que generalizar la condición de
desigualdad de la visibilidad horizontal de esta forma no se traduce en continuar obteniendo
grafos de visibilidad horizontal. Los grafos obtenidos por este método tienen propiedades
estructurales distintas de los de visibilidad horizontal y habría que investigar si heredan
también las propiedades dinámicas de sus sistemas de origen y cómo. Investigar esta vía es
creer en la anteriormente mencionada posibilidad de describir el comportamiento dinámico
de sistemas mediante restricciones meramente topológicas que les son características, más
allá del formalismo de visibilidad (tal y como lo conocemos hasta la fecha, al menos).

Sin abandonar nuestro formalismo de visibilidad, hemos de decir que, pese a los numerosos
resultados obtenidos hasta la fecha, sólo hemos arañado la superficie formada por sus
distribuciones de grado P(k), sus distribuciones a primeros vecinos o degree-degree P(k, k′),
sus distribuciones de secuencias de conectividades P[k(t), k(t + 1), . . . , k(t + n)]... pero que se
puede extraer más información de estos grafos. De hecho, toda la codificada en su matriz de
adyacencia Aij. Si atendemos a la estructura abstracta de los grafos de visibilidad, sabemos
cuantificar el número de patrones diferentes que se pueden construir en grafos con un
determinado número de nodos, lo que para una determinada medida estadística en el grafo
como pueda ser su conectividad media 〈k〉 nos daría una suerte de “degeneración de estados
posibles”. Si pudieramos asignar una probabilidad a estos “estados” o patrones, podríamos
construir el análogo de una función de partición y dar el primer paso para construir una
suerte de “Física Estadística de Grafos de Visibilidad”.

Otra cuestión abierta es la de una posible transformación inversa como, por ejemplo:

x̂(t) = x̂[k(t)] =
k(t)

k(t + 1) + 1
k(t+2)+ 1

k(t+3)+ 1
...

(3)

basada en la serie k(t) de conectividades del grafo G[x(t)] asociado a la serie x(t). Esta
transformación inversa decodificaría la información previamente codificada por el algoritmo
y devolvería series cuyas propiedades “dinámicas” podrían ser investigadas estudiando su
relación con las de la serie original. La combinación de una transformación inversa con un
álgebra de grafos de visibilidad como se sugiere en el capítulo 4 permitiría trabajar de forma
abstracta en el “espacio topológico de los grafos” de forma análoga a como se trabaja en el
dominio de la frecuencia con la transformada de Fourier.

En lo personal diré que, llegados a este punto, no se debería seguir diciendo, como he venido
pensando trabajo a trabajo durante el desarrollo de esta tesis, que Ángel M. Núñez sea un
proyecto de investigador. Se supone que ha llegado el momento de decir que Ángel M.
Núñez es una realidad investigadora, con resultados científicos que lo avalan. Por suerte y/o
por desgracia, no es a mí a quien corresponde este dictamen sino a la comunidad científica
representada por el tribunal que me evaluará. A su disposición quedo para resolver cualquier
duda sobre mi trabajo que tenga a bien plantear, el punto final de esta historia queda pues
pendiente de escribir
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