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Abstract 

Accurate design flood estimates associated with high return periods are necessary 

to design and manage hydraulic structures such as dams. In practice, the estimate of 

such quantiles is usually done via univariate flood frequency analyses, mostly based on 

the study of peak flows. Nevertheless, the nature of floods is multivariate, being 

essential to consider representative flood characteristics, such as flood peak, hydrograph 

volume and hydrograph duration to carry out an appropriate analysis; especially when 

the inflow peak is transformed into a different outflow peak during the routing process 

in a reservoir or floodplain.  

Multivariate flood frequency analyses have been traditionally performed by using 

standard bivariate distributions to model correlated variables, yet they entail some 

shortcomings such as the need of using the same kind of marginal distribution for all 

variables and the assumption of a linear dependence relation between them. Recently, 

the use of copulas has been extended in hydrology because of their benefits regarding 

dealing with the multivariate context, as they overcome the drawbacks of the traditional 

approach. A copula is a function that represents the dependence structure of the studied 

variables, and allows obtaining the multivariate frequency distribution of them by using 

their marginal distributions, regardless of the kind of marginal distributions considered. 

The estimate of multivariate return periods, and therefore multivariate quantiles, is also 

facilitated by the way in which copulas are formulated.  

The present doctoral thesis seeks to provide methodologies that improve traditional 

techniques used by practitioners, in order to estimate more appropriate flood quantiles 

for dam design, dam management and flood risk assessment, through bivariate flood 

frequency analyses based on the copula approach. The flood variables considered for 

that goal are peak flow and hydrograph volume. In order to accomplish a complete 

study, the present research addresses: (i) a bivariate local flood frequency analysis 

focused on examining and comparing theoretical return periods based on the natural 

probability of occurrence of a flood, with the return period associated with the risk of 

dam overtopping, to estimate quantiles at a given gauged site; (ii) the extension of the 

local to the regional approach, supplying a complete procedure for performing a 
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bivariate regional flood frequency analysis to either estimate quantiles at ungauged sites 

or improve at-site estimates at gauged sites; (iii) the use of copulas to investigate 

bivariate flood trends due to increasing urbanisation levels in a catchment; and (iv) the 

extension of observed flood series by combining the benefits of a copula-based model 

and a hydro-meteorological model. 
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Resumen 

La adecuada estimación de avenidas de diseño asociadas a altos periodos de 

retorno es necesaria para el diseño y gestión de estructuras hidráulicas como presas. 

En la práctica, la estimación de estos cuantiles se realiza normalmente a través de 

análisis de frecuencia univariados, basados en su mayoría en el estudio de caudales 

punta. Sin embargo, la naturaleza de las avenidas es multivariada, siendo esencial 

tener en cuenta características representativas de las avenidas, tales como caudal 

punta, volumen y duración del hidrograma, con el fin de llevar a cabo un análisis 

apropiado; especialmente cuando el caudal de entrada se transforma en un caudal de 

salida diferente durante el proceso de laminación en un embalse o llanura de 

inundación.  

Los análisis de frecuencia de avenidas multivariados han sido tradicionalmente 

llevados a cabo mediante el uso de distribuciones bivariadas estándar con el fin de 

modelar variables correlacionadas. Sin embargo, su uso conlleva limitaciones como la 

necesidad de usar el mismo tipo de distribuciones marginales para todas las variables y 

la existencia de una relación de dependencia lineal entre ellas. Recientemente, el uso de 

cópulas se ha extendido en hidrología debido a sus beneficios en relación al contexto 

multivariado, permitiendo superar los inconvenientes de las técnicas tradicionales. Una 

copula es una función que representa la estructura de dependencia de las variables de 

estudio, y permite obtener la distribución de frecuencia multivariada de dichas 

variables mediante sus distribuciones marginales, sin importar el tipo de distribución 

marginal utilizada. La estimación de periodos de retorno multivariados, y por lo tanto, 

de cuantiles multivariados, también se facilita debido a la manera en la que las cópulas 

están formuladas.  

La presente tesis doctoral busca proporcionar metodologías que mejoren las 

técnicas tradicionales usadas por profesionales para estimar cuantiles de avenida más 

adecuados para el diseño y la gestión de presas, así como para la evaluación del riesgo 

de avenida, mediante análisis de frecuencia de avenidas bivariados basados en cópulas. 

Las variables consideradas para ello son el caudal punta y el volumen del hidrograma. 

Con el objetivo de llevar a cabo un estudio completo, la presente investigación abarca: 
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(i) el análisis de frecuencia de avenidas local bivariado centrado en examinar y 

comparar los periodos de retorno teóricos basados en la probabilidad natural de 

ocurrencia de una avenida, con el periodo de retorno asociado al riesgo de 

sobrevertido de la presa bajo análisis, con el fin de proporcionar cuantiles en una 

estación de aforo determinada; (ii) la extensión del enfoque local al regional, 

proporcionando un procedimiento completo para llevar a cabo un análisis de 

frecuencia de avenidas regional bivariado para proporcionar cuantiles en estaciones 

sin aforar o para mejorar la estimación de dichos cuantiles en estaciones aforadas; (iii) 

el uso de cópulas para investigar tendencias bivariadas en avenidas debido al aumento 

de los niveles de urbanización en una cuenca; y (iv) la extensión de series de avenida 

observadas mediante la combinación de los beneficios de un modelo basado en cópulas 

y de un modelo hidrometeorológico. 
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1  
Introduction  

The motivation that led to this research, sought aims and organisation of the 

present doctoral thesis in which the research is shown are introduced in this chapter.  

1. 1. Motivation 
Floods all over the world are a frequent natural disaster, involving substantial 

socio-economic repercussions and causing human victims (e.g., Candela et al., 2014). 

Thus, the development of models that enable to obtain suitable estimates of the 

magnitude of those extreme events is essential, in order to accomplish a proper design 

and management of hydraulic structures such as dams, as well as appropriate flood risk 

assessments.  

In practice, the estimate of such magnitudes is commonly achieved by the 

application of univariate flood frequency analyses, mostly focused on the study of peak 

flows (e.g., Cunnane, 1989; Stedinger et al., 1993). As a result of these flood frequency 

analyses, the flood magnitude associated with a given return period is obtained. The 

return period, defined as the inverse of the probability of exceedance of a given 

magnitude (called quantile) (Hosking and Wallis, 1997), is a standard criterion in dam 

design and flood control, being commonly used in both hydrological literature and 

practice because of the simple and useful description of risk that involves (Shiau et al., 

2006). In the case of dams, national laws and guidelines commonly fix a given return 

period for design. For instance, France uses a return period of 1 000 to 10 000 year 

Chapter 
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depending on the dam typology, Austria fixes a return period of 5 000 year and Spain 

uses a return period of 500 to 10 000 year depending on the dam typology and its 

downstream vulnerability (Minor, 1998; Rettemeier and Köngeter, 1998). The return 

period is also considered by the European Union Floods Directive 2007/60/EC on the 

assessment and management of flood risks. In practice, this return period is established 

based on the analysis of peak flows, although it is not specified whether indeed it is the 

return period of either the peak flow, hydrograph volume or the entire flood hydrograph. 

However, this univariate approach is only appropriate for designing some 

hydraulic structures such as bridges and culverts. In these cases, the water level reached 

by the flood, relevant variable for designing, is directly related to its peak flow and 

hence, peak flows can be used as a surrogate of water levels. Nevertheless, when 

routing processes affect floods, such as in dams or floodplains, the relation between the 

peak flow and the maximum water level is not straightforward and the water level 

cannot be inferred directly from the peak flow. In this case, the characterisation of a 

whole flood hydrograph is needed and hence, the multivariate approach is indispensable 

for performing suitable flood frequency analyses, as the univariate approach can lead to 

underestimate or overestimate the risk associated with such events (De Michele et al., 

2005). Indeed, floods are events of multivariate nature with representative correlated 

variables, such as peak flow, volume and duration of the flood hydrograph (e.g., Goel et 

al., 1998; Yue and Rasmussen, 2002). 

Analogous to the univariate return period, multivariate return periods are then 

needed, where the bivariate approach is the most spread. However, unlike the univariate 

approach in which a unique return period exist, different kinds of bivariate return 

periods can be estimated in the bivariate approach (Salvadori and De Michele, 2004), as 

two variables are involved in the analysis and hence, the probability associated with 

different kinds of events can be considered (e.g., Shiau et al., 2006). Copula-based 

distributions that are spread in fields such as finance, and recently extended in 

hydrology for studying floods, storms and droughts (e.g., Genest and Favre, 2007; 

Vandenberghe et al., 2010; Zhang and Singh, 2012; Chen et al., 2013; Sadri and Burn, 

2014), facilitate to obtain such theoretical return periods by characterising the 

dependence relation between variables and providing their multivariate frequency 
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distribution (Nelsen, 1999). Theoretical return periods are useful for estimating the 

probability of occurrence of a flood, but do not take into account the real risk on the 

specific structure under analysis (Volpi and Fiori, 2014), which is given by the 

maximum water level reached by the flood after the routing process. In this regard, the 

return period in terms of risk of dam overtopping was proposed (Mediero et al., 2010). 

Moreover, regional analyses are needed for estimating quantiles at ungauged sites, 

as well as improving estimates at gauged sites specially when short data series are 

available. Univariate regional flood frequency analyses are well-established in practice. 

A large amount of regional procedures exist, and some of them have been 

recommended for estimating annual maximum peak flow quantiles in several countries, 

such as the Bulletin 17B in the United States (US Water Resources Council, 1981), 

which is also applied in other countries like Australia, and the Flood Studies Report 

(Natural Environment Research Council, 1975) in the United Kingdom, which was 

updated by the Flood Estimation Handbook (IH, 1999) that is also a regional approach. 

Recently, a regional methodology has also been proposed in Spain to carry out the map 

of maximum flows of inter-community basins (Jiménez-Álvarez et al., 2012). However, 

the multivariate regional context has been barely studied (Chebana and Ouarda, 2009), 

and it has not been applied in practice. 

Lately, the hydrological community has also realised about the importance of 

studying non-stationarity in flood series, as quantile estimates could be affected by 

changes on the flood characteristics in time that could be caused by anthropogenic and 

climatic changes (e.g., Rose and Peters, 2001; Kjeldsen, 2009). Flood trend studies are 

usually performed based on the univariate context, yet the multivariate approach has 

been scarcely addressed. Besides, the adequacy of flood quantile estimates associated 

with high return period values, which are usually needed for design and management, is 

affected by the length of the available observed data. In this regard, long flood series are 

required for estimating accurate quantiles, as the usually available short observed flood 

series involve a large uncertainty in such estimates (e.g., Saad et al., 2015). Hydro-

meteorological models are traditionally considered to provide a set of synthetic flood 

hydrographs representing the variability of the catchment response (Blazkova and 

Beven, 2004). Statistical models are also applied for this purpose, which allows a fast 
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generation of synthetic samples keeping the statistical properties of the original sample 

(e.g., Giustarini et al., 2010).       

The motivation of the present research resides is the need for providing 

methodologies that improve traditional techniques used by practitioners, in order to 

estimate more appropriate flood quantiles for dam design, dam management and flood 

risk assessment, through bivariate flood frequency analyses based on copulas. 

1. 2. Aims of the research 
On the basis of the benefits of the copula-approach, the purpose of the present 

research is to perform procedures for addressing bivariate copula-based flood frequency 

analyses to achieve suitable flood quantiles. The flood variables considered for that goal 

are peak flow and hydrograph volume.  

Flood frequency analyses can be classified into univariate or multivariate, 

depending on whether one variable or several variables are studied; as well as into local 

or regional, depending on whether information of a given gauged site is considered to 

estimate at-site quantiles, or a group of gauged sites is employed either to obtain 

estimates at ungauged sites or improve at-site estimates at gauged sites. On this basis, 

the first aim of the present research is to perform a bivariate local flood frequency 

analysis, focused on examining and comparing different theoretical return periods with 

the return period in terms of risk of dam overtopping, in order to give recommendations 

regarding their use to obtain quantile estimates at a given gauged site. Accordingly, the 

second aim is related to the extension of the local approach to supply a complete 

procedure for performing a bivariate regional flood frequency analysis, as very few 

studies have dealt with the bivariate regional approach because of its complexity. The 

third and fourth aim arise from the interest of taking advantage of the profits that the 

copula approach can provide in reference to the analysis of matters involved in flood 

frequency analyses. In this regard, the third aim is to investigate flood trends in the 

bivariate space to account for how climatic and anthropogenic drivers, such as the effect 

of urbanisation, influence on flood characteristics at a given catchment. Finally, the 
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fourth aim addresses the need for extending short flood records through combining the 

variability of the catchment response provided by hydro-meteorological modelling and 

the fast generation of synthetic samples keeping the properties of the initial data via 

copula-based models.  

These four aims are further described in the following paragraphs: 

i) Perform a bivariate local flood frequency analysis focused on examining 

bivariate return periods for obtaining quantile estimates at a given gauged site.  

On the basis that quantiles are associated with return periods, and that in 

the bivariate approach several theoretical return periods exist and also a 

routed approach has been defined to take into account the dam risk depending 

on the dam characteristics, this first aim is related to the analysis and 

comparison of bivariate return period approaches (e.g., Salvadori and De 

Michele, 2004; Mediero et al., 2010) by:  

- Providing a complete procedure for estimating quantiles for a target 

site by a bivariate copula-based distribution. 

- Developing a methodology for generating a large set of synthetic 

hydrographs, keeping the statistical univariate and bivariate properties 

of flood series. 

- Examining results from different theoretical bivariate return periods. 

- Obtaining the routed return period based on the risk of dam 

overtopping via copulas.  

- Comparing theoretical and routed return period approaches. 

- Assessing the sensitivity of the proposed routed return period to 

changes in dam characteristics.  

ii) Supply a procedure for performing a bivariate regional flood frequency 

analysis for either providing estimates at a given ungauged site or improving 

quantile estimates at gauged sites.  
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The extension of the bivariate local flood frequency analysis to the 

regional approach by using information provided by a set of gauged sites, 

with the aim of improving quantile estimates at gauged sites, as well as 

obtaining quantile estimates at ungauged sites, is carried out via this second 

aim of the research by:  

- Procuring a step-by-step procedure to implement a complete 

multivariate regional flood frequency analysis, focused on the bivariate 

case, based on the multivariate regional approach introduced by 

Chebana and Ouarda (2007, 2009), in which bivariate copulas and 

return periods were applied. 

- Refining such an approach by incorporating concepts and elements, 

such as the use of two-parameter copulas for generating synthetic 

homogeneous regions to test homogeneity, and the possibility of 

considering different theoretical bivariate return periods for estimating 

quantile curves. 

- Providing practical orientations for carrying out a bivariate regional 

flood frequency analysis in practice.  

iii) Investigate bivariate flood trends via copulas. 

Motivated by the current concern among hydrologists about the 

implications of possible changes in flood characteristics because of 

urbanisation, land-use or climate change (e.g., Rose and Peters, 2001; 

Kjeldsen, 2009), and due to flood trend studies usually focus on the univariate 

approach (e.g., Petrow and Merz, 2009; Wilson et al., 2010), this third aim 

entails the application of the copula approach to analyse bivariate flood trends 

by: 

- Analysing and detecting graphically and formally possible univariate 

and bivariate trends. 

- Examining how these trends may affect flood characteristics. 

- Providing a copula-based procedure to estimate quantiles by taking 

into account the potential bivariate flood trends.  
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iv) Extend observed flood series by combining hydro-meteorological and 

bivariate copula-based models. 

Finally, this fourth aim addresses the extension of the usually available 

short flood data series to obtain more appropriate quantiles associated with 

high return periods (e.g., Saad et al., 2015) by:  

- Determining the number of flood hydrographs to be simulated from a 

hydro-meteorological model to be the input of a copula-based model. 

- Identifying the minimum number of flood observations required for 

obtaining accurate quantile estimates, considering a set of marginal 

distribution functions and copula families. 

- Providing a procedure for obtaining large synthetic flood samples by 

combining hydro-meteorological modelling and bivariate copula-based 

distributions. 

1. 3. Organisation of the thesis 
The results of the research are shown in the present doctoral thesis, which is 

organised according to eight chapters. The motivation, aims and organisation of the 

thesis have already been introduced in the present Chapter 1. A review of the studies 

performed over the literature leading to the present research is displayed in Chapter 2. 

The general methodology followed to accomplish the research, including the description 

and connection among the specific methodologies proposed for each part into which the 

research is divided, as well as a summary of the considered case studies are shown in 

Chapter 3. The first part of the research is introduced in Chapter 4, where a bivariate 

local flood frequency analysis focused on the analysis of theoretical return periods and 

the return period in terms of the specific structure under study is performed. Chapter 5 

presents the second part, consisted of the steps needed for carrying out a complete 

multivariate regional flood frequency analysis focused on the bivariate case. The third 

part of the research is addressed in Chapter 6, where a bivariate flood trend analysis is 

performed; while Chapter 7 introduces the fourth part, entailing the extension of 
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observed flood series by combining a hydro-meteorological model and bivariate copula-

based model. Conclusions are presented in Chapter 8.  
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2  
Literature review  

The literature review in flood frequency analysis is included in the present chapter, 

paying special attention to the copula-based approach. Flood frequency analyses seek to 

connect the magnitude of extreme events with their frequency of occurrence via 

probability distributions. Flood frequency analyses can be classified by the number of 

either studied variables or gauged sites considered for estimating quantiles at a given 

target site (e.g., Chebana and Ouarda, 2009). As a consequence, four flood frequency 

analysis approaches can be considered: univariate local, multivariate local, univariate 

regional and multivariate regional.  

Observed flood series used in flood frequency analyses are usually assumed to be 

stochastic, independent and identically distributed, where hydrological processes are not 

modified by natural or anthropogenic changes (Rao and Hamed, 1999). However, 

changes in urbanisation levels, land-use or climate change can cause changes in flood 

characteristics (e.g., Rose and Peters, 2001; Kjeldsen, 2009), apart from the clustering 

of floods in time leading to flood-poor and flood-rich periods (Mediero et al., 2014). 

Stationary flood frequency analyses are considered for studying the former case, 

whereas non-stationary approaches should be considered when hydrological processes 

may be affected. Moreover, long data series not usually available in practice are needed 

for carrying out accurate flood frequency analyses of extreme events. Hydro-

meteorological modelling is a usual tool for obtaining synthetic long flood series, and 

stochastic models are also considered for that purpose (e.g., Giustarini et al., 2010). 

Chapter 
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In order to address the review of the studies carried out over the literature about the 

aforementioned topics, the present chapter is organised into five main sections: (i) 

univariate (local) flood frequency analysis; (ii) multivariate (local) flood frequency 

analysis; (iii) regional flood frequency analysis; (iv) non-stationary flood frequency 

analysis; and (v) synthetic data for flood frequency analysis.   

2. 1. Univariate flood frequency analysis 
The design and flood risk assessment of hydraulic structures, such as dams, 

involves the identification of given flood events with a low probability of exceedance 

that the structure should resist. Flood frequency analyses allow connecting the 

magnitude of such events, named as design floods, with their probability of occurrence. 

Univariate flood frequency analyses are commonly focused on the study of peak flows 

(e.g., Cunnane, 1989; Stedinger et al., 1993), where the magnitude of an event is 

estimated as the quantile associated with a given probability of non-exceedance. In 

engineering and environmental applications, it is usual to express the quantile in terms 

of its return period instead of its probability of non-exceedance (Hosking and Wallis, 

1997). The concept of return period is established with the aim of characterising the 

flood risk as the probability of exceeding a given quantile. Hence, the univariate return 

period (T ) of an event is defined as the inverse of the probability of exceeding such an 

event any year, or in other words, as the mean inter-arrival time between two events that 

exceed a given magnitude. The univariate return period T  is expressed as:  

)1(
1

p
T


 , (2. 1) 

where )1,0(p  is the probability of non-exceedance, and therefore )1( p  is the 

probability of exceedance. For instance, according to Equation (2. 1), the 10-year flood 

event is related to the probability of non-exceedance .9.0p  Therefore, such an event 

entails a probability of 0.1 to be exceeded any year. The return period is a standard 

criterion in dam design and flood control, being commonly used in both hydrological 

literature and practice because of the simple and useful description of risk that involves 

(Shiau et al., 2006). The return period is considered by national laws and guidelines for 
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dam design (Minor, 1998; Rettemeier and Köngeter, 1998), as well as by the European 

Union Floods Directive 2007/60/EC on the assessment and management of flood risks.  

In order to estimate quantiles associated with given return periods, it is necessary 

to obtain the frequency curve by fitting a probability distribution function to the 

observed data. In this regard, some important concepts are defined below (for more 

details see Hosking and Wallis, 1997). The (cumulative) distribution function of the 

random variable X, )(xF , is an increasing function expressed as: ][)( xXPxF  , 

with 1)(0  xF , where ]A[P  denotes the probability of the event A, and x represents 

a given value of X. As p  is the probability of non-exceedance (i.e., ][ xXPp  ), 

)(xF  can be formulated as ppxF ))(( , and hence the inverse of the distribution 

function of X, called quantile function (or frequency curve), can be formulated as: 

)()( )1( pFpx  . The quantile function can also be expressed in terms of return period 

by replacing )(xF  with its associated return period value: )).(1/(1 xFT   An 

illustration of the relation among the aforementioned concepts is shown in Figure 2. 1.  

 

Figure 2. 1. Illustration of (a) a univariate (cumulative) distribution function; and 

(b) a quantile function (so-called frequency curve) expressed in terms of F(x) or T. 

The most important aspects to solve in order to accomplish an appropriate 

univariate flood frequency analysis consist of identifying the univariate distribution 

function to characterise the data, and selecting the method for estimating its parameters 

(GREHYS, 1996). Several two and three-parameter probability distributions commonly 

used in hydrology, such as the Gumbel (G), generalised extreme-value (GEV), 
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generalised logistic (GLO), generalised normal (GNO), generalised Pareto (GPA), 

log-Pearson type 3 (LP3), Pearson type 3 (P3), three-parameter log-normal (LN3) and 

two-parameter log-normal (LN2) distribution, can be tested in order to identify the 

distribution that best fits the observed data. Goodness-of-fit tests and model selection 

criteria can be used for helping in the selection process. Available methods for selecting 

univariate distributions and estimating its parameters are shown below. 

2. 1.1. Parameter estimate 

Different methods were proposed for estimating parameters of univariate 

distribution functions over the literature. The most known methods are (i) the maximum 

likelihood method; (ii) the method of moments; and the (iii) method of L-moments, 

where the last one is derived from the probability weighted moment method. Extensive 

information regarding such methods can be found in Rao and Hamed (1999).  

The main advantage of the maximum likelihood method is related to the small 

variance of parameters and quantiles that the method provides, reason because of being 

considered the most efficient method. Laio (2004) (among others) supports this method 

because, contrary to the method of moments or L-moments, the maximum likelihood 

method habitually procures asymptotically efficient estimators. However, because of its 

ability for fitting the data, the method is very sensitive to the presence of outliers, and 

hence non-robust. It supplies biased estimates, and it is not appropriate when small 

samples are considered, especially if the estimate of many parameters is involved. The 

estimate of parameters through this method is done by maximising the probability of 

occurrence of the observed data, where numerical problems can be found. The 

procedure is usually done by maximising the likelihood function defined as the joint 

probability density function conditional on given values of the parameters of the 

distribution.  

The method of moments is the simplest method, as only the calculation of the 

required sample moments is needed. However, the obtained estimates are not as 

efficient as those procured by the maximum likelihood method, especially if 

distributions with three or more parameters are used, due to high order moments may be 
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more biased in small samples. The method of moments is carried out under the 

assumption that the moments of the sample are the moments of the distribution, 

describing the shape of such a distribution. Hence, the parameters of the distribution are 

estimated via equations formulated in terms of the moments of the sample and/or more 

practical dimensionless sample moment ratios (i.e., the sample coefficient of variation, 

coefficient of skewness and coefficient of kurtosis). 

The method of L-moments is an improvement of the method of moments that 

avoids biased estimates, and is less sensitive to the presence of outliers than both 

aforementioned methods. The estimates provided are comparable and entail a simpler 

process to those obtained by the maximum likelihood method, being sometimes more 

accurate for small samples. Analogously to the method of moments, the parameters of 

the distribution are calculated by using the sample L-moments and/or more practical 

dimensionless sample L-moment ratios (i.e., the sample coefficient of L-variation, 

coefficient of L-skewness, and coefficient of L-kurtosis). The sample L-moments are 

calculated as a linear combination of the probability weighted moments, in order to 

provide a similar interpretation to that given by the classical moments. Among others, 

the method of L-moments is supported by Hosking and Wallis (1997).  

2. 1.2. Goodness of fit 

There exist graphical tools and formal goodness-of-fit tests for helping in the 

selection of the univariate distribution for fitting the data. Graphical tools are used for 

visually scanning how different kinds of univariate distributions are able to represent 

the data. Some of the most known graphical tools are probability plots and the 

L-moment ratio diagram. Probability plots (e.g., Rao and Hamed, 1999), such as 

QQ-plots where the quantiles obtained via the observed data and by the fitted 

distribution are drawn together, are usually used. In this case, the adequacy of the fitting 

of the distribution to the data is better the closer the obtained points are to the diagonal. 

Another common graphical tool is the L-moment ratio diagram (e.g., Hosking and 

Wallis, 1997), in which the theoretical coefficient of L-skewness and L-kurtosis of 

several distributions are compared with the point represented by the sample coefficient 
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of L-skewness and L-kurtosis, with the aim of identifying the best distribution in 

characterising the data as the closest one to the given sample point.  

There exist many goodness-of-fit tests to formally identify the appropriate 

distributions for fitting the data. Laio (2004) compared the performance of several 

goodness-of-fit tests commonly used in hydrology such as the Anderson-Darling, 

chi-square, Cramér-von Mises, Kolmogorov-Smirnov, L-moment and probability plot 

test. The power of the tests, i.e., their capability of rejecting the null hypothesis when it 

is false (where the null hypothesis is that the sample belongs to a given distribution), 

was assessed by Monte Carlo simulations with a sample size equal to 50.  

As main results, it was obtained a good performance of the statistics based on the 

empirical distribution function, i.e., the Anderson-Darling, Cramér-von Mises and 

Kolgomorov-Smirnov test. The Anderson-Darling test was considered to be the best 

one, closely followed by the Cramér-von Mises test. It was also concluded that the 

power of the L-moment test is very variable, not involving good results when the 

distance between the estimate of the L-moment ratios of the empirical and theoretical 

distribution is similar. Moreover, probability plots were suggested for detecting 

deviations from normality, while it was recommended avoiding the use of the 

chi-square test in hydrological applications because of its small power. A new test, the 

transformed Anderson-Darling, was also proposed entailing the advantage of having a 

distribution-free critical value that avoids redefining the critical region for each 

considered distribution. Its drawback is the need for using a parameter estimate method 

that provides asymptotically efficient estimators of the parameters, such as the 

maximum likelihood method (but not the L-moment method).   

Besides, several authors have highlighted that apart from the behaviour of the 

distributions regarding fitting the data, the analysis of their behaviour for high return 

periods is also advised with the aim of increasing the robustness of the model (e.g., El 

Adlouni et al., 2008). 
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2. 1.3. Model selection  

Model selection criteria can be applied to rank probability distributions. Those 

criteria are based on the principle of parsimony, through which the balance between 

bias and variance of the estimates is considered. As a result, the models with a large 

number of parameter are penalised, because of entailing smaller bias and larger 

variability. Laio et al. (2009) assessed the behaviour of different model selection criteria 

in the hydrological context, such as the Akaike information criterion (AIC), the 

Bayesian information criterion (BIC) and the Anderson-Darling criterion. The first two 

criteria are standard model selection techniques commonly used in other fields different 

from hydrology, while the last one is related to the transformed Anderson-Darling 

proposed in Laio (2004) and supported by the good results of the Anderson-Darling 

statistic in hydrology. As a result, the usefulness of using model selection criteria was 

pointed out, while it was concluded that none of the criteria can be considered better 

than the others, as they involve results of similar quality. Di Baldassarre et al. (2009) 

highlighted that model selection criteria are useful for helping in the selection of the 

best distribution in order to obtain accurate quantile estimates.  

A detailed description of these model selection methods can be found in Laio et al. 

(2009), while a brief summary is presented below. The aforementioned three criteria 

consider as the best distribution that with the minimum value of the corresponding 

criterion. The AIC was established by Akaike (1973) as a discrepancy measure between 

the true and the fitted distribution, via probability density functions. The BIC was 

established by Schwarz (1978) under Bayesian inference, through which the 

discrepancy measure between the data and the fitted distribution is established. In the 

latter, the observations are used for updating the probability of belonging to such a 

distribution, where the larger is the probability the smaller is the discrepancy. The BIC 

tends to penalise the distributions with a larger number of parameters (i.e., accounting 

for over-fitting) more than the AIC. Finally, the discrepancy measure under the 

Anderson-Darling criterion is a weighted mean squared distance between the true and 

the considered distribution, via (cumulative) distribution functions. The Anderson-

Darling criterion is expressed as a function of three coefficients that depend on the 

considered distribution and the Anderson-Darling statistic (see Laio, 2004 for the 
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complete formula). The principle of parsimony is implicit in the Anderson-Darling 

criterion due to the aforementioned coefficients depend on the distribution, and hence 

on the number of parameters. Ideally, goodness-of-fit tests should be used for obtaining 

the distributions that fit the data suitably, while model selection criteria should be 

utilised to select the best distribution among those passing the goodness-of-fit tests. 

2. 2. Multivariate flood frequency analysis 
The univariate approach is commonly used because of requiring a less amount of 

data and less sophisticated mathematical analyses than the multivariate approach (Shiau, 

2003). However, the former is not able to supply a full evaluation of the probability of 

occurrence of a flood event (Chebana and Ouarda, 2011b). This is due to flood 

generation processes are complex and floods should be considered as events of 

multivariate nature, in which variables such as maximum peak flow, hydrograph 

volume and hydrograph duration are correlated (Goel et al., 1998; Yue and Rasmussen, 

2002). These and additional variables that characterise a flood hydrograph are shown in 

Figure 2. 2.  

 

Figure 2. 2. Elements of a flood hydrograph. 

Therefore, a multivariate flood frequency analysis should be performed in order to 

avoid overestimating or underestimating the risk of a specific flood event due to only 

considering the univariate return period of either the peak flow or hydrograph volume 
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(Salvadori and De Michele, 2004; De Michele et al., 2005). Specifically, considering 

the whole hydrograph and not only the peak flow is essential in dam design, since the 

peak inflow is transformed during the routing process through the reservoir.  

2. 2.1. Traditional vs. copula-based approach 

Initially, multivariate modelling was performed by using standard bivariate 

distributions to describe the dependence between correlated random variables, via the 

joint distribution of their marginal distributions. Several studies were carried out for 

modelling floods based on this approach. Bivariate normal distributions were used for 

characterising peak flow and volume (Goel et al., 1998), as well as volume and duration 

(Yue, 1999), after normalising the data by Box-Cox transformations. Bivariate gamma 

distributions were considered by Yue (2001), while bivariate extreme-value 

distributions were used by Yue et al. (1999) for analysing both pairs of variables. Peak 

and volume were also modelled by bivariate extreme-value distributions by Shiau 

(2003). In this regard, two studies were also performed in Spain for modelling variables 

jointly (Mediero et al., 2010; Jiménez-Álvarez and Mediero, 2014).  

However, this traditional approach entails several shortcomings (see e.g., Favre et 

al., 2004):  

 The marginal distributions of the variables have to belong to the same 

family. 

 The extension of the marginal distributions from the bivariate to the 

multivariate case is not always easy.   

 The dependence relation between correlated variables is generally 

determined by the Pearson's correlation coefficient, assuming a linear 

relation that may not represent the real relation between variables. 

The use of copulas to obtain multivariate distributions overcomes the drawbacks of 

the traditional approach. A copula is a distribution function of m-variables with 

marginal distributions uniformly distributed in m]1,0[  that represents the dependence 
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structure among correlated variables, and allows obtaining a multivariate distribution 

function via the univariate distribution functions (Nelsen, 1999). The main advantage of 

copulas is that the dependence among correlated variables can be achieved 

independently form the marginal distributions. Therefore, the marginal distributions of 

the variables can belong to any family, involving more flexibility to select the 

distribution for fitting the data. Besides, many kinds of dependence structures can be 

characterised, as a large number of copulas exists. General concepts about copulas are 

included in Nelsen (1999), Joe (1997) and Salvadori et al. (2007). Moreover, Salvadori 

and De Michele (2004) pointed out that calculations performed by standard bivariate 

distributions in the literature can be facilitated by using copulas, as all those 

distributions can be expressed in terms of copulas.  

2. 2.2. Theory of copulas 

The theory of copulas is based on the Sklar's theorem (Sklar, 1959), whereby the 

multivariate joint (cumulative) distribution of random variables is obtained. In the 

bivariate case (i.e., 2m ), the joint distribution function of the random variables X and 

Y, ),( yxH , is expressed as:  

 yxyFxFCyxH YX ,))(),((),( , (2. 2) 

where XF  and YF  are the univariate (so-called marginal) distribution functions of X and 

Y (respectively), x and y are observations of X and Y (respectively), and C  is the copula 

function. Hence, as the marginal distributions provide an exhaustive description of X 

and Y separately, the copula characterises the joint dependence between X and Y in a 

unique and complete way. Copulas are invariant under strictly increasing 

transformations of X and Y. Thus, through the probability integral transform, the 

analysis can be focused on the random variables 1U  and 2U , where their given values 

1u  and 2u  are expressed as: 

)(1 xFu X  and )(2 yFu Y  (2. 3) 
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As a consequence, the marginal distributions of 1U  and 2U  are uniformly 

distributed in 2]1,0[ , not depending on any parameter, and the same copula is associated 

with ),( YX  and ),( 21 UU . Hence, the original analysis on ),( YX  becomes a 

non-parametric analysis on ),( 21 UU  that is less difficult to solve (Salvadori and De 

Michele, 2004). 

The bivariate copula function C  satisfies the following properties (Nelsen, 1999):  

 C  is a mapping function: ].1,0[]1,0[ 2   

 .),1(,0),0(,)1,(,0)0,(:, 22211121 uuCuCuuCuCIuu   

 :and,,,, 2,21,22,11,12,21,22,11,1 uuuuIuuuu 

.0),(),(),(),( 1,21,12,21,11,22,12,22,1  uuCuuCuuCuuC  

Because of different combinations of ),( 21 uu  pairs can lead to the same ),( 21 uuC  

value, it is common to express the joint probability ),( 21 uuC  via contours of equal 

probability (i.e., copula probability level curves) where puuC ),( 21  with 10  p . If 

there is mutual independence between variables: ;),( 2121 puuuuC   whereas if there 

is complete dependence: puuuC  121 ),(  or puuuC  221 ),( . Therefore, the 

contour associated with two positively correlated variables is bounded by these contours 

(see Figure 2. 3), meaning that the values of 1u  and 2u  that fulfil puuC ),( 21  are 

greater than p, and hence ),min(),( 2121 uuuuC   (Shiau et al., 2006). 

 

Figure 2. 3. Boundaries for a copula probability level curve of two positively 

correlated variables.  
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This notion can be generalised and expressed in terms of the whole copula. The 

random variables X and Y are independent if and only if their marginal distribution 

functions XF  and YF  are also independent. This condition is established in terms of 

copula by the product copula (so-called independence copula, e.g., Genest and 

Nešlehová, 2012b): 2121 ),( uuuu   (Figure 2. 4b). Thus, X and Y are independent if 

2121 ),( uuuuC  , and dependent otherwise.  

The limits of a copula are defined by the Fréchet-Hoeffding bounds 

(Figure 2. 4a,c). The lower bound (Figure 2. 4a) represents the copula where X and Y 

have the largest negative dependence: )0,1max(),( 2121  uuuuW ; whereas the 

upper bound (Figure 2. 4c) is related to the copula where X and Y have the largest 

positive dependence: ),min(),( 2121 uuuuM  . Therefore, any copula C  represents a 

dependence model that is between both limits: ),(),(),( 212121 uuMuuCuuW  . 

 

Figure 2. 4.  (a) Fréchet-Hoeffding lower bound; (b) product copula; and (c) 

Fréchet-Hoeffding upper bound, with their associated copula probability level curves. 

Figure generated from Figure 2.1 and Figure 2.2 in Nelsen (1999). 
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 Probability of events  

In the univariate case two marginal events can be defined for each variable. They 

are expressed as: }{ xXEX   and }{ xXEX   for X; while YE  and YE  are 

obtained analogously for Y. In the bivariate case, the variables are considered jointly 

and a larger number of events can be defined. Possible bivariate joint events can be 

obtained by combining the aforementioned marginal events via the union operator " " 

(which means that the first "or" the second marginal event is fulfilled) and the 

intersection operator " " (which means that the first "and" the second marginal event 

are fulfilled). Among the combined events, those named as extremal events are usually 

of interest for studying extreme hydrological events such as floods (Salvadori et al., 

2007): }{OR yYxXE   and }{AND yYxXE  . 

In the univariate case, where variables are considered as independent, the 

probability of the marginal events XE  and YE  is expressed via the univariate 

distribution function XF  and YF (respectively), defined at the beginning of Section 2. 1 

and included here as a reminder: 

 Univariate distribution function of X: ].[)( xXPxFX   

 Univariate distribution function of Y: ].[)( yYPyFY   

And complementarily, the probability of the events XE  and YE  is expressed as:  

 Survival marginal distribution function of X: ).(1][)( xFxXPxF XX   

 Survival marginal distribution function of Y: ).(1][)( yFyYPyF YY   

In the bivariate case (Nelsen, 1999), the probability of joint events can be defined 

by using copulas (see Figure 2. 5 for an illustration).   

 Copula, i.e., joint distribution function of X and Y: 

].[))(),(( yYxXPyFxFC YX   

And complementary: 
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 Co-copula, i.e., survival probability for one or both variables (related to 

ORE ): 

)).(),((1][1][))(),((* yFxFCyYxXPyYxXPyFxFC YXYX 

 

 

Figure 2. 5. Illustration of the copula C , co-copula *C , survival copula C  and 

dual-copula C~ . 

Moreover, it is established: 

 Survival copula, i.e., joint survival function of X and Y (related to ANDE ): 

 ))(),((1)()(][))(),(( yFxFCyFxFyYxXPyFxFC YXYXYX

)).(),(()()(1 yFxFCyFxF YXYX   

And complementarily:  

 Dual-copula, i.e., probability of non-exceedance by one or both variables: 

 ))(),((1][))(),((~ yFxFCyYxXPyFxFC YXYX  

)).(),(()()( yFxFCyFxF YXYX   

Therefore, the co-copula, survival copula and dual-copula can be obtained in terms 

of the copula and the marginal distributions. 
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 Generation of random values  

Copulas have an important application in studies based on simulation and the 

Monte Carlo method, as samples from the defined joint distribution can be generated by 

using them. A procedure to generate such random variable values was presented in 

Nelsen (1999). The procedure uses the conditional distribution method to generate 

),( 21 uu  pairs of random variables ),( 21 UU  uniform on (0,1) via the copula, and the 

inverse distribution function method to transform the ),( 21 uu  pairs into ),( yx  pairs via 

the marginal distribution functions of X and Y.  

The steps of the procedure are the following: 

i) Generate two independent and uniform on (0,1) variates 1u  and t (where t is a 

given copula value). 

ii) Set )()1(
2 1

tcu u
 , where )1(

1


uc  is the inverse of 

1uc  that is the conditional 

distribution function of 2U  given 11 uU  , i.e., )),((/ 2111
uuCucu  . 

iii) Obtain the ),( 21 uu  pair. 

iv) Set )();( 2
)1(

1
)1( uFyuFx YX

  , where )1(
XF  and )1(

YF  are the inverses of XF  

and YF , respectively. 

v) Obtain the ),( yx  pair. 

2. 2.3. Copula families 

There exist a wide variety of copula families (see e.g., Joe, 1997), where the most 

well-known are the elliptical, Archimedean and extreme-value copulas.   

Elliptical copulas come from elliptical distributions. The most well known copulas 

belonging to this family are the Normal (so-called Gaussian) and Student's t copula. The 

Normal copula is associated with the multivariate normal distribution, whereas the 

Student's t copula is related to the standardised multivariate Student's t distribution. The 

Student's t copula becomes the Normal copula when the degrees of freedom of the 
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former are greater than or equal to 30. Renard and Lang (2007) highlighted advantages 

and drawbacks of this copula family, focusing on the Gaussian copula. First, it was 

remarked that elliptical copulas are more easily extended to the multivariate case than 

other copula families. This kind of copulas represent the dependence structure of the 

data via a (correlation) matrix in which the elements describe the dependence between 

pairs of variables, analogously to correlations used in traditional multivariate normal 

distributions, which turns them into useful tools when more than two variables are 

studied. However, modelling the dependence between variables by correlation measures 

avoids characterising complex structures. Thus, it is specially necessary to check if the 

dependence structure of the copula represents the structure of the data (e.g., by 

analysing the departure from normality by the Chi-square plot). Moreover, the Gaussian 

copula has no tail dependence, i.e., the dependence is weak for extreme events; and it is 

useful for interpolation but not for extrapolation. Other shortcomings were pointed out 

by Martín and Aberturas (2007), such as that they do not have close expressions and are 

limited to radial symmetry. 

Archimedean copulas represent the largest and most applied family. Their use is 

widespread because of entailing a broad variety of dependence structures and being 

easily formulated via a generator function, )(t , as: ))()((),( 21
1

21 uuuuC    . 

There exist one-parameter copulas, such as the Ali-Mikhail-Haq, Clayton, Frank, 

Gumbel or Joe copula; and two-parameter copulas, such as the BB1 (Clayton-Gumbel), 

BB6 (Joe-Gumbel), BB7 (Joe-Clayton) and BB8 (Joe-Frank) copula. Two-parameter 

copulas allow more flexibility for modelling the dependence of the lower and upper tail 

of the copula (Joe, 1997). Archimedean copulas are recommended for performing 

hydrological analyses (Nelsen, 1999). The drawback is related to difficulties in 

extending some bivariate copulas to higher dimensions, as additional conditions have to 

be fulfilled. Besides, when greater than two dimensions are considered, it could be 

necessary to characterise different dependence relations between pairs of studied 

variables (Renard and Lang, 2007), which is not possible via symmetric Archimedean 

copulas. Multivariate asymmetric Archimedean copulas have been developed to avoid 

this issue, providing more flexibility for fitting multivariate data (see Section 2. 2.6).  
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Extreme-value copulas (e.g., see Genest and Nešlehová, 2012a) are defined via the 

function of dependence )(tA  (Pickands, 1981), with 1)()1,max(  tAtt , by the 

formula: ))}ln/(ln(ln)exp{ln(),( 2112121 uuuAuuuuC  . This family has the advantage 

of being able to connect extreme values of studied variables, which is essential in flood 

frequency analysis. Hence, their use is supported when the marginal distribution 

functions of the data are also extreme-value distribution functions, e.g., if annual 

maximum data are studied (Martín and Aberturas, 2007). Copulas such as the Gumbel 

(that belongs to both Archimedean and extreme-value families), Galambos, Hüsler-Reis 

and Tawn copula belong to this class. 

There are other copulas, such as the Plackett and the Farlie-Gumbel-Morgenstern 

copula, which are not part of any given family.  

2. 2.4. Copula selection 

The selection of the copula for characterising the dependence structure of the 

studied data, among the large number of copulas that exit, is not a trivial issue. Indeed, 

copula selection and goodness-of-fit tests are still evolving fields (Yan, 2007). Recently, 

some studies have been carried out regarding steps required in the copula selection 

process. In this regard, Genest and Favre (2007) summarised the aspects involved in 

studying the dependence between two correlated variables for copula modelling. 

Measures and graphical tools for dependence analysis, parameter estimate methods, and 

graphical and formal goodness-of-fit tests were shown to be taken into account in the 

process of identifying the appropriate copula model. The importance of considering the 

degree of dependence between extreme values of variables (i.e., upper tail dependence) 

in copula selection was emphasised by Poulin et al. (2007), in order to avoid flood risk 

underestimate. Chowdhary et al. (2011) reviewed the copula selection process for 

bivariate flood frequency analyses, considering tail dependence assessment. Steps 

involved in copula selection are: (i) dependence structure evaluation; (ii) parameter 

estimate; (iii) goodness-of-fit tests; (iv) model selection criteria; and (v) tail dependent 

assessment.  
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 Dependence structure of the data 

Copulas characterise the dependence structure of the data. Hence, it is necessary to 

assess the dependence relation between the studied variables, identifying if they are 

correlated. Graphical tools and dependence measures were proposed for achieving such 

an analysis.  

A graphical analysis of dependence can be displayed by the scatter plot of the 

))1/(),1/((  nSnR ii  pairs, hereafter called pseudo-observations (e.g., Genest et al., 

2009), derived from the observed data ),( ii yx . Where iR  is the rank of ix  among 

ni xx ,...,  and iS  is the rank of iy  among ni yy ,..., , with ni :1 , being n  the observed 

data length. Other graphical tools are the rank-based scatter plots: Chi-plot (Fisher and 

Switzer, 1985, 2001) and K-plot (Genest and Boies, 2003). 

Besides, dependence measures are needed to procure a quantitative value of the 

dependence relation between variables. Because of the nature of copulas, where 

dependence between variables is studied independently from the marginal distributions, 

rank-based measures of dependence should be used. For that purpose the Kendall's tau 

( ) and the Spearman's rho ( s ) rank-based non-parametric measures of dependence 

can be adopted and their associated p-values estimated, where independence between 

variables is rejected for p-values less than 0.05 (see Genest and Favre, 2007). Results of 

dependence measures provide an idea of the kind of copula to be considered in the 

study, since each copula supports a particular range of dependence. Thus, the number of 

feasible copulas can be reduced by using the Kendall's   value. For instance, the 

Ali-Mikhail-Haq copula is not suitable for high positive or low negative Kendall's   

values, i.e., for high correlated variables. In this regard, Michiels and Schepper (2008) 

provided the range of admissible Kendall's   values for several bivariate copulas.  

 Copula parameter 

Several methods were proposed to estimate the parameter ( ) of the copula C , 

which can be classified into two main groups (e.g., Genest and Favre, 2007): rank-based 

and other methods. Regarding the first group, the parameter estimate is calculated 

independently from the marginal distributions. Methods related to the method of 
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moments, which are based on the inversion of non-parametric dependence measures 

(such as the inversion of Kendall's tau or the inversion of Spearman's rho), and the 

maximum pseudo-likelihood method, which is a modification of the traditional 

maximum likelihood method where the (rank-based) empirical instead of the parametric 

marginal distributions are used, belong to this first group. The inversion's of Kendall's 

tau method only can be applied to one-parameter copulas (e.g., Chowdhary et al., 

2011); whereas the maximum pseudo-likelihood method can be applied for both one- 

and multi-parameter copulas. Lately, multi-parameter copula estimate methods based on 

moments (Brahimi and Necir, 2012) and L-moments (Brahimi et al., 2014) were 

proposed. The second group is formed by methods that depend on the selection of the 

marginal distributions, such as the inference function for margins method presented by 

Joe and Xu (1996). The inference function for margins method consists of a first step in 

which the parameters of the marginal distributions are estimated by maximum 

likelihood; and a second step where the copula parameter is also estimated by maximum 

likelihood, including the aforementioned marginal distribution parameters in the 

formula (Joe, 1997).  

Many authors support the use of rank-based parameter estimate methods in copula 

modelling, because of estimating the copula parameter independently from the marginal 

distributions (e.g., Kojadinovic and Yan, 2010). Among others, the inversion of 

Kendall's tau method was applied by Zhang and Singh (2006) and the maximum 

pseudo-likelihood method by Klein et al. (2010). De Michele et al. (2005) estimated the 

parameter of the Gumbel copula as an average between the estimate of the Kendall's tau 

method and that of the maximum pseudo-likelihood method. Kim et al. (2007) argued 

that the inference function for margins method is non-robust against misspecification of 

the marginal distributions, as the parameter estimate depends on the choice of the 

univariate marginal distributions and can be affected if such models do not fit 

adequately the data. The use of the inference function for margins method is supported 

by few authors (e.g., Shiau et al., 2006). Renard and Lang (2007) pointed out that when 

the dimension of the analysis and the number of parameters involved is high, standard 

maximum likelihood estimates can present numerical issues, where methods based on 

the inference function for margins technique could be useful.  
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 Goodness of fit and model selection criteria 

Graphical and formal goodness-of-fit tests were proposed for conducting the 

difficult task of copula selection. Graphical tools provide preliminary information about 

the copula fit (Berg, 2009). In this regard, the scatter plot in which the pseudo-

observations are drawing together with a large synthetic sample of ),( ,2,1 jj uu  pairs 

generated from each copula of study (e.g., Genest and Favre, 2007), where snj :1  

and sn  is a large synthetic sample size, can be used for identifying those copulas 

involving a similar dependence structure to the data. As illustration, 00010sn  

),( ,2,1 jj uu  pairs generated by the Clayton, Frank and Gumbel copula are displayed in 

Figure 2. 6. As it can be seen, the entailed dependence structure is different depending 

on the kind of copula. 

 

Figure 2. 6. Illustration of dependence structures represented by the (a) Clayton; (b) 

Frank; and (c) Gumbel copula. 

A well-known graphical tool for copula selection is the procedure presented by 

Genest and Rivest (1993), based on the comparison between the non-parametric (i.e., 

empirical) and parametric (i.e., theoretical for each copula) of the Kendall's function 

)(tKC , expressed as: ]),([)( 21 tuuCPtKC    with ]1,0[t . The Kendall's function is 

the cumulative distribution function of the t  copula values, which has an analytical 

expression for Archimedean copulas and can be estimated by simulation for other 

copula families (Salvadori et al., 2011). This graphical tool, so-called generalised 

K-plot, has been applied in many studies (e.g., Genest et al., 2006). The procedure was 
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specially designed for Archimedean copulas, hence there are given circumstances in 

which a goodness-of-fit test based on it is not consistent. This is the case of the 

extreme-value copulas, for which the procedure cannot distinguish among them because 

of entailing the same Kendall's function (Genest et al., 2006). In this regard, Genest and 

Favre (2007) pointed out that the selection of one or other extreme-value copula would 

not involve a large difference regarding flood forecasting results. 

Goodness-of-fit tests were proposed to formally identify if a copula represents the 

dependence structure of the observations. This is done by assessing the null hypothesis 

CCH :0 , i.e., testing if the dependence structure of a multivariate distribution is 

indeed suitably characterised by a given parametric copula family C . Genest et al. 

(2009) grouped the copula goodness-of-fit tests into three main classes: (i) those 

procedures focused on checking specific copula dependence structures; (ii) test statistics 

that can be applied to any kind of copula, requiring the selection of parameters or 

functions; and (iii) general tests that can be applied to any copula without fixing 

parameters or functions (so-called blanket tests). It was highlighted that such 

goodness-of-fit tests are rank-based to avoid the interference of parametric marginal 

distributions in the assessment. After introducing the aforementioned classification, 

such a study focused on blanket tests. In this regard, a total of seven rank-based tests 

were analysed, which in turn can be grouped into tests based on: (i) the empirical 

copula; (ii) the Kendall's transform; and (iii) the Rosenblatt's transform. Two of the tests 

belonging to the last group were proposed by the authors. A brief summary of these 

tests is presented below. 

 Goodness-of-fit tests based on the empirical copula: 

The pseudo-observations (defined at the beginning of Section 2. 2.4) can be 

considered as a sample from the unknown copula C of the data. The empirical 

distribution of these pseudo-observations can be defined as the empirical copula 

(Deheuvels, 1979), which is a non-parametric rank-based estimator of the unknown 

copula. Hence, an intuitive goodness-of-fit tests can be based on the comparison of the 

distance between the empirical copula, nC , and a given estimated parametric copula, 

C . Two goodness-of-fit tests based on versions of the Cramér-von Mises ( )( nC
nS ) and 
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Kolmogorov-Smirnov ( )( nC
nT ) statistic belong to this group (Genest and Rémillard, 

2008). 

 Goodness-of-fit tests based on the Kendall's transform: 

The tests that belong to this class are based on the probability integral transform of 

the data (defined at the beginning of Section 2. 2.2), so-called Kendall's transform. 

These goodness-of-fit tests are based on the comparison of the non-parametric and 

parametric estimate of the Kendall's function )(tKC , i.e., on the comparison between 

the empirical distribution of the values of nC  and C . Analogously to the tests based on 

the empirical copula, two goodness-of-fit tests based on versions of the Cramér-von 

Mises ( )(K
nS ) and Kolmogorov-Smirnov ( )(K

nT ) statistic belong to this group (Genest et 

al., 2006).  

 Goodness-of-fit tests based on the Rosenblatt's transform: 

The tests included in this group are based on the probability integral transformation 

of Rosenblatt, through which a vector can be considered to be formed by independent 

components uniformly distributed in (0,1). Then, the pseudo-observations are 

distributed as C if the derived independent components are distributed as the 

independence copula, usually named as C . Hence, tests based on the Rosenblatt's 

transform entail checking if the independent components derived from C  belong to 

C . Breymann et al. (2003) proposed the use of the Anderson-Darling statistic ( )( C
nA ) 

for performing the test. However, several issues were found regarding such an 

approach, which were overcome by the two new test statistics proposed in the study: 
)( C

nS  and *)( C
nS , obtained by using the distance between the empirical distribution of 

the independent components related to the pseudo-observations and the empirical 

distribution of the independence copula C . Both new proposals are versions of the 

Cramér-von Mises statistic with a different integration measure.  

The assessment of the behaviour of these seven tests was performed under several 

degrees of dependence (Kendall's   equal to 0.25, 0.5 and 0.75) and sample sizes (n 

equal to 50 and 150), considering one-parameter copulas belonging to the Archimedean, 

elliptical, and Plackett family. The statistic of each test was obtained and the associated 
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p-value was calculated by using a parametric bootstrap procedure (Genest and 

Rémillard, 2008). Overall, the best results were obtained for the test based on the 

Cramér-von Mises statistic by the approach of the empirical copula, )( nC
nS , and the two 

new test statistics proposed by the authors. However, it was concluded that overall, 

none of the tests can be considered the best regardless of considering other factors. It 

was also founded that the tests based on the Cramér-von Mises statistic are more 

powerful that those based on the Kolmogorov-Smirnov statistic; which supports the 

conclusion obtained by Genest et al. (2006), where the performance of tests based on 

the Kendall's transform was previously assessed. Moreover, it was recommended the 

use of )(K
nS  if only Archimedean copulas are considered in a given study, because of the 

available analytical expression of the Kendall's function. 

The need of obtaining p-values by an appropriate parametric bootstrap procedure 

to assess if a copula fits properly the data was pointed out by Genest et al. (2006, 2009), 

noting that some authors use standard goodness-of-fit test statistics, but without 

formally checking the suitability of the copula by estimating the p-value. For instance, 

Klein et al. (2010) used the root mean square error (RMSE) without using a formal test 

to obtain p-values. Salvadori and De Michele (2011) highlighted that p-values can not 

be used to rank copulas, but to accept or reject them. Usually, 10 000 bootstrap 

simulations are considered for computing p-values, where the number of simulations 

should be greater than the sample size (Genest et al., 2009).  

It is important to highlight that the application of goodness-of-fit tests is an 

important step in copula selection, while the criteria that shall be introduced below help 

in the selection of the best copula among those that have passed the goodness-of-fit test. 

However, the application of goodness-of-fit tests can involve some difficulties in 

practice when they are applied to large sample sizes. The power of the goodness-of-fit 

tests increases with the sample size (Genest et al., 2009). However, as the behaviour of 

the copula goodness-of-fit tests partially depends on the sample size (Genest and 

Nešlehová, 2012b), all considered copulas could be rejected for large sample sizes. This 

issue was highlighted by Vandenberghe et al. (2010) for a large rainfall-sample size 

( 0002n ), pointing out that the low p-value results obtained for a large number of 

copulas in their study could be related to the need of a larger number of simulations 
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than the sample size (Genest et al., 2009), yet indicating that a further development of 

goodness-of-fit tests to large data sets is needed.  

Model selection criteria are also considered for selecting the best copula. 

Analogously to model selection criteria used in Section 2. 1.3 for marginal distribution 

selection, the AIC and BIC can be used for copula selection, ranking the candidate 

copulas by identifying as the best copula that with the smallest value of the respective 

criteria. These criteria have been applied by Karmakar and Simonovic (2009) and 

Zhang and Singh (2006), among others. 

 Tail dependence 

The notion of tail dependence is connected with the degree of dependence in the 

upper-right-quadrant tail or lower-left-quadrant tail of a bivariate distribution. Focus is 

on upper tail dependence when extreme flood events are studied (Serinaldi, 2008), as it 

is associated with the capacity to link extreme flood peaks to extreme volumes, not 

being relevant the analysis on the lower tail. Several studies highlighted that not 

considering upper tail dependence could lead to an incorrect estimate of the flood risk 

(Poulin et al., 2007; Salvadori et al., 2007).  

The upper (and also lower) tail dependence is inherent to the copula model, i.e., 

each copula involves a given kind of upper (and lower) tail dependence, which depends 

on its parameters. Hence, the tail dependence coefficient can be straightforward 

calculated. As it can be seen in Figure 2. 6, the Clayton copula presents lower tail 

dependence, the Frank copula presents neither upper nor lower tail dependence, while 

the Gumbel copula presents both. With the aim of identifying if a copula reproduces 

properly the dependence in the extremes, the theoretical upper tail dependence 

coefficient of the copula should be estimated and compared with the upper tail 

dependence coefficient estimated from the observed data.  

Abberger (2005) proposed to derive graphically the tail dependence of bivariate 

data by the Chi-plot. Quantitative estimators of the upper tail dependence were also 

proposed. Frahm et al. (2005) reviewed and compared several tail dependence 

estimators based on parametric, semi-parametric and non-parametric approaches. The 
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estimator motivated by Capéraà et al. (1997), named as CFG
Û , showed the best 

performance among the non-parametric approaches, and it has been applied in other 

studies (e.g., Serinaldi, 2008), among others. This non-parametric estimator is based on 

the assumption that the empirical copula can be approximated by an extreme-value 

copula, but it also works well when this hypothesis is not fulfilled (except in the case 

that the real upper tail dependence is null). 

2. 2.5. Multivariate return periods and quantiles 

An analysis via joint return periods is required when the risk associated with 

several correlated variables is studied, as in such a case a set of univariate return periods 

does not provide significant information (Shiau et al., 2006). In univariate frequency 

analyses there is a unique relation between return period and quantile, expressed via the 

frequency curve (so-called quantile function). However, in the bivariate case, a given 

return period value is associated with a set of events instead of only one. Hence, it is 

necessary to identify the curve where all the events with the same return period value 

are located, i.e., a (bivariate) return period curve. Figure 2. 7 is displayed to illustrate 

differences between the univariate and bivariate approach.  

 

Figure 2. 7. Illustration of differences between the univariate and bivariate return 

period approach. 
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The univariate case where a given univariate return period value *T  is associated 

with a given quantile value *Tx  is shown in Figure 2. 7a; while Figure 2. 7b entails the 

bivariate approach in which a given bivariate return period curve *
,YXT  is associated with 

a set of ),( YX  pairs, e.g., ),( *
,

*
, ,1,1 YXYX TT YX , ),( *

,
*

, ,2,2 YXYX TT YX  and ),( *
,

*
, ,3,3 YXYX TT YX .  

 Theoretical multivariate return periods 

Several theoretical bivariate return periods have been defined through the literature 

(e.g., Yue et al., 1999; Yue and Rasmussen, 2002; Shiau, 2003), as the probability of 

several events can be studied in the bivariate case. Bivariate joint return periods are 

related to the extremal events defined in Section 2. 2.2: }{OR yYxXE   and 

}{AND yYxXE   (Shiau et al., 2006), which are associated with the probability 

of exceedance as in the univariate case.  

This two bivariate joint return periods are the OR (so-called primary) return period 

in which either x “or” y are exceeded by the respective random variable X and Y; and the 

AND return period in which both x “and” y are exceeded. The analysis of joint return 

periods, as well as of other kinds of bivariate return periods such as conditional return 

periods, is simplified by using copulas because of their mathematical formula, as it was 

shown by Salvadori and De Michele (2004) and Zhang and Singh (2006). The OR and 

AND return period are expressed, respectively, as: 

))(),((1
1

][1
1

][
1

OR yFxFCyYxXPyYxXP
T

YX






 , (2. 4) 
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  (2. 5) 

Looking at Section 2. 2.2, it can be seen that the OR return period is associated 

with the co-copula, while the AND return period is related to the survival copula; where 

the former can be obtained by the copula values (Equation (2. 4)), and the latter by also 

including the values of the marginal distributions (Equation (2. 5)). An illustration of 

both return periods is shown in Figure 2. 8a. Note that Equation (2. 4) and 

Equation (2. 5) could also be expressed by introducing T  in the numerator, which is 
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the mean inter-arrival time between two successive events, which in the usual case of 

studying annual events equals 1.  

The inequality ANDOR ),max(),min( TTTTTT YXYX   is always fulfilled, where 

following Equation (2. 1), the univariate return periods of X and Y, XT  and YT , are 

respectively formulated as:  
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Moreover, a relation between univariate and bivariate return periods can be 

obtained by incorporating XT  via Equation (2. 6) and YT  via Equation (2. 7) into 

Equation (2. 4) and Equation (2. 5), which cannot be achieved via the traditional 

distribution approach (Shiau et al., 2006). Regarding the relation between bivariate joint 

return periods and univariate return periods, Salvadori and De Michele (2004) and De 

Michele et al. (2005) highlighted that a frequency analysis based on the univariate 

return period can underestimate or overestimate the risk associated with a given event, 

based on the following (see Figure 2. 8).  

 

Figure 2. 8. Illustration of (a) OR and AND return period curves; and (b) their 

connection with univariate return periods. 
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Univariate flood frequency analyses obtain the peak flow of the design flood, Tx , 

as the quantile associated with XT . As a consequence, the volume of the design flood, 

Ty , is obtained as the quantile associated with .XY TTT   As for copulas the 

inequality ANDOR TTT   is fulfilled for a given event, the event related to the 

univariate approach (i.e., the blue point in Figure 2. 8b) is indeed more frequent than 

expected regarding ORT  (as TT OR ). Thus, if such an event is the design flood, the 

quantiles are underestimated, entailing a risk. The opposite occurs in relation to ANDT , 

where the event is less frequent than expected (as TT AND ), involving overestimated 

quantiles and hence, an over-dimension (i.e., waste of money).  

An additional return period was also proposed by Salvadori and De Michele 

(2004), called the Kendall's (or secondary) return period. This approach is related to the 

OR (or primary) return period and is based on the Kendall’s function )(tKC . Figure 2. 9 

is displayed to facilitate the understanding of this new approach. All the events located 

in the copula level curve tL  (Figure 2. 9a) fulfil tuuC ),( 21  with 10  t , and also 

satisfy the expression based on Equation (2. 4): )()1/(1OR ttT  . Therefore, ORT  is 

smaller or equal to the threshold )(t  for the events located below and on tL  

(Figure 2. 9b). As )(tKC  is the probability of tuuC ),( 21 , it can be assumed that 

)(tKC  is also the probability of occurrence of an event with )(OR tT  . Thus, 

)(1)( tKtK CC   is the probability of an event with ),(OR tT   defining the Kendall's 

return period, KT , as the mean inter-arrival time for an event with a primary return 

period greater than :)(t  

)(1
1

)(
1

tKtK
T

CC
K


  (2. 8) 

The Kendall's return period involves a more practical meaning than the other joint 

return periods, as it identifies as critical events those located in tL , allowing dividing 

the events into two groups: sub-critical events (i.e., the events located below tL ) and 

super-critical events (i.e., those located above tL ). According to this, if a critical design 

threshold )(* t  is defined for flood protection, the Kendall's return period is the mean 

inter-arrival time of an event with a primary return period greater than ).(* t  In other 

words, the Kendall’s return period is related to the probability of occurrence of an event 
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in the area over the copula level curve of value t. The Kendall’s return period approach 

was formally extended to the multivariate case by Salvadori and De Michele (2010). 

The approach was proposed to substitute the standard multivariate return period 

definition that is related to the OR return period, with the aim of finding appropriate 

quantile of order p in a multivariate context. The proposal is based on the fact that the 

Kendall’s approach turns the multivariate analysis into an easier one-dimensional 

analysis, as )(tKC  is a univariate distribution function, providing an analogous return 

period definition to that considered in the univariate case.  

 

Figure 2. 9. Illustration regarding the relation between the OR (so-called primary) and 

the Kendall’s (so-called secondary) return period. 

Recently, Gräler et al. (2013) reviewed and compared the performance of different 

univariate, bivariate and trivariate return period approaches. The OR and the Kendall's 

return period were studied as bivariate approaches, being the trivariate approach also 

based on the Kendall's function. Differences were remarked among the approaches not 

only regarding the selected design events, but also because of its different statistical 

meaning. Therefore, the need of using each approach according to the specific problem 

to solve was highlighted. Some examples about the use of each approach were provided 

at the end of such a study.  
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 Multivariate quantiles and flood event selection 

Multivariate flood frequency analyses are focused on the study of multivariate 

return periods. Nevertheless, the related idea regarding multivariate quantiles is less 

employed. Several approaches were proposed through the literature to extend the 

univariate quantile to the multivariate case. Chebana and Ouarda (2011b) mentioned the 

quantile approaches reviewed by Serfling (2002) and included that proposed by 

Belzunce et al. (2007), with the aim of identifying the quantile approach to be used in 

hydrology applications. The bivariate quantile proposed by Belzunce et al. (2007) was 

chosen because of being the simplest and most intuitive version, as it is probability-

based instead of analytical or geometrical, which is useful in risk assessment. According 

to such an approach, the bivariate quantile curve, YXQ , , is defined as the curve where 

the infinite ),( yx  combinations that fulfil pyxFE ),(  are located:  

}),(:),{(),( 2
, pyxFyxEpQ EYX  , (2. 9) 

where ),( yxFE  is one of the probabilities related to the events in the four quadrants: 

][ yYxXP  , ][ yYxXP  , ][ yYxXP   or ][ yYxXP  . 

As the bivariate distribution is involved in the definition of this bivariate quantile 

approach, the Sklar’s theorem (in Equation (2. 2)) was then used by Chebana and 

Ouarda (2011b) for defining the bivariate quantile curve related to the event 

}{ yYxX   via a bivariate copula-based distribution that by definition involves  the 

study of pyYxXP  ][ :  

}),(),(),(:]1,0[),(,),{()( 212
1

1
1

21
2

, puuCuFyuFxuuyxpQ YXYX    (2. 10) 

Hence, the ),( yx  combinations that satisfy Equation (2. 10) are the events forming 

the bivariate quantile curve that overall, has no analytical expression. This bivariate 

quantile approach was applied by Chebana and Ouarda (2009) (see Section 2. 3.2). For 

practical reasons, such a bivariate quantile curve was divided into a proper and a naïve 

part (Figure 2. 10). The former is the central part of the curve, while the latter is formed 

by two lines parallel to the axes. The boundaries between them are related to the 
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univariate quantile of X and Y for a given p, px  and py , and can be estimated as close 

to the asymptotes as needed (Chebana and Ouarda, 2011b).  

 

Figure 2. 10. Bivariate quantile curve for the }{ yYxX   event. Univariate 

quantiles ( *
px  and *

py ) marked as boundaries between the proper and naïve part of the 

curve. 

As it has been pointed out throughout the present section, bivariate analyses 

provide a set of potential design events for a given return period, which have to be 

chosen among the infinite events located along the bivariate quantile curve. In this 

regard, Salvadori et al. (2011) formally defined the Kendall’s quantile associated with 

the multivariate Kendall’s return period, and highlighted the need of selecting a critical 

design event according to the phenomenon and the structure involved. It was suggested 

the use of a function chosen according to the specific practical needs to weigh the 

events under the quantile curve, in order to select the one that maximises such a 

function. Two approaches were proposed: the selection of the event that has associated 

the largest probability of exceedance of all its components, and the selection of the 

most-likely event obtained via the density function of the multivariate distribution on 

the curve of interest. However, it was also pointed out that sometimes, it could be better 

to select a subset of events to test the behaviour of the phenomenon on the specific 

structure (e.g., a dam), and that further research on the topic is needed. Other authors 

remarked that the selection of a subset of events avoids the loss of useful information 

provided by a multivariate analysis (Gräler et al., 2013). Such a selection is based on 
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cutting down the infinite events located under a quantile (or return period) curve, as 

their probability of occurrence and their effect on the hydraulic structure is not the same 

lengthwise the curve. Volpi and Fiori (2012) studied the identification of such a subset 

of events by adjusting the position of an upper and a lower boundary, in order to remove 

those events with the lowest probability of occurrence under the joint probability 

density function along the curve.  

 Return periods in terms of the structure under analysis 

Dam risk analyses were also proposed over the literature by taking into account the 

specific structure under analysis. The notion of assessing the dam risk via the water 

level reached at the dam by routing flood hydrographs was considered in several studies 

(e.g., De Michele et al., 2005; Giustarini et al., 2010; Klein et al., 2010).  

Mediero et al. (2010) proposed to define the return period as bivariate curves in 

terms of risk of either dam overtopping or downstream damages, instead of in terms of 

natural probability of occurrence of floods, in order to take into account the influence of 

reservoir and dam characteristics on the flood hydrograph routing process. The risk of 

dam overtopping is indeed given by the maximum water level reached by a flood routed 

through the reservoir. All the flood events that lead to the same maximum water level 

involve the same dam risk and should be located in the same return period curve, which 

in the bivariate case can be characterised by their peak-volume pairs. The risk of 

downstream damages is given by the maximum outflow peak generated by routed flood 

hydrographs. In the case of uncontrolled spillway, the risk of dam overtopping is 

equivalent to the risk of downstream damages, as the outflow peak is directly related to 

the maximum water level reached at the dam. Analogously, in the case of controlled 

spillway all the events that imply the same outflow peak involve the same risk and 

should be located in the same return period curve. Recently, Volpi and Fiori (2014) 

proposed a return period based on failure risk of the specific hydraulic structure for 

designing and assessing flood risk in the bivariate context. The procedure was applied 

to a simplified dam model and the results were compared with those obtained by 

theoretical return periods, supporting the need of considering not only the hydrological 

loads but also the specific structure in the analysis. 
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2. 2.6. Application of copulas in local flood frequency 
analysis 

Copulas are extensively used in other fields such as finance. However, their 

application to hydrology is relatively new, with a significant increasing spreading over 

last years (Bender et al., 2014). Copulas have been utilised to model hydrological 

events such as storms (e.g., Vandenberghe et al., 2010; Van den Berg et al., 2011; 

Zhang and Singh, 2012), droughts (e.g., Chen et al., 2013; Zhang et al., 2013; Sadri and 

Burn, 2014) and floods (see details below). Availability of free software (e.g., Yan, 

2007; Kojadinovic and Yan, 2010; Hofert and Mächler, 2011; Brechmann and 

Schepsmeier, 2013) for helping in performing flood frequency analyses has contributed 

to the increasing number of applications. 

 Bivariate copulas 

The dependence relation between peak flow and hydrograph volume via copulas 

has been analysed in several studies with the aim of carrying out bivariate flood 

frequency analyses. Some studies considered Archimedean copulas to characterise such 

a dependence structure. Favre et al. (2004) identified the Frank copula as the best 

copula for modelling peak and volume, while the Clayton copula was selected by 

Chowdhary et al. (2011), among others. The copula selection was performed without 

considering a specific tail dependence assessment in the former study, while 

unexpectedly no evidences of such a dependence were found in the data belonging to 

the case study of the latter. Other authors such as Zhang and Singh (2006) found that the 

Gumbel copula is the copula that best represents the peak-volume relation. In this 

specific study, the relations between the flood variables peak, hydrograph volume and 

duration were analysed, encountering independence between peak and duration. 

Therefore, bivariate copulas were used for characterising peak-volume and volume-

duration relations. Results obtained by the bivariate distribution based on the Gumbel 

copula and those obtained by traditional bivariate distributions, such as the bivariate 

normal distribution (after the Box-Cox transformation of the variables) and the Gumbel 

Mixed distribution, were compared by using the RMSE whereby the copula approach 

showed the best results. Genest and Favre (2007) also studied the relation between peak 
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flow and volume. Around 20 kinds of copulas belonging to one- and two-parameter 

Archimedean, extreme-value, elliptical and other copula families (such as the Farlie-

Gumbel-Morgenstern and the Plackett copula) were analysed. After applying graphical 

and formal goodness-of-fit tests, the best results were found for the two-parameter 

Archimedean BB1 copula and the extreme-value copulas.  

Several studies dealt with bivariate return periods. Shiau et al. (2006) used the 

Clayton copula for obtaining the OR and AND return period curves for a given case 

study. A useful graphic where both kinds of return period curves were drawn together, 

and where univariate return period values were also identified, was supplied in order to 

facilitate flood risk assessment. Salvadori and De Michele (2004) applied the copula 

method and the proposed Kendall's return period to several studies carried out over the 

literature regarding floods (and storms), simplifying the problem and obtaining new 

useful information.  

Some studies focused on a more in depth dam safety assessment by using copulas. 

Klein et al. (2010) presented a methodology to classify flood events according to the 

hydrological risk, estimating the probability of occurrence via copulas. The BB1 copula 

was selected among one- and two-parameter Archimedean copulas for modelling peak 

and volume. A similar graphic to that presented by Shiau et al. (2006) was shown, 

displaying the OR and AND return period curves. The maximum water level reached at 

the dam by several flood events was estimated to graphically analyse the relation 

between such a water level and the OR return period value associated with the given 

event. A critical water level was defined according to the damages caused downstream, 

identifying (overall, but with exceptions) as critical events those with 50OR T  years, 

which entail an inter-arrival between dangerous events of 110KT  years. De Michele 

et al. (2005) assessed dam safety by routing a set of 1 000-year-return-period flood 

hydrographs synthetically generated via copulas through a reservoir, with the aim of 

obtaining the maximum water level reached at the dam to verify not exceedance of the 

crest level. The Gumbel copula was used for characterising peak and volume variables, 

generating synthetic pairs by the fitted bivariate joint distribution. Flood hydrographs 

were obtained from the peak-volume pairs by using a model based on the instantaneous 

unit hydrograph. The initial level at the dam was obtained via the empirical distribution 
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function of initial water levels existing before a flood, and each synthetic flood 

hydrograph was checked to not exceed the crest level when routing by considering an 

uncontrolled spillway. It was highlighted that such a procedure can be applied to any 

dam regardless of the catchment size, for both dam design and flood risk assessment.  

 Trivariate copulas  

Dealing with flood frequency analyses in high dimensions entails more 

uncertainty, as the number of marginal distribution and copula parameters increases; as 

well as more complexity, since although the multivariate version of several copula 

families exists, it may not be appropriate to model complex structures of dependence 

(Chebana and Ouarda, 2011b).  

Several studies addressed trivariate flood frequency analyses, in which the need of 

further developments is remarked (e.g., Grimaldi and Serinaldi, 2006; Serinaldi and 

Grimaldi, 2007; Salvadori et al., 2011). A summary is presented below. Zhang and Sing 

(2007) used the trivariate Gumbel copula for modelling floods by studying peak, 

volume and duration, in a case study where a negative peak-duration dependence and a 

positive relation between the rest of variables were found. The results obtained from the 

trivariate copula-based distribution were compared visually, by the RMSE and the 

Kolmogorov-Smirnov statistic, with those given by the traditional trivariate normal 

distribution (after the Box-Cox transformation of the variables), obtaining the copula 

approach the best results. Conditional return periods were also obtained through the 

analysis.  

Grimaldi and Serinaldi (2006) applied asymmetric Archimedean copulas (so-called 

fully nested Archimedean copulas) (Joe, 1997) to deal with the trivariate flood 

frequency analysis by studying peak flow, volume and duration. It was highlighted that 

the use of asymmetric Archimedean copulas is supported when the degree of 

dependence of a pair of variables (peak-volume) is greater than the degree of 

dependence of the other (peak-duration and volume-duration) pairs, being the last two 

relations similar to each other. Asymmetric Archimedean copulas are more flexible than 

symmetric copulas for which the same degree of dependence is considered between all 
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pairs of variables. The drawback regarding asymmetric Archimedean copulas is that 

more limitations exist for their application, as for instance, only positive dependences 

can be modelled. The behaviour of the trivariate distribution based on the asymmetric 

Archimedean Frank copula was compared with that based on the symmetric Frank 

copula, and with the traditional trivariate Logistic Gumbel distribution. The best results 

were procured by the approach based on the asymmetric copula. Salvadori et al. (2011) 

analysed a trivariate case study where peak, volume and initial water level at the dam 

(before the flood) were considered. As the initial level was independent from peak and 

volume, a special case of nested Archimedean copulas was obtained by considering the 

bivariate Gumbel copula to characterise the relation between peak and volume, and the 

marginal distribution of the initial level.  

Other applications were performed by using a fully nested Archimedean copula, 

such as investigating the causes of a specific large flood event occurred in 2011 in 

Canada (Saad et al., 2015). In such a case, hydro-meteorological indices were analysed 

by conditional return periods based on this approach, in order to determine the drivers 

of such a flood. Serinaldi and Grimaldi (2007) continued this line of research by 

describing two goodness-of-fit tests existing in the literature: the Chen-Fan-Patton test 

based on the Rosenblatt's transform and the Energy test based on Euclidean distances, 

for asymmetric Archimedean copula selection, as previously no formal goodness-of-fit 

tests were employed for selecting copulas of high dimensions. The former test obtained 

the best results, but the need of developing goodness-of-fit tests that are easily 

applicable when a high number of variables is considered, as well as multivariate 

copulas able to characterise all different dependence structures was highlighted.  

Multivariate extreme-value models were supported by Durante and Salvadori 

(2010) and Salvadori and De Michele (2010), indicating that their use is needed for 

achieving a suitable risk assessment. Flexible multi-parameter multivariate extreme-

value models were performed by combining GEV marginal distributions and a 

multivariate extreme-value copula. Extra-parameterisation techniques were also 

performed to increase the number of copula parameters in order to consider all 

interdependences between variables. Salvadori and De Michele (2011) presented three 

strategies to estimate the parameters of multivariate extreme-value copulas, considering 
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data from a single station, from a cluster of stations or using all data in all stations, 

respectively. The results were compared with those obtained by using maximum 

likelihood, obtaining all of them satisfactory results.  

Genest et al. (2007) applied meta-elliptical copulas for modelling peak, volume 

and duration because of their flexibility, as in this case a negative dependence was 

found between peak and duration (i.e., asymmetric Archimedean copulas cannot be 

used) and a smaller degree of dependence was obtained for volume-duration (i.e., the 

use of symmetric copulas is not supported). Ganguli and Reddy (2013) compared the 

behaviour of three asymmetric Archimedean copulas (Clayton, Frank and Gumbel) and 

the meta-elliptical Student's t copula. The case study showed a less strong positive 

peak-duration dependence relation, whereas the two other peak-volume and volume-

duration relations were positive and similar to each other. The flexible meta-elliptical 

copula was chosen as the best copula for modelling the variables as a result of applying 

visual tests, statistic measures and tail dependence assessment.  

However, Brechmann and Schepsmeier (2013) pointed out the lack of flexibility of 

multivariate elliptical (e.g., the Gaussian copula is not able to characterise asymmetry 

and heavy tails) and Archimedean copulas for modelling the dependence structure of a 

large number of variables, and proposed the use of vine copulas. Vine copulas were 

introduced by Joe (1996) and studied by several authors (e.g., Aas et al., 2009). Vine 

copulas are flexible models able to represent complex multivariate dependence 

structures for high dimensions, since they are built by using bivariate copulas (named as 

pair-copulas), which may be selected independently. They are divided according to their 

graphical representation into C-vine and D-vine copulas, where the former entails 

star-structure trees and the latter path-structure tress.  

2. 3. Regional flood frequency analysis 
A regional flood frequency analysis is conducted to either obtain quantile estimates 

at a given site where observed flood data are not available (ungauged site) or improve 

quantile estimates at gauged sites. Contrary to local flood frequency analyses where 
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only at-site information recorded at the target site is considered for estimating quantiles, 

regional flood frequency analyses use the available information at a set of gauged sites 

belonging to a region where the target site is included.  

Thereby, the lack of data in time for estimating quantiles associated with high 

return periods is counterbalanced by a large amount of data in space. For that purpose, 

the relation between at-site frequency distributions has to be defined in order to consider 

data belonging to suitable sites for obtaining a greater accuracy of the quantile estimate 

at the target site (Hosking and Wallis, 1997). The (homogeneous) region considered for 

performing a regional flood frequency analysis does not have to be formed by nearby 

sites (see Figure 2. 11a), but for sites entailing similar values of the parameters affecting 

the flood generation process modelled by the frequency distribution.  

 

Figure 2. 11. Illustration of (a) sites forming homogeneous regions; and studied 

variables in (b) a univariate; and (c) a bivariate regional flood frequency analysis. 
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Thus, not only information involving at-site observations of the studied flood 

variable(s) is needed for carrying out a complete regional flood frequency analysis, but 

also other (hydrological, climatic, geographical, etc.) data. Several studies have shown 

that even when a region does not exactly satisfy such a homogeneity criterion, regional 

estimates improve those obtained by a local approach (e.g., Potter and Lettenmaier, 

1990). Moreover, as it was mentioned at the beginning of the present chapter, regional 

flood frequency analyses can be divided into univariate if only peak flow is studied 

(Figure 2. 11b), and multivariate if more variables are considered (Figure 2. 11c).  

2. 3.1. Univariate regional approach 

Univariate regional flood frequency analyses are well-established in hydrology. A 

large amount of regional procedures exist, and some of them have been recommended 

for estimating annual maximum peak flow quantiles in several countries, such as the 

Bulletin 17B in the United States (US Water Resources Council, 1981) that is also 

applied in other countries like Australia. The Bulletin 17B fits a LP3 distribution to 

at-site data, estimating the skewness by combining an at-site value from a database and 

a regional value obtained from a map. Regional approaches have also been applied in 

the United Kingdom, such as the Flood Studies Report (Natural Environment Research 

Council, 1975) that divided the United Kingdom in 11 regions, assuming the same 

frequency distribution for all sites belonging to each region. The Flood Studies Report 

was updated by the Flood Estimation Handbook (IH, 1999), which estimates the 

frequency curve by pooling data from a set of similar gauged sites. Recently, a regional 

methodology regarding annual maximum peak flows was proposed in Spain to perform 

the map of maximum flows of intercommunity basins (Jiménez-Álvarez et al., 2012), 

through which Spain is divided into 36 regions. The homogeneous regions obtained by 

the approach carried out in Spain and that considered by the Flood Studies Report are 

established on the basis of geographical river catchments.   

Hosking and Wallis (1997) reviewed the most well-known univariate regional 

frequency analysis methods, ranking them according to the kind of data used for 
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estimating the parameters of the frequency distribution. Note that all methods estimate 

the location parameter by at-site data. A summary is presented below.  

a) Regional shape estimation: the location and scale parameters are obtained by 

at-site data, while the shape parameter is estimated as a regional average of 

at-site shape measures.  

b) Index-flood procedure: the scale and shape parameters are estimated as 

weighted regional averages. This method will be explained in detail below. 

c) Hierarchical regions: the scale parameter is estimated as a regional average of 

a sub-region, while the shape parameter is computed as a regional average of 

the whole region.   

d) Region of influence (ROI): the scale and shape parameters are estimated as 

weighted averages of the at-site parameters of the sites belonging to the region 

of influence of the target site. The region of influence of a given site is formed 

by the sites with a similar frequency distribution (Burn, 1990). This method 

belongs to fractional membership methods, where a site is considered to 

partially belong to several regions. Note that the aforementioned Flood 

Estimation Handbook is based on this approach. 

e) Mapping: the parameters of a given site are obtained from the site 

characteristics by a graph. The regression methods that obtain quantile 

estimates as a function of site characteristics would also be included in this 

class.    

f) Bulletin 17B: the location and scale parameters are estimated by at-site data, 

while the shape parameter is obtained as a weighted average of the at-site 

estimate and a skew coefficient obtained from a map by considering regional 

information.  

 Each method presents advantages and drawbacks. The regional shape estimation, 

index-flood and hierarchical regions method are simpler but have the shortcoming of 

(maybe) estimating very different parameters and quantiles for nearby sites belonging to 
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different regions; whereas the region of influence and mapping procedure obtain 

smoother transitions. However, the accuracy of the quantile estimated for the last two 

procedures is more difficult to assess. Besides, the mapping procedure only can be 

applied when the estimated parameters (or quantiles) change smoothly in reference to 

the site characteristics, and the region of influence method requires determining weights 

in reference to the inclusion or not of a given site in a region and to compute the 

estimated regional parameter. Regarding the Bulletin 17B, it has been criticised because 

of several reasons among which it is highlighted the scarce amount of regional 

information included in the model, due to the way in which weights for estimating the 

shape parameter are established.  

Regional methods for modelling extremes usually do not consider intersite 

dependence (or cross-correlation). Among others, this issue was studied by Hosking and 

Wallis (1988, 1997), concluding that not considering intersite dependence involves 

underestimating the quantile variance (i.e., the uncertainty), yet entailing a small bias. 

Also an increase of the sampling uncertainty due to the presence of intersite correlation 

was found by Kjeldsen and Jones (2006), after analysing quantiles estimated from 

pooling groups.  

Other approaches for estimating quantiles in a region have been proposed, such as 

the probabilistic approach based on the regional envelope curve introduced by 

Castellarin et al. (2005). The regional envelope curve entails information about the 

extreme flood recorded in a region, expressed in terms of the catchment drainage area. 

Such an approach, in which intersite correlation was considered, was used to estimate 

quantiles at ungauged sites (Castellarin, 2007). The approach was developed to take into 

account not only the traditional catchment drainage area but also other geomorphologic 

and climatic catchment descriptors by proposing multivariate regional envelope curves 

(Castellarin et al., 2007), which allow estimating flood quantiles at ungauged sites that 

are comparable to those obtained by the index-flood procedure.    

Recently, some studies were carried out for considering spatial dependence 

between sites by using the Gaussian copula, whereby a given variable measured at a set 

of sites is studied. In this regard, Renard and Lang (2007) compared two multivariate 
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models for analysing rainfall data by considering spatial dependence via the Gaussian 

copula and without considering it. It was shown that not all parameters were affected in 

the same way by not considering spatial dependence, and that the effect on the quantile 

estimates was higher for low quantile values than for high quantile values (e.g., 

100-year return period). Renard (2011) proposed a Bayesian hierarchical framework for 

regional frequency analysis by using an elliptical copula, also applying it to extreme 

rainfall data. Promising results were obtained, indicating that further research is needed 

for developing the model for its suitable application to runoff data.  

 Univariate index-flood method 

The index-flood method based on the probability weighted moments obtained the 

best results among several regional methods reviewed by Cunnane (1988). This was 

also supported by Potter and Lettenmaier (1990), who identified the procedure as the 

most efficient. Regional methods were analysed regarding both the technique for 

delineating homogeneous regions and the regional procedure for estimating quantiles by 

GREHYS (1996). It was concluded that although subjectivity entailing the delineation 

procedure makes difficult the identification of the best regional model, methods based 

on the homogeneity assumption, such as the index-flood method, should be used when 

the region can be defined by a high degree of homogeneity; whereas direct regression 

methods should be applied otherwise.  

The index-flood method was proposed by Dalrymple (1960) for estimating 

quantiles under a univariate regional flood frequency analysis, being nowadays one of 

the most widespread regional procedures. The index-flood method assumes that the 

frequency distribution functions of all sites belonging to a homogeneous region are the 

same, with the exception of a scale factor known as the index flood (details about its 

mathematical formula are included in Chapter 5). The quantile estimate at a given site is 

then obtained by multiplying the regional growth curve, which is the dimensionless 

distribution function that is valid for all sites in the homogeneous region, by the index 

flood estimate. The index flood is a location measure usually considered as the mean 

(e.g., Dalrymple, 1960; Bocchiola et al., 2003) or in some cases the median (e.g., 

Grover et al., 2002; IH, 1999) of the at-site frequency distribution, calculated directly 
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from the observed data at gauged sites, while estimated at ungauged sites from a set of 

catchment descriptors. A summary of the assumptions and steps considered by the 

index-flood method (Hosking and Wallis, 1997) are shown below.  

The index-flood method assumes the following hypothesis:  

 Identically distributed and serially independent at-site observed data, which 

is likely for annual total and extreme events. Though, in order to consider 

identically distributed data, sites affected by non-stationarity (e.g., produced 

by changes in land uses) should be removed from the analysis, while a small 

serial dependence can be assumed without affecting the quality of the 

estimate. If the observed data are largely affected by non-stationarity or 

serial dependence, a time-series analysis instead of a time-independent 

frequency analysis should be applied.     

 Independence between at-site observed data from different sites, which is 

not expected to be satisfied by environmental data due to events usually 

affect areas including more than one gauged site, where correlated measures 

are recorded.  

 The same frequency distribution aside from a scale factor for sites belonging 

to a homogeneous region, and a suitable specification of the regional growth 

curve. However, even carefully delineating homogeneous regions and 

choosing the frequency distribution, only approximations can be obtained.  

As a consequence, applying a robust index-flood procedure not affected by 

deviations from these assumptions is needed.  

The index-flood method consists of four steps:  

i) Screening the data. The aim is to check the available data in order to remove 

errors and dissimilarities. Additional information related to the way in which 

the data are recorded and possible causes of non-stationarity should be 

considered.  
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ii) Delineation of homogeneous regions. Sites for which the same frequency 

distribution (aside from the scale factor) can be considered, are grouped into 

regions. As it was mentioned at the beginning of Section 2. 3, a homogenous 

region should include those sites with similar values of the site characteristics 

affecting the frequency distribution. The homogeneity of the formed region 

should be then checked by comparing its statistics with those expected in a 

homogeneous region.   

iii) Selection of the regional frequency distribution (i.e., the regional growth 

curve). A distribution not only for fitting the observed at-site data in the 

region but also for obtaining robust quantile estimates should be identified.  

iv) Quantile estimate by the regional frequency distribution. The parameters of 

the regional distribution identified in the previous step are estimated by 

regional weighted average of at-site parameters estimated by L-moments 

(Wallis, 1981, 1982). This procedure is so-called the regional L-moment 

algorithm. The desired quantile is then estimated at the target site by 

multiplying the regional growth curve by the index flood at the target site. 

In order to reduce the bias of quantile estimates at a target site, the site 

characteristics of the target site should not be placed at the extremes of the range values 

of the site characteristics of the set of sites in the homogeneous region where it is 

included, i.e., the target site should be a representative site of the homogeneous region.  

Moreover, when the aim is to estimate quantiles at an ungauged site, the ungauged 

site is ascribed to one of the previously delineated homogeneous regions according to its 

site characteristics, in order to use the estimated regional distribution. As in this case 

there are no observations at the target site, the index flood cannot be obtained directly 

form the observed data. Thus, it can be obtained as a function of the site characteristics 

by using the relation between at-site data and site characteristics of the gauged sites.       
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2. 3.2. Multivariate regional approach 

Multivariate regional frequency analyses are not as extended as univariate ones 

because of their complexity. In this regard, the main contribution was introduced by 

Chebana and Ouarda (2009) by extending the univariate index-flood model to the 

multivariate index-flood (MIF) model, focused on the bivariate case, which is based on 

the use of bivariate copulas and bivariate quantiles curves. It was highlighted that 

although the procedure could be applied to higher dimensions than two, it would 

involve some theoretical and practical difficulties, such as those related to the use of 

multivariate copulas for modelling complex structures, as well as computational and 

numerical issues. For carrying out the MIF model, the univariate discordancy measure 

and homogeneity test were also extended to the multivariate case (Chebana and Ouarda, 

2007) via multivariate L-moments (Serfling and Xiao, 2007). The multivariate 

discordancy measure and homogeneity test were applied to floods (Chebana et al., 

2009) and droughts (Sadri and Burn, 2011 and 2014). The MIF procedure has been 

recently applied to floods by studying peak flow and hydrograph volume by Ben Aissia 

et al. (2014). 

 Multivariate index-flood method (bivariate approach) 

Analogous to the way in which the univariate index-flood method estimates the 

X-quantile associated with a given probability value at the target site, the bivariate 

approach estimates the X-Y quantile curve associated with a given probability value at 

the target site (details about its mathematical formula are included in Chapter 5). In this 

case, the estimate of the index flood is obtained for each variable, and a given regional 

quantile curve that is valid for all sites in the homogeneous region is estimated for each 

probability value. Thus, the bivariate quantile curve for a given probability value is 

obtained at the target site, by multiplying component-wise the index flood estimated for 

each studied variable by the X-Y pairs forming the given bivariate regional quantile 

curve. A graphical description of the regional growth curve of the univariate 

index-flood method, and the equivalent regional quantile curves of the bivariate 

approach are plotted in Figure 2. 12. 
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Figure 2. 12. Illustration of the (a) regional growth curve of the univariate 

index-flood method; and (b) bivariate regional quantile curves of the MIF method under 

its bivariate approach. 

The MIF method was conceived according to six steps (Chebana and Ouarda, 

2009):  

i) Delineation of homogeneous regions. Discordant sites are checked after 

applying the multivariate discordancy measure, and homogeneity of the 

region is tested by using the multivariate homogeneity test.  

ii) Standardisation of the data. The at-site data of each site in the homogeneous 

region is standardised by the at-site estimate of the location parameter of each 

variable.  

iii) Selection of the multivariate regional distribution. The regional marginal 

distributions and regional copula that best characterise the standardised data 

are identified. 

iv) Estimate of the multivariate regional distribution parameters. The parameters 

of the multivariate regional distribution (i.e., the parameters of the regional 
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copula and the two regional marginal distributions), named as weighted 

regional parameters, are estimated similarly to the univariate approach. 

v) Estimate of combinations of the regional quantile curve associated with the 

probability p. A set of pairs located in the regional copula level curve equal to 

p are identified and transformed into dimensionless X-Y pairs by the regional 

marginal distributions. 

vi) Estimate of the local quantile curve associated with the probability p at a 

target site. The (bivariate) quantile curve at the target site is obtained by 

multiplying component-wise the index flood estimate for each variable by the 

regional quantile curve combinations.  

2. 4. Non-stationary flood frequency analysis 
Flood frequency analyses are traditionally based on an assumption of stationarity, 

consisting in assuming that the flood generating processes remain unchanged over time 

(e.g., Stedinger et al., 1993; Goel et al., 1998; Yue et al., 1999; Grimaldi and Serinaldi, 

2006). However, it has long been recognised by hydrologists that considering 

stationarity entails a simplified working assumption when changes in urbanisation, land 

uses or climate are involved in the problem under analysis (e.g., Benkhaled et al., 

2014); as such impacts can affect the behaviour of hydrological variables, for instance, 

leading to changes in flood characteristics over time (e.g., Rose and Peters, 2001; 

Shuster et al., 2005; Kjeldsen, 2009). Therefore, a non-stationary approach should be 

applied in those cases where such effects are considered important. 

In the univariate context, the analysis of trends is usually performed by the 

Mann-Kendall test (e.g., Villarini et al., 2009; Coch and Mediero, 2015) that is a 

non-stationary test based on the Kendall's ,  in which time is included as one of the two 

studied variables (Kendall, 1938; Mann, 1945). Mathematical implementations of 

non-stationarity into flood frequency models, such as using a non-stationarity GEV or 

P3 distribution, were widely applied (e.g., Katz et al., 2002). However, assessing what 

is the correct model structure that best describes the impacts of changing drivers on the 
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characteristics of flood series, as well as giving realistic predictions of future impacts, is 

not straight-forward (Stedinger and Griffis, 2011). As a result, non-stationarity is often 

taken into account in practice through a simple set of correction factors applied to 

design flood estimates obtained by first assuming stationarity (Madsen et al., 2013). For 

example, design flood estimates derived from observed data are generally increased by 

20% to reflect the anticipated future impacts of climate change in the United Kingdom 

(Reynard et al., 2001; Hawkes et al., 2003; Wilby, 2007). 

These univariate trend analyses, mostly focused on investigating changes of high 

peak flow values over time (e.g., Petrow and Merz, 2009; Wilson et al., 2010; Mediero 

et al., 2014), are more spreading than multivariate trend analyses because of the 

complexity involved in the latter ones, as well as due to the usual lack of long flood data 

series. Regarding the multivariate context, Chebana et al. (2013) proposed and applied 

non-parametric tests already used in water quality analyses to check the stationarity 

assumption in multivariate hydrological frequency analyses. Recently, Bender et al. 

(2014) studied non-stationarity by using a bivariate copula-based distribution consisted 

of two GEV distributions and a one-parameter Archimedean copula fitted to a long 

peak-volume data record. Such a long data length (around 200 years), not usually 

available in practice, allowed analysing changes over time on marginal distribution and 

copula parameters by using a 50-year moving time window. The general methodology 

was performed by considering and comparing several cases, in which given marginal 

distribution and copula parameters among those involved in the model were considered 

time dependent. As a result, probability isolines generated from non-stationarity models 

showed changes over time, where the influence of non-stationarity in marginal 

distribution parameters was higher than that related to the copula parameter. Since the 

analysis was developed on the range of the observations, developments in the model for 

extrapolating parameters in order to be able to predict future design events was 

suggested.   
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2. 5. Synthetic data for flood frequency 
analysis 

A long flood series is required to obtain accurate estimates of quantiles associated 

with high return periods (Saad et al., 2015), which in the case of a multivariate flood 

frequency analysis is even more important because of a higher uncertainty derived from 

a larger number of parameters involved in the study. Nevertheless, the available flood 

data are short in practice, commonly between 30 and 80 years (e.g., Zhang and Singh, 

2007; Requena et al., 2015b).  

The need for extending observed data series to perform a proper flood frequency 

analysis was addressed in many studies by simulation via hydro-meteorological models. 

Beven (1987) first proposed the idea of coupling a stochastic rainfall generator and a 

rainfall-runoff model to reproduce the flood frequency curve in a Welsh catchment, 

following the theoretical work presented by Eagleson (1972). Later, Cameron et al. 

(1999) elaborated on the idea of calibrating the predicted flood frequency curve by the 

model through the observed flood series for small return periods and using it to 

extrapolate flood magnitudes for larger return periods. Blazkova and Beven (1997, 

2004) applied the procedure to several Czech catchments for dam safety evaluation. 

Calver and Lamb (1995) evaluated the proposed approach in ten catchments in the 

United Kingdom. Similar methodologies were applied in Australia, (Boughton et al., 

2002), the United States (England et al., 2007), France (Paquet et al., 2013), Norway 

(Lawrence et al., 2014), Russia (Kuchment, 2003), South Africa (Chetty and Smithers, 

2005) and other countries (Boughton and Droop, 2003).  

These approaches are based on joining a stochastic rainfall generator, and a 

hydrological model that reproduces the rainfall-runoff response in the catchment (Vrugt 

et al. 2002; Engeland et al., 2005). The underlying assumption is that a hydrological 

model calibrated with the observed data is able to simulate a set of feasible flood 

hydrographs that can be generated in a catchment, using synthetic rainfall events and 

the catchment characteristics as input. Such hydrological models can be classified into 

distributed or lumped, depending on whether the parameter values are spatially 

distributed or averaged in the catchment; and event-based or continuous, depending on 
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whether independent flood events or a long time series are simulated. They can also be 

conceptually classified into empirical equations that grossly represent rainfall-runoff 

processes, and physically-based models that use complex equations to represent the 

generation process more accurately. The main advantage of this hydro-meteorological 

approach is to provide not only the statistical characterisation of extreme values for the 

relevant variable, but also an ensemble of hydrographs that can force the structure under 

design, allowing for better performance characterisation. However, their principal 

shortcoming is related to the computation time needed for generating long series. Even 

though event-based hydrological models are computationally less demanding than 

continuous hydrological models (e.g., Calver and Lamb, 1995; Blazkova and Beven, 

2004), the computation time required is still very long, specially when the model is in 

turn spatially distributed and physically-based (e.g., Garrote and Bras, 1995a). 

A multivariate distribution can also be used for extending available flood series by 

stochastically generating a synthetic larger series that keeps the statistical properties of 

the original sample. Multivariate distributions can be formulated as traditional or 

copula-based distributions, where the latter approach overcomes the shortcomings of the 

former one (see Section 2. 2). The main advantages of the stochastic generation of flood 

data by a multivariate distribution are twofold: (i) they only need a flood series as input; 

and (ii) the computation time required once the multivariate distribution is fitted is 

negligible. The drawback resides in the difficulty of properly selecting and fitting the 

multivariate distribution when the available data length is short (e.g., Renard and Lang, 

2007).  

Some studies have dealt with the idea of considering both approaches. Candela et 

al. (2014) applied a bivariate Archimedean copula-based distribution for characterising 

rainfall duration and intensity, in order to generate single synthetic rainfall events to be 

used as input of a conceptual fully distributed rainfall-runoff model based on the Soil 

Conservation Service-Curve Number method. Then, the copula approach was applied 

again to fit the peak flow and hydrograph volume series of a large set of flood events 

synthetically generated from such a procedure. The aim of the study was to estimate the 

design flood event associated with a given primary return period as the event with the 

largest joint probability, obtaining the associated flood design hydrograph by assigning 
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a given hydrograph shape via a cluster analysis. More complex physically-based 

rainfall-runoff models were used by other studies, which were focused on dam safety 

assessment. In this regard, Klein et al. (2010) used 10 000 flood hydrographs generated 

from a distributed hydro-meteorological model as initial data for performing a copula-

based flood frequency analysis (see Section 2. 2.6 for more details). Giustarini et al. 

(2010) also assessed dam safety by analysing the water level reached at a given dam by 

three sets of synthetic flood hydrographs. The first and second set were obtained by 

generating peak-volume pairs from an Archimedean copula-based distribution fitted to 

observed data, and to several 1 000-length synthetic data generated from a continuous 

hydro-meteorological model, respectively. The third set consisted of flood hydrographs 

generated directly form the continuous model. Although the dam-overtopping results 

were of the same order of magnitude for the three sets, more dangerous events were 

obtained by the second set. Due to the drawbacks and advantages regarding the 

generation of each set, the notion of combining the three sets was highlighted.  
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3  
Methodology  

The general methodology proposed to carry out the present research is described in 

this chapter. Summarised explanations and diagrams regarding the specific 

methodologies performed for each part forming the research, as well as the links among 

them, are also shown. Besides, a summary of the case studies considered for the 

application of such methodologies, and an outline of the software used are included. 

3. 1. General methodology  
In order to achieve the four principal aims introduced in Section 1. 2, the present 

research is divided into four main parts: (i) bivariate local flood frequency analysis: 

bivariate return periods; (ii) bivariate regional flood frequency analysis: a complete 

procedure; (iii) bivariate flood trend analysis: effect of urbanisation in floods; and (iv) 

extension of observed flood series: combining hydro-meteorological and bivariate 

copula-based models. A diagram with the parts forming the research and the 

connections among them is displayed in Figure 3. 1.  

The first part of the research involves developing a bivariate local flood frequency 

analysis focused on the analysis of theoretical and routed bivariate return periods, in 

order to estimate quantiles at a given gauged site. As shown in Figure 3. 1, this first part 

is the basis of the other parts of the research, as concepts and steps for carrying out a 

copula-based analysis are determined at this point. The second part is related to the 

extension of the local approach to the regional context, adapting such concepts and 

Chapter 
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steps, and procuring a complete procedure for carrying out a complete bivariate regional 

flood frequency analysis. The third part of the research involves the application of the 

copula approach to analyse bivariate flood trends, where a specific case study in which 

possible changes in flood characteristics can be attributed to increasing urbanisation is 

examined. The fourth part is focused on the extension of the usually available short 

flood series to obtain more appropriate quantiles associated with high return periods, 

determining the number of flood hydrographs required to be simulated from a hydro-

meteorological model to generate a large synthetic sample in a short time by a bivariate 

copula-based distribution. As also shown in Figure 3. 1, possible feedback from this 

fourth part could be given to the other parts of the research, generating an extended 

synthetic peak-volume sample to be used as initial data.   

 

Figure 3. 1. Diagram of the main parts that form the research. 

The bivariate studies are performed by analysing observations from the flood 

variables: annual maximum flood peak (Q) and its associated volume of the hydrograph 

(V), in order to obtain the joint distribution function of these two random variables Q 

and V, which involves the identification of the marginal distributions representing each 

variable as well as the copula characterising the dependence structure between them 

(Sklar, 1959). The steps followed for performing a bivariate copula-based flood 

frequency analysis, common to each part of the present research, are listed and detailed 
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below: (i) selection of the marginal distributions; (ii) selection of the copula; (iii) 

generation of synthetic Q-V pairs by the fitted bivariate copula-based distribution; and 

(iv) estimate of bivariate joint return periods. Further information about the procedures 

used in each step can be consulted in Chapter 2. 

Nevertheless, it is important to highlight two peculiarities regarding the third part 

of the research: not only annual but also seasonal events are considered; and the 

definition of the volume is slightly modified, as only the upper part of the hydrograph is 

considered instead of the whole hydrograph volume. Besides, in relation to the fourth 

part of the research, synthetic peak-volume pairs simulated by a hydro-meteorological 

model are used as initial data instead of observed records. These remarks will be further 

explained in corresponding chapters.  

3. 1.1. Selection of the marginal distributions 

The selection of the marginal distribution to represent each studied variable, i.e., Q 

and V, for which given q and v values   are available, respectively, is carried out by 

the following steps: (i) estimate of the marginal distribution parameters; (ii) assessment 

of the goodness of fit; and (iii) application of model selection criteria.  

3. 1.1.1. Estimate of the marginal distribution parameters 

Two parameter estimate methods are considered throughout the research: the 

maximum likelihood method and the method of L-moments (e.g., Laio, 2004; Rao and 

Hamed, 1999). Overall, the method of L-moments is applied when short-length samples 

are considered, because of its usually good results in such a case (e.g., Hosking and 

Wallis, 1997); whereas the maximum likelihood method is used otherwise.  

3. 1.1.2. Assessment of the goodness of fit 

Graphical tools and goodness-of-fit tests are employed for assessing the fit of the 

marginal distributions to the data. Graphical tools applied throughout the research are 

probability plots (e.g., Rao and Hamed, 1999), where the empirical and estimated 
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quantiles by the fitted distribution are drawn together; and the L-moment ratio diagram 

(e.g., Hosking and Wallis, 1997), where the relation between the theoretical coefficients 

of L-skewness and L-kurtosis of several distributions, as well as the point represented 

by the sample coefficients of L-skewness and L-kurtosis are drawn together, with the 

aim of identifying the best distribution in characterising the data as the closest one to the 

given sample point. The goodness-of-fit tests applied for formally identifying the 

appropriate distributions for fitting the data are the Kolgomorov-Smirnov test (e.g., 

Klein et al., 2010) and the transformed Anderson-Darling test (Laio, 2004).  

3. 1.1.3. Application of model selection criteria 

The AIC (Akaike, 1973) and BIC (Schwarz, 1978) model selection criteria are 

considered in the research for ranking the marginal distributions that have passed the 

goodness-of-fit test. These criteria tend to penalise distributions with a large number of 

parameters, and consider as the best distribution that with the minimum value of the 

corresponding criterion. The AIC and BIC are expressed respectively as:   

mm 2))ˆ(ln(2AIC kL   , (3. 1) 

 

mm )ln())ˆ(ln(2BIC knL   , (3. 2) 

where L  is the likelihood function of the distribution function with estimated 

parameters ̂ , mk  is the number of parameters of the distribution function, and n is the 

number of observations. Although both criteria are obtained under a different 

conceptual basis, their final expression is similar, which allows concluding that the 

latter penalises the number of parameters more. 

3. 1.2. Selection of the copula 

The selection of the best copula to characterise the dependence structure of the 

variables Q and V is performed by considering the information provided by the 

following steps (e.g., Genest and Favre, 2007; Chowdhary et al., 2011): (i) evaluation of 
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the dependence structure of the data; (ii) estimate of the copula parameter(s); (iii) 

assessment of the goodness of fit; (iv) application of model selection criteria; and (v) 

assessment of the upper tail dependence.   

3. 1.2.1. Evaluation of the dependence structure of the data 

The dependence structure of the available data is evaluated by graphical tools and 

dependence measures. The used graphical tools are the scatter plot of the pseudo-

observations (e.g., Genest et al., 2009), the Chi-plot (Fisher and Switzer, 1985, 2001) 

and the K-plot (Genest and Boies, 2003). The first is the representation of the 

))1/(),1/((  nSnR ii  pairs (i.e., the pseudo-observations), where iR  is the rank of iq  

among ni qq ,...,  and iS  is the rank of iv  among ni vv ,..., , with ni :1 , being n  the 

observed data length. Through this scatter plot, an idea of the kind of dependence 

existing between variables is given. The Chi-plot displays a measure of location of an 

observation ( i ) regarding the set of observations, against a measure of the well-known 

chi-square test statistic for independence ( i ). Consequently, the larger is the distance 

between the points and the zero value in the y-axis, the larger is the dependence. The 

dependence is positive if the points are above the upper control limit and negative if 

they are located below. The K-plot relates the order statistics estimated from the 

observed data ( )(iH ) to the expected value of these statistics generated under the null 

hypothesis of independence between the marginal distributions ( niW : ). Therefore, the 

larger is the distance between the points and the diagonal, the larger is the dependence. 

If the points are located above the diagonal the dependence is positive, and if they are 

located below the dependence is negative.  

The Kendall's   and Spearman's s  rank-based non-parametric dependence 

measures are considered to procure a quantitative value of the dependence relation 

between variables. The associated p-values are estimated in order to test if 

independence between variables is indeed rejected, which occurs when p-values less 

than 0.05 are obtained (Genest and Favre, 2007). As each copula is suitable for a given 

Kendall's   range (Michiels and Schepper, 2008), this measure cuts down the number 

of feasible copulas for characterising a given data set.   
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3. 1.2.2. Estimate of the copula parameter 

The estimate of the copula parameter   is achieved by using two well-known 

rank-based methods (e.g., Zhang and Singh, 2006; Klein et al., 2010; Kojadinovic and 

Yan, 2010): the inversion of Kendall’s tau and the maximum pseudo-likelihood method. 

The inversion of Kendall's tau method is used when only one-parameter copulas are 

considered in the selection process, while the maximum pseudo-likelihood method is 

applied when one- and two-parameter copulas are involved, since the former method 

cannot be applied in such a case (Chowdhary et al., 2011). The inversion of Kendall's 

tau is related to the method of moments, and based on the existence of an equation 

whereby the copula parameter is estimated in terms of the Kendall's   measure. The 

maximum pseudo-likelihood method is a modification of the traditional maximum 

likelihood method, where (rank-based) empirical marginal distributions are used instead 

of parametric ones.    

3. 1.2.3. Assessment of the goodness of fit 

Graphical and formal goodness-of-fit tests are applied to assess how each copula 

fits the data. A first idea is provided by the scatter plot in which the pseudo-

observations are drawn together with a synthetic sample of ),( ,2,1 jj uu  pairs generated 

from each studied copula, with snj :1 , being sn  a large sample size (e.g., Genest and 

Favre, 2007). The graphical comparison between the non-parametric (i.e., empirical) 

and parametric (i.e., theoretical for each copula) estimate of the Kendall's function 

(Genest and Rivest, 1993) is also drawn to identify which copulas obtain a similar 

function to that associated with the data. This graphical tool is so-called generalised 

K-plot. The goodness-of-fit test selected to formally identify which copulas represent 

properly the dependence structure of the data is that based on the empirical copula and 

the Cramér-von Mises statistic (Genest et al., 2009), called )( nC
nS  in Section 2. 2.4 and 

hereafter named as nS  (Equation (3. 3)) to simplify.  
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where the empirical copula, nC , is expressed as:  
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in which C  is the parametric copula with the parameter estimated from the data, and 

1(A) is the indicator function of the set A (that equals 1 inside A and 0 otherwise). The 

test presents a good behaviour for all copula models and allows differentiating among 

extreme-value copulas. The associated p-value is estimated by a parametric bootstrap 

procedure (Genest and Rémillard, 2008), whereby a copula is accepted when a p-value 

greater than 0.05 is obtained. A summary of the procedure for obtaining the p-value is 

shown in Figure 3. 2. 

 

Figure 3. 2. Diagram for p-value estimate according to the procedure in Genest and 

Rémillard (2008). 

3. 1.2.4. Application of model selection criteria 

The statistic nS  in Equation (3. 3) is indeed an error measure between the values of 

the empirical copula and those obtained by the fitted copula, hence nS  is also 

considered for ranking copulas regarding the fit to the data, among those that have 

passed the goodness-of-fit test. The well-known AIC and BIC model selection criteria 

adapted to copula selection are also used for ranking copulas (e.g., Zhang and Singh, 

2006; Karmakar and Simonovic, 2009), specially when one- and two- parameter 
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copulas are considered in the selection process. Note that obtaining the AIC and BIC 

values when all studied copulas have one parameter is equivalent to identify those with 

the largest likelihood. The three statistics consider as the best copula that with the 

smallest value associated. 

The adapted AIC and BIC for copula selection are expressed respectively as: 
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where c  is the copula density function and ck  is the number of parameters of the 

copula.  

3. 1.2.5. Assessment of the upper tail dependence 

The capacity of the copulas to link extreme flood peaks to extreme volumes is 

assessed by estimating their upper tail dependence via the upper tail dependence 

coefficient C
U  (Serinaldi, 2008): 
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With the aim of identifying if a copula reproduces properly the dependence in the 

extremes, the theoretical C
U  is compared with the upper tail dependence derived from 

the data. The upper tail dependence of the data is obtained graphically, by performing a 

Chi-plot only considering those observations located in the upper right corner of the 

scatter plot of the pseudo-observations (Abberger, 2005). Upper tail dependence is 

derived if points located in the right edge of the Chi-plot tend to be far from the zero 

value of the y-axis, which represents the independence hypothesis. The quantitative 

measure is achieved by the upper tail dependence coefficient estimated from the 

observed data, CFG
Û  (Capéraà et al., 1997; Frahm et al., 2005): 
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Such a non-parametric estimator is expected to be not null when observed values of 

extreme variables are characterised, which is the case in the present research. Then, if 

the parametric (or theoretical) estimator of the upper tail dependence of the copula C
U , 

is similar to the non-parametric (or empirical) estimator CFG
Û , it can be concluded that 

the copula reproduces suitably the dependence in the extremes. Note that a good upper 

tail dependence fit (i.e., a good characterisation of extreme values of the studied 

variables) does not mean a good fit of the whole data. Therefore, the selected copula 

should represent properly the dependence structure of the variables and allows studying 

adequately extreme events.  

3. 1.3. Generation of synthetic pairs   

A large data length is needed for performing flood frequency analyses, hence a 

large synthetic sample consisted of peak-volume pairs is generated by the selected 

bivariate copula-based distribution (Nelsen, 1999), keeping the properties of the 

observed data:  

i) A large synthetic sample of ),( 21 uu  pairs )1,0(  is generated from the 

selected copula fitted to the data. 

ii) The ),( 21 uu  pairs are transformed into their original units ),( vq  via the 

marginal distributions as:  

)();( 2
)1(

1
)1( uFvuFq VQ

  , (3. 9) 

where )1(
QF  and )1(

VF  are the inverses of the distribution functions QF  and 

VF , respectively. 
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3. 1.4. Estimate of bivariate joint return periods  

The three theoretical bivariate joint return periods associated with the extremal 

events }{OR vVqQE   and }{AND vVqQE   (Shiau et al., 2006), are 

considered in this research: the OR (so-called primary) return period related to the 

probability of exceedance of either one or the other variable; the AND return period 

related to the probability of exceedance of both variables; and the Kendall's (so-called 

secondary) return period that is the mean inter-arrival time for an event with a primary 

return period greater than a threshold (Salvadori and De Michele, 2004). Those return 

periods were previously defined for the variables X and Y in Equation (2. 4), 

Equation (2. 5) and Equation (2. 8), respectively. For clarity, those equations are 

expressed in terms of Q and V here: 
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As a reminder: )(1 qFu Q  and )(2 vFu V  (see Equation (2. 3)), hence the 

),( 21 uu  pairs that satisfy Equation (3. 10), Equation (3. 11) or Equation (3. 12), form 

the associated bivariate return period curve for a given return period value. In other 

words, for a given copula value tuuC ),( 21 , the ),( 21 uu  pairs located in the copula 

level curve equals t, are associated with the return period value obtained by substituting 

21 and, uut  into Equation (3. 10), Equation (3. 11) or Equation (3. 12). Bivariate return 

period curves formed by ),( 21 uu  pairs can be transformed into the original units by 

Equation (3. 9). 

3. 1.5. Specific procedures  

Specific procedures from the general methodology shown in Section 3. 1 are 

considered for each of the four parts forming the present research, because of their 
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different requirements. Such procedures are framed within the complete methodology 

performed for each part of the research over this section. A summary is included at the 

end of the present Chapter 3 in Table 3. 1. Note that the specific procedures related to 

the selection of the marginal distributions are shown in Section 3. 2, as overall they are 

related to the specific case study considered. 

3. 1.5.1. Bivariate local flood frequency analysis: bivariate return 
periods 

The first part of the research is focused on accomplishing a bivariate local flood 

frequency analysis, examining bivariate theoretical and routed return periods. A 

summary of the proposed steps is included below (see Figure 3. 3 for an overview): 

i) Identification of the bivariate frequency distribution of the observed (Q,V) 

data by selecting the copula and marginal distributions (e.g., Genest and 

Favre, 2007; Chowdhary et al., 2011). 

ii) Estimate of theoretical bivariate joint return period curves via the fitted 

bivariate frequency distribution (Salvadori and De Michele, 2004). 

iii) Generation of synthetic flood hydrographs: 

- Generation of a large synthetic sample of (Q,V) pairs from the fitted 

bivariate frequency distribution. 

- Identification of the observed hydrograph with the closest Q/V ratio to 

each (Q,V) pair, with the aim of allocating its shape to the associated 

synthetic flood hydrograph (Mediero et al., 2010). 

iv) Reservoir routing of the synthetic flood hydrographs to obtain the maximum 

water level reached by each flood at the dam. 

v) Estimate of the routed return period curves based on the risk of dam 

overtopping by considering the floods that reach the same maximum water 

level at the dam (Mediero et al., 2010).   

vi) Comparison among theoretical and routed return period curves. 
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vii) Sensitivity analysis for studying changes in routed return period curves 

according to variations on dam (length of the spillway crest) and reservoir 

characteristics (volume of the reservoir).  

The steps related to the general methodology for bivariate copula-based 

distribution modelling introduced in Section 3. 1 are framed with a purple dot line and 

marked via the title of the associated sub-section in Figure 3. 3. In this regard, this first 

part of the research is focused on performing an exhaustive procedure for selecting the 

copula, for which many graphical statistical tools are used; and for obtaining different 

theoretical return periods in order to be compared with the routed return period 

approach. See Table 3. 1 at the end of the chapter for a summary of the specific 

procedures considered.  

 

Figure 3. 3. Diagram of the bivariate local flood frequency analysis. 
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3. 1.5.2. Bivariate regional flood frequency analysis: a complete 
procedure 

The second part of the research is focused on performing a complete procedure for 

multivariate regional flood frequency analysis based on the MIF model (Chebana and 

Ouarda, 2007, 2009), focused on the bivariate case. A summary of the proposed steps is 

shown below (see Figure 3. 4 for an overview): 

i) Screening the observed (Q,V) data to procure processed data and identify 

discordant sites:  

- At-site multivariate outlier detection (Dang and Serfling, 2010; 

Chebana and Ouarda, 2011a). 

- Multivariate discordancy test to identify discordant sites (Chebana and 

Ouarda, 2007; Serfling and Xiao, 2007).  

ii) Delineation of homogeneous regions, for which the same bivariate 

distribution apart from a scale factor can be considered according to the 

index-flood model:   

- Multivariate distribution to generate synthetic homogeneous regions 

needed to apply the homogeneity test.  

- Multivariate homogeneity test (Chebana and Ouarda, 2007) to assess if 

the studied region is homogeneous or sub-regions should be 

considered.   

iii) Selection of the multivariate regional distribution by selecting the regional 

copula and the regional marginal distributions.  

iv) Estimate of quantiles and selection of events for the target site, for which it is 

necessary to procure: 

- Regional quantile curves (Chebana and Ouarda, 2009), obtained 

pointwise by the multivariate regional distribution with weighted 

regional parameters, and determining the kind of multivariate return 

period to be considered.  
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- Index flood estimated for rescaling the regional quantile curves for a 

given target site (e.g., Brath et al., 2001).  

- Quantile curves for the target site by combining the regional quantile 

curves with the index flood estimated for such a site. Evaluation of the 

model by comparing the results obtained by the multivariate regional 

approach with those obtained by the multivariate local approach.   

- Event selection among the infinite combinations located under a 

(bivariate) return period curve (Volpi and Fiori, 2012).   

As before, the steps related to the general methodology for bivariate copula-based 

distribution modelling (Section 3. 1) are framed with a purple dot line and marked via 

the title of the associated sub-section in Figure 3. 4. In this regard, this second part of 

the research is focused on adapting the general methodology to the regional context. See 

Table 3. 1 at the end of the chapter for a summary of the specific procedures considered. 

 

Figure 3. 4. Diagram of the bivariate regional flood frequency analysis. 

Note that different purposes regarding copula selection are sought via steps (ii) and 

(iii). The aim of the former is to identify a flexible bivariate frequency distribution. 

Hence, only two-parameter copulas are considered because of being more flexible and a 
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simpler copula selection process is performed, where an at-site goodness-of-fit test is 

considered. Regarding step (iii), both one-parameter and two-parameter copulas are 

considered as candidates and an exhaustive analysis is carried out, where the 

goodness-of-fit test is adapted to the regional context.  

3. 1.5.3. Bivariate food trend analysis: effect of urbanisation in floods 

The third part of the research is focused on performing a bivariate flood trend 

analysis for a specific case study in which possible changes in floods due to increasing 

urbanisation are investigated. A summary of the proposed steps is shown below (see 

Figure 3. 5 for an overview): 

i) Analysis of univariate flood trends in Q and V series: 

- Graphical analysis of the evolution in time of Q and V series to identify 

potential univariate trends. 

- Mann-Kendall test to formally detect univariate flood trends (e.g., 

Petrow and Merz, 2009). 

ii) Analysis of bivariate flood trends via the Kendall's  : 

- Graphical analysis to identify potential bivariate trends in flood series 

by using the Kendall's ,  which provides the degree of dependence 

between variables. 

- Hydrograph shape analysis over time and connection with the 

Kendall's   value.  

iii) Assessment of trend significance by a permutation procedure to formally test, 

by using the same criterion, if potential univariate and bivariate trends are 

statistically significant: 

- Individual flood trend analysis by differences in mean over time. 

- Joint flood trend analysis by differences in Kendall's  over time. 

iv) Analysis of bivariate flood trends to know their implications on hydrograph 

shapes by the comparison between return period curves over time: 
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- Identification of the bivariate distribution by selecting the copula and 

marginal distributions in several time windows (e.g., Chowdhary et al., 

2011; Requena et al., 2013).  

- Bivariate return period curve comparison over time to determine if 

changes over time exist in flood events.  

The steps related to the general methodology for bivariate copula-based 

distribution modelling (Section 3. 1) are framed with a purple dot line and marked via 

the title of the associated sub-section in Figure 3. 5. In this regard, this third part of the 

research is not focused on an exhaustive copula analysis, but on applying the tools 

needed for estimating the bivariate copula-based distribution of the data in order to 

obtain joint return period curves for comparison purposes. See Table 3. 1 at the end of 

the chapter for a summary of the specific procedures considered. 

 

Figure 3. 5. Diagram of the bivariate flood trend analysis. 

3. 1.5.4. Extension of observed flood series: combining hydro-
meteorological and bivariate copula-based models 

The last part of the research is performed to extend observed flood series by 

joining the benefits of copula-based and hydro-meteorological models. A summary of 

the proposed steps is shown below (see Figure 3. 6 for an overview): 
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i) Generation of a sample of flood hydrographs by a previously calibrated 

hydro-meteorological model, obtaining simulated (Q,V) pairs. This step was 

performed via prior studies (Mediero et al., 2011; Flores et al., 2013). 

ii) Sensitivity analysis to determine the minimum data length required for 

obtaining robust quantile estimates by different copula and marginal 

distribution candidates: 

- Analysis conducted in terms of the parameter for copulas.  

- Analysis conducted in terms of the quantile for marginal distributions.   

iii) Identification of the bivariate distribution by selecting the copula and 

marginal distributions (e.g., Chowdhary et al., 2011; Requena et al., 2013), 

considering the sample length needed in each case. 

iv) Validation of the methodology: 

- Synthetic validation (Q,V) samples are generated from the bivariate 

distribution fitted to samples of the size determined via step (ii) and 

(iii). 

- Comparison between a large simulated sample by the hydro-

meteorological model and synthetic validation samples of the same 

size generated by the bivariate distribution is done regarding: estimated 

copulas and marginal distributions, as well as bivariate joint return 

periods. 

The steps related to the general methodology for bivariate copula-based 

distribution modelling (Section 3. 1) are framed with a purple dot line and marked via 

the title of the associated sub-section in Figure 3. 6. In this regard, this last part of the 

research is neither focused on an exhaustive copula analysis, but on applying tools 

needed for estimating the bivariate copula-based distribution of simulated data to obtain 

large synthetic samples satisfying the statistical properties of the initial sample; and 

obtaining joint return period curves for comparison purposes. The nature of this study is 

different from the previous ones because of the need of a large amount of bootstrap 

samples for performing the analysis. Hence, the selection process is adapted to the new 
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requirements. See Table 3. 1 at the end of the chapter for a summary of the specific 

procedures considered. 

 

Figure 3. 6. Diagram of the extension of observed flood series.  

3. 2. Case studies 
The methodology proposed for each part of the present research is applied on a 

given case study due to the data availability. A total of three case studies are considered 

(Figure 3. 7): two of them are located in Spain and the third one is located in the United 

Kingdom. Each case study is summarised below, added to Table 3. 1, and detailed in its 

corresponding chapter. 

The (observed or synthetic) data of the case studies are composed of annual 

maximum peak flow and hydrograph volume pairs. The annual maximum peak flow is 

identified and its associated hydrograph volume is then considered. This is due to the 

research is based on the flood frequency curve of annual maximum peak discharges, 

and for the sake of consistency, annual maximum flood volumes are assumed to be 
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linked to hydrographs corresponding to annual maximum peaks, in order to link the 

frequency curve of peaks to the frequency curve of hydrograph volumes. The term 

annual makes reference to the water year, which starts on 1 October and ends on 30 

September. Note that the case study of the bivariate flood trend analysis entails some 

differences regarding the other case studies, as annual and seasonal flood events are 

considered and the associated volume is defined as a portion of the whole hydrograph 

volume. 

 

Figure 3. 7. Location of the case studies of the research (figure generated from 

https://maps.google.com). 

https://maps.google.com).
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Both the bivariate local flood frequency analysis and the extension of observed 

flood series (part (i) and (iv) of the research, respectively, see Figure 3. 1) are applied 

on the data of the Santillana reservoir gauging station (blue and green circle in 

Figure 3. 7) in the River Manzanares catchment, which is located in the River Tagus 

catchment in the centre of Spain. This case study is selected to be used in the former 

research because of entailing available observed flood data of annual maximum peak 

flow and associated hydrograph volume; and in the latter research because the hydro-

meteorological model used for obtaining the initial synthetic data of the study was 

already calibrated for the catchment. Regarding the former research, the selection of the 

marginal distribution of the variables is simplified because of the existence of a prior 

study (Jiménez-Álvarez et al., 2012, 2014) (see Chapter 4 for more details). In relation 

to the research in which observed flood series are extended, the marginal distribution of 

each variable is selected as that entailing the smallest distance between the empirical 

and the estimated quantile, due to the nature of the study (see Chapter 7 for more 

information). In both cases (i.e., for observed and synthetic samples), the parameters of 

the marginal distributions are estimated by the L-moment method because of short data 

lengths are involved (as different bootstrap sample lengths are considered in the study 

for extending observed flood series).     

The bivariate regional flood frequency analysis (part (ii) of this research, see 

Figure 3. 1) is performed on a region in the River Ebro catchment in the northeast of 

Spain (pink circle in Figure 3. 7). The selection of this case study is due to the 

availability of a suitable number of sites involving quality data to carry out a bivariate 

regional analysis. Besides, geographical, physiographic, hydrological and climatic 

descriptors needed for achieving the regional analysis were also available (Mediero and 

Kjeldsen, 2014). The selection of the marginal distributions in this case is done in a 

more exhaustive way than in the previous ones, as the aim is to provide a complete 

methodology (see Chapter 5 for more details). 

The bivariate flood trend analysis (part (iii) of this research, see Figure 3. 1) is 

performed in order to study the effect of urbanisation in floods in a particular case study 

in the northwest of England (orange circle in Figure 3. 7), comparing flood events of 

two nearby and hydrologically similar catchments (see Chapter 6 for more information). 
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In this case, the selection of the marginal distribution of Q is also simplified because of 

the case study is located in the United Kingdom, where the IH (1999) recommends the 

GLO distribution to fit annual maximum flood peaks. The selection of the marginal 

distribution of V is done by using the L-moment diagram, as no recommendation exists. 

The distribution parameters are estimated by the L-moment method because of the short 

data length.  

3. 3. Available software  
Lately, the statistical community is providing a great amount of functions for 

helping in performing flood frequency analyses via the R software (R Development 

Core Team, 2012), which entails a free programming environment to carry out 

statistical computing and graphics. The functions belong to packages updated 

frequently, and for which scientific papers providing descriptions and illustrations are 

sometimes available.  

A summary of the R-packages used as a basis for performing the present research 

is included below: (i) the copula package (Yan, 2007; Kojadinovic and Yan, 2010; 

Hofert and Mächler, 2011; Hofert et al., 2012) and CDVine package (Brechmann and 

Schepsmeier, 2013) for copula modelling; (ii) the lmom package (Hosking, 2014a) for 

marginal distribution modelling; (iii) the lmomRFA package (Hosking, 2014b) and 

nsRFA package (Viglione, 2013) for univariate regional frequency analysis, where the 

latter is also used for marginal distribution modelling because of the available functions; 

and (iv) the rkt package (Marchetto, 2014) for univariate trend analysis. 

The commercial software Matlab (Matlab 2009a, The MathWorks, Inc.) also 

includes some functions for carrying out flood frequency analyses, but they are limited 

specially regarding copula modelling. The multivariate discordancy and homogeneity 

test developed by Chebana and Ouarda (2007) and some codes regarding the MIF 

model (Chebana and Ouarda, 2009) were supplied as Matlab functions by the authors.  
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Table 3. 1. Summary of the procedures considered in each part of the research for performing a copula-based distribution modelling. 

Part of the 
research Data Case 

study Copulas Copula 
parameter(s)  Copula selection Marginal 

parameters  
Marginal distribution 
selection 

Return 
period 

i) Bivariate 
local  flood 
frequency 
analysis 

Observed 
(Q,V) pairs 

Santillana 
reservoir 
catchment 
(Spain) 

One-
parameter  

Inversion of 
Kendall’s   
and maximum 
pseudo-
likelihood 
method 

 - Dependence analysis: graphics and 
measures.  
 - Goodness of fit: graphics, and test 
based on the empirical copula.  
 - Model selection: test statistic. 
 - Upper tail dependence coefficients. 

L-moment 
method 

- G distribution for Q. 
- Kolmogorov-
Smirnov goodness-
of-fit test. 

OR, 
AND and 
Kendall’s  

ii) Bivariate 
regional 
flood 
frequency 
analysis 

Observed 
(Q,V) pairs  

Region in 
the River 
Ebro 
catchment 
(Spain) 

One and 
two-
parameter  

Maximum 
pseudo-
likelihood 
method 

 - Dependence analysis: graphics and 
measures. 
 - Goodness of fit: graphics, and test 
based on the empirical copula. 
 - Model selection: AIC and BIC.  
 - Upper tail dependence coefficients. 

Maximum 
likelihood 
method 

- Goodness of fit: 
graphics and 
transformed 
Anderson-Darling 
test. 
 - Model selection by 
AIC and BIC. 

OR 

iii) 
Bivariate 
flood trend 
analysis 

Observed 
(Q,V*) pairs 

Urbanised 
and rural 
catchment 
(The 
United 
Kingdom) 

One-
parameter  

Inversion of 
Kendall’s tau 
method 

 - Dependence analysis: graphics and 
measures. 
 - Goodness-of-fit test based on the 
empirical copula.  
 - Model selection: AIC. 
 - Upper tail dependence coefficients. 

L-moment 
method 

- GLO distribution 
for Q.  
- Graphical 
goodness-of-fit by 
L-moment ratio 
diagram for V.  

OR  

iv) 
Extension 
of observed 
flood series 

Simulated 
(Q,V) pairs 
from a hydro-
meteorological 
model 

Santillana 
reservoir 
catchment 
(Spain) 

One and 
two-
parameter  

Maximum 
pseudo-
likelihood 
method 

 - Dependence measure. 
 - Goodness of fit: graphics, and test 
based on the empirical copula. 
 - Model selection: test statistic and AIC. 
 - High return period behaviour. 

L-moment 
method 

Graphical goodness-
of-fit by empirical 
and estimated 
quantile 

Kendall’s  
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4  
Bivariate flood frequency 

analysis: bivariate return 
periods  

The first part of the research is presented in the present chapter, where a bivariate 

copula model is used for obtaining the bivariate joint distribution of flood peak and 

volume, in order to procure and compare theoretical and routed return periods, as in 

both cases hydrographs with the same probability draw a curve in the peak-volume 

space. Theoretical return periods provide the probability of occurrence of a flood 

hydrograph prior to accounting for the reservoir routing; whereas the routed return 

period, defined in terms of risk of dam overtopping, has into account the specific 

structure under analysis. The proposed procedure is applied to the Santillana reservoir in 

Spain, where several reservoir volumes and spillway lengths are considered to 

investigate the influence of dam and reservoir characteristics on the results. The 

methodology improves the estimate of the Design Flood Hydrograph and can be applied 

to assess the risk of dam overtopping. 

The chapter is organised as follows. Introduction is presented in Section 4. 1. 

Methodology is introduced in Section 4. 2. Application of the proposed procedure to the 

case study and obtained results are shown in Section 4. 3 and conclusions are 

summarised in Section 4. 4. 

Chapter 
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4. 1. Introduction 
A multivariate analysis on flood variables is needed to design some hydraulic 

structures such as dams, as the complexity of the routing process in a reservoir requires 

a representation of the full hydrograph. In this regard, the return period should be 

defined in terms of risk of either dam overtopping or downstream damages, instead of in 

terms of natural probability of occurrence of floods, in order to take into account the 

influence of reservoir and dam characteristics on the flood hydrograph routing process 

(Mediero et al., 2010). In the case of risk of dam overtopping, the maximum water level 

reached during the routing process should be used to define the return period. 

Nevertheless, the relationship between a given inflow hydrograph and its maximum 

water level is not straightforward, as it depends on the reservoir volume and the 

spillway crest length. Consequently, the routing process has to be studied in each dam. 

In this regard, several authors have studied dam safety via copulas by routing the flood 

hydrographs through the reservoir in order to assess the reached maximum water level 

(e.g., De Michele et al., 2005; Klein et al., 2010). 

Therefore, a multivariate analysis on flood variables should be conducted to obtain 

both the natural probability of occurrence of a flood and the return period of a flood in 

terms of risk of dam overtopping. This analysis has been traditionally undertaken 

through the use of a stochastic weather generator and continuous rainfall-runoff models 

(e.g., Calver and Lamb, 1995; Cameron et al., 1999; Blazkova and Beven, 2004). 

Although this approach has proven very successful, it is computationally very 

demanding, especially if extreme events are the focus of the analysis and an estimate of 

uncertainty is required.  Copula-based models are a valid alternative, because they allow 

generating arbitrarily long series to extend the observed hydrological data with a less 

computational effort than rainfall-runoff models, modelling the dependence structure of 

the studied variables and providing joint return periods that are essential in flood 

frequency analyses (Salvadori and De Michele, 2004).  

In this chapter, a bivariate flood frequency analysis is carried out by a copula 

model to conduct a comparison between the return periods that estimate the natural 

probability of occurrence of floods (i.e., theoretical return periods) and a return period 
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defined in terms of risk of dam overtopping (so-called the routed return period) to 

assess the influence of the routing process. Furthermore, a sensitivity analysis on the 

reservoir volume and spillway crest length is carried out to investigate how the flood 

variables control the routed return period according to the dam and reservoir 

characteristics. The methodology is applied to the Santillana reservoir in Spain. 

4. 2. Methodology 
The proposed methodology, for which a diagram was shown in Figure 3. 3, is 

presented in this section. First, steps needed for selecting the copula model to fit the 

observed data, and theoretical joint return periods (based on the joint probability of 

occurrence) estimated from the fitted copula are briefly described. Then, the procedure 

to obtain synthetic flood hydrographs for the catchment, generating a large set of 

synthetic peak-volume pairs via the fitted bivariate copula-based distribution and 

ascribing to them a shape based on observed flood hydrographs, is introduced.  

Finally, the procedure to obtain the routed return period in terms of risk of dam 

overtopping is presented, whereby the set of synthetic flood hydrographs is routed 

through the reservoir to obtain the maximum water level reached at the dam in order to 

assess the hydrological risk of dam overtopping. Theoretical and routed return periods 

are then compared and a sensitivity analysis on the routed return period according to 

dam and reservoir characteristics is performed.  

4. 2.1. Copula selection 

The selection of the copula that best represents the dependence structure between 

variables is required, as different copula families exist. Steps involved in selecting the 

appropriate copula model are: (i) dependence evaluation; (ii) parameter estimate 

method; (iii) goodness-of-fit tests; and (iv) tail dependence assessment. A summary of 

these steps, which were previously included in the general methodology presented in 

Section 3. 1.2, is shown below in order to provide a complete view of the analysis 

performed in the present study.  
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4. 2.1.1. Dependence evaluation 

The dependence analysis between correlated random variables is carried out by 

graphical analyses and dependence measures. The displayed graphical analyses are the 

scatter plot of the pseudo-observations (Genest et al., 2009), the Chi-plot (Fisher and 

Switzer, 1985, 2001) and the K-plot (Genest and Boies, 2003). Besides, the Kendall's   

and Spearman's s  rank-based non-parametric measures of dependence are adopted to 

procure a quantitative value of the dependence relation between variables (Genest and 

Favre, 2007). The number of feasible copulas is reduced depending on the Kendall's   

value (Michiels and Schepper, 2008). 

4. 2.1.2. Parameter estimate method 

The estimate of the parameter, , of the copula family C  that best fits the data is 

performed through two rank-based parameter methods: the inversion of Kendall's tau 

and the maximum pseudo-likelihood method (e.g., Genest and Favre, 2007).  

4. 2.1.3. Goodness-of-fit tests 

Graphical and formal goodness-of-fit tests are used for evaluating if a copula 

represents the dependence structure of the observed data properly. A first idea of the 

behaviour of the copulas is drawn via the scatter plot where the pseudo-observations are 

compared with a synthetic sample of ),( 21 jj uu  pairs generated from each candidate 

copula, being snj ...,,1  and sn  a large sample length. Another useful graph is 

elaborated by fitting the marginal distributions of the random variables in order to 

transform the pairs generated from the copula into their original units by 

Equation (3. 9), as the visual identification of the copula fit is sometimes not easy when 

the pairs are plotted in copula units (i.e., in the range [0,1]). The third graph is the 

generalized K-plot (Genest and Rivest, 1993), in which a comparison of parametric and 

non-parametric estimates of the Kendall’s function )(tKC  is conducted.  

The test to formally assess the goodness of fit of the copula to the data is that based 

on the Cramér-von Mises statistic and the empirical copula (Genest et al., 2009), nS  in 

Equation (3. 3). As a reminder, a copula is accepted if the associated p-value is greater 
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than 0.05. Finally, the test statistic value nS  is used to classify the copula candidates as 

the p-value can only be utilised to accept or reject each copula model (Salvadori and De 

Michele, 2011). Consequently, the selected copula should have the lowest value of the 

statistic with an admissible p-value (i.e., greater than 0.05).  

4. 2.1.4. Tail dependence assessment 

Once the goodness of fit of the copula to the observed data is assessed, the copula 

behaviour for high return periods is evaluated by the upper tail dependence assessment. 

The upper tail dependence, i.e., the capacity to link extreme flood peaks to extreme 

volumes, is estimated for each copula by the upper tail dependence coefficient C
U  in 

Equation (3. 7). As the aim is to identify the copulas that reproduce suitably the 

dependence in the extremes, the upper tail coefficient obtained from each copula is 

compared with the coefficient estimated from the observed data. Initially, a graphical 

analysis of the upper tail dependence of the observed data is done based on the Chi-plot 

(Abberger, 2005). Then, the non-parametric estimator of the upper tail dependence 

coefficient of the data CFG
Û  in Equation (3. 8) is obtained to be quantitatively compared 

with the upper tail dependence coefficient of each selected copula.   

Copulas that reproduce properly the dependence in the extremes are identified by 

this analysis. Recall that a good upper tail dependence fit does not mean a good whole 

data fit, hence the assessment of the tail dependence is carried out at this point and not 

before. Thus, the best copula is the one that represents properly the dependence 

structure of the variables peak and volume and allows studying the extreme events 

adequately. 

4. 2.2. Joint return periods 

Once the copula selection is completed, the theoretical joint return periods are 

obtained via copulas. The theoretical bivariate joint return periods considered in this 

study are the following: the OR (so-called primary) return period, ORT  in Equation 

(3. 10); the AND return period, ANDT  in Equation (3. 11); and the Kendall’s return 

period, KT  in Equation (3. 12). Note that for QT  and VT , the univariate return periods of 
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peak and volume, respectively, the inequality     ANDOR ,max,min TTTTTT VQVQ   is 

always fulfilled. 

4. 2.3. Synthetic flood hydrograph generation 

Synthetic flood hydrographs are estimated via peak-volume pairs generated from 

the fitted bivariate copula-based distribution, in order to be routed through the reservoir. 

A set of observed flood hydrographs is used as a random sample to ascribe a 

hydrograph shape to each synthetic peak-volume pair. The procedure (see Figure 4. 1 

for an overview) is the following (Mediero et al., 2010): (i) the ratio between peak and 

volume is calculated for each synthetic peak-volume pair generated by the copula; (ii) 

the shape of the observed flood hydrograph with the closest ratio is selected; (iii) the 

synthetic peak value is utilised to rescale the selected hydrograph, and then the synthetic 

volume is adjusted by modifying the hydrograph duration. A set of 100 000 synthetic 

hydrographs was generated by this procedure in order to have a large sample to study 

high return periods. 

 

Figure 4. 1. Procedure to obtain the flood hydrograph shape related to a synthetic 

peak-volume pair generated by the fitted bivariate copula-based distribution. 
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4. 2.4. Routed return period in terms of risk of dam 
overtopping 

The set of synthetic flood hydrographs was routed through the reservoir to assess 

the risk of dam overtopping by the maximum water level (MWL) reached during the 

routing process. The analysis is based on the assumption that hydrological risk at the 

dam is related to MWL, as a return period should be defined in terms of acceptable risk 

to the structure. Consequently, the routed return period related to the risk of dam 

overtopping )( damT can be calculated as the inverse of the probability to exceed a MWL 

any given year )( excp : 

exc
dam

1
p

T   (4. 1) 

For this purpose, the univariate frequency curve of MWL is obtained and the 

MWL for a given return period value is estimated (Figure 4. 2a). Furthermore, 

hydrographs with different combinations of peak and volume can lead to a similar 

MWL, which implies a similar risk of dam overtopping; consequently, they can be 

considered to have the same return period. In the bivariate case, these hydrographs can 

be represented by a curve in the peak-volume space (Mediero et al., 2010). Thereby, 

return period curves that represent the same risk to the dam are obtained as curves in the 

peak-volume space (Figure 4. 2b).  

In addition, the influence of reservoir volume and spillway crest length on the 

shape of these curves is analysed. Several reservoir volumes and spillway crest lengths 

are considered in order to study the hydrological risk at the dam in different cases. 

Finally, the curves that represent the probability of occurrence of floods regarding 

the theoretical joint return periods based on copulas are compared with the curves that 

represent the risk of dam overtopping by the routed return period, with the aim of 

assessing their similarity and improve the estimate of the Design Flood Hydrograph. 
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Figure 4. 2. Procedure to obtain the routed return period curve that represent the 

risk of dam overtopping ( *
damT ): (a) estimate of the maximum water level (MWL) for a 

given return period value, *
damT  ( *MWL ), from the frequency curve of MWL; (b) 

estimate of the routed return period curve by selecting the flood hydrographs that reach 

a given water level equal to *MWL . 

4. 3. Application 
The case study briefly introduced in Section 3. 2 and the results obtained by the 

application of the proposed methodology are shown in detail in the present section.  

4. 3.1. Case study 

The Santillana reservoir is the case study considered in this part of the research. It 

is located in the central west of Spain on the River Manzanares, which belongs to the 

Tagus catchment (Figure 4. 3). The Santillana reservoir (Figure 4. 4) has a drainage area 

of 325.6km2 and a reservoir volume of 92hm3. The elevation of the spillway crest (E) is 

889m, being the flooded area at the spillway crest height of 5.35km2 and the reservoir 

volume up to the spillway crest of 48.9hm3. The dam is an earthfill embankment with a 

height of 40m and a crest length (L) of 1 355m. The controlled spillway has a 12m gate 

and a maximum capacity of 300m3s-1. A set of 41 years of observed data was recorded 

at the reservoir. Observed data are composed of pairs of annual maximum flood peak Q  
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and flood volume ,V  where the latter is the volume of the hydrograph related to the 

event with the annual maximum flood peak.  

 

Figure 4. 3. Location of the case study: the Santillana reservoir. 

 

Figure 4. 4. The Santillana reservoir 

(http://es.wikipedia.org/wiki/Embalse_de_Santillana). 

The marginal distributions for both variables were fitted to a G distribution, 

estimating parameters by the L-moment method. A prior study carried out in Spain 

showed that in this region, the G and the GEV marginal distributions are appropriate for 

http://es.wikipedia.org/wiki/Embalse_de_Santillana).
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fitting the annual maximum flood peaks (Jiménez-Álvarez et al., 2012). Consequently, 

for the sake of simplicity, the G distribution was considered to fit the data. With the aim 

of validating this assumption, the Kolgomorov-Smirnov test was applied to the flood 

peak and volume data set. The p-values obtained were greater than 0.05 (0.8426 and 

0.9271, respectively), proving that the hypothesis can be accepted.  

Table 4. 1. Location and scale parameter of the G distributions for the variables 

peak (Q) and volume (V). 

Variable Location parameter Scale parameter 

Q 30.47 22.69 

V 5.87 5.70 

4. 3.2. Results and discussion 

The results provided by applying the proposed methodology to the case study are 

displayed below. 

4. 3.2.1. Copula selection 

Once the univariate marginal distributions are known, the first step consists in 

studying the dependence between the two random variables peak and volume. The 

scatter plot of the observed data in original units is displayed in Figure 4. 5a. The scatter 

plot of the pseudo-observations (i.e., observations in copula scale via their ranks) is 

plotted in Figure 4. 5b, which shows a positive relation of dependence between 

variables. This is also supported by the Chi-plot (Figure 4. 6a) and the K-plot 

(Figure 4. 6b). In the former, the values are located above the upper limit indicating 

positive dependence. In the latter, the values are plotted over the diagonal line, so 

positive interaction is also drawn.  

The values of the Kendall's   and Spearman's s  rank-based non-parametric 

measures of dependence corroborate the results provided by the graphical information. 

The value of each dependence measure, as well as its linked p-value, are summarised in 

Table 4. 2. 
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Figure 4. 5. Scatter plot: (a) observed data ),( ii VQ ; and (b) pseudo-observations, 

i.e., ranks ))1/(),1/((  nSnR ii  derived from the observed data. 

 

 

Figure 4. 6. (a) Chi-Plot (dashed line above zero in the y-axis represents the 

boundary above which positive dependence is found, whereas dashed line below zero is 

related to negative dependence); and (b) K-plot (green, black and red line represent the 

boundaries of positive dependence, independence and negative dependence, 

respectively). 
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Table 4. 2. Value and p-value of the rank-based non-parametric measures of 

dependence: Kendall's   and Spearman’s s . 

Dependence measure Value p-value 

Kendall’s   0.7244 2.53e-11 

Spearman’s s  0.8899 1.82e-08 

Three sets of copula families are considered: Archimedean copulas, extreme-value 

copulas and other families. The Ali-Mikhail-Haq, Clayton, Frank and Gumbel copula 

belong to the first class; whereas the Galambos, Hüsler-Reiss, and Tawn copula are part 

of the extreme-value family. Recall that the Gumbel copula also belongs to the second 

group. The Farlie-Gumbel-Morgenstern and Plackett copula are included into the last 

class. The set of feasible copulas was reduced after testing the admissible range of 

dependence supported by each one via the Kendall's   value. As a result, the 

Ali-Mikhail-Haq ])3/1,1817.0[(  , Tawn ])4184.0,0[(   and Farlie-Gumbel-

Morgenstern copula ])9/2,9/2[(   were eliminated.  

The copula parameter was estimated via both rank-based methods, the inversion of 

Kendall's tau and the maximum pseudo-likelihood method. The standard error )(SE  

was also obtained for each estimated parameter (Kojadinovic and Yan, 2010). Although 

SE is not a goodness-of-fit criterion, small values are always desirable. The results show 

that except in the case of the Clayton and Plackett copula, the lowest standard error is 

associated with the inversion of Kendall's tau method (Table 4. 3). Besides, the standard 

error linked with the parameter of the extreme-value copulas is the smallest. 

Table 4. 3. Estimated value of the copula parameter (̂ ), copula parameter 

standard error )(SE , goodness-of-fit test statistic ( nS ) and p-value calculated based on 

10 000 parametric bootstrap samples, for each parameter estimate method. 

Copula Parameter estimate method ̂  SE  nS  p-value 

Inversion Kendall's tau 5.257 1.202 0.0223 0.3828 
Clayton 

Maximum pseudo-likelihood 3.337 1.081 0.0524 0.0565 

Inversion Kendall's tau 12.622 2.459 0.0174 0.8402 
Frank 

Maximum pseudo-likelihood 11.774 2.858 0.0202 0.7332 
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Copula Parameter estimate method ̂  SE  nS  p-value 

Inversion Kendall's tau 3.628 0.601 0.0218 0.3967 
Gumbel 

Maximum pseudo-likelihood 3.068 0.714 0.0351 0.0649 

Inversion Kendall's tau 2.919 0.602 0.0219 0.3910 
Galambos 

Maximum pseudo-likelihood 2.345 0.697 0.0357 0.0603 

Inversion Kendall's tau 3.677 0.684 0.0221 0.3663 
Hüsler-Reiss 

Maximum pseudo-likelihood 2.970 0.777 0.0379 0.0568 

Inversion Kendall's tau 54.230 21.699 0.0181 0.7893 
Plackett 

Maximum pseudo-likelihood 33.570 17.531 0.0308 0.2967 

A set of 100 000 synthetic pairs were generated from each copula. The scatter plot 

of the observed data and the synthetic pairs transformed back into their original units by 

using univariate marginal distributions are shown in Figure 4. 7. Only copulas for which 

the parameter is obtained by the inversion of Kendall's tau method are drawn. 

 

Figure 4. 7. Scatter plot of the observed data and 100 000 values generated from 

the copulas fitted by the inversion of Kendall's tau method. 

The figure shows that extreme-value copulas (i.e., the Gumbel, Galambos and 

Hüsler-Reiss copula) are sharper in the upper right corner; whereas the other copulas are 

more scattered in this area. This is so because of positive dependence in the upper tail of 
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extreme-value copulas. The positive lower tail dependence of the Clayton copula can 

also be observed in the figure. Extreme-value copulas reproduce the behaviour of the 

data leaving the largest observation on the edge of the simulated sample; whereas the 

Clayton, Frank and Plackett copula include this observation in the generated sample, as 

their dependence structure in the upper tail is more spread. However, a further analysis 

is needed to select the copula that best fits the data.  

As expected, the generalized K-plot provides the same information for all the 

extreme-value copulas (Figure 4. 8). The distance between the theoretical (or 

parametric) and empirical (or non-parametric) estimate of the Kendall’s function is 

greater for extreme-value copulas than for the other copula models. Consequently, this 

analysis shows that extreme-value copulas are slightly worse in terms of fitting to the 

observed data.  

In addition, the goodness-of-fit test statistic nS  (Equation (3. 3)) and its associated 

p-value obtained by using 10 000 parametric bootstrap samples (both included in 

Table 4. 3) are estimated for each copula to select the suitable copulas in a formal way. 

The parameter of the studied copulas was estimated by using two different methods, the 

inversion of Kendall's tau and the maximum pseudo-likelihood method. Consequently, 

not only the comparison among all nS  values is done, but also the comparison among 

nS  values provided by each method, as the estimates provided by different methods 

may lead to differences in the results. It can be seen that nS  leads to better results by the 

inversion of Kendall's tau method than by the maximum pseudo-likelihood method for 

all copula. Hence, in this case, the inversion of Kendall's tau method behaves better than 

the maximum pseudo-likelihood method. However, note that in this case the use of one 

method or another does not lead to significant differences in the results, as all copulas 

under analysis are accepted in both cases. 

Then, it should also be highlighted that although the Frank copula with the 

parameter estimated by the inversion of Kendall's tau method is the most appropriate in 

terms of fitting the bulk of the observed data (as it has the lower value of nS  and a 

suitable p-value), neither of the remaining copulas could be rejected considering the 

p-value. Therefore, a second analysis is carried out to study the behaviour of the upper 
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part of the distribution by comparing the upper tail dependence of the observed data 

with the upper tail dependence provided by each copula model. This analysis is used to 

test which copulas represent better the behaviour of the extreme-values of the observed 

data. 

 

Figure 4. 8. Comparison between the theoretical and empirical estimate of the 

Kendall’s function CK , via copulas fitted by the inversion of Kendall's tau method. 

The graphical analysis of the upper tail dependence of the observed data is carried 

out based on the Chi-plot, only considering the observations located in the upper right 

corner of the scatter plot (Figure 4. 9). The analysis indicates that upper tail dependence 

exists in the data set (which was expected for extreme-value data), as the points located 

in the right edge tend to be far from the zero value of the y-axis, which represents the 

independence hypothesis. In addition, the results of the upper tail dependence 

coefficient C
U  (Equation (3. 7)) of the studied copulas are shown in Table 4. 4. The 

coefficients were estimated by using the copula parameter obtained by the inversion of 

Kendall's tau method, as this method obtained better results. As announced in 

Figure 4. 7, only the extreme-value copulas show upper tail dependence. The remaining 

copulas show a null result, as they have by definition an upper tail dependence of zero.  
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Figure 4. 9. Upper tail dependence analysis based on the Chi-plot. 

Table 4. 4. Upper tail dependence coefficient of the considered copulas. 

Copula )(C
U  ̂  C

Û  

Clayton 0  5.257 0 

Frank 0 12.622 0 

Gumbel 
1

22   3.628 0.789 

Galambos 
1

2


 2.919 0.789 

Hüsler-Reiss 











1
Φ22  3.677 0.786 

Plackett 0 54.230 0 

Note:  is the univariate standard Normal distribution. 

Then, the non-parametric (or empirical) estimator of the upper tail dependence 

coefficient of the observed data obtained by Equation (3. 8), 749.0ˆ CFG
U , is compared 

with the upper tail dependence coefficient of each considered copula. As the estimator 

value is similar to the three values obtained for the extreme-value copulas, it can be 

considered that the Gumbel, Galambos and Hüsler-Reiss copula reproduce suitably the 

dependence in the upper extreme.  

In summary, the best copula should represent properly both, the dependence 

structure of the observed pairs of peak and volume and the behaviour in the upper part 
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of the distribution. Considering the whole tests, the Gumbel copula was selected as the 

best copula model. It is an extreme-value copula, consequently it takes into account the 

upper tail dependence and; at the same time, shows a suitable p-value representing 

properly the dependence structure between both variables. Besides, as the Gumbel 

copula is also an Archimedean copula, it preserves the useful properties of this family, 

such as the existence of an analytical expression of the Kendall’s function.  

A comparison between a sample generated from the fitted Gumbel copula and the 

observed data is displayed in Figure 4. 10. Also, contours of the fitted copula that 

represent the events with the same probability of occurrence are shown.  

 

Figure 4. 10. Comparison between the observed data and a sample generated from 

the Gumbel copula. Copula contours are also plotted. 

4. 3.2.2. Joint return periods 

Firstly, a brief analysis is conducted to check the results of the copula selection by 

comparing the risk assumed depending on the selection of a copula model without upper 

tail dependence (Frank copula) and a copula model with upper tail dependence (Gumbel 

copula). The ORT  (Equation (3. 10)), ANDT  (Equation (3. 11)) and KT  (Equation (3. 12)) 

joint return periods associated with the theoretical events with peak equal to Tq  and 

volume equal to Tv  for univariate return periods T  equal to 10, 100 and 1 000 years are 

estimated for both the Gumbel and Frank copula, being Tq  and Tv  the quantiles 
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obtained from the G marginal distributions. The results presented in Table 4. 5 indicate 

that although ORT  values linked to the Gumbel copula are greater than those linked to 

the Frank copula; ANDT  and KT  values are much smaller. It can also be seen that the 

greater the return period, the larger the difference between joint return periods related to 

each copula. Therefore, as expected for not being an extreme-value copula, the Frank 

copula underestimates the risk associated with the ANDT  and KT  joint return period. 

Hence, this analysis supports the fact that not taking into consideration the upper tail 

dependence in joint extreme events modelling can lead to underestimate the risk (Poulin 

et al., 2007). 

Table 4. 5. Comparison between joint return periods associated with the theoretical 

events with peak equal to Tq  (m3s-1) and volume equal to Tv  (hm3) for T 10, 100 and 

1 000 years. 

Copula VQ TTT   Tq  Tv  t ORT  ANDT  )(tK C  KT  

10 81.52 18.69 0.8803 8 12 0.9112 11 

100 134.80 32.08 0.9879 83 127 0.9912 114 Gumbel 

1 000 187.12 45.21 0.9988 826 1 266 0.9991 1 140 

10 81.52 18.69 0.8572 7 17 0.9233 13 

100 134.80 32.08 0.9811 53 891 0.9979 481 Frank 

1 000 187.12 45.21 0.9980 503 80 226 0.9999 40 448 

Therefore, once the Gumbel copula was selected as the best copula model, the 

ORT , ANDT  and KT  joint return period were calculated through it. Results shall be shown 

later in Figure 4. 12. 

4. 3.2.3. Routed return period in terms of risk of dam overtopping 

A set of 100 000 annual synthetic hydrographs were estimated from 100 000 

peak-volume pairs generated from the Gumbel copula by using the procedure explained 

in Section 4. 2.3. The set of hydrographs was routed through the reservoir, which was 

assumed to be uncontrolled for the sake of simplicity. The frequency curve of the 

reached MWL was obtained for the spillway real setup (an elevation of the spillway 

crest of 889m and a spillway length of 12m) (Figure 4. 11). Maximum water level 
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quantiles for given return period values were estimated easily from this frequency curve 

(Table 4. 6). Return period curves in the peak-volume space regarding the risk to the 

dam were obtained as the hydrographs that lead to a similar MWL.  

 

Figure 4. 11. Frequency curve of maximum water level (MWL) for the spillway 

real setup (E=889m and L=12m). 

Table 4. 6. Maximum water level (MWL) reached for several return period values 

associated with the probability of exceeding a water level, for E=889m and L=12m. 

damT  [years] excp  MWL [m] 

5 0.2 890.21 

10 0.1 890.46 

50 0.02 890.98 

100 0.01 891.17 

500 0.002 891.62 

Thereby, the comparison among the different curves that represent different risks 

was performed and displayed in Figure 4. 12: (i) the theoretical curves associated with 

the ORT , ANDT  and KT  joint return period estimated from the fitted copula, which are 

probabilistic-based and show a supposed risk of a hydrograph being harmful prior to 

accounting for the effect of the routing reservoir process on it; and (ii) the curves that 

represent the risk of dam overtopping by the damT  routed return period, which are 

related to a real risk for the structure, as they are obtained based on the MWL reached. 
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Figure 4. 12 provides useful information about observed and predicted events. It can be 

seen that the Kendall’s return period curves are the most similar to the return period 

curves that represent the risk to the dam. The Kendall’s return period is linked to the 

probability that an event with a copula value higher than t  occurs. The routed return 

period is calculated from the probability of exceeding a water level.  

 

Figure 4. 12. Comparison among return periods curves that represent the risk to the 

dam damT  for the spillway real setup (E=889m, L=12m) and theoretical joint return 

periods curves: (a) ORT ; (b) ANDT ; and (c) KT . 

As an example, Table 4. 7 summarises this information for two specific events 

with a copula value of 0.9 and 0.99. The results fulfil the inequality 

    ANDOR ,max,min TTTTTT VQVQ  . 
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Table 4. 7. Example of comparison among return periods. Two simulated events 

with a copula value t of 0.9 and 0.99 are considered. Peak is expressed in m3s-1, volume 

in hm3, MWL in meters and all return periods in years.  

Q V t ORT  QT  VT  ANDT  )(tKC  KT  MWL damT  

90.52 19.12 0.9 10 15 11 16 0.9261 14 890.53 13 

136.41 34.43 0.99 100 107 151 168 0.9927 138 891.34 180 

Once the different curves are compared, a further analysis is carried out on the 

return period related to the risk to the dam, in order to assess its sensitivity. Figure 4. 13 

displays the return period curves related to the risk of dam overtopping for different 

reservoir volumes given by reservoir elevations of 879, 884 and 889m and spillway 

lengths of 7, 12 and 17m. It can be seen that the higher the reservoir volume, the more 

horizontal the curves; whereas the longer the spillway length, the steeper the curves. 

Thereby, the most horizontal curve is associated with the highest reservoir volume 

(E=889m) and the shortest spillway length (L=7m); while the steepest curve is linked to 

the smallest reservoir volume (E=879m) and the longest spillway length (L=17m). This 

is caused by flood control properties in a reservoir: the higher the reservoir volume, the 

greater the capacity to store hydrograph water volume temporarily; consequently, the 

higher the attenuation of the flood peak. In this case, the hydrographs that have more 

influence on the risk to the dam, or the most dangerous hydrographs, are characterised 

by a great volume. Consequently, damT  is mostly given by the marginal return period of 

hydrograph volumes (the curves are more horizontal). On the other hand, the smaller the 

reservoir volume, the lower the capacity to store water temporarily and the smaller the 

attenuation of the flood peak. In this case, the hydrographs that have more influence on 

the risk to the dam are characterised by a high flood peak and damT  is mostly given by 

the marginal return period of flood peaks (the curves are steeper).  

In the case of the spillway length, the shorter the spillway length, the lower the 

capacity to discharge and the higher the need of a larger capacity to store water 

temporarily. The hydrographs that lead to higher maximum water levels will have 

greater volumes and damT  is mostly given by the marginal return period of hydrograph 

volumes. 
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Figure 4. 13. Comparison among return period curves related to the risk to the dam 

depending on the reservoir volume and the spillway length.  

As available flood control volume and spillway crest length vary, so do the 

location and range of critical values per margin. For further analysis of the results, a 

detailed comparison is shown in Figure 4. 14. The comparison is focused on the curves 

related to the risk of dam overtopping when damT  equals 5 and 50 years. Figure 4. 14a 

shows the sensitivity to reservoir volume for the central value of spillway crest length 

(12m), and Figure 4. 14b shows the sensitivity to spillway crest length for the central 

value of reservoir volume (884m). The former shows that as the reservoir volume 

increases, the range of the critical peaks also increases, whereas the range of the critical 

volumes decreases. It can also be noted that for higher return periods, the curve slope 

changes significantly with the reservoir volume, showing a severe reduction of the 

range of critical volumes and a drastic increase of the range of critical peaks. On the 
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other hand, the latter exhibits that as the spillway crest length increases, the range of 

critical peaks decreases, whereas the range of critical volume increases.  

 

Figure 4. 14. Detail of the comparison among the routed return period curves when 

damT  equals 5 and 50 years, varying with: a) the reservoir volume; and b) the spillway 

crest length. 

4. 4. Conclusions  
In the present research a Monte Carlo procedure to obtain the return period linked 

with the risk of dam overtopping (so-called the routed return period) has been carried 

out by a copula model, comparing such a return period in terms of the structure with the 

probability of occurrence of a flood. The proposed methodology has been applied to the 

Santillana reservoir in Spain: 

 A bivariate flood frequency analysis of flood peak and volume via a copula 

model was conducted. The Gumbel copula was found to be the best copula 

after taking into account the upper tail dependence of the data set. In this 

regard, results showed that upper tail dependence should be considered in 

the copula selection to avoid hydrological risk underestimate.  
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 A set of synthetic flood hydrographs was generated from the bivariate 

copula-based distribution consisted of the Gumbel copula and two G 

marginal distributions, and routed through the reservoir to obtain the 

maximum water level reached during the routing process, as the water level 

was used as a surrogate of the hydrological risk of dam overtopping.  

 Different joint return period curves were estimated by the bivariate 

copula-based distribution fitted to the observed data (i.e., those associated 

with theoretical return periods), and compared with the curves that represent 

the risk to the dam, obtained as the probability of exceeding a water level 

(i.e., those related to the routed return period). 

 The Kendall’s (so-called secondary) return period curves turned out to be 

the most similar to the routed return period curves that represent the risk of 

dam overtopping. These results support the use of the Kendall’s return 

period in this study. Besides, the use of the Kendall’s return period in 

preliminary assessment for dam design could be considered adequate, as this 

return period is independent of reservoir and spillway configuration. 

Specifically, the Kendall’s return period would be useful in flood hazard 

assessments.  

 The results also hold that the general idea of routing a large sample through 

the reservoir has benefits from a conceptual point of view. Accordingly, for 

detailed design, it could be useful the use of the routed return period 

obtained by routing a large sample of hydrographs through the reservoir, as 

it provides a more accurate assessment of the risk of dam overtopping 

because this return period is specific for the structure under analysis.  

 Hence, in addition to considering the Kendall’s return period, flood 

hydrographs should also be routed to improve the estimate of the risk of dam 

overtopping, as there are differences among return periods.  

 Finally, a sensitivity analysis on the routed return period curves related to 

the risk to the dam was conducted by considering several reservoir volumes 
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and spillway crest lengths. As a result, it was obtained that as the available 

flood control volume increases, the routed return period curves are more 

dependent on volume. On the other hand, as the spillway length increases, 

the routed return period curves are more dependent on flood peak.  

 The sensitivity analysis also showed the role played by flood control volume 

and spillway crest length on the location and ranges per margin of return 

period curves. The previous results suggested that bivariate analyses could 

be asymptotically approximated by univariate analyses for extreme reservoir 

and spillway characteristics: for a very large flood control volume the 

dominant variable is hydrograph volume and for a very large spillway length 

the dominant variable is hydrograph peak. It is important to emphasise that 

the shape of the curves depends not only on the reservoir volume and 

spillway length, but also on the hydrograph magnitude given by soil 

properties, rainfall and physiographic characteristics of the catchment.  

Therefore, comparison among bivariate return period curves that represent the risk 

of dam overtopping (the real risk to the structure) and bivariate joint return period 

curves that represent the probability of occurrence of a flood event (the theoretical risk 

without taking into account the structure) provides valuable information about flood 

control processes in the reservoir. The proposed routed return period can be useful in 

dam design, as it improves the estimate provided by the flood event-based return 

periods, taking into account the dam characteristics that exert a significant influence on 

the risk of dam overtopping. In addition, this study could be replicated in terms of risk 

of downstream damages. Thus, the proposed methodology can procure useful 

information to estimate the Design Flood Hydrograph. 
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5  
Bivariate regional flood 

frequency analysis: a complete 
procedure  

The second part of the research is presented in the present chapter, where a 

complete procedure to conduct a multivariate regional flood frequency analysis by 

providing practical orientations is proposed. The methodology is based on recent 

developments both in multivariate and regional hydrological frequency analysis such as 

copulas, multivariate quantiles and the MIF model. The proposed methodology, focused 

on the bivariate case, is applied to a region in the Ebro catchment in Spain by analysing 

flood peak and hydrograph volume observed series. As a result, a set of flood events 

under a bivariate quantile curve for a given return period value is provided, giving 

flexibility to practitioners to check and decide what the design event for a given purpose 

should be. The proposed methodology can also be extended to the analysis of more than 

two variables.  

The chapter is organised as follows. Introduction is shown in Section 5. 1. 

Methodology and required background are shown in Section 5. 2. Application 

consisting of the description of the region study and flood data, as well as obtained 

results and discussion, is presented in Section 5. 3 and conclusions are summarised in 

Section 5. 4.  

Chapter 
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5. 1. Introduction 
Even though multivariate regional hydrological frequency analyses (MRHFAs) are 

specially required for characterising flood hydrographs at ungauged sites, few studies 

have dealt with the multivariate regional approach because of its complexity (Ben 

Aissia et al., 2014; Sadri and Burn, 2014).  

Univariate regional analyses are usually based on the index-flood model (e.g., 

Grover et al., 2002; Bocchiola et al., 2003) proposed by Dalrymple (1960), which 

assumes that the frequency distributions at all sites belonging to a homogeneous region 

are identical, except for a scale factor (so-called the index flood). As an extension, the 

MIF model was presented by Chebana and Ouarda (2009) focused on the bivariate case, 

based on combining copulas with bivariate quantile curves (or equivalently, return 

period curves). In addition, the discordancy and homogeneity tests (Hosking and Wallis, 

1997) required for the application of the MIF model were also extended to the 

multivariate case (Chebana and Ouarda, 2007). 

MRHFAs performed recently, mainly treat either theoretical developments or 

partial applications. Therefore, this study seeks to introduce a complete multivariate 

regional procedure based on the MIF model that entails all steps required to undertake 

an exhaustive analysis, providing practical orientations. Analogous to the MIF model, 

the present study is focused on the bivariate case, analysing flood peak and hydrograph 

volume observed series. The procedure could be applied to higher dimensions than two, 

but involving some theoretical and practical difficulties such as issues related to the use 

of multivariate copulas for modelling complex structures, as well as computational and 

numerical problems (Chebana and Ouarda, 2009).  

The contributions of the present study consist of including the MIF model 

proposed by Chebana and Ouarda (2007, 2009) in a complete framework for its 

application in practice, and developing the method by using a flexible distribution for 

simulating more accurate synthetic homogeneous regions regarding the multivariate 

homogeneity test. Also, copula goodness-of-fit tests are treated in a specific way for 

accomplishing the copula selection process in MRHFAs.  
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Moreover, four practical contributions are provided regarding the selection of the 

multivariate regional copula-based distribution, the estimate of multivariate quantiles 

for given return periods and the selection of design events for a target site. First, the 

selection process for identifying the multivariate regional distribution to apply the 

procedure is generalised, as the aim when the MIF model was introduced (Chebana and 

Ouarda, 2009) was to present the model and evaluate its performance based on 

simulations, where regions were generated by using known copula and marginal 

distributions. Second, the partial residual analysis is used for estimating the index flood, 

checking linearity in a multiple linear regression model. Third, the possibility of 

applying different multivariate return periods (e.g., Salvadori et al., 2011) for estimating 

quantiles is incorporated. Fourth, a recent procedure for event selection performed in 

the multivariate local context (Volpi and Fiori, 2012) is included in the regional 

procedure. The procedure is applied to a region in the River Ebro catchment in Spain. 

5. 2. Methodology and background 
The proposed complete practical procedure for performing a MRHFA based on the 

MIF model consists of four main steps (see an overview in Figure 5. 1): (i) screening 

the data to find incorrect data through detecting multivariate outliers and discordant 

sites; (ii) delineation of homogeneous regions to cluster sites based on the similarity of 

catchment descriptors; (iii) selection of the multivariate regional copula-based 

distribution composed of the marginal distributions that represent the variables 

separately, and the copula that characterises the dependence between them; and (iv) 

estimate of multivariate quantiles for given return period values and selection of design 

events for a target site. 

Screening the data is a preliminary step while the others are related to the main 

stages of a regional hydrological frequency analysis. The procedure is presented for the 

bivariate case with variables X and Y, which are annual maximum flood peak (Q) and 

flood volume (V) in this study. The data set is denoted as ),( ijij yx  with Ni ,...,1  and 

inj ,...,1 , where N  is the number of sites and in  is the data length of site i.  
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Figure 5. 1. Diagram of the complete procedure for the application of a 

multivariate regional procedure based on the MIF model for the bivariate case. 

 With the aim of facilitating the understanding of the connection between the 

univariate and bivariate approach, both index-flood models are formulated below for a 

site i, with a given non-exceedance probability )1,0(p : 

),(ˆˆ)(ˆ: Univariate pqpQ XX
i
X   (5. 1) 

),(ˆ
ˆ
ˆ

)(ˆ: Bivariate ,, pqpQ YXi
Y

i
Xi

YX 










  (5. 2) 

where )(ˆ pQ i
X

 
is the univariate quantile of X at the site i  for a given probability p, 

)(ˆ pqX  is the value of the (dimensionless) regional growth curve of X for p, i
X̂  is the 

index flood of X estimated at the target site; and )(ˆ
, pQ i
YX  is the bivariate quantile curve 

of X and Y at the site i  for a given probability p, consisting of points formed by X-Y 

components that are obtained by multiplying componentwise the (dimensionless) 

bivariate regional quantile curve for p, )(ˆ , pq YX , by the estimated index floods i
X̂  and 
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i
Ŷ . Note that in the univariate approach the quantile is a single value; whereas in the 

bivariate approach it is a curve (see Figure 2. 12). 

5. 2.1. Screening the data 

Screening the data is an essential step to find incorrect data, sites with anomalous 

hydrological response and infrequent events that could change the results of a 

hydrological frequency analysis. Traditional techniques used in univariate hydrological 

frequency analyses are extended to the multivariate case. Specifically, this step is 

composed of two tests (see Figure 5. 2): a) at-site multivariate outlier detection, which 

identifies unusual observations or gross errors that could have a significant impact on 

the fitting and, consequently, on the quantile estimates mainly for high return periods; 

and b) multivariate discordancy test, which detects discordant sites in a region due to an 

unusual hydrological response at the catchment scale or gross errors.  

 

Figure 5. 2. Diagram of step (i) screening the data. 

5. 2.1.1. At-site multivariate outlier detection 

The detection of multivariate outliers is performed at each site with the aim of 

removing incorrect measurements and gross errors from the multivariate observed 
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series. Outliers are unusual or inconsistent extreme events in relation to the whole data 

series that may be associated with rare observations or humans errors. Hence, outliers 

should be first identified and then checked individually to decide to either remove them 

in case of data errors, or keep them if they are infrequent but real events. In the 

multivariate context, a datum is considered as an outlier if its outlyingness value 

exceeds a given threshold (Dang and Serfling, 2010). In the present study, spatial and 

two outlyingness functions based on depth functions (Mahalanobis and Tukey 

functions) are used for these purpose (Chebana and Ouarda, 2011a). These outlyingness 

functions measure how “far” a given point is regarding the entire sample by setting a 

threshold based on the ratio of false outliers )( : 

,
n

n


   (5. 3) 

where n  is the proportion of non-outliers misidentified as outliers and n  is the real 

theoretical proportion of outliers. The value of n  should be less than n  (often equal 

to 0.15). Common values of   are 0.10 and 0.15.  

5. 2.1.2. Multivariate discordancy test 

The extension of the univariate discordancy test, i
XD , to the multivariate case 

( iD ) is based on multivariate L-moments (Chebana and Ouarda, 2007; Serfling and 

Xiao, 2007). If iD  is greater than 2.6, the site i can be considered as discordant. 

Nevertheless, it is also recommended to check sites with large iD values, even though 

such values are less than the threshold.  

The detected discordant sites could require different actions, such as be moved to 

other region or removed from the analysis. 

5. 2.2. Delineation of homogeneous regions 

This step (see an overview in Figure 5. 3) aims to identify a set of sites, for which 

the bivariate frequency distributions are assumed to be identical apart from a scale 

factor.  



Bivariate regional flood frequency analysis: a complete procedure 

115 

 

 

Figure 5. 3. Diagram of step (ii) delineation of homogeneous regions. 

As general procedure, plausible regions are first formed by grouping sites with 

similar physiographic descriptors. Then, the multivariate homogeneity test (Chebana 

and Ouarda, 2007) is used for assessing whether the region is accepted as statistical 

homogeneous or not. For this purpose, a multivariate distribution should be used to 

generate synthetic homogenous regions. In case of the region does not pass the test, 

some changes should be considered such as dividing the region into sub-regions.  

5. 2.2.1. Multivariate distribution to generate synthetic homogeneous 
regions 

In the univariate regional approach, the Kappa distribution is usually assumed to 

characterise the regional distribution to generate synthetic homogeneous regions 

because of its flexibility and generality. The Kappa cumulative distribution function F  

with parameters Kappa , Kappa , Kappa  and kappah  is formulated as:   

   KappaKappa
11

KappaKappaKappaKappa /11)( hxhxF 



    (5. 4) 

In the bivariate approach, a bivariate distribution consisting of a copula and two 

marginal distributions is considered. The Kappa distribution is assumed for the two 

marginal distributions. Similarly, a two-parameter copula instead of the one-parameter 
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copula considered when the MIF was proposed should be used to account for more 

flexibility in the characterisation of the dependence structure. Analogous to the Kappa 

distribution that entails other families as special cases, such as the GLO, GEV or GPA 

distribution, two-parameter copulas are able to include several copula families as 

especial cases, such as the BB1 copula that includes the Gumbel and the Clayton 

copula. Therefore, a set of two-parameter copulas (see Joe, 1997) is proposed to be 

considered for characterising the dependence structure between variables, e.g., the BB1, 

BB6, BB7 and BB8 copula. 

The two-parameter copula used for generating synthetic homogenous regions is 

selected in terms of at-site fitting to the observed data by both a goodness-of-fit test to 

check if the observed population comes from a given copula, and model selection 

criteria to obtain the copula that best characterises the observed data. Note that the 

selection process at this point only aims to provide a general flexible distribution for 

generating synthetic homogeneous regions. Consequently, the requirements to select the 

copula can be less restrictive, relaxing the goodness-of-fit significance level   from 

(the usual) 05.0  to .01.0  

For performing the goodness-of-fit test, the test statistic in Equation (3. 3) is 

formulated for each site i as i
nS : 
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  (5. 5) 

where the empirical copula at site i, i
nC , is expressed as:  
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 (5. 6) 

with ijR  and ijS  the ranks associated with ijx  and ijy , respectively; 1(A) the indicator 

function of the set A (valued 1 inside A or 0 outside); and iC  the copula fitted to the 

observed data at site i. In this study, the maximum pseudo-likelihood rank-based 

method is selected to estimate copula parameter(s) because of its good performance, 

widespread use and applicability to both one-parameter and multi-parameter copulas 

(e.g., Klein et al., 2010). The p-value of the goodness-of-fit test is estimated by using 
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10 000 simulations. Note that in this case, the copula is accepted if the associated 

p-value is greater than 0.01. 

Copulas are ranked (e.g., Zhang and Singh, 2006) via the cAIC  (Equation (3. 5)) 

and the cBIC  (Equation (3. 6)) formulated at each site, respectively, as:  
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  (5. 8) 

where ic  is the copula density function and ikc  is the number of parameters of iC . The 

best copula is that with the corresponding smallest criterion value.  

In summary, the selected two-parameter copula should show the best combination 

of being accepted (via the goodness-of-fit test) and identified as the best one in terms of 

data fitting (via model selection criteria) for most sites. 

5. 2.2.2. Multivariate homogeneity test 

The aim of the multivariate homogeneity test H is to evaluate if a proposed region 

can be considered statistically homogeneous, which in the bivariate case entails that the 

same bivariate distribution can be considered to characterise the flood response at all 

sites in the region. H  is based on multivariate L-moments, particularly on the 

L-covariation matrix *
2 . The test compares the variability in *

2  for the studied region 

with the variability estimated from a set of synthetic homogeneous regions with the 

same number of sites and the same data length at each site. The region can be 

considered homogeneous if 1H , acceptably homogeneous if 21  H  or definitely 

heterogeneous if 2H . For practical issues, a threshold of 2H  is used to consider a 

region as homogeneous. By default, 500 simulated regions are generated (Chebana and 

Ouarda, 2007).  

Different methods exist for forming groups of sites subject to be homogeneous 

regions. A widespread technique for such an identification is cluster analysis (e.g., 

Burn, 1989), being the Ward’s method one of the most used in the hydrological 
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literature (e.g., Mishra et al., 2008). Several grouping variables such as geographical, 

physiographic or hydrological are considered to obtain appropriate clusters. The number 

of clusters, i.e., sub-regions, should be chosen as a trade-off between a large number of 

sites to obtain appropriate quantile estimates, and a small number of sites to obtain 

greater homogeneity. When a proposed region does not pass the homogeneity test, 

different bivariate distributions should be used to characterise the flood response in the 

region. Consequently, the region can be divided into several sub-regions through 

clustering. The discordancy of the sites in each sub-region is evaluated again. Then, the 

value of H  is estimated for each sub-region. If sub-regions cannot be considered 

homogeneous )2( H , the clustering procedure is repeated by considering different 

grouping variables or number of clusters (Hosking and Wallis, 1997).  

5. 2.3. Selection of the multivariate regional 
distribution 

The multivariate regional distribution is the dimensionless multivariate distribution 

function of all sites in a homogeneous region. The multivariate regional distribution is 

obtained as a copula-based distribution, whereby the identification of the marginal 

distributions that best fit the univariate data and the copula that best characterises the 

dependence between them is needed.  

As the multivariate regional distribution is dimensionless, the observed data series 

are first standardised by the index flood, which is the mean of the studied variable in the 

present study. Standardised data series ),( ''
ijij yx  are then obtained by dividing the 

observed data ),( ijij yx  by their corresponding observed mean i
X̂  and i

Ŷ : 

;ˆ/' i
Xijij xx  i

Yijij yy ̂/'   (5. 9) 

Standardised series are pooled and denoted as ),( ''
mm yx , where ''

ijm xx   and 
''
ijm yy   with Mm ,...,1  such that 




N

i
inM

1
 is the length of the data considering all 

sites in the homogeneous region. Based on the pooled vector, an overview of the 
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decision process to select the multivariate regional distribution is presented in 

Figure 5. 4. 

 

Figure 5. 4. Diagram of step (iii) selection of the multivariate regional distribution. 

5. 2.3.1. Selection of the regional marginal distributions 

A set of univariate distributions are considered as possible candidates for fitting the 

studied variables: the G, GEV, LN2, P3 and LP3 distribution. The selection of the 

regional marginal distributions entails a goodness-of-fit test, several model selection 

criteria, graphical tools and an analysis of the at-site behaviour of the distributions for 

high return periods. 

First, the transformed Anderson-Darling (TAD) test proposed by Laio (2004) is 

applied to discard those distributions that can not represent the observed data. The main 

advantage of the test is to involve a distribution-free critical value. In the present study, 
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the results of the test are presented in such a way that a distribution is accepted when the 

associated p-value is greater than 0.05. Note that as the test requires asymptotically 

efficient estimators of the parameters, the maximum likelihood method is utilised, 

whereas the L-moment method cannot be used. The complete formula of the TAD test 

can be found in Laio (2004). 

Then, regional marginal distributions are ranked via the mAIC  (in Equation (3. 1)) 

and mBIC  (in Equation (3. 2)) model selection criteria (Laio et al., 2009), adapted to the 

regional case, respectively, as:   
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where Rˆ
Xf  is the estimated marginal probability density function of '

mx ; and R
,m Xk  is the 

number of parameters of the regional distribution. The same holds for Y. 

In addition, graphical checking by probability plots or QQ-plots of the potential 

regional marginal distributions is recommended to visualise how distributions fit the 

data. Finally, the behaviour of the distributions for high return periods is also assessed, 

with the aim of increasing the robustness of the (regional) model (El Adlouni et al., 

2008). Standardised at-site distributions are plotted and the variability of the estimated 

univariate quantiles is calculated as the sample standard deviation )ˆ( Tx  for a given 

high univariate return period, T. The distribution that entails less variability in such 

estimates for a similar data fitting is then selected.  

5. 2.3.2. Selection of the regional copula 

Several copulas are considered: one-parameter Archimedean copulas (Ali-Mikhail-

Haq, Clayton, Gumbel, Frank and Joe); two-parameter Archimedean copulas (BB1, 

BB6, BB7 and BB8); extreme-value copulas (Galambos, Hüsler-Reiss and Tawn, being 

also the Gumbel copula an extreme-value copula); and other families such as the Farlie-

Gumbel-Morgensten and Plackett copula. The choice of the regional copula involves 
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more detailed analyses than in Section 5. 2.2.1 and sequential steps (see Section 3. 1.2), 

including evaluation of the dependence structure of the data, assessment of the 

goodness-of-fit, application of model selection criteria and assessment of the upper tail 

dependence (e.g., Chowdhary et al., 2011; Requena et al., 2013).  

First, the dependence structure of the data is analysed to initially discard copula 

candidates. Both graphical tools and quantitative measures are considered. Three 

graphical tools are used to visualise the dependence structure: the scatter plot of the 

regional pseudo-observations consisting of the  )1/(),1/(  MSMR mm  pairs, where 

mR  and mS  are the ranks of the series '
mx  and '

my , respectively, the Chi-plot (Fisher and 

Switzer, 1985, 2001) and the K-plot (Genest and Boies, 2003). The Spearman’s s  and 

Kendall’s   rank-based non-parametric measures are also evaluated.  

Then, graphical tools and formal goodness-of-fit tests are used to assess if a given 

copula can represent the observed data, discarding those copulas that do not pass these 

tests, and hence are not able to characterise the relationship between flood variables. In 

this regard, the scatter plot of the simulated pairs generated through the copula and the 

pseudo-observations, as well as the graphical comparison between the theoretical and 

empirical estimate of the Kendall's function (Genest and Rivest, 1993) are displayed. 

Besides, i
nS  in Equation (5. 5) is adapted to the regional context in order to perform the 

regional goodness-of-fit test, as follows:  
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where the regional empirical copula, R
nC , is expressed as:
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with R
C  the copula fitted to the regional standardised observed data. As it was 

aforementioned, the copula parameters are estimated by the maximum pseudo-

likelihood method. A copula is accepted as the regional copula when the associated 

p-value is greater than 0.05. 
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Model selection criteria introduced by Equation (5. 7) and Equation (5. 8) are also 

adapted to the regional case to rank the copulas in terms of fitting to the data, 

respectively, as: 
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where R
c  is the regional copula density function and R

ck  is the number of parameters of 
R
C . In this case, different from Section 5. 2.2.1, model selection is focused on selecting 

the best copula among the ones that have passed the copula goodness-of-fit test. 

Finally, the ability of the copula to represent the dependence between extreme 

values of the variables is considered in the regional copula selection process by 

assessing upper tail dependence. For that purpose, the theoretical upper tail dependence 

of the copula is evaluated by Equation (3. 7) and compared with the empirical estimator 

of the upper tail dependence of the data CFG
Û

 

obtained by adapting Equation (3. 8) to 

the regional context as:   
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A given copula characterises better the upper tail dependence of the data as closer 

are the theoretical and empirical estimator. 

Note that the selection of the best copula is not always straightforward and some 

difficulties may arise in practice, particularly in MRHFAs. The probability of the 

goodness-of-fit tests to reject the null hypothesis (in this case, that the data belong to a 

given copula family) usually increases with the sample size, as the dependence structure 

of the observed data should be very similar to that of the copula to be accepted 
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(Requena et al., 2015c). This is the case in MRHFAs, since the data are pooled over a 

region. A discussion about this issue will be presented in Section 5. 3.2.3. 

In this study a specific strategy is formally proposed to overcome the drawback of 

dealing with large sample lengths, consisting in applying the copula goodness-of-fit test 

to each site of the homogeneous region instead of to the regional data, if no copula is 

accepted by the regional goodness-of-fit test. Consequently, the selected regional copula 

will be that accepted by all (or almost all) sites.  

This is justified by the assumption that in a homogeneous region all sites have the 

same distribution (even multivariate) apart from a scale parameter. Nevertheless, in 

practice it is not necessary that all sites pass the goodness-of-fit tests for the same 

distribution; as the regional copula is obtained by combining all data, where for 

instance, some sites can have a short data length and others many extreme events. Note 

that this strategy was tried out by Ben Aissia et al. (2014). 

5. 2.4. Estimate of quantiles and selection of design 
events 

The aim of a MRHFA is to improve quantile estimates at gauged sites and estimate 

quantiles at ungauged sites. An overview of quantile estimate via the multivariate 

regional procedure based on the MIF model is given in Figure 5. 5. An additional step 

regarding event selection is also included to discard some unusual events that are under 

theoretical quantile (or return period) curves.  
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Figure 5. 5. Diagram of step (iv) estimate of quantiles and selection of design 

events. 
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5. 2.4.1. Estimate of regional quantile curves 

The (dimensionless) regional quantile curve for a given probability is obtained 

from the estimated multivariate regional distribution. In the univariate case the estimate 

of the analogous regional growth curve is straight. However, some issues arise in the 

bivariate approach: (i) different quantiles are associated with different kinds of return 

periods; and (ii) infinite combinations of X-Y pairs are under the return period curve for 

a given probability p.     

 Estimate of the weighted parameters of the multivariate regional 
distribution  

The parameters of the selected multivariate regional distribution, named as 

weighted regional parameters, WR
l̂ , are estimated as:  
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where i
l̂  is the estimated parameter vector at site i and R

c
R

,m
R

,m kkkk YX   is the 

number of such parameters, which is the sum of the parameters of the marginal 

distributions of X and Y and the parameters of the copula. i
l̂  is estimated via the 

selected multivariate regional distribution (i.e., selected marginal distributions and 

copula) by using at-site standardised observed data. 

 Selection of the multivariate return period  

Different theoretical bivariate joint return periods (such as the OR, AND and the 

Kendall’s return period) can be considered to obtain bivariate quantiles. Gräler et al. 

(2013) remarked that some differences exist among multivariate return periods not only 

regarding the selected design events, but also because of their different statistical 

meaning. Consequently, the need for using each return period according to the specific 

problem was also highlighted.  
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In the MIF model, quantiles were related to the simultaneous non-exceedance 

probability of each of the variables that characterise a flood event, ][ yYxXP  . 

Such a quantile expressed following Equation (2. 10) is included here as a reminder: 

},),(),(),(:]1,0[),(,),{()( 212
1

1
1

21
2

, puuCuFyuFxuuyxpQ YXYX  
  where 

1
XF  and 1

YF  are the marginal quantile functions of X  and Y , respectively. This 

formula was proposed by Chebana and Ouarda (2011b) after considering the copula 

concept in the quantile version introduced by Belzunce et al. (2007). Hence, as the 

return period is the inverse of the exceedance probability, the quantile used in the MIF 

model is associated with the OR return period, which is obtained as the inverse of 
][1][ yYxXPyYxXP   (see ORT  in Equation (3. 10)). Bivariate 

quantiles could also be obtained for other theoretical return periods via copulas (e.g., 

Salvadori et al., 2011). 

In this regard, it is also interesting to mention that for instance, the proposed 

regional approach can be considered in relation to the routed return period approach 

presented in Chapter 4, with the aim of obtaining the synthetic flood hydrographs to 

estimate the frequency curve of maximum water level reached during the routing 

process at the reservoir. For this purpose, synthetic standardised peak-volume pairs can 

be obtained via the multivariate regional distribution, destandardising them by the 

estimated index flood of each variable at the target site.  

 Estimate of regional quantile curves  

Regional quantile curves represent standardised quantile curves that are valid for 

the whole homogeneous region. The regional quantile curve for a given probability p, 
)(ˆ , pq YX , is obtained by considering the multivariate regional distribution with weighted 

regional parameters, WR
l̂ , in the bivariate quantile formula (which in this case it is 

associated with the OR return period via Equation (2. 10)). As a result, a set of X’-Y’ 

pairs are procured, which are located under such a curve and have associated the same 

probability. Consequently, not only a single flood event, but a set of flood events 

associated with a given return period value are obtained. 
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5. 2.4.2. Estimate of the index flood 

The index flood,  , is the factor that allows rescaling the regional quantile curves 

at each site. As it was aforementioned, the index flood is considered as the mean of the 

studied variable ( X , Y ) in the present study; which is known at gauged sites, whereas 

it should be estimated at ungauged sites. Brath et al. (2001) compared different estimate 

methods, showing that the multiple regression model provided the best description of 

 , parameters of which can be estimated by linear regression:  

,ˆˆˆ)(log
1

010   


CDN

r
rr Hbb  (5. 18) 

where, 0b̂  and rb̂  are the regression model parameters, rH  is the vector of logarithmic 

values of the catchment descriptors, CDN  is the number of catchment descriptors and ̂  

is the vector of regression residuals.  

The catchment descriptors can be initially selected through stepwise regression, 

which is suggested when many catchment descriptors are involved in the analysis. The 

use of non-correlated descriptors is recommended (Ahearn, 2004), i.e., with Pearson's 

linear correlation coefficient   less than 0.9, in order to avoid colinearity and obtain 

similar results independently of the initial model considered.  

Different results of the stepwise regression can be compared through the RMSE, 

being necessary to check if the selected descriptors are indeed significant in the 

formulated multiple linear regression model, e.g., by analysing that the p-value 

associated with the t-statistic of each descriptor is less than 05.0 . Such a model can be 

then evaluated through the determination coefficient, R2, and the variance of the 

regression residuals, 2
reg .  

Moreover, linear assumptions between variables can be checked through partial 

residual analysis. Estimates of the partial residuals *ˆ r
p  associated with a given 

catchment descriptor *rH , which are the residuals obtained by eliminating the influence 

of *rH  from the predicted model, can be obtained by:  
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The linearity for each catchment descriptor can be then checked through a graph in 

which rH  is plotted in the x-axis and r
p̂  in the y-axis. If points seem not to follow a 

line, a non-linear transformation of the catchment descriptor could be needed (for 

further information, see e.g., Larsen and McCleary, 1972; Cornillon and Matzner-

Løber, 2007).  

5. 2.4.3. Quantile curve estimate and model evaluation  

Finally, the quantile curve for the target site 0i  for a given probability p, )(ˆ 0
, pQ i
YX , 

is estimated by Equation (5. 2). The performance of the multivariate regional model is 

assessed by the comparison of the resulting quantile curves for the target site via the 

regional procedure, with the quantiles curves estimated by a multivariate local approach 

through at-site observations. To this end, the following jackknife procedure (also known 

as leave-one-out cross validation) is performed: the quantile curve, )(ˆ xG i
p , obtained via 

the estimated regional procedure by excluding the information related to the target site i, 

is compared with the local quantile curve, )(xG i
p , considering the same kind of copula 

and marginal distributions.  

The distance between both curves in the bivariate space is quantified via an 

adaptation of the measures presented by Chebana and Ouarda (2009), as they were 

formulated for simulated replications. The relative error, )(xRE i
p , which is associated 

with the vertical distance between curves for a given value of X is expressed as:  
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Thus, the relative integrated errors )(RIE * pi  and )(RIE pi  are defined respectively 

as:  

,)(1)(RIE * 
i
pQC

i
pi

p
i dxxRE

L
p  (5. 21) 

 
,)(1)(RIE 

i
pQC

i
pi

p
i dxxRE

L
p  (5. 22) 



Bivariate regional flood frequency analysis: a complete procedure 

129 

 

where i
pL  is the length of the proper part, i

pQC , of )(xG i
p . Note that Chebana and 

Ouarda (2011b) distinguished between the proper (central) and naïve (tails) part of a 

quantile curve for practical reasons. Pointing out that in practice, the upper uA  and 

lower lA  boundaries of the proper part can be identified as the intersection (or very 

closely) of the univariate quantiles with the bivariate quantile curve. 

Then, the regional error measures consisting of the regional bias, )(RBR p , the 

absolute regional bias, )(ARBR p , and the regional quadratic error ,
 

)(RRMSE R p , can 

be evaluated respectively as: 
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5. 2.4.4. Event selection 

Contrary to the univariate case, bivariate analyses provide a set of potential design 

events for a given return period value, which have to be chosen among the infinite 

events located under the quantile curve. Salvadori et al. (2011) mentioned that it is 

essential to select a critical design event according to the phenomenon and the structure 

involved. They suggested the use of a function that should be chosen according to the 

specific practical needs, to weigh the events under the quantile curve in order to select 

the one that maximises the given function. However, it was also pointed out that 

sometimes it could be better to select a subset of events to test the behaviour of the 

phenomenon on the specific structure (e.g., a dam), avoiding the loss of useful 

information provided by a multivariate analysis (Gräler et al., 2013). 

The selection of a subset of events is based on cutting down the infinite events 

located under a given quantile curve, as their probability of occurrence and their effect 

on the hydraulic structure is not the same. Volpi and Fiori (2012) studied the 
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identification of such a subset of events by considering a lower 1  and an upper 2  

probability levels to adjust the position of the boundaries. Hence, a set of events was 

obtained by excluding the percentage 21  ES  of events with the lowest 

probability of occurrence under the joint probability density function )(sfs  defined 

under the given curve. The upper uS  and lower lS  boundaries of the quantile curve are 

obtained by solving the following equations:  





ul S

s

S

s dssfdssf 21 1)(;)(   (5. 26) 

As a result, a subset of unusual events is removed from the curve. Therefore, a 

more adequate selection of possible flood events that can affect the hydraulic structure 

is provided. Note that the aforementioned event selection procedures can be applied 

under any kind of theoretical return period. 

5. 3. Application 
The case study briefly introduced in Section 3. 2, in which the complete procedure 

for the application of a MRHFA is implemented, is presented in detail in the present 

section. 

5. 3.1. Region and data 

The case study is the region located in the River Ebro catchment in the northeast of 

Spain (Figure 5. 6), delineated as a homogeneous region in terms of maximum peak 

flow and named as Region 91 by Jiménez-Álvarez et al. (2012, 2014). The region 

contains 33N  sites with data length in  from 21 to 60 and catchment drainage area, 

Ac, from 19.25 to 4 424.50km2 (Table 5. 1). The observed series q and v of the variables 

Q (annual maximum peak flow) and V (associated flood hydrograph volume), 

respectively, are available at each site. Geographical catchment descriptors as latitude 

(Lat) and longitude (Lon) as well as physiographic descriptors, such as Ac, mean 

catchment elevation (Hm), mean catchment slope (Sc), mean slope of the main river (Sr), 

main river length (Lr), catchment perimeter (Per), minimum catchment elevation (Hmin), 
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maximum catchment elevation (Hmax), percentage of permeable area (Perm) and mean 

catchment infiltration rate (Ic), were readily available (Mediero and Kjeldsen, 2014). 

Moreover, hydrological and climatic descriptors were estimated by a Geographic 

Information System such as initial abstraction (P0), time of concentration (tc), mean 

annual precipitation (Pm), maximum daily precipitation with a T-year return period (PT) 

and potential evapotranspiration (PET). Other additional hydrological descriptors, such 

as the index of extremity (IE) defined as the ratio of Pm to PT, and the index of 

concavity (IC) that summarises the relationship between low-flow and high-flow 

regimes, were also considered (Mediero and Kjeldsen, 2014; Sauquet and Catalogne, 

2011). According to Section 5. 2.3, hereafter the pooled standardised series of Q and V 

are named as q' and v', respectively. 

 

Figure 5. 6. Location of the region study: a region in the River Ebro catchment. 
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Table 5. 1. Discordancy measures and L-moments of all sites in the region study. Values in bold indicate discordant sites. 

V Q V-Q 
Site Code Ac n 

Vl ,1  Vt ,2  Vt ,3  Vt ,4  DV Ql ,1  Qt ,2  Qt ,3  Qt ,4  DQ D  

S01 9003 1 278.5 59 44.26 0.35 0.27 0.07 1.06 152.89 0.30 0.16 0.07 0.74 1.03 

S02 9004 2 734.0 59 144.23 0.29 0.22 0.14 0.02 570.77 0.26 0.35 0.25 1.46 1.50 

S03 9006 87.8 51 2.05 0.38 0.30 0.24 1.01 10.07 0.40 0.27 0.16 1.37 1.52 

S04 9026 467.5 60 28.72 0.24 0.09 0.16 1.96 123.77 0.21 0.10 0.15 0.34 0.97 

S05 9061 352.8 31 25.89 0.27 0.25 0.19 0.36 110.30 0.23 0.24 0.22 0.58 0.87 

S06 9062 180.5 43 10.16 0.24 0.24 0.19 0.76 42.08 0.19 0.07 0.07 1.08 1.34 

S07 9063 509.0 50 34.74 0.28 0.20 0.12 0.10 137.90 0.22 0.10 0.17 0.39 0.47 

S08 9064 397.8 50 31.99 0.26 0.09 0.06 0.91 132.25 0.23 0.16 0.16 0.11 0.76 

S09 9065 1 581.0 53 127.35 0.31 0.28 0.15 0.43 436.87 0.19 0.19 0.21 0.84 1.96 

S10 9067 238.5 44 28.61 0.33 0.28 0.20 0.16 123.60 0.25 0.34 0.24 1.46 1.54 

S11 9068 775.8 33 99.02 0.24 0.08 0.02 1.00 310.05 0.13 -0.08 0.14 2.71 1.95 

S12 9069 1 730.8 41 145.90 0.29 0.11 0.04 0.75 493.56 0.25 0.19 0.12 0.44 1.05 

S13 9071 798.3 55 39.41 0.31 0.21 0.10 0.10 122.26 0.26 0.12 0.08 0.52 0.73 

S14 9073 275.0 45 3.94 0.38 0.18 0.12 2.06 20.51 0.33 0.16 0.15 0.85 2.10 

S15 9075 306.8 46 12.31 0.39 0.35 0.22 0.95 39.80 0.31 0.22 0.09 0.76 2.02 
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V Q V-Q 
Site Code Ac n 

Vl ,1  Vt ,2  Vt ,3  Vt ,4  DV Ql ,1  Qt ,2  Qt ,3  Qt ,4  DQ D  

S16 9078 47.0 44 1.46 0.39 0.29 0.17 0.93 7.70 0.43 0.42 0.33 3.63 3.01 

S17 9079 188.8 48 22.50 0.38 0.19 0.06 1.28 95.88 0.35 0.18 0.09 1.14 1.50 

S18 9080 46.5 37 4.47 0.35 0.34 0.27 0.69 16.54 0.30 0.22 0.15 0.09 0.60 

S19 9086 76.0 39 1.57 0.37 0.35 0.33 1.42 7.96 0.37 0.21 0.13 0.99 1.46 

S20 9092 1 055.3 31 67.45 0.33 0.22 0.05 0.74 308.44 0.33 0.25 0.23 0.67 0.97 

S21 9101 2 203.0 59 10727 0.29 0.25 0.25 0.53 452.86 0.25 0.22 0.23 0.33 0.57 

S22 9151 56.5 34 10.77 0.23 0.26 0.21 1.48 27.88 0.17 0.14 0.15 0.92 1.02 

S23 9161 4 424.5 30 129.27 0.25 0.13 0.10 0.48 494.01 0.23 0.06 0.17 0.89 0.90 

S24 9165 322.5 22 29.08 0.31 0.44 0.42 3.15 126.95 0.34 0.36 0.19 0.95 3.71 

S25 9166 303.5 23 30.79 0.41 0.27 0.05 1.88 153.27 0.40 0.27 0.09 1.60 2.44 

S26 9170 1 478.0 22 72.74 0.31 0.30 0.25 0.43 299.47 0.28 0.27 0.27 0.82 0.79 

S27 9178 19.3 21 4.01 0.34 0.20 0.14 0.37 12.09 0.32 0.26 0.12 0.52 1.94 

S28 9221 22.3 22 2.24 0.26 0.14 -0.08 3.07 8.71 0.22 0.19 0.08 1.68 2.12 

S29 9825 68.5 22 8.43 0.26 0.21 0.05 1.37 32.21 0.27 0.25 0.13 0.50 3.20 

S30 9827 271.3 29 19.10 0.21 0.07 0.17 2.59 85.51 0.24 0.19 0.24 0.58 2.27 

S31 9828 141.8 30 15.75 0.24 0.21 0.17 0.49 71.80 0.22 0.24 0.29 1.40 2.55 
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V Q V-Q 
Site Code Ac n 

Vl ,1  Vt ,2  Vt ,3  Vt ,4  DV Ql ,1  Qt ,2  Qt ,3  Qt ,4  DQ D  

S32 9830 134.5 43 12.48 0.25 0.18 0.12 0.39 38.05 0.23 0.10 0.12 0.30 0.54 

S33 9831 109.5 28 14.31 0.30 0.21 0.16 0.09 63.36 0.20 0.01 0.20 2.34 2.46 
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5. 3.2. Results and discussion 

5. 3.2.1. Screening the data 

 At-site multivariate outlier detection 

Multivariate outlier tests (Section 5. 2.1.1) were applied to the bivariate observed 

data at each site via internal software of the Institut National de la Reserche Scientific 

(INRS). For that purpose,   in Equation (5. 3) was assumed to be equal to 0.1. For each 

site, the hydrographs associated with potential bivariate outliers (V-Q) were checked, as 

well as compared with the corresponding hydrographs of sites located either upstream 

or downstream of the given site. As a result, five (V-Q) pairs (belonging to sites S1, S6, 

S18, S30 and S31) were detected as inappropriate, as the associated hydrograph 

occurred just at the beginning or end of the flood series, or due to measurement errors. 

The volume assigned to these floods could not be estimated appropriately, hence such 

data were removed. The remaining potential outliers were real but unusual data. 

Consequently, they were kept in the study.   

 Multivariate discordancy test 

iD  and the univariate measures i
VD  and i

QD  (Table 5. 1) were calculated at each 

site (Section 5. 2.1.2). Sites S16, S24 and S29 were identified as discordant for the 

bivariate measure (i.e., iD  is greater than 2.6). As expected, the bivariate measure led 

to different results from the univariate ones, as the relation between variables is taken 

into account. For instance, Site S16 was identified as discordant by i
QD , as the site 

presents the largest coefficient of L-variation Qt ,2 , coefficient of L-skewness Qt ,3  and 

coefficient of L-kurtosis Qt ,4 ; Sites S24 and S28 were identified as discordant in terms 

of volume; and Site S29 was not detected as discordant neither by V nor Q. Note that in 

the univariate case it is common to consider a site as discordant when 3i
XD  (Hosking 

and Wallis, 1997). 
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5. 3.2.2. Delineation of homogeneous regions 

 Multivariate distribution to generate synthetic homogenous regions 

The multivariate distribution used for generating synthetic homogeneous regions 

regarding the whole region, was composed of a Kappa distribution to fit each marginal 

distribution and a two-parameter copula to be selected. Estimated regional average 

L-moment ratios and corresponding Kappa parameters are shown in Table 5. 2.  

Table 5. 2. Regional average L-moment ratios and parameters of the Kappa 

distribution for V and Q.  

Regional L-moment ratios Kappa parameters 
Variable 

R
2t  R

3t  R
4t  R

Kappa  R
Kappa  R

Kappa  R
Kappah  

V 0.3063  0.2242  0.1498 0.6416  0.4952  0.0030  0.3150 

Q 0.2694  0.1919  0.1649 0.7858  0.3601  -0.0533  -0.0765 

The two-parameter copula was selected estimating its parameters by maximum 

pseudo-likelihood. For that purpose (see Section 5. 2.2.1), the goodness-of-fit test i
nS  

(Equation (5. 5)), as well as the model selection criteria i
cAIC  (Equation (5. 7)) and 

i
cBIC  (Equation (5. 8)), were estimated at each site (see Table 5. 3 and Figure 5. 7).  

Table 5. 3. Results of the at-site goodness-of-fit test ( i
nS  for %5  and %1 ) 

and model selection criteria ( i
cAIC
 
and i

cBIC ) for selecting the two-parameter copula 

involved in the generation of synthetic homogeneous regions. 

Goodness-of-fit test i
nS  Model selection criteria 

Number of sites that pass the test and 
corresponding percentage in brackets 

Number of sites with the lowest value of 
the criterion and corresponding 

percentage in brackets 
Copula 

%5  %1  i
cAIC  i

cBIC  

BB1 28 (84.8%) 31 (93.9%) 14 (42.4%) 14 (42.4%) 

BB6 24 (72.7 %) 29 (87.9%) 0 (0%) 0 (0%) 

BB7 27 (81.8%) 30 (90.9%) 18 (54.5%) 18 (54.5%) 

BB8 21 (63.6%) 27 (81.8%) 1 (3.0%) 1 (3.0%) 
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The best results were obtained by the BB1 and BB7 copula. The BB1 copula was 

accepted in almost 94% of sites, while the BB7 in almost 91% of sites (for )01.0 . 

The good behaviour of both copulas was also supported by model selection criteria. The 

BB7 copula was identified as the best one in almost 55% of sites, while the BB1 copula 

in almost 43% of sites. The BB1 copula was chosen to generate synthetic regions to test 

homogeneity in this case study, based on the previous results and other studies, which 

concluded that this copula best characterises the relation between flood peaks and 

volumes (e.g., Klein et al., 2010). 

 

Figure 5. 7. Selection of the two-parameter copula for generating synthetic 

homogeneous regions: results of (a) the goodness-of-fit test for 01.0 ; and (b) model 

selection criteria (the same results were obtained for both i
cAIC
 
and i

cBIC ). 
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 Multivariate homogeneity test 

Once the multivariate distribution to simulate homogeneous regions was selected, 

the homogeneity test H  was applied to the whole region (Section 5. 2.2.2). Results 

showed that the region was definitely heterogeneous ( 2H ). Hence, the set of sites 

were grouped into sub-regions via a cluster analysis by using a set of geographical (Lat, 

Lon), climatic (Pm), physiographic (Ac, Hm, Sc) and hydrological ( Vt ,2 , Qt ,2 ) variables.  

Note that all these variables can be obtained or estimated at ungauged sites, including 

L-moment ratios (Laio et al., 2011; Wazneh et al., 2013). Only two clusters were 

retained because of the need for a large amount of data to estimate properly the 

parameters involved in a MRHFA. As a result, the region was divided into 

Sub-region A and Sub-region B, consisting of 24 and 9 sites, respectively (Figure 5. 8).  

 

Figure 5. 8. Sites initially comprising Sub-region A and Sub-region B (cluster analysis). 

The discordancy measure iD  and the homogeneity test H  were applied again to 

both sub-regions. In Sub-region A, sites S27 and S29 ( iD  >2.6), as well as S1 

( 51.2iD ), were considered as discordant. Site S1 was removed from the sub-region 

because of entailing a different dependence structure, as among the discordant sites, 

site S1 was the only site in which the BB7 and BB8 copula were rejected for 01.0  
and also the BB1 and BB6 copula for 05.0 ; whereas sites S27 and S29 were 

accepted by all two-parameter copulas in both cases. Homogeneity was assessed over 

again, identifying Sub-region A as homogeneous after removing site S1. No discordant 

sites were found in Sub-region B, which was found to be homogenous. Results of the 
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homogeneity test for both sub-regions are shown in Table 5. 4 (1 000 simulated regions 

instead of 500 were considered when H was close to 2). The negative value of H in 

Sub-region B shows that less dispersion of *
2  exists in comparison to that expected in a 

homogeneous region. In summary, the initial region of 33 sites was divided into two 

homogeneous sub-regions: Sub-region A composed of 23 sites and Sub-region B with 9 

sites (Figure 5. 9).  

Table 5. 4. Homogeneity values (H) in sub-regions. 

Sub-region Initial N Discordant sites Removed 
sites Remained N H Decision 

24 S1, S27, S29 None 24 2.18 Heterogeneous 
A 

24 S1, S27, S29 S1 23 0.68 Homogeneous 

B 9 None None 9 -0.70 Homogeneous 

 

Figure 5. 9. Sites comprising Sub-region A and Sub-region B. 

5. 3.2.3. Selection of the multivariate regional distribution 

 Selection of the regional marginal distributions 

Then, the multivariate regional distribution for each sub-region was selected. First, 

the regional marginal distributions were chosen (Section 5. 2.3.1). The results of the 

TAD goodness-of-fit test and their associated p-values, as well as the results of the 
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R
mAIC  (Equation (5. 10)) and R

mBIC  (Equation (5. 11)) for all candidate marginal 

distributions are shown in Table 5. 5. As it can be seen, in Sub-region A, v' can be fitted 

by the GEV or the LP3 distribution according to the obtained p-values (for 05.0 ). 

In this case, model selection criteria support the selection of the GEV distribution. Note 

that the R
mBIC  initially selected the G as the best distribution (being the GEV the 

second best distribution with a very slight difference), but the G distribution failed the 

goodness-of-fit test. Regarding q', the G and GEV distribution passed the 

goodness-of-fit test, being the G identified as the best distribution by the model 

selection criteria with a slight difference from the GEV distribution. In Sub-region B, 

the GEV, P3 and LP3 distributions passed the goodness-of-fit test for both v' and q'. 

Model selection criteria selected the LP3 as the best distribution for both variables with 

a slight difference from the P3 distribution. Selected functions fitted to the standardised 

data are displayed in Figure 5. 10, showing all of them a good performance (also due to 

the large pooled sample size: 896M  in Sub-region A and 349M  in Sub-region B). 

Table 5. 5. Results of the goodness-of-fit test (TAD) and model selection criteria 

( R
mAIC  and R

mBIC ) for regional marginal distribution selection. Values in bold indicate 

functions passing the goodness-of-fit test, and the best result for each model selection 

criterion, respectively. 

Goodness-of-fit test Model selection criteria 
Sub-region Variable Distribution 

TAD p-value R
mAIC  R

mBIC  

G 0.5245 0.0345 1127.49 1137.08 

GEV 0.2868 0.1473 1124.71 1139.11 

LN2 1.0663 0.0017 1154.53 1164.12 

P3 0.6264 0.0193 1132.87 1147.27 

V' 
 

LP3 0.2352 0.2086 1131.82 1146.21 

G 0.1440 0.4082 857.59 867.19 

GEV 0.2042 0.2594 859.58 873.98 

LN2 2.0755 0.0000 908.76 918.36 

P3 1.1775 0.0010 877.82 892.22 

A 

Q' 

LP3 1.0621 0.0018 883.63 898.03 
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Goodness-of-fit test Model selection criteria 
Sub-region Variable Distribution 

TAD p-value R
mAIC  R

mBIC  

G 2.4073 0.0000 631.08 638.79 

GEV 0.3660 0.0890 612.92 624.48 

LN2 1.0831 0.0016 624.23 631.94 

P3 0.4170 0.0652 608.74 620.30 

V' 
 

LP3 0.3963 0.0739 608.11 619.67 

G 1.0170 0.0023 610.47 618.18 

GEV 0.3272 0.1135 595.27 606.84 

LN2 0.9406 0.0034 600.49 608.20 

P3 0.0632 0.7941 591.16 602.72 

B 

Q' 

LP3 0.0853 0.6619 590.37 601.94 

 

Figure 5. 10. Fit to the pooled standardised observed data of the marginal 

distributions that have passed the goodness-of-fit test.   
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The at-site behaviour for high return periods of these standardised distributions is 

shown in Figure 5. 11, calculating their variability for T=500 years. It can be seen that 

the distributions selected by model selection criteria for Sub-region A (i.e., the GEV 

distribution for v' and the G distribution for q') also show the lowest variability. 

However, in Sub-Region B the P3 distribution is preferable to the LP3 distribution for 

both v' and q' in terms of variability for high return periods, at the expense of a slight 

increase of the R
mAIC  and R

mBIC . As a result, the GEV distribution is selected to fit v’ 

and the G distribution to fit q’ in Sub-region A; whereas the P3 distribution is selected 

for both variables in Sub-region B. 

 

Figure 5. 11. At-site behaviour for high return periods of the marginal distributions 

that have passed the goodness-of-fit test. 

 Selection of the regional copula 

After the selection of the regional marginal distributions, the regional copula for 

each sub-region was identified following Section 5. 2.3.2. The dependence between v' 

and q' is shown by the scatter plot of the pseudo-observations, the Chi-plot and the 

K-plot in Figure 5. 12. All of them display a positive dependence between variables 

(points are located above the upper limit in the Chi-plot and above the diagonal line in 

the K-plot). The dependence measures support the previous results, where the Kendall’s 

  equals 5345.0  and the Spearman’s s  equals 7272.0  in Sub-region A; and the 
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Kendall’s   equals 6906.0  and the Spearman’s s  equals 8735.0  in Sub-region B. 

Consequently, the copulas Ali-Mikhail-Haq ])3/1,1817.0[(  , Tawn ])4184.0,0[(   

and Farlie-Gumbel-Morgensten ])9/2,9/2[(   were removed. 

For a graphical analysis of the copula fit, scatter plots of 100 000 pairs generated 

by each copula were drawn against the pseudo-observations (Figure 5. 13). The 

graphical comparison between the empirical and theoretical estimate of the Kendall's 

function for each copula was also obtained (Figure 5. 14). The estimate related to the 

Galambos and Hüsler-Reiss copula was not drawn, as they have the same Kendall's 

function as the Gumbel copula. As it can be seen, the BB1, BB7 and Plackett copula 

seem to fit properly the data in both sub-regions. The good fit provided by the BB1 

copula is especially highlighted. 

 

Figure 5. 12. Dependence between variables for each sub-region: a) scatter plot of 

the pseudo-observations; b) Chi-plot and c) K-plot. 
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Figure 5. 13. Scatter plot of the pseudo-observations (black points) and 100 000 

synthetic pairs generated by candidate copulas (grey points). 
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Figure 5. 14. Comparison between theoretical and empirical estimates of the 

Kendall’s function CK . 

Results of the regional goodness-of-fit test statistic R
nS  (Equation (5. 12)) and their 

associated p-values, as well as the regional copula parameters, are shown in Table 5. 6. 

Regarding p-values, the BB1 copula is the only copula that is able to represent the 

dependence structure between v' and q' in Sub-region A, whereas none of the copulas is 

accepted in Sub-region B.  

Table 5. 6. Estimated regional copula parameters by maximum pseudo-likelihood 

( R
c,1̂  and R

c,2̂ ); upper tail dependence coefficient ( C
Û ); goodness-of-fit test statistic 

( R
nS ) and associated p-value; and model selection criteria ( R

cAIC  and R
cBIC ) for copula 

selection. Values in bold indicate copulas that pass the goodness-of-fit test, and obtain 

the best result for each model selection criterion, respectively. 

Copula parameters Upper tail 
dependence Goodness-of-fit test Model selection criteria 

Sub-region/ 
Copula 

R
c,1̂  R

c,2̂  C
Û  R

nS  p-value R
cAIC  R

cBIC  

A/Clayton 1.7396 - 0  0.2190 0.00005 -670.53 -665.73 
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Copula parameters Upper tail 
dependence Goodness-of-fit test Model selection criteria 

Sub-region/ 
Copula 

R
c,1̂  R

c,2̂  C
Û  R

nS  p-value R
cAIC  R

cBIC  

A/Gumbel 1.9698 - 0.5783 0.1708 0.00005 -625.04 -620.24 

A/Frank 6.2804 - 0  0.0617 0.00045 -651.85 -647.05 

A/Joe 2.1613 - 0.6219 0.8151 0.00005 -449.58 -444.78 

A/BB1 0.9010 1.4448 0.3843 0.0208 0.13694 -749.06 -739.47 

A/BB6 1.0010 1.9685 0.5784 0.1711 0.00005 -622.89 -613.29 

A/BB7 1.5774 1.5157 0.4481 0.0581 0.00085 -738.69 -729.09 

A/BB8 6.0000 0.6607 0 0.1638 0.00005 -607.70 -598.10 

A/Galambos 1.2477 - 0.5738 0.1762 0.00005 -625.96 -621.17 

A/Hüsler 1.7022 - 0.5569 0.2098 0.00005 -617.51 -612.72 

A/Plackett 11.4454 - 0 0.0567 0.00065 -647.80 -643.01 

B/Clayton 3.2249 - 0 0.1127 0.00005 -472.33 -468.47 

B/Gumbel 2.7262 - 0.7105 0.0978 0.00005 -427.32 -423.47 

B/Frank 10.7258 - 0 0.0356 0.00475 -476.73 -472.88 

B/Joe 2.9992 - 0.7400 0.4834 0.00005 -311.16 -307.31 

B/BB1 1.4082 1.7660 0.5193 0.0239 0.03405 -512.28 -504.57 

B/BB6 1.0010 2.7243 0.7106 0.0979 0.00005 -425.24 -417.53 

B/BB7 1.8955 2.9565 0.5585 0.0699 0.00025 -493.97 -486.26 

B/BB8 6.0000 0.8182 0 0.1630 0.00005 -420.34 -412.63 

B/Galambos 1.9970 - 0.7067 0.1020 0.00005 -425.50 -421.64 

B/Hüsler 2.4653 - 0.6850 0.1353 0.00005 -415.42 -411.57 

B/Plackett 30.2791 - 0 0.0363 0.00755 -477.03 -473.18 

In the present study, the selection of the best copula with model selection criteria 

would not be necessary, since only the BB1 copula was accepted in Sub-region A and 

none of the copulas was initially accepted in Sub-region B. Nevertheless, the results (by 

Equation (5. 14) and Equation (5. 15)) are also shown in Table 5. 6. Note that both 

criteria support the preference for the BB1 copula in both sub-regions, even taking into 

account that both criteria penalise copulas with a larger number of parameters.  
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As highlighted in Section 5. 2.3.2, the behaviour of copula goodness-of-fit tests is 

affected by large sample sizes. In the present case study, a large data length is used in 

both sub-regions. Therefore, the at-site behaviour of the BB1 copula (which was 

considered because of its previous good results) was checked. It was found that the BB1 

copula passed the local goodness-of-fit test for 05.0  for all sites in Sub-region B, 

and for 20 sites (86.96% of sites) in Sub-region A (Figure 5. 15). Note that the BB1 

copula initially passed the regional goodness-of-fit test in Sub-region A. As explained in 

Section 5. 2.3.2, a copula can be considered as appropriate when the goodness-of-fit test 

is passed by a large percentage of sites. 

 

Figure 5. 15. Local goodness-of-fit test for assessing the at-site behaviour of the 

BB1 copula for .05.0  

Finally, the upper tail dependence C
Û  in Equation (3. 7) of each copula is also 

shown in Table 5. 6. Its empirical estimate by Equation (5. 16) is 5666.0ˆ CFG
U  for 

Sub-region A and 7092.0ˆ CFG
U  for Sub-region B. It is highlighted the good C

Û  values, 

i.e., close to the corresponding empirical estimates, obtained for the Gumbel, BB6, 

Galambos and Hüsler-Reiss copula in both sub-regions. Recall that copulas with null 
C
Û  are not considered. 

Therefore, considering the whole previous analysis, the BB1 copula was selected 

as the regional copula for both sub-regions. This copula is more flexible in fitting the 



Chapter 5 

148 

 

data because of its two parameters, while taking into account the dependence structure 

of extreme flood volumes and peaks, since C
Û  is not null.  

Before continuing, a brief analysis is performed to better understand the behaviour 

of the p-values obtained for large sample lengths. For this purpose, the goodness-of-fit 

test is applied to the Gumbel and BB1 copula based on 1 000 parametric bootstrap 

simulations (Figure 5. 16).  

First, the p-value of both copulas is computed for an increasingly sample size of 

the observed data Mn ,...,25,20  for each sub-region (Figure 5. 16a). Then, a synthetic 

sample with the same length as the observed series is generated by the parameter 

estimated by considering the whole observed series in Sub-region A (because of 

involving a larger data length than Sub-region B), and an analogous analysis regarding 

varying the sample length is conducted for both copulas (Figure 5. 16b). The latter 

process is carried out for three synthetic samples.  

As expected, the copula goodness-of-fit test is able to identify that the simulated 

sample belongs to the given copula regardless of the sample size, and without 

presenting a general trend (see Figure 5. 16b). Only some cases are rejected, due to the 

nominal level of the test 05.0  (i.e., 5% of probability of rejecting the copula under 

analysis when it is the true copula). In this regard, it is important to highlight that 

samples (with a length of around 200 data) simulated from given copulas are usually 

used when studies to analyse the behaviour of p-values from different goodness-of-fit 

tests are performed (e.g., Berg, 2009; Genest et al., 2009), because of the nature itself of 

those studies.  

However, regarding the observed data (see Figure 5. 16a) the results of the Gumbel 

copula show a decreasing trend as the sample size increases in both sub-regions, being 

rejected for 30n  in Sub-region A and for 150n  in Sub-region B; whereas the BB1 

copula remains close to the boundary of being accepted regardless of the sample size in 

Sub-region A, and it is accepted for almost all sample lengths in Sub-region B but 

showing a more pronounced decreasing trend that involves being rejected for 340n .  
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Figure 5. 16. Analysis of the behaviour of the p-values obtained for large sample 

lengths: (a) observed data of Sub-region A and Sub-region B; and (b) simulated data 

from Sub-region A. 

The results obtained for the BB1 copula (Figure 5. 16a) lead to several general 

conclusions:  

 When dealing with large sample lengths p-values should be used carefully: 

the regional analysis performed under the whole data length of Sub-region A 

leads to accept the BB1 copula; whereas it is rejected when using the whole 

data length of Sub-region B. However, the performance of the BB1 copula 

in Sub-region A is random, thus it would have been rejected if the sample 
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length had been slightly different; whereas such a copula is first rejected for 

the given sample length in Sub-region B, yet the copula would have been 

accepted for a slightly smaller sample length.   

 The probability of the goodness-of-fit tests to reject a copula may increase 

with the sample size, as the dependence structure of the data should be very 

similar to that of the copula to be accepted. Looking at Figure 3. 2, where 

the procedure for obtaining the p-value was shown, it can be seen that the 

test statistic obtained from the observed data is compared with a large set of 

test statistics obtained from simulated samples of the same length as the 

observed data, generated from the estimated copula. As a consequence, it is 

likely that as the sample size increases, such simulated samples are able to 

obtain better test statistics than that related to the observed one, originating 

smaller p-values. This trend can be seen for the BB1 copula, Sub-region B, 

in Figure 5. 16a. 

 The detection of the copula that is able to represent perfectly the observed 

data is difficult for large sample lengths, as it is likely that none of the 

copulas characterises the variability of the underlying flood generating 

processes. Hence, the aim is to select the copula that best represents such 

data. 

5. 3.2.4. Estimate of quantiles and selection of design events 

 Estimate of regional quantile curves 

Once the multivariate regional distribution for each sub-region was obtained, their 

associated weighted regional parameters WR
l̂  (Table 5. 7) were calculated by 

Equation (5. 17) from estimates of at-site parameters i
l̂ , which were obtained by 

maximum likelihood for marginal distributions and maximum pseudo-likelihood for the 

copula.  
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Table 5. 7. Weighted parameters of the regional marginal distributions ( WR
̂ , WR

̂  

and WRˆ
 ) and regional copula ( WR

c,1̂
 
and WR

c,2̂ ). 

Regional marginal distributions Regional copula 
Sub-
region Variable 

Name WR
̂  WRˆ

  WRˆ
  Name WR

c,1̂  WR
c,2̂  

V' GEV 0.7627 0.3641 -0.0650 
A 

Q' G 0.8104 0.3278 - 
BB1 1.0131 1.5530 

V' P3 0.1116 0.5593 1.6618 
B 

Q' P3 0.1129 0.5173 1.8599 
BB1 1.2345 2.1660 

The bivariate quantile presented in Equation (2. 10) was used in the present study. 

The value of the regional quantile curve, )(ˆ , pq YX , for probabilities p equal to 0.9, 0.99 

and 0.998 (i.e., ORT 10, 100 and 500 years by Equation (3. 10), respectively) were 

obtained according to Section 5. 2.4.1, and plotted over the standardised observed data 

in Figure 5. 17a.  

The regional quantile curve and the standardised local quantile curves for each site 

in a sub-region are plotted together in Figure 5. 17b. As expected, the regional quantile 

curve is close to the average of the standardised local ones. It is also noted that the 

larger is p, the higher is the variability of the standardised local quantile curves, as the 

uncertainty of estimates increases with the return period.    

 
        (a) 
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             (b) 

Figure 5. 17. a) Regional quantile curves for probabilities p = 0.9, 0.99 and 0.998, 

boundaries and standardised observed data; b) comparison among the regional quantile 

curve and the standardised local quantile curves for the given probabilities. 

 Estimate of the index flood 

Then, the index flood considered as the mean of the studied variables ( V  and 

Q ) was estimated by a multiple regression model, with the aim of rescaling the 

regional quantile curves when considering ungauged sites. All the catchment descriptors 

listed in Section 5. 3.1 were initially included, removing those highly correlated (i.e., 

those entailing 9.0 ). The best combination of catchment descriptors to estimate the 

index flood, in terms of RMSE, was selected by using stepwise regression after 

checking the coherence of their coefficients, their significance and good performance of 

R2 and 2
reg   (Section 5. 2.4.2). The results of the selected regression model for each 

sub-region and variable are displayed in Table 5. 8. Ac, Pm and PET were selected for 

Sub-region A for both V  and Q ; while Ac, Pm, P0, Perm and IC were identified for 

V , and Ac and Pm were chosen for Q  in Sub-region B.  
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Table 5. 8. Regression models obtained by using stepwise for estimating the index flood. Parameters and multiple linear regression statistics 

before and after applying partial residual analysis. 

0̂b  Multiple linear regression parameters ( rbb ˆ,...,1̂ ) 

 Catchment descriptors selected by stepwise regression 
Error measure 

Sub-region Index flood 

 )(log10 cA  )(log10 mP  )(log10 PET   -   -  2R  
2
reg  

)ˆ(log10 V  -13.0 0.7303 1.0060 3.3800  -   -  0.9671 0.0108 
A 

)ˆ(log10 Q  -12.4 0.7643 1.2365 3.0975  -   -  0.9812 0.0063 

  )(log10 cA  )(log10 mP  )(log 010 P  )(log10 Perm  )(log10 IC    

)ˆ(log10 V  -6.3 0.9279 1.3408 -0.1598  -0.0535  -2.5484 0.9999 0.0001 
B 

)ˆ(log10 Q  -9.0 0.7073 3.0606  -   -   -  0.9619 0.0189 

 Catchment descriptors transformed after partial residual analysis 
 

 )(log10 cA  )(log10 mP  30
10 )(log PET   -   -  

  

)ˆ(log10 V  -4.1 0.7161 1.0558 1.7106e-14   -   -  0.9709 0.0095 
A 

)ˆ(log10 Q  -4.2 0.7533 1.2666 1.5208e-14  -   -  0.9829 0.0058 



Chapter 5 

154 

 

The linear relation between the selected catchment descriptors and the index flood 

was checked by partial residual analysis. The partial residual graphics for each 

log-transformed catchment descriptor of each model are presented in Figure 5. 18. 

 
                                                                 (a)                                                                                (b)             

 
       (c) 

Figure 5. 18. Partial residual analysis results in Sub-region A: a) multiple linear 

regression model modified after applying partial residual analysis; b) initial multiple 

linear regression model from stepwise. c) Partial residual analysis results in 

Sub-region B. 
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In addition, the polynomial and linear fits are plotted. Consequently, a linear 

relation can be assumed for all catchment descriptors, except for PET regarding both 

V  and Q  in Sub-region A (Figure 5. 18b). Figure 5. 18a shows the partial residual 

analysis results of Sub-region A after the non-linear transformation on PET. As it can be 

seen, the graphical linear relation is improved, and also the R2 and 2
reg  values (see 

Table 5. 8), entailing significant catchment descriptors. However, a high exponent is 

needed for obtaining a linear behaviour. Indeed, the non-linear relation shown in 

Figure 5. 18b seems to be caused by only the first observation; hence not applying any 

transformation could be acceptable. Nevertheless, the non-linear transformation is kept 

for didactical purposes.  

The parameters of the finally selected multiple linear regression model are also 

displayed in Table 5. 8. In summary, Ac and Pm are able to represent the behaviour of 

Q  in Sub-region B. PET is included in both V  and Q  in Sub-region A to account 

for the amount of water that is evaporated in the catchment before the occurrence of a 

flood event, as a surrogate of its likely initial moisture content. The estimate of V  in 

Sub-region B requires other catchment descriptors besides Ac and Pm, such as P0 that 

gives information about soil properties and the amount of precipitation needed before 

runoff begins in the catchment, and Perm that gives information about the proportion of 

precipitation that is transformed into baseflow. In addition, information about the 

characteristics of the hydrological catchment response is also included via IC. 

 Quantile curve estimate for a target site 

As a result, the quantile curve for a target site 0i , )(ˆ 0
, pQ i
YX  in Equation (5. 2), was 

obtained by rescaling the regional quantile curve, )(ˆ , pq YX , via the estimated index 

floods V̂  and Q̂ . As illustration, such quantile curves obtained by the regional 

approach (considered as if they were ungauged) are plotted together with the local 

quantile curves for a set of sites in Figure 5. 19. As expected in a regional approach, 

where quantiles for a target site are obtained from a common dimensionless distribution 

for all sites in the homogeneous region, the local estimate for some sites, e.g., S2, S17 

or S21, is very similar to that provided by the regional estimate; whereas for other sites 

the difference is larger, e.g., S5, S20 or S29. Note that also the accuracy in the estimate 
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of the index flood could affect the resulting quantile curves obtained by the regional 

approach. 

 

Figure 5. 19. Graphical comparison between quantile curves estimated by the 

multivariate regional procedure based on the MIF model (considering all sites) and 

at-site quantile curves estimated by a multivariate local approach, for given target sites. 

 Model evaluation 

The assessment of the model was carried out as explained in Section 5. 2.4.3. Note 

that for obtaining multivariate local quantile curve estimates in Sub-region A, a regional 

value of the shape parameter of the GEV marginal distribution was used to reduce the 

high variability in at-site estimates, mainly for high return periods, due to the high 

uncertainty in at-site estimates of the coefficient of L-skewness (Jiménez-Álvarez et al., 

2012). The error measures in Equation (5. 23), Equation (5. 24) and Equation (5. 25) are 

shown in Table 5. 9. As expected and shown in the literature, the results display that in 

general, errors increase as p increases, due to the higher uncertainty in the estimate.  
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Table 5. 9. Results of the error measures for evaluating quantile estimates via the 

bivariate regional procedure based on the MIF model. 

Error measure (%) 
Sub-region Probability (p) 

RRB  RARB  RRRMSE  

0.9 1.36 5.68 1.63   

0.99 1.36   6.44 1.88   A 

0.998 1.40 7.17 2.16 

0.9 1.66 3.91 1.52 

0.99 1.47 4.31 1.65 B 

0.998 1.10 4.36 1.74 

In order to better understand these results, they can be broadly compared with the 

results obtained for the homogeneous region with 15N  and 30n  generated by 

Chebana and Ouarda (2009, Table 5a). Note that in such a study it was concluded that 

results were not largely affected by changes in the sample size or in the number of sites. 

In particular, for 99.0p  they obtained a regional bias %07.0)99.0(RBR  , an 

absolute regional bias %13.0)99.0(ARBR   and a regional quadratic error 
%93.9)99.0(RRMSER  .  

First, note that the results of both studies are in the same order of magnitude, 

involving relatively small values of the error measures. In the present case study, the 

value of )99.0(RBR  is positive (and slightly larger), entailing a small trend to obtain 

uniformly high quantile estimates for the whole sub-region, while in the previous study 

a small tendency to low quantiles was obtained. The value of )99.0(ARBR
 is larger, 

involving a higher tendency to obtain consistently high or low estimates at given sites, 

while the value of )99.0(RRMSER
 is smaller, which implicates a smaller overall 

difference between estimated and “real” quantiles. Larger errors could be always 

expected because of the use of a real case study instead of a generated region with a 

known multivariate distribution. However, smaller )99.0(RRMSER
 values could be 

due to the use of the multivariate local quantile curve as a proxy of the real multivariate 

quantile curve, which could be closer to that estimated by the multivariate regional 

approach. Similar results are obtained when other probability values are compared.  
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 Event selection 

The boundaries for selecting a subset of events under a given quantile curve were 

obtained following Section 5. 2.4.4, considering e.g., 0025.021  . Such results, as 

well as the identification of the proper part of the curve (given by uA - lA ), are plotted on 

the regional quantile curves in Figure 5. 17a. It was found that a large proportion of the 

curve is excluded just considering a small value of 1  and 2 . As illustration, quantile 

curves obtained by the regional approach and boundaries for several sites are shown in 

Figure 5. 20. Therefore, a truncated sample of V-Q events is provided, facilitating the 

selection of the design flood by checking different combinations of events on a specific 

hydraulic structure. In this regard, it is important to point out that the boundaries for 

selecting a subset of events are based on the fitted bivariate distribution and therefore; 

they should be taken carefully, as some observed data could fall outside the selected 

subset (see for instance, the largest observed value at site S2 and S21 in Figure 5. 20) 

and hence, relevant values of the variables could not be considered in the assessment. 

 

Figure 5. 20. Quantile curves estimated by the regional procedure and boundaries 

for identifying the proper part of the curve, and a subset of events for given sites. 
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5. 4. Conclusions  
In the present research a complete procedure with practical orientations for the 

development and application of a multivariate regional approach based on the MIF 

model, focused on the bivariate case, has been presented. As illustration, the proposed 

methodology has been applied to a region belonging to the River Ebro catchment in 

Spain.  

 A complete and organised framework for performing a bivariate regional 

flood frequency analysis was provided, as only theoretical developments or 

partial applications are available in the literature. The procedure also entails 

joining and adapting steps presented separately in the literature for the 

univariate regional or multivariate local case. 

 Flexible two-parameter copulas were used for generating synthetic 

homogeneous regions to test homogeneity in the bivariate case, analogous to 

the Kappa distribution of four parameters used in the univariate regional 

approach. In this case, the two-parameter BB1 copula was selected for 

characterising the dependence relation between peak and volume in 

synthetic homogeneous regions.  

 As a result of the application of the multivariate homogeneity test, the region 

study was divided into two homogeneous sub-regions obtained by using a 

cluster analysis based on catchment descriptors. The homogeneous 

sub-regions consist of 23 and 9 sites of around 900 and 350 peak-volume 

data, respectively.  

 An exhaustive description of the steps needed to select the regional marginal 

distributions and the regional copula was provided. In this regard, a specific 

strategy based on the at-site application of the copula goodness-of-fit test for 

obtaining the best regional copula was formally proposed, with the aim of 

dealing with the low p-values usually obtained when dealing with long data 

lengths. After the application of the aforementioned strategy, model 

selection criteria and upper tail dependence assessment, the BB1 copula was 
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selected as the regional copula for characterising the dependence structure 

between peak and volume in both sub-regions. In the case of the regional 

marginal distributions, goodness-of-fit tests, model selection criteria and 

robustness of at-site quantile estimates were considered. As a result, the G 

and the GEV distribution were chosen for representing the peak and volume 

in Sub-region A, respectively; whereas the P3 distribution was selected for 

both variables in Sub-region B. 

 The index flood was considered as the mean of the flood variables. Multiple 

regression models based on catchment descriptors were used to obtain its 

estimate at ungauged sites. On this basis, catchment drainage area, mean 

annual precipitation, potential evapotranspiration, initial abstraction, 

percentage of permeable area, and index of concavity were found 

meaningful.  

 Several statistical tools were also recommended, such as partial residual 

analysis to check whether the selected multiple linear regression model is 

appropriate for estimating the index flood. In this regard, it was highlighted 

that non-linearity could be misleading when short data lengths are available.   

 Moreover, the possibility of estimating quantile curves related to different 

bivariate return periods was also taken into account. In this case, the OR 

bivariate return period was applied for quantile estimate. The final step of 

selecting a subset of events regarding the infinite combinations provided by 

the multivariate approach was also considered, remarking the need of being 

careful about cutting down events that could be relevant. 

 Besides, synthetic flood hydrographs needed for being routed through a 

given reservoir, in order to estimate the reached maximum water level to 

perform specific dam design or safety analyses based on the routed return 

period approach, can also be obtained via the proposed regional approach. 

The procedure allows practitioners to estimate quantiles at ungauged sites and 

improve their estimate at gauged sites via a bivariate regional flood frequency analysis, 
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through which design events can be selected. The methodology provides different tools 

to deal with issues that may occur in practice when the procedure is applied.  

Although the methodology is focused on analysing floods, it can also be adapted to 

study other kind of hydrological events such as droughts. Besides, the bivariate 

procedure can be extended to higher dimensions.   
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6  
Bivariate flood trend 

analysis: effect of urbanisation 
in floods  

The third part of the research is presented in the present chapter, where the 

potential effect of increasing urbanisation on the bivariate relationship of flow peaks 

and volumes is investigated. For that purpose, a case study in the northwest of England 

consisting of an increasingly urbanised catchment and a nearby and hydrologically 

similar unchanged rural catchment is considered. The study is based on the Kendall’s   

and a copula-based model. Temporal trends are studied visually and by formal tests, 

considering variables individually and jointly. Bivariate joint return period curves 

associated with consecutive time periods are compared to understand the joint 

implications of such bivariate trends. Although no significant bivariate trends were 

detected, hydrologically relevant trends were found in the urbanised catchment.  

The chapter is organised as follows. Introduction is shown in Section 6. 1. Case 

study and data extraction procedure are presented in Section 6. 2. Methodology and 

results are introduced in Section 6. 3. Discussion is given in Section 6. 4 and 

conclusions are summarised in Section 6. 5. 

Chapter 
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6. 1. Introduction 
Stationarity is a simplified working assumption when changes in urbanisation, land 

uses or climate are involved in the problem under analysis (e.g., Benkhaled et al., 

2014), as such impacts can affect the behaviour of hydrological variables, e. g., leading 

to changes in flood characteristics over time. In this regard, the effects of urbanisation 

on the characteristics of flood runoff have been the subject of several scientific 

investigations, and it is generally recognised that urbanisation will result in increased 

runoff volumes (decreased infiltration rates) and reduced catchment lag-times (e.g., 

Rose and Peters, 2001; Shuster et al., 2005; Kjeldsen, 2009). Thus, potentially being a 

significant cause of non-stationarity in flood series by impacting both peak flow values 

and runoff volumes (e.g., Sheng and Wilson, 2009).   

Moreover, the available studies only investigate univariate trends, mostly focusing 

on changes of high peak flow values over time (Petrow and Merz, 2009; Wilson et al., 

2010; Mediero et al., 2014), because of the complexity involved in multivariate trend 

analyses. Recently, Bender et al. (2014) proposed a general approach to study 

non-stationary on a notably long peak-volume record. In the present chapter, the 

assessment of how the joint behaviour of flood event characteristics is specifically 

affected by increasing urbanisation, when commonly a not very long data length is 

available, is pursued. 

In order to understand the impact of urbanisation on the different characteristics of 

the catchment response to storm events, such as the flood peak Q and its associated 

volume V, a bivariate trend methodology is proposed based on both the rank-based 

dependence measure Kendall’s   and the use of copulas for bivariate design flood 

analysis. The proposed methodology entails the detection of flood trends by considering 

Q and V series both individually and jointly (via the Kendall’s  ), the formal 

assessment of the univariate and bivariate flood trends by a permutation procedure to 

determine if they are statistically significant, and the study of the implications of such 

trends in flood events by comparing bivariate joint return period curves obtained via 

copulas. The methodology is performed to examine a case study located in the 

northwest of England. Particularly, the case study allows investigating the existence of 
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changes caused by increasing urbanisation through examination of runoff data from two 

long-term gauging stations. The first station gauges a stream which drains an 

increasingly urbanised (case) catchment, while the second is related to a (control) 

catchment that is located nearby and considered to be hydrologically similar (similar 

size and rainfall regime) but with largely unchanged rural land-use. As the two 

catchments are considered to be hydrologically similar, it is assumed that any observed 

difference in flood characteristics is primarily driven by the difference in urbanisation. 

Therefore, the aim of this study is to identify if any non-stationarity can be 

detected in the urban catchment, how important this potential non-stationarity attributed 

to urbanisation is, and what its implications are regarding future flood events. Useful 

information for estimating design floods is also provided via the application of the 

methodology. 

6. 2. Case study and data extraction  
The two catchments used in this study are located in the northwest of England 

(Figure 6. 1). This case study briefly introduced in Section 3. 2 is described in detail 

below. High-quality runoff time series of 15min resolution recorded by the 

Environment Agency are available for both catchments for the common period 

1976-2008, which is adopted here as the study period. The urbanised catchment is 

drained by the River Lostock and flow data are recorded at Littlewood Bridge (gauging 

station numbered 70005). In this catchment there has been a relatively high degree of 

rural land-use being transformed into build-up areas (urbanisation) over the past 40 

years; from 9% in 1976 to 16% in 2008 as shown in Figure 6. 2. The temporal change in 

catchment urban extent was computed at decadal time steps using the methodology 

presented by Miller and Grebby (2014) from historical 1:10 000 topographic maps. The 

rural catchment drained by the River Conder is a nearby and hydrologically similar 

catchment, where flow data is recorded near the village of Galgate (gauging station 

numbered 72014). In this catchment no or only very minor human settlements are 

located. In reference to the corresponding gauging stations, the urbanised catchment is 

named as Catchment 70005, while the rural catchment is named as Catchment 72014.  
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Figure 6. 1. Location of the case study: urbanised (70005) and rural (72014) 

catchment. 

 

Figure 6. 2. Evolution in time of the urbanisation level of Catchment 70005. Data 

provided by James Miller (Centre for Ecology & Hydrology, the United Kingdom). 
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In the context of this study, hydrological similarity is defined in terms of a subset 

of catchment descriptors (IH, 1999) that are shown in Table 6. 1: catchment area (Ac), 

standardised (1961-1990) annual average rainfall (SAAR), flood attenuation from 

upstream lakes and reservoirs (FARL), and proportion of the catchment covered by the 

100-year floodplain (FPEXT). This particular similarity measure is generally used for 

defining similarity of flood characteristics and forming pooling groups used in regional 

flood frequency analyses in the United Kingdom (Kjeldsen and Jones, 2009).  In 

addition to the aforementioned descriptors, similarity of soil types, as measured by the 

baseflow index as predicted by the Hydrology of Soil Type (BFIHOST) was considered.  

Table 6. 1. Summary of the catchment descriptors for the two catchments under 

study. 

Catchment Ac [km2] BFIHOST FARL FPEXT [%] SAAR [mm] 

70005 54.5 0.473 0.964 0.14 1 021 

72014 28.99 0.443 0.975 0.08 1 183 

The common study period ranging from the water year 1976 up to 2008 was 

selected to enable a comparison of results between catchments. Events occurring 

between October and March (included) are classified as winter events, while the period 

April to September constitutes the summer months. The annual and seasonal maximum 

Q and associated V pairs are extracted from the continuous 15min flow series. The 

water year 1988-1989 was removed from the study period, as no summer events were 

available for the gauging station 72014 in this year.  

The period 1976-2008 was divided into two equally sized time windows for 

dealing with the non-stationarity throughout the study. Only two time windows were 

considered because of the relatively short common data. If longer data records were 

available, the procedure could be applied considering a greater number of time 

windows. The first time window (named as W1) runs from 1976 to 1992 and it is 

characterised by low urbanisation levels for Catchment 70005; whereas the second 

period (W2) runs from 1993 to 2008 and high urbanisation levels are assumed for the 

urbanised catchment. Therefore, the data series ),( mm VQ  (initially ordered in time), 
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with tot:1 nm  , where totn  is the total number of water years, is also divided into 

),( W1W1
kk VQ  and ),( W2W2

kk VQ , with 2:1 totnk  . Here ),( W1W1
kk VQ  pairs represent the 

first 2totn  pairs of ),( mm VQ , and ),( W2W2
kk VQ  pairs represent the last 2totn  pairs. In 

order to simplify the formulas, hereafter the pairs are presented as ),( ii VQ  with ni :1 . 

Thus, depending on the time period considered, ),( ii VQ  will make reference to 

),( mm VQ , ),( W1W1
kk VQ  or ),( W2W2

kk VQ , being n the corresponding data length in each 

case.  

Because of the difficulty of isolating individual flood hydrographs generated by 

distinct rainfall events, the measure of flood volume, V, adopted in this study is defined 

as the part of the event hydrograph above a threshold set at 40% of the flood peak Q, 

i.e., V  is considered as the volume associated with the upper 60% of the flood event. By 

considering only flow above a relatively high threshold, the event volumes were not 

unduly influenced by post-peak small amounts of rainfall causing the flow to increase 

part way down the recession curve. Results obtained from different threshold values 

were found to be highly correlated. Consequently, the 40% threshold used in this study 

was found to be sufficiently high to remove the nuisance effects caused by secondary 

rainfall inputs while maintaining the generality of the results. As an example, the 

identification of the ),( ii VQ  pair associated with a given water year i is shown in 

Figure 6. 3. 

 

Figure 6. 3. Example of ),( ii VQ  extraction from a given water year i. 
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In summary, in the present work two catchments are studied, 70005 (urbanised) 

and 72014 (rural); two event characteristics are considered (Q and V); three maximum 

series of events are extracted (winter, summer and annual maximum flow events); and 

three time periods are considered: 1976-1992 (W1), 1993-2008 (W2) and 1976-2008 

(whole series).   

6. 3. Methodology and results  
This section outlines the methodological steps undertaken to investigate if changes 

in flood characteristics exist and can be attributed to changes in the extension of urban 

land-cover, including: (i) analysis of univariate flood trends in Q and V series; (ii) 

analysis of bivariate flood trends via the Kendall’s  ; (iii) trend significance assessment 

by a permutation procedure; and (iv) analysis of bivariate flood trends by the 

comparison between return period curves (via copulas). A diagram of the procedure was 

shown in Figure 3. 5. The associated results are included at the end of each step to 

facilitate its understanding. 

6. 3.1. Analysis of univariate flood trends in peak and 
volume series 

The first step of the methodology consists in the analysis of univariate temporal 

trends in the flood series, using both graphical visualisation and the widely used 

Mann-Kendall test (e.g., Petrow and Merz, 2009; Villarini et al., 2009; Coch and 

Mediero, 2015), a non-parametric test based on the Kendall’s  , considering time as 

one of the two studied variables. 

The evolution in time of Q and V is plotted to visually inspect the individual 

behaviour of the variables. Next, the Mann-Kendall test is applied to formally detect the 

presence of flood trends in the Q and V series separately. The Mann-Kendall test defines 

as a null hypothesis that no trend exists in the time series. Thus, if the (two-tailed) 

p-value associated with the Mann-Kendall test statistic ( MKS ) is greater than 0.05, the 

null hypothesis is accepted at a 95% confidence level. The test statistic MKS  is 
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estimated by Equation (6. 1). The magnitude of the trend is usually estimated by the 

Theil-Sen slope   (Sen, 1968) (Equation (6. 2)). 
















  0)(,1
0)(,0
0)(,1

)(where,)(
1

1 1
MK

ij

ij

ij

ij

n

i

n

ij
ij

XX
XX
XX

XXsignXXsignS , (6. 1) 

 
jm

mj
XX

median mj 










 , (6. 2) 

where iX  and jX  are the sequential data values. The X variable is considered as either 

Q or V. No time windows are considered in this analysis; and winter, summer and 

annual maximum flow events are analysed.  

Through the visual analysis of the univariate series of the case study, a smaller 

variation in time of Q and V can be seen in Catchment 70005 in comparison with the 

characteristics of the flood events recorded in Catchment 72014 (Figure 6. 4). Simple 

linear regression models were fitted to the data and plotted in Figure 6. 4, as the visual 

identification of trends is not immediately obvious. It can be seen that regression slopes 

related to Q are more marked that those related to V, which presents much more 

variability. Indeed, p-value results related to   slopes of the Mann-Kendall test indicate 

that only the trends of the annual and summer flow peak series in Catchment 70005 

appear to be statistically significant (Table 6. 2). Note that all   values were found 

positive.   

Table 6. 2. Results of the Mann-Kendall test. Values in bold indicate statistically 

significant trends. 

Catchment Season Variable   p-value 

Q 0.177 0.067 
Winter 

V 0.004 0.446 

Q 0.316 0.016 
Summer 

V 0.007 0.077 

Q 0.226 0.027 

70005 

Annual 
V 0.004 0.427 
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Catchment Season Variable   p-value 

Q 0.190 0.131 
Winter 

V 0.005 0.089 

Q 0.129 0.168 
Summer 

V 0.002 0.292 

Q 0.186 0.212 

72014 

Annual 
V 0.002 0.436 

 

Figure 6. 4. Evolution in time of Q and V considering winter, summer and annual 

maximum flow events for each catchment. 
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6. 3.2. Analysis of bivariate flood trends via the 
Kendall’s τ 

After the assessment of univariate trends, the focus shifts to bivariate trends 

through an exploratory analysis of the Q-V data by using graphical tools to visually 

identify (potential) bivariate trends in flood series. Next, the Kendall’s   is used to 

assess the strength of the dependence between Q and V. Finally, hydrograph shape and 

its connection with the Kendall’s   is also analysed. 

First, a scatter plot of the pseudo-observations is displayed to provide a visual 

assessment of the dependence between variables. Note that the scatter plot is linked to 

the Kendall’s   value, as both the pseudo-observations and the Kendall’s   are based 

on the ranks of the variables. Consequently, more scattered ranks will lead to smaller 

Kendall’s   values (i.e., lower correlation); whereas less scattered ranks will entail the 

opposite. The analysis is carried out for winter, summer and annual maximum flow 

events.  

Next, changes in hydrograph shapes over time are investigated. The standardised 

mean flood hydrographs of the Q-V pairs for a given time window (whole series, W1 or 

W2) are plotted together by locating their time of peak on the same vertical (Miller et 

al., 2014). Note that the mean flood hydrographs are standardised by the largest 

observed peak value ( peakQ ) in the sample, considering the entire data length. The 

corresponding ( sysy  , ) point-wise confidence intervals are also obtained, where y  

and s  are the mean and standard deviation of the flow values at each time step, 

respectively. This analysis is carried out by considering winter, summer and annual 

flood hydrographs. 

The link between the hydrograph shape (which depends on the values of Q and V) 

and the Kendall’s ,  can be understood by studying the relation between the 

corresponding hydrograph shapes and pseudo-observations. An example extracted from 

the annual data in Catchment 72014 is shown in Figure 6. 5, in which specific la  pairs 

with 7:1l  are selected from the scatter plot (Figure 6. 5a). Overall, three distinct 

clusters of events are evident. The first set is composed of pairs positioned close to the 

main diagonal (e.g., 21, aa  and 3a ). The second set consists of pairs located below the 
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main diagonal (e.g., 4a  and 5a ). Finally, pairs located above the main diagonal (e.g., 

6a  and 7a ) constitute the third set. Each set is associated with a particular hydrograph 

shape, as it can be seen in Figure 6. 5b that was generated following the procedure 

explained in the previous paragraph. Shapes related to points in the second set are 

steeper than the pairs of the first set. The opposite applies to the points of the third set, 

where shapes are less flashy.  

Therefore, the closer the pairs are to the main diagonal (i.e., the larger is the 

Kendall’s τ, as the larger is the correlation), the more balanced and similar is the shape 

of the events. On the other hand, points located far away from the diagonal, which 

would lead to smaller values of the Kendall’s τ, are generally characterised by a larger 

variability in hydrograph shapes. 

 

Figure 6. 5. Example of hydrograph shapes corresponding to several pairs of ranks: 

a) pseudo-observations; b) hydrograph shapes. 

The relationship between Q and V in the case study is investigated in Figure 6. 6. 

The scatter plots show the interplay of the scaled ranks of the two univariate variables, 

and they are generated by first using the complete record, followed by a plot 
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considering each of the two time windows W1 and W2 (Figure 6. 6.a). Overall, it was 

found that ranks related to W1 are more scattered than to W2 for Catchment 70005.  

The value of the Kendall’s τ is also derived for each time window and drawn in a 

new plot to facilitate the visual identification of the possible trend (Figure 6. 6.b). The 

Kendall’s τ value is smaller for W1 (indicating a more weak correlation) than for W2 

(indicating a stronger correlation) in Catchment 70005, as expected from the results of 

the scatter plots. Therefore, an increase over time was observed in the Kendall’s τ for 

Catchment 70005. The opposite was found for Catchment 72014.  

According to what was observed in Figure 6. 5, the increasing correlation levels 

found in Catchment 70005 suggest that the hydrograph shapes for this catchment would 

tend to become more regular in time. On the contrary, the decrease of correlation seen 

in Catchment 72014 would indicate a larger variability of flood hydrograph for this 

catchment.  

A comparison between hydrograph shapes from the two time windows is shown in 

Figure 6. 7. The mean and confidence intervals of the hydrograph shape associated with 

the entire data record are also shown for illustration purposes. As it can be seen, the 

value of the peak of the mean hydrograph increases from the first time period W1 to the 

second period W2 for winter, summer and annual events (for both catchments). Note 

that the largest increase is found for summer maximum flow events of Catchment 

70005. Results regarding confidence intervals support the Kendall’s τ analysis presented 

in the previous paragraph, showing that the difference between confidence interval 

boundaries decreases from W1 to W2 for Catchment 70005 (i.e., the difference between 

events decreases); whereas the opposite holds for Catchment 72014. No noticeable 

differences were identified between mean hydrograph shapes, in neither of the time 

windows nor catchments.  
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Figure 6. 6. Ranks considering (by columns): a) the whole data length, and data 

belonging to W1 and W2; b) Kendall’s τ trend obtained from the two time windows; 

considering winter, summer and annual maximum flow events for each catchment. 
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Figure 6. 7. Mean and confidence interval of the hydrograph shape considering 

winter, summer and annual maximum flow events for each catchment. 
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6. 3.3. Trend significance assessment: a permutation 
procedure 

A permutation test is suggested to check if the peak flow Q, the volume V or the 

Kendall’s τ coefficient are statistically different in the two time windows W1 and W2. 

Note that differently, the Mann-Kendall test used in Section 6. 3.1 assessed whether the 

time variable is related to the variable of interest. The permutation test seeks to assess 

both univariate and bivariate temporal flood trends by using the same kind of criterion. 

The advantage of using a permutation test is that it is non-parametric so that no formal 

distributional assumption for the data is needed in order for the test to be valid, and, in 

some situations, they provide exact inference (see, e.g., Ernst, 2004 and Good, 2005 for 

an introduction on permutation methods). The testing procedure consists of the 

following steps: (i) choose a test statistic that gives a good representation of the 

scientific question at hand; (ii) compute the test statistic for the observed data obst ; (iii) 

permute without replacement the observed sample for 00010perm N  times; (iv) for 

each permuted sample compute the test statistic iperm,t , with perm:1 Ni  ; (v) estimate the 

empirical distribution ( nF ) of the test statistic using all the permN  permuted samples and 

compute the (two-tailed) p-value as:  
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 (6. 3) 

For p-values greater than 0.05 the null hypothesis is accepted at a 95% confidence 

level.     

In this study, permutation methods are used to test if the location of the distribution 

of both Q and V in the two time windows is different. The difference between the 

sample median ( Qm  and Vm ) in the two time windows is chosen as the test statistic to 

represent the null hypothesis of equal locations. The observed difference between the 

sample medians is compared with the distribution of the difference in the medians for 

the permuted samples and the associated p-value is computed following Equation (6. 3). 

Similarly, to further support the visual evidence of Section 6. 3.2, a test on if the 
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dependence between Q and V can be considered constant in the two windows is 

performed, using the difference between the Kendall’s τ in the two windows as a test 

statistic. Results and p-values from Equation (6. 3) by applying the permutation 

procedure to the case study are shown in Figure 6. 8.  

 

Figure 6. 8. Trend significance assessment. Empirical distribution and observed 

value of the difference between the two time windows in Qm , Vm  and the Kendall’s τ, 

considering winter, summer and annual maximum flow events for each catchment.  
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The empirical distribution nF  of the permuted differences of ,Qm  Vm  and the 

Kendall’s τ from the two time windows is plotted for winter, summer and annual 

maximum flow events. Rejection areas associated with two-sided 95% confidence 

levels are also drawn (grey shades). If the observed test statistic falls into the left or 

right rejection areas then the null hypothesis (i.e., the trend is not statistically 

significant) is rejected. 

Among the positive observed differences between Qm  and Vm  in W1 and W2 for 

both catchments considering winter, summer and annual maximum flow events, only 

the difference associated with summer maximum flow events of Catchment 70005 can 

be considered significant. Note that this trend was also found to be significant when the 

Mann-Kendall test was applied considering the whole data length (Section 6. 3.1). For 

the Kendall’s τ, neither the increase for Catchment 70005 nor the decrease for 

Catchment 72014 were found to be statistically significant for any season.  

6. 3.4. Analysis of bivariate flood trends by the 
comparison between return period curves 

The final step of the assessment of the impact of urbanisation on flood properties 

entails the analysis of trends in the bivariate Q-V space, by the comparison between 

return period curves in windows W1 and W2. As a initial step, this analysis involves the 

selection of the joint distribution of (Q,V) that best characterises the statistical behaviour 

of the variables, composed of the marginal distributions of Q and V and the copula.  

Note that the information gained by studying the seasonal series can be useful for 

identifying potential changes in the flood seasonality. However, in practice, design 

floods are commonly estimated considering the complete water year. Therefore, this 

study will mostly focus on the return period for annual maximum events. Note that the 

procedure could also be applied to summer or winter maximum flow series. 
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6. 3.4.1. Selection of a joint distribution: marginal distributions and 
copula 

The selection of both the marginal distributions that best represent the individual 

variables and the copula function that best characterises the dependence between Q and 

V is then needed to achieve a complete description of the bivariate cumulative 

distribution function of the random variables Q and V.  

 Marginal distributions of Q and V   

Several distributions routinely used in hydrology, such as the GEV, GLO, GNO, 

GPA, and PE3 were considered as potential marginal distributions of Q and V. The 

distribution that best characterises the observed data was selected by using the 

L-moment ratio diagram, in which the relations between the theoretical coefficients of 

L-skewness ( 3 ) and L-kurtosis ( 4 ) for several three-parameter distributions are 

shown through curves (Hosking and Wallis, 1997). The sample estimates of the 

coefficients of L-skewness ( 3t ) and L-kurtosis ( 4t ) are also plotted in the same diagram, 

choosing the theoretical distribution curve closest to the sample values. The choice of 

the marginal distribution for each variable was performed by using the series covering 

the whole data length, and the selected distribution was applied to both time periods. 

This larger sample ensures less biased estimates of 3t  and 4t .  

Location )( , scale )(  and shape )(  parameters of the three-parameter 

marginal distributions are estimated by the method of L-moments. Since estimates of 

the shape parameter have a high uncertainty when using a short record (Stedinger and 

Lu, 1995), the estimate ̂  obtained by using the complete data series was used in each 

of the two time windows to reduce the uncertainty originated from the third-order 

statistic estimates.  

 Copula function  

In order to identify the copula that best characterises the dependence structure 

between Q and V, several copulas, including the Clayton, Frank, Gumbel, Galambos 

and Plackett copula were tested. The formal goodness-of-fit test used for identifying 
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possible copula candidates was that based on nS  in Equation (3. 3). The copula 

parameter   was obtained by the inversion of Kendall’s tau method, as only 

one-parameter copulas are considered and the Kendall’s τ is essential throughout the 

study. The p-value needed to formally test if a given copula is suitable is estimated by a 

bootstrap-based procedure (Genest and Rémillard, 2008). This procedure, in a similar 

way to the permutation procedure presented in Section 6. 3.3, derives an empirical 

distribution of the test statistic nS , using 10 000 simulations.  

Additional information to decide which is the best copula among the ones that have 

passed the formal goodness-of-fit test is obtained by assessing the upper tail 

dependence, and applying model selection criteria. By the assessment of the upper tail 

dependence, a further analysis to check the ability of each copula to characterise the 

extreme values of the studied variables is carried out (e.g., Poulin et al., 2007; Serinaldi, 

2008). For this purpose, the non-parametric upper tail dependence coefficient of the 

observed data, CFG
Û  in Equation (3. 8), is compared with the theoretical upper tail 

dependence coefficient of each copula, C
Û  in Equation (3. 7), to select a copula with a 

similar value. Moreover, AICc in Equation (3. 5) is considered for ranking the candidate 

copulas. Based on the latter, the best copula would be that with the smallest AICc value. 

Thus, the best copula will be chosen by considering the whole information provided by 

these criteria. 

Although in the present case study the observed changes in time considering 

jointly Q and V (i.e., Kendall’s τ trends in Section 6. 3.3) were not identified as 

statistically significant (with p-values equal to 0.132 and 0.465 for Catchment 70005 

and 72014, respectively, see Figure 6. 8), they could still be hydrologically relevant. 

Therefore, the implications of such trends for the flood hydrograph shape should be 

analysed. For this analysis, the bivariate copula-based distribution of the observed data 

was estimated for both time windows.   

The marginal distribution of Q was chosen to be a GLO, which is generally the 

preferred distribution for annual maximum peak flow data in the United Kingdom (IH, 

1999). However, no guidance exists in reference to hydrograph volumes, V. Hence, the 

sample L-moment ratios of the V series for each catchment were plotted on the 
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L-moment ratio diagram (Figure 6. 9). Based on a visual comparison between the 

sample L-moment ratios and the theoretical distribution lines, the GLO distribution was 

selected to represent V for Catchment 70005, whereas the GEV distribution was chosen 

for Catchment 72014. The parameters of the marginal distributions were estimated by 

using the method of L-moments, fixing ̂  to the estimate obtained from the entire data 

set. The parameter values are shown in Table 6. 3. Observed data and the corresponding 

fitted marginal distribution are displayed in Figure 6. 10. In the case of Catchment 

70005, the marginal distribution corresponding to W1 intersects the marginal 

distribution corresponding to W2 for both Q and V. That is, if small univariate return 

periods T are considered, larger values of Q and V are expected for W2; the contrary 

happens for larger T values. This behaviour is not observed in Catchment 72014.  

 

Figure 6. 9. L-moment ratio diagram for selecting the marginal distribution of V, 

considering the whole data length for each catchment. 
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Table 6. 3.  ˆ,ˆ  and ̂  parameters of the marginal distribution of Q and V (related 

to annual maximum flow series) fitted by L-moments with a given ̂  estimated with the 

entire data length. 

Marginal distribution parameters 
Catchment Variable Distribution Time period 

̂  ̂  ̂  

1976-1992 (W1) 21.679 3.774 

1993-2008 (W2) 23.824 2.576 Q GLO 

1976-2008 (whole series) 22.739 3.222 

-0.162 

1976-1992 (W1) 0.493 0.154 

1993-2008 (W2) 0.497 0.141 

70005 

V GLO 

1976-2008 (whole series) 0.496 0.146 

-0.265 

1976-1992 (W1) 15.717 3.349  

1993-2008 (W2) 18.187  3.950  Q GLO 

1976-2008 (whole series) 16.949  3.675  

-0.079 

1976-1992 (W1) 0.186 0.103  

1993-2008 (W2) 0.214  0.114  

72014 

V GEV 

1976-2008 (whole series) 0.201  0.107  

-0.122 

Results regarding copula selection are shown in Table 6. 4. Most of the considered 

copulas (the Frank, Gumbel, Galambos and Plackett copula) passed the goodness-of-fit 

test as the p-values are greater than 0.05. The Clayton copula is the only exception, as it 

is rejected for Catchment 70005 when the complete set of data is taken into account; as 

well as for Catchment 72014 when either W2 or the complete set of data are considered. 

Since all cases present upper tail dependence (i.e., CFG
Û  is greater than zero), the 

previously accepted copulas are cut down according to C
Û . The upper tail dependence 

of the Frank and Plackett copula equals zero by definition. Thus, these copulas should 

not be considered as candidates in this case. The remaining Gumbel and Galambos 

copulas show C
Û  values very close to CFG

Û . Consequently, both of them could be 

chosen, as the results of the AICc are also very similar. Because of the results in 

Table 6. 4 and its properties, the Gumbel copula was selected for the three time periods 

and both catchments. This copula has been already selected as the best copula in 
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characterising the dependence between flow peak and volume in other studies (e.g., 

Zhang and Singh, 2006; Requena et al., 2013). 

 

Figure 6. 10. Fit of the selected marginal distribution (of annual maximum flow 

events) to the observed data for the two time windows for each catchment. 
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Table 6. 4. Estimates of the copula parameter, results of the goodness-of-fit test, 

upper tail dependence coefficient of the data and of the copula, and model selection 

criteria used in copula selection. Values in bold indicate copulas that pass the test. 

Catchment Time period Copula ̂  nS  p-value CFG
Û  C

Û  AICc 

Clayton  2.286 0.055 0.126 0 -5.719 

Frank  6.377 0.043 0.454 0 -8.870 

Gumbel  2.143 0.046 0.310 0.618 -8.036 

Galambos  1.429 0.046 0.299 0.616 -8.330 

1976-1992 
 (W1) 

Plackett 13.869 0.044 0.403 

0.604 

0 -8.009 

Clayton  7.231 0.049 0.066 0 -3.634 

Frank 16.636 0.035 0.439 0 -25.318 

Gumbel  4.615 0.036 0.341 0.838 -20.228 

Galambos  3.906 0.036 0.345 0.837 -19.892 

1993-2008  
(W2) 

Plackett 95.667 0.037 0.354 

0.803 

0 -22.482 

Clayton  3.043 0.060 0.004 0 -2.391 

Frank  8.022 0.034 0.219 0 -27.034 

Gumbel  2.522 0.031 0.244 0.684 -26.040 

Galambos  1.810 0.031 0.241 0.682 -26.101 

70005 
 

1976-2008 
 (whole series) 

Plackett 21.622 0.034 0.196 

0.664 

0 -25.201 

Clayton  3.371 0.039 0.544 0 -16.647 

Frank  8.717 0.032 0.868 0 -13.654 

Gumbel  2.685 0.031 0.899 0.706 -12.614 

Galambos  1.974 0.031 0.903 0.704 -12.794 

1976-1992 
(W1) 

Plackett 25.516 0.032 0.889 

0.686 

0 -12.932 

Clayton 1.705 0.080 0.009 0 -5.572 

Frank 5.057 0.063 0.069 0 -5.036 

 
 
 
 
72014 
 

Gumbel 1.853 0.056 0.116 0.546 -5.055 

Galambos 1.136 0.056 0.123 0.543 -4.796 

1993-2008 
(W2) 

Plackett 9.102 0.062 0.081 

0.555 

0 -5.400 
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Catchment Time period Copula ̂  nS  p-value CFG
Û  C

Û  AICc 

Clayton  2.062 0.060 0.010 0 -20.427 

Frank  5.876 0.041 0.113 0 -17.136 

Gumbel  2.031 0.033 0.249 0.593 -15.451 

Galambos  1.316 0.033 0.244 0.591 -14.958 

72014 
 

1976-2008 
(whole series) 

Plackett 11.908 0.038 0.142 

0.575 

0 -18.086 

6. 3.4.2. Comparison between bivariate joint return period curves 

Bivariate joint return period curves are used to investigate changes in flood events 

between W1 and W2. In this study, the bivariate return period used for analysing 

changes in flood events is the OR return period, ORT  in Equation (3. 10). With the aim 

of analysing the implications of whether or not to consider a non-stationarity flood 

frequency analysis, not only the bivariate return period curves associated with W1 and 

W2 time windows, but also those related to the whole data length are drawn together.  

Regarding the case study results, probability level curves for several values of p 

are shown via the selected Gumbel copula in Figure 6. 11. The plot also shows 100 000 

( 21,uu ) pairs synthetically generated from the fitted copula, showing that smaller 

Kendall’s τ values lead to more scattered data. Results for W1, W2 and the entire record 

are plotted and compared for both catchments. In Catchment 70005, curves related to 

W2 (with larger Kendall’s τ) are located below those corresponding to W1 (with smaller 

Kendall’s τ), while converging in the extremes (i.e., in the asymptotes). The opposite 

occurs for Catchment 72014. As expected, curves related to the whole data length are 

located between W1 and W2 curves.  

Figure 6. 11 does not account for magnitudes of the Q-V pairs, as it is drawn in 

copula scale. Consequently, Figure 6. 12 shows the copula values after transforming 

them into the original units by Equation (3. 9). Bivariate joint return period curves 

associated with 100,5,2OR T  and 250  years (Equation (3. 10)) are also plotted. 

Regarding Catchment 70005, curves move downward to the left (from W1 to W2) for 

large return periods. Overall, the decrease is larger for Q than for V, as it was found in 
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the univariate distributions (Figure 6. 10). This means that flood events tend to have a 

lower peak value, while at the same time the flood hydrographs tend to be less flashy.  

 

Figure 6. 11. Copula probability level curves, and observed and simulated (u1, u2) 

data in copula scale for time periods: W1, W2 and the whole data length for each 

catchment. 

Also, in accordance with the results presented in Figure 6. 10, such a trend differs 

for small return periods, as marginal distributions of different time windows cross at 

5OR T  for Q values, and at 52OR T  for V values. However, the opposite is 

observed for Catchment 72014, as return period curves move upward to the right. Such 
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a shift is a bit larger for Q, meaning that flood events would become larger, while flood 

hydrographs a bit steeper. This is also in accordance with the results obtained in the 

univariate case (Figure 6. 10), where the increase of Q is greater than that of V. Note 

that for both catchments, a greater return period generally results in a larger shift of the 

curve. This could be caused by increasing uncertainty related to increasing return 

periods.  

 

Figure 6. 12. Simulated data in original units and comparison among bivariate joint 

return period curves for W1, W2 and the whole data length for each catchment.   
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In case that an estimate of the design flood is required, the effect of changes in 

urbanisation extent on return period curves can be assessed by using the results 

associated with W2. Alternatively, if stationarity is assumed the most reliable estimate 

will be obtained by using the return period curves associated with the whole data length.   

6. 4. Discussion 
Both formal tests used for analysing univariate trends (the Mann-Kendall test in 

Section 6. 3.1, and the permutation procedure in Section 6. 3.3) agree on the presence of 

an univariate trend in the observed peak value Q for summer maximum flow events in 

the urban Catchment 70005. The Mann-Kendall test also found a significant trend in the 

observed annual maximum flow events in this catchment. No significant univariate 

trends were found neither in the observed volume value V nor in any of the variables 

extracted from the rural Catchment 72014. 

The visual analysis of bivariate Q-V series found an increase in the Kendall’s τ 

over time for Catchment 70005, leading to increasingly more regular hydrograph 

shapes; whereas the opposite was found for Catchment 72014, leading to a larger 

variability of flood hydrographs. The visual analysis of hydrograph shape variability in 

time, using confidence intervals, confirmed the results obtained by studying the relation 

between Q and V via the Kendall’s τ (Section 6. 3.2).  

The analysis of bivariate trends in the characteristics of flood events in the urban 

catchment found not statistically significant trends based on the Kendall’s τ 

(Section 6. 3.3). However, opposite results to those found regarding the value of the 

Kendall’s τ trend were obtained in the rural catchment. The implications of such trends 

when considering bivariate return period curves were also opposite, suggesting that the 

trend in the urban catchment may be caused by changes in the flood generating 

processes that may not be statistically detected. Thus, it is likely that, if indeed a change 

is occurring in some of the flood characteristics, a larger sample size would be needed 

for standard statistical tests to detect it (see also Prosdocimi et al., 2014, for a discussion 

on sample size problems in hydrological analysis). Clearly, the selection and fit of both 
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marginal distributions and copula would be more powerful and accurate if longer data 

series were available, as two 16-year records were used in the study. Consequently, 

large uncertainties in the estimate of both marginal distributions and copula could have 

affected the results. In addition, two larger flood events observed in W1 in Catchment 

70005 (see Figure 6. 10, especially in relation to Q) could lead to larger quantiles for 

high return periods than in the case of W2. Therefore, as W1 and W2 are short, both 

univariate and bivariate estimates for high return periods are highly dependant on the 

magnitude of the observed flood events and, consequently, on the magnitude of rainfall 

events that drove such flood events in each period.  

Finally, it is also interesting to highlight that the effect of the bivariate trend found 

(for high return periods) in the urban Catchment 70005 is different from what would be 

normally expected in an urbanised catchment, as in general urbanisation should lead to 

steeper hydrograph shapes. A possible explanation could be the influence of the sewer 

system or local flood mitigation measures when high return period floods are involved, 

although looking into the causes is beyond the scope of this research. Also, the 

magnitude of rainfall events in each period, W1 and W2, could have some influence in 

this unexpected behaviour, as the hydrograph shape of a flood event not only depends 

on the catchment response, but also on the characteristics of the driving rainfall event 

such as its maximum intensity, rainfall volume and distribution in time. 

6. 5. Conclusions  
A bivariate flood trend analysis has been carried out to assess the influence of 

urbanisation on flood characteristics on a case study composed of two nearby and 

hydrologically similar catchments located in the northwest of England, where the most 

important difference between them is the increasing urbanisation extent in the urban 

catchment. Accordingly, it was assumed that any difference observed in time can be 

attributed to urbanisation. 
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 Time was used as a surrogate of urbanisation to investigate potential 

non-stationarity in the high-flow process. Nevertheless, other variables 

different from time could also be used as explanatory covariates. 

 Univariate trends in peak flow and hydrograph volume series were assessed 

by the Mann-Kendall test. In addition, the significance of trends was 

evaluated via a new permutation test that checks the difference between the 

location of the distribution of a given variable in two time windows, which 

might be applicable to other hydrological analyses. In general, no statistical 

evidence of temporal change was identified in the univariate series, apart 

from an increasing trend in summer peak flows in the urban catchment. 

 Bivariate return period curves based on copulas were used to identify the 

implications of the bivariate trends in peak flow and hydrograph volume, 

which were the flood characteristics under analysis. Surprisingly, it was 

found that the potential bivariate trend due to increasing urbanisation in the 

urban catchment would lead to smaller flood peaks and less flashy flood 

hydrographs.  

 However, these results could be conditioned to the short available records 

and the use of larger data sets would be advisable. In addition, further 

research could identify and model the process control on storm runoff in 

urban catchments.  

The methodology presented in this study could be applied to any pair of 

catchments that can be considered hydrologically similar except for one major 

characteristic that has changed in one of the two catchments. Finally, the proposed 

methodology can help practitioners to describe trends in flood characteristics, in order 

to improve estimates of the design floods by a non-stationarity approach.  
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7  
Extension of observed flood 

series: combining 
hydro-meteorological and 

bivariate copula-based models  

The fourth part of the research is presented in the present chapter, where a 

methodology to extend observed flood series by combining a hydro-meteorological 

model and a bivariate model based on copulas is proposed. The aim is to determine the 

number of flood hydrographs required to be simulated by a distributed hydro-

meteorological model, in order to be the input for obtaining a large synthetic flood 

sample by using a bivariate copula-based distribution. The notion is based on taking 

advantage of the good description of the flood generating processes in the catchment by 

the hydro-meteorological model, and the fast generation of synthetic samples by the 

copula-based model. The proposed methodology is applied to the Santillana reservoir 

catchment in Spain. The extended sample is generated by reducing the computation 

time consumed in comparison with that required if only the hydro-meteorological model 

was considered, and can be used for improving flood risk assessment studies.  

The chapter is organised as follows. Introduction is presented in Section 7. 1. 

Methodology is described in Section 7. 2. Application consisting of the case study and 

results is shown in Section 7. 3 and conclusions are summarised in Section 7. 4. 

Chapter 
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7. 1. Introduction 
A long flood series is required to obtain accurate estimates of quantiles associated 

with high return periods (Saad et al., 2015). Nevertheless, the available flood data series 

are short in practice, commonly between 30 and 80 years (e.g., Zhang and Singh, 2007; 

Klein et al., 2010; Requena et al., 2015b). The need for extending observed data series 

to perform a proper flood frequency analysis can be addressed by either simulation via 

hydro-meteorological modelling, or stochastic generation via a multivariate model that 

represents the joint distribution of the studied variables. 

The simulation by hydro-meteorological models is based on joining a stochastic 

rainfall generator and a hydrological model that reproduces the rainfall-runoff response 

in the catchment (Vrugt et al., 2002; Engeland et al., 2005). The underlying assumption 

is that a hydrological model calibrated with the observed data is able to simulate a set of 

feasible flood hydrographs that can be generated in a catchment, using synthetic rainfall 

events and the catchment characteristics as input. The main advantage of this approach 

is to provide not only the statistical characterisation of extreme values for the relevant 

variable, but also an ensemble of hydrographs that can force the structure under design, 

allowing for better performance characterisation. A distributed event-based model with 

a high temporal and spatial resolution is required to represent correctly the variability of 

flood generation processes in the catchment. However, the higher is the model 

resolution, the longer is the computation time. Therefore, the required computation time 

can prevent the generation of arbitrarily long series with a good characterisation of the 

catchment response. 

A multivariate distribution can be used for extending the available flood series, 

stochastically generating a synthetic larger series that keeps the statistical properties of 

the original sample. In this regard, the use of the copula approach in bivariate flood 

frequency analysis is increasingly spreading (e.g., De Michele et al., 2005; Zhang and 

Singh, 2006; Requena et al., 2013). The main advantages of the stochastic generation of 

flood data by a bivariate copula-based distribution are twofold: (i) they only need a 

flood series as input; and (ii) the computation time required once the distribution is 

fitted is negligible. The drawback resides in the difficulty of properly selecting and 
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fitting the copula-based distribution when the available data length is short. In this case, 

several copula families usually pass the goodness-of-fit test and a larger uncertainty is 

involved in fitting the parameters, which leads to larger uncertainties in estimates of the 

right tail of both the copula and marginal distributions.  

Some studies dealt with the idea of considering both approaches (i.e., hydro-

meteorological and copula-based models) for carrying out dam safety analyses (Klein et 

al., 2010; Giustarini et al., 2010) or identifying the flood design hydrograph (Candela et 

al., 2014), generating arbitrary long synthetic samples via hydro-meteorological 

modelling (see Section 2. 5). The aim of the present research is to determine the 

minimum number of flood hydrographs needed to be simulated by a distributed hydro-

meteorological model, which is computationally very demanding because of entailing a 

high spatial and temporal resolution, in order to use the simulated sample as input for 

fitting a bivariate copula-based distribution to obtain a larger synthetic series in a 

shorter time. The simulated series length is determined based on the requirements of the 

bivariate model selected to obtain accurate quantile estimates.  

Thus, the proposed mixed approach addresses the need for extending short 

observed Q-V series to be used in extreme performance analyses, by combining the 

ability to simulate the feasible catchment responses by a distributed rainfall-runoff 

model and the computational efficiency offered by statistical models. The method 

allows reducing the computation time needed for generating a large synthetic sample, 

while maintaining the statistical properties of the flood series simulated by the hydro-

meteorological model.  

The methodology is applied to the Santillana reservoir catchment in Spain. The 

hydro-meteorological modelling chain used consists of the RainSim stochastic rainfall 

generator, and the Real-time Interactive Basin Simulator (RIBS) hydrological model. 

The RainSim model is a spatial-temporal stochastic rainfall generator (Burton et al., 

2008), while the RIBS model is an event-based distributed rainfall-runoff simulator of 

the catchment response under rainfall events that are spatially distributed (Garrote and 

Bras, 1995a,b).  
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7. 2. Methodology  
The proposed methodology consists of the following steps (see Figure 7. 1 for an 

overview):  

 

Figure 7. 1. Diagram of the steps forming the methodology proposed for extending 

observed flood series. 

i) Simulation of flood hydrographs via a previously calibrated hydro-

meteorological model to be used as initial data in the study.  

ii) Sensitivity analysis to identify the minimum data length needed for keeping 

the statistical properties of the whole simulated data series when the marginal 

distribution and copula candidates are fitted. 
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iii) Identification of the copula-based distribution of the simulated data, with its 

associated minimum data length to be fitted.  

iv) Validation of the methodology by comparing the flood frequency curve (of 

each marginal distribution) and the copula level curves estimated by a large 

sample simulated by the hydro-meteorological model, with the corresponding 

confidence intervals associated with a set of synthetic samples generated by 

the proposed procedure. The synthetic samples have the same size as the 

former, and are generated via the selected bivariate distribution fitted to 

samples of the data length identified in the previous step. Moreover, as an 

illustration of the results obtained by the application of the procedure, joint 

return period curves estimated by using the large simulated sample generated 

via the hydro-meteorological model are compared with those obtained by a 

given synthetic sample. 

7. 2.1. Simulation of flood hydrographs by the hydro-
meteorological model 

The hydro-meteorological modelling chain consisting of the RainSim rainfall 

simulator and the RIBS rainfall-runoff model was previously calibrated via observed 

series by Flores et al. (2013) and Mediero et al. (2011) for the studied catchment (see 

Section 7. 3.1). Thus, the initial data of the present study is a set of simulated (Q,V) 

pairs extracted from flood hydrographs generated through such a calibrated hydro-

meteorological model, identified as the maximum peak flow and the hydrograph 

volume (see Section 7. 3.2.1). Such simulated Q-V series is divided into two samples: 

the model selection sample with a sample length seln , for performing steps (ii) and (iii); 

and the simulated validation sample with a sample length valn , for carrying out step (iv).  

The dependence between Q and V is verified by the Kendall's   rank-based 

non-parametric measure, through which the independence between variables is rejected 

if the associated p-value is less than 0.05 (Genest and Favre, 2007). 
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7. 2.2. Sensitivity analysis: minimum data length 
needed 

A prior step to the selection of the bivariate distribution of the simulated Q-V series 

is the identification of the minimum data length )(n  necessary for both the marginal 

distribution and copula fits to be robust enough in terms of uncertainty of estimates. 

When marginal distributions are considered, the variable chosen for performing the 

sensitivity analysis is the univariate quantile ( Tx ) for a given return period value (T). 

Recall that T is the inverse of )1( p , where p is the non-exceedance probability of Tx .  

In the case of copulas, the bivariate quantile is a curve in the Q-V space instead of 

a single value like in the univariate case. However, a single-value variable is needed for 

conducting the sensitivity analysis. The Kendall’s return period (Salvadori et al., 2011) 

could be a suitable variable to be used as a surrogate of the bivariate quantile, as each 

bivariate quantile curve is associated with a given Kendall’s return period value that 

depends on the copula. Moreover, the Kendall’s return period is the joint return period 

that provides an analogous definition of quantile to that considered in the univariate 

approach (Salvadori and De Michele, 2010). Nevertheless, a long computation time is 

needed for carrying out the sensitivity analysis based directly on this variable. 

Consequently, as the aim of the proposed method is to reduce the computation time, the 

copula parameter   is chosen to conduct the sensitivity analysis on the bivariate series. 

It should be noted that   is needed for estimating the Kendall's return period. 

In summary, the minimum required n is obtained by analysing the univariate 

quantile associated with a given T, either Tq  for marginal distributions of Q or Tv  for 

marginal distributions of V, and the copula parameter,  , for bivariate copulas.  

The proposed procedure is the following: (i) 1 000 bootstrap samples of varying 

length 0001,...,50,25n  are obtained from the model selection sample of length seln , 

without replacement; (ii) both Tx  and   are estimated for the 1 000 bootstrap samples 

associated with each n, considering the set of candidate marginal distributions and 

copulas; (iii) the sample distribution of either Tx  or   for each n is displayed in a box 

plot where the 25th and 75th percentiles are shown as the borders of the box, hereafter 

such a statistical interval is named as confidence interval; (iv) the minimum length 
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required for each either univariate distribution function (named as mn ) or copula 

(named as cn ) is determined as the smallest n for which the confidence interval of the 

bootstrap samples lies within the sampling confidence interval of the model selection 

sample, increased by 5%, assuming that an increase of 5% in the uncertainty of 

estimates at the expense of reducing the record length is acceptable. In the case of the 

marginal distributions, the sampling confidence interval is obtained by generating 

10 000 samples by the distribution function fitted to the model selection sample, 

calculating the value of Tx  for each sample and obtaining the 25th and 75th percentiles. 

Note that in the case of copulas, only 1 000 bootstrap samples are generated to avoid a 

long computation time for generating such a confidence interval in terms of the copula 

parameter  .  

As a result, the value of mn  for each marginal distribution (named as Qnm,  for Q 

and Vn ,m  for V) as well as the value of cn  for each copula is obtained. Note that in the 

case of two-parameter copulas, cn  is identified as the maximum of the two values 

obtained by applying the procedure to each parameter. Also note that mn  can be slightly 

different for a same distribution function for each variable, as the sampling uncertainty 

depends on its distribution parameters. 

7. 2.3. Identification of the bivariate model based on 
copulas 

The bivariate model for accomplishing the stochastic generation of large Q-V 

samples is a copula-based distribution for which the marginal distributions and the 

copula should be identified. Hence, the minimum sample length for fitting such a 

bivariate distribution, bn , is determined as the maximum of the minimum required 

lengths for fitting the marginal distributions, Qnm,  and Vnm, , and the copula, cn , i.e., 

),,max( cm,m,b nnnn VQ . The procedure for identifying the bivariate distribution begins 

with the selection of the copula, since the copula is expected to require a larger data 

length than the marginal distributions because of its bivariate nature. As a result, the 

marginal distributions and copula to use for obtaining the bivariate distribution of Q and 

V are selected, and bn  is identified.  
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7. 2.3.1. Selection of the copula 

The best copula is selected by considering 1 000 bootstrap samples of the 

corresponding length cn  obtained in Section 7. 2.2 for each copula. One-parameter 

copulas, such as the Clayton, Frank, Gumbel and Plackett copula, and two-parameter 

copulas, such as the BB1 copula (Joe, 1997), are considered as copula candidates. 

The selection of the best copula among the candidates is not straightforward and 

different criteria should be considered (Chowdhary et al., 2011; Requena et al., 2013). 

Because of the nature of the present study, the procedure for selecting the best copula is 

based on three criteria, for which results are drawn in a box plot for each copula: the fit 

of the copula to the data, the adequacy of the estimate of a high Kendall’s return period 

value that is directly related to the bivariate quantile estimate, and the results of a model 

selection criterion that allows ranking the copulas.  

The first criterion, related to the ability of the copula to characterise the data, is 

performed under the goodness-of-fit test based on nS  in Equation (3. 3), replacing the 

sample length n with cn . The test statistic nS  is an error measure between the values of 

the empirical copula and those obtained by the fitted copula. Thus, the smaller is the 

(median) nS  value, the better is the copula. The p-value associated with nS  is also 

obtained to carry out the goodness-of-fit test itself, employing 1 000 simulations 

because of computation time limitations. A copula is formally accepted when its 

(median) p-value is greater than 0.05. However, as it happens with other statistical tools, 

it is expected not to obtain suitable p-values in case of a large sample size is considered 

(see Vandenberghe et al., 2010; Requena et al., 2015a). In addition, a formal goodness-

of-fit test is not performed in the copula selection process in some studies (e.g., Klein et 

al., 2010). In fact, the p-value is very useful to test if a sample comes from a given 

copula. However, in practice, observed flood series could not follow any of the existing 

copulas due to the natural variability of floods. Consequently, the copula that best 

characterises the observed sample should be found, instead of the true copula that could 

represent the observed sample perfectly, as in some cases it does not exist. 

The second criterion is related to the adequacy of the Kendall's return period 

estimated by the copula for a large copula value ]1,0[t . The value of the Kendall’s 
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return period is then estimated following Equation (3. 12) and the results of each copula 

are plotted. In this case, the best copula is that with the closest (median) theoretical 

Kendall’s return period to the empirical Kendall’s return period ( KT ), estimated by the 

Kendall’s function associated with the empirical copula of the whole model selection 

sample. The third criterion is the cAIC  obtained by Equation (3. 5) by replacing the 

sample length n with cn . The best copula for this criterion is that with the smallest 

(median) cAIC  value.  

Note that although the median is the value considered to assess the performance of 

each criterion, the variability in the results (i.e., the height of the boxes) should also be 

considered in the decision process, as it makes reference to the uncertainty in the results 

given by the copula. As a result of taking into account all the information provided by 

these criteria, the best copula is selected and its minimum required sample length, *
cn , is 

identified. 

As illustration and in order to provide a visual support of the behaviour of the 

copulas, the empirical (i.e., based on the empirical copula) and theoretical estimate of 

the Kendall's function for the model selection sample is also provided.  

7. 2.3.2. Selection of the marginal distributions 

If the minimum sample length required for the selected copula *
cn  is greater than 

any of the mn  values obtained in Section 7. 2.2, the minimum sample length required by 

the bivariate distribution is given by that of the copula, i.e., *
cb nn  , and hence the 

selection of the marginal distributions is done under 1 000 bootstrap samples of size bn . 

Distributions usually used in hydrology, such as the G, GEV, GLO and LN3 

distribution, are the marginal distributions selected as candidates. Because of the nature 

of this study, the best marginal distribution is identified as that with the smallest 

distance between the median quantile estimate obtained by a given marginal 

distribution, Tx̂  (named Tq̂  for Q and Tv̂  for V), and the median quantile estimate 

obtained by the empirical distribution, Tx , both assessed by using 1 000 bootstrap 

samples of size bn . Such a distance is expressed as the relative error (RE) in percentage: 
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As a result, the marginal distribution with the smallest absolute value of RE is 

selected for each variable (Q and V). Note that in the (more unlikely) case that *
cn  is less 

than some mn , the selection of the marginal distributions is conducted via 1 000 

bootstrap samples of the corresponding size mn . Then, as ),,max( *
c

*
m,

*
m,b nnnn VQ , the 

selection process should be repeated for the marginal distribution or copula for which 
*
m,

*
m, , QQ nn  or *

cn  is different from bn  (see Figure 7. 1 for a diagram of the process). 

As illustration, the fit of the marginal distributions to the model selection sample is 

also provided to visually check how the marginal distributions behave regarding the 

whole sample.  

7. 2.4. Validation of the methodology 

The aim of this section is to check the adequacy of the proposed methodology by 

comparing the behaviour of a large sample obtained directly through the hydro-

meteorological model (i.e., the simulated validation sample introduced in 

Section 7. 2.1), with samples of the same length (called synthetic validation samples) 

generated stochastically by fitting the selected bivariate distribution to smaller samples 

of size bn  belonging to such a simulated validation sample. The present section consists 

of the procedure needed to generate synthetic samples by the bivariate copula-based 

distribution, followed by the validation of the marginal distributions, the validation of 

the copula, and an example of the resulting sample and return period curves provided by 

the application of the methodology in comparison with those obtained by only using the 

hydro-meteorological model. 

The generation of synthetic validation samples is based on the procedure described 

in Section 3. 1.3, using the bivariate distribution identified in Section 7. 2.3 (based on 

the information provided by the model selection sample) and small bootstrap samples 

obtained from the simulated validation sample. The procedure is described below: (i) a 

bootstrap Q-V sample of size bn  is obtained from the simulated validation sample 
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without replacement; (ii) the selected copula is fitted to the bootstrap sample, generating 

a synthetic sample of size valn  consisted of ),( 21 uu  pairs; (iii) the selected marginal 

distributions of Q and V are used for transforming the ),( 21 uu  pairs into (Q,V) pairs by 

Equation (3. 9). This synthetic Q-V sample of size valn  is that called synthetic validation 

sample. A new synthetic validation sample is generated each time the process is 

performed.  

The validation of the marginal distributions is performed based on the following 

procedure: (i) the selected marginal distributions for Q and V are fitted to the whole 

simulated validation sample, obtaining their flood frequency curve; (ii) the selected 

marginal distributions are also fitted to each of the 10 000 synthetic validation samples 

generated by the procedure described above, obtaining their associated flood frequency 

curves; (iii) the confidence interval from the 10 000 synthetic flood frequency curves is 

obtained for given T values; and (iv) such a confidence interval is compared with the 

flood frequency curve obtained by the simulated validation sample in the first step of 

the present procedure. 

An analogous process is carried out for the validation of the copula: (i) the copula 

selected is fitted to the whole simulated validation sample, obtaining the copula 

probability level curve for given p values; (ii) the selected copula is also fitted to each 

of the 1 000 synthetic validation samples generated by the procedure described at the 

beginning of the present section, obtaining their associated copula probability level 

curves formed by the ),( 21 uu  points that fulfil puuC ),( 21 , for given probability 

values p. Only 1 000 samples instead of 10 000 are used for avoiding a long 

computation time when the confidence intervals are estimated; (iii) For each 1u  value, 

the confidence interval of the 2u  values for the 1 000 synthetic probability curves is 

obtained for each p; and (iv) the confidence interval associated with each probability 

value p is compared with the copula probability level curve obtained when fitted to the 

simulated validation sample. 

As illustration of the results obtained by applying the proposed methodology, a 

given synthetic validation sample is plotted together with the simulated validation 
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sample, and the Kendall's return period curves for both samples are estimated and 

drawn together. 

7. 3. Application 
The case study briefly described in Section 3. 2 and the results obtained by the 

application of the proposed methodology are shown in detail in the present section. 

7. 3.1. Case study 

The application of the methodology is carried out on the gauging station of the 

Santillana reservoir in the River Manzanares, which belongs to the River Tagus 

catchment and is located in the centre of Spain (Figure 7. 2). This case study was 

chosen due to the previously available calibration of the hydro-meteorological model 

RainSim-RIBS, which is summarised below. 

 

Figure 7. 2. Location of the case study: the Santillana reservoir catchment. 
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The RainSim V3 model is a stochastic rainfall generator based on the spatial-

temporal Neyman-Scott rectangular pulses (NSRP) model (Cowpertwait, 1994, 1995). 

This model allows the simulation of continuous series of rainfall of a number of years 

for a set of rain gauges in the catchment and with an arbitrary time step. The model 

details are described in Burton et al. (2008). Such a model was calibrated through 

observed daily data from 15 rain-gauges in Flores et al. (2013).  

The RIBS model simulates the catchment response to spatially distributed rainfall 

events and results in flood events at the catchment discharge point (Garrote and Bras, 

1995a,b). The RIBS model consists of two modules. The first is a runoff-generation 

module and the second simulates the runoff propagation. The runoff generation depends 

on the calibration parameter f (in mm-1) that controls the decrease of saturated hydraulic 

conductivity with depth, and the soil properties which have to be defined for each soil 

class. These properties are the saturated hydraulic surface conductivities in directions 

normal and parallel to the surface, the residual soil moisture content, the saturated 

moisture content and the index of soil porosity (Cabral et al., 1992). The runoff 

propagation depends on the hill-slope and the riverbed velocities. The latter is 

proportional to the coefficient Cv (in ms-1) that characterises the relation between 

riverbed velocity and discharge at the catchment outlet. Both velocities are considered 

uniform throughout the catchment at any time, and are defined by their relationship to 

the dimensionless parameter Kv. Event-based models need the initial state of the 

catchment as input, which in the case of RIBS corresponds to the water table depth that 

is in long term equilibrium with a constant recharge rate. A representative set of 13 

initial states were considered, generating an ensemble of hydrographs that covers the 

range from totally dry to completely saturated soils. The RIBS model was calibrated in 

the entire River Manzanares catchment by Mediero et al. (2011), in which the Santillana 

reservoir catchment is its headwaters. The calibration process is based on a 

simultaneous minimisation of four objective functions that account for different 

hydrograph characteristics, resulting in a probability density function for characterising 

each of the model parameters subject to calibration.  
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7. 3.2. Results 

The results obtained for the case study are presented below. 

7. 3.2.1. Simulation of flood hydrographs by a hydro-meteorological 
model 

The initial data of this study were provided as 9 000 (Q,V) pairs, identified as the 

maximum peak flow and the hydrograph volume, extracted from 9 000 flood 

hydrographs simulated through the hydro-meteorological model, entailing a one-hour 

temporal and 100-meter spatial resolution. A summary of the process carried out to 

obtain them is shown below.  

Series of hourly rainfall for 9 000 years were generated in the 15 rain-gauges with 

the calibrated RainSim model. However, as RIBS is an event-based model, storm events 

are simulated individually. Independent storm events were identified via the exponential 

method (Restrepo-Posada and Eagleson, 1982), fixing a minimum dry period between 

events, in which rainfall is less than a given threshold (Bonta and Rao, 1988). In order 

to reduce the number of simulations, a specific subset of five events was selected from 

each year, assuming that the event generating the maximum volume or peak flow 

hydrograph in a year is included among them.  

Consequently, 45 000 synthetic flood events were generated through the calibrated 

RIBS rainfall-runoff model accounting for random initial moisture content states in the 

catchment. Each year, the hydrograph with the maximum peak flow was selected and its 

volume calculated, obtaining 9 000 years of synthetic Q-V series. In order to validate 

the model in terms of the flood frequency curve, the observed and simulated frequency 

curves for one-, two-, three- and four-day accumulated inflow volumes were calculated 

and compared (Figure 7. 3). Validation was conducted by using inflow volumes for 

several durations, as information about the instantaneous peak flow of observed inflow 

hydrographs is not available at this site. It should be noted that the one-day inflow 

volume series is used to validate the peak flow of observed inflow hydrographs, as it is 

characterised by the mean daily discharge. Results show that the model represents 

suitably the flood frequency curves.  
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Therefore, the hydro-meteorological model can be used for extending the observed 

series to enable an accurate flood frequency analysis by selecting and fitting a bivariate 

copula-based distribution via the Q-V series extracted from the flood hydrographs 

simulated by the calibrated hydro-meteorological model, instead of via the short-length 

observed flood data. 

 

Figure 7. 3. Validation of the hydro-meteorological model. Observed data and 

empirical frequency curve of inflow volume for a) one; b) two; c) three; and d) four 

consecutive days. Figure generated by Isabel Flores (Department of Civil Engineering: 

Hydraulics, Energy and Environment, Technical University of Madrid). 

The computation time needed for the generation of the 9 000 flood hydrographs 

was around 20 days with a computer with a processor Intel Core i7-870 2.93GHz with 

four cores. Following Section 7. 2.1, such a Q-V sample was divided into the model 

selection sample with 0002sel n  (Q,V) pairs, and the simulated validation sample with 

0007val n  (Q,V) pairs. Their scatter plots are shown in Figure 7. 4. The Kendall's   
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of both samples is 0.7 with a suitable p-value less than 0.05, indicating a positive 

dependence relation between variables.  

 

Figure 7. 4. Scatter plot of (Q,V) pairs of a long sample generated through the 

hydro-meteorological model, divided into the model selection sample (with 2 000 pairs) 

and the simulated validation sample (with 7 000 pairs). Data provided by Isabel Flores 

(Department of Civil Engineering: Hydraulics, Energy and Environment, Technical 

University of Madrid). 

7. 3.2.2. Sensitivity analysis: minimum data length needed 

The sensitivity analyses to identify the minimum record length required for 

obtaining robust quantile estimates by each marginal distribution, in terms of the 

uncertainty of the quantile estimate through the whole univariate either Q or V series, 

are shown in Figure 7. 5.  

The 100-year quantile was selected in this study, named as 100x̂  (i.e., 100q̂  for Q 

and 100v̂  for V). Following the procedure explained in Section 7. 2.2, the box plots of the 

quantiles obtained from the bootstrap samples of each length n are plotted along the 

x-axis. The boundaries associated with the confidence interval for the model selection 
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sample are added as two horizontal lines. The minimum data length, mn , for which the 

confidence interval (i.e., the borders of the box) is inside such boundaries, i.e., Qn ,m  and 

Vn ,m , are marked for each marginal distribution by a dotted line in Figure 7. 5. As 

expected, the mn  required in the case of the two-parameter G distribution is less than 

that needed for the three-parameter (GEV, GLO and LN3) distributions. Moreover, the 

quantile related to Q requires the same or a similar data length than that related to V for 

each marginal distribution, with the exception of the GLO distribution for which the 

difference is larger. The results of the sensitivity analyses of the copula parameter 

estimate are shown in Figure 7. 6, also following Section 7. 2.2. In this case, the 

objective of the analyses is to identify the minimum record length, ,cn  required for 

assuming that the parameter estimated for each copula is robust enough in reference to 

uncertainty of the parameter estimate via the whole bivariate Q-V series. 

 

Figure 7. 5. Sensitivity analysis for identifying the minimum sample length 

required for the marginal distributions. The box plot of the quantiles estimated from the 

bootstrap samples of length n is plotted along the x-axis, where the points represent the 

outliers. 



Chapter 7 

210 

 

 

Figure 7. 6. Sensitivity analysis for identifying the minimum sample length 

required for each copula. The box plot of the copula parameter(s) estimated from the 

bootstrap samples of length n is plotted along the x-axis, where the points represent the 

outliers. 

Analogously to the univariate case, the required cn  identified as the minimum data 

length for which the confidence interval is less than the boundaries associated with the 

confidence interval of the copula parameter for the model selection sample (i.e., the two 

horizontal lines), is marked for each copula in Figure 7. 6. Note that for the BB1 copula 

525c n , which is the maximum of the two values obtained by applying the procedure 

to each copula parameter. As expected, the cn  needed for the two-parameter copula 

BB1 is greater than that needed for the rest of one-parameter (Clayton, Frank, Gumbel, 

Galambos and Plackett) copulas. Although in general and as expected, the minimum 

record length for a copula is greater than that needed for a marginal distribution, the 

value associated with the Gumbel copula is less than those associated with some 

marginal distributions. 
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7. 3.2.3. Identification of the bivariate model based on copulas 

The identification of the bivariate distribution of Q and V, requiring the selection 

of the marginal distributions and the copula, is conducted by the procedure detailed in 

Section 7. 2.3. First, the results obtained for the copula selection process are shown in 

Figure 7. 7. The assessment of the fit of each copula to the data is displayed in 

Figure 7. 7a, via the box plot of the nS  values obtained by Equation (3. 3), considering 

the corresponding bootstrap sample of length cn  obtained previously. As a result, the 

Clayton copula was identified as the worst copula in terms of fitting to the data, as both 

the median value of nS  and its variability represented by the height of the box are the 

largest. The values obtained for the rest of copulas are smaller and similar to each other, 

obtaining the best results for the Frank and BB1 copula. Consequently, the Clayton 

copula was discarded, as it is not able to represent the dependence between the observed 

Q-V pairs. 

The box plots of the p-values associated with the nS  values are displayed in 

Figure 7. 7b. As expected, because of the use of large sample lengths (see 

Section 7. 2.3.1 for more details), poor results were obtained by the goodness-of-fit-test. 

Only some p-values greater than 0.05, where such a threshold is indicated as a 

horizontal line, were obtained as outliers for the Frank, Gumbel, Galambos and BB1 

copula. The results for a smaller sample length ( 50c n ), which is in the range of the 

commonly observed data lengths recorded in practice (see Section 7. 1), are also plotted 

for illustration purposes in the upper right corner of Figure 7. 7b. As expected, more 

suitable p-values were obtained in this case, as all copulas except the Clayton copula 

pass the goodness-of-fit test. Consequently, the p-value is not used for identifying the 

suitable copula families in this study.  

The adequacy of the Kendall’s return period estimate for a high copula value 

99.0t , )99.0(KT  (Equation (3. 12)), is analysed in Figure 7. 7c. Following 

Section 7. 2.3.1, the box plot of )99.0(KT  for each copula is displayed together with the 

empirical value associated with the whole model selection sample, 200K(0.99) T  years, 

which is plotted as a horizontal line. It can be seen that besides the already discarded 

Clayton copula in terms of nS  results, the Frank and Plackett copula show a large 

overestimate of the empirical value (in decreasing order). The Clayton and Frank copula 
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also show a larger variability. Closer estimates to the empirical value, involving 

underestimate, were obtained by the Gumbel, Galambos and BB1 copula. For the first 

two copulas 150)99.0( KT  years, while for the BB1 copula 192)99.0( KT  years, being 

the last the best estimate. Note that an underestimate of the return period entails being 

on the safety side. As a result, the Frank and Plackett copulas were also discarded. 

 

Figure 7. 7. Copula selection process based on 1 000 bootstrap samples with a 

sample length cn  for each copula. Box plots for each copula show: a) the assessment of 

the fit to the data via nS ; b) the results of the formal goodness-of-fit test by the p-value 

of nS ; c) the adequacy of the Kendall's return period )99.0(KT  in reference to the 

empirical Kendall's return period )99.0(KT ; and d) the evaluation of the AICc for ranking 

copulas. The points in the box plots represent the outliers. 

The results obtained by the AICc (Equation (3. 5)) also support the selection of the 

BB1 copula as the best copula, showing a significant difference with the rest of 

candidates (Figure 7. 7d). Considering all the information provided by the copula 

selection process, the BB1 copula was chosen as the best copula for characterising the 

Q-V series, requiring a minimum sample length 525*
c n . A visual support of the 
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behaviour of the copulas regarding the model selection sample (with 0002sel n ) is 

plotted as an example in Figure 7. 8, by the comparison of the theoretical Kendall's 

function of each copula and the empirical estimate. It can be seen that the BB1 copula 

(Figure 7. 8b) involves the best fit.  

 

Figure 7. 8. Comparison among the empirical estimate of the Kendall's function 

and the theoretical estimate, regarding the model selection sample, obtained by: a) the 

Clayton, Frank and Gumbel copula; and b) the Galambos, Plackett and BB1 copula. 

Results are divided into two figures for clarity. 

According to Section 7. 2.3.2, as *
cn  is greater than any mn  (see Figure 7. 5), 

525*
cb  nn , and hence the selection of the marginal distributions is conducted under 

1 000 bootstrap samples of such a length, estimating the (median) quantile 100x̂  for each 

marginal distribution, as well as the (median) empirical quantile 100x . The distance 

between both quantiles is plotted in Figure 7. 9, and the RE values obtained via 

Equation (7. 1) are shown in Table 7. 1. It was found that the best marginal distributions 

are the GEV for Q and the LN3 for V, as they entail the minimum absolute value of RE 

in each case. The fit of the marginal distributions to the model selection sample is 

plotted in Figure 7. 10 as an illustration of the behaviour of the marginal distributions. It 

can be seen that the fit of the GEV distribution is the closest to the peak flow data, Q, 

and the fit of the LN3 distribution is the closest to the volume data, V. 
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Figure 7. 9. Selection of the marginal distributions (for Q and V) based on 1 000 

bootstrap samples from the model selection sample. Box plots show the variability of 

the univariate quantile estimated for 100T  years, 100x̂ , plotting its median value to be 

compared with its median empirical quantile estimate, 100x , for bootstrap samples with 

a sample length equal to bn . Points in the box plots represent the outliers. 

Table 7. 1. Relative error (RE) of the (median) 100-year quantile estimated for 

1 000 bootstrap samples of length 525b n . Value in bold indicates the smallest 

absolute RE value for each variable. 

RE [%] for 525b n  
Marginal distribution 

Q V 

G -5.9 -9.0 

GEV -1.4 3.2 

GLO 3.2 7.1 

LN3 -2.6 1.0 
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Figure 7. 10. Fit of the marginal distributions of Q and V to the model selection 

sample. 

In summary, the bivariate distribution selected to represent the Q-V series consists 

of the BB1 copula, the GEV distribution for Q and the LN3 distribution for V, with a 

sample length of 525b n . 

7. 3.2.4. Validation of the methodology 

The methodology is then validated according to Section 7. 2.4. Synthetic validation 

samples (of size 0007val n ) are generated by fitting the selected bivariate distribution 

to bootstrap samples of the identified length ( 525b n ), obtained without replacement 

from the simulated validation sample (which was defined in Section 7. 3.2.1 with a data 

length 0007val n ). Regarding the marginal distributions, the flood frequency curve of 

the simulated validation sample is drawn together with the confidence interval related to 

the flood frequency curves of 10 000 synthetic validation samples (Figure 7. 11). The 

flood frequency curve is tightly fitted by the confidence interval for small T values. The 

range slightly increases for larger values of T, as the uncertainty is larger. The simulated 

data remain inside the synthetic confidence interval in the case of V, and only two data 

points are outside in the case of Q, as the three largest peaks show similar values.  
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Figure 7. 11. Comparison between the flood frequency curve fitted to the simulated 

validation sample generated through the hydro-meteorological model, and the 

confidence interval obtained by the synthetic validation samples generated by the 

bivariate distribution. 

The confidence interval in percentage is shown in Table 7. 2 for several T values. 

The confidence intervals associated with the copula level curves of 1 000 synthetic 

validation samples are almost equal to the corresponding curves obtained via the 

simulated validation sample, as it can be seen in Figure 7. 12.  

Table 7. 2. Confidence interval (in percentage) of the flood frequency curves 

obtained via 10 000 synthetic validation samples for T 10, 25, 100 and 500 years.   

Confidence interval range [%] for T 
Variable Marginal distribution 

10 25 100 500 

Q GEV 8.1  5.2  )9.3,8.3(   )0.6,5.5(   

V LN3 2  7.2  7.3  )0.5,9.4(   
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Figure 7. 12. Comparison between the copula level curves via the simulated 

validation sample generated through the hydro-meteorological model, and the 

confidence intervals obtained by the synthetic validation samples generated by the 

bivariate distribution. 

As an example of the results obtained by the application of the methodology, the 

simulated validation sample is plotted together with a given synthetic validation sample 

in Figure 7. 13. The Kendall's return period curves estimated by the bivariate 

distribution fitted to each sample are also displayed, with the estimated parameters 

shown in Table 7. 3.  

Table 7. 3. Parameters of the fitted bivariate distribution (marginal distributions 

and copula) for the simulated validation sample, and a given bootstrap sample of size 

525b n  that belongs to the simulated validation sample, whereby the synthetic 

validation sample is generated. 

GEV distribution for Q LN3 distribution for V BB1 copula Validation 
sample Location Scale shape Location Scale shape 1̂  2̂  

Simulated  55.939 23.011 -0.065 8.788 4.441 -0.497 1.132 2.035 

Synthetic  55.662 21.771 -0.095 8.836 4.401 -0.551 1.178 1.933 
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It can be seen that both scatter plots are visually similar and that the results 

regarding the Kendall's return period curves are comparable. The Kendall's return 

period curves are practically identical for small Kendall's return period values, while as 

expected, such a difference becomes slightly larger the larger the return period value is, 

because of the increasing uncertainty. 

 

Figure 7. 13. Comparison between the Kendall's return period curves estimated by 

the simulated validation sample generated through the hydro-meteorological model, and 

by a given synthetic sample generated by the bivariate distribution. 

7. 4. Conclusions  
In the present research a bivariate procedure to extend observed flood series due to 

the need for achieving more appropriate flood frequency analyses has been addressed, 

determining the minimum number of flood hydrographs required to be simulated by a 

hydro-meteorological model to be used as input for obtaining an extended synthetic 

flood series by a bivariate model based on copulas in a shorter time. The proposed 
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methodology has been applied to the Santillana reservoir gauging station in the River 

Manzanares located in Spain: 

 A previously calibrated distributed hydro-meteorological model was used 

for simulating a set of flood hydrographs.  

 The minimum data length needed to be simulated by the hydro-

meteorological model was defined through a sensitivity analysis in order to 

obtain robust estimates from both the marginal distributions and the copula. 

As expected, overall, a larger minimum data length is needed for bivariate 

copulas compared with that needed for marginal distributions, and a larger 

data length is required as larger is the number of parameters involved in the 

function. The ranges of the minimum data length needed for the functions 

considered in the study are the following: 75 to 100 for two-parameter 

marginal distributions, 125 to 175 for three-parameter distributions, and 125 

to 250 for one-parameter copulas; while the minimum data length needed is 

greater than 500 for two-parameter copulas. 

 The issues related to the selection of the copula for characterising the studied 

data, when low p-values are obtained after applying copula goodness-of-fit 

tests to large data samples, were addressed by considering the following 

criteria in the selection process: the results of the statistic of the goodness-

of-fit test but not the associated p-value, the adequacy of high joint return 

period estimates (using the Kendall’s return period), and the results of a 

model selection criterion. In this regard, it was highlighted that although the 

p-value is very useful to test if a sample comes from a given copula, in 

practice large flood series could not follow any of the existing copulas due 

to the natural variability of floods. Consequently, the copula that best 

characterises the sample should be found, instead of the true copula that 

could represent perfectly the data, as in some cases it does not exist. As a 

result of the selection process, the BB1 copula was chosen for representing 

the dependence between the peak and volume data.  
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 It was obtained that a minimum sample length of 525 flood hydrographs 

should be simulated through the hydro-meteorological model in order to 

accomplish a robust fit by a bivariate copula-based distribution consisted of 

the two-parameter BB1 copula, and the selected marginal distributions: the 

GEV distribution for the peak and the LN3 distribution for the volume. 

 The selected bivariate copula-based distribution was then fitted to a small 

525-data sample simulated by the hydro-meteorological model for 

generating arbitrarily large synthetic samples.  

 The adequacy of the procedure was checked by comparing the flood 

frequency curve (of each marginal distribution) and the copula level curves 

fitted to a large sample simulated by the hydro-meteorological model, with 

the corresponding confidence intervals obtained from a large amount of 

synthetic samples generated by the bivariate distribution. Bivariate 

Kendall’s return period curves were also compared. The good performance 

of the synthetic samples allows considering them similar to a large sample 

generated by the hydro-meteorological model, supporting the use of the 

proposed methodology that reduces the computation time (specifically, from 

a month scale to few days for the sample length generated for the case 

study).   

 As a result, the procedure provided an extended sample composed of 525 

data from simulation through a hydro-meteorological model and a much 

larger synthetic sample stochastically generated by fitting the bivariate 

distribution. 

The proposed procedure allows cutting down the computation time required for 

generating a large sample of peak-volume pairs, in comparison to the time needed by a 

hydro-meteorological modelling chain, allowing the generation of a peak-volume 

sample as long as desired to enable more suitable flood risk assessment studies.  
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8  
Conclusions   

The conclusions that have been reached as a result of the present research, the 

original contributions to flood frequency analysis, as well as possible further research 

are presented in this final chapter. 

8. 1. Conclusions 
The present research provides methodologies for guiding practitioners to perform 

bivariate copula-based flood frequency analyses to achieve suitable flood quantiles for 

dam design, dam management and flood risk assessment. 

 In this regard, the Gumbel and the BB1 copula were found to be the best copulas 

for representing the dependence structure between flood peak and hydrograph volume 

in the case studies considered in the research.  

 Bivariate flood frequency analysis 

A bivariate local flood frequency analysis focused on examining theoretical and 

routed bivariate return periods have been proposed in order to obtain quantile estimates 

at a given gauged site. Theoretical joint return period curves represent the probability of 

occurrence of a flood event (the theoretical risk without taking into account the 

structure), while routed return period curves represent the risk of dam overtopping (the 

real risk to the structure). 

Chapter 
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 Routed return period curves were obtained by generating a large set of 

synthetic flood hydrographs from the bivariate copula-based distribution 

fitted to the observed series, and routing them through the reservoir to obtain 

the maximum water level reached, as the water level was used as a surrogate 

of the hydrological risk of dam overtopping.  

 As expected, differences among theoretical return periods obtained directly 

by the fitted copula-based distribution, and the routed return period were 

found after comparing the curves obtained from the different approaches. 

 The Kendall’s (so-called secondary) return period curves turned out to be 

the most similar to the routed return period curves that represent the risk of 

dam overtopping. Thus, these results support the use of the Kendall’s return 

period in preliminary assessment for dam design, as this return period is 

independent of reservoir and spillway configuration. Moreover, the 

Kendall’s return period would be useful in flood hazard assessments. 

 For detailed design, it could be useful the use of the routed return period 

obtained by routing a large sample of hydrographs through the reservoir, as 

it provides a more accurate assessment of the risk of dam overtopping 

because this return period is specific for the structure under analysis.  

 It was found that as the available flood control volume increases, the routed 

return period curves are more dependent on volume. On the other hand, as 

the spillway length increases, the routed return period curves are more 

dependent on flood peak. Hence, the bivariate analysis could be 

asymptotically approximated by a univariate analysis for extreme reservoir 

and spillway characteristics in some cases: for a very large flood control 

volume the dominant variable is hydrograph volume and for a very large 

spillway length the dominant variable is flood peak.  

 Moreover, the shape of the routed return period curves depends not only on 

the reservoir volume and spillway length, but also on the hydrograph 
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magnitude given by soil properties, rainfall and physiographic 

characteristics of the catchment.  

The proposed routed return period approach can be useful in dam design, as it 

improves the estimate provided by the flood event-based return periods, taking into 

account the dam characteristics that exert a significant influence on the risk of dam 

overtopping. 

 Bivariate regional flood frequency analysis 

The extension of the local flood frequency analysis has been carried out to supply a 

complete procedure for performing a bivariate regional flood frequency analysis, in 

order to obtain quantile estimates at ungauged sites or improve at-site quantile estimates 

at gauged sites. Regarding the latter, the improvement of the regional approach is 

related to the reduction of the quantile estimate uncertainty, where such a reduction is 

larger for short at-site data series, as the local estimate involves a larger uncertainty in 

this case.  

 A complete and organised framework for performing a bivariate regional 

flood frequency analysis was provided, including practical orientations for 

practitioners.  

 The proposal of using a two-parameter copula entails more flexibility for 

generating synthetic homogeneous regions to test homogeneity in the 

bivariate case, analogous to the use of the Kappa distribution of four 

parameters in the univariate regional context. In this regard, the BB1 copula 

was the two-parameter copula selected in the considered case study. 

 As a result of the application of the multivariate homogeneity test, the region 

study was divided into two homogeneous sub-regions obtained by using a 

cluster analysis based on catchment descriptors. 

 An exhaustive description of the steps needed to select the marginal 

distributions and the copula in the regional context was provided. In this 

regard, a specific strategy based on the at-site application of the copula 
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goodness-of-fit test for obtaining the best regional copula was formally 

proposed, with the aim of dealing with the low p-values usually obtained 

when long data lengths are involved. After the application of the 

aforementioned strategy, model selection criteria and upper tail dependence 

were also evaluated for selecting the best regional copula. 

 The index flood, considered as the mean of the observations of a given flood 

variable, was estimated by a multiple regression model based on catchment 

descriptors at ungauged sites. Catchment descriptors such as catchment 

drainage area, mean annual precipitation, potential evapotranspiration, initial 

abstraction, percentage of permeable area, and index of concavity were 

found meaningful.  

 The possibility of applying different theoretical bivariate return period 

approaches for obtaining quantile curve estimates was highlighted, using the 

OR return period in the case study. The final step of selecting a subset of 

events regarding the infinite combinations provided by the bivariate 

approach was also considered, remarking the need of being careful about 

cutting down events that could be relevant. 

 Synthetic flood hydrographs needed for being routed through a given 

reservoir, in order to estimate the reached maximum water level to perform 

specific dam design or safety analyses based on the routed return period 

approach, can also be obtained via the proposed regional approach. 

The proposed procedure allows practitioners to estimate quantiles at ungauged 

sites and improve their estimates at gauged sites via a bivariate regional flood frequency 

analysis, through which design events can be selected. Although the methodology has 

been focused on analysing floods, it can also be adapted to study other kind of 

hydrological events such as droughts. Besides, the bivariate procedure can be adapted to 

higher dimensions.   
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 Bivariate flood trend analysis 

The copula approach has been applied to analyse bivariate flood trends to assess 

the influence of urbanisation on flood characteristics on a case study composed of two 

nearby and hydrologically similar catchments, where the most important difference is 

the increasing urbanisation extent in the urban catchment. Hence, it has been assumed 

that any difference observed in time can be attributed to urbanisation. 

 Time was used as a surrogate of urbanisation to investigate potential 

non-stationarity in floods. Nevertheless, other variables different from time 

could also be used as explanatory covariates. 

 The significance of univariate and bivariate trends was evaluated via a 

permutation test that checks the difference between the location of the 

distribution of a given variable in two time windows, which might be 

applicable to other hydrological analyses.  

 Comparison between bivariate copula-based OR return period curves 

regarding two time windows was used to identify the implications of the 

bivariate trends in the shape of the flood hydrographs, characterised by peak 

and volume.  

 The short available record could condition the results of the analysis; hence, 

the use of larger data sets would be advisable.  

The methodology can be applied to any pair of catchments considered 

hydrologically similar except for one major characteristic that has changed in one of 

them. The proposed methodology can help practitioners to describe trends in flood 

characteristics to improve estimates of the design floods by a non-stationarity approach.  

 Extension of observed flood series 

The usually short observed flood series were extended by combining a hydro-

meteorological model and a bivariate copula-based distribution, in order to obtain more 

appropriate quantiles associated with high return periods. 
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 The minimum data length needed to be simulated by the hydro-

meteorological model was defined through a sensitivity analysis in order to 

obtain robust estimates from both the marginal distributions and the copula. 

As expected, a larger minimum data length is needed for bivariate copulas 

compared with that needed for marginal distributions, and a larger data 

length is required as larger is the number of parameters involved in the 

function. The minimum data length obtained for the case study was in the 

order of 100 for two-parameter marginal distributions, 150 for three-

parameter marginal distributions, 200 for one-parameter copulas and 500 for 

two-parameter copulas.  

 The issues related to the selection of the copula for characterising the studied 

data, when low p-values are obtained after applying copula goodness-of-fit 

tests to large data samples, were addressed by considering the following 

criteria in the selection process: the results of the statistic of the goodness-

of-fit test but not the associated p-value, the adequacy of high joint return 

period estimates (using the Kendall’s return period), and the results of a 

model selection criterion. In this regard, it was highlighted that although the 

p-value is very useful to test if a sample comes from a given copula, due to 

the natural variability of floods it is difficult that in practice a large sample 

length passes the test to be considered as generated by an existing copula. 

Consequently, the copula that best characterises the observed sample should 

be found, instead of the true copula that could represent perfectly the data. 

As a result of the selection process, the BB1 copula was chosen for 

representing the dependence between the peak and volume data in the case 

study.  

 A minimum data length in the order of 500 peak-volume pairs simulated by 

the hydro-meteorological model was found to be needed for fitting the 

selected bivariate copula-based distribution, in order to generate arbitrarily 

large synthetic samples.   



Conclusions  

227 

 

 The comparable performance of the large synthetic samples generated by the 

procedure, in relation to a sample of the same length simulated by only the 

hydro-meteorological model, supported the use of the proposed 

methodology that involves a less computation time.   

 As a result, the procedure provides an extended sample composed of the 

small sample simulated through the hydro-meteorological model and a much 

larger synthetic sample generated by fitting the bivariate distribution. 

The proposed procedure allows cutting down the computation time required for 

generating a large sample of peak-volume pairs, in comparison to the time needed by a 

hydro-meteorological modelling chain, allowing the generation of a peak-volume 

sample as long as desired to enable more suitable flood risk assessment studies.  

8. 2. Original contributions 
The original contributions provided by the present research to flood frequency 

analysis are the following: 

 Bivariate flood frequency analysis 

 Propose a methodology for obtaining the routed return period in terms of 

risk of dam overtopping by using a copula-based distribution. 

 Compare theoretical bivariate joint return period curves with the routed 

return period curves, in order to provide guidelines regarding the use of 

bivariate return periods in practice.  

 Perform a sensitivity analysis on the routed return period to show how the 

associated curves change according to the specific dam and reservoir 

characteristics.  
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 Bivariate regional flood frequency analysis 

 Propose a complete step-by-step procedure for performing a bivariate 

regional flood frequency analysis based on the multivariate index-flood 

model introduced by Chebana and Ouarda (2007, 2009), in order to improve 

at-site quantile estimates at gauged sites or procure quantile estimates at 

ungauged sites.   

 Provide practical orientations for carrying out a bivariate regional flood 

frequency analysis in practice.  

 Develop the multivariate homogeneity test proposed by Chebana and 

Ouarda (2007) by using two-parameter copulas instead of one-parameter 

copulas for generating synthetic homogeneous regions.  

 Propose a strategy for dealing with the copula goodness-of-fit test in the 

regional context when large data sets are involved in the analysis. 

 Procure the general steps for the selection of the multivariate regional 

distribution to apply the regional procedure. 

 Include the possibility of applying different theoretical joint return periods in 

the regional procedure.  

 Suggest the use of the proposed regional approach for obtaining the 

synthetic flood hydrographs needed for the routed return period approach. 

 Adapt a local approach for selecting a subset of events located under a 

bivariate return period curve to the regional context. 

 Bivariate flood trend analysis 

 Propose a procedure for studying bivariate flood trends based on the analysis 

of the Kendall’s τ and on the comparison of bivariate copula-based return 

period curves. 



Conclusions  

229 

 

 Procure the connection between observations and flood hydrograph shapes 

via the ranks of the variables and the Kendall’s τ. 

 Provide a procedure to determine changes in the shape of flood hydrographs 

by comparing bivariate return period curves related to several periods. 

 Procure a copula-based procedure to estimate quantiles by taking into 

account potential bivariate flood trends.  

 Extension of observed flood series 

 Propose a procedure for determining the minimum data length needed from 

a hydro-meteorological model to be the input of a bivariate copula-based 

distribution, in order to obtain an arbitrary large synthetic flood series.   

 Provide a methodology for determining the minimum data length needed for 

a given copula or marginal distribution based on uncertainty in the estimates.  

 Highlight the issues involved in the application of copula goodness-of-fit 

tests for analysing large data series. 

8. 3. Further research 
Future studies to continue the present line of research could be related to:  

 The formal extension of the present research to the trivariate context, for 

instance, including the variable duration of the hydrograph in the analysis. It 

is important to highlight that developments have been carried out in the 

literature in relation to the multivariate approach, although the application of 

multivariate copulas is still complex in practice. In this regard, the 

application of the promising vine copulas, which are able to provide 

complex dependence structures between variables, would be appealing. It 

would also be interesting to consider other variables in the multivariate 

approach, such as the time to peak. 
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 The estimate of routed return period curves by considering controlled 

spillway instead of uncontrolled spillway, in order to take into account the 

specific management of the structure for assessing the risk of dam 

overtopping.  

 The study of the variation of the dependence structure of the observed 

peak-volume series given by the copula parameter in the regional analysis, 

estimating the parameter locally via the catchment descriptors instead of by 

a unique regional value. 

 The inclusion of cross-correlation between at-site observations in a region in 

order to reduce possible uncertainty and bias in the results.     

 The application of the methodologies proposed in the present thesis to other 

case studies, in order to obtain further information about the results 

provided. Regarding the first research where the routed return period is 

obtained via copulas, it would be interesting to study how the routed return 

period curves change according to other dams and locations. In relation to 

the analysis of flood trends in an urbanised catchment, it would be appealing 

to find a similar case study to compare results. Besides, the study about 

extending observed flood series could be applied to other catchments in 

order to compare the number of flood hydrographs needed, as well as the 

bivariate distribution selected in each case.  

 The adaptation and application of the proposed methodologies at national 

scale in order to provide recommendations for practitioners. For instance, 

providing the bivariate copula-based distribution for each region in the 

national context to perform either a bivariate local or a bivariate regional 

flood frequency analysis. 
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est in the case of dam design, as the inflow peak is trans-
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  Scatter plot of 100 000 values generated from the copulas fitted by the inversion of Kendall’s tau method and the observed data.
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