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Abstract

The main objective of this thesis is to study the coupling between the atti-
tude control and thermal control subsystems of a small satellite, and address the
solution to some existing issues concerning the determination of their paramet-
ers. Through the thesis the attitude and temperature evolution of the satellite is
studied under the influence of two independent attitude stabilization and control
strategies: (1) passive magnetic attitude stabilization (PMAS), and (2) active
magnetic attitude control (AMAC). In this regard the mathematical model of
the problem is explained and presented. The mathematical model includes both
the rotational dynamics and the thermal model. The thermal model is derived
for a cubic satellite by solving the heat balance equation for 6 external and 1
internal nodes. Once established the mathematical model of the problem, the
above mentioned attitude strategies were applied to the system and the temper-
ature evolution of the 7 nodes of the satellite was studied. The PMAS technique
has been selected to be studied due to its prevalent use, simplicity, reliability, and
cost, as this strategy significantly saves the overall power, weight, cost, and re-
duces the complexity of the system compared to other attitude control strategies.
In addition to that, another control law that provides the satellite with a desired
spin rate along a desired axis of the satellite, whose direction can be controlled
with respect to the inertial reference frame is considered, as the thermal sub-
system of a satellite usually demands a spin requirement around an axis of the
satellite which is positioned perpendicular to the direction of the coming solar
radiation. Concerning the thermal problem, to study the influence of spin rate
on temperature evolution of the satellite a linear approach of the thermal model
is used, which is based on perturbation theory applied to the nonlinear differ-
ential equations of the thermal model of a spacecraft moving in a closed orbit.
The results of this study showed that the temperature stabilization time and the
periodic influence of the external thermal loads decreases by increasing the spin
rate. However, the changes become insignificant for higher values of spin rate.
Concerning the PMAS strategy, it was observed that in spite of its extended
application to micro and nano satellites, still there are some issues to be solved
regarding this strategy. These issues are related to the sizing of its system para-
meters and predicting the in-orbit performance. The problems were found to be
rooted in the difficulties that exist in determining the magnetic characteristics of
the ferromagnetic bodies (hysteresis rods) that are applied as damping devices
on-board satellites. To address these issues an analytic model for estimating their
damping efficiency is proposed and applied to several existing satellites in order to
compare the results with their respective in-flight data. This model can explain
the behavior showed by these satellites.





Resumen

El principal objetivo de la tesis es estudiar el acoplamiento entre los subsiste-
mas de control de actitud y de control térmico de un pequeño satélite, con el fin
de buscar la solución a los problemas relacionados con la determinación de los
parámetros de diseño. Se considera la evolución de la actitud y de las tempera-
turas del satélite bajo la influencia de dos estrategias de orientacién diferentes:
1) estabilización magnética pasiva de la orientación (PMAS, passive magnetic
attitude stabilization), y 2) control de actitud magnético activo (AMAC, active
magnetic attitude control). En primer lugar se presenta el modelo matemático
del problema, que incluye la dinámica rotacional y el modelo térmico. En el
problema térmico se considera un satélite cúbico modelizado por medio de siete
nodos (seis externos y uno interno) aplicando la ecuación del balance térmico.
Una vez establecido el modelo matemático del problema, se estudia la evolu-
ción que corresponde a las dos estrategias mencionadas. La estrategia PMAS
se ha seleccionado por su simplicidad, fiabilidad, bajo coste, ahorrando consu-
mo de potencia, masa coste y complejidad, comparado con otras estrategias. Se
ha considerado otra estrategia de control que consigue que el satélite gire a una
velocidad requerida alrededor de un eje deseado de giro, pudiendo controlar su di-
rección en un sistema inercial de referencia, ya que frecuentemente el subsistema
térmico establece requisitos de giro alrededor de un eje del satélite orientado en
una dirección perpendicular a la radiación solar incidente. En relación con el pro-
blema térmico, para estudiar la influencia de la velocidad de giro en la evolución
de las temperaturas en diversos puntos del satélite, se ha empleado un modelo
térmico linealizado, obtenido a partir de la formulación no lineal aplicando un
método de perturbaciones. El resultado del estudio muestra que el tiempo de
estabilización de la temperatura y la influencia de las cargas periódicas externas
disminuye cuando aumenta la velocidad de giro. Los cambios de temperatura se
reducen hasta ser muy pequeños para velocidades de rotación altas. En relación
con la estrategia PMAC se ha observado que a pesar de su uso extendido entre
los micro y nano satélites todav́ıa presenta problemas que resolver. Estos proble-
mas están relacionados con el dimensionamiento de los parámetros del sistema
y la predicción del funcionamiento en órbita. Los problemas aparecen debido a
la dificultad en la determinación de las caracteŕısticas magnéticas de los cuerpos
ferromagnéticos (varillas de histéresis) que se utilizan como amortiguadores de
oscilaciones en los satélites. Para estudiar este problema se presenta un mode-
lo anaĺıtico que permite estimar la eficiencia del amortiguamiento, y que se ha
aplicado al estudio del comportamiento en vuelo de varios satélites, y que se ha
empleado para comparar los resultados del modelo con los obtenidos en vuelo, ob-
servándose que el modelo permite explicar satisfactoriamente el comportamiento
registrado.
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aI desired spin direction with respect to inertial reference frame
B magnetic flux density inside a hysteresis material [T]
Bmax maximum magnetic flux density generated inside a hysteresis

rod [T]
Br remanent magnetic flux density of hysteresis material [T]
Brod magnetic flux density inside a hysteresis rod [T]
Bs saturated magnetic flux density of hysteresis material [T]
BEarth local magnetic flux density vector of geomagnetic field [T]
b dimensionless radiative term
b0 magnetic flux density proportionality constant for different

materials [(A/m)2]
b′0 magnetic flux density proportionality constant for different

materials [(A/m)2]
CD surface drag coefficient
Ci thermal capacity of the ith node [J/K]

xi
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c0 magnetic flux density proportionality constant for different
materials [(A/m)3]

c′0 magnetic flux density proportionality constant for different
materials [(A/m)3]

ci dimentionless thermal capacity of the ith node
d diameter of the circular cross section hysteresis rod [m]
dmax optimum diameter of the circular cross section hysteresis rod

[m]
e elongation or aspect ratio of the hysteresis rod
es obliquity of ecliptic plane
[e1, e2, e3] direction of the rotation vector
Fdsi view factor of the external face of the ith node to deep space
Fiaero sum of the aerodynamic drag force experienced on the surface

i [N]
Fis sum of the solar forces experienced on the surface i [N]
Gs solar constant in vicinity of the Earth [W/m2]
g mean anomaly of the Sun
H time varying external magnetic field [A/m]
H0 minimum value of the geomagnetic field at the surface of the

Earth [A/m]
Ha maximum value of the applied magnetic field [A/m]
Hc coercive force of hysteresis material [Am2]
Hd demagnetizing magnetic field inside a hysteresis rod [A/m]
Hin generated magnetic field inside a hysteresis rod [A/m]
Hmax maximum generated magnetic field inside a hysteresis rod

[A/m]
Hpm magnetic field vector generated by a permanent magnet [A/m]
h orbit altitude above the surface of the Earth [km]
I current passing through magnetorquer [A]
[I] 3× 3 matrix of inertia [kgm2]
i inclination of the orbit
Kij thermal conductance between ith and jth nodes [W/K]
K thermal conductive couplings matrix of the satellite [W/K]
kij dimensionless thermal conductive coupling between ith and

jth nodes
k dimensionless thermal conductive coupling matrix of the satel-

lite
Ls mean longitude of Sun
L angular momentum vector [kgm2/s]
l length of the hysteresis rod [m]
My

x rotation matrix that locates the right-hand orthogonal triplet
fixed axes of reference frame x with respect to the ones of y.

m exponent value of maximum magnetic flux density in Stein-
metz law

mpm magnitude of the permanent magnet dipole [Am2]
m dipole magnetic moment [Am2]
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mE vector representing the geomagnetic dipole [Am3]
mMT magnetic dipole vector generated by magnetorquer [Am3]
mrod magnetic dipole vector of hysteresis rod [Am3]
m̂MT unit vector in the direction of magnetorquer
Nd demagnetization factor of a hysteresis rod
N̂ surface outward unit vector
n the number of days passed or remained (positive or negative)

since Greenwich noon, of 1 January 2000
nc number of solar cells mounted on a surface
nl number of wire loops in magnetorquer
nr number of hysteresis rods
P power generated by the solar panels [W]
Ps solar pressure in vicinity of the spacecraft [N/m2]
Q̇alb albedo heat load [W]
Q̇p planet heat load [W]
Q̇s solar heat load [W]
q̄ai average of the dimentionless albedo heat load to the ith sur-

face
q̄ei sum of the average of the dimentionless external heat loads to

the ith surface
q̄pi

average of the dimentionless planet heat load to the ith surface
q̄si average of the dimentionless solar heat load to the ith surface
q̇neti dimensionless total heat input to the ith node
q̇s dimensionless solar heat load
q Hamiltonian quaternion parameter
R radius in a spherical geocentric reference frame [km]
Ri thermal radiative coefficient of ith node to deep space [W/K4]
Rij thermal radiative coupling between ith and jth nodes [W/K4]
R position vector [km]
Rrad thermal radiative coupling matrix [W/K4]
ri dimensionless thermal radiative coefficient of ith node to deep

space
rij dimensionless thermal radiative coupling between ith and jth

nodes
rrad dimensionless thermal radiative coupling matrix
[S] 3× 3 diagonal switching matrix
S4(.) 4× 4 skew symmetric matrix of the vector (.).
ŝ unit vector in the direction of satellite-Sun position vector
T0 temperature of deep space [K]
Td magnitude of disturbance torque [Nm]
Ti temperature of the ith node [K]
Tp blackbody-equivalent temperature of the planet [K]
Taero torque vector due to the aerodynamic drag [Nm]
Tm magnetic torque [Nm]
Tnet net torque vector [Nm]
Ts torque vector due to the solar pressure [Nm]
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t time [s]
td damping time [s]
tmax optimum thickness of the thin film hysteresis rod [m]
tr thickness of a thin film hysteresis rod [m]
ûrod unit vector in the direction of the hysteresis rod
V module of satellite translational velocity vector [m/s]
VEarth scalar potential function of the geomagnetic field [Tm]
Vh volume of hysteresis rods [m3]
Vpm volume of the permanent magnet [m3]
Vr volume of the hysteresis rod [m3]
V satellite translational velocity vector [m/s]
V̂ unit vector in the direction of satellite translational velocity

vector
Wh hysteresis loss energy of a hysteresis rod [J]
Whm hysteresis loss energy of a hysteresis rod at the middle point

of the rod [J/m3]
Wpeak peak value of dissipated energy [J]
X eigenvector matrix
x modal coordinate of the heat balance system of equations
Xb direction of the first unit vector of the right-hand orthogonal

triplet fixed in the body frame
XI direction of the first unit vector of the right-hand orthogonal

triplet fixed in the inertial space
XLV direction of the first unit vector of the right-hand orthogonal

triplet fixed in the LV frame
XMS direction of the first unit vector of the right-hand orthogonal

triplet fixed in the MS frame
Yb direction of the second unit vector of the right-hand ortho-

gonal triplet fixed in the body frame
YI direction of the second unit vector of the right-hand ortho-

gonal triplet fixed in the inertial space
YLV direction of the second unit vector of the right-hand ortho-

gonal triplet fixed in the LV frame
YMS direction of the second unit vector of the right-hand ortho-

gonal triplet fixed in the MS frame
Zb direction of the third unit vector of the right-hand orthogonal

triplet fixed in the body frame
ZI direction of the third unit vector of the right-hand orthogonal

triplet fixed in the inertial space
ZLV direction of the third unit vector of the right-hand orthogonal

triplet fixed in the LV frame
ZMS direction of the third unit vector of the right-hand orthogonal

triplet fixed in the MS frame
Zop direction of the third unit vector of the right-hand orthogonal

triplet fixed in the OP frame

Greek symbols
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αd allowable deviation angle from geomagnetic field

αE longitude of a coordinate in spherical geocentric reference
frame

αm longitude of the geomagnetic dipole

αr rotation angle

αs portion of solar radiation absorbed by the surface, solar ab-
soptance

δs angle between the ecliptic plane and Earth’s equatorial plane

ε emittance of the surface

εs equation of time [degree]

ε̃ perturbation term

η proportionality constant in Steinmetz law [J/Tm]

ηp efficiency of the solar cells at standart temperature of the
laboratory

γ angle between the satellite-Earth vector and the surface out-
ward unit vector

κ0 magnetic flux density proportionality constant for different
materials [Tm/A]

κw coefficient of the dissipation of energy through the whole volume
of the hysteresis rod

λs ecliptic longitude of Sun

µ0 permeability of the vacuum (4π × 10−7 [Tm/A])

µi Initial permeability of a ferromagnetic material [Tm/A]

νH irreversible changes coefficient in the lower portion of magnet-
ization of materials [Tm2/A2]

νs true anomaly of the satellite in orbit

Ω right ascention of the ascending node of the orbit

ωo angular velocity of the orbit [rad/s]

Ωs right ascention of Sun [degree]

ωbI absolute angular velocity vector of the body reference frame
with regard to inertial referenace frame [rad/s]

ω̇bI rate of change of the absolute angular velocity vector of the
satellite with time [rad/s2]

ωbr angular velocity vector of the satellite with respect to the
intermediate LV reference frame [rad/s2]

ωs angular velocity vector of the satellite about its own center of
mass [rad/s]

ωd desired angular velocity vector [rad/s2]

[φ, θ, ψ] Euler angles

φpm permanent magnet scalar potential function [A]

ρ(h) function of atmosphere density variatoin with altitude

ρd portion of solar radiation diffusely reflected by the surface

ρs portion of solar radiation specularly reflected by the surface

σ Stefan-Boltzman constant, 5.67× 10−8 Wm−2K−4

τ dimentionless time
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θE coelevation of a coordinate in spherical geocentric reference
frame

θi dimentionless temperature of the ith node
θm co-elevation of the geomagnetic dipole
θs angle between the incoming solar radiation and surface normal

vector
θeqi

dimentionless steady state temperature of the ith node
θ dimentionless temperature vector
θeq dimentionless equilibrium temperature vector

Subscript and Superscripts
d(.)
dt

∣∣∣
(∗)

time rate of change of the vector (.), with respect to the (*)

reference frame.
(.)(∗) components of vector (.) in (∗) reference frame.



Chapter 1

Introduction

The main goal of the current thesis is to study the coupling between the attitude
control and thermal control subsystems of a small satellite, and address the solu-
tion to some existing issues concerning the determination of their parameters.
As it is known [1–3], due to its unique advantages such as being inexpensive,
reliable and simple, magnetic attitude control is the prevalent attitude control
strategy being used in many small and relatively low cost satellites. Therefore, the
main focus of the current thesis is based on magnetic attitude control strategies.
In this regard two independent strategies are discussed through the main chapters
of the thesis and their influence on the performance of thermal control subsystem
is studied:

1. Passive magnetic attitude stabilization PMAS, and

2. Active magnetic attitude control AMAC. This strategy aims to provide a
desired spin rate along a desired axis of the satellite while fixing the direction
of the spin axis to be perpendicular to incoming solar radiation, considering
that the satellite is flying in a noon sun-synchronous orbit.

The work performed has been organized in the following way. First, in chapter 2
the mathematical model of the problem is presented, considering both the rota-
tional dynamics and the thermal problem. The mathematical model of attitude
motion of a satellite along with the disturbing and controlling torques while fly-
ing in orbit is presented. To study the temperature evolution of the satellite
simultaneously with the attitude motion of the satellite, it was broken down to
7 isothermal nodes. To solve the energy balance equation for each node a dy-
namic system, composed of 7 differential equations, is derived. In this model the
satellite is considered to have a cubic shape with one single internal node. The
thermal couplings between the nodes were evaluated based on a realistic model
of a micro-satellite with 50 kg of mass and a volume of 50× 50× 50 cm3.
In order to model the external heat loads on the satellite, the position of the
Earth and Sun had to be modeled as well. The external heat loads are composed
of solar, albedo and planet infrared heat loads. Once knowing the surface prop-
erties of the satellite and its relative position with respect to the Earth and Sun,
these heat loads can be modeled.
The relative position of the satellite with respect to the Earth is also required to
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2 CHAPTER 1. INTRODUCTION

evaluate the gravity gradient and aerodynamic torques exerted on the satellite.
The relative position of the satellite with respect to the Sun is required for es-
timating the solar pressure torque.
The geomagnetic field has also been modeled, since the bases of magnetic attitude
strategies lie on the interaction of the magnetic moments that are on-board the
satellite with the geomagnetic field.
The external torques which have the most significant influence on a satellite fly-
ing in Low Earth Orbit (LEO) are the gravity gradient, aerodynamic, and solar
pressure torques. Knowing the tensor of inertia of the satellite, its orbit, and the
position of the Sun and Earth with regard to the satellite, the above mentioned
external torques can be modeled.
To model the attitude dynamics of the satellite, the Euler equations of rotation
and the kinematic equations of motion are solved together. Once these equations
are solved, knowing the initial conditions and the external torques exerted on the
system at each moment, the 3 angular positions of the satellite along with their
rate of change with time are known at all the time stances.
The derived dynamic system for temperature evolution of the satellite, along with
the kinetics and kinematic equations of motion and the external heat and torque
loads, were implemented in MATLAB’s SIMULINK environment so they could
be solved simultaneously and, therefore, used to study the mutual influence of
the mechanical and thermal problems for the cases where no analytic solution
exists.
Once knowing the solar heat load and the attitude of the satellite, evaluating
the generated power by the solar panels mounted on the external surfaces of
the satellite is easy. Therefore a very simple model for the power subsystem is
also added to our simulation. This provides us with the opportunity of analyz-
ing the cases by taking into account the power output of the system, which is
an important parameter in designing satellite subsystems. A layout of our sim-
ulator implemented in SIMULINK environment is shown in Fig. 1.1 (the detail
of this figure along with the definition of its parameters is explained in chapter 2).

Figure 1.1: Layout of the satellite attitude, thermal, power, and environment
models implemented in SIMULINK.
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With the tool developed including the appropriate attitude control strategy,
the thermal performance of the satellite under the influence of the defined atti-
tude control strategy can be obtained.
In chapter 3, the two above mentioned attitude control strategies are presented
and discussed to some extend. The PMAS system is developed by applying a
permanent magnet in the direction of flight and a set of hysteresis rods in the
perpendicular direction to it. In this way, using the simulation tool, the tem-
perature evolution of different parts of the satellite under the influence of this
strategy can be analyzed.
Later in this chapter, an active magnetic attitude control (AMAC) strategy is
presented, which is able to provide a desired spin rate along a desired direction
of the satellite while placing this direction perpendicular to the solar radiation.
In chapter 4 the temperature evolution as a function of spin rate is studied. In
this regard the dynamic system of 7 differential equations, which describes the
temperature variation of the 6 external and 1 internal nodes of the satellite, under
the influence of the internal and external heat loads, has been simplified in order
to allow an analytical solution to be obtained.
Concerning analytical approaches, due to the existence of radiative terms, which
involve the fourth power of temperature, the resulted dynamic system is a coupled
nonlinear system. Therefore, the analytic approaches proposed by many research-
ers, are accompanied by the linearization of the radiative coupling term [4–10].
Considering an one-node model, a nonlinear analytical study of a spacecraft
thermal model was carried out by Gaite et al. [8]. They proved that as long
as the amplitude of the fluctuation of the external loads are reasonably small,
the temperature in the isothermal model approaches a limit cycle in response to
periodic external thermal loads. Later, they proposed a perturbation method for
studying the properties of the limit cycle. In [9], the same approach was applied
to a two-node model, leading to the same result of the isothermal model. Most of
these results also hold for the multiple-node model, although the global stability
of the fixed points cannot be proven analytically [10].
Following the same approach proposed in [8,9], the temperature evolution of the
satellite as a function of spin rate was obtained in chapter 4. And it was observed
that concerning the temperature variation of the satellite, increasing the spin rate
after a limit do not have a significant influence.
Once studying the influence of spin rate on temperature evolution of satellite
in chapter 4, in chapter 5 we get back to the former problem of PMAS. This
technology, in spite of its long application on micro and nano satellites (since
1961 [11, 12]), still have some issues to be solved. These issues, dealing with siz-
ing of its system parameters and predicting the in-orbit performance, were found
to be rooted in the difficulties that exist in determining the magnetic character-
istics of the ferromagnetic bodies (hysteresis rods) that are applied as damping
devices on-board satellites. In chapter 5, these issues are addressed and an ana-
lytic model for estimating their damping efficiency is proposed and applied to the
case of four existing satellites in order to compare the results with their respect-
ive in-flight data, which showed a very satisfactory results. Finally in chapter 6
conclusions and future works are discussed.
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Chapter 2

Mathematical modeling

In the early stages of design and analysis of a mission, having access to a dynamic
system simulation can greatly improve the design process. During this process,
such a simulation can be devoted to perform computational analysis to get a
deeper insight into the system performance.
Such simulations are normally developed through two different approaches: (1)
as an isolated simulation of a specific subsystem, or (2) as part of a more complex
simulation that incorporates different disciplines into a single system. Obviously,
both types are required during different design phases of a satellite. The former
type is useful for studying the performance of a single subsystem for different
configurations. These analysis are normally carried out to decide on an adequate
strategy that assures that the performance of the system satisfies its correspond-
ing requirements that are defined by the mission. While the later type, in addition
to the separate subsystems, takes also into account their corresponding couplings.
Contrary to the former one, for the later type not all the detail of each subsys-
tem is required to be modeled. In many cases, a simple model can provide the
required information. Using this type of simulations, the behavior of the whole
system can be analyzed all together. Applying optimization techniques to such
a simulation can provide us with the optimum parameters for different mission
requirements.
In this regard through this chapter, the equations of rotational motion of a satel-
lite flying in orbit (section 2.1) along with the corresponding dynamic system
that represents the thermal behavior (section 2.2) are derived and implemented
in a SIMULINK environment. Using this simulation the equations of rotational
motion and temperature evolution can be solved simultaneously. This way the
output of the attitude motion is taken into account as an input for the evaluation
of the temperature evolution of the satellite.
A simple model of power generating subsystem is also added to the simulation
program as the output of the power subsystem is highly dependent of the attitude
motion and temperature variation of the solar cells.
As it can be seen in Fig. 1.1, the environmental torques, including gravity gradi-
ent, aerodynamics, and solar pressure torques, along with the geomagnetic field,
heat loads, and direction of the incoming solar radiations, cos θs, are modeled
in the corresponding block, labeled as ”Environment”. Knowing the external
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6 CHAPTER 2. MATHEMATICAL MODELING

torques, and evaluating the stabilizing and controlling torques, the differential
equations of the rotational dynamics of the satellite can be solved. Once knowing
the attitude of the spacecraft and the external heat loads such as Sun irradiation,
Earth albedo and infrared radiation, the differential equations of heat balance can
be solved to evaluate the temperature of each node. Knowing the temperature
and attitude of the satellite, the output power from the solar cells, mounted on
the external surfaces of the satellite can be obtained.
In section 2.1 the attitude dynamics of a satellite along with a model of the ex-
ternal and internal torques is explained. In section 2.2 the differential equations
of heat balance along with the external and internal heat loads are studied. In
section 2.3 a simple equation for evaluating the output power of the solar panels,
once knowing its attitude and temperature is presented.

2.1 Rotational motion of a satellite in orbit

The attitude motion of a satellite is a 3DOF (degree of freedom) rotational motion
about its center of mass, while the center of mass is constrained to move along
the orbit with the corresponding angular velocity of the orbit, ωo. To define
the 3DOF rotational motion, the dynamic and kinematics equations of satellite
motion should be simultaneously solved. The dynamic equations of motion relate
the variation of the absolute angular velocity vector ω̇bI of the satellite to the
net torque acting on it, Tnet, and the kinematics equations relate the variation of
its attitude with time to its angular velocity vector. These set of equations are
explained in section 2.1.1 and 2.1.2, respectively.

2.1.1 Dynamic equations of rotational motion

Considering the satellite as a rigid body, the rotational dynamics of a satellite can
be described using the second law of Euler [13]. According to Euler’s second law,
the time derivative of the rigid body angular momentum vector, with regard to
an Inertial Reference Frame (IRF), dL

dt

∣∣
I
, equals the resultant net torque vector

applied to it, Tnet, all expressed with regard to this reference frame

dL

dt

∣∣∣∣
I

= Tnet, (2.1)

where the angular momentum vector, L, is the product of matrix of inertia, [I],
with the angular velocity vector of the satellite about its own center of mass, ωs

L = [I]ωs. (2.2)

The IRF in Earth orbiting satellite applications, is usually defined as an Earth
centered reference frame with its reference axes being fixed in space. In this thesis
the corresponding axes of this frame are denoted as XI , YI , and ZI , where XI

extends towards the vernal equinox, ZI towards the north pole, and YI complet-
ing the right-handed Cartesian coordinate frame, as is shown in Fig. 2.1.
As it is known from transport theorem in analytic dynamics, the time derivation
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of a vector with respect to a non-inertial reference frame, body reference frame,
has the following relation with its derivative with respect to the IRF,

dL

dt

∣∣∣∣
I

=
dLb

dt

∣∣∣∣
b

+ ωb
bI × Lb, (2.3)

where ωbI is the absolute angular velocity vector of the body reference frame
with respect to the IRF and the superscript I and b, respectively indicate the
inertial and body coordinates of the corresponding vectors.(.)(∗)

Figure 2.1: Reference frames.

Replacing the time derivation of the angular momentum vector with respect to the
IRF, dL

dt

∣∣
I
, in eq. (2.1) by eq. (2.3), the 3 dynamic equations of satellite rotational

motion about its own center of mass, expressed in body reference frame can be
derived. However, it has to bear in mind that while the derivations are evaluated
with respect to the non-inertial reference frame of body, all the vectors should
be expressed in this frame as well. The subscripts b and I indicated aside of the

vertical line alongside with the derivative term, d(.)
dt

∣∣∣
(∗)

, indicates the reference

frame that the time rate of change of the corresponding vector is observed from.
Thus, the kinetic equations of motion are,

dLb

dt

∣∣∣∣
b

= Tb
net − ωb

bI × Lb. (2.4)

In order to simplify eq. (2.4) by getting rid of the off-diagonal elements of the
matrix of inertia, a body reference frame is preferred to be considered aligned
with the principal axes of inertia. In this thesis, the reference axes of this frame
are denoted by Xb, Yb and Zb, and its origin is placed at the center of mass of
the satellite. In an arbitrary direction, the orientation of the axes of this reference
frame is shown in Fig. 2.1 with respect to the inertial and local vertical reference
frames.
The torque vector, Tnet, acting on the satellite while flying over the orbit is com-
posed of the external environmental torques including solar, aerodynamic, and
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gravity gradient torques, and the internal controlling torques that are produced
by the attitude control actuators, placed on-board the satellite. The most general
and inexpensive controlling strategies applied to small satellites is either passive
stabilization techniques or magnetic control. Therefore, in this thesis we do not
consider any controlling torque other than magnetic torque. The magnetic torque
is the result of the interaction between the external magnetic field and magnetic
dipoles existing on-board the satellite, which is explained further in section 2.1.3
along with the environmental torque.
Once knowing the matrix of inertia and the net torque vector in the body refer-
ence frame, the differential eq. (2.4) can be solved to evaluate the angular velocity
vector of the body reference frame with regard to the inertial reference frame,
ωbI . Knowing the absolute angular velocity of the satellite, its orientation in
space should be determined by solving the kinematic equations of motion, as is
explained in the following section.

2.1.2 Kinematics

As it was explained before, the aim of solving the kinematic equations of motion
is to find the orientation of the body reference frame with respect to another
reference frame. The orientation can be expressed using different parameters
such as: direction cosine matrix, Euler angle, Hamiltonian quaternions method, or
modified Rodrigues parameters. In our simulation program we used quaternions
for solving the kinematic equations of motion and Euler angles to define the
rotation matrices between reference frames. The parameters of these two methods
are briefly explained in the following paragraphs.

Euler angles. Using the Euler angles to define the rotation matrix is the most
common practice in aerial navigation. However, the drawback of this method is
the singularities it encounters in some cases [14].
The Euler rotation matrix is the resultant of a 3 set of successive angular ro-
tations about at least two of three axes of an orthogonal frame. In this case,
the resultant transformation matrix is a function of both the magnitude of the
Euler angles {φ, θ, ψ} and the sequence of rotations used to generate the mat-
rix. By considering 3 angles through which the consequences of rotation can be
defined, 12 possible Euler rotation sequences appear. These 12 combinations can
be categorized into 2 main groups: (1) when each of the rotations happen about
a distinct axis and (2) where the first and third rotations happen about the same
axis with the second rotation about one of the remaining axes. The first type
exhibits singularities in its kinematic equations of motion when the second rota-
tion angle equals to 90◦, and the second type encounters singularities when the
second angle equals to 0◦ and 180◦.

Hamiltonian quaternion method. Due to the singularities of Euler angle,
the Hamiltonian quaternion method is usually used to define the kinematic equa-
tions of motion of a spacecraft. The quaternion parameters are in fact four-
dimensional vectors over the real numbers, where the elements of these vectors
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are defined using the components of rotation vector [e1, e2, e3] and the rotation
angle, αr. The rotation vector is a vector that has the same components in both
reference frames and remains unchanged under the influence of the rotation mat-
rix. With this description, it is known from linear algebra that this vector is the
corresponding eigenvector of the rotation matrix between two frames with the
unit eigenvalue. The rotation angle is the angle that, by rotating the first refer-
ence frame about the described rotation axis by the amount of this angle, makes
the two frames coincide. Using these two parameters, (e, αr), the Hamiltonian
quaternion parameters are defined as,

q = [e1 sin(αr/2), e2 sin(αr/2), e3 sin(αr/2), cos(αr/2)]T. (2.5)

It is noteworthy to mention that the rotation matrices in this thesis are indicated
by, My

x, where the subscript, x, refers to the right-hand orthogonal triplet fixed
axes of the reference frame that is located with respect to the ones of y using
this rotation matrix. Using the quaternion parameter, the rotation matrix can
be defined as,

M(q) =

q2
1 − q2

2 − q2
3 + q2

4 2(q1q2 + q3q4) 2(q1q3 − q2q4)
2(q1q2 − q3q4) −q2

1 + q2
2 − q2

3 + q2
4 2(q2q3 + q1q4)

2(q1q3 + q2q4) 2(q2q3 − q1q4) −q2
1 − q2

2 + q2
3 + q2

4

 . (2.6)

Once the angular velocity of the body reference frame with respect to the other
reference frame, ωbr, is known, the differential equations of the quaternion system
become as:

dq

dt
=

1

2
S4(ωbr)q, (2.7)

where S4(ωbr) is the 4× 4 skew symmetric matrix, which can be evaluated using
the following equation,S4(.)

S4(ω) =


0 ωz −ωy ωx
−ωz 0 ωx ωy
ωy −ωx 0 ωz
−ωx −ωy −ωz 0

 . (2.8)

In the case of the attitude motion of a satellite in orbit, normally the attitude of
the satellite is desired to be expressed with respect to a local reference frame. In
this thesis this local reference frame is considered to be aligned with the Local
Vertical (LV) frame in the position of the center of mass of the satellite in orbit. As
it is shown in Fig. 2.1, the local vertical reference frame has its origin attached to
the center of mass of the satellite, while its third axis, ZLV, is constantly oriented
towards the Earth and its second axis, YLV, is aligned in the opposite direction
of the orbital angular velocity vector. While XLV completes the right-handed
Cartesian coordinate frame.
Using this reference frame to express the attitude of the satellite with respect to
it, ωbr, can be evaluated through the following relation:

ωbr = ωbI −Mb
LV[0, −ωo, 0]T, (2.9)
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where Mb
LV is the rotation matrix from the LV reference frame to the body frame

of reference which can be evaluated using eq. (2.6).
Once knowing ωbr the orientation of the satellite with respect to the LV reference
frame in terms of quaternion parameters can be evaluated by solving the differen-
tial system of eq. (2.7). Referring to the definition of quaternions, eq. (2.5), once
the kinematic equations of motion are defined using these parameters, it has to
be taken into account that the condition q2

1 + q2
2 + q2

3 + q2
4 = 1 should be always

satisfied, in the process of solving the differential kinematic equations of motion.
Using the quaternion method to solve the kinematic equations of motion, the
singularities problem of the method of Euler is overcome but the results are not
expressed in a user-friendly manner. Therefore, in order to be able to interpret
the results better, it is useful to convert the solution of eq. (2.7) to Euler angles.
In this thesis the Euler angles ([φ, θ, ψ]) with the 3-2-1 rotation sequence is
considered. Using the following equation, this conversion can be done

ψ = arctan(2[q1q2+q3q4]

1−2(q22+q23)
)

θ = arcsin(2[q2q4 − q1q3])

φ = arctan(2[q2q3+q1q4]

1−2[q2
1+q2

2]
)

(2.10)

where ψ, θ, and φ are the corresponding Euler angles with the 3-2-1 rotation
sequence. Through this transformation the first rotation happens about the 3rd
axis of body reference frame, Zb, with angle ψ, then the second rotation would
be about the second axis of the resultant frame with the angle of θ, and the last
rotation is about the first axis of the LV, XLV, frame with the φ angle.
Finally, to simulate the attitude motion, eq. (2.4) along with eq. (2.7) were imple-
mented in a Simulink environment, in the block labeled as ”Attitude Dynamic”
shown in Fig. 1.1. In order to check the validity of the implemented model, its
results were compared with analytic solutions in two cases: (1) the torque free
motion of an asymmetric rigid body, and (2) the torque free motion of a rigid body
with respect to the intermediate LV reference frame with zero initial condition
with respect to inertial reference frame.

Torque free motion of an asymmetric rigid body. According to [15], if at
the initial moment of motion the body angular momentum vector, Lb, is aligned
with the third base unit vector of the inertial reference frame, ZI , and body’s
inertial tensor is defined as,

[I] =

It 0 0
0 It 0
0 0 Ia

 , (2.11)

then the analytic solution is as presented in the following expressions,

ωx(t) = ωt sinψ(t)
ωy(t) = ωt cosψ(t)
ωz(t) = ωz(0)

, (2.12)
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where,

ωt =
√
ωx(0)2 + ωy(0)2. (2.13)

The Euler angles with 3-1-3 rotational sequence, evaluated with respect to the
IRF are,

ψ(t) = It−Ia
It

ωz(0)t− arctan(ωx(0)/ωy(0))

θ(t) = Iaωz(0)√
(Itωt)2+(Iaωz(0))2

φ(t) =

√
(Itωt)2+(Iaωz(0))2

It
t+ φ(0)

. (2.14)

Considering a body whose inertia moments are It = 2 kg ·m2 and Ia = 3kg ·m2,
the initial angular velocity of ω(0) = [4, 10, 5] rad/s, and initial precession angle
of φ(0) = 20◦, which yields the initial nutation 55.14◦ and self rotation angle
21.8◦, the results presented in Fig. 2.2 and Fig. 2.3, are in a good agreement with
the analytic solutions given by eqs. (2.12) and (2.14).
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Figure 2.2: Variation with time of self rotation, nutation angle, and precession
angles of an inertially axisymmetric rigid body. Time is given in terms of orbit
number.

After validation of the numerical model based on the integration of the rigid
body’s attitude equations of motion, one step forward is adding the intermediate
LV reference frame to the simulation. As explained before, to validate this part
of simulation, we consider the torque free motion of the rigid body with initial
zero angular velocities and that the body reference frame initially coincides with
the IRF.
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Figure 2.3: Variation with time of the angular velocity components, ωx, ωy, ωz
of an inertially axisymmetric rigid body in a torque free motion with an initial
angular velocity of ωbr(0) = [4, 10, 5] rads−1 and precession angle of φ(0) = 20◦.
Time is given in terms of orbit number.

Torque free motion with zero initial conditions According to the first
Newton’s law, as long as no torque is applied to the rigid body and initial con-
ditions are zero with regard to the IRF, no change in the attitude motion of
the satellite with regard to this frame can be expected. However, by expressing
the attitude and angular velocities with regard to the intermediate LV reference
frame, the φ, and ψ angles are expected to remain the same as the first and third
Euler angles with the 3-2-1 rotation sequence, but the second angle, θ, is expected
to rotate with a constant angular velocity due to the inherent angular velocity of
the LV reference frame with respect to the inertial frame, ωo. The comparison
of this result with the numerical results of the simulation, which are shown in
Fig. 2.4, has been used as a validating case of our model.

2.1.3 External torques

As it was explained before, the external torques exerted on a satellite consist of
the environmental disturbance torques and the controlling torques. The environ-
mental disturbance torques consist of gravity gradient, aerodynamics, and solar
pressure torques. However, each of the environmental disturbance torques can
be used as a favorable controlling torque using an adequate geometrical design,
which is not the case of this thesis.
The controlling torque that is normally used to control the attitude of a small
satellite is the controlling torque of a reaction wheel or a magnetic torque. Nev-
ertheless, in this thesis we have only considered the magnetic controlling torque.
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Figure 2.4: Variation with time of Euler angles of the body reference frame with
respect to LV in a torque free motion with zero initial condition.

In the following paragraphs a brief explanation about each of these torques along
with their mathematical model, implemented in our simulation is presented.

Gravity gradient torque

As the gravitational field of the Earth is inversely proportional to the distance
from its center, it exerts a non-uniform gravitational field on different parts of
the satellite which induces a moment about its center of mass [13]. This effect is
more significant when the distributions of mass along different principal axes of
the body are not the same. Indeed, when an asymmetric body is subjected to a
gravitational field, it will experience a torque that tends to align the axis of least
inertia with the direction of the field. It can be evaluated using the following
relation,

Tgg = 3ω2
oM3 × [I] M3. (2.15)

In eq. (2.15), M3 is a vector with the elements of the last column of the rotation
matrix from LV to body reference frame. Utilizing this torque a passive stabiliz-
ation technique can be obtained to point the axis with the least inertia towards
nadir. As it can be seen in Fig. 2.5, by applying this torque to a satellite with
the inertia matrix,

[I] =

80 0 0
0 82 0
0 0 4

 , (2.16)

the satellite stabilizes about its nadir axis.
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Figure 2.5: Variation with time of Euler angles, φ, θ, ψ. Attitude motion of
a satellite with the inertial tensor of eq. (2.16) under the influence of gravity
gradient torque, with zero initial angular velocity and attitude of [0, 0, 5◦], Euler
angles of the 3-2-1 rotation sequence with respect to LV.

Aerodynamic torque

In LEO, where the density of the atmosphere is still noticeable, as the satellite
flies along the orbit it experiences a torque about its center of mass as a result
of the atmospheric molecules colliding with the external surfaces of the satellite.
By knowing the upper atmosphere model (variation of its density with altitude,
ρ(h)) and the drag coefficient of the surfaces, CD, its corresponding differential
force, dFaero, on a surface element dA with an outward unit normal vector N̂,
according to [14] is given by the following formulation, as long as V̂ · N̂ > 0

dFaero =
1

2
CDρV

2(V̂ · N̂)V̂dA, (2.17)

where V̂ is the unit vector in the direction of the translation velocity vector V
with the module of V . Knowing the aerodynamic force on a differential surface
element of the satellite, the net aerodynamic torque Taero, acting on the satellite
is given by

Taero =
k∑
i

ri × Fiaero , (2.18)
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where ri is the vector from the center of mass of the satellite to the center of
pressure of the ith surface, and Fiaero is the sum of the aerodynamic forces ex-
perienced by all the elements on the surface i, obtained by integrating eq. (2.17)
over the surface i.

Solar radiation torque

The solar incident radiation and its reflection from the surfaces of the spacecraft
also produce a torque about the center of mass of the satellite. The amount of
this torque is highly dependent on the momentum flux of the incident photon
and the distance of the center of mass of the satellite to the center of pressure
of the colliding surface. The momentum flux from the incident and reflection of
the photons from the satellite’s surface produce a force on it which is a function
of: (1) the intensity and spectral distribution of the incident radiation, (2) the
geometry of the surface and its optical properties, and (3) the orientation of the
Sun vector relative to the spacecraft.
As the photons collide with the surface of the satellite a fraction of them are
absorbed by the surface, αs, while a fraction, ρd, gets diffusely reflected from the
surface, and the rest are reflected specularly, ρs. The differential force created
by the absorbed photons on a surface element dA as a result of the transfer of
their momentum to the spacecraft is given by the following relation, as long as
N̂ · ŝ > 0 otherwise the resultant force is zero,

dFsa = αsPs(N̂ · ŝ)̂sdA, (2.19)

where ŝ is the unit vector in the direction of satellite-Sun vector, and Ps is the
solar pressure in the vicinity of the aircraft, which is equal to the solar constant,
Gs, divided by speed of light, c, as,

Ps =
Gs

c
. (2.20)

Gs is the intensity of solar radiation, which in the vicinity of the Earth is about
1370± 10 W/m2.
The fraction of photons that are specularly reflected transfer twice the momentum
in the direction normal to the surface, which can be calculated using the following
relation, as long as N̂ · ŝ > 0 otherwise the resultant force is zero,

dFss = 2ρsPs(N̂ · ŝ)2N̂dA. (2.21)

The momentum of the fraction of photons that are reflected diffusely is in fact
stopped at the surface, and radiated back uniformly to space. Therefore, the
resultant net force exerted on the satellite from this radiation would be the force
due to the transfer of momentum plus the one due to re-radiation to space. As it
is re-radiated diffusely, the re-radiation component will be normal to the surface.
According to [14], the corresponding differential force to this type of radiation
and its reflection can be calculated using the following relationship, as long as
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N̂ · ŝ > 0 otherwise the resultant force is zero,

dFsd = ρdPs(N̂ · ŝ)(̂s +
2

3
N̂)dA. (2.22)

Knowing the solar radiation force, same as the aerodynamic torque, the corres-
ponding torque of the solar force can be evaluated using the following equation,

Ts =
k∑
i

ri × Fis , (2.23)

where Fis is the sum of the solar forces experienced on the surface i.

Sun vector As it was seen in the preceding section, it is essential to know
the direction of satellite-Sun vector, ŝ. To reduce the computational effort in
evaluating this vector, as the distance of the satellite from Earth is much smaller
than the distance of Sun from Earth, this vector is approximated by the Earth-
Sun vector.
For estimating this vector [14, 16], first a coordinate system is established based
on the position of Mean Sun in space with respect to Earth. The Mean Sun is in
fact the virtual Sun, which is considered to rotate the Earth in a circular orbit
perpendicular to the polar axis of the Earth. In this case a right handed Cartesian
coordinate frame of MS can be established where its XMS axis is extended towards
the Mean Sun and its ZMS axis towards the North pole of the Earth, while YMS

completes the right-handed Cartesian coordinate frame. However, the motion
of real Sun with respect to Earth due to its elliptical orbit and the variation of
its tilted axis relative to the equatorial plane of the Earth (declination, δs) is
much more complicated than the simplified Mean Sun Model. With respect to
this reference frame (MS) the motion of real Sun is predominantly North-South
due to changes in declination, and slightly East-West, due to Equation of Time
(EOT), εs. EOT is the difference between the mean longitude of Sun, Ls, and its
right ascension, Ωs, in degrees multiplied by 4 (εs = 4(Ls−Ωs)). Taking the effect
of these two parameters, δs, εs, in to account, the Sun vector in MS coordinates
frame can be expressed according to eq. (2.24),

ŝMS = [cos δs cos εs, cos δs sin εs, sin δs]
T. (2.24)

The mean longitude of the Sun, Ls, can be calculated once knowing the number
of days passed or remained (positive or negative) since Greenwich noon, of 1
January 2000 (J2000.0), n, as

Ls = 280.46◦ + 0.9856474◦n, (2.25)

and its right ascension, Ωs, as

Ωs = arctan(cos es tanλs), (2.26)
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where es is the obliquity of ecliptic and λs the ecliptic longitude of Sun, which
are evaluated using eq. (2.27) and (2.28), respectively,

es = 23.439◦ − 4× 10−7n (2.27)

λs = Ls + 1.915◦ sin g + 0.02◦ sin 2g. (2.28)

In eq. (2.28), g is the mean anomaly of the Sun, which is

g = 357.528◦ + 0.9856◦n. (2.29)

Knowing obliquity of ecliptic, es, and ecliptic longitude of Sun, λs, the declination,
δs can be evaluated using the following relationship,

δs = arcsin(sin es sinλs). (2.30)

The formulation, explained in the preceding paragraphs, is a complete set of equa-
tions for evaluating the position of Sun with respect to the Earth to an uncertainty
of about 0.01◦. It is noteworthy to mention that this vector was modeled with
such an accuracy so that when later the variation of orbital parameters (orbital
dynamics) is added to the simulation, a complete dynamic model will be avail-
able to conduct a thorough mission analysis. Specially for long duration mission
(longer than 1 year).
Knowing the ecliptic longitude of the Sun, λs, the transformation matrix from
MS coordinate frame to IRF can be evaluated as,

MI
MS =

cosλs − sinλs 0
sinλs cosλs 0

0 0 1

 . (2.31)

Therefore, at any time the Sun vector in MS reference frame, eq. (2.24), can be
transformed to IRF using the following relation,

ŝI = MI
MSŝ

MS. (2.32)

Knowing the components of this vector in IRF, its components can be calculated
in body reference frame using the appropriate rotation matrices. In order to
complete this transformation, an intermediate reference frame between the IRF
and LV reference frame is defined as the OP, shown in Fig. 2.6. The same as
other coordinate frames, this frame is also a right handed Cartesian frame, which
is rotating about its third axis as the satellite moves along the orbit. Its 3rd
axis is perpendicular to the orbital plane of the satellite and its 1st axis pointing
towards the position of the satellite in the orbit, as it is shown in Fig. 2.6.
As it can be seen in this figure, the rotation matrix from IRF to OP can be gen-
erated through 3 successive rotations. The first rotation is about the 3rd axis of
IRF, ZI , by the angle of Ω, which is the Right Ascension of the Ascending Node
(RAAN). The RAAN is the angle that separates the node line from XI in the
equatorial plane.
For going from the IRF to the OP, the second rotation happens about the first
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Figure 2.6: Transformation process from IRF to OP.

axis of the resultant frame from the previous rotation. In Fig. 2.6 this axis is
denoted by xΩ. Rotating the resultant reference frame about this axis by the
amount of i, where i is the inclination of the orbit, the second intermediate refer-
ence frame is obtained. The third axis of this frame is the third axis of the orbital
frame Zop. Therefore, the last rotation happens about this axis by the amount of
νs, where νs is the true anomaly of the satellite in orbit, that is the angle that is
measured from the ascending node of the orbit counter-clockwise in the positive
direction.
Once the rotation matrix from IRF to OP is known, the transformation matrix
from OP to LV coordinate system can be determined. Trivially, this transform-
ation can be carried through two successive rotations. The first rotation would
be about the second axis of OP reference frame in the opposite direction to the
amount of 90◦. Then, the second rotation would be in the direction of the res-
ultant 3rd axis to the amount of 90◦.
Knowing the transformation matrices between these reference frames, the com-
ponents of Sun vector, ŝ, in body reference frame can be evaluated by multiplying
these transformation matrices with the vector in MS reference frame as is indic-
ated in the following relations,

ŝb = Mb
LVMLV

OPMOP
I MI

MSŝ
MS. (2.33)

Magnetic torque

Another type of external torque that can be exerted on a satellite, while flying in
a LEO, is the magnetic torque. The magnetic torque is due to the interaction of
the geomagnetic field and the magnetic materials existing on-board the satellite.
This torque might act as disturbance torque that alter the nominal motion of
the spacecraft, or as magnetic controlling torques that are utilized to stabilize
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and control its orientation. Knowing the characteristics of the spacecraft and the
local magnetic fields in it, along with the strength and direction of the ambient
magnetic field, the magnetic disturbance torque can be determined. During the
design and manufacturing process of a satellite, special importance should be
given to minimize the magnetic disturbance torques, specially when the available
controlling torques are small. A thorough description of magnetic disturbance
torques can be found in [17].
As the magnetic disturbance torque is highly dependent on the design, finding
an estimation of this disturbance torque is quite hard, until the design is not
complete. Therefore, in this thesis we are just concerned with the magnetic
controlling torque generated on-board the satellite.
Expressing the magnetic field generated on-board a spacecraft as a dipole whose
magnetic moment is m, then its cross product with the local flux density of the
geomagnetic field, BEarth, produces the magnetic torque, Tm, given by

Tm = m×BEarth. (2.34)

The primary sources of this dipole are the spacecraft magnetic moment, eddy
currents, and hysteresis materials. The eddy currents are the main source of
the magnetic disturbance torques, while the hysteresis material and magnetic
moments are placed on-board the satellite intentionally for the control and sta-
bilization of the attitude. The magnetic moment can be generated by either a
permanent magnet or magnetorquers. By placing a permanent magnet on-board
a satellite, the satellite orients itself along the Earth’s magnetic field lines. For
damping the excessive rotational velocity of the satellite in this case, usually two
sets of hysteresis rods are placed along the two other axes of the satellite. These
rods, due to their inherent hysteresis properties, by exposing to a time varying
external magnetic field, generate a hysteresis cycle which leads to the dissipation
of energy and damp the rotational motion of the satellite. This strategy is the
most common attitude stabilization system implemented on-board many small
satellites [18]. However, in spite of the frequent use of this strategy, there are
still some issues to be solved regarding this system, such as the prediction of
its in orbit performance. This issue have been studied thoroughly in chapter 5.
Nevertheless, using the geomagnetic field, the attitude of the satellite can also
be controlled actively, by implementing devices which can produce controllable
magnetic fields, such as magnetorquers. Magnetorques are in fact a coil with a
magnetic core, which can produce the desirable magnetic dipole by controlling
the amount of current through the coil. Although this control strategy is very
low cost and consumes less power than other attitude controlling techniques, it
has a serious drawback, that the generated torque by this technique is direction
dependent. As the generated torque using this strategy is always perpendicular
to the geomagnetic field, eq. (2.34), it cannot control the attitude in the direction
of the geomagnetic field. This issue is thoroughly studied in [19].
In the following two paragraphs, simple mathematical models for implementing
the damping influence of the hysteresis rods, and the generating dipole of mag-
netorquers in our simulink model, are described.
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Hysteresis rods The damping influence of hysteresis rods can be modeled by
simulating the hysteresis loop that the variation of their magnetic flux densities,
Brod, goes along when it is exposed to a time varying external field, H [A/m].
This variation can be modeled in the simplest form, using the following relation,

Brod =
2

π
Bs arctan[k(H ±Hc)], (2.35)

where Bs is the saturated magnetic flux density of the hysteresis material, and
k is a characteristic of a hysteresis rod, defined as k = 2

π
tan(π

2
Br

Bs
), Br being the

remanent flux density remaining in the material after the external magnetic field
is brought to zero once reached its saturation point, and Hc is the coercive force.
The time varying external magnetic field in this case is the geomagnetic field,
H [A/m], evaluated according to the following equation,

H =
BEarth

µ0

· ûrod, (2.36)

where µ0 is the permeability of the vacuum, µ0 = 4π × 10−7 [Tm/A], BEarth is
the geomagnetic field, and ûrod is the unit vector in the direction of the hysteresis
rod.
The ± sign in eq. (2.35) is for modeling a complete loop, where the positive sign is
for when the time varying external field is increasing (dH

dt
> 0), and the negative

sign is applied when the external field in decreasing (dH
dt
< 0).

Once knowing the induced magnetic flux density inside the rod, Brod, its corres-
ponding magnetic dipole can be evaluated through,

mrod =
nrVhBrod

µ0

ûrod, (2.37)

where nr is the number of rods along the considered direction, and Vh [m3] is the
volume of each rod.

Magnetorquers As it was expressed before, the magnetic dipole can also be
produced by magnetorquers. Magnetorquers are actuators, designed to generate
controllable magnetic dipole moments, by controlling the input current to a coil.
Therefore, it can be modeled as a loop of wires whose magnetic dipole is pro-
portional to the area vectors of the loops, Al, the number of loops, nl, and the
current passing through them, I, as

mMT = nlAlI. (2.38)

The module of the area vector Al, is the area of the loops while its direction is
parallel to their normal axis.

Geomagnetic field

For simulating the magnetic torque, having a model of the geomagnetic field
is also essential. Theories on the origin of the geomagnetic field are addressed
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in [20]. The origin of this field is mostly believed to be a composite of several
magnetic fields due to a variety of sources: rotating core, crustal field, electrical
currents in the upper atmosphere and etc. Nevertheless, it is believed that the
origin of this field is mainly due to internal sources with a small contribution of
the external sources. Considering this fact, this field is modeled by the World
Magnetic Model (WMM) [21] as a vector field, BEarth, which is the negative
spatial gradient of a scalar potential function, VEarth. In the WMM, this potential
function is expanded in terms of spherical harmonics with 66 defined coefficients
that are updated every 5 years along with their secular variations per year. The
expression of this scalar potential function in terms of the spherical harmonics is

VEarth(αE, θE, R, t) = a
N∑
n=1

n∑
m=0

[gmn (t) cos(mαE)+hmn (t) sin(mαE)](
a

r
)n+1Pm

n (cos θE),

(2.39)
where N = 12 is the degree of the expansion, a is the mean equatorial radius of
the Earth (a= 6378.137× 103 m); (αE, θE, R) are the longitude, co-elevation and
radius in a spherical geocentric reference frame, respectively; and gmn (t) and hmn (t)
are the time-dependent Gauss coefficients of n degree and m order describing
the Earth’s main magnetic field. Pm

n (cos(θE)) is the Schmidth semi-normalized
associated Legendre functions, which for m = 0, 1 and n = 1 turns to be,

P 0
1 (cos θE) = cos θE

P 1
1 (cos θE) = 1

2
sin θE

. (2.40)

The potential geomagnetic field is given by

BEarth(αE, θE, R, t) = −∇VEarth(αE, θE, R, t). (2.41)

Neglecting the higher terms of the spherical harmonics and just considering
the three first terms, the magnetic field of the Earth can be written as,

BEarth =
a3H0

R3
[3(mE ·

R

R
)
R

R
−mE], (2.42)

in which the magnetic field of the Earth is represented as a field of a simple dipole,
with the direction of mE, and a variable strength that reaches its maximum just
along the dipole direction, and approaches its minimum when the position vector
is in the perpendicular direction to the dipole direction. This minimum value
at the surface of the Earth is equal to H0, which is the norm of the three first
spherical harmonic coefficients,

H0 =

√
g0

1
2

+ g1
1

2
+ h0

1
2
. (2.43)

In eq. (2.42), R is the position vector of the point to be studied and the dipole
direction is

mE = [sin θm cosαm, sin θm sinαm, cos θm]T. (2.44)

Based on the data published in [21] g0
1 = −29496.6 nT, g1

1 = −1586.3 nT and
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h1
1 = 4944.4 nT, therefore it results H0 = 2995 nT. Considering just the first

three terms of the potential function, the dipole longitude and co-elevation would
be,

αm = arctan 2(h1
1, g

1
1)

θm = arccos(
g01
H0

)
. (2.45)

Implementing the formulations described in this section in a SIMULINK en-
vironment, the attitude motion model of a satellite (along with the disturbance
and controlling torques applied to it) is developed. As the main aim of this thesis
is to study the influence of satellite’s attitude motion on its thermal performance,
in the following section the heat balance differential equation is developed for a
cubic satellite with 7 nodes. A 7 node thermal model is the simplest model that
can be considered to study the influence of the attitude motion on the temperat-
ure evolution of the satellite. Each node represents one side of the satellite, and
the last one is the internal node, with a defined amount of energy dissipation.
By implementing this model in the same Simulink environment, the attitude dy-
namic equations can be solved simultaneously with the heat balance equation of
each node and the direct influence of different attitude stabilization or control
strategy on the temperature evolution of the satellite can be studied.

2.2 Temperature evolution of a satellite in orbit

As it was explained before, in order to study the interface between attitude motion
of a satellite with its temperature evolution along the orbit, the satellite should
be split out into 6 external nodes along with a single internal node, in the simplest
model. Developing the heat-balance equation for each node and implementing the
obtained system of equations in the same simulink environment along with the
attitude motion, all the equations can be solved simultaneously. In this regard, in
this section first the heat balance equation is developed for each node (sec 2.2.1)
and then a model for evaluating external heat loads is presented (sec 2.2.2).

2.2.1 Heat balance equation

As it was explained before, the aim of this section is to apply the heat-balance
equation to the 7 nodes of a cubic satellite. For advancing further in developing
these equations first of all the position of the nodes on the external surfaces of the
satellite should be defined. Considering a cubic satellite, as UPMSat-2, shown
in Fig. (2.7), the lateral surfaces that are mainly covered by solar panels, are
numbered 1-4. The lower surface, to which the separation system is attached
is considered node number 5 and the upper surface, 6. And node number 7
indicates the internal node, which in fact represent all the internal instruments
and structure of the satellite. Applying the energy balance equation to each node,
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Figure 2.7: A CATIA model of UPMSat-2.

the corresponding differential equation has the following form,

CiṪi = Q̇neti(t)−
7∑
j=1

[Kij(Ti−Tj)+Rij(Ti
4−T 4

j )]−Ri(t)(Ti
4−T0

4), for i = 1, .., 7,

(2.46)
where Ci [J/K] is the corresponding thermal capacity of ith node, Ti its temperat-
ure, Ṫi the variation of its temperature with time, and Q̇neti(t) the net heat input
to this node from the external heat load and internal dissipation of the compon-
ents. The terms Kij and Rij are the conductive and radiative thermal coupling
of the nodes, which are defined for a cubic satellite, further in this section. The
last term in eq. (2.46) (Ri(t)(T

4
i −T0

4)) models the heat radiation of the ith node
to deep space. T0 is the temperature of deep space, which can be considered
approximately 3 K, and Ri(t) is the coefficient of radiation of this node to deep
space, given by Ri = Fdsi(t)Aiεiσ, where Fdsi(t) is the view factor of the external
face of the ith node to the deep space, Ai is the area of the corresponding node,
εi its emittance in the infrared wavelength, and σ = 5.67 × 10−8 Wm−2K−4 the
Stefan-Boltzman constant. As it is indicated in the formulation, the view factor
to deep space varies as a function of time. Knowing that the sum of view factors
to the surrounding environment is 1, and the only body that can block satellite’s
view from deep space in this case is the Earth, it can be formulated as,

Fdsi(t) = 1− Fsc−pi(t), (2.47)

where Fsc−pi is the view factor of the ith surface to the planet Earth, which can
be evaluated analytically as is explained in sec. 2.2.2.
Later, to be able to write and solve the heat balance equation for each node, the
heat flowing in and out of each node should be determined. As it is known, the
heat flowing to each node is the sum of external and internal heat load exposed to
the node, while the heat flowing out of each node occurs in the form of conduction
to the adjacent nodes or radiation to the other nodes and the outer space. To
determine the heat flowing in and out of each node, first the conductive, Kij, and
radiative, Rij, couplings terms between the nodes are defined in this section. The
heat inputs to each node, which consist of the external and internal loads, are
defined in sec. 2.2.2.
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As it is known the conductive terms are a function of physical parameters such
as the length of conductive material between two nodes, lij (for the ith and jth
node), their equivalent cross section area, Aci (for the ith node), the conductivity
of the medium between them, km (m stands for medium), and the type of joint
between the nodes, which influences the conductance value, hc between them.
Knowing these terms the conductive coupling between two nodes can be evaluated
as,

Kij = (lij1/kmAci + 1/Aijhc + lij2/kmAci)
−1 (2.48)

Here the satellite is considered to be made up of an Aluminum alloy (Al 7075 T6)
with a conductivity kAl =121.2 Wm−1K−1 [22]. According to [22], the range of
conductance term, hc, for this material being bolted to each other is in the range
of [50, 200] W

m2K
. Considering a cubic satellite with 50×50 cm2 lateral dimensions

and 1.5 mm thickness of lateral covering surfaces, which are connected through a
L-shape bar made of the same material, 4 mm thick and 3 cm width, the thermal
coupling term between two nodes i and j, Kij (i, j = 1, .., 6) would be about
0.1 WK−1. The thermal coupling of the internal node with the external ones is
estimated based on the design of UPMSat-2 (Fig. (2.7)). The results obtained
can be written in a matrix shape

K =



0 0.2 0 0.2 0.3 0.3 1
0.2 0 0.2 0 0.3 0.3 1
0 0.2 0.0 0.2 0.3 0.3 1

0.2 0 0.2 0.0 0.3 0.3 1
0.3 0.3 0.3 0.3 0 0 0.1
0.3 0.3 0.3 0.3 0 0 0
1 1 1 1 0.1 0 0


W

K
. (2.49)

For complicated systems, the radiative coefficients should be approximated based
on a Monte-Carlo method, which is not as straightforward as the conductive
terms. However, for simple models such as the cubic satellite of this study,
analytic formulations for evaluating the radiative couplings between nodes are
available, but still in order to avoid further calculations these terms have been
evaluated using ESATAN-TMS software. ESATAN-TMS is a commercial software
which can evaluate the radiation coupling between different parts of a spacecraft
and with its surrounding environment using a Monte-Carlo method. Therefore,
for our use here, these coefficients were extracted from a simple model imple-
mented in ESATAN-TMS, and is presented in the radiative coefficient matrix of
eq. (2.50). The radiative coupling matrix obtained, (eq. (2.50))

Rrad = 10−10



0 19.28 9.64 19.84 17.01 21.54 27.78
19.28 0 19.84 9.64 17.01 20.98 27.78
9.64 19.84 0 19.28 17.01 20.98 28.35
19.84 9.64 19.28 0 16.44 20.98 27.78
17.01 17.01 17.01 16.44 0 9.07 38.56
21.55 20.98 20.98 20.98 9.07 0 21.55
27.78 27.78 28.35 27.78 38.56 21.54 0


W

K4
, (2.50)
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is extracted for the foregoing explained cubic satellite with an internal payload
that dissipates 20 W of energy in a continuous form. The payload is a 25× 25×
25 cm3 cube, placed in the middle of the surface attributed to the node number
5. The internal surfaces of the satellite and the external surfaces of the payload
box are considered to be covered by black paint, with infrared emittance of about
0.84.
As it was explained before, the net heat input to each node, Q̇neti , is composed
of the solar, albedo, and planet heat loads plus the heat dissipation of internal
components. In the following sections mathematical models for each of these
sources are presented.

2.2.2 External heat loads

Solar heat load

Depending on the orbit the satellite is flying over, it is exposed to solar radiation
in a fraction or the complete orbit. The focus of this thesis is on Sun-synchronous
orbits, which has a nodal precession rate equal to the Earth’s mean orbital rate
around the Sun. As a result of this property, lighting condition along the sunlit
ground track of the orbit remains approximately the same throughout the mission.
Also, by adequately choosing the mean local time of the orbit (the angle between
orbital ascending node and Sun), the satellite can be continuously exposed to the
Sun.
The amount of heat being absorbed from solar irradiation, is a function of the
intensity of the solar irradiation at the position of the satellite, the amount of
collisions with satellite surface, and surface properties of the satellite in absorbing
these radiations. The intensity of solar irradiation, Gs, in the vicinity of the Earth,
is about 1370±10 W/m2. The amount of collisions depends on the inclination of
the satellite surface with respect to the incoming photons, which can be defined
through the inner product of the satellite-Sun unit vector, ŝ, with the outward
unit normal vector of the surface, N̂. And at the end the surface property that
defines the portion of the colliding solar irradiation being absorbed by the surface
is the solar absorptance of the surface, αs. Considering all these effects, the solar
heat load, on a surface of a satellite with the area A, solar absorptance αs, and
normal unit vector N̂, can be modeled through the following equation, as long as
ŝ · N̂ is positive, otherwise it is zero,

Q̇s = GsA · (ŝ · N̂)αsf1(t), (2.51)

where f1(t) is a square wave shape function, representing the time variation of
the solar irradiation. Function f1(t) is illustrated in Fig. 2.8, with the solid red
line, where Pil and Po are the illumination and the orbital period, respectively.
As it can be seen in this figure, this function alternates between zero and one
representing the sunshine and eclipse parts of the orbit.
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Figure 2.8: Variation of the normalized solar (red line) and planetary albedo
(blue line) radiation intensity along one orbit.

Albedo heat load

While the direct solar irradiation collides with the Earth, a part of it is reflec-
ted out to space, which is known as the Earth reflected solar energy or albedo.
The fraction of this radiation that gets reflected is normally indicated by the
parameter aalb, and varies between 5% to 80% [23], depending on the reflecting
surface of the Earth; ice, cloud, water, sand. For a spacecraft in a LEO orbit,
considering the average of albedo coefficient (aalb ' 0.3), the intensity of this load
can be defined by the product of this parameter, aalb, with the intensity of solar
irradiation in the vicinity of the Earth, Gs. Like the solar radiation, the amount
of heat being absorbed through this source, apart from its intensity is also a func-
tion of the projected area of the satellite surface to the normal direction of the
incoming radiation, and the thermo-optical property of the surface in absorbing
these radiations. As the albedo radiation is of the same wavelength as the solar
irradiation, its absorption by the surface depends on the solar absorptance coef-
ficient of the surface, αs.
The amount of its collision with the surface is determined through a parameter,
called view factor, Fsc−p, which is in fact the fraction of radiation leaving the
planet that is intercepted by the spacecraft surface. According to [24], the view
factor from a spherical surface of radius a, such as Earth, to a small tilted planar
plate at a distance h is a function of h/a and the angle made by satellite-Earth vec-
tor and surface outward unit vector, γ (Fig. 2.9). For the values of 0 ≤ γ < 27.3◦

and orbital altitude of 800 km the view factor varies according to the following
relation with γ,

Fsc−p =
cos γ

1.27
, (2.52)

while for 27.3◦ ≤ γ ≤ 117.3◦, this variation is,

1

π
(
π

2
− cos γ

1.27
cos−1(−cot γ

1.92
)− 0.46

√
0.79− cos2 γ − sin−1(

0.46

sin γ
), (2.53)

and it is zero for 117.3◦ < γ ≤ 180◦.
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Figure 2.9: Schematic view for evaluating γ angle in eq. (2.52) and (2.53).

Once all these parameters are known, the albedo heat load can be evaluated
using the following relationship,

Q̇alb = aalbGsAFsc−pαsf2(t), (2.54)

where f2(t) represents the time variation of this load with time. Knowing that
the maximum of this function happens when the solar vector coincides with the
local vertical, gradually vanishes out when the angle between the two vectors
increases to 90◦, and remains zero until this angle reaches 270◦, it can be modeled
mathematically as f2(t) = cos(ωot) for −π/2 ≤ ωot ≤ π/2 and f2(t) = 0 for the
rest of the orbit. The variation of this function in one orbit is illustrated in
Fig. 2.8, with the solid blue line.

Planet heat load

Due to its non-zero temperature, planet Earth radiates heat to its surrounding
environment. However, as its temperature is relatively low, all the heat it radiates
are in the infrared part of the spectrum. Therefore, the amount of this heat being
absorbed by the satellite depends on the surface properties of the satellite in
absorbing heat in these wavelengths, identified by the emittance of the surface, ε.
According to Stefan-Boltzman law, the amount of energy emitted from a surface
is proportional to the absolute temperature of the surface to the fourth power.
The amount of energy being absorbed by a satellite surface is determined by the
area of the satellite surface, A, and its view factor to the planet Earth, Fsc−p,
multiplied by its emittance. Therefore the planetary infrared radiation can be
modeled as,

Q̇p = εAFsc−pσTp
4, (2.55)

where σ is the Stefan-Boltzman constant and Tp is the planet blackbody-equivalent
temperature. Unlike the former two sources, this heat can be considered as a con-
stant all along the orbit for a spherical satellite.
Finally, implementing the heat balance equation (eq. 2.46) in a Simulink environ-
ment along with each of the input heat sources, eq. (2.51), (2.54), and (2.55), the
temperature variation of the 7 nodes with time can be evaluated. To evaluate the
input heat from the environment the attitude of the satellite should be known.
Therefore, the attitude information is considered as an input for this subsystem
as is shown in Fig. 1.1.
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2.3 Output power from solar panels

Once the temperature variation of different sides of the spacecraft along with
its attitude are known, the power generated by the solar panels mounted on its
external surfaces can be evaluated through the following relation:

P = ηGsncAsc cosk(θs), (2.56)

where η is the efficiency of each cell, nc is the number of cells mounted on a
surface, Asc is the corresponding area of each cell, η is the efficiency of each cell,
and cosk(θs) is the Kelly cosine function of the angle between the light source and
solar cell’s outward normal vector. The values of Kelly cosine are almost the same
as the geometrical cosine function as long as the value of the angle is not beyond
30◦. For angles beyond that, the value of this function can be evaluated using the
data of Table 2.1. The efficiency of the panel at the standard temperature of the
laboratory, ηp, of the panels does not remain constant but decays as a function
of its temperature according to

η = ηp(1−∆T
dηp
dT

), (2.57)

where dηp
dT

is the variation of ηp with temperature, while ∆T is the difference
between the operating temperature of the panel and its standard reference tem-
perature in laboratory.

Table 2.1: Kelly cosine values.

angle (degrees) 30 50 60 80 85
Kelly Cosine 0.866 0.635 0.450 0.100 0.000



Chapter 3

Magnetic attitude control
strategies

In this chapter two independent attitude control strategies and their influence
on the performance of thermal control subsystem are studied. The two control
strategies are:
(1) passive magnetic attitude stabilization (PMAS) system, and
(2) active magnetic attitude control (AMAC). The AMAC strategy aims to
provide the possibility of controlling the spin rate and its orientation along a
desired axis of the satellite, with respect to IRF.
The PMAS technique has been selected to be studied due to its prevalent use,
simplicity, reliability, and cost. This strategy significantly saves the overall power,
weight, cost, and complexity of the system compared to other attitude control
strategies.
However, as it is known, the thermal subsystem of a satellite usually demands a
spin requirement around an axis of the satellite which is positioned perpendic-
ular to the direction of the coming solar radiation. This is mainly to avoid the
over exposure of one surface to solar radiation. Therefore, the AMAC strategy
was implemented in order to study the thermal performance of the satellite while
spinning.
In this regard this chapter is organized as follows: in section 3.1 after presenting
a brief introduction of PMAS techniques and the existing issues regarding them,
attitude motion and temperature variation of the satellite under the influence
of this strategy is studied. In section 3.2, after studying the state of the art of
AMAC, a simple control law, which can provide the satellite with the desired
angular velocity along one of its axis and later placing the spin axis in the desired
direction is discussed.

3.1 Passive magnetic attitude strategy

By placing a permanent magnet inside the satellite, while flying in orbit, as a
result of the interaction between the magnet and geomagnetic field a restoring
torque is applied to the satellite that tends to align the direction of the permanent
magnet with the direction of the geomagnetic field at each point. Due to this

29
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torque, the satellite attitude motion in orbit would be as is depicted in Fig. 3.1.
However, for having a stable motion the excessive angular velocities of the satellite
should be damped. In a completely passive magnetic attitude control system,
usually hysteresis rods have been devised for damping this angular moments.
Hysteresis rods are in fact small rods made of ferromagnetic material, which
dissipate a part of the mechanical energy of the system while undergoing a time
varying external magnetic field. This method was first proposed by Fischell [25]
and was implemented in several satellites [18].

The drawback of this method lies in the difficulties of estimating its system

Figure 3.1: Schematic view of the attitude motion of a small satellite flying in a
polar orbit with a permanent magnet placed inside it along Zb axis.

parameters and in-orbit performance without going through long experimental
procedures. This problem has been considered as one of the focuses of the current
thesis and is discussed to a great extent in chapter 5.
In this section the described stabilization strategy has been implemented in our
simulator, in order to study its attitude motion and its impact on the thermal
performance of a small satellite with characteristics defined in Table. 3.1. The
orbit that have been considered for these studies is a sun-synchronous orbit with
the ascending node at 12:00 p.m.
The required value of magnetic dipole, mpm, for providing a stable motion along

the geomagnetic field can be obtained using the following equations,

mpm >
Td

BEarthmin sin(αdmax)
, (3.1)

αd = tan−1(
mt

mpm

), (3.2)

where Td is the magnitude of the net disturbance torque exerted on the satellite,
BEarthmin [T] is the minimum available flux density of geomagnetic field in orbit,
αd the deviation angle from the geomagnetic field direction, andmt the magnitude
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Table 3.1: Satellite characteristics and environmental information, taken into
account to solve the equations of the model.

Parameter definition Parameter Value
Surface areas [cm2] Ai (i = 1..6) 50× 50

Thermal capacity [J/K]

Ci (i = 1..4) 4400
C5 3300
C6 2500
C7 27000

Solar constant [W/m2] Gs 1360
Earth albedo coefficient aalb 0.3

Solar absorptance
αsi (i = 1..4) 0.36

(i = 5..6) 0.62

Emittance
εi (i = 1..4) 0.81

(i = 5..6) 0.17
Earth blackbody-equivalent tem-
perature [K]

Tp 259

Orbital period [s] Po 6052
Illumination period [s] Pil 3944

Nodes center of pressure [m]

rb
cp1

[0.25, 0.00, 0.10]

rb
cp2

[0.00, 0.25, 0.10]

rb
cp3

[-0.25, 0.00, 0.10]

rb
cp4

[0.00,-0.25, 0.10]

rb
cp5

[0.00, 0.00,-0.15]

rb
cp6

[0.00, 0.00, 0.35]

Matrix of inertia [kgm2] [I]

2 0 0
0 2 0
0 0 1


Internal dissipation [W]

Q̇in (i = 1..6) 0

Q̇in i = 7 20

of the magnetic moment on-board the satellite in the perpendicular direction to
the permanent magnet. It has to be mentioned that applying this relation we
are in fact assuming that once the excessive angular velocity of the satellite is
damped, the significant sources of magnetic dipoles on-board the satellite are the
one of permanent magnet and the remnant residual dipole of the hysteresis rods.
Therefore, having an estimation of the disturbance torques and residual dipole
moment remaining in the hysteresis rods, along with the requirement for the
pointing accuracy, αdmax, the required magnetic dipole can be evaluated.
Due to its prevalent use in similar satellites the materials for the hysteresis
rods and permanent magnet that have been selected for this study are respect-
ively Permenorm-5000 and AlNiCo, whose magnetic information is presented in
Table 3.2. It has been observed that by implementing 2 hysteresis rods perpen-
dicular to the flight direction, along the Xb and Yb axes with 1 cm3 volume, the
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initial unwanted angular velocity of the order of 0.05 rads−1 along each of these
axes can be damped in 5 orbits. Therefore, considering this amount of hysteresis
rods the required permanent dipole for an allowable pointing accuracy, αdmax, of
5◦ is about 10 Am2 (eq. 3.2).
On the other hand considering the value Td = 5 × 10−6 Nm for the net disturb-
ance torque, the minimum required magnetic dipole would result to be about
2.5 Am2, knowing that the minimum flux density of geomagnetic field is BEarth =
2.2× 104 nT (eq. 3.1).

The initial angular velocity of 0.05 rads−1 along the axes of Xb and Yb is a

Table 3.2: Magnetic properties of AlNiCo and Permenorm-5000.

Material ρ [kgm−3] Hc [Am−1] Br [T] Bs [T]
AlNiCo 7.3 5.09× 104 1.25 -
Permenorm-5000 8.3 5 0.76 1.55

typical velocity that is imposed to a satellite with a mass of 50 kg by the spring
of the launcher’s separation system, considering that the center of mass is not
displaced from the point of influence of the launcher by more than 2 mm and
the released velocity of the satellite with respect to the launcher is about 1 m/s.
For this study we have assumed that the launcher does not transfer any angular
velocity in the direction of Zb to the satellite.
As the satellite does not have any angular velocity in the direction of Zb and
the hysteresis rods are solely considered for reducing the angular velocity, the
best position for the hysteresis rods might be along the Zb axis. In this case
all the generated torque due to the interaction of the hysteresis rods with the
geomagnetic field would be in the direction of Xb and Yb which would be the
most favorable. However, placing hysteresis rods in the same direction as the
permanent magnet, would result in demagnetization of the hysteresis rods in the
presence of the magnetic field of the permanent magnet. Therefore, the rods
should be placed in a plane perpendicular to the longitudinal axis of the magnet.
Implementing the foregoing explained actuators inside the satellite with the char-
acteristics given in Table 3.1, the variation of the angular velocity of the satellite
along its 3 axes versus orbit number would be as is shown in Fig. 3.2.

In an ideal case that the hysteresis rods would not get demagnetized in the
presence of the permanent magnet and can be placed in the same direction, the
variation of the components of the angular velocity vector in the presence of 1
rod in the direction of flight would be as is presented in Fig. 3.3.
As it can be seen from these two figures, contrary to the case of having one rod

in the Zb direction, in the other case the coupling of the rods with the external
field produces a small angular velocity of the order 0.001 rad/s in the direction of
Zb. This value is too small to disturb the stability of the satellite attitude motion
with respect to the geomagnetic field, as is shown in Fig. 3.4. In this figure the
variation of the components of the geomagnetic field unit vector in body reference
frame is presented. As the third axis of this frame remains aligned with the field
and the angular velocity along two other directions is already damped by the
hysteresis rods, almost all the geomagnetic field is in the direction of Zb.
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Figure 3.2: Variation of the satellite’s absolute angular velocity vector com-
ponents in the presence of 2 hysteresis rods, made of Permenorm-5000 with
1 cm3 volume, in the directions of Xb and Yb with the initial angular velocity
ωb

bI(0) = [0.05, 0.05, 0] rads−1. A permanent magnet is placed in the direction
of Zb with the dipole of 10 Am2.

In Fig. 3.5, the thermal loads that the satellite is exposed to while flying in orbit
under the influence of PMAS strategy is plotted versus orbit number. As it can
be seen from the figure, the thermal loads received by the surfaces 1 to 4 is less
uniform that the ones received by surfaces 5 and 6. This is mainly due to the fact
that the Zb axis is quite stable due to the presence of the permanent magnet.

The red lines in the corresponding plots to the solar heat loads (first column
of Fig. 3.5) represent the average solar heat load received by the indicated sur-
face. The average values of solar heat loads received by each surface is important
because, in fact it determines which surface has a better capacity in producing
electricity in case sufficient solar panels are placed on that surface. As it can be
seen in the figure, surfaces 5 and 6 have a higher value of mean absorbed solar
heat. However, one has to bear in mind that the amount of solar heat absorbed
by a surface apart from its relative position towards the Sun is a function of its
surface properties; absorptance, αs. Still, taking the absorptance ratio of the sur-
faces 5 and 6 with respect to the other surfaces into account, these surfaces have
the possibility of absorbing solar heat load 30% to 50% more than other ones.
The variation of temperature of the 7 nodes of the satellite under the influence
of the external heat loads of Fig. 3.5 and 20 W of internal heat dissipation by the
internal node is plotted in Fig. 3.6. As it can be seen the variation of temperature
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Figure 3.3: Variation of the satellite’s absolute angular velocity vector com-
ponents in the presence of one hysteresis rod made of Permenorm-5000 with
1 cm3 volume, in the direction of Zb, with the initial angular velocity ωb

bI(0) =
[0.05, 0.05, 0] rads−1. A permanent magnet is placed along the Zb direction with
the dipole of 10 Am2.

in the two nodes: 5 and 6 is much more uniform than the other 4 external nodes.
This is due to the uniformity of the external heat loads for nodes 5 and 6. As
it can be seen from this figure, the average temperature of node 5 in 1 orbit is
slightly higher than the one of node 6, this difference is due to the attitude motion
of the satellite in orbit. As it can be seen from Fig. 3.1, node 5 gets exposed to
solar radiations right after the satellite gets out of the eclipse, while it takes a
longer time for node 6 to get exposed to solar radiations once again after coming
out of the eclipse. This difference of time causes node 6 to radiate more heat to
deep space and consequently its temperature decreases more.

Finally, the variation of the available power being produced by solar panels is
plotted in Fig. 3.7 versus orbit number. This variation is plotted for the orbits 8
to 20 after launch, when its angular velocities are almost damped. As it can be
seen from the figure, the maximum instantaneous power produced by the panels
is about 60 W while the average value is about 25 W.

3.2 Active magnetic control strategy

As it was explained in the introduction, in response to the requirement of the
thermal control subsystem the satellite might be demanded to be spinning along
one of its axis, while keeping the direction of the spinning axis perpendicular to
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Figure 3.4: Variation of the components of the geomagnetic field unit vector
along body axis, versus orbit number, with one hysteresis rod along the Xb and
Yb directions.

the incoming solar radiation.
Although the spin stabilization technique is very well known and is a very simple
concept from the perspective of attitude control, yet being able to produce a spin
rate along an axis of the satellite whose direction can be controlled, using only
magnetic devices (sensors and actuators) is still a great challenge. However, by
increasing the number of small spacecraft that are designed to perform with the
minimal number of sensors and actuators, many studies have been carried out to
design an efficient magnetic attitude control system for a small satellite.
Among these studies, the control laws proposed by [19, 26–28] either require the
estimation of the satellite’s attitude or its angular velocity components as the
close loop feedback of the controller. Trying to estimate these parameters only
based on the output of the magnetometers [29], the results would be very rough,
when it will be brought into application.
However, recently a novel approach in determining the attitude of small spinning
satellite based on Triad method [30, 31] is implemented in LionSat [32]. As it
is explained in detail in [32], by knowing the voltage output of three contiguous
solar panels the solar azimuth, αsun, and elevation, εsun, can be estimated. Us-
ing this information along with the outputs of the magnetometers the attitude
of the satellite was predicted by an accuracy of less than 7◦. Nevertheless, the
challenge of this method is that, on one hand, the output voltage of the solar
panels are only available as long as the satellite is not in the eclipse. On the
other hand, since both magnetorquer (actuator) and magnetometers (sensor) use
magnetic field they cannot work simultaneously, as the magnetic field generated
by the actuator disturbs the field that is intended to be measured by the sensor.
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Figure 3.5: Variation of the heat loads over the external surfaces of the satellite
versus orbit number. In the first column variation of the solar heat load is presen-
ted. The red line is indicating the mean value. The second and third columns
represent the albedo and planet heat loads versus orbit number, respectively.

Therefore, the attitude determination should be mainly based on propagated atti-
tude and angular velocity information using an extended Kalman filtering (EKF)
method [33] to project the attitude data ahead. To compensate the accumulated
error in the output of this algorithm, frequent updates of the attitude should be
applied when the control hardware are off and out of eclipse. However, it has
to be mentioned that LionSat has an octagonal shape, which provides the pos-
sibility of getting the non-zero output voltage of solar panels on 4 surfaces with
different normal vectors. Applying this method to a cubic satellite might result
in a determination with lower accuracy.
Avanzini [27] also suggests a modified version of his control law that does not
require the rate information. Nevertheless, like the well-known B-dot control
law [34], using this control law the absolute angular velocity cannot be reduced
to zero but to a value of the same order as the variation of geomagnetic field
vector.
Therefore, to avoid the complications of attitude determination using solely mag-
netic devices, for a long time the well-known B-dot control law was the prevalent
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Figure 3.6: Variation of temperature for the 6 external and 1 internal node of the
spacecraft versus orbit number, under PMAS strategy.

strategy applied to the small satellite class, which did not have very demanding
requirements for pointing accuracy [34–36]. Using this control law the angular
velocity of the satellite cannot be stabilized at a particular chosen value but de-
pending on the inclination of its orbit the angular velocity is reduced up to a limit.

In this thesis, we have followed the same strategy that was adapted by Lion-
Sat [32], which employed the control law of Shigehara [37]. By using the angular
momentum vector, L, as a control error this law permits the spin rate and spin
axis orientation control with 2 magnetic dipoles. It uses a switching function
to change the polarity of the dipoles to generate the desired torque. Using this
controlling law, the resultant controlling torque of magnetorques is,

Tm = [S] (mMTmax ×BEarth), (3.3)

where [S] is the 3 × 3 diagonal switching matrix with the diagonal components
of Sx, Sy, Sz that can only obtain the two numerical values of 0 and 1, which
indicates the on and off position of the switch. The on/off position of the switches
are defined using the following relation

Si = sgn(∆L · (m̂MTi ×BEarth)) i = x, y, z, (3.4)
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Figure 3.7: Variation of the produced power by solar panels versus orbit number.
The attitude of the satellite is being controlled under PMAS, using 2 hysteresis
rods: one along the Xb axis and the other one along Yb axis. A permanent
magnet is placed along with the Zb axis. The red line is the average power
produced by the solar panels.

where ∆L, is the difference between the desired and current momentum vector
and m̂MTi is the unit vector in the direction of the ith magnetorquer. It is
considered that the solar panels are mounted on the surfaces with their normal
vector parallel to Xb and Yb, the desired spin axis would be along Zb axis.
Therefore, to be able to control the direction of the spin axis with respect to IRF,
a magnetorquer should be placed along this direction, and another magnetorquer
should be placed in the plane perpendicular to the spin axis to control the spin
rate. Here this axis was chosen to be Xb. Therefore, the value of sy remains zero
as there is no magnetorquer placed along this direction.
In this case the desired momentum vector would be [I]ωd, where ωd is the desired
angular velocity vector. For controlling the spin axis direction the parameter ∆L
can be replaced by ∆L

L
, where L is the magnitude of the desired momentum

vector.
For stabilizing the motion, in addition to the spin rate and direction control,
a control of the nutation angle should also be added to the controlling system.
Like in the control of the spin axis orientation, to damp the nutation angle the
magnetorquer along the spin axis should be utilized. In this case the vector ∆L
in eq. (3.4) can be replaced by the desired angular velocity vector ωd = [0, 0, ωd].
Considering what has been explained up to now the switching function for spin
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rate, spin axis orientation, and nutation angle control would be,

Spin Rate : Sx = sgn([I] (ωd − ωs) · ([1; 0; 0]×BEarth)), (3.5a)

Spin Axis Orient. : Sz = sgn((Mb
Ia

I − L

L
) · ([0; 0; 1]×BEarth)), (3.5b)

NutationDamping : Sz = sgn(−ωs · ([0; 0; 1]×BEarth)), (3.5c)

where aI is the desired rotation axis expressed in inertial reference frame and Mb
I

is the rotation matrix from inertial reference frame to the body reference frame.
To apply this method we have assumed that estimates of the Euler angles and
their rates are available to the control system; providing the detail of such an
estimator is beyond the scope of the current thesis [33].
This control law was applied to a satellite with the characteristics of Table 3.1 for
two different values of ωd, while for both cases the desired orientation would be
parallel to the ZI . As the orbit is almost polar, that is having a spin axis parallel
to ZI , we know that the spin axis will be almost perpendicular to the incoming
solar radiation almost all the orbit.
The two values selected for ωd were 3ωo and 15ωo. The corresponding results of
both cases are shown in the figures 3.8 to 3.12.
Considering the same initial angular velocity as the previous case, presented in
section 3.1 (ωb

bI(0) = [0.05, 0.05, 0] rad/s), the variation of the angular velocity
of the satellite with respect to inertial reference frame, ωb

bI , for desired angular
velocities, ωb

dbI
, of [0, 0, 3ωo] and [0, 0, 15ωo] are presented in Fig. 3.8. As it

can be seen in Fig. 3.8 the control law brings the initial angular velocity vector,
ωb

bI(0) = [0.05, 0.05, 0] rad/s, in body reference frame to the desired one, ωb
dbI

.
It has to be mentioned that the maximum available dipole for the first case was
considered to be 0.1 Am2 while for the second case 0.5, which was mainly for
assuring the stability.
As it can be seen in Fig. 3.9, the control law reorients the spin axis and place it
parallel to the ZI axis. As it can be seen in the figure, there exist some deviations
in the first case, which is mainly due to the thresholds and the magnitude of the
dipole. As it can be seen in Fig. 3.10 the variation of the heat loads is as expected.
As a result of the heat loads of Fig. 3.10 plus an internal heat load of 20 W which
is dissipating continuously in node 7, the variation of temperature is as presented
in Fig. 3.11. As it can be seen, the second case does not have the deviations of
the first case, which are mainly due to the attitude mis-orientation in some parts
of its flight.

And finally, the available power for the two cases is compared, as is shown
in Fig. 3.12. As it is seen in this figure the two cases do not differ from each
other significantly in this aspect. However, comparing with the PMAS the power
output has been improved by 28% applying the AMAC strategy.
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Figure 3.10: Variation of the heat loads over the external surfaces of the satellite
in one orbit. In the first column variation of the solar heat load is presented.
The second and third columns are the albedo and planet heat loads versus orbit
number, respectively. The blue lines correspond to the case of ωd = 3ωo and the
red line to ωd = 15ωo.
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Figure 3.11: Variation of temperature for the 6 external and 1 internal node of the
spacecraft versus orbit number, under AMAC strategy. The blue lines correspond
to the case of ωd = 3ωo and the red line to ωd = 15ωo.
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Figure 3.12: Variation of the produced power by solar panels versus orbit number.
The attitude of the satellite is being controlled by AMAC strategy. The blue lines
correspond to the case of ωd = 3ωo and the red line to ωd = 15ωo.



Chapter 4

Spin mode analytic thermal
model

4.1 Introduction

The design process of any spacecraft requires a detailed thermal analysis of the
whole satellite, along with all the instruments carried on-board the satellite. In
fact, these analysis are required to assess whether under the thermal control sys-
tem designed, the temperatures of both the bus and payload will be maintained
within their appropriate operational limits.
As it is known, while a satellite moves along the orbit from eclipse to the illu-
minated part of the orbit, its thermal environment rapidly varies between two
extreme limits. These rapid variations in the vacuum environment of space make
it quite challenging and difficult to find a way for maintaining the temperature
of different components of a spacecraft within their allowable operational limits.
The periodic nature of the external loads has ensued engineers to follow a con-
servative approach that consists in computing only the temperatures for the hot
and cold cases of the given orbit, defining them as the two steady state cases with
the maximum and minimum heat loads, respectively [23, 38]. However, the real
temperature variation in orbit is not as wide as the difference between hot and
cold cases, as there is not enough time for each case to establish itself. Therefore,
the temperature variations can be considerably smaller, to such a degree that to
determine them it is necessary to integrate the differential equations that describe
the evolution at least approximately.
Hence, in this chapter we are mainly interested in analyzing the thermal beha-
vior of a satellite by solving its corresponding heat balance differential equations
(eq. (2.46)). As it is explained in [22, 23], for the sake of thermal analysis of a
spacecraft, its entire medium can be split up into a finite number of nodes, where
each node represents the thermal characteristics of its surrounding medium. Like
any other finite element or finite difference methods, the number of nodes in this
technique should be determined by compromising between accuracy and com-
plexity. In [39] the thermal analysis of a spinning satellite was carried out by
modeling the medium of the satellite using a single continuous system, but due
to its complexity it is not very practical to be applied as long as the nodal analysis

45
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can provide the solution.
Following the nodal analysis, as it was explained in section 2.2.1, once the number,
position, and properties of the nodes of a spacecraft model is defined, a unique
heat-balance equation can be written for each node, by taking into account both
the internal and external heat loads along with the thermal couplings between
the nodes.
The external heat loads for an Earth orbiting satellite includes the solar irradi-
ation, albedo, and infrared radiation of the planet, while the internal load would
be the internal dissipation of each component. Writing the heat balance equation
for each node, it results in a system of ordinary differential equations (eq. (2.46))
that, by knowing the initial temperature of each node, can be integrated nu-
merically to obtain the temperature evolution of each node with time. This is
the approach that is usually devised by conventional software such as ESATAN
to provide the thermal state of the system under study. However, using this
approach to obtain information upon the variation of the systems response as
a function of changes in the value of different parameters of the system is quite
cumbersome, however this knowledge is very useful when the design is not finished
and the position of each instrument with respect to the rest is not known yet.
This information significantly facilitates the initial trade-off study of a design.
Concerning analytic approaches, due to the existence of radiative terms, which
involve the fourth power of temperature, the resulted dynamic system is a coupled
nonlinear system. Therefore, the analytic approaches proposed by most research-
ers are accompanied by the linearization of the radiative coupling term [4–10].
In this regard, Oshima and Oshima [4] first studied a single node model of a satel-
lite. Their isothermal assumption is only justified for the case of small satellites in
which the different parts are thermally very well connected to each other. Tsai [6]
revised the model proposed by Oshima [4], since the results of his study were not
easy to apply. Based on the same approach of isothermal model, Gaite et al. [8]
deduced a nonlinear analytic analysis of a spacecraft thermal model. However,
contrary to the approach of Oshima [4], Gaite et al. [8] took the periodic nature
of the input heat loads into account. In [9,10], the later approach was expanded
to the case of two and N-node satellite model. For the two-node model [9] he
employed the model of Perez-Grande et al [7], where unlike the previous works
in the linearization of the radiative terms they did not use the node temperature
but the average temperature along the orbit, which is more accurate.
However, as it is known the linearized equations are not always representative of
the nonlinear equations. Depending on the type of its fixed points stability, a
periodic driving solution of the linear system may not induce a periodic solution
but more complex solutions, nearly chaotic, for the nonlinear system. Through a
nonlinear analysis in [8], they proved that as long as the deviation of the external
loads are reasonably small, the temperature in the isothermal model approaches
a limit cycle in response to periodic external thermal loads. These results proved
the validity of the previous linear approximations. Later, they proposed a per-
turbation method for studying the properties of the limit cycle. In [9], the same
approach was applied to the two-node model, and led to the same result of the
isothermal model. Most of these results were also hold for the multiple-node
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model, although the global stability of the fixed points could not be proven ana-
lytically [10]. However, numerical models showed that multi equilibria and chaos
do not appear in these models as long as the magnitude of the periodic external
loads remains within a limited range.
Following the same approach proposed in [8,9], through this chapter it is intended
to obtain an analytic equation for the temperature variation of a spinning small
cubic satellite in a Low Earth Orbit (LEO). The main intention of this study is
to find the influence of the angular velocity of the satellite about its own axis, on
the variation of its thermal states. For this purpose the satellite is modeled using
7 nodes, as explained in section 2.2.1; one node for each side of the satellite along
with an internal node, leading to a dynamic system that consists of 7 nonlinear
differential equations, eq. (2.46).
In the process of carrying out these analysis, in 4.2 by applying an adequate
change of parameters, the dynamic system of equation developed in section 2.2.1
is written in dimensionless format. Then, by separating the periodic part of the
external loads from their mean values, we solve two sets of differential equations:
an autonomous and a non-autonomous one. The autonomous parts resulted by
considering the average of the time varying heat loads (section 4.2.1). In the
analysis of the autonomous part, the conventional way of analysis of nonlinear
differential systems is followed; first the fixed points are defined and then their
stability is studied. Then in section 4.2.2 the non-autonomous part is approached
using the perturbation method proposed in [8].

4.2 Dimensionless thermal balance equations

As it was explained before, the aim of this section is to write the heat-balance
equations of the 7 nodes of a cubic satellite that spins about one of its principal
axis while orbiting around Earth along a LEO, in a dimensionless format. The
orbit that is considered for this analysis is a Sun-synchronous orbit with its as-
cending node at 12:00 p.m. Mean Local Time.
To provide a uniform and efficient power production on-board the satellite the
surfaces with solar panels mounted on them (nodes 1-4 (section: 2.2.1)), should
remain perpendicular to the solar radiation. Therefore, the spin axis is considered
to be perpendicular to the normal axes of the aforementioned surfaces, while the
direction of spin axis with regard to IRF would remain almost parallel to the
rotational axis of the Earth, ZI , as is shown in Fig. 4.1. In this case the surface
whose normal coincides with the spin axis is node number 5, while the one with
the normal along with the spin axis but in the opposite direction is the 6th node.
Finally, the internal node is numbered 7.

It has to be mentioned that for the ease of analysis, the rotation of the Earth
around the Sun is considered to happen within a circular orbit, perpendicular to
the rotational axis of the Earth ZI .
Using the following change of parameters, eq. (2.46) can be written in a non-
dimensional form,
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Figure 4.1: Schematic view of the satellite in orbit along with its spin axis. y-axis
is the rotation axis, which is contained inside the orbital plane.

b = A1ε1σ/(C1ωo) ci = Ci/C1

q̇ = b1/3Q̇/(C1ωo) k = K/(C1ωo)
rrad = Rrad/(C1ωob) ri = Ri/(C1ωob)
θi = b1/3Ti τ = ωot,

(4.1)

where b is the dimensionless radiative term, ci dimensionless thermal capacity
of the ith node, q̇ the dimensionless heat input, k the dimensionless thermal
conductive coupling matrix, rrad dimensionless thermal radiative coupling matrix,
ri dimensionless thermal radiative coefficient of ith node to deep space, ωo the
orbital frequency, θi the dimensionless temperature of the ith node, and τ the
dimensionless time. Replacing these parameters in eq. (2.46), we obtain the
equation in non-dimensional form,

ciθ̇i = q̇neti(τ)−
7∑
j=1

[kij(θi−θj)+rij(θ
4
i −θ4

j )]−ri(τ)(θ4
i −θ4

0) for i = 1, .., 7, (4.2)

where q̇neti is the dimensionless total heat input to the ith node, kij and rij are
the dimensionless thermal conductive and radiative coupling between ith and jth
nodes, respectively.
As it was explained before, the total heat input to each node composes of solar,
planet infrared, and albedo heat load, where the mathematical expression for
each was presented in section 2.2.2.
As it was explained in section 2.2.2, solar heat load is a function of the solar radi-
ations incident angle with each surface, (ŝ · N̂). The variation of this term for the
lateral surfaces, under the described attitude and orbit, explained in section 4.2
is

(ŝ · N̂)i = 0.5 cos(ωst+ αi) · (sgn(cos(ωst+ αi)) + 1) for i = 1, .., 4 (4.3)

where αi is the relative position of the ith node with respect to the solar irra-
diation at the initial time, which is respectively π, π/2, 0, 3π/2 for nodes 1 to
4. Under described attitude motion, the solar heat load remains 0 for the upper
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and lower surfaces of the satellite.
According to eq. (2.54) and (2.55) the variation of albedo and planet heat loads
for each surface is a function of its view factor with planet Earth. According to
eq. (2.52) and (2.53) the variation of view factor is a function of the angle between
the normal vector of the surface and satellite’s position vector, γ, (Fig. 2.9). Vari-
ation of this angle for the 4 lateral surfaces of the spinning satellite shown in
Fig. 4.1 can be evaluated using,

γi = cos−1(cos(ωst+ α′i) cos(ωot)) for i = 1, .., 4. (4.4)

where α′i describes the initial relative orientation of the ith surface with respect
to Earth, which is 0, π/2, π, 3π/2 for nodes 1 to 4, respectively. This angle,
γ, for the upper and lower surfaces in the case of the spinning satellite shown in
Fig. 4.1 is not a function of spin rate, ωs, and can be evaluated through

γi(t) = cos−1(sin(ωot+ α′i)) for i = 5, 6, (4.5)

where α′i for the nodes 5 and 6 are respectively 0, π. Considering ωs = ksωo,
where ks is a constant, variation of this angle ,γ, along one orbit for three different
values of ks is plotted in Fig. 4.2.
Using these expressions, the variation of the non-dimensional solar, q̇si, albedo,
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Figure 4.2: Variation of γ angle along the orbit for ks = 0 (first column), ks = 1
(second column), and ks = 4 (third column) for the 6 lateral surfaces of the cubic
satellite (Fig. 4.1) according to eq. (4.4) and (4.5).

q̇albi, and planet infrared, q̇pi, heat loads in one orbit for a satellite with the
values of the parameters given in Table 3.1, are presented in Fig. 4.3 to Fig. 4.6.
In these figures, the variation of the solar heat load for the 6 external surfaces of
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the satellite is plotted in the first column of each figure, the same is plotted in
the second column for the albedo heat load, and the one of planet is plotted in
the last column. In Fig. 4.3 this variation is plotted when the body axes of the
satellite remain parallel to the IRF (ks = 0). Due to this fact, none of the lateral
faces of the satellite receive any solar heat load, except the one that is placed in
front of the sun, face 3. However, while the center of mass of the satellite moves
along the orbit, its view factor with Earth changes, therefore, all the faces receive
a part of albedo and planet heat load, during different portions of the orbit.
In Fig. 4.4, the same plots as Fig. 4.3 are shown for ks = 1, which means that
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Figure 4.3: Variation of the dimensionless solar (first column), albedo (second
column), and Planet infrared heat radiation (third column) for a satellite with
the parameter values presented in Table 3.1 and satellite angular velocity of 0
revolution per orbit.

satellite completes one rotation about its own axes, while its center of mass once
covers the whole orbit. As the satellite rotates about its own axis, the faces
of the satellite that were not receiving any solar heat load previously (ks = 0)
now receive it when facing Sun. However, the upper and lower faces still do
not receive any solar load, as the solar radiation is parallel to the surface. By
increasing the angular velocity of the satellite about its own axis, ks = 2, as is
shown in Fig. 4.5, the surfaces of the satellite receive the external loads in a more
homogeneous manner. This matter is more obvious in the case ks = 12, shown
in Fig. 4.6.

It should be explained that the absorptance, αsi , and emittance, εi, of the
four lateral surfaces that is indicated in Table 3.1 is obtained by averaging the
corresponding values of the white paint of the base and the solar panels, which
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Figure 4.4: Same as Fig. 4.3 for satellite angular velocity of 1 revolution per orbit.

are indicated in Table 4.1. The area of the solar panels that is placed on each of
the lateral surfaces (nodes 1-4) is considered to be about 1300 cm2, which produce
electricity with efficiency of 28%.

Table 4.1: αs and ε values for several surfaces and finishes applied to the satellite.

Surface αs ε
Black Irridite 0.62 0.17
Black paint 0.96 0.84
Solar panel 0.71 0.80
White paint 0.20 0.84

The upper and lower surfaces are considered to be covered by black Irridite, as
these surfaces do not receive solar radiation they have to be finished by a material
that prevents the surface to radiate its heat in form of infrared radiation to the
ambient.

4.2.1 Autonomous system

Although eq. (2.46) can be solved numerically, in this section and the following
one the analytical approach that was proposed in [8] has been applied to analyze
the variation of the thermal state of a spinning satellite in orbit as a function of
its spin rate. In the proposed approach in [8], eq. (2.46) is divided into two parts:
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Figure 4.5: Same as Fig. 4.3 for satellite angular velocity of 2 revolutions per
orbit.

an autonomous part where the average value of the external loads are taken into
account and a non-autonomous part, which will be explained in the following
section.
As the first step towards developing the autonomous part of eq. (2.46), the os-
cillatory terms of the external loads are removed by averaging them along one
orbit. Regarding the radiative terms to deep space which varies with time, the
mean value of view factor with deep space, Fdsi , for each node is considered to re-
place its variation with time. In order to find the error of this approximation the
nonlinear equations were solved numerically once considering the time variation
of the view factor and another time considering the mean value. It was seen that
this approximation slightly influences the variation of temperature of different
nodes. Comparing the results, the difference was observed to be less than 2% in
the worst case. However, this loss of accuracy in the description is compensated
by the possibility of carrying out a complete analytic model.
Denoting the dimensionless time average of the external heat loads to the ith
surface by q̄ei , the averaging of the ODE of eq. (4.2) results in an autonomous
system as follows,

ciθ̇i = q̄ei −
7∑
j=1

[kij(θi − θj) + rij(θ
4
i − θ4

j )]− r̄iθ4
i for i = 1, .., 7, (4.6)

where r̄i is the mean radiative coupling of each node with deep space in one
orbit. It is noteworthy to mention that the temperature of deep space has been
neglected in front of the temperature of the nodes.
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Figure 4.6: Same as Fig. 4.3 for satellite angular velocity of 12 revolutions per
orbit.

The standard way of analyzing these systems begins with localization of their
fixed points. Obviously, the fixed points of this system are a function of the
averaged heat load, q̄ei . Therefore, the first step in analyzing this system is to
evaluate the averaged heat loads.

Averaged heat loads

Evaluated the averaged heat load for each node, numerically, considering different
values of satellite angular velocity, ks, as is plotted in Fig. 4.7, we can appreciate
that the averaged load is almost constant for different values of ks, except for the
lower range, ks = [0, 3]. In this figure the variation of the average of the non-
dimensional solar heat load, q̄si , for the 4 lateral surfaces (i = 1, .., 4), versus the
number of satellite turns per orbit, ks, is plotted in the first column of Fig. 4.7.
As the solar radiation remains parallel while striking the outer surfaces of the
satellite, nodes 5 and 6 do not receive this load (see Fig. 4.1). In the second
column the same is plotted for the average of the non-dimensional albedo heat
load, q̄ai . Again, this average is just plotted for the nodes 1 to 4, as the variation
of ks does not affect the view factor of nodes 5 and 6 with the planet Earth. And
the same applies to the average of planet infrared radiation. In the third column
of Fig. 4.7, the variation of the average of the non-dimensional planet heat load,
q̄pi

versus ks for nodes 1 to 4 is plotted. And finally, the sum of all these loads for
each node is plotted in the last column, which indicated the total averaged heat
load exerted on each surface through one complete orbit, denoted by q̄ei hereafter
in this chapter.
As it can be seen from this figure:
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Figure 4.7: Variation of the average of the dimensionless solar heat load, q̄si
(first column), albedo heat load, q̄ai (second column), planet heat load, q̄pi (third
column), and total dimensionless heat input, q̄ei (last column), versus the number
of satellites turns per orbit, ks.

1. q̄ei for each surface varies very slightly with ks,

2. This variation is almost negligible for ks ≥ 3, and

3. The convergence value of dimensionless total average heat equals to 0.015
for all the external surfaces involved (nodes 1 to 4), as would be expected.

Equilibrium temperatures

Once the average of the periodic heat load in one orbit is evaluated, the steady
states, fixed points, of the dynamic system can be evaluated. It is proved in [9],
that the steady state solution of eq. (4.6) is only a function of q̄ei .
By setting the derivative terms equal to zero in eq. (4.6), computation of the
steady states (fixed points) of the heat-balance dynamic system reduces to the
solution of a set of fourth-degree algebraic equations, which mainly depends on
the average of the total heat input to each node, q̄ei . It is more convenient to find
these equilibrium temperatures using numerical methods.
Using the Poincare-Hopf index method, as is proved in [9], we know that eq. (4.6)
with constant q̄ei , i = 1, .., 7 has a unique steady state in the positive hyperoctant
that is asymptotically stable. Here, using the FSOLVE function in MATLAB
subroutines, we have evaluated 7 equilibrium temperatures for the problem of
a satellite with the seven discrete nodes as was described in section 4.2. As the
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steady state temperatures are solely function of q̄ei , we expect that their variation
with ks would be the same as the one of q̄ei . In this regard, the variation of the
dimensionless steady state temperature, θeqi

, versus ks is plotted in Fig. 4.8.
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Figure 4.8: Variation of the dimensionless equilibrium temperature, θeq, for the 7
discrete nodes of the satellite versus the number of satellites turns per orbit, ks.

As it can be seen in figure 4.8, the temperature of all nodes stabilize for satel-
lite rotational rates ks ≥ 3, and the value of equilibrium temperature is almost
the same for this range of ks for all nodes except the internal node, which is
considered to continuously dissipate energy.

Linearization and stability of the equilibrium temperature

The stability of the steady states can be determined by evaluating the Jacobian
matrix of the vector field defined by the ODE of eq. (4.6). The Jacobian matrix
for this system is a 7× 7 matrix, whose elements are given by,

Jij = ci
−1[kij + 4rijθ

3
eqj

], if i 6= j,

Jii = ci
−1[−

∑7
j=1(kij + 4(rijθ

3
eqi

)− 4r̄iθ
3
eqi

].
(4.7)

Evaluating the eigenvalues of the Jacobian matrix and determining their signs,
the stability of the equilibrium points can be determined. However, as it is known
the sign of the eigenvalues can define the stability of the equilibrium states just
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locally.
The Jacobian matrix of our system with 7 states, contains 7 eigenvalues, whose
analytical evaluation is quite cumbersome or even impossible. Evaluating the
corresponding eigenvalues of the equilibrium points for different values of ks, all
resulted in negative real quantities as was proven in [9]. Nevertheless, the ei-
genvalues of the Jacobean matrix not only do provide us information about the
stability of the steady states, but also along with its corresponding eigenvectors
they provide us information about the dynamics and the convergence of the states
towards the steady states. As it is known, the eigenvectors represent independent
thermal modes, and the eigenvalues represent their relaxation times. In this re-
gard, the eigenvalue with the smallest absolute value is of a great importance, as
it determines the slowest thermal mode (longest characteristic time). According
to [10], by applying the Perron-Frobenius theory to the resulted Jacobian matrix
of eq. (4.7), we deduce that the J matrix has 7 negative eigenvalues. Therefore,
for the energy balance system of ordinary differential equations, the eigenvalue
with the smallest value defines the slowest relaxation mode. Hence, as this mode
(the slowest mode) is especially important for us, in Fig. 4.9 the variation of this
eigenvalue alongside with the elements of its corresponding eigenvector is plotted
versus ks. As it can be interpreted from this figure, the variation of these para-
meters as a function of ks is almost negligible for ks ≥ 3.
Concerning the analysis of the nonlinear dynamic system, if the Jacobian matrix
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Figure 4.9: First figure: Variation of the slowest mode eigenvalue, λs, versus ks.
Second figure: Variation of slowest mode eigenvector, χs, components versus ks.
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of such a system is diagonalizable, there is a real matrix X (eigenvector matrix)
such that X−1JX is diagonal, then the calculation of the linearized version of
the differential equation eq. (4.6) is best carried out on the eigenvector basis.
Using this basis the variation of the non-dimensional temperature vector, θ, of
the linearized version of eq. (4.6) are expressed as,

θ(τ) = θeq + X


ξ(1) 0 · · · 0

0 ξ(2) · · · 0
...

...
. . .

...
0 0 · · · ξ(7)




eλ1τ

eλ2τ

...
eλ7τ

 (4.8)

where θeq is the equilibrium temperature that was evaluated previously, and ξ(1)
to ξ(7) are the constants of integration that can be evaluated as ξ = X−1(θ(0)−
θeq), where ξ is the vector of the constants of integration whose elements are
ξ(1) to ξ(7).
From what has been explained before, we only need to take the influence of the
slowest relaxation mode into account for approximating the solution of eq. (4.8).
Using this approximation, variation of θ by time would be:

θ(τ) = θeq +


χs(1)ξ(1)eλsτ

χs(2)ξ(2)eλsτ

...
χs(7)ξ(7)eλsτ

 (4.9)

where χs(1)..χs(7) are the components of the corresponding eigenvector of the

slowest mode, λs and the elements of vector ξ are evaluated using ξ(i) =
θ(0)−θeqi
χs(i)

.

Using equations (4.8) and (4.9), the variation of the non-dimensional temperat-
ures, θ, with time is shown in Fig. 4.10. As it can be seen from this figure, using
only the slowest mode approximation the variation of temperature is in a good
agreement with the linear model considering all the modes. In this figure, the
black lines represent the numerical solution of the nonlinear equations, which is
presented as a reference for comparison. As it will be explained in the following
section, the result of the autonomous part of the differential eq. (4.2) is denoted
by θ(0)i , that is indicated in Fig. 4.10.

4.2.2 Non-autonomous system

Once the averaged, autonomous equations (4.6) are solved, the solution to the
periodic heat input can be considered by introducing it through a perturbation
term about the average heat input as,

q̇ei = q̄ei + ε̃q̇i(τ), ε̃� 1. (4.10)

Obviously this assumption is only valid for a range of magnitudes of q̇i ∼ O(1).
However, as the long-term thermal state of an orbiting satellite oscillates about
its corresponding steady-state, the perturbation assumption of eq. (4.10) is valid
for this case. Therefore, the solution to the non-autonomous system of eq. (4.2)
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Figure 4.10: Variation of the dimensionless temperature θ(0)i considering the
averaged heat input versus orbit number for the 7 discrete nodes of the satellite.
The blue line represents the solution to the linearized equation, eq. (4.8), red line
represents the slowest relaxation mode approximation, eq. (4.9), and the black
one the numerical solution to the nonlinear equation, eq. (4.2).

can be found by taking advantage of the solution to the autonomous system of
eq. (4.6), by introducing the time varying heat input of q̇ei defined in form of
eq. (4.10). Introducing this term, eq. (4.2) becomes,

ciθ̇i = q̄ei + ε̃q̇i(τ)−
7∑
j=1

[kij(θi − θj) + rij(θ
4
i − θ4

j )]− riθ4
i for i = 1, .., 7, (4.11)

where its solution can be assumed to be of the following form,

θi(τ) =
∞∑
n=0

ε̃nθ(n)i(τ). (4.12)

By substituting θi in terms of the perturbation terms of ε̃, as presented in
eq. (4.12), in eq. (4.11), the solution to the equation with the zeroth order of
ε̃, (θ(0)i) is the solution of the average autonomous equations system eq. (4.6).
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For the first order of ε̃, eq. (4.11) reduces to the following equations,

θ̇(1)i =
7∑
j=1

Jij(τ)θ(1)j + q̇i(τ), (4.13)

where Jij(τ) is the ith row and jth column element of the Jacobean matrix,
evaluated at θ = θ(0)i (the solution of the zeroth-order equation). This equa-
tion (eq. (4.13)) has to be solved considering zero initial condition (θ(1)i(0) = 0).
Solving eq. (4.13) with time varying coefficients is quite cumbersome, but, as
we are mainly interested in the stationary solution of the heat-balance equation
the process can be simplified. As it was shown in section 4.2.1, the transient
thermal state relaxes exponentially to the stationary solution, eq. (4.8). There-
fore, considering constant Jacobean matrix that is evaluated at the steady state
temperatures (θeq) can provide us with a reasonable approximation of the solu-
tion. Then as the coefficients of the differential eq. (4.13) are not time varying
anymore, the corresponding Jacobean matrix is diagonalizable constant matrix.
As it is known finding the solution to the differential equation is best carried out
on the eigenvector base (X). Introducing modal coordinates x as x = X−1θ,
eq. (4.13) can be rewritten as,

ẋi = Λixi + gi(τ) (4.14)

where Λ = X−1xX and is diagonal with λi as diagonal elements, and gi(τ) is the
modal load for the ith node g = X−1q̇. The solution of the differential eq. (4.14)
is known to be,

x(τ) =

∫ τ

0

eΛtg(τ − t)dt. (4.15)

Evidently, over long times τ , as the components of matrix Λ are negative and
given that g(t) is periodic, the later integral decays exponentially as τ approaches
∞. Hence, by extending the upper integration limit in the later integral from τ
to∞, a negligible error will be introduced in the result. However, the consequent
loss of accuracy in the obtained result is compensated by the simplification that
results in obtaining a solution for the integral. Therefore, by extending the upper
limit of the integral from τ to ∞, the solution of the integral leads us to the
periodic part of the solution, which is in fact independent of the initial condition
as well. Naming this periodic solution as θ∞(1)i

(τ), it can be evaluated as,

θ∞(1)i
(τ) =

7∑
n=1

Xin

∫ ∞
0

eλntgn(τ − t)dt. (4.16)

This equation has been integrated for 3 different values of ks and the results are
presented in Fig. 4.11. As it can be interpreted from eq. (4.16), the influence
of parameter ks only appears in the terms of g(τ), therefore if we will be able
to express g(τ) as a function of ks and later solve the integral analytically as a
function of this parameter, we can express the variation of θ∞(1)i

(t) with ks.
The general expression of the periodic function θ∞(1)i

can be obtained with the
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Figure 4.11: Variation of θ∞(1)i
(τ) versus orbit number during one orbit for three

values of ks. red line : ks = 0, blue line : ks = 5, black line : ks = 10.

help of Fourier analysis.

Fourier analysis We can expand gi(τ) in Fourier modes as

gi(τ) =
∞∑

m=−∞

gmi
e2πimτ . (4.17)

Since gi(τ) is real and symmetric with respect to t = 0, the coefficients gmi
are

real and g−mi
= gmi

, and g0 = 0. The rest of the Fourier coefficients gmi
are given

by

gmi
=

∫ 1

0

gi(t)e
−2πimtdt. (4.18)

Knowing that θ∞(1)i
is periodic, we can solve eq. (4.16) by substituting into it the

corresponding Fourier series of the external heat load, eq. (4.17), and solving
it for the Fourier coefficients of θ∞(1)i

. Substituting these terms for gn(τ − t) in

eq. (4.16), we have,

θ∞(1)i
(τ) =

7∑
n=1

Xin

∫ ∞
0

eλnt
∞∑

m=−∞

gmne2πim(τ−t)dt, (4.19)
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where the integral can be rewritten as,

∫ ∞
0

eλnt
∞∑

m=−∞

gmne2πim(τ−t)dt = 2
∞∑
m=1

gmne2πimτ

∫ ∞
0

e(λn−i2πmt)tdt. (4.20)

Solving the integral we get,

2
∞∑
m=1

gmn

λ2
n + 4π2m2

[λn cos(2πmτ) + 2πm sin(2πmτ)], (4.21)

for the real part of the solution, where the term ks does not appear within it, as
this term mainly influences the terms gmn , which are the Fourier coefficients of
the external heat load. Evaluating these terms numerically as a function of ks,
the results obtained are presented in Fig. 4.12. The proposed formulation can
be applied to the calculation of the temperature state of a system exposed to a
periodic external load in order to reduce the calculation time.
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Figure 4.12: Variation of the first 6 Fourier coefficients for the net dimensionless
heat input to the first surface versus ks.
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Chapter 5

Hysteresis rods design

Although the technology of Passive Magnetic Attitude Stabilization (PMAS) Sys-
tems started to be developed in 1961 [11,12] and has been applied to several small
size satellites [18], there are still some issues to be resolved regarding this system,
such as the sizing of its system parameters and predicting the in-orbit perform-
ance without going through long experimental procedures. These problems are
rooted in the difficulties that exist in determining the magnetic characteristics of
the ferromagnetic bodies (hysteresis rods) that are applied as damping devices
on-board satellites, because the variation of these characteristics is a complex
function of different variables and requires a deep knowledge of quantum phys-
ics to be understood. This problem was identified while the study reported in
chapter 2 and 3 concerning the magnetic attitude control was performed, that
suggested that further study on this topic was needed.
More specifically, in this chapter, the estimation and evaluation of damping effi-
ciency of two different shapes of hysteresis rods (CCSR and TFR) that are the
typical ones on-board a satellite are addressed. In the analysis of this prob-
lem, a brief introduction about magnetism and its different types is presented in
section 5.1. The topic will be focused on ferromagnetism and the definition of
magnetic domains and their evolution during the process of magnetization. Once
an insight about ferromagnetic materials is obtained, in section 5.2 its applica-
tion to spacecraft passive magnetic attitude stabilization systems is explained.
Then, a mathematical formulation to evaluate the efficiency in damping the ex-
cess angular motion of the satellites is proposed, which includes the study of
the demagnetization field in a finite elongated body (section 5.3), the model for
the hysteresis losses (section 5.4) and for the initial magnetization process (sec-
tion 5.5). The magnetic field generated by a permanent magnet is presented
in section 5.6, a formulation for estimating the damping time is derived in sec-
tion 5.7, and the influence of the permanent magnet on the operation of hysteresis
rods is described in section 5.8. At the end the analytic formulation obtained in
the preceding sections is applied to different shape and position of rods inside a
spacecraft so an optimum shape and position can be obtained (section 5.9). Also
the proposed mathematical model is applied to the case of four existing satellites
in order to compare the results with their respective in-flight data (section 5.10).

63



64 CHAPTER 5. HYSTERESIS RODS DESIGN

5.1 Magnetism

According to the classic electrodynamics [40], a spinning electron generates a
magnetic dipole which is an intrinsic property of the electron that makes it to
behave as a tiny magnetic bar. However, throughout a material the electrons
are combined into pairs with opposite direction of magnetic dipole with the same
magnitude. This results that the magnetic moment of one electron to be canceled
out by the other, so the net magnetic dipole of an ordinary material would be
null. Also in the case of existing an unpaired electron in the atomic members of a
material, the dipole directions of the unpaired electrons point in different random
directions so that the net magnetic dipole through the whole material remains
zero.
However, sometimes either spontaneously, or due to an applied external magnetic
field, the dipole direction of the electrons will get almost aligned in the same dir-
ection, which results the material to produce a net total magnetic field that might
even be quite strong.
From what has been explained up to now, it can be concluded that the magnetic
property of a material does not solely depend on the chemical make-up of a ma-
terial, but of its crystalline structure and microscopic organization. Depending
on these properties of materials, its response to an external magnetic field can
be categorized into 3 different behaviors as; (1) diamagnetism, (2) paramagnet-
ism, and (3) ferromagnetism, which are explained individually in the following
paragraphs.

Diamagnetism According to the Lorentz law of magnetic force, when a moving
charge particle is exposed to an external magnetic field it experiences a magnetic
force with the direction perpendicular to the both velocity and magnetic field
vector [40]. Therefore, when a material is placed in an external magnetic field, the
electrons circulating around the nucleus, in addition to their Coulomb attraction
to the nucleus, experience the Lorentz force from the magnetic field. Depending
on the direction of the electron orbiting the nucleus, the centripetal force on the
electrons towards the nucleus may be increased or decreased by being pushed
towards or pulled away from the nucleus. This effect simultaneously increases
the orbital magnetic moments that were aligned opposite the field, and decreases
the ones aligned in the favorable direction to the field. This results in a magnetic
moment, generated inside the material that opposes the external applied field.
However, for a more adequate and proper explanation of the diamagnetism effect
a thorough study of quantum mechanics is required.
It is noteworthy to be mention here that in materials with unpaired electrons in
their atomic constructions the diamagnetic effect is overwhelmed by the much
stronger effects caused by the unpaired electrons, which is explained in the two
following paragraphs.

Paramagnetism Paramagnetism happens in materials with unpaired electrons
in their molecular or atomic construction. By exposing these materials to an ex-
ternal magnetic field the unpaired electrons align their magnetic moment towards
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the external magnetic field. This causes the net dipole of the material not to be
zero anymore but having its direction aligned with the external one.

Ferromagnetism In contrary to the two other types of magnetism that re-
spond quite weakly to the external fields, if ferromagnetism happens in a ma-
terial it creates responses that are strong enough to be sensed. Among all the
properties of the material, the crystalline structure have the most importance in
defining the characteristics of ferromagnetism in a material. This effect tends
to align the internal dipoles even when no external field exists. This effect is
due to the tendency of the crystalline structure to reach a lower electrostatic
energy. To explain this matter further a better insight of quantum mechanics is
required, which is not within the scope of this thesis. However, without going
much in deep of quantum mechanics, it can be explained that the main difference
between paramagnetic materials and ferromagnetic ones is their magnetic aniso-
tropy properties. A magnetically isotropic material does not have any preference
for the direction of its magnetic moment, while a magnetically anisotropic ma-
terial contains several easy axes where the magnetic dipoles inside the material
tend to align itself with them. These easy axes are the energetically favorable
directions for the spontaneous magnetization, which are determined by different
sources such as the atomic structure of the crystals inside the material, shape
of the body, tensions inside the material, and a quantum physics effect called
exchange anisotropy.
Another parameter that acts an important role in determining the magnetic char-
acteristic of a material or body is the Curie Temperature that is the temperature
above which the magnetic material looses its magnetization effect. Therefore, in
selecting a magnetic material for any application an especial attention should be
paid to its corresponding Curie temperature to be compatible with the environ-
mental conditions of that special application.
Among the pure metals the ones that exhibit ferromagnetic effect are Iron (Fe),
Cobalt (Co), and Nickel (Ni). Still there are many ferromagnetic alloys that are
components of non-magnetic alloys such as stainless steel. Also there are ferro-
magnetic materials that are made of rapid cooling of some liquid alloys. These
ferromagnetic materials are almost isotropic materials that therefore result in
very low coercivity and hysteresis losses, which are ferromagnetic characteristics
that are explained later in this chapter.

Magnetic domains From what has been explained up to now about ferromag-
netic materials, it is expected that due to the alignment of the internal dipoles
inside a ferromagnetic body, it forms a strong magnet. However, a simple iron
bar is often found in its demagnetized state. For explaining this matter the
french physicist Pierre-Ernest Weiss in 1906 came up with the idea of magnetic
domains. He suggested that a ferromagnetic material is divided into tiny re-
gions called magnetic domains, within which the spin direction of electrons are
aligned, but for the material to be in its lowest energy configuration the spin
of separate domains should point in different directions so that their magnetic
fields cancel each other out. The domain theory in its simplest form states that
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every ferromagnetic material is composed of many regions that are magnetized
up to saturation but aligned in different directions. In the demagnetized state,
these regions are distributed at almost random directions, which leads to a zero
net magnetization of the specimen. As it was mentioned before, the existence of
magnetic domains can be explained by the tendency of the material to stay in
its lowest possible level of energy. In the demagnetized state or the magnetized
states below the saturated state, the decrease in the magneto-static energy com-
posing magnetic domains is greater than the energy to form magnetic domain
walls so multi-domain specimens arise.

Magnetic saturation state is a state where by increasing the external magnetic
field the generated magnetic field inside the material does not increase anymore.
Once the ferromagnetic material is exposed to an external magnetic field, the ar-
rangement of the dipoles inside the domains starts to change in a certain manner
until it reaches the saturation state. This process of evolution of domains in the
presence of an external magnetic field is called domain process and is explained
in the following paragraphs.

Domain process By studying the micro-structure of the ferromagnetic bodies,
it was observed that by increasing the external magnetic field applied to a body
from zero to its maximum value, first the walls of the domains start to displace.
This displacement happens in such a manner that the volume of the domains
that have the magnetic direction orientation in the favor with external magnetic
field increases, and the volume of domains with the magnetic direction oriented
in the opposite direction of the applied field shrinks. This displacement of the
wall is reversible at first, but by increasing the strength of the applied field the
displacements enter an irreversible phase. The whole change process is illustrated
in Fig. 5.1. The part of the domain processes that is explained in this paragraph
is the first part of the process indicated as (1) in this figure.
Increasing the amplitude of the external magnetic field further, the dipole vectors

of the domains start rotating to get aligned with the nearest easy magnetization
axis to the external field. This part of the process is indicated as (2) in the
same Fig. 5.1. Increasing the strength of the external magnetic field even more,
the dipoles that were already aligned with the preferred easy magnetization axis
gradually rotate into the field direction. This leads the material to the saturated
state and make the material under test to become a single domain sample of
ferromagnetic specimen (region 3).
Through what has been explained in the foregoing paragraphs it can be concluded
that the domain process can be divided in 3 main steps that are illustrated in
Fig. 5.1. As it can be seen in the figure, if the external magnetic field is strong
enough to lead the specimen under test to become a single domain specimen, the
material becomes a permanent magnet under this condition.

Hysteresis phenomena Due to the imperfections in form of impurities or dis-
locations that exist in the composing elements in the material, the motion of
domains is accompanied with friction. Therefore, by removing the external field
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Figure 5.1: Variation of the magnetic flux density, B, as a function of the external
applied magnetic field, H, with different peak values. Depending on the applied
field the variation follows a different loop, which divides the magnetization pro-
cess into 3 regions; (1) reversible domain boundary displacement, (2) irreversible
domain boundary displacement, and (3) rotational motion of the domains. In-
serts: domain configuration during several stages of magnetization along the first
magnetization curve [40,41].

not all the domains go back to their original position, as a part of their energy is
already lost in overcoming the existing friction. This loss of energy leads to the
hysteresis phenomenon in ferromagnetic materials that is also demonstrated in
Fig. 5.1. In this curve the variation of the induction or generated flux density in-
side the ferromagnetic material, B versus the magnitude of the applied magnetic
field, H, is plotted. As it can be seen, due to the hysteresis effect the induction,
B, has different values for a single given value of H, depending on increasing or
decreasing pattern of the external magnetic field.
The amount of flux density that remains inside a material once the external field
is removed is called remanent or residual flux density, Br. For reducing the re-
sidual flux density to zero, the magnitude of the external magnetic field in the
reverse direction should be equal to the coercive force, Hc. These two parameters,
along with the saturation magnetic flux density, Bs, are shown in Fig. 5.2. Since
a coercive force must be applied to overcome this residual density inside the ma-
terial, work must be done in closing the hysteresis loop, which will be dissipated
as heat in overcoming the frictional forces inside the material. This heat is known
as hysteresis loss, and is proportional to the area of the magnetic hysteresis loop.
Based on this area, the ferromagnetic materials are divided in two groups: soft

and hard ferromagnetic materials. The soft magnetic materials have narrower
loops while the hard ones require a higher value of coercive force for eliminat-
ing the residual flux density that remains inside them when the external field
is removed. These characteristics make the soft ferromagnetic materials ideal
for many applications such as transformers, tape recorders, and passive attitude
control of a small satellite, as they can be easily magnetized and demagnetized
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Figure 5.2: An schematic behavior of the hysteresis material in the presence of a
time varying magnetic field as a relation between the magnetic flux density, B,
versus the magnitude of the external applied magnetic field, H. Br: remanent
magnetic flux density, Hc: coercive force, S: the saturation point.

over a small range of external magnetic field magnitude. The hard ferromagnetic
materials act more as a permanent magnet.

5.2 Ferromagnets. Small satellite application

As it was explained in the preceding section, the soft ferromagnetic material have
a wide utilization in different applications due to their unique hysteresis charac-
teristics. One of these applications is the main focus of this chapter: it is the use
in the passive magnetic attitude stabilization system in small satellites, which
dates back to 1960. It was proposed for the first time by Fischel, a physicist who
contributed to the APL satellite navigation project in the design and construction
of a constellation of at least 5 medium size satellites with an operational polar
orbit of 1100 km altitude. In the design phase of this project, he proposed the
utilization of ferromagnetic hysteresis bars for damping the excessive oscillations
of the satellite about its own center of mass in orbit. He suggested that, while an
Earth orbiting satellite is oscillating about its own center of mass, the hysteresis
rods mounted on it experience a time varying magnetic field. The interaction of
the on-boarded hysteresis rods with such a field causes some part of the angular
kinetic energy of the satellite to transform into heat that is produced inside the
hysteresis rod. This transformation of energy leads to a decay of the rotational
speed of the satellite.
Based on this theory, the TRANSIT-1B which was the first satellite placed in orbit
among the serie of navigation system spacecraft, was equipped with 8 ferromag-
netic hysteresis rods with circular cross section made up of AEM-4750 magnetic
material.
Following the successful operation of this satellite, along with its simple and low
cost system design, this strategy became a very popular alternative for the at-
titude stabilization of small satellites in recent years. However, in spite of its
widespread use still there are some issues to be solved regarding this system,
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such as the sizing of its system parameters and predicting the in-orbit perform-
ance without going through long experimental procedures. These problems are
rooted in the difficulties that exist in determining the magnetic characteristics
of the ferromagnetic bodies (hysteresis rods). Due to lack of enough attention
to these parameters, a significant number of small satellite missions have been
either jeopardized or were not able to accomplish what have been assigned within
the scheduled time. Therefore, in an attempt to contribute to solve this problem,
and based on the nature of ferromagnetic materials, an analytic formulation is
proposed in this chapter to evaluate and estimate the damping efficiency of hys-
teresis rods that are on-board small satellites.

5.3 Demagnetization field in a finite elongated

body

When a finite elongated ferromagnetic body is magnetized, a demagnetization
field is generated inside the body that is due to the isolated poles acting against
the magnetization that created the poles in the first place. This demagnetization
field is a function of both the induction that happens inside the body, and the
shape of the object. In other words, once an induced field is generated inside
a finite elongated ferromagnetic body the demagnetization field gives rise to the
shape anisotropy, which is due to the new easy axes that are created inside the
body.
Therefore, once the finite elongated body is exposed to an external magnetic field
with a maximum value Ha, the net magnetic field generated inside the ferromag-
netic hysteresis rod, Hin, is the sum of this field with the demagnetization field Hd

that is generated inside the body. Taking into account that the demagnetization
field is generated in the opposite direction to the applied field, this can be written
as,

Hin = Ha −Hd. (5.1)

However, evaluating the demagnetization field in any form of ferromagnetic bod-
ies is not an easy problem to be solved. Nevertheless, it is known that if the
internal flux density inside a body is aligned with one of its main geometrical
directions, the corresponding homogeneous demagnetization field would be pro-
portional to the magnetic flux density generated inside the ferromagnetic body,
Hd = Nd

B
µ0

, with the proportionality constant Nd that is called demagnetization

factor. µ0 is the permeability of vacuum, µ0= 4π × 10−7 Tm/A.
As it was explained before, the demagnetization factor is a function of the body
shape. In bodies with a large elongation the problem of demagnetization is less
significant, although the demagnetization field can never be ignored in measure-
ments. Many analytic approaches have been carried out that provide reason-
able approximation to estimate the demagnetization factor of different geomet-
ric shapes but apply only to diamagnets, paramagnets, and saturated ferromag-
nets [42–44]. However, they still can provide reasonable approximations of the
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demagnetization fields even for field values lower than the saturation. Based on
experimental and analytic formulations, the demagnetization factor of two prac-
tical shapes −CCSR and TFR− of hysteresis rods is presented in Table 5.1.

Table 5.1: Demagnetization factor, Nd, for different rod cross section shapes. e
is the elongation, w the width of TFR, tr the thickness, all expressed in [m].

Shape Nd Reference

CCSR 4.02 loge−0.185
2e2

[45]
TFR (57w + 0.2)tr [46]

The formulation presented to evaluate the demagnetization field in a TFR was
obtained from [46]. According to [46], this relationship was obtained from testing
a number of stripes with a variety of (w, tr) combinations, where the coefficients
presented in this reference were attributed to the range 1 mm < w < 20 mm.
The demagnetization factor is the main parameter that shows the difference in
efficiency of rods with various size and shapes in damping the angular moment
of the satellite flying in orbit.

5.4 Hysteresis losses

Based on the formulations proposed by Rayleigh [47] and Steinmetz [40], separ-
ately, the value of hysteresis losses in the middle point of a ferromagnetic body
can be evaluated as,

Whm =

{
4
3
νHHin

3, 0 < Hin < H1 (a)
η(Bmax)m, H1 < Hin < H2 (b)

(5.2)

where Bmax is the maximum magnetic flux density generated inside the body, η
a proportionality constant, and m is the corresponding power value. The values
of both η and m vary depending on the material. The value of these parameters
for some specific materials that are particularly used in the passive magnetic
attitude stabilization of satellites are indicated in Table 5.2. According to [40],
the values of m are in the range 1 ≤ m ≤ 2 for most of the materials. Therefore,
in case that a more accurate value of this parameter for a particular material is
not known, the two extremes of this range can be considered to evaluate a range
for the hysteresis losses of the material.

The first part of the initial magnetization curve (Fig. 5.1), which has an
upward concavity and corresponds to the displacements of domain boundaries,
was first modeled by Rayleigh. The corresponding hysteresis losses of this part
are about 0.004 times the maximum hysteresis losses that can be dissipated in
the material. Therefore, during the design procedure of a PMAS, it is preferable
to define the baseline operation point away from this part of the curve, since the
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Table 5.2: Characteristic coefficients of magnetic materials.

material Bs [T] a0 [A/m] κ0 × 103 [T·m
A

] η [ J
Tm ] m

mumetal 0.45 1.02 5.0 12.0 1.97
Fe78B13Si9 1.49 1.02 -1.0 5.6 1.29
Fe80B10Si10 1.39 2.46 1.0 13.0 1.43
GO Fe-Si 1.99 4.37 -1.4 20.0 1.72
Mo-Permalloy-79 0.86 4.12 0.1 7.0 1.60
Permenorm 1.53 17.27 -0.5 13.0 1.35
AEM-4750 1.04 13.37 0.1 35.0 2

goal is to design a system with the highest possible energy dissipation capability.
The parameter H1 defines the upper limit of this region as is indicated in eq. (5.2).
The second part of the magnetization curve, which is referred to as the irreversible
displacement of the domains’ walls, has the maximum permeability, µ. The
maximum losses of the material happen when the point which represents the
magnetization variation of the material in B − H diagram traces the hysteresis
loop in this portion of the curve. The upper limit for this region is defined by
H2.
As it can been seen from eq. (5.2) the hysteresis losses through the third part
of the initial magnetization curve are not modeled, as the external magnetic
field that an Earth orbiting satellite experiences is not high enough to lead the
magnetization of the ferromagnetic rod to enter this part of the magnetization
curve.
Once the hysteresis losses in the middle point of the rod, Whm , are determined,
the hysteresis losses within the whole volume of the rod, Vr, can be evaluated by
using,

Wh = κwWhmVr, (5.3)

where the coefficient κw ranges between 0.55 and 0.65 depending on the mater-
ial [46]. So, a mean value of 0.6 is employed, which is expected to give acceptable
results for all the materials.
To evaluate the hysteresis losses within a ferromagnetic body according to eq. (5.2),
the value of Bmax should be known as well. In order to evaluate Bmax, an ana-
lytic formulation for the initial (first) magnetization curve shown in Fig. 5.2 is
required, which is explained in the following section.

5.5 Initial magnetization curve

In this section an analytic formulation is presented that describes the initial vari-
ation of the magnetic flux density inside an infinitely elongated hysteresis rod, B,
as a function of the external applied field, H. This model will be generalized later
to the case of a finite elongated rod to evaluate the required parameters for solv-
ing eq. (5.3). To the author knowledge, a unique expression that can provide the
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variation of the magnetic flux density generated inside a material for the whole
range of applied external magnetic field is not available. Nevertheless, to this
aim, the whole magnetic range can be split into three parts, which can be sep-
arately modeled. The first region of the curve was first modeled by the Rayleigh
relationship (eq. (5.2(a))) [47]; the intermediate part can be approximated by the
Polley, Becker and Doring’s general formulation eq. (5.2(b)) [40]; and the upper
regions, where the magnetism inside the body is approaching saturation, can be
well estimated by the equations used by Weiss [40, 47], as follows,

B =


µiH + νHH

2 0 < H < H1 (a)
Bs(1− a0H

−1 − b0H
−2 − c0H

−3 − ...) + κ0H H1 < H < H2 (b)
Bs(1− a′0H−1 − b′0H−2 − c′0H−3 − ...) H2 < H < H3 (c)

,

(5.4)
where H1, H2, and H3 depend on each material and define the limits of each re-
gion;µi is the initial permeability of the material; νH the coefficient of irreversible
changes in magnetic induction in the first portion of the curve; Bs the saturated
magnetic flux density generated inside the material; H the external magnetic field
that is applied to the body; and a0, a′0, b0, b′0, c0, c′0,... and κ0 are the coefficients
of the corresponding expansions.

As it was explained before, in designing the PMAS, utilizing hysteresis rods,
it is preferable to take advantage of the second part of the initial magnetization
curve, eq. (5.4(b)). Obviously, by increasing the number of terms in the cor-
responding expansion, the accuracy of the results is increased. However, it was
observed that, considering our purpose, the equation can provide a satisfactory
representation of the effect by neglecting terms of higher order than H−1, which
leads to,

B = Bs(1− a0H
−1) + κ0H, H1 < H < H2. (5.5)

Therefore, to estimate the initial magnetization curve of a material, using this
equation, the two corresponding magnetic flux density constants (a0 and κ0), and
saturated magnetic flux density, Bs, of those materials must be known. These
parameters for seven different materials were obtained from their correspond-
ing experimental magnetization data [46, 48–50] using least square method, and
they are presented in Table 5.2. The studied materials are mumetal, Fe78B13Si9,
Fe80B10Si10, and GO Fe-Si, as they were proposed by [46], and Mo-Permalloy-79,
Permenorm, and AEM-4750 are also included because they were used on-board
the satellites studied here. However, it has to be taken into account that the level
of stress present inside the material, and the heat treatment procedure, can have
a large influence on the shape of the initial magnetization curve of each mater-
ial, therefore a dispersion of values can be found for each of these characteristic
coefficients. This topic is explained in [40].

Knowing the variation of induced flux density, B, as a function of external mag-
netic field, H, (eq. (5.5)) the value of Bmax used in eq. (5.2) can be evaluated for a
finite elongated body. Using eq. (5.1) and knowing Hd = NdB/µ0, the magnetic
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flux density of a body can be evaluated as,

B = µ0(Ha −Hin)/Nd. (5.6)

Then, the maximum flux density that is induced inside a body can be obtained
through the intersection of curve B(H) given by eq. (5.5), which is the initial
magnetization curve of a material, with curve B(Hin) given by eq. (5.6), which is
the demagnetization field generated in a finite elongated rod. This is equivalent
to solve the following system of equations,

Bmax = Bs(1− a0Hmax
−1) + κ0Hmax (a)

Bmax = (Ha −Hmax)µ0Nd
−1 (b)

(5.7)

where the variable B in eq. (5.5) and (5.6) is changed to Bmax, as the intersection
of the two curves corresponds to the maximum magnetic flux density generated
inside the rod. Consequently H and Hin respectively in eq. (5.5) and (5.6), have
been changed to Hmax, which is the maximum internal magnetic field of a rod
with demagnetization factor Nd under the maximum applied magnetic field Ha

as follows,

Hmax =
−(Bs − µ0Nd

−1Ha) +
√

(Bs − µ0Nd
−1Ha)2 + 4(κ0 + µ0Nd

−1)a0Bs

2(κ0 + µ0Nd
−1)

.

(5.8)
Once Hmax is known, the corresponding induced magnetic flux density inside the
rod, Bmax, can be evaluated through eq. (5.7a). As it is an analytic relationship,
it helps to reduce the calculation time, and to study the influence of the para-
meters involved as well.
Now both parameters that are required to solve eq. (5.3), Bmax and Hmax, are
known, although they can also be found using Fig. 5.3. In this figure the initial
magnetization curve of the seven materials listed in Table 5.2 are plotted along
with the demagnetization curves of eq. (5.6). The initial magnetization curves
are plotted using the approximation given in eq. (5.5). To evaluate the accuracy
of this approximation, the results obtained from eq. (5.5), Ban, were compared
with the experimental ones, Bexp, through the calculation of the relative error
with regard to the saturated magnetic flux density generated in each material
(ε = (Bexp − Ban)B−1

s × 100), which is presented in Fig. 5.4. As it can be seen
in this figure, for all the materials the considered error tends to zero when the
external magnetic field is increased. This is due to the initial part of the curve
that is not accurately modeled by eq. (5.5). Nevertheless, this problem has not
been considered further because, as explained before, this part of the curve is not
within the interest of this work, due to the very little losses that happen in this
part. However, as shown in Fig. 5.4, AEM-4750, Permenorm, and to some extent,
GO Fe-Si have this part of their initial magnetization curve more extended, so
the percentage of error can be high for a bigger range of external magnetic field
for these materials. But a good agreement is found just after the first part of the
initial magnetization curve (H > H1), as in this part the concavity of the curve
is upward and does not follows eq. (5.5).
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Using Fig. 5.3 the maximum flux density, Bmax, generated inside the ferromag-
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Figure 5.3: Variation of the magnetic flux density, B, as a function of the ex-
ternal magnetic field, H, along the initial magnetization curve, for seven different
materials as is indicated in the legend, eq. (5.5). Dotted lines, eq. (5.6): demag-
netization field generated inside the bodies with the demagnetization factor, Nd,
indicated by the label: (a) 1 × 10−7, (b) 2 × 10−6, (c) 5 × 10−6, (d) 1 × 10−5,
(e) 1.5× 10−5, (f) 2.5× 10−5, (g) 4× 10−5, (h) 1× 10−4.

netic bodies for different values of demagnetization values can be evaluated. The
dashed lines in Fig. 5.3 are the demagnetizing curves for several values of demag-
netizing factors, Nd. The intersection of these lines with the initial magnetization
curves are the values of the maximum generated field, Hmax, and maximum flux
density, Bmax, in the ferromagnetic hysteresis rods, as the solution of eqs. (5.7).
However, it has to be taken into account that the approximations considered
in Fig. 5.3 are only valid within the irreversible region, as can be realized from
Fig. 5.4. The limit of the reversible part, H = H1, can be estimated from Fig. 5.4
for a given error ε (e.g. ε < 10% ). If these values are translated to Fig. 5.3, then a
limit region appears where the approximation of the initial magnetization curves
are no longer valid. This limit almost coincides with the demagnetization curve
for Nd = 1 × 10−4 when the external magnetic field amplitude is H = 20 A/m.
This means that for staying within the second portion of the initial magnetiza-
tion curve, which produces the maximum dissipated energy, the demagnetization
factor of the body should not exceed 1 × 10−4. For each shape the value of de-
magnetization factor corresponds to some ratios of the specific dimensions of the
body, which can be deduced from the expressions given in Table 5.1. Therefore,
for producing more effective energy dissipation effect the elongation of the body
cannot be decreased below a certain limit for which the maximum magnetic flux
density inside the material would be within the reversible part.
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It is obvious that, in satellite applications, the external magnetic field that the
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Figure 5.4: Variation with the applied magnetic field, H, of the relative error,
ε, of the analytic model for the second part of the initial magnetization curve of
seven different materials, as indicated in the legend.

rods will experience is the geomagnetic field of the Earth at the corresponding
position of the satellite. Based on the data provided in [51], the strength variation
of the geomagnetic field at the distance R from the center of the Earth varies in
the range [1, 2] × 7.71×1015

µ0R3 A/m, where µ0 is the vacuum permeability. Hence,
at a 600 km altitude orbit the magnetic field of the Earth varies between 20 to
40 A/m.
Therefore, to obtain an optimum design, the chosen rod should be magnetized up
to its second level of magnetization when the applied field is within 20 to 40 A/m.
However, the influence of the permanent magnet on the ferromagnetic materials
should be also taken into account, as is explained in the next section.
As it was explained, apart from the finite elongation of the body, another para-
meter that influences the efficiency of hysteresis rods in satellite applications is
their layout with regard to the other magnetic materials in place, specially the
permanent magnet. In the following section, a mathematical model to evaluate
the magnetic field generated by the permanent magnet in its vicinity is presented.

5.6 Permanent magnet magnetic field

In this section, a mathematical model to evaluate the magnetic field generated
by the permanent magnet at its vicinity is presented. The magnetic field vector
generated at a given point by a permanent magnet in its vicinity, Hpm, can be
expressed as the negative gradient of a potential function, which is called the
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scalar potential function of the permanent magnet, φpm,

Hpm = −∇φpm. (5.9)

This potential function at an arbitrary point P, located by the position vector
r (with its origin at the center of the permanent magnet), can be evaluated
through,

φpm =
1

4π

∫
Vpm

r ·M
r3

dV ′, (5.10)

where M is the magnetization vector, and Vpm the volume of the permanent mag-
net. Considering these relationships, the magnetic field vector Hpm generated by
a parallelepiped-shape (3 cm x 1 cm x 1 cm) permanent magnet with a magnetiz-
ation of 1× 105 A/m oriented along its longitudinal direction, inside the volume
of a cubic satellite with 0.5 m side length, can be evaluated. According to this
estimation, the corresponding field of the permanent magnet inside the satellite
varies from the maximum value of 5.2 × 104 A/m, right above the permanent
magnet, to the minimum value of 0.054 A/m in the farthest point from the mag-
net inside the satellite.
One has to bear in mind that since a permanent magnet applies a constant field
over the rods, by fixing some parts of the domain it reduces the corresponding
hysteresis loss of the rod. The most practical way to take the effects of the per-
manent magnets into account is to subtract their corresponding magnetic field
from the oscillating field. However, it has been observed that in some existing
satellites (e.g. Delfi) the generated magnetic field of the permanent magnet, Hpm,
was much bigger than the geomagnetic field. This case is presented separately
in section 5.10, where the proposed analytical model is applied to some selected
existing satellites, including Delfi.

5.7 Estimating damping time

If the dissipated energy in the hysteresis materials that are on-board the satellite
is known, the rotational speed decay time of the satellite can be evaluated by
analyzing the angular dynamic of the satellite. Assuming the satellite is rotating
around one of its principal axes, the decreasing rate of the angular velocity of the
satellite can be expressed according to the Euler angular equation of motion as,

I
dω

dt
= −T, (5.11)

where ω is the angular velocity of the satellite, I the moment of inertia with
regard to the rotation axis, and T is the component of the damping torque vector
along the axis of rotation. The environmental torque can be neglected compared
to the torque generated by the interaction of the ferromagnetic material with the
geomagnetic field.
According to the in-flight data of some satellites that have utilized hysteresis
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rods for reducing their initial angular velocities, the angular velocity showed a
linear variation with time, which means that the damping torque is a constant.
Therefore, assuming that the magnetic field follows a complete hysteresis loop in
each rotation of the satellite, the torque can be approximated as Wh/2π. Thus,
the time, td, that takes the satellite to reduce its initial angular velocity, ω(0), to
the desirable angular velocity of ω is,

td =
2πI

Wh

(ω(0)− ω), (5.12)

where Wh is the resultant hysteresis losses due to the dissipation of energy inside
all the ferromagnetic materials on-board the satellite.
By knowing the dissipating energy due to hysteresis losses as a function of the
different characteristics of the material and its shape, the design procedure can be
conducted towards finding an optimum point. To do so, in the following sections
the following points are discussed: (section 5.8) the best on-board layout for the
PMAS, (section 5.9) the initial magnetization curve of some materials as defined
before, and the variation of the dissipated energy of different materials versus
their body shape characteristics, (section 5.10) estimation of the damping time
for several existing satellites.

5.8 Influence of the permanent magnet

The intention of this section is to find the best on-board layout for the hyster-
esis rods with respect to the permanent magnet. Obviously, a layout where the
influence of the permanent magnet on hysteresis rods is as low as possible is the
most desirable one. Therefore, the influence of the permanent magnet on differ-
ent types and positions of hysteresis rods was studied.
From what has been explained in section 3, it can be concluded that, because of
the high values of demagnetization field a TFR generates in the perpendicular
direction to its plane, the magnetization vector in a TFR of soft ferromagnetic
materials is constrained to lie in the longitudinal plane of the film. In fact, the
demagnetization factor, Nd, of a thin film perpendicular to its plane is unity,
whilst if the magnetization lie in the film plane Nd is much smaller. And due to
the fact that the magnetic field vectors generated by the permanent magnet are
perpendicular to equatorial plane of the magnet, TFRs function more efficiently
when placed in this plane. Nevertheless, this position is not the best for CCSRs,
as the diameter of the commonly used CCSRs are at least one order of magnitude
greater than the thickness of TFRs. This results in the creation of lower demag-
netization fields in perpendicular direction to longitudinal axis in CCSRs rather
than TFRs. Therefore, the best position for CCSRs is the farthest position from
the permanent magnet.
Based on this knowledge three different cases obtained, as a combination of pos-
ition and shape of the rods (Fig. 5.5) are studied in this section, namely;

Case A. A TFR in the equatorial plane of the permanent magnet, oriented
along y axis.
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Case B. A CCSR in the farthest position from the permanent magnet, oriented
along y axis.

Case C. A TFR in the farthest position from the permanent magnet and ori-
ented along the x axis.

x

y

z

Case B.

0.12 A/m

0.05 A/m

0.00 A/m

0.00 A/m

C
as

e 
C

.

0.03 A/m

0.07 A/m

Figure 5.5: Layouts studied: Cases A-C, calculated value of the effective magnetic
fields, Hpm, generated by the permanent magnet at both ends of the rods.

The position of the permanent magnets and hysteresis rods in all the studied
cases, along with the corresponding values of the magnetic field generated by the
permanent magnet at both ends of each rod, is shown in Fig. 5.5. The permanent
magnet for conducting these studies was considered to be the same magnet as
the one explained in section 6. The dipole direction of the permanent magnet
is considered to be along the x axis of the reference frame. The results of these
cases are explained in the following paragraphs.

Case A.
Using Eq. (5.9) and (5.10), the effective magnetic field of the permanent
magnet that fixes some part of the domains along a hysteresis rod can be
evaluated. However, it has to be taken into account that to evaluate the
effective magnetic field that influences a thin film of hysteresis rod, the
component of the field that is perpendicular to the plane of the film should
not be considered in calculations. Therefore, the effective magnetic field of
the permanent magnet that affects the domain distribution in a thin film,
placed in this position, is zero.

Case B.
In case of a CCSR, all the components of the field generated by permanent
magnet should be considered effective, therefore the best position for this
rod would be the farthest position from the permanent magnet, as is shown
in Fig. 5.5. Placing the CCSR in this position, the effective magnetic field
of a permanent magnet with the magnetization of 1× 105 A/m, evaluated
by Eq. (5.9) and (5.10) showed that this field changes from H=0.05 A/m
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in one end to 0.12 A/m in the other end of the rod.

Case C.
In this case the rod is oriented along the x axis (parallel to the magnetiz-
ation vector of the permanent magnet). Of course, for providing the best
efficiency it has to be placed in the farthest position from the permanent
magnet, as it is shown in Fig. 5.5. Due to the high demagnetization factor
attributed to TFRs in the perpendicular direction to their plane, the rod
for this position was decided to be a TFR. As in this case some part of the
magnetic field of the permanent magnet does not affect the rod, it is rel-
atively more efficient for this position. However, the final decision depends
on the size of both the rods and the magnet. So, for deciding the shape a
separate analysis should be conducted for each shape. But it has not been
done here to limit the length of this chapter, and we have limited ourselves
to the TFR case.
The effective magnetic field of the permanent magnet influencing this rod
was calculated to be within [0.03, 0.07] A/m. The variation of the cor-
responding magnetic field along with the magnetic flux constant lines are
presented in Fig. 5.6. As shown in this figure, in some parts of the rod
the external field is parallel to the easy axis of magnetization of the TFR
(longitudinal axis). Due to this reason and also to the higher value of the
external magnetic field of permanent magnet at the vicinity of this rod,
it is preferable to avoid placing any hysteresis rod along this axis, as the
hysteresis rods along this axis result to be less efficient.

5.9 Dissipated energy versus body shape

As it was explained previously, to be able to conduct the design towards an
optimum point, in this section the variation of the dissipated energy as a function
of the thickness and diameter of TFR and CCSRs is studied. Through this study
the performances of both shapes are compared and the length of the rod for each
shape that gives the same dissipation is determined. It is shown that above this
length the CCSRs demonstrates a more efficient behavior than the TFRs.
By knowing the maximum flux density, Bmax, generated inside the body as a
function of its thickness, tr, or diameter, d, the variation of dissipated energy per
cycle as a function of its thickness or diameter can be evaluated by using the
power law of Steinmetz, eq. (5.2(b)). Based on this relationship, the variation of
the dissipated energy per cycle, Wh, for different materials in the form of TFR
and CCSRs as a function of their thickness and diameter are respectively plotted
in Fig. 5.7 and 5.8. For both cases, the length of the body was considered to be
0.2 m, and it was assumed that the internal magnetic field generated inside the
body was within the range [H1, H2], while the peak value of the external magnetic
field was Ha = 20 A/m. As shown in these figures, the dissipated energy attains
a maximum value at a given thickness, tmax, or diameter, dmax, of the TFR or
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Figure 5.6: Constant magnetic scalar potential lines (solid lines) of the field
generated by the permanent magnet along the plane of a hysteresis thin film
rod (1 cm width) placed in the farthest position from the permanent magnet
and oriented along the x direction (Fig. 5.5-Case C). The direction of the arrows
indicates the direction of the magnetic field of the permanent magnet over the
plane of the rod, and their relative length indicates the relative magnitude of the
magnetic field.

CCSR, respectively, as it was expected. tmax or dmax are hereafter referred to as
the optimum thickness or diameter, respectively.

As it was explained in Fig. 5.3, to keep the internal magnetic field generated
in the body, Hin, within the range [H1, H2], the thickness has an upper limit.
Exceeding this thickness Hin goes outside the range of [H1, H2], inside which the
efficiency in dissipating energy is large. Below this range the amount of dissipated
energy would be much less, and should not be considered in an optimum design.
The maximum of dissipated energy that was attained in Figs. 5.7 and 5.8 can be
helpful to optimize the design. It would also be interesting to study the effect
of the shape to find the most effective range of each shape. Comparing the re-
spective dissipated energies in Fig. 5.7 with the ones of Fig. 5.8, it can be seen
that the dissipated energy is larger in the case of TFRs. The maximum value
of dissipated energy, Wpeak, was evaluated through Fig. 5.7 and 5.8 for a given
length, l, of the rod and width of TFR, w, while exposed to a specific applied
field, Ha, as explained in the preceding paragraphs. In Fig. 5.9 the variation of
the peak value of dissipated energy, Wpeak, is plotted against the length of the
rod for four different materials and two different shapes of rod while the width of
the thin films were kept equal to 5 mm. As shown in this figure, CCSRs present
lower values of peak dissipated energy, Wpeak, when the length of the body is
below some 0.26 m. The different influence of the length in both cases is due
to the different dependence of the demagnetization factor on the length for the
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Figure 5.7: Variation with the thickness, tr, of the dissipated energy per cycle,
Wh, in soft ferromagnetic TFRs, of 5 mm width and 0.2 m length, using Steinmetz
power law, Eq. (5.2). External magnetic field peak value Ha =20 A/m.

two cross section types, as shown in the corresponding equations presented in
Table 5.1.

Therefore, there is a point in Fig. 5.9 where the two curves cross each other,
hereafter denoted as the ”crossing point length”. This length is expected to in-
crease with the width, w, because in TFRs the peak value of dissipated energy
increases with the width.
According to eq. (5.1), another important factor in sizing the different parameters
of hysteresis rods is the peak value of the applied oscillating field, Ha. Obviously,
the variation of this parameter is not within the control of the designer, and
depends on the altitude and rotational or oscillating behavior of the satellite.
Therefore, by knowing the relevance of this parameter in the dissipating perform-
ance of hysteresis rods, the design should be tried to be as optimum as possible
for the whole range of possible values of applied fields, Ha, that the satellite will
experience.
To show the influence of the applied field, Ha, in Fig. 5.10(a)-(d) the variation of
the dissipated energy, Wh, is plotted as a function of the diameter, d, or thick-
ness, tr, of CCSRs or TFRs for different peak values of the applied oscillating
field, Ha, and for two different materials (Fe80B10Si10 and GO Fe-Si). These data
were obtained for TFRs with 0.2 m length, and 5 mm width. In Fig. 5.10(c)
and (d), external magnetic field values in the range Ha < 10 A/m have not been
considered, as for this material in this low range of applied field the dissipation
cannot be calculated by using eq. (5.2b) because it is not valid in this range. Fur-
thermore, this range is not relevant, as a clear maximum does not appear. The
results in this figure show that both the peak values of dissipated energy, Wpeak,
and its corresponding optimum thickness or diameter depend on the strength of
the applied oscillating fields.
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Figure 5.8: Variation with diameter, d, of the dissipated energy, Wh, of CCSR.
Same conditions as in Fig. 5.7.

Knowing the fact that the optimum diameter and thickness of CCSRs and TFRs
depend on the magnitude of the magnetization field, thus it is desirable to con-
duct the design to a point where the influence of Ha, which is an uncontrollable
parameter, is lower. For doing so, the variation of the optimum thickness and
diameter of TFR and CCSR respectively as a function of the width of the film
and the length of the cylinder, for four different values of Ha was studied. The
results are shown in Fig. 5.11. As the behavior of all the materials concerning
these parameters is the same, Fig. 5.11 is plotted for just one material (mumetal).
This variation for the TFRs, as it can be seen from Fig. 5.11(a), is evaluated for

widths within the range [3 10] mm. Obviously the selection of this range depends
on the available sizes and dimensions in the market. However, it has to be taken
into account that the relationship presented in Table 5.1 for evaluating the de-
magnetization factor of TFRs was obtained from [46], where the coefficients are
presented for stripes with the widths within the range [1 20] mm.
As shown in Fig. 5.11(a), by increasing the width of the TFR both the value
of the optimum thickness, tmax, and the influence of the applied field, Ha, on it
decrease. This can be considered as an advantage for TFRs. Because on one
hand, a higher value of width leads to a higher value of dissipated energy in the
rod, according to eq. (5.3). On the other hand, the optimum values of thickness
for different values of applied fields for higher values of width are concentrated in
a smaller range which leads the selected design value to be closer to the optimum
value of the in-orbit applied fields. Therefore, the optimum value of width and
thickness, for the considered range of widths, 3 mm < w < 10 mm, would be the
point where the range of optimum thickness for different values of applied field is
smaller. This point for the width range, 3 mm < w < 10 mm, that is considered
in Fig. 5.11(a) would be w = 10 mm where its corresponding range of optimum
thicknesses is smaller, and tr = 0.043 mm which is the middle point of this range.
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Figure 5.9: Variation with rod length, l, of the peak value of the dissipated energy,
Wpeak, inside bodies of different materials and different cross sections, exposed to
an oscillating magnetic field with a peak value Ha =20 A/m. The width of the
TFRs is w =5 mm.

This point is indicated by the cross sign in this figure.
The variation of the optimum diameter as a function of the length of CCSRs
for four different values of the applied field is shown in Fig. 5.11(b). As is seen
in this figure, on one hand by increasing the length of the CCSR the values of
dmax increase proportionally. On the other hand, as the length increases the
values of dmax for different values of the applied field diverge, as the slope in-
creases when the applied magnetic field, Ha, increases. This in fact means that
for the higher values of length the influence of Ha in determining the optimum
diameter increases. This behavior can be considered a disadvantage for CCSR
as the increase of length that was previously seen to result in the increment of
the dissipated energy (Fig. 5.9), is accompanied with an adverse effect in the
convergence of the optimum diameter for different values of the applied magnetic
field.
Therefore, for TFRs, the thickness can almost always be designed very close to
the optimum values due to the convergence of the optimum thicknesses for dif-
ferent applied fields by increasing the width of the body. However, for CCSR
by increasing the length, the optimum diameters under the influence of different
applied fields diverge. One has to bear in mind that higher values of width and
length are more desirable, as they increase the volume and consequently dissip-
ated energy. It has also to be kept in mind that the CCSR are specially effective
for higher lengths of rod comparing to TFRs (Fig. 5.9).
Thus, for CCSRs it is not always possible to design the diameter close to the
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Figure 5.10: Variation of the dissipated energy, Wh, as a function of thickness,
tr, or diameter, d, of TFR and CCSRs for materials Fe80B10Si10 and GO Fe-Si
with length of 0.2 m, for different values of the peak applied field, Ha. (a) CCSR,
Fe80B10Si10, (b) TFR, GO Fe-Si, (c) CCSR, GO Fe-Si, (d) TFR, GO Fe-Si. In
the case of TFRs, the width of the rods is considered 5 mm.

in-orbit optimum value. This leads to the ambiguity whether the CCSR still
remain more efficient for higher lengths of the body compared to TFRs. As the
diameter cannot be chosen equal to the optimum diameter and depending on the
peak value of the real applied field that it can experience in orbit, the designed
diameter might be off from the corresponding optimum diameter for that field.
So, in order to make sure that the CCSRs are more efficient for the higher lengths
of the body, the dissipated energy generated by different diameters of cylindrical
bars should be compared with the dissipated energy generated by a TFR with
the optimum dimensions that is obtained from Fig. 5.11(a), for different values
of the external applied magnetic field. The optimum dimensions of the TFRs
for the range of widths studied in Fig. 5.11, is indicated by the cross sign in
this figure, as it was explained before. The result of this comparison is shown in
Fig. 5.12(a)-(d).

The variation of the dissipated energy of CCSR as a function of its diameter,
for four different peak values of applied field, is plotted in Fig. 5.12 along with
the dissipated energy within a TFR with optimum dimensions obtained from
Fig. 5.11(a). Four different values of l= 0.1, 0.2, 0.3, and 0.4 m for rod length are
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Figure 5.11: (a) Variation of the optimum thickness, tmax, of TFR, 0.2 m long,
with the width, w, for peak values of applied field Ha =5, 10, 15 and 20 A/m.
(b) Variation of the optimum diameter, dmax, of a CCSRs with the length of the
body, l, in the same conditions as (a). Material : mu-metal.

considered respectively in Fig. 5.12(a, b, c, and d). The dimensions of the TFRs
considered are w = 10 mm, and t = 0.043 mm which are the optimum width and
thickness obtained from Fig. 5.11(a). The amount of energy dissipated by CCSR
and TFRs for different values of the applied field and rod length can be compared
by using Fig. 5.12(a)-(d) to choose the more efficient shape and dimension for the
hysteresis rods.
As shown in Fig. 5.12(a), the amount of energy dissipated in the CCSR is far
below the one in TFRs, all over the range of its considered diameters for all the
values of applied fields. As the length is increased, (Fig. 5.12(b) and (c)) the dif-
ference is reduced, and in some cases the behavior is reversed over a portion of the
diameter range. Increasing the length of the rod to 0.5 m the amount of energy
dissipated in CCSR is largest in almost all the range of the considered diameter
of the body. Through this result the ambiguity that appeared previously can get
clear by confirming that for the higher lengths of body (above the crossing point
length), CCSR display a better performance than TFRs, even when the diameter
is not selected equal to dmax.
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Figure 5.12: Variation with the diameter, d, of the dissipated energy, Wh, within
a CCSR, for several values of their length, l, (a) 0.1 m, (b) 0.2 m, (c) 0.3 m, and
(d) 0.4 m, for four different peak values of applied field, Ha =5, 10, 15, and 20
A/m. Horizontal lines: energy dissipated inside a TFR with width w=10 mm
and thickness tr=0.043 mm.

5.10 Estimated damping time

The aim of this section is to apply the energy dissipation model given by eqs. (5.4)
to (5.12), to estimate the effect on a satellite rotational speed decay time. As it
is mentioned in section 5.7, the time for a satellite to reduce its initial angular
velocity to a desired one can be estimated by using eq. (5.12). The damping time
for four satellites that have already flown is evaluated analytically and compared
with their actual in-flight data. In this way the validation of the proposed model
can be tried, and the efficiency of the above mentioned satellite PMAS designs
can also be studied.
The in-flight data of existing selected satellites that have been used to perform
this study are presented in Table 5.3, including their corresponding hysteresis
material; rod shape; cross section areas, A; length, l; number of rods, nr; damp-
ing time, td, needed to decrease its angular momentum a given amount I∆(ω);
the orbital radius, R; the dipole moment of the permanent magnet, mpm; and the
on-board arrangement of the bars with respect to the permanent magnet.
It was observed that in some of the four satellites considered the elongation of the
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rods were in a range of values such that the maximum internal magnetic flux dens-
ity, Bmax, of the rods were in the first part of the initial magnetization curve (thus
working in the almost reversible range, suggesting a poor efficiency). To asses the
behavior of the satellite in this range, it was required to evaluate the variation of
the magnetization curve within this region, which has been modeled by eq. (5.4).
To do this, the values of µi and νH for the materials that were implemented on
these four satellites were estimated based on experimental data [11,48–50,52,53]
that are presented in Table 5.4.
In the following paragraphs, an analysis of the selected existing satellites is presen-
ted.

Table 5.3: In-flight data of existing selected satellites.

satellite material shape A l nr I∆ω td R mpm on-board ar-
rangement

[mm2] [m] [kgm2/s] [days] [km] [Am2]
TRANSIT
-1B

AEM-
4750

CCSR 32 0.78 8 16.86 6 804 N.A. N.A.

TRANSIT
-2A

AEM-
4750

CCSR 8 0.78 8 50.88 19 804 N.A. N.A.

DELFI-
3C

Permenorm CCSR 11 0.07 2 0.0027 86 635 0.3 in a plane
perpendic-
ular to the
permanent
magnet axis
and passing
through its
center

TNS-0 Mo-
Permalloy

TFR 2×1 0.12 8 0.076 21 350 2.2 in a plane
perpendic-
ular to the
permanent
magnet.

Table 5.4: Properties of magnetic materials used in the satellites studied.

Material µi [Tm/A] νH [T(m/A)2]
AEM-4750 8.5× 10−3 3.95× 10−4

Mo-Permalloy 2.5× 10−2 1.1× 10−2

Permenorm [3.8, 12.6]× 10−3 [4.1× 10−4, 1.55]

TRANSIT. The TRANSIT satellite series were the first satellite navigation
systems that were developed by the Applied Physics Laboratory (APL) of the
Johns Hopkins University for the U.S. Navy [52]. The satellites were equipped
with 8 CCSRs, made up of magnetic material AEM-4750. As the orbital radius of
these satellites were about R = 804 km, the average of the magnetization field in
the orbit was evaluated to be about 25 A/m. As shown in Fig. 5.3, the material
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AEM-4750 under the influence of an external magnetic field of H = 25 A/m is
still far below its saturation (B = 0.5 T << Bs = 1.04 T). Therefore, the use of
demagnetization factors given by Table 5.1 in the corresponding equations would
be a significant source of error, thus a modification of this model was needed in
this case. After some trials it was found that the most simple change, that gives
satisfactory results, is to consider a coefficient, α, as follows,

α = 0.73 atan(4.91
B

Bs

). (5.13)

This modification of the demagnetization factor for a CCSR is given by,

Nd = α
4.02 loge−0.185

2e2
. (5.14)

By applying this demagnetization factor, the magnetization, Hin, evaluated
inside an AEM-4750 rod with elongation e=248 is more in accordance with the
experimental values presented in [11].
By using the demagnetization factor, eq. (5.14), and data of TRANSIT-1B and
TRANSIT-2A, from Table 5.3, in eq. (5.12), the detumbling time, td, as a function
of the diameter of the rods is calculated and the results are shown in Fig. 5.13.
Given the number of assumptions the estimation can be considered to be in a
good agreement with the in-flight data. The estimated damping time is roughly
twice the flight data. In the TRANSIT-2A case, the damping effects of eddy
current and shorted coils, which were wounded around a part of the hysteresis
rods in case of TRANSIT-2A, was not considered in the model. These effects
should amplify the damping effect of the permeable cores. Due to this, it was
expected that the estimated values be larger than the real ones. It has to be
mentioned that in the calculation of hysteresis losses in the rods, the value of κw
in eq. (5.3) was considered to be 0.73, according to the data published in [52].
As shown in Fig. 5.13, the sizing of the rods was half the optimum value in
TRANSIT-1B, and was improved in the case of TRANSIT-2A. Although in this
case, td is not very sensitive to d in the range 4 mm < d < 9 mm. According to
the calculations presented in this chapter the optimum diameter (d = 5.2 mm) is
somewhere between the assigned values to these two satellites.

Delfi. Delfi-C3 was a nanosatellite developed by the Faculties of Aerospace En-
gineering and Electrical Engineering of Delft University [54]. The elements of the
PMAS of this satellite were a permanent magnet and two CCSRs.
As it was also explained in section 3, a non-varying external magnetic field can
cause a part of the domains to get fixed with respect to each other, so those
domains do not participate in the dissipation action anymore. In the case of
Delfi, due to the presence of a relatively large permanent magnet, almost all the
domains in the rods should have remained fixed. This means that the domains
are no longer moving in the two first parts of the hysteresis curve presented in
Fig. 5.1. Therefore, the contribution of the hysteresis rods in despinning the
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Figure 5.13: Variation of the damping time, td, with the diameter of the hysteresis
rods, d. square: in-orbit data of TRANSIT-1B, circle: TRANSIT-2A.

satellite is due to the movement of the domains that happen in the third part of
the hysteresis curve.
As not any practical formulation for evaluating the hysteresis loss in this third
region is available in the literature, to the authors knowledge, the same equation
that was used for estimating the losses in the first region of the curve, eq. (5.4(a)),
was also used. In both regions the amount of energy losses is much less than in
the second region, as shown in Fig. 5.1.
In order to estimate the energy losses in this region using eq. (5.4(a)), first the
total external magnetic field that the hysteresis rods are exposed to, should be
evaluated. In the case of Delfi, the hysteresis rods were exposed to the magnetic
field of the permanent magnet plus the geomagnetic field which is not constant
in magnitude and orientation along the orbit. The constant magnetic field due to
the permanent magnets are estimated to be about 60 to 150 A/m, respectively
for each rod. The difference is due to their relative position with regard to the
permanent magnet. Later, due to the motion along an orbit of 635 km altitude,
the rods got exposed to a non-constant external field of the order of 27 A/m.
Finally, considering the peak value of Ha = 87 and 177 A/m for the applied mag-
netic field for each rod, the variation of the magnetic induction inside the rods
for different values of the rod elongation was evaluated.
The part of induction that contributes to the dissipation is obtained by subtract-
ing the induction that was due to the permanent magnet, from the ones evaluated
as a result of total external magnetic field for different values of demagnetization
factor. The induction that was due to the permanent magnet was evaluated sep-
arately and resulted to be about 1.07 and 1.27 T for each bar.
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The energy losses due to the varying magnetic induction inside these rods, Whm ,
can be estimated using eq. (5.2(a)), and the corresponding magnetic field, H, that
results in such inductions should be evaluated using eq. (5.4(a)), by applying the
values of νH and µi provided in Table 5.4. The required damping time for Delfi, td,
is calculated for both TFR and CCSRs as a function of the thickness of the bodies
and the results are shown in Fig. 5.14, along with in-flight data of this satellite.
As shown in Fig. 5.14, and as explained in section 4.1, if the cylindrical rods are
placed in a plane perpendicular to the permanent magnet this design would not
be a very efficient one as, depending on the magnetic dipole of the permanent
magnet, the CCSR get saturated to a certain point. Nevertheless, the TFRs for
such a configuration would be much more efficient, as shown in Fig. 5.14. It has
to be mentioned that the estimated damping times with the CCSRs are very
rough. This is because a model for evaluating the loss in the third part of the
initial magnetization curve was not found. Therefore the assumptions that were
explained in the preceding paragraphs were introduced. However, the intention
of this article is not to study the first and last regions of the hysteresis graph,
so the result of this rough estimation were considered acceptable enough for our
purpose.

The minimum and maximum variation curves of cylindrical case, corresponds
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Figure 5.14: Variation of the damping time, td, with the diameter, d, of the
CCSR (Delfi-C3 design), and thickness, tr, for TFRs (proposed option), for Delfi-
C3 satellite. Rhombi : in-orbit data. max and min correspond to µi = 3.8×10−3

Tm/A, and µi = 12.6× 10−3 Tm/A, respectively.

to the extreme values of the initial relative permeability region of Permenorm,
that was considered to be in the range [3000, 10000], as is also presented in
Table 5.4. Later, the corresponding curves of the TFR cases were obtained
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through eq. (5.2(b)) for H1 < H < H2.

As shown in Fig. 5.14 for CCSR and same material, a clear reduction of the
damping time can be obtained, by reducing the rod diameter to a few parts of a
millimeter. Also employing the same number of the rods, but using TFRs, the
minimum damping time decreases from about 27 days to some 3 days.

TNS-0. TNS-0 was the first Russian nanosatellite [55] that implemented a
PMAS. It carried 8 hysteresis rods with rectangular cross section, and a perman-
ent magnet. The corresponding information of the satellite is shown in Table 5.3.
The variation of the estimated damping time with the thickness of the rods pre-
dicted by the model for this satellite, along with in-flight data, is presented in
Fig. 5.15. The agreement between the results of the model and the in-flight data
is not bad. It can be also noted that the design has some margin for improvement:
by reducing the thickness of the films from 1 mm to about 0.2 mm, the estimated
damping time can be reduced from 16 to 8 days.
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Figure 5.15: The same as Fig.5.13 for the satellite TNS-0. The in-flight data is
indicated by the star.
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Chapter 6

Conclusion and future work

6.1 Conclusions

The main results of the work are summarized in this chapter. The primary
purpose of the current research was to study the coupling between the attitude
control and thermal control subsystems of a small satellite, and address the solu-
tion to the existing issues concerning the determination of their parameters. The
coupling between the two subsystems is considered under two different attitude
control strategies: 1) Passive magnetic attitude control which is comprised of a
permanent magnet placed in the direction of flight and two hysteresis rods along
the two other principal axes, 2) active magnetic attitude control. This strategy
was aimed to provide a desired spin rate along a desired axis of the satellite and
orienting the axis with respect to an inertial reference frame. In this regard in
chapters 2 to 5 the following points were discussed:

• Attitude equations of motion and a thermal mathematical model compris-
ing of 7 nodes (6 external nodes and 1 internal node for a cubic satellite)
along with external and internal torque and heat loads were developed and
implemented in MATLAB’s SIMULINK environment to be used further as
a simulation tool.

• A simple model of the passive magnetic attitude control were added to
the simulation and the temperature evolution of the system under the in-
fluence of this strategy was compared to the case of applying the second
control strategy. From this comparison it was observed that the available
power from solar panels increases by 28% once applying the active control
strategy, while a significant difference was not observed between the cases
with different spin rates. Also the temperatures were stabilized in a lower
value, once spinning around an axis, perpendicular to the incoming solar
radiation.

• The variation of temperature evolution of the 7 nodes of the satellite were
studied as a function of the spin rate applied in the Zb direction through an
analytic approach. It has been observed that the temperature stabilization
time decreases by increasing the spin rate, and the temperature change
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becomes insignificant for higher values of spin rate. The same result were
obtained for the variation of the temperatures about its steady state, where
the changes became insignificant for the higher values of the spin.

• In the last chapter an analytic approach is proposed for evaluating the
damping efficiency of hysteresis rods with two different shapes. The pro-
posed formulation was applied to the case of four existing satellites in order
to compare the results with their respective in-flight data, which showed
very satisfactory results.

6.2 Future work

The following topics are not covered in this work but it is believed that they can
be of interest for future investigation:

• The parameters of the control law applied in chapter 3 were observed to
be case dependent. Obtaining the relation between the parameters of this
control strategy with the parameters of each case, such as spin rate is con-
sidered as an interesting and very useful field for further research.

• It would be very beneficial and useful for further mission design to apply the
perturbation method explained in chapter 4 to the case of a satellite flying in
a sun-synchronous orbit with the mean local time of 6:00 a.m. It is believed
that as the environmental conditions in those orbits are very different from
the ones studied in this work, this study may ensue interesting results.

• Collect more data from magnetically stabilized satellites to improve the
model presented in chapter 5. A large number of small satellites have been
launched very recently, but the mission data are not yet available.
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