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Abstract
Super-resolution (SR) systems surpassing the Abbe diffraction limit have been
theoretically and experimentally demonstrated using a number of different
approaches and technologies: using materials with a negative refractive index,
utilizing optical super-oscillation, using a resonant metalens, etc. However,
recently it has been proved theoretically that in the Maxwell fish-eye lens
(MFE), a device made of positive refractive index materials, the same phe-
nomenon takes place. Moreover, using a simpler device equivalent to the MFE
called the spherical geodesic waveguide (SGW), an SR of up to λ/3000 was
simulated in COMSOL. Until now, only one piece of experimental evidence of
SR with positive refraction has been reported (up to λ/5) for an MFE prototype
working at microwave frequencies. Here, experimental results are presented for
an SGW prototype showing an SR of up to λ/105. The SGW prototype consists
of two concentric metallic spheres with an air space in between and two coaxial
ports acting as an emitter and a receiver. The prototype has been analyzed in the
range 1 GHz to 1.3 GHz.

Keywords: perfect imaging, super-resolution, spherical geodesic waveguide

New Journal of Physics 16 (2014) 033015
1367-2630/14/033015+13$33.00 © 2014 IOP Publishing Ltd and Deutsche Physikalische Gesellschaft

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence.
Any further distribution of this work must maintain attribution to the author(s) and the title of the work, journal

citation and DOI.

mailto:jcgonzalez@cedint.upm.es
http://dx.doi.org/10.1088/1367-2630/16/3/033015
http://creativecommons.org/licenses/by/3.0


1. Introduction

Ernst Abbe, in 1873, found that the minimum size of the spot that can be focused with a
conventional optical system is limited to the wavelength of the radiation, a phenomenon known
as the diffraction limit. This size is called the resolution of the optical instrument and
corresponds to the well-known expression: d = 1.22λ/(2NA), where d is the diameter of the spot,
λ the wavelength, and NA the numerical aperture of the objective. The attenuation of the
evanescent waves in far field with the loss of information transported by these waves is the
physical cause of the diffraction limit. Numerous works have been devoted to overcome this
limit, called super-resolution (SR), mostly based on capturing the evanescent waves and then
focusing them together with transmitted waves. The capture of evanescent waves was first
proposed by Synge in 1928 [1] while the first experimental device demonstrating resolutions
below the diffraction limits, the near-field optical microscopy, was developed in 1984 [2, 3].
Fluorescence based imaging methods and resonant metalenses are proposed alternatives that use
the evanescent waves recovering to reach SR imaging [4, 5]. Another approach used to achieve
super-resolution by recovering evanescent waves is that of the negative refraction lens [6].
Contrary to other evanescent recovering methods, the lens does not have to be placed to a sub-
wavelength distance from the object, that is, it is in theory a far field lens. Unfortunately, high
absorption and, in consequence, small (wavelength scale) source-to-lens distance are necessary.
In fact, it was claimed in [7] that this is inevitable with real negative refraction materials,
although recent arguments rebut it [8].

Clearly, it is important for us to design an SR system where the distance between the
object and lens is higher, facilitating the manufacture and development of practical SR devices.
The most promising solution is the use of an optical super-oscillations system [9]. The concept
of super-oscillation was first proposed by Torraldo di Francia [10] as one adaptation of the well
known super-directive microwaves antennas to optical frequencies. In the classical devices the
object emits radiation that firstly travels through free space or another medium before arriving at
the optical system, then passes through the optics and finally again through the free space to
reach the image. To avoid decay of the evanescent waves in free space (outside the optical
system) the object and image have to be placed very close to the optical system. The super-
oscillating system works in a completely different way. The radiation is focused on a sub-
wavelength area of the sample, from where it is redirected and collected using conventional
lenses. Scanning over the complete sample, a SR image can be obtained. Experimental SR
better than λ/6 has been presented, showing this technology to be a good candidate for the
future development of SR systems. At this moment the very low efficiency and the difficulties
of manufacturing are the most important challenges to be solved [9].

Another alternative device for super-resolution was proposed in 2009 [11, 12]: the
Maxwell fish eye (MFE) lens. This device is very well known in the framework of geometrical
optics because it is an absolute instrument [13], meaning that every object point has a stigmatic
image point. In the case of an MFE lens, the source and image are placed inside the lens. The
principal difference between this and previous solutions is that the radiation emitted by the
source does not travel through free space. It is well known that the classical waveguide with
linear symmetry has a complete set of modes where some of them are evanescent in the
direction of the symmetry axis. For a waveguide without linear symmetry, like the MFE, this
conditions is not necessary, thus in theory, the problem of evanescent decay may not exist in
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these structures. However this theoretical study of evanescent modes has not been realized yet,
and will be a task for a future work.

Leonhardt [11] analyzed Helmholtz wave fields in the MFE lens in two dimensions (2D).
These Helmholtz wave fields describe TE-polarized modes in a cylindrical MFE, i.e., modes in
which an electric field vector points orthogonally to the cross section of the cylinder. Leonhardt
found a family of Helmholtz wave fields which have a monopole asymptotic behavior at an
object point as well as at its stigmatic image point. Each one of these solutions describes a wave
propagating from the object point to the image point. It coincides asymptotically with an
outward (monopole) Helmholtz wave at the object point, as generated by a point source, and
with an inward (monopole) wave at the image point, as it was sunk by an ‘infinitely-well
localized drain’ (which we call a ‘perfect point drain’), a result that has also been confirmed via
a different approach [14]. This perfect point drain absorbs the incident wave with no reflection
or scattering.

In [11] Leonhardt analyzed the behavior of the system when the drain was placed at the
image point, but he did not analyze the cases in which the drain is displaced from that image
point. This was carried out later with COMSOL simulations using perfect conductors, which
showed SR up to λ/500 using imperfect drains in 2011 [15] and up to λ/3000 using perfect
drains in 2012 [16] (note that it is not necessary to use a perfect drain to achieve a SR). These
simulations were carried out on the spherical geodesic waveguide (SGW), a device equivalent
to the MFE proposed in [17], which is a spherical waveguide filled with a non-magnetic
material and isotropic refractive index distribution proportional to 1/r (ε(r) = (r0/r)

2 and μ= 1), r
being the distance to the center of the spheres. The equivalence between the MFE and the SGW
was demonstrated using transformation optics theory, so the TE-polarized electric modes of the
cylindrical MFE [11] are transformed into radial-polarized modes in the SGW [17]. In the
SGW, the object and image points are just antipodal points.

The first experiment to demonstrate the SR capability in the MFE was carried out at a
microwave frequency (λ = 3 cm) [18]. A two-dimensional MFE medium was assembled as a
5 mm thick planar waveguide with concentric layers of copper circuit board and dielectric fillers
forming the desired refractive index profile of the MFE. Sources and drains were built as
coaxial ports loaded by characteristic impedance, which is not a perfect drain. The experimental
results showed that two sources with a distance of λ/5 from each other (where λ denotes the
local wavelength λ = λ0/n) could be resolved.

The theoretical analysis of the MFE in [11] and the simulations of the SGW in [15] and
[16] showed that these two structures with positive refraction are a good alternative. The
experimental results for the MFE confirmed this result; however the λ/5 SR measured so far is
rather close to the Abbe limit (which for the MFE is ∼λ/3 [18]) and it has been achieved only
for one wavelength.

Here, novel experimental results for a SGW prototype are presented showing an SR of up
to λ/105 for a set of specific frequencies and loads. The measurements have been made for a
wide range of frequencies (1.0 GHz–1.3 GHz).

Note that here the definition of SR is different from the classical SR definition which is
used in other previously mentioned approaches and generally in optics, where SR is defined as
the minimum size of the spot that can be obtained in the imaging. In this paper the SR is defined
as the minimum displacement of a point receptor that causes a drop of the power to 10% of the
value received in the initial position.

New J. Phys. 16 (2014) 033015 J C Miñano et al

3



The paper covers all the steps from the design to the characterization of the prototype: first,
the description of the system and the theoretical background; second, simulations of an ideal
SGW and of a real model are carried out with COMSOL multiphysics; third, a description of
the prototype and the analysis of the measurements showing results in complete agreement with
the simulations; and finally an optimization of the appropriate drain for the system to obtain an
SR of up to λ/105.

2. Description of the system

Figure 1(a) presents the cross sectional scheme of the ideal SGW model with the same imaging
properties as the MFE, previously analyzed by Leonhardt [11]. The system consists of a source,
which is a current line, the SGW made up of two metallic concentric spherical shells and a
drain, an absorbing line. The ideal source and drain are difficult to manufacture so here a
different way of introducing and extracting the power is used (figure 1(b)). The source is made
up of a voltage source VG, an impedance ZG and a single mode input coaxial port which
connects to the SGW spheres. The drain is an analogue output coaxial port loaded with an
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Figure 1. Microwave (a) SGW with a current line source and a line drain located at the
antipodal position. (b) SGW with the source implemented as input coaxial ports with a
voltage generator VG and an impedance ZG, and the drain implemented as an output
coaxial port loaded with an impedance ZL. (c) Concept of super-resolution in the SGW:
the drain is displaced an arc length of λ/N from the antipodal position of the source and
the output power is measured at each position.



impedance ZL. For an arbitrary impedance ZL, a reflected mode will propagate backwards
towards the source, as indicated in figure 1(b). There is a ZL value that cancels out that reflected
mode [16], emulating the perfect drain described by Leonhardt [11]. In this paper super-
resolution will be analyzed as a function of ZL. The model in figure 1(b) has two advantages
over that shown in figure 1(a): it is easier to manufacture and the classic theory of microwave
circuits can be applied, particularly the characterization by means of a matrix of dispersion
parameters ([S] matrix).

Figure 1(c) describes the concept of super-resolution used here, first introduced in [15] and
[16]. The analysis of SR is carried out as follows:

- First, a ZL is selected.

- Second, for this ZL in the opposite pole (θ= π), the impedance seen by the generator (to the
right of the generator in figure 1) is obtained, Zin. This is done using the [S] matrix
formalism (see below).

- Third, ZG is selected to maximize the injection of power in the SGW, that is ZG =Zin*.

Finally, the drain is displaced from the antipodal position with respect to the source by a
shift of arc length d. The parameter used to characterize the SR is MZL, defined as:

=M d
P d

P
( )

( )

(0)
(1)Z

Z

Z
L

L

L

where PZL(d), is the power delivered to the load when the drain is displaced from the opposite
pole by a distance d.

We define the ‘resolution’ as the arc length d (expressed in wavelength units) for which
MZL(d) = 0.1. This is not very different from the Rayleigh criterion in optics, which refers to the
first null.

The parameter MZL is not directly measured by the test equipment. The equipment gives
the scattering matrix [S] at the input and output ports defined respectively by the coaxial source
and drain ports. This matrix is used to calculate the parameter MZL, as described in the Methods
section.

2.1. Scattering matrix

In this paper and in [15, 16], the classic theory of microwave circuits is used for the super-
resolution analysis (see [15, 19]), see figure 2.

The [S] matrix permits us to calculate the parameter MZL for every pair of impedances ZG
and ZL. The power delivered to the load is:
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Figure 2. Microwave circuit model of the SGW system.
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The ratio between the power delivered to the drain loaded by an impedance ZL when it is
displaced from its initial position, with respect to the power delivered to the same load placed at
its initial position, i.e. at the antipode point, is given as:
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where the subscripts d and o refer to the different drain positions, when it is displaced and at the
antipode position, respectively

2.2. Manufactured SGW

Figure 3(a) presents the scheme of the manufactured SGW. The source is fixed, while the drain
is connected with a moveable slider. The source and the drain are much smaller than the SGW,
hence they can be considered as a good approximation of the point source and drain.
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Figure 3 (a) Schematic presentation of the spherical geodesic waveguide (SGW) with
coaxial cables (blue color), the gray color corresponds to the metallic conductive walls
(aluminum) and white color corresponds to the dielectric waveguide. The slider is
moving smoothly on the outer sphere to tilt the drain position. (b) Experimental setup.
The SGW is connected to the ZVA 24 vector network analyzer (VNA) through coaxial
cables.



The SGW dimensions are Rmax = 150 mm, Rmin = 145 mm (which is six times smaller than
the SGW from [15, 16], while the air filled thickness remains the same at 5 mm), Di = 1.3 mm
(diameter of the inner coaxial line), De = 4.1 mm (diameter of the outer coaxial line), L= 10 mm.
The conductive walls are made of aluminum with thickness of 10 mm. The thickness of the air
filled waveguide is 5 mm, which is equal to the height of the methacrylate rods (red rods in
figure 3(a)).

Figure 3(b) illustrates the experimental setup for the measurement. The source and the
drain are two SMA connectors that have been fixed to the SGW with screws. The scattering
parameters were measured directly using a vector network analyzer (VNA) from Rohde &
Schwarz (ZVA 24).

2.3. Simulations using COMSOL multiphysics

The simulation has been carried out using the 3D RF module in COMSOL Multiphysics. Using
this COMSOL package, a realistic model of the SGW prototype has been designed. The model
includes all additional pieces (such as the slider, holder, methacrilate rods, etc) as shown in
figure 3(a). Dimensions and properties of all the objects are the same as in the prototype (see
section 2.2).

Special care has been taken to define the mesh of the system. In order to mesh the
waveguide properly, the geometry has been divided into several domains. Each domain is
meshed separately according to its geometric and physical properties. Since the waveguide
thickness is very small (Rmax −Rm)/Rm≪ 1, the SGW is meshed using a swept mesh (2D
triangular mesh from the outer shell is swept to the inner shell). The coaxial cables have a
higher density mesh, using 3D tetrahedra. The mesh density is increased since the change
variation of the electrical field is significant in the neighborhood of the coaxial probes.
Furthermore, abrupt transitions between different pieces are meshed with a higher density in
order to account for their influence on the results.

3. Results

The results are separated into three parts. Firstly, the scattering matrix [S] is presented, as
measured and simulated with COMSOL Multiphysics, which are in complete agreement. The
simulation takes into account all the features of the manufactured SGW (holders of the inner
sphere, spacers, slider to displace the drain probe position), and properties of real materials
(aluminum for the SGW shells, teflon and gold for the coaxial connectors). Secondly, the
parameter MZL is computed for the measured and simulated matrices [S], and additionally, for
comparison purposes, it is also computed for another simulated matrix [S] in which the model
considers the metals as perfect conductors and does not include additional features of the
manufactured SGW. Finally, in the third part, the results obtained with optimal impedances ZL
and ZG, which maximize the super-resolution, are presented.

In order to verify the precision of the experiment, we have compared measured scattering
parameters (i.e., the coefficients of the matrix [S]) with those obtained using a COMSOL
simulation. Consider, for example, the scattering parameter S21 (usually referred to as the
transmission coefficient). When the output coaxial port is loaded with ZL = Z0, the characteristic
impedance of the coaxial cables, the power delivered to the drain is proportional to |S21|

2

(|S21|
2 =PZ0/Pag) where Pag is the maximum power that can be delivered by the generator.
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Figure 4 shows the |S21|
2 for different displacements and for the range of frequencies considered

in the experiment (from 1 GHz to 1.3 GHz). The blue curve represents the results obtained when
the output coaxial port is in the antipodal position, while other colors correspond to different
shifts ranging from λ/15 to λ/70. Figure 4(a) presents the experimental results, while figure 4(b)
shows the simulated ones. According to the graphs, one can see a great level of coincidence
between the results.

Figure 5 shows the computed MZ0, that is, MZL when ZL =Z0 for different positions of the
output coaxial port and different frequencies for three different cases. Figure 5(a) and
figure 5(b) correspond to the matrix [S] obtained using a COMSOL simulation with perfect
conductors. Figure 5(c) and figure 5(d) correspond to the matrix [S] obtained with a COMSOL
simulation with realistic conductor parameters and all the additional pieces from the prototype.
Figure 5(e) and figure 5(f) correspond to the matrix [S] measured experimentally. In the figures
on the left, the abscissa axis is the frequency and the label of each curve indicates the shift in the
output coaxial port, which is how it is obtained from COMSOL. In the figures on the right, the
abscissa axis is the shift (expressed in units of λ) and the labels indicate different frequencies,
which is more convenient to visualize the super-resolution properties.

In the left-hand graphs in figure 5, the blue curve corresponds to the coaxial port placed on
the antipode (which is thus equal to 1) while the other curves correspond to different shifts,
which are in all cases much smaller than the wavelength, from λ/15 to λ/210. The minimumMZ0

value is obtained for all shifts at f = 1.120 744 GHz in the lossless case (figure 5(a)) and at
f = 1.119 16 GHz for the real model, which correspond to λ = 267.68 mm and λ= 268.06 mm,
respectively. These frequencies are called notch frequencies and are close to the Schumann
resonance frequencies of the sphere [15].

In the right-hand graphs in figure 5, the resolution for different frequencies when ZL = Z0
for the three cases (lossless simulation, realistic simulation, and measurements) can be
computed, as defined previously, by searching the shift at which MZ0 drops to 0.1. With this
definition, at the notch frequency (the blue curve on the right figures) the resolution is λ/250
for the lossless simulation, λ/18 for the realistic simulation and λ/15 for the measured case.
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Figure 4. Magnitude of the scattering parameter S21 measured in the experiment (figure
(a)) and simulated in COMSOL (figure (b)). In the graphs, the squared value |S21|

2 is
given, since it is directly related to the delivered power. The position of the notch
frequency is similar, but the simulated notch is slightly deeper than the measured one.
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Figure 5. MZ0 as function of the frequency and the output port shift calculated for the
matrices [S] obtained by: (a), (b) a COMSOL simulation assuming perfect conductors,
(c), (d) a COMSOL simulation with realistic conductor parameters, (e), (f) experimental
measurements of the prototype.



Outside the notch frequency the super-resolution decreases, for example at 1.1204 GHz it is
λ/15 for the lossless case (the violet curve in figure 5(b)).

The measured and realistically simulated results agree very well (figures 5(c), (d) and
figures 5(e), (f)), with the measured super-resolution at the notch frequency only slightly
smaller than the simulated one (λ/15 versus λ/18). On the other hand, the simulations show that
the metal losses are responsible for a significant drop in super-resolution, from λ/250 to λ/18.

These resolution values correspond to the case in which ZL = Z0, which may not be the
optimum case for obtaining the highest resolutions. The parameter MZL can be calculated for
different complex ZL values, finding their notch frequencies, and computing their resolutions
for comparison.

Figure 6(a) and figure 6(c) show MZL at the notch frequency obtained with the measured
matrix [S] as a function of the complex values of ZL for two different output port shifts with
respect to the antipodal position (λ/105 in figure 6(a) and λ/42 in figure 6(c)). The surface
MZL(Re[ZL], Im[ZL]) is represented in two colors: the blue portion shows the region with
MZL < 0.1 and the red one corresponds to the regions with MZL > 0.1. This means that the blue
region defines the set of impedances ZL providing a super-resolution higher than λ/105 in
figure 6(a) and higher than λ/42 in figure 6(c).

Another important parameter to take into account is the efficiency (see figure 1(c)), defined
as the ratio of PZL(0)/Pag (Pag is the maximum power that can be delivered by the generator).
Figure 6(b) and figure 6(d) represent the efficiency of the system for the same respective shifts,
λ/105 and λ/42.

The region in which the higher super-resolution is found corresponds to smaller values of
the real part of ZL. The efficiency in that region is, however, also lower, implying the power of
the generator is being significantly lost through dissipation in the metals.

Besides that region of high super-resolution with smaller values of the real part of ZL,
super-resolution is also achieved for greater values of ZL real and imaginary parts (for example
for ZL = 1000 +

i*1000), which are not shown in figure 6. However, for these values of ZL the
highest super-resolution achieved is λ/42 and the efficiency is lower than in the case presented
in figure 6 (only 40%, which is much lower than the efficiency obtained for λ/42 super-
resolution from figure 6(d), which was 80%).

Figure 7(a) shows the maximum efficiency for all the measured displacements. The results
are obtained using low values of the real part of ZL (the same as in figure 6). During the
experiment the drain has been displaced to 25 different positions. The minimum displacement
was λ/420, while the maximum was λ/13. The graph from figure 7(a) starts at the shift λ/105,
since it is the smallest displacement for which the super-resolution is achieved. For super-
resolution worse than λ/25, the efficiency is practically constant at about 94%. Figure 7(b)
shows the loci of the ZL values in the complex plane at which these maximum efficiencies are
obtained. The labels indicate the resolution values attained at several ZL values.

4. Discussion

Leonhardt, in [11] and [12], suggested that MFE, a positive refraction device, should produce
SR for any frequency using perfect drains. Subsequent results showed that SR does take place
but with two differences with respect to Leonhardt’s theory: firstly, in the experiments with the
MFE [18] and simulations with the SGW [12] SR has been achieved without using the perfect
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Figure 6. Finding ZL for maximum super-resolution with the measured matrix [S]. (a)
MZL when the drain is shifted by λ/105 as a function of ZL. (b) Efficiency for the same
range of ZL values as in figures 5(a), (c) MZL when the drain is shifted by λ/42 as a
function of ZL. (d) Efficiency for the same range of values of ZL as in figure 3(c).

Figure 7. Efficiency obtained for different SR figures. The value of the abscissa denotes
achieved SR expressed in λ. (b) ZL values providing those maximum efficiencies.



drain; secondly, SR happens only in a narrow band of frequencies. In [18] and [15], the drain is
made up of coaxial ports loaded with their characteristic impedances, so the absorption of the
incident wave is not perfect. Later, simulations of the SGW using the perfect drain were carried
out as well [16]. Although the SR level increases from λ/500 to λ/3000, the perfect drain does
not significantly change the band of frequencies in which SR takes place. In [18] experimental
evidence of SR using an MFE was demonstrated; however, only λ/5 resolution was achieved for
a specific microwave frequency. The experimental results presented here demonstrate a high
level of SR (up to λ/105) with a positive refraction device for the first time. The results are in
complete accordance with the simulation. It is shown that SR only takes place in a narrow band
of frequencies and depends significantly on the receptor used. In order to obtain an efficient
device providing a high SR, it is not necessary to use the perfect drain.

Experimental results for the MFE presented in [11, 18], simulations for the SGW in
[15, 16] and the work presented here represent the first step in understanding the possibilities of
a super-resolution system based on waveguides. In order to develop an imaging system based
on the SGW a deeper modal analysis is necessary in order to define conditions necessary for
image formation. Some results have been presented in [20] but some fundamental mathematical
and conceptual problems are not yet solved.
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