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Abstract-In this paper a method for automatic design of the prestress in continuous bridge decks is 
presented. In a first step of the procedure the optimal prestressed force for a completely geometrically 
defined and feasible prestress layout is obtained by means of linear programming techniques. Further on, 
in a second step the prestress geometry and minimum force are automatically found by steepest descent 
optimization techniques. Finally this methodology is applied to two-span continuous bridge decks and 
from the obtained results some prelimjnary design rules can be drawn. 

J. INTRODUCTION 

The design of the layout and forces of the prestress 
tendons has usually been carried out by the use of 
heuristic rules and frequently some of these rules were 
improved by the expertise and intuition of the 
designer. However, this procedure does not seem to 
be optimal. Due to the recent computer advances it 
is possible to use a more direct approach in order to 
automatically reach the optimal prestress design with 
minimum designer intervention. 

Some previous research efforts in this direction 
[1-5] allow us to believe in the feasibility of this 
objective. However, in this work some drastic 
simpl1fications such as linearization of the prestress 
losses, geometry of the tendons, loading and analysis 
of the stress resultants etc. or some reduction in the 
number of the variables involved in the problem have 
been introduced. In some cases the scope of the work 
is reduced only to the statically determinate 
structures. Despite the limitations these approaches 
have often provided quite reasonable results and they 
were often improved by the designer in a later stage 
of the process of obtaining the final design. 

lt is intended in. this paper to reach some of the 
objectives listed below: 

• Develop a method to automatically find the 
prestress force and layout. 

• Find the optimal prestress design with reference 
to an objective function such as minimum weight, 
minimum amount of prestress, minimum total 
cost etc. 

• Apply the techniques previously developed to two 
equal-span continuous bridge decks in order to 
reach some useful prestress design criteria and 
rules. 

2. HYPOTHESIS 

This study will be developed within the framework 
of the structural analysis of continuous post-stressed 
bridge decks under the following assumptions [6]: 

(1) The design of the bridge deck is carried out in 
order to minimize the total prestress cost under 
the restriction that the working stresses should be 
within a given range of admissible stresses. 
Therefore other input design criteria such as 
ultimate loading, allowable beam deflection, 
shear contribution, etc. have not been considered 
in this paper. 

(2) The bridge decks have a straight planform and 
they will be built monolithically in only one 
construction phase. 

(3) The decks will be structurally idealized by a 1-D 
model composed of straight bars and their 
analysis will be carried out using the standard 
matrix structural analysis methods. 

(4) The deck will be analysed for the service state 
(working stresses) under the following loading 
conditions: dead loads, live loads corresponding 
to the traffic loads placed in the most critical 
positions. The corresponding stress resultants will 
be computed at each cross-section of the 
structural model. 

(5) The prestress design will be checked by the 
method of allowable stresses. The longitudinal 
stresses due to the bending moments and the axial 
forces are the only ones to be considered in this 
approach. 

(6) The prestress is introduced in the bridge deck by 
means of adherent tendons simultaneously put in 
tension by jacks at the two ends of each tendon. 
The prestress frictional losses are computed 



considering the actual geometry of the prestress 
layout. However the remaining prestress losses 
are found approximately by the use of a reduc
tion coefficient of the initial prestress force. The 
prestress secondary effects in the structure, 
i.e., the redundant forces produced by the static 
indeterminacy of the bridge deck, have been 
taken into account throughout all the analysis. 

Some of the above-mentioned assumptions can be 
relaxed without any substantial changes in the 
methodology to be presented. Then it is possible to 
consider in this approach other situations such as 
curved bridge decks, construction in different phases, 
additional loading conditions (temperatures, settle
ments), design criteria in shear stresses and ultimate 
states rather than service states etc. 

3. METHOOOJ,OGY 

The procedure presented here is composed of two 
models. The first model is in fact embedded into the 
second one. Both models are briefly described in the 
following paragraphs. 

3. 1. Model I: Deduction of the optimal prestress force 

The computation of the prestress force is found by 
solving a linear programming problem [7-14]. In this 
case the geometry of the tendon elevations is 
completely defined and only the corresponding 
tendon force has to be found. At each checking 
section the stresses due to the external loadings can 
be computed as well as the ones due to each tendon 
for a unit prestress force applied at each tendon. At 
each checking section the total stresses in the bottom 
and top fibre of the section can be found for the 
different loading combinations. The constraints of 
these stresses at each checking section are that they 
must lie between the allowable stress limits. The use 
of an algorithm of linear programming can be applied 
in order to find the tendon forces such that the total 
tendon forces multiplied by the corresponding tendon 
lengths are minimized (a value proportional to the 
total weight of all tendons). 

Mathematically the problem to be solved can be 
expressed as follows. 

Find the forces of all tendons contained in the 
vector T = { T. }, dimension (N x l ), where N is the 
number of tendons such that the following objective 
function is minimized: 

OF = UT (I ) 

where L = {L.}, is a (N x I) dimension vector 
containing the lengths of the tendons. lt is assumed 
that the geometry of each tendon is completely 
defined. 

The unknown forces vector T must satisfy the 
following constraints representing the condition that 
the bottom stresses, / , and the top stresses, S, at each 

checking cross-section should lie between the upper 
and the lower allowable stresses limits for all the 
different loading conditions during the construction 
and the service states, i.e. 

(2) 

for j = I, 2, .. . , J number of checking cross-sections 
and I= I, 2, 3 the loading conditions (I = I construc
tion, I= 2 service with the live load in the position 
producing the maximum bending moment at the 
checking section under study and I = 3 service with 
the live load in the position producing the mini
mum bending moment at the checking section under 
study. 

The following notation has been used in eqn (2): 

• a'. , a~, maximum and minimum allowable stresses 
for the loading condition /. 

• s~ . r.j. stresses at the top fibre, s, and the bottom 
fibre, / , of the cross section produced by the 
external loads in the loading condition, I . 

• S!, 1}, are (1 x N) dimension vectors. The element 
n of these vectors represents the stresses produced 
at the top fibre, S, or at the bottom fibre, /, 
respectively due to the prestressed tendon n put in 
tension with a unit force (T. = 1). 

Besides the above mechanical restrictions the 
following constraints must be satisfied: 

(3) 

3.2. Model 2: Automatic generation of the force and 
geometry of the optimal prestress 

In this model the geometry and prestress force are 
both simultaneously found by the use of nonlinear 
optimization techniques, namely the steepest descent 
gradient [1 5, 16]. 

The model starts from a given feasible prestress 
layout defined by a set of singular points. Each of 
these points is defined by three coordinates 
(x .. , Ym, 8 .. = dy /dx ). Between two consecutive singu
lar points a cubic hermitian polynomial is interp
olated and the tendon elevation is in this way 
completely defined. Using the methodology of Model 
I the optimal prestress force corresponding to this 
tendon geometry is found. The changes in the initial 
prestress layout are introduced iteratively by comput
ing numerically the gradient of the objective function. 

ln mathematical terms the above procedure is 
described as follows. The geometry of a generic 
tendon n is described by a set of singular points or 
parameters vector t(.. = (x .. , y .. , 8 .. ) ordered in such a 
way that X:. < X:.+ 1• Between two consecutive 
parameters vector, q:, and q::, + 1, a cubic hermitian 



polynomial is interpolated. That means the whole 
tendon geometry y.(x) can be described by a set of 
piecewise polynomials containing a total number of 
3 x M. parameters 

where 

m= 1, 2,3, . . . ,M •. 

Some values of these parameters are specified 
constants due to project requirements (for example 
tendon anchorage points) and the remaining ones are 
unknowns to be determined, and these parameters 
will be called active parameters or active degrees of 
freedom. All these active dof will be kept in a single 
vector q•. 

Therefore the problem to be solved is stated as: to 
find the vector of active dof ij• and the values of the 
prestress forces T = { T.} for each tendon n 
(n = I, 2, . . . , N), in such a way that the objective 
function eqn {I) be minimized and the mechanical 
constraints eqns (2) and (3) be satisfied. 

Apart from the above mechanical constraints 
there exists in this model constraints related to the 
geometry of the prestress. These geometrical con
straints can be expressed at each abscise x of the 
cable n as follows: 

Ymin(x) ~ y.(x) ~ Ym .. {x) (4) 

function Ofk = OF(ijk) is known for a given set of 
determinate values of the active parameters of all 
prestress tendons contained in the parameter vector 
ijk = { ijL tfi, ... , ijf} where qz represents the vector 
of the current values of these dof of the tendon n at 
the computational step k. 

The gradient of the objective function OP is 
computed numerically by giving a small increment to 
each active dof !!.q i.e. the following ratios defining 
the objective function gradient are computed: 

The new prestress geometry defined by the active 
parameters vector { ijk + 1}, is determined by the 
expression: 

(7) 

where 

A.- !!.q 
- max{VOF}" 

Before the admission of the prestress layout given in 
eqn (7) it is necessary to check its geometrical validity 
i.e. if the geometrical constraints of eqn (4) and (5) 
are fulfilled. 

I 
d2y.(x) I .!_ 

dx2 ~R 

Similarly during the computation of the gradient of 
the objective function it is important to check the 

(5) geometrical validity of the tendon layout associated 
with the increment of the dof. In the condition that 

The minimum cover at the top and bottom faces of 
the section for each tendon is expressed by conditions 
of eqn (4) and the minimum value for the curvature 
radius of the tendon is introduced by eqn (5). 

The problem just stated is a highly nonlinear one: 
note now that L depends on the parameters ij" and the 
following iterative procedure has been used in order 
to solve it. 

Start with a geometrically admissible layout of the 
prestress tendons, i.e. a prestress geometry satisfying 
the conditions of eqns (4) and (5). For this case 
Model 1 allows us to find the values of the prestress 
forces T by solving a linear programming problem. 
From the known prestress geometry and forces it is 
possible to evaluate the objective function of the 
corresponding problem OF = UT= OF(ij") that 
depends only on the active dof because L as well as 
T can be expressed in terms of these active dof. 

It is possible to modify the prestress geometry to 
a new one nearer to the optimal geometry by using 
an algorithm of the steepest gradient type. This 
algorithm is described as follows. 

It is assumed that in the current iterative 
computational step k the value of the objective 

this requirement is not satisfied, the corresponding 
increment of the dof under consideration cannot take 
place and it is assumed to be null. 

The new geometric prestress layout values rep
resent the initial prestress geometry to start the next 
computational iterative step k + I . 

This procedure goes on until an acceptable 
convergence is reached, i.e. the condition 
lOP + 1 - OPI ~£or a maximum specified number 
of iterations has been surpassed. 

Using the described procedure it is possible to 
change an initialiy given prestress geometry towards 
a new one nearer to the optimal prestress geometry 
and with the minimum value of the prestress force in 
each geometry to satisfy the mechanical constraints. 
That means that for a new computational step the 
following condition holds: 

(8) 

In order to reduce the computational effort the 
gradient is kept constant throughout several compu
tational steps until the value of the objective function 
in the step k + I is greater than that of the objective 



function of the previous step k. In this case the then: 
gradient should be updated at step k. 

4. DETERMINATION OF AN INITIAL FEASIBLE 
SOLUTION 

The application of the procedure described in the 
preceding section demands the prior knowledge of a 
mechanical as well as geometrically feasible solution, 
i.e. a prestress layout and forces for all tendons 
fulfilling the geometrical constraints of eqns (4) and 
(5) and producing admissible stresses or equivalently 
stresses satisfying the conditions of eqns (2) and (3) 
at all checking cross-sections and must achieve this 
for all loading conditions. 

Usually an initial feasible prestress geometry is 
efficiently designed by following some heuristic 
design rules . However, there exist some design 
situations, with special loading conditions or 
structural singularities for which these simple design 
rules cannot be applied. Moreover, in many cases the 
dimensions of the concrete cross-sections or the 
concrete strength are not sufficient to resist the final 
stresses. In these cases it is necessary to apply a 
general tool in order to find automatically a feasible 
solution and if such a feasible solution does not exist 
to obtain an indication of this fact. 

The proposed method to find a feasible initial 
solution is summarized as follows. 

Construct a geometrical feasible solution by means 
of empirical design rules (covers and curvature 
restrictions must be considered). Tn general, the 
resulting stresses from this empirical design will not 
fulfil the mechanical constraints i.e. they will not 
produce admissible stresses at each checking cross
section j. 

Defining the following objective function: 

, _ R. 

OFR = L c, (9) 
; ... o 

where R is the total number of constraints equations 
given by all the constraints, eqn (2). The error £, is 
defined as follows: Constraints conditions type A, ~ 0 
where: 

A, = ii,T + u~ - rr1
_ 

then: 

£1 = 0, if A , ~ 0 

Restraints conditions type B, ~ 0 where: 

For a feasible prestress the function OFR given by 
eqn (9) will be null, i.e. all the mechanical constraints 
are satisfied. 

Therefore it is possible to fmd an initial feasible 
solution from a geometrical feasible solution by 
solving the following optimization problem: min 
OFR, for all the sets of the design variables 

Tyq';.-= (xm, y .. , 8.,) 

It is possible to set up this optimization problem to 
be solved by linear programming techniques or in an 
unrestrained nonlinear optimization problem by a 
penalty technique [I 7]. However, these alternative 
formulations will not be presented here. The solution 
procedure used to solve the above problem which has 
been described in the previous section is the steepest 
gradient method. 

If the minimum value of the OFR is significantly 
different from zero then a feasible solution cannot be 
found because it does not exist. That means that the 
basic design assumptions about the design should be 
modified (such as the cross-sectional dimensions, 
strength of the concrete etc.). 

5. APPLICATION TO BRIDGE DECKS WITH TWO 
EQUAL SPANS 

The methodology developed in the previous 
sections has been applied to the particular case of 
a set of continuous bridge decks with two equal 
spans. 

The geometric definition of the bridge deck and the 
main variables used in its definition are shown in 
Fig. I. The deck is modelled as a continuous beam of 
two equal spans and constant depth. Two types of 
transversal cross-sections are considered: solid and 
voided cross-sections. 

The following range for the dimensions of this type 
of bridge decks has been considered: 

• Span: L = from 15.00 m up to 40.00 m with step 
IlL= 5.00 m. 

• Width: B =from 8.00 m up to 16.00 m with step 
llB = 4.00m. 

• Depth: H = L/A. where the slenderness ), vanes 
from 18 up to 30 with step /lA. = 2. 

These sets of bridge decks represent 126 cases to be 
analysed. All the decks are assumed to be built in 
prestressed concrete with characteristic strength of 
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350 kp/cm2, and that represents the following interval 
of allowable stresses: 

time, all prestress tendons are reduced to only 
one mean tendon. The mean tendon is symmetric 
with respect to the central support and it can 
be defined by 3 x 7 = 21 dofs. However, due to 
the already mentioned symmetry and obvious 
design constraints the number of active dof is 
reduced to 8, (y,, 8,, XzYz, x,yJ8J. y.). according to· 
Fig. 3. The geometry of this mean tendon between 
two consecutive singular points is approximated 

• Compression: G'+ = 219 kpjcm2• 

• Tension: (J'_ = -20 kpjcm2• 

In Fig. 2 the different loads to be applied to the 
bridge decks are shown. 

In order to reduce the total computational 
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by a cubic hermitian polynomial, as has already 
been discussed. In Fig. 3 the values of some 
design constants, such as the friction coefficient, 
minimum cover and curvature radius etc., are also 
included. 

6. DISCUSSION OF THE RF.SUL TS 

Some conclusions about the optimal design 
obtained from the results computed for the different 
bridge decks analysed in Section 5 can be drawn. 

The prestress layout producing the minimum 
prestress force can be approximated by the following 
expressions that have been found by a linear 
regression through the values computed for the 126 
bridge decks. 

6.1 . Voided section 

Horizontal position of the singular points of the 
prestress cable profile (Fig. 3 ). 

Lowest point: 

x, y = 0.407 ± 0.013 

Inflection point: 

L ~X,= 0.098 ± 0.012 

Vertical position of the singular points of the 
prestress cable profile (Fig. 3). 

Lowest point: 

Yz- V, 
V, - REC = 1.000 ± 0.002 

Inflection point: 

V, - Y. 
V,_ REC = 1.000 ± 0.000 

where V, and V1 are the distances of the centroid of 
the cross-section to the top and bottom faces of the 
bridge deck. 

6.2. Solid section 

Inflection point: 

L-;_ X, = 0.087 ± 0.013 

Vertical posttJOn of the singular points of the 
prestress cable profile (Fig. 3). 

Lowest point: 

Yz - V, 
VI - REC = 0.999 ± 0.002 

Inflection point: 

V, - Y. I 
V, _ REC = .000 ± 0.000 

It can be observed from the above expressions that 
cable layout for both types of sections, producing the 
minimum cost in a two-span continuous bridge and 
under the assumptions given in the paper, is as 
follows: 

(I) The lowest point of the cable should be located 
at the section distant from the extreme support 
0.40 times the span length. The ordinate of the 
cable at this section should be maximum, i.e., the 
depth bridge minus the cover. 

(2) The ordinate of the cable at the section of the 
intermediate support should be minimum, i.e., 
equal to the cover. 

(3) The inflection point of the cable should be 
situated at the section distant from the intermedi
ated support 0.10 times the span length. The 
ordinate of the cable at this section is automati
cally determinate by simple geometrical consider
ations from the lowest and the highest ordinates 
of the cable. 

In order to approximate to a real optimal design 
problem that includes the costs of the concrete as 
well as the costs of the passive and active steel in 
a total bridge deck an estimation has been carried 
out of the total deck costs (C). The unitary prices 
used in the material construction costs are given in 
Table I . 

Table 1. Cost per unit (pesetas) 

Horizontal position of the singular points of the Voided Solid 
prestress cable profile (Fig. 3). _u_n_it_s ___________ sec_ti_o_n __ se_c_ti_on_ 

Lowest point: 

Xz y; = o.409 ± o.OI9 

m' of concrete 
m3 of centring 
m2 of seen shuttering 
m' of hidden shuttering 
Kp of steel for reinforced 
Kp of steel for prestressed 

14,000.0 
1000.0 
3500.0 
2500.0 

110.0 
350.0 

12,000.0 
I 000.0 
3500.0 
2500.0 

110.0 
350.0 



Table 2. Numerical results for voided and solid sections 

lm~n 
L 8 
(m) (m) v.s. S.S. 

15.00 !!.00 2Q.63 22.77 
15.00 12.00 21.22 23.70 
15.00 16.00 21.35 24.30 
20.00 8.00 23.30 25.40 
20.00 12.00 22.90 26.49 
20.00 16.00 22.80 26.93 
25.00 8.00 24.40 27.08 
25.00 12.00 24.00 27.92 
25.00 16.00 23.72 28.45 
30.00 8.00 25.33 28.31 
30.00 12.00 24.85 28.67 
30.00 16.00 24.36 28.87 
35.00 8.00 25.93 28.78 
35.00 12.00 25.29 29. 19 
35.00 16.00 24.94 29.53 
40.00 8.00 26.71 29.36 
40.00 12.00 25.73 29.83 
40.00 16.00 25.37 29.97 

An average ratio of passive reinforcement which 
has been well established in professional practice 
giving the ratio of weight of reinforcement to deck 
platform area of 50 kp/m2 has been used. 

For every deck with a fixed span, L , and width, 
B , the values of the depth and prestress force 
producing the minimum total deck cost are 
determinate. They will be denoted by Hmin and Tm,. 
and the corresponding minimum cost per unit of 
deck area by Cm••· Tables 2 and 3 contain these 
values as functions of the span length and the 
width of the deck. In fact the values used in 
the tables are the slenderness(}.,,.= L/Hm.n) and the 
prestress weight per unit of area of the deck planform 
(Q.,;.). 

From the above results it is observed that the self 
weight has an important role in the total cost of the 
bridge deck. Therefore it is of great interest to try to 
reduce the volume of concrete in the deck to feasible 
constructional limits. 

0 
I 
2 

0 
I 
2 

0 
I 
2 

Table 3. Voided section(£, = 0.13; eo= 0.05; £c = 0.02) 

Coefficient au for values of j 

0 

5.58052349 
1.11280645 

-0.0 1276277 

1.09098543 
- 0.06571114 

0.00063590 

2 

-0.02627516 
0.00 136573 

-0.00000806 

Coefficient bg for values of j 

0 I 2 

0 .42458893 - 0.04346957 0.00436107 
0.71034598 - 0.03944852 0.00076681 
0.00282492 -0.00016861 0.00001 195 

Coefficient c g for values of j 

0 2 

22.26475444 -0.15481530 0.00478290 
0.43033202 -0.01557865 0.00040687 
0.00154022 -0.00019340 0.00000596 

Q,.;. (Kp/m' ) c .. ., ( IQl pts) 

v.s. s.s. v.s. s.s. 
7.42 11 .69 26.38 25.06 
6.30 10.74 25.62 24.44 
5.67 10.23 25 .26 24.10 

10.28 16.90 28.13 27.94 
8.52 15.73 27.21 27.18 
7.67 15.02 26.74 26.79 

12.88 22.33 29.88 30.97 
10.76 20.87 28.69 30.14 
9.74 20.13 28.14 29.71 

15.64 28.45 31.61 34.26 
13.27 26.50 30.22 33.36 
11.93 25.52 29.52 32.92 
18.51 34.83 33.39 37.81 
15.73 32.84 31.73 36.85 
14.39 31.96 30.94 36.39 
21.78 42.19 35.21 41.65 
18.48 40.17 33.32 40.62 
16.97 39.09 32.39 40.13 

The results of Table 2 can be expressed in 
analytical form according to the following poly
nomial expressions: 

i.min = A.(L , B)= Q{)(B) + a1(B)L + a2(B)L1 ± £;. 

(10) 

Qmin = Q(L, B) = bo(B) + MB)L + MB)L1 ± (Q 

( 11) 

Cm1n = C(L, B) = Co(B) + C1(B)L + C2(B )L 2 ± £, 

(12) 

where 

0 
I 
2 

0 
I 
2 

0 
I 
2 

(13) 

Table 4. Solid section (£< = 0.22; c0 = 0 .12; cc= 0.01) 

Coefficient a0 for values of j 

0 

6.49034817 
1.05042538 

- 0.01292273 

0.98561735 
-0.03375970 

0.00036857 

2 

-0.02741859 
0.00103 110 

-0.00001270 

Coefficient bu for values of j 

0 2 

-3.72023195 0.61316746 -0.02203364 
1.15756951 -0.08604127 0.00272140 
0.00417663 0.00104970 -0.00003446 

Coefficient Cij for values of j 

0 2 

18.59716954 -0.06569049 - 0.00053209 
0.51969065 -0.02134024 0.00066467 
0.00366197 0.00020968 - 0.00000663 
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bo(B) = boo + bo, B + bo2B2 In Tables 3 and 4 the coefficients of the formulae of 
eqns (13)- (15) are given. 
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(14) In Figs 4 to 6 the curves representing eqns ( 1 0)-
(12) are given for the different widths considered and 
for the two cases of cross-sections (voided and solid 
sections). 

The conversion factors between the units of the 
International System (SI) and the units of the system 

(I 5) Meter-k.ilopond-second are as follows: 

IN = 0.1102kp 
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I kp = 9.8 N 
I N/mm2 = I MPa = 10.2 kp/cm1 

I kp/cm1 = 0.098 N/mm2 
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