
UNIVERSIDAD POLITÉCNICA DE MADRID 

ESCUELA TÉCNICA SUPERIOR DE 

INGENIEROS DE CAMINOS, CANALES Y PUERTOS 

 

 

 

A LINEARIZATION-BASED SYSTEM 

RELIABILITY METHOD WITH APPLICATION 

TO GEOTECHNICAL ANALYSIS 

 

 

Ph.D. THESIS 
 

PENG ZENG 
2015





 

                                                      

Departamento de Ingeniería y Morfología del Terreno 

E.T.S. de Ingenieros de Caminos, Canales y Puertos 

Universidad Politécnica de Madrid 

 
A Linearization-based System Reliability 
Method with Application to Geotechnical 

Analysis 
 
 
 

Ph.D. THESIS 
 
 
 

Peng Zeng 
 
 

Directed by Rafael Jiménez Rodríguez 
 
 

Madrid, 2015 

 



 

Título de la Tesis: 

A Linearization-based System Reliability Method with Application to 

Geotechnical Analysis 

Autor: Peng Zeng 

Director: Rafael Jiménez Rodríguez 

Tribunal nombrado por el Mgfco. y Excmo. Sr. Rector de la Universidad 

Politécnica de Madrid, el día ……. de …………………….... de ………….. 

TRIBUNAL CALIFICADOR 

 Presidente:    ………………………………………………………………………………………. 

 Vocal 1º:          ………………………………………………………………………………………. 

Vocal 2º:         ………………………………………………………………………………………. 

Vocal 3º:         ………………………………………………………………………………………. 

Secretario:     ………………………………………………………………………………………. 

 

Realizado el acto de defensa y lectura de la tesis el día ……. de …………………….... 

de ………….. en Madrid, los miembros del Tribunal acuerdan otorgar la 

calificación de: ………………………………………………………………………………………………………

 



Abstract 

ABSTRACT  

Reliability analyses provide an adequate tool to consider the inherent uncertainties 

that exist in geotechnical parameters. This dissertation develops a simple 

linearization-based approach, that uses first or second order approximations, to 

efficiently evaluate the system reliability of geotechnical problems. 

First, reliability methods are employed to analyze the reliability of two tunnel design 

aspects: face stability and performance of support systems. Several reliability 

approaches —the first order reliability method (FORM), the second order reliability 

method (SORM), the response surface method (RSM) and importance sampling 

(IS)— are employed, with results showing that the assumed distribution types and 

correlation structures for all random variables have a significant effect on the 

reliability results. This emphasizes the importance of an adequate characterization of 

geotechnical uncertainties for practical applications. Results also show that both 

FORM and SORM can be used to estimate the reliability of tunnel-support systems; 

and that SORM can outperform FORM with an acceptable additional computational 

effort.  

A linearization approach is then developed to evaluate the system reliability of series 

geotechnical problems. The approach only needs information provided by FORM: 

the vector of reliability indices of the limit state functions (LSFs) composing the 

system, and their correlation matrix. Two common geotechnical problems —the 
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stability of a slope in layered soil and a circular tunnel in rock— are employed to 

demonstrate the simplicity, accuracy and efficiency of the suggested procedure. 

Advantages of the linearization approach with respect to alternative computational 

tools are discussed. It is also found that, if necessary, SORM —that approximates 

the true LSF better than FORM— can be employed to compute better estimations of 

the system’s reliability. 

Finally, a new approach using Genetic Algorithms (GAs) is presented to identify the 

fully specified representative slip surfaces (RSSs) of layered soil slopes, and such 

RSSs are then employed to estimate the system reliability of slopes, using our 

proposed linearization approach. Three typical benchmark-slopes with layered soils 

are adopted to demonstrate the efficiency, accuracy and robustness of the suggested 

procedure, and advantages of the proposed method with respect to alternative 

methods are discussed. Results show that the proposed approach provides reliability 

estimates that improve previously published results, emphasizing the importance of 

finding good RSSs —and, especially, good (probabilistic) critical slip surfaces that 

might be non-circular— to obtain good estimations of the reliability of soil slope 

systems.  
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Resumen 

RESUMEN 

Los análisis de fiabilidad representan una herramienta adecuada para contemplar las 

incertidumbres inherentes que existen en los parámetros geotécnicos. En esta Tesis 

Doctoral se desarrolla una metodología basada en una linealización sencilla, que 

emplea aproximaciones de primer o segundo orden, para evaluar eficientemente la 

fiabilidad del sistema en los problemas geotécnicos. 

En primer lugar, se emplean diferentes métodos para analizar la fiabilidad de dos 

aspectos propios del diseño de los túneles: la estabilidad del frente y el 

comportamiento del sostenimiento. Se aplican varias metodologías de fiabilidad — 

el Método de Fiabilidad de Primer Orden (FORM), el Método de Fiabilidad de 

Segundo Orden (SORM) y el Muestreo por Importancia (IS). Los resultados 

muestran que los tipos de distribución y las estructuras de correlación consideradas 

para todas las variables aleatorias tienen una influencia significativa en los resultados 

de fiabilidad, lo cual remarca la importancia de una adecuada caracterización de las 

incertidumbres geotécnicas en las aplicaciones prácticas. Los resultados también 

muestran que tanto el FORM como el SORM pueden emplearse para estimar la 

fiabilidad del sostenimiento de un túnel y que el SORM puede mejorar el FORM con 

un esfuerzo computacional adicional aceptable.  
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Posteriormente, se desarrolla una metodología de linealización para evaluar la 

fiabilidad del sistema en los problemas geotécnicos. Esta metodología solamente 

necesita la información proporcionada por el FORM: el vector de índices de 

fiabilidad de las funciones de estado límite (LSFs) que componen el sistema y su 

matriz de correlación. Se analizan dos problemas geotécnicos comunes —la 

estabilidad de un talud en un suelo estratificado y un túnel circular excavado en 

roca— para demostrar la sencillez, precisión y eficiencia del procedimiento 

propuesto. Asimismo, se reflejan las ventajas de la metodología de linealización con 

respecto a las herramientas computacionales alternativas. Igualmente se muestra que, 

en el caso de que resulte necesario, se puede emplear el SORM —que aproxima la 

verdadera LSF mejor que el FORM— para calcular estimaciones más precisas de la 

fiabilidad del sistema. 

Finalmente, se presenta una nueva metodología que emplea Algoritmos Genéticos 

para identificar, de manera precisa, las superficies de deslizamiento representativas 

(RSSs) de taludes en suelos estratificados, las cuales se emplean posteriormente para 

estimar la fiabilidad del sistema, empleando la metodología de linealización 

propuesta. Se adoptan tres taludes en suelos estratificados característicos para 

demostrar la eficiencia, precisión y robustez del procedimiento propuesto y se 

discuten las ventajas del mismo con respecto a otros métodos alternativos. Los 

resultados muestran que la metodología propuesta da estimaciones de fiabilidad que 

mejoran los resultados previamente publicados, enfatizando la importancia de hallar 

buenas RSSs —y, especialmente, adecuadas (desde un punto de vista probabilístico) 

superficies de deslizamiento críticas que podrían ser no-circulares— para obtener 

estimaciones acertadas de la fiabilidad de taludes en suelos. 
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Chapter 1 Introduction 

1. INTRODUCTION 

1.1 Background 

Geotechnical problems are commonly encountered in infrastructure constructions; 

for instance, underground excavations, slopes, earth retaining walls and foundations. 

The economic consequences of failures of these infrastructures are significant, as 

they could bring losses of properties and of human lives (see e.g., Baecher and 

Christian 2003; Kjekstad and Highland 2009). 

Geological and geotechnical uncertainties always exist in real projects; this is 

because soils and rocks are natural materials containing various components, and 

also because they are often characterized based on imperfect site investigations (see 

e.g., Davis 2002; Christian 2004). Similarly, the magnitude of external loads 

imposed on the infrastructure, as well as the properties of the construction materials 

(e.g., concrete, steel) employed, are also uncertain (see e.g., Lü et al. 2013). 

Conventional geotechnical designs have traditionally employed the deterministic 

method, in which a nominal factor of safety defined as a ratio of resistance capacity 
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to imposed load — is employed to evaluate the safety of design models. The factor 

of safety is normally prescribed to be significantly greater than unity, due to the 

underlying uncertainties. However, as pointed out by Ching et al. (2009), the 

computed factor of safety remains unchanged regardless of the amount of 

uncertainties that exist during the design. 

Reliability methods appear as a rational approach to overcome these difficulties, as 

they allow to better consider the uncertainties of input parameters and their 

correlation structure (Chan and Low 2012b). However, so far, this method has not 

been widely employed in geotechnical analysis and design, so that reliability-based 

design methods have not yet been well established in this field (Duncan 2000). On 

the other hand, evaluating the reliability of a geotechnical problem is not an easy 

task, primarily due to its computational cost in practice (Honjo 2011). This is mainly 

attributed to two aspects: one is that geotechnical analyses are often conducted by 

numerical methods (e.g., finite elements and finite differences), which are time-

consuming; the other is that reliability analyses need to run the deterministic model 

many times. With the efforts of many researchers (see e.g., Low 2005; Low and 

Tang 2007; Phoon 2008; Mollon et al. 2009b; Li and Low 2010; Lü and Low 2011; 

Lü et al. 2011; Mollon et al. 2011a; Chan and Low 2012b; Lü et al. 2012), the 

methods of computing the reliability of individual failure mode have advanced much 

in later years. 

Another source of complexity is that, as pointed out by many researchers (see e.g., 

Low et al. 2011; Zhang et al. 2011b; Lü et al. 2013), more than one failure mode 

often exist in a geotechnical problem. For example, one may think of a tunnel fails 

due to 1) exceedance of support capacity, 2) unacceptable tunnel deformation, or 3) 
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insufficient rockbolt length. Therefore, if only one failure mode is taken into account 

in design, the probability of failure for a system may be underestimated; this means 

that, if failure modes are considered individually, generally there is no unique index 

(or value) which can reflect the overall probability of failure for a system, since the 

system probability of failure is generally not a simple sum of individual failure 

modes. To that end, various approaches (see e.g., Low et al. 2011; Li et al. 2013; 

Zhang et al. 2013a) have been proposed for solving the system problems in 

geotechnical engineering; however, they could be inaccurate or impractical in some 

circumstances. 

As a consequence, in order to provide an advance of the art in this field, developing 

simple and efficient tools for geotechnical system reliability analysis and design is of 

particular interest in this dissertation. 

1.2  Objectives 

The objective of the research presented in this dissertation is to develop simple 

approaches to efficiently evaluate the system reliability of geotechnical problems, 

with the ultimate goal of improving our understanding of the uncertainties embedded 

in geotechnical parameters. To that end, we employ simple typical geotechnical 

problems —a circular tunnel excavated in a fractured rock mass and stability of a 

slope in a layered soil— that serve as an aid to present the new methodologies that 

have been developed as contributions during this Ph.D. research. 

The specific objectives of the dissertation may be summarized as follows: 

1) Characterize the uncertainties of geotechnical parameters. Geotechnical 

parameters are uncertain. Although some previously works have been done 
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to characterize uncertainties of typical materials (e.g., the cohesion and 

friction angle of soils), the characterization of uncertainty of Hoek-Brown 

geotechnical parameters is still needed. To that end, an example that studies 

the stability of a tunnel face driven by a pressurized shield in a highly 

fractured Hoek-Brown rock mass is employed to illustrate how different 

assumptions about distribution types and correlation structures affect the 

reliability results, and to identify the most relevant variables for engineering 

design. 

2) The need to use (or not) surrogate models. To illustrate this point, we use an 

example related to the analysis of tunnel-support interaction in the context 

of the convergence-confinement method. Previous research mainly focused 

on the use of response surface-based methods, and we intend to show that 

the first and second order reliability methods can be directly applied, 

without the need to use the surrogate models, to solve this problem 

efficiently and accurately. 

3) Develop improved methods to compute the system reliability of typical 

geotechnical problems. In particular, we address the following issues: 

3a) Development of a simple linearization approach to approximate the 

reliability of series geotechnical systems. Previous research on series 

geotechnical system reliability tends to focus on the use of (uni or 

bimodal) bounds to the probability of failure; several types of 

simulation-based approaches and variations of response surface 

methods (RSMs) have also been employed. But the bounds might be 

too wide to be useful, the simulation-based approaches are often time-

consuming in practice, and the RSMs could be inaccurate in some 
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circumstances. An alternative method, based on the linearization of the 

LSFs, is also possible to compute the reliability of series geotechnical 

systems. This work aims to extend the linearization approach to deal 

with system problems, with the emphasis on illustrating the ability, in 

terms of simplicity, accuracy and efficiency, of the linearization 

approach to evaluate the reliability of two typical series geotechnical 

systems.  

3b) Development of improved methods to analyse the system reliability of 

layered soil slopes using representative slip surfaces. Several 

approaches have been proposed in the literature to identify the 

representative slip surfaces, but mostly considering circular slip 

surfaces only. This means that they will often miss the critical slip 

surface, particularly in the presence of weak seams. We aim to presents 

a new approach to identify the fully specified representative slip 

surfaces in layered soil slopes based on the use of Genetic Algorithms 

and on the method proposed by Zhang et al. (2011b). Consequently, the 

identified representative slip surfaces will be employed, using the 

previously discussed linearization approach, to estimate the system 

probability of failure for layered soil slopes. 

1.3 Dissertation overview 

This dissertation consists of seven chapters and three appendices. 

In Chapter 2, a literature review related to reliability theory is presented. The review 

contains four parts. The first part represents basic concepts about random variables, 
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and their transformations. Then, four classes of reliability methods widely employed 

in engineering analyses are described, and the methods to analyse the sensitivity of 

reliability results are introduced. 

In Chapter 3, a reliability analysis is performed to a circular tunnel driven by a 

pressurized shield in a Hoek-Brown rock mass. The rock mass property parameters 

are considered as random variables with different distribution types and correlation 

structures. A limit analysis approach with an advanced rotational failure mechanism 

is used to assess stability. Three reliability methods are applied to analyse the 

reliability against a collapse failure mechanism of the tunnel face. Different types of 

statistical distributions of the random variables, as well as different correlation 

structures, are considered to analyse their influences on the computed reliability 

results. Similarly, sensitivities are computed to analyse how the reliability results are 

affected by changes of the input random variables, and sensitivity analyses are 

conducted to study the influence of changes of tunnel diameter and of tunnel face 

pressure. 

In Chapter 4, we conduct a reliability analysis on a circular tunnel excavated using 

drill and blast method in a Hoek-Brown rock mass. A feasible tunnel-support 

interaction model is constructed using the convergence-confinement method. Two 

general support patterns commonly used in engineering practice, namely ungrouted 

rockbolt and shotcrete lining, are assumed to be installed simultaneously. Eight 

parameters related to the rock mass properties, the in situ stress and the supporting 

characters of shotcrete are treated as random variables. Three limit state functions 

related to exceedance of support displacement capacity, unacceptable tunnel 

deformation and insufficient rockbolt length are used to evaluate the feasibility of 
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specific support measures considered. Two approaches (i.e., the first order reliability 

method and the second order reliability method) are used to estimate the reliability 

indices of the three limit state functions, and sensitivity analyses are conducted to 

study how the reliability results are affected by variability of input random variables. 

In Chapter 5, a method based on the linearization of the limit state functions is 

applied to evaluate the reliability of series geotechnical systems. The approach only 

needs information provided by first order reliability method results: the vector of 

reliability indices of the limit state functions composing the system, and their 

correlation matrix. Two common geotechnical problems —the stability of a slope in 

layered soil and a circular tunnel in rock— are employed to demonstrate the 

simplicity, accuracy and efficiency of the suggested procedure, and advantages of 

the linearization approach with respect to alternative computational tools are 

discussed. This chapter also shows that, if necessary, the second order reliability 

method —that approximates the true limit state function better than the first order 

reliability method— can be employed to compute better estimations of the system’s 

reliability. 

In Chapter 6, we propose a new approach to estimate the system’s probability of 

failure of slopes in layered soils. This approach is based on the use of a Genetic 

Algorithm specifically designed for slope stability problems; and on modifications to 

the method suggested in Zhang et al. (2011b) to systematically identify the fully 

specified representative slip surfaces (including both circular and non-circular ones) 

that contribute most to the system reliability. The linearization approach proposed 

previously is used to efficiently estimate the system probability of failure using the 

identified representative slip surfaces. Finally, the performance of the proposed 
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method is tested using three different example cases based on typical benchmark-

slopes from the literature. 

In Chapter 7, the major findings from the present research work are summarized and 

some possible extensions of this work are discussed. 
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2. STATE OF THE ART 

Next, we present an introductory discussion of basic aspects about random variables 

that are needed for derivations and explanations presented in this dissertation. 

Further details can be found in standard textbooks about probability theory (see e.g., 

Ang and Tang 1975; Benjamin and Cornell 2014). 

In addition, we present introduction to some of the reliability methods that are 

discussed or employed in the remaining of this dissertation. Additionally details can 

be found in textbooks about reliability theory (see e.g., Baecher and Christian 2003; 

Phoon 2008), or for prior applications to geotechnical engineering problems, at 

Jimenez-Rodriguez et al. (2006). 

2.1 Random variables 

Given the uncertainties existing in geotechnical engineering, random variables can 

be applied to characterize them. For geological projects, where data are limited, the 
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first two moments (i.e., mean value and variance) are typically used for reliability 

analysis. 

Considering M  observations of random variable X  are available, the mean value 

(also known as the first moment) can be used to describe the expectation of X , 

computed as 

1

1 M

X i
i

x
M

µ
=

= ∑                                                                                                            (2.1) 

The sample variance (also called the second moment) of X  could be expressed as 

( ) ( )2

1

1
1

M

i X
i

Var X x
M

µ
=

= −
− ∑                                                                                  (2.2) 

In practical application, the standard deviation, Xσ , is more commonly used, it is 

defined as 

( )X Var Xσ =                                                                                                         (2.3) 

In addition, a dimensionless statistic defined as the ratio between the standard 

deviation, Xσ , and the mean value, Xµ , can also be used to represent the variance of 

X . This is called the coefficient of variation (COV), and can be expressed by 

COV X
X

X

σ
µ

=                                                                                                             (2.4) 

A probability distribution is the rule for describing the probability measures 

associated with all the values of a random variable. In geotechnical engineering, the 

random variables more commonly employed are continuous. For a continuous 

variable, X , its probability in the interval 1 2( , ]x x  can be expressed as 
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2

1

1 2( ) ( )
x

X
x

P x X x f x dx< ≤ = ∫                                                                                      (2.5) 

where ( )Xf x  is the probability density function (PDF). The cumulative density 

function (CDF), denoted as ( )XF x , describes the probability that the outcome of X  

is less than or equal to a particular value x ; i.e., 

( ) ( ) ( )
x

X XF x P X x f x dx
−∞

= ≤ = ∫                                                                                (2.6) 

Accordingly, if ( )XF x  has a first derivative, the PDF is the first derivative of the 

CDF. This can be expressed as 

( )( ) X
X

dF xf x
dx

=                                                                                                        (2.7) 

Many distribution types are employed in geotechnical engineering to represent 

random variables. Among them, three distribution types are most commonly used in 

practice; they are normal (also called Gaussian) distribution, the lognormal 

distribution and the Beta distribution. Examples of their PDFs and CDFs are shown 

in Figure 2.1. 
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Figure 2.1 PDFs and CDFs for three distributions. (a) Normal distribution with 200µ =  and 20σ = ; (b) Lognormal distribution 
with 5µ =  and 2σ = ; (c) Standard Beta distribution with 0.5µ =  and 0.05σ =  
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Given its interesting mathematical properties, the normal distribution is probably the 

best-known and most widely used probability distribution. It is an unbounded 

variable defined from −∞  to +∞ . This distribution is symmetric about the mean, 

and the mean, median, and modal values are identical and can be estimated directly 

from the data. The lognormal distribution is useful in those engineering problems 

where the random variables cannot have negative values, since lognormally 

distributed random variables are always non-negative. The lognormal distribution is 

also mathematically convenient, as if a random variable has a lognormal distribution, 

then its natural logarithm has a normal distribution. The Beta distribution is a 

bounded distribution that has the advantages of being a very flexible and useful 

distribution, hence being appropriate for random variables of engineering 

significance that can be bounded by two limits. 

2.2 Multiple correlated non-normal random variables 

From a practical point of view, more than one random variable may be involved in 

an engineering problem, and the random variables might be correlated with each 

other. Thus, their joint distributions must be considered in that case to describe the 

multiple random variables. However, in engineering practice, the joint PDF of all 

variables under consideration is not easy to acquire due to lack of data. In that case, 

if their marginal distributions and their correlation relationships are known, the Nataf 

transformation (see e.g., Der Kiureghian 2005) can be employed to derive a joint 

density function of all random variables. The transformation can be expressed as 

( )1 ,
ii X iZ F X−  = F      1, 2, ,i n= 

                                                                         (2.8) 
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where ( )
iX iF X  is the CDF of the original random variable, iX , and ( )F ⋅  is the 

standard normal CDF. n  is the number of random variables under consideration. The 

components of vector Z  have zero mean and unit standard deviation, with a 

correlation matrix between the iZ  variables given by 

12 1

21 2

1
1

1

n

n

ρ ρ
ρ ρ

′ ′ 
 ′ ′ ′ =
 
 
 

R





   

  

                                                                                      (2.9) 

where elements ijρ′  is the solution of the integral equation 

( )2 , ,j ji i
ij i j ij i j

i j

xx z z dz dz
µµρ φ ρ

σ σ
∞ ∞

−∞ −∞

 − − ′=      
∫ ∫                                               (2.10) 

in which, ijρ  is the element of correlation matrix, R , of the original variables, and 

2 ( , , )i j ijz zφ ρ′  is the bivariate normal PDF. Liu and Der Kiureghian (1986a) gave an 

approximation solution for ijρ′ , and also indicated that the difference between ijρ  

and ijρ′  is negligible. Therefore, for simplicity, it is reasonable to assume that 

ij ijρ ρ′ =  (equivalent to ′ =R R ) for the cases with non-normal variables. 

Finally, the correlated variables Z  can be transformed into uncorrelated standard 

normal variables U  using the Cholesky factorization (LU decomposition) as: 

( )1 T−=U L Z                                                                                                            (2.11) 

where the lower triangular matrix L  is the Cholesky factor of R and where T=R LL . 

(Note that T  stands for the transpose matrix operator.) 
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2.3 Reliability methods 

Given n  random variables ( )1 2, , , nX X X=X   that describe the uncertainties in a 

geotechnical problem, and given also a limit state function (LSF) 

( ) ( )1 2, , , nG G X X X=X   that indicates whether failure occurs (or not) for a given 

value of X , hence dividing the whole integration domain into a safe region and a 

failure region (note that ( ) 0G >X  indicates ‘safe’ and ( ) 0G ≤X  indicates ‘failure’), 

the probability of failure, fP  , is defined as the probability that X  is located within 

the failure region. The probability of failure can therefore be evaluated with the 

integral: 

( ){ } ( )
( )

( )
( )

1 2 1 2
0 0

0 , , ,f n n
G G

P P G f d f x x x dx dx dx
≤ ≤

= ≤ = =∫ ∫ ∫X X
X X

X x x         (2.12) 

where ( )G X  is the limit state function (LSF) in original space (i.e., random 

variables X  represent physical parameters), and ( )fX x  is the joint PDF of input 

random variables X . Although a direct resolution of Eq. (2.12) in the physical space 

is possible (see e.g., Low and Tang 1997a), to ease the solution process and the 

interpretation of results, it is preferable to transform the original vector X  into the 

standard normal space of uncorrelated (0,1)N  random variables. Eq. (2.12) could 

then be rewritten as: 

( ){ } ( )
( )

( )
( )

1 2 1 2
0 0

0 , , ,f n n
g g

P P g f d f u u u du du du
≤ ≤

= ≤ = =∫ ∫ ∫U U
U U

U u u         (2.13) 

where ( )1 2, , nU U U=U   is a vector of standard normal and uncorrelated random 

variables, ( )fU u  is the joint PDF of U , and ( )g U  is the transformed LSF. (Details 
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of how to transform non-normal random variables to standard normal variables, as 

well as that of from correlated variables to independent variables can be found in the 

previous section.) 

However, computing direct estimates of the integral given by Eq. (2.13) is 

challenging, since it involves a multi-dimensional integral, in a domain whose 

boundaries are defined by a LSF which is not always given in closed form, but as the 

solution to some numerical algorithms. A number of alternative procedures have 

been proposed to deal with this problem. Several of them, that are widely employed 

in engineering practice are reviewed next. They are: 1) the First Order Reliability 

Method (FORM), 2) the Second Order Reliability Method (SORM), 3) the Response 

Surface Method (RSM) and 4) simulation techniques. 

2.3.1 The first order reliability method 

The first order reliability method (FORM) is a simple and efficient scheme to 

compute reliabilities, particularly for problems with small probabilities of failure and 

a large number of random variables. Although FORM has often been blamed for its 

inaccuracy and for having convergence difficulties when the LSF is highly non-

linear or when correlated non-normal random variables are involved, it is still widely 

used in engineering practice (Lopez et al. 2015), since “For 90% of all applications 

this simple first-order theory fulfils all practical needs. Its numerical accuracy is 

usually more than sufficient.” (Rackwitz 2001). 

Based on the assumption that the LSF is continuous and first-order differentiable, 

FORM uses a linear approximation (the first order Taylor expansion) given by: 

( ) ( ) ( ) ( )( )Tg L g g≈ = +∇ −U U u u U u                                                                 (2.14) 
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where ( )L U  is the linearization of the LSF, ( )1 2, , , nu u u=u   is the expansion point, 

— and ( )g∇ u  is the gradient vector (i.e., the first order partial derivative) of ( )g U  

at u , defined as 

( ) ( ) ( ) ( )
1 2

, ,
n

g g g
g

U U U
∂ ∂ ∂ 

∇ =  ∂ ∂ ∂  u

U U U
u                                                                  (2.15) 

To minimize the loss of accuracy, it is desired to expand the LSF at a point that has 

the highest contribution to the probability of interest computed with Eq. (2.13). This 

is equivalent to finding a point on the transformed LSF with the shortest distance to 

the origin in the transformed standard U-space (see Figure 2.2). This point is called 

the design point (or the most probable point). The design point can be obtained by 

solving the following constrained optimization problem: 

* min=
u

u u     subject to ( ) 0g =u                                                                         (2.16) 

where ⋅  is the norm of a vector. Then, the reliability index can be computed as 

*β = u                                                                                                                   (2.17) 

and the probability of failure can be approximated as 

( )fP β≈ F −                                                                                                            (2.18) 

Various approaches have been developed during the past decades to solve the 

constrained optimization problem described in Eq. (2.16), such as the gradient 

projection method, augmented Lagrangian method, sequential quadratic 

programming, among others (Liu and Der Kiureghian 1991). Another class of 

methods is the widely employed set of algorithms based on Hasofer Lind and 
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Rackwitz Fiessler (HLRF) recursive algorithms (Hasofer and Lind 1974; Rackwitz 

and Flessler 1978). Although, since the problem of computing reliabilities with 

FORM is reduced to an optimization problem, any optimization tool is theoretically 

possible. For instance, commercial software packages such as EXCEL and 

MATLAB can also be applied (see e.g., Low and Tang 1997a; Phoon 2008). 

Examples of both approaches are discussed below. 

 

Figure 2.2 Illustration of FORM and SORM in two-dimensional U-space 

 The HLRF-based set of algorithms 2.3.1.1

The HLRF-based algorithms employ a gradient-based approach to solve Eq. (2.16), 

starting from an initial point 0u . In this algorithm, a sequence of points 

( )1, 2, ,k k N=u   is generated according to the rule 

U2

U1

g(U)<0

SORM

FORM

g(U)>0

g(U)=0

β

0

Design point u*
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1k k k kλ+ = +u u d                                                                                                       (2.19) 

where kd  is a search direction vector and kλ  is a step size. Different algorithms 

employ different kd  and kλ . 

The original HLFR algorithm was proposed by Hasofer and Lind (1974) and 

Rackwitz and Flessler (1978). In this case, a unit step size (i.e., 1kλ = ) is applied and 

a simple sequence was used to define the search direction 

( ) ( )( ) ( )
( ) 2

T
k k k k

k k

k

g g g

g

∇ − ∇
= −

∇

u u u u
d u

u
                                                              (2.20) 

where ( )kg∇ u  is the norm of ( )kg∇ u . The original HLRF algorithm is very 

popular in structural reliability analysis for its simplicity and efficiency; however, as 

demonstrated by Liu and Der Kiureghian (1986b) and Liu and Der Kiureghian 

(1991), it may fail to converge under some certain conditions. 

Liu and Der Kiureghian (1986b) and Liu and Der Kiureghian (1991) introduced a 

modified version of the HLRF algorithm, called mHLRF, to circumvent the 

convergence problems of the HLRF algorithm. In the mHLRF algorithm, a linear 

search is conducted until a sufficient decrease is reached in a merit function, ( )m u , 

defined as 

( ) ( ) ( )
( )

( )
2

2
2

1 1
2 2

Tg g
m c g

g

∇ ∇
= − + ⋅

∇

u u u
u u u

u
                                                      (2.21) 

Although this modification improves the robustness of the original HLRF algorithm, 

Liu and Der Kiureghian (1991) pointed out that global convergence of this algorithm 
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cannot be guaranteed, because ( )m u  may have local minima which are not solutions 

to Eq. (2.16), and kd  may not be a descent direction of ( )m u  in some cases. 

Therefore, An improved algorithm (called iHLRF) was proposed by Zhang and Der 

Kiureghian (1995), in which a simpler non-differentiable merit function is used in 

the linear search: 

( ) ( )1
2

Tm c g= +u u u u                                                                                          (2.22) 

where 0c >  is a penalty parameter. The iHLRF algorithm has been shown to be 

more efficient and more robust than the HLRF and mHLRF algorithms (Zhang and 

Der Kiureghian 1995). Thus it has been employed in some geotechnical reliability 

analyses: for instance, Jimenez-Rodriguez et al. (2006) used the iHLRF algorithm to 

calculate the system reliability of rock slope; whereas Cho (2013) applied it to 

compute the system probability of a layered soil slope. 

 Other optimization methods 2.3.1.2

Low and Tang (1997a) originally proposed a practical method using EXCEL to 

compute the reliability index, β , directly in the original space of the random 

variables and without the need to make the transformation discussed in Section 2.2 

(see Figure 2.3). In that case, the reliability index, β , can be written as 

( )
( ) ( )1

0
min T

G
β −

≤
= − −

x
x μ C x μ                                                                               (2.23) 

where μ  is the vector of mean values of the random variables considered and C  is 

their covariance matrix. This method can be presented from the perspective of a 

tilted ellipsoid that is tangent to the failure surface in the original space, so that the 
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transformed space is not required. Correlation is accounted for by setting up the 

quadratic form in the spreadsheet; whereas non-normal distributions are dealt with 

by using relationships between a non-normal distribution and its equivalent normal 

distribution. This method is easy to implement, since the design point is 

automatically searched by a spreadsheet’s optimization tool; and it is intuitive 

because the meaning of the reliability index is transparent. 

 

Figure 2.3 Illustration of FORM in original space (after Low and Tang, 1997) 

The spreadsheet method has been further developed by Low and co-authors (see e.g., 

Low and Tang 1997b; Low and Tang 2004; Low and Tang 2007; Low 2014) to 

simplify the way in which distribution and correlation are accounted for and to 

u*
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βσ2

X2
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improve performance. However, these methods have not been employed in this 

dissertation, for that reason, they are not further discussed herein. 

The spreadsheet-based FORM method has been implemented to evaluate the 

reliability index for a range of practical geotechnical problems, including rock 

tunnels (see e.g., Lü and Low 2011; Lü et al. 2011; Lü et al. 2013), layered soil 

slopes (see e.g., Ji and Low 2012; Zhang et al. 2013b), and retaining walls (see e.g., 

Low 2005; Low et al. 2011), among others. 

Another alternative is to optimize using tools provided by mathematical software. As 

an example, Phoon (2008) demonstrated that FORM can also be implemented easily 

within MATLAB, by using the pre-compiled constrained optimization function 

fmincon, and providing a detailed MATLAB code that can be easily modified to 

solve other geotechnical problems. 

A comparative study conducted by Ji and Low (2012) has recently shown that the 

spreadsheet method and the MATLAB optimization-based method have similar 

efficiencies in searching for the design point needed for FORM analyses. 

2.3.2 The second order reliability method 

Although FORM is simple and efficient, it could be inaccurate when the transformed 

LSF is highly nonlinear. In this circumstance, the second order reliability method 

(SORM) —which uses the second order Taylor expansion and considers the 

curvatures of the LSFs in the vicinity of the design point— often provides a better 

approximation to the real probability of failure (see Figure 2.2). SORM is an 

extension of FORM, since it requires the FORM information (i.e., reliability index, 

β , and design point, *u ) as its inputs. 
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The second order Taylor expansion of a LSF in U-space at the design point *u  can 

be expressed as (Der Kiureghian 2005) 

( ) ( )( ) ( ) ( )* * * *1
2

T
g g≈ ∇ − + − −U u U u U u H U u                                                 (2.24) 

where H  is the second order derivative matrix (also called the Hessian matrix) at the 

design point, which can be evaluated by 

( )2 *

ij
i j

g
u u

∂
=

∂ ∂

u
H , , 1, ,i j n= 

                                                                                 (2.25) 

Prior to computing the principal curvatures, random variables in the U-space should 

be further transformed to a rotated standard normal V-space using an orthogonal 

transformation =V PU , where P  is an n n×  orthogonal rotation matrix whose thn  

column is α  ( * */=α u u ). P  can be obtained using the Gram-Schmidt 

orthogonalization procedure (see e.g., Haldar and Mahadevan 2000). 

Considering a matrix 0P , with row vectors 01 02 0, , , np p p , the Gram-Schmidt 

orthogonalization aims to obtain another matrix, P , whose row vectors 1 2, , , np p p  

are orthogonal to each other, with the thn  row being the same as its counterpart in 

matrix 0P  (i.e., 0n n=p p ). The other rows of matrix P  can be computed (from the 

( )th
1n −  row to the first row) using the following procedure: 

0
0

1

Tn
j k

k k jt
j k j j= +

= − ∑
p p

p p p
p p

                                                                                         (2.26) 

After rotating the coordinate, a rotated diagonal matrix rotH  can be written as: 
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T
rot *( )g
= ⋅ ⋅

∇
HH P P

u
                                                                                           (2.27) 

The principal curvatures iκ  of the LSF at the design point are the first 1n −   diagonal 

elements of rotH ; i.e., 

[ ]roti ii
κ = H   ( )1,2, , 1i n= −                                                                                (2.28) 

With the resulting principal curvatures iκ , various second-order methods have been 

proposed to evaluate the probability of failure (see e.g., Fiessler et al. 1979; Breitung 

1984; Hohenbichler and Rackwitz 1988; Tvedt 1989; Tvedt 1990; Cai and 

Elishakoff 1994; Köylüoǧlu and Nielsen 1994; Zhao and Ono 1999). More recently, 

a simple algorithm was presented by Phoon (2008) based on the asymptotic analyses 

conducted by Breitung (1984), Breitung and Hohenbichler (1989) and Breitung 

(1994). The probability of failure for SORM can then be estimated as: 

( ) 1/2
FORMfP β −= F − J                                                                                           (2.29) 

where J  is a ( ) ( )1 1n n− × −  matrix given by 

FORM redβ= +J I H                                                                                                    (2.30) 

where I  is the identity matrix, and redH  is the first ( ) ( )1 1n n− × −  order of rotH . 

The finite difference method (FDM) with central difference scheme was employed in 

this algorithm to estimate the gradient vector and the Hessian matrix. Specifically, 

the gradient vector at the design point can be expressed as: 

( ) ( )* *

* 2
i i

i

g u h g u hg
u h

+ − −∂
≈

∂
                                                                                  (2.31) 
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where h  is the step size. The Hessian matrix, H , can be evaluated using second 

order partial derivative with central difference scheme: 

( ) ( ) ( ) ( )* * *2

*2 2

2
, i i i

i

g u h g u g u hgi i
u h

+ − + −∂
= ≈
∂

H                                                    (2.32) 

( )
2

* *,
i j

gi j
u u
∂

=
∂ ∂

H  

( ) ( ) ( ) ( )* * * * * * * *

2

, , , ,
4

i j i j i j i jg u h u h g u h u h g u h u h g u h u h
h

+ + − + − − − + + − −
≈          (2.33) 

Theoretically, ( )4 1n n+  times function evaluations are required in this central 

difference scheme-based algorithm to obtain the Hessian matrix, and to calculate the 

SORM probability of failure (note that n  is the number of random variables 

involved in the analysis). 

To ease the computational cost of estimating the Hessian matrix, some alternative 

methods have been developed to improve the efficiency of SORM. For instance, Lü 

and Low (2011) employed the response surface method-based SORM to assess the 

reliability of underground rock excavations; and Chan and Low (2012b) used a 

point-fitted strategy-based SORM procedure to approximately estimate the reliability 

of foundations. 

2.3.3 The response surface method 

For many geotechnical problems, the analyses are generally conducted using 

numerical methods (e.g., finite elements or finite differences). Thus, accurate first 

and second order partial derivatives are not easy to compute, hence making it more 

difficult to use FORM or SORM directly. In order to overcome this difficulty, 
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alternative approaches such as the response surface method (RSM) have been 

proposed to build a surrogate model that approximates the original LSF. 

By selecting deterministic experimental points, the RSM aims to construct a 

response surface (RS), which is approximately equal to the actual LSF. Reliability 

analysis can then be easily performed based on this RS. 

Many RSMs have been proposed to solve reliability problems. Among them, the 

quadratic polynomial RSM, which is widely used in engineering reliability analyses 

for its efficiency and simplicity, attempts to construct an approximate RS in the 

region with maximum contribution to the probability of failure. Bucher and 

Bourgund (1990) firstly proposed a fast and efficient RSM for assessing the 

reliability of a structure, using a new adaptive interpolation scheme. Rajashekhar and 

Ellingwood (1993) developed an improved method that applies several iterations 

until a convergence criterion is achieved. Based on the early versions of the 

quadratic polynomial RSM, a number of extensions and improvements have been 

developed to provide a better result (see e.g., Kim and Na 1997; Das and Zheng 2000; 

Gayton et al. 2003; Nguyen et al. 2009; Kang et al. 2010). 

The quadratic polynomial response surface function with cross terms in the U-space 

can be defined as: 

( ) ( ) 0
1 1 1

n n n

i i ij i j
i i j

g g a b u c u u
= = =

≈ = + +∑ ∑∑U U                                                             (2.34) 

where 0a , ib  and ijc  are coefficients to be determined, and n  is the number of 

random variables under consideration. 

A brief explanation of a recursive algorithm that uses a RSM is as follows: 
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1) Choose the initial sampling points at and around the mean values μ  (note that 

=μ 0  is employed for the first iteration), with i i iu kµ σ= ± , in which 1iσ =  in 

the U-space and k  is a user defined factor, which is usually equal to 1. 

2) ( )( )1 2 / 2n n+ +  sampling results of ( )g U  are used to solve Eq. (2.34), so that 

the coefficients 0a , ib  and ijc can be obtained and a tentative response surface, 

( )g U , can be formed. 

3) Perform reliability analysis using FORM to obtain a design point, *u , and a 

reliability index, β  , based on the response surface, ( )g U . 

4) Repeat Steps 2-3 until β  converges. For each iteration (except for the first trial), 

new sampling points are centred at and around the new point Mu  with sampling 

points at M,i iu kσ± , where Mu  is computed from linear interpolation as 

( ) ( )
( ) ( )

*
M *

g
g g

= + −
−

μ
u μ u μ

μ u
                                                                      (2.35) 

Once convergence is achieved, the reliability index (and its associated probability of 

failure) can be evaluated using various methods such as FORM, SORM and 

importance sampling. 

By using Eq. (2.34), ( )( )1 2 / 2n n+ +  deterministic function evaluations are required 

in each iteration to construct a new RS. When n  becomes large, the computational 

cost is still considerable. Another response surface function, in which the cross terms 

are not considered, may significantly reduce the computational cost, as only 2 1n +  

experiments are needed in each iteration. This RS is given as 

( ) ( ) 2
0

1 1

n n

i i i i
i i

g g a b u c u
= =

≈ = + +∑ ∑u u                                                                       (2.36) 
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Apart from the quadratic polynomial RSM, other RSMs, such as the Kriging-based 

RSM (Zhang et al. 2013a), the stochastic RSM (Mollon et al. 2011a) and the 

artificial neural network (ANN)-based RSM (Lü et al. 2012) have also been applied 

in geotechnical reliability analyses. In general, they provide better approximations to 

the true LSF but at the expense of a larger computational effort. 

2.3.4 Simulation techniques 

 Monte Carlo simulation 2.3.4.1

Monte Carlo simulation (MCS) is a very powerful tool that can be used by engineers 

with only a basic knowledge of probability and statistics to evaluate the probability 

of failure of complicated engineering systems. Considering the random variables in 

the transformed standard U-space (see Figure 2.4), MCS can be conducted as: 

1) Generate N sampling points from the standard normal PDF. 

2) For each sample, iu  ( 1, 2, ,i N= 
), compute its corresponding value of the LSF, 

( )ig u . 

3) Repeat step 2 for 1, 2, ,i N= 
.  

Then, the probability of failure could be estimated by 

[ ]
1

1 N

f g i
i

P I
N =

≈ ∑ u                                                                                                    (2.37) 

with 

[ ] 1
0gI 

= 


u   ( )
( )

for g 0
for g 0

≤
>

u
u

                                                                                       (2.38) 
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The MCS method provides an unbiased estimate of the actual probability of failure. 

However, it can be very time consuming, especially for problems with a small 

probability of failure. This is because the COV of the MCS estimator fP  is 

computed as 

1
COV

f

f
P

f

P
N P
−

≈
⋅

                                                                                                  (2.39) 

So that, the desired number of sampling points needed to achieve a given value of 

COV
fP  is 

2

1
COV

f

f

P f

P
N

P
−

≈
⋅

                                                                                                     (2.40) 

For instance, given a 410fP −=  and COV 10%
fP = , approximately 1,000,000 times 

of simulation are demanded, which is often computationally prohibitive in 

engineering practice. 

Although MCS method is time consuming, it is a conventional tool to validate the 

results computed by approximated methods. In addition, it can be applied together 

with other techniques to evaluate the probability of failure of geotechnical systems; 

for instance, Li and Chu (2014) computed the system probability of failure for 

layered soil slope using MCS conducted on multiple response surfaces. 
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Figure 2.4 Illustration of MCS in two-dimensional U-space 

 Importance sampling 2.3.4.2

The basic idea of importance sampling (IS) is to concentrate the distribution of 

sampling points in the region of most importance (i.e., the area that contributes most 

to the probability of failure), instead of spreading them out evenly among the whole 

range of possible values of the random variables (see Figure 2.5). This method can 

be shown to be extremely efficient and versatile as an improvement to MCS. 
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Figure 2.5 Illustration of importance sampling in two-dimensional U-space 

The IS was originally proposed by Harbitz (1986), and thereafter, the advantage of 

this sampling method to other traditional approaches were gradually recognized by 

Schuëller and Stix (1987) and Bucher (1988), among others. 
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Instead of sampling around the mean point, IS aims to generate sampling points in 

the region near the design point *u  (see Figure 2.5), using a new sampling density 

function ( )hU u . The probability of failure is then given by 

( ) ( )
( )1

1 N
g i i

f
i i

I f
P

N h=

= ∑ U

U

u u
u

                                                                                      (2.41) 

The accuracy of the IS estimate depends on the choice of the sampling density 

( )hU u . Additional details about how to choose adequate sampling functions can be 

found in Schuëller and Stix (1987) and Bucher (1988). 

2.4 Sensitivity analyses 

A sensitivity analysis indicates the sensitivity of the reliability index to changes in 

the input random variables. It also provides the order of importance of the random 

variables, playing an important role in many applications of reliability-based design. 

Der Kiureghian (2005) presented an approach to compute sensitivity, given as 

,

,

ˆ

ˆ= u x

u x

αJ D
γ

αJ D
                                                                                                           (2.42) 

where α  is the unit design point vector provided by FORM, which can be expressed 

as * */=α u u , ,u xJ  is the Jacobian of the transformation, and D̂  is the diagonal 

matrix of standard deviations of the input variables (equivalent normal standard 

deviations for non-normal random variables). More recently, Chan and Low (2012a) 

suggested a simpler formula, given by 

( )1 T−≈γ L α                                                                                                             (2.43) 
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If the original random variables are statistically independent, then ,
ˆ

u xJ D  and ( )1 T−L  

will both be reduced to an identity matrix I . Thus, the sensitivity vector γ  will be 

identical to α . However, if the variables are correlated, γ  and α  will be different. 

The absolute values of the thi  element of γ  indicates the sensitivity (or importance) 

of the thi  random variables. The signs of elements in vector γ  indicate whether 

variables are load or resistance variables: a positive element indicates a load variable, 

and vice-versa. 
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3. CHARACTERIZATION 
OF UNCERTAIN 
GEOTECHNICAL 
PARAMETERS: 
APPLICATION TO THE 
RELIABILITY ANALYSIS 
OF TUNNEL FACE 
STABILITY 

3.1 Introduction 

Geological and geotechnical uncertainties always exist in real projects, as geological 

data is obtained from imperfect site investigations and geotechnical models and 
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parameters are uncertain. Deterministic models cannot adequately deal with this 

uncertainty (Ching et al. 2009), so that reliability methods have become a rational 

alternative to consider the effects of uncertainties on engineering designs. 

Circular tunnels excavated with a pressurized shield are common in projects related 

to, for instance, metro, water supply and sewage facilities. The face pressure is an 

important parameter to avoid face collapses in these tunnels, and several methods for 

analysis have been proposed (see e.g., Leca and Dormieux 1990; Mollon et al. 2010; 

Senent et al. 2013). In recent years, there has been increasing interest in the 

reliability aspects of tunnel face stability; for instance, Mollon et al. (2009a; 2009b; 

2011a; 2013)  studied the failure probability of tunnel faces in soils with the Mohr-

Coulomb failure criterion using the first order reliability method (FORM) and the 

response surface method (RSM). 

In this chapter, a reliability analysis —using FORM, RSM and importance sampling 

(IS)— of a circular tunnel face driven by a pressurized shield in a highly fractured 

Hoek-Brown (HB) rock mass is presented. The objective is to illustrate on how to 

characterize uncertainties for rock masses with a Hoek-Brown failure criterion, and 

to analyse how different assumptions about distribution types and correlation 

structures affect the reliability results. In addition, with the purpose of identifying the 

most relevant variables for engineering design, we investigate sensitivities of the 

reliability index to changes of the random variables involved, for different tunnel 

sizes and support pressures. 
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3.2 Deterministic model 

We employ the tunnel face failure mechanism recently proposed by Senent et al. 

(2013) in our reliability computations. The model is an upper-bound solution in the 

context of limit analysis, which extends the mechanism presented by Mollon et al. 

(2011b) to account for non-linear failure criteria such as the HB criterion. The 

mechanism comprises a unique block that rotates around an axis perpendicular to the 

vertical plane of symmetry of the tunnel cross-section. The contours of the 

mechanism in such vertical plane of symmetry are approximately logarithmic spirals, 

and the slip surface affects the whole excavation front (see Figure 3.1). 

To construct the mechanism, the perimeter of the tunnel face is discretized first, 

producing a set of nθ  points ( A j  and A j′ , for 1j =  to / 2nθ , see Figure 3.1(a)). 

Then, we define a set of planes that contain the mechanism’s rotation axis: the first 

part (Section 1 in Figure 3.1(b)) corresponds to planes that intersect the tunnel face, 

with each plane containing two of such A j  and A j′  points defined above; in the 

second part of the mechanism (Section 2), each plane rotates an angle δ  with the 

previous plane. That is, the mechanism is defined by two unique parameters, nθ  and 

δ , so that the precision of the mechanism increases as nθ  increases and as δ  

decreases.  

Once the discretization is completed, we can construct, point-to-point, the slip 

surface of the mechanism. To that end, we construct triangular facets ,Fi j  as follows 

(see Figure 3.2): we take two points that belong to plane jΠ  ( ,Pi j and 1,Pi j+ ), from 

which we compute a new point ( , 1Pi j+ ) in plane 1j+Π , so that the slip surface defined 

by such three points follows the associated flow rule required by limit analysis. 
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Figure 3.3 shows an example of slip surface obtained with this procedure. Further 

details are available in Mollon et al. (2011b) and Senent et al. (2013). 

Once the failure mechanism has been defined with the ,Fi j  facets, we can compute 

the collapse pressure using the upper bound theorem of limit analysis — i.e., 

equating the energy applied into the system and the energy dissipated by the system. 

But such collapse pressure corresponds to a specific position of the mechanism’s 

axis of rotation (defined by Eω  and Er , see Figure 3.1), so that we need to maximize 

it in relation to Eω  and Er  to obtain the ‘optimum’ upper-bound solutions. In 

addition, to compute dissipated energies, we need the (equivalent) friction angle and 

cohesion for all points (or facets) along the slip surface. With a traditional linear 

Mohr-Coulomb criterion, they are constant; for non-linear criteria, we can compute 

equivalent c  and ϕ  values using local approximations (tangents) to the real failure 

criterion at adequate stress levels, hence introducing the need to compute the stresses 

acting along the slip surface. As described by Senent et al. (2013), results from three-

dimensional finite-difference simulations with FLAC3D (2009) suggest that 

considering a linear stress distribution is adequate in most practical applications. As 

a result, the best upper-bound solution is obtained maximizing with respect to two 

geometrical variables (that define the axis of rotation) and two stress variables (that 

define the stress distribution along the slip surface). 
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Figure 3.1 (a) View from within the tunnel of the failure mechanism; (b) 
Contours of the mechanism in a vertical cross section along the tunnel axis. 

Note also the discretization used to generate the collapsing block (after Senent 
et al. (2013)) 

 

Figure 3.2 Illustration of the point-by-point generation of the lateral surface of 
the mechanism (after Senent et al. (2013)) 
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Figure 3.3 Example of collapse geometries obtained by the mechanism (after 
Senent et al. (2013)) 

3.3 Performance function and uncertainty characteristics 

3.3.1 Performance function 

Following the standard convention from the reliability literature, the performance 

function for tunnel face collapse can be defined as: 

( ) ( )
t

c

1G σ
σ

= −X
X

                                                                                                   (3.1) 

where vector X  denotes the random variables considered in the model, tσ  is the 

support pressure applied at the tunnel face, and ( )cσ X  is the collapse pressure 

provided by the advanced rotational mechanism. (Note that ( )cσ X  values computed 

with our mechanism are always non-negative, because the limit-analysis code has 

been set to report ( )c 0σ =X  for stable tunnel faces. This avoids the numerical 
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problem that could arise when negative values are generated using MC simulations; 

see Low (2010).) 

3.3.2 Characterization of uncertainty: Deterministic and random 
variables 

For simplicity, the unit weight of the rock mass, the disturbance value employed in 

the HB criterion and the circular tunnel diameter are considered deterministic, with 

values 24kN/m3, 0 and 10m, respectively. These values define the ‘base case’ in this 

study. Since the applied support pressure tσ  is normally well controlled in modern 

TBMs, it is also considered as a deterministic variable, although given its importance 

a sensitivity analysis is conducted using different values of tσ . 

Therefore, only the geological parameters that affect the rock strength provided by 

the HB criterion —the uniaxial compressive strength of intact rock, ciσ ; the rock 

mass quality given by GSI ; and the im  parameter of the HB failure criterion— are 

considered as random variables. To use a realistic set of parameters as an example, 

we build on information published in the literature about weak rock masses in which 

face instability problems could be expected. For instance, Hoek et al. (1998) and 

Marinos and Hoek (2000) provided the parameters of a black shale, with estimated 

interval values ci 1 5MPaσ = − , 15 8GSI = ±  and i 6 2m = ± . Assuming that the three 

variables obey the “three sigma rule” (Duncan 2000) —which means that nearly all 

values lie within 3 standard deviations of the mean in a normal distribution— the 

mean values ( µ ) and coefficients of variation ( COV ) listed in Table 3.1 can be 

obtained. (Note, however, that although the use of the three sigma rule is appropriate 

given the small amount of available data, it does not guaranty the adequacy of 
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distribution tails, which could affect the probability of failure in some cases (Jimenez 

and Sitar 2009). This could therefore become a topic of research in future extensions 

of this work.) 

Table 3.1 Statistical properties of random variables characterizing the rock 
mass strength 

Variable 
Distribution type Parameter 

Normal Non-normal μ COV Lower 
bounda 

Upper 
bounda 

σci(MPa) Normal Log-normal 3 0.22 - - 

GSI Normal Beta 15 0.18 0 25 

mi Normal Log-normal 6 0.11 - - 

a The lower bound and upper bound are defined for the Beta distribution only. 

 

In addition, to illustrate the influence of the types of statistical distribution and of the 

correlation structures on the reliability results, we consider four cases:  

Case 1: Normal distributions and uncorrelated random variables;  

Case 2: Non-normal distributions and uncorrelated random variables;  

Case 3: Normal distributions and correlated random variables;  

Case 4: Non-normal distributions and correlated random variables. 

In Cases 1 and 3, all random variables ( ciσ , GSI  and im ) are assumed to follow 

normal distributions with the mean values and coefficients of variation shown in 

Table 3.1. For non-normal distributions (i.e., Cases 2 and 4), since the values of ciσ  

and im  should be nonnegative, ciσ  and im  are both assumed to be log-normal; 

similarly, since the rock mass is highly fractured, GSI  is assumed to follow a 

(bounded) Beta distribution within the [0, 25] interval, see Table 3.1. 
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Similarly, two cases are considered for the correlation structure: Cases 1 and 2 

consider uncorrelated variables, so that all the correlation coefficients among ciσ , im  

and GSI  are zero, whereas Cases 3 and 4 consider correlated variables. In this case, 

it is difficult to define correlation coefficients, such as 
ci ,GSIσρ , based on published 

data only. But approximate relationships can be applied, together with Monte Carlo 

simulation (MCS), as a guidance to evaluate 
ci ,GSIσρ . Hoek and Brown (1997) 

suggested that 5GSI RMR= −  for the 1989 version of Bieniawski’s rock mass 

rating classification (Bieniawski 1989), where RMR  is computed summing the 

evaluations of five parameters (strength of the rock, drill core quality, groundwater 

conditions, joint and fracture spacing, and joint characteristics). Since rock strength 

can be expressed by ciσ , an approximated relationship between GSI  and ciσ  can be 

built. To conduct MCS, all parameters (other than joint characteristics) are assumed 

to follow uniform distributions; for the joint characteristics, its five ‘conditions’ are 

sampled with equal probability. In total, 10,000 simulations are conducted to 

evaluated 
ci ,GSIσρ ; the results are shown in Figure 3.4. 

Based on Figure 3.4, it is clear that GSI  (slightly) increases with the increasing of 

ciσ , which means that they are positively correlated. In current study, the correlation 

coefficient found in Figure 3.4 is rounded off to be 0.3, and employed in the present 

analysis. 
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Figure 3.4 Correlation between ciσ  and GSI . ( ρ  is the correlation coefficient, 
N  is the number of simulations.) 

The correlation coefficient between ciσ  and im  is also difficult to estimate, although 

more data is available in this case. For instance, the RocData 4.0 data base (RocData 

2012) provides several data groups of ciσ  and im  for different types of rock (coal, 

limestone, sandstone, etc.). These data groups are employed to estimate a value of 

ci i,mσρ  in this analysis. In particular, we consider six rock types with more than 5 

data groups. As shown in Figure 3.5, 
ci i,mσρ  is analysed for each rock type 

individually. The obtained values of 
ci i,mσρ , which range from -0.24238 (Sandstone) 

to -0.79432 (Marble), are all negative and with similar trends. In agreement with 
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Shen and Karakus (2014), this suggests that a negative correlation between ciσ  and 

im  is reasonable, so that the mean value 
ci i, 0.4mσρ = −  of the six correlation 

coefficients will be applied to the shale rock mass considered herein. (This is, of 

course, just an assumption based on an interpretation of what the available data 

suggest. Although we believe it to be representative of many typical cases, these 

assumptions may need to be re-evaluated in cases in which they are considered 

inadequate.) 

Finally, neither a proposed relationship, nor published data are available to estimate 

the correlation coefficient between im  and GSI , 
i ,m GSIρ . Note, however, that since 

ci ,GSIσρ  is positive and 
ci i,mσρ  is negative, it is rational to predict that 

i ,m GSIρ  should 

be negative; moreover, since the absolute values of 
ci ,GSIσρ  and 

ci i,mσρ  are both 

relatively small, then im  and GSI  are also expected to be weakly correlated, so that 

a value of 
i , 0.25m GSIρ = −  has been employed herein. (Again, this is a working 

assumption that may need to be re-evaluated in other studies.) Table 3.2 presents 

summary of the correlation coefficients between random variables employed in cases 

3 and 4. 

Table 3.2 Matrix of correlation structure, R , for cases with correlated variable 
(Cases 3 and 4) 

R σci GSI mi 

σci 1 0.3 -0.4 

GSI 0.3 1 -0.25 

mi -0.4 -0.25 1 
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Figure 3.5 Correlations between ciσ  and im  for 6 rock masses. ( ρ  is the 
correlation coefficient, N  is the number of data groups.) 

Once the marginal distribution and the correlation relationship have been obtained, 

the Nataf transformation (see discussions in Chapter 2) can be employed to derive a 

joint density function of all random variables.  
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3.4 Reliability methods 

Three different approaches will be used in this work to analyse the reliability of 

tunnel face stability. They are: 

1) Response surface method with the first order reliability method (RSM-FORM), 

in which FORM is applied to the RS that approximates the LSF; 

2) Response surface method with importance sampling (RSM-IS), in which IS is 

applied to the RS in the vicinity of the ‘design point’ computed with FORM for 

such RS; 

3) The first order reliability method with the real LSF (LSF-FORM). 

In Figure 3.6, a cubic polynomial is used to illustrate the differences between these 

three approaches in an example in two-dimensional U-space. Design point 1 is found 

using Approach 3; i.e., using FORM directly on the LSF. The RS employed in 

Approaches 1 and 2 is an approximate surface, obtained with the iterative RSM 

mentioned in Chapter 2, which is very close to the LSF in the region that contributes 

mainly to the probability of failure. The difference between them is associated to 

how the reliability problem is solved in both cases: in Approach 1 a FORM 

approximation is employed, using such approximated RS, to find the design point 2 

and its associated probability of failure and reliability index; whereas, in Approach 2, 

IS is applied to the RS near design point 2. It is obvious that the RSM-IS approach is 

more accurate than the RSM–FORM approach, since the latter is based on a linear 

approximation of the RS at design point 2. It is also reasonable to expect that design 

point 1 is more accurate than design point 2, because design point 1 is calculated 

based on the true LSF, whereas design point 2 is based on an approximated surface. 
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Figure 3.6 Illustration of the reliability approaches employed in this work: (a) LSF, RS and FORM approximation; (b) Detail of area 
A using an enlarged scale. (Note: the mathematical equation of the LSF depicted is 
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3.5 Results and discussion 

3.5.1 Comparison of different computational approaches 

We use the three approaches (RSM-IS, RSM-FORM and LSF-FORM) discussed to 

compute the reliability indices, β , and probabilities of failure, fP , of tunnel faces 

designed with the deterministic parameters and the uncorrelated normal variables 

indicated above. (Note that care must be taken when applying these three approaches 

to other cases, in which the shapes of the LSF are complex; the reason is that several 

local minima, with similar values of their associated reliability indices, may exist, so 

that the probability of failure might be underestimated. The collocation-based 

stochastic response surface methodology (CSRSM) (Mollon et al. 2011a), provides 

more reliability on this matter, because it covers the whole parametric space and is 

able to detect local minima, hence appearing as an interesting option when that 

happens.) To assess the influence of the face support pressure on the reliability 

results, face support pressures are varied from 15 to 40kPa. Results are plotted in 

Figure 3.7, which shows that reliability indices computed by the three approaches are 

very similar, hence meaning that the RSM approximates well to the LSF in the 

region with maximum probability of failure. 

In relation to computational efficiency, to solve the FORM equation with a tolerance 

of 0.001β∆ <  normally requires 4 or 5 iterations with the RSM; whereas the LSF-

FORM requires 6 or 7 iterations on average (although, depending on the chosen 

initial point, this number sometimes increases to more than 10). And, because 

numerical derivatives need to be computed in FORM, and the real LSF needs to be 

sampled in RSM, the deterministic model needs to be evaluated seven times (with 
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both LSF-FORM and RSM) in each iteration. (Approximately 15 minutes are 

required for running the deterministic model once on a PC with an Intel Core i3-

2100 CPU @3.10GHz and 8 GB of RAM.) On the other hand, the computation costs 

of the RSM-based FORM and the RSM-based IS are negligible compared to the 

design point search algorithms that deal with the real LSF. So it is easy to see that 

the LSF-FORM is more computationally expensive than the RSM-IS and the RSM-

FORM. Together with the observation in Figure 3.6, we can conclude that the RSM-

IS is a rational approach, with less computational cost and proper accuracy, to deal 

with the reliability of a tunnel face stability problem. However, it should be noted 

that the LSF-FORM provides a better design point, which is useful in the sensitivity 

evaluation.  

As expected, the reliability increases with an increasing support pressure. Taking the 

results of RSM-IS as reference, for the case considered, the reliability index is 0.499 

for a support pressure tσ  of 15kPa —which is too low to be acceptable for 

engineering design (U.S. Army Corps of Engineers 1997)— whereas the reliability 

index increases sharply to 2.044 for t 25kPaσ = , and to 3.341 —which is often 

considered acceptable in engineering practice— for t 40kPaσ = . 
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Figure 3.7 Reliability index with uncorrelated normal variables for different 
reliability approaches 

3.5.2 Influence of distribution types and correlation structures 

Figure 3.8 shows the reliability indices computed using RSM-IS, for the 

aforementioned four cases of different distribution types and correlation structures. 

Minor differences due to correlation exist when variables are normally distributed, 

and the correlation structure has not a strong effect on the reliability results in this 

case. When variables are non-normal, however, the correlation structure is more 

important, with differences between uncorrelated and correlated variables increasing 

with an increasing support pressure. 

The type of distribution considered is also important, with significantly lower 

reliability indices computed for normal than for non-normal variables. This is due to 

differences between the left tails of normal and non-normal distributions (e.g., the 

left tail of a normal distribution theoretically extends up to -∞ , whereas for a 

lognormal distribution, for instance, it is bounded by 0). With increasing support 
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pressures, the design point tends to move towards the left tail of ‘resistance’ 

variables. Since all variables considered herein are ‘resistance variables’, differences 

in their left tails can enlarge the differences of the computed reliability indices. 

These results emphasize the importance of the proper selection of distribution types 

for the random variables considered, which should become a main focus of future 

research in similar reliability assessments in engineering practice. On the other hand, 

the distribution tails of the input variables are probably incorrect, so that the 

associated reliability-estimators are also probably wrong in the absolute sense, 

whatever the accuracy of the reliability method used to compute them (MCS, RSM, 

IS, FORM, etc.), and they are therefore only useful as decision-making tools, e.g., to 

compare among several designs. 

 

Figure 3.8 Reliability index of different support pressures. Results computed 
using RSM-IS 
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3.5.3 Sensitivity study 

The ‘base case’ with support pressures varying within a 15-40kPa range is applied to 

compute the sensitivities of reliability results to changes of random variables for 

cases with different distribution types and correlation structures. Experiments show 

that both methods of Der Kiureghian (2005) and Chan and Low (2012a) provide 

identical sensitivity results. Thus, for simplicity, Chan and Low (2012a)’s method is 

employed in this study. Table 3.3 presents the computed sensitivity results, γ , 

together with the computed design points, *x . As expected, the components of the 

sensitivity vectors are all negative, confirming that the three random variables 

considered are ‘resistance’ variables. Note also that the differences of sensitivities 

between normal and non-normal variables are more relevant than the ones between 

uncorrelated and correlated variables. 

To better understand the different sensitivities for different distribution types, taking 

the results with uncorrelated normal variables as an example, we can observe that the 

importance of ciσ  generally increases with increasing support pressures, reaching 

0.87−  when the support pressure is equal to 40kPa. It means that, for higher support 

pressures, ciσ  is more relevant on reliability than GSI  and im . On the other hand, 

GSI is the most relevant variable for tunnel faces with low support pressure. For 

uncorrelated non-normal variables, however, variables are found to be more 

similarly relevant (in order of decreasing importance, we have ciσ , GSI  and im ), 

and their sensitivities are almost independent of support pressure. Similar 

observations are found with correlated variables. 
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Table 3.3 Sensitivities computed for different support pressures 

σt(kPa) 
σci(MPa)  GSI mi σci(MPa)  GSI mi 

𝛄𝛄 𝐱𝐱∗ 𝛄𝛄 𝐱𝐱∗ 𝛄𝛄 𝐱𝐱∗ 𝛄𝛄 𝐱𝐱∗ 𝛄𝛄 𝐱𝐱∗ 𝛄𝛄 𝐱𝐱∗ 

 Normal uncorrelated Normal correlated 

15 -0.59 2.8  -0.74 14.1 -0.31 5.9 -0.58 2.8  -0.72 14.0 -0.38 6.0 

20 -0.59 2.5  -0.73 12.3 -0.34 5.7 -0.62 2.4  -0.72 12.0 -0.33 6.1 

25 -0.65 2.1  -0.67 11.3 -0.36 5.5 -0.67 2.0  -0.69 10.6 -0.27 6.2 

30 -0.73 1.8  -0.62 10.7 -0.30 5.5 -0.71 1.7  -0.65 9.6 -0.27 6.3 

35 -0.77 1.5  -0.57 10.4 -0.28 5.4 -0.80 1.3  -0.55 9.3 -0.25 6.4 

40 -0.87 1.1  -0.44 11.1 -0.23 5.5 -0.87 1.1  -0.46 9.2 -0.19 6.6 

 Non-normal uncorrelated Non-normal correlated 

15 -0.72 2.7  -0.57 14.6 -0.41 5.8 -0.71 2.7  -0.57 14.4 -0.41 6.0 

20 -0.69 2.3  -0.58 13.4 -0.44 5.5 -0.68 2.2  -0.60 12.8 -0.42 6.0 

25 -0.68 2.0  -0.60 12.4 -0.43 5.3 -0.66 1.9  -0.61 11.5 -0.44 5.9 

30 -0.67 1.8  -0.59 11.6 -0.45 5.0 -0.66 1.7  -0.60 10.4 -0.45 5.9 

35 -0.64 1.7  -0.63 10.7 -0.44 4.9 -0.65 1.5  -0.61 9.5 -0.45 5.9 

40 -0.66 1.5  -0.60 10.3 -0.46 4.7 -0.65 1.4  -0.60 8.7 -0.46 5.8 

3.5.4 Influence of correlation structure 

A slight influence of the assumed correlation structures on the computed reliability 

indices was observed in Figure 3.8. But the correlation coefficients used before are 

relatively small. One can therefore wonder about how reliability results would 

change for other values of the correlation coefficients. 

The influence of the three correlation coefficients between ciσ , GSI  and im  are 

analysed individually comparing how they change the reliability results in relation to 

the ‘base case’ with a support pressure of 35kPa and non-normal variables. Each cell 

in Table 3.4 indicates the reliability index computed with the indicated correlation 
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coefficient between the variables, assuming that the correlations among the others 

are 0. (Note that, to illustrate its relevance, the full range of possible correlation 

coefficients is considered herein; however, in reality, the absolute values of the 

correlation coefficients of rock mass variables might be smaller, and this should be 

further investigated for each case.) Results show that these three correlation 

coefficients have a very similar, and relatively large, influence on the reliability 

index, in which large negative correlations lead to larger reliability indices, and vice-

versa. These results suggest that, in practical engineering analysis and design, an 

effort should be made to estimate the actual correlation structure among random 

variables, so that, if possible, it should be obtained from actual rock mass data. 

Table 3.4 Reliability indices for different correlation coefficients 

 
Correlation coefficient, ρ 

-0.99 -0.5 0 0.5 0.99 

σci,GSI 7.30 5.30 4.11 3.48 3.08 

σci,mi 6.42 4.89 4.11 3.61 3.26 

GSI,mi 6.02 4.81 4.11 3.64 3.32 

Note: Case with non-normal variables and 35kPa support pressure. Each cell indicates the 
reliability index computed with the corresponding correlation coefficient between the variables, 
assuming that the correlations among others are 0. 

3.5.5 Parametric study on tunnel diameter 

To analyse the influence of diameter, we conduct a parametric study in which the 

diameter of the circular tunnel is changed from 4m to 14m, for the ‘base case’ of 

non-normal correlated random variables. The support pressure is set to be 35kPa in 

all cases. 
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Figure 3.9 Reliability index as a function of tunnel diameter 

Results in Figure 3.9 show that the reliability index decreases rapidly with an 

increase of tunnel diameter. Small diameters (4m) result in an extremely high 

reliability index (12.81), whereas, large diameters (14m) result in a very low 

reliability index (1.67). This confirms that, as it is well known in practice, tunnels 

with larger diameter face higher construction risks associated to face collapses. 

3.6 Conclusions 

A reliability analysis is performed to a circular tunnel driven by a pressurized shield 

in a HB rock mass. The rock mass property parameters are considered as random 

variables with different distribution types and correlation structures. A limit analysis 

approach with an advanced rotational failure mechanism is used to assess stability. 

Different types of statistical distributions of the random variables involved, as well 

as different correlation structures, are considered to analyse their influences on the 
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computed reliability results. Similarly, sensitivities are computed to analyse how the 

reliability results are affected by changes of the input random variables, and 

sensitivity analyses are conducted to study the influence of changes of tunnel 

diameter and of tunnel face pressure. 

Results indicate that the reliability method employed —LSF-FORM, RSM-IS, or 

RSM-FORM— has a limited influence on our computed results, hence suggesting 

that the LSF is not highly non-linear. Also, given the high computational cost 

associated to the LSF considered, it suggests the interest of using a computationally 

efficient alternative such as the RSM-IS (that is used in most of the analyses 

presented herein). 

Sensitivity results show that all random variables considered —the uniaxial 

compressive strength of intact rock ciσ , the rock mass quality given by GSI , and the 

im  parameter of the HB failure criterion— are ‘resistance’ variables; therefore, a 

decrease of their mean values will reduce the reliability of the design, which will be 

mainly controlled by the left tails of their distributions. And the sensitivity analyses 

conducted also confirm the importance of tunnel diameter, and of tunnel face 

pressure, on the reliability of the designs. In particular, our reliability results confirm 

that, as it is well known in practice, the reliability of the tunnel face against a 

collapse failure mode increases significantly (i.e., the probability of failure decreases) 

as the face support pressure increases or as the tunnel diameter decreases. 

Results also show that the type of random distribution considered (e.g., normal v.s. 

non-normal distributions) has a significant influence of the computed reliability 

results. This observation, which agrees with previous observations about the 

importance of distribution types in the geotechnical literature (Jimenez and Sitar 

56 



Chapter 3 Characterization of uncertain geotechnical parameters: application to the 
reliability analysis of tunnel face stability 

2009), is mainly due to differences at the left tails of distributions. It also emphasizes 

the importance of an adequate characterization of geotechnical uncertainties for 

practical applications. 

Similarly, the correlation structure, as well as the specific values of correlations 

considered, are also found to be important (specially for the case of non-normal 

variables), hence emphasizing the importance of using adequate values of correlation 

coefficients —if possible supported by real data— in practical application. In this 

sense, our observation that a negative correlation exists between ciσ  and im , and a 

positive correlation exists between ciσ  and GSI  (which is new in the literature), are 

likely to be useful to future researchers working in similar problems in rock 

mechanics. 

57 



Chapter 4 Reliability analysis of tunnel-support interaction 

4. RELIABILITY 
ANALYSIS OF TUNNEL-
SUPPORT 
INTERACTION 

4.1 Introduction 

The face stability of circular tunnels excavated by a tunnel boring machine (TBM) 

was studied using various reliability methods in the previous chapter. But, in 

addition to the TBM method, other tunnelling method —namely the drill and blast 

method— is also widely used to construct tunnel in rock. In the drill and blast 

method, the capacity of the support pattern is the main concern for engineering 

design; such problem is studied here with particular emphasis on the analysis of its 

reliability. 
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The tunnel-support interaction analysis of underground rock excavations is usually 

conducted using deterministic approaches in engineering practice. However, due to 

the existing uncertainties and the inherent variability of properties of the rock mass 

and of the support pattern, a probabilistic analysis on tunnel-support interaction is 

more rational. The reason is that such an analysis accounts for the uncertainties and 

correlations of the input parameters, also providing the sensitivity of the computed 

reliability to the changes of random variables. 

Many reliability analyses of tunnelling problems have been conducted by previous 

researchers. For instance, Hoek (1998) and Hoek (2007) applied Monte Carlo 

simulation (MCS) to assess the probability of failure of a circular tunnel; Li and Low 

(2010) employed first order reliability method (FORM) to evaluate the reliability of 

circular tunnels using analytical solutions based on the Mohr-Coulomb failure 

criterion; Lü and his co-authors (Lü and Low 2011; Lü et al. 2011; Lü et al. 2012; Lü 

et al. 2013) applied various RSMs to investigate the reliability of underground rock 

excavations. 

In this chapter, a simple convergence and confinement method (CCM)-based 

deterministic model is constructed using a closed-form solution for ground reaction 

curves (GRC) proposed by Sharan (2008). Eight parameters related to the rock mass 

properties, to the in situ stress and to the shotcrete support, are treated as random 

variables. Three limit state functions (LSFs) related to exceedance of support 

displacement capacity, unacceptable tunnel deformation and insufficient rockbolt 

length are considered. Then, the first and second order reliability methods (FORM 

and SORM) are applied to evaluate the reliability of such three LSFs; and the 
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importance of the eight random variables considered in the reliability analyses is 

discussed. 

4.2 Model formulation 

The CCM is a conventional approach for tunnel design that provides a simplified 

estimate of the interaction between the rock mass and the support installed at some 

distance from the face (Oreste 2009; Alejano et al. 2012). The CCM has three main 

components: the ground reaction curve (GRC), the longitudinal deformation profile 

(LDP) and the support characteristic curve (SCC) (Alejano et al. 2012). 

The GRC (see Figure 4.1) models the relationship between tunnel support pressure, 

p , and the radial displacement of the wall, u . For circular tunnels in a homogeneous 

isotropic rock mass, different solutions to calculate GRCs based on the generalized 

Hoek-Brown criterion (Hoek et al. 2002) have been proposed (Carranza-Torres 2004; 

Sharan 2008; Wang et al. 2010). Among them, Sharan (2008) provided a simple 

closed-form solution considering elastic-perfectly-plastic materials, which is applied 

herein to compute the GRC. (Details for calculating the GRC can be found in 

Appendix A.) 

The LDP (see Figure 4.2) is another important component of the CCM. It anticipates 

the tunnel wall deformation iniu  at the moment of support installation, and therefore 

provides insight into how quickly the support begins to interact with the rock mass. 

To compute the LDP, use is made of the method proposed by Vlachopoulos and 

Diederichs (2009), who developed, based on many numerical analyses, a regression-

based formulation to calculate the LDP as a function of the plastic radius of the 

tunnel, given by 
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ini

0

1 31 1 exp 0.15 exp
3 2

u R X
u r R∞

    = − − − −    
   

                                                             (4.1) 

where u∞  is the maximum tunnel wall displacement without support; R  is the radius 

of plastic zone developed around the tunnel, as computed by the GRC; and 0r  is the 

tunnel radius. X  is the distance to the tunnel face, that defines the installation 

position of the support pattern. 

 

Figure 4.1 Tunnel-support interaction curve (after Lü et al. (2013)) 
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Figure 4.2 A diagram of LDP (after Lü et al. (2011)) 

The SCC (see Figure 4.1) can be constructed assuming an elastic-perfect-plastic 
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Brown (1980) and Oreste (2003). In this study, two individual support patterns (a 
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time, and 1m away from the tunnel face. (A different support sequence might be 

employed in practice; details on how to obtain the SCC of the combined support 

system can be found in Appendix B.) 
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deformation, and 3) one LSF associated to insufficient rockbolt length. They can be 

formulated as: 

( ) ( ) ( )1 max ini equ iniG u u u u= − − −x                                                                              (4.2) 

( )2 max equ 0/G u re= −x                                                                                              (4.3) 

( ) ( )3 0 0.4G L R r L= − − +x                                                                                       (4.4) 

where maxu  is the maximum allowable radial displacement of the combined support 

system (in this case, defined using the minimum of the allowable displacements of 

the two supports considered, see Appendix B), iniu  is the initial tunnel wall 

displacement when the supports are applied, equu  is the equilibrium displacement, 

that defines the condition under which the support will work in the field. maxe  is the 

maximum allowed tunnel deformation (defined as radial displacement normalised by 

the radius of the tunnel); max 1.5%e =  is used in this study. L  is the rockbolt length; 

note that rockbolts are considered to fail when less than 40% of their length is 

embedded in the elastic zone (Lü et al. 2013). 

To define an example of application, a circular tunnel with 4m radius is excavated in 

a fractured rock mass, located at a depth of 500m. The rock mass is assumed to be an 

equivalent homogeneous and isotropic material. The tunnel is supported with the 

combined support strategy discussed above. To model existing uncertainties, eight 

parameters related to the rock mass properties, the hydrostatic in situ stress and the 

shotcrete lining are considered as random variables. Their mean values and standard 

deviations are based on assumptions and data published in the literature (Hoek and 

Brown 1980; Hoek and Brown 1997; Lü et al. 2013). Details are shown in Table 4.1. 
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Figure 4.3 presents the geometry and support (shotcrete and rockbolts) of the tunnel, 

as well as the in-situ stress conditions. It also presents other deterministic parameters 

used in the calculation. The correlation relationships among GSI , ciσ  and im  are 

adopted from Chapter 3. For other random variables, it is assumed that rmE  has a 

positive correlation (correlation coefficient 0.6) with GSI  and with ciσ ; similarly, 

cσ  and cE  are correlated, with a correlation coefficient 0.5. Table 4.2 shows the 

correlation structure employed in this study. 

Table 4.1 Statistical parameters of the circular rock tunnel 

Variables Units μa COVb Distributions 

Geological strength index GSI - 30 0.14 Normal 

Material constant of intact rock mi - 17 0.14 Normal 

UCS of intact rock σci MPa 110 0.25 Lognormal 

Young’s modulus of rock mass Erm GPa 4.68 0.44 Lognormal 

Hydrostatic in situ stress p0 MPa 13.5 0.25 Lognormal 

Young’s modulus of shotcrete Ec GPa 25 0.10 Normal 

Thickness of shotcrete t m 0.2 0.25 Lognormal 

UCS of shotcrete σc MPa 30 0.20 Lognormal 

a The mean value of random variables. 
b The coefficient of variation ( COV ) of random variables. 
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Figure 4.3 Circular tunnel in a Hoek-Brown rock mass (after Lü et al. (2013)) 

 

Table 4.2 Correlation structure for the random variables considered 

R GSI mi σci Erm p0 Ec t σc 

GSI 1 -0.25 0.30 0.60 0 0 0 0 

mi -0.25 1 -0.40 0 0 0 0 0 

σci 0.30 -0.40 1 0.60 0 0 0 0 

Erm 0.60 0 0.60 1 0 0 0 0 

p0 0 0 0 0 1 0 0 0 

Ec 0 0 0 0 0 1 0 0.50 

t 0 0 0 0 0 0 1 0 

σc 0 0 0 0 0 0.50 0 1 

4.4 Reliability analyses 

FORM and SORM are both used herein to evaluate the reliability indices of three 

LSFs considered in the tunnel-support model. The iHLRF algorithm proposed by 

Zhang and Der Kiureghian (1995) —which is a trade-off between efficiency and 
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robustness— is employed to compute the first order reliability index. Although a 

closed-form solution is available for solving the GRC, a numerical method is still 

required to identify the equilibrium point of stress and displacement. As a 

consequence, the finite difference method (FDM), using a forward difference scheme, 

will be applied to evaluate the gradient vector ( )g∇ u  in U-space, given by 

( ) ( )i i

i

g u h g ug
u h

+ −∂
≈

∂
                                                                                           (4.5) 

where h  is the step size. 

As discussed in Chapter 2, the conventional SORM could be computationally 

expensive when a large number of random variables are involved; however, as we 

show next, computing the Hessian matrix using FDM is not as expensive as expected, 

when the forward difference scheme and the information given by the iHLRF 

algorithm are employed. 

In particular, the gradient vector at the design point ( )*g∇ u  can be directly obtained 

from the last iteration of the iHLRF algorithm; in addition, rather than using the 

central difference scheme, the Hessian matrix can be alternatively, and more 

efficiently, computed with a forward difference scheme given by 

( ) ( ) ( ) ( )* * *2

*2 2

2 2
, i i i

i

g u h g u h g ugi i
u h

+ − + +∂
= ≈
∂

H                                                    (4.6) 

( ) ( ) ( ) ( ) ( )* * * * * * * *2

* * 2

, , , ,
, i j i j i j i j

i j

g u h u h g u h u g u u h g u ugi j
u u h

+ + − + − + +∂
= ≈
∂ ∂

H       (4.7) 
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Note that, in Eq. (4.6) and (4.7), results of ( )*
ig u h+ , ( )*

ig u , ( )* *,i jg u h u+ , 

( )* *,i jg u u h+  and ( )* *,i jg u u  are available from the last iteration of the iHLRF 

algorithm. Therefore, only ( )* 2ig u h+  and ( )* *,i jg u h u h+ +  need to be evaluated to 

compute the Hessian matrix. Additionally, H  is a symmetric matrix, then 

( ) ( ), ,i j j i=H H . Based on the demonstrations above, we found that only 

( )1 / 2n n +  times LSF evaluations will be required to compute the Hessian matrix, 

H , in the proposed method. In comparison to the conventional SORM method 

discussed in Chapter 2 —in which, ( )4 1n n+  times LSF evaluations are required— 

the computational cost of SORM can be significantly reduced, especially when the 

number of random variables becomes larger. 

4.5 Results and discussion 

4.5.1 Comparison of different approaches 

The FORM and SORM methods discussed above are used to compute the reliability 

indices, β , of the three LSFs with the deterministic and random variables illustrated 

previously. Additionally, the SORM proposed by Phoon (2008), using a central 

difference scheme, is also applied herein for comparison. To confirm the accuracies 

of our FORM and SORM results, Monte Carlo simulation (MCS) is also conducted 

with 50,000 samplings for each LSF. Results computed with the different reliability 

methods are listed in Table 4.3, together with their computational costs indicated by 

using the number of LSF evaluations. 
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Table 4.3 Results computed by different methods 

LSF Results FORM SORMa SORMb MCS 

1 
F.E.c 38 74 318 50,000 

β1 2.1265 2.1712 2.1718 2.1964 

2 
F.E.c 46 82 318 50,000 

β2 2.2707 2.2701 2.2702 2.2636 

3 
F.E.c 37 73 327 50,000 

β3 2.4722 2.4611 2.4614 2.4539 

a SORM computed using forward difference scheme proposed in this study. 
b SORM computed using central difference scheme proposed by Phoon (2008). 
c F.E.=number of function evaluations; for MCS, it is the number of simulations conducted. 

 

Results in Table 4.3 show that FORM and SORM can both be directly applied to 

evaluate the reliability of a tunnel-support problem, even if numerical issues appear 

in relation to the performance of the deterministic model: SORM reliability indices 

computed for three LSFs considered agree well with the MCS results. In addition, 

SORM can often provide an improved (or at least an equivalent) estimation of the 

reliability index compared to FORM. For instance, 1β  computed by SORM is found 

to be larger than that of FORM, which implies that LSF 1 is highly non-linear in the 

vicinity of its design point, so that its first order approximation will introduce a large 

error in estimating 1β ; however, for LSF 2 and 3, the reliability indices provided by 

FORM and SORM are found to be similar, hence suggesting that LSF 2 and 3 are 

not highly non-linear. 

To evaluate computational efficiency, we can use the number of function evaluations 

required (i.e., F.E. in Table 4.3) to inform about the computational cost of each 

analysis, because the computational effort required is mainly due to LSF evaluations 
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(of course, larger F.E. values indicate less efficiency, and vice-versa). As shown in 

Table 4.3, FORM is found to be the most efficient method, as it was expected since 

it only needs to compute the first order partial derivatives. To estimate the second 

order reliability, the SORM proposed by Phoon (2008) will generally need 

approximately 8 times the number of LSF evaluations required by FORM, and can 

therefore be considered as computational prohibitive for cases involving complex 

numerical analyses. (This may explain why conventional SORM is rarely used in 

geotechnical reliability analysis.) However, the SORM proposed in this study, that 

uses a forward difference scheme and information from iHLRF, only requires 

approximately two times the number of LSF evaluations required by FORM, hence 

showing significant advantage in efficiency when compared to the conventional 

SORM. Considering that the number of random variables is often relatively small 

(say, less than 10) in many geotechnical problems, the proposed SORM algorithm 

could be considered both efficient and accurate for geotechnical reliability analyses. 

4.5.2 Sensitivity analysis 

The three LSFs considered in this study are applied to compute the sensitivity of 

reliability results to changes in random variables. Table 4.4 presents the computed 

sensitivity results with respect to all random variables considered. As expected, the 

hydrostatic in situ stress, 0p , is found to be the only load variable, while the others 

are resistance variables (except for the Young’s modulus of rock mass, cE ). For 

LSFs 1 and 2, the hydrostatic in situ stress, 0p , and the Young’s modulus of rock 

mass, rmE , have similar large absolute sensitivity indices, which are both found to be 

more important than other variables; hence indicating that accurate estimations of 
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their mean values and standard deviations are essential for an adequate reliability 

analysis. A similar trend is observed for LSF 3, but in this case the reliability index 

becomes more sensitive to changes of GSI , im  and ciσ . It is interesting to see that 

the sensitivity of the Young’s modulus of rock mass, rmE , for LSF 3 is zero; this is 

because the radius of the elastic-plastic interface R  is independent of rmE  in our 

employed GRC model. Additionally, the sensitivities of the Young’s modulus of 

shotcrete, cE , are all nearly zero. This means that the variability of cE  has negligible 

influence on the reliability index. As a consequence, the Young’s modulus of 

shotcrete cE  can be treated as deterministic variable in the future studies using 

similar tunnel-support model. 

Table 4.4 Sensitivities computed for three LSFs 

LSF GSI mi σci Erm p0 Ec t σc 

1 -0.05 -0.07 -0.06 -0.56 0.73 0.00 -0.30 -0.24 

2 -0.13 -0.10 -0.16 -0.67 0.69 0.00 -0.12 -0.10 

3 -0.42 -0.30 -0.47 0 0.68 0.00 -0.18 -0.15 

4.6 Concluding remarks 

A reliability analysis is performed on a circular tunnel excavated using drill and blast 

method in a Hoek-Brown rock mass. A feasible tunnel-support interaction model is 

analysed using the convergence and confinement method. Two general support 

patterns widely used in engineering practice, namely ungrouted rockbolts and a 

shotcrete lining, are assumed to be installed, simultaneously, 1m away from the 

tunnel face. Eight parameters related to the rock mass properties, the in situ stress 

and the supporting characters of shotcrete are treated as random variables. Their 
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properties (mean value, standard deviation, distribution type and correlation structure) 

are determined based on information published in the literature and on reasonable 

assumptions. Three limit state functions related to exceedance of support 

displacement capacity, to unacceptable tunnel deformation and to insufficient 

rockbolt length are used to evaluate the feasibility of the support measures. Then, the 

FORM and SORM are used to estimate the reliability indices of the three LSFs. 

Sensitivity analyses are conducted to study how the reliability results are affected by 

variability of input random variables. The main results of this work can be 

summarized as follows: 

1) Both FORM and SORM can be directly applied to solve reliability problems 

related to tunnel-support interaction, by using a finite difference method to 

compute the partial derivatives. 

2) SORM provides a better approximation to the MCS result than FORM, but this is 

achieved at the expense of a reduced computational efficiency, since it considers 

the curvatures of the limit state function in the vicinity of the design point, and 

therefore needs to compute the second order derivatives. 

3) Using a forward difference scheme and the information provided by the iHLRF 

algorithm, the computational cost of SORM can be significantly reduced. For the 

case considered in this chapter, the computational cost of such newly proposed 

SORM is only about twice of that of FORM (instead of the eight times required 

by conventional SORM). 

4) Sensitivity results show that the hydrostatic in situ stress, 0p , is the only load 

variable and that the others are resistance variables. 0p  is also found to be the 

most important variable, so that it should be treated carefully in reliability 
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analyses. Other random variables are less important, and some of them (e.g., the 

Young’s modulus of shotcrete) could even be treated as deterministic variables to 

make the reliability analysis more efficient. 
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5. SYSTEM RELIABILITY 
ASSESSMENT USING A 
LINEARIZATION 
APPROACH 

5.1 Introduction 

Conventional geotechnical risk assessments mainly focus on deterministic or 

probabilistic analyses with individual failure modes (Christian et al. 1994; Lü and 

Low 2011; Hu et al. 2013). During the past decades, system reliability has become a 

topic of intense research, covering aspects such as slope stability (Cornell 1971; Oka 

and Wu 1990; Chowdhury and Xu 1995; Ching et al. 2009; Huang et al. 2010; Low 

et al. 2011; Zhang et al. 2011b; Zhang et al. 2013a), retaining walls (Low 2005; Low 

et al. 2011) and tunnels (Lü et al. 2013).  
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Previous research on series geotechnical system reliability tends to focus on the use 

of (uni or bimodal) bounds to the probability of failure; several types of simulation-

based approaches and variations of response surface methods (RSMs) have also been 

employed. But unimodal bounds (Cornell 1967) are often too wide to be useful and, 

although bimodal bounds (Ditlevsen 1979) are narrower, they might be wide when 

the probabilities of failure corresponding to individual limit state functions (LSFs) 

are all ‘large’ (say, >0.01; see e.g. Ang and Ma (1981)), or when a large number of 

failure modes are considered (Ang and Tang 1984). In such cases, the bimodal 

bounds could be inappropriate. 

Monte Carlo Simulation (MCS) (Huang et al. 2010), Importance Sampling (IS) 

(Ching et al. 2009, 2010) and the subset simulation method (Wang et al. 2011) offer 

unbiased estimators of the system’s probability of failure, ,f sP . However, they could 

become unfeasible with computationally expensive problems (for instance, complex 

finite element models). Different types of RSMs —such as the classical RSM 

(Bucher and Bourgund 1990), artificial neural network (ANN)-based RSM (Cho 

2009), stratified response surfaces (Ji and Low 2012) and Kriging-based RSM 

(Zhang et al. 2011a; Zhang et al. 2013a)— have been proposed to partially overcome 

this drawback. However, they are approximate methods and, therefore, are not 

guaranteed to provide good estimators of ,f sP . 

An alternative method, based on the linearization of the LSFs, is also possible to 

compute the reliability of series or parallel geotechnical systems (Jimenez-Rodriguez 

et al. 2006; Jimenez-Rodriguez and Sitar 2007; Cho 2013). However, for series 

systems, it has only been applied to very simple cases: e.g., short-term slope stability 

analyses of cohesive soils with two representative slip surfaces only (Cho 2013), in 
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which the (almost) linear nature of the LSFs makes it a natural solution. In other 

words, the ability of the linearization approach to perform well with other common 

series geotechnical problems is still untested. This chapter aims to illustrate the 

ability, in terms of simplicity, accuracy and efficiency, of the linearization approach 

to evaluate the reliability of two typical series geotechnical systems: a layered soil 

slope and a circular rock tunnel. 

5.2 Approximation to the reliability of a series system 

The probability of failure of a series system can be approximated by transforming 

the random variables and LSFs to the independent standard normal space and 

linearizing the (transformed) LSFs at the design point. (As discussed in Chapter 2, 

the design point is the point in the failure domain closest to the origin of the 

independent standard normal space.) Based on the results (reliability indices and 

correlation matrix) of the First Order Reliability Method (FORM), and following the 

convention that ( ) 0iG ≤X  indicates “failure”, Cho (2013) indicated that ,f sP  can be 

computed through the unions and intersections of the failure domains associated with 

the hyperplanes tangent to each design point (see Figure 5.1), as: 
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1 1 11
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m m m m m m m

f s i i ij ijk
i i j i i j i k ji

P P G P P P
= = > = > >=

 
= ≤ = − + − 
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G

                             (5.1) 

( );ij m mP ≈ F −β R


                                                                                                   (5.2) 

where m  is the number of LSFs, ( )iG X  is the LSF in original (physical) space, 

( ),mF −β R  is the cumulative density function (CDF) of the m-dimensional standard 

normal distribution evaluated for the vector of reliability indices, 
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[ ]1 2, , , mβ β β− = − − −β  , with correlation matrix, R , given by [ ], T
i ji j =R α α . (α  is 

the sensitivity vector or unit direction vector at the design point.) The probability of 

event-intersection given by mF  can be computed by the MATLAB pre-complied 

function mvncdf. 

 

Figure 5.1 A diagram in a two-dimensional standard normal space to illustrate 
the differences between Cho (2013)’s method and the method employed herein 

(NOTE: The LSFs shown correspond to 1β  and 3β  from Example 1.) 

As will be demonstrated later, however, Eq. (5.1) could be cumbersome when the 

number of LSFs becomes large. (Note that 
2

m

i

m
i=

 
 
 

∑  event-intersection reliability 

problems need to be solved.) In this context, building on Barranco-Cicilia et al. 

(2009), Cho (2013) suggested that “As an approximation, because the probabilities 

of event-intersections are generally small, terms higher than the second order in Eq. 
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(5.1) can usually be neglected”. But, as will be illustrated in Section 5.3, neglecting 

them may introduce significant errors when the probabilities of event-intersections 

higher than the second order are relatively large. 

In this study, use is made of another strategy, originally due to Hohenbichler and 

Rackwitz (1982), to overcome the aforementioned shortcomings and to solve series 

geotechnical systems simply, accurately and efficiently. For a series system with m  

LSFs, ,f sP  can be computed through the complementary of the intersection of safe 

domains (see Figure 5.1): 
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( )1 ,m= −F β R                                                                                                          (5.3) 

where ( )ig U  is the LSF in the (transformed) independent standard normal space 

and ( )iL U  is the linearization of ( )ig U  at the design point. Note that Eq. (5.3) only 

needs to compute one event-intersection reliability problem. In general, the 

reliability index corresponding to the thi  LSF can be computed using FORM, 

although as will be shown, the reliability indices computed with second order 
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approximations (SORM) improve the computed estimates of ,f sP  and might be 

needed when the LSFs are highly non-linear (see e.g., Zeng et al. 2015).  

5.3 Case studies 

Two typical geotechnical problems, taken from the literature, are employed next to 

illustrate the ability of the suggested method to compute the reliability of series 

geotechnical systems.  

5.3.1 Soil slope in a layered profile 

The probability of failure of a soil slope, where many slip surfaces are feasible, will 

be larger than for any individual slip surface; therefore, to compute the system’s 

reliability, all potential slip surfaces would theoretically need to be considered 

(Cornell 1971). Later research (Zhang et al. 2011b), however, has shown that it is 

enough to consider a limited number of (weakly correlated) slip surfaces — those 

with a higher contribution to the system’s probability of failure (for a discussion of 

how to identify them, see Chapter 6). 

To illustrate the ability of the linearization method to deal with a large number of 

LSFs, we start with the short-term analysis of the soil slope with 2 clay layers 

proposed by Ching et al. (2009); in particular, its reliability is computed using the 8 

slip surfaces discussed by Low et al. (2011). Figure 5.2 shows the geometry of the 

slope and the 8 slip surfaces considered; it also lists the means and standard 

deviations of two independent log-normal variables, u1C  and u2C , employed to 

model the undrained shear strengths for both clay layers. 
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Table 5.1 lists the reliability index vector, β , and the correlations between LSFs , R , 

computed by Low et al. (2011) using Bishop’s simplified method with circular slip 

surfaces. (The LSFs are given by ( ) ( ) 1SG F= −X X , where X  is the vector of 

random shear strengths and SF  is the factor of safety of the slope.) Table 5.2 

presents the result simulated with Monte Carlo by Ching et al. (2009) for this slope 

—which can be considered as the “reference”— and compares it with bimodal 

bounds, the method suggested by Cho (2013) and with the proposed linearization 

approach. Most of the methods considered provide very similar solutions, which are 

consistent with the MCS result; however, the method suggested by Cho (2013) 

provides a ,f sP  result that is far away from the ‘exact’ MCS result when terms higher 

than the second order are neglected — indeed, it is an infeasible solution, as it 

provides a negative ,f sP . The reason for such a difference is that neglecting terms 

higher than the second order could introduce significant errors for highly correlated 

LSFs.  

On the other hand, the computational times for these methods are very different. The 

computational costs to evaluate with Cho (2013)’s method when terms higher than 

the second order are neglected (0.04157 seconds) and the proposed linearization 

method (0.04877 seconds) are both minor and very similar (the computational times 

correspond to a MATLAB code run on a PC with an Intel Core i3-2100 CPU 

@3.10GHz and 8 GB of RAM). But when terms higher than the second order are not 

neglected, Cho (2013)’s method requires 4.453 seconds, hence increasing the 

computational time by, approximately, two orders of magnitude. The computational 

time of the bimodal bounds method is even larger (264.5 seconds), since it needs to 

consider all possible permutations (8!) of the eight LSFs. 
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Figure 5.2 Two-layered slope with 8 slip surfaces (after Ching et al. (2009) and 
Low et al. (2011)) 

 

Table 5.1 Reliability indices and correlation matrix of a 2-layered slope with 8 
slip surfaces (after Low et al. (2011)) 

 β1 β2 β3 β4 β5 β6 β7 β8 

 2.7948 2.8367 2.8933 2.9024 2.9428 3.0467 3.1118 3.5388 

R 1 2 3 4 5 6 7 8 

1 1.0000 1.0000 0.4535 0.4539 0.4561 1.0000 1.0000 0.5314 

2 1.0000 1.0000 0.4535 0.4539 0.4561 1.0000 1.0000 0.5314 

3 0.4535 0.4535 1.0000 1.0000 1.0000 0.4535 0.4535 0.9960 

4 0.4539 0.4539 1.0000 1.0000 1.0000 0.4539 0.4539 0.9960 

5 0.4561 0.4561 1.0000 1.0000 1.0000 0.4561 0.4561 0.9963 

6 1.0000 1.0000 0.4535 0.4539 0.4561 1.0000 1.0000 0.5314 

7 1.0000 1.0000 0.4535 0.4539 0.4561 1.0000 1.0000 0.5314 

8 0.5314 0.5314 0.9960 0.9960 0.9963 0.5314 0.5314 1.0000 
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Another analysis is performed based on the two most representative slip surfaces ( 1β  

and 3β ) proposed by Low et al. (2011). Table 5.3 compiles results computed by 

various researchers. In this case, the additional six slip surfaces considered in Table 

5.2 do not contribute much to the probability of failure, and deviations with respect 

to MCS are higher for some methods: between (approx.) 4 and 7% for IS and RSMs. 

The bimodal bounds and the First-order approximation employed herein, as well as 

Cho (2013)’s method, maintain the same solution —with less than 1% difference— 

to MCS. 

Results presented above clearly show that the linearization approach can “efficiently 

estimate the system failure probability in probabilistic slope stability assessment” 

(Cho 2013). It could be argued, however, that the slope stability computations 

considered above are very simple, as it only has two layers and (simple) LSFs that 

are only slightly non-linear in the (transformed) standard normal space (see Figure 

5.1), hence making the proposed linearization approach an almost exact method. (It 

would be exact if the LSFs were exactly linear.) For that reason, it is interesting to 

analyse the performance of the proposed approach with another geotechnical 

problem, as is done in the example presented below. 
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Table 5.2 Comparison of probabilities of failure for the 2-layered soil slope with 8 slip surfaces 

Method Pf,s (×10-3) Deviation from MCS (%) Reference Computational time (seconds)a 

MCSb 4.40c - Ching et al. (2009) - 

Bimodal Bounds 4.32-4.41 -0.80d Low et al. (2011) 264.5 

Method in Cho (2013)e -1.73 -139.32 This study 0.04157 

Method in Cho (2013)f 4.39 -0.23 This study 4.453 

Linearization with FORM 4.39 -0.23 This study 0.04877 

a Time needed to compute the system probability of failure only, based on the same (previously available) FORM results. 
b 27 representative slip surfaces are generated to conduct MCS with N=10,000. 
c COVPf,s=15.04%. 
d Deviation with respect to MCS computed for mean value of bimodal bounds. 
e Terms higher than the second order are neglected. 
f Terms higher than the second order are not neglected. 
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Table 5.3 Comparison of probabilities of failure for the 2-layered soil slope considering 2 slip surfaces only 

Method Pf,s (×10-3) 
Deviation 

from MCS (%) Reference Note 

MCSa 4.40 - Ching et al. (2009) 
N=10,000 

COVPf,s=15.04% 
Classical RSM 

with MCS 4.70 6.82 Zhang et al. (2013a) 
N=100,000 

COVPf,s=4.6% 
Importance 
samplinga 4.10 -6.82 Ching et al. (2009) 

N=1000 
COVPf,s=6.62% 

Bimodal bounds 4.32-4.41 -0.80b Low et al. (2011)  

Kriging-based 
RSM with MCS 4.58 4.09 Zhang et al. (2013a) 

N=100,000 
COVPf,s=4.7% 

Method in Cho (2013)c 4.38 -0.46 This study  

Method in Cho (2013)d 4.38 -0.46 This study  
Linearization 
with FORM 4.38 -0.46 This study  

a 27 representative slip surfaces are generated to conduct MCS and Importance sampling. 
b Deviation with respect to MCS computed for mean value of bimodal bounds. 
c Terms higher than the second order are neglected. 
d Terms higher than the second order are not neglected. 
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5.3.2 Circular tunnel in a Hoek-Brown rock mass 

Lü et al. (2013) computed bimodal bounds to the system reliability of a deep circular 

tunnel, obtaining a fairly good solution for their tunnel case. A similar case 

illustrated in Chapter 4 is employed herein to check the validity of the proposed 

approach. The computed results are explained below. (Note that the computed results 

shown below are different from those in Zeng and Jimenez (2014). This is attributed 

to two aspects. One is because that a modified correlation structure of random 

variables is used in this chapter. In our previously published paper (Zeng and 

Jimenez 2014), all random variables related to Hoek-Brown failure criterion were 

assumed to be mutually independent. After that, we investigated the correlation 

structure of these random variables (see Zeng et al. 2014). Thus, to make this 

dissertation more consistence, an updated correlation structure is used herein. The 

other is due to different LSFs are employed in this chapter, which can avoid the 

numerical problem that may arise when negative values are generated using MCS; 

see Low (2010).) 

First, a MCS with 50,000 simulations is conducted on the tunnel-support model to 

evaluate the series system probability of failure ,f sP  of the three LSFs. As shown in 

Table 5.4, the result is 1.87%, which is considered to be the “exact solution” and the 

reference value to compare with the other methods employed in this case. 

(Computation times required using MATLAB are also listed in Table 5.4.) To be 

able to employ the proposed linearization approach, FORM is applied to compute the 

reliability indices of the three individual LSFs, as well as their correlation matrix 

(see Table 5.5). Then, the first order approximation method given by Eq. (5.3) is 

84 



Chapter 5 System reliability assessment using a linearization approach 

employed using the above results, providing a system fP  of 1.96%. Compared to 

MCS, this is a relatively accurate result (deviation of 4.8% with respect to MCS 

result), but with the advantage that it requires much less computational effort. Two 

additional alternative methods —the bimodal bounds method and the method 

proposed by Cho (2013)— based on the same FORM information, are used next to 

compute the system probability of failure. Results show that the bimodal bounds are 

relatively wide; also, they have a more significant deviation with respect to the MCS 

result (13.4% computed for the mean value of bimodal bounds). The reason for this 

poorer performance is that the magnitudes of three reliability indices ( 1β , 2β  and 3β ) 

are similar and that their LSFs are highly correlated. ,f sP  results from Cho’s method 

are 1.47% and 1.96%, respectively, when terms higher than the second order are 

neglected and not neglected, therefore showing that neglecting them could introduce 

large errors in the system’s fP , particularly for high correlations. (The bimodal 

bounds and Cho’s method require a similar computational effort as that needed by 

the first order approximation method in this case; see Table 5.4). 

To improve the solution when the failure modes are very non-linear, the second 

order reliability method (SORM) can be employed to generate another vector of 

equivalent reliability indices (see Table 5.5). (They are computed using the 

probabilities of failure given by SORM, ,SORMfP , and the well-known relationship 

that ( )1
fPβ −= −F . SORM produces a second order non-linear hypersurface to 

approximate the non-linear LSF; an equivalent approximation hyperplane is 

generated (see Figure 5.3), to provide a same β  value as the second order non-linear 

hypersurface, which has a same unit direction vector as the first order linear 
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hyperplane.) Therefore, this SORMβ  vector can be employed, together with Eq. (5.3) 

and with the same correlation matrix of FORM, to compute an improved estimate of 

the system’s reliability. Table 5.4 shows that the solutions for both the proposed 

linearization approach and Cho’s method when terms higher than the second order 

are not neglected improve using such SORM-based information, providing —at the 

expense of a higher computational cost— ,f sP  estimates with smaller deviations with 

respect to the MCS result. However, it should be noted that the result of bimodal 

bounds is still wide and large error again exists in the solution of Cho’s method 

when terms higher than the second order are neglected. One might think that since 

the three limit state functions are strongly correlated, the system effect might be 

minor, so that most methods could predict the system probability of failure with 

reasonable accuracy. But, as shown in Table 5.5, the probabilities of failure of 

individual failure modes are 1.50%, 1.16% and 0.69% respectively (computed by 

SORM), which are all considerably smaller than the system probability of failure 

(1.87% computed by MCS). This shows that the system effect can be relatively large 

even when failure modes are highly correlated and that the proposed method can 

accurately deal with this kind of case. 
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Table 5.4 Comparison of probabilities of failure for the circular rock tunnel 
with three LSFs 

 Method Pf,s (%) Deviation 
from MCS (%) 

Computational 
time (seconds) 

 MCSa 1.87b - 18532.7 

FO
R

M
-b

as
ed

 Bimodal bounds 1.84-2.40c 13.4 93.6 

Method in Cho (2013)d 1.47 -21.4 93.5 

Method in Cho (2013)e 1.96 4.8 93.6 

Linearization with FORM 1.96 4.8 93.5 

SO
R

M
-b

as
ed

 Bimodal bounds 1.70-2.34c 8.0 167.4 

Method in Cho (2013)d 1.35 -27.8 167.4 

Method in Cho (2013)e 1.83 -2.1 167.4 

Linearization with SORM 1.83 -2.1 167.4 

a N=50,000. 
b COVPf,s=3.18%. 
c Deviation with respect to MCS computed for mean value of bimodal bounds. 
d Terms higher than the second order are neglected. 
e Terms higher than the second order are not neglected. 

 

 

Table 5.5 Reliability indices and correlation matrix from FORM and SORM 

FORM 
β 2.1265 2.2707 2.4722 
Pf 0.0167 0.0116 0.0067 

SORM 
β 2.1712 2.2701 2.4611 
Pf 0.0150 0.0116 0.0069 

Correlation matrix 
R 1 2 3 
1 1.0000 0.9552 0.9307 
2 0.9552 1.0000 0.9294 
3 0.9307 0.9294 1.0000 
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Figure 5.3 A diagram to illustrate the FORM-based and SORM-based 
reliability indices and correlation matrix 

5.4 Summary and Conclusions 

The reliability of series geotechnical systems has become a topic of intense research 

in the literature. Recent proposals (Cho 2013) have suggested an approach based on 

the linearization, at their design points, of the LSFs involved in the system, in which 

the ,f sP  is computed through the unions and intersections of the failure domains 

associated with the hyperplanes tangent to each design point. But the small number 

of LSFs considered in previous applications (Cho 2013), as well as the (quasi) 

linearity of typical LSFs in such problems, makes it necessary to further validate the 

linearization approach. To that end, we consider two additional (and typical) 

geotechnical problems: a soil slope with multiple slip surfaces and a circular rock 

tunnel. Results show that such the previous linearization approach can introduce 
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significant errors when the LSFs are highly correlated and terms of higher order 

higher than second are neglected. And if such higher-order terms are not neglected, 

the computation times may significantly increase when many LSFs are considered. 

Therefore, an improved approach —which is also based on the linearization of the 

LSFs but with a different formulation— has been proposed to approximately 

compute the probabilities of failure of series geotechnical systems. The linearization 

approach proposed in this study is tested, and compared with other approaches, using 

the two geotechnical series systems indicated above (a soil slope and a circular rock 

tunnel). Using the complementary of the intersection of safe domains, this approach 

builds on FORM or SORM solutions to the individual LSFs, and on numerical 

solutions available in standard mathematical packages, to compute the CDF of the 

standard uncorrelated multi-normal distribution. The approach is exact when the 

LSFs of the geotechnical series system are linear in the transformed space (for 

instance, the short-term stability, computed with Bishop’s simplified method, of 

cohesive soils with uncorrelated normal cohesions). 

Results show that the proposed linearization approach usually provides good 

estimates of the series system’s probability of failure. (When the LSFs become 

highly nonlinear, such estimates can be further improved using SORM-based 

information.) For the examples considered, the linearization approach is shown to 

provide results that are better than, or similar to, the bimodal bounds computed with 

the same level of (FORM or SORM) information. Also, it often improves results 

computed with IS or RSMs. 

Finally, the proposed linearization approach is simple to program (basically one 

simple call to a pre-complied function, once that the FORM or SORM results are 
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available) and it is computationally efficient: it needs to evaluate the LSFs a few 

times only —this is indeed one of the advantages of FORM (or SORM) with respect 

to other reliability methods based on simulation—, and to compute only one 

probability of event-intersections. Also, it scales well with m , avoiding the !m  

orderings required to assure the narrowest possible bimodal bounds, or the 
2

m

i

m
i=

 
 
 

∑  

times that probabilities of event-intersections need to be computed with Cho’s 

linearization approach when terms of order higher than second are not neglected. 

(For high values of m , results show that computational times required with Cho’s 

linearization approach or with bimodal bounds can become orders of magnitude 

higher than with the proposed linearization approach based on the complementary of 

the intersection of safe domains.)  
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6. SYSTEM RELIABILITY 
ANALYSIS OF LAYERED 
SOIL SLOPES 

6.1 Introduction 

Probabilistic analyses of slope stability have become a topic of increasing interest in 

the geotechnical literature (Oka and Wu 1990; Chowdhury and Xu 1993, 1995; 

Griffiths and Fenton 2004; Hong and Roh 2008; Ching et al. 2009; Cho 2009; Ching 

et al. 2010; Huang et al. 2010; Low et al. 2011; Wang et al. 2011; Zhang et al. 2011b; 

Ji and Low 2012; Cho 2013; Li et al. 2013; Zhang et al. 2013a; Zhang et al. 2013b; 

Li and Chu 2014; Li et al. 2014). Some studies have focused on the search for 

“critical” slip surfaces; i.e., slip surfaces with a minimum reliability index, β . But, 

as pointed out by Cornell (1971), slope stability is clearly a system problem: a slope 

may fail along many slip surfaces, and the probability of failure of the slope system, 

,f sP , is larger than the probability of failure of any individual slip surface. 
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Simulation methods, such as Monte Carlo simulation (MCS) can naturally deal with 

the system aspects of slope stability to compute ,f sP . But they could be 

computationally expensive, particularly for slopes with small probabilities of failure 

(Ching et al. 2009). More efficient simulation methods, such as “subset simulation” 

(Wang et al. 2011) or Importance Sampling (IS) (Ching et al. 2009, 2010), have also 

been employed to solve the system’s reliability problem. However, to obtain 

unbiased estimators of ,f sP , several previous approaches based on these simulation 

methods (see e.g., Ching et al. 2010; Wang et al. 2011) need to search the critical 

slip surface in many of the simulations conducted, hence significantly increasing 

their computational cost; whereas other approaches, to avoid the optimization 

problem of finding critical slip surfaces, are based on randomly generated trial slip 

surfaces (see e.g., Ching et al. 2009), which may therefore miss the critical one, 

hence providing biased estimators of ,f sP . 

An alternative approach to overcome these drawbacks is to take advantage of the 

special nature of soil slopes. Zhang et al. (2011b) pointed out that the factors of 

safety of potential slip surfaces are ‘correlated’. ,f sP  can be therefore estimated 

considering only a few weakly correlated representative slip surfaces (RSSs); in 

particular, only those RSSs with a higher contribution to ,f sP  are needed. 

The identification of the RSSs of a layered slope system is a challenging task, and 

several approaches have been therefore proposed to identify them. Some are based 

on randomly generating many potential slip surfaces (see e.g., Zhang et al. 2011b; Li 

and Chu 2014; Li et al. 2014), being again likely to miss the critical one; whereas 

others employ formal optimization methods —such as the extended Hassan and 
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Wolff method (Ji and Low 2012; Zhang et al. 2013a) or the Broyden-Fletcher-

Goldfarb-Shanno (BFGS) algorithm with barrier optimal method (Cho 2013)— but 

mostly considering circular slip surfaces only. This means that they will often miss 

the critical slip surface, particularly in the presence of weak seams (Zolfaghari et al. 

2005); and missing the critical slip surface is likely to make them underestimate ,f sP . 

Some researchers have considered non-circular slip surfaces: Ching et al. (2010) 

employed the procedure suggested in Greco (1996) to identify non-circular critical 

slip surfaces in weak seams, but as discussed above, it could be computationally 

expensive. Similarly, Cho (2013) briefly described the use of non-circular slip 

surfaces in a horizontally-layered slope using the method in Kim and Lee (1997), but 

with an optimization algorithm that, as we show later, failed to identify the critical 

slip surfaces. For those reasons, developing improved algorithms to identify the 

RSSs and to compute ,f sP  is still needed. 

This chapter presents a new approach to estimate the system’s probability of failure 

of slopes in soils formed by layers with uncertain properties. (Spatial variability 

within layers is not considered.) The approach makes use of fully specified slip 

surface. (The term “fully specified slip surface” is employed herein to denote slip 

surfaces, that could be circular or non-circular but with concave shape, and whose 

geometry is described by the coordinates of all their individual nodes.) Our work 

extends the genetic algorithm (GA) designed by  Jurado-Piña and Jimenez (2014) for 

the search of slip surfaces with minimum factor of safety, to consider that the fitness 

of trial slip surfaces is given by their reliability computed with the First Order 

Reliability Method (FORM); and it integrates such extended GA with a modified 

version of the algorithm proposed by Zhang et al. (2011b), to select, during the 
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search process, the RSSs that contribute most to the system reliability. A 

linearization approach is proposed so that the identified RSSs, together with their 

FORM reliability information, can be used to efficiently estimate the system 

probability of failure, ,f sP . Finally, the performance of the proposed method is tested 

using three different example cases based on typical benchmark-slopes from the 

literature, obtaining ,f sP  estimates that improve previously published results. 

6.2 Reliability of slope systems 

6.2.1 Introduction 

The reliability of a slope in a layered soil can be modelled as a series system: i.e., as 

a system that fails when any of its ‘components’ (or possible slip surfaces) fails. An 

infinite number of slip surfaces is possible in theory, but only a few are needed to 

explain the overall ,f sP  — they are the representative slip surfaces, or RSSs. In our 

approach, the reliability analysis of a slope system requires three ‘tools’: (i) a first 

one to compute the performance of individual slip surfaces (i.e., their ‘failure’ or 

‘non-failure’ states as given by their limit state functions, LSFs), and their reliability 

(i.e., their probability of failure) given an uncertain characterization of properties; (ii) 

a second one to identify the RSSs; and (iii) a third one to compute the reliability of 

the (series) system. 

Methods employed in this paper as tools (i) and (iii) —i.e., to compute the reliability 

of an individual slip surface and of a series system— are discussed below. Section 

6.3 describes the developed methodology employed as tool (ii); i.e., to identify the 

RSSs using a new GA approach. 
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6.2.2 Computing the reliability of an individual slip surface 

Spencer’s method, as implemented in SLOPE8R (Duncan and Song 1984) with 

minor modifications to improve convergence, is used in this research to compute the 

factors of safety of slopes with fully specified slip surfaces. Spencer’s method 

considers parallel inter-slice forces, satisfies both moment and force equilibrium, and 

is applicable to failure surfaces of any shape (circular and non-circular), hence being 

the “simplest of the complete equilibrium procedures for calculating the factor of 

safety” (Duncan and Wright 2005). 

For a slope with a set of given uncertain (random) input variables, x , characterized 

by their joint probability density function (PDF), ( )fx x , reliability methods aim to 

compute the probability of failure of the slope, as given by the following integral: 

( ){ } ( )
( ) 0

0f
G

P P G f d
≤

= ≤ = ∫ x
x

x x x                                                                           (6.1) 

where ( )G x  is the limit state function of the slope, LSF, defined as 

( ) ( ) 1SG F= −x x , with SF  being the factor of safety of the slope computed with 

Spencer’s method (note that ( ) 0G ≤x  indicates “failure”). 

Directly computing the integral in Eq. (6.1) is challenging, particularly when the 

LSFs are implicit. The First Order Reliability Method (FORM) was developed to 

more easily solve Eq. (6.1). To that end, the original LSF in physical space can be 

transformed to the standard normal space (see Chapter 2 for details), hence providing 

a transformed LSF, ( ) 0g =u . Then, FORM uses a linear approximation to ( ) 0g ⋅ =  

at the “design point”, *u , which can be obtained solving the following constrained 

optimization problem: 
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( )
min

         0subject to g




=

u
u

u
                                                                                         (6.2) 

where ⋅  is the norm of a vector. Once *u  is obtained, its (minimum) distance to the 

origin is called the reliability index, *β = u , and the probability of failure can be 

computed as ( )fP β≈ F − , where ( )F ⋅  is the cumulative distribution function (CDF) 

of the standard normal distribution. 

Several algorithms have been proposed to find the design point that solves the 

FORM problem in Eq. (6.2) (see Chapter 2). In this study, the improved Hasofer-

Lind Rackwitz-Flessler (iHLRF) algorithm (Zhang and Der Kiureghian 1995) —a 

trade-off between efficiency and accuracy— is employed. 

FORM also provides ‘unit direction vectors’ needed to compute correlations between 

the different LSFs involved in a system. In particular, the correlation coefficient 

between two LSFs (or slip surfaces), ,i jρ , can be computed as T
i jα α , where α  is the 

unit direction vector at the design point, given by * */=α u u . 

6.2.3 A linearization approach to compute the reliability of a series 
system 

Whenever a set of m  RSSs of a layered slope system are identified during the search 

process using the procedure proposed herein (see Section 6.3), the probability of 

failure of the series system can be estimated, efficiently and accurately, using the 

FORM-results ( β  and α ) for the LSFs of the identified RSSs, as (Hohenbichler and 

Rackwitz 1982; Zeng and Jimenez 2014): 

( )1,...,
, 1 1 ,m

f s mP P= − ≈ −F β R                                                                                  (6.3) 
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where 1,..,mP  is the probability of the intersection of safe domains for the m  RSSs 

(and their associated LSFs) considered; ( ),mF β R  is the CDF of the m-dimensional 

standard normal distribution, evaluated at the vector of reliability indices, 

[ ]1 2, , , mβ β β=β  , and with correlation matrix, R , given by [ ] ,, i ji j ρ=R , 

1, ,i m= 
 and 1, ,j m= 

. ( mF  is readily available in standard mathematical 

packages; for instance, it can be computed efficiently by MATLAB’s pre-complied 

function mvncdf.) In general, the reliability index corresponding to the thi  LSF, iβ , 

can be computed using FORM. Although, as we will see, reliability indices 

computed with the Second Order Reliability Method (SORM) improve the computed 

estimates of ,f sP  and might be needed when the LSFs are highly non-linear (Zeng 

and Jimenez 2014). (Note, however, that many slope stability problems are expected 

to be quite linear (see e.g., Zhang et al. 2011b; Li and Chu 2014; Zeng and Jimenez 

2014); for instance, the LSF associated to Bishop’s simplified method for cohesive 

soils under short-term conditions and with normally distributed and uncorrelated 

cohesions is exactly linear.). 

6.3 A genetic algorithm approach to identify fully specified 
representative slip surfaces (RSSs) 

Recent researches show that, with adequate encodings and operators, GAs can 

become a reliable and efficient tool to flexibly search for critical slip surfaces in 

deterministic slope stability analyses (see e.g., Sun et al. 2008; Li et al. 2010; Jurado-

Piña and Jimenez 2014). The “general structure” of a common GA is shown in the 

left of Figure 6.1. Given an initial population of ‘individuals’, or trial slip surfaces, 

the fittest ones (i.e., individuals that are better solutions, as measured by a problem-
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specific fitness function) have a higher probability of transmitting their features —

through selection and reproduction operations— to forthcoming generations, 

therefore tending to improve them as solutions to the problem. This makes the 

population to evolve over successive generations so that it converges near the global 

optimum. In principle, the iterations continue for as long as the improvements are 

noticeable; however, a stopping criterion based on a minimum number of 

generations is also usually imposed to guarantee a good exploration and to prevent 

the solution from being trapped in a local minimum. 

The right part of Figure 6.1 shows a flowchart with “detailed steps” that the 

algorithm employs to search the RSSs. The proposed methodology builds on the 

custom-designed GA recently proposed by Jurado-Piña and Jimenez (2014) to solve 

(deterministic) slope stability problems. In particular, the fitness of individuals from 

a population of trial slip surfaces —which may be the initial population or an 

intermediate population in which offspring are obtained using the selection, mutation 

and crossover operators explained in Jurado-Piña and Jimenez (2014)— are simply 

obtained as their reliability indices computed with FORM. These FORM results 

(reliability indices and their associated unit direction vectors), computed for the 

whole population (parents with offspring), are then employed to identify the RSSs 

using a modification of the methodology proposed by Zhang et al. (2011b). After 

selecting a group of slip surfaces from the whole population for survival, a new 

population is obtained and the full process is repeated. Finally, the system 

probability of failure of the slope is computed, with results obtained after applying 

the FORM (or SORM) to the identified RSSs, through the complementary of the 

intersection of safe domains summarized by Eq. (6.3). 
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Subsections below further explain the steps of this new procedure, providing  

additional details required for clarity. But, first, a description of how to represent 

(encode) a slip surface is needed. 

 

Figure 6.1 A flowchart to illustrate the method of system reliability analysis 
using GAs 
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6.3.1 Encoding of a trial slip surface 

We consider “fully specified slip surfaces” as (open; two-dimensional) polygonal 

lines with N  nodes ( 13N =  is employed herein). The location of nodes is referred 

to a [x,y] orthogonal system and nodes, Vi , are numbered sequentially (from 1 to N ) 

from ‘top to bottom’ of the slope (see Figure 6.2). The slip surface is completely 

defined with the coordinates of all its nodes within the considered reference system, 

which allows for a great flexibility of shapes and positions of the trial slip surfaces, 

including specific cases such as (quasi-)circular slip surfaces, planar slip surfaces, 

etc. (Krahn 2004). 

The locations of nodes, as well as the entry and exit angles of the slip surface, need 

to fulfil some restrictions. For instance, the ‘extreme’ nodes (i.e., 1V  or VN ) must lie 

within “allowable extreme intervals” defined by the analyst; the ‘interior’ nodes 

must also lie within an analyst-defined “allowable search domain”; and the trial slip 

surface considered must be upwards-concave and kinematically feasible.  

 

Figure 6.2 Fully specified slip surfaces in different shapes and positions 

Quasi-circular slip surface Planar slip surface Composite slip surface

Block slip surface Shoring wall Weak seam

V1

V2

Vi VN-1

VN
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6.3.2 Initial population 

The generation of the initial population follows the procedure described in Jurado-

Piña and Jimenez (2014). A total of ind,iniN  fully specified kinematically admissible 

slip surfaces are generated and stored in a group labelled “Group A”. (Initial 

populations with ind,ini 100N =  individuals are used herein.) Then, the ‘fitness’ of 

each slip surface of the initial population is evaluated based on their reliability 

indices, β , computed using FORM (see Section 6.2.2). The associated unit direction 

vectors, α , which are easily computed from the FORM solutions for each slip 

surface, are also recorded. 

6.3.3 Selection and reproduction 

The next step is to select parent slip surfaces from Group A using a uniform 

probability distribution, and to apply the mutation or crossover operators on them to 

obtain offspring. Our GA employs custom-designed operators for mutation and 

crossover that produce kinematically feasible slip surfaces with a high probability. 

Two crossover —heuristic crossover and arithmetic crossover— and eight mutation 

—uniform mutation of single node, non-uniform mutation of single node, total non-

uniform mutation, straight mutation, ‘extreme vertices’ mutation, parabolic mutation, 

random lumped mutation and straight lumped mutation— operators are used. 

Crossover operators require two parents and mutation operators require only one. 

The arithmetic crossover operator produces two offspring, whereas all the other 

operators produce one. Further details of each operator can be found in Jurado-Piña 

and Jimenez (2014). We apply five times each of the two crossover and eight 

mutation operators, hence needing par 60N =  parents to produce off 55N =  new 
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offspring. These newly generated offN  offspring, together with the indN  individuals 

in Group A, are grouped together into a new group labelled “Group B”. (Note that, 

as the algorithm evolves, indN  may be slightly different to ind,iniN . This is due to the 

way in which individuals are selected for survival; see Section 6.3.5 below) 

6.3.4 Compute fitness of offspring 

In this step, FORM is used to compute the reliability indices of the new offN  slip 

surfaces forming Group B. Such reliability indices will be employed later as a direct 

measure of ‘fitness’ in their selection for survival, as the lower the β  of a slip 

surface, the better it is as a solution. The associated unit direction vectors are 

computed from the FORM solutions and recorded. 

6.3.5 Selection for survival: identification of RSSs 

In this step the RSSs are identified from Group B using a modification of the 

methodology proposed by Zhang et al. (2011b). The implementation of the 

procedure is detailed below (see also the flowchart of Figure 6.1, right): 

0) 0i = . 

1) Make 1i i= + , find the slip surface with minimum reliability index β  (of those 

remaining) in Group B, and compute the vector of correlation coefficients ρ  

between such slip surface and all the slip surfaces in Group B. (Note that the 

selected slip surface has a correlation coefficient 1ρ =  with itself.) 

2) Exclude from Group B the slip surfaces which have correlation coefficients 

larger than a user-defined threshold, 0ρ , and send them into a new Subgroup Ci . 
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(Li et al. (2014) discussed how to select 0ρ  to balance accuracy and 

computational cost, suggesting that a value of about 0.8-0.9 is reasonable. In this 

study, 0 0.85ρ =  is used.) 

3) Repeat Steps 1-2 until all the slip surfaces in Group B are classified into 

subgroups (i.e., until Group B is empty). The number of resultant Ci  subgroups 

is referred to as m .  

4) For each Ci  subgroup, find the number of slip surfaces with the same β  values. 

If there are more than one, reserve one of the slip surfaces with such β  value 

and remove the others with the same β  value from Ci . (This is necessary to 

maintain a diversity in the population that explores the whole solution domain, 

and to avoid that the solution is trapped in a local minimum.) 

5) Sort, with ascending β  values, the slip surfaces that remain in each Ci  subgroup. 

The number of individuals remaining in each Ci  subgroup is referred to as C,iN . 

6) Count the total number of slip surfaces that remain in all Ci  subgroups. This is 

called totalN ; i.e., total C,
1

m

i
i

N N
=

=∑ . Erase Group A. 

7) Select for survival approximately ind,iniN  slip surfaces from all Ci  subgroups, as 

follows: If total ind,iniN N≤  (remember that ind,ini 100N =  is used herein), select all 

the slip surfaces in all Ci  subgroups, and send them into a newly created Group 

A. If total ind,iniN N> , we start selecting the select ,iN  ‘top’ ranked slip surfaces in 

each Ci  (with slip surfaces sorted with ascending β  values), where 

select , C,round( weight)i iN N= ×  and ind,ini totalweight /N N=  (in addition, if C, 3iN < , 
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then select , C,i iN N= ). However, since this often selects too many slip surfaces 

from Subgroup 1C  (which contains the critical slip surface), an additional 

selection criterion is employed to balance ‘exploration’ (i.e., using parents from 

different Ci  subgroups) and ‘exploitation’ (i.e., seeking the critical slip surface): 

select ,1N  (for Subgroup 1C ) is limited by ( )( )select ,1 ind,ini layerround 2 / 1N N N≤ × + , 

and, for 1i > , ( )( )select , ind,ini layerround / 1iN N N≤ + , where layerN  is the number of 

layers containing random variables. This results in ind ind,iniN N≈  (but not 

necessarily ind ind,iniN N= ) selected individuals that are sent to a newly created 

Group A. 

8) Finally, the slip surface with minimum reliability index in each Ci  subgroup is 

considered to be one of the m RSSs of the slope system for that specific 

generation. Note, however, that m can change as the algorithm evolves, although 

the RSSs will tend to improve with the number of generations so that, after a 

sufficiently large number of generations, the identified RSSs is expected to 

converge to the true RSSs of the slope.  

6.3.6 Computing the slope’s reliability 

Once the RSSs for a given generation have been identified, they can be employed to 

estimate ,f sP . Section 6.2.3 proposes one efficient and accurate approach, based on 

the complementary of the intersection of safe domains summarized by Eq. (6.3), and 

that only needs FORM (or SORM) information of the identified RSSs. But any other 

reliability method is also theoretically possible. For instance, simulation methods can 

also be employed at the expense of a higher computational cost. 
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6.3.7 Repeating the sequence 

The procedure explained above can be repeated until convergence of the algorithm 

or until a user-defined number of generations, genN , has been completed ( gen 400N =  

is employed in this work), so that the RSSs identified for such last iteration could be 

taken as representative of the slope system and of its associated probability of failure. 

The reliability information from the previous generation is useful to increase the 

computational efficiency of a subsequent generation: for each trial slip surface 

considered in a new generation (except the first one), the starting point needed by the 

iHLRF algorithm to compute its FORM-solution is taken from the FORM solution 

of the ‘most similar’ slip surface from the previous generation. (To assess 

‘similarity’, we consider the number of layers intersected by each slip surface and 

the distance between their lowest vertices.) This strategy significantly reduces the 

number of iterations required for convergence of the iHLRF algorithm (to less than 

three for most trial slip surfaces), hence increasing efficiency.  

6.4 Case studies 

Three typical layered soil slopes taken from the literature are employed to illustrate 

the ability of the suggested method to compute the reliability of a soil slope system. 

For each case, we conduct five replications with gen 400N =  generations and 

ind,ini 100N =  initial slip surfaces. Note that, when presenting results, the numbering 

of the five replications is changed so that they have a decreasing system probability 

of failure. (Coordinates of nodes corresponding to the RSSs identified in each 

replication for each case are listed in Appendix C.) 
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The “allowable extreme nodes intervals” employed in each case are represented in 

the figures presenting their geometries. The entry angles of the slip surfaces in Cases 

1, 2 and 3 (measured clockwise with respect to the X axis) are limited to be, 

respectively, within [30, 60], [45, 85] and [45, 60] intervals; and the exit angles (also 

measured clockwise with respect to the X axis) are limited to be within a [135, 200] 

interval in all cases. 

6.4.1 Case 1 

We start with a benchmark case consisting on an embankment resting on a soil 

foundation with horizontal surface; see Figure 6.3. This case was originally proposed 

by Chowdhury and Xu (1995), and it has been also employed by many other 

researchers (see e.g., Ji and Low 2012; Cho 2013; Zhang et al. 2013b). Table 6.1 

lists the statistical properties of random variables employed to model the strength of 

both layers. They are all assumed to be independent and normally distributed. 

Figure 6.3 shows the three RSSs identified with the proposed GA-procedure in 

Replication 1 in this case. Figure 6.4 shows, for the five replications, the evolution of 

,f sP  with the number of generations; it also shows the evolution of the fP  of the 

individual RSSs. Figure 6.5 lists the number of slip surfaces identified in each Ci  

subgroup in Replication 1 and their reliability indices; it also shows the correlation 

coefficients between the critical slip surface and all the slip surfaces from the 

subgroups.  

Table 6.2 lists the reliability indices and the correlation matrix (computed by FORM) 

for the three RSSs identified in this case. Table 6.3 presents our computed ,f sP  
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results, using both the proposed linearization approach and MCS with the three RSSs; 

it also lists results computed with other methods proposed in the literature. 

 

Figure 6.3 Case 1. Geometry of a two layers soil slope and the RSSs identified in 
Replication 1 

Table 6.1 Case 1. Statistical parameters of random variables 

Layer Random 
variable Mean value Standard 

deviation 
Distribution 

type 

1 
C1 (kPa) 10 2 Normal 

φ1 (°) 12 3 Normal 

2 
C2 (kPa) 40 8 Normal 

φ2 (°) 0 0 - 

 

Table 6.2 Case 1. Reliability indices and correlation matrix for RSSs identified 
in Replication 1 

 β1 β2 β3 

 0.7127 0.8064 1.6414 

R 1 2 3 

1 1.0000 0.0746 0.5902 

2 0.0746 1.0000 0.8490 

3 0.5902 0.8490 1.0000 
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Figure 6.4 Case 1. Evolution of ,f sP  for the five replications considered, and 
evolution of fP  of individual RSSs for Replication 1 

 

 

Figure 6.5 Case 1. Correlation coefficients between the critical slip surface and 
all the slip surfaces from Replication 1 
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Table 6.3 Case 1. Results of system reliability analyses using different methods 

Method LEMa Slip surface shape βi ρi,j Pf,s Reference 

FORM-based S Fully specified 0.7127,0.8064,1.6414 See Table 6.2 0.3913 This studyb 

MCSc S Fully specified 0.7185,0.8122,1.6400 - 0.3880 This studyb 

Method in Ji and Low (2012) S Circular 0.8067,0.8471 ρ1,2=0.0854 [0.317,0.363] Ji and Low (2012) 

Method in Cho (2013) S Non-circular 0.791,0.821 ρ1,2=0.056 0.3714 Cho (2013) 

Method in Zhang et al. (2013b)d B Circular 0.8099,0.8705 Not reported 0.356 Zhang et al. (2013b) 

a KEY: LEM=Limit Equilibrium Method; S=Spencer; B=Bishop simplified. 
b Results from Replication 1. 
c N=30,000, COV=0.73%. 
d The random variables follow lognormal distributions. 
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6.4.2 Case 2 

Another case, previously analysed by Ji and Low (2012) and Zhang et al. (2013b), is 

revisited here. Figure 6.6 shows a slope with three layers with irregular shapes, in 

which it is more difficult to identify the RSSs. The cohesion, C , and friction angle, 

ϕ , of Layers 2 and 3 are considered to be independent normal random variables 

whose parameters are listed in Table 6.4. (Following Zhang et al. (2013b), the unit 

weights of soils in all layers are assumed to be 19.5kN/m3.) 

Figure 6.6 also shows the four RSSs identified in Replication 1 in this case. Figure 

6.7 shows the evolution of computed probabilities of failure with the number of 

generations. Figure 6.8 lists the number of slip surfaces in the four Ci  subgroups 

identified in Replication 1; it also shows their reliability indices, as well as their 

correlation coefficients with the critical slip surface. 

Table 6.5 lists the FORM-reliability indices and the correlation matrix for the four 

identified RSSs. The values of ,f sP  computed using such RSSs are listed in Table 

6.6; Table 6.6 also presents results reported by other researchers for this problem. 

Table 6.4 Case 2. Statistical parameters of random variables 

Layer Random 
variable Mean value Standard 

deviation 
Distribution 

type 

1 
C1 (kPa) 0 0 - 

φ1 (°) 38.0 0 - 

2 
C2 (kPa) 5.3 1.59 Normal 

φ2 (°) 23.0 4.60 Normal 

3 
C3 (kPa) 7.2 2.16 Normal 

φ3 (°) 20.0 4.00 Normal 
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Figure 6.6 Case 2. Geometry of a three layers soil slope and the RSSs identified 
in Replication 1 

 

 

Figure 6.7 Case 2. Evolution of ,f sP  for the five replications considered, and 
evolution of fP  of individual RSSs for Replication 1 
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Figure 6.8 Case 2. Correlation coefficients between the critical slip surface and 
all the slip surfaces from Replication 1 

 

Table 6.5 Case 2. Reliability indices and correlation matrix for RSSs identified 
in Replication 1 

 β1 β2 β3 β4 

 2.1696 2.5546 2.9174 3.0773 

R 1 2 3 4 

1 1.0000 0.8327 0.8457 0.4073 

2 0.8327 1.0000 0.6057 0.8447 

3 0.8457 0.6057 1.0000 0.1813 

4 0.4073 0.8447 0.1813 1.0000 
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Table 6.6 Case 2. Results of system reliability analyses using different methods 

Method LEMa Slip surface 
shape βi ρi,j Pf,s Reference 

FORM-based S Fully specified 2.1696,2.5546,2.9174,3.0773 See Table 
6.5 1.76% This studyb 

MCSc S Fully specified 2.1775,2.5530,3.0068,3.1149 - 1.72% This studyb 
Method in Ji and Low 

(2012)d S Circular 2.3564,2.4639 ρ1,2=0.94 [1.35%, 
1.53%] Ji and Low (2012) 

Method in Zhang et al. 
(2013b) B Circular 2.3698,2.4893,2.5364,2.6356 Not reported 1.08% Zhang et al. 

(2013b) 
a KEY: LEM=Limit Equilibrium Method; S=Spencer; B=Bishop simplified. 
b Results from Replication 1. 
c N=50,000, COV=3.38%. 
d The unit weights of the three soil layers are not reported in Ji and Low (2012). 
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6.4.3 Case 3 

Next, a 4-layer soil slope proposed by Zolfaghari et al. (2005) is employed to further 

test the proposed method with more complicated cases. Figure 6.9 shows its 

geometry, characterized by an inclined weak planar seam. Eight strength parameters 

are considered as random variables with lognormal distributions; see Table 6.7. The 

cohesion, C, and friction angle, φ, of each layer are assumed to be negatively 

correlated, and the strength parameters of one layer are assumed to be independent of 

those of the other layers (i.e., , 0.5
i iC ϕρ = −  and , , , 0

i j i j i jC C Cϕ ϕ ϕρ ρ ρ= = =  for 

, 1, , 4i j = 
 and i j≠ ). 

Figure 6.9 also shows the six RSSs that are identified in Replication 1 in this case, 

whereas Figure 6.10 shows the evolution of probabilities of failure with the number 

of generations. Figure 6.11 shows the number of slip surfaces identified in each Ci  

subgroup, their reliability indices, and their correlation coefficients with the critical 

slip surface. 

Table 6.8 lists the reliability indices (computed using FORM and SORM) and the 

correlation matrix for the six RSSs. Table 6.9 lists ,f sP  results computed by the 

different methods discussed herein. 
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Figure 6.9 Case 3. Geometry of a four layers soil slope with weak seam and the 
RSSs identified in Replication 1 

 

Table 6.7 Case 3. Statistical parameters of random variables 

Layer Random 
variable Mean value Standard 

deviation 
Distribution 

type 

1 
C1 (kPa) 18 9.0 Lognormal 

φ1 (°) 16 4.8 Lognormal 

2 
C2 (kPa) 20 10.0 Lognormal 

φ2 (°) 14 4.2 Lognormal 

3 
C3 (kPa) 12 3.6 Lognormal 

φ3 (°) 10 2.0 Lognormal 

4 
C4 (kPa) 20 10.0 Lognormal 

φ4 (°) 18 5.4 Lognormal 
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Figure 6.10 Case 3. Evolution of ,f sP  for the five replications considered, and 
evolution of fP  of individual RSSs for Replication 1 

 

 

Figure 6.11 Case 3. Correlation coefficients between the critical slip surface and 
all the slip surfaces from Replication 1 
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Table 6.8 Case 3. Reliability indices and correlation matrix of FORM and 
SORM for RSSs identified in Replication 1 

FORM 

β 2.5115 2.8524 3.1266 3.7315 5.1830 6.6133 

SORM 

β 2.7601 3.0260 3.3623 4.0822 5.2837 6.8200 

Correlation matrix 

R 1 2 3 4 5 6 

1 1.0000 0.6023 0.1908 0.8476 0.2505 0.5762 

2 0.6023 1.0000 0.2386 0.5797 0.2044 0.8443 

3 0.1908 0.2386 1.0000 0.6367 0.1038 0.2327 

4 0.8476 0.5797 0.6367 1.0000 0.2385 0.5514 

5 0.2505 0.2044 0.1038 0.2385 1.0000 0.6864 

6 0.5762 0.8443 0.2327 0.5514 0.6864 1.0000 

 

Table 6.9 Case 3. Results of system reliability analyses from Replication 1 

Method Pf,s 
Computational 
time (seconds)a 

FORM-based 0.861% 4.7 

SORM-based 0.429% 246.1 

MCSb 0.420% 41439.4 

a Time needed to compute the system probability of failure only, based on the same identified 
RSSs. 
b  N=50,000, COV=6.89%. 

6.5 Discussion of results 

The RSSs identified in Cases 1 and 2, which are somewhat circular, are similar to the 

RSSs previously reported for these problems (see Ji and Low 2012; Cho 2013; 

Zhang et al. 2013b). (Note, however, that the critical slip surface identified by Zhang 

et al. (2013b) for Case 1 is very different, although both solutions are not directly 
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comparable, as they considered lognormal random variables.) For Case 3 there are 

no results available for comparison in the literature, although Jurado-Piña and 

Jimenez (2014) demonstrated the advantages of the proposed GA to find slip 

surfaces with minimum SF  in this slope. In this case, the identified (probabilistic) 

critical slip surface (RSS 1) fulfils the expectations: it is a composite of arc and 

planar surfaces, intersecting Layers 1-3, and following the contact between the weak 

seam and the lower (and stronger) layer. Based on these observations, and on the 

previously demonstrated performance of the GA, we argue that the proposed method 

can identify good RSSs in a wide variety of layer geometries, including both cases in 

which circular and non-circular shapes are critical (even in the presence of weak 

seams). 

In addition, results in Section 6.4 show that the proposed method provides good 

estimates of system reliability, which outperform other methods proposed in the 

literature for a wide variety of soil slopes for which a comparison is possible. The 

reason is that the proposed method, which naturally handles a wide range of slip 

surface geometries, finds very good critical slip surfaces that, in conjunction to the 

other RSSs identified, provide better estimations of ,f sP : compare, for instance, the 

critical 1 0.71β ≈  computed using our approach in Case 1 (see Table 6.3) with the 

1 0.79-0.81β ≈  computed with other methods; or, for Case 2 (see Table 6.6), the 

1 2.17β ≈  computed with our method with the 1 2.36-2.37β ≈  computed by other 

researchers using circular surfaces only. (Note, however, that some results may not 

be directly comparable: lognormally distributed random variables are considered for 

Case 1 in Zhang et al. (2013b), and unit weights for Case 2 are not reported in Ji and 

Low (2012).) 
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Identifying very good critical slip surfaces is crucial for success because the system 

reliability is commonly dominated by just a few —indeed, often only one— RSSs. 

(It should be noted that this may not be the case for slopes where geotechnical spatial 

variability is explicitly considered.) For instance, although the contributions of RSSs 

1 and 2 are both relevant in Case 1, with RSS 3 contributing little to the ,f sP , RSS 1 

is the unique main contributor to ,f sP ; in Cases 2 and 3, in which the contributions of 

the other RSSs are much lower. (Note that comparing the reliability indices obtained 

by different methods for other RSSs (i.e., except the critical one) is irrelevant. This is 

because the β  values of other RSSs are only indicators of their contribution to ,f sP ; 

to compute their real contributions to ,f sP  with Eq. (6.3), we also need to consider 

their correlations with the critical slip surface, so that, for other RSSs which have the 

same β  values, smaller correlation coefficients lead to more contributions to ,f sP , 

and vice-versa. In general, slip surfaces whose stability is controlled by the same 

layers are expected to be highly correlated, whereas slip surfaces whose stability is 

controlled by different layers are expected to have lower correlations.) 

The discussion above illustrates that finding slip surfaces with a “reasonable” shape 

or with a shape “similar” to the critical one is not enough. This is one crucial 

limitation of methods considering circular solutions only (see e.g., Ji and Low 2012; 

Zhang et al. 2013b); of “simulation-based” approaches (see e.g., Ching et al. 2009; 

Li and Chu 2014; Li et al. 2014), which do not guarantee that a good critical slip 

surface is included within the generated set that is later employed for simulation; or 

of other (weaker) “optimization” approaches (see e.g., Ji and Low 2012; Cho 2013; 

Zhang et al. 2013b) that do not guarantee a good critical slip surface solution. 
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But, because we are dealing with a system problem, we also need to consider other 

RSSs that, in addition to the critical slip surface, control the behaviour of the slope. 

However, since the contribution of such other RSSs to ,f sP  decreases with their 

reliability (and with their correlation with the critical slip surface), the errors 

associated with not finding the best thi  RSS (with 1i > ) are often less relevant. That 

is why the proposed approach is designed (see Section 6.3.5) to automatically 

allocate ‘resources’ so that it balances “exploration” and “exploitation”. Results 

presented above suggest that the strategy is adequate, as in all cases considered the 

number of slip surfaces in each Ci  subgroup —which indicates the amount of 

‘resources’ allocated to find the thi  RSS— tends to decrease with i . 

Meanwhile, one might be interested in how many RSSs are sufficient to represent the 

slope system. To our knowledge, there is currently no specified rule that can predict 

this number. In general, it is expected that the number of RSSs required increases 

with the complexity of the slope system (e.g., with the number of layers and the 

number of random variables involved). However, our approach avoids this problem 

with the aid of 0ρ , so that it can automatically detect enough RSSs to estimate the 

probability of failure of the slope system. Theoretically, the number of RSSs 

identified for a given slope should increase as 0ρ  decreases, and vice-versa. Based 

on the results presented herein, the use of 0 0.85ρ =  —which is a tradeoff between 

accuracy and computational cost— is found to be acceptable. 

Next, we discuss the errors associated with the linearization of the LSFs that is 

inherent to Eq. (6.3). In Cases 1 and 2, the ,f sP  computed by the linearization 

approach using FORM information agrees well with the MCS results computed 
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using the same RSSs, hence showing that it can provide very good estimates of ,f sP  

when the LSFs of the RSSs contributing most to ,f sP  are almost linear. (Remember 

that Eq. (6.3) would be exact for slopes in cohesive soils, computed using Bishop 

simplified method, and considering normal and uncorrelated variables.) However, in 

Case 3, the ,f sP  computed by the FORM-based linearization approach has a larger 

deviation with respect to the MCS result using the same RSSs, suggesting that their 

LSFs are more non-linear. To consider the non-linearity of the LSFs, the SORM is 

employed to compute a vector of ‘equivalent’ reliability indices (see Table 6.8), 

which are computed using the probabilities of failure given by SORM, ,SORMfP , and 

the well-known relationship that 1( )fPβ −= −F . This SORMβ  vector can then be 

employed, together with Eq. (6.3) and with the same correlation matrix of FORM, to 

compute an improved estimate of the system’s reliability. Table 6.9 shows that the 

solution significantly improves using such SORM-based information, providing a 

,f sP  estimate with a very small deviation with respect to the MCS result. And, of 

course, using the proposed linearization approach is not a requirement of the 

methodology; for instance, as discussed in Section 6.3.6, it is always possible, at the 

expense of a higher computational cost (see Table 6.9), to use simulation methods to 

compute ,f sP  using the RSSs identified with the proposed approach. 

Finally, results in Section 6.4 show that the method proposed herein can be 

considered ‘robust’, as replications employed in all example cases converge to very 

similar estimates of the ,f sP  before the 400 generations considered. And, even 

though it is not possible to directly compare with the convergence of other methods 

in the literature for which results have not been reported, the algorithms have been 
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designed having efficiency in mind. For instance (see Section 6.3.7), FORM 

solutions of individuals from previous generations in the GA are employed to 

facilitate good starting points for the iterative iHLRF algorithm that evaluates the 

reliability of new individuals. And, given the importance of finding good critical slip 

surfaces discussed above, another computational advantage of the proposed approach 

is that it only needs to solve the optimization problem of finding RSSs once, hence 

representing a conceptual improvement with respect to other simulation-based 

approaches that need to solve such optimization problem —which is a challenging 

task if good critical slip surfaces are needed, even if they are deterministic— for 

each set of simulated random variables (i.e., for each simulation conducted).  

6.6 Conclusions 

We propose a new approach, based on the use of a GA specifically designed for 

slope stability problems; and on modifications to the method suggested in Zhang et 

al. (2013b) to (i) systematically identify the fully specified representative slip 

surfaces (RSSs) of slopes in layered soil and (ii) to compute their (series) system 

reliability. The approach takes advantage of the system aspects of the problem and, 

in particular, of the correlation that exists between slip surfaces, which makes a few 

“representative slip surfaces” to explain most of the system’s probability of failure. 

To increase computational efficiency, it also uses the observation that many slope 

stability LSFs are quite linear; note, however, that this is not a requirement of the 

approach, since simulations methods can be employed, at the expense of a higher 

computational cost, to completely capture the non-linearity of the LSFs associated to 

the slope’s RSSs.  
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Three example cases with different layered soil slopes have been employed to test 

the proposed method. The main conclusions of such analysis are summarized below: 

1) The proposed method is able to identify good RSSs, providing estimates of the 

system probability of failure that improve those reported in previous studies in a 

wide variety of layered soil slopes. 

2) A wide range of slip surface geometries are naturally handled with the GA 

employed to identify the RSSs. The ability to use such flexible fully specified 

slip surfaces, in conjunction with the good optimization performance of the GA 

employed, enables the proposed method to identify very good critical slip 

surfaces of various shapes and in different positions, even when a weak seam 

exists. In conjunction with the proposed procedure to identify the RSSs, this has 

been identified as a crucial strength of the proposed approach, as identifying 

good critical slip surfaces is one key aspect for success of these RSS-based 

approaches. 

3) The proposed approach avoids the computational cost typically associated to 

conventional reliability methods based on simulation (i.e., MCS, IS or subset 

simulation). Instead, it uses FORM to approximately compute the reliability of 

trial slip surfaces. On the other hand, it searches all the RSSs simultaneously 

only once, whereas other methods that use simulation to obtain unbiased ,f sP  

estimators need to search the critical slip surface for (almost) all simulations 

conducted. 

4) The proposed method is robust. All cases studied converge to very similar 

estimates of the system probability of failure before the 400 generations 

considered. 
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5) The linearization approach employed to compute the system probability of 

failure is simple, efficient, and accurate. It only needs results (vector of reliability 

indices and unit direction vectors) provided by FORM. And, when the LSFs 

contributing most to the system probability of failure become highly nonlinear, 

their estimates can be further improved using SORM-based information or, at the 

expense of a higher computational cost, using simulation methods with the 

identified RSSs. 
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7. CONCLUSIONS AND 
SUGGESTIONS FOR 
FURTHER WORK 

7.1 Conclusions 

In this dissertation, an efficient linearization approach has been developed to 

evaluate the system reliability of typical geotechnical problems. The main 

contributions of this work are discussed below. 

7.1.1 Characterization of uncertainties of geotechnical parameters 

In Chapter 3, reliability methods are applied to estimate the reliability of the tunnel 

face excavated in a Hoek-Brown rock mass against a collapse failure mechanism. In 

addition, we discuss ways to characterize the uncertainties of such geotechnical 

parameters, and the consequences of considering different types of distributions and 

of correlation structures. Results indicate that the LSF considered is not highly non-
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linear and the RSM-IS method is recommended for an efficient computation with 

sufficient accuracy. All three random variables related to rock mass properties are 

found to be resistance variables. Results also show that both the distribution types 

and correlation structure of random variables considered have significant influences 

of the computed reliability results, which emphasizes the importance of an adequate 

characterization of geotechnical uncertainties for practical applications. In this sense, 

the correlation relationships between rock mass properties (
ci i,mσρ  and 

ci ,GSIσρ ) 

observed in this study might be useful in future works related to rock mechanics. 

7.1.2 Reliability analysis of tunnel-support interaction 

In Chapter 4, we found that both FORM and SORM can be directly used to estimate 

the reliability of a combined tunnel support system installed during tunnel 

excavation, by using the finite difference method to compute the partial derivatives. 

In case that the forward difference scheme and the information provided by the 

iHLRF algorithm are used to compute the Hessian matrix, SORM only requires two 

times of computational cost of FORM for the cases studied, which is considered to 

be acceptable in engineering practice. Sensitivity analyses show that the hydrostatic 

in situ stress is the most important variable in the reliability analysis, so that it should 

be characterized carefully; on the other hand, the Young’s modulus of shotcrete can 

be treated as a deterministic variable in future studies using similar tunnel-support 

model. 
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7.1.3 Linearization approach for system reliability assessment 

A linearization-based method was proposed in Chapter 5 to efficiently estimate the 

system probability of failure of series geotechnical systems. The approach uses the 

complementary of the intersection of safe domains. Two typical geotechnical 

problems were used to test the advantages of the suggested approach compared to 

existing methods. Results show that, based on the results computed by FORM, the 

proposed linearization approach usually provides good estimates of the series 

system’s probability of failure; when the LSFs are highly nonlinear, such estimates 

can be further improved using SORM-based information. Using the same level of 

information, the linearization approach often improves results computed with other 

methods (e.g., bimodal bounds, IS or RSMs). Meanwhile, the proposed linearization 

approach is simple to program, and it is computationally efficient. 

7.1.4 Estimating the system reliability of slopes in layered soils 

In Chapter 6, we proposed a new approach, based on a specifically designed Genetic 

Algorithm for slope stability problems, and on modifications to the method 

suggested in Zhang et al. (2011b), to systematically identify the fully specified RSSs 

of slopes in layered soils. Such identified RSSs are then used, together with the 

linearization approach presented in Chapter 5, to assess the system probability of 

failure for a given slope. Three example cases with different layered soil slopes have 

been employed to test the proposed method. Results show that the proposed method 

is able to identify good RSSs, providing estimates of the system probability of 

failure that improve those reported in previous studies in a wide variety of layered 

soil slopes. The ability to use fully specified slip surfaces, in conjunction with the 

good optimization performance of the Genetic Algorithm employed, enables the 
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proposed method to identify very good critical slip surfaces of various shapes and in 

different positions, even when a weak seam exists. The proposed approach is 

efficient, since it uses FORM to approximately compute the reliability of trial slip 

surfaces, and also because it searches all the RSSs simultaneously only once. Finally, 

the case studies considered show that the proposed method is robust. 

7.2 Suggestions for future research 

Several possible extensions of this work are discussed as follows. 

1) Consideration of random fields. In this dissertation, we considered only a 

homogeneous rock mass or soil to evaluate the reliability of geotechnical 

problems. However, in reality, geotechnical properties may change from point to 

point. In that sense, the random field theory could be applied to properly simulate 

the stochastic character of geotechnical materials, and thus to study its effect on 

the reliability of tunnel and slope designs. 

2) Reliability-based design of geotechnical problems. In this dissertation, we 

primarily focused on reliability analyses. To extend these probabilistic concepts 

to geotechnical designs, a design code that is calibrated using such reliability 

tools is to be desired. For instance, the Load and Resistance Factor Design 

method can be possibly applied to tunnel design. 

3) Overcoming the drawbacks of FORM. We demonstrated in this work that FORM 

is simple and efficient; however, as shown in our case studies and as previously 

mentioned by many researchers, it could be inaccurate when the limit state 

function is highly non-linear or when multiple design points exist. Although 
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SORM can be employed to partially overcome these drawbacks, a prior decision 

to assess when it will be needed is still an open question. 

4) An improved algorithm to identify the RSSs in layered soil slopes. Although the 

GA-based method illustrated in Chapter 6 is considered to be conceptually 

efficient when compared to many other approaches, it is still relatively 

computationally expensive (it requires approximately one hour to solve a simple 

case with only two layers, and the computational cost will increase with 

increasing number of layers). On the other hand, since reliability indices 

computed by FORM are used as an indicator of fitness in the GA, this opens the 

question of the validity of results, since FORM could be inaccurate. An 

algorithm with improved efficiency and accuracy would be a welcome 

contribution to better identify RSSs in layered soil slopes. 
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APPENDIX A Ground response curve 

 GROUND RESPONSE CURVE APPENDIX A.

The Ground Response Curve (GRC) proposed by Sharan (2008), that is used to 

construct the tunnel-support interaction model in Chapter 4 is summarized herein. 

Following Hoek et al. (2002), the generalized Hoek-Brown failure criterion is 

expressed as 

3
1 3 ci b

ci

a

m sσσ σ σ
σ

 
= + + 

 
                                                                                      (A.1) 

where 1σ  and 3σ  are the major and minor effective principal stresses at failure, ciσ  

is the uniaxial compressive strength of the intact rock material. bm , s  and a  are the 

Hoek-Brown constants for the rock mass before yielding, given by 

b i
100exp

28 14
GSIm m

D
− =  − 

                                                                                        (A.2) 

100exp
9 3

GSIs
D

− =  − 
                                                                                                (A.3) 

( )/15 20/31 1
2 6

GSIa e e− −= + −                                                                                        (A.4) 
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where im  is a material constant for the intact rock, GSI  is the Geological Strength 

Index of the rock mass, and D  is a rock mass disturbance factor ( 0D =  is used in 

this dissertation). 

For axisymmetric plane strain analysis of a circular opening subjected to a 

hydrostatic in situ stress, the radial stress, Rσ , at the elastic-plastic interface can be 

approximated by 

( )0 0 ci 2
0 1

b 2

2
2

a
R

R R a

C
am C

σ σ σ
σ σ −

− −
≈ +

+
                                                                              (A.5) 

where 

0
2 b

ci

RC m sσ
σ

= +                                                                                                        (A.6) 

and 

0 0 1 ciR Cσ σ σ= −                                                                                                        (A.7) 

in which, 1C  is given as 

2
b 0 b

1 b
ci

1
2 4 8

m mC m sσ
σ

 = + + − 
 

                                                                            (A.8) 

After failure of the rock mass, the radial stress in the plastic zone at a point located at 

a distance, r , measured from the centre of the tunnel, can be expressed as 

( ) ( )3 3
1

4 0 r 3 br 0 r

4

ln /C C

r

C p s C m r r s

C
σ

 + + − =                                                         (A.9) 

where 0r  is the tunnel radius, 0p  is the uniformly distributed support pressure, and 
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3 r1C a= −                                                                                                               (A.10) 

br
4

cir

mC
σ

=                                                                                                                (A.11) 

In the above equations, cirσ , brm , rs  and ra  are the residual values of ciσ , bm , s  

and a , respectively. In Chapter 4 the rock mass is considered as elastic-perfect-

plastic material; therefore, values of these four parameters are unchanged before and 

after failure. 

The expression for the radius of the elastic-plastic interface, R , is given by 

5 6
0

3 br

exp C CR r
C m

 −
=  

 
                                                                                             (A.12) 

in which 

( ) 3

5 4 r
C

RC C sσ= +                                                                                                  (A.13) 

( ) 3

6 4 0 r
CC C p s= +                                                                                                  (A.14) 

The radial displacement at the elastic-plastic interface is given by 

( )0
1

R Ru R
E
ν σ σ+ = − 

 
                                                                                       (A.15) 

Base on this, the radial displacement at the opening surface can estimated by 

( ) ( )( ) ( )0

1 1 1 1
0 7 0 8 0

rm 0

1
1 2

d

d d d d d

K
K K K K K

r R
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where 
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R R p r
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( )2 2
0 0

8 2 2
0

Rr R p
C

R r
σ−

=
−

                                                                                              (A.18) 

ν  and rmE  are Poisson’s ratio and Young’s modulus of elasticity of the rock mass 

after failure. In this study, where an elastic-perfect-plastic material is considered, 

they are equivalent to their corresponding values before failure. dK  is the dilation 

parameter, which is given by 

1 sin
1 sindK ψ

ψ
+

=
−

                                                                                                       (A.19) 

where ψ  is the dilation angle, which may be expressed by a piecewise formula 

presented by Alejano et al. (2010), as 

0ψ = , for 25GSI <                                                                                               (A.20) 

5 125
1000

GSIψ ϕ−
= , for 25 75GSI< <                                                                    (A.21) 

4
ϕψ = , for 75 GSI<                                                                                             (A.22) 

where ϕ  is the friction angle. In this study, the expression given by Hoek (1990) is 

employed to estimate ϕ . 
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 SUPPORT CHARACTERISTIC APPENDIX B.
CURVE 

Two support patterns (shotcrete lining and ungrouted rockbolt) are used to construct 

the combined support characteristic curve (SCC) in Chapter 4. In this Appendix, 

details of how to produce the combined SCC are illustrated (Hoek and Brown 1980; 

Oreste 2003). 

a) Shotcrete lining 

A shotcrete lining of thickness, t , is installed on the tunnel excavation surface of 

radius, 0r . The support stiffness provided by this lining in response to convergence 

of the tunnel is expressed as 

( )
( )( )

( ) ( )( )
22

0 0c
c 22

c 0c 0 0

1
1 1 2

r r tEk
rr r tν ν

− −
= ⋅ ⋅

+ − + −
                                                                 (B.1) 

where cE  and cν  are the elastic modulus and Poisson’s ratio of shotcrete, 

respectively, and where cσ  is the uniaxial strength of the shotcrete. The maximum 

pressure, max ,cp , generated by a shotcrete support, and the maximum radial 

displacement, max,cu , of the wall before the shotcrete ring fails are given by 
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( )2
0

max,c c 2
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1 1
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r t
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 −
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                                                                                      (B.2) 
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                              (B.3) 

where ini,cu  is the initial tunnel wall displacement when the shotcrete is applied, and 

ce  is the rupture strain of shotcrete. 

b) Ungrouted rockbolt 

The stiffness, bk , of a mechanically or chemically anchored ungrouted rockbolt is 

given by 

b

c l
b b

1
4

k
LS S Q

d Eπ

=
 

+ 
 

                                                                                           (B.4) 

where Q  is the load-deformation constant for the anchor and head, cS  and lS  are the 

circumferential spacing and longitudinal spacing, L  is the bolt length, bd  is the bolt 

diameter, and bE  is the elastic modulus for the steel. 

Given the force, maxT , that induces yielding of the steel, the maximum support 

pressure which can be provided in a rockbolt system is given by 

max
max ,b

c l

Tp
S S

=                                                                                                             (B.5) 

The maximum radial displacement, max ,bu , related to the collapse of the bolting 

system is given by 

max,b ini,b bu u Le≅ +                                                                                                     (B.6) 
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where ini,bu  is the initial tunnel wall displacement when the rockbolt system is 

applied, and be  is the maximum strain of a rockbolt at failure. 

c) Combined support system 

When several support patterns (for instance, rockbolts and a shotcrete lining) are 

combined in a single application, the stiffness of the system, sysk , is simply given by 

the sum of the stiffness, ik , of individual support system; i.e., 

sys i
i

k k=∑                                                                                                                (B.7) 

If the supports are assumed to be installed at the same time and at the same distance 

from the tunnel face, the radial support pressure, p , provided by this system is 

expressed as 

( )sys inip k u u= −                                                                                                       (B.8) 

As u  increases, the elastic limit, elu , can be reached in some supports and their 

contributions, in terms of stiffness, result to be zero. Thus, the support system 

stiffness should be rewritten as 

sys i
i

k k=∑                                                                                                                (B.9) 

where i ik k=  for el,iu u< , and 0ik =  for el,iu u≥ . It is assumed that the collapse of 

the combined support system occurs with the collapse of its weakest element, then 

( )max,sys max,min ii
u u=                                                                                               (B.10) 

The max,sysu  indicates the end of the reaction line of the combined support system. 
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 COORDINATES OF THE APPENDIX C.
IDENTIFIED RSSS 

In this Appendix we list the coordinates of nodes corresponding to the RSSs 

identified in Replication 1-5 for each layered soil slope considered. 
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Table C.1 Replication 1 for Case 1 

Node 
RSS 1 RSS 2 RSS 3 

X (m) Y (m) X (m) Y (m) X (m) Y (m) 

1 25.15 17.58 31.77 20.00 29.92 19.96 

2 28.16 13.64 33.54 17.83 31.78 17.83 

3 31.18 9.75 35.42 15.97 33.77 16.08 

4 34.30 6.43 37.40 14.40 35.79 14.43 

5 37.53 3.68 39.47 13.09 37.89 13.02 

6 40.89 1.73 41.63 12.02 40.07 11.85 

7 44.38 0.53 43.86 11.16 42.27 10.77 

8 48.00 0.05 46.20 10.63 44.51 9.79 

9 51.72 0.14 48.61 10.26 47.05 9.72 

10 55.60 1.15 51.08 10.07 49.66 9.89 

11 59.70 3.42 53.59 10.01 52.28 10.10 

12 63.94 6.46 56.15 10.08 54.92 10.33 

13 68.27 10.00 58.82 10.47 57.67 10.93 
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Table C.2 Replication 2 for Case 1 

Node 
RSS 1 RSS 2 RSS 3 RSS 4 

X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) 

1 25.54 17.77 31.43 20.00 29.75 19.87 34.29 20.00 

2 28.50 13.75 33.13 18.05 31.71 18.01 35.03 19.09 

3 31.46 9.76 35.10 15.89 33.68 16.17 35.86 18.44 

4 34.56 6.58 37.08 14.32 35.66 14.38 36.75 17.91 

5 37.77 3.97 39.22 13.10 37.82 13.13 37.65 17.45 

6 41.08 1.91 41.45 12.12 40.01 12.00 38.58 17.04 

7 44.53 0.58 43.67 11.25 42.28 11.10 39.53 16.69 

8 48.12 0.08 46.08 10.72 44.60 10.37 40.49 16.36 

9 51.82 0.15 48.73 10.29 46.98 9.81 41.47 16.08 

10 55.65 0.97 51.17 10.06 49.44 9.52 42.46 15.84 

11 59.72 3.09 53.43 10.01 52.05 9.67 43.47 15.67 

12 64.00 6.40 55.98 10.01 54.81 10.32 44.53 15.59 

13 68.34 10.00 58.70 10.52 57.58 10.97 45.66 15.74 
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Table C.3 Replication 3 for Case 1 

Node 
RSS 1 RSS 2 RSS 3 

X (m) Y (m) X (m) Y (m) X (m) Y (m) 

1 25.84 17.92 31.14 20.00 31.18 20.00 

2 28.79 13.68 32.95 17.75 33.00 17.73 

3 31.76 9.54 34.87 15.82 34.94 15.81 

4 34.90 6.32 36.89 14.21 36.95 14.09 

5 38.16 3.78 39.07 13.03 39.02 12.55 

6 41.52 1.81 41.31 12.05 41.16 11.19 

7 45.03 0.62 43.62 11.26 43.35 9.99 

8 48.64 0.00 46.00 10.67 45.93 9.93 

9 52.38 0.06 48.45 10.28 48.56 9.97 

10 56.30 1.09 50.95 10.06 51.18 10.02 

11 60.46 3.46 53.52 10.01 53.80 10.06 

12 64.76 6.61 56.12 10.07 56.43 10.15 

13 69.11 10.00 58.84 10.47 59.11 10.36 
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Table C.4 Replication 4 for Case 1 

Node 
RSS 1 RSS 2 RSS 3 

X (m) Y (m) X (m) Y (m) X (m) Y (m) 

1 25.87 17.94 30.52 20.00 30.44 20.00 

2 28.84 13.74 32.49 18.00 32.22 17.69 

3 31.81 9.55 34.46 15.99 34.10 15.70 

4 34.99 6.51 36.57 14.41 36.09 14.01 

5 38.25 3.93 38.73 12.97 38.17 12.59 

6 41.61 1.86 41.02 11.90 40.37 11.56 

7 45.11 0.57 43.39 11.10 42.64 10.72 

8 48.75 0.03 45.85 10.53 44.98 10.08 

9 52.48 0.03 48.36 10.14 47.41 9.74 

10 56.39 0.98 50.97 10.02 49.97 9.76 

11 60.54 3.24 53.61 10.01 52.58 9.94 

12 64.86 6.40 56.29 10.11 55.27 10.36 

13 69.25 10.00 59.03 10.39 57.97 10.81 

 

  

159 



APPENDIX C Coordinates of the identified RSSs 

Table C.5 Replication 5 for Case 1 

Node 
RSS 1 RSS 2 RSS 3 RSS 4 

X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) 

1 24.66 17.33 31.34 20.00 31.28 20.00 34.42 20.00 

2 27.56 13.12 33.13 17.85 33.00 17.83 35.59 18.59 

3 30.54 9.33 35.02 15.97 34.81 15.93 36.99 17.77 

4 33.60 6.06 37.02 14.39 36.73 14.33 38.45 17.11 

5 36.75 3.29 39.12 13.13 38.75 13.03 39.92 16.49 

6 40.04 1.35 41.31 12.11 40.87 12.01 41.40 15.90 

7 43.49 0.28 43.57 11.28 43.02 11.10 42.90 15.34 

8 47.07 0.01 45.89 10.65 45.23 10.36 44.41 14.82 

9 50.76 0.35 48.29 10.23 47.53 9.86 45.94 14.33 

10 54.57 1.37 50.76 10.04 49.92 9.63 47.48 13.88 

11 58.55 3.37 53.29 10.00 52.44 9.79 49.03 13.46 

12 62.74 6.64 55.85 10.04 55.04 10.19 50.59 13.08 

13 66.96 10.00 58.57 10.57 57.75 10.90 52.31 13.08 
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Table C.6 Replication 1 for Case 2 

Node 
RSS 1 RSS 2 RSS 3 RSS 4 

X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) 

1 -21.22 10.00 -26.80 10.00 -12.15 6.08 -26.64 10.00 

2 -19.90 7.77 -25.10 7.84 -11.14 4.96 -25.11 7.89 

3 -18.55 5.60 -23.39 5.69 -10.13 3.84 -23.58 5.78 

4 -17.20 3.44 -21.31 4.53 -9.12 2.72 -21.68 4.67 

5 -15.55 1.97 -19.21 3.46 -8.11 1.60 -19.69 3.82 

6 -13.81 0.71 -17.08 2.42 -6.88 1.01 -17.63 3.18 

7 -11.91 -0.18 -14.93 1.47 -5.61 0.54 -15.53 2.63 

8 -9.91 -0.87 -12.69 0.74 -4.30 0.18 -13.38 2.21 

9 -7.85 -1.39 -10.42 0.11 -2.94 -0.09 -11.20 1.90 

10 -5.68 -1.66 -8.08 -0.33 -1.55 -0.25 -9.01 1.60 

11 -3.40 -1.68 -5.61 -0.43 -0.06 -0.19 -6.81 1.31 

12 -0.94 -1.27 -3.07 -0.34 1.43 -0.10 -4.58 1.14 

13 1.90 0.00 -0.37 0.18 2.94 0.00 -2.28 1.14 
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Table C.7 Replication 2 for Case 2 

Node 
RSS 1 RSS 2 RSS 3 

X (m) Y (m) X (m) Y (m) X (m) Y (m) 

1 -20.45 10.00 -26.23 10.00 -27.12 10.00 

2 -19.33 7.57 -24.56 7.67 -25.63 7.70 

3 -18.08 5.41 -22.90 5.35 -24.09 5.56 

4 -16.79 3.36 -20.85 4.07 -22.13 4.61 

5 -15.17 2.02 -18.79 2.79 -20.17 3.66 

6 -13.51 0.79 -16.60 1.85 -18.21 2.70 

7 -11.67 -0.05 -14.34 1.14 -16.06 2.29 

8 -9.73 -0.69 -12.03 0.52 -13.86 2.02 

9 -7.71 -1.14 -9.69 0.02 -11.65 1.75 

10 -5.60 -1.38 -7.30 -0.37 -9.44 1.49 

11 -3.41 -1.45 -4.87 -0.65 -7.23 1.24 

12 -1.06 -1.16 -2.40 -0.83 -4.94 1.23 

13 1.68 0.00 0.45 0.00 -2.61 1.31 
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Table C.8 Replication 3 for Case 2 

Node 
RSS 1 RSS 2 

X (m) Y (m) X (m) Y (m) 

1 -21.32 10.00 -27.00 10.00 

2 -20.03 7.78 -25.24 7.82 

3 -18.72 5.58 -23.47 5.65 

4 -17.39 3.46 -21.35 4.43 

5 -15.76 2.00 -19.21 3.25 

6 -14.08 0.67 -17.04 2.17 

7 -12.18 -0.17 -14.78 1.32 

8 -10.21 -0.83 -12.48 0.60 

9 -8.16 -1.32 -10.13 0.02 

10 -6.01 -1.59 -7.72 -0.42 

11 -3.74 -1.58 -5.29 -0.80 

12 -1.29 -1.16 -2.69 -0.72 

13 1.49 0.00 0.14 0.00 
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Table C.9 Replication 4 for Case 2 

Node 
RSS 1 RSS 2 

X (m) Y (m) X (m) Y (m) 

1 -20.96 10.00 -26.78 10.00 

2 -19.69 7.73 -24.97 7.73 

3 -18.39 5.50 -23.17 5.47 

4 -17.04 3.41 -21.01 4.19 

5 -15.40 1.97 -18.84 2.93 

6 -13.66 0.75 -16.57 1.97 

7 -11.77 -0.11 -14.22 1.21 

8 -9.79 -0.77 -11.85 0.53 

9 -7.73 -1.26 -9.44 -0.07 

10 -5.62 -1.62 -7.01 -0.59 

11 -3.37 -1.67 -4.55 -1.03 

12 -0.92 -1.25 -1.90 -0.95 

13 1.90 0.00 1.06 0.00 
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Table C.10 Replication 5 for Case 2 

Node 
RSS 1 RSS 2 

X (m) Y (m) X (m) Y (m) 

1 -20.90 10.00 -25.49 10.00 

2 -19.69 7.64 -23.94 7.57 

3 -18.40 5.45 -22.37 5.18 

4 -17.04 3.41 -20.33 4.01 

5 -15.40 2.01 -18.25 2.95 

6 -13.68 0.78 -16.09 2.09 

7 -11.84 -0.17 -13.89 1.33 

8 -9.90 -0.89 -11.67 0.64 

9 -7.88 -1.42 -9.43 -0.01 

10 -5.76 -1.73 -7.14 -0.51 

11 -3.50 -1.74 -4.78 -0.86 

12 -1.03 -1.25 -2.32 -0.92 

13 1.78 0.00 0.52 0.00 
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Table C.11 Replication 1 for Case 3 

Node 
RSS 1 RSS 2 RSS 3 RSS 4 RSS 5 RSS 6 

X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) 

1 12.48 50.00 12.94 50.00 11.21 50.00 12.37 50.00 14.32 50.00 14.07 50.00 

2 13.61 48.48 13.89 48.58 12.48 48.10 13.50 48.48 14.61 49.62 14.45 49.58 

3 14.79 47.11 14.94 47.40 13.85 46.44 14.71 47.11 14.93 49.32 14.84 49.19 

4 16.06 45.91 16.09 46.47 15.33 45.06 15.96 45.86 15.27 49.07 15.26 48.84 

5 17.42 44.95 17.34 45.74 16.91 43.93 17.34 44.90 15.62 48.84 15.69 48.56 

6 18.97 44.40 18.63 45.13 18.56 42.95 18.92 44.40 15.98 48.63 16.15 48.32 

7 20.57 43.99 19.98 44.65 20.25 42.09 20.54 44.01 16.36 48.47 16.63 48.12 

8 22.18 43.61 21.38 44.27 22.01 41.39 22.17 43.63 16.74 48.31 17.11 47.95 

9 23.81 43.25 22.79 43.92 23.84 40.88 23.80 43.26 17.13 48.19 17.61 47.80 

10 25.44 42.90 24.22 43.62 25.74 40.53 25.43 42.89 17.55 48.11 18.12 47.69 

11 27.06 42.55 25.65 43.32 27.73 40.42 27.07 42.53 17.97 48.06 18.64 47.61 

12 28.70 42.22 27.08 43.03 29.85 40.62 28.70 42.17 18.42 48.04 19.18 47.57 

13 30.49 42.25 28.70 43.15 32.24 41.50 30.52 42.24 18.87 48.06 19.76 47.62 
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Table C.12 Replication 2 for Case 3 

Node 
RSS 1 RSS 2 RSS 3 RSS 4 RSS 5 RSS 6 

X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) 

1 12.77 50.00 13.11 50.00 12.15 50.00 12.96 50.00 14.04 50.00 13.98 50.00 

2 13.86 48.45 14.05 48.60 13.39 48.23 13.99 48.38 14.35 49.66 14.36 49.52 

3 15.05 47.13 15.11 47.46 14.73 46.66 15.15 47.07 14.68 49.38 14.79 49.15 

4 16.27 45.91 16.24 46.50 16.11 45.22 16.38 45.93 15.04 49.16 15.23 48.80 

5 17.59 44.90 17.48 45.79 17.62 44.08 17.74 45.05 15.40 48.96 15.71 48.53 

6 19.11 44.34 18.78 45.19 19.17 43.03 19.24 44.51 15.77 48.77 16.20 48.31 

7 20.70 43.94 20.10 44.65 20.78 42.13 20.79 44.07 16.15 48.59 16.71 48.12 

8 22.31 43.58 21.49 44.27 22.50 41.48 22.34 43.64 16.53 48.42 17.22 47.95 

9 23.91 43.23 22.89 43.92 24.26 40.92 23.91 43.26 16.92 48.29 17.74 47.79 

10 25.53 42.88 24.31 43.61 26.07 40.49 25.48 42.88 17.33 48.21 18.27 47.65 

11 27.14 42.55 25.72 43.29 28.01 40.39 27.06 42.51 17.75 48.14 18.80 47.53 

12 28.76 42.22 27.14 42.98 30.09 40.59 28.65 42.16 18.19 48.13 19.35 47.44 

13 30.53 42.24 28.76 43.12 32.45 41.50 30.44 42.28 18.65 48.17 19.97 47.52 
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Table C.13 Replication 3 for Case 3 

Node 
RSS 1 RSS 2 RSS 3 RSS 4 RSS 5 RSS 6 

X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) 

1 12.85 50.00 12.86 50.00 11.30 50.00 12.85 50.00 13.42 50.00 14.25 50.00 

2 13.93 48.47 13.80 48.59 12.57 48.03 13.94 48.48 13.78 49.63 14.65 49.57 

3 15.08 47.11 14.86 47.45 13.99 46.42 15.08 47.10 14.18 49.35 15.05 49.14 

4 16.34 45.99 16.00 46.50 15.48 45.01 16.36 46.02 14.59 49.08 15.45 48.71 

5 17.65 44.97 17.23 45.75 17.06 43.81 17.66 45.00 15.00 48.83 15.94 48.47 

6 19.13 44.36 18.53 45.16 18.72 42.81 19.14 44.38 15.42 48.60 16.44 48.27 

7 20.69 43.93 19.88 44.69 20.43 41.94 20.71 43.96 15.85 48.41 16.94 48.07 

8 22.29 43.58 21.26 44.29 22.21 41.25 22.30 43.59 16.30 48.27 17.45 47.88 

9 23.89 43.23 22.67 43.97 24.07 40.75 23.89 43.23 16.77 48.18 17.96 47.70 

10 25.49 42.90 24.09 43.65 26.01 40.45 25.49 42.88 17.26 48.14 18.49 47.55 

11 27.10 42.56 25.50 43.34 28.04 40.40 27.10 42.54 17.75 48.11 19.04 47.46 

12 28.70 42.23 26.95 43.09 30.20 40.65 28.71 42.22 18.24 48.10 19.59 47.38 

13 30.47 42.26 28.56 43.22 32.60 41.50 30.48 42.26 18.75 48.12 20.20 47.40 
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Table C.14 Replication 4 for Case 3 

Node 
RSS 1 RSS 2 RSS 3 RSS 4 RSS 5 RSS 6 

X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) 

1 13.04 50.00 13.24 50.00 10.53 50.00 13.14 50.00 14.07 50.00 14.22 50.00 

2 14.11 48.49 14.16 48.66 11.95 48.24 14.10 48.39 14.38 49.64 14.62 49.53 

3 15.26 47.14 15.15 47.50 13.37 46.48 15.25 47.19 14.72 49.33 15.04 49.10 

4 16.47 45.93 16.22 46.51 14.90 45.01 16.43 46.06 15.07 49.05 15.52 48.80 

5 17.77 44.93 17.39 45.73 16.50 43.73 17.65 45.03 15.42 48.79 16.01 48.53 

6 19.25 44.32 18.61 45.07 18.21 42.73 19.07 44.44 15.80 48.59 16.51 48.29 

7 20.81 43.90 19.91 44.60 20.00 41.91 20.57 44.02 16.19 48.42 17.02 48.06 

8 22.40 43.55 21.27 44.26 21.88 41.35 22.07 43.64 16.60 48.29 17.54 47.86 

9 23.99 43.21 22.65 43.96 23.81 40.92 23.60 43.29 17.02 48.18 18.07 47.68 

10 25.59 42.87 24.02 43.67 25.80 40.63 25.13 42.95 17.45 48.11 18.60 47.51 

11 27.19 42.54 25.40 43.37 27.87 40.56 26.66 42.62 17.89 48.07 19.16 47.39 

12 28.79 42.21 26.82 43.17 30.04 40.73 28.25 42.41 18.35 48.06 19.74 47.33 

13 30.54 42.23 28.39 43.30 32.44 41.50 29.98 42.51 18.82 48.09 20.35 47.33 
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Table C.15 Replication 5 for Case 3 

Node 
RSS 1 RSS 2 RSS 3 RSS 4 RSS 5 RSS 6 

X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) X (m) Y (m) 

1 12.69 50.00 13.31 50.00 12.02 50.00 12.44 50.00 13.97 50.00 13.85 50.00 

2 13.77 48.44 14.21 48.62 13.25 48.23 13.54 48.43 14.28 49.61 14.31 49.51 

3 14.97 47.13 15.21 47.47 14.60 46.74 14.72 47.05 14.65 49.34 14.81 49.15 

4 16.22 45.96 16.30 46.51 16.00 45.39 15.97 45.84 15.02 49.08 15.34 48.85 

5 17.57 44.99 17.47 45.76 17.51 44.27 17.36 44.95 15.38 48.81 15.88 48.57 

6 19.07 44.39 18.71 45.15 19.06 43.27 18.91 44.43 15.78 48.62 16.43 48.31 

7 20.65 43.95 20.00 44.65 20.66 42.38 20.49 43.99 16.19 48.46 16.99 48.07 

8 22.25 43.59 21.35 44.28 22.34 41.67 22.10 43.63 16.61 48.33 17.55 47.84 

9 23.87 43.24 22.71 43.94 24.11 41.19 23.72 43.27 17.03 48.21 18.12 47.63 

10 25.48 42.90 24.09 43.65 25.97 40.90 25.34 42.92 17.47 48.12 18.70 47.44 

11 27.10 42.56 25.48 43.37 27.87 40.72 26.96 42.57 17.92 48.08 19.28 47.27 

12 28.73 42.26 26.89 43.15 29.90 40.85 28.59 42.23 18.39 48.07 19.87 47.12 

13 30.50 42.25 28.46 43.27 32.15 41.50 30.39 42.30 18.86 48.07 20.57 47.22 
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