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Abstract

In this work, we formulate a theory to address simulations of slow time trans-

port e�ects in atomic systems. We �rst develop this theoretical framework

in the context of equilibrium of atomic ensembles, based on statistical me-

chanics. We then adapt it to model ensembles away from equilibrium. The

theory stands on Jaynes' maximum entropy principle, valid for the treatment

of both, systems in equilibrium and away from equilibrium and on mean�eld

approximation theory. It is expressed in the entropy formulation as a varia-

tional principle. We interpret atomistic equivalents of macroscopic variables

such as the temperature and the molar fractions, wich are not required to be

uniform, but can vary from particle to particle. We complement this theory

with Monte Carlo summation rules for further approximation.

In addition, we provide a framework for studying transport processes with

the full set of equations driving the evolution of the system. We �rst derive

a dissipation inequality for the entropic production involving discrete ther-

modynamic forces and �uxes. This discrete dissipation inequality identi�es

the adequate structure for discrete kinetic potentials which couple the micro-

scopic �eld rates to the corresponding driving forces. Those kinetic potentials

must �nally be expressed as a phenomenological rule of the Onsanger Type.

We present several validation cases, illustrating equilibrium properties

and surface segregation of metallic alloys. We �rst assess the ability of a

simple mean�eld model to reproduce thermodynamic equilibrium properties

in systems with atomic resolution. Then, we evaluate the ability of the model

to reproduce a long-term transport process in complex systems.



Resumen

En esta tesis presentamos una teoría adaptada a la simulación de fenómenos

lentos de transporte en sistemas atomísticos. En primer lugar, desarrollamos

el marco teórico para modelizar colectividades estadísticas de equilibrio. A

continuación, lo adaptamos para construir modelos de colectividades estadís-

ticas fuera de equilibrio. Esta teoría reposa sobre los principios de la mecánica

estadística, en particular el pricipio de máxima entropía de Jaynes, utilizado

tanto para sistemas en equilibrio como fuera de equilibrio, y la teoría de las

aproximaciones del campo medio. Expresamos matemáticamente el prob-

lema como un principio variacional en el que maximizamos una entropía li-

bre, en lugar de una energía libre. La formulación propuesta permite de�nir

equivalentes atomísticos de variables macroscópicas como la temperatura y

la fracción molar. De esta forma podemos considerar campos macroscópicos

no uniformes. Completamos el marco teórico con reglas de cuadratura de

Monte Carlo, gracias a las cuales obtenemos modelos computables.

A continuación, desarrollamos el conjunto completo de ecuaciones que

gobiernan procesos de transporte. Deducimos la desigualdad de disipación

entrópica a partir de fuerzas y �ujos termodinámicos discretos. Esta desigual-

dad nos permite identi�car la estructura que deben cumplir los potenciales

cinéticos discretos. Dichos potenciales acoplan las tasas de variación en el

tiempo de las variables micróscopicas con las fuerzas correspondientes. Estos

potenciales cinéticos deben ser completados con una relación fenomenológica,

del tipo de�nido por la teoría de Onsanger.

Por último, aportamos validaciones numéricas. Con ellas ilustramos la ca-

pacidad de la teoría presentada para simular propiedades de equilibrio y seg-

regación super�cial en aleaciones metálicas. Primero, simulamos propiedades

termodinámicas de equilibrio en el sistema atomístico. A continuación eval-

uamos la abilidad del modelo para reproducir procesos de transporte en sis-

temas complejos que duran tiempos largos con respecto a los tiempos carac-

terísticos a escala atómica.
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1
Introduction

1.1 Multi-scale modeling

Modelling is a fundamental phase in all applied sciences and an essential com-

ponent of the scienti�c method. But the same physical phenomenon may be

conceptualized with many di�erent models, re�ecting the inherent complex-

ity of nature. In particular, when we focus on the behavior of materials,

we are confronted to the evidence that materials exhibit phenomena on a

broad range of temporal and spatial scales. All these phenomena and scales

combine together to dictate the complete response of a material and must

be addressed altogether, if we intend to model reliably and exhaustively the

material.

Let us consider for instance continuum mechanics. It is still widely used

in mechanical design, but it alone does not capture the subtleties of the

mechanics of fracture, hence inspiring a variety of failure criteria frequently

used in mechanical engineering. It is indeed necessary to re�ne the scale of

continuum and focus on the atomic details present in the material, such as
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impurities, vacancies, dislocations and grain-boundaries.

However, all models from atomistic to continuum scales rely on arti�cial

assumptions about the physical laws which drive the material's behavior. For

example, it is the case at the atomistic level when an interatomic potential

representing the interaction between neighboring atoms is employed in a

computational model. The functional form of this potential is assumed a

priori and its parameters are �tted to comply with the value taken by a set

of material properties, valid only in some experimental range and for speci�c

atomic compositions. They are obtained from a combination of experimental

results and quantum calculations, as in [31, 72, 96].

To the contrary, quantum mechanical models, also referred to as ab-initio,

only require the atomic number of the material's constituents and exclusively

assume in principle that quantum laws hold. Even if in theory quantum mod-

els should be able to predict all properties of a material, in practice only a

limited set of properties is accessible through quantum mechanical compu-

tational techniques [14]. A multi-scale approach is thus the only alterna-

tive currently viable for accessing richer, although not exhaustive, material

models. Indeed, multi-scale modeling involves empirical assumptions, but it

reduces and localizes them, producing more accurate results than continuum

theories, while alleviating the computation of useful properties inaccessible

to quantum mechanics.

As discussed in [44], historically, multi-scale modeling was extensively de-

veloped to provide predictive tools for validating new designs and improve-

ments in the nuclear industry. It successfully managed to replace completely

the complex experiments required for validation and led to reduce costs de-

velopment time. There are other �elds that can bene�t from it, especially

slow-varying processes.

1.2 Slow-time di�usion examples

Often, physical phenomena occur at macroscopic space scale and evolve

slowly through time, so that we notice the existence of these processes with

our senses. In this section we brie�y describe some slow-varying processes

with current scienti�c and social interest where multi-scale modeling can

6



bring insight.

This is particularly true for material ageing, where the material's proper-

ties degrade provided enough time. Sometimes, these phenomena are hugely

dependent on reactions at atomic or subatomic level. For instance, materi-

als in nuclear reactors are exposed for extended periods of time to extreme

conditions [67], a combination of heat, irradiation, stress loads and corrosion

processes. Neutron irradiation can also promote the segregation of alloying

elements in austenitic stainless steel, which in turn may create areas in the

material more prone to corrosion. Figure 1.2.1, presented in [83], illustrates

the process of crack formation under stress loads in corrosive environments.

In [83], they studied the response of an austenitic stainless steel immersed

in a corrosive solution of nitrite, under di�erent slow strain rates of the or-

der of 10−7s−1. These images, generated with scanning electron microscopy,

show the surface of fracture at the end of the strain test. We notice how

both surfaces show features characteristic of stress corrosion cracking when

compared to a surface fracture produced by purely mechanical failure, as the

one showed in 1.2.2. The meticulous study of these phenomena is even
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Figure 1.2.1: Stress corrosion cracking of an austenitic stainless steel in a
corrosive environment, [83]. The images feature the fracture surface of two
probes after a slow strain test at two di�erent strain rates. Both fracture
surfaces show intergranular stress corrosion cracking.

more important with the time extension in the use of �ssion nuclear reactors

beyond their initially intended 40 years [7].
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Figure 1.2.2: Typical fracture surface after mechanical failure in a slow strain
test, [83].

There is a pressing social and economic interest in the design of clean

energy production and storage [114]. Among the di�erent forms energy can

be stored, electrical and chemical energies stand out because they are easily

transmitted. in particular, chemical energy, stored in fuels and battery reac-

tants, relates to the potential of a substance to undergo a chemical reaction.

Hydrogen is an appealing element for fuels since it presents the best ratio of

valence electrons to protons and the energy gain per electron is very high. In

addition, it is the most abundant element on earth and the chemical energy

per mass that can be extracted is at least three times larger than that of

other chemical fuels [88]. The current available technologies allow to directly

store hydrogen by modifying its state, however it has been proven to be safer

to store hydrogen atoms in other chemical compounds. In particular inten-

sive research has being devoted to the study of hydrogen storage in metal

hybrids [84]. Figure 1.2.3 describes the process of hydrogen absorption in

a metal lattice. A critical factor for hydrogen absorption by metals is the

metal surface, which activates dissociation of hydrogen molecules and allows

easy di�usion of hydrogen into the bulk.

New batteries with higher energy capacity are being as well widely inves-

tigated. Lithium (Li) ion batteries have been the most important portable

power source for consumer electronics and seem an encouraging alternative
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hydrogen storage would achieve a compromise between
physisorption and chemisorption (Fig. 25C). In physisorption,
hydrogen is weakly bonded to the storagematerial (o10 kJmol!1),
resulting in a low storage capacity at room temperature. In
chemisorption, the bonding is too strong (>50 kJ mol!1), thus
requiring high temperatures to release the hydrogen. The potential
energy for useful molecular hydrogen physisorption on a metal
surface at low temperature falls in the range 10–60 kJmol!1. This is
much lower than the energy required for chemisorption of atomic
hydrogen that usually occurs at high temperatures. Among the
metals/materials that can e!ectively adsorb and desorb hydrogen
are Li, Al, Mg and their alloys whose hydrides can store
4–6 MJ kg!1 gravimetric energy density or 2–3 MJ L!1

volumetric energy density.257

4.2 The advantages of using nanomaterials for hydrogen
storage

Nanostructured materials may o!er advantages for molecular
hydrogen storage by providing high surface area, or encapsu-
lation or trapping hydrogen in microporous media.253–258 An
increased surface area and porosity in nanostructures o!er
additional binding sites on the surface and in the pores that
could increase storage mainly through physisorption. The
possibility of storing a significant amount of hydrogen on
high surface area density materials has been a key driver in the
investigation of the hydrogen sorption properties of nanotubes,
graphite sheets, metal–organic frameworks and template ordered
porous carbons. Nanostructured carbons, zeolites, metal–

organic frameworks, clathrates and polymers with intrinsic
microporosity are examples of the investigated physisorption
materials. However, using porous nanostructured materials, in
general, can reduce the gravimetric and the volumetric storage
densities.
For chemisorption, the low rate of bulk hydride sorption

and the high temperatures required for gas release are among
the major obstacles in the development of materials for
hydrogen storage.217,253–258 Nanomaterials can increase the
kinetics of uptake and release; the sorption characteristics can
be fine-tuned by controlling the particle sizes. With a metal
hydride (whether the hydrogen is stored interstitially or held
by complex ligands) the kinetics of both absorption and
desorption, and the heat transfer, can be improved by an
order of magnitude simply by reducing the grain size of the
metal.259 Fig. 26 clarifies why nanomaterials are superior to
macroscopic bulk materials in absorbing hydrogen.256,257 For
the bulk hydride, the sorption rate is small, release tempera-
ture is too high, and the poor heat transfer can lead to process
interruption. Fast hydrogen exchange can be achieved by using
nanoparticles in reducing di!usion distances for hydrogen. The
increased porosity and smaller size lead to increased di!usion-
limited rates. Thus, increased kinetics and uptake can be
obtained by reducing the grain and particle sizes. Meanwhile,
the surface-to-volume ratio increases for nanoparticles. The low
coordination surface atoms increase adsorption sites and induce
weaker binding energy in small metallic clusters. Surface
energies and material properties at the nanoscale o!er ways

Fig. 25 (A) Illustration of the hydrogen adsorption/absorption process in a metal hydride form. (B) Potential energies of 2H + M and H2 + M

reactions at a gas–metal interface.256 (C) Targeted range of bond strengths that allow hydrogen release around room temperature. Physisorption

bonding is usually too weak (o10 kJ mol!1) and demands cryogenic temperatures for significant storage capacity. Chemisorption shows a stability

that is too high (>50 kJ mol!1) and demands high desorption temperatures. An ideal binding energy in the range of 10–60 kJ mol!1 is achieved by

reducing the chemisorption binding energy (destabilizing) or increasing the physisorption binding energy. A given material can exhibit both

chemisorption and physisorption.257 Reprinted with permission from ref. 257. Copyright 2007, Wiley-VCH.
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Figure 1.2.3: Scheme illustrating the storage of hydrogen in a metal lattice,
[17].

for storing energy in electrical vehicles. Usually, commercial rechargeable Li

ion batteries employ carbon anodes. For higher capacity batteries, silicon

(Si) is being considered a promising alternative to graphite since it has been

showed to store approximately 10 times more Li ions. This directly translates

into a 10 times higher theoretical gravimetric energy density. In addition, Si

is more abundant in earth than graphite and its production is less expensive.

However the mechanical stability of the Si crystal is hindered by massive

structural changes and volume expansion that can even reach 400% when

fully charged and often leads to fracture failure resulting in reduced battery

life and capacity loss. Figure 1.2.4, shows the progression of the lithiation

process in a crystalline and spherical Si nanoparticle, at the center of the

image. The crystalline Si areas appear as darker contrast regions. As lithia-

tion progresses, we notice how the area occupied by the crystalline structure

shrinks, while it is progressively replaced by amorphous LixSi. After 368s, we

notice the fracture initiates at the surface of the particle, in image e. Then,

the lithiation progresses to the core of the particle along with the fracture

which divides the particle in two parts, [70, 69]. Depending on the amount of

Li ions inserted in the Si anode, various LixSi alloys may be formed [62]. The

mechanisms generating stresses and the �nal fracture of the Si lattice during

9
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 Finally, we note that work has also been devoted to devel-
oping surface coatings that do not fracture upon the expansion 
and contraction of Si nanoparticles or nanowires. Certain sur-
face coatings, such as carbon or Cu, can ideally promote stable 
solid-electrolyte interphase (SEI) growth and result in higher 
Coulomb effi ciency, [  118  ]  but many surface coatings applied 
directly to Si structures will fracture due to volume expansion 
of Si upon lithiation, as demonstrated by in situ TEM experi-
ments. [  50  ]  To bypass this problem, hollow nanostructures 
of a few different types have recently been developed that all 
feature a surface coating and empty space into which Si can 
expand. [  18  ,  22  ,  23  ,  119  ]  During lithiation, the Si can expand into the 
empty space without signifi cantly deforming the surface layer 
(depending on the mechanical properties and thickness of the 
coating), which results in a static surface exposed to the electro-
lyte on which a stable SEI can grow. [  120  ]  This design principle, 
which was guided by knowledge gained from fundamental 
studies, has resulted in half-cells with stable discharge capacity 
over hundreds and even thousands of cycles. [  22  ]     

 7. Measurements of Mechanical Properties 
of Li-Si Alloys 
 Since the mechanical properties of Li-Si alloys play a signifi -
cant role in degradation processes, comprehensive knowledge 

of these properties is necessary. For Li-Si alloys, measuring the 
mechanical properties has been a challenge because the mate-
rials are unstable in air. Recently, however, there have been a 
few studies reporting mechanical properties of lithiated Si. 
Using wafer-curvature techniques, Sethuraman et al. measured 
the biaxial modulus of thin amorphous Si fi lms during electro-
chemical lithiation, and found that the biaxial modulus varies 
from  ! 70 GPa for lightly lithiated Si to  ! 35 GPa for highly lithi-
ated Si. [  121  ]  It is important to take these differences into account 
in the modeling of stresses. In two other studies by Ratchford et 
al., nanoindentation was used on bulk alloy samples of Li 12 Si 7  
and Li 22 Si 5  to determine Young's modulus, and values of 52.0  ±  
8.2 GPa and 35.4  ±  4.3 GPa were reported, respectively. [  122  ,  123  ]  
Additionally, Hertzberg et al. studied electrochemically lithiated 
Si fi lms with nanoindentation, and reported the Young’s mod-
ulus and hardness as a function of extent of lithiation. [  124  ]  They 
also showed a deviation from the rule of mixtures for Young’s 
modulus measurements, which could be explained by changes 
in the local environment of Si and Li atoms during lithiation. 
The reported hardness values in the study more closely follow 
a rule of mixtures, with the hardness of Li 15 Si 4  reported as 
1.5  ±  0.8 GPa. In addition to these measured properties, studies 
have shown that the lithiation of Si causes a transformation 
from brittle behavior to a material that can undergo signifi cant 
plastic fl ow. [  86  ,  125  ]  This transformation highlights the impor-
tance of understanding the mechanical properties at various Li 

     Figure  13 .     Series of in situ TEM images showing the lithiation of a  ! 480 nm diameter crystalline Si nanoparticle. The time from the beginning of the 
experiment is displayed in the bottom right of each image. In this experimental setup, the visible particles are in physical contact with each other, and 
Li atoms diffuse through the smaller particles to the left of the large particle to react with the larger particle. a) The large particle has just begun to 
undergo lithiation. b) Amorphous Li x Si regions (lighter contrast) are visible surrounding the darker crystalline Si core. The angled lines in the core are 
twin defects. c) The crystalline core has shrunk signifi cantly, and it is surrounded by an amorphous Li x Si shell. The core is faceted due to anisotropic 
expansion. Also, a set of two protruding facets is visible on the left side of the crystalline core. d) The particle before crack initiation. The lithiated shell 
has transformed to the Li 15 Si 4  phase. e) With further lithiation, a crack initiates on the left surface of the particle directly adjacent to the crystalline 
protrusion. Anisotropic expansion above and below the protrusion results in tensile stress concentration at this surface location. f) After fracture, the 
crack grows as the remaining crystalline core is lithiated, causing the particle to almost completely separate into two pieces. Reproduced with permis-
sion. [  51  ]  Copyright 2012, WILEY-VCH Verlag GmbH & Co.  

Adv. Mater. 2013, 
DOI: 10.1002/adma.201301795

Figure 1.2.4: Series of in situ transmission electron microscopy snapshots
showing the lithiation of about 480 nm diameter crystalline Si spherical par-
ticle, [69].

Li insertion are being extensively studied for the various known compositions

[118, 90], as well as the interaction between the di�usion process of Li and

the penetration of the surface chemical reaction between Li and Si to form a

compound LixSi [24].

1.3 Statistical mechanics

In all those examples, the processes described are heavily in�uenced by the

atomic scale. However macroscopic and microscopic systems are described in

very di�erent terms. A macroscopic system is fully determined by a reduced

set of relevant state variables. In contrast, a microscopic system involves

a more complicated description, since it requires the complete set of state

variables characterizing the full motion of its constituent particles.

In order to cope with both descriptions of nature, we need an appropriate

mathematical formulation. This formulation is statistical mechanics, for it
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provides a connection between the macroscopic properties of materials and

the microscopic behaviours and motions occurring inside them. Its aim is

the understanding of the behavior of the macroscopic assembly as a whole

in terms of the behavior of its microscopic constituents. It rests on the fact

that macroscopic variables represent averages of microscopic properties over

huge numbers of atoms.

All statistical thermodynamic models may be divided in two steps, [101].

First, a mechanical model of the macroscopic system must be provided. We

may consider for instance lattice models for solids or point particles for gases.

The other essential step is the introduction of a probability and statistical

approach. In this section we �rst justify the need for statistical techniques

to connect both formulations. Then we introduce brie�y the main theoretic

result of statistical mechanics which we will later use in this work: Jaynes'

variational principle of maximum entropy.

1.3.1 Statistical nature

The convenience of statistical mechanics lays on the observation that the

whole system does not behave as a simple superposition of its parts. The

behavior of each constituent is modi�ed by the mere presence in its neigh-

borhood of another particle. Hence, the whole assembly of all particles can

be qualitatively di�erent from the behaviour of each individual particle. The

laws of continuum rely on the fact that the number of particles in macro-

scopic systems is colossal. An order of magnitude of the number of particles

in a macroscopic system is given by Avogadro's number NA. It represents the
number of atoms in a mole, approximately 6×1023. When we reach as many

particles, deviations from the average become rare, and hence predictions of

the average properties do re�ect the behaviour of the system as a whole.

The reason is that the calculation of positions and velocities of all particles

in the system entails no meaning for the prediction of macroscopic properties.

A good illustration of this concept which we brie�y review here, is provided

in [37]. Consider momentarily a system of only N = 11 particles able to

move in a two dimensional square box of size L × L. We assume that their

interaction can be modeled with a Lennard-Jones interatomic potential. This

11



potential is expressed as follows:

VLJ(rij) = 4ε

[(
σ

rij

)6

−
(
σ

rij

)12
]
, (1.3.1)

where ε and σ are constants in this context and rij =‖ qi − qj ‖ is the

distance between particles i and j. The initial conditions are such that all

particles have the same linear momentum pi = (1, 0) and are equally spaced

vertically, with qx(i) =
L
2
. In �gure 1.3.1 we show the evolution of this system

at three di�erent times. We notice how the particles' relative position remains

unaltered in all images.

Figure 1.3.1: Position of the systems' particles, all with initial momentun
pi = (1, 0) at three di�erent times over its movement. Their interaction is
modeled with the Lennard-Jones potential. The system is driven by classical
mechanics.

Now, we slightly perturb the momentum of particle i = 6 so that p6 =

(1.000001, 0). In �gure 1.3.2 we show the snapshots of the system taken

at the exact same times as before. The big change in the trajectories of

all particles due to this small perturbation in the momentum of only one

particle is remarkable. This property is characteristic of chaotic systems,

which depend dramatically on initial conditions. Their behaviour is thus

unpredictable in practice after an elapsed time su�ciently long. The only

practical manner to approach these systems is statistical. We can draw a

striking conclusion: even if we had the means to compute the trajectories of

all the particles in the system through a very long time by solving the atomic

equations of motion, the result would be meaningless.

This simple example outlines the inadequacy of isolated ab-initio calcu-
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Figure 1.3.2: Position of the systems' particles, all with initial momentun
pi = (1, 0) but one with p6 = (1.000001, 0), at three di�erent times over its
movement. Their interaction is modeled with the Lennard-Jones potential.
The system is driven by classical mechanics.

lations to derive the behaviour of the full system as a whole. On the other

hand, macroscopic theories are not complete, since in the end they involve

more unknowns than the number of equations they provide. To complete the

theory, it is necessary to postulate the expression of external �constitutive

relations�, i.e. phenomenological equations obtained by �tting functional

forms to experimental measurements. Continuum thermodynamics places

constraints on these functional forms, but it cannot be used to derive them.

Neither an exhaustive atomic theory nor a continuum theory are enough by

themselves to fully characterize the system. Statistical mechanics �lls the

gap between both scales and connects the information of these formulations

through an appropriate statistical framework.

1.3.2 Maximum entropy principle

The concept of entropy and its usage as a variational principle plays a cen-

tral role in statistical physics, [82]. Speci�cally, the theoretical formulation

exposed in this thesis is based on Jaynes' principle of maximum entropy, de-

veloped in the 50's by Edwin Thompson Jaynes, [46, 47]. He formulated a

variational principle based on the work in statistical physics of Boltzmann

and Gibbs and on the developments in information theory advanced by Shan-

non, [82]. Unlike with classical or quantum mechanics, the scienti�c com-

munity has not adopted yet a set of formal axioms agreed by all from which

the whole theory of statistical mechanics is derived. On the contrary, statis-
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tical thermodynamics has evolved into di�erent schools, each with its own

technical algorithms, [101]. Nevertheless, all schools happen to agree on the

founding fathers of statistical thermodynamics: Maxwell, Boltzmann and

Gibbs. In order to better understand Jaynes' principle, we �rst introduce

the maximum entropy principle already enunciated by Boltzmann, then we

brie�y comment on the principle of maximum uncertainty formulated by

Shannon.

Boltzmann's maximum entropy principle It was Boltzmann who �rst

derived a microscopical interpretation of the entropy in terms of objective

probability distributions, [102]. He considered the dynamical system com-

posed of a �xed number of atomic particles of an ideal gas with a given total

internal energy. He virtually divided the phase space of this dynamical sys-

tem into s hypershells, each containing a number of atomic particles ni. He

counted the number of ways W that any particular distribution of atomic

particles {ni}si=1 would occupy their respective hypershell in the phase space.

He discovered that the entropy S of the total system was proportional to the

logarithm of W :

S ∝ logW (1.3.2)

For a su�ciently large number of particles and assuming the postulate of

equal a priori probabilities, he de�ned the particles occupation probabilities,

that is the probability that a particle falls within the hypershell i, as pi =

ni/N . He found that the occupation probabilities held the following relation

with W :

logW = −N
s∑
i=1

pi log pi. (1.3.3)

He then claimed that the particles occupation probabilities of the most

probable microstate at equilibrium were the ones which maximized the en-

tropy, expressed as:

S = −kB
s∑
i=1

pi log pi, (1.3.4)

where kB is the Boltzmann constant. This equation is known as the Gibbs

algorithm. He constrained the maximization to the total number of particles
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in the system and the mean energy per particle. He computed thus the

equilibrium state as a constrained optimization problem.

This same principle can as well be adapted to quantum systems, replacing

probability distributions by the trace of probability density matrices.

Shannon's variational principle of uncertainty In the context of com-

munication systems, Claude Shannon derived a variational algorithm that re-

sembles the entropy maximization procedure developed by Boltzmann. Shan-

non was concerned with the quanti�cation of the information loss when trans-

mitting messages in a noisy communication channel, [89]. Let us momentar-

ily consider a discrete random variable X, which can take among s di�erent

values, each with a probability pi. Shannon wondered about a function to

measure the uncertainty associated with X.

He assumed a set of axioms every uncertainty measure should satisfy. He

called the only function S that complied with all requirements the informa-

tion entropy and derived its expression:

S(p1, · · · , ps) = −K
s∑
i=1

pi log pi, (1.3.5)

uniquely determined up to a constant factor K.

He de�ned as well the quantity Ii = − log pi, which he interpreted as the

information brought by the observation of xi, where xi showed the distribu-

tion pi. Alternatively, it could be interpreted as the uncertainty associated

with the event {X = xi} with probability pi. Hence, he concluded, the infor-

mation entropy S represented the average information for obtaining the set

of possible outcomes {xi} when their probability distribution is known, [89].

It can be equivalently interpreted as the amount of uncertainty associated to

a probability distribution [46, 61].

Since there is no a priori information to favor some distributions and not

others, the state of maximum uncertainty is then calculated as the distribu-

tion that maximizes S, thus resulting in an algorithm very similar to Boltz-

mann's variational principle. This heuristic principle where we assign equal

probabilities to all events is also known as Laplace principle of indi�erence

or principle of insu�cient reason, [61, 102]. Even if the resulting variational
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principle following Shannon's reasoning is very similar to Boltzmann's, their

approach and the signi�cance conveyed by probability distributions are com-

pletely di�erent [61, 82, 102].

Jaynes' maximum entropy principle The major achievement of Jaynes

was to derive Boltzmann's results on statistical mechanics following the more

general arguments of Shannon. Jaynes' procedure consists on inferring the

probability distribution of the microstates satisfying all known data and with

the least possible bias. In chapter 2 we present Jaynes' maximum entropy

principle.

He argued that the relevant quantity in thermodynamics for predicting

equilibrium states is not the information entropy in general, but rather the

information entropy evaluated at its maximum. Thus, the statistical mechan-

ical entropy already proposed by Boltzmann (1.3.4) is expressed in function

of the information entropy (1.3.5) through:

p∗ = argmax
{pi}

S(p1, · · · , ps),

S = −kB
s∑
i=1

p∗i log p
∗
i = S(p∗),

(1.3.6)

where we have used the notation p = (p1, · · · , ps).
While this procedure gives exactly the same distribution laws as Boltz-

mann's, Jaynes approach was not based on dynamical considerations about

the particles' motion, but on the maximization of the uncertainty measure S
introduced by Shannon. Jaynes hence claimed that statistical physics could

be derived from the axiomatic procedure of information theory, avoiding the

necessity of ergodic and dynamic concerns. Jaynes' approach is thus a gener-

alization of Boltzmann's and allows to seamlessly derive other distributions

such as the canonical and grand-canonical distributions. In addition, it can

also be used for modeling non-equilibrium processes [68], as we do in this

thesis.

While the interpretation of probabilities in Boltzmann's work is frequen-

tist, Jaynes explicitly advocates for a subjective interpretation of probabili-

ties, [61, 82, 102]. Here lies the versatility of its derivation, but also the source
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of most of its critics among physicists, [99]. Even if he conceived probabilities

subjective to the �testable�1 information known by the experimenter, he con-

sidered that rational people knowing the same information should assign the

same probabilities. The maximum entropy principle can even be interpreted

as an extension to the principle of insu�cient reason [102].

1.4 Computational techniques

Statistical mechanical models involve calculations too complex in general

and thus require speci�c algorithms. There are a variety of algorithms for

multiscale modelling. In this section we classify and shortly explain the main

families of algorithms currently available in the literature.

We should keep in mind however, that multiscale modeling is not re-

stricted to modern computational powers. In fact, the practice of working

with several scales, or the notion of coarse graining is fundamental when

modeling a physical phenomenon. We need to �rst identify a set of par-

ticular parameters, as reduced as possible, and to describe and understand

them at a relatively small scale. This allows us to later characterize a more

complex process happening at a bigger scale. As illustrated in [81], Newton's

gravitational law on Earth exempli�es multiscale modelling. In the context

of celestial mechanics, Newton justi�ed in a �rst step that the entire Earth

could be considered as a point concentrating the mass of the whole planet. In

a second step, he then modeled the Earth as a perfect sphere and calculated

the total gravitational potential at a given point produced by a spherical body

with uniform density. in this manner he recurred to two di�erent scales: a

�ner scale, for modeling the gravitational potential created by the Earth as

a uniform sphere; a coarser scale were he calculated the trajectory of a more

complex system of punctual planets and satellites.

The term �multiscale modeling� was introduced however in the 80's and

spread rapidly. It is extensively applied nowadays in many di�erent scienti�c

�elds and involves a large number of di�erent computational techniques.

In many cases, multiscale techniques are employed to bridge just two

1Testable is the term Jaynes employed referring to the information which should be
introduced as a constraint, [102].
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scales: a �coarse scale� and a ��ne scale�, as seen through Newtons's example

of celestial mechanics. When applied to study a �ne scale phenomenon, a

multiscale approach exploring as well coarser scales allows to enlarge the

size of the system under study or to extend to longer times the duration of

the process. Alternatively, when concerned with a coarse scale phenomenon,

a multiscale technique including �ner scales can help to better understand

or even postulate the constitutive laws governing the problem from a more

fundamental scienti�c basis, if not from �rst principles.

This reduction of phenomenological relations is important by itself, since

phenomenology only provides relations valid in a short range, with no pre-

dictive capabilities outside of it. But sometimes, direct experimentation of

the coarse scale happens to be impossible. in these cases multiscale modeling

could be the only alternative to infer the form of the constitutive law.

In this section, we introduce �rst the most common simulation methods

for the atomic scale: molecular dynamics and Monte Carlo methods. Then,

we provide a brief description of the main types of multiscale methods we

�nd in the literature.

1.4.1 Atomic scale simulation methods: Molecular dy-

namics and Monte Carlo methods

The wide range of spatial and temporal scales involved in the characterization

of materials' properties poses di�cult challenges experimentally, theoreti-

cally and computationally. Molecular Dynamics (MD) and Monte Carlo(MC)

methods have been employed for the simulation of systems of particles un-

dergoing mechanical, thermal and chemical processes.

Molecular Dynamics (MD) is a computational technique that simulates

the physical motion of a set of atoms and molecules allowed to interact dur-

ing a given period of time. Their trajectories are determined by Newton's

equation of motion and their interaction is de�ned by interatomic potentials

or force �elds. This technique is naturally suited for the simulation of pro-

cesses thermally activated and driven by strong gradient �elds, such as heat

and mass transport, [110].

Monte Carlo methods (MC) usually refer to those techniques whose aim
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is to solve a quantitative problem by evaluation of a given property at a

sequence of random samples. In classical statistical physics, they are more

commonly employed for evaluating a multivariate integral [16]. Monte Carlo

integration methods approximate the exact calculation of the integral by the

addition of the values taken by the integrand at a given number of points

randomly generated. These methods introduce an error that can be roughly

estimated as 1/
√
N and thus independently of the integral's dimension. By

choosing the right sampling strategy, MC boosts the generation of rare events

and can hence be employed to study slow varying processes such as surface

segregation or changes of phase, [10, 28, 30].

Extensive research has been concerned with extending the time scales

accessible to those methods, [86, 97, 108]. Nonetheless, they are still limited

to processes taking less than a few microseconds.

1.4.2 Multiscale modeling techniques

The whole range of multiscale methods can be classi�ed into two main cate-

gories:

Sequential mutiscale methods They use the �ne scale simulations as a

�pre-processing step� to the coarse scale model. It was the case, for

instance, in the example of Newton's gravitational law introduced pre-

viously.

Concurrent multiscale methods They employ several scales simultane-

ously and can be further divided into

Hierarchical methods They use coarse and �ne scales so that both

scales work together in the whole system. The �ne scale deter-

mines the constitutive law for the coarse scale. In turn the coarse

scale sets the boundary conditions for the �ne scale.

Partitioned-domain methods They divide the system in several re-

gions, each region applying one scale.

We brie�y review and provide an example for each category just introduced,

as presented in [94].
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Sequential multiscale models

The construction of atomistic models is itself an example of a sequential mul-

tiscale model. Indeed, quantum mechanics is used as the �ne scale to produce

interatomic potentials adapted to each material. These interatomic poten-

tials are then used in MD, considered as the coarse scale, in order to model

the interaction between particles. Then a continuum model can include in

the form of a constitutive law the results provided by MD. We could even

imagine the simulation of an additional, even coarser scale, involving several

macroscopic objects interacting between them with a simpli�ed behaviour

with respect to the previous macroscopic model of a single body.

We can �nd another example of a sequential approach in modeling crystal

plasticity, where we �ll the gap between continuum plasticity and atomistic

mechanics through discrete dislocation dynamics and MD [95]. Continuum

crystal plasticity is the coarse scale framework to describe the plastic be-

haviour of crystals and is based on a set of constitutive phenomenological

rules. In these models, hardening and the plastic �ow are characterized by

the passage of dislocations on particular slip planes. The analytic descrip-

tion of these rules involves a set of parameters which must be determined

experimentally. However, it is di�cult to design experiments in which we

assess the e�ect of only one parameter at a time. In contrast, the discrete

dislocation dynamics theory models individual dislocations as discrete seg-

ments whose behaviour is determined by a set of phenomenological rules.

They can move, interact between them and multiply in response to the load-

ing strategy, [113]. In order to minimize the phenomenological set of rules

governing the dynamics of discrete dislocations, atomic methods such as MD

are employed, [111].

Concurrent multiscale models

Concurrent multiscale methods rely on parallel computing. They are usu-

ally designed to exploit concurrent computing and have followed the same

evolution as parallel processing. We split them further in two categories:

hierarchical methods and partitioned-domain methods.
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Hierarchical methods Some hierarchical methods are designed for a par-

ticular application. It is the case for example of the methods modeling

thermal conductivity in MD. Empirical atomistic models lack the electronic

degrees of freedom. They thus impede the electronic thermal transport dom-

inating thermal conductivity in metals. For example, simulations of friction,

laser heating, fracture and plastic failure processes could be skewed if we are

unable to model the conduction of heat. For instance, in [109] the authors

develop hierarchical methods and simulate the electronic heat conduction.

They superimpose a continuum grid over the MD region with the Finite

Elements Method.

Other hierarchical methods are not tied to any speci�c application. They

may be viewed as general frameworks more than as speci�c algorithms. It

is the case for example of the Heterogeneous Multiscale Method [29]. In

this method, the coarse-grain model lack the constitutive law, which is com-

puted from a �ne scale model. The �ne scale model is run at several grid

points throughout the coarse scale model. Thus, the system is solved using a

coarse scale solver step, providing accuracy and stability. At each integration

point, we recur to another �ne scale solver that calculates the required coarse

parameters from the constitutive relation.

General frameworks like the HMM just outlined are promising, because

they propose a systematic approach applicable in principle to any multiscale

problem. However, the speci�cs of both the coarse and the �ne scales heavily

impact the computational e�ciency of the multiscale method. In addition, it

is di�cult to control the error of estimating coarse scale parameters from the

�ne scale model, resulting in either computationally costly algorithms with

many invocations to the �ne scale model, or poor accuracy at the coarse scale.

Partitioned-domain methods, on the contrary, tackle pragmatic questions

of e�ciency from the start, because they are usually devised for a speci�c

application, [94].

Partitioned-domain methods In partitioned-domain methods, the �ne

and coarse scale models are independent and fully de�ned from the start

(both spatially and in terms of their parameters). What needs to be mod-

eled is the communication between domains across their interfaces. The exact
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position of the interface between the �exact� �ne scale model and the more

restrictive coarse scale approach must thus be established from the begin-

ning. The primary disadvantage with this approach strives in its accuracy.

In much of the domain the accuracy of the whole algorithm is inherently

limited to the accuracy of the coarse scale model. In addition, for some

partitioned-domain models, one cannot be completely sure when the limits

of the coarse scale model are being exceeded, resulting in doubtful overall

outcomes. Nevertheless, other models include adaptive re�nement methods.

They usually exploit heuristic criteria for driving the re�nement strategy.

These methods run the full �ne scale simulation in only part of the phys-

ical domain of the system, while it is assumed that the coarse scale model is

su�ciently accurate for the rest of the problem. An example of a partitioned-

domain algorithm is the quasicontinuum (QC) method [56, 71]. It rests on

a variational formulation and implements an heuristic criterion for automat-

ically adapt the spatial mesh. This algorithm avoids the use of interfaces:

near a microscopic defect the mesh matches the atomic lattice, and coarsens

progressively as we separate from the defect. It was initially developed as

a static method to simulate equilibrium properties at 0K. Then, Kulkarni

et al. included dynamical e�ects and extended the algorithm to simulate

thermo-mechanical experiments at �nite temperature [57, 58]. That exten-

sion is usually referred as the HotQC method. In appendix A we discuss

the performance of a parallel implementation of the HotQC method coded

during the development of this thesis. With this approach, we can simulate

isothermal systems, where the time step between equilibrium con�gurations

is very large, as well as adiabatic systems, where the time step is very small.

Other extensions of the method are currently being developed. It is the case,

for instance, of the Hyper-QC method re�ned by Kim et al. [53]. The times

accessible to the HotQC method remain limited to the order of microseconds

at best, in order to preserve the stability of the numerical integration. Hyper-

QC on the contrary proposes a coupling between HotQC and hyperdynamics,

a method for extending the time scale in MD simulations.
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1.4.3 Time multiscale methods

There are numerical schemes specially conceived for spanning several time

scales. They usually exploit di�erent approximation techniques than those

designed for bridging spatial scales. The main reason is the huge gap existing

between the characteristic time of atomic jumps and vibrations on the one

hand and di�usion processes on the other hand. At the atomic scale, di�u-

sion occurs when an atom hops randomly between one atomic con�guration

to another. This is usually controlled by the minimization of a free energy

potential. An atomic jump is an event happening rarely at the atomic time

scale and shifting the free energy from a local minimum to another local min-

imum. A succession of jumps of many di�erent atoms leads to macroscopic

di�usion.

Many temporal multiscale algorithms are based on transition state the-

ory, a theoretical approximation theory of stoichiometric e�ects in statistical

mechanics, [119]. This theory predicts di�usion rates and rates of chemical

reactions to be controlled by a law of the Arrhenius type, where the free

energy depends on the temperature T and on an activation energy ∆E as

Ae
− ∆E
kBT , A being a constant factor. The activation energy models the energy

needed for an atom to jump form a local minimum of the free energy to

another one.

There are methods suitable to access longer time scales through MD sim-

ulations. Atomic vibrations occur at times of the order of the femtosecond,

therefore capturing them by resolving the equations of motion is very di�-

cult with the current technology. Since they happen in a sequential manner,

direct parallelization of solvers does not make longer times accessible, but

the same characteristic times reachable on larger systems, [108]. There are

methods specially devised to arti�cially accelerate the atomic dynamics, such

as hyperdynamics and parallel replica dynamics. A revision of such methods

is presented in [108]. In the hyperdynamics algorithm, we make use of a

new potential that combines to the free energy, creating a resulting potential

where transitions require reduced activation energies. Thus, local minima are

less pronounced but appears at the same con�gurations. In contrast, parallel

replica dynamics do not involve the transition state theory approximation.
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The main idea behind this method lies in launching in parallel several MD

simulations, each in a di�erent processor and initialized di�erently. Then

we wait until an MD instance generates an atomic jump. Once the jump

is generated, all processors are stopped and run again a MD simulation but

this time their initial state is the state with the jump. The speed-up of this

algorithm is limited in principle by the number of processors.

A widespread approach to trigger rare events that do usually exploit the

transition state theory approximation but not MD are Kinetic Monte Carlo

algorithms, [107]. The strategy followed conceptually by these algorithms is

as follows. We �rst need to list the possible transitions of the system, then

the evolution of the process is modeled as a Markov chain, by assigning rate

constants to each transition. From state i, the transition to a new state j is

considered as Poisson process, thus the time between transitions follows the

exponential distribution:

pij(t) = kije
−kijt, (1.4.1)

kij being the rate constant related to this transition. Rate constants can

in turn be calculated with transition state theory approximation. Following

the probabilities of each transition, we generate a time tj for each transition.

The transition that we choose is the one with the lowest time. The main

limitation of these method is the prerequisite of having a list of possible

transitions. A more modern alternative that overcomes this drawback is

�on-the-�y� kinetic Monte Carlo. Instead of employing a list of available

mechanism transitions, a catalog of transitions is calculated at each iteration,

searching saddle points of the free energy in the neighborhood of the current

state with the dimer method, [41]. Then, the Kinetic Monte Carlo strategy

just described is employed for moving to the next state.

1.5 Scope of this thesis

In this work, we develop a theory to model systems of particles away from

equilibrium that undergo slow varying di�usion processes. The framework

we propose explicitly addresses coupled thermal, mechanical and chemical

processes and could easily be adapted to model other coupled phenomena
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by following the same steps detailed in this work. This approach tracks all

particles comprising the system and considers thermal and stoichiometric

e�ects without accounting for thermal vibrations and particle hops. It can

seamlessly be approximated with other spatial coarse graining approaches

based on variational principles such as the Quasicontinuum method [56, 71].

We �rst describe a formulation based on a the maximization of a grand-

canonical free entropy. The formulation relies on Jaynes' maximum entropy

principle and the principle of local equilibrium, two extended principles in

the modelling of non-equilibrium processes. Since the resulting optimisation

problem cannot be solved in general, we turn to mean�eld theory. This ap-

proximation theory provides general variational models for both equilibrium

and non-equilibrium systems [117]. It is usually expressed in terms of a free

energy functional but we prove that it can be rewritten as the optimization

of a functional based on free entropies. Temperature and chemical potentials

appear in as Lagrange multipliers when enforcing macroscopical constraints.

The internal energy and molar fractions emerge naturally as their dual vari-

ables. In this manner, we may interpret the temperature and molar fractions

as �elds evolving between particles, not required to remain uniform in the

whole system. In chapter 2 we develop this formulation in detail for equilib-

rium systems and we extend it to systems away from equilibrium in chapter

3.

The variational formulation remains however too complicated to be com-

puted because it involves the calculation of averaged properties in a complex

grand-canonical ensemble. Monte Carlo methods seem particularly suited for

the numerical approximation of average operators. In some particular cases,

there exists as well quadrature rules that enable the calculation of numerical

integrals in an e�cient manner. In chapter 4 we adapt Monte Carlo meth-

ods and quadrature rules and propose a numerical scheme approximating the

average operator in the mean�eld distribution.

As in [58, 116], we tackle the system's evolution in response to external

forces or internal gradient di�erences by introducing kinetic equations in

chapter 5. We follow Coleman-Noll's procedure formulated in the context of

continuum mechanics and derive an expression for the entropic production

in terms of discrete �uxes and forces. We de�ne discrete kinetic potentials
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satisfying the dissipation inequality just derived. We use empirical kinetic

potentials for modelling evolution processes, just in the same manner as we

make use of interatomic potentials.

In chapter 6 we present numerical validations. During these thesis, we

have developed a simulation code in C which enables the validation of the

theoretical framework exposed in this work. We inherited from a HotQC

code program but drastically modify it to include stoichiometric e�ects, em-

ploy more powerful interatomic potentials, implement transport equations

for the di�usion of mass, combine Monte Carlo approximations and switch

on and o� the quasicontinuum approximation. All the simulations presented

in this chapter have thus been generated with this code. We �rst compare

equilibrium thermodynamical properties obtained experimentally against the

values of these properties computed with the discussed numerical schemes.

Furthermore, we compare experimental values of non-equilibrium thermo-

dynamic properties against the result of non-equilibrium simulations. We

discuss �nally the numerical convergence of the method from numerical sim-

ulations.
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2
Statistical mechanical framework for

alloys in equilibrium

The ultimate goal of this thesis is to devise a multi-scale numerical method

suitable for the simulation of systems undergoing slow di�usion processes. As

already exposed in the introduction, while observable from our macroscopic

perspective, di�usion processes are heavily in�uenced by the behaviour of the

elementary particles forming the system. Nonetheless the time required by

macroscopic experiments remains intractable from the atomic perspective.

Indeed, the typical time scale characteristic of atomic motion and vibration

is usually of the order of 1 ps, many orders of magnitude lower than that of

di�usion experiments, which usually span seconds, hours or even years [67].

In the work of Venturini et al. [104], the authors presented a variational

formulation to cope with di�usion processes and already discussed the cal-

culation of long-time averages in multi-species crystalline materials. As in

the former work, we exploit the maximum entropy principle from statistical

mechanics, and present a framework for the construction of models repre-
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senting slow-time varying phenomena. Our approach is di�erent since we

do separate from the start the macroscopic constraints from the mean�eld

modeling. Therefore we do not introduce unnecessary hypothesis about the

particles' motion, such as their mean position or standard deviation.

The principle of maximum entropy, already a variational principle, paves

the way to formulate variational models. In addition, since it is appropriate

both for systems in equilibrium and for systems away from equilibrium, we

follow the same procedure for modelling quasi-static processes and transport

phenomena. With no further assumption, we construct nevertheless models

that are exact but remain too complex to be computed. The next step in

our methodology consists in seeking the best approximated model, in a sense

that will be made clear later on.

The scheme we propose is thus suitable both for modelling equilibrium

and far from equilibrium processes. Even if in this work we exclusively ap-

ply this methodology to the simulation of solid alloys, we believe it can be

adapted to other multi-species systems.

The outline of this chapter is as follows. We address systems in equi-

librium, thus settling the theoretical foundations necessary for modelling in

the next chapter non-equilibrium systems. We start de�ning some key con-

cepts of classical thermodynamics and statistical physics, such as equilibrium,

statistical ensemble and ensemble averaging. This naturally leads us to pos-

ing the problem in statistical mechanical terms and calculating the system's

probability distribution through the maximum entropy principle. We discuss

as well the di�erence between distinguishable and indistinguishable systems,

because the practical expression each model yields are quite di�erent. We

recur then to variational mean�eld theory in order to obtain a simpli�ed but

computable model. After extending the previous results to systems away

from equilibrium in the next chapter, in chapter 4 we discuss other required

numerical approximations for computing properties for systems both in equi-

librium and away from equilibrium and in chapter 6 we validate our model

for systems in equilibrium against experimental results.
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2.1 Introduction to statistical thermodynamics

Statistical thermodynamics provides a connection between the macroscopic

properties of materials and the microscopic dynamic processes occurring in-

side the material. It is thus the appropriate tool to relate measurable thermo-

dynamic properties to the behaviour of the microscopic constituents of the

system. The systems concerned by statistical thermodynamics are usually

formed by a large number of particles, such that it is technically unfeasible

to trace the movement of each particle, with a volume small at the experi-

mental scale but large compared to the size of its constituent particles. The

formulation we present in this chapter is based on the ground of statistical

thermodynamics and uses the elementary results developed in this �eld.

In classical thermodynamics, a system is said to be in equilibrium when

its properties are exclusively determined by internal factors, i. e. no external

forces or potentials act on the system, and are thus constant through time

[13]. The processes which can be decomposed in a succession of equilibrium

states are called quasi-static in contrast with irreversible processes driven

by rates and velocities of the systems' properties. From the perspective

of statistical mechanics, the de�nition of equilibrium systems is somewhat

di�erent. But �rst, we should introduce concept of statistical ensemble.

As coined by Boltzmann [82] and extensively employed by Gibbs [35],

an ensemble is the collection of all possible microstates the system can be

in, satisfying the restrictions imposed from the macroscopic scale, i.e. the

values previously measured taken by the macroscopic properties of the sys-

tem. In statistical mechanics, the ensemble is characterized by a distribution

function. In his work, Gibbs already identi�ed three ensembles:

Microcanonical ensemble. In this ensemble, the macroscopic energy and

total number of particles are �xed, thus all microstates in the ensemble

must be in agreement with both macroscopic constraints.

Canonical ensemble. In this ensemble the number of particles is �xed as

well but instead of the energy, the temperature is set to a given value.

Grand-canonical ensemble. This ensemble is suitable for systems where

the energy and the total number of particles may vary while the tem-
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perature and the chemical potential remain �x. This ensemble is thus

usually appropriate for open systems.

The manner in which most macroscopical observables are accessible from

each ensemble is precisely through the operation known as ensemble average.

It consists on calculating the average of a given microscopic variable with

respect to the distribution function of the ensemble. Certain macroscopic

thermodynamical quantities may not however be related to a microscopic

property through ensemble averaging. It is the case for instance of the tem-

perature. In those cases, the macroscopic property is then directly related to

a property of the distribution function itself and not just to the mean value

of a single microscopic variable [5]. We will see later in this chapter how

we can explicitly relate the measurable thermodynamical properties to the

microscopic variables in the systems under study.

The classical manner to de�ne equilibrium ensembles in statistical me-

chanics is with the stationary solutions of the Liouville's equation. However,

as is done in [5], we follow a pragmatic approach and will consider as an equi-

librium ensemble all those ensembles compatible with the macroscopic known

properties of a system in classical thermodynamical equilibrium. Following

Jaynes' developement of statictical mechanics founded on the maximum en-

tropy principle, the concept of ensemble is precisely reduced to the one we

adopt in this thesis. It has the practical bene�t of avoiding all dynamical

considerations and can be interpreted as the restricted universe associated

to a conditional probability.

2.2 General description of microstates

Now we make explicit the type of systems we will be dealing with. In this

section we specify the variables that uniquely determine the microscopic state

of the system. We should mention that the mechanical formalism we consider

throughout this whole work is classical and not quantum.

We speci�cally consider solid solutions comprising N lattice sites. Each

site may be occupied by one particle ofM di�erent species. In order to track
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the species of each site, we introduce the occupancy function as follows:

nik =

{
1, if site i is occupied by species k,

0, otherwise.
(2.2.1)

Every particle must correspond to one of the possible atomic species. This

condition can be expressed as:

M∑
k=1

nik = 1. (2.2.2)

In addition, we consider microscopic states to be fully speci�ed by the

instantaneous position, momenta and occupancy of every particle. We stick

to the following notation throughout the rest of this work:

• {q} = (qi)
N
i=1, vector with the instantaneous positions of all atoms

• {p} = (pi)
N
i=1, vector with the instantaneous momenta of all atoms

• ni = (nik)
M
k=1, vector with the instantaneous occupancies of site i for

all species

• {n} = (ni)
N
i=1, vector with the instantaneous occupancies of all sites

and all species

We point out that ni is constrained, as is {n} in accordance to condition

(2.2.2). Indeed, we denote OM the set of all possible ni and ONM the set of

{n} de�ned as follows:

OM =

{
n ∈ {0, 1}M

∣∣∣ M∑
k=1

nk = 1

}
,

ONM = ONM =
{
{n} ∈ {0, 1}NM

∣∣∣ni ∈ OM , ∀i = 1, . . . , N
}
.

(2.2.3)

We illustrate the set of atomic variables fully de�ning the state of the

system in �gure 2.2.1. The system is made up of three di�erent species, each

represented by a di�erent color. As explained before, each particle has the

following degrees of freedom: its position, its momentum and its occupancy
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qa,pa, (1, 0, 0)

qb,pb, (0, 1, 0)

qc,pc, (0, 0, 1)

Figure 2.2.1: Illustration of the microscopic coordinates uniquely determining
the system.

vector, with as many components as the number of di�erent species, three in

this case. We notice, for instance, how particle a of species one is associated

to the occupancy vector (1, 0, 0).

As is usual in statistical mechanics, we postulate the existence of a prob-

ability distribution function ρ({q}, {p}, {n}), in order to characterize the

ensemble in Gibbs' formalism. We may interpret this probability in frequen-

tist terms as a measure of how often the system is at a particular microscopic

state ({q}, {p}, {n}). We implicitly assume that the phase space exhibits the

mathematical structure of a probability space. Alternatively, we may inter-

32



pret probabilities in a subjective manner, more appropriate for the maximum

entropy principle. Probabilities may di�er according to the information avail-

able to the experimenter or the modeler. Through a probability distribution,

we can then assess the expected values of physical properties and any other

appropriate moment.

2.3 Discussion on distinguishability

The notion of distinguishability and its mathematical treatment is a complex

and controversial subject still open in the theoretical community, [33, 48, 2,

73, 38, 105, 20, 87]. It was �rst raised by Gibbs when trying to explain why

the entropy of mixing in a system of two species is independent of how similar

these two are. This question is known as Gibbs' paradox and a�ects the very

de�nition of statistical mechanical entropy. While some researchers argue

that only quantum mechanics can resolve this paradox, Jaynes demonstrated

it can be fully explained within the framework of statistical mechanics. In-

deed, in [48] the author argues that Gibbs already provided a satisfactory

explanation to this paradox in his work on heterogeneous systems [34]. What

is even more ba�ing is that some of the arguments usually raised for solving

the paradox seem appropriate only for gases and need to be reviewed for

solids.

In this section, we examine the concept of indistinguishability and we

provide an expression for the expected value operator accordingly.

2.3.1 Identical and indistinguishable particles

From the point of view of classical statistical mechanics, we can state that

all particles of, say, a monoatomic gas are identical. By this we mean that

all particles have the same intrinsic physical properties, such as mass and

charge [105].

But the concept of it, even if related, is di�erent to that of identicalness.

According to Versteegh and Dieks [105], there are two di�erent interpreta-

tions of distinguishability. The �rst one de�nes two particles to be distin-

guishable if they can be selectively separated by a �lter [42]. This de�nition is
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thus related with the �traceability� and �labelabilty� of classical particles [33].

The second one interprets two particles as distinguishable if and only if their

phase exchange produces a di�erent physical state [73]. This de�nition is

connected to that of permutability of particles [105]. Clearly the two are not

identical. In the rest of this work, I will adopt this second interpretation

and consider two particles undistinguishable if their permutation preserve

the physical state.

In a recent work [20], and previously in Jaynes' article [48], it is pointed

out the decision of whether two particles are distinguishable depends on

the experimenter. If the experimenter knows of a means of distinguishing

each particle, he should include this information in his model, he argues.

Henceforth, we assume that we do not know of any means to distinguish

between particles of the same species experimentally, our model should hence

consider these particles as indistinguishable.

2.3.2 Systems of particles of a single type

In classical statistical mechanics, the concept of distinguishability is closely

related to symmetries in the Hamiltonian function. Although, as just ex-

plained, it remains controversial even today whether classical particles can

be treated as indistinguishable, there is complete agreement that quantum

particles are indistinguishable. The problem then arises when taking the di-

lute limit of the quantum statistical expression for the entropy and comparing

it with the classical one.

To see where the problem comes from, let us consider a thermodynamic

system in equilibrium consisting of N identical particles with position and

momentum denoted by (qi,pi) and study its entropy [87, �1.5]. The average

of any function f de�ned on the phase space Γ is given by:

〈f〉 = 1

h3NN !

∫
Γ

f(q,p) ρ(q,p) dq dp , (2.3.1)

where ρ : Γ → [0, 1] is the probability density function, h is Planck's constant
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and we have used the notation:

dpdq =
N∏
i=1

3∏
j=1

dpijdqij.

The scale factor h−3N is required if the quantum limit of the entropy be

the same as the classical statistical mechanical entropy, while satisfying the

uncertainty principle.

As noted, for example in [57], the N ! constant is necessary to match the

quantum limit. In the theory of gases, this factor renders the entropy an

extensive function [38].

In addition, this constant may be obtained following a di�erent reasoning,

which proves helpful in coping with systems of several species and constrained

to classical arguments. Already in the original work of Gibbs, the evaluation

of the entropy for systems of indistinguishable particles involves integrals

over what he called generic phases, as opposed to speci�c phases [35, 48, 87].

See also the discussion in [59, pg. 92].

To rephrase this in modern terms, let H : Γ → R be the Hamiltonian

function of the system and Π be the group of permutations on the phase

state that leave H invariant, i.e. H ◦Π = H. Then, the correct de�nition of

the averaging operator is not (2.3.1) but rather

〈f〉 = 1

h3N

∫
Γ/Π

f(q,p) ρ(q,p) dq dp . (2.3.2)

The notation Γ/Π denotes the quotient space and corresponds, in Gibbs'

terms, to the set of generic phases previously introduced. In the spirit of

Jaynes' (information theoretical) thermodynamics, it seems more natural to

compute averages, and hence entropy, by sampling only every single di�erent

phase con�guration, that is, every point in the reduced space Γ/Π.

We note that the two expressions (2.3.1) and (2.3.2) give the same result

for the average operator 〈f〉. In the �rst one, the constant N ! is introduced

extrinsically, whereas in the second one it appears as a convenient way of

computing an integral over a set of equivalent classes. More importantly, it

hints at a possible extension to systems with more than one species.
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2.3.3 Systems with two types of particles

Consider now the grand canonical ensemble in which a system with particles

of two types is kept in thermal and chemical equilibrium. The average value

of a function f over such ensemble may be de�ned as

〈f〉 = 1

h3N

∑
{n}

∫
Γ

f(q,p, {n}) ρ(q,p, {n}) dq dp . (2.3.3)

with the usual notation. However, keeping in mind the reasoning given above,

the integral over Γ is accounting several times for identical con�gurations,

where the term �identical� is relative to the Hamiltonian function. Again,

the binary system presents a symmetry, hence summing up several times the

contribution of a single con�guration.

In order to be consistent with the reasoning above, and to remain close to

the information theoretical approach, we start by de�ning a quotient space

Γ/Π in which each indistinguishable phase point (generic phase in Gibbs's

terms) contributes only once to the phase integral. Then, by extending the

de�nition (2.3.2), we replace (2.3.3) with:

〈f〉 = 1

h3N

∑
{n}

∫
Γ/Π

f(q,p, {n}) ρ(q,p, {n}) dq dp . (2.3.4)

This latter integral can be expressed in a di�erent, more explicit fashion: for

a given occupancy vector {n}, we write νk the sum of the occupancies of

species k over all sites, i.e. νk =
∑N

i=1 nik. Then,∫
Γ/Π

f(q,p, {n}) ρ(q,p, {n}) dq dp

=
1

ν1! ν2!

∫
Γ

f(q,p, {n}) ρ(q,p, {n}) dq dp,

(2.3.5)

so that the �nal expression of the averaging operator for binary systems is:

〈f〉 = 1

h3N

∑
{n}

1

ν1! ν2!

∫
Γ

f(q,p, {n}) ρ(q,p, {n}) dq dp . (2.3.6)
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A similar expression to this one appears in [43, pg. 119].

Equation (2.3.4) remains correct independently of the number of di�erent

particles involved. Therefore we will use this formula (2.3.4) for calculating

the expected value of any physical property, irrespective of the number of

species contained in the system.

2.4 Maximum entropy principle

In the context of statistical mechanics [35], Gibbs already proposed maxi-

mizing the average negative logarithmic probability

p∗ = argmax

(
−
∑
i

pi log pi

)
, (2.4.1)

as a criterion for choosing a probability distribution for the microscopic en-

semble of a system, among all possible distributions satisfying its a priori

macroscopic constraints. This strategy for the selection of a probability dis-

tribution is usually refer to as the Gibbs algorithm. But after Shannon stated

the mathematical ground of information theory in his popular paper of 1948

[89], Jaynes related the equilibrium macroscopical entropy to the informa-

tion theoretical entropy associated with uncertainty. In his papers of 1957,

[46, 47], Jaynes developed the mathematical foundations of the maximum

entropy principle (max-ent) of thermodynamics.

Despite its simplicity and ease of use, the max-ent principle is still con-

tested in the scienti�c community [27, 68, 6, 55]. In this work, we accept

it though as a fundamental principle and utilize it as building block of the

framework we propose. The max-ent principle condense in a compact and

simple variational principle all the statistical information of the system, even

though it is not necessary. As a matter of fact, there are many classical

treaties which develop the whole theory of statistical thermodynamics with-

out recurring to this principle. However they need to overcome di�cult

and cumbersome calculations. Under the assumption of local equilibrium,

the max-ent principle holds to model systems in equilibrium and away form

equilibrium, without the need of discussing ergodicity, dynamics or other
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complicated concepts.

Some authors argue additionnally that macroscopic thermodynamic en-

tropy does not correspond to the statistical mechanical de�nition of entro-

py [105, 18]. They propose working with a di�erent expression for the entropy

in statistical mechanics, alluding to pragmatic reasons. We shall not ponder

on these considerations, and take for granted the uniqueness of the entropy

both in macroscopic thermodynamics and in statistical mechanics. In this

section we brie�y recall Jaynes' maximum entropy principle and derive ex-

pressions of the main macroscopic properties.

2.4.1 Statement of the max-ent problem

Since the system is in macroscopic equilibrium, the model should inherit

the available macroscopic information. Speci�cally, we assume we know the

average energy E of the system and the total number of particles of each

atomic species Nk:

〈H〉 = E〈
N∑
i=1

nik

〉
= Nk, k = 1 . . .M.

(2.4.2)

We turn ourselves to Jaynes' fundamental principle of maximum entropy,

which we will refer to as max-ent principle from now on. This principle relates

the statistical thermodynamic entropy S = S(E,N1, . . . , NM) to Shannon's

information theoretical entropy S = S[ρ]. Shannon's entropy provides a mea-
sure of the maximum possible uncertainty over the probability distribution of

the system according to its permissible microstates. That is, since we possess

information from macroscopical measurements, we do know that the system

is not as likely to be at each microstate. Hence, we only consider probability

distributions in agreement with these constraints.

In statistical mechanical systems, Shannon's entropy is given by the for-

mula:

S[ρ] = −kB 〈log ρ〉 . (2.4.3)

Speci�cally, the max-ent principle states that the value of the thermo-
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dynamic entropy coincides with the maximum value of Shannon's entropy

among all probability functions satisfying the available a priori information.

We can restate it as a constrained optimization problem:

max
ρ∈P

S[ρ] = −kB 〈log ρ〉 ,

s. t.: 〈H〉 = E,〈
N∑
i=1

nik

〉
= Nk, k = 1 . . .M,

(2.4.4)

with P the set of probability distribution functions on the state space

P = {ρ : Γ −→ [0, 1] | 〈1〉 = 1}.

Let us denote as p a probability function in the solution space of this

constrained optimization. Then the max-ent principle reads:

S(E,N1, . . . , NM) = S[p], (2.4.5)

where S[p] represents the least biased information theoretical entropy and

S(E,N1, . . . , NM) the macroscopical thermodynamic entropy.

2.4.2 Solution to the max-ent problem

In this subsection we provide a general solution to the max-ent problem

as stated above. We follow the classical approach with the introduction of

Lagrange multipliers, that we interpret as thermodynamic properties in the

next subsection. In particular, we will introduce a new quantity called the

partition function, very useful in statistical mechanics, since by operating

with it we will be able to deduce an expression of all the thermodynamic

potentials.

The �rst step in order to solve the max-ent problem is to enforce the

macroscopic constraints by means of Lagrangian multipliers β and Γ =
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(Γk)
M
k=1. The Lagrangian is expressed as:

L[ρ; β,Γ ] = S[ρ]− kBβ 〈H〉 − kBΓ T

〈
N∑
i=1

ni

〉
. (2.4.6)

We should recall that the constraint (2.2.2) limits the set of possible occu-

pancies. Since we have not enforced it through the technique of Lagrange

multipliers, the set Γ is undetermined. We must impose then the following

relation:
M∑
k=1

Γk = 0. (2.4.7)

By seeking the maximum of the Lagrangian L over probability functions,

we obtain Gibbs' grand-canonical distribution:

p(β,Γ ) = argmax
ρ∈P

L[ρ; β,Γ ]. (2.4.8)

The probability density function p and the partition function Ξ may thus

be expressed as:

p =
1

Ξ
e−βH−Γ

T (
∑N
i=1 ni),

Ξ =
1

h3N

∑
{n}∈ONM

∫
Γ/Π

e−βH−Γ
T (
∑N
i=1 ni) dpdq.

(2.4.9)

This solution to the max-ent problem is unique due to the concavity

of the entropy and the linearity of the constraints (cf. [11]). The value

of the Lagrange multipliers β and Γ can be determined in terms of the

macroscopic data, i.e. the energy E and the total number of particles Nk of

each species. Alternatively, we may regard the Lagrange multipliers β and

Γ as free parameters, and deduce the corresponding energy E and number

of particles Nk from (2.4.2).

The entropy is �nally deduced from (2.4.5):

S(E,N1, . . . , NM) = kB
[
βE + Γ TN + logΞ

]
, (2.4.10)

where N = (Nk)
M
k=1 is the vector built with the number of particles of each
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species. As stated in the introduction to this section, the expression of the

distribution probability is crucial from a theoretical perspective. It alone

characterizes the equilibrium ensemble, thus becoming the bridge between

the microscopic description of the system and its macroscopic properties.

Furthermore, it has enabled us to deduce an expression of the entropy. Equa-

tion (2.4.10) is refered to in classical thermodynamics as a fundamental re-

lation, because it contains all the thermodynamic information of the system.

From it, we can derive all the thermodynamic properties at the macroscopic

scale. In other terms, from a theoretical point of view, the thermodynamic

solution to the behaviour of the system is fully expressed by (2.4.10).

However, from a statistical mechanical perspective, there are still some

macroscopic properties we need to relate to microscopic variables, such as

the temperature and the chemical potential. In the next subsections, we

interpret in macroscopic terms the Lagrange multipliers introduced in the

expression of the entropy (2.4.10) and deduce an equation for the other ther-

modynamic potentials which will become useful as alternate formulations of

the fundamental relation.

2.4.3 Interpretation of the Lagrange multipliers

By analogy to classical equilibrium thermodynamics, we pose the following

equilibrium relations:

β =
1

kB

∂S

∂E
,

Γk =
1

kB

∂S

∂Nk

.

(2.4.11)

Calculating the former derivatives from the expression of the entropy

(2.4.10), we identify the Lagrange multipliers with physical properties char-

acterizing the system in macroscopic equilibrium:

T =
1

kBβ
(2.4.12)

is the temperature of the system and

µk = −
Γk
β

= −ΓkTkB (2.4.13)
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is the chemical potential of species k.

2.4.4 Thermodynamic potentials

The formula (2.4.10) provides an analytical expression for the entropy, where

the independent variables are the energy and the number of particles of each

species. It is sometimes easier to work with other independent variables

of state and thus with other thermodynamic potentials. By performing a

Legendre transformation of the entropy we deduce all the free entropies we

need, such as the grand-canonical free entropy Φ = Φ(β,Γ ). But we can

derive a formula for these free entropy in a more direct manner from the

partition function:

Φ(β,Γ ) = sup
ρ∈P
L(ρ; β,Γ ) = kB logΞ(β,Γ ). (2.4.14)

We will make use of the canonical free-entropy Φ∗ = Φ∗(β,N ). Its ex-

pression can be deduced from the Legendre transformation of the entropy

but only with respect to the energy:

Φ∗(β,N ) = sup
E

[S(E,N )− βE] = kB
[
Γ TN + logΞ(β,Γ )

]
. (2.4.15)

In addition, we can invert relation (2.4.10) and deduce an expression for

the internal energy:

E(S,N1, . . . , NM) =
1

βkB

[
S − Γ TN − logΞ

]
. (2.4.16)

By further applying the Legendre transform to this latter fundamental rela-

tion, we could obtain all free energies. For instance, the Gibbs free-energy

G, Legendre transform of the energy with respect to the temperature and

chemical potential, reads:

G(β,Γ ) = − 1

βkB
logΞ(β,Γ ). (2.4.17)

This free energy is alternatively referred to as the grand-canonical free energy.
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2.5 Variational mean�eld formulation

In the previous section, we derived the entropic fundamental relation (2.4.10).

From a thermodynamical point of view, it is possible, at least in theory, to

extract every physical property from it [13] as long as the system remains in

equilibrium.

Nonetheless, despite its apparent simplicity, relation (2.4.10) is often too

complex to be calculated analytically or even numerically with a computer.

Indeed, the calculation of the partition function Ξ raises several di�culties.

In equation (2.4.9), we �rst notice that integrating over the quotient space of

the Hamiltonian symmetry group Γ/Π can be problematic. As we already

did in (2.3.5), one solution is to integrate over the whole state space Γ and

to divide by the cardinality of Γ/Π. Even if for some simple systems this

may be a fruitful solution, in the majority of models this cardinal may result

quite di�cult to assess. Moreover, even the integration over Γ can be over-

whelmingly complex or time consuming, for the Hamiltonian of the system

may depend on many particles, rendering the calculation unachievable.

Mean�eld theory is used in physics to approximate the behavior of large

and complex stochastic models by working with simpler models. The main

idea of mean�eld theory is to replace all interactions between particles con-

tained in the system's Hamiltonian with an averaged interaction, which is

called a mean �eld. This is done with the introduction of a simpler Hamilto-

nian. In practice, we focus on a family of Hamiltonians de�ned parametrically

and we restate the constrained optimization of the entropy in terms of this

new family of Hamiltonians. As we will show, this leads to the formula-

tion of a new variational problem whose solution consists on a set of family

parameters characterizing the mean�eld Hamiltonian. The Hamiltonian con-

structed in this manner should be the one with the higher entropy among

all the Hamiltonians in the family we have arti�cially introduced. This new

approximation should remain as simple as possible in order to alleviate com-

putations, while being complex enough to capture the system's behaviour as

accurately as possible.

The formal basis for mean�eld theory is Bogoliubov's inequality. This

inequality establishes an upper bound for a free energy, directly related to
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the Lagrangian of the max-ent problem, in terms of the mean�eld family of

Hamiltonians. In this section we shift then our focus to this important mean-

�eld result. We �rst recall the classical Bogoliubov's maximum inequality,

then we reformulate it in terms of free entropies instead of free energies. Fi-

nally, we restate the max-ent problem including the mean�eld approximation

in order to obtain the best possible approximation from the simple family of

Hamiltonians introduced by mean�eld theory.

2.5.1 Bogoliubov's maximum inequality

Let us �rst brie�y review a classical result from mean�eld theory: Bogoli-

ubov's inequality. We should keep in mind the max-ent principle, which we

recall in the following terms: search the probability distribution that makes

maximum the Lagrangian

max
ρ∈P

(L[ρ; β,Γ ]) = max
ρ∈P

(
S[ρ]− kBβ 〈H〉 − kBΓ T

〈
N∑
i=1

ni

〉)
. (2.5.1)

Before formulating Bogoliubov's inequality, we need to introduce some

notation. Let us now introduce H0, a family of Hamiltonians parametrized

by π so that H0 = H0({q}, {p}, {n};π). This family of Hamiltonians will

serve us as a mean �eld, simplifying the interaction between particles but

not cancelling it completely. In addition, we note P0 the set of probability

distributions related to the systems with Hamiltonians in H0, the mean�eld

family of Hamiltonians. Since H0 is a subset of all possible Hamiltonians, P0

is in turn a subset of P . Given H0, we call mean�eld average operator the

operator 〈〉0 characterized by

p0 =
1

Ξ0

e−βH0−Γ T (
∑N
i=1 ni),

Ξ0 =
1

h3N

∑
{n}∈ONM

∫
Γ/Π

e−βH0−Γ T (
∑N
i=1 ni) dpdq.

(2.5.2)

With this notation, we may phrase Bogoliubov's inequality as:

Proposition. Consider a system of particles with Hamiltonian H and mean-
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�eld Hamiltonian H0 ∈ H0, where H0 is a family of Hamiltonians parame-

trized by π. If G = G(β,Γ ) is the grand-canonical free energy then:

G(β,Γ ) ≤ G0(β,Γ ) + 〈H −H0〉0 . (2.5.3)

Alternatively, in the entropy formulation, with Φ = Φ(β,Γ ) the grand-

canonical free entropy, the following inequality holds:

Φ(β,Γ ) ≥ Φ0(β,Γ ) + kBβ 〈H −H0〉0 . (2.5.4)

2.5.2 Bogoliubov's variational principle

Bogoliubov's inequality o�ers an algorithm to �nd a bound for the grand-

canonical free entropy in terms of the mean�eld family of Hamiltonians. We

can use this inequality to derive a variational principle which can be merged

to the max-ent principle and produce a single variational principle gathering

both approaches: mean�eld theory and Jaynes' maximum entropy.

But �rst, we should state Bogoliubov's inequality as a variational princi-

ple. We enunciate this principle in the following proposition:

Proposition. Consider a system of particles with Hamiltonian H and let

Φ(β,Γ ) be its grand-canonical free entropy. If H ∈ H0, then

Φ(β,Γ ) = max
H0∈H0

−F [H0; β,Γ ], (2.5.5)

where F [H0; β,Γ ] is Bogoliubov's functional de�ned as:

F [H0; β,Γ ] = kBβ 〈H −H0〉0 − kB logΞ0. (2.5.6)

Proof. From the inequality

log(x) > 1− 1

x
, (2.5.7)
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it follows that

〈log p0〉0 − 〈log p〉0 =
〈
log

p

p0

〉
0

>

〈
1− p0

p

〉
0

= 0. (2.5.8)

Replacing p by the grand-canonical distribution of H and p0 by that of H0

(2.5.2) further gives:〈
−βH0 − Γ T

(
N∑
i=1

ni

)
− logΞ0

〉
0

−

〈
−βH − Γ T

(
N∑
i=1

ni

)
− logΞ

〉
0

> 0.

(2.5.9)

Rearranging terms:

〈logΞ〉0 > 〈−β(H −H0) + logΞ0〉0 . (2.5.10)

Since the average operator is linear and Ξ, β and Ξ0 are constants with

respect to the trial Hamiltonian, if we multiply the former expression by kB

we obtain Φ (2.4.14) and Bogoliubov's functional (2.5.6)

kB logΞ > −kB (β 〈H −H0〉0 − logΞ0) (2.5.11)

⇒ Φ(β,Γ ) > −F [H0; β,Γ ], (2.5.12)

with the equality holding if H ∈ H0 and we choose H0 = H.

Proposition 2.5.6 hints at a strategy for calculating the mean�eld optimal

parameters π∗ as the argument of a variational principle. Given some β and

Γ ,

π∗ = argmax
π

−F [H0; β,Γ ]. (2.5.13)

The mean�eld Hamiltonian H∗0 associated to π∗ is, among all the mean�eld

Hamiltonians in the family H0 the one that resembles the most the true

Hamiltonian H of the system, in the sense that it produces the closest lower

bound to the free-entropy. Only if H ∈ H0, we can expect to retrieve the

true Hamiltonian from the variational principle just exposed: H = H∗0 .

The reader should bear in mind the reason that motivated the use of

mean�eld theory: the probability distribution of the ensemble, related to the

system's Hamiltonian, makes it too complex and unpractical to compute the
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thermodynamic fundamental relation (2.4.10). That is why we gave in some

accuracy and arti�cially introduced a family of Hamiltonians, or alternatively

a family of distribution probabilities. We need hence to reach a balance

between accuracy and precision in the one hand and speed of computation

in the other hand, properties usually con�icting.

2.5.3 Full variational formulation

The formulation presented so far involves two disconnected variational princi-

ples: the max-ent principle expressed by (2.4.8) and the variational principle

(2.5.13) derived from Bogoliubov's inequality. From the max-ent principle

we calculate the probability distribution that satis�es the macroscopic con-

straints and which minimizes the uncertainty of guessing the microstate of

the system. From Bogoliubov's variational principle, we deduce the Hamil-

tonian from a given parameterized family which produces the lower bound

closest to the true free-entropy of the system.

It is possible nevertheless to gather both problems into a single variational

principle, as the following theorem proves.

Theorem 2.5.1. Let H0 be a family of trial Hamiltonians and P0 the set

of corresponding probability functions (2.5.2). Suppose that the functional

F and the Lagrangian L given respectively by (2.5.6) and (2.4.6) attain a

unique minimum and maximum at H∗0 and p∗0 respectively, for �xed β and

Γ . Then,

L[p∗0; β,Γ ] = −F [H∗0 ; β,Γ ] (2.5.14)

and H∗0 and p∗0 are related through (2.5.2).

Proof. Starting from the Lagrangian (2.4.6) and replacing p0 by its expression

(2.5.2):

L[p0; β,Γ ] = −kB

[
〈log p0〉0 − β 〈H〉0 − Γ

T

〈
N∑
i=1

ni

〉
0

]
= kB [logΞ0 − β 〈H −H0〉0]
= −F [H0; β,Γ ].

(2.5.15)
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Hence, the maxima of the max-ent Lagrangian L[p0; β,Γ ] correspond

to the minima of Bogoliubov's functional −F [H0; β,Γ ]. Additionally, the

corresponding optimal values are related through (2.5.2).

2.6 Summary

In this chapter, we have developed a formulation for modeling systems in

equilibrium. We �rst de�ned the microspace variables, the variables com-

pletely specifying the state of the system at the atomic scale. In order

to avoid tracking the dynamical behaviour of every particle, and following

the methodology of equilibrium statistical thermodynamics, we introduced a

subjective probability distribution representing a thermodynamic ensemble

complying with the macroscopic constraints. We recurred to Jaynes' max-ent

principle, a variational principle widely known in statistical thermodynamics

devised to e�ortlessly �nd the expression of the probability distribution in

accordance with the macroscopic information known a priori. From the solu-

tion probability provided by the max-ent principle, we deduced the thermo-

dynamical fundamental relation in the entropy formulation. In equilibrium

thermodynamics, the fundamental relation concentrates all the information

of the system. However it entailed the calculation of the partition function,

a term unfeasible to compute in practice.

At that point, we decided to turn ourselves to mean�eld theory, an ap-

proximation theory developed for statistical physics. Instead of performing

the calculations with the actual system's Hamiltonian, we de�ned a simpler

mean�eld Hamiltonian that reduces the interaction between particles. The

cornerstone in mean�eld theory is Bogoliubov's inequality. It provides a

bound to the free entropy of the real system. We adapted the mean�eld in-

equality to produce a variational principle, that indicated which Hamiltonian

approximated the best the system's free entropy.

Finally, we condensed both variational principles, max-ent and Bogoli-

ubov's into a single one. Instead of seeking the least biased probability func-

tion from the max-ent principle (2.4.4), we calculate the mean�eld parameters

that maximizes the the mean�eld functional of the constrained Lagrangian
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from max-ent:

π∗ = argmax
π

[
〈log p0〉0 + β 〈H〉0 + Γ

T

〈
N∑
i=1

ni

〉]
. (2.6.1)

The main advantage of the framework exposed in this chapter, consists

in its ability to be easily adapted for systems away form equilibrium. Since

Bogoliubov's and max-ent principle hold even for such systems, adjusting

the macroscopical constraints to express non-equilibrium properties, we can

derive a new variational principle suitable for such systems. In next chapter

we precisely derive that principle for systems away from equilibrium and we

throw remarks and conclusions about the procedure developed in this and

the next chapter.
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3
Statistical mechanical framework for

alloys away from equilibrium

Equilibrium thermodynamics studies reversible quasi-static processes, i.e. in-

�nitely slowly continuous sequences of equilibrium states which are by def-

inition homogeneous and time-independent. In contrast, irreversible ther-

modynamics is concerned with systems following irreversible processes, i.e.

evolving over time driven by external forces and internal �uxes of matter

and energy. Those processes are ubiquitous in physical and industrial sys-

tems and usually associated with friction, chemical reactions, viscous �uid

�ows or inhomogeneous e�ects. For such arbitrary processes, therefore, the

information that can produce equilibrium thermodynamics is restricted to

the description of the initial and �nal states, whereas it cannot characterize

the process itself or the intermediary states, [25, 60].

The mathematical apparatus deployed for modeling macroscopical equi-

librium and non-equilibrium systems is quite di�erent. The statistical me-

chanical formulation presented in the previous chapter can nevertheless be
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extended without much di�culty to non-equilibrium systems. In this chapter

we propose a mathematical description of non-equilibrium states. We discuss

statistical mechanical modelling of transport processes in chapter 5.

The max-ent principle does not examine the microscopic dynamics, but

can take into account many di�erent kinds of macroscopic constraints. It is

precisely through the appropriate constraints that we will di�erentiate be-

tween systems in equilibrium and away from equilibrium. In this chapter we

follow the methodology introduced in chapter 2: we recall the microscopical

description of the system and model its heterogeneous macroscopic properties

through the max-ent constraints. Next we derive the probability distribution

and calculate the macroscopic observables of the system such as the entropy

and canonical free entropy. We provide in addition a formulation of Bogoli-

ubov's variational principle based on mean�eld theory, in order to end up

with simpler models and computations. This naturally lead us to propose a

particular mean�eld model which we will later use for simulating equilibrium

and non-equilibrium systems in chapter 6. We include in this chapter a �nal

section where we discuss the limitations of this theoretical framework and

provide some remarks we have judged of interest.

3.1 Non Equilibrium statistical mechanical for-

mulation

In this section we provide the appropriate formalism for characterizing the

state of irreversible processes from the knowledge of the system's microscopic

description. We �rst detail a mathematical description in order to include

non-homogeneous macroscopic observables that can in principle change over

time. Then, we revisit the maxt-ent principle and adapt it to include con-

straints expressing systems away from equilibrium. The max-ent principle

provides a means to calculate the probability distribution suited to the par-

ticular macroscopic details we do know. From the probability distribution,

we express all the macroscopic properties as a function of the microstate.

Again, these expressions will remain too complex for computation. We de-

rive once more Bogoliubov's variational principle, the criterion that taylors
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the approximation of the probability distribution.

Since most of the concepts and necessary notation have already been

introduced in the previous chapter, we go through all derivations more suc-

cinctly than for equilibrium systems.

3.1.1 Macroscopic constraints

The systems' microscopic description remains unaltered, independently of

whether it is in equilibrium or not. We recall brie�y however the microscop-

ical description introduced in chapter 2. We are interested in solid solutions

comprisingN lattice sites, where each site can be occupied by one ofM di�er-

ent species. The microstate is again expressed by the position q, momentum

p and occupancy vector n of each particle in the system. Thus a particular

microstate is speci�ed as well by the vector ({q}, {p}, {n}) collecting q, p
and n of all particles.

We postulate the existence of a probability distribution and consider par-

ticles as indistinguishable. We employ hence the same expression for the

average operator as for equilibrium systems, formula (2.3.6).

The macroscopic description of the system is radically di�erent, although.

As is customary in classical non-equilibrium thermodynamics, the energy is

a scalar �eld e de�ned in the vicinity of every point of the system. Hence,

we assume we can associate an energy ei to each particle i comprising the

system. In addition, instead of working with the total number of particles,

we recur to another �eld: the molar fraction of each species. Analogously,

we are aware of the value this molar fraction xik takes in the vicinity of each

particle i and for each species k. By keeping a notation very close to the one

already employed in 2.2, we enunciate the new constraints as:

〈hi〉 = ei, i = 1 . . . N

〈nik〉 = xik, i = 1 . . . N, k = 1 . . .M.
(3.1.1)

We point out that while equilibrium constraints are global, they become

local away from equilibrium. In both cases, macroscopical constraints are

linear and thus appropriate for the max-ent principle. We are now ready to

formulate the max-ent principle and express the energy and molar fractions
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with respect to the microscopic variables through the probability distribution.

3.1.2 Maximum entropy principle

Since we share the microstate with equilibrium systems and the new con-

straints are also linear, the max-ent principle can easily be adapted to systems

away from equilibrium. The macroscopical model of the system requires an

additional assumption: the hypothesis of local equilibrium, which is standard

in irreversible thermodynamics. Let us �rst formulate the max-ent principle.

Then we will relate the macroscopic observables in terms of the microstate

through the probability distribution produced with the max-ent principle.

Statement of the max-ent problem Since we work with states away

from equilibrium, the max-ent principle does not necessarily hold. We adopt

the additional hypothesis of local equilibrium, which assumes that the sys-

tem can be decomposed into subsystems correctly modeled by the rules of

equilibrium thermodynamics, [106]. With this new assumption, the max-ent

principle reads:

max
ρ∈P

S[ρ] = −kB 〈log ρ〉

s. t.: 〈hi〉 = ei, i = 1 . . . N

〈nik〉 = xik, i = 1 . . . N, k = 1 . . .M.

(3.1.2)

As with systems in equilibrium, we deduce the thermodynamic entropy

S from the least biased information theoretical entropy S:

S({e}, {x}) = S[p]. (3.1.3)

The solution to this problem will result in a formula for the probability

distribution, which in turn we will use for deriving all macroscopic properties.

Solution to the max-ent problem As we did in chapter 2, we deduce a

general solution to the max-ent principle by enforcing constraints through the

method of Lagrange multipliers. We interpret later the Lagrange multipliers

related to each constraint as microscopic analogs of macroscopic observables.
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Let us thus enforce the constraints (3.1.2) by means of Lagrangian mul-

tipliers {β} = (βi)
N
i=0, γi = (γik)

M
k=1. We will be using the notation {γ} =

(γi)
N
i=1 as well. The Lagrangian associated with (3.1.2) hence reads

L[ρ; {β}, {γ}] = S[ρ]− kB{β}T 〈{h}〉 − kB{γ}T 〈{n}〉 . (3.1.4)

Again, the sum of Lagrange multipliers γik is undetermined. We enforce thus:

M∑
k=1

γik = 0, for every particle i. (3.1.5)

The maximization of this Lagrangian gives the probability distribution

p({β}, {γ}) = argmax
ρ∈P

L[ρ; {β}, {γ}], (3.1.6)

which can be interpreted as the generalized grand-canonical distribution for

systems away from equilibrium.

The probability density function p and the partition function Ξ are ex-

pressed respectively by:

p =
1

Ξ
e−{β}

T {h}−{γ}T {n} =
1

Ξ
e

N∑
i=1

[
−βihi−

M∑
k=1

(γiknik)

]
,

Ξ =
1

h3N

∑
{n}∈ONM

∫
Γ/Π

e−{β}
T {h}−{γ}T {n} dpdq

=
1

h3N

∑
{n}∈ONM

∫
Γ/Π

e

N∑
i=1

[
−βihi−

M∑
k=1

(γiknik)

]
dpdq.

(3.1.7)

This solution of the max-ent problem is unique due to the concavity of

the entropy and the linearity of the constraints (cf. [11]). As pointed out

in section 2.4.2, the value of the Lagrange multipliers {β} and {γ} can be

determined in terms of the macroscopic data, i.e. the energy {e} and the

molar fractions {x}. Alternatively, we may regard the Lagrange multipliers

as free parameters, and deduce the corresponding energy �eld and molar

fraction �eld from relations (3.1.1).
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From (3.1.3), the entropy is expressed as:

S({e}, {x}) = kB
[
{β}T{e}+ {γ}T{x}+ logΞ

]
. (3.1.8)

From this formula of the entropy and the probability distribution, we can

derive all remaining thermodynamic potentials. But �rst, we shall relate the

Lagrange multipliers as microscopic analogs of macroscopic properties, as we

did in chapter 2.

Interpretation of the Lagrange multipliers We state now the new

equilibrium relations equivalent to (2.4.11). They hold locally thanks to the

hypothesis of local equilibrium:

βi =
1

kB

∂S

∂ei
,

γik =
1

kB

∂S

∂xik
.

(3.1.9)

From these latter equations, we extend the results obtained for equilib-

rium:

Ti =
1

kBβi
(3.1.10)

may be interpreted as the temperature of particle i and

µik = −
γik
βi

= −γikT
kB

(3.1.11)

as the chemical potential for species k of particle i.

This interpretation of the Lagrange multipliers as microscopic equivalents

of the temperature and chemical potentials, bears more signi�cance than it

may be apparent. Since macroscopic properties are in principle inhomoge-

neous, they could not be retrieved from a global average over the whole

system. Nevertheless, the hypothesis of local equilibrium assumes there ex-

ists a subsystem where the temperature and the chemical potentials must

be treated as equilibrium variables. In this framework, it is through the La-

grange multipliers that we manipulate temperature and chemical �elds which

vary from particle to particle.
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Thermodynamic potentials Expression (3.1.8) provides an analytical

form of the entropy away from equilibrium, where the independent vari-

ables are the energy and the molar fraction �elds. Mimicking equilibrium,

we deduce an expression for free entropies through the Legendre transfor-

mation of the entropy. Similarly, the extended grand-canonical free entropy

Φ = Φ({β}, {γ}) is assessed directly,

Φ({β}, {γ}) = sup
ρ∈P
L(ρ; {β}, {γ}) = kB logΞ({β}, {γ}). (3.1.12)

A generalized canonical free-entropy Φ∗ = Φ∗({β}, {x}) may also be use-

ful for some applications. It can be obtained, as before, through the appro-

priate Legendre transformation:

Φ∗({β}, {x}) = sup
{e}

[
S({e}, {x})− {β}T{e}

]
= kB

[
{γ}T{x}+ logΞ({β}, {γ})

]
.

(3.1.13)

By comparing these expressions with (2.4.14) and (2.4.15), we notice that

they share the same structure. In 3.3.1, we compare the probability distri-

bution, the entropy and the canonical free-entropy of equilibrium and non-

equilibrium systems produced through the max-ent procedure. We prove

that the equilibrium thermodynamic potentials can be retrieved form the

non-equilibrium formalism.

3.1.3 Variational mean�eld formulation

Mean�eld theory is not restricted to equilibrium systems. It has extensively

been used to approximate models of phase transitions, such as the popular

Ising model, a mathematical model of ferromagnetism in statistical mechan-

ics. The model consists of discrete magnetic moments of atomic spins can

take the values +1 or -1.

In this section we enunciate �rst Bogoliubov's inequality for systems away

from equilibrium. This will serve as basis to build a variational principle for

approximating the probability distribution from a simpler family of Hamil-

tonians.
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Bogoliubov's variational principle

We formulate again the classical Bogoliubov's variational principle, but this

time for the grand-canonical distribution and free entropy indicated by the

max-ent procedure for systems away from equilibrium. As customary in

mean�eld theory, we introduce a family of Hamiltonians H0 parametrized by

{π} and related to the set of probability functions P0 through the max-ent

principle. po ∈ P0:

p0 =
1

Ξ0

e−β
T {h0}−{γ}T {n}

Ξ0 =
1

h3N

∑
{n}∈ONM

∫
Γ/Π

e−β
T {h0}−{γ}T {n} dpdq

(3.1.14)

We can work with any arbitrary family of Hamiltonians, however it is

preferred to de�ne a family of simple Hamiltonians such that we can compute

the main macroscopic properties through the average operator easily. As we

did in section 2.5, we will translate Bogoliubov's inequality, which provides

an upper bound for the Hamiltonian in H0 that best approximates the true

system. We formulate Bogoliubov's inequality as follows:

Proposition. Consider a system of particles each with a Hamiltonian h and

let h0 be a Hamiltonian in H0. If Φ = Φ({β}, {γ}) is the extended grand-

canonical free entropy then:

Φ({β}, {γ}) ≥ Φ0({β}, {γ}) + kB 〈{h} − {h0}〉0 . (3.1.15)

From this inequality, we can generalize the result and deduce the following

variational principle:

Proposition. Consider a system of particles each of Hamiltonian h and let

Φ({β}, {γ}) be its grand-canonical potential. Then,

Φ({β}, {γ}) = max
{h0}∈Hn0

−F [{h0}; {β}, {γ}], (3.1.16)
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where F [{h0}; {β}, {γ}] is Bogoliubov's functional de�ned as:

F [{h0}; {β}, {γ}] = kB{β} 〈{h} − {h0}〉0 − kB logΞ0 (3.1.17)

This result is a generalization of proposition 2.5.2 to the case of systems

away of equilibrium. This principle reveals a way of calculating the Bo-

goliubov's parameters {π} that identify the best approximation to the true

system which can be achieved through the family of Hamiltonians H0. We

can prove the principle following the same reasoning as in 2.5.2.

Given some {β} and {γ}, we should calculate the optimal mean�eld

parameters {π}∗ as the solution of the variational principle:

{π}∗ = argmax
{π}

−F [{h0}; {β}, {γ}]. (3.1.18)

Full variational formulation

As we did with systems in equilibrium, we can gather both max-ent princi-

ple and mean�eld variational problem into one single formulation with the

following theorem.

Theorem 3.1.1. Let H0 be a family of trial Hamiltonians and P0 the set

of corresponding probability functions (3.1.14). Suppose that the functional

F and the Lagrangian L given respectively by (3.1.17) and (3.1.4) attain a

unique minimum and maximum at {h∗0} and p∗0 respectively, for �xed {β}
and {γ}. Then,

L[p∗0; {β}, {γ}] = −F [{h∗0}; {β}, {γ}] (3.1.19)

and {h∗} and p∗0 are related through (3.1.14).

This theorem may again be proved following the same reasoning we al-

ready went through in 2.5.1. Hence we omit its proof. It relates the max-

ima of L[p0; β,Γ ] and the minima of −F [{h∗0}; {β}, {γ}] through equation

(3.1.14). In addition, it allows the use of a unique functional whose opti-

mum delivers the least biased probability entropy associated to the family of

Hamiltonians H0 that best approximates the real system.

58



In the next section, we propose a simple family of Hamiltonians as a model

for metallic alloys. With this speci�c mean�eld model, we will put in practice

the variational principle state herein in the simulation of equilibrium and non-

equilibrium processes in chapter 6. The non-equilibrium formulation can as

well be used to simulate equilibrium systems, for they fall as a particular

case of a non-equilibrium system where all macroscopic properties happen

to be homogeneous and independent of time. Since this is not an obvious

property, we justify it in section 3.3.1.

3.2 A non equilibrium mean�eld model

We proceed with the description of a particular mean�eld model. As with

every model, it is suitable only for the characterization of a set of systems. We

do believe nevertheless this section sums up the steps required in devising

a model within the framework previously described, and thus it seems a

good illustration to the theoretical derivations. In chapter 6 we exploit this

particular model for the simulation of solid solutions with two species. We

simulate both equilibrium properties as well as non-equilibrium processes.

The goal of this section is to calculate F , Bogoliubov's functional for a
particular mean�eld model (3.1.17). Its optimum values correspond to the

Lagrange multipliers and mean�eld parameters which solves the variational

problem presented in the former section.

We begin the section describing the mean�eld family of Hamiltonians un-

der consideration. Then, we apply the max-ent principle in order to obtain

the least biased probability distribution associated to the fomer mean�eld

Hamiltonians. After that, we calculate all terms involved in the expres-

sion of the Bogoliubov's functional average of macroscopic observables in the

mean�eld probability distribution. Finally we deduce an expression for F .

3.2.1 Description of the model

As local trial Hamiltonians, we choose the family parameterized as follows:

h0i({n}, {q}, {p}) =
1

2mi

|pi − pi|2 +
miω

2
i

2
|qi − qi|2, (3.2.1)
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Even if the mean�eld parameters need not have any physical meaning, by

comparison with the Hamiltonian of a system of non-interacting harmonic

oscillations, the mean�eld parameters may be interpreted in this particular

case as:

Mean particle positions (qi)
N
i=1 = {q},

Mean particle linear momenta (pi)
N
i=1 = {p},

Mean particle frequencies (wi)
N
i=1 = {w},

Mean particle mass (mi)
N
i=1 = {m}.

In some situations it does not make sense to give that interpretation to

the parameters. For instance, when the frequency is not physically de�ned,

w must be considered as a pure mathematical parameter with no physical

meaning.

We point out that this family of Hamiltonians does not explicitly depend

on the occupancy vector. Let us consider two systems S1 and S2 with di�er-

ent occupancy vectors {n}1 and {n}2 respectively. Since each particle has

a full set of mean�eld parameters qi, pi, wi and mi, we allow the model to

associate with each particle enough degrees of freedom so that the mean�eld

Hamiltonian that best approximates S1 is di�erent from the mean�eld ap-

proximation of S2. In a certain sense therefore, our model does keep track

of the particles' species implicitly while avoiding the explicit dependence on

{n}. This enables us to derive an expression for the Bogoliubov's functional.

3.2.2 Mean�eld trial partition function and probability

distribution

In the following sections we look for a closed form expression of Bogoliubov's

functional (3.1.17) for the class of Hamiltonians (3.2.1). The terms in (3.1.17)

involve the mean trial Hamiltonian 〈h0〉0, the average of the occupancy vector
〈nij〉0 and the average of the system's Hamiltonian 〈h〉0. Before calculating
these quantities, we need to �nd an expression characterizing the microstates:

the probability distribution and partition function. The criterion to select

them is the maxt-ent principle, as showed before.
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Evaluation of the trial partition function From relation 3.1.14, we can

now seek an expression for the trial partition function:

Ξ0 =
∑

{n}∈ONM

e−{γ}
T {n}

N !

1

h3N

∫
Γ/Π0

e−{β}
T {h0} dpdq. (3.2.2)

In the latter expression, Π0 denotes the group of permutations that leaves

the parameterized Hamiltonian h0 invariant.

Since h0 does not depend on the occupancy vector, the former simpli�es

to:

Ξ0 =
1

h3NN !

∫
Γ

e−{β}
T {h0} dpdq

∑
{n}∈ONM

e−{γ}
T {n}

= Z0

∑
{n}∈ONM

e−{γ}
T {n},

(3.2.3)

where we denote Z0 the trial partition function in the canonical ensemble

associated to the trial probability p0,

Z0 =
1

h3NN !

∫
Γ

e−{β}
T {h0} dpdq. (3.2.4)

We have used the fact that card Π0 = N !, because this trial Hamiltonian is

invariant to interchanging particles of di�erent species, as discussed in section

2.3.3. In addition, in a system of N particles, the phase space Γ corresponds

to (R3)
N × (R3)

N
= R6N . In all the derivations that follow, we will replace

Γ by R6N .

We replace as well the mean�eld Hamiltonian by its expression and evalu-

ate the multiple-dimensional integral. We recall that the Lagrange multiplier

{β} is independent of {q} and {p}. We �nd:

Z0 =
1

N !

N∏
i=1

1

(~ωiβi)3
. (3.2.5)

We have made use of the common notation for the reduced Planck constant

~ = h
2π
.

We turn back to the expression of the Grand Canonical partition function

and evaluate the summation over all possible occupancy vectors, keeping in
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mind the de�nition of ONM in (2.2.3). We �rst split up the summation on

each particle's occupancy vector and make use of relation (2.2.2):

Ξ0 = Z0

∑
nN∈OM

· · ·
∑

n2∈OM

( ∑
n1∈OM

e−γ
T
1 n1

)
e−

∑N
i=2 γ

T
i ni

= Z0

(
M∑
k=1

e−γ1k

) ∑
nN∈OM

· · ·
∑

n2∈OM

e−γ
T
2 n2e−

∑N
i=3 γ

T
i ni

= Z0

N∏
i=1

(
M∑
k=1

e−γik

)
.

(3.2.6)

Now replacing Z0 by its expression (3.2.5), we obtain the �nal identity:

Ξ0 =
1

N !

N∏
i=1

∑M
k=1 e

−γik

(~ωiβi)3
. (3.2.7)

3.2.3 Evaluation of mean�eld averages

Now, we are in position to asses the other averaged quantities appearing in

the formula for Bogoliubov's functional (3.1.17).

Evaluation of the mean trial Hamiltonian The expected value of the

trial Hamiltonian associated with particle i and according to the mean�eld

probability is:

〈h0i〉0 =
∑

{n}∈ONM

e−{γ}
T {n}

N !

1

Ξ0h3N

∫
R6N

h0ie
−{β}T {h0} dpdq

=
1

h3NN !

∫
R6N

h0ie
−{β}T {h0} dpdq

1

Ξ0

∑
{n}∈O

e−{γ}
T {n}

=
1

h3NN !

∫
R6N

h0ie
−{β}T {h0} dpdq

∑
{n}∈ONM

e−{γ}
T {n}

Z0

∑
{n}∈ONM

e−{γ}T {n}

=
1

Z0h3NN !

∫
R6N

h0ie
−{β}T {h0} dpdq.

(3.2.8)
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We recognize the Hamiltonian's expected value in the canonical distribu-

tion, de�ned as:

〈h0i〉C0 =
1

Z0

1

N !h3N

∫
R6N

h0ie
−{β}T {h0} dpdq. (3.2.9)

We have denoted 〈〉C0 the expected value operator in the canonical distribu-

tion associated to probability p0. After evaluating this integral, we obtain

the following expression:

〈h0i〉C0 =
3

βi
. (3.2.10)

The expected trial Hamiltonian in the trial probability distribution equals

then:

〈h0i〉0 = 〈h0i〉
C
0 =

3

βi
. (3.2.11)

Evaluation of the mean trial occupancy Now we turn to the expected

value of the occupancy at site i and of species k related to the probability

p0:

〈nik〉0 =
∑

{n}∈ONM

e−{γ}
T {n} 1

Ξ0h3NN !

∫
R6N

nike
−{β}T {h0} dpdq

=
1

Ξ0

1

h3NN !

∫
R6N

e−{β}
T {h0} dpdq

∑
{n}∈ONM

nike
−{γ}T {n}.

(3.2.12)

We recognize the expression of the canonical partition function given by

(3.2.5):

〈nik〉0 =
Z0

Ξ0

∑
{n}∈ONM

nike
−{γ}T {n}. (3.2.13)

Developing again the sum over occupancies:

〈nik〉0 =
Z0

Ξ0

∑
ni∈OM

nik

∑
j 6=i

∑
nj∈OM

e−{γ}
T {n}

 . (3.2.14)
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Simplifying the terms in the sum and the quotient of partition functions:

〈nik〉0 =
1

N∏
j=1

M∑
l=1

e−γjl

(∏
j 6=i

M∑
l=1

e−γjl

) ∑
ni∈OM

nike
−γTi ni

=
e−γik

M∑
l=1

e−γil
.

(3.2.15)

Mean local Hamiltonian We assume we can split up the Hamiltonian

of the system in two terms, the kinetic and the potential energies. As we

stated in the previous section, we assume the Hamiltonian can be decomposed

in N terms, each one representing the contribution of the i-th particle to the

system. Keeping these assumptions in mind, we express the Hamiltonian of

particle i as:

hi ({p}, {q}, {n}) =
1

2mi(ni)
|pi|2 + Vi ({q}, {n}) . (3.2.16)

The term Vi is an interatomic potential and we denote mi(ni) =
M∑
k=1

nikmk.

The internal energy is related to the expected value of the Hamiltonian,

therefore we need an expression for

〈hi〉0 =
〈

1

2mi(ni)
|pi|2

〉
0

+ 〈Vi〉0 . (3.2.17)

We �rst focus on the kinetic term:〈
1

2mi(ni)
|pi|2

〉
0

=
∑

{n}∈ONM

e−{γ}
T {n}

Ξ0h3NN !

1

2mi(ni)

∫
R6N

|pi|2e−{β}
T {h0} dpdq.

(3.2.18)

64



Replacing the Grand Canonical partition function by its expression (3.2.3):〈
1

2mi(ni)
|pi|2

〉
0

=
1

Z0h3NN !

∫
R6N

|pi|2e−{β}
T {h0} dpdq

1∑
{n}∈ONM

e−{γ}T {n}

∑
{n}∈ONM

e−{γ}
T {n}

2mi(ni)
.

(3.2.19)

Once more, we recognize a term expressed in the canonical distribution:

〈
|pi|2

〉C
=

1

Z0h3NN !

∫
R6N

|pi|2e−{β}
T {h0} dpdq, (3.2.20)

which can be expressed in closed form:

〈
|pi|2

〉C
=

3mi

βi
+ |pi|2. (3.2.21)

Including this result in (3.2.19):〈
1

2mi(ni)
|pi|2

〉
0

=

(
3mi

βi
+ |pi|2

)
1∑

{n}∈ONM
e−{γ}T {n}

∑
{n}∈ONM

e−{γ}
T {n}

2mi(ni)
.

(3.2.22)

Making use of the molar fraction's constraint (3.1.1) and the expression

of the occupancy's average (3.2.15),

〈
1

2mi(ni)
|pi|2

〉
0

=

(
3mi

2βi
+
|pi|2

2

) M∑
k=1

e−γik
mk

M∑
k=1

e−γik

=

(
3mi

2βi
+
|pi|2

2

) M∑
k=1

xik
mk

.

(3.2.23)

Alternatively, we may express the former formula in other appealing man-
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ners: 〈
1

2mi(ni)
|pi|2

〉
0

=

(
3

2βi
+
|pi|2

2mi

) M∑
k=1

xik
mi

mk

=

(
3

2βi
+
|pi|2

2mi

)
mi

〈
M∑
k=1

nik
mk

〉
0

.

(3.2.24)

3.2.4 Bogoliubov's functional expression

We are now able to summarize all previous formulas in the expression of

Bogoliubov's functional (3.1.17):

F({q}, {p}, {w}, {m}; {β}, {γ})

= kB

N∑
i=1

[
βi 〈hi〉0 − 3 + 3 log (~βiωi)− log

(
M∑
k=1

e−γik

)]
+ kB logN !.

(3.2.25)

Resorting to the usual Stirling's approximation, this function can be alter-

natively written as:

F ≈kB
N∑
i=1

[
βi 〈hi〉0 − 4 + logN + 3 log (~βiωi)− log

(
M∑
k=1

e−γik

)]
.

(3.2.26)

Bogoliubov's functional in alternate variables We may express Bo-

goliubov's functional with respect to the molar fractions as independent vari-

ables, instead of its conjugates {γ}. This gives raise to a new functional

expression that we denote F∗:

F∗({q}, {p}, {w}, {m}; {β}, {x})

≈ kB

N∑
i=1

[
βi 〈hi〉0 − 4 + logN + 3 log (~βiωi) +

M∑
k=1

xik log xik

]
.

(3.2.27)
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Replacing the mean Hamiltonian from equation (3.2.24):

F∗ ≈ kB

N∑
i=1

[
βi 〈Vi〉0 +

(
3

2
+
βi|pi|2

2mi

) M∑
k=1

xik
mi

mk

− 4

+ logN + 3 log (~βiωi) +
M∑
k=1

xik log xik

]
.

(3.2.28)

In a system undergoing a quasi-static process, we expect the average

velocity of each atom to cancel out, thus we choose Bogoliubov's parameter

pi = 0. Hence:

F∗ ≈ kB

N∑
i=1

[
βi 〈Vi〉0 +

3

2

M∑
k=1

xik
mi

mk

− 4

+ logN + 3 log (~βiωi) +
M∑
k=1

xik log xik

]
.

(3.2.29)

In the former sections we combined the max-ent and Bogoliubov's vari-

ational principles into one �nal principle based on the optimization of Bo-

goliubov's functional. We have just derived the expression of this functional

given a particular family of Hamiltonians, expressed in parameters permit-

ting a physical interpretation of the model. We will use this expression as the

guide from where to asses macroscopical properties of systems in equilibrium

and away from equilibrium in chapter 6.

But expression (3.2.29) is not yet ready to be evaluated. The average of

the interatomic potential remains in general, despite its mean�eld approxi-

mation, too complex to be computed exactly. In the next chapter we propose

additional numerical approximations that will allows to e�ectively solve the

variational problem.

Before however, we discuss the limitations of the framework we have

exposed during this and the former chapter. In addition we provide some

properties that we hope could be of interest to the reader.
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3.3 Remarks and limitations of the model

So far, we have presented a theoretical framework for modeling multi-scale

systems both in equilibrium and away from equilibrium. From the principle

of maximum entropy and mean�eld theory we built a variational formulation

which we illustrated with a concrete mean�eld model. In this section we

point out the limitations of the theoretical framework together with some

interesting properties.

3.3.1 Relationship between equilibrium and non-equili-

brium entropies

The max-ent principle compels the modeler or experimenter to include in

the model all the information he possesses. In particular, if we are sure that

the system is in equilibrium, we should enforce this knowledge from the very

beginning of the formulation. This is precisely what we did in section (2.4.2)

by including only a unique constraint for the internal energy and the number

of particles of each species comprising the system.

What would happen however if we assumed the system to be away from

equilibrium, but it were actually in an equilibrium state? We would expect to

retrieve, from the non-equilibrium formulation, a macroscopical description

characteristic of equilibrium. In order to check out whether or not this is

the case, let us consider again the entropy (3.1.8) and the interpretation

of Lagrange multipliers (3.1.9). If the macroscopic measurements shows a

system in equilibrium, for every particle i we have

ei = e =
E

N
,

xik = xk =
Nk

N
.

(3.3.1)

The constraints on the internal energy density and the molar fraction be-

ing all equivalents, the Lagrange multipliers must as well be equivalent, thus,

inserting these relations into the expression (3.1.8) for the non-equilibrium
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entropy we get:

S = kB

[
N∑
i=1

eiβi +
N∑
i=1

γTxi + logΞ

]
= kB

[
Neβ + γTNxi + logΞ

]
= kB

[
Eβ + γTN + logΞ

] (3.3.2)

Now, let us �nd a relation between the partition function of equilibrium

Ξeq and the partition function for non-equilibrium systems. We start from

the formula (3.1.7) expressing the partition function for non-equilibrium sys-

tems and include the relationship between Lagrange multipliers we have just

derived:

Ξ =
1

h3N

∑
{n}∈ONM

∫
Γ/Π

e

N∑
i=1

[
−βihi−

M∑
k=1

(γiknik)

]
dpdq

=
1

h3N

∑
{n}∈ONM

∫
Γ/Π

e
−β

N∑
i=1

hi−
M∑
k=1

(
γk

N∑
i=1

nik

)
dpdq.

(3.3.3)

Since H =
∑N

i=1 hi and recalling the expression of the equilibrium partition

function Ξeq (2.4.9), we obtain:

Ξ =
1

h3N

∑
{n}∈ONM

∫
Γ/Π

e
−β

N∑
i=1

hi−
M∑
k=1

(γkNk)
dpdq

=
1

h3N

∑
{n}∈ONM

∫
Γ/Π

e
−βH−

M∑
k=1

(
γk

N∑
i=1

nik

)
dpdq

= Ξeq.

(3.3.4)

We conclude then that the entropy in both formulations are equivalent

S = Seq. The same can be said about the canonical and grand-canonical

free entropies and the probability distribution. This result demonstrate

that we can retrieve the equilibrium formulation as a particular case of the

non-equilibrium framework. Thus, we are entitled to utilize non-equilibrium

models for simulating equilibrium states, with the condition that we check
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whether the Lagrange multipliers of any two particles are spontaneously

equal. We will use this result in chapter 6, when we will simulate macro-

scopic properties of equilibrium through the mean�eld model described in

the previous section devised for non-equilibrium systems.

3.3.2 Lattice independence

When we developed this framework, we had in mind the simulation of solid

multi-species solutions with crystal structure. This is why through the whole

chapter we have spoken loosely of site i or particle i indistinctly. But this

framework may be useful as well for the simulation of amorphous materials,

where there is no notion of site. If this is the case, we systematically stick

to the concept of particle when using subscript i. Under this premise, all

derivations we have so far introduced are still valid when studying amorphous

systems.

3.3.3 Integration of vacancies

At the very beginning of our formulation, we assumed that each particle

should be of one of the possible atomic species. This condition ensured the

constraint on the possible occupancy vectors (2.2.2). If we wanted to simulate

a crystal lattice and to consider lattice vacancies, in contrast to particles, we

would run into a contradiction in our formulation, for (2.2.2) would no longer

hold.

Nevertheless, vacancies could easily be included in the lattice model with-

out giving up this constraint. It su�ces to add to the model a new particle

species with mass 0. The Hamiltonian associated with particle i must be

slightly modi�ed in this case. If we note k = 1 the species representing

vacancies, then the Hamiltonian reads:

hi ({p}, {q}, {n}) = Vi ({q}, {n}) +

{
1

2mi(ni)
|pi|2 , if ni1 = 0

0 , if ni1 = 1.
(3.3.5)

The mean Hamiltonian with respect to Bogoliubov's probability distribu-
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tion transforms to:

〈hi〉0 =
(

3

2βi
+
|pi|2

2mi

)
,
M∑
k=2

xik
mi

mk

+ 〈Vi〉0 . (3.3.6)

3.3.4 Relation between molar fractions and pseudo-che-

mical potentials

Relationship (2.2.2) implies that only M − 1 molar fractions are indepen-

dent, and so are the pseudo-chemical potentials. Moreover, we can deduce

the pseudo-chemical potentials from the set of molar fractions, and recipro-

cally, through a closed form. Recalling the expression of Bogoliubov's mean

occupancy (3.2.15) and the de�nition of molar fractions (3.1.1):

xik = 〈nik〉0 =
e−γik

M∑
l=1

e−γil
. (3.3.7)

We can invert this relation enforcing expression (3.1.5),

γik = − log xik +
1

M

M∑
l=1

log xil. (3.3.8)

3.3.5 Inextensibility of the free entropy

Classical thermodynamics postulates the entropy is an extensive function [13,

pg. 28], i.e.

S(λE, λV, λN) = λS(E, V,N). (3.3.9)

In statistical thermodynamics however, it is a separate axiom [2, 38]. Indeed,

Jaynes [48] upholds statistical thermodynamics remains silent on the exten-

sivity of entropy: it neither requires nor forbids it. For instance, systems

with long range interactions, such as the forces that hold solids together, do

not possess an additive entropy.

Instead of on the entropy, our formulation is grounded on a free entropy

Φ∗({β}, {x}), that does implicitly depend on the total number of particles
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in the system N . As a matter of fact, N is already present in the model,

since N = dim({β}) = dim({x}). Let us momentarily make this dependence
explicit and de�ne Φ̃∗:

Φ̃∗({β}, {x}, N) = Φ∗({β}, {x}). (3.3.10)

This free entropy Φ̃∗ is derived from:

Φ̃∗({β}, {x}, N) = max
{q},{p},{w},{m}

−F∗. (3.3.11)

If we denote q∗, p∗, w∗,m∗ the set of arguments that makes functional F∗

minimum, we reach an expression for the free entropy:

Φ̃∗({β}, {x}, N) ≈ −kB
N∑
i=1

[
βi 〈Vi〉0 +

3

2

M∑
k=1

xik
m∗i
mk

− 4

+ logN + 3 log (~βiω∗i ) +
M∑
k=1

xik log xik

]
(3.3.12)

The extensivity of the entropy, is equivalent in terms of the free entropy

in the following equality:

Φ̃∗({β}, {x}, λN) = λΦ∗({β}, {x}, N). (3.3.13)

Omitting the interaction terms, represented by the interatomic potential, the

free entropy is not extensive due to the factor logN . This remark implies

automatically the non extensivity of the entropy.

At this moment we should brie�y recall the rationale behind the classical

expression of the entropy for gases. Boltzmann statistics provide a closed

form expression for the free entropy S∗ of gases with N molecules at a given

temperature T and occupying a volume V :

S∗(T, V,N) = NkB log V +
3

2
NkBT + C (3.3.14)

This expression is deduced considering that all particles in the gas are dis-

tinguishable. We notice that is not extensive either, due to the term log V .
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Pauli noticed that the constant C can be in fact any function of N , [80].

By choosing:

C = NC − kN logN, (3.3.15)

with C an arbitrary constant, we obtain a new function for the free entropy

and extensive this time:

Φ̃∗ = kN

(
log

V

N
+

3

2
log T + C

)
. (3.3.16)

This new function C was interpreted as the correction factor equivalent

to consider all particles indistinguishable.

In our case, however, it is the initial assumption of indistinguishability

that hindered the entropy's extensibility. But this does not mean that the hy-

pothesis of indistinguishability is wrong. It may rather point out a drawback

in the formulation which is explained in the next paragraph.

3.3.6 Incompleteness of the theoretical model

In classical thermodynamics, an equilibrium state is speci�ed by the internal

energy, the number of particles of each chemical components and the volume.

In our model for equilibrium, we only took into account two of this three

variables, the number of particles and the internal energy but we did not

incorporate the macroscopic information regarding the characteristic length,

or volume, of the system.

Without any notion of macroscopic lengths the system cannot be com-

plete according to classical thermodynamics. In the context of classical ideal

gases, it is actually the volume that made the entropy extensive, once the in-

distinguishability of the particles considered. Indeed, in expression (3.3.16),

if we removed the volume from the equation, the free entropy would again

lack extensibility.

The fact that the entropy of our model is not extensive may well be

because of the lack of volume or any other length related variable in our

framework, as is the case the classical theory of gases. A possible extension

of the proposed model should therefore supply a new constraint regarding the

volume in equilibrium, the mean atomic position of particles when dealing
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with systems away from equilibrium or any other macroscopic information

characterizing the system's spatial length.

3.3.7 Use of free entropies

The theory just exposed stands on the principle of local equilibrium, which

assumes that the equilibrium state variables as entropy, energy and free en-

ergies are well de�ned. In addition, it inherits from the max-ent principle,

which postulates in turn the equality between the information theoretical

entropy evaluated at the least biased probability and the thermodynamical

entropy. Nonetheless, there is no assumption whatsoever about neither the

energy nor free energies.

We could de�ne a free energy, but it would add a postulate which happens

to be unnecessary. In addition, should a free energy be introduced, there is

no guarantee that the maximization principle of the free entropy could be

reformulated into an equivalent minimization principle for the free energy.

At equilibrium, the question does not come into play since free energies

are well de�ned and we can formulate a variational principle in terms of them

equivalent to the one developed with free entropies.

3.3.8 Thermodynamic properties as correlations

The theoretical model presented in this chapter for non-equilibrium systems

of particles allows as well to express classical properties of thermodynamics

in terms of correlations. Even without introducing any kinetic relation, let

us assume that the internal energy may evolve through the macroscopic time

t. We will assume as well that {β} and {γ} vary with time: {β} = {β(t)},
{γ} = {γ(t)}. Then the rate of change of the internal energy of the ith
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particle can be evaluated as:

ėi =
d

dt

 1

Ξh3N

∑
{n}∈ONM

∫
Γ/Π

hie
−{β}T {h}−{γ}T {n} dpdq


= −Ξ̇

Ξ
〈hi〉 −

N∑
j=1

β̇j 〈hihj〉 −
N∑
j=1

γ̇j · 〈hinj〉

=
N∑
j=1

β̇j 〈hi〉 〈hj〉 −
N∑
j=1

β̇j 〈hihj〉+
N∑
j=1

γ̇j · 〈hi〉 〈nj〉 −
N∑
j=1

γ̇j · 〈hinj〉

= −
N∑
j=1

cov(hi, hj)β̇j −
N∑
j=1

cov(hi,nj) · γ̇j.

(3.3.17)

When {γ} remains constant in time, we can de�ne the heat capacities

between particles Cij through the relation:

ėi =
N∑
j=1

Cijβ̇j. (3.3.18)

Comparing the latter equation with (3.3.17) when γ̇j = 0, we express the

heat capacities in terms of correlations between the Hamiltonians associated

with the particles in the system:

Cij = cov(hi, hj). (3.3.19)

We notice that even though we introduced heat capacities in a dynamical

context, their expression do not depend on any time rate, β̇j. It depends

though on the set of {β} and all other state variables. This result does not

provide a manner to compute easily heat capacities. Hence, an approximation

with the Bogoliubov distribution should be proposed.

This short derivation suggests nonetheless that other thermodynamical

properties may also be expressed in function of statistical functions of micro-

canonical variables. For instance, assuming instead that {γ} evolve through
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time while {β} remain constant, we could express ėi as:

ėi =
N∑
j=1

Aij · γ̇j, (3.3.20)

where Aij could be interpreted as chemical capacities between particles i and

j and could be expressed as:

Aij = cov(hi,nj). (3.3.21)

3.4 Summary

In this chapter we adapted the framework presented in chapter 2 for mod-

elling systems away from equilibrium. In contrast to equilibrium systems, a

state away from equilibrium is characterized by inhomogeneous macroscopic

variables that may vary with time. This discrepancy lead us to consider a set

of macroscopic constraints related to each speci�c particle. The locality of

the constraints naturally introduced the possibility to work with temperature

and chemical �elds. The Lagrange multipliers have the units of temperature

and chemical potential, by analogy to macroscopic thermodynamics, they

can be interpreted as analogous variables at the particle level. With the ad-

ditional hypothesis of local equilibrium, we were able to propose, as we did

for systems in equilibrium, a unique variational principle expressed in terms

of the Bogoliubov's functional that combines the mean�eld and max-ent vari-

ational principles. The novelty of this approach is twofold: it is based on the

optimization of free-entropies, instead of free-energies and it clearly separates

the modelling phase from the purely theoretical and general framework. The

method we propose demands for modelling assumptions exclusively through

the selection of an appropriate family of mean�eld Hamiltonians and the set

of macroscopic constraints enforced to the variational principle.

Additionally, we have exposed a simple mean�eld model which will be

employed later in assessing the capabilities of the method. We will apply

this same model in the simulation of equilibrium properties and irreversible

processes.
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We �nally discussed the limitations of the formulation. In particular,

it provides expressions for the entropy which are not extensive, pointing at

the fact that an additional thermodynamic dimension is lacking. Indeed, in

future research, we should explicitly include a constraint related to a spatial

dimension such as a characteristic length, volume or measure of displacement.

However, the theory accounts for vacancies and is independent of the system's

crystal structure and interatomic potential. We do believe this framework to

be easily extensible to include other coupled mechanisms.

We have concentrated on the description of non-equilibrium states, but

we still lack the characterization of the kinetic equations driving the process

itself, and not just the description of the states it runs through. We discuss

kinetic considerations in chapter 5.
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4
Numerical approximations

In chapter 2 we provided a variational formulation for the simulation of

multi-species systems in equilibrium and we extended it for systems away

from equilibrium in chapter 3. We required few initial assumptions: the

maximum entropy principle and, to tackle systems away from equilibrium,

the hypothesis of local equilibrium. We ended up with a variational principle

based on Bogoliubov's functional F . We devised thus a methodology capable

of producing models whose complexity is tailored through a set of mean�eld

parameters.

In chapter 3, we proposed a speci�c mean�eld model but its Bogoliubov's

functional (3.2.29) remained too complex to be evaluated directly, evidencing

the need of additional approximations. Particularly, the term 〈V 〉0 masks the
presence of an involved multi-dimensional integral which we do not know how

to calculate exactly, except for very simple expressions of the potential V .

Therefore, we must propose a numerical integration scheme. In addition,

this term includes as well the calculation of a sum involving too many terms.

Indeed, once we are able to numerically integrate the interatomic potential
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over the quotient space, we still need to calculate the sum over all possible

occupancies. This sum grows exponentially with the number of particles

involved, rendering its computation impractical. Therefore, we need as well

provide a means of approximation for this sum.

In this chapter then, we �rst focus on numerically approximating the

integral over the quotient space. We discuss two alternatives: a numerical

quadrature rule suitable for Gaussian integrals, and a Monte Carlo integra-

tion scheme based on the Metropolis Hastings algorithm. Subsequently, we

address the approximation of the sum over occupancies. We take advantage

of the latter Monte Carlo integration and adapt it to approach the sum with

Gibbs' sampling strategy. Then, we validate these di�erent strategies for

handling numerical integration and summation through numerical examples

of systems in equilibrium. Lastly, we show some validations for systems away

from equilibrium.

4.1 Numerical integration

In order to evaluate Bogoliubov's functional F given by equation (3.2.29),

we must assess the expected value of the interatomic potential 〈V 〉0. It can
be expressed as:

〈V 〉0 =
∑

{n}∈ONM

e−{γ}
T {n}

N !

1

Ξ0~3N

∫
V ({q}, {n}) e−{β}{h0} dpdq. (4.1.1)

In this section, we concentrate on numerical schemes for the calculation

of the integral given an occupancy vector:

IV =

∫
V ({q}, {n}) e−{β}{h0} dpdq. (4.1.2)

Since the interatomic potential is independent of particle momenta, we

can split up the integral and exactly calculate the integration over particle

momenta. Moreover, we will decompose the interatomic potential in N terms

Va, such as
∑N

a=1 Va = V and associate each term with one particle. We point

out that this decomposition does not require any additional hypothesis on
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the dependence of the interatomic potential, since each component Va may

depend on the variables of the system.

From experimental observations, it is clear that the in�uence one particle

has on another particle diminishes with their separating distance. In practice,

it is common to use a cuto� radius. This forces us to introduce new notation.

By {qb} and {nb} we will be referring to the vectors consisting of all qb and
nb that remain in the neighbourhood of particle a given a cuto� radius rc.

In addition, we denote Ia the set of indices associated to the particles in the

neighbourhood of particle a:

Ia = {b = 1 . . . N | |qa − qb| < rc}. (4.1.3)

Now we can exploit all the information and express (4.1.2) as:

IV =

[
N∏
i=1

(
mi

2πβi

)3/2
]
�

N∑
a=1

[∏
j 6∈Ia

(
1

2πmjβjw2
j

)3/2
]∫

Va ({q}, {n}) e
−
∑
k∈Ia

mkβkw
2
k

2
|qk−qk|2

dqb

(4.1.4)

We still need a means for computing the integral term. We propose two

di�erent solutions. First, we will explore a quadrature rule for gaussian in-

tegrals. In this method, quadrature weights and points are �xed following

a rule which we will describe. The other alternative we discuss is Monte

Carlo integration method. This approximation method does exploit statisti-

cal sampling, generating a �xed number of random quadrature points.

4.1.1 Quadrature rule for Gaussian integration

Numerical quadrature rules are not usually suited for high dimensional in-

tegrals, such as IV . This is because the number of quadrature points they

require is computationally una�ordable, even for low orders of quadrature.

Fortunately however, in the literature there are quadrature rules with a small

number of quadrature points available speci�cally for high dimensional Gaus-

sian integrals. In the same manner as [57], we particularly work with the one
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developed by Stroud in [93], based on Gauss-Hermite quadrature rule for

one-dimensional integrals.

A general P -point quadrature approximates a Q-dimensional integral as:

Iapp =
P∑
k=1

f(ξk)Wk, (4.1.5)

where ξk are the quadrature points of dimension Q and Wk the quadrature

weights.

Following Stroud's technique, the quadrature weights and points of the

nth order quadrature rule are choosen so as to ensure that all monomials of

at most degree n are exactly approximated. In particular, the third order

quadrature requires only 2Q points, while the �fth order rule involves Q2 +

Q + 2 points. It would be very time consuming to evaluate the integral at

Q2+Q+2 points, this is why we restrict our computation to the third order

rule.

Transformation of the integral. Before providing the speci�c rules to

select the appropriate quadrature points and its related weights for the third

order rule proposed by Stroud, we express ĨV explicitly as a Gaussian in-

tegral. Returning to the approximation of IV , by means of the change of

variable:

yi =
miβiw

2
i

2
(qi − qi) (4.1.6)

we express IV as a Gaussian integral with dimension 3na, na being the num-

ber of particles in particle a's neighborhood,

IV =

[
N∏
i=1

(
mi

2πβi

)3/2
]
�

N∑
a=1

[∏
j 6∈Ia

(
1

πmjβjw2
j

)3
]∫

Va ({q}, {n}) e
−
∑
k∈Ia

|yk|2
dyb

(4.1.7)
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We denote IVa the integral term:

IVa =

∫
Va ({q}, {n}) e

−
∑
k∈Ia

|yk|2
dyb. (4.1.8)

The integral IVa is hence approximated by the third order quadrature as:

IVa ≈
6na∑
l=1

Va
(
q1(ξ1l), · · · , qna(ξnal); {n}

)
W. (4.1.9)

Now we provide the appropriate formulas for calculating these quadrature

points their related weights for the third order quadrature proposed by

Stroud. We shall explain why we have introduced a new sub-index in the

quadrature point and we have removed any index from the weights.

Third order points and weights. Instead of working with only one sub-

script to distinguish between di�erent quadrature points, we will use two:

the �rst one di�erentiates between particles and the second one between co-

ordinates. The third order quadrature points are thus calculated as follows:

ξjl =



(√
3na
2
, 0, 0

)
, if l = 3j or (−r, 0, 0), if l = na + 3j(

0,
√

3na
2
, 0
)
, if l = 3j + 1 or (0,−r, 0), if l = na + 3j + 1(

0, 0,
√

3na
2

)
, if l = 3j + 2 or (0, 0,−r), if l = na + 3j + 2

0, elsewhere.

(4.1.10)

Quadrature weights are obtained from the following formula:

Wjl =
(
√
π)

3na

6na
. (4.1.11)

We notice that allWlj show the same value for a given number of neighbours.

Therefore we will omit its subscripts.
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4.1.2 Monte Carlo integration method

Approximation of the mean value of a function

The e�ciency of many deterministic integration schemes depends on the

dimension of the integration domain: when the dimension of the integral is

too high, either they fail to converge or they demand an impractical number

of integration points. Monte Carlo integration method (MC) arises in these

cases as a fruitful alternative [52].

The main bene�ts of this technique are twofold. First, if addressed prop-

erly, it requires many fewer evaluation points than deterministic integration

schemes. In addition, we may improve its accuracy by simply increasing the

number of evaluation points. In this manner, we avoid implementing di�er-

ent rules for the selection of quadrature points and weights depending on the

quadrature's order.

MC method is usually formulated with the goal of approximating an

integral of the form:

I =

∫
Ω

f(x) dx. (4.1.12)

However, we will state the problem in a di�erent manner, better suited to

our needs [74] and frequently cast in the literature. We assume that Ω ⊂ Rn

is provided with a probability density function π. In addition, g is a function

on a multivariate random variable. We will be interested in approximating

the expected value of g:

E[g] =

∫
Ω

g(x)π(x) dx. (4.1.13)

Both formulations are related. It su�ces to choose π as the uniform distri-

bution and assume f may be split up as f = g × π in Ω.

The MC method consists on establishing a sampling strategy for the

generation of a set of independent sample points x1, ..., xN . The expected

value of g is then estimated from its sample mean:

g =
1

N

N∑
i=1

g(xi). (4.1.14)
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The MC quadrature rests upon the Law of Large Numbers which guarantees

the convergence of the sample mean g to the expected value of the random

variable E[g].

We need however to estimate the error we introduce when approximating

the sample mean g by the expected value. First, we will suppose the sam-

ples generated are independent, since usually with independent samples we

obtain the smallest error. In addition, the estimation of the error is easier

for independent samples. It will later serve a a good bases to estimate the

error for autocorrelated samples.

Absolute error for independent samples

In general, strategies for generating sampling values produce correlated sam-

ples. This is the case when we use Markov chains, for instance. However

di�erent strategies are available for the creation of mutually independent

sample points. We will explore later two of these algorithms based on spe-

ci�c Markov chains. In this paragraph we brie�y recall the approximation

error e we make with the Monte Carlo method when working with indepen-

dent samples,

e = g − E[g]. (4.1.15)

We need to bear in mind that a real valued function such as g compounded

with independent random variables Xi results in a new independent random

variable. Particularly, since sample points are assumed mutually indepen-

dent, all g(X i) remain as well mutually independent.

We assume that the standard deviation of g is �nite, i.e.:

σ = STD[g] <∞. (4.1.16)

In addition, assuming all samples are independent and identically dis-

tributed (i.i.d.), the Central Limit Theorem (CLT)1 states the convergence

in distribution of the error:

e√
n
−→
d
N(0, σ). (4.1.17)

1We make use of Lindeberg-Lévy's form of the Central Limit Theorem.
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Roughly speaking, this result indicates that the absolute error is of order
√
n

and thus independently on the integral's dimension.

Since the absolute error is in practice inaccessible, we will turn to the

mean's standard deviation, for it is an unbiased statistical estimate:

ê =
s√
N
, (4.1.18)

where s is the sample standard deviation

s =

√√√√ 1

N − 1

N∑
i=1

[g(xi)− g(x)]2. (4.1.19)

Despite the ubiquity in statistics of this absolute error's estimate, it is

helpful to brie�y discuss the rationale behind it. The approximate average g

is the sum of the realization of the independent random variables X i, thus

its variance is the sum of the variance of each g(X i), and since all sample

points are identically distributed, we end up with

VAR[g] =
1

N2
VAR[g]N. (4.1.20)

Finally we use the sample standard deviation s as an estimate for VAR[g].

This estimate is sometimes employed when a level of con�dence is �xed.

Indeed, assuming the sample points are normally distributed and choosing

some level of con�dence associated with percentile C, then the approximation

will �uctuate in the interval:

E[g] ≈ g ± C × ê (4.1.21)

≈ 1

N

N∑
i=1

g(xi)±
C√
N

√√√√√ 1

N − 1

 N∑
i=1

g(xi)2

N
−

(
N∑
i=1

g(x)

N

)2
 (4.1.22)

This interval should not be understood as providing reliable bounds, since

it is asymptotic, thus only sound when a great number of sample points are

taken and when these sample points are normally distributed.

We point out however all calculations in this section regarding the error
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are correct both with continuously and discretely distributed samples.

4.1.3 Markov chains

As we have already stated, the Monte Carlo method necessitates the creation

of sample points given a probability distribution π speci�ed a priori. Some

Markov chain algorithms stand out for their striking simplicity and their

spread use for the generation of random points. But not every Markov chain

is suitable to our means. We will �rst survey some basic de�nitions; next,

we will speci�cally discuss the properties we need of a Markov chain.

De�nitions

A Markov chain is a sequence of random variables X0,X1, ... where the

state Xn+1 depends exclusively on the immediately preceding Xn:

P (Xn+1 = xn+1|X1 = x1, . . . ,Xn = xn) = P (Xn+1 = xn+1|Xn = xn)

(4.1.23)

The set S formed by all possible values of X i is known as the state space of

the chain. A Markov chain is characterized by two probability distributions:

Initial probability distribution p0. It identi�es the probability of the

initial step P (X0 = x0),

Transition probability distribution T n = {tn(x,y)}x,y∈S. It identi�es

the passage from step n to n+ 1 and must satisfy for every step n the

following properties

∀x,y ∈ S, tn(x,y) = P (Xn+1 = y|Xn = x) (4.1.24)

∀x,y ∈ S, tn(x,y) ≥ 0 (4.1.25)

∀x ∈ S,
∑
y∈S

tn(x,y) = 1 (4.1.26)

With these distributions, the probability of state Xn+1 = xn+1 occurring

at step n+ 1 can be deduced from the previous step making use of the Law
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of Total Probability:

P (Xn+1 = xn+1) =
∑
xn∈S

tn(xn,xn+1)P (Xn = xn). (4.1.27)

A Markov chain is said to be irreducible and aperiodic if each state can

always be reached from any other and has no cycles:

∀x,y ∈ S, ∃N ∈ N : tn(x,y) > 0, ∀n ≥ N (4.1.28)

We will work exclusively with irreducible Markov chains.

We call the Markov chain homogeneous or stationary if the transition

probabilities remain the same for every step. In this case, we note them T
omitting any reference to the speci�c step the transition takes place in.

Now that we know how to de�ne a Markov chain, we must discuss its

asymptotic behavior when the number of steps raises. An invariant, equilib-

rium or stationary distribution p is one that, once reached, persists inde�-

nitely.

We can verify whether a probability distribution is invariant with the

detailed balance equation:

∀x,y ∈ S, ∀n ∈ N, tn(x,y)P (Xn = x) = tn(y,x)P (Xn = y),

(4.1.29)

This equation is a su�cient condition for the stationarity of a distribution,

but it is not necessary. When this property holds, we say the Markov chain

is reversible.

If a stationary distribution p exists with respect to an irreducible and

aperiodic Markov chain, then it can be proved [92] the uniqueness of the

stationary distribution. When these conditions hold, we call the Markov

chain ergodic :

lim
n→∞

tn(x,y) = py (4.1.30)

In the literature, di�erent de�nitions of ergodicity coexist [52].

We wish to construct a Markov chain for which the probability π of the

sample points is invariant. In addition, we require that, independently of

the choice for the initial probability, the probabilities at a future step n big
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enough converges to this invariant distribution. We will refer to this property

of Markov chains as ergodicity.

Error estimation for autocorrelated samples

Through Markov chains, a new sample is generated by modifying the pre-

vious one, hence samples are not independent. Rather, they can be highly

correlated. Hence, the MC error must include a new term measuring the

impact of samples dependence. Relation (4.1.20) becomes [92]:

VAR[g] =
1

N

[
VAR[g] + 2

N∑
t=1

(
E[g(x1)g(x1+t)]− E[g(x1)]

2
)(

1− t

N

)]
.

(4.1.31)

This expression is correct once we have reached an equilibrium distribution

where for every pair i, j, E[g(xi)] = E[g(xj)] and VAR[g(xi)] = VAR[g(xj)].

The unnormalized autocorrelation is de�ned as:

C(t) = E[g(x1)g(x1+t)]− E[g(x1)]
2, (4.1.32)

thus VAR[g] = C(0). We notice how the di�erence between (4.1.31) and the

error for independent samples (4.1.20) lies in the autocorrelation between

di�erent samples. In principle, we could reach fewer errors with inversely

correlated samples than with independent samples, i.e. if C(t) is negative.

This is in practice very di�cult to guarantee.

We usually introduce the integrated autocorrelation time τint:

τint =
1

2
+

1

C(0)

∞∑
t=1

C(t). (4.1.33)

Asymptotically, the autocorrelation usually decays exponentially C(t) ∼
e
− |t|
τexp . For t � τexp, the error may be expressed with respect to the auto-

correlation time:

VAR[g] ≈ 1

N
2τintVAR[g]. (4.1.34)

This expression shows some insight on the interpretation of the autocorrela-

tion time when compared with (4.1.20). The number of e�ectively indepen-
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dent samples among the N total samples generated is roughly Neff =
N

2τint
.

There are several techniques for estimating τint, the most popular be-

ing probably the binning technique [3, 21]. We will employ however the Γ

method, developed in [115]. In this method, we estimate the autocorrelation

function as:

Ĉ(t) =
1

N − t

N−t∑
i=1

[g(xi)− g] [g(xi+t)− g] . (4.1.35)

From this formula, we state the estimator of the variance V̂AR[g], of the

mean variance V̂AR[g] and of the autocorrelation time τ̂int:

V̂AR[g] =Ĉ(0)

V̂AR[g] =Ĉ(0) + 2
W∑
t=1

Ĉ(t)

τ̂int =
V̂AR[g]

2V̂AR[g]

(4.1.36)

The summation window W is chosen through an automatic procedure. Its

value should be large compared to the exponential time decay τexp for a

small error, while if it is excessively large it introduces too much noise. A

detailed explanation of this method, comparison with the binning algorithm

and evaluation of the error introduced by each estimator is discussed in [92].

4.1.4 Metropolis-Hastings algorithm

Finally we are in a position to approximate the integral in (4.1.4). In this

case, we seek samples of particle positions in the neighborhood of particle a

and following the probability distribution

p =
1

C
e
−
∑
k∈Ia

mkβkw
2
k

2
|qk−qk|2

, (4.1.37)

where C is a constant so that
∫
p dqb = 1.

In order to generate these samples, we construct a Markov chain following

the Metropolis-Hastings algorithm, such that the distribution p is invariant
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and the Markov chain ergodic.

Probability distributions in the Metropolis-Hastings method

The Metropolis-Hastings algorithm [74] is a popular method for sampling

following a joint distribution known a priori. It does that by repeatedly

considering random changes generated sequentially to each component. It

accepts or rejects these changes based on how they a�ect the probability.

We follow the notation employed in [74].

This process can be expressed as the action of a Markov chain built from

some given transition probabilities Tk. Suppose the random variables of our

system are X = {X1, . . . , Xn}. The manner in which Tk creates a new state

x′ from the current state x may be seen as follows:

1. Propose a new state x∗ = (x1, . . . , x
∗
k, x

∗
k+1, . . . , xn), where only com-

ponent k is di�erent and is chosen at random from some proposed

distribution Sk(x,x
∗).

2. Generate a random number u from the uniform distribution on [0, 1)

and accept this new state x∗ if u is greater than the acceptance prob-

ability Ak(x,x
∗),

x′ =

x∗ if u < Ak(x,x
∗)

x otherwise.
(4.1.38)

This algorithm is proven to built an ergodic Markov chain [74] as long as

Sk(x,x∗) and p are non-zero for all x∗ and states respectively. In our case,

these conditions are satis�ed, as we will see once we have speci�ed our choice

for Sk, but they do not provide any information on the rate of converge.

In addition, it can be proven that p is an equilibrium distribution of the

Markov Chain associated to the Metropolis-Hastings process.
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Application of the Metropolis-Hastings method

Now we describe the speci�c manner in which we have implemented this

algorithm for approximating the integral in expression (4.1.4):

∫
Va ({q}, {n}) e

−
∑
k∈Ia

mkβkw
2
k

2
|qk−qk|2

dqb (4.1.39)

State representation and proposed distribution We should �rst spec-

ify the fashion in which we represent states in terms of their components. The

integral involves 3na variables
2, which we naturally group into na components

q1, . . . , qna , treating each position vector qk as a single component. New can-

didates are proposed following the uniform distribution over the inside of a

sphere of radius
√
2rc

2
mkβkw

2
k
, rc being the cuto� radius. This value has been

adjusted by trial and error in order to ensure a low rejection rate while al-

lowing enough dispersion. This compromise provides a practical solution for

a fast exploration of the state space while avoiding the rejection of too many

samples.

Acceptance probability Several acceptance functions are employed in

the literature. In our case, we have chosen:

Ak(qk, q
∗
k) = min

(
1,
p({q}∗)
p({q})

)
= min

(
1, e−

mkβkw
2
k

2 [|q∗k−q∗k|2−|qk−qk|2]
) (4.1.40)

By this procedure we generate a list of L samples {{q̃}1, . . . , {q̃}L}, where
each {q̃}i is an array with the sampled vectors of the position of all particles

in particle a neighborhood. We �nally apply formula (4.1.14) and obtain a

Monte Carlo approximation of (4.1.39)

∫
Va ({q}, {n}) e

−
∑
k∈Ia

mkβkw
2
k

2
|qk−qk|2

dqb ≈
1

L

L∑
l=1

Va({q̃}l) (4.1.41)

2The na position vectors each with 3 coordinates.
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4.2 Summation rule in ensemble averaging

The formalism presented in the former chapters makes it possible to model

multi-species systems, but it does come at a price: a new and cumbersome

sum over all feasible states in ONM appears in the calculation of forces and

free entropies. In order to have a rough idea of the impact it has on compu-

tations, we need �rst to estimate the number of terms it involves.

Let us suppose that the system is a FCC lattice of two atomic species and

that each atom has 12 �rst neighbours in average. In this case then, we will

end up summing 212 = 4096 terms per atom in the lattice, in the calculation

of any property averaged with 〈〉0. We can interpret this result as follows.

The simulation of this system imposing all atomic molar fractions of species

1 to be almost 1 will take 4096 times longer than that of the equivalent

formulation omitting stoichiometric e�ects. Whereas, we expect the �nal

result of both simulations to be the same. We realize how the appearance of

this sum can hinder heavily simulations in our formulation.

As an alternative, we propose to turn ourselves to the Monte Carlo

method, already in use in statistical mechanics computational methods [117],

[92]. Particularly, what we need is an approximation of the average opera-

tor, for the sum over ONM is introduced by the average in the Bogoliubov's

ensemble.

4.2.1 Average operator

After approximating the integration over the particles coordinates, we are

�nally in a position to approximate the average operator, the preferred tool

for translating the information from the �ner scale to the coarse, macroscopic

scale. We recall that state spaces of a physical system are fully speci�ed

providing the position q, linear momentum p and occupancy n of each and

every atom. The expected value of some property A is given by:

〈A〉0 =
∑

{n}∈ONM

1

C
e−{γ}

T {n}
∫
R6N

A ({q}, {q}, {n}) e−{β}T {h0} dpdq, (4.2.1)

92



where C is a constant and h0 is Bogoliubov's hamiltonian. We have chosen

a Hamiltonian independent of the occupancies {n}.
We already know how to evaluate numerically the integral over atomic

positions and momenta, leaving only the sum over all compatible atomic

occupancies to be assessed. We introduce the new notation IA as a shortcut

for writing the integral of A over atomic positions and momenta

IA =

∫
R6N

A ({q}, {q}, {n}) e−{β}T {h0} dpdq, (4.2.2)

following the same notation introduced in the previous section.

The average of A thus reads:

〈A〉0 =
∑

{n}∈ONM

1

C
e−{γ}

T {n}IA({n}). (4.2.3)

In our simulations we favor atomic molar fractions {x}, conjugate vari-
ables of the pseudo-chemical potentials {γ}. They are both related in closed

form (3.3.8). The pseudo-chemical potential of atom i and species k is ex-

pressed as:

γik = − log xik +
1

M

M∑
j=1

log xij

⇐⇒ e−γik = xik
1(∏M

j=1 xij

)1/M (4.2.4)

We should point out that if we constrain γik to remain in R and forbid it to

take limit values, then atomic molar fractions may take values exclusively in

]0, 1[.

Using the relationship between molar fractions and pseudo-chemical po-

tentials, the average of A reads:

〈A〉0 =
∑

{n}∈ONM

1

C

N∏
i=1

M∏
k=1

xnikik(∏M
j=1 xij

)nik/M IA({n})
=

∑
{n}∈ONM

1

C

N∏
i=1

∏M
k=1 x

nik
ik(∏M

j=1 xij

)1/M IA({n}).
(4.2.5)
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In particular, we are interested in the expected value of the interatomic

potential 〈V 〉0 (4.1.1):

〈V 〉0 =
∑

{n}∈ONM

1

Ξ0~3NN !

N∏
i=1

M∏
k=1

xnikik

(xik)
1/M

IV ({n}). (4.2.6)

4.2.2 Gibbs algorithm

Gibbs sampling method is suited for problems where the state variables can

take values from a small �nite set and whose conditional distributions are

easy to compute [15]. The di�erence with Metropolis Hastings algorithm

lays in the use of conditional probabilities instead of joint distributions from

a given multivariate probability.

Suppose we wish to obtain sample points as realizations of the random

vector X = (X1, . . . , Xn) from the joint distribution π(x) = π(x1, . . . , xn).

We will go across the random vector replacing one component at a time in

order, as we did in the Metropolis Hastings algorithm. Each new value will

be generated from the probability distribution conditional to leaving all the

other components unchanged, which we will note:

π(yk, |{xi, i 6= k}). (4.2.7)

With this mind, we set base transitions probabilities Pk such as:

Pk(x,y) = π(yk|{xi, i 6= k})
∏
i 6=k

δxiyi . (4.2.8)

This formula is another way of expressing the rule Pk which leaves all compo-

nents of x unchanged except xk and chooses a new value from its conditional

probability distribution.

In order to now de�ne the Markov chain, we specify �rst an initial dis-

tribution p0 we hope it will not be critical. Then we apply the transition

probability distribution given by T = P1 . . . Pn.

We can prove the Markov chain constructed from transition probabilities

T is ergodic. Moreover, it leaves the distribution π invariant.
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4.2.3 Application of the Gibbs algorithm

As we did with the Metropolis Hastings method, we should describe speci�-

cally the implementation of the Gibbs algorithm for approximating the sum-

mation in expression (4.2.6).

State representation and proposal distribution We naturally repre-

sent the state vector X as an array whose components are the occupancies

associated with each particle, i.e. X = {n}.

Joint probability and acceptance function New states are generated

by employing a generalized Bernoulli distribution. Indeed, the joint proba-

bility present in (4.2.6) is:

π({n}) = 1

C ′

N∏
i=1

M∏
k=1

xnikik

(xik)
1/M

, (4.2.9)

where C ′ is a constant ensuring that the sum of the probabilities of all possible

events amounts to unity.

Since the denominator
∏N

i=1

(∏M
k=1 xik

)1/M
is constant, we can simplify

the latter expression introducing a new constant:

π({n}) = 1

B

N∏
i=1

M∏
k=1

xnikik . (4.2.10)

As we explained in the previous section, we generate new states by suc-

cessively changing one coordinate at a time from the joint probability (4.2.7).

Let us envisage the case where we have the state X = (n1, . . . ,ni, . . . ,nN),

and should propose a new state by modifying coordinate i. The joint prob-
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ability π(n′i, |{nj, j 6= i}) is de�ned as:

π(n′i, |{nj, j 6= i}) = π(n′i, {nj, j 6= i})∑
n∗i∈OM

π(n′i, {nj, j 6= i})

=

∏M
k=1

(
xnikik

∏
j 6=i x

njk
jk

)
∑
n∗i∈OM

∏M
k=1

(
xnikik

∏
j 6=i x

njk
jk

)
=

(∏M
k=1 x

nik
ik

)(∏M
k=1

∏
j 6=i x

njk
jk

)
(∑

n∗i∈OM

∏M
k=1 x

nik
ik

)(∏M
k=1

∏
j 6=i x

njk
jk

)
=

∏M
k=1 x

nik
ik∑M

k=1 xik

=
M∏
k=1

xnikik .

(4.2.11)

We have extensively made use of the relationship between molar fractions

at particle i: ∑
k

xik = 1. (4.2.12)

We can straightforwardly particularize this expression to binary systems.

We should only generate a uniform distributed variable u over [0, 1], then:

n′i =

(1, 0) if u ≤ xi1

(0, 1) otherwise.
(4.2.13)

4.3 Summary

In this chapter we have described numerical approximations for the evalua-

tion of the Hamiltonian's mean value with respect to Bogoliubov's probability

distribution. We have �rst tackled the numerical approximation of the in-

teratomic potential's integration, for it can not be calculated exactly. We

described a quadrature rule appropriate for Gaussian integrals and an imple-

mentation of Monte Carlo integration method. We chose Metropolis Hastings

algorithm as the strategy for generating samples in the Monte Carlo method.
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We subsequently studied the approximation of the summation rule over

the system's possible occupancies with the Monte Carlo method. We applied

Gibb's algorithm as a method for obtaining sampling points. Metropolis

Hastings and Gibb's algorithms stand out as appealing alternatives for their

simplicity and popularity. However, in the literature we �nd many di�erent

variations and other alternative techniques, that can be explored.

With the approximation schemes presented in this chapter, we are able

to e�ectively compute properties of the systems in equilibrium and away

from equilibrium. Even if from a theoretical point of view, these methods

are not required for modelling those systems, they are essential if we want

to simulate, even simple models. In chapter 6 we evaluate the performance

of each approximation through the calculation of equilibrium properties in

several systems and crystal structures. We have presented in this chapter the

last piece required for simulating the formulation developed in chapters 2 and

3. But our ultimate goal is to model and simulate transport phenomena. In

the next chapter we provide the framework to describe kinetic relations.
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5
Transport

So far, we have studied the description of equilibrium and non-equilibrium

states and the numerical approximations necessary for computing properties

of both states. With the theory already presented in the previous chapters,

we have all the necessary tools to simulate some processes and thermody-

namic properties for systems either in equilibrium or away from it. In chap-

ter 6, we show for instance the simulation of several macroscopic properties

of equilibrium, such as the elastic constant of an alloy with di�erent com-

positions and the evolution with temperature of the lattice parameter in a

crystalline alloy at several compositions. We apply as well the theory to sim-

ulate the molar fraction gradient of the steady state in the di�usion process

of an elongated alloy sample with a free surface.

All those simulations are independent of the process that drove the sys-

tem from a previous initial state to the state illustrated in the simulation.

By de�nition, the transition from an equilibrium state to another is inde-

pendent of the process itself, i.e. the succession of states the system ran

through between the initial and the �nal state. Thus equilibrium properties

98



are process-independent. On the other hand, some states away from equilib-

rium are not concerned with the particulars of their previous transient phase.

It is the case of the steady state of the free surface simulation. By de�nition,

for a system to be in steady state, its properties should be constant during

a time much longer than the duration of the previous transient phase, but

signi�cantly shorter compared to the time necessary to reach an equilibrium

state. While all properties must be homogeneous in equilibrium, and thus

there can be no internal gradients or �uxes, a system with internal �uxes can

remain in steady state, as long as the �uxes do not change over the time of

the simulation. Once the system reaches the steady state, it will loose the

memory of how it arrived to that state, showing thus an independence with

respect to the transient process.

The majority of processes relevant to industry and physics do involve

complicated processes, where the details are crucial to understand and predict

the �nal state the system will end up in. It is the case for instance of

dendritic solidi�cation. It is a form of solidi�cation relatively common in

metals which appears when the metal in liquid state is rapidly cooled down

to its point of solidi�cation. The solidi�cation begins from spherical nuclei in

the undercooled liquid. As the nuclei grow, their shape becomes unstable and

continues growing in a preferential direction. Figure 5.0.1 appeared in [75]

illustrates the evolution of the dendritic formation in a metallic alloy. The

Figure 5.0.1: Evolution of the dendritic formation in an AlCu alloy with 10%
Cu at six di�erent times. Image �rst appeared in [75].
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formation of dendrites is a complex problem which is important to control

for guaranteeing speci�c material properties in the �nal solid metal, [45].

The particulars in the dynamics of the nucleus growth once it approaches its

critic volume is crucial in the prediction and control of the �nal shape of the

dendrite. Even the numerical time integration scheme heavily in�uences the

�nal shape of the dendrite [36].

Figure 5.0.2: Simulated dendritic growth with two di�erent time integrators.
The plots display the dendrite at the exact same time, [36].

In order to access those phenomena we need to include in our theory a

formulation of kinetic processes such as mass transport and heat conduction.

In this chapter we formulate the appropriate mathematical model for

addressing kinetic processes along with the description of states already dis-

cussed. Our formulation is an extension of the variational formulation de-

veloped by Yang et al. [116] for mechanical systems under thermo-chemical

constraints and following the Coleman-Noll procedure. We �rst establish

a dissipation inequality based on the second principle of thermodynamics

and include it then in the formulation of kinetic equations. These relations,

together with local balance expressions de�ne the evolution of the system.

Our approach is phenomenological, and we follow the framework of Onsager

formulation [25] for irreversible thermodynamics. Finally, we propose a nu-

merical integration scheme in two steps. For a given time step, we �rst �nd
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the stationnary points of a potential and obtain the mean�eld and chemical

parameters. Then, we seek for stationnary point of a second potential from

the chemical and mean�eld parameters just calculated and the temperature

�eld of the previous time step. The updated temperature �eld is given by

the stationnary points of this second potential.

5.1 Local balance equations

Our formulation includes non-homogeneous macroscopic �elds such as tem-

perature and molar gradients, whereas we have not considered the time evo-

lution of those �elds yet. In this section and the next we describe the manner

in which we address time dependent macroscopic �elds.

So far, we have avoided dynamical considerations at the atomic scale

through the statistical averaging performed by the max-ent principle. We

keep omitting the details of the atomic kinetics and introduce the time de-

pendence through the macroscopical constraints to the max-ent principle.

We do it in the same way that we extended our theory from equilibrium

systems to states away from it. Now, in addition to considering a set of

constraints de�ned locally, expressing macroscopic �elds, we de�ne the set of

equations that govern their evolution over time.

In this section we discuss the balance equations involving the macroscopic

constraints. First we express the energy balance and then the mass balance,

both holding locally according to the hypothesis of local equilibrium, intro-

duced in 3.1.2.

5.1.1 Local energy balance

We �rst consider the local energy balance equation. The �rst relation in

the set of constraints (3.1.1) to the max-ent principle expressed the man-

ner in which the internal energy was accessible from the microscopical state

variables. The hypothesis of local equilibrium was implicitly assumed. The

energy balance expresses the �rst law of thermodynamics, which remains true

precisely because of the hypothesis of local equilibrium.
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Let us suppose furthermore that the local Hamiltonians depend on addi-

tional macroscopic variables A = (A1, ...,AL), not taken into consideration

when stating the constraints for the max-ent principle, such as a deformation

measure. Despite the Hamiltonian characterizing microstates, it is usual to

make it depend as well on macroscopic variables, [112]. We treat di�erently

the macroscopic constraints {e} and {x} with respect to these new macro-

scopic variables A, because we assume that the latter are free of kinetic

constraints [94] and can thus adjust instantaneously into con�gurations of

macroscopic equilibrium. By analogy to classical thermodynamics, A maxi-

mize the total entropy at macroscopic equilibrium:

∂S

∂Ai
= 0, ∀i = 1, . . . , L. (5.1.1)

Away from equilibrium, and due to the kinetics driving the system, these

macroscopic variables A evolve with time. A possible criterion to help decide

whether a macroscopic variable should be introduced directly in the Hamil-

tonian, is the following: when the evolution of a constraint is prescribed or

driven by an imposed force, then it could be included in the Hamiltonian. In

section 5.4.2 we comment further on this.

The energy balance at particle i may be expressed as

ėi = ω̇i + ri −
γTi
βi
ẋi, (5.1.2)

where

ω̇i =
L∑
j

〈
∂hi
∂Aj
Ȧj
〉

(5.1.3)

can be interpreted by analogy to macroscopic irreversible thermodynamics

as the external mechanical power, ri as the heat �ow into particle i and ẋi

as the vector formed by the mass �ows from each species.

5.1.2 Local thermal and molar balance

Besides the constraint on the local value of the macroscopic energy, we also

imposed a particular �eld of molar fractions to the max-ent variational prin-
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ciple. Following the example of the energy balance, we provide now the

balance relations associated to the molar constraint. We �rst describe the

thermal �ow and then mimic the formulation for addressing chemical �ows.

We assume there is no heat source external to the system and no chemical

reaction. We may thus state that the total heat �ow into particle i is the

sum of the heat �ows that particle i exchanges with each one of the other

particles forming the system:

ri =
∑
j 6=i

Rij,

Rij = −Rji,

(5.1.4)

with variable Rij being the heat �ow from particle j to i. We follow the same

procedure with the mass �ows. The mass associated to particle i that �ows

to particle j is represented by the vector J ij, whose components amount for

the mass rate of each species:

ẋi =
∑
j 6=i

J ij,

J ij = −J ji.
(5.1.5)

5.1.3 Local dissipation inequality

Macroscopic thermodynamics is built upon two main principles: the �rst

and the second laws of thermodynamics. The balance of local energies ex-

pressed as time rates is the non-equilibrium translation of the �rst law of

thermodynamics. But we have yet to translate the second principle to non-

equilibrium processes. In the next section, we propose constitutive laws to

drive the system's kinetics, following the Coleman Noll procedure. This pro-

cedure consists on devising kinetic laws which preserve the non-negativity of

the entropy production, [19]. Hence it is crucial to derive an expression for

the local balance of the entropy and a local Clausius-Planck inequality.

From the relation between the entropy of the system and the particle

103



variables (3.1.8), we de�ne for the sake of simplicity the following variable:

si = kB

(
βiei + γ

T
i xi +

1

N
logΞ

)
S =

N∑
i=1

si.

(5.1.6)

We must point out however, that the quantity thus de�ned is not a local

entropy, since it depends on the number of particles of the whole system N .

We de�ne it only by analogy to continuous thermodynamics. The fact that

we are not able to propose a local entropy is not surprising. In 3.3.5 we

already discussed about the non extensivity of the entropy. Since it is not

extensive, it seems meaningless to split the total entropy into a sum of local

terms.

Even if we are not able to de�ne a local entropy, we may claim the exis-

tence of a local entropic rate:

ṡi = kB
(
βiėi + γ

T
i ẋi
)

Ṡ =
N∑
i=1

ṡi.
(5.1.7)

We notice that the entropic rate is extensive and thus we can compute it as

a sum of local entropic rates.

We are now in position to wonder about the expression for the internal

entropy production rate, which represents the entropy generated by internal

processes. But instead of considering the internal entropy associated with

one particle, let us focus on a pair of particles. This quantity amounts for

the entropy rate produced exclusively within this pair of particles and due

to the external heat supply. We need to remove from the entropy production

all those factors external to the system composed of particles i and j, which

we call external entropic rate ṡextij . The external entropic rate must account

for the work of external forces applied in one of the two particles ω̇i and ω̇j.
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It must include as well the heat �ux external to the system:

ṡextij = kBβiω̇i + kBβi
∑
k 6=i,j

Rik + kBβjω̇j + kBβj
∑
l 6=i,j

Rjl. (5.1.8)

Substituting the expression of the energy balance (5.1.2), the total heat �ow

(5.1.4) and the the mass �ows (5.1.5) in the expression of the entropic rate

(5.1.7) we obtain:

ṡintij = ṡi + ṡj − ṡextij

= kB

(
βiėi + γ

T
i

∑
k 6=i,j

J ik − βiω̇i − βi
∑
k 6=i,j

Rik

)

+ kB

(
βj ėj + γ

T
j

∑
l 6=i,j

J jk − βjω̇j − βj
∑
l 6=i,j

Rjl

)
= kB

(
−γTi J ij − γTj J ji + βiRij + βjRji

)
.

(5.1.9)

Making use of antisymmetry in the �ow indices:

ṡintij = kB
[
(βi − βj)Rij −

(
γTi − γTj

)
J ij
]

= PijRij −KT
ijJ ij.

(5.1.10)

We have introduced the forces Kij and Pij de�ned as:

Pij = kB (βi − βj)
Kij = kB

(
γi − γj

)
.

(5.1.11)

By analogy to the Clausius-Duhem inequality, we can state a local dissi-

pation inequality as follows:

ṡintij ≥ 0, (5.1.12)

or, in energy form:

Tij ṡ
int
ij =

ṡintij
βij
≥ 0, (5.1.13)

where Tij is a temperature associated with the particle pair and βij =
1

kBTij
.

This bondwise temperature may be for instance the arithmetic mean T aij, the

geometric mean T gij or the harmonic mean T hij between the temperature of
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both particles:

T aij =
Ti + Tj

2
,

T gij =
√
TiTj,

T hij =
2

T−1i + T−1j

.

(5.1.14)

In this section we have concentrated on the macroscopic variables consti-

tuting constraints of the max-ent principle. We have expressed their rates

and found their balance equations. In addition we have expressed the en-

tropy production rate and formulated the Clausius-Duhem inequality. This

inequality, as the second law of thermodynamics, discriminates between phys-

ically possible and impossible processes, however we still need to specify the

particular equations driving the kinetics of the system.

5.2 Kinetic laws

Relations (5.1.12) and (5.1.13) may be interpreted as instances of the second

law of thermodynamics. They di�erentiate between the processes which may

occur and those that are physically impossible. Moreover, equation (5.1.10)

identi�es the pairs of related forces and �ows. Heat �ows Rij are produced

by temperature gradients and the forces related to mass �ows J ij are the

pseudo-chemical potential gradients Kij. However, the system of evolution

equations is not yet complete: we lack an expression for kinetic laws, which

describe the details of the system's dynamics.

In this section we de�ne the manner in which heat and mass forces are

a�ected respectively by mass and heat �uxes. In our formulation, coupling

is mathematically modeled through a kinetic potential, in the manner of On-

sager theory. Then, we provide linear phenomenological equations describing

the speci�c way in which �uxes are a�ected by thermodynamic forces.

5.2.1 Coupled kinetics: Onsager relations

Onsager's theory allows to formulate reciprocal relations between coupled

phenomena. It is extensively used in irreversible thermodynamics, since it
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only requires the hypothesis of local equilibrium. According to the pairings

of �ows and forces already described, this theory suggests the existence of

a kinetic potential ψ({P }, {K}) whose derivatives are the thermodynamic

�uxes:

Rij =
∂ψ

∂Pij
({P }, {K}),

J ij =
∂ψ

∂Kij

({P }, {K}).
(5.2.1)

Alternatively, if the kinetic potential is convex, we can express the pre-

vious equations in alternate variables. The alternate kinetic potential is

expressed in terms of thermodynamic �uxes and its derivatives correspond

to the thermodynamic forces:

Pij = −
∂ψ∗

∂Rij

({R}, {J}),

Kij = −
∂ψ∗

∂J ij
({R}, {J}).

(5.2.2)

We have introduced the dual kinetic potential ψ∗, as the Legendre transform

of the kinetic potential:

ψ∗({R}, {J}) = inf
{P },{K}

(
ψ({P }, {K})− {R}T{P } − {J}T{K}

)
. (5.2.3)

We can as well base the energy, mass and entropy balance respectively

(5.1.7), (5.1.2) and (5.1.5) in terms of the kinetic potential:

ėi = ω̇i +
∑
j 6=i

∂ψ

∂Pij
({P }, {K})− γ

T
i

βi

∑
j 6=i

∂ψ

∂Kij

({P }, {K}),

ẋi =
∑
j 6=i

∂ψ

∂Kij

({P }, {K}),

ṡi = kBβi
∑
j 6=i

∂ψ

∂Pij
({P }, {K}).

(5.2.4)

Kinetic potentials o�er a general mathematical apparatus for working

with kinetic relations. However, we concentrate in this work on linear ki-

netics. The introduction of a kinetic potential is thus not indispensable, but
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it includes the linear case. In addition, it paves the way for future develop-

ments, when we consider more complex kinetic relations, since all expressions

derived so far would remain applicable.

5.2.2 Linear Kinetics

Finally we are in position to propose a model for the process's kinetics. In

this work we do not attempt to derive transport equations from fundamental

principles, but to pragmatically model their behavior. We approach kinetics

as we did with atomic interactions: by modeling instead of from ab initio

calculations.

In order to obtain a working kinetic model simple enough so that its

complexity does not hinder our purpose of undergoing simulations, we will

stick to linear models, i.e. models where �uxes depend linearly on their

associated forces. In his work [77, 78], Onsager used statistical mechanics to

prove that the phenomenological coe�cients relating �uxes and forces raise

symmetry properties. He established that the invariance of the microscopic

equations of motion with respect to time implied symmetries among linear

kinetic coe�cients.

Kinetic potential We assume that mass and heat transport are uncou-

pled and that the kinetic potential may be expressed in terms of bondwise

interactions. Under these working hypotheses, in addition with convexity,

the kinetic potential must be quadratic with the general form:

ψ({P }, {K}) =
∑
〈i,j〉

1

2
AijT

2
ijP

2
ij +

M∑
l=1

∑
〈i,j〉

1

2
Bl
ijx

l
ij

(
K l
ij

)2
, (5.2.5)

the notation 〈i, j〉 denoting the bond between particle i and j. Among the

average temperatures we introduced in (5.1.14), we choose the arithmetic

mean temperature between particles i and j and the arithmetic mean molar

fraction xlij =
xli+x

l
j

2
. Coe�cients Aij and B

l
ij may depend on the bondwise

temperature and the bondwise molar fractions respectively. They play the

role of transport constants and are characteristic of each speci�c material.

We should brie�y justify the general form taken by the kinetic potential.
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Under the assumption of uncoupled heat and mass transport, we can con-

struct the kinetic potential by adding the thermal contribution, dependent

implicitly on Tij and Pij, to the chemical contribution dependent implicitly

in turn on xij and Kij so that ψ = ψth({P }) + ψch({K}).
In addition, since �uxes should relate linearly to forces:

Rij =
∂ψ

∂Pij
=
∂ψth

∂Pij
({P }) = α(Tij)Pij,

J lij =
∂ψ

∂K l
ij

=
∂ψch

∂K l
ij

({K}) = ε(xij)K
l
ij.

(5.2.6)

Integrating both equations we obtain:

ψth({P }) =
∑
〈i,j〉

α({T})ijP 2
ij,

ψch({K}) =
M∑
l=1

∑
〈i,j〉

ε({x})lij(K l
ij)

2.

(5.2.7)

Finally, since both ψth and ψch are convex, ψ must as well be convex. Since

αij and εij may have any functional dependence with bondwise {T} and {x}
respectively, we can express them with no loss of generality as:

αij =
1

2
Aij({T})T 2

ij,

εij =
1

2
Bl
ij({T})xlij.

(5.2.8)

Bondwise coe�cients Now that we have found the general form the ki-

netic potential must hold in order to satisfy some simplifying assumptions,

we should interpret the bondwise temperature and mass coe�cients arti�-

cially introduce in the kinetic potential in terms of measured properties of

the material. Let us �rst turn back to the entropy and mass balance relations
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(5.2.4):

ṡi = kBβi
∑
〈i,j〉

AijT
2
ijPij

=
∑
〈i,j〉

Aij
βi (βi − βj)

β2
ij

,

ẋli =
∑
〈i,j〉

Bijx
l
ijK

l
ij

=
∑
〈i,j〉

Bijx
l
ij

(
γli − γlj

)
.

(5.2.9)

These equations may be interpreted as the particle's linear Fourier's law for

heat conduction and Fick's law for mass di�usion.

We can relate these bondwise coe�cients to measured properties through

the following discrete-to-continuum equations for heat transport:

−ρcvvi +∇ · κi =
∑
〈i,j〉

Aijrij,

κi =
∑
〈i,j〉

1

2
Aijrij ⊗ rij

(5.2.10)

and for mass di�usion:

vli =
∑
〈i,j〉

kBB
l
ijrij,

Dl
i =

∑
〈i,j〉

kB
2
Bl
ijrij ⊗ rij.

(5.2.11)

We have made use of the relative position vector rij between particles i

and j, the mass density ρ, the speci�c heat capacity cv at constant volume,

the heat advection velocity v, the thermal-conductivity tensor κ, the drift

velocity vl for species l and the di�usivity tensor Dl of species l.

If the system is centro-symmetric, as is the case in BCC, FCC and di-

amond crystal structures, advection and drift velocities vanish. In addition,

since conductivity and di�usivity tensors, κ and Dl respectively, are sym-

metric they satisfy Onsager's reciprocal relations [25].

For simplicity, in this work we will only simulate isotropic systems. There-
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fore conductivity and di�usivity will be averaged in all directions of space

and the :

κi =
∑
〈i,j〉

1

6
Aijrij · rij,

Dl
i =

∑
〈i,j〉

kB
6
Bl
ijrij · rij.

(5.2.12)

We have provided the remaining equations necessary to the simulation of

transport phenomena. Equations (5.2.4) and (5.2.5) form the set of relations

governing the kinetics of the system. We have introduced a set of kinetic

coe�cients which we have related to physical quantities such as the thermal

conductivity and mass di�usivity in (5.2.12).

However, we need to discuss the numerical scheme for solving the set of

evolution equations together with the non-equilibrium variational formula-

tion governing the behaviour of the system at a �xed time (3.1.18).

5.3 Numerical model

The model we describe in this thesis is suitable for capturing the evolution

of coupled problems under mechanical, thermal and chemical constraints.

The information that governed its evolution in time is condensed by the

variational mean�eld formulation (3.1.18) together with the entropy and mass

balance equations (5.2.4).

In order to reduce the computational cost of this set of algebraic-diffe-

rential equations, we propose a fractional method in two steps, where we

decouple the chemical response from the thermal response. Whereas we may

hinder the accuracy of the method with a fractional strategy, we will show in

through a numerical example that it converges to the actual solution provided

a time increment su�ciently small.

Let us �rst introduce some notation. We divide the total evolution time

of the analysis T into K discrete times 0 < t1 < · · · < tK . Consecutive

discrete times must not necessarily be equally spaced, being the time length

between two instants ∆tn = tn+1 − tn. We denote with a superscript An the

numerical approximation of every variable A at time tn.
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5.3.1 First variational problem

The �rst step of our staggered scheme consists on solving the variational

mean�eld problem together with the mass balance at a �xed �nite tempera-

ture given by βn. The stationnary solution of Bogoliubov's variational prin-

ciple (3.1.18) and the chemical evolution equation gives new mean�eld and

chemical variables {γn+1}, {xn+1} and {πn+1}. As in the work of Yang et al.
[116], we use a joint incremental potential function J ch whose Euler-Lagrange

equations yield the mean�eld the mass balance equations:

J ch =−F∗({βn}, {xn+1}, {πn+1}) + F∗({βn}, {xn}, {πn})−
kB{γn+1}T{xn+1 − xn}+∆tnkBψ({P n}, {Kn+1}),

(5.3.1)

where π = {{q}, {p}, {w}, {m}} is the set of mean�eld parameters. We

recognized Bogoliubov's functional in alternate variables F∗. By minimizing

the previous joint potential, we �nd {πn+1} and {xn+1}, then it su�ces to

impose the stationnarity of J ch over the molar fractions {xn+1} to deduce

the pseudo-chemical potentials {γn+1}. Alternatively, since in our mean�eld

model {x} and {γ} are related in closed form by (3.3.8), we can directly

compute {γn+1} from {xn+1}.
We point out that indeed the stationarity of the potential with respect to

{γn+1} gives the kinetic relation for the mass and stationarity with respect to
mean�eld variables {πn+1} results in the mean�eld optimal problem (3.1.18).

5.3.2 Second variational problem

In a second step, we calculate the updated temperature given by βn+1. We

resort to a di�erent incremental potential J th whose Euler-Lagrange equa-

tions yield the energy balance in entropy form and the kinetic equation for

the temperature:

J th =− E({sn+1}, {xn+1}, {πn+1}) + E({sn}, {xn}, {πn})−{
1

kBβn+1

}T
{sn+1 − sn} −∆tnψ({P̃ n+1}, {Kn+1}),

(5.3.2)
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where E is the energy expression of the system.

We have introduced the variable P̃ n+1 as a short hand notation for:

P̃ n+1
ij =


log βn+1

i −log βn+1
j

βn+1
i −βn+1

j

P n+1
ij if βn+1

i 6= βn+1
j ,

P n+1
ij if βn+1

i = βn+1
j .

(5.3.3)

We should derive an expression for the energy within the Bogoliubov

model developed in section 3.2.

Entropy and energy expressions As we have already discussed, we are

able to express all free entropies and even the total energy of the system. Let

us �rst concentrate on the grand-canonical free entropy (3.1.12). From the

expression relating the grand-canonical free entropy to Bogoliubov's func-

tional (3.1.16) we obtain:

Φ({β}, {γ}) ≈ −kB
N∑
i=1

[
βi 〈hi〉0 − 4 + logN + 3 log (~βiωi)− log

(
M∑
k=1

e−γik

)]
.

(5.3.4)

From the Legendre transform of the grand-canonical free entropy we de-

duce the canonical free entropy:

Φ({β}, {x}) ≈ −kB
N∑
i=1

[
βi 〈hi〉0 − 4 + logN + 3 log (~βiωi) +

M∑
k=1

xik log xik

]
.

(5.3.5)

Then, applying once more the Legendre transform (3.1.13) we obtain the

entropy:

S({e}, {x}) ≈ −kB
N∑
i=1

[
βi (〈hi〉0 − ei)− 4 + logN + 3 log (~βiωi) +

M∑
k=1

xik log xik

]
.

(5.3.6)

We point out the additive structure of the entropy. For notation purposes,
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we calculate the variable si already introduced as:

si = −kB

[
βi (〈hi〉0 − ei)− 4 + logN + 3 log (~βiωi) +

M∑
k=1

xik log xik

]
.

(5.3.7)

We remind the reader that this quantity should not be considered as a local

entropy, since it does depend on the whole system, but merely as a mathe-

matical artifact which exploits the additive structure of the entropy.

Finally, the internal energy can be derived from the entropy as:

E({s}, {x}) =
N∑
i=1

exp

[
1

3

(
si
kB

+ logN − 4 + 3 log (~ωi) +
M∑
k=1

xik log xik

)]
.

(5.3.8)

The stationarity conditions with respect to {sn+1} and {βn+1} give re-

spectively the de�nition of {βn+1} and the energy balance equation in entropy
form as previously announced.

Before presenting some simulations of the numerical scheme just de-

scribed, we discuss some aspects of the kinetic model which we think could

be of interest to the reader.

5.4 Remarks and limitations of the model

5.4.1 Time in the hypothesis of local equilibrium

The hypothesis of local equilibrium assumes for every particle, or material

point, in the macroscopic system there is a spatial neighborhood where the

equations of equilibrium hold at a given instant of time. We recall that the

equilibrium state is di�erent from the neighborhood related to one particle

to the neighborhood associated to another particle so that, for example,

exchanges of mass and energy are allowed between them.

In addition, the state of each particle may evolve with time. Hence,

the hypothesis of local equilibrium does not constraint the system ot remain

permanently in the same state, but allows for processing changing the system

with time. In [60], Lebon et al. explain the constraint which the hypothesis
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of local equilibrium imposes over time. They appeal to the Deborah number

De as follows. We de�ne two timescales: the local equilibration time τm and

the global experiment time τM . The equilibration time is the time required

by the neighborhood of one particle τm to reach local equilibrium and is of the

order of the time interval between two successive collisions between particles,

i.e. 10−12 s. The second characteristic time τM , which is a macroscopic

property, is related to the duration of an experiment, say about 1 s. From

both reference times, we de�ne the Deborah number De as their ratio De =

τm/τM . For high values of the Deborah number, De � 1, i.e. when the

duration of the experiment takes much longer than for the particles to be

in equilibrium with their surroundings, the local equilibrium hypothesis is

essentially correct. Although, the hypothesis is not appropriate when either

τm is too high, like for polymers for which τm may be of the order of 100 s,

or the duration of the experiment is too short. Both cases are nevertheless

characterized by large values of the Deborah number De� 1.

5.4.2 Dependence on macroscopic variables of the sys-

tem's Hamiltonian

In 5.1.1 we introduced a new set of macroscopic variables A. The key char-

acteristic of this variables that separates them from the energy or the molar

fraction is the possibility that the system's Hamiltonian may depend ex-

plicitly on them. Since the Hamiltonian is the microscopic variable related

to the internal energy, it should exclusively depend on the microstate. All

macroscopic information on the system, be it the the �eld of internal energy

or a variable prescribed by an external force, must be accounted for in the

max-ent variational problem as constraints. Not all constraints are adapted

to the max-ent principle [102, 103].

However, since we did not introduce in our formulation the knowledge of

spatial constraints such as the total volume of the system, the mean position

of each particle, or any measure of displacement, as we pointed out in 3.3.6,

we cannot impose now external mechanical forces exerting work. Since we

have not made explicit the system's mechanical constraint, we are implicitly

enforcing that the intensive thermodynamic variable associated to the spa-
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tial variable is zero. In classical equilibrium thermodynamics, for instance,

the mechanical extensive variable is usually the volume and the pressure the

intensive variable related to it. The lack of mechanical constraints in this

case would imply that the pressure in the system is zero. In continuum ther-

modynamics, the mechanical extensive variable commonly used is a strain

measure, coupled with a stress tensor, which should be zero in the absence

of a suitable constraint.

The alternative cast about by some authors, [94, 112] is to include as a

modeling strategy the external forces directly in the Hamiltonian. We can

even explicitly state a relationship between the Hamiltonian and a stress ten-

sor de�ned locally. In the future, the theoretical framework presented herein

should explicitly formulate mechanical constraints, but in the meantime, we

have opted for this alternative.

5.4.3 Discrepancies between static equations and the

time integration scheme

The reader may have spotted a striking behaviour of the time integration

scheme we depicted in the previous section: it contradicts some theoretical

relationships between the system's variables. In order to explain this point

in a clearer manner, we concentrate into the relationship (3.3.8) between

pseudo-chemical potentials and molar fraction �elds. We derived this equa-

tion in the context of systems with non-homogeneous macroscopic �elds, in

section 3.3.4 and for a speci�c mean�eld model detailed in section 3.2.

Let us deduce the relationship between pseudo-chemical potentials and

molar fractions from the chemical discrete functional J ch de�ned in (5.3.1).

∂J ch

∂xn+1
ik

= − ∂F∗

∂xn+1
ik

− kBγn+1
ik

= −kB
(
3

2

mi

mk

+ log xn+1
ik + 1

)
− kBγn+1

ik .

(5.4.1)

We have employed the expression (3.3.12) of the free entropy in alternate

particles we already calculated in 3.3.5. From the latter expression, enforcing
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stationnarity we deduce:

γn+1
ik = −

(
3

2

mi

mk

+ log xn+1
ik + 1

)
. (5.4.2)

This relationship between the molar fraction �eld and the pseudo-chemi-

cal potential contrasts with (3.3.8) which we copy here:

γik = − log xik +
1

M

M∑
l=1

log xil.

The discrepancy between both equations may be surprising. The only

restriction for the selection of a time integrator scheme is the convergence

of the method, even if for a given time increment the system of discrete

algebraic equations we actually solve is di�erent from the original system of

partial di�erential equations. Convergence guarantees that, when the time

increment is short enough, both systems provide the same solution. In the

next chapter we present a simulation that shows the numerical convergence

of the method. Similar discrepancies between associated variables obtained

theoretical and with the time integrator scheme were already present in the

formulations we are based on [116, 57, 58, 104], particularly the HotQC

method.

5.5 Summary

In this chapter we have completed the theoretical framework for simulating

time multiscale slow transport problems in alloys. In chapter 3, we extended

our model to deal with non-homogeneous systems. In this chapter, we ad-

dressed non-homogeneous macroscopic systems that vary with time. The

evolution of macroscopic �elds enters the formulation seamlessly, through

the max-ent principle's constraints. In this way, we avoid all considerations

about the dynamics of microscopic particles. The average operator, essential

in statistical mechanics, acts in our formalism as the tool that homogenizes

the microscopic dynamics and brings it closer to the characteristic time of

macroscopic phenomena.
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We formulated balance equations for the di�erent macroscopic variables

constrained in the max-ent principle. Moreover, we proposed an expression

for the internal entropy production rate and stated a local Gibbs-Duhem

inequality, as suggested by the Coleman-Noll procedure. These set of local

inequalities are not su�cient to fully determine the equations governing the

kinetics of the system. They constitute however a �rst criterion to eliminate

physically impossible phenomena. In addition, they provide a simple way to

identify the pairs of thermodynamic forces and �uxes.

We introduced a general kinetic potential containing all the information

related to the coupling between forces and �uxes. We further restricted the

kinetic relation to Onsager's phenomenological linear coupling scheme and

deduced the form of the kinetic potential. The linear coe�cients coupling

each thermodynamic force with its associated �ux were related to physical

and measurable quantities characteristic of the material.

Finally, we described the time integration scheme for computing the sys-

tem's evolution with time. We proposed a numerical scheme in two steps.

The aim of each step consists of calculating the stationnary points of a spe-

ci�c functional. For a given time step, we �rst compute the mean�eld and

chemical variables by di�erentiating a functional J ch, then we evaluate a

second functional J th at the previous mean�eld and chemical variables and

deduce the thermal variables as the stationnary point of J th. The most im-

portant property of a time integration scheme is its convergence to the exact

solution as we reduce the time increment. In the next chapter, we show a

simulation of a di�usive process in a free surface system and compare the

steady state solution with the �nal result obtained as a transport phenom-

ena. This comparison will enable us to numerically show the convergence of

the method for systems with homogeneous temperature.
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6
Examples and Validations at

equilibrium and away from equilibrium

In chapters 2 and 3 we developed a theoretical framework based on the

max-ent principle and on mean�eld theory. We formulated the model as

the optimization of a single functional with the dimensions of a free-entropy.

It is suitable for the derivation of macroscopic properties and is based on

the microscopic behavior of systems. In chapter 4 we completed the model

with approximation schemes, necessary for computing the properties of the

previous model. This formulation together with the numerical approximation

strategies presented make it possible to simulate equilibrium properties of

macroscopic systems and properties of steady-states with non-homogeneous

macroscopic �elds.

In chapter 5, we provided an additional element to the theory. It ex-

tended the framework to the simulation of more general transport processes.

We detailed the full set of evolution equations governing transport coupled

phenomena and speci�ed the numerical integration scheme for solving this
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system of di�erential equations.

We �rst show numerical simulations of equilibrium properties and trans-

port processes. The computation of macroscopic properties of single species

metals allows us to choose the quadrature rule better suited to our scheme.

On the other hand the simulation of macroscopic properties of alloys with

various compositions and at di�erent temperatures illustrates the capabilities

of the numerical framework.

We present as well simulations of non-equilibrium. The objective behind

these simulations is the assessment of the method's numerical convergence.

We �rst simulate the chemical pro�le of a system in a steady state. Then,

we simulate the system but this time we include the transient state and we

compare the chemical pro�le computed with both procedures.

6.1 Equilibrium simulations

We provide in this section a set of numerical simulations in order to evalu-

ate the performance of our method and the numerical approximations im-

plemented. For validating the ability of the model to capture macroscopic

properties of equilibrium, we compare computed values of those properties

with experimental data. We simulate bulk properties of several materials:

the evolution of the linear thermal expansion coe�cient and of the elastic

constant both with temperature and composition. We assess as well the

performance of the numerical approximations through these simulations.

We work with materials with di�erent lattices. We simulate systems

existing in BCC, FCC and diamond crystal structures. In addition, we

model particle interactions through di�erent interatomic potentials, partic-

ularly Johnson's EAM potential [49, 50] and Cui's second nearest neighbor

MEAM [23, 22]. We believe nevertheless this framework to be general enough

so that in principle it could be applied to any crystal structure and inter-

atomic potential. Periodic boundary conditions are systematically considered

in all equilibrium simulations. Since we do predict equilibrium properties,

we assume every crystal to be perfect and isotropic.

We �rst compare the integration schemes described in section 4.1: the

Gaussian quadrature and the Monte Carlo integration method. We simulate
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the thermal expansion of pure copper, nickel, lithium and silicon. Copper

and nickel crystals present an FCC structure and are modeled with Johnson's

EAM. On the other hand, lithium is modeled with Cui's MEAM potential

[22] and has a BCC structure.

After that, we turn to the validation of the numerical summation rule

introduced in section 4.2. We start simulating the thermal expansion and

lattice parameter of CuNi and AuPt alloys. We discuss then the variation of

several elastic constants with composition for CuNi alloy. Cu, Ni, Au and Pt

are all FCC metals and their substitutional alloys, NiPd, CuNi and AuPt,

hold the FCC structure through the whole range of compositions and a wide

range of temperatures [8].

6.1.1 Comparison of numerical integration schemes

We assess the e�ectiveness of the numerical integration schemes proposed

so far by comparing the evolution of the thermal expansion coe�cient over

temperature computed with each scheme. We simulate this coe�cient for

several pure lattice systems with di�erent crystal structures and modelled

with di�erent interatomic potentials. The linear thermal expansion coe�-

cient α is calculated at a given temperature T as the rate of the equilibrium

lattice parameter with respect to a reference temperature aref :

α(T ) =
a(T )− aref

aref
. (6.1.1)

We compare experimental data of thermal expansion coe�cients against co-

e�cients computed through the MC integration scheme and through the

gaussian quadrature rule.

First, we simulate the expansion coe�cient of FCC crystals of pure nickel

(Ni) and pure copper (Cu). The interaction between atoms is modeled in

both cases with Johnson's EAM interatomic potential [49] devised for pure

species. Subsequently, we show the expansion coe�cient of a BCC crystal of

pure Lithium (Li). The short-range interaction in this crystal is modeled with

second nearest neighbour MEAM interatomic potential published by Cui et

al. [22]. In all cases, We have considered 3 × 3 × 3 unit cells and imposed
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periodic boundary conditions (PBC) on the three directions of space. As

reference temperature, we set the room temperature, i.e. 300 K.

In order to understand the limitations of the model and to compare both

quadrature schemes, we show thermal expansion coe�cients of all four sin-

gle species crystals in �gures 6.1.1, 6.1.2 and 6.1.3. We plot the result of

simulation with both schemes together with their experimental counterparts

([63, 76, 91, 100]).

We start comparing the numerical results against the experimental data.

At temperatures below the Debye temperature, the behaviour of the system

is dominated by quantum e�ects. Since the presented framework is based on

classical mechanics, it is to be expected that it does not capture correctly

the low temperature behavior observed experimentally. We point out how-

ever that numerical results for Cu and Ni metals remain within 10% error

for temperatures as high as 70% of the melting point. As was explained by

Kulkarni et al. [57] who studied thermal properties of single-species samples

using a similar framework, the disagreement observed beyond that point may

be related to the fact that oscillations of di�erent lattice sites are assumed

implicitly to be weekly correlated, which is incorrect when the material ap-

proaches its melting point.

In all three cases we notice the resemblance between results obtained with

the MC integration method and with the Gaussian quadrature. We have dis-

played 3 di�erent simulations calculated with the MC integration method and

considering 100 sample points. Despite the random nature of the method,

100 sample points appears to reach a good compromise between accuracy

in the results and speed in the calculations. We should point out that the

Gaussian quadrature rule, in an FCC lattice and with an interatomic poten-

tial that only considers �rst neighbours, the method involves 70 quadrature

points or less. The number of evaluation points is thus slightly higher for the

MC rule. In addition, the number of steps performed by the nonlinear con-

jugate gradient, the numerical method employed for �nding critical points in

Bogoliubov's functional F∗ (3.2.29), is as well slightly higher when using the

MC rule than with the Gaussian quadrature, even if it does vary between

di�erent instances of the same simulation case.

When considering the MEAM method developed by Cui et al. [22], dis-
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crepancies between several runs of the same simulation example with the MC

method become wider. The Conjugate Gradient method was not even able

to converge for low temperatures. This was expected since the interatomic

potential proposed by Cui et al. involves second order neighbours, and thus

the integral's dimension increases signi�cantly. Moreover, when the lattice

shrinks and its lattice parameter diminishes, the number of neighbours in a

ball of �x radius increases, thus aggravating the problem. In order to verify

this argument, we have run a simulation with 500 sample points. We see

that the method has converged to a solution for an additional temperature

but not for all. This suggests indeed that the interatomic potential involves

an integral with greater dimensionnality and thus the MC method requires

more sampling points to get close to the actual value of the integral. We

conclude therefore that the Gaussian quadrature is more suited to our needs

than the MC integration method.

6.1.2 Validation of numerical summation

In this section we discuss the e�ectiveness of the numerical method proposed

for approximating the summation rule over occupancies. This summation

appears when calculating expected values in the Bogoliubov's distribution,

hence it impacts the computation of all macroscopic properties. In all sub-

sequent simulations we utilize the Gaussian quadrature rule for integration

in space and not Monte Carlo integration method, because as just note, it

provides a good accuracy with a limited number of evaluation points. The

summation over occupancies is systematically carried out with Monte Carlo

approximation.

All alloys simulated in this section are modeled with Johnson's EAM in-

teratomic potential [50]. This potential provides a way of comparing the

results obtained with the Monte Carlo technique against a more naive alter-

native and easier to calculate: instead of tracking the speci�c occupancies

associated with each particle, we force the interatomic potential to directly

depend on the molar fraction. This functional dependence is a misappro-

priation of interatomic potentials. Indeed, interatomic potentials model the

particles' interaction and must depend exclusively on microcanonical vari-
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Figure 6.1.1: Experimental data [100] and numerical results obtained with
the Gaussian quadrature rule and with Monte Carlo integration scheme of
the linear thermal expansion coe�cient of a FCC crystal of pure copper as a
function of temperature. Monte Carlo samples considered: 100.
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Figure 6.1.2: Experimental data [100] and numerical results obtained with
the Gaussian quadrature rule and with Monte Carlo integration scheme of
the linear thermal expansion coe�cient of a FCC crystal of pure nickel as a
function of temperature. Monte Carlo samples considered: 100.
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Figure 6.1.3: Experimental data [100] and numerical results obtained with
the Gaussian quadrature rule and with Monte Carlo integration scheme of
the linear thermal expansion coe�cient of a BCC crystal of pure lithium as
a function of temperature. Monte Carlo samples considered: 100.
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ables. Instead, the molar fraction is by de�nition a macroscopic property,

and thus should not enter in the interatomic potential's expression. We con-

struct this new EAM potential only because it o�ers a simple and direct

means of comparing the summation approximation scheme.

In EAM interatomic potentials, the potential energy of a pure substance

is modeled as follows:

Vi = F (ρi) +
1

2

Ni∑
j=1

φ(‖qi − qj‖),

ρi =

Ni∑
j=1

f(‖qi − qj‖).

(6.1.2)

where φ involves only pairwise interactions and the embedding function F

accounts for the multi-body interaction. While the pair potential depends

on the atomic distances between neighbours, the embedding function is as-

sociated with the electronic density ρ, [49].

For a binary alloy, these expressions become [50]:

Vi =ni1F
1(ρi) +

1

2

Ni∑
j=1

ni1nj1φ
1(‖qi − qj‖)

+ni2F
2(ρi) +

1

2

Ni∑
j=1

ni2nj2φ
2(‖qi − qj‖)

+
1

2

Ni∑
j=1

(ni1nj2 + ni2nj1)φ
12(‖qi − qj‖)

ρi =

Ni∑
j=1

[
ni1f

1(‖qi − qj‖) + ni2f
2(‖qi − qj‖)

]
.

(6.1.3)

Instead of working with an interatomic potential involving occupancies,
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we approximate it by recourse to the particle molar fractions:

Vi =x1iF
1 (ρi) +

1

2
x1i

Ni∑
j=1

x1jφ
11
(
‖qi − qj‖

)
+x2iF

2 (ρi) +
1

2
x2i

Ni∑
j=1

x2jφ
22
(
‖qi − qj‖

)
+
1

2

Ni∑
j=1

(x1ix2j + x1ix2j)φ
12
(
‖qi − qj‖

)
ρi =

Ni∑
j=1

[
x1jf

1(‖qi − qj‖) + x2jf
2(‖qi − qj‖)

]
.

(6.1.4)

The previous terms F 1 and Φ11 refer to the single species EAM embedding

function and pairwise function respectively for species 1. Likewise, F 2 and

Φ22 refer to the single species EAM functions for species 2. Nonetheless, both

embedding functions are associated with a common density ρ, constructed

from the density functions of each species EAM potential.

In this section we simulate three di�erent macroscopic properties. First,

we comment on the simulation of the lattice parameter dependence with com-

position for NiPd alloys. Then we show simulations of the thermal expansion

coe�cient of CuNi and AuPd alloys and their evolution with temperature.

Finally we present simulations of the elastic constants' dependence with com-

position of NiPd alloys.

Lattice parameter evolution with composition

Lattice parameter of NiPd We show here the evolution experienced by

the lattice parameter at di�erent compositions for the NiPd metallic sub-

stitutional alloy. We have simulated FCC crystals with 3 × 3 × 3 unit cells

under periodic boundary conditions. We repeated all Monte Carlo simulation

5 times.

Figure 6.1.4 shows the lattice parameter evolution at di�erent composi-

tions against experimental measurements when generating 50 sample points

in Monte Carlo summation and at two di�erent temperatures 298 K and
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Figure 6.1.4: Lattice parameter evolution of NiPd alloy over composition of
Pd at T = 298 K and T = 1173 K. Comparison with experimental results
from [8]. Monte Carlo samples considered: 50.

1173 K respectively. In Figure 6.1.5 we present the outcome with 200 Monte

Carlo sample points at both temperatures.

Vergard's law is an empirical rule and states that elastic constant depends

linearly on the alloy's composition. It assumes that both components hold

the same crystal structure and that they form a solid solution alloy. We have

plotted in all 4 �gures the relation predicted by this law. We see how in all

cases numerical and experimental results deviate smoothly from Vergard's

law. The model remains in considerable good agreement with experimental

results and is capable of capturing deviations from this empirical law.

We notice that the pure substances' lattice parameters do not match

experimental data. This can be justi�ed as follows: Johnson's EAM potential

parameters were �tted without taking into account temperature e�ects. The

discrepancy between numerical results and experimental data is relatively

good and does not even reach 1% with respect to the experimental data for
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Figure 6.1.5: Lattice parameter evolution of NiPd alloy over composition of
Pd at T = 298 K and T = 1173 K. Comparison with experimental results
from [8]. Monte Carlo samples considered: 200.
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both temperatures.

Comparing between outcomes with 50 and 200 sample points, we no-

tice that increasing the number of sample points enhances the agreement

between numerical and experimental results, while reducing the dispersion

of the Monte Carlo technique. We must point out however that the molar

dependence of the interatomic potential provides good results at low compu-

tational cost, even if its parameters have not been validated. It is true that

MC, even with 50 samples, does still involve more computational resources,

it is applicable with all interatomic potentials and provides a mathematical

estimation of the possible error.

Thermal expansion

The linear thermal expansion coe�cient αT at temperature T can be calcu-

lated from the lattice parameter a as:

αT =
aT − a300

aT
. (6.1.5)

As previously, we simulate an FCC crystal with 3× 3× 3 unit cells under

periodic boundary conditions but this time for CuNi and AuPd alloys. We

show the evolution of thermal expansion coe�cient with temperature for two

di�erent concentrations of the CuNi alloy in �gures 6.1.6, 6.1.7, and for an

AuPd alloy in 6.1.8, all with 50 Monte Carlo samples. Figure 6.1.9 shows as

well the outcome of the AuPd alloy with 200 Monte Carlo samples.

We observe the model captures the dependence of the thermal expansion

coe�cient with concentration. However the evolution at low temperature

is not captured correctly. As already discussed when studying the lattice

parameter evolution in pure substances, the contribution of quantum e�ects

to the lattice vibration energy becomes dominant, whereas our framework

is based on classical statistical thermodynamics. In addition, we observe

that the disagreement between numerical and experimental results becomes

greater for high temperatures. These limitations were already noticed when

simulating pure substances. We concluded then that the model for alloys

inherits the same limitations from the pure substances model, and thus for

both approximating strategies.
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Figure 6.1.6: Thermal expansion of an alloy CuNi with 35% Cu. comparison
with experimental results from [100]. Monte Carlo sample points: 50.
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Figure 6.1.7: Thermal expansion of an alloy CuNi with 65% Cu. comparison
with experimental results from [100]. Monte Carlo sample points: 50.

133



Figure 6.1.8: Thermal expansion of an alloy AuPd with 20% Au. comparison
with experimental results from [100]. Monte Carlo sample points: 50.
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Figure 6.1.9: Thermal expansion of an alloy AuPd with 20% Au. comparison
with experimental results from [100]. Monte Carlo sample points: 200.
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With respect to the MC rule, we observe the same phenomena pointed

out in the simulation of the lattice parameter. We observe that increasing

the number of sample points improves the agreement with experimental data

and reduces Monte Carlo volatility. Results obtained with the naive strategy

are reasonably close to experimental data. They are even closer for these

alloys than for a pure Nickel crystal.

Elastic constants evolution with composition

We now compute the evolution of elastic constants with composition in a

CuNi alloy.

Under the hypothesis of small deformations, we can model a crystalline

system with linear elasticity [112, 94]. The elastic internal energy density e

can be expressed as (2.4.16):

eel(s, x1, . . . , xM , ε) =
1

2
ε : Cε, (6.1.6)

where C and ε are respectively the elastic tensor and the in�nitesimal strain

tensor. Alternatively, in entropic formulation, the elastic entropic density is:

sel(s, x1, . . . , xM , ε) =
1

2
kBβε : Cε, (6.1.7)

We may relate the elastic entropic density to the free entropy as:

sel =
1

V
(Φ∗(β,Γ , ε)− Φ∗(β,Γ ,0)) , (6.1.8)

with V being the total volume of the system, and Φ∗ the free entropy (2.4.14).

The components of the tensor of elasticity under the assumption of linear

elasticity, are then de�ned by:

Cijkl =
1

kBβ

∂2sel
∂εij∂εkl

∣∣∣∣
ε=0

=
1

kBβV

∂2Φ∗

∂εij∂εkl

∣∣∣∣
ε=0

.

(6.1.9)

Taking into account the general symmetries of the elastic tensor and the
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speci�c crystal symmetries of cubic systems, there are only 3 independent

constants: C11, C12 and C44 in Voigt notation, [94].

We will study C11, the Voigt-average shear G and the bulk modulus B

instead of C44 and C12. Indeed, the system {C11, G,B} forms still a base of

all possible cubic elastic constants and so it is equivalent to {C11, C12, C44}.
We can express the bulk modulus and the the Voigt-average shear in the base

{C11, C12, C44} as:
B =

1

3
(C11 + 2C12) ,

G =
1

5
(C11 − C12 + 3C44) ,

(6.1.10)

as derived in [112] and [94].

In order to calculate each one of these elastic coe�cients, we calculate

the derivative of the elastic entropic density with respect to a particular

family of symmetric tensors ε, hence simplifying the computation of the

derivative. Since sel is assumed to be derivable, the directional derivative

must be identical and independent to whatever direction we choose. In other

words, we will let ε vary among the family of strain tensors de�ned as:

ε = λεref , (6.1.11)

where εref is a given constant symmetric tensor and λ a scalar �eld.

Thus,
∂2sel
∂εij∂εkl

∣∣∣∣
ε=0

=
1

εrefij ε
ref
kl

∂2sel
∂λ2

∣∣∣∣
λ=0

. (6.1.12)

The elastic entropic density may then be expressed in terms of the new

scalar �eld λ and εref :

sel = λ2
[
1

2
C11

((
εref11

)2
+
(
εref22

)2
+
(
εref33

)2)
+ sC12

(
εref11 ε

ref
22 + εref22 ε

ref
33 + εref11 ε

ref
33

)
+ 2C44

((
εref12

)2
+
(
εref23

)2
+
(
εref13

)2)] (6.1.13)

In order to compute the 3 independent elastic coe�cients, we follow the

method described in [32] adapting it to our entropic formulation. We assess
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free entropies Φ∗ at uniform room temperature, 300 K, at a range of com-

positions and di�erent deformation states. We �rst apply a homogeneous

strain to the crystal with 3 × 3 × 3 unit cells and periodic boundary con-

ditions with a constant molar fraction x and temperature T . We compute

the free entropy of the equilibrium con�guration in the range of λ values

[−0.002, 0.002] in steps of ∆λ = 0.0001, by solving (2.6.1) and evaluating the

free entropy in the obtained mean�eld parameters. Then, we �t a �fth-order

polynomial through the set of calculated free entropies and we evaluate its

second derivative about the state at no strain, λ = 0.

For the sake of simplicity, we do simulate C11, B and C44 and then we

deduce the Voigt-average shear G from (6.1.10).

The constant symmetric tensors we have chosen for the calculation of

each elastic constant are:

εrefC11
=

1 0 0

0 0 0

0 0 0

 ,

εrefB =

1 0 0

0 1 0

0 0 1

 ,

εrefC44
=

0 1 0

1 0 0

0 0 0

 .

(6.1.14)

From (6.1.14), (6.1.12) and the elastic coe�cients de�nition (6.1.9), we

deduce the expression of each elastic constant:

C11 =
1

kBβV

∂2Φ∗

∂λ2

∣∣∣∣
λ=0

B =
1

9kBβV

∂2Φ∗

∂λ2

∣∣∣∣
λ=0

C44 =
1

4kBβV

∂2Φ∗

∂λ2

∣∣∣∣
λ=0

(6.1.15)

Figure 6.1.10 shows numerical and experimental results of the 3 elastic
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Figure 6.1.10: elastic constants evolution of CuNi alloy over composition of
Cu at ambient temperature. Comparison with experimental results from [91].
Monte Carlo sample points: 50.

coe�cients in a single crystal at room temperature, 300 K, for CuNi alloys

as a function of concentration. We have plotted results obtained with the

modi�ed EAM interatomic potential dependent of the molar fraction and

the outcome with the Monte Carlo summation rule with 50 sample points.

The computed values of G and C11 agree almost perfectly with experimental

results (less than 1% error). The gap between B and experimental data

is much higher, although it remains within a 10% error. Johnson's EAM

interatomic potential was devised forcing the anisotropy ratio C/C ′ to be 2,

i.e. ratio between the shear modulus C44 and C
′ = (C11 −C12)/2. Thus, the

interatomic potential only admits 2 independent elastic coe�cients and the

remaining one is constrained.

We notice that the new interatomic potential we created following a naive

strategy excels in the computation of C11 and G. However, Monte Carlo's

approximation provides as well excellent results. In addition, we observe that
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in this case, only a few sample points are su�cient to provide good results

with a low volatility.

All the simulations presented in this section allow us to draw some con-

clusions. First, the naive strategy that led us to create a new interatomic

potential depending directly on the lattice parameter performs very well when

compared against experimental data. On the other hand MC requires the

evaluation of Bogoliubov's potential at several sampling points, compared to

a unique point with the naive strategy. It is thus undeniable that that MC,

even with 50 samples, does involve more computational resources. However,

it is mathematically sounded and provides an estimation of the error against

the true value of the sum.In addition it is independent of the interatomic

potential, thus it does not require to conceive a new approximation for each

kind of potential we use.

We observed our model is limited to temperature conditions where the

system's behaviour is correctly modeled by classical thermo-mechanics. For

temperatures near the melting point and below the Debye temperature, the

macroscopic properties predicted by the model deviate from those measured

experimentally. The method is however able to predict macroscopic prop-

erties for the full range of compositions of several metallic alloys. In next

section we use the Gaussian quadrature rule for approximating integrals and

the MC with 100 sample points for approximating the sum over occupancies

in the simulation of non-equilibrium processes.

6.2 Non-equilibrium simulations

The simulations presented in the previous section allowed us to discuss the

ability and the limitations of the theory we presented for modeling systems

in equilibrium. We focus now on the simulation of processes away of equi-

librium. We present �rst a simulation of the steady state in a process of

segregation with a free surface. We later use the results obtained with this

simulation to evaluate the convergence of the numerical integrator strategy

described in section 5.3. We compare the di�usion pro�le in the steady-state

against the di�usion pro�le obtained in the �nal state of the full transport

process.
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6.2.1 Surface segregation

In (6), we calculated equilibrium properties of alloys. Those properties are ex-

clusively de�ned in con�gurations of equilibrium, where all physical variables

are statistically homogeneous. In this section, we simulate a free surface con-

�guration, where segregation plays an important role, breaking homogeneity.

Figure 6.2.1: Schematic of the sample's geometry and boundary conditions
used to simulate surface segregation.

Our aim is the calculation of the molar fraction at the free surface in a

sample of 3× 3× 10 lattice cells. Arrangements in the surface's composition

may heavily in�uence the bulk composition, [12]. Since we do not know

in advance the molar distribution, we will calculate the chemical potential

responsible of the segregation. Thus, we will use the grand-canonical free

entropy and impose the chemical potential previously calculated.

We proceed in two steps. First, we assess the equilibrium properties of

the 3 × 3 × 10 sample with periodic boundary conditions in all directions

over mean�eld parameters {q}, {w} and {m} at �xed and homogeneous

molar fraction. The equilibrium con�guration corresponds to the minimum
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Figure 6.2.2: Molar fraction distribution over layers in AuAg single crystal
alloys as a function of temperature and composition. Experimental data from
[54] (A) and [26] (B).
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of Bogoliubov's free entropy (3.2.29). By numerical di�erentiation of this

functional with respect to the molar fraction, we are able to compute the

pseudo chemical potential Γ .

In a second step, we simulate back the 3× 3× 10 sample. This time, we

set periodic boundary conditions exclusively in X and Y directions, while

displacements in direction Z are allowed in the whole sample but in the bot-

tom cells, as illustrated in 6.2.1. Mean�eld parameters and molar fractions

are free to vary. Particles in the bottom cell are however constrained to the

equilibrium mean positions, molar fraction and mean�eld parameters.

We have chosen the gold-silver (AuAg) system for simulation, for it main-

tains an FCC crystal structure over the entire range of concentrations, [1].

AuAg solid solutions are greatly studied due to their optical [85], electronic

[9] and catalytic properties [51]. In 6.2.2 we show a comparison between

predicted and experimental surface concentrations for di�erent compositions

and temperatures, [54] and [26]. We notice that the Ag molar fraction ex-

hibits an oscillatory pro�le in the Z direction, as was anticipated due to

the AgAu system's negative heat of mixing [12]. In addition, we point out

that segregation is less pronounced with higher temperatures, as expected.

The symmetry initially imposed through the boundary conditions and the

system's geometry is broken due to the randomness introduced by the MC

algorithm. The surface concentrations displayed are thus the average con-

centration at a given layer in the Z direction.

We will consider the distribution pro�le along the Z direction to be the

pro�le of the actual solution to the system of transport equations, since we

are not able to exactly solve the system of equations.

6.2.2 Convergence simulation

While the latter simulation did capture a non-equilibrium process, it did not

involve any transport equations. That was only possible because it calculated

steady-state properties. In this section, we will study the silver segregation in

a AgAu lattice, but this time through the simulation of the whole transport

problem until we reach the �nal steady-state. Comparing the results of this

evolution problem against the steady-state simulation showed in the latter
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section, we will �nally illustrate the convergence of the numerical scheme

presented in 5.3 at constant temperature.

We consider again the AgAu sample of 3 × 3 × 10 FCC unit cells with

periodic boundary conditions on X and Y directions. Throughout the whole

simulation, all variables of the bottom unit cells, i.e. the particle position,

molar fraction, mean�eld mass and frequency, are �xed at their equilibrium

values for the given composition and temperature. On the contrary, all par-

ticle parameters at the top unit cells may evolve freely. Thus, we prescribe

the same initial and boundary conditions as those in the surface segregation

simulation. We will examine the segregation process through time of silver

in two di�erent alloys: one at 30% Ag and the other at 50% Ag, as in 6.2.1,

and both at 900 K.

Since transport relations are now available, we need not impose a value

for pseudo-chemical parameters {γ}, as we did in 6.2.1. Instead, we should

set the particle di�usivity and the time increment to a particular value and

let the system freely evolve with time. Precisely, we would expect to attain a

solution closer to the exact solution by lowering the time step, i.e. we would

expect the numerical scheme to converge to the exact solution for a time

increment short enough.

In order to check this property experimentally, we propose to simulate

this segregation process at di�erent time steps until the steady-state is at-

tained. As the exact solution is not precisely known neither experimentally

nor theoretically, we will consider the molar fraction distribution with respect

to the Z direction in the previous simulation 6.2.1 as a good approximation.

Hence, we will calculate the error as the di�erence between the �nal molar

fraction obtained at the end of the evolution process and the molar fraction

distribution in 6.2.1, with respect to the euclidean norm:

errn = ‖{x}n − {xss}‖2 =

√√√√ N∑
i=1

(xni − xssi )2, (6.2.1)

where {xss} is the molar fraction vector of the steady-state simulation.

In addition, as already stated in 5.2.2, we only consider systems were

the di�usivity and numerical coe�cients Bl
ij are isotropic, for the sake of
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simplicity. Under this assumption, equation (5.2.12) simpli�es to:

Dl
i =

∑
〈i,j〉

kB
6
Bl
ijrij · rij

Dl
i =

kB
6
Bl
i

∑
〈i,j〉

rij · rij.
(6.2.2)

Thus, we are able to invert the relation:

Bl
i =

6

kB
∑
〈i,j〉 rij · rij

Dl
i. (6.2.3)

Making use of this equation and of the kinetic potential de�nition (5.2.5),

potential J ch reads:

J ch =Φ∗({βn}, {xn+1}, {πn+1})− Φ∗({βn}, {xn}, {πn})
− kB{γn+1}T{xn+1 − xn}

+
N∑
i=1

3∑
〈i,k〉 rik · rik

∑
〈i,j〉

M∑
l=1

∆tnD
l
ix
l
ij

(
γ
(n+1),l
i − γ(n+1),l

j

)2
,

(6.2.4)

We detect that the steady-state has been reached when there is no sig-

ni�cant changes in the euclidean norm of the molar fraction vector ‖{x}‖2
between the system at time tn and the one at time tn−5, according to a

prescribed tolerance. We have set the di�usion coe�cients from [64] at

DAg = 8.56 × 10−12cm2s−1 and DAu = 2.10 × 10−10cm2s−1 for the alloy at

50% Ag. For the alloy at 30% Ag however, we use DAg = 8.18×10−12cm2s−1

and DAu = 2.60× 10−11cm2s−1.

In 6.2.3 and 6.2.4 we show the evolution of the molar fraction distribution

across the layers in the Z direction for both alloys, at 30% and 50% Ag.

We observe how they approach the steady-state distribution with time and

reach a state very close to the previously calculated with the steady-state

simulation.

We have simulated both systems with 4 di�erent time increments. In

6.2.5 we have plotted the �nal error of each simulation against the time

increment. We notice for both temperatures that the four errors are almost
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Figure 6.2.3: Distribution of the molar fraction across layers in an alloy with
30% Ag at several times, at 900 K and ∆t = 22ps.
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Figure 6.2.4: Distribution of the molar fraction across layers in an alloy with
50% Ag at several times, at 900 K and ∆t = 22ps.
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Figure 6.2.5: Evolution of the error of the evolution process' �nal state with
respect to the steady state simulation for di�erent time increments.
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exactly aligned, showing a trend. In addition, the error diminishes when

reducing the time step. This result suggests that the proposed numerical

scheme converges to the exact solution, at least for a time increment small

enough and for di�erent molar concentrations. However the rate at which

the numerical method converges depends on the molar concentration and the

temperature. Even if it should be proved mathematically, this result strongly

supports the convergence of the method. It also hints that the convergence

of the method is of �rst order.

6.3 Summary

In this chapter we have simulated equilibrium properties in order to assess

the numerical method developed in this work together with the numerical ap-

proximations described in chapter 4. We �rst compared a Gaussian quadra-

ture rule against a Monte Carlo integration method by computing the evolu-

tion of the thermal expansion in pure species single crystals. Both methods

provided good agreement with experimental data in a restricted range of

temperatures, however the Gaussian quadrature rule involves less evaluation

points, for a �xed tolerance of the error. For both approximation strategies,

the model showed limitations in the calculation of thermal expansion at low

temperatures, because of dominant quantum e�ects.

We studied as well the Monte Carlo approximation to summation over

occupancies. We compared it to experimental data and to a naive inter-

atomic potential based on Johnson's EAM potential for FCC alloys. Even if

functionally incorrect, this interatomic potential has the merit to be simple

and fast to compute. The simulation of lattice parameters, isothermal ex-

pansions and elastic constants of several alloys across concentrations yielded

good agreement with experimental data. Both approximations provided good

results, however the naive interatomic potential was faster to compute. We

observed with the MC technique how by increasing the number of evalua-

tion points, simulation results approached experimental data while reducing

variability.

We chose the Gibbs algorithm for generating Monte Carlo samples in the

summation rule for its simplicity. Nonetheless, other strategies could be in-
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vestigated in order to reach accurate results with fewer samples. We showed

however, that Monte Carlo provides a good alternative in the computation

of averaged properties within the framework presented in this work. Re-

sorting to adding arti�cially a dependence on macroscopic variables, such as

the molar fraction, in the interatomic potential are less computationally ex-

pensive but lack a theoretical basis. Monte Carlo summation rules, however

do rest on a sound theoretical framework and may be tuned so that their

computational cost is reduced.

We used as well the numerical approximations previously evaluated in

the simulation of a steady-state di�usion process. Lacking the exact solution

to the transport process, we considered the previous steady-state solution

as a good approximation to the actual solution of the system of evolution

equations. Then we simulated the system as a transport process. We compare

the results obtained once reached the �nal state of the transport process,

with the previous steady-state. This procedure enabled us to evaluate the

convergence of the time integrator at �x temperature for two di�erent bulk

compositions. The comparison showed a linear convergence of the method,

while the velocity of convergence seems to be related with the temperature of

the system and the bulk concentration. These numerical experiments provide

some insight into the convergence of the �rst part of the numerical integration

strategy. The integration scheme we described consists in the optimization

of two functionals, the second of which is only relevant in systems where

temperature may change with time or where there temperature gradients are

present. The convergence of the full method should be evaluated theoretically

and numerically in systems where both the temperature and the species

distribution can change.
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7
Summary and Conclusions

7.1 Summary

In chapters 2 and 3, we formulate, respectively, a model of equilibrium

and non-equilibrium statistical thermodynamics for atomic ensembles. The

model is an application of Jaynes' maximum entropy principle, which allows

the statistical treatment of both kinds of thermodynamic ensembles, and of

mean�eld theory, which produces approximation models from simpler ones

that are easier to compute. In particular, we interpret variables de�ned for

each atom as the temperature and molar fractions equivalents, which are not

required to be uniform but instead may vary from particle to particle.

In addition, we mirror the classical Coleman-Noll method of continuum

thermodynamics in chapter 5 and derive a dissipation inequality expressed in

terms of discrete thermodynamic �uxes and forces. This discrete dissipation

inequality sets the structure for discrete kinetic potentials, which couple the

microscopic �eld rates to the corresponding driving forces. It results thus in

a closed set of equations governing the evolution of the system.
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We complement the general theory with quadrature approximation rules

in chapter 4, particularly with the Monte Carlo method, that provides com-

putationally tractable approximations for the calculation of ensemble aver-

aging. We present several validation cases in chapter 5 that demonstrate

the capacity of the theory to capture equilibrium properties. In addition, we

show surface segregation processes simulations and numerically demonstrate

the convergence of the method.

7.2 Main results

In this section, we describe the most relevant results of this work:

• We reformulated and extended the theoretical framework presented

in [104] and based on [58, 57] to produce models for equilibrium and

non-equilibrium thermodynamics. We do not need to track thermal

vibrations and particle jumps, extending the time scales of the phe-

nomena amenable to study. This framework can easily be adapted to

include other physical e�ects, by following the same steps described in

this thesis.

• We described the full set of equations governing transport e�ects, even

if local transport properties must be modeled empirically. In addition,

we proposed a numerical scheme based on the optimization of two dis-

crete potentials. The solution of the �rst potential at a given time

step provides new mean�eld and chemical parameters. The subsequent

optimization of the second potential at the same time step gives the

updated temperature �eld. We were able to demonstrate numerically

the convergence of the method for a homogeneous temperature.

• We proposed Monte Carlo quadrature rules for the calculation of ensem-

ble averaging. Without them, the ensemble average operator involves

the calculation of too many terms in the sum over the occupancies

space and requires another approximation scheme for the computation

of a gaussian integral of high dimensionality. The Monte Carlo schemes

for sample generation presented in this work are simple, but constitute
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a �rst step which shows how they could be connected to the statistical

mechanical theoretic framework.

• We coded a simulation program with which we generated validation

numerical experiments. They showed the capabilities of the method to

capture equilibrium properties and segregation processes. We started

from a program for simulating metallic solids under thermo-mechanical

constraints implementing the HotQC multiscale method [58, 56, 65, 66].

Instead we modi�ed it to include the numerical scheme described in

this thesis for the simulation of multi-species systems under chemical,

mechanical and temperature e�ects. In addition, we coupled the pro-

gram with LAMMPS, a program from Sandia National Laboratories for

molecular dynamic simulations which is widely employed in the litera-

ture, for accessing a battery of interatomic potentials. We coded Monte

Carlo quadrature rules and include the possibility to decide whether or

not we work with the QC spatial quadrature and triangulation.

7.3 Future work

In this thesis we have presented a formulation for the multiscale simulation

of slow varying processes in solid alloys. We brie�y describe in this section

the main aspects of the formulation that should be further investigated.

Statistical mechanical model In classical thermodynamics, an equilib-

rium state is speci�ed at least by the internal energy, the number of particles

of each chemical components and the volume. In both our models for equi-

librium and non-equilibrium thermodynamic ensembles we disregarded every

macroscopic observable regarding the characteristic length, or volume, of the

system. A possible extension of the proposed models should therefore supply

a new constraint regarding the volume in equilibrium, the mean atomic po-

sition of particles when dealing with systems away from equilibrium or any

other macroscopic information characterizing the system's spatial length.

In addition, these methods could include other coupled e�ects. For in-

stance, we could include in the macroscopic description of the system electro-
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magnetic variables.

Kinetic potentials Further research should be carried out to �nd a kinetic

theory less dependent on empirical modeling. One of the main advantages

of the theory is that it bypasses the need to track thermal vibrations and

individual particle hops explicitly, thereby greatly extending the time scales

amenable to study. On the other hand, local transport properties must be

modeled empirically and calibrated experimentally. However, the accurate

prediction of transport properties from �rst principles is exceedingly chal-

lenging. This trade-o� is similar to the interplay between �rst-principles

quantum mechanical approaches in condensed-matter physics, an accurate

but often intractable theory of material structure, and empirical interatomic

potentials such as the Embedded-Atom Method, which are subject to mod-

eling and computationally e�ciency.

Simulation of multi-scale applications In this work, we validated the

ability of the theory to reproduce equilibrium properties and transport ef-

fects. To this end, we formulated simple mean�eld and kinetic models.

Some elements of the theory, particularly mean�eld approximation theory

and quadrature approximation rules, are intended to supply a basis for a

systematic improvement of the models and for a general numerical imple-

mentation. Likewise, the variational structure of the theory provides a basis

for variational time discretization cf., e. g., Ortiz and Stainier (1999) [116];

) and for spatial coarse- graining, e. g., by recourse to the quasi-continuum

method [71, 56, 58, 4]. The model should as well be employed to simu-

late coupled transport e�ects of complex systems, such as the ones already

introduced in chapter 1.

Mathematical analysis of convergence and stability In chapter 6

we provided a numerical example showing the convergence of the method.

However we did not stated any mathematical proof. The variational structure

of the non-equilibrium formulation and the time integrator pave the way to

address the mathematical analysis of the main aspects of a numerical method:

the conditions required for its convergence and the stability of its solution.
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A
Parallelization of HotQC

A.1 Introduction

A �rst implementation of the Quasicontinuum (QC) method presented in [56]

and used for instance in [65] and [66] was coded to simulate the mechanical be-

haviour of lattices at constant temperature. Afterwards, a di�erent program

was devised to include heat transport at atomistic level through the minimi-

sation of a potential based on a free energy and thermo-mechanical kinetic

equations, [58]. Both implementations were needed to solve non-equilibrium

problems. The former was used �rst to stabilize the system under study at

the required temperature, and the latter was launched then for solving the

kinetics. They have proved successful in the simulation of nano-void growth

and nano-indentation problems in metals. Currently however, both programs

have been gathered and make up a new sole code that we will refer to in this

chapter as HotQC, [4].

With the everlasting but necessary aim of simulating bigger systems with

more representative nodes, and therefore atoms, and for longer periods of
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time, the need for a faster implementation of QC arises. An appealing so-

lution that comes naturally lies in parallel computing. The original code

already implemented thread parallelization through the use of the POSIX

thread standard. POSIX is part of the kernel of all UNIX based operating

systems, is hence systematically present in high e�cient computers and has

been widely used and assessed. Multi-threading programming is based on

the assumption that the underlying memory architecture is shared, that is,

all threads have access to the same memory space. However, this approach to

parallel computing presents a major drawback: its scalability is limited. The

hardware required to allow many processors uniform access to memory is ex-

pensive. Thus, in spite of the current trend of the computer hardware indus-

try of manufacturing machines with various cores sharing memory, this solu-

tion is not yet suited for a high number of cores. High-performance comput-

ing facilities therefore exploit distributed memory parallelization paradigms.

As a result, it proved to be infeasible in practice to take full advantage of the

parallelization capabilities of HotQC in high-performance facilities.

This appendix explains the changes introduced to HotQC for including

another layer of parallelization through MPI, one of the most extended li-

braries for distributed parallel computing, [79], [39], [40]. This newer version

of the program has been installed and tested in a supercomputing center

and its performance assessed. All changes to the original HotQC have been

validated by comparison to benchmarks.

A.2 Modi�cations to the code

A.2.1 Benchmarking

Before modifying the existing code, we needed a way to ensure that changes

that were going to be introduced did not alter the result of calculations. We

noticed however that when the code was launched in multi-threading mode,

results of simulations were slightly di�erent, even though not considerably.

We tracked the problem down to the order of the nodal list. Indeed, when

the nodal list was to be �lled with new nodes, each thread created a di�erent

node with each execution of the program and accessed the nodal list at a
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di�erent order with respect to the other threads. So the �nal nodal list

eventually contained the same nodes but they were ordered di�erently with

each execution. When a new triangulation was required, the elements formed

were di�erent with each execution, since the triangulation depended on the

order the nodes were delivered to the triangulation generator.

To correct this problem, we now order the node list before triangulating.

With this slight modi�cation, results of calculations remain unaltered each

time we launch the program in multi-threading mode, nor they depend on the

number of threads. To check all changes introduced to the code did not a�ect

its results, we set some simulations as references and we always compared

the energies after each time step with the reference. As benchmarks we used

two simulations of nano-void growth in a cube of 50× 50× 50 atoms with an

initial atomic resolution of 4× 4× 4 atoms and an initial nano-void of seven

atomic distances of diameter in the center of the cube:

• in the �rst simulation, the cube was made of argon at 42K, with

Lennard-Jones as interatomic potential,

• in the second, it was made of copper at 300K, with Johnson EAM as

interatomic potential.

The deformations were imparted at 0.1% increments.

The benchmark consisted in comparing the kinetic, potential and total

energy of the cube after each time step, for a total of 5 time steps.

A.2.2 Changes made to the code

Parallelization of forces' calculations Since the code was not originally

intended for message passing, parallelization with MPI of the whole program

would have required to code the entire program almost from scratch. To avoid

this, the approach we choose consisted in parallelizing only those routines

that were considerably time-consuming. In order to evaluate the fraction of

time spent in each routine, we preliminarily launched a pro�ler attached to

a simple simulation: a small copper lattice, with 1000 nodes, a nano-void of

seven atomic distances as diameter at the center of the cube and the use of
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the Johnson EAM interatomic potential. We stopped the program after two

time steps.

We noticed that 99.1% of the total time is spent by the function that

calculates nodal forces. While the next most time-consuming function is

the one that evaluates the weight of each node associated with its cluster

and only takes 0.3% of the total time. This simple and preliminary test

con�rms what we already expected: the most time-consuming functions in

the program are those devoted to the calculation of nodal forces. We �rst

parallelized this functions and then evaluated in a more reliable manner, with

a higher number of nodes, the time e�ciency with the parallelization.

To introduce as few changes as possible in the original code, we tried

to minimize the communication between processes. Once n processes are

launched, each one calculate the forces of a fraction of the total number of

nodes and then they all share the nodal forces they have just calculated.

All the communication needed is taken care of by one mpi function call

MPI_allgather(). The algorithm used for gathering data di�ers from each

MPI implementation. We have employed the spread and free implementation

MPICH, which utilizes di�erent algorithms according to the size of the data

to be shared and the number of processes. The algorithms coded for a small

amount of data and for a power of two number of processes present the same

order of complexity. Nonetheless the double ring algorithm, triggered when

the number of processes is a power of two, is usually faster than the variant

of the dissemination algorithm of barrier used when the number of processes

is not a power of two and the size of the message is small, [98]. Therefore,

we evaluated the e�ciency of the parallelization running the program always

in a power of two number of processes.

A few other simple modi�cations were carried out as well. They were

showed to lead to a faster code.

Shape functions. Each time a calculation that involves sites in the cluster

of a node is to be performed, the element that contains the site is sought. The

shape functions associated with the nodes in the vertices of the element are

evaluated at the site position as well. To improve the search of the element,

the element where a site belongs to is stored when creating a new site. The
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value of the shape functions associated with this element and evaluated at

the site position are also stored in the site.

Bin elements. Each time a new triangulation is created, each node is

linked with the elements it touches. Besides, all the other nodes that belong

to these elements are linked to the node. This was done in the following

manner: for each node j, the program checked which elements had node j as

a vertex. Then, we linked all nodes of the elements associated with node j to

this node. Thus, the program went through a double loop, with Nno×Nel
iterations in total and another loop with Nno iterations, being Nno the total

number of nodes and Nel the total number of elements. This algorithm was

parallelized with threads, so that each thread was in charge of a fraction of

the total number of nodes, dividing thus the time spent by this function into

the number of threads, omitting some divisibility conditions.

Now instead, we have modi�ed the �rst sequence of loops. We do now

a �rst loop on the elements and we associate each element to the nodes at

its vertices. Once this �rst loop is over, we associate with each node the

other nodes at the vertices of the elements the node belongs to, as was done

before. Thus we end up with Nel× 4 iterations for the �rst loop, since each

element has four vertices, and another loop with Nno iterations. Even if this

new routine is not parallelized, the number of nodes divided by the number

of possible threads is much higher than four. All the most, recalling that

usually the number of threads is very limited and rarely goes beyond 16.

A.3 Computing performance

In order to assess the extent of the improvements made to the code, we

installed HotQC in Magerit1, the supercomputer housed in CeSViMa, a re-

search center of the Technical University of Madrid. It is a cluster consisting

of 245 nodes, each of 16 cores, Power7 processors with 3,3 GHz and 32 GB

of RAM. As OS, they all use a linux implementation, the version of SUSE

SLES11SP1.

1Magerit technical speci�cations: http://www.cesvima.upm.es/infrastructure/

hpc
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We simulated a void growth in a cube of 100 000 nodes of copper with

an initial void of seven atomic distances of diameter and Johnson EAM in-

teratomic potential. Deformations were applied at 0.1% increments. The

simulation was stopped after only two time steps. We measured wall-clock

times with the standard C library time.h of several remarkable functions and

of the whole simulation. We have launched and compared two versions of

HotQC with 4, 8, 16, 32, 64, 128, 256 and 512 processes:

• the one with all forces parallelized but without the other changes. We

will call it the slow version.

• the one with all changes explained in last section. We will refer to it

as the fast version.

In �gures A.3.1 and A.3.2, we have plotted the number of processes versus

time in the slow and the fast versions respectively. We �nd the total time

the program has spent, in violet, as well as the time spent by the most time

consuming functions: the function that calculates the clusters weight, the

one that links nodes with the elements it touches (bin_elements()) and the

one that creates a new triangulation. We have also plotted the time resulting

of summing the time spent by all these latter functions, in red. This allows us

to check if we have missed a function that consumes a considerable amount

of time. Since in both cases violet and red curves are almost superimposed,

we conclude that almost all time needed by the simulation was spent by the

functions plotted.

The maximum time allocated to a program in Magerit is limited to 72

hours. Since simulations with 1 and 2 processes take longer than that, they

could not be measured.

In �gures A.3.1 and A.3.2, we see how with few processes, the time spent

by the calculation of nodal forces is considerably higher than the time of the

other functions. Whereas when we increment the number of processes, the

time spent by the nodal forces calculation is of the same order than the time

spent by the other functions. We may also notice that the amount of time

spent creating a triangulation, linking nodes with its elements and computing

the cluster weight is apparently independent of the number of processes.

This was expected since we only parallelized the forces' calculations. The
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Figure A.3.1: Wall-clock times spent by some functions of HotQC in version
slow.
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Figure A.3.2: Wall-clock times spent by some functions of HotQC in version
fast.
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most salient feature we can read in this plot however, is the loss in time

consumption with a high number of processes. If using many processes, we

can expect the simulation to take tenfold less time than with 4 processes.

We also would expect this rate to be much higher when comparing the total

time spent by one process with the time spent by a high number of processes.

In �gures A.3.3 and A.3.4, we �nd again the number of processes against

wall time but in logarithmic scale for both versions. The total time seems

to depend linearly on the logarithm of time, but reaches saturation after

128 processes in the slow version and 256 in the fast version. That would

mean that the parallelization of nodal forces calculations behaves as well

as we could expect, since the number of processes a�ects the total time

consumption as if the whole code was parallelized, for a number of processes

lower than 128.

Figures A.3.5 and A.3.6 are bar graphs showing the time fraction taken by

the most time-consuming functions in both versions of the program. It looks

clearer the relative importance that holds nodal forces calculations over the

rest of the functions according to the total time. It is also more noticeable

in these �gures how the time fraction spent in calculating nodal forces is

comparable with the computation of cluster weights, with a high number of

processes. Nevertheless, with only 4 processes, we see how the relative time

consumption of the nodal forces' calculations overpowers the time spent by

all the other functions. This is even more pronounced in the fast version.

In all �gures featuring the fast version we have shown, the time spent

by function bin_elements(), the function that links nodes with its elements,

is almost absent from all plots. We see in A.3.6 however that this and the

reduction in time consumption of the other functions has increased the time

spent by functions we have not tracked, called in the graph "remaining time".

Forces and cluster weights calculations still remain the most time-consuming

functions, though.

In �gures A.3.7 and A.3.8 we compare the times spent in both versions. In

A.3.8 we have employed logarithmic scale for time. We observe in this plot the

time spent in clusters weights calculations has diminished of around a factor

of 2 with respect to the other version. The impact of bin_elements() function

on the total time has almost disappear in the fast version. In addition, the
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Figure A.3.3: Wall-clock times spent by some functions of HotQC in version
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Figure A.3.5: Relative wall-clock times spent by HotQC in di�erent functions
in version slow.
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computation of nodal forces lasts shorter in the fast version. As a result,

simulations take less time with the fast version. This relative di�erence is

even more noticeable when HotQC is launched with many processes.

A.4 Conclusions

We have parallelized in HotQC the computation of nodal forces with MPI,

a standard suited for high performance computing. We have introduced a

few other modi�cations but altering very little the original code. We have

evaluated the performance of this new version of HotQC with at most 512

processes in Magerit, the super computer center of the Technical University

of Madrid. The parallelization starts saturating at 256 processes. This is

due to the relative weight of the calculation of the cluster weights becoming

higher with respect to the total time, even if still lower than the time needed

by the nodal forces' calculations. Since simulations with one and 2 processes

with a representative number of nodes take too long, we could compare the

scalability of parallelization with no less than 4 processes. Using many pro-

cesses, we were able to reduce the time spent by the simulation when running

in 4 processes (where the only change is the parallelization of nodal forces)

by a factor of 20 (with the version that incorporates all proposed changes).

In addition, we have reduced the time spent by two of the three most time

consuming functions, even when the program is launched with one process.

The time required by bin_elements(), the function that links all nodes with

its elements, has been diminished by a factor proportional to the number of

nodes, becoming negligible, and the time taken by cluster weights calcula-

tions has been halved.

The path for further time reduction, should go in the direction of dimin-

ishing the time taken by the computation of the cluster weights, which is not

easily parallelized. In addition, the time taken by the triangulation seems too

long, changing the triangulation generator to another one could be fruitful.

All the more if the new generator works in parallel. We should point out

nevertheless, when running HotQC even with 512, the limiting time factor

still lies in the calculation of nodal forces.

In this chapter we have evaluated the scalability of the distributed mem-
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ory parallelization, but the full potential of the code has not been exploited.

Indeed, now the program presents two layers of parallelization: threads

(shared memory parallelization) and processes (distributed memory paral-

lelization) that can be combined. For instance, if we have access to a cluster

of 8 machines with 2 cores each, we have several manners of executing the

program. We could launch HotQC with no more than 2 threads, since it is

the number of cores per machine, but we would be losing the power of the

remaining 7 computers. We could also run 16 processes but when we have a

shared memory architecture, threads perform usually better than processes.

With this version however, we could launch HotQC in 8 processes with 2

threads. In this manner, each process would divide in 2 threads and the full

potential of the cluster would be reached.
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