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ABSTRACT 

This dissertation employs and develops Bayesian methods to be used in typical 

geotechnical analyses, with a particular emphasis on (i) the assessment and selection 

of geotechnical models based on empirical correlations; on (ii) the development of 

probabilistic predictions of outcomes expected for complex geotechnical models. 

Examples of application to geotechnical problems are developed, as follows: 

(1) For intact rocks, we present a Bayesian framework for model assessment to 

estimate the Young’s moduli based on their UCS. Our approach provides 

uncertainty estimates of parameters and predictions, and can differentiate among 

the sources of error. We develop ‘rock-specific’ models for common rock types, 

and illustrate that such ‘initial’ models can be ‘updated’ to incorporate new 

project-specific information as it becomes available, reducing model uncertainties 

and improving their predictive capabilities. 

(2) For rock masses, we present an approach, based on model selection criteria to 

select the most appropriate model, among a set of candidate models, to estimate 

the deformation modulus of a rock mass, given a set of observed data. Once the 

most appropriate model is selected, a Bayesian framework is employed to develop 

predictive distributions of the deformation moduli of rock masses, and to update 

them with new project-specific data. Such Bayesian updating approach can 

significantly reduce the associated predictive uncertainty, and therefore, affect our 

computed estimates of probability of failure, which is of significant interest to 

reliability-based rock engineering design. 

(3) In the preliminary design stage of rock engineering, the information about 

geomechanical and geometrical parameters, in situ stress or support parameters is 
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often scarce or incomplete. This poses difficulties in applying traditional empirical 

correlations that cannot deal with incomplete data to make predictions. Therefore, 

we propose the use of Bayesian Networks to deal with incomplete data and, in 

particular, a Naïve Bayes classifier is developed to predict the probability of 

occurrence of tunnel squeezing based on five input parameters that are commonly 

available, at least partially, at design stages. 
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RESUMEN 

En esta Tesis Doctoral se emplean y desarrollan Métodos Bayesianos para su 

aplicación en análisis geotécnicos habituales, con un énfasis particular en (i) la 

valoración y selección de modelos geotécnicos basados en correlaciones empíricas; en 

(ii) el desarrollo de predicciones acerca de los resultados esperados en modelos 

geotécnicos complejos. Se llevan a cabo diferentes aplicaciones a problemas 

geotécnicos, como es el caso de: 

(1) En el caso de rocas intactas, se presenta un método Bayesiano para la evaluación 

de modelos que permiten estimar el módulo de Young a partir de la resistencia a 

compresión simple (UCS). La metodología desarrollada suministra estimaciones 

de las incertidumbres de los parámetros y predicciones y es capaz de diferenciar 

entre las diferentes fuentes de error. Se desarrollan modelos "específicos de roca" 

para los tipos de roca más comunes y se muestra cómo se pueden "actualizar" esos 

modelos "iniciales" para incorporar, cuando se encuentra disponible, la nueva 

información específica del proyecto, reduciendo las incertidumbres del modelo y 

mejorando sus capacidades predictivas. 

(2) Para macizos rocosos, se presenta una metodología, fundamentada en un criterio 

de selección de modelos, que permite determinar el modelo más apropiado, entre 

un conjunto de candidatos, para estimar el módulo de deformación de un macizo 

rocoso a partir de un conjunto de datos observados. Una vez que se ha seleccionado 

el modelo más apropiado, se emplea un método Bayesiano para obtener 

distribuciones predictivas de los módulos de deformación de macizos rocosos y 

para actualizarlos con la nueva información específica del proyecto. Este método 

Bayesiano de actualización puede reducir significativamente la incertidumbre 
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asociada a la predicción, y por lo tanto, afectar las estimaciones que se hagan de 

la probabilidad de fallo, lo cual es de un interés significativo para los diseños de 

mecánica de rocas basados en fiabilidad. 

(3) En las primeras etapas de los diseños de mecánica de rocas, la información acerca 

de los parámetros geomecánicos y geométricos, las tensiones in-situ o los 

parámetros de sostenimiento, es, a menudo, escasa o incompleta. Esto plantea 

dificultades para aplicar las correlaciones empíricas tradicionales que no pueden 

trabajar con información incompleta para realizar predicciones. Por lo tanto, se 

propone la utilización de una Red Bayesiana para trabajar con información 

incompleta y, en particular, se desarrolla un clasificador Naïve Bayes para predecir 

la probabilidad de ocurrencia de grandes deformaciones (squeezing) en un túnel a 

partir de cinco parámetros de entrada habitualmente disponibles, al menos 

parcialmente, en la etapa de diseño. 
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1 INTRODUCTION 

1.1 Background: The need for this research 

1.1.1 Bayesian prediction of mechanical parameters 

Mechanical parameters, such as the uniaxial compressive strength (UCS) and Young’s 

moduli (E) for intact rocks, or the strength (σcm) and deformation moduli (Erm) for rock 

masses, are essential inputs for successful rock mechanics solutions (Farquhar et al. 

1994) and they are also crucial parameters for the design of rock engineering structures, 

such as tunnels, dams and foundations (Sonmez et al. 2006). These mechanical 

parameters could be directly measured through laboratory or in situ tests, but 

laboratory tests require high-quality samples which sometimes cannot be obtained 

from weak and highly fractured rocks (Gokceoglu and Zorlu 2004; Miranda 2007), 

while in situ tests are usually time consuming, expensive and sometimes even 

infeasible (Hashemi et al. 2010). Therefore, direct measurement of mechanical 

parameters may not be available (Jaksa et al. 2005) and empirical correlations provide 

an alternative way to indirectly estimate them (Hoek and Diederichs 2006; Zhang and 

Einstein 2004; Karakus et al. 2005). 
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Most empirical correlations are obtained using regression methods that do not quantify 

the uncertainties of predictions. In addition, it is not always possible to modify them 

to incorporate project-specific data. This limits their practical utility and makes them 

inappropriate for reliability-based design. To overcome these problems, an alternative 

approach is needed to assess these commonly used empirical correlations. As we will 

use, the Bayesian framework appears as an interesting solution to this need, as in 

addition to best estimates of model parameters it also provides uncertainty estimates 

of parameters and predictions, further allowing us to update and improve the empirical 

correlations as new project-specific data becomes available. 

1.1.2 Tunnel squeezing prediction using Bayesian networks 

Squeezing in rock tunnels often occurs in soft (weak) rock masses at great depth; it is 

also common in tunnels subjected to high horizontal in situ stresses in tectonically 

active regions like the Himalayas (Steiner 2000; Sunuwar 2007; Jimenez and Recio 

2011). Squeezing may cause tunnel collapses, budget overruns and construction delays. 

Therefore, many correlations –based on case histories, closed-form solutions, or 

numerical models– have been proposed to predict squeezing (Singh et al. 1992; Hoek 

2001). 

However, these traditional correlations cannot be used in cases in which –as it often 

happens in tunnel engineering practice– information is scarce or incomplete at early 

design stages. Bayesian Networks (BNs) are particularly useful for dealing with 

incomplete input information, i.e., missing data (Uusitalo 2007). Therefore, the 

development of a BN model for tunnel squeezing, so that it is being able to deal with 
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incomplete data, is desirable. We propose one such model, showing that its predictions 

are adequate and that it adequately handle missing data. 

1.2 Objectives 

The specific objectives of this dissertation can be summarized as follows: 

(1) Bayesian prediction of Young’s moduli of intact rocks using their UCS: We aim to 

propose an alternative approach, based on the Bayesian framework for model 

assessment, to predict Young’s moduli of intact rocks based on their UCS. The 

proposed approach should take into account different sources of uncertainties such 

as model uncertainty and measurement uncertainty, so that it can incorporate new 

project-specific data as they become available, reducing model uncertainties and 

improving model accuracy. 

(2) Estimation of deformation modulus of rock masses using Bayesian model selection 

and Bayesian updating approach: First, we aim to present an approach, based on 

“information criteria”, to select the most appropriate model, among a set of 

commonly used candidate models, to estimate the deformation modulus of a rock 

mass, Erm, based on its RMR or GSI values. In addition, we aim to propose a 

procedure to systematically update the predictive distribution of Erm when new 

“project-specific” data are available. Finally, we aim to show that the reduction of 

predictive uncertainties achieved with the Bayesian updating has a significant 

influence on the computed reliability estimates of a rock engineering design. 

(3) Prediction of tunnel squeezing with incomplete data using Bayesian Networks: We 

aim to develop a Bayesian Network and, specifically, a Naïve Bayes classifier, to 

probabilistically predict the occurrence of squeezing in rock tunnels for which 
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(sometimes incomplete) information is available. The proposed Naïve Bayes 

classifier is expected to have an improved predictive capability and to be able to 

make predictions even with incomplete data. 

1.3 Outline of the dissertation 

This dissertation is divided into six chapters and three appendices. 

In Chapter 2, we make a literature review on Bayesian model assessment, Bayesian 

model selection, Bayesian computation techniques, and Bayesian Networks. 

In Chapter 3, we present a Bayesian approach to predict Young’s moduli of intact 

rocks based on their UCS. First, we compile an extensive database of test results about 

E and UCS from literature. Then, we develop initial ‘rock-specific’ models for 

common rock types. Finally, we illustrate that such ‘initial’ models can be ‘updated’ 

to incorporate new project-specific data as they become available, reducing model 

uncertainties and improving their predictive capabilities. 

In Chapter 4, we present an approach, based on model selection criteria —such as 

Akaike information criterion (AIC), Bayesian information criterion (BIC) and 

deviance information criterion (DIC)— to select the most appropriate model, among 

a set of four candidate models —linear, power, exponential and logistic—, to estimate 

the deformation modulus of a rock mass, given a set of observed data. Once the most 

appropriate model is selected, a Bayesian framework is employed to develop 

predictive distributions of Erm based on the selected model, and to update them with 

new project-specific data. It is shown that such Bayesian updating approach can 

significantly affect our computed estimates of probability of failure. 
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In Chapter 5, we present a novel application of Bayesian Networks (BNs), specifically 

a Naïve Bayes classifier, to predict tunnel squeezing. First, a database of 166 

tunnelling case histories from 7 countries is compiled from the literature; such 

database includes “incomplete” information about five parameters, i.e., support 

stiffness (K), Rock Tunnelling Quality Index (Q), tunnel depth (H), tunnel diameter 

(D), and strength-stress ratio (SSR). Then, the Naïve Bayes classifier is “learned” with 

this “incomplete” database using the Expectation Maximization (EM) algorithm, and 

the “learned” Naïve Bayes classifier is then be employed to predict the probability of 

tunnel squeezing for a given set of (probably incomplete) evidence. Model validation 

is also conducted to show the advantages of the developed Naïve Bayes classifier. 

Finally, a sensitivity analysis is performed to assess the importance of the input 

parameters. 

In Chapter 6, a summary of the major findings from this dissertation and some 

suggestions for future work are presented. 
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2 LITERATURE REVIEW 

2.1 Bayesian model assessment 

2.1.1 Mathematical models 

The relationship between observed (input or independent) and estimated (output or 

dependent) variables in real engineering problems, such as estimating the deformation 

modulus of rock masses, is often complex. But, in some cases, we may build a model, 

( , )i iz g v θ  ( 1,2,...,i r ), to describe such complex behaviour, where iz  denote the 

(observable) dependent variables, 1( , , )
vnv vv   is the nv-dimensional vector of the 

(observable) independent variables, 1 2( , ,..., )
vk  θ  is the kv-dimensional vector of 

(unobservable) model parameters, and ( , )ig    represents the relationship between 

them; parameters θ  are usually unknown and hence need to be estimated by 

“calibrating the model to observed data”, in a process called “model assessment” 

(Geyskens et al. 1998). For instance, the correlation proposed by Serafim and Pereira 

(1983) to estimate the deformation modulus of a rock mass, i.e., Erm = 10(a*RMR+b), is a 

model with r = 1, in which the input variable v = RMR is one dimensional (nv = 1), 
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and in which the vector of parameters is given by ( =1 40, =-1 4)a bθ  (Note, 

therefore, that kv = 2). That is, in this model, RMR is the (observable) independent 

variable, Erm is the (observable) dependent variable, and θ  = (a, b) are the 

(unobservable) model parameters to be estimated. 

Since a model is only an approximation to the complex real-world phenomenon, 

models are usually imperfect and their predictions are uncertain (Geyskens et al. 1993). 

Three major sources of model uncertainty are identified as: simplification errors, 

measurement errors and statistical errors (Der Kiureghian 1990). 

2.1.2 Bayes’ theorem 

Bayes’ theorem (Bayes and Price 1763) can be used to ‘update’ our (uncertain) state 

of knowledge about the model parameters, θ, after additional observations, y, become 

available. Bayes’ theorem for inference about parameters can be expressed as (Ang 

and Tang 1975; Lunn et al. 2012): 

( ; ) ( )
( | )

( )

L f
f

f


 

θ y θ
θ y

y
                                                (2.1) 

where ( )f  θ  is the “prior” probability density function (PDF), which is related to the 

initial knowledge about θ  before the newly observed data is taken into account; 

( ; ) ( | )L fθ y y θ  is the “likelihood” function, which is the conditional probability of 

observing the additionally available data, y, given specific values of θ ; and ( | )f  θ y  

is the “posterior” PDF incorporating both the subjective judgment and the observed 

data. The normalizing constant ( ) ( ; ) ( )f L f d y θ y θ θ  ensures that ( | )f  θ y  

integrates to one. 
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Bayes’ theorem in Eq. (2.1) can usually be expressed as 

( | ) ( ; ) ( )f L f θ y θ y θ                                                 (2.2) 

The Bayesian approach allows a “multi-stage” inference of model parameters, i.e., the 

posterior distribution of a previous analysis can be used as the prior for a new updating 

analysis after new observations become available (Sivia 2006; Gardoni et al. 2007). 

For example, when initial observations, 1y , are made, Eq.(2.2) yields 

1 1( | ) ( ; ) ( )f L f θ y θ y θ                                                (2.3) 

And, if new observations, 2y , which are assumed to be independent of 1y , become 

available, using the posterior distribution 1( | )f  θ y . obtained in Eq.(2.3) as a “new” 

prior gives 

1 2 2 1 2 1( | , ) ( ; ) ( ; ) ( ) ( ; ) ( | )f L L f L f   θ y y θ y θ y θ θ y θ y                       (2.4) 

The above updating process can be repeated every time that new observations become 

available, and our state of knowledge about the unknown parameters can also be 

continuously updated. 

Bayesian methods have been widely applied in many fields such as econometrics 

(Zellner 1983), ecology (Ellison 2004; Johnson and Omland 2004), and physics (Bard 

1974), and they are increasingly being used in geotechnical engineering. For instance, 

Zhang and Tang (2002) applied the Bayesian approach to a pile capacity problem, 

using pile load test results to reduce the pile length; Jung et al. (2009) updated a unified 

soil compression model using the information from three experimental datasets; 

Miranda et al. (2009) updated the deformation modulus of rock masses when new data 

become available; Zhang et al. (2009) characterized geotechnical model uncertainty 
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using observed data; Park et al. (2012) updated resistance factors of axially loaded 

driven piles using proof pile load tests; Wang et al. (2012) updated the KJHH model 

(Kung et al. 2007) to predict the maximum ground settlement in braced excavations 

using centrifuge test data; Hsein Juang et al. (2013) updated the soil parameters in a 

multistage braced excavation using field observations; Papaioannou et al. (2014) 

updated the numerical model of a tunnel in soft soil using the settlement measurements; 

and Li et al. (2014) developed a multi-step updating method to improve the predictive 

performance of a complex geotechnical system using measured data. 

2.1.3 Posterior predictive analysis 

Sometimes, we would like to make predictions after having observed data, y. 

Assuming that observations are conditionally independent given θ , we can derive the 

posterior predictive distribution as (Ntzoufras 2009; Lunn et al. 2012) 

( | ) ( | ) ( | )f f f d θy y y θ θ y θ                                      (2.5) 

where y  denotes our predicted quantity of interest. 

2.2 Bayesian model selection 

Generally speaking, the goodness of the fit of a model can be improved as the number 

of parameters increases (Burnham and Anderson 2002); for instance, the model with 

more parameters usually has a larger coefficient of determination, R2, which is to be 

expected, as R2, only measures the goodness of fit of the model but ignores the model 

complexity. However, the variance (uncertainty) of the model increases as the number 

of parameters increases. Figure 2.1 clearly shows that “bias decreases and variance 

increases as the dimension of the model increases” (Burnham and Anderson 2002). A 
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commonly used approach to do model selection is to compare R2 of different models, 

but “neglecting the principle of parsimony makes it a poor technique for model 

selection (Johnson and Omland 2004)”. Therefore, the principle of parsimony (the 

principle of parsimony should lead to a model with “the smallest possible number of 

parameters for adequate representation of the data” (Box and Jenkins 1970)) should 

be considered to achieve a balance between the bias of a model and its variance. 

 

Figure 2.1 The principle of parsimony: “Bias decreases and variance 

(uncertainty) increases as the number of parameters in a model increases”, 

reproduced from Burnham and Anderson (2002)  

Next we introduce some model selection techniques, within a Bayesian framework, 

which can take into account both model accuracy and complexity. 

2.2.1 Bayesian model selection and Bayes factor 

Let us assume that there are K candidate models, i.e., M1, …, MK, for the observed 

data, y. The Bayesian approach for model selection can be used to choose the model 

with the highest posterior probability. The posterior probability of model MK, 

Pr( | )kM y , can be computed using Bayes’ theorem as (George 2004): 
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( | ) Pr( )
Pr( | )

( | ) Pr( )

k k
k k

k k
j

p M M
M

p M M





y

y
y

                                          (2.6) 

where Pr( )kM  is the prior probability which reflects our knowledge about model kM  

before the observed data are available, and ( | )kp My  is the “evidence” for model kM , 

or the probability of observing y  given kM . Using the total probability theorem, 

( | )kp My  can be computed as (Hoeting et al. 1999) 

( | ) ( | , ) ( | )k k k k k kp M p M M d y y θ θ θ                                    (2.7) 

where ( | , )k kp My θ  is the likelihood, i.e., the probability of data, y , given model, 

kM , and the vector of model parameters, kθ ; and ( | )k kM θ  is the prior distribution 

of model parameters, kθ , for model kM . When there is no “prevailing prior 

knowledge” about the models, equal prior probabilities (i.e., Pr(M1) = … = Pr(Mk) = 

1/k) could be taken for each model (Wang and Aladejare 2015). In the case, the 

posterior model probabilities are proportional to their evidence, ( | )kp My  (Luoma 

2008). 

There are also alternative strategies for model selection, such as the posterior odds 

ratios and Bayes factor. The posterior odds ratios can be obtained using Eq. (2.6), i.e., 

Pr( | ) ( | ) Pr( )

Pr( | ) ( | ) Pr( )
k k k

j j j

M p M M

M p M M
 

y y

y y
                                           (2.8) 

where 

( | )
( )

( | )
k

kj
j

p M
B

p M


y
y

y
                                                      (2.9) 
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is the Bayes factor for Mk against Mj. Thus, Eq. (2.8) can be written as 

Posterior odds = Bayes factor × Prior odds                                (2.10) 

Eq. (2.10) indicates that the posterior odds equals the Bayes factor if equal prior 

probabilities for all models are adopted (i.e., prior odds = 1) (Raftery 1995). Jeffreys 

(1961) first proposed guidelines for interpreting Bayes factors and Raftery (1995) 

proposed a slightly altered version (see Table 2.1). 

Table 2.1 Interpretation of Bayes factor and BIC difference, modified from 

Raftery (1995). 

BIC	difference	 Bayes	factor	
Evidence	in	favor	

of	model	k	

0‐2	 1‐3	 Weak	

2‐6	 3‐20	 Positive	

6‐10	 20‐150	 Strong	

>10	 >150	 Very	strong	

In geotechnical engineering, Yan et al. (2009) applied the Bayesian model selection 

approach to select the empirical formula of the compression index for marine clays 

with the highest plausibility among 18 candidate formulae; Wang et al. (2013) 

identified underground soil strata using Bayesian model class selection within system 

identification approach; Cao and Wang (2014) applied Bayesian model selection to 

choose the most appropriate spatial correlation function for soil parameters; and Wang 

and Aladejare (2015) developed a Bayesian method to select the most appropriate site-

specific regression model for estimation of uniaxial compressive strength (UCS) of 

rocks. 

A practical difficulty associated with the Bayesian model selection approach discussed 

above is that “marginal likelihoods and corresponding model probabilities are very 
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sensitive to the choice of priors”; and this problem still exists even when the data set 

becomes large (Luoma 2008). Several variants of Bayes factors such as partial Bayes 

factors, intrinsic Bayes factors and fractional Bayes factors (see e.g., Kadane and 

Lazar (2004) and O'Hagan and Forster (2004)) have been proposed to tackle this 

problem. In addition, the employment of information criteria, such as the Akaike 

information criterion (AIC), the Bayesian information criterion (BIC), or the Deviance 

information criterion (DIC), avoids the choice of priors (George 2004), hence 

providing “an alternative and easier approach to model selection” (Luoma 2008). 

2.2.2 Model selection criteria 

2.2.2.1 Introduction to AIC and BIC 

The AIC is an information criterion that measures both the goodness of fit of the model 

and the complexity of the model. It is defined as (Akaike 1973) 

AIC = -2 ˆ( )l θ  + 2kv                                                  (2.11) 

where ˆ( )l θ  = ˆln ( | )f y θ  is the maximum log-likelihood of the model, θ̂  are the 

maximum likelihood estimates for model parameters and kv is the number of the 

estimated parameters. 

Similarly, the BIC is defined as (Schwarz 1978) 

BIC = -2 ˆ( )l θ  + kv·ln(no)                                             (2.12) 

where no is the number of observations employed in the likelihood. 

As mentioned before, it is possible to improve the goodness of fit (e.g., to obtain a 

larger R2) by increasing the number of model parameters, but doing so may result in 

overfitting. Both AIC and BIC resolve this problem by penalizing the model 
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complexity. In general, BIC has a stronger penalty term, kp·ln(no), than AIC does 

(Gardoni et al. 2009). It is clear that models with lower AIC (or BIC) are preferred. In 

addition, it has been shown that “the BIC agrees with the leading order terms in the 

logarithm of the evidence and so in this case it is equivalent to the Bayesian approach 

using equal priors for all of the p(Mk) (Beck and Yuen 2004)”. Therefore, BIC can be 

considered as an approximation to Bayes factors (Song and Lee 2002). 

2.2.2.2 Introduction to DIC 

The DIC can be regarded as a generalization of AIC (Lunn et al. 2012), with the 

advantage that it is particularly suitable within Bayesian frameworks. Following 

Spiegelhalter et al. (2002), for data y and model parameters θ, a deviance is defined 

as -2 times the log-likelihood, i.e., 

( ) 2 ( )D l θ θ                                                     (2.13) 

and the DIC is defined as 

( ) 2D DDIC D p D p   θ                                         (2.14) 

where D  is the posterior mean deviance (i.e., the average of ( )D θ ) that denotes the 

measure of fit,  ( )D θ  is the deviance of posterior means (i.e., deviance evaluated at 

the average of θ ) and Dp  is the effective number of parameters that represents a 

measure of complexity, i.e., Dp  = ( )D D θ . Therefore, DIC can also be considered 

as a Bayesian measure of model fit and complexity (Spiegelhalter et al. 2002). “In 

simple models, DIC is asymptotically equal to the AIC, but is more general and can 

also be applied in hierarchical models, where the number of parameters is not clearly 

defined.” (Luoma 2008) 
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Honjo et al. (1994b) applied the well-known AIC to identify the most appropriate 

model among four numerical models considered as alternatives to analyse the 

settlement of an embankment. Ching et al. (2009) proposed a Bayesian probabilistic 

framework for selection of predictive models in geotechnical engineering. Beck and 

Yuen (2004) proposed a Bayesian probabilistic approach to “rank the classes of 

models based on their probabilities conditional on the response data” in structural 

engineering. 

There are also other model selection criteria, such as Kashyap’s information criterion 

(KIC) (Kashyap 1982) and Akaike's Bayesian Information Criterion (ABIC) (Honjo 

and Kashiwagi 1999), which are beyond the scope of this dissertation and are not 

discussed herein. 

2.2.3 Bayesian model averaging 

Since a model is only a simplification to the real complex world, there may be many 

models for the same system. Recently, it has been shown that, in some cases, improved 

out-of-sample predictions can be obtained if several models are considered using a 

Bayesian model averaging (BMA) approach (also called multi-model inference, model 

combination, model averaging, or model smoothing) (Hoeting et al. 1999; Zhang 2009; 

Madigan and Raftery 1994; Raftery 1995). 

Let us assume that there are K candidate models (i.e., model M1, …, MK) for the same 

system (or phenomenon) and that ∆ represents the quantity of interest. Then the 

average of the posterior distributions given data y can be expressed as (Hoeting et al. 

1999) 
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1

( | ) ( | , )Pr( | )
K

k k
k

p p M M


  y y y                                    (2.15) 

where Pr( | )kM y  is the posterior model probability (Eq.(2.6)), which can be 

considered as the model weight. 

The posterior mean and variance for ∆ can be computed as (Hoeting et al. 1999) 

 
1

E( | ) E[ | , ]Pr( | )
K

k k
k

M M


  y y y                                   (2.16) 

 2 2

1

Var[ | ] Var[ | , ] E [ | , ] Pr( | ) E ( | )
K

k k k
k

M M M


      y y y y y          (2.17) 

Although few applications of BMA in geotechnical engineering are known to the 

author, BMA has been applied in other fields such as structural and hydrological 

engineering: for instance, Zhang and Mahadevan (2000) applied a BMA approach to 

a fatigue reliability problem, combining predictions from “two competing crack 

growth models”; Neuman (2003) proposed a maximum likelihood Bayesian model 

averaging (MLBMA) method to combine predictions from multiple models; Ye et al. 

(2004) showed that adopting only one out of several plausible models may cause 

“statistical bias” and “underestimation of uncertainty”, so that BMA provides a better 

way to “combine predictions of several competing models and assessing their joint 

predictive uncertainty”; and Poeter and Anderson (2005) advocated the use of BMA, 

showing the AIC is more appropriated than other criteria, such as BIC and KIC, for 

multi-model ranking and inference. Recently, Zhang et al. (2014) developed a model 

averaging approach to geotechnical reliability analysis with limited data in which the 

model selection uncertainty has been explicitly considered. 
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2.3 Bayesian computation 

Within the Bayesian framework, the posterior distribution, ( | )f  θ y , can be obtained 

using Bayes’ theorem in Eq. (2.1), incorporating both our prior knowledge on the 

model parameters θ  and the information from observed data, y. Once we have the 

posterior distribution, ( | )f  θ y , various statistics of θ  can be computed from 

integrals of the form (Geyskens et al. 1993; Albert 2009) 

( ) ( ; ) ( )
( ( )) ( ) ( | )

( ; ) ( )

w L f d
I w w f d

L f d


 




 
Θ

Θ

Θ

θ θ y θ θ
θ θ θ y θ

θ y θ θ
                       (2.18) 

where θ  is the parameter space, and ( )w θ  is the weight function that depends on the 

statistic to be computed. (e.g., for ( )w θ θ , the expectation of the parameter vector 

θ  is computed; for    ( ) ( E )( E )Tw   θ θ θ θ θ , the covariance matrix is calculated; 

and for ( ) ( | )w f yθ θ , the predictive distribution of y  can be obtained; see Eq.(2.5)). 

Note that the computation of marginal posterior distribution of parameters of interest 

also depends on the integrals, i.e., “One obtains the marginal posterior density by 

integrating out the nuisance parameters from the joint posterior distribution” (Albert 

2009). The computation of Eq. (2.18) is non trivial and analytical solutions to Eq. 

(2.18) are generally not available, because the posterior PDF, ( | )f  θ y , is often 

complex in practical problems. Therefore, it is usually necessary to numerically 

compute this integral (Geyskens et al., 1998). A number of quadrature methods and 

other approximate methods can be used to numerically evaluate the integrals in Eq. 

(2.18) (Albert 2009; Geyskens et al. 1993). In recent years, the advances in computing 

speeds make the sampling-based methods (such as importance sampling and Markov 

chain Monte Carlo (MCMC) simulation) popular especially for high dimensional 
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integrations. Below, we will introduce some of the most commonly used 

computational methods (i.e., the Gauss-Hermite quadrature method in Section 2.3.1, 

the Laplace approximation method in Section 2.3.2, and the MCMC simulation 

method in Section 2.3.3); see Smith (1991) and Robert and Casella (2004) for a more 

detailed discussion of Bayesian computational methods. 

2.3.1 Gauss-Hermite quadrature 

If the posterior distribution ( | )f  θ y  in Eq.(2.18) can be approximated by a function 

of the form of “a polynomial in 1( , , )
vk θ   a vk  dimensional multivariate normal 

probability density” (Geyskens et al. 1993), the integrals in Eq. (2.18) can be computed 

using the Gauss-Hermite quadrature. For simplicity, we start with univariate problems. 

Gauss-Hermite quadrature can be used to approximate the integrals of the form 

(Naylor and Smith 1982; Smith et al. 1987) 

2exp( ) ( )f d  



                                            (2.19) 

where 2exp( )  can be considered as a weight. 

The weighted integral in Eq. (2.19) can be approximated as 

2
,

1

exp( ) ( ) ( )
sn

i root i
i

f d f    





                                (2.20) 

where 
1

22
1 ,

2 !

( )
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n
s

i

s n root i

n

n H









  

 with 1( )
snH    being the Hermite polynomial of order 

1sn   and ,root i  is the thi  root of the Hermite polynomial ( )
snH   (see Abramowitz 

and Stegun (1964) for details). 



Chapter 2 Literature review 

19 

 

Assuming ( )   is a “suitable regular function” (Naylor and Smith 1982) and 

2

2

1 1
( ) ( ) exp

22
S

   


        
                         (2.21) 

it can be proved  that 

1

( ) ( )
sn

i i
i

S d m z  





                                      (2.22) 

where 

2
,exp( ) 2i i root im    , ,2i root iz                            (2.23) 

Eq. (2.20) can be generalized to multivariate problems using the Cartesian product 

rule (Naylor and Smith 1982), 

2 1 1

2 1

1 1( , , ) ( , , )
v v k kv v

kv

k k i i i i i
i i i

S d d m m m S z z                    (2.24) 

where 
jim  and 

jiz  can be found using Eq. (2.23), with   and 2  being substituted by 

the marginal posterior mean and variance of j  (j = 1,…, kv). Approximate values of 

these posterior mean and variance of j  can be obtained using maximum likelihood 

estimation methods (see Naylor and Smith (1982) for details). 

Eq. (2.20) or Eq. (2.24) can be applied to compute the integrals in Eq. (2.18) if the 

integrand, ( | )f  θ y , can be approximated by a function having the form “polynomial 

  normal”. Note that the Gauss-Hermite quadrature can only be applied to a low 

dimension case ( 6vk  ) due to the “the assumptions underlying the use of the 

Cartesian product rule” (Geyskens et al. 1993). 
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2.3.2 Laplace approximation 

The Laplace approximation method for solving Bayesian integrals was proposed by 

Tierney and Kadane (1986). It is based on a simple idea, i.e., to “apply separately the 

Laplace method for integrals to both the numerator and denominator” in (2.18) (Smith 

1991). For the one dimensional case, it can be described as follows (MacKay 2003): 

Let W  represent the integration of ( )w  , 

( )W w d                                                          (2.25) 

Using Taylor-expansion on the logarithm of ( )w  , we have 

* * 2ln ( ) ln ( ) ( )
2

B
w w   


                                            (2.26) 

where *  is the point that maximizes ( )w  , and 
2 *

2

ln ( )w
B




  


. 

Based on Eq. (2.26), we have 

* * 22
( ) ( ) exp[ ( ) ]

2 2

B B
w w

B

   

 

   


                              (2.27) 

where * 2exp[ ( ) ]
2 2

B B  

 

   is the PDF of a normal distribution and therefore, we 

have * 2exp[ ( ) ] 1
2 2

B B
d  


 

   . 

Substituting Eq. (2.27) into Eq. (2.25) gives 

* 2
( )W w

B




                                                  (2.28) 

We can generalize Eq. (2.28) to a kv dimensional case, 
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( ) ( )

vk

w d w



 θ θ θ

B
                                        (2.29) 

where θ is a kv-dimensional vector, *θ  is the vector maximizing ( )w θ , 

2 *ln ( )
t

w  
 

θ
B

θ θ
, and   denotes the determinant of a matrix. 

Applying Eq. (2.29) to both the numerator and denominator in Eq. (2.18) yields, 

* * *
21 1 1

* *
2 2 1

( ) ( ; ) ( )
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w L f
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L f




 
Bθ θ y θ

θ
θ y θ B

                                   (2.30) 

where *
1θ  and *

2θ  are, respectively, the vectors maximizing ( ) ( ; ) ( )w L f θ θ y θ  and 

( ; ) ( )L f θ y θ , 
2 * * *

1 1 1

1

ln ( ) ( ; ) ( )
t

w L f      
 

θ θ y θ
B

θ θ
, and 

2 * *
2 2

2

ln ( ; ) ( )
t

L f      
 

θ y θ
B

θ θ
. 

2.3.3 MCMC simulation 

Sampling based methods are always appropriate but expensive for solving Eq. (2.18) 

(Rubinstein and Kroese 2008). The ordinary Monte Carlo simulation is not very 

efficient for Bayesian updating problems and its implementation is rarely feasible in 

practice, except for some extremely simple cases (Geyskens et al. 1993). Therefore, 

many improved sampling based methods, such as importance sampling , Gibbs 

sampling and MCMC simulation, have been proposed (Robert and Casella 2004; 

Gamerman and Lopes 2006). In this section, we discuss the MCMC simulation method; 

see Rubinstein and Kroese (2008) for a detailed survey of the other simulation methods. 

A difficulty with simulation methods is that, if the posterior distribution, ( | )f  θ y , is 

not a common type of distribution, it is difficult to directly draw samples from it. But 

MCMC simulation can help with this case, because the basic idea of MCMC 
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simulation is “drawing values from approximate distributions and correcting those 

draws to better approximate the target posterior distribution” (Gelman et al. 2004). 

Additional advantages of MCMC simulation are that: (1) it is not necessary that the 

number of measured data is larger than the number of model parameters being updated 

(Zhang et al. 2010); and (2) the updated statistics, such as the mean and standard 

deviation, can be easily computed using the draws from MCMC simulation. There are 

two basic ways to construct the Markov chains: the Gibbs sampler and the Metropolis 

algorithm (Bradley and Thomas 1996). 

The Gibbs sampler algorithm can be described as (Bradley and Thomas 1996; Gelman 

et al. 2004): 

1. Determine the starting point for 0θ ; 

2. For q = 1, 2, … , N 

(1) Draw ( )
1

q  from ( 1) ( 1)
1 2( | , , )

v

q q
kf     ; 

(2) Draw ( )
2

q  from ( ) ( 1) ( 1)
2 1 3( | , , , )

v

q q q
kf      ; 

  

(kv) Draw ( )

v

q
k  from ( ) ( )

1 1( | , , )
v

q q
N kf     ; 

(kv + 1) If q = N, the iteration stops; otherwise q = q + 1 and return to Step (1). 

Note that the convergence of a Gibbs sampler can be accelerated if the parameter 

vector, θ , can be divided into several groups (or subvectors) and the variables in each 

subvector are updated simultaneously (Givens and Hoeting 2005). The conditional 

distributions such as ( 1) ( 1)
1 2( | , , )

v

q q
kf      must be standard distributions, otherwise 

the Gibbs sampler is infeasible. 
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The Metropolis algorithm can be described as follows (Gelman et al. 2004; Metropolis 

et al. 1953; Hasting 1970; Hsein Juang et al. 2013; Zhang et al. 2010): 

1. Determine the starting point for 0θ ; 

2. For q = 1, 2, … , N 

(a) Sample a proposal *θ  from a jumping distribution (or called “proposal 

distribution”), * 1( | )qJ θ θ , which must be symmetric (i.e., 

* 1 1 *( | ) ( | )q qJ J θ θ θ θ ) for the Metropolis algorithm. A multivariate normal 

distribution is often used as the jumping distribution because of “its good 

convergence properties” (Hsein Juang et al. 2013; Draper 2006) and the 

jumping distribution’s mean point is set as the current point, 1qθ , in the 

Markov chain and its covariance matrix is set to be  θΣ , where   is the 

scaling factor and θΣ  is the covariance matrix of the prior distribution of θ . 

(b) Compute the ratio of the densities 

*

1

| )(

| )(
u

ratio
u

q

f y

yf
 





θ

θ
                                               (2.31) 

where *( | )uf y θ  is the unnormalized posterior PDF; 

(c) Set 

*

1

        if  

    otherwise

ratio uq

q

 









θ
θ

θ
                                       (2.32) 

where u  is a number randomly drawn from a uniform distribution on the 

interval (0, 1); 

(d) If q = N, the iteration stops; otherwise q = q + 1 and return to Step (a). 
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Note that the Metropolis algorithm can be generalized to the Metropolis-Hasting 

algorithm, which does not require that the jumping distribution must be symmetric; 

see e.g., Hasting (1970) and Gelman et al. (2004) for details. 

There are also many other algorithms that can be used to construct a Markov chain, 

such as the Langevin-Hastings algorithm (see e.g., Besag (1994)), the Multiple-try 

Metropolis-Hastings algorithm (see e.g., Liu et al. (2000)), and the auxiliary variable 

methods (see e.g., Higdon (1998)). But, no matter what algorithm is used, its efficiency 

is influenced by several factors, such as the jumping distribution and Markov chain 

length (Hsein Juang et al. 2013). Therefore, the construction of Markov chain is 

problem specific, and no single algorithm is efficient for all problems (Zhang 2009). 

2.4 Bayesian Networks 

2.4.1 Introduction 

Bayesian networks (BNs), also called Bayes network, belief networks, Bayesian belief 

networks, Bayes nets, and sometimes causal probabilistic networks were first 

discussed by Pearl (1986). A BN is a directed acyclic graph (DAG) whose nodes 

represent a set of variables and whose directed edges linking two variables represent 

conditional dependencies. Each variable is associated with a conditional distribution 

given its parents (i.e, a conditional probability table) (Jensen and Nielsen 2007). 

We assume that a Bayesian network contains a set of nodes, 1( ,..., )nb b B . If there is 

an arrow from node 1b  to node 2b , 1b  is called a parent of 2b , and 2b  is a child of 1b . 

Then, the joint probability distribution, ( )P B , can be computed as (Jensen and Nielsen 

2007):  
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1

( ) ( | pa( ))
n

i i
i

P P b b




B                                              (2.33) 

where pa( )ib  are the parents of ib  in the BN. 

For example, Figure 2.2 shows a simple BN containing five variables, 1 5,...,b b . In this 

case, the distributions for each variable are 1( )P b , 2 1( | )P b b , 3 1( | )P b b , 4 2 3( | , )P b b b , 

and 5 3( | )P b b , respectively. And the joint distribution over all the five variables equals 

the product of the conditional distributions associated with each node, so that 

1 2 3 4 5 1 2 1 3 1 4 2 3 5 3( , , , , ) ( ) ( | ) ( | ) ( | , ) ( | )P b b b b b P b P b b P b b P b b b P b b                (2.34) 

 

Figure 2.2 A simple Bayesian network with five variables, reproduced from 

Aguilera et al. (2011) 

BNs have several advantages that facilitate their use in dealing with inference, 

classification and decision making problems. BNs are particularly useful for handling 

missing data (Uusitalo 2007) and could make good predictions even with small data 

sizes (Kontkanen et al. 1997). This makes them quite suitable for the analysis with 

limited geotechnical data. BNs can also easily incorporate knowledge from different 

sources, e.g., expert knowledge and measured data. In addition, once the model is 

learned, we can compute not only the probability distributions of children given their 

parents, but also the distributions of the parents given their children (Uusitalo 2007; 

Aguilera et al. 2011), so that they can make be used to investigate the cause of an 

accident, such as a tunnel collapse. BNs can also be used to “substitute both fault trees 

b2

b4

b3

b5

b1
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and event trees in logical tree analysis” and “provide a good tool for decision analysis” 

(Sousa and Einstein 2012). 

Although Bayesian networks are increasingly being applied to various fields such as 

environmental science (Uusitalo 2007; Aguilera et al. 2011), ecology (Landuyt et al. 

2013), water resources management (Batchelor and Cain 1999), and agriculture (Cain 

et al. 2003), there have been only a few applications in geotechnical engineering: for 

instance, Bayraktarli (2006) proposed an approach, based on BNs, to analyse the soil 

liquefaction; Huang et al. (2012) developed a Bayesian network model to characterize 

the model uncertainty of liquefaction evaluation models; Schubert et al. (2012) used 

them to assess the risks due to traffic in roadway tunnels; Sousa and Einstein (2012) 

presented a BN-based decision support framework to assess risks in tunnel 

construction; Zhang et al. (2013) developed a BN model to predict ground settlement 

in shield tunnel construction; and Wu et al. (2015) developed a Dynamic Bayesian 

Network (DBN) model to predict the tunnel-induced road surface settlements over 

time and to provide guidelines for dynamic safety analysis of the tunnel-induced road 

surface damage over time. 

There are two main steps for BN modelling (Song et al. 2012): (1) to construct the 

structure of the BN, either using our prior knowledge or a structure learning algorithm 

from a set of training data; (2) to determine the conditional probability table of each 

node in the BN structure, again either using our prior knowledge or a parameter 

learning algorithm. Once the CPTs of the BN are learned, the BN can be applied to 

“compute the posterior probability distributions given evidence”, which is called 

probabilistic inference or belief updating (Korb and Nicholson 2004). 
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There are many software packages such as Netica, Hugin, SamIam, Matlab, 

WinBUGS, B-course, Microsoft BN toolkit, Ergo and Genie, etc. for managing BNs 

(see e.g., Borgelt and Kruse (2002) for a detailed survey of these software packages). 

And Netica and Hugin are the two most commonly used software packages. A free 

version of Netica is employed to compute the results presented. 

2.4.2 Structure learning in the BN 

In this section, instead of making a detailed review, we will only provide a brief 

introduction to the popular structure learning algorithms. This is because a special case 

of the BN, i.e., a naïve Bayes classifier, is used in this dissertation and its structure is 

fixed, so that in this case learning its structure is not necessary. In general, the structure 

learning methods can be divided into two kinds (Margaritis 2003; Larrañaga et al. 

2013; Jensen and Nielsen 2007): (a) constraint-based methods and (b) score-based 

methods. 

Constraint-based methods “establish a set of conditional independence statements 

holding for the data” (Jensen and Nielsen 2007), which are used to “build a BN that 

represents a large percentage (and, whenever possible, all) of these relations” 

(Larrañaga et al. 2013; Spirtes et al. 2000). For instance, the PC algorithm is a typical 

constraint-based method (see Spirtes and Glymour (1991) for details). Score-based 

methods are more popular than constraint-based methods. They “calculate a score for 

each candidate BN” and choose the one with the highest score, which includes two 

components: (a) a scoring metric and (b) a search algorithm (Jensen and Nielsen 2007). 

The Akaike’s information criterion (AIC) (Akaike 1973), the Bayesian information 

criterion (BIC) (Schwarz 1978), and the Minimum description length (MDL) score 
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(Grünwald 1998) are three widely used scoring metrics; and the greedy search 

techniques, such as K2 algorithm (Cooper and Herskovits 1992), and heuristic search 

methods, such as hill climbing (Russell and Norvig 2004) and simulated annealing 

(Heckerman et al. 1995), are the most frequently used search algorithms. 

2.4.3 Parameter learning in the BN 

If the structure of a BN is determined and a set of training data is available, parameter 

learning can be conducted to estimate the model parameters in the BN (Jensen and 

Nielsen 2007). In essence, “learning” the parameters of a BN aims to compute the 

conditional probabilities between variables given the training data (or, in other words, 

it aims to construct the CPTs for each node). If the training data are complete, 

maximum likelihood estimation or a Bayesian estimation method can be used to 

perform the parameter learning (see Section 6.1 in Jensen and Nielsen (2007) for 

details). If the training data are incomplete (i.e., if the training data contain some 

missing values), parameter learning can then be accomplished using the Expectation 

Maximization (EM) algorithm (Dempster et al. 1977), an iterative algorithm that 

provides maximum likelihood estimates (MLE) of model parameters (i.e., of 

conditional probabilities), θ, when some variables are missing at random (i.e., 

independently of the observed data) (Korb and Nicholson 2004; Jensen and Nielsen 

2007). The EM algorithm can be described as the following iterative sequence of steps 

(slightly modified from Korb and Nicholson (2004) and Jensen and Nielsen (2007)): 

(0) Initiate θ to θ0 (θ0 is chosen arbitrarily); set θi =θ0; go to Step (1); 

(1) To compute θi+1 once θi is known, complete steps (2) and (3); 

(2) Expectation step: to “complete” the data set based on θi: 
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a) Compute the conditional probability distribution (the weight) of missing 

values, e*:  

( | , ) ( | )
( | , )

( | , ) ( |, )

i i
i

i i

P P
P

P P

e*

e e* θ e* θ
e* e θ

e e* θ e* θ
                                 (2.35) 

where e is the set of observed values. 

b) Obtain the “fractional sample” by assigning a weight, given as 

( | , )iP e* e θ , to the missing values, e*, and add the fractional sample to 

the incomplete data set to get the “completed” data set. 

(3) Maximization Step: To obtain the new MLE of model parameters, θi+1, 

compute the set of parameters that maximize the likelihood of the “completed” 

data set obtained in Step (2b); 

(4) If converged, the algorithm stops; if not, make i = i+1 and θi = θi+1, and return 

to Step (1). 

2.4.4 Probabilistic inference 

Probabilistic inference (or belief updating) aims to “compute the posterior probability 

distributions given evidence” (Korb and Nicholson 2004). The probabilistic inference 

methods can be generally divided into two types: (a) exact inference algorithms 

(Lauritzen and Spiegelhalter 1988; Pearl 1991), and (b) approximate inference 

algorithms including deterministic methods (Engelen 1997; Jensen and Anderson 

1990) and sampling methods (Casella and George 1992; Jensen and Nielsen 2007). 

(Readers are referred to Castillo et al. (1997), Darwiche (2009) and Jensen and Nielsen 

(2007) for details about these methods). Junction Tree (JT) algorithm (Lauritzen and 

Spiegelhalter 1988) is one of the most popular algorithms for probabilistic inference, 
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and it will be employed in this chapter. The JT algorithm can be summarized as (Korb 

and Nicholson 2004; Lauritzen and Spiegelhalter 1988): 

(1) Construct a junction tree based on the existing BN; 

(2) Propagate messages along the junction tree using a message passing algorithm; 

(3) Answer queries when evidence is introduced. 

Note that this description of the JT algorithm is neither complete nor detailed, so that 

readers interested in further details about this algorithm are referred to the original 

reference by Lauritzen and Spiegelhalter (1988); other useful references are Jensen 

(1996), Jensen and Nielsen (2007) and Korb and Nicholson (2004). 

2.4.5 Naïve Bayes classifier 

The naïve Bayes classifier is a special case of Bayesian network (Wijayatunga et al. 

2006). In particular, it is a simple model that “assigns a class label to instances 

described by a set of attributes”, assuming that all the attributes are conditionally 

independent given the class (Friedman et al. 1997). It has been widely used in many 

fields, such as document classification and spam filtering, due to its ease-of-use, 

efficiency in training and good predictive performance (Zhang 2004; Friedman et al. 

1997). 

 

Figure 2.3 A Naïve Bayes classifier 
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Figure 2.3 shows an example of a Naïve Bayes classifier, in which C  represents a 

class variable with oK  possible outcomes, 1 2, ,...,
oKC C C , and 1 2, ,..., nA A A  are the 

attributes, respectively. The conditional probability, 1 2( | , ,..., )k nP C A A A , can be 

computed using Bayes’ theorem as (Zhang 2004): 

1 2
1 2

1 2

( ) ( , ,..., | )
( | , ,..., )

( , ,..., )
k n k

k n
n

P C P A A A C
P C A A A

P A A A
                                (2.36) 

where 1 2( , ,..., )nP A A A  is a constant given the input attributes. 

Considering the conditional independence assumptions, i.e., that each attribute iA  is 

conditionally independent of every other attribute jA  ( i j ) given the class, we have 

1 2
1

( , ,..., | ) ( | )
n

n k i k
i

P A A A C P A C


                                          (2.37) 

Substituting Eq. (2.37) into Eq. (2.36) yields: 

1 2
1

( | , ,..., ) ( ) ( | )
n

n i
i

P C A A A P C P A C


                                        (2.38) 

Based on the commonly used maximum a posteriori (MAP) rule, i.e., to pick the class 

with the highest posterior probability (Friedman et al. 1997), we have the following 

classification rule: 

{1,..., } 1

ˆ arg max ( ) ( | )
o

n

k i k
k K i

C P C P A C
 

                                           (2.39) 

where Ĉ  is the predicted class label. 

In a naïve Bayes classifier, each attribute node has only one parent node that is the 

class node. Therefore, its structure is fixed, i.e., the structure learning is unnecessary. 
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Once the CPTs for each node are determined through parameter learning, the naïve 

Bayes classifier can be used to make classification (Jensen and Nielsen 2007). 

Although the conditional independence assumption in a naïve Bayes classifier is rarely 

satisfied in reality, it has been shown that “even with strong dependencies Naïve Bayes 

still works well” (Zhang 2004) and that it can provide “reliable estimates from a 

limited amount of data” (Pourret et al. 2008), because the number of parameters to be 

estimated is dramatically reduced, in relation to the number of parameters that need to 

be estimated for other alternative models, due to the strong conditional independence 

assumption behind the formulation of the naïve Bayes classifier. 
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3 BAYESIAN PREDICTION OF 

ELASTIC MODULUS OF 

INTACT ROCKS USING THEIR 

UCS 

3.1 Introduction 

The uniaxial compressive strength (UCS) and the Young's modulus (E) are two 

important aspects of intact rock behaviour. For instance, the UCS enters common 

geomechanical classifications such as the Rock Mass Rating (RMR) (Bieniawski, 1989) 

and, together with rock type, can be employed to develop failure criteria for intact 

rocks (see e.g., Shen et al., 2013). Similarly, E is needed to estimate in situ stresses 

using “overcoring” methods (see e.g., Goodman, 1989; Hudson and Harrison, 1997) 

and, together with rock quality indices such as RMR or RQD, to estimate the 

deformability of fractured rock masses (see e.g., Zhang and Einstein, 2004; Hoek and 

Diederichs, 2006). 
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UCS and E can be measured in the laboratory following methods suggested by the 

International Society for Rock Mechanics (ISRM) (Ulusay and Hudson, 2007). 

However, there are requirements —for instance, in relation to coring and cutting of 

samples— that increase the difficulty and cost of such tests, and faster and less costly 

methods have been proposed to indirectly estimate UCS (see e.g., Cargill and Shakoor, 

1990; Kahraman, 2001; Cobanoglu and Celik, 2008; Mishra and Basu, 2013; 

Yesiloglu-Gultekin et al., 2013). 

Many models have been proposed to estimate E of intact rock based on UCS. 

Traditionally, models employed linear or non-linear regressions between E and UCS; 

often with additional parameters to improve the fit. Some of these models —including 

rock types, indicators of goodness of fit, and ranges of E and UCS values— are 

summarized in Table 3.1. (In recent years, there has also been an interest in models 

derived using artificial neural networks (ANN) or fuzzy techniques (Gokceoglu and 

Zorlu, 2004; Sonmez et al., 2006; Heidari et al., 2010; Singh et al., 2012); however, 

since they do not provide analytical expressions for estimation of E, they are not 

reviewed in detail here.) 

For our analysis, we work with the simple model proposed by Deere (1968). This is 

because it is probably the most widely-used model in the literature; it also presents 

mathematical advantages during Bayesian model updating, from which we will benefit 

below. Deere’s model can be expressed as the following proportionality rule: 

RE M UCS                                                       (3.1) 

where MR is the “modulus ratio”.
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Table 3.1 A summary of previously published correlations between UCS and E. 

Reference	 Modela	 R	 Rock	type(s)	
Ranges	

E	[GPa] UCS	[MPa]	

Deere	and	Miller	(1966)	 UCS	=	0.0033E	‐	2886	(E	and	UCS	both	in	psi)	 0.83 Several	 5‐99	 21‐355	

Aggistalis	et	al.	(1980)	 E	=	84.38UCS	+	0.901UCS2	‐	0.0078UCS3	(E	and	UCS	both	in	MPa)	

E	=	UCS2.2248	(E	and	UCS	both	in	MPa)	

0.79

0.70

Basalt	

Gabbro	

1‐12	

1‐10	

17‐91	

6‐108	

Sachpazis	(1990)	 E	=	0.3752UCS	+	4.428	(E	in	GPa,	UCS	in	MPa)	 0.90 Carbonate	Rocks	 8‐71	 22‐311	

Palchik	(1999)	 UCS	=	0.25E/n	(UCS	and	E	both	in	MPa)	 0.95 Porous	Sandstones	 1‐3	 7‐20	

Tuğrul	and	Zarif	(1999)	 E	=	0.35UCS	‐	12	(E	in	GPa,	UCS	in	MPa)	 0.94 Granitic	Rocks	 30‐59	 109‐193	

Lashkaripour	(2001)	 E	=	0.045UCS1.163	(E	in	GPa,	UCS	in	MPa)	 0.97 Mudrocks	 ‐	 ‐	

Begonha	and	Sequeira	Braga	

(2002)	

E	=	0.0183UCS1.3646	(E	in	GPa,	UCS	in	MPa)	 0.99 Oporto	Granite	 1‐23	 20‐157	

Gokceoglu	and	Zorlu	(2004)	 E	=	0.456UCS	+	11.6	(E	in	GPa,	UCS	in	MPa)	 0.82 Greywackes	 13‐81	 17‐156	

Sonmez	et	al.	(2004b)	 E	=	0.4358UCS0.6759	(E	in	GPa,	UCS	in	MPa)	 0.95 Ankara	

Agglomerate	

2‐6	 6‐55	

Al‐Shayea	(2004)	 E	=	24545UCS0.127	(E	and	UCS	both	in	MPa)	 ‐	 Limestone	 ‐	 ‐	

Karakus	et	al.	(2005)	 E	=	‐12.766	‐	(4.06×10‐7)e‐n	+	29.055ln(Is50)	‐	(7.48×10‐5)SHR3	

‐	6.44×10‐3(UCS)n(Vp)	‐	1.19×10‐9UCS5	(E	in	GPa,	UCS	in	MPa)

1.00 Several	

	

8‐25	 12‐90	

Vásárhelyi	(2005)	 E	=	374UCS	(E	and	UCS	both	in	MPa)	 0.89 Miocene	Limestone 0.4‐21	 1‐39	

Sonmez	et	al.	(2006)	 Prediction	chart	based	on	UCS	and	γ	 ‐	 Several	 0.8‐110 4‐512	

Shalabi	et	al.	(2007)	 E	=	0.531UCS	+	9.567	(E	in	GPa,	UCS	in	MPa)	 0.84 Shale	and	Dolomite 16‐81	 11‐127	
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Reference	 Modela	 R	 Rock	type(s)	
Ranges	

E	[GPa] UCS	[MPa]	

Ocak	(2008)	 E	=	0.5342UCS0.7672	(E	in	GPa,	UCS	in	MPa)	 0.81 Several	 0.7‐38	 2‐152	

Asef	and	Farrokhrouz	(2010)	 UCS	=	2.65E0.8/φ0.2(E	in	GPa,	UCS	in	MPa)	 0.96 Several	 ‐	 ‐	

Palchik	(2011)	 E	=	41.98UCS	+	52120ρ	‐	88440	(E	and	UCS	both	in	MPa)	

E	=	45.76UCS	+	75180ρ	‐	147900	(E	and	UCS	both	in	MPa)	

E	=	162.1UCS	+	24270ρ	‐	40640	(E	and	UCS	both	in	MPa)	

0.90

0.91

0.81

Nekorot	Limestone

Aminadav	Dolomite

Bina	Limestone	

45‐49	

20‐82	

10‐60	

141‐178	

62‐274	

14‐187	

Singh	et	al.	(2012)	 E	=	0.0645	+	0.006UCS	–	0.059σt	+	0.153	tlp	+	178.735V.R.	+	2.247n

(E	and	UCS	both	in	MPa)	

‐	 Schistose	Rocks	 4‐20	 26‐192	

UCS uniaxial compressive strength, E Young’s modulus, n porosity (%), γ unit weight (kN/m3), Is50 point load index (MPa), SHR Schmidt hammer rebounds, Vp 
P-wave velocity (km/s), φ porosity in fraction, ρ density (g/cm3), σt tensile strength (MPa), tlp axial point load strength (MPa), V.R. void ratio
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However, the ranges of MR values proposed by Deere (1968), even for the same rock 

type, are wide. This introduces significant uncertainties on predictions conducted 

without site-specific data (Sonmez et al., 2006). Additional shortcomings of traditional 

approaches are that they do not quantify the uncertainties of predictions, and that they 

cannot differentiate the relative influence of epistemic vs. aleatoric uncertainties. In 

addition, it is not always possible to modify them to incorporate project-specific data. 

This limits their practical utility and makes them inappropriate for reliability-based 

design. 

Following recent efforts for probabilistic characterization of soil’s Young’s modulus 

using SPT values (Wang and Cao, 2013), we propose an alternative approach, based 

on the Bayesian framework for model assessment (see e.g., Geyskens et al., 1998; 

Gardoni et al., 2002), to predict E of intact rocks based on their UCS. Our objective is 

to work with models that account for different sources of uncertainty and that can 

incorporate new available information in a systematic way. For example, an engineer 

could start with a ‘rock-specific’ model for one specific rock in one project; then, as 

additional tests are performed for the specific rock at the specific project, such ‘initial’ 

rock-specific model can be improved, yielding an ‘updated’ model that accounts for 

the specific characteristics of the site. 

3.2 Database description 

We compiled an extensive database (Nall = 418) of sets of uniaxial compression tests 

—providing Young's moduli and uniaxial compression strengths— conducted on 

intact rock specimens and reported in the literature. Uniaxial compression strengths 

(UCS) in the database are the average of at least two tests corresponding to specimens 
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of the same rock formation and from the same location (although they usually 

correspond to the average of three or more tests). We use average values of UCS 

because many authors do not report their individual test values but only means and 

variances of several tests. As Young's modulus, E, we use tangent moduli at a load 

equal to 50% of UCS; since E is more difficult to measure, we do not require a 

minimum number of tests, although E values in the database usually represent the 

average of at least two tests corresponding to specimens of the same rock formation 

and from the same location. Test results corresponding to the same rock type (e.g., 

basalt, limestone, etc.), but from different locations, are recorded as different entries 

within the database. The full database, with references, is available as Appendix A. 

To account for “size effects” on UCS, we employ the correction proposed by Hoek 

and Brown (1980) to normalize UCS to an equivalent 50 mm diameter sample. All 

UCS values included in the database are size-corrected (they represent UCS50 values) 

although, for simplicity, we will use only UCS in the notation below. 

Figure 3.1 shows the histograms, cumulative distribution functions (CDF’s), and 

additional statistical information —number of data, maximum and minimum values, 

means and standard deviations— of UCS and E values in the database. Miranda et al. 

(2009) indicate that “[a] statistical study carried out by LNEC, based on a large data 

set of in situ laboratory tests showed that normal and lognormal distributions are well 

suited to model geomechanical parameters”, so that we approximate the available UCS 

values for each rock type by a log-normal distribution with mean μUCS and coefficient 

of variation δUCS. (The p values of Kolmogorov–Smirnov (KS) goodness-of-fit tests 

for the lognormal fit with basalt, limestone, and chalk data are, respectively, 0.4376, 

0.9078, and 0.2248; taking a significance level of 0.05, such KS values indicate that 
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the lognormal fit is acceptable.) Therefore, the logarithm of the distribution of UCS 

values, F = ln(UCS), that will be employed in Section 3.3, is normally distributed with 

mean 2ln 0.5F UCS F     and variance 2 2ln(1 )F UCS    (Ang and Tang, 1975). 

 

(a) 

 

(b) 

Figure 3.1 Histograms, cumulative distribution functions, and statistical 

summaries of UCS and E values in the database. 
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Figure 3.2 uses the ‘modulus-ratio’ diagramproposed by Deere and Miller (1966) to 

represent all E-UCS pairs included in the database. Figure 3.2 shows that our database 

comprises rocks of different types —sedimentary, igneous, and metamorphic— 

covering a wide range of UCS and E values, so that it can be employed to develop 

models to predict E based on UCS for different rock types. 

 

Figure 3.2 Individual database observations, for different rock groups. 

To illustrate later how the Bayesian methodology can ‘update’ models to better 

account for project-specific conditions, we consider three additional datasets from the 

literature. These datasets, which are not included in the ‘general’ database discussed 

above, are reproduced in Table 3.2. The “basalt” dataset corresponds to data from 

unknown locations reported by Deere and Miller (1966); whereas the “limestone” and 
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“chalk” datasets were recently reported by Palchik (2011) for different carbonate 

formations in Israel. (To better illustrate the site-conditions for a specific project, 

however, instead of using the whole datasets reported by Palchik (2011), we chose 

sub-samples corresponding to unique formations: i.e., Bina limestone and Adulam 

chalk.) 

Table 3.2 Additional data series for model updating 

No.	 Basalt	 	 Bina	limestone	 Adulam	chalk	

	 Deere	and	Miller	(1966)	 Palchik	(2011)	 Palchik	(2011)	

	 UCS	 E	 UCS	 E	 UCS	 E	

	 [MPa]	 [GPa]	 [MPa]	 [GPa]	 [MPa]	 [GPa]	

1	 221.61	 57.45	 78.07	 34.40 53.20	 17.40

2	 222.75	 50.24	 88.21	 28.70 51.00	 16.00

3	 233.40	 55.30	 81.12	 38.70 31.90	 11.70

4	 234.90	 52.10	 90.24	 24.80 63.30	 19.25

5	 236.10	 45.56	 64.89	 25.00 32.10	 9.50	

6	 240.78	 89.68	 –	 –	 60.30	 17.30

7	 286.37	 62.09	 –	 –	 63.10	 20.95

8	 289.67	 77.61	 –	 –	 50.90	 15.30

9	 305.69	 83.54	 –	 –	 53.70	 15.40

10	 327.07	 84.07	 –	 –	 52.30	 14.30

11	 334.06	 78.01	 –	 –	 37.40	 11.40

12	 347.47	 86.53	 –	 –	 –	 –	

13	 369.73	 97.38	 –	 –	 –	 –	

14	 380.02	 84.49	 –	 –	 –	 –	

μ	 287.83	 71.72	 80.51	 30.32 49.93	 15.32

σ	 56.87	 17.16	 10.05	 6.09	 11.37	 3.45	

δ	 0.20	 0.24	 0.12	 0.20	 0.23	 0.23	
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3.3 An estimation model for Bayesian assessment 

3.3.1 Linearization of Deere’s model 

For the subsequent statistical analysis, it is convenient to take the logarithm of the 

model in Eq. (3.1). For the i-th observation, we have (Geyskens et al., 1998): 

i i i i iD e F e                                                           (3.2) 

with ln( )i iD E  (measured); ie  and ie are, respectively, measurement errors due to 

dimension and load measurement errors —or differences between ‘true’ and measured 

values— for ln( )iE  and ln( )iUCS ; ln( )RM  ; ln( )i iF UCS , and i  is a Gaussian 

correction to account for model errors. Note that measurement errors arising from 

other sources, such as human error or inadequate boundary conditions, are not 

considered directly; although their average influence would be included in the model 

error term. 

3.3.2 Measurement error 

Next, we estimate the variances of measurement errors for ln(E) and ln(UCS), using 

the ISRM “suggested method for determining the uniaxial compressive strength and 

deformability of rock materials” as reference (Ulusay and Hudson, 2007). The uniaxial 

compressive strength, UCS, of intact rock core specimens in uniaxial compression can 

be computed as: 

2

4 uP
UCS

d
                                                      (3.3) 

where Pu is the ultimate (failure) load and d is the sample diameter. 

Similarly, E can be computed as the tangent modulus at 50% of UCS; i.e.,: 
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where Δσ and Δεa are small changes of (axial) stress and strain at around 50% of Pu, 

which are approximated by the conditions at two loads (1 and 2) immediately above 

and below 0.5UCS. (L0 is the original axial length of the specimen, and ΔLi, with i = 

[1, 2], is the specimen’s shortening for load Pi.) 

Using a first order approximation, the variances of measurement errors for ln(E) and 

ln(UCS), respectively 2
e  and 2

e  , are (Ang and Tang, 1975; Geyskens et al., 1998): 

0
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                                 (3.5) 

2 2
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2 2

4
up d

e
uP d

                                                        (3.6) 

where 2
( )   denotes the variance, due to measurement errors, of the corresponding 

property (load, length, diameter). 

Figure 3.3 reproduces the complete stress–strain curves for six representative rock 

types (Wawersik and Fairhust, 1970). Given such curves, and assuming (i) that the 

diameter of samples tested is exactly 50.8 mm (2 in.); (ii) that all samples have a 2:1 

length-to-diameter ratio; and (iii) that the typical accuracies in measuring Pi, ΔLi, d, 

and L0 at the laboratory are, respectively (Geyskens et al., 1998): 135 N, 0.001 mm 

(with dial gauges), 0.02 mm (with calipers) and 0.02 mm (with calipers); it results (see 

Table 3) that measurement errors of ln(UCS) can be considered negligible —about 

two orders of magnitude smaller— when compared with measurement errors of ln(E). 
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For that reason, we can remove the e  term from Eq. (3.2); the following simplified 

model results: 

i i i iD e F                                                        (3.7) 

in which, for simplicity, we will assume that measurements are exact (i.e., μe = 0) and 

that the precision of ln(E) measurements, expressed by σe, is given by the average 

value presented in Table 3.3. In other words, the measurement error, e, has a normal 

distribution with mean μe = 0 and standard deviation σe = 0.112. 

 

Figure 3.3 Stress–strain curves for uniaxial compression tests with different 

rock types, after Wawersik and Fairhust (1970). 

Table 3.3 Estimated variance and standard deviation of measurement errors for 

UCS and E for uniaxial compressive strength tests conducted with different 

rock types. 

Rock	types	 2
e ( e )	 2

e  ( e  )	

Charcoal	Gray	Granite	I	 0.0122	(0.110)	 7.05E‐7	(8.40E‐4)	

Indiana	Limestone	 0.0128	(0.113)	 1.78E‐6	(1.33E‐3)	
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Rock	types	 2
e ( e )	 2

e  ( e  )	

Tennessee	Marble	I	 0.0122	(0.110)	 9.89E‐7	(9.94E‐4)	

Charcoal	Gray	Granite	II	 0.0110	(0.105)	 6.89E‐7	(8.30E‐4)	

Basalt	 0.0150	(0.122)	 6.58E‐7	(8.11E‐4)	

Solenhofen	Limestone	 0.0122(0.110)	 6.74E‐7	(8.21E‐4)	

Average	value	 0.0126(0.112)	 9.16E‐7	(9.38E‐4)	

3.3.3 Prior distributions and likelihood function 

We assume that measurement and model errors, as well as (the logarithms of) UCS 

observations, are independent; we also assume that they are normally distributed. That 

is, Fi, ei, and γi (with i = 1, …, n, and with n being the number of observations) are 

independent normal variables. We also assume that the model error, γi, has zero-mean 

(we want an unbiased model), and a common variance for all observations, 2
  . For 

given model parameters, θ and 2
 , basic statistical theory shows that Di are also 

independent normal variables with mean θ + μFi and variance 2 2 2
Fi e     . 

The model parameters, θ and 2
 , are not known in advance. To estimate them within 

the Bayesian framework, we need to start with a prior distribution that indicates our 

initial state of knowledge about them; such state of knowledge can be later updated, 

via the likelihood function, as additional information becomes available. 

The prior distribution introduces our (possibly subjective) prior knowledge about the 

model parameters, θ and . When no information is available, selecting a prior that 

carries no information seems logical; following a common approach in the literature 

(Box and Tiao, 1973; Geyskens et al., 1998), a ( )f   ≡ constant is used on θ and 

2
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2 2 2 2 1( ) ( )F ef          , is used on , so that, under the assumption that θ and  

are independent, the prior is proportional to (Box and Tiao, 1973; Geyskens et al., 

1998): 

  12 2 2 2 ( , ) F ef      


                                              (3.8) 

Assuming that the Di observations are independent and normal, the likelihood function 

can be expressed as  2 2

1

 ( , ) | ,
on

i
i

L p D    


 , where 2( | , )ip D    are the normal 

densities with mean θ + μFi and variance . Therefore, the likelihood 

function is proportional to (Bazant and Chern, 1984; Geyskens et al., 1998; Wang et 

al., 2010): 
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            (3.9) 

where no is the number of observations employed in the likelihood. 

If all specimens come from the same rock group or type —in other words, when μFi 

and σFi are common for all observations— the likelihood function in Eq. (3.9) becomes 

(Geyskens et al., 1998): 

   2
22 2 2 2
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            (3.10) 

3.3.4 Uncertainty and error estimators 

The predictive variance of D = ln (E) can be computed as 2

2 2 2
D F


 

      . It 

should be noted that the measurement error term, 2
e , is not included in this expression 

2


2


2 2 2
Fi e    
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because predicting the Young’s modulus does not involve measuring it. That is, the 

uncertainty of our Bayesian model arises from variability of the input data (given by 

2
F , which depends on δUCS ; see Section 3.2) and from the model uncertainty, given 

by 2

2


 

  . This means (i) that the variability of data explains part of the uncertainty 

of predictions, which cannot be blamed completely on weaknesses of the model; and 

(ii) that better models, with more certain model parameters and smaller average errors, 

present reduced values of 2

2


 

  . 

However, although 2

2


 

   is a good indicator of model performance when the same 

data are employed in the comparison, comparing such model errors for different 

datasets is not straightforward. For that reason, we also employ the Mean Absolute 

Percentage Error (MAPE) (Gardoni et al., 2009) as an alternative measure of model 

performance. MAPE is defined as: 

1

| |1
MAPE 100

on
i i

io i

E E

n E

 
  

 



                                     (3.11) 

where iE  is, for each data point, the predicted value corresponding to an observed 

value of Ei and no is the number of observations. (Based on Eq. (3.11), it is clear that 

larger MAPE values correspond to less accurate models.) 

3.4 Results 

3.4.1 Rock-specific models 

To derive rock-specific models, we select subsets from the overall database —that 

comprises a total of 63 different rock types— corresponding to uniaxial compression 

tests conducted with specimens of the same rock type. Due to their common practical 
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interest, as well as to facilitate the comparison of results, we consider the same rock 

types as in the seminal work by Deere (1968): diabase, granite, basalt, limestone, 

dolomite, sandstone, shale, quartzite, gneiss, marble, schist, and chalk. (See Table 3.4) 

The (numerical) estimates of model parameters —listed in Table 3.4— are computed 

considering the likelihood given by Eq. (3.9) and the prior given by Eq. (3.8). Such 

model parameter estimates, and in particular the MR estimates, can be employed in 

rock engineering practice to estimate E from UCS for these common rock types. (Of 

course, the Bayesian framework allows further improvements when additional project-

specific data becomes available; see Section 3.4.2.) In addition, Table 3.4 lists the 

percentage of the total predictive variability that is due to the model error (i.e., it is 

given by  2

2 2
D


 

   ), as well as the model quality measured by MAPE. 

It is possible to approximate analytically the (numerical) posterior distribution whose 

parameters are listed in Table 3.4. It can be shown that 2( | )f    is normal with 

2| 
 

   and  2

2 2 2 2

| F e on


 
       where no = the number of observations 

employed in the likelihood; therefore, it becomes (Geyskens et al., 1993): 
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            (3.12) 

In particular, for different rock types with constant σFi (as we assume herein), 

 2 2 2
F e on     has (approximately) the inverse gamma distribution (Geyskens et 

al., 1998); i.e.,: 



Chapter 3 Bayesian prediction of elastic modulus of intact rocks using their UCS 

49 

 

Table 3.4 Database characteristics, posterior model parameters, and parameters of the approximate analytical distribution, for different 

rock types (computed for σe =0.112) 

	 Diabase	 Granite	 Basalt	 Limestone	 Dolomite	 Sandstone	 Shales	 Quartzite	 Gneiss	 Marble	 Schist	 Chalk	
Input	from	database:	 	 	 	 	 	 	 	

n 	 5	 36	 9	 73	 19	 78	 8	 7	 7	 28	 7	 5	

μ 	 281.48	 165.91	 254.02	 107.31	 120.14	 65.02	 62.02	 242.16	 127.63	 93.13	 120.04	 18.41	

δ 	 0.176	 0.268	 0.291	 0.504	 0.459	 0.611	 0.639	 0.271	 0.605	 0.398	 0.375	 0.482	

Numerical	results:	 	 	 	 	 	 	 	

μ 	 5.802	 5.547	 5.719	 6.014	 5.986	 5.677	 5.502	 5.569	 5.993	 6.149	 6.239	 5.832	

M 	 331	 256.5	 304.6	 409.1	 397.8	 292.1	 245.2	 262.2	 400.6	 468.2	 512.3	 341	

σ 	 0.147	 0.092	 0.108	 0.037	 0.075	 0.08	 0.334	 0.127	 0.296	 0.074	 0.107	 0.277	

μ 	 0.1013	 0.2885	 0.075	 0.058	 0.051	 0.4325	 0.9266	 0.0967	 0.6748	 0.1348	 0.0554	 0.4496	

σ μ 	 0.1171	 0.3018	 0.1048	 0.0881	 0.1012	 0.4885	 0.991	 0.1169	 0.6907	 0.145	 0.079	 0.4768	

σ 	 86.5	 95.6	 71.6	 65.8	 50.4	 88.5	 93.5	 82.8	 97.7	 93	 70.2	 94.3	

MAPE	 % 	 13.6	 50.1	 25.5	 24.9	 24.3	 69.1	 117.6	 22.4	 46.2	 28.6	 13.1	 48.9	

Analytical	approximation:	 	 	 	 	 	 	 	

k′	 2.152	 14.993	 2.794	 11.25	 3.466	 29.095	 3.242	 2.543	 2.912	 10.293	 2.331	 2.202	

s′	 0.158	 0.345	 0.145	 0.118	 0.118	 0.422	 0.5	 0.158	 0.41	 0.225	 0.123	 0.315	

Based	on	mean	MR	values	from	Deere	(1968):	 	 	 	 	 	 	 	

M 	 300	 400	 300	 420	 420	 220	 130	 400	 400	 1000	 600‐250a	 N/A	

MAPE	 % 	 14.4	 89.500	 25.300	 25.6	 26.6	 55.6	 48.1	 59.3	 46.1	 129.9	 24.3‐49.8	 N/A	

a Respectively, for parallel and perpendicular foliation 
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where Γ(·) is the incomplete gamma function (Abramowitz and Stegun, 1964), and k' 

and s' can be approximated using the mean and variance of the distribution of model 

error, 2
 , as (Geyskens et al., 1998): 
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The parameters k' and s' of the analytical distributions for different rock types, 

computed using Eqs. (3.14) and (3.15), are also listed in Table 3.4. Multiplying Eqs. 

(3.12) and (3.13) produces the following joint posterior distribution of our model 

parameters, θ and 2
  (Geyskens et al., 1998): 

2 2 2
2
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(3.16) 

To illustrate the quality of the approximation, taking marble as an example, we can 

substitute the numerical values computed with BUMP ( 2


  = 0.1294 and 2

2


  = 

2.019 × 10-3) into Eqs. (3.14) and (3.15) from where we get k' = 10.293 and s' = 0.225. 

Figure 3.4 compares the posterior marginal distributions for parameters θ and 2


computed numerically with BUMP and with the analytical approximation discussed 



Chapter 3 Bayesian prediction of elastic modulus of intact rocks using their UCS 

51 

 

above. Results show that the approximation is good in both cases and, in particular, 

that it is excellent for the model parameter, θ, employed to predict E based on UCS 

(see Eq. (3.1), with MR = exp(θ)). 

 

(a) Posterior marginal CDF for θ 

 

(b) Posterior marginal CDF for 2
  

Figure 3.4 Comparison of numerical and analytical posterior marginal 

distributions of model parameters (results for σe= 0.112). 
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3.4.2 Illustration of model updating 

In the Bayesian approach, the ‘posterior’ distribution of one analysis becomes the (new) 

‘prior’ when more information becomes available. Next, we show how the rock-

specific models presented in Table 3.4 can be updated using project-specific 

information. To that end, mimicking what would happen in a real project, the 

(approximated) analytical ‘posterior’ distributions (see Eq. (3.16), with parameters k' 

and s' listed in Table 3.4) are employed as ‘priors’ to conduct additional Bayesian 

updating when more information —of course, for such rock type— becomes available. 

(The new data affects the likelihood, and the integration is conducted numerically.) 

As an example, Table 3.5 presents the numerical results computed with BUMP when 

the prior distributions for basalt, limestone, and chalk from Table 3.4 are updated using 

the rock-specific datasets from Table 3.2. (Note that for basalt data, only the first 9 

data are used to update the model, whereas the last 5 data are left for model validation; 

see Section 3.4.3.) 

Comparing the ‘posterior’ statistics in Table 3.4 with the ‘updated’ ones in Table 3.5, 

we observe that the model parameters change significantly in this case; for instance, 

our best estimate of MR for “basalt” changes from MR = 304.6 to MR = 252.4 when the 

new basalt dataset from Deere and Miller (1966) is employed to update the model. In 

addition, the model’s parameter uncertainty, as measured by σθ, also changes — 

reducing from 0.108 to 0.068 in the “basalt” model. (Similar changes occur for 

limestone and chalk.) This illustrates how using new project-specific data within the 

Bayesian framework changes our parameter estimates and reduces their associated 

uncertainties. 
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Table 3.5 Posterior statistics of updated parameters for rock-specific models. 

	 Updated	models	

	 Basalt*	(P)	 Limestone*	(P) 	 Chalk	*	(P)	

	 Basalt	(L)	 Limestone	(L)	 	 Chalk	(L)	

Input	from	database:	

n 	 9	 5	 	 11	

μ 	 252.36	 80.51	 	 50.62	

δ 	 0.127	 0.125	 	 0.228	

σ 	 0.0160	 0.0155	 	 0.0507	

Numerical	results:	

μ 	 5.606	 6.007	 	 5.755	

M 	 272.1	 406.3	 	 315.8	

σ 	 0.068	 0.033	 	 0.092	

μ 	 0.222	 0.212	 	 0.285	

σ μ 	 0.054	 0.046	 	 0.090	

σ 	 0.070	 0.062	 	 0.140	

%	model	error	 77.1	 74.2	 	 63.9	

MAPE	 % 	 11.5a	 20.2	 	 7.8	

a The MAPE values for the updated model, the initial rock-specific model, and Deere’s model 
using the 5 basalt data left for validation (not the first 9 data used to update the model) are, 
respectively, 11.5%, 24.8%, and 22.9%. 

The model errors of the updated models also change (sometimes significantly) with 

respect to their original rock-specific values. In particular, 2

2


 

   reduces from 

0.075 to 0.054 for the “basalt” model, from 0.058 to 0.046 for the “limestone” model, 

and from 0.450 to 0.090 for the “chalk” model; whereas MAPE reduces from 25.5% 

to 11.5% for the “basalt” model (using the last 5 ‘validation’ data only), from 24.9% 

to 20.2% for the “limestone” model, and from 48.9% to 7.8% for the “chalk” model. 

This illustrates how using project-specific data to update our models within the 

Bayesian framework is useful to reduce their predictive uncertainty. 
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Finally, it has to be noted that model improvements depend on the characteristics of 

the ‘updating’ datasets, so that they are more significant when the updating datasets 

have a reduced variability because they come from a single material source (e.g., for 

a single rock formation) and from a single location. Otherwise, parameter and model 

uncertainties might actually increase. 

3.4.3 Comparison of model predictions 

Next, we compare predictions and observations for the ‘rock-specific’ and ‘updated’ 

models. Figure 3.5 compares observed E values with (i) values predicted using the 

rock-type specific initial models from Table 3.4 and (ii) the updated models from 

Table 3.5. When available, we also compare with estimations using average MR values 

proposed by Deere (1968). 

Since UCS has been assumed as lognormal, an analytical approximation for the 

predictive distribution of E exists (Geyskens et al., 1998): E is also lognormal with 

mean and standard deviation given by: 

 2exp 0.5E D D                                               (3.17) 

   2 2exp 0.5 exp 1E D D D                                      (3.18) 

where D F     and 2

2 2 2
D F


 

      . (Note that  , 2
 , 2


  are the 

posterior statistics listed in Table 3.4 for initial rock-specific models; or, for updated 

models, in Table 3.5. And that F  and F  are the mean and variance of ln(UCS), 

with 2ln 0.5F UCS F     and variance 2 2ln(1 )F UCS   .) 
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Without measurement errors and for perfect models, data points should lie on the 1:1 

reference line; however, this is unrealistic in practice. For that reason, dashed and 

dotted lines in Figure 3.5 illustrate uncertainties of predicted E values (given by plus 

and minus one standard deviation, or ±σE), where σE can be computed using Eq. (3.18). 

(Dashed lines indicate ±σE for the original rock-specific models, and dotted lines for 

the updated models.) 

Updated models have better predictive capabilities for project specific conditions, 

while still incorporating our prior knowledge about UCS–E relationships. In addition, 

the reference lines in Figure 3.5 show that predictive uncertainties generally reduce, 

sometimes significantly, with the updating process. 

Finally, Table 3.6, after Sonmez et al. (2006), compares the MR ranges suggested by 

Deere (1968) with those obtained herein. Deere (1968) does not present specific values 

for chalk and, for that reason, they cannot be compared with our results; another 

difference is that, for schists, Deere (1968) considers MR values for loads parallel and 

perpendicular to foliation whereas, due to limited data, we have considered a unique 

schist model. Although estimations are similar for some rock types, our results for 

other rock types —granite, sandstone, shale, quartzite, and marble— are significantly 

different, with more than 30% difference in MR. 
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(a) Basalt                                                           (b) Limestone                                                              (c) Chalk 

Figure 3.5 Comparison of predicted E using different models. (Note that (a) uses different data for calibration and validation; whereas, due to 

limited data, (b) and (c) use the same datasets which were employed to update the models.) 
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Furthermore, since θ is normally distributed and μθ and σθ are known, it is possible to 

compute a 90% confidence interval (C.I.) for MR (remember that MR = exp(θ)). In this 

case, results show that, except for diabase and shales, the estimation uncertainties 

provided by the 90% C.I. in our Bayesian model are smaller than the MR “ranges” 

proposed by Deere (1968). 

Table 3.6 Ranges and average values of MR: comparison of values 

recommended by Deere (1968) and obtained in this chapter. 

Rock	type	 Deere	(1968)	 	 this	chapter	

	 Average	MR	 Range	of	MR	 	 MR	=	exp(μθ)	 90%	C.I.	of	MR	

Diabase	 300	 280‐400	 	 331.0	 259.9‐421.5	

Granite	 400	 300‐500	 	 256.5	 220.4‐298.5	

Basalt	 300	 200‐600	 	 304.6	 254.9‐364.0	

Limestone	 420	 250‐700	 	 409.1	 385.0‐434.7	

Dolomite	 420	 250‐700	 	 397.8	 351.4‐450.4	

Sandstone	 220	 120‐400	 	 292.1	 256.2‐332.9	

Shales	 130	 60‐300	 	 245.2	 141.6‐424.6	

Quartzite	 400	 300‐600	 	 262.2	 212.7‐323.2	

Gneiss	 400	 200‐700	 	 400.6	 246.0‐652.4	

Marble	 1000	 700‐1200	 	 468.2	 414.8‐528.6	

Schist	
600(//)	

250(⊥)	

250‐1600(//)	

150‐400(⊥)	

	
512.3	 429.7‐610.9	

Chalk	 ‐	 ‐	 	 341.0	 216.3‐537.8	

Note: 90% C.I. stands for 90% confidence interval.
 

3.5 Summary 

We present a novel approach, based on the Bayesian framework for model assessment, 

to estimate the Young’s moduli of intact rocks based on their uniaxial compressive 

strengths. Unlike previous approaches, our approach provides uncertainty estimates of 

parameters and predictions, and can differentiate among the sources of error. It also 
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allows us to improve our initial ‘rock-specific’ models via Bayesian ‘updating’ 

conducted as new project-specific information becomes available. 

To conduct our analysis, we work with the well-known proportionality rule (E = 

MR·UCS) originally proposed by Deere (1968); and we develop an extensive database, 

available as “Appendix A.”, of E-UCS data pairs compiled from the literature. We 

develop ‘rock-specific’ parameter and uncertainty estimates for common rock types: 

diabase, granite, basalt, limestone, dolomite, sandstone, shale, quartzite, gneiss, 

marble, schist, and chalk. For some rock types, our Bayesian models provide MR 

estimates that are significantly different from, and often more narrowly defined than, 

values proposed by Deere (1968). 

We also provide parameters to approximate, using analytical expressions, the posterior 

joint distribution of model parameters, 2( , )f    for such common rock types. Since 

our estimates allow to compute probabilities and confidence intervals, they can be 

employed by rock analysts, even without conducting the Bayesian analyses 

themselves, to predict E in reliability-based designs. 

Finally, we use three ‘updating’ examples to illustrate how these ‘prior’ rock-specific 

E vs. UCS relationships can be further updated (and improved) using project-specific 

data, reducing the model uncertainties and improving its predictive capabilities. 
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4 ESTIMATION OF 

DEFORMATION MODULUS OF 

ROCK MASSES BASED ON 

BAYESIAN MODEL 

SELECTION AND BAYESIAN 

UPDATING APPROACH 

4.1 Introduction 

The deformation modulus of a rock mass is one of the most important parameters 

influencing its mechanical behaviour (Kayabasi et al. 2003). Therefore, it is one of the 

most commonly required input parameters for both analytical and numerical methods 

in geotechnical engineering, and it is the basis for many geotechnical analyses 

(Palmström and Singh 2001). 



Chapter 4 Estimation of deformation modulus of rock masses based on Bayesian model selection and 
Bayesian updating approach 

60 

 

According to the Commission of Terminology of the International Society of Rock 

Mechanics (ISRM 1975), the deformation modulus of a rock mass, Erm, is defined as 

“the ratio of stress to corresponding strain during loading of a rock mass including 

elastic and inelastic behaviour”. There are many in situ tests to directly measure Erm 

such as plate loading or plate jacking tests, dilatometer tests, flat jack tests, pressure 

chamber tests, etc. (Bieniawski 1978; Palmström and Singh 2001; Hoek and 

Diederichs 2006; Kang et al. 2012). However, such in situ tests are time consuming, 

expensive and sometimes even infeasible. For that reason, many models have been 

proposed to indirectly estimate the deformation moduli of rock masses based on 

geotechnical classification indices such as the Rock Mass Rating (RMR), the 

Geological Strength Index (GSI), the Tunneling Quality Index (Q), or the Rock 

Quality Designation (RQD) (Bieniawski 1978; Serafim and Pereira 1983; Nicholson 

and Bieniawski 1990; Barton 1996; Sonmez et al. 2004a; Hoek and Diederichs 2006; 

Zhang 2010). The most commonly used models are summarized in Table 4.1. 

Since dozens of models (see Table 4.1) have been proposed during the past decades, 

engineering practitioners are often concerned about “how to choose the most 

appropriate model” to be used in a particular project for which there is a set of available 

data. To tackle this problem, a suitable model selection method should be adopted (see 

e.g., Burnham and Anderson (2002) for details). Since most of the models (i.e., 

empirical correlations) listed in Table 4.1 are obtained using regression methods, one 

may naturally think that comparing the R2 of different models is the most convenient 

approach for model selection. But this approach only measures the goodness of fit of 

the model; model complexity is ignored, hence always favouring “fuller” models with 

more parameters. In other words, “neglecting the principle of parsimony makes it a 
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poor technique for model selection” (Johnson and Omland 2004). In contrast, model 

selection criteria based on “information criteria” consider both model fit and 

complexity, hence being more suitable for model selection. While model selection 

criteria have been used extensively in fields such as ecology and evolutionary biology 

(Johnson and Omland 2004), there are fewer applications in geotechnical engineering 

(Honjo et al. 1994a; Li et al. 2013; Tang et al. 2013a; Tang et al. 2013b). We hope that 

the application presented herein will promote a wider use of model selection in 

geotechnical engineering. 

Model selection criteria can be used to identify the “best” model, although predictions 

conducted with such “best” models are sometimes associated to large uncertainties 

due to the high variability of data employed to build them. Within this context, further 

improvements could be achieved with a Bayesian updating approach, so that 

uncertainties can be reduced when new project-specific observations become available, 

hence helping designers to “maximize the value of new project-specific observations” 

(Zhang et al. 2004). This is because the Bayesian updating is expected to reduce the 

predictive uncertainty (i.e., the COV of the predictive distribution), which may be of 

interest to reliability-based designs, as the computed probability of failure of a design 

will be influenced by such predictive uncertainty. 
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Table 4.1 A summary of models for indirectly estimating deformation modulus of rock mass. 

Proposed	by	 Empirical	correlations		 Input	parameters	 Types	 Limitations	

Bieniawski	(1978)	 Erm	=	2RMR	‐	100		 RMR	 Linear	 RMR	>	50	

Serafim	and	Pereira	(1983)	 Erm	=	10((RMR‐10)/40)		 RMR	 Exponential	 	

Kim	(1993)	 Erm	=	300×10‐3exp(0.07RMR)		 RMR	 Exponential	 	

Read	et	al.	(1999)	 Erm	=	0.1(RMR/10)3		 RMR	 Power	 	

Jašarević	and	Kovačević	(1996)	 Erm	=	exp(4.407+0.081RMR)		 RMR	 Exponential	 	

Aydan	et	al.	(1997)	 Erm	=	0.0097RMR3.54		 RMR	 Power	 	

Verman	et	al.	(1997)	 Erm	=	0.4Hα10((RMR‐20)/38	 RMR	 Exponential	 	

Diederichs	and	Kaiser	(1999)	 Erm	=	7(±3)	 10 / 		 RMR	 Non‐linear	 	

Galera	et	al.	(2005)	 Erm	=	0.0876RMR		 RMR	 Linear	 RMR	>	50	

Galera	et	al.	(2005)	
Erm	=	0.0876RMR	+	1.056(RMR	‐	50)	+	

0.015(RMR	‐	50)2	
RMR	 Polynomial	 RMR≤50	

Shen	et	al.	(2012)	 Erm	=	100exp[‐	((RMR‐100)/37)2	]	 RMR	 Gaussian	function	 	

Khabbazi	et	al.	(2013)	 Erm	=	9×10‐7RMR3.868	 RMR	 Power	 	
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Proposed	by	 Empirical	correlations		 Input	parameters	 Types	 Limitations	

Nicholson	and	Bieniawski	(1990)	 Erm	=	Ei(0.0028RMR2	+	0.9exp(RMR/22.82))	 RMR,	Ei	 Non‐linear	 	

Mitri	et	al.	(1994)	 Erm	=	Ei[0.5(1	–	cos(πRMR/100))]		 RMR,	Ei	 Trigonometric	 	

Aydan	and	Kawamoto	(2000)	 Erm	=	Ei[RMR/(RMR+β(100	‐	RMR))]		 RMR,	Ei	 Fractional	 	

Galera	et	al.	(2005)	 Erm	=	Ei	exp((RMR‐100)/36)		 RMR,	Ei	 Exponential	 	

Sonmez	et	al.	(2006)	 Erm	=	Ei10[(RMR‐100)(100‐RMR)/4000*exp(‐RMR/100)]	 RMR,	Ei	 Exponential	 	

Shen	et	al.	(2012)	 Erm	=	Ei	exp[‐	((RMR‐116)/41)2	]	 RMR,	Ei	 Gaussian	function	 	

Hoek	and	Brown	(1997)	 Erm	=	 10((GSI‐10)/40)		 GSI,	σci	 Exponential	 	

Hoek	et	al.	(2002)	 Erm	=	(1	–	D/2)	 10((GSI‐10)/40)		 GSI,	σci,	D	 Exponential	 σci	<	100	

Hoek	et	al.	(2002)	 Erm	=	(1	–	D/2)	10((GSI‐10)/40)		 GSI,	D	 Exponential	 σci	>	100	

Hoek	and	Diederichs	(2006)	 Erm	=	Ei 0.02
/

		 GSI,	Ei,	D	 Sigmoid	equation	 	

Hoek	and	Diederichs	(2006)	 Erm	=	100
/

		 GSI,	D	 Sigmoid	equation	 	

Sonmez	et	al.	(2004a)	
Erm	=	Ei	(sa)0.4;	s	=	exp[(GSI‐100)/(9‐3D)],		

a	=	0.5+	1/6(exp(‐GSI/15)	+	exp(‐20/3))	
GSI,	Ei,	D	 Non‐linear	 	

Barton	(1983)	 Erm	=	25log10(Q)		 Q	 Logarithmic	 Q	>	1	
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Proposed	by	 Empirical	correlations		 Input	parameters	 Types	 Limitations	

Barton	(1995a)	 Erm	=	10Q1/3	 Q	 Power	 	

Palmström	and	Singh	(2001)	 Erm	=	8Q0.4		 Q	 Power	 1	<	Q	<	30	

Kang	et	al.	(2012)	 Erm	=	10(0.32logQ+0.585)		 Q	 Exponential	 	

Barton	(1996)	 Erm	=	10Q1/3	
c ;	Qc	=	Q(σci/100)		 Q,	σci	 Power	 	

Coon	and	Merritt	(1970)	 Erm	=	Ei	(0.0231RQD	‐	1.32)	 RQD,	Ei	 Linear	 	

Kayabasi	et	al.	(2003)	 Erm	=	0.135[Ei	(1+RQD/100)/WD]1.1811	 RQD,	Ei,	WD	 Non‐linear	 	

Gokceoglu	et	al.	(2003)	 Erm	=	0.001[(Ei	/	σci)	(1+RQD/100)/WD]1.5528	 RQD,	Ei,	σci,	WD	 Non‐linear	 	

Zhang	and	Einstein	(2004)	 Erm	=	Ei	10(0.0186RQD	–	1.91)	 RQD,	Ei	 Exponential	 	

Palmström	and	Singh	(2001)	 Erm	=	7RMi0.4	 RMi	 Power	 	

Erm deformation modulus of rock mass (GPa), H depth of tunnel (m), α a parameter related to RMR, σci uniaxial compressive strength of intact rock (MPa), Ei elastic 
modulus of intact rock (GPa), WD weathering degree, β a constant to be determined using a minimization procedure for experimental values, RMi rock mass index 
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In this chapter, we present an approach to select the most appropriate model, among 

four commonly used candidate models, to estimate the deformation modulus of a rock 

mass, Erm, based on its RMR or GSI values. The proposed approach builds on the use 

of “information criteria” to rank models, considering both their fit and complexity. In 

addition, we propose a procedure, within the Bayesian framework for model updating, 

to systematically update the predictive distribution of Erm, and its associated predictive 

uncertainty, when new “project-specific” data are available. Finally, we use an 

example case of an assumed circular rock tunnel design to show that the reduction of 

predictive uncertainties achieved with the Bayesian updating has a significant 

influence on the computed reliability estimates of a rock engineering design. 

4.2 Bayesian models: Inference, selection and prediction 

4.2.1 Introduction 

As mentioned in Section 2.1.1, model simplifications are unavoidable and, as it is clear 

from Table 4.1, there may be many different models for the same task. Here, we use a 

Bayesian approach to infer a set of model parameters θ (using methods in Sections 

2.1.2 and 2.1.3), to select the best model out of a set of candidate models (see Sections 

4.2.2 and 4.2.3), and to make predictions based on such models (see Section 4.2.4). 

4.2.2 The need for model selection criteria 

As shown in Table 4.1, many different types of models, such as linear, power, 

exponential functions etc., can be used to predict Erm. Therefore, an objective 

methodology is needed to select the “best” model, given some observations, among a 

set of candidate models. Simply comparing the values of R2 without penalizing model 
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complexity is a poor model selection technique, as it is possible to improve the 

goodness of fit of a model by increasing its number of parameters. But too many 

parameters may result in overfitting and, therefore, too complex models should be 

penalized. Model selection techniques based on information criteria provide a 

convenient way to rank models considering both model fit and model complexity. 

Akaike information criterion (AIC) (Akaike 1973) and Bayesian information criterion 

(BIC) (Schwarz 1978) were two initial proposals in this direction; more recently, the 

deviance information criterion (DIC) (Spiegelhalter et al. 2002) was proposed with 

Bayesian applications in mind (see Section 2.2.2 for a detailed introduction to AIC, 

BIC and DIC.) Therefore, we will conduct Bayesian model selection based mainly on 

DIC, although results computed with the widely-used AIC and BIC will also be 

provided for comparison. 

4.2.3 Model selection 

Many models to estimate Erm are possible (See Table 4.1). Due to their more 

significant influence on the deformability of the rock mass (Khabbazi et al. 2013), here 

we focus on models that use RMR (or GSI) to predict Erm. In particular, we consider 

four types of candidate models: liner, power, exponential, and logistic (see Table 4.2). 

Table 4.2 The functional form of four commonly used models, with a, b and c 

being fitted parameter values. 

Model	type	 Reference	 Formula	

Linear	 Bieniawski	(1978)	 Erm	=	a∙RMR	*	

Power	 Aydan	et	al.	(1997)	 Erm	=	a∙RMRb	

Exponential	 Serafim	and	Pereira	(1983)	 Erm	=	a∙exp(b∙RMR)	

Logistic	(“S”	shape)	 Hoek	and	Diederichs	(2006)	 Erm	=	a/[1+b∙exp(c∙RMR)]

* The intercept of linear model is set to be zero to ensure that Erm equals zero at RMR = 0. 
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The immediate purpose of model selection is to identify the most appropriate model 

for prediction; often, it also aims to “estimate model parameters that are of particular 

interest” (Johnson and Omland 2004). Therefore, in addition to the DIC values 

employed for model selection, the estimates of model parameters will also be 

presented in this section. 

As shown by Haldar and Babu (2008) and Miranda et al. (2009), the lognormal 

distribution is often suitable for modeling non-negative geotechnical parameters for 

which the assumption of normality is questionable. Therefore, we will assume that the 

Erm is lognormally distributed in this chapter. 

To illustrate the Bayesian model selection approach, we use a subset of the database 

of reliable in situ Erm measurements reported by Hoek and Diederichs (2006). 

(Because we were using data scanned from their original figure, it was only possible 

to identify 312 observations out of the total of 494 that Hoek and Diederichs (2006) 

reported to be included in their analysis.) For the analyses below, it will be assumed 

that RMR = GSI. 

Given the Hoek and Diederichs (2006) data described above, the four models listed in 

Table 4.2 are fitted, in a Bayesian model assessment framework, using WinBUGS. 

Then the DIC of each model, which can be easily computed in Markov chain Monte 

Carlo (MCMC) analysis (Spiegelhalter et al. 2002), is employed for model selection, 

as “the minimum DIC is intended to identify the model that would be expected to 

make the best short-term predictions” (Lunn et al. 2012). 

(1) Linear model 

For the i-th observation and taking its logarithm, the linear model (see Table 4.2) can 

be expressed as: 
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,rm i i iD F          1,2,..., oi n                                         (4.1) 

where ,rm iD  = ln (Erm,i), ρ = ln (a), Fi = ln (RMRi), no is the number of observations 

and i  is the Gaussian random correction accounting for model error. It is assumed 

that i  is normally distributed with common mean 0   and variance 2 , i.e., 

2~ (0, )i N   and that ρ is also normally distributed. 

Based on the above assumptions, it is easy to show that ,rm iD  is normally distributed, 

i.e., 2
, ~ ( , )rm i iD N F  . That is, the likelihood function for parameters ρ and   

(with 21  ) can be expressed as: 

 2

1

 ( , ) exp
2 2

n

i i
i

L D F
   


           
                                    (4.2) 

and priors on   and   are considered as: 
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    for 0                                          (4.4) 

Note that since little prior information about   and   is known, flat low-informative 

priors with a large variance are used to model them. Their assumed parameters are: 

 =0,  =1×10-6, and  = =1×10-3. 

The inference of model parameters is conducted in WinBUGS using MCMC methods. 

The summary statistics for all model parameters are listed in Table 4.3, and the DIC 

for the assumed linear model is also listed in Table 4.3. 
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(2) Power model 

Similarly, we can linearize the power model (see Table 4.2) by considering the 

logarithm for the i-th observation, i.e., 

,rm i i iD bF         1,2,..., oi n                                       (4.5) 

where ,rm iD  is also normally distributed, i.e., 2
, ~ ( , )rm i iD N b F    . The likelihood 

and prior functions for the power model are similar to those employed for the linear 

model (see Eqs.(4.2)-(4.4)) and they will not be presented again. The summary 

statistics for model parameters and the DIC computed with WinBUGS and MCMC 

for the power model are listed in Table 4.3. 

(3) Exponential model 

For the exponential model (see Table 4.2), we also consider its logarithm for the i-th 

observation, i.e., 

,rm i i iD bRMR         1,2,..., oi n                                       (4.6) 

As before, it can be seen that ,rm iD  is normally distributed, i.e., 

2
, ~ ( , )rm i iD N b RMR    . The likelihood and prior functions for the exponential 

model are again similar to those employed for the linear model (see Eqs.(4.2)-(4.4)) 

and not reported herein. The summary statistics for all model parameters and the DIC 

computed with WinBUGS and MCMC for the exponential model are presented in 

Table 4.3. 

(4) Logistic model 

The logistic function is a common sigmoid function, similar to the one adopted by 

Hoek and Diederichs (2006) to “constrain the increase of modulus as the rock becomes 
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more massive”. For the i-th observation, the logarithm of the logistic model (see Table 

4.2) can be expressed as 

 , ln
1 exprm i i

i

a
D

b c RMR
 

  
                                       (4.7) 

where, since rmE  is assumed to be lognormally distributed, ,rm iD  is normally 

distributed, i.e., 
 

2
, ~N ln ,

1 exprm i
i

a
D

b c RMR


 
     

. That is, the likelihood function 

can be written as: 
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with  1 ln a  ,  2 ln 1b    and  3 ln c   . 

Since little prior information on j  is known, flat priors on j  ( 1, 2, 3j  ) and   

will be used in this chapter. They are given as: 

 2
 ( ) exp

2 2
j

j
j

j jf  
 




 
    

 
                                       (4.9) 

 1 exp
 ( )

( )
f

   




 
 


    for 0                                        (4.10) 

The assumed parameters are:  = =1×10-3, j = 0 and j = 1×10-6 ( 1, 2,3j  ). The 

summary statistics of model parameters computed for the logistic model, as well as its 

DIC computed with WinBUGS and MCMC are listed in Table 4.3. 
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Table 4.3 Summary statistics including prediction uncertainties for the different 

posterior models computed with MCMC. 

	 	 	 	 	 Percentiles	

Model	 Parameter	 Mean	 Std.dev	 MC	error	 2.5%	 50%	 97.5%	

Linear	 a	 0.1349	 0.008277	 7.937E‐5	 0.1196	 0.1346	 0.1521	
	 ρ	=	ln(a)	 ‐2.005	 0.06126	 5.878E‐4	 ‐2.124	 ‐2.006	 ‐1.883	
	 σ	 1.089	 0.04409	 4.344E‐4	 1.006	 1.088	 1.18	
	 τ	 0.8473	 0.06836	 6.819E‐4	 0.7186	 0.8453	 0.9878	
	 D	 938.1	 	 	 	 	 	
	 D Θ 	 936.1	 	 	 	 	 	
	 pD	 2.002	 	 	 	 	 	
	 DIC	 940.1	 	 	 	 	 	
Power	 a	 7.037E‐6 5.354E‐6	 5.097E‐8	 1.540E‐6	 5.633E‐6 2.102E‐5
	 b	 3.459	 0.1615	 1.404E‐3	 3.138	 3.459	 3.775	
	 σ	 0.8234	 0.03347	 3.350E‐4	 0.7618	 0.8224	 0.8927	
	 τ	 1.482	 0.12	 1.195E‐3	 1.255	 1.478	 1.723	
	 ρ	=	ln(a)	 ‐12.09	 0.6641	 0.005689	 ‐13.38	 ‐12.09	 ‐10.77	
	 D	 763.9	 	 	 	 	 	
	 D Θ 	 760.9	 	 	 	 	 	
	 pD	 3.021	 	 	 	 	 	
	 DIC	 766.9	 	 	 	 	 	
Exponenti a	 0.1149	 0.02295	 2.372E‐4	 0.0763	 0.1129	 0.1658	
	 b	 0.06839	 0.003084	 3.220E‐5	 0.06245	 0.06837	 0.07445	
	 σ	 0.8077	 0.03291	 3.081E‐4	 0.7468	 0.8066	 0.8757	
	 τ	 1.54	 0.1249	 0.001164	 1.304	 1.537	 1.794	
	 ρ=	ln(a)	 ‐2.183	 0.1982	 0.002034	 ‐2.573	 ‐2.181	 ‐1.797	
	 D	 751.3	 	 	 	 	 	
	 D Θ 	 748.3	 	 	 	 	 	
	 pD	 3.026	 	 	 	 	 	
	 DIC	 754.4	 	 	 	 	 	
Logistic	 a	 54.4	 14.46	 1.27	 33.24	 52.4	 88.18	
	 b	 957.4	 263.3	 21.39	 534.9	 918.7	 1574	
	 c	 ‐0.08408 0.005359	 4.59E‐4	 ‐0.09395	 ‐0.08381 ‐0.07417
	 σ	 0.7977	 0.03216	 3.09E‐4	 0.7372	 0.7965	 0.8641	
	 τ	 1.579	 0.1269	 0.001204	 1.339	 1.576	 1.84	
	 1	=	ln(a)	 3.962	 0.2601	 0.02273	 3.504	 3.959	 4.479	
	 2	=	ln(b+1)	 6.829	 0.271	 0.02201	 6.284	 6.824	 7.362	
	 3	=	ln(‐c)	 ‐2.478	 0.06386	 0.005495	 ‐2.601	 ‐2.479	 ‐2.365	
	 D	 743.4	 	 	 	 	 	
	 D Θ 	 739.6	 	 	 	 	 	
	 pD	 3.734	 	 	 	 	 	
	 DIC	 747.1	 	 	 	 	 	
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Table 4.3 shows that the logistic model results in the smallest DIC among the four 

candidate models, and the DIC differences between the logistic model and the other 

three models in DIC indicate that, with an assumed lognormal distribution of Erm, the 

logistic model would be the most appropriate model for Hoek and Diederichs (2006) 

data, with other models being significantly less adequate. (According to Lunn et al. 

(2012), “differences of more than 10 might definitely rule out the model with the 

higher DIC, and differences between 5 and 10 are substantial”.) 

 

Figure 4.1 In situ observations of rock mass deformation moduli reported by 

Hoek and Diederichs (2006) and all the four candidate models using parameters 

estimated with WinBUGS. 

Using the mean values of the parameters listed in Table 4.3, Erm-RMR relationships 

for the four candidate models are plotted in Figure 4.1 together with Hoek and 

Diederichs (2006) data. Results suggest that the linear model is not able to capture the 

complexity of the data. They also show that the exponential model predicts the largest 
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Erm at RMR = 100, while the other three models give significantly smaller values of 

Erm. The exponential model and the logistic model predict similar values when RMR 

is less than about 75 - 80, but differences become more substantial for higher RMR 

values. 

Next, the model parameters are also estimated using the maximum likelihood 

estimation (MLE) method. AICs and BICs for the four models will be reported for 

comparison. As before, we assume that Erm is log-normally distributed. Thus, ln(Erm) 

is normally distributed, i.e., ln( ) ln[ ( )]rm RMRE g RMR    with 2~ (0, )N  ; 

alternatively, Erm can be expressed as: ( ) exp( )rm RMRE g RMR    with 2~ (0, )N  . 

The likelihood function for the lognormally-distributed Erm model can be expressed as 

(Wang and Liu 2006): 

 2

,

2
1 ,

ln( ) ln( )1
( | ) exp

22

n
rm i i

i rm i

E
L

E




 
  
 
 

y θ                       (4.11) 

where ( | )L y θ  is the likelihood of the observed data, y, given the parameter vector θ  

=  , , ,a b c  (see Table 4.2), ,rm iE  is the i-th observed value of rmE , i  is the i-th 

estimated value of the mean of rmE  given iRMR , computed using the formulas listed 

in Table 4.2 for given model parameters θ . 

The maximum likelihood estimates of the parameters for our subset of Hoek and 

Diederichs (2006) dataset are obtained using the “interior-point” method in the 

optimization toolbox of MATLAB (Myung 2003; Wang and Liu 2006). The values of 

the estimated model parameters, as well as the AIC and BIC values computed for the 

four candidate models, are listed in Table 4.4. Table 4.4 shows that the model ranking 
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based on BIC is identical to that based on AIC. It also coincides with the ranking 

provided by DIC in Table 4.3. Therefore, we can safely assume that the logistic model 

is the best for this dataset. (It should be noted that AIC values here are quite different 

from DIC values shown in Table 4.3 because of the log transformation performed; 

otherwise they should be very similar as the priors are low-informative.) 

In addition, it should be noted that models fitted assuming lognormal distribution for 

rmE  are better, as they have lower AICs (or BICs) than those fitted assuming normal 

distributions. 

Table 4.4 The MLE of model parameters as well as AIC and BIC values. 

	 Model	type	(see	Table	4.1)	

Parameter	 Linear	 Power	 Exponential	 Logistic	

a	 0.13463	 5.53E‐06	 0.11268	 53.110	

b	 /	 3.4634	 0.068401	 900.98	

c	 /	 /	 /	 ‐0.083253	

σ	 1.0846	 0.81910	 0.80274	 0.79162	

AIC	 2247.4	 2074.2	 2061.6	 2054.8	

BIC	 2254.9	 2085.4	 2072.9	 2069.9	

Rank	 4	 3	 2	 1	

Note: The AIC and BIC values are computed from the maximum log-likelihood using 
Eq.(4.11). The models are ranked according to their AIC and BIC values. 

4.2.4 Predictive analysis 

In practical engineering, one wants to use the selected model to predict the quantity of 

interest, which in this case is Erm. We know that, for Hoek and Diederichs (2006) data, 

the logistic model appears as the most suitable one based on the DIC (AIC and BIC) 

results of Section 4.2.3, so that, given this specific model, the Bayesian framework 
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can be employed to obtain probabilistic estimates of its parameters. They can then be 

employed to conduct predictive analyses in the context of uncertainty, and they are 

also useful for reliability-based design. 

As an example, the predictive distribution of Erm at a given value of RMR is of 

particular interest in this chapter. For instance, assuming a value of RMR = 60, we can 

obtain the predictive distribution of Drm = ln(Erm) (see Table 4.5). Based on the 

distribution of Drm, obtaining the distribution of Erm = exp(Drm) is immediate. 

(Remember that Drm is normally distributed; therefore, the predictive distribution of 

Erm is directly obtained by a transformation that is available in standard engineering 

probability texts; see, e.g., Ang and Tang (1975).) 

4.3 Updating Bayesian models with new data 

4.3.1 Motivation 

In engineering, one may want to derive a “general” model to predict the (distribution 

of) an engineering property of interest, given information about such property 

observed from various locations or projects. However, the variability of data sources 

usually implies that the predictive uncertainty associated with this “general” model (as 

indicated by its COV) is often large, hence reducing its usefulness in practice for a 

particular project at a specific site. An alternative, of course, would be to derive a 

project- or site-specific model using exclusively new data gathered from that project 

(or location) as the project proceeds. However, this would imply to completely neglect 

the information provided by the original (general) dataset, which might be still 

available, particularly when the new project-specific dataset is limited. As presented 

in Section 4.3.2 (see also Feng and Jimenez (2014)), the Bayesian updating framework 
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provides a way to systematically and effectively combine the information from the 

“general” and the “project-specific” data, producing an “updated” predictive 

distribution with reduced uncertainty. 

As an example, we show how the fitted “general” logistic model (see Table 4.3), that 

was identified as more feasible based on the Bayesian model selection conducted using 

Hoek and Diederichs (2006) dataset, can be updated using new available data. (As 

“updating” dataset, we employ the dataset of Erm - RMR values employed by Serafim 

and Pereira (1983) to develop their well-known correlation.) 

In particular, we show how the predictive uncertainty about Erm for a given RMR value 

(such as the relatively large value of COV(Erm) = 0.97 reported in Table 4.5 for RMR 

= 60) can be reduced using Bayesian updating when a set of new observations from a 

specific “project” are available. 

4.3.2 Bayesian updating 

Table 4.5 Comparison of predicted median, mean, standard deviation and 

coefficient of variation (COV) of Drm and Erm at RMR = 60. 

	
	

Median	

(MPa)	

Mean		

(MPa)	

Std.dev		

(MPa)	

COV	

	

	 Based	on	Hoek	and	Diederichs	(2006)	data	 2.01	 2.01	 0.81	 0.40	

Drm	 Based	on	Serafim	and	Pereira	(1983)	data	 2.75	 2.75	 0.54	 0.20	

	 Bayesian	updating	 2.53	 2.53	 0.45	 0.18	

	 Based	on	Hoek	and	Diederichs	(2006)	data	 7.49	 10.36	 10.06	 0.97	

Erm	 Based	on	Serafim	and	Pereira	(1983)	data	 15.58	 18.22	 11.49	 0.63	

	 Bayesian	updating	 12.51	 13.82	 6.50	 0.47	

To illustrate how to conduct the Bayesian updating, this section presents an example 

in which, for simplicity, we will assume that the new “project-specific” data that 
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become available are those from Serafim and Pereira (1983). To that end, let us 

compute the median, mean and standard deviation of Drm = ln(Erm) employing (i) the 

dataset by Hoek and Diederichs (2006) (assuming the sigmoid model) and (ii) the 

dataset by Serafim and Pereira (1983). (
1rmD  and 

1rmD  are used to denote, 

respectively, the mean and standard deviation of Drm obtained for the sigmoid model 

and Hoek and Diederichs (2006) dataset; similarly, 
2rmD  and 

2rmD  denote the 

parameters that would have been obtained applying the same model selection 

procedure directly with Serafim and Pereira (1983) dataset. Example results of these 

values, as computed for RMR = 60, are listed in Table 4.5.) If we assume that Drm is 

normally distributed with a known variance, the updated mean, 
rmD  , based on the 

combined information of both datasets can be computed, using the Bayesian approach, 

as (Ang and Tang 1975; Zhang et al. 2004): 

1 2 2 1

2 1

2 2

2 2
rm rm rm rm

rm

rm rm

D D D D
D

D D

   


 





                                           (4.12) 

and the updated standard deviation, 
rmD  , is computed as 

2 1

2 1

2 2

2 2
rm rm

rm

rm rm

D D
D

D D

 


   
                                                (4.13) 

Table 4.5 also lists the updated mean and standard deviation of Drm, for RMR = 60, as 

computed using Eqs. (4.12) and (4.13). Once the information about the parameters of 

the distribution of Drm is available, the updated mean and standard deviation of Erm 

can be obtained using a standard transformation from normal to lognormal distribution 

(Ang and Tang (1975); see Table 4.5). Figure 4.2 compares the predictive distributions 

of Drm = ln(Erm), for RMR = 60, obtained based on Hoek and Diederichs (2006) dataset 
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only, on Serafim and Pereira (1983) dataset only, and on the Bayesian updating of the 

original model based on Hoek and Diederichs (2006) dataset using the new 

information provided by the Serafim and Pereira (1983) dataset. One can see that such 

updated distribution has the smallest uncertainty as indicated by a “narrower” 

probability distribution function (PDF) and a minimum COV of Erm. This illustrates 

that Bayesian updating can effectively reduce the predictive uncertainty. Table 4.5 

also shows that the Bayesian updating method predicts the smallest standard deviation 

of Erm at RMR =60. (These conclusions are also valid for other RMR values, although 

results are not reported herein.) 

 

Figure 4.2 Comparison of predictive distributions of Drm = ln(Erm) based on 

Hoek and Diederichs (2006) data, Serafim and Pereira (1983) data and 

Bayesian updating. 

4.4 Influence on reliability estimates 

To illustrate the effect of the different predictive distributions on a reliability-based 

design, we consider an example case with a circular tunnel of radius Rt and subjected 

to a hydrostatic stress pt. For simplicity, we assume that the rock mass remains elastic 
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and that no support is applied. The inward displacement of the tunnel wall, ut, can be 

computed as (Hoek and Brown 1980) 

1t t
t

t rm

u
p

R E


                                                          (4.14) 

where νt is the Poisson’s ratio of the rock mass (herein assumed as νt = 0.2). Selecting 

a limiting convergence ratio of ut/Rt = 1%, the limit state function (LSF) becomes 

0.01
(x) 1 1

(1 )
rm

t t t t

E
g

u R p
   


                                          (4.15) 

The reliability index, β, and the probability of failure, Pf, of such LSF for the lognormal 

distributions of Erm listed in Table 4.5 are computed using FORM (First Order 

Reliability Method) (see, e.g., Jimenez-Rodriguez et al. (2006)). The results are shown 

in Table 4.6. Taking pt = 12.5 MPa and RMR = 60 as an example, the probability of 

failure computed after the Bayesian updating based on the new dataset (Pf = 1.0480E-

6) is much smaller than that based on Hoek and Diederichs (2006) data (Pf = 0.0248). 

At first sight, it could be argued that the reduction of the computed probability of 

failure after updating with Serafim and Pereira (1983) dataset is due to the “shift 

towards the right” of the Erm distribution due to the good quality of the rock mass at 

the sites studied by Serafim and Pereira (1983) (Note that these sites had been mainly 

considered as locations for dams). However, Table 4.6 shows that, in this case, the 

reduction of the predictive uncertainty of Erm (as indicated by its smaller COV) has an 

even stronger influence on the computed estimates of Pf and β. (Note, for instance, 

that the Erm model based only on Serafim and Pereira (1983) dataset has higher mean 

of Erm, but a higher Pf; whereas the Erm model based on Hoek and Diederichs (2006) 

dataset updated with Serafim and Pereira (1983) dataset has a lower Erm mean but a 
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lower Pf.) As indicated by previous research (see Jimenez and Sitar (2009)), this 

observation illustrates the importance of the tails of the distributions of quantities of 

interest in a reliability analysis, which are of course controlled by their COV. And, 

since the predictive COV of Erm decreases significantly after the Bayesian updating in 

our example case, this justifies why model updating has such a significant influence 

on our computed estimates of the probability of failure. This is, of course, of 

significant interest to reliability-based design, in which estimates are employed to 

accept design, to choose among designs, or to compute risks. 

Table 4.6 Reliability index and probability of failure based on different 

distributions of Erm. 

pt	(MPa)	 25.0	 12.5	 6.25	

Based	on	Hoek	and	Diederichs	(2006)	data:	

β	 1.1132	 1.9637	 2.8142	

Pf	 0.1328	 0.0248	 0.0024	

Based	on	Serafim	and	Pereira	(1983)	data:	

β	 2.8282	 4.0261	 5.2240	

Pf	 0.0023	 2.8355E‐5	 8.7553E‐8	

Based	on	combined	information	using	Bayesian	updating	approach: 

β	 3.1934	 4.7439	 6.2945	

Pf	 7.0301E‐4	 1.0480E‐6	 1.5423E‐10	

4.5 Summary 

This chapter proposes an approach to select the most appropriate model, among four 

commonly used candidate models —linear, exponential, power, and logistic— to 

estimate the deformation modulus of a rock mass, Erm, based on its RMR or GSI values. 
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The proposed approach, based on “information criteria” (such as DIC, AIC and BIC), 

considers model fit while penalizing model complexity. Results obtained with the 

proposed model selection approach suggest that the logistic model is the most 

adequate model (among those considered) when the extensive dataset of Erm-GSI 

values published by Hoek and Diederichs (2006) is employed to fit and rank models. 

In addition, we propose a procedure to systematically update the predictive model, and 

its uncertainty, as new project-specific data become available. The advantage of such 

Bayesian updating scheme is that it often reduces the generally large predictive 

uncertainty that is commonly associated to “general” models fitted using data from a 

wide variety of rock mass types and of project locations. In other words, the predictive 

Erm distribution obtained based on the general dataset can be updated, and its 

predictive uncertainty reduced, when “project-specific” data are employed. 

Such updating of the predictive uncertainty associated to a model can have significant 

consequences in the context of a reliability-based design, in which the probabilities of 

failure are employed to decide about the feasibility of a design, to choose among 

design alternatives, or to compute risks. In particular, we use an example case to show 

that the reduction of predictive uncertainties about Erm achieved with the Bayesian 

updating associated to “project-specific” data can significantly affect the computed 

estimates of the probability of failure (or, equivalently, of its reliability index) of an 

assumed circular rock tunnel design. 
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5 PREDICTING TUNNEL 

SQUEEZING WITH 

INCOMPLETE DATA USING 

BAYESIAN NETWORKS 

5.1 Introduction 

The ISRM Commission on Squeezing Rocks in Tunnels defined squeezing as “the 

time-dependent large deformation, which occurs around the tunnel, and is essentially 

associated with creep caused by exceeding a limiting shear stress.” (Barla 1995). A 

commonly accepted deformation threshold to define squeezing occurrence is εc = 1% 

(Sakurai 1983; Chern et al. 1998; Jimenez and Recio 2011), where εc is the 

“normalized convergence” defined as the ratio (in %) between tunnel closure and 

tunnel diameter. Note, however, that such 1% limit is “only as indication of increasing 

difficulty”, so that tunnels with much higher strains have been completed without 

stability problems (Hoek 2001). 
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Squeezing in rock tunnels often occurs in soft (weak) rock masses at great depth; it is 

also common in tunnels subjected to high horizontal in situ stresses in tectonically 

active regions like the Himalayas (Steiner 2000; Sunuwar 2007; Jimenez and Recio 

2011). Squeezing may cause tunnel collapses, budget overruns and construction delays. 

Therefore, many correlations –based on case histories, closed-form solutions, or 

numerical models– have been proposed to predict squeezing; a summary of these 

studies is presented in Table 5.1. Analytical or numerical solutions to time-dependent 

(or creep) deformations (see, e.g. Phienwej et al. 2007; Guan et al. 2008; Sterpi and 

Gioda 2009) are outside the scope of our analysis and, therefore, they are not reviewed 

herein. 

This chapter uses Bayesian Networks (BNs) to predict the occurrence of squeezing. 

BNs were introduced by Pearl (1986) to more easily deal with conditional dependency 

relationships between the (observable or unobservable) random variables of a 

statistical model, and they have been shown to have advantages to deal with inference, 

classification, and decision making problems (Aguilera et al. 2011). As a result, they 

are becoming increasingly popular in fields such as environmental science (Uusitalo 

2007; Aguilera et al. 2011), ecology (Landuyt et al. 2013), water resources 

management (Batchelor and Cain 1999), and agriculture (Cain et al. 2003); and they 

have also been employed in geotechnical engineering (Jimenez-Rodriguez and Sitar 

2006; Medina-Cetina and Nadim 2008; Xu et al. 2011; Zhang et al. 2011; Huang et al. 

2012; Schubert et al. 2012; Song et al. 2012; Sousa and Einstein 2012; Zazzaro et al. 

2012; Špačková et al. 2013; Peng et al. 2014). 
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Table 5.1 A summary of previous approaches to predict tunnel squeezing. 

Proposed	by	 Approaches		
Required	

parameters	
Sources	 Type	 Eq.	#	

Jethwa	et	al.	(1984)	 Nc	=	σcm/γH	≤	2.0;	σcm	=	2cpcosϕp/(1‐sinϕp)	 σcm,	γ,	and	H	 ‐	 Semi‐empirical (5.1)	

Singh	et	al.	(1992)	 H	≥	350Q1/3	 H	and	Q	 39	case	histories	 Empirical	 (5.2)	

Goel	et	al.	(1995)	 H	≥	270N0.33·Bs‐0.1	with	N	=	(Q)SRF	=	1	 H,	N,	and	Bs	 72	cases	histories	 Empirical	 (5.3)	

Aydan	et	al.	(1993)	 Nc	=σci/γH	≤	2.0	 σc,	γ,	and	H	 Cases	from	Japan	 Semi‐empirical (5.4)	

Barla	(1995)	 σcm/γH	≤	1.0	 σcm,	γ,	and	H	 ‐	 Semi‐empirical (5.5)	

Bhasin	and	Grimstad	(1996)	 σθ/σcm	≥	1.0	with	σcm	=	0.7γQ1/3	 σcm	and	σθ	 ‐	 Semi‐empirical (5.6)	

Hoek	and	Marinos	(2000)	 εc	=	(0.002	–	0.0025pi/p0)·(σcm/p0)(	2.4pi/p0	‐	2)	≥	1%	with	

σcm	=	0.0034mi0.8·σci·[1.029+0.025exp(‐0.1mi)]GSI

pi,	p0,	and	σcm	 Monte	Carlo	

simulations

Semi‐empirical (5.7)	

Hoek	(2001)	 σcm/p0	=	σcm/γH	≤	0.35	 σcm,	γ,	and	H	 16	case	histories	 Semi‐empirical (5.8)	

Hoek	(2001)	
εc	%=	0.15(1–	pi/p0)·(σcm/p0)‐	(3pi/p0	+	1)/(3.8pi/p0	+	0.54)	≥	

1(%)	
pi,	p0,	and	σcm	

Finite‐element	

models	
Semi‐empirical

(5.9)	

Jimenez	and	Recio	(2011)	 H	≥	424.4Q0.32	 H	and	Q	 62	case	histories	 Empirical	 (5.10)	

Dwivedi	et	al.	(2013)	 εc	=	(0.0191σvQ‐0.2)/(Ks+1)	+	0.0025	≥	1%	with	

σv	=	0.027H	

σv,	Q,	and	Ks	 63	case	histories	 Empirical	 (5.11)	

NOTATION: Nc competency factor (also called “strength stress ratio (SSR)”), σcm rock mass uniaxial compressive strength (MPa), γ rock mass specific weight 
(MN/m3), H overburden or depth of tunnel (m), cp rock mass peak cohesion (MPa), ϕp rock mass peak friction angle (degree), Q Rock Tunnelling Quality Index, N 
rock mass number (or stress-free Q), SRF stress reduction factor, Bs tunnel span or diameter (m), σci uniaxial compressive strength of intact rock (MPa), σθ tangential 
stress (MPa), εc percentage strain (ratio of tunnel closure to tunnel diameter), p0 in situ vertical stress at tunnel depth (MPa), pi internal support pressure (MPa), mi 
Hoek-Brown constant, GSI Geological Strength Index, σv vertical in situ stress (MPa), Ks support stiffness (MPa) 
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This chapter aims to develop a Bayesian Network and, specifically, a Naïve Bayes 

classifier, to probabilistically predict the occurrence of squeezing in rock tunnels for 

which (sometimes incomplete) information is available. The main advantage of BNs 

with respect to previous approaches, such as those listed in Table 5.1, is that BNs are 

particularly useful for dealing with two situations that are common with tunnel 

squeezing: (i) they can deal with incomplete input information, i.e., missing data 

(Uusitalo 2007); and (ii) they are able to provide good estimates based on limited data 

sets (Kontkanen et al. 1997; Sen et al. 2012). In other words, they are still able to make 

predictions even in cases in which –as it often happens in tunnel engineering practice– 

information is scarce or incomplete at early design stages. This also has advantages 

when data are gathered to construct a database of case histories, as case histories from 

different authors or from different sources tend to emphasize different aspects of the 

tunnel project. To conduct our analyses, a database of squeezing case histories was 

compiled and employed to “learn” the Naïve Bayes classifier that predicts, with the 

aid of the Junction Tree algorithm, the probabilities of squeezing. Finally, the 

predictions of the proposed Naïve Bayes classifier have been validated using 10-fold 

cross-validation, as well as an additional set of tunnel case histories that were not 

included in the original database; and a sensitivity analysis is conducted to assess the 

importance of the input parameters considered on the squeezing outcome. 
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5.2 Features employed for analysis and database description 

5.2.1 Features related to tunnel squeezing 

Based on the literature review conducted (see the list of references), and also on the 

parameters considered by common methods to predict squeezing (Table 5.1), five 

main parameters that might influence squeezing are identified and employed in our 

analyses: tunnel depth (H), Rock Tunnelling Quality Index (Q), tunnel span or 

diameter (Bs or Dt), support stiffness (Ks), and stress strength ratio (SSR). In addition, 

there are other parameters –rock mass strength (σcm), specific weight of rock mass (γ), 

and support pressure (pi)– that, when available, are included in the database, although 

they are not included in the developed BN. The reasons are that (i) some of them (such 

as γ) are not very variable and their influence within typical ranges of variability is 

limited; and (ii) some of them (such as σcm and pi) are not commonly available at 

design stage. 

5.2.2 Description of the database 

We conducted a literature review of rock tunnelling case histories in which the 

occurrence (or absence) of squeezing has been reported. The database contains 166 

cases from 30 projects located in 7 countries, among which 109 are squeezing cases 

and 57 are non-squeezing cases. The database includes fields for all the eight 

parameters affecting squeezing that were discussed above, although some of the case 

histories included in the database are “incomplete”, i.e., they do not report information 

about all fields. However, note that we are still able to “extract” information from 

them, given the ability of the BN approach to learn from case histories with 

“incomplete” information. 
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Figure 5.1 Histograms, CDF’s, and statistics of the five features considered to 

predict squeezing with the BN. 

Figure 5.1 shows the histograms, cumulative distribution functions (CDF’s), and 

additional statistics –number of known data and missing data, maximum and minimum 

values, means and standard deviations– of the five parameters considered to predict 

squeezing with the BN (i.e., H, Q, Dt, Ks, and SSR). It can be seen in Figure 5.1 that 
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our database contains data covering a wide range of values for these five parameters, 

hence having in principle a wide range of applicability that is, of course, limited to the 

range of available input data. Our database is made available to readers as Appendix 

B. 

5.2.3 Features considered in the BN 

5.2.3.1 Tunnel depth (H) 

Almost all methods to predict squeezing (Table 5.1) consider tunnel depth (H) or in-

situ stress (often estimated as p0 = γH). This indicates that tunnel depth is an important 

parameter to predict tunnel squeezing. Values of tunnel depth are commonly reported 

in the literature, and all the H values corresponding to case histories in our database 

are known (none is missing). 

5.2.3.2 Rock Tunneling Quality Index (Q) 

The Rock Tunneling Quality Index (or Q-system proposed by Barton et al. 1974) has 

been often used as input to predict tunnel squeezing (Singh et al. 1992; Jimenez and 

Recio 2011; Basnet 2013). Q values for many histories (136 out of 166) could be 

collected from the literature but, for 28 cases, RMR values are reported instead of Q 

values. Then, the empirical correlation proposed by Barton (1995b), i.e., Q = 10(RMR – 

50)/15, has been used to estimate Q values based on RMR. In addition, there are two 

tunnels with unknown Q or RMR values. 

5.2.3.3 Tunnel span or diameter (Bs or Dt) 

The size of the tunnel, as given by its span or diameter (Bs or Dt), also influences 

squeezing (Goel 1994). Therefore, we consider tunnel diameter –or, when the tunnel 
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is non-circular (Dwivedi et al. 2013), its “equivalent diameter” given by 4t cD A  , 

with cA  being its cross-sectional area– as one of the parameters to predict tunnel 

squeezing with the BN. Tunnel diameters are commonly reported in the literature, and 

only one of them is unknown (missing) in all case histories considered in the database. 

5.2.3.4 Support stiffness (Ks) 

Installing an adequate support at an appropriate time may reduce tunnel deformation. 

In other words, deformation of squeezing tunnels is influenced by the support systems 

installed within the tunnel, so that, for instance, Dwivedi et al. (2013) has recently 

employed support stiffness as one of the parameters to estimate the deformation of 

squeezing tunnels. In this chapter, we also use support stiffness to predict squeezing 

with the BN. About a third of the case histories in our database (56 out of 166) report 

support stiffness; another third (55 out of 166) provide information that allowed us to 

compute support stiffness using the methods described below; and the remaining third 

(55 out of 166) do not report details about the support system and their support 

stiffness is therefore unknown. 

a. Stiffness of concrete or shotcrete linings 

Assuming that a closed ring of concrete or shotcrete is installed in a circular tunnel, 

its elastic stiffness, Kc, can be expressed as (Hoek and Brown 1980): 

  
      

22
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c c t t c

E R R t
K

R R t 

 


   
                                 (5.12) 

where Ec = elastic modulus of concrete or shotccrete, νc = Poisson’s ratio of concrete 

or shotccrete, Rt = radius of tunnel, and tc = thickness of concrete or shotcrete ring. 
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b. Stiffness of steel sets 

The effective stiffness of a steel set with backfill, Ksb, can be estimated as (Dwivedi et 

al. 2013): 

t
sb m

m

R
K p

u
                                                   (5.13) 

where pm = monitored radial support pressure, and um = measured radial deformation. 

c. Stiffness of ungrouted rock bolts and cables 

The stiffness of an ungrouted rock bolt or cable, Kb, can be computed as (Hoek and 

Brown 1980): 
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                                        (5.14) 

where sc = circumferential spacing of rock bolts or cables, sl = longitudinal spacing of 

rock blots or cables, lb = free length of rock bolts or cables, db = diameter of rock bolts 

or cables, Eb = elastic modulus of rock bolts or cables, and Qld = a load-displacement 

constant (in units of displacement/force). 

d. Stiffness of combined support systems 

Assuming that several support systems are installed together at the same time, their 

combined stiffness can be computed as the summation of their individual support 

stiffnesses (Hoek and Brown 1980). 

5.2.3.5 Strength stress ratio (SSR) 

The SSR is defined as the rock mass strength (σcm) divided by the in situ vertical stress 

(often approximated as p0 = γH). Many researches relate SSR to tunnel squeezing 

(Table 5.1), and the SSR will also be considered in our BN as a parameter influencing 
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squeezing. However, as discussed in Section 5.2.4.2, collecting σcm data is not easy, 

and only 95 values of SSR were reported in, or can be estimated from, our database of 

case histories; the remaining 71 values are unknown (missing). 

5.2.4 Features not considered in the BN 

In addition to the parameters considered in Section 5.2.3, there are other parameters 

that sometimes appear in squeezing prediction relationships that we decided to leave 

out of our BN analysis. 

5.2.4.1 Specific weight of rock mass (γ) 

The variation of the specific weight, γ, for different rock masses is usually small, so 

that, in practical applications, it can often be assumed to be constant (Dwivedi et al. 

2013). Therefore, γ is not considered herein as a parameter influencing tunnel 

squeezing and it is thus is not included into the BN. 

5.2.4.2 Rock mass strength (σcm) 

In situ measurements of σcm are “time-consuming and expensive” (Singh 2011) and 

they are rarely reported in the literature. An alternative would be to estimate σcm using 

empirical correlations (see e.g., Hoek et al. 2002; Shrestha 2005) but, since our 

reference case histories did not report any measured values of σcm, and since the effect 

of σcm has been (at least partially) considered through SSR, we chose not to include σcm 

as a parameter in the BN. 

5.2.4.3 Support pressure (pi) 

Estimating the support pressure, pi, of a tunnel under (likely) squeezing conditions is 

important and many studies on this topic have been carried out (Dube et al. 1986; 
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Singh et al. 1992; Bhasin and Grimstad 1996; Dwivedi et al. 2014). However, although 

pi can be estimated before construction stage, actual measurements of support pressure 

are not available until construction stage, and the discrepancy between the estimated 

and the measured values of pi may be large in some cases (Singh et al. 1992; Bhasin 

and Grimstad 1996). Then, using these “roughly” estimated values of pi will introduce 

additional uncertainty in the BN. For these reasons, support pressure is not included 

into the developed BN, which is intended for the prediction of squeezing at early 

design stages. 

5.3 BN structure definition and parameter learning 

5.3.1 BN structure definition 

Bayesian Networks (BNs) are probabilistic graphical models, in the form of directed 

acyclic graphs, that provide a simple way to represent the structure of a probabilistic 

model and the conditional independency relationships between its variables: nodes are 

used to represent random variables, and arrows linking two variables indicate “direct 

casual influences” between them (Jensen and Nielsen (2007)), whose “intensities” are 

quantified by their conditional probabilities (Pearl 1986); whereas the lack of an arrow 

between two variables indicates their conditional independency (Heckerman 1997). 

As a specific example (see Figure 2.2), an arrow from node b1 to b2 indicates the 

conditional dependency of b2 given b1, quantified as P(b2| b1). 

Therefore, once the structure of the model is specified (i.e., once the relationships of 

conditional dependency and independency are set), the BN is fully described by a set 

of parameters, θ, that indicate conditional probabilities between variables for a given 

evidence (i.e., for a set of observed random variables), which, for discrete variables as 
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those used herein, are expressed by conditional probability tables or CPTs. It is 

possible to introduce new evidence into the network, or to update it when such 

evidence changes, using a Bayesian methodology to quantify the changes in the CPTs 

of the unobserved variables. This procedure is called “uncertainty propagation” or 

“belief updating” and there are algorithms –such as the Junction Tree algorithm 

described in Section 5.3.4– that allow its efficient computation. The ability to deal 

with incomplete information, as well as to update beliefs when new evidence becomes 

available, are the main advantages of BNs, and we benefit from them in our analyses 

below. 

BNs are also useful for “classification”. In this work, we use BNs to “predict” the 

outcome of a complex engineering problem such as squeezing in rock tunnels. For a 

classification task, let us use C to denote the class variable that indicates the outcome 

(squeezing or not squeezing), and A = (A1, A2, A3, …, An) to denote the attribute vector 

that includes values of the set of n input “parameters” (or “attributes”) that affect the 

outcome of C. (In this case, A is given by the five parameters discussed in Section 

5.2.3). Note, however, that the BN must be “learned” –in other words, its set of 

conditional probabilities or CPTs, θ, must be estimated– before it can make useful 

predictions. To that end, an existing database of case histories can be employed, as we 

do with our database with (incomplete) information about 166 tunnel case histories 

described in Section 5.2.2. Note also that, as the network structure becomes more 

complex –i.e., as more links between variables are included– the number of model 

parameters will increase significantly, hence making it necessary to have more data to 

reliably estimate them (Wijayatunga et al. 2006). That is why simple network 

structures are often preferred when, as it happens in our case, available data are limited. 
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And, in particular, that is why the Naïve Bayes classifier used herein –which assumes 

that all parameters are conditionally independent given the class variable, hence 

having a minimum number of connections with their associated parameters– can get 

“more reliable estimates from a limited amount of data” (Pourret et al. 2008). 

Of course, the Naïve Bayes classifier could be criticized because such independence 

assumption is not always satisfied in reality. For that reason, we checked the 

correlation coefficients between the parameters, with results showing that a “strong” 

correlation with a correlation coefficient of ρc > 0.8 (Song et al. 2012), only exists 

between SSR and Q. Correlations between the other pairs are much weaker –e.g., the 

correlation coefficient between Q and Ks is 0.04– hence suggesting that the assumption 

of independency is reasonable. In any case, previous works have shown that “even 

with strong dependencies Naïve Bayes still works well” (Zhang 2004) and that, despite 

its assumptions, Naïve Bayes can be learned efficiently to “obtain very good prediction 

accuracy” (Kontkanen et al. 1997). 

 

Figure 5.2 BN structure of our Naïve Bayes classifier 

Figure 5.2 illustrates the implementation of a Naïve Bayes classifier for our 

classification task of predicting squeezing conditions, given an input vector defined as 

A = (H, Q, Dt, Ks, SSR). 
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5.3.2 Discretizing the continuous features 

The five parameters selected for classification with the BN are continuous variables. 

One possible way to deal with continuous variables in BNs is to discretize them 

(discretization); another way is to “specify a density function for each combination of 

states for the parent variables” (Jensen and Nielsen 2007; Song et al. 2012). In this 

chapter, discretization is adopted because BNs are “oriented towards handling discrete 

variables” (Korb and Nicholson 2004); and because specifying accurate density 

functions is often difficult when available data are limited. 

Determining good cut points for discretization is a delicate task (Jensen and Nielsen 

2007). One common approach is to use a discretization algorithm. We use the “equal 

frequency binning algorithm” –one common unsupervised discretization method that 

aims to divide the data into intervals containing approximately the same number of 

observations– built into WEKA (Hall et al. 2009), although the final interval cut points 

have been hand-adjusted based on practicality and ease of use. (For instance, the cut 

points for tunnel depth are adjusted from 199.0, 292.5 and 505 to 200, 300 and 500.) 

Table 5.2 lists the intervals (with minimum and maximum values), and their associated 

descriptors (“states”), employed to characterize parameters in our BN. Note that the 

upper and low bound values for each random variable are the maximum and minimum 

values shown in Figure 5.1, so that the developed BN can only be applied to cases 

with variables within these ranges. 
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Table 5.2 Overview of the intervals employed for the input parameters of the 

BN. 

Parameters	 Set	of	intervals	/	Count	

H	[m]	intervals	

States	of	H	

[34,	200]/50,	(200,	300]/44,	(300,	500]/32,	(500,	

850]/40	

Shallow,	Medium,	Deep,	Very	Deep	

Q	intervals	

States	of	Q	

[0.001,	0.01]/35,	(0.01,	0.1]/54,	(0.1,	1]/42,	(1,	93.5]/33	

Exc.	Poor,	Extr.	Poor,	Very	Poor,	Poor	to	Exc.	Good	

Dt	[m]	intervals	

States	of	Dt	

[2.5,	6.0]/78,	(6.0,	20.0]/87	

Small,	Large	

Ks	[MPa]	intervals	

States	of	Ks	

[2.5,	15]/46,	(15,	500]/36,	(500,	1936.0]/29	

Low,	Medium,	High	

SSR	intervals	

States	of	SSR	

[0.003,	0.35]/70,	(0.35,	8.6]/25	

Low,	High	

Next, we discuss the influence of the BN structure on the number of probability values 

associated to the CPTs that need to be characterized to “learn” the network. To that 

end, the number of possible states for each node is indicated in Table 5.2, i.e., there 

are four states for both H and Q, two states for both Dt and SSR, and three states for 

Ks. Then, for a Naïve Bayes classifier, there are two probability values to be estimated 

for node “Squeezing” (i.e., P(Squeezing = Yes) and P(Squeezing = No)), to which we 

must add the conditional probabilities of the other nodes given a specific value of the 

squeezing node. For instance, for node Dt, the number of probability values to be 

estimated is 2*2 = 4, i.e., P(Dt = Small | Squeezing = Yes), P(Dt = Small | Squeezing 

= No), P(Dt = Large | Squeezing = Yes), P(Dt = Large | Squeezing = No). The number 

of probability values for other variables can be computed in a similar way, so that the 

total number of probability values to be estimated for all the variables considered in 

the Naïve Bayes classifier is 2 + 2*(4 + 4 + 2 + 2 + 3) = 32. 
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Then, let us imagine that we had assumed a different type of BN structure, in which, 

as a simple example, we reverse all the arrows in Figure 5.2, so that a causal Bayesian 

network is obtained (Jensen and Nielsen 2007). The number of probability values to 

be estimated for node “Squeezing” in this BN structure would be 4*4*2*2*3 = 192, 

to which we must add the probability values to be estimated for the other variables, 

resulting in 192 + 4 + 4 + 2 + 2 + 3 = 207. This shows that the structure of the Naïve 

Bayes classifier dramatically reduces the number of probability values to be estimated, 

which is another reason why we choose the Naïve Bayes classifier to conduct the 

squeezing prediction in this chapter. 

Given the BN structure defined in Figure 5.1, and our available database with missing 

data, we can conduct the parameter “learning” process, i.e., to construct the CPTs for 

each node. For incomplete data, this can be accomplished using the EM algorithm (see 

Section 2.4.3). And the probabilistic inference can be conducted using the JT 

algorithm (see Section 2.4.4). 

5.4 Results and discussion 

5.4.1 The “learned” BN model and its predictions 

We employ Netica (Norsys Software Corporation 1998) to “learn” the parameters of 

the BN with a Naïve Bayes classifier structure using the EM algorithm and to 

propagate uncertainties using the JT algorithm. To that end, we start assuming that no 

prior information is available; i.e., that each (discrete) state of the nodes has an equal 

prior probability. Then, the network parameters are “learned” using the available 

database of case histories. Figure 5.3 shows the results, which include the CPTs for all 
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the nodes, obtained once the BN is “learned” using our database of rock tunnel 

squeezing. 

 

Figure 5.3 The BN and CPTs obtained after employing the EM algorithm for 

parameter learning. 

Given the “learned” BN (Figure 5.3), probabilistic inference (or belief updating) can 

be conducted using the JT algorithm (Section 5.3.4). As an example of application, let 

us imagine a set of input parameter values for a new tunnel whose design is considered, 

such as, for instance, Dt = 3.0m (Small), Ks = 9.8 MPa (Low), H = 280m (Medium), 
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SSR =0.10 (Low) and Q =0.05 (Extr. Poor). Using such input data to predict squeezing 

with the “learned” BN, the probability of node “Squeezing” will be updated, resulting 

that P(Squeezing = Yes | Dt = Small, Ks = Low, H = Medium, SSR = Low and Q = 

Extr. Poor) = 92.6%. In other words, squeezing is a very likely outcome for such tunnel 

design. It should be emphasized that our BN approach is still able to make probabilistic 

predictions for incomplete input data; i.e., when one (or several) of the nodes is (are) 

not known. This is one of the main advantages of the BN in comparison with other 

previous approaches, as it is common that some input parameters –such as tunnel 

support stiffness– are not defined at early design stages. In the previous example, for 

instance, we could make another prediction assuming that the tunnel diameter and its 

support stiffness are not specified, and the BN would predict a probability of squeezing 

of P(Squeezing = Yes | Dt = Small, H = Medium, SSR = Low and Q = Extr. Poor) = 

75.5%. This observed change of the estimated probability of squeezing, which could 

be of practical significance (e.g., in the context of a risk analysis), illustrates how the 

probability of the squeezing outcome changes as a function of our level of knowledge 

about the input parameters. 

It is also possible to make the squeezing prediction using explicit equations. For 

simplicity, let A = (a1, a2, …, an) (with n =5 in this chapter) be the input vector that 

represents the specific values for the five random variables (nodes) in the developed 

BN. Then, the posterior probability of squeezing given A, P(Squeezing = Yes | A), can 

be computed as (Friedman et al. 1997; Domingos and Pazzani 1997): 
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Next, we illustrate how to apply Eq. (5.15) to a tunnel design case. For example, using 

the same input data that we employed above, A = (Dt = Small, Ks =Low, H = Medium, 

SSR = Low, Q = Extr. Poor), and substituting the corresponding conditional 

probability values from the CPTs provided in Figure 5.3, Eq. (5.15) yields the 

following posterior probability of squeezing given A: 

(Squeezing Yes | )

0.657 0.376 0.525 0.220 0.912 0.411

0.657 0.376 0.525 0.220 0.912 0.411 0.343 0.661 0.129 0.351 0.474 0.175
0.926

P  
    

          


A

, 

which is equal to the result that was computed by Netica. In other words, Eq. (5.15) 

provides a convenient tool so that designers can predict squeezing without the need of 

specific software tools. 

5.4.2 Comparison with existing approaches 

To compare our results with those of previous approaches, we have employed the 

“learned” BN to compute the squeezing outcome that would be predicted for each of 

the tunnel cases included –with their corresponding instances of incomplete data– in 

the database. Predictions are made based on the computed probabilities of squeezing: 

a “squeezing” outcome is assigned if P(Squeezing = Yes) ≥ 50%, with a “non-

squeezing” outcome being assigned otherwise. Table 5.3 presents the results as a 

“confusion matrix”, which informs about the adequacy of the predictions: the main 
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diagonal represents the number of adequate predictions, whereas the upper-right and 

lower-left off-diagonal positions represent, respectively, false-positives and false-

negatives. It can be noted that the error rate of the BN would be, for these data, of 

approximately 9.64% (16/166), which is considered acceptable for practical 

engineering and which, in any case, is lower than error rates computed with other 

traditional methods; see the discussion about Figure 5.4 below. In addition, a more 

detailed 10-fold cross-validation exercise is presented in Section 5.4.3.1 and a 

validation with new cases is discussed in Section 5.4.3.2. 

Table 5.3 Confusion matrix for node “Squeezing” after validation with the 

original database. 

Predicted	

No	

	

Yes	

	

	

	

47	 10	 No	

A
ct
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6	 103	 Yes

Similarly, predictions have also been made –for those case histories for which there 

was available input data– using the correlations proposed by Singh et al. (1992), Hoek 

(2001), Jimenez and Recio (2011) and Dwivedi et al. (2013) (Eqs. (5.2), (5.8), (5.10) 

and (5.11) in Table 5.1). Error rates with these four methods are shown in Figure 5.4, 

which, for comparison, also includes the error rate of predictions computed with the 

proposed BN model for the original database and for the 10-fold cross-validation 

exercise. (When not all case histories provide a prediction, error rates are computed as 

(%) 100All NA correct

All NA

n n n
ER

n n

 
 


 where Alln = 166, NAn = the number of non-available 

(NA) predictions, as reported in Figure 5.4, and correctn  = number of cases that are 

correctly predicted.) Note that more than a third of the cases in the database cannot be 
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predicted using the methods proposed by Hoek (2001) and (Dwivedi et al. 2013); that 

Singh et al. (1992) and Jimenez and Recio (2011) methods can be applied to most 

cases, except for the two cases in which Q values were not reported or could not be 

estimated based on RMR; and that our BN model can be applied to all cases. That is 

because, as discussed above, it can predict even with incomplete data, while the other 

methods cannot handle incomplete data. In addition, note also that our proposed BN 

model results in the smallest error rate (9.64% based on the entire database or 13.35% 

for the 10-fold cross-validation exercise described below), indicating the best model 

prediction performance. 

 

Figure 5.4 Comparison of error rates, using different prediction methods, for 

the original database and average error computed in this chapter during the 10-

fold cross-validation exercise. 

For completeness, we should mention that a BN without node “SSR” has also been 

tried, with results showing a higher error rate of 14.46% (but very similar to that of 

the other methods); note, however, that both models predict equally when information 

about SSR is not known. 
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5.4.3 Model validation 

5.4.3.1 10-fold cross-validation 

The aim of our proposed BN model is to predict tunnel squeezing at design stage, and 

it is therefore necessary to estimate its validity in practice. For this purpose, model 

validation is performed using the 10-fold cross-validation method (Stone 1974), as 

follows: (i) the full database (with nAll = 166 case histories from various countries) is 

randomly divided into 10 groups, (ii) nine groups are used to learn the BN model and 

the remaining group is left for model validation, and (iii) this process is repeated 10 

times so that every group –and every case in the database– is used “both for training 

and testing the model” (Aguilera et al. 2011). The resultant error rates and confusion 

matrices are listed in Table 5.4, and the average of the 10 error rates is taken as the 

performance measure (Figure 5.4). Note that the average error rate based on the cross-

validation conducted, 13.35%, is slightly larger than the 9.64% obtained when the BN 

is “learned” using the whole database and the entire database is employed for 

validation; note also that the new error rate is similar to those computed with other 

methods, although the BN maintains the advantage of being able to provide predictions 

with incomplete datasets. 
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Table 5.4 Error rates and confusion matrices during 10-fold cross-validation of 

the BN model. 

Validation	Groups	 Error	rates	 Confusion	matrices	

No.1 5.882% 	...Predicted..
						No					Yes				Actual	
		‐‐‐‐‐‐		‐‐‐‐‐‐				‐‐‐‐‐‐	
							5							0				No	
							1						11				Yes	

No.2 29.41% 	...Predicted..
						No					Yes				Actual	
		‐‐‐‐‐‐		‐‐‐‐‐‐				‐‐‐‐‐‐	
							6							5				No	
							0							6				Yes	

No.3 11.76% 	...Predicted..
						No					Yes				Actual	
		‐‐‐‐‐‐		‐‐‐‐‐‐				‐‐‐‐‐‐	
							4							0				No	
							2						11				Yes	

No.4 0% 	...Predicted..
						No					Yes				Actual	
		‐‐‐‐‐‐		‐‐‐‐‐‐				‐‐‐‐‐‐	
							5							0				No	
							0						12				Yes	

No.5 0% 	...Predicted..
						No					Yes				Actual	
		‐‐‐‐‐‐		‐‐‐‐‐‐				‐‐‐‐‐‐	
							4							0				No	
							0						13				Yes	

No.6 17.65% 	...Predicted..
						No					Yes				Actual	
		‐‐‐‐‐‐		‐‐‐‐‐‐				‐‐‐‐‐‐	
							4							2				No	
							1						10				Yes	

No.7 6.25% 	...Predicted..
						No					Yes				Actual	
		‐‐‐‐‐‐		‐‐‐‐‐‐				‐‐‐‐‐‐	
							2							0				No	
							1						13				Yes	

No.8 25% 	...Predicted..
						No					Yes				Actual	
		‐‐‐‐‐‐		‐‐‐‐‐‐				‐‐‐‐‐‐	
							5							4				No	
							0							7				Yes	

No.9 18.75% 	...Predicted..
						No					Yes				Actual	
		‐‐‐‐‐‐		‐‐‐‐‐‐				‐‐‐‐‐‐	
							5							0				No	
							3							8				Yes	

No.10	 18.75% 	...Predicted..
						No					Yes				Actual	
		‐‐‐‐‐‐		‐‐‐‐‐‐				‐‐‐‐‐‐	
							5							1				No	
							2							8				Yes	

Average	 13.35% ‐
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5.4.3.2 Validation with new cases 

To further validate our BN model, we also test it with 9 additional new cases from 

different locations that were not included in the training dataset. The information about 

available parameters for each tunnel and the predicted results are shown in Table 5.5. 

Note that values of support stiffness (Ks) are not available for any of them, hence 

needing to use the BN model’s ability to handle incomplete data. For comparison, 

Table 5.5 also lists predictions using two alternative methods –those by Singh et al. 

(1992) and Jimenez and Recio (2011)– that had also shown reduced error rates in 

Figure 5.4. (Although Dwivedi et al. (2013) method also shows a reduced error rate, 

it is not applicable to these cases due to the lack of information about support stiffness.) 

The proposed BN model has a good performance with these new cases and only one 

case (No.2) is wrongly predicted, although the deformation reported for case No.2, εc 

= 0.92%, is very close to the 1% threshold. The methods proposed by Singh et al. 

(1992) and Jimenez and Recio (2011) also give good squeezing predictions for these 

data. Therefore, the results in Table 5.5 show that our BN model is comparable to the 

other methods in accuracy, but being applicable to a wider range of situations 

(especially under incomplete information).
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Table 5.5 Results of validation with new tunnelling case histories. 

No.	 Project	name Location	 H	
[m]	

Q Dt
[m]	

SSR Predicted	
with	BN	
model	

Actual	 Method	by	
Singh	et	al.	
(1992)	

Method	by	
Jimenez	and	
Recio	(2011)

Rock	types References	

1	 La	Loma	del	
Carrascal_902+050

Spain	 50	 4.642*
RMR=60	

12.7 ‐ No	
77.9%	

No	
εc=NA	

No No Gypsum	and	
Argillite	

Unpublished	
Source****	

2	 Túnel	
D'Envalira_GR39	

Andorra	 308 0.541*
RMR=46	

12.0 ‐ Yes	
88.3%	

No	
εc	=0.92%	

Yes No Nos.2‐5	
Phyllite	&	
Quartz‐
phyllite	

Monteys	
(2007)	

3	 Túnel	
D'Envalira_GR50	

Andorra	 355 0.341*
RMR=43	

12.0 ‐ Yes	
88.3%	

Yes	
εc	=1.17%	

Yes Yes Monteys	
(2007)	

4	 Túnel	
D'Envalira_PC24	

Andorra	 255 0.040*
RMR=29	

12.0 ‐ Yes
83.8%	

Yes	
εc	=1.67%	

Yes Yes Monteys	
(2007)	

5	 Túnel	
D'Envalira_PC19	

Andorra	 180 0.063*
RMR=32	

12.0 ‐ Yes
74.2%	

Yes	
εc	=2.67%	

Yes Yes Monteys	
(2007)	

6	 Khimti	headrace	
tunnel	Ch	5191m	

Nepal	 284 0.095
0.08‐0.11	

4.9 0.025 Yes
75.5%	

Yes	
εc	=10.61%**

Yes Yes Schist	&	
Gneiss	

Shrestha	and	
Panthi	(2014)	

7	 Khimti	headrace	
tunnel	Ch	6727m	

Nepal	 112 <0.006 4.1 0.007 Yes
75.1%	

Yes	
εc	=5.46%**	

Yes Yes Schist Shrestha	and	
Panthi	(2014)	

8	 Karaj‐Tehran	
tunnel	(GA)	

Iran	 400 15 4.5 2.43 No
86.7%	

No	
εc	=0.16%***	

No No Gabro Khanlari	et	al.	
(2012)	

9	 Karaj‐Tehran	
tunnel	(CZ)	

Iran	 600 0.22 4.5 0.16 Yes
88.8%	

Yes	
εc	=1.68%***	

Yes Yes Tuff Khanlari	et	al.	
(2012)	

Note: * These values of Q are estimated using Barton’s formula (Barton 1995), i.e., RMR = 15logQ+50 (or alternatively, Q=10(RMR-50)/15). 

     **These values of ε are calculated from numerical modeling using FLAC3D. See the original reference for details. 

     ***These two values of ε are obtained from numerical simulation using Phase2. See the original reference for details. 

     ****Case No.1 is from Control and Monitoring Unit of Work of Ginprosa Ingeniería S.L. during 2008/2009.
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5.4.4 Sensitivity analysis 

Our BN to predict tunnel squeezing depends on five parameters. Sensitivity analysis 

can be used to determine which of these parameters (or nodes) is the most “informative” 

for the prediction; or, in other words, which one has more influence on the target node 

“Squeezing”. To that end, we use indicators provided by mutual information (Shannon 

and Weaver 1949) and by error-based measures such as variance reduction (Pearl 

1991). 

The concept of mutual information is frequently used for “ranking information sources” 

(Pearl 1991). It is defined as 

( )
( ) ( ) ( ) ( ) ln

( ) ( )
test tar

tar test
tar test tar tar test tar test

x x tar test

P x ,x
I X ,X H X H X | X P x ,x

P x P x
      (5.16) 

where tarX  is the target node (variable); testX  is the test node (variable) whose effect 

on tarX  is to be estimated; ( )H   represents the entropy function, defined as a function 

of probability, ( )P  , as ( ) ( ) ln ( )H P P     ; and tarx  and testx  are, respectively, the 

states of tarX  and testX . The mutual information ranges from 0 to ( )tarH X  and it 

equals 0 if and only if tarX  is independent of testX . 

The variance reduction is an error-based measure based on cost-benefit considerations 

(Pearl 1991). It can be expressed as 

2

|( ) ( ) ( | )( )
tar test

test tar

tar test test tar test tar X x
x x

Vr X ,X P x P x x x                         (5.17) 
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with | ( )
tar test

tar

X x tar test tar
x

P x | x x  . Variance reduction is actually the expected 

reduction in the variance of tarX  due to a finding at testX . The variance reduction is 

also equal to 0 if tarX  is independent of testX . 

Table 5.6 Results of sensitivity analysis for node “Squeezing” in the BN model. 

Node	
Mutual	

information	
Percent	[%]	

Variance	

reduction	
Percent	[%]	

Squeezing	 0.92801	 100	 0.2255	 100	

Ks	 0.20688	 22.3	 0.06321	 28.0	

SSR	 0.16798	 18.1	 0.05387	 23.9	

H	 0.17469	 18.8	 0.04966	 22.0	

Q	 0.16023	 17.3	 0.04863	 21.6	

Dt	 0.05345	 5.76	 0.01651	 7.32	

Table 5.6 reports the results, as computed with Netica, of the sensitivity analysis to 

assess the influence of the five input parameters on the “Squeezing” node of the BN. 

The “Percent” column represents the percent contribution of each input node to the 

“Squeezing” node; for instance, the percent contribution of node “Ks” to the overall 

mutual information is equal to 22.3%, which is computed as 0.20688/0.92801×100%. 

Results show that support stiffness Ks has the highest percent contribution to both the 

mutual information and the variance reduction, hence suggesting that support stiffness 

is the parameter with highest influence on tunnel squeezing. This observation, which 

is considered reasonable as tunnel deformation can be significantly influenced by the 

support system installed, is also relevant, as many previous prediction approaches do 

not consider it. (Remember that support stiffness is often not reported and that 

traditional methods, such as those listed in Table 5.1, cannot deal with missing data.) 
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Other parameters such as SSR, H and Q are almost equally important, i.e., showing 

similar contributions towards mutual information and variance reduction which 

suggest that their effects should also be taken into account. Tunnel diameter Dt, which 

has the smallest percent contribution, would then be the least important input 

parameter. 

5.5 Summary 

We present a novel application of Bayesian Networks (BNs) to predict tunnel 

squeezing. In particular, we employ a Naïve Bayes classifier to predict the probability 

of squeezing given (probably partial) information about five input parameters about 

which information is often available at design stage: support stiffness; rock mass 

quality (as defined by the Rock Tunneling Quality Index, Q); tunnel depth and 

diameter; and strength stress ratio. The BN is “learned”, with the aid of Expectation 

Maximization algorithm, using a (incomplete) database with 166 tunnel cases 

compiled from the literature; and the Junction Tree algorithm is employed to “update 

beliefs” about squeezing prediction when the information about the input parameters 

changes. 

The learned BN has been validated using cross-validation with the original dataset, 

and also using a set of 9 new tunnelling case histories that had not been originally 

employed to learn the BN. Results suggest that the error rates of the BN –which are 

among the lowest when compared with previous squeezing criteria– are acceptable for 

practical engineering at planning stage. The BN approach has the additional advantage 

of being able to learn from case histories with incomplete information or to predict 
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squeezing even under incomplete information; i.e., when information about one (or 

several) of the input parameters is (are) not available. 

A sensitivity analysis to identify the input parameters with a higher influence on 

squeezing has also been conducted. Results suggest that support stiffness is the most 

influential parameter, although the other parameters considered are also relevant. 

Tunnel diameter is probably the parameter with the lowest influence on results. 

It should be emphasized that our BN model can be employed for preliminary 

predictions of (probabilities of) tunnel squeezing at design stages. However, it should 

not be employed as a substitute for the more advanced tools –such as numerical 

methods that consider groundwater conditions, time dependent deformation, 

excavation and support sequences, etc.– that are commonly required for a final design. 

In addition, the proposed approach is empirical and could be improved as more data 

becomes available. A more extensive database can also improve the viability of more 

complex structures of the BN, in which a larger set of parameters can be learned 

reliably. 

Finally, it is acknowledged that implementing the Expectation Maximization 

algorithm –required to “learn” the BN parameters– or the Junction Tree algorithm –

required to propagate uncertainties when making predictions for a new dataset– might 

be challenging, but we expect that the Conditional Probability Tables provided in 

Figure 5.3, together with the illustrative example provided, can help designers to use 

the method in real design cases. In addition, to further increase the applicability of the 

approach, we have provided a website (hosted by Norsys) in which the proposed BN 

to predict squeezing is made available to readers (Appendix C.). 
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6 CONCLUSIONS AND FUTURE 

WORK 

6.1 Conclusions 

6.1.1 Bayesian prediction of E of intact rocks using their UCS 

We present a novel approach, based on the Bayesian framework for model assessment, 

to estimate the Young’s moduli of intact rocks based on their UCS. The specific 

contributions of the proposed approach are that: (1) our approach provides uncertainty 

estimates of parameters and predictions, and can differentiate among the sources of 

error; and (2) it also allows us to improve our initial ‘rock-specific’ models via 

Bayesian ‘updating’ conducted as new project-specific information becomes available. 

Based on the well-known proportionality rule (E = MR·UCS) proposed by Deere 

(1968), we develop ‘rock-specific’ parameter and uncertainty estimates for common 

rock types: diabase, granite, basalt, limestone, dolomite, sandstone, shale, quartzite, 

gneiss, marble, schist, and chalk. For some rock types, our Bayesian models provide 

MR estimates that are significantly different from, and often more narrowly defined 
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than, values proposed by Deere (1968). We also use three ‘updating’ examples to 

illustrate how these ‘initial’ rock-specific relationships can be further updated (and 

improved) using project-specific data, reducing the model uncertainties and improving 

its predictive capabilities. 

6.1.2 Estimation of Erm of rock masses based on Bayesian model 
selection and Bayesian updating approach 

We propose an approach, based on “information criteria” (such as DIC, AIC and BIC), 

to select the most appropriate model, among four commonly used candidate models 

(i.e., linear, exponential, power, and logistic) to estimate the deformation modulus of 

a rock mass, Erm, based on its RMR or GSI values. The proposed approach considers 

model fit while penalizing model complexity. In addition, we propose a procedure to 

systematically update the predictive model, and its uncertainty, as new project-specific 

data become available. Such updating of the predictive uncertainty associated to a 

model can have significant consequences in the context of a reliability-based design, 

in which the probabilities of failure are employed to decide about the feasibility of a 

design, to choose among design alternatives, or to compute risks. 

6.1.3 Predicting tunnel squeezing with incomplete data using Bayesian 
Networks 

We present a novel application of Bayesian Networks (BNs), specifically a Naïve 

Bayes classifier, to predict tunnel squeezing given (probably incomplete) information 

about five input parameters about which information is often available at design stage: 

support stiffness; rock mass quality (as defined by the Rock Tunneling Quality Index, 

Q); tunnel depth and diameter; and strength stress ratio. The main contribution is that 

our proposed BN model is able to learn from case histories with incomplete 
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information or to predict squeezing even under incomplete information; i.e., when 

information about one (or several) of the input parameters is (are) not available. 

Model validation shows that the error rate of the proposed BN model –which is among 

the lowest when compared with previous squeezing criteria– is acceptable for practical 

engineering at planning stage. A sensitivity analysis shows that: (1) support stiffness 

is the most influential parameter, although the other parameters considered are also 

relevant; and (2) tunnel diameter is probably the parameter with the lowest influence 

on results. In addition, to further increase the applicability of the approach, we have 

provided a website (hosted by Norsys) in which the proposed BN to predict squeezing 

is made available to readers (Appendix C.). 

6.2 Suggestions for future work 

Future work could be conducted in the following areas: 

(1) More reliable predictions may be obtained if several models are considered 

simultaneously using Bayesian model averaging method (see Section 2.2.3). For 

instance, Bayesian model averaging method may be applied to estimate the 

deformation moduli of rock masses by simultaneously considering several 

commonly used models; 

(2) Bayesian Networks have a great potential in solving geotechnical problems 

related to risk analysis, accident diagnosis, and decision making. For instance, a 

BN-based expert system can be constructed to predict the (probability of) 

occurrence of rock burst in tunnels. 

(3) The predicted performance of a complex geotechnical model may deviate from 

reality because of the uncertainties associated with the prediction model itself and 
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the model parameters. Recently, we have tried to propose an approach, within a 

Bayesian framework, to update the time-dependent tunnel convergence 

predictions computed by an empirical convergence model. The proposed 

approach uses the available measured data to improve its predictive performance 

and to reduce its predictive uncertainties, allowing us to consider of various 

sources of uncertainties such as model uncertainty, model parameters uncertainty 

and measurement uncertainty. 
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APPENDIX A. DATABASE OF 418 PAIRS OF E AND UCS 

No.	 UCSD	
[MPa]	

Diameter	
[mm]	

UCS50	
[MPa]	

E
[GPa]	

n.UCS	 n.E	 cov.UCS	 cov.E	 RockClass	 RockType	 Reference	

1	 ‐	 ‐	 27.51		 9.55		 24	 24	 0.568		 0.383	 Sedimentary	 Fault	breccia	 Alber	and	Kahraman	
(2009)	

2	 ‐	 ‐	 157.00		 16.94		 5	 7	 ‐	 ‐	 Igneous	 Granite	Oporto		
Begonha	and	Sequeira	
Braga	(2002)	

3	 ‐	 ‐	 141.70		 16.73		 5	 7	 ‐	 ‐	 Igneous	 Granite	Oporto		
Begonha	and	Sequeira	
Braga	(2002)	

4	 ‐	 ‐	 153.50		 16.77		 5	 7	 ‐	 ‐	 Igneous	 Granite	Oporto		
Begonha	and	Sequeira	
Braga	(2002)	

5	 ‐	 ‐	 130.60		 14.67		 5	 7	 ‐	 ‐	 Igneous	 Granite	Oporto		
Begonha	and	Sequeira	
Braga	(2002)	

6	 ‐	 ‐	 153.00		 16.05		 5	 7	 ‐	 ‐	 Igneous	 Granite	Oporto		
Begonha	and	Sequeira	
Braga	(2002)	

7	 ‐	 ‐	 96.60		 10.38		 5	 7	 ‐	 ‐	 Igneous	 Granite	Oporto		
Begonha	and	Sequeira	
Braga	(2002)	

8	 ‐	 ‐	 100.30		 9.96		 5	 7	 ‐	 ‐	 Igneous	 Granite	Oporto		 Begonha	and	Sequeira	
Braga	(2002)	

9	 ‐	 ‐	 132.70		 12.45		 5	 7	 ‐	 ‐	 Igneous	 Granite	Oporto		 Begonha	and	Sequeira	
Braga	(2002)	

10	 28.4	 37.5	 26.97		 13.80		 10	 10	 ‐	 ‐	 Sedimentary	 Lower	Chalk	 Bell	(1977)	
11	 27.2	 37.5	 25.83		 12.60		 10	 10	 ‐	 ‐	 Sedimentary	 Middle	Chalk	 Bell	(1977)	
12	 5.5	 37.5	 5.22		 5.70		 10	 10	 ‐	 ‐	 Sedimentary	 Upper	Chalk	 Bell	(1977)	
13	 15.58	 38	 14.83		 33.00		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
14	 72.07	 38	 68.60		 37.00		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
15	 31.16	 38	 29.66		 19.70		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
16	 80.63	 38	 76.74		 30.30		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
17	 48.54	 38	 46.20		 31.00		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
18	 97.39	 38	 92.70		 31.90		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
19	 59.23	 38	 56.38		 38.20		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
20	 74.59	 38	 70.99		 36.60		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
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No.	 UCSD	
[MPa]	

Diameter	
[mm]	

UCS50	
[MPa]	

E
[GPa]	

n.UCS	 n.E	 cov.UCS	 cov.E	 RockClass	 RockType	 Reference	

21	 51.55	 38	 49.07		 29.30		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
22	 61.42	 38	 58.46		 29.20		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
23	 66.22	 38	 63.03		 28.80		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
24	 62.33	 38	 59.33		 27.30		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
25	 72.4	 38	 68.91		 28.30		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
26	 71.3	 38	 67.86		 31.40		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
27	 65.81	 38	 62.64		 45.70		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
28	 93.49	 38	 88.98		 46.20		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
29	 47.23	 38	 44.95		 38.00		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
30	 70.12	 38	 66.74		 26.80		 ≥3	 ‐	 0.308		 0.203	 Sedimentary	 Sandstone	 Bell	(1978)	
31	 102.9	 38.1	 97.99		 78.70		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Anhydrite	(Sanwidth)	 Bell	(1994)	
32	 97.5	 38.1	 92.84		 69.40		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Anhydrite(Newbiggin) Bell	(1994)	
33	 34.8	 38.1	 33.14		 35.30		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Gypsum‐bed	A	 Bell	(1994)	
34	 24.6	 38.1	 23.43		 23.30		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Gypsum‐bed	B	 Bell	(1994)	

35	 27.5	 38.1	 26.19		 24.80		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Gypsum‐Sherburn‐in‐
Elmet	

Bell	(1994)	

36	 18.2	 38.1	 17.33		 16.60		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Gypsum‐Hawton	1	 Bell	(1994)	
37	 21.6	 38.1	 20.57		 19.50		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Gypsum‐Hawton	2	 Bell	(1994)	
38	 24.1	 38.1	 22.95		 21.40		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Gypsum‐Hawton	3	 Bell	(1994)	
39	 ‐	 ‐	 136.63		 52.26		 27	 27	 0.256		 0.514	 Sedimentary	 Sandstones,	Durban	 Bell	and	Lindsay	(1999)	
40	 112.9	 41.3	 109.08		 109.50	 10	 1	 0.064		 ‐	 Sedimentary	 Anhydrite	 Bilgin	(1982)	
41	 45	 41.3	 43.48		 50.00		 10	 1	 0.131		 ‐	 Sedimentary	 Gypsum	 Bilgin	(1982)	
42	 ‐	 ‐	 145.00		 50.50		 4	 4	 ‐	 ‐	 Metamorphic	 Amphibolites	 Butenuth	et	al.	(1994)	
43	 ‐	 ‐	 175.00		 65.00		 3	 3	 ‐	 ‐	 Metamorphic	 Amphibolites	 Butenuth	et	al.	(1994)	
44	 ‐	 ‐	 117.00		 32.00		 3	 3	 ‐	 ‐	 Metamorphic	 Amphibolites	 Butenuth	et	al.	(1994)	
45	 ‐	 ‐	 254.00		 67.10		 7	 7	 ‐	 ‐	 Metamorphic	 Amphibolites	 Butenuth	et	al.	(1994)	
46	 ‐	 ‐	 24.00		 29.10		 3	 3	 ‐	 ‐	 Metamorphic	 Gneisses	 Butenuth	et	al.	(1994)	
47	 ‐	 ‐	 50.60		 26.00		 6	 6	 ‐	 ‐	 Metamorphic	 Gneisses	 Butenuth	et	al.	(1994)	
48	 ‐	 ‐	 85.70		 36.10		 5	 5	 ‐	 ‐	 Metamorphic	 Gneisses	 Butenuth	et	al.	(1994)	
49	 ‐	 ‐	 116.70		 44.43		 8	 8	 0.450		 0.321	 Metamorphic	 Blastonite	 Coates	and	Parsons	(1966)	
50	 ‐	 ‐	 109.84		 59.72		 10	 10	 0.080		 0.088	 Metamorphic	 Chlorite	 Coates	and	Parsons	(1966)	
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No.	 UCSD	
[MPa]	

Diameter	
[mm]	

UCS50	
[MPa]	

E
[GPa]	

n.UCS	 n.E	 cov.UCS	 cov.E	 RockClass	 RockType	 Reference	

51	 ‐	 ‐	 217.72		 74.53		 32	 32	 0.225		 0.157	 Sedimentary	 Conglomerate	 Coates	and	Parsons	(1966)	
52	 ‐	 ‐	 213.79		 92.97		 23	 23	 0.352		 0.115	 Igneous	 Diabase	 Coates	and	Parsons	(1966)	
53	 ‐	 ‐	 100.03		 50.70		 2	 2	 ‐	 ‐	 Metamorphic	 Flourite	 Coates	and	Parsons	(1966)	
54	 ‐	 ‐	 168.68		 64.53		 7	 8	 0.174		 0.107	 Igneous	 Granite	1	 Coates	and	Parsons	(1966)	
55	 ‐	 ‐	 270.67		 72.38		 5	 5	 0.040		 0.048	 Igneous	 Granite	2	 Coates	and	Parsons	(1966)	
56	 ‐	 ‐	 141.22		 70.22		 4	 4	 0.302		 0.098	 Igneous	 Granite	3	 Coates	and	Parsons	(1966)	
57	 ‐	 ‐	 15.30		 18.04		 4	 5	 0.110		 0.198	 Sedimentary	 Halite	 Coates	and	Parsons	(1966)	
58	 ‐	 ‐	 190.26		 73.06		 9	 9	 0.066		 0.011	 Igneous	 Hematite	 Coates	and	Parsons	(1966)	
59	 ‐	 ‐	 131.41		 69.63		 7	 7	 0.372		 0.335	 Sedimentary	 Limestone	2	 Coates	and	Parsons	(1966)	
60	 ‐	 ‐	 272.63		 57.76		 6	 6	 0.137		 0.178	 Sedimentary	 Limestone	1	 Coates	and	Parsons	(1966)	
61	 ‐	 ‐	 193.20		 54.13		 18	 18	 0.280		 0.077	 Igneous	 Peridotite	 Coates	and	Parsons	(1966)	
62	 ‐	 ‐	 12.45		 7.16		 7	 4	 0.207		 0.192	 Sedimentary	 Potash	 Coates	and	Parsons	(1966)	
63	 ‐	 ‐	 254.98		 79.83		 112	 112 0.158		 0.025	 Metamorphic	 Quartzite	 Coates	and	Parsons	(1966)	
64	 ‐	 ‐	 90.22		 35.31		 5	 6	 0.038		 0.030	 Sedimentary	 Sandstone	1	 Coates	and	Parsons	(1966)	
65	 ‐	 ‐	 147.11		 34.52		 9	 9	 0.110		 0.272	 Sedimentary	 Shale		1	 Coates	and	Parsons	(1966)	
66	 ‐	 ‐	 273.62		 88.75		 7	 8	 0.171		 0.040	 Sedimentary	 Siderite	 Coates	and	Parsons	(1966)	
67	 ‐	 ‐	 231.45		 85.52		 11	 11	 0.201		 0.080	 Igneous	 Specularite‐Magnetite Coates	and	Parsons	(1966)	
68	 ‐	 ‐	 240.44		 65.92		 ‐	 ‐	 0.211		 ‐	 Igneous	 Anorthosite	 D'Andrea	et	al.	(1965)	
69	 ‐	 ‐	 149.14		 62.33		 ‐	 ‐	 0.478		 ‐	 Igneous	 Basalt	 D'Andrea	et	al.	(1965)	
70	 ‐	 ‐	 292.00		 100.53	 ‐	 ‐	 0.102		 ‐	 Igneous	 Basalt	 D'Andrea	et	al.	(1965)	
71	 ‐	 ‐	 14.96		 5.24		 ‐	 ‐	 0.138		 ‐	 Sedimentary	 Chalk	 D'Andrea	et	al.	(1965)	
72	 ‐	 ‐	 19.06		 3.10		 ‐	 ‐	 0.047		 ‐	 Sedimentary	 Chalk	 D'Andrea	et	al.	(1965)	
73	 ‐	 ‐	 81.33		 40.47		 ‐	 ‐	 0.432		 ‐	 Sedimentary	 Dolomite	 D'Andrea	et	al.	(1965)	
74	 ‐	 ‐	 54.77		 28.27		 ‐	 ‐	 0.365		 ‐	 Sedimentary	 Dolomite	 D'Andrea	et	al.	(1965)	
75	 ‐	 ‐	 200.28		 101.08	 ‐	 ‐	 0.181		 ‐	 Igneous	 Gabbro	 D'Andrea	et	al.	(1965)	
76	 ‐	 ‐	 208.46		 75.36		 ‐	 ‐	 0.075		 ‐	 Metamorphic	 Granite	gneiss	 D'Andrea	et	al.	(1965)	
77	 ‐	 ‐	 224.44		 81.02		 ‐	 ‐	 0.206		 ‐	 Metamorphic	 Granite	gneiss	2	 D'Andrea	et	al.	(1965)	
78	 ‐	 ‐	 135.90		 19.10		 ‐	 ‐	 0.157		 ‐	 Metamorphic	 Granite	gneiss	 D'Andrea	et	al.	(1965)	
79	 ‐	 ‐	 186.30		 43.23		 ‐	 ‐	 0.191		 ‐	 Igneous	 Granite	 D'Andrea	et	al.	(1965)	
80	 ‐	 ‐	 132.06		 58.88		 ‐	 ‐	 0.173		 ‐	 Igneous	 Granite	 D'Andrea	et	al.	(1965)	
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No.	 UCSD	
[MPa]	

Diameter	
[mm]	

UCS50	
[MPa]	

E
[GPa]	

n.UCS	 n.E	 cov.UCS	 cov.E	 RockClass	 RockType	 Reference	

81	 ‐	 ‐	 209.34		 61.50		 ‐	 ‐	 0.126		 ‐	 Igneous	 Granite	2	 D'Andrea	et	al.	(1965)	
82	 ‐	 ‐	 216.61		 60.12		 ‐	 ‐	 0.233		 ‐	 Igneous	 Granite	 D'Andrea	et	al.	(1965)	
83	 ‐	 ‐	 195.82		 53.99		 ‐	 ‐	 0.045		 ‐	 Igneous	 Granite	 D'Andrea	et	al.	(1965)	
84	 ‐	 ‐	 133.76		 67.64		 ‐	 ‐	 0.157		 ‐	 Igneous	 Granite	 D'Andrea	et	al.	(1965)	
85	 ‐	 ‐	 114.08		 82.81		 ‐	 ‐	 0.356		 ‐	 Metamorphic	 Greenstone	 D'Andrea	et	al.	(1965)	
86	 ‐	 ‐	 152.78		 91.57		 ‐	 ‐	 0.250		 ‐	 Sedimentary	 Limestone	 D'Andrea	et	al.	(1965)	
87	 ‐	 ‐	 146.62		 87.36		 ‐	 ‐	 0.241		 ‐	 Sedimentary	 Limestone	 D'Andrea	et	al.	(1965)	
88	 ‐	 ‐	 179.42		 81.15		 ‐	 ‐	 0.198		 ‐	 Sedimentary	 Limestone	 D'Andrea	et	al.	(1965)	
89	 ‐	 ‐	 113.09		 47.85		 ‐	 ‐	 0.185		 ‐	 Sedimentary	 Limestone	 D'Andrea	et	al.	(1965)	
90	 ‐	 ‐	 97.04		 53.92		 ‐	 ‐	 0.397		 ‐	 Sedimentary	 Limestone	 D'Andrea	et	al.	(1965)	
91	 ‐	 ‐	 114.68		 38.96		 ‐	 ‐	 0.347		 ‐	 Sedimentary	 Limestone	 D'Andrea	et	al.	(1965)	
92	 ‐	 ‐	 107.28		 46.54		 ‐	 ‐	 0.150		 ‐	 Sedimentary	 Limestone	 D'Andrea	et	al.	(1965)	
93	 ‐	 ‐	 134.58		 56.47		 ‐	 ‐	 0.303		 ‐	 Sedimentary	 Limestone	 D'Andrea	et	al.	(1965)	
94	 ‐	 ‐	 117.42		 39.23		 ‐	 ‐	 0.238		 ‐	 Sedimentary	 Limestone	 D'Andrea	et	al.	(1965)	
95	 ‐	 ‐	 91.91		 36.82		 ‐	 ‐	 0.403		 ‐	 Sedimentary	 Limestone	 D'Andrea	et	al.	(1965)	
96	 ‐	 ‐	 35.24		 17.93		 ‐	 ‐	 0.176		 ‐	 Sedimentary	 Limestone	 D'Andrea	et	al.	(1965)	
97	 ‐	 ‐	 52.95		 28.34		 ‐	 ‐	 0.094		 ‐	 Sedimentary	 Limestone	 D'Andrea	et	al.	(1965)	
98	 ‐	 ‐	 250.98		 106.11	 ‐	 ‐	 0.309		 ‐	 Metamorphic	 Marble	 D'Andrea	et	al.	(1965)	
99	 ‐	 ‐	 129.72		 75.64		 ‐	 ‐	 0.283		 ‐	 Igneous	 Syenite	pegmatite	 D'Andrea	et	al.	(1965)	
100	 ‐	 ‐	 122.39		 109.70	 ‐	 ‐	 0.247		 ‐	 Igneous	 Peridotite	 D'Andrea	et	al.	(1965)	
101	 ‐	 ‐	 214.90		 42.34		 ‐	 ‐	 0.177		 ‐	 Metamorphic	 Quartzite	 D'Andrea	et	al.	(1965)	
102	 ‐	 ‐	 311.46		 53.44		 ‐	 ‐	 0.189		 ‐	 Metamorphic	 Quartzite	 D'Andrea	et	al.	(1965)	
103	 ‐	 ‐	 96.07		 35.72		 ‐	 ‐	 0.191		 ‐	 Igneous	 Rhyolite	porphyry	 D'Andrea	et	al.	(1965)	
104	 ‐	 ‐	 23.49		 2.69		 ‐	 ‐	 0.094		 ‐	 Sedimentary	 Sandstone	 D'Andrea	et	al.	(1965)	
105	 ‐	 ‐	 29.88		 4.69		 ‐	 ‐	 0.060		 ‐	 Sedimentary	 Sandstone	 D'Andrea	et	al.	(1965)	
106	 ‐	 ‐	 16.90		 1.93		 ‐	 ‐	 0.114		 ‐	 Sedimentary	 Sandstone	 D'Andrea	et	al.	(1965)	
107	 ‐	 ‐	 40.85		 4.48		 ‐	 ‐	 0.203		 ‐	 Sedimentary	 Sandstone	 D'Andrea	et	al.	(1965)	
108	 ‐	 ‐	 10.62		 5.93		 ‐	 ‐	 0.188		 ‐	 Sedimentary	 Sandstone	 D'Andrea	et	al.	(1965)	
109	 ‐	 ‐	 142.21		 69.36		 ‐	 ‐	 0.207		 ‐	 Sedimentary	 Schist	 D'Andrea	et	al.	(1965)	
110	 ‐	 ‐	 165.55		 76.88		 ‐	 ‐	 0.176		 ‐	 Metamorphic	 Schist	 D'Andrea	et	al.	(1965)	
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No.	 UCSD	
[MPa]	

Diameter	
[mm]	

UCS50	
[MPa]	

E
[GPa]	

n.UCS	 n.E	 cov.UCS	 cov.E	 RockClass	 RockType	 Reference	

111	 ‐	 ‐	 112.74		 53.23		 ‐	 ‐	 0.402		 ‐	 Metamorphic	 Serpentine	 D'Andrea	et	al.	(1965)	
112	 ‐	 ‐	 172.30		 71.36		 ‐	 ‐	 0.298		 ‐	 Sedimentary	 Slate	 D'Andrea	et	al.	(1965)	
113	 ‐	 ‐	 85.43		 65.92		 ‐	 ‐	 0.432		 ‐	 Sedimentary	 Slate	 D'Andrea	et	al.	(1965)	
114	 ‐	 ‐	 250.98		 92.94		 ‐	 ‐	 0.166		 ‐	 Sedimentary	 Taconite	 D'Andrea	et	al.	(1965)	
115	 ‐	 ‐	 233.69		 97.01		 ‐	 ‐	 0.288		 ‐	 Sedimentary	 Taconite	2	 D'Andrea	et	al.	(1965)	
116	 ‐	 ‐	 304.77		 61.64		 ‐	 ‐	 0.184		 ‐	 Sedimentary	 Taconite	 D'Andrea	et	al.	(1965)	
117	 229.60		 54	 232.80		 50.19		 8	 6	 0.111		 0.109	 Igneous	 Basalt(Lower	Granite) Deere	and	Miller	(1966)	
118	 296.47		 54	 300.61		 77.57		 3	 3	 0.056		 0.020	 Igneous	 Basalt(Little	Goose)	 Deere	and	Miller	(1966)	
119	 355.08		 54	 360.03		 83.84		 3	 3	 0.049		 0.091	 Igneous	 Basalt(John	Day)	 Deere	and	Miller	(1966)	
120	 241.32		 54	 244.68		 81.57		 8	 6	 0.113		 0.038	 Igneous	 Diabase(Pallisades)	 Deere	and	Miller	(1966)	
121	 314.40		 54	 318.79		 97.42		 3	 3	 0.055		 0.026	 Igneous	 Diabase(Coggins)	 Deere	and	Miller	(1966)	

122	 300.61		 54	 304.80		 99.35		 3	 3	 0.064		 0.034	 Igneous	
Diabase(French	
Creek)	 Deere	and	Miller	(1966)	

123	 86.87		 54	 88.09		 43.99		 8	 6	 0.053		 0.085	 Sedimentary	 Dolomite(Oneota)	 Deere	and	Miller	(1966)	
124	 90.32		 54	 91.58		 51.02		 3	 3	 0.056		 0.129	 Sedimentary	 Dolomite(Lockport)	 Deere	and	Miller	(1966)	

125	 151.68		 54	 153.80		 66.26		 3	 3	 0.173		 0.072	 Sedimentary	 Dolomite(Bonne	
Terra)	

Deere	and	Miller	(1966)	

126	 162.03		 54	 164.29		 53.64		 8	 6	 0.068		 0.105	 Metamorphic	 Gneiss(Dworshak)	 Deere	and	Miller	(1966)	
127	 88.94		 54	 90.18		 33.44		 3	 3	 0.078		 0.061	 Igneous	 Granite(Pikes	Peak)	 Deere	and	Miller	(1966)	
128	 226.15		 54	 229.30		 70.60		 3	 3	 0.034		 0.025	 Igneous	 Granite(Pikes	Peak	II) Deere	and	Miller	(1966)	
129	 194.43		 54	 197.14		 61.50		 8	 6	 0.008		 0.034	 Igneous	 Granite(Barre)	 Deere	and	Miller	(1966)	
130	 51.02		 54	 51.73		 28.54		 8	 6	 0.042		 0.024	 Sedimentary	 Limestone(Bedford)	 Deere	and	Miller	(1966)	

131	 97.91		 54	 99.27		 55.85		 8	 6	 0.031		 0.082	 Sedimentary	
Limestone(Ozark	
Tavernelle)	 Deere	and	Miller	(1966)	

132	 244.76		 54	 248.18		 63.85		 3	 3	 0.038		 0.028	 Sedimentary	
Limestone(Solenhofen
)	

Deere	and	Miller	(1966)	

133	 62.05		 54	 62.92		 47.92		 8	 6	 0.030		 0.031	 Metamorphic	
Marble(Taconic	
White)	

Deere	and	Miller	(1966)	

134	 66.88		 54	 67.81		 55.85		 3	 3	 0.012		 0.030	 Metamorphic	 Marble(Cherokee)	 Deere	and	Miller	(1966)	

135	 64.81		 54	 65.71		 60.47		 6	 6	 0.055		 0.098	 Metamorphic	
Marble(Imperial	
Danby)	

Deere	and	Miller	(1966)	

136	 313.71		 54	 318.09		 88.39		 3	 3	 0.054		 0.033	 Metamorphic	 Quartzite(Baraboo)	 Deere	and	Miller	(1966)	
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137	 21.37		 54	 21.67		 4.90		 5	 5	 0.074		 0.685	 Sedimentary	 Rock	salt(Diamond	
Crystal)	

Deere	and	Miller	(1966)	

138	 73.77		 54	 74.80		 19.31		 8	 6	 0.030		 0.154	 Sedimentary	 Sandstone(Berea)	 Deere	and	Miller	(1966)	

139	 214.43		 54	 217.42		 39.23		 6	 3	 0.059		 0.014	 Sedimentary	 Sandstone(Crab	
Orchard)	

Deere	and	Miller	(1966)	

140	 43.44		 54	 44.04		 15.31		 8	 6	 0.194		 0.224	 Sedimentary	 Sandstone(Navajo)	 Deere	and	Miller	(1966)	

141	 55.16		 54	 55.93		 20.75		 8	 6	 0.115		 0.231	 Metamorphic	 Schist(Luther	
Falls)perp.	

Deere	and	Miller	(1966)	

142	 82.74		 54	 83.89		 58.19		 3	 3	 0.247		 0.073	 Metamorphic	
Schist(Luther	
Falls)parallel	 Deere	and	Miller	(1966)	

143	 122.73		 54	 124.44		 26.27		 7	 6	 0.064		 0.280	 Sedimentary	 Siltstone(Hackensack) Deere	and	Miller	(1966)	
144	 24.13		 54	 24.47		 5.03		 7	 5	 0.159		 0.102	 Sedimentary	 Tuff(NTS‐E	Tunnel)	 Deere	and	Miller	(1966)	
145	 ‐	 ‐	 38.99		 5.36		 30	 30	 0.332		 0.371	 Sedimentary	 Travertine	 Dehghan	et	al.	(2010)	
146	 ‐	 ‐	 68.95		 30.34		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Indiana	limestone	 Demou	et	al.	(1983)	
147	 ‐	 ‐	 115.83		 62.05		 ‐	 ‐	 ‐	 ‐	 Metamorphic	 Tennessee	marble	 Demou	et	al.	(1983)	
148	 ‐	 ‐	 49.64		 43.99		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Trona	 Demou	et	al.	(1983)	
149	 ‐	 ‐	 204.09		 60.67		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Valders	white	rock	 Demou	et	al.	(1983)	

150	 ‐	 ‐	 58.50		 38.70		 82	 36	 0.453		 0.387	 Sedimentary	 Greywackes	 Gokceoglu	and	Zorlu	
(2004)	

151	 ‐	 ‐	 208.00		 54.90		 15	 13	 0.230		 0.120	 Sedimentary	 Dolomite	
Gunsallus	and	Kulhawy	
(1984)	

152	 ‐	 ‐	 117.00		 25.90		 12	 12	 0.380		 0.410	 Sedimentary	 Dolomite	
Gunsallus	and	Kulhawy	
(1984)	

153	 ‐	 ‐	 150.00		 52.00		 24	 6	 0.370		 0.170	 Sedimentary	 Dolomite	
Gunsallus	and	Kulhawy	
(1984)	

154	 ‐	 ‐	 168.00		 61.00		 35	 17	 0.230		 0.310	 Sedimentary	 Dolomite	
Gunsallus	and	Kulhawy	
(1984)	

155	 ‐	 ‐	 237.00		 84.80		 19	 11	 0.280		 0.320	 Sedimentary	 Dolomite	
Gunsallus	and	Kulhawy	
(1984)	

156	 172.00		 54	 174.40		 61.20		 19	 19	 0.300		 0.190	 Sedimentary	 Falkirk	Dolostone	
Gunsallus	and	Kulhawy	
(1984)	

157	 142.00		 54	 143.98		 39.00		 13	 13	 0.240		 0.130	 Sedimentary	 Otaka	Dolostone	 Gunsallus	and	Kulhawy	
(1984)	
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158	 152.00		 54	 154.12		 61.00		 3	 3	 0.180		 0.070	 Sedimentary	 kankakee	Dolostone	 Gunsallus	and	Kulhawy	
(1984)	

159	 177.00		 54	 179.47		 36.10		 3	 3	 0.070		 0.090	 Sedimentary	 Markgraf	Dolostone	
Gunsallus	and	Kulhawy	
(1984)	

160	 264.00		 54	 267.68		 66.50		 3	 3	 0.310		 0.110	 Sedimentary	 Remeo	Dolostone	
Gunsallus	and	Kulhawy	
(1984)	

161	 145.00		 54	 147.02		 45.90		 2	 2	 0.260		 0.180	 Sedimentary	 Irondequoit	Limstone	
Gunsallus	and	Kulhawy	
(1984)	

162	 103.00		 54	 104.44		 49.00		 3	 3	 0.250		 0.310	 Sedimentary	 Reynales	Limestone	
Gunsallus	and	Kulhawy	
(1984)	

163	 ‐	 ‐	 113.00		 39.90		 11	 10	 0.270		 0.330	 Sedimentary	 Limestone	
Gunsallus	and	Kulhawy	
(1984)	

164	 ‐	 ‐	 125.00		 49.00		 8	 8	 0.300		 0.210	 Sedimentary	 Limestone	 Gunsallus	and	Kulhawy	
(1984)	

165	 114.00		 54	 115.59		 34.30		 7	 7	 0.590		 0.480	 Sedimentary	 Grimsby	Sandstone	 Gunsallus	and	Kulhawy	
(1984)	

166	 ‐	 ‐	 108.00		 22.20		 9	 9	 0.340		 0.280	 Sedimentary	 Sandstone	 Gunsallus	and	Kulhawy	
(1984)	

167	 323.807387 25.4	 286.64		 70.67		 ‐	 ‐	 0.047		 ‐	 Igneous	 Salida	granite	 Hoskins	and	Horino	(1969)	
168	 50.642306	 76.2	 54.63		 25.72		 ‐	 ‐	 0.038		 ‐	 Sedimentary	 Kansas	limestone	 Hoskins	and	Horino	(1969)	
169	 105.973076 50.8	 106.28		 47.92		 ‐	 ‐	 0.028		 ‐	 Metamorphic	 Carthage	marble	 Hoskins	and	Horino	(1969)	
170	 3.7783504	 50.8	 3.79		 2.76		 ‐	 ‐	 0.062		 ‐	 Sedimentary	 Plaster	of	paris	 Hoskins	and	Horino	(1969)	
171	 169.853398 50.8	 170.34		 31.23		 ‐	 ‐	 0.019		 ‐	 Sedimentary	 Longmont	sandstone	 Hoskins	and	Horino	(1969)	

172	 219.80		 54	 222.87		 80.60		 5	 1	 0.432		 ‐	 Igneous	 Basalt	
Howarth	and	Rowlands	
(1987)	

173	 234.00		 54	 237.26		 66.50		 5	 1	 0.077		 ‐	 Igneous	 Granite	
Howarth	and	Rowlands	
(1987)	

174	 100.50		 54	 101.90		 67.10		 5	 1	 0.268		 ‐	 Igneous	 Greywacke	
Howarth	and	Rowlands	
(1987)	

175	 93.60		 54	 94.91		 49.30		 10	 4	 0.163		 ‐	 Metamorphic	 Marbles	1	
Howarth	and	Rowlands	
(1987)	

176	 49.90		 54	 50.60		 56.60		 10	 4	 0.116		 ‐	 Metamorphic	 Marbles	2	 Howarth	and	Rowlands	
(1987)	
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177	 64.70		 54	 65.60		 20.50		 10	 4	 0.042		 ‐	 Sedimentary	 Sandstone	1	 Howarth	and	Rowlands	
(1987)	

178	 44.10		 54	 44.72		 12.50		 10	 4	 0.152		 ‐	 Sedimentary	 Sandstone	2	
Howarth	and	Rowlands	
(1987)	

179	 36.60		 54	 37.11		 14.00		 10	 4	 0.027		 ‐	 Sedimentary	 Sandstone	3	
Howarth	and	Rowlands	
(1987)	

180	 35.10		 54	 35.59		 7.50		 10	 4	 0.037		 ‐	 Sedimentary	 Sandstone	4	
Howarth	and	Rowlands	
(1987)	

181	 137.10		 54	 139.01		 40.60		 5	 1	 0.139		 ‐	 Igneous	 Microsyenite	
Howarth	and	Rowlands	
(1987)	

182	 202.40		 54	 205.22		 46.40		 5	 1	 0.204		 ‐	 Igneous	 Trachyte	
Howarth	and	Rowlands	
(1987)	

183	 34.1	 55	 34.69		 11.90		 8	 8	 ‐	 ‐	 Sedimentary	 Sandstone‐WGS1	 Jeng	et	al.	(2004)	
184	 47.5	 55	 48.32		 5.00		 10	 10	 ‐	 ‐	 Sedimentary	 Sandstone‐WGS2	 Jeng	et	al.	(2004)	
185	 48.5	 55	 49.34		 7.60		 15	 15	 ‐	 ‐	 Sedimentary	 Sandstone‐MS1	 Jeng	et	al.	(2004)	
186	 37.1	 55	 37.74		 12.70		 27	 27	 ‐	 ‐	 Sedimentary	 Sandstone‐MS2	 Jeng	et	al.	(2004)	
187	 82.7	 55	 84.13		 14.00		 3	 3	 ‐	 ‐	 Sedimentary	 Sandstone‐MS3	 Jeng	et	al.	(2004)	
188	 68.7	 55	 69.89		 9.70		 11	 11	 ‐	 ‐	 Sedimentary	 Sandstone‐TL1	 Jeng	et	al.	(2004)	
189	 77.5	 55	 78.84		 12.20		 3	 3	 ‐	 ‐	 Sedimentary	 Sandstone‐TL2	 Jeng	et	al.	(2004)	
190	 38.4	 55	 39.06		 5.60		 5	 5	 ‐	 ‐	 Sedimentary	 Sandstone‐ST	 Jeng	et	al.	(2004)	
191	 86	 55	 87.49		 12.10		 4	 4	 ‐	 ‐	 Sedimentary	 Sandstone‐NK	 Jeng	et	al.	(2004)	
192	 69	 55	 70.19		 5.20		 10	 10	 ‐	 ‐	 Sedimentary	 Sandstone‐TK	 Jeng	et	al.	(2004)	
193	 14.5	 55	 14.75		 2.60		 3	 3	 ‐	 ‐	 Sedimentary	 Sandstone‐SFG1	 Jeng	et	al.	(2004)	
194	 46.4	 55	 47.20		 5.20		 3	 3	 ‐	 ‐	 Sedimentary	 Sandstone‐SFG2	 Jeng	et	al.	(2004)	

195	 52.90		 15.6	 42.89		 16.60		 ≥5	 ≥5	 ‐	 ‐	 Sedimentary	 Fault	breccia	1	 Kahraman	and	Alber	
(2006)	

196	 63.60		 15.6	 51.57		 21.30		 ≥5	 ≥5	 ‐	 ‐	 Sedimentary	 Fault	breccia	2	 Kahraman	and	Alber	
(2006)	

197	 32.60		 15.6	 26.43		 12.80		 ≥5	 ≥5	 ‐	 ‐	 Sedimentary	 Fault	breccia	3	 Kahraman	and	Alber	
(2006)	

198	 89.30		 15.6	 72.41		 15.70		 ≥5	 ≥5	 ‐	 ‐	 Sedimentary	 Fault	breccia	4	
Kahraman	and	Alber	
(2006)	
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199	 89.10		 15.6	 72.25		 26.50		 ≥5	 ≥5	 ‐	 ‐	 Sedimentary	 Fault	breccia	5	 Kahraman	and	Alber	
(2006)	

200	 54.30		 15.6	 44.03		 16.70		 ≥5	 ≥5	 ‐	 ‐	 Sedimentary	 Fault	breccia	6	
Kahraman	and	Alber	
(2006)	

201	 36.00		 15.6	 29.19		 7.70		 ≥5	 ≥5	 ‐	 ‐	 Sedimentary	 Fault	breccia	7	
Kahraman	and	Alber	
(2006)	

202	 70.10		 15.6	 56.84		 15.80		 ≥5	 ≥5	 ‐	 ‐	 Sedimentary	 Fault	breccia	8	
Kahraman	and	Alber	
(2006)	

203	 89.1	 54	 90.34		 24.77		 10	 5	 0.186		 0.218	 Metamorphic	 Epidote‐amphibolite	 Karakus	et	al.	(2005)	
204	 90.24	 54	 91.50		 10.04		 10	 5	 0.155		 0.227	 Igneous	 Dacite	 Karakus	et	al.	(2005)	
205	 46.32	 54	 46.97		 24.11		 10	 5	 0.100		 0.151	 Sedimentary	 Biosparitic		limestone	 Karakus	et	al.	(2005)	

206	 58.02	 54	 58.83		 23.21		 10	 5	 0.269		 0.310	 Sedimentary	 Sparitic	crystallised	
limestone	

Karakus	et	al.	(2005)	

207	 51.2	 54	 51.91		 23.98		 10	 5	 0.098		 0.259	 Sedimentary	 Biomicritic	limestone	 Karakus	et	al.	(2005)	

208	 50.33	 54	 51.03		 8.00		 10	 5	 0.223		 0.181	 Sedimentary	 Sandy	sparitic	
limestone	

Karakus	et	al.	(2005)	

209	 11.5	 54	 11.66		 7.60		 10	 5	 0.255		 0.450	 Sedimentary	
High	porous		
limestone	 Karakus	et	al.	(2005)	

210	 32.81	 54	 33.27		 17.65		 10	 5	 0.201		 0.299	 Metamorphic	 Listwanite	 Karakus	et	al.	(2005)	
211	 75.05	 54	 76.10		 14.85		 10	 5	 0.079		 0.216	 Metamorphic	 Marble	 Karakus	et	al.	(2005)	
212	 ‐	 ‐	 54.37		 5.16		 60	 55	 0.328		 0.450	 Sedimentary	 Shale	 Lashkaripour	(2001)	

213	 ‐	 ‐	 72.77		 12.27		 4	 4	 0.294		 0.352	 Metamorphic	
Aydos	
formation(Quartzite‐
andesite)	

Ocak	and	Seker	(2012)	

214	 ‐	 ‐	 42.11		 15.93		 34	 34	 0.369		 0.539	 Sedimentary	
Dolayoba	
formation(Limestone) Ocak	and	Seker	(2012)	

215	 ‐	 ‐	 53.92		 10.36		 18	 18	 0.484		 0.371	 Sedimentary	
Kurtkoy	
formation(Sandstone‐
conglom)	

Ocak	and	Seker	(2012)	

216	 ‐	 ‐	 33.05		 7.46		 38	 38	 0.602		 0.621	 Sedimentary	
Kartal	
formation(Shale‐
limestone)	

Ocak	and	Seker	(2012)	

217	 ‐	 ‐	 44.79		 10.21		 83	 83	 0.815		 1.017	 Sedimentary	 Trakya(Sandst.‐siltst.‐ Ocak	and	Seker	(2012)	
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clayst)
218	 ‐	 ‐	 26.20		 8.45		 8	 8	 0.635		 0.434	 Sedimentary	 Tuzla	formation	 Ocak	and	Seker	(2012)	
219	 87	 25	 76.80		 11.00		 6	 6	 ‐	 ‐	 Igneous	 Sanjome		andesite		 Okubo	et	al.	(1991)	
220	 169	 22	 145.78		 24.00		 6	 6	 ‐	 ‐	 Igneous	 lnada	granite		 Okubo	et	al.	(1991)	
221	 58	 24	 50.82		 27.00		 10	 10	 ‐	 ‐	 Metamorphic	 Akiyoshi	marble		 Okubo	et	al.	(1991)	
222	 33	 24	 28.92		 8.10		 4	 4	 ‐	 ‐	 Sedimentary	 Tako	sandstone		 Okubo	et	al.	(1991)	
223	 37	 25	 32.66		 7.60		 7	 7	 ‐	 ‐	 Sedimentary	 Kawazu	tuff	 Okubo	et	al.	(1991)	
224	 50	 25	 44.14		 11.00		 21	 ‐	 ‐	 ‐	 Metamorphic	 Anthracite	 Okubo	et	al.	(2006)	
225	 25	 25	 22.07		 7.00		 16	 ‐	 ‐	 ‐	 Metamorphic	 Anthracite	 Okubo	et	al.	(2006)	
226	 22	 25	 19.42		 6.10		 8	 ‐	 ‐	 ‐	 Metamorphic	 Anthracite	 Okubo	et	al.	(2006)	
227	 ‐	 ‐	 13.82		 1.91		 16	 16	 0.285		 0.192	 Sedimentary	 Sandstone	 Palchik	(1999)	
228	 ‐	 ‐	 50.62		 15.32		 11	 11	 0.228		 0.225	 Sedimentary	 Adulam	chalk	 Palchik	(2011)	
229	 ‐	 ‐	 134.99		 53.91		 8	 8	 0.530		 0.382	 Sedimentary	 Aminadav	dolomite	 Palchik	(2011)	
230	 ‐	 ‐	 159.49		 44.56		 3	 3	 0.252		 0.235	 Sedimentary	 Yagur	dolomite	 Palchik	(2011)	
231	 ‐	 ‐	 87.61		 20.70		 5	 5	 0.264		 0.945	 Sedimentary	 Yagur	dolomite	 Palchik	(2011)	
232	 ‐	 ‐	 164.09		 46.40		 6	 6	 0.090		 0.045	 Sedimentary	 Nekorot	limestone	 Palchik	(2011)	
233	 ‐	 ‐	 75.53		 28.74		 21	 21	 0.555		 0.413	 Sedimentary	 Bina	limestone	 Palchik	(2011)	
234	 ‐	 ‐	 66.18		 20.93		 3	 3	 0.445		 0.202	 Sedimentary	 Sorek	limestone	 Palchik	(2011)	
235	 ‐	 ‐	 48.01		 6.83		 4	 4	 0.334		 0.155	 Sedimentary	 Yarka	limestone	 Palchik	(2011)	
236	 ‐	 ‐	 32.20		 4.26		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Mudstone	 Peng	and	Zhang	(2007)	
237	 ‐	 ‐	 27.70		 1.30		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Mudstone	 Peng	and	Zhang	(2007)	
238	 ‐	 ‐	 42.20		 3.23		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Mudstone	 Peng	and	Zhang	(2007)	
239	 ‐	 ‐	 22.90		 3.01		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Mudstone	 Peng	and	Zhang	(2007)	
240	 ‐	 ‐	 34.50		 5.68		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Sandy	mudstone	 Peng	and	Zhang	(2007)	

241	 ‐	 ‐	 102.00		 19.40		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Fine‐grained	
sandstone	

Peng	and	Zhang	(2007)	

242	 ‐	 ‐	 107.60		 18.90		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Fine‐grained	
sandstone	

Peng	and	Zhang	(2007)	

243	 ‐	 ‐	 108.40		 20.40		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Fine‐grained	
sandstone	

Peng	and	Zhang	(2007)	

244	 ‐	 ‐	 83.50		 13.60		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Medium‐grained	 Peng	and	Zhang	(2007)	
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sandstone

245	 ‐	 ‐	 70.40		 11.40		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Medium‐grained	
sandstone	

Peng	and	Zhang	(2007)	

246	 ‐	 ‐	 48.80		 3.24		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Sandy	shale	 Peng	and	Zhang	(2007)	
247	 ‐	 ‐	 47.50		 4.86		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Shale	 Peng	and	Zhang	(2007)	
248	 ‐	 ‐	 43.10		 4.71		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Shale	 Peng	and	Zhang	(2007)	
249	 ‐	 ‐	 329.70		 127.90	 10	 10	 0.122		 0.434	 Igneous	 Basalt	 Rohde	and	Feng	(1990)	
250	 ‐	 ‐	 117.00		 24.60		 5	 5	 0.230		 0.380	 Sedimentary	 Claystone	 Rohde	and	Feng	(1990)	
251	 ‐	 ‐	 68.40		 47.80		 3	 3	 0.305		 0.496	 Sedimentary	 CoalBinder	 Rohde	and	Feng	(1990)	
252	 ‐	 ‐	 114.40		 40.60		 10	 10	 0.115		 0.314	 Igneous	 Granite	 Rohde	and	Feng	(1990)	
253	 ‐	 ‐	 144.80		 75.80		 10	 10	 0.135		 0.308	 Igneous	 Granite	 Rohde	and	Feng	(1990)	
254	 ‐	 ‐	 148.40		 35.60		 10	 10	 0.089		 0.628	 Igneous	 Granite	 Rohde	and	Feng	(1990)	
255	 ‐	 ‐	 89.00		 41.10		 5	 5	 0.388		 0.494	 Sedimentary	 Limestone	 Rohde	and	Feng	(1990)	
256	 ‐	 ‐	 44.00		 15.30		 7	 7	 0.358		 0.364	 Sedimentary	 Mudstone	 Rohde	and	Feng	(1990)	
257	 ‐	 ‐	 45.90		 37.20		 10	 10	 0.390		 0.418	 Sedimentary	 Sandstone	 Rohde	and	Feng	(1990)	
258	 ‐	 ‐	 127.10		 29.70		 21	 21	 0.290		 0.189	 Sedimentary	 Sandstone	 Rohde	and	Feng	(1990)	
259	 ‐	 ‐	 124.20		 21.70		 5	 5	 0.189		 0.139	 Sedimentary	 Sandstone	 Rohde	and	Feng	(1990)	
260	 ‐	 ‐	 29.00		 6.20		 4	 4	 0.271		 0.590	 Sedimentary	 Shale	 Rohde	and	Feng	(1990)	
261	 ‐	 ‐	 93.50		 8.80		 14	 14	 0.239		 0.524	 Sedimentary	 Shale	 Rohde	and	Feng	(1990)	
262	 ‐	 ‐	 105.60		 26.20		 14	 14	 0.227		 0.365	 Sedimentary	 Siltstone	 Rohde	and	Feng	(1990)	
263	 ‐	 ‐	 75.00		 20.10		 5	 5	 0.286		 0.410	 Sedimentary	 Siltstone	 Rohde	and	Feng	(1990)	
264	 188	 54	 190.62		 71.00		 4	 2	 0.031		 ‐	 Sedimentary	 Dolomite	 Sachpazis	(1990)	
265	 105	 54	 106.46		 49.00		 4	 2	 0.070		 ‐	 Sedimentary	 Dolomite	 Sachpazis	(1990)	
266	 311	 38	 296.01		 71.00		 4	 2	 0.074		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
267	 106	 38	 100.89		 47.00		 4	 2	 0.082		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
268	 81	 38	 77.10		 34.00		 4	 2	 0.040		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
269	 157	 54	 159.19		 67.00		 4	 2	 0.071		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
270	 147	 54	 149.05		 59.00		 4	 2	 0.127		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
271	 133	 54	 134.86		 51.00		 4	 2	 0.075		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
272	 153	 54	 155.13		 64.00		 4	 2	 0.054		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
273	 29	 54	 29.40		 11.00		 4	 2	 0.028		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
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274	 95	 54	 96.33		 38.00		 4	 2	 0.020		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
275	 82	 54	 83.14		 36.00		 4	 2	 0.118		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
276	 108	 54	 109.51		 51.00		 4	 2	 0.105		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
277	 103	 54	 104.44		 53.00		 4	 2	 0.072		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
278	 22	 54	 22.31		 8.00		 4	 2	 0.014		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
279	 62	 54	 62.86		 29.00		 4	 2	 0.056		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
280	 38	 54	 38.53		 14.00		 4	 2	 0.055		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
281	 119	 54	 120.66		 52.00		 4	 2	 0.054		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
282	 93	 54	 94.30		 29.00		 4	 2	 0.076		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
283	 109	 54	 110.52		 54.00		 4	 2	 0.143		 ‐	 Sedimentary	 Limestone	 Sachpazis	(1990)	
284	 88	 38	 83.76		 57.00		 4	 2	 0.061		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
285	 91	 54	 92.27		 29.00		 4	 2	 0.084		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
286	 95	 54	 96.33		 32.00		 4	 2	 0.208		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
287	 101	 54	 102.41		 47.00		 4	 2	 0.211		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
288	 94	 54	 95.31		 31.00		 4	 2	 0.119		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
289	 83	 54	 84.16		 26.00		 4	 2	 0.045		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
290	 85	 54	 86.19		 41.00		 4	 2	 0.020		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
291	 121	 54	 122.69		 48.00		 4	 2	 0.098		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
292	 78	 54	 79.09		 29.00		 4	 2	 0.050		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
293	 89	 54	 90.24		 41.00		 4	 2	 0.092		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
294	 119	 54	 120.66		 61.00		 4	 2	 0.066		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
295	 102	 54	 103.42		 46.00		 4	 2	 0.308		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
296	 92	 54	 93.28		 38.00		 4	 2	 0.188		 ‐	 Metamorphic	 Marble	 Sachpazis	(1990)	
297	 128.94		 25.4	 114.14		 84.12		 ‐	 ‐	 ‐	 ‐	 Igneous	 Anorthosite	 Schimdt	(1972)	
298	 216.50		 25.4	 191.65		 52.40		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Wausau	argillite	 Schimdt	(1972)	
299	 281.32		 25.4	 249.03		 90.32		 ‐	 ‐	 ‐	 ‐	 Igneous	 Dresser	basalt	 Schimdt	(1972)	
300	 367.50		 25.4	 325.32		 80.67		 ‐	 ‐	 ‐	 ‐	 Igneous	 Babbitt	diabase	 Schimdt	(1972)	
301	 204.09		 25.4	 180.67		 88.95		 ‐	 ‐	 ‐	 ‐	 Igneous	 Ely	gabbro	1	 Schimdt	(1972)	
302	 182.72		 25.4	 161.75		 63.43		 ‐	 ‐	 ‐	 ‐	 Igneous	 Ely	gabbro	2	 Schimdt	(1972)	
303	 172.72		 25.4	 152.90		 102.05	 ‐	 ‐	 ‐	 ‐	 Igneous	 Primax	gabbro	 Schimdt	(1972)	
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304	 151.69		 25.4	 134.28		 66.19		 ‐	 ‐	 ‐	 ‐	 Igneous	 Rockville	granite	 Schimdt	(1972)	
305	 199.61		 25.4	 176.70		 67.57		 ‐	 ‐	 ‐	 ‐	 Igneous	 Charcoal	granite	 Schimdt	(1972)	
306	 167.89		 25.4	 148.62		 64.12		 ‐	 ‐	 ‐	 ‐	 Igneous	 Diamond	gray	granite	 Schimdt	(1972)	
307	 220.98		 25.4	 195.62		 68.95		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Iron	ore	 Schimdt	(1972)	
308	 97.91		 25.4	 86.67		 42.75		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Shiely	limestone	 Schimdt	(1972)	
309	 122.73		 25.4	 108.64		 51.02		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Mankato	stone	 Schimdt	(1972)	
310	 125.14		 25.4	 110.78		 79.98		 ‐	 ‐	 ‐	 ‐	 Metamorphic	 Marble	 Schimdt	(1972)	
311	 87.91		 25.4	 77.82		 40.68		 ‐	 ‐	 ‐	 ‐	 Igneous	 Granite	pegmatite	 Schimdt	(1972)	
312	 218.23		 25.4	 193.18		 72.40		 ‐	 ‐	 ‐	 ‐	 Metamorphic	 Wausau	quartzite	 Schimdt	(1972)	
313	 153.41		 25.4	 135.81		 39.99		 ‐	 ‐	 ‐	 ‐	 Metamorphic	 New	Ulm	quartzite	 Schimdt	(1972)	
314	 301.31		 25.4	 266.73		 64.81		 ‐	 ‐	 ‐	 ‐	 Metamorphic	 Jasper	quartzite	 Schimdt	(1972)	
315	 204.09		 25.4	 180.67		 100.67	 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Hornblende	schist	 Schimdt	(1972)	
316	 410.60		 25.4	 363.47		 76.53		 ‐	 ‐	 ‐	 ‐	 Metamorphic	 Humboldt	iron	silicate Schimdt	(1972)	
317	 354.06		 25.4	 313.42		 108.25	 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Mt.	Iron	taconite	 Schimdt	(1972)	
318	 361.30		 25.4	 319.83		 91.70		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Aurora	taconite	 Schimdt	(1972)	
319	 357.51		 25.4	 316.47		 89.64		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Babbitt	taconite	 Schimdt	(1972)	
320	 67.57		 25.4	 59.82		 58.61		 ‐	 ‐	 ‐	 ‐	 Igneous	 Trap	rock	 Schimdt	(1972)	
321	 ‐	 ‐	 69.09		 50.84		 7	 7	 0.469		 0.494	 Sedimentary	 Dolomite	 Shalabi	et	al.	(2007)	
322	 ‐	 ‐	 32.78		 26.39		 11	 11	 0.385		 0.304	 Sedimentary	 Shale	 Shalabi	et	al.	(2007)	
323	 ‐	 ‐	 91.10		 8.70		 33	 23	 0.127		 0.106	 Igneous	 Black	andesite	 Sonmez	et	al.	(2004)	
324	 ‐	 ‐	 49.90		 7.40		 16	 14	 0.228		 0.114	 Igneous	 White	andesite	 Sonmez	et	al.	(2004)	
325	 ‐	 ‐	 10.60		 2.10		 21	 19	 0.179		 0.171	 Sedimentary	 Tuff	 Sonmez	et	al.	(2004)	
326	 ‐	 ‐	 150.02		 30.98		 9	 9	 0.054		 0.128	 Igneous	 Basalt	 Stowe	(1969)	
327	 ‐	 ‐	 145.00		 73.78		 3	 3	 0.065		 0.073	 Igneous	 Granite	 Stowe	(1969)	
328	 ‐	 ‐	 78.18		 77.45		 3	 3	 0.146		 0.070	 Sedimentary	 Limestone	 Stowe	(1969)	
329	 ‐	 ‐	 11.44		 3.68		 3	 3	 0.041		 0.385	 Sedimentary	 Tuff	 Stowe	(1969)	
330	 ‐	 ‐	 23.61		 0.75		 44	 44	 0.522		 0.323	 Sedimentary	 Siwalik	sandstones	 Tamrakar	et	al.	(2007)	
331	 ‐	 ‐	 58.00		 18.70		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 D.M.	grit1	 Tiryaki	(2008)	
332	 ‐	 ‐	 37.00		 9.30		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 D.M.	grit2	 Tiryaki	(2008)	
333	 ‐	 ‐	 72.00		 18.70		 ‐	 ‐	 ‐	 ‐	 Igneous	 White	hazle	(WTB/8)	 Tiryaki	(2008)	
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334	 ‐	 ‐	 156.00		 39.80		 ‐	 ‐	 ‐	 ‐	 Igneous	 Nattrass	Gill	hazle	
(DWF/8)	

Tiryaki	(2008)	

335	 ‐	 ‐	 52.50		 16.50		 ‐	 ‐	 ‐	 ‐	 Igneous	
Nattrass	Gill	hazle	
(WT2/12)	 Tiryaki	(2008)	

336	 ‐	 ‐	 170.00		 62.00		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Limestone	series	
limestone1		 Tiryaki	(2008)	

337	 ‐	 ‐	 133.00		 62.30		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Limestone	series	
limestone2		

Tiryaki	(2008)	

338	 ‐	 ‐	 144.00		 56.60		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Limestone	series	
limestone3		

Tiryaki	(2008)	

339	 ‐	 ‐	 134.00		 48.00		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Limestone	series	
limestone4		

Tiryaki	(2008)	

340	 ‐	 ‐	 144.00		 56.60		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Four		Fathom	
limestone	(DWF/7)	

Tiryaki	(2008)	

341	 ‐	 ‐	 134.00		 48.00		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Four		Fathom	
limestone	(WT2/7)	

Tiryaki	(2008)	

342	 ‐	 ‐	 91.60		 50.70		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Great	limestone	
(DWG/10)	

Tiryaki	(2008)	

343	 ‐	 ‐	 147.40		 43.20		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Great	limestone	
(WTB/12A)	 Tiryaki	(2008)	

344	 ‐	 ‐	 133.40		 62.30		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Great	limestone	
(WT4/10)	 Tiryaki	(2008)	

345	 ‐	 ‐	 192.90		 65.70		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Great	limestone	
(WT6/10A)	

Tiryaki	(2008)	

346	 ‐	 ‐	 18.00		 15.70		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Coal		measures	
mudstone1		

Tiryaki	(2008)	

347	 ‐	 ‐	 32.00		 25.20		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Coal		measures	
mudstone2		

Tiryaki	(2008)	

348	 ‐	 ‐	 23.00		 19.10		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Coal		measures	
mudstone3		

Tiryaki	(2008)	

349	 ‐	 ‐	 47.00		 23.90		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Coal		measures	
mudstone4		

Tiryaki	(2008)	

350	 ‐	 ‐	 8.00		 5.60		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Triassic	L.	Keuper	
sandstone1		

Tiryaki	(2008)	
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351	 ‐	 ‐	 7.00		 5.90		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Triassic	L.	Keuper	
sandstone2		

Tiryaki	(2008)	

352	 ‐	 ‐	 41.00		 7.90		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Triassic	L.	Bunter	
sandstone1		 Tiryaki	(2008)	

353	 ‐	 ‐	 18.00		 6.30		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Triassic	M.	Bunter	
sandstone2		 Tiryaki	(2008)	

354	 ‐	 ‐	 23.00		 9.40		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Triassic	M.	Bunter	
sandstone3		

Tiryaki	(2008)	

355	 ‐	 ‐	 48.00		 6.70		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Triassic	U.	Bunter	
sandstone4		

Tiryaki	(2008)	

356	 ‐	 ‐	 120.00		 29.60		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Coal		measures	
sandstone1		

Tiryaki	(2008)	

357	 ‐	 ‐	 37.00		 23.80		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Coal		measures	
sandstone2		

Tiryaki	(2008)	

358	 ‐	 ‐	 156.00		 39.80		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Limestone	series	
sandstone1		

Tiryaki	(2008)	

359	 ‐	 ‐	 117.00		 38.80		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Limestone	series	
sandstone2		

Tiryaki	(2008)	

360	 ‐	 ‐	 122.70		 33.10		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Coal		sill	sandstone	
(WT4/7)	 Tiryaki	(2008)	

361	 ‐	 ‐	 50.40		 12.50		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Letch	house	sandstone		
(TA2/7)	 Tiryaki	(2008)	

362	 ‐	 ‐	 84.20		 31.20		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Massive	sandstone		
(WTC/1A)	

Tiryaki	(2008)	

363	 ‐	 ‐	 24.00		 13.60		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Coal		measures	
seatearth1		

Tiryaki	(2008)	

364	 ‐	 ‐	 27.00		 27.10		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Coal		measures	
seatearth2		

Tiryaki	(2008)	

365	 ‐	 ‐	 72.30		 21.40		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 High		grit	sill	(DWD/2)	 Tiryaki	(2008)	

366	 ‐	 ‐	 117.10		 38.80		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
High		coal		sill	
(DWG/3)		

Tiryaki	(2008)	

367	 ‐	 ‐	 145.50		 38.90		 ‐	 ‐	 ‐	 ‐	 Sedimentary	
Low	grit	sill	
(WT7B/5)		

Tiryaki	(2008)	
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368	 ‐	 ‐	 150.00		 44.80		 ‐	 ‐	 ‐	 ‐	 Sedimentary	 Firestone	sill	(DWE/6)	 Tiryaki	(2008)	
369	 62	 54	 62.86		 8.50		 6	 6	 ‐	 ‐	 Sedimentary	 L8A	sandstone		 Tiryaki	and	Dikmen	(2006)	
370	 21.3	 54	 21.60		 6.10		 6	 6	 ‐	 ‐	 Sedimentary	 L8B	sandstone		 Tiryaki	and	Dikmen	(2006)	
371	 48.2	 54	 48.87		 17.30		 6	 6	 ‐	 ‐	 Sedimentary	 L10	sandstone		 Tiryaki	and	Dikmen	(2006)	
372	 87.5	 54	 88.72		 45.30		 6	 6	 ‐	 ‐	 Sedimentary	 L14	sandstone	 Tiryaki	and	Dikmen	(2006)	
373	 55.8	 54	 56.58		 47.30		 6	 6	 ‐	 ‐	 Sedimentary	 L16	sandstone		 Tiryaki	and	Dikmen	(2006)	
374	 44.3	 54	 44.92		 18.40		 6	 6	 ‐	 ‐	 Sedimentary	 L18	sandstone	 Tiryaki	and	Dikmen	(2006)	
375	 ‐	 ‐	 109.17		 30.31		 ‐	 ‐	 ‐	 ‐	 Igneous	 Diorite	 Tuğrul	and	Zarif	(1999)	
376	 ‐	 ‐	 125.28		 30.10		 ‐	 ‐	 ‐	 ‐	 Igneous	 Monzodiorite	 Tuğrul	and	Zarif	(1999)	
377	 ‐	 ‐	 121.28		 34.00		 ‐	 ‐	 ‐	 ‐	 Igneous	 Monzodiorite	 Tuğrul	and	Zarif	(1999)	
378	 ‐	 ‐	 165.79		 45.09		 ‐	 ‐	 ‐	 ‐	 Igneous	 Granite	 Tuğrul	and	Zarif	(1999)	
379	 ‐	 ‐	 193.33		 58.50		 ‐	 ‐	 ‐	 ‐	 Igneous	 Granite	 Tuğrul	and	Zarif	(1999)	
380	 ‐	 ‐	 170.56		 52.82		 ‐	 ‐	 ‐	 ‐	 Igneous	 Granite	 Tuğrul	and	Zarif	(1999)	
381	 ‐	 ‐	 175.49		 51.20		 ‐	 ‐	 ‐	 ‐	 Igneous	 Granite	 Tuğrul	and	Zarif	(1999)	
382	 ‐	 ‐	 175.84		 51.80		 ‐	 ‐	 ‐	 ‐	 Igneous	 Granite	 Tuğrul	and	Zarif	(1999)	
383	 ‐	 ‐	 173.40		 45.31		 ‐	 ‐	 ‐	 ‐	 Igneous	 Monzogranite	 Tuğrul	and	Zarif	(1999)	
384	 ‐	 ‐	 150.08		 38.80		 ‐	 ‐	 ‐	 ‐	 Igneous	 Granodiorite	 Tuğrul	and	Zarif	(1999)	
385	 ‐	 ‐	 136.32		 31.18		 ‐	 ‐	 ‐	 ‐	 Igneous	 Granodiorite	 Tuğrul	and	Zarif	(1999)	
386	 ‐	 ‐	 177.52		 47.20		 ‐	 ‐	 ‐	 ‐	 Igneous	 Granodiorite	 Tuğrul	and	Zarif	(1999)	
387	 ‐	 ‐	 178.56		 51.30		 ‐	 ‐	 ‐	 ‐	 Igneous	 Granodiorite	 Tuğrul	and	Zarif	(1999)	
388	 ‐	 ‐	 158.16		 44.80		 ‐	 ‐	 ‐	 ‐	 Igneous	 Monzonite	 Tuğrul	and	Zarif	(1999)	
389	 ‐	 ‐	 129.04		 29.80		 ‐	 ‐	 ‐	 ‐	 Igneous	 Monzonite	 Tuğrul	and	Zarif	(1999)	
390	 ‐	 ‐	 159.52		 43.12		 ‐	 ‐	 ‐	 ‐	 Igneous	 Monzonite	 Tuğrul	and	Zarif	(1999)	
391	 ‐	 ‐	 129.60		 35.39		 ‐	 ‐	 ‐	 ‐	 Igneous	 Monzonite	 Tuğrul	and	Zarif	(1999)	
392	 ‐	 ‐	 142.40		 38.70		 ‐	 ‐	 ‐	 ‐	 Igneous	 Syenite	 Tuğrul	and	Zarif	(1999)	
393	 ‐	 ‐	 157.62		 48.61		 ‐	 ‐	 ‐	 ‐	 Igneous	 Tonalite	 Tuğrul	and	Zarif	(1999)	
394	 ‐	 ‐	 70.83		 7.83		 7	 7	 0.165		 0.130	 Sedimentary	 Sandstone	 Ulusay	et	al.	(1994)	
395	 ‐	 ‐	 8.98		 3.03		 45	 45	 0.887		 1.208	 Sedimentary	 Miocene	limestone	 Vásárhelyi	(2005)	
396	 ‐	 ‐	 82.00		 46.00		 ≥10	 ≥10 0.345		 0.087	 Sedimentary	 Beige	limestone	 Yagiz	(2009)	
397	 ‐	 ‐	 92.00		 52.00		 ≥10	 ≥10 0.362		 0.227	 Sedimentary	 Dolomitic	limestone	 Yagiz	(2009)	
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398	 ‐	 ‐	 32.00		 22.00		 ≥10	 ≥10 0.116		 0.214	 Sedimentary	 White	limestone	 Yagiz	(2009)	
399	 ‐	 ‐	 98.00		 51.00		 ≥10	 ≥10 0.072		 0.155	 Metamorphic	 Quartz–biotite–schist	 Yagiz	(2009)	
400	 ‐	 ‐	 114.00		 57.00		 ≥10	 ≥10 0.118		 0.119	 Metamorphic	 Quartz–mica–schist	 Yagiz	(2009)	
401	 ‐	 ‐	 61.00		 43.00		 ≥10	 ≥10 0.338		 0.160	 Sedimentary	 Shrub	type	travertine	 Yagiz	(2009)	
402	 ‐	 ‐	 64.00		 44.00		 ≥10	 ≥10 0.170		 0.075	 Sedimentary	 Noche	type	travertine	 Yagiz	(2009)	
403	 ‐	 ‐	 41.00		 35.00		 ≥10	 ≥10 0.405		 0.166	 Sedimentary	 Reed	type	travertine	 Yagiz	(2009)	

404	 ‐	 ‐	 58.00		 44.00		 ≥10	 ≥10 0.259		 0.118	 Sedimentary	 Crystalline	type	
travertine	

Yagiz	(2009)	

405	 ‐	 ‐	 73.90		 30.70		 ≥8	 ‐	 0.061		 ‐	 Sedimentary	 Dolomite	 Yasar	and	Erdogan	(2004)	
406	 ‐	 ‐	 69.70		 24.40		 ≥8	 ‐	 0.047		 ‐	 Sedimentary	 Dolomite	 Yasar	and	Erdogan	(2004)	
407	 ‐	 ‐	 41.20		 16.30		 ≥8	 ‐	 0.025		 ‐	 Sedimentary	 Dolomite	 Yasar	and	Erdogan	(2004)	
408	 ‐	 ‐	 78.20		 26.50		 ≥8	 ‐	 0.055		 ‐	 Sedimentary	 Limestone	 Yasar	and	Erdogan	(2004)	
409	 ‐	 ‐	 38.70		 14.40		 ≥8	 ‐	 0.053		 ‐	 Sedimentary	 Limestone	 Yasar	and	Erdogan	(2004)	
410	 ‐	 ‐	 70.20		 27.40		 ≥8	 ‐	 0.067		 ‐	 Sedimentary	 Dolomitic		limestone	 Yasar	and	Erdogan	(2004)	
411	 ‐	 ‐	 116.90		 43.10		 ≥8	 ‐	 0.044		 ‐	 Sedimentary	 Limestone	 Yasar	and	Erdogan	(2004)	
412	 ‐	 ‐	 120.80		 45.40		 ≥8	 ‐	 0.057		 ‐	 Sedimentary	 Limestone	 Yasar	and	Erdogan	(2004)	
413	 ‐	 ‐	 34.80		 15.00		 ≥8	 ‐	 0.053		 ‐	 Sedimentary	 Gravelled		limestone	 Yasar	and	Erdogan	(2004)	
414	 ‐	 ‐	 58.60		 24.20		 ≥8	 ‐	 0.055		 ‐	 Metamorphic	 Marble	 Yasar	and	Erdogan	(2004)	
415	 ‐	 ‐	 64.80		 23.80		 ≥8	 ‐	 0.050		 ‐	 Metamorphic	 Marble	 Yasar	and	Erdogan	(2004)	
416	 ‐	 ‐	 72.20		 29.70		 ≥8	 ‐	 0.044		 ‐	 Metamorphic	 Marble	 Yasar	and	Erdogan	(2004)	
417	 ‐	 ‐	 109.60		 37.80		 ≥8	 ‐	 0.048		 ‐	 Metamorphic	 Marble	 Yasar	and	Erdogan	(2004)	
418	 21.63	 52	 21.78		 27.96		 39	 39	 0.326		 0.268	 Sedimentary	 Gypsum	 Yılmaz	and	Yuksek	(2008)	
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APPENDIX B. DATABASE OF 166 CASE HISTORIES OF TUNNEL SQUEEZING 

No.	 Tunnel	 Location	 Rock	Type Dt
[m]	

H
[m]	

Q σcm
[MPa]	

Ks
[Mpa]

γ
[MN/
m3]	

SSR pi
[MPa]

Squeezing References	

1	
Khara	hydro	
project	 India	 Clay	conglomerate 6	 150	 0.4	 2.54		 26.19	 0.027	 0.63		 0.11		 0	

Goel	et	al.	(1995a);	
Singh	et	al.	(2007)	

2	
Khara	hydro	
project	 India	 Clay	conglomerate 6	 200	 0.4	 1.81		 20.00	 0.027	 0.34		 0.15		 0	

Goel	et	al.	(1995a);	
Singh	et	al.	(2007)	

3	 Lakhwar	 India	 ‐	 6	 250	 8.5	 ‐	 ‐	 0.027	 ‐	 0.05		 0	 Goel	et	al.	(1995a)	
4	 Lakhwar	 India	 ‐	 14	 250	 8.5	 ‐	 ‐	 0.027	 ‐	 0.05		 0	 Goel	et	al.	(1995a)	
5	 Maneri	Stage	I	 India	 ‐	 5.8	 350	 0.5	 ‐	 2.53		 0.027	 ‐	 0.20		 1	 Goel	et	al.	(1995a)	
6	 Maneri	Stage	I	 India	 ‐	 5.8	 225	 3.6	 ‐	 ‐	 0.027	 ‐	 0.06		 0	 Goel	et	al.	(1995a)	
7	 Maneri	Stage	I	 India	 ‐	 5.8	 550	 4.5	 ‐	 ‐	 0.027	 ‐	 0.08		 0	 Goel	et	al.	(1995a)	
8	 Maneri	Stage	I	 India	 ‐	 5.8	 550	 3.6	 ‐	 ‐	 0.027	 ‐	 ‐	 0	 Goel	et	al.	(1995a)	
9	 Maneri	Stage	I	 India	 ‐	 5.8	 300	 0.4	 ‐	 ‐	 0.027	 ‐	 0.15		 0	 Goel	et	al.	(1995a)	
10	 Maneri	Stage	II	 India	 ‐	 7	 200	 0.57	 ‐	 ‐	 0.027	 ‐	 0.10		 0	 Goel	et	al.	(1995a)	
11	 Maneri	Stage	II	 India	 ‐	 7	 175	 0.84	 ‐	 ‐	 0.027	 ‐	 0.08		 0	 Goel	et	al.	(1995a)	
12	 Maneri	Stage	II	 India	 ‐	 7	 250	 2.71	 ‐	 ‐	 0.027	 ‐	 0.07		 0	 Goel	et	al.	(1995a)	

13	
Maneri‐Bhali	
hydro	project	 India	

Fractured	
quartzite	 4.8	 225	 3.6	 ‐	 1000	 0.027	 ‐	 0.60		 0	

Goel	et	al.	(1995b);	
Singh	et	al.	(2007)	

14	
Maneri‐Uttarkashi	
Power	 India	

Sheared	
Metabasics	 4.8	 340	 1.8	 ‐	 500	 0.027	 ‐	 2.00		 0	 Goel	et	al.	(1995b)	

15	
Maneri‐Uttarkashi	
Power	 India	

Foliated	
Metabasics	 4.8	 550	 5.1	 ‐	 1600	 0.027	 ‐	 0.80		 0	 Goel	et	al.	(1995b)	

16	 Salal	 India	 ‐	 12	 150	 1.1	 ‐	 ‐	 0.027	 ‐	 0.11		 0	 Goel	et	al.	(1995a)	

17	 Tehri	Dam	project India	
Argilaceous	
phyllite	 12	 220	 0.8	 ‐	 32.89	 0.027	 ‐	 0.13		 0	

Goel	et	al.	(1995a);	
Singh	et	al.	(2007)	

18	 Tehri	 India	 ‐	 12	 300	 6	 ‐	 ‐	 0.027	 ‐	 0.06		 0	 Goel	et	al.	(1995a)	

19	
Upper	Krishna	
project	 India	 ‐	 13	 34	 15	 ‐	 ‐	 0.027	 ‐	 0.02		 0	 Goel	et	al.	(1995a)	

20	
Upper	Krishna	
project	 India	 Banded	schists	 13	 52	 15	 3.82		 16.67	 0.027	 2.72		 0.03		 0	

Goel	et	al.	(1995a);	
Singh	et	al.	(2007)	
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No.	 Tunnel	 Location	 Rock	Type Dt
[m]	

H
[m]	

Q σcm
[MPa]	

Ks
[Mpa]

γ
[MN/
m3]	

SSR pi
[MPa]

Squeezing References	

21	
Chibro‐Khodri	
Tunnel	 India	

Crushed	red	
shales	 3	 280	 0.05	 0.70		 9.80		 0.025	 0.10		 0.31		 1	

Goel	et	al.	(1995a);	
Hoek	(2001)	

22	
Chibro‐Khodri	
Tunnel	 India	

Soft	&	plastic	black	
clays	 3	 280	 0.022	 ‐	 5.96		 ‐	 ‐	 0.32		 1	 Goel	et	al.	(1995a)	

23	
Chibro‐Khodri	
Tunnel	 India	

Seamy	crushed	
red	 9	 680	 0.05	 ‐	 9.90		 ‐	 ‐	 1.08		 1	 Goel	et	al.	(1995a)	

24	
Chibro‐Khodri	
Tunnel	 India	

Soft	&	plastic	black	
clays	 9	 280	 0.022	 ‐	 48.56	 ‐	 ‐	 1.15		 1	 Goel	et	al.	(1995a)	

25	

Khimti	1	
Hydroproject	A1	
ch515	 Nepal	 Sheared	schists	 4.2	 100	 0.005	 0.03		 ‐	 0.026	 0.01		 2.33		 1	 Shrestha	(2005)	

26	

Khimti	1	
Hydroproject	A4	
ch1013	 Nepal	 Sericite	schists	 4	 112	 0.006	 0.01		 ‐	 0.026	 0.00		 0.85		 1	 Shrestha	(2005)	

27	

Khimti	1	
Hydroproject	A1	
ch580	 Nepal	 Sheared	schists	 4.3	 111	 0.008	 0.06		 1936	 0.026	 0.02		 2.32		 0	 Shrestha	(2005)	

28	

Khimti	1	
Hydroproject	A4	
ch974	 Nepal	 Gneiss	 4	 112	 0.008	 0.01		 936	 0.026	 0.00		 2.33		 0	 Shrestha	(2005)	

29	

Khimti	1	
Hydroproject	A4	
ch1045	 Nepal	

Clay‐filled	sheared	
gneiss	 4	 112	 0.008	 0.04		 651	 0.026	 0.01		 0.98		 0	 Shrestha	(2005)	

30	

Khimti	1	
Hydroproject	A3	
ch220	 Nepal	 Schists	 4	 140	 0.009	 0.05		 430	 0.026	 0.01		 1.86		 0	 Shrestha	(2005)	

31	

Khimti	1	
Hydroproject	A1	
ch500	 Nepal	 Sheared	schists	 4.2	 100	 0.01	 0.26		 ‐	 0.026	 0.10		 1.21		 1	 Shrestha	(2005)	

32	

Khimti	1	
Hydroproject	A2	
ch601	 Nepal	 Sericite	schists	 4	 138	 0.013	 0.06		 1934	 0.026	 0.02		 2.32		 0	 Shrestha	(2005)	

33	 Khimti	1	 Nepal	 Gneiss	and	sericite	 4.4	 212	 0.04	 0.35		 ‐	 0.026	 0.06		 1.21		 0	 Shrestha	(2005)	
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No.	 Tunnel	 Location	 Rock	Type Dt
[m]	

H
[m]	

Q σcm
[MPa]	

Ks
[Mpa]

γ
[MN/
m3]	

SSR pi
[MPa]

Squeezing References	

Hydroproject	A2	
ch1283	

schists

34	

Khimti	1	
Hydroproject	A3	
ch345	 Nepal	

Gneiss	and	sericite	
schists	 5	 300	 0.05	 0.49		 1430	 0.026	 0.06		 1.86		 0	 Shrestha	(2005)	

35	

Khimti	1	
Hydroproject	A1	
ch665	 Nepal	 Gneiss	and	schists 4	 112	 0.06	 0.79		 458	 0.026	 0.27		 0.64		 0	 Shrestha	(2005)	

36	

Khimti	1	
Hydroproject	A2	
ch1730	 Nepal	 Gneiss	 4	 95	 0.065	 0.73		 933	 0.026	 0.30		 0.00		 0	 Shrestha	(2005)	

37	

Khimti	1	
Hydroproject	A4	
ch550	 Nepal	

Chlorite	sericite	
gneiss	 4	 218	 0.07	 0.88		 739	 0.026	 0.16		 0.84		 0	 Shrestha	(2005)	

38	

Khimti	1	
Hydroproject	A1	
ch475	 Nepal	

Gneiss	and	sericite	
schists	 4	 98	 0.08	 0.43		 933	 0.026	 0.17		 1.21		 0	 Shrestha	(2005)	

39	

Khimti	1	
Hydroproject	A3	
ch235	 Nepal	 Gneiss	 5	 284	 0.09	 1.76		 ‐	 0.026	 0.24		 0.85		 1	 Shrestha	(2005)	

40	

Khimti	1	
Hydroproject	A3	
ch340	 Nepal	

Gneiss	and	sericite	
schists	 5	 300	 0.09	 0.69		 ‐	 0.026	 0.09		 1.86		 0	 Shrestha	(2005)	

41	

Khimti	1	
Hydroproject	A2	
ch1357	 Nepal	

Banded	gneiss	and	
chlorite	schists	 4	 261	 0.095	 1.76		 931	 0.026	 0.26		 1.21		 0	 Shrestha	(2005)	

42	

Khimti	1	
Hydroproject	A2	
ch895	 Nepal	

Gneiss	and	
chlorite	schists	 4	 198	 0.14	 2.01		 934		 0.026	 0.39		 1.21		 0	 Shrestha	(2005)	

43	

Khimti	1	
Hydroproject	A4	
ch503	 Nepal	

Gneiss	and	sericite	
schists	 4	 225	 0.14	 0.53		 1430	 0.026	 0.09		 0.96		 0	 Shrestha	(2005)	

44	 Khimti	1	 Nepal	 Gneiss	and	schists 5	 130	 0.2	 1.58		 936	 0.026	 0.47		 1.22		 0	 Shrestha	(2005)	
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No.	 Tunnel	 Location	 Rock	Type Dt
[m]	

H
[m]	

Q σcm
[MPa]	

Ks
[Mpa]

γ
[MN/
m3]	

SSR pi
[MPa]

Squeezing References	

Hydroproject	A3	
ch15	

45	

Khimti	1	
Hydroproject	A3	
ch59	 Nepal	 Gneiss	and	schists 4.1	 158	 0.23	 1.17		 650	 0.026	 0.28		 0.85		 0	 Shrestha	(2005)	

46	

Khimti	1	
Hydroproject	A3	
ch200	 Nepal	 Gneiss	and	shists	 5	 276	 0.25	 2.38		 940	 0.026	 0.33		 1.22		 0	 Shrestha	(2005)	

47	

Khimti	1	
Hydroproject	A3	
ch210	 Nepal	 Gneiss	and	shists	 5	 276	 0.28	 1.89		 652	 0.026	 0.26		 0.85		 0	 Shrestha	(2005)	

48	

Khimti	1	
Hydroproject	A2	
ch441	 Nepal	 Gneiss	 4	 126	 0.3	 4.48		 461	 0.026	 1.37		 0.65		 0	 Shrestha	(2005)	

49	

Khimti	1	
Hydroproject	A4	
ch852	 Nepal	 Banded	gneiss	 4	 114	 0.47	 2.24		 648	 0.026	 0.76		 0.78		 0	 Shrestha	(2005)	

50	

Khimti	1	
Hydroproject	A4	
ch876	 Nepal	 Banded	gneiss	 4	 114	 0.6	 2.68		 556	 0.026	 0.90		 1.22		 0	 Shrestha	(2005)	

51	 Loktak	hydro	 India	 ‐	 4.6	 300	 0.023	 0.70		 7.71		 0.023	 0.10		 0.54		 1	 Goel	et	al.	(1995a)	

52	
Maneri	Bhali	
Stage	I	 India	

Fractured	
quartzite	 4.8	 350	 0.5	 1.00		 25.32	 0.029	 0.10		 2.00		 1	

Goel	et	al.	(1995b);	
Hoek	(2001)	

53	
Maneri	Bhali	
Stage	II	 India	 Metabasitas	 2.5	 480	 0.8	 3.00		 ‐	 0.026	 0.24		 ‐	 1	

Goel	et	al.	(1995b);	
Hoek	(2001)	

54	
Maneri	Bhali	
Stage	II	 India	 Metabasite	 7	 410	 0.18	 3.00		 ‐	 0.026	 0.28		 ‐	 1	

Goel,	et	al.	(1995a);	
Hoek	(2001)	

55	
Maneri‐Uttarkashi	
Power	 India	

Laminated	
Metabasics	 4.75	 800	 2.5	 2.00		 48.99	 0.025	 0.10		 4.36		 1	

Goel,	et.	al(1995b);	
Hoek,	(2001)	

56	
Nathpa	Jhakri	
Hydroproject	 India	 Schists	 20	 250	 2.7	 ‐	 ‐	 0.027	 ‐	 ‐	 0	

Bhasin	et	al.	(1995);	
Bhasin	et	al.	(1996)	

57	
Uri	project	
(tailrace)	0/300	 India	 Graphitic	schists	 9.4	 500	 0.03	 ‐	 ‐	 0.027	 ‐	 ‐	 1	 Brantmark	(1998)	
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No.	 Tunnel	 Location	 Rock	Type Dt
[m]	

H
[m]	

Q σcm
[MPa]	

Ks
[Mpa]

γ
[MN/
m3]	

SSR pi
[MPa]

Squeezing References	

58	
Uri	project	
(tailrace)	1/075	 India	 Metavolcanics	 9.4	 300	 1.9	 ‐	 ‐	 0.027	 ‐	 ‐	 0	 Brantmark	(1998)	

59	
Uri	project	
(tailrace)	1/340	 India	 Graphitic	schists	 9.4	 400	 0.03	 ‐	 ‐	 0.027	 ‐	 ‐	 1	 Brantmark	(1998)	

60	
Maneri	Stage	II	
Tunnel	 India	

Sheared	
metabasics	 7	 285	 0.1	 ‐	 9.79		 0.027	 ‐	 ‐	 1	

Goel	(1994);	
Choudhari	(2007)	

61	
Maneri	Stage	II	
Tunnel	 India	

Sheared	
metabasics	 7	 410	 0.3	 ‐	 9.79		 0.027	 ‐	 ‐	 1	

Goel	(1994);	
Choudhari	(2007)	

62	
Maneri	Stage	II	
Tunnel	 India	 Metavolcanic	 7	 415	 0.88	 ‐	 9.79		 0.027	 ‐	 ‐	 1	

Goel	(1994);	
Choudhari	(2007)	

63	
Maneri	Stage	II	
Tunnel	 India	 Metavolcanic	 2.5	 480	 0.8	 ‐	 9.84		 0.027	 ‐	 0.17		 1	

Goel	(1994);	
Choudhari	(2007)	

64	
Maneri	Stage	II	
Tunnel	 India	 Metavolcanic	 7	 500	 1	 ‐	 9.79		 0.027	 ‐	 ‐	 1	

Goel	(1994);	
Choudhari	(2007)	

65	
Maneri	Stage	II	
Tunnel	 India	 Metavolcanic	 2.5	 510	 0.88	 ‐	 9.84		 0.027	 ‐	 ‐	 1	

Goel	(1994);	
Choudhari	(2007)	

66	 Giri‐Bata	Tunnel	 India	 Crushed	phyllites	 4.6	 240	 0.12	 ‐	 3.97		 0.027	 ‐	 ‐	 1	

Dube	(1979);	Goel	
(1994);	Choudhari	
(2007)	

67	 Giri‐Bata	Tunnel	 India	 Crushed	phyllites	 4.6	 440	 0.05	 ‐	 3.97		 0.027	 ‐	 ‐	 1	

Dube	(1979);	Goel	
(1994);	Choudhari	
(2007)	

68	 Giri‐Bata	Tunnel	 India	 Crushed	phyllites	 4.6	 450	 0.06	 ‐	 3.97		 0.027	 ‐	 ‐	 1	

Dube	(1979);	Goel	
(1994);	Choudhari	
(2007)	

69	 Giri‐Bata	Tunnel	 India	 Crushed	phyllites	 4.6	 400	 0.03	 ‐	 3.98		 0.027	 ‐	 ‐	 1	

Dube	(1979);	Goel	
(1994);	Choudhari	
(2007)	

70	 Giri‐Bata	Tunnel	 India	 Crushed	phyllites	 4.6	 400	 0.05	 ‐	 3.98		 0.027	 ‐	 ‐	 1	

Dube	(1979);	Goel	
(1994);	Choudhari	
(2007)	

71	 Giri‐Bata	Tunnel	 India	 Crushed	phyllites	 4.6	 200	 0.02	 ‐	 2.98		 0.027	 ‐	 ‐	 1	
Dube	(1979);	Goel	
(1994);	Choudhari	
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(2007)

72	 Giri‐Bata	Tunnel	 India	 Crushed	phyllites	 4.6	 325	 0.03	 ‐	 2.98		 0.027	 ‐	 ‐	 1	

Dube	(1979);	Goel	
(1994);	Choudhari	
(2007)	

73	 Giri‐Bata	Tunnel	 India	 Crushed	slates	 4.6	 400	 0.512	 ‐	 2.98		 0.027	 ‐	 ‐	 0	

Dube	(1979);	Goel	
(1994);	Choudhari	
(2007)	

74	
Maneri	Stage	I	
Tunnel	 India	

Sheared	
metabasics	 5.8	 700	 0.3	 ‐	 9.81		 0.027	 ‐	 ‐	 1	

Jethwa	(1981);	Goel	
(1994)	

75	
Maneri	Stage	I
Tunnel	 India	 Siliceous	phyllites	 5.8	 550	 1.7	 ‐	 9.81		 0.027	 ‐	 ‐	 1	

Jethwa	(1981);	Goel	
(1994)	

76	
Maneri	Stage	I	
Tunnel	 India	

Foliated	
metabasics	 5.8	 635	 4	 ‐	 9.81		 0.027	 ‐	 ‐	 1	

Jethwa	(1981);	Goel	
(1994)	

77	
Maneri	Stage	I	
Tunnel	 India	 Siliceous	phyllites	 5.8	 650	 4.12	 ‐	 9.81		 0.027	 ‐	 ‐	 1	

Jethwa	(1981);	Goel	
(1994)	

78	
Maneri	Stage	I	
Tunnel	 India	

Sheared	
metabasics	 5.8	 450	 0.31	 ‐	 5.10		 0.027	 ‐	 ‐	 1	

Jethwa	(1981);	Goel	
(1994)	

79	
Maneri	Stage	I	
Tunnel	 India	 Crushed	quartzite	 5.8	 750	 0.5	 ‐	 8.10		 0.027	 ‐	 ‐	 1	

Jethwa	(1981);	Goel	
(1994)	

80	 Noonidih	Colliery	 India	 Weak	coal	 7	 450	 0.59	 ‐	 9.67		 0.027	 ‐	 0.15		 1	 Jethwa	(1981)	

81	
Tala	Hydro	HRT	
Tala	HRT,	Bhutan	 Bhutan	

AGO	(adverse	
geological	
occurrences)	 6.8	 337	 0.007	 ‐	 44.76	 0.027	 ‐	 0.94		 1	 Sripad	et	al.	(2007)	

82	 Tala	HRT,	Bhutan	 Bhutan	

AGO	(adverse	
geological	
occurrences)	 6.8	 337	 0.011	 ‐	 16.05	 0.027	 ‐	 0.61		 1	 Sripad	et	al.	(2007)	

83	 Tala	HRT,	Bhutan	 Bhutan	

AGO	(adverse	
geological	
occurrences)	 6.8	 337	 0.006	 ‐	 22.58	 0.027	 ‐	 0.70		 1	 Sripad	et	al.	(2007)	

84	 Tala	HRT,	Bhutan	 Bhutan	

AGO	(adverse	
geological	
occurrences)	 6.8	 337	 0.006	 ‐	 36.36	 0.027	 ‐	 0.80		 1	 Sripad	et	al.	(2007)	

85	 Tala	HRT,	Bhutan	 Bhutan	 AGO	(adverse	 6.8	 337	 0.08	 ‐	 14.09	 0.027	 ‐	 0.31		 1	 Sripad	et	al.	(2007)	
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geological	
occurrences)	

86	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 550	 0.029	 4.05		 39.13	 0.028	 0.26		 0.90		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

87	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 600	 0.023	 4.05		 90.71	 0.028	 0.24		 1.27		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

88	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 600	 0.03	 4.05		 34.48	 0.028	 0.24		 1.00		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

89	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 600	 0.018	 4.05		 26.20	 0.028	 0.24		 1.02		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

90	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 600	 0.023	 4.05		 28.48	 0.028	 0.24		 0.92		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

91	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 620	 0.02	 4.05		 26.20	 0.028	 0.23		 1.27		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

92	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 620	 0.008	 4.05		 14.67	 0.028	 0.23		 1.25		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

93	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 620	 0.009	 4.05		 14.67	 0.028	 0.23		 1.13		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

94	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 620	 0.009	 4.05		 14.67	 0.028	 0.23		 1.20		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

95	
Kaligandaki	‘A’	
HRT	 Nepal	 Siliceous	phyllites	 8.7	 620	 0.016	 4.05		 26.20	 0.029	 0.23		 1.15		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

96	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 620	 0.02	 4.05		 26.10	 0.028	 0.23		 1.07		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

97	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 620	 0.025	 4.05		 50.80	 0.028	 0.23		 1.27		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

98	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 580	 0.023	 4.05		 26.20	 0.028	 0.25		 0.97		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

99	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 580	 0.025	 4.05		 74.66	 0.028	 0.25		 1.27		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

100	
Kaligandaki	‘A’	
HRT	 Nepal	 Graphitic	phyllite	 8.7	 550	 0.025	 4.05		 39.87	 0.028	 0.26		 0.95		 1	

NEA	(2002);	Panthi	
and	Nilsen	(2007)	

101	 Kaligandaki	‘A’	 Nepal	 Graphitic	phyllite	 8.7	 575	 0.007	 4.05		 21.17	 0.028	 0.25		 1.27		 1	 NEA	(2002);	Panthi	
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HRT	 and	Nilsen	(2007)	

102	
Nathpa	Jhakri‐
HRT	 India	

Quartz	mica	
schist;	schistose	
quartzites	and	
amphibolites		 11	 700	 0.417	 ‐	 7.43		 0.027	 ‐	 0.26		 1	

Kumar	(2002)		

103	
Nathpa	Jhakri‐
HRT	 India	

Quartz	mica	
schist;	schistose	
quartzites	and	
amphibolites		 11	 700	 0.333	 ‐	 9.14		 0.027	 ‐	 0.32		 1	

Kumar	(2002)		

104	
Nathpa	Jhakri‐
HRT	 India	

Quartz	mica	
schist;	schistose	
quartzites	and	
amphibolites		 11	 750	 0.333	 ‐	 9.14		 0.027	 ‐	 0.32		 1	

Kumar	(2002)		

105	
Nathpa	Jhakri‐
HRT	 India	

Quartz	mica	
schist;	schistose	
quartzites	and	
amphibolites		 11	 600	 0.25	 ‐	 9.14		 0.027	 ‐	 0.32		 1	

Kumar	(2002)		

106	
Nathpa	Jhakri‐
HRT	 India	

Quartz	mica	
schist;	schistose	
quartzites	and	
amphibolites		 11	 850	 0.056	 ‐	 20.40	 0.027	 ‐	 1.02		 1	

Kumar	(2002)		

107	
Nathpa	Jhakri‐
HRT	 India	

Quartz	mica	
schist;	schistose	
quartzites	and	
amphibolites		 11	 600	 0.033	 ‐	 33.33	 0.027	 ‐	 1.00		 1	

Kumar	(2002)		

108	
Nathpa	Jhakri‐
HRT	 India	

Quartz	mica	
schist;	schistose	
quartzites	and	
amphibolites		 11	 300	 0.001	 ‐	 16.50	 0.027	 ‐	 0.99		 1	

Kumar	(2002)		

109	
Nathpa	Jhakri‐
HRT	 India	

Quartz	mica	
schist;	schistose	
quartzites	and	
amphibolites		 11	 400	 0.003	 ‐	 17.00	 0.027	 ‐	 1.02		 1	

Kumar	(2002)		
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110	
Nathpa	Jhakri‐
HRT	 India	

Quartz	mica	
schist;	schistose	
quartzites	and	
amphibolites		 11	 800	 0.194	 ‐	 17.14	 0.027	 ‐	 0.60		 1	

Kumar	(2002)		

111	
Udhampur	rail		
tunnel	(T1)		 India	

Claystone,	silty	
claystone		 6.5	 300	 0.033	 ‐	 10.00	 0.027	 ‐	 0.30		 1	 Kumar	(2002)		

112	
Udhampur	rail		
tunnel	(T1)	 India	

Claystone,	silty	
claystone		 6.5	 312	 0.094	 ‐	 34.67	 0.027	 ‐	 0.52		 1	

Kumar	(2002)		

113	
Udhampur	rail		
tunnel	(T1)	 India	

Claystone,	silty	
claystone		 6.5	 280	 0.083	 ‐	 29.33	 0.027	 ‐	 0.44		 1	

Kumar	(2002)		

114	
Udhampur	rail		
tunnel	(T1)	 India	

Claystone,	silty	
claystone		 6.5	 270	 0.125	 ‐	 15.91	 0.027	 ‐	 0.35		 1	

Kumar	(2002)		

115	
Udhampur	rail		
tunnel	(T1)	 India	

Claystone,	silty	
claystone		 6.5	 285	 0.063	 ‐	 12.80	 0.027	 ‐	 0.32		 1	

Kumar	(2002)		

116	
Udhampur	rail		
tunnel	(T1)	 India	

Claystone,	silty	
claystone		 6.5	 280	 0.031	 ‐	 11.54	 0.027	 ‐	 0.30		 1	

Kumar	(2002)		

117	
Udhampur	rail		
tunnel	(T1)	 India	

Claystone,	silty	
claystone		 6.5	 280	 0.042	 ‐	 12.50	 0.027	 ‐	 0.30		 1	 Kumar	(2002)		

118	
Chenani–Nashri	
Escape	Tunnel					 India	

Siltstone,	silty	
claystone	 6	 727	 2.287	 ‐	 5.88		 0.027	 ‐	 0.10		 1	 Kumar	(2002)		

119	
Chenani–Nashri	
Escape	Tunnel		 India	

Siltstone,	silty	
claystone	 6	 736	 2.426	 ‐	 7.69		 0.027	 ‐	 0.10		 1	 Kumar	(2002)		

120	
Chenani–Nashri	
Escape	Tunnel		 India	

Siltstone,	silty	
claystone	 6	 733	 2.903	 ‐	 6.25		 0.027	 ‐	 0.10		 1	

Kumar	(2002)		

121	
Chenani–Nashri	
Escape	Tunnel		 India	

Siltstone,	silty	
claystone	 6	 690	 1.65	 ‐	 9.38		 0.027	 ‐	 0.15		 1	

Kumar	(2002)		

122	
Chenani–Nashri	
Escape	Tunnel					 India	 Siltstone		 13	 577	 1.517	 ‐	 11.11	 0.027	 ‐	 0.20		 1	

Kumar	(2002)		

123	

Chameliya	
Hydroelectric	
Project	Headrace	
tunnel	3+103	 Nepal	 Dolomite	 5.4	 181	 1.25	 9.58		 ‐	 0.028	 1.87		 ‐	 0	 Basnet	(2013)	

124	 Chameliya	 Nepal	 Dolomite	 5.4	 200	 0.02	 0.89		 1217. 0.028	 0.16		 0.33		 1	 Basnet	(2013)	
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Hydroelectric	
Project	Headrace	
tunnel	3+172	

16	

125	

Chameliya	
Hydroelectric	
Project	Headrace	
tunnel	3+190	 Nepal	 Dolomite	 5.4	 218	 0.013	 0.50		

1217.
16		 0.028	 0.08		 0.17		 1	 Basnet	(2013)	

126	

Chameliya	
Hydroelectric	
Project	Headrace	
tunnel	3+296	 Nepal	 Brownish	 5.4	 252	 0.01	 0.83		

1523.
07		 0.028	 0.12		 0.16		 1	 Basnet	(2013)	

127	

Chameliya	
Hydroelectric	
Project	Headrace	
tunnel	3+314	 Nepal	 Foliated	Phyllite	 5.4	 246	 0.01	 1.21		

1523.
07		 0.028	 0.18		 0.72		 1	 Basnet	(2013)	

128	

Chameliya	
Hydroelectric	
Project	Headrace	
tunnel	3+404	 Nepal	 Talcosic	phyllite		 5.4	 284	 0.008	 0.51		

1645.
38		 0.028	 0.06		 0.07		 1	 Basnet	(2013)	

129	

Chameliya	
Hydroelectric	
Project	Headrace	
tunnel	3+420	 Nepal	 Talcosic	phyllite	 5.4	 285	 0.008	 0.60		

1828.
98		 0.028	 0.08		 0.12		 1	 Basnet	(2013)	

130	

Chameliya	
Hydroelectric	
Project	Headrace	
tunnel	3+681	 Nepal	 Talcosic	phyllite	 5.4	 211	 0.01	 0.57		

1575.
72		 0.028	 0.10		 0.07		 1	 Basnet	(2013)	

131	

Chameliya	
Hydroelectric	
Project	Headrace	
tunnel	3+733	 Nepal	 Talcosic	phyllite	 5.4	 238	 0.01	 0.83		

1575.
72		 0.028	 0.13		 0.18		 1	 Basnet	(2013)	

132	
Chameliya	
Hydroelectric	 Nepal	 Foliated	Phyllite	 5.4	 230	 0.015	 0.85		

1217.
16		 0.028	 0.13		 0.27		 1	 Basnet	(2013)	
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Project	Headrace	
tunnel	3+764	

133	

Chameliya	
Hydroelectric	
Project	Headrace	
tunnel	3+795	 Nepal	 Foliated	Phyllite	 5.4	 223	 0.015	 2.11		

1217.
16		 0.028	 0.34		 1.13		 1	 Basnet	(2013)	

134	 Yacambu‐Quibor	 Venezuela	 Graphitic	phyllite	 5.5	 600	 ‐	 1.00		 ‐	 0.028	 0.06		 ‐	 1	 Hoek	(2001)	

135	
Nathpa	jhakri	
headrace	tunnel	 India	 Fault	zone	 10	 300	 ‐	 0.60		 ‐	 0.008	 0.25		 ‐	 1	 Hoek	(2001)	

136	
Maan	headrace	
tunnel	 Taiwan	 Sandstone/Shale	 6.5	 200	

0.046
*	 1.60		 ‐	 0.024	 0.33		 ‐	 1	 Hoek	(2001)	

137	 Mucha	tunnel	 Taiwan	 Fault	zone	 16	 120	 0.01*	 0.28		 ‐	 0.026	 0.09		 ‐	 1	 Hoek	(2001)	

138	 Pengshan	tunnel	 Taiwan	 Sandstone/Shale	 12	 140	
0.215
*	 1.90		 ‐	 0.025	 0.55		 ‐	 0	 Hoek	(2001)	

139	
Austria	(Oetscher	
Unit)	 Austria	 ‐	 5.4	 80	 93.5	 17.91		 Low	 0.026	 8.61		 ‐	 0	

Schwingenschloegl	
and	Lehmann	
(2009)	

140	
Austria	(Oetscher	
Unit)	 Austria	 ‐	 5.4	 190	 7.45	 8.62		 Low	 0.026	 1.74		 ‐	 0	

Schwingenschloegl	
and	Lehmann	
(2009)	

141	
Austria	(Oetscher	
Unit)	 Austria	 ‐	 5.4	 130	 1.53	 4.11		 Low	 0.026	 1.22		 ‐	 0	

Schwingenschloegl	
and	Lehmann	
(2009)	

142	
Maan	headrace	
tunnel	 Taiwan	 ‐	 6.5	 300	

0.215
*	 8.20		 ‐	 0.025	 1.10		 ‐	 0	 Chern	et	al.	(1998)	

143	
Maan	headrace	
tunnel	 Taiwan	 ‐	 6.5	 300	

4.642
*	 15.00		 ‐	 0.025	 2.00		 ‐	 0	 Chern	et	al.	(1998)	

144	 Mucha	tunnel	 Taiwan	 Sandstone/Shale	 16	 110	
0.046
*	 1.40		 ‐	 0.026	 0.49		 ‐	 0	

Hoek	(2001);	Chern	
et	al.	(1998)	

145	 Mucha	tunnel	 Taiwan	 Sandstone/Shale	 16	 110	 1*	 2.40		 ‐	 0.025	 0.87		 ‐	 0	 Chern	et	al.	(1998)	

146	
Nanhua	Diversion	
tunnel	 Taiwan	 Sandstone/ST	 ‐	 80	 10*	 2.40		 ‐	 0.025	 1.18		 ‐	 0	 Chern	et	al.	(1998)	
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147	
New	Tienlun	
headrace	tunnel	 Taiwan	 ‐	 6.5	 500	

0.215
*	 5.40		 ‐	 0.025	 0.43		 ‐	 1	 Chern	et	al.	(1998)	

148	
New	Tienlun	
headrace	tunnel	 Taiwan	 ‐	 6.5	 500	 1*	 6.70		 ‐	 0.025	 0.54		 ‐	 1	 Chern	et	al.	(1998)	

149	
New	Tienlun	
headrace	tunnel	 Taiwan	 ‐	 6.5	 500	 1*	 17.60		 ‐	 0.025	 1.41		 ‐	 0	 Chern	et	al.	(1998)	

150	
New	Tienlun	
headrace	tunnel	 Taiwan	 ‐	 6.5	 500	

21.54
4*	 34.80		 ‐	 0.025	 2.78		 ‐	 0	 Chern	et	al.	(1998)	

151	 Pengshan	tunnel	 Taiwan	 Sandstone/Shale	 12	 140	
2.154
*	 3.00		 ‐	 0.025	 0.86		 ‐	 0	 Chern	et	al.	(1998)	

152	
Maan	tunnel,	Adit	
A	 Taiwan	 Sandstone/Shale	 6.5	 200	

0.006
*	 0.70		 ‐	 0.025	 0.14		 ‐	 1	 Chern	et	al.	(1998)	

153	
Maan	tunnel,	Adit	
A	 Taiwan	 Sandstone/Shale	 6.5	 200	

0.086
*	 1.60		 ‐	 0.024	 0.33		 ‐	 1	 Chern	et	al.	(1998)	

154	
Maan	headrace	
tunnel	 Taiwan	 Sandstone/Shale	 6.5	 200	

2.154
*	 3.30		 ‐	 0.025	 0.66		 ‐	 1	

Hoek	(2001);	Chern	
et	al.	(1998)	

155	
New	Tienlun	
headrace	tunnel	 Taiwan	 Fault	zone	 6.5	 400	

0.001
*	 0.70		 ‐	 0.025	 0.07		 ‐	 1	

Hoek	(2001);	Chern	
et	al.	(1998)	

156	
New	Tienlun	
headrace	tunnel	 Taiwan	 Fault	zone	 6.5	 400	

0.046
*	 3.00		 ‐	 0.020	 0.38		 ‐	 1	

Hoek	(2001);	Chern	
et	al.	(1998)	

157	 Tymfistros	tunnel Greece	 Gray	mudstone	 11	 37	
0.005
*	 0.26		 ‐	 0.027	 0.26		 ‐	 1	

Kontogianni	et	al.	
(2004)	

158	 Tymfistros	tunnel Greece	
Gray	mudstone	
and	sandstone	 11	 51	

0.003
*	 0.74		 ‐	 0.027	 0.55		 ‐	 1	

Kontogianni	et	al.	
(2004)	

159	 Tymfistros	tunnel Greece	

Mudstone	with	
intercalations	of	
argillaceous	schist 11	 60	

0.009
*	 0.46		 ‐	 0.027	 0.29		 ‐	 1	

Kontogianni	et	al.	
(2004)	

160	 Tymfistros	tunnel Greece	
Gray	argillaceous	
schist	 11	 68	

0.005
*	 0.26		 ‐	 0.027	 0.14		 ‐	 1	

Kontogianni	et	al.	
(2004)	

161	 Tymfistros	tunnel Greece	 Gray	mudstone	 11	 72	 0.01*	 0.46		 ‐	 0.027	 0.24		 ‐	 1	
Kontogianni	et	al.	
(2004)	

162	 Tymfistros	tunnel Greece	 Gray	mudstone	 11	 83	
0.009
*	 0.74		 ‐	 0.027	 0.34		 ‐	 1	

Kontogianni	et	al.	
(2004)	
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No.	 Tunnel	 Location	 Rock	Type Dt
[m]	

H
[m]	

Q σcm
[MPa]	

Ks
[Mpa]

γ
[MN/
m3]	

SSR pi
[MPa]

Squeezing References	

163	 Tymfistros	tunnel Greece	
Mudstone	and	
argillaceous	schist 11	 84	

0.009
*	 0.74		 ‐	 0.027	 0.33		 ‐	 1	

Kontogianni	et	al.	
(2004)	

164	 Tymfistros	tunnel Greece	

Gray	mudstone	
with	intercalations	
of	argillaceous	
schist	 11	 89	

0.004
*	 0.26		 ‐	 0.027	 0.11		 ‐	 1	

Kontogianni	et	al.	
(2004)	

165	 Tymfistros	tunnel Greece	
Gray	argillaceous	
schist	 11	 93	

0.005
*	 0.26		 ‐	 0.027	 0.10		 ‐	 1	

Kontogianni	et	al.	
(2004)	

166	 Tymfistros	tunnel Greece	

Gray	mudstone	
with	intercalations	
of	argillaceous	
schist	 11	 94	

0.007
*	 0.46		 ‐	 0.027	 0.19		 ‐	 1	

Kontogianni	et	al.	
(2004)	
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APPENDIX C. A WEB-BASED IMPLEMENTATION OF OUR 

PROPOSED BN TO PREDICT SQUEEZING 

A web-based implementation of our proposed BN to predict squeezing has been made 

available at: https://www.hed.cc/?a=TunnelSqueezing&n=Squeezing_BN.neta. 

 


