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2015





DEPARTAMENTO DE VEHÍCULOS AEROESPACIALES
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Resumen

Las futuras misiones para misiles aire-aire operando dentro de la atmósfera requieren
la interceptación de blancos a mayores velocidades y más maniobrables, incluyendo
los esperados veh́ıculos aéreos de combate no tripulados. La intercepción tiene que
lograrse desde cualquier ángulo de lanzamiento. Una de las principales discusiones
en la tecnoloǵıa de misiles en la actualidad es cómo satisfacer estos nuevos requisitos
incrementando la capacidad de maniobra del misil y en paralelo, a través de mejoras
en los métodos de guiado y control modernos.

Esta Tesis aborda estos dos objetivos simultáneamente, al proponer un diseño in-
tegrando el guiado y el control de vuelo (autopiloto) y aplicarlo a misiles con con-
trol aerodinámico simultáneo en canard y cola. Un primer avance de los resultados
obtenidos ha sido publicado recientemente en el Journal of Aerospace Engineering,
en Abril de 2015, [Ibarrondo y Sanz-Aranguez, 2015]. El valor del diseño integrado
obtenido es que permite al misil cumplir con los requisitos operacionales mencionados
empleando únicamente control aerodinámico. El diseño propuesto se compara favor-
ablemente con esquemas más tradicionales, consiguiendo menores distancias de paso al
blanco y necesitando de menores esfuerzos de control incluso en presencia de ruidos.

En esta Tesis se demostrará cómo la introducción del doble mando, donde tanto
el canard como las aletas de cola son móviles, puede mejorar las actuaciones de un
misil existente. Comparado con un misil con control en cola, el doble control requiere
sólo introducir dos servos adicionales para accionar los canards también en guiñada y
cabeceo. La sección de cola será responsable de controlar el misil en balanceo mediante
deflexiones diferenciales de los controles. En el caso del doble mando, la complicación
añadida es que los vórtices desprendidos de los canards se propagan corriente abajo
y pueden incidir sobre las superficies de cola, alterando sus caracteŕısticas de con-
trol. Como un primer aporte, se ha desarrollado un modelo anaĺıtico completo para la
aerodinámica no lineal de un misil con doble control, incluyendo la caracterización de
este efecto de acoplamiento aerodinámico.

Hay dos modos de funcionamiento en picado y guiñada para un misil de doble
mando: ”desviación” y ”opuesto”. En modo ”desviación”, los controles actúan en la
misma dirección, generando un cambio inmediato en la sustentación y produciendo
un movimiento de translación en el misil. La respuesta es rápida, pero en el modo
”desviación” los misiles con doble control pueden tener dificultades para alcanzar
grandes ángulos de ataque y altas aceleraciones laterales. Cuando los controles actúan
en direcciones opuestas, el misil rota y el ángulo de ataque del fuselaje se incrementa
para generar mayores aceleraciones en estado estacionario, aunque el tiempo de re-
spuesta es mayor. Con el modelo aerodinámico completo, es posible obtener una
parametrización dependiente de los estados de la dinámica de corto periodo del misil.
Debido al efecto de acoplamiento entre los controles, la respuesta en bucle abierto no
depende linealmente de los controles. El autopiloto se optimiza para obtener la man-
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iobra requerida por la ley de guiado sin exceder ninguno de los ĺımites aerodinámicos
o mecánicos del misil. Una segunda contribución de la tesis es el desarrollo de un
autopiloto con múltiples entradas de control y que integra la aerodinámica no lin-
eal, controlando los tres canales de picado, guiñada y cabeceo de forma simultánea.
Las ganancias del autopiloto dependen de los estados del misil y se calculan a cada
paso de integración mediante la resolución de una ecuación de Riccati de orden 21x21.
Las ganancias obtenidas son sub-óptimas, debido a que una solución completa de la
ecuación de Hamilton-Jacobi-Bellman no puede obtenerse de manera práctica, y se
asumen ciertas simplificaciones. Se incorpora asimismo un mecanismo que permite
acelerar la respuesta en caso necesario.

Como parte del autopiloto, se define una estrategia para repartir el esfuerzo de
control entre el canard y la cola. Esto se consigue mediante un controlador aumentado
situado antes del bucle de optimización, que minimiza el esfuerzo total de control para
maniobrar. Esta ley de alimentación directa mantiene al misil cerca de sus condiciones
de equilibrio, garantizando una respuesta transitoria adecuada. El controlador no lineal
elimina la respuesta de fase no-mı́nima caracteŕıstica de la cola.

En esta Tesis se consideran dos diseños para el guiado y control, el control en Doble-
Lazo y el control Integrado. En la aproximación de Doble-Lazo, el autopiloto se sitúa
dentro de un bucle interior y se diseña independientemente del guiado, que conforma el
bucle más exterior del control. Esta estructura asume que existe separación espectral
entre los dos, esto es, que los tiempos de respuesta del autopiloto son mucho mayores
que los tiempos caracteŕısticos del guiado. En el estudio se combina el autopiloto
desarrollado con una ley de guiado óptimo. Los resultados obtenidos demuestran que
se consiguen aumentos muy importantes en las actuaciones frente a misiles con control
canard o control en cola, y que la interceptación, cuando se lanza cerca del curso de
colisión, se consigue desde cualquier ángulo alrededor del blanco. Para el misil de
doble mando, la estrategia óptima resulta en utilizar el modo de control opuesto en la
aproximación al blanco y utilizar el modo de desviación justo antes del impacto.

Sin embargo la lógica de doble bucle no consigue el impacto cuando hay desviaciones
importantes con respecto al curso de colisión. Una de las razones es que parte de la
demanda de guiado se pierde, ya que el misil solo es capaz de modificar su aceleración
lateral, y no tiene control sobre su aceleración axial, a no ser que incorpore un motor
de empuje regulable. La hipótesis de separación mencionada, y que constituye la base
del Doble-Bucle, puede no ser aplicable cuando la dinámica del misil es muy alta en las
proximidades del blanco. Si se combinan el guiado y el autopiloto en un único bucle, la
información de los estados del misil está disponible para el cálculo de la ley de guiado,
y puede calcularse la estrategia optima de guiado considerando las capacidades y la
actitud del misil.

Una tercera contribución de la Tesis es la resolución de este segundo diseño, la
integración no lineal del guiado y del autopiloto (IGA) para el misil de doble control.
Aproximaciones anteriores en la literatura han planteado este sistema en ejes cuerpo,
resultando en un sistema muy inestable debido al bajo amortiguamiento del misil en
cabeceo y guiñada. Las simplificaciones que se tomaron también causan que el misil se
deslice alrededor del blanco y no consiga la intercepción. En nuestra aproximación el
problema se plantea en ejes inerciales y se recurre a la dinámica de los cuaterniones,
eliminado estos inconvenientes. No se limita a la dinámica de corto periodo del misil,
porque se construye incluyendo de modo expĺıcito la velocidad dentro del bucle de
optimización. La formulación resultante en el IGA es independiente de la maniobra

ii



del blanco, que sin embargo se ha de incluir en el cálculo del modelo en Doble-bucle.
Un t́ıpico inconveniente de los sistemas integrados con controlador proporcional, es

el problema de las escalas. Los errores de guiado dominan sobre los errores de posición
del misil y saturan el controlador, provocando la pérdida del misil. Este problema se
ha tratado aqúı con un controlador aumentado previo al bucle de optimización, que
define un estado de equilibrio local para el sistema integrado, que pasa a actuar como
un regulador.

Los criterios de actuaciones para el IGA son los mismos que para el sistema de
Doble-Bucle. Sin embargo el problema matemático resultante es muy complejo. El
problema óptimo para tiempo finito resulta en una ecuación diferencial de Riccati con
condiciones terminales, que no puede resolverse. Mediante un cambio de variable y la
introducción de una matriz de transición, este problema se transforma en una ecuación
diferencial de Lyapunov que puede resolverse mediante métodos numéricos. La solución
resultante solo es aplicable en un entorno cercano del blanco. Cuando la distancia entre
misil y blanco es mayor, se desarrolla una solución aproximada basada en la solución
de una ecuación algebraica de Riccati para cada paso de integración.

Los resultados que se han obtenido demuestran, a través de análisis numéricos en
distintos escenarios, que la solución integrada es mejor que el sistema de Doble-Bucle.
Las trayectorias resultantes son muy distintas. El IGA preserva el guiado del misil y
consigue maximizar el uso de la propulsión, consiguiendo la interceptación del blanco
en menores tiempos de vuelo. El sistema es capaz de lograr el impacto donde el Doble.-
Bucle falla, y además requiere un orden menos de magnitud en la cantidad de cálculos
necesarios.

El efecto de los ruidos radar, datos discretos y errores del radomo se investigan.
El IGA es más robusto, resultando menos afectado por perturbaciones que el Doble-
Bucle, especialmente porque el núcleo de optimización en el IGA es independiente de
la maniobra del blanco. La estimación de la maniobra del blanco es siempre imprecisa
y contaminada por ruido, y degrada la precisión de la solución de Doble-Bucle.

Finalmente, como una cuarta contribución, se demuestra que el misil con guiado
IGA es capaz de realizar una maniobra de defensa contra un blanco que ataque por su
cola, sólo con control aerodinámico. Las trayectorias estudiadas consideran una fase
pre-programada de alta velocidad de giro, manteniendo siempre el misil dentro de su
envuelta de vuelo. Este procedimiento no necesita recurrir a soluciones técnicamente
más complejas como el control vectorial del empuje o control por chorro para ejecutar
esta maniobra.

En todas las demostraciones matemáticas se utiliza el producto de Kronecker como
una herramienta practica para manejar las parametrizaciones dependientes de vari-
ables, que resultan en matrices de grandes dimensiones.
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Abstract

Future missions for air to air endo-atmospheric missiles require the interception of
targets with higher speeds and more maneuverable, including forthcoming unmanned
supersonic combat vehicles. The interception will need to be achieved from any angle
and off-boresight launch conditions. One of the most significant discussions in missile
technology today is how to satisfy these new operational requirements by increasing
missile maneuvering capabilities and in parallel, through the development of more
advanced guidance and control methods.

This Thesis addresses these two objectives by proposing a novel optimal integrated
guidance and autopilot design scheme, applicable to more maneuverable missiles with
forward and rearward aerodynamic controls. A first insight of these results have been
recently published in the Journal of Aerospace Engineering in April 2015, [Ibarrondo
and Sanz-Aránguez, 2015]. The value of this integrated solution is that it allows the
missile to comply with the aforementioned requirements only by applying aerodynamic
control. The proposed design is compared against more traditional guidance and con-
trol approaches with positive results, achieving reduced control efforts and lower miss
distances with the integrated logic even in the presence of noises.

In this Thesis it will be demonstrated how the dual control missile, where canard
and tail fins are both movable, can enhance the capabilities of an existing missile air-
frame. Compared to a tail missile, dual control only requires two additional servos to
actuate the canards in pitch and yaw. The tail section will be responsible to maintain
the missile stabilized in roll, like in a classic tail missile. The additional complexity
is that the vortices shed from the canard propagate downstream where they interact
with the tail surfaces, altering the tail expected control characteristics. These aero-
dynamic phenomena must be properly described, as a preliminary step, with high
enough precision for advanced guidance and control studies. As a first contribution we
have developed a full analytical model of the nonlinear aerodynamics of a missile with
dual control, including the characterization of this cross-control coupling effect. This
development has been produced from a theoretical model validated with reliable prac-
tical data obtained from wind tunnel experiments available in the scientific literature,
complement with computer fluid dynamics and semi-experimental methods.

There are two modes of operating a missile with forward and rear controls, ”divert”
and ”opposite” modes. In divert mode, controls are deflected in the same direction,
generating an increment in direct lift and missile translation. Response is fast, but
in this mode, dual control missiles may have difficulties in achieving large angles of
attack and high level of lateral accelerations. When controls are deflected in opposite
directions (opposite mode) the missile airframe rotates and the body angle of attack is
increased to generate greater accelerations in steady-state, although the response time
is larger.

With the aero-model, a state dependent parametrization of the dual control missile
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short term dynamics can be obtained. Due to the cross-coupling effect, the open loop
dynamics for the dual control missile is not linearly dependent of the fin positions. The
short term missile dynamics are blended with the servo system to obtain an extended
autopilot model, where the response is linear with the control fins turning rates, that
will be the control variables. The flight control loop is optimized to achieve the ma-
neuver required by the guidance law without exceeding any of the missile aerodynamic
or mechanical limitations. The specific aero-limitations and relevant performance in-
dicators for the dual control are set as part of the analysis. A second contribution of
this Thesis is the development of a step-tracking multi-input autopilot that integrates
non-linear aerodynamics. The designed dual control missile autopilot is a full three
dimensional autopilot, where roll, pitch and yaw are integrated, calculating command
inputs simultaneously. The autopilot control gains are state dependent, and calculated
at each integration step solving a matrix Riccati equation of order 21x21. The result-
ing gains are sub-optimal as a full solution for the Hamilton-Jacobi-Bellman equation
cannot be resolved in practical terms and some simplifications are taken. Acceleration
mechanisms with an λ-shift is incorporated in the design.

As part of the autopilot, a strategy is defined for proper allocation of control effort
between canard and tail channels. This is achieved with an augmented feed forward
controller that minimizes the total control effort of the missile to maneuver. The feed-
forward law also maintains the missile near trim conditions, obtaining a well manner
response of the missile. The nonlinear controller proves to eliminate the non-minimum
phase effect of the tail.

Two guidance and control designs have been considered in this Thesis: the Two-
Loop and the Integrated approaches. In the Two-Loop approach, the autopilot is
placed in an inner loop and designed separately from an outer guidance loop. This
structure assumes that spectral separation holds, meaning that the autopilot response
times are much higher than the guidance command updates. The developed nonlinear
autopilot is linked in the study to an optimal guidance law. Simulations are carried
on launching close to collision course against supersonic and highly maneuver targets.
Results demonstrate a large boost in performance provided by the dual control versus
more traditional canard and tail missiles, where interception with the dual control close
to collision course is achieved form 365deg all around the target. It is shown that for
the dual control missile the optimal flight strategy results in using opposite control in
its approach to target and quick corrections with divert just before impact.

However the Two-Loop logic fails to achieve target interception when there are large
deviations initially from collision course. One of the reasons is that part of the guidance
command is not followed, because the missile is not able to control its axial acceleration
without a throttleable engine. Also the separation hypothesis may not be applicable for
a high dynamic vehicle like a dual control missile approaching a maneuvering target.
If the guidance and autopilot are combined into a single loop, the guidance law will
have information of the missile states and could calculate the most optimal approach
to the target considering the actual capabilities and attitude of the missile.

A third contribution of this Thesis is the resolution of the mentioned second design,
the non-linear integrated guidance and autopilot (IGA) problem for the dual control
missile. Previous approaches in the literature have posed the problem in body axes,
resulting in high unstable behavior due to the low damping of the missile, and have
also caused the missile to slide around the target and not actually hitting it. The
IGA system is posed here in inertial axes and quaternion dynamics, eliminating these
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inconveniences. It is not restricted to the missile short term dynamic, and we have
explicitly included the missile speed as a state variable. The IGA formulation is also
independent of the target maneuver model that is explicitly included in the Two-loop
optimal guidance law model.

A typical problem of the integrated systems with a proportional control law is
the problem of scales. The guidance errors are larger than missile state errors during
most of the flight and result in high gains, control saturation and loss of control. It
has been addressed here with an integrated feedforward controller that defines a local
equilibrium state at each flight point and the controller acts as a regulator to minimize
the IGA states excursions versus the defined feedforward state.

The performance criteria for the IGA are the same as in the Two-Loop case. How-
ever the resulting optimization problem is mathematically very complex. The optimal
problem in a finite-time horizon results in an irresoluble state dependent differential
Riccati equation with terminal conditions. With a change of variable and the intro-
duction of a transition matrix, the equation is transformed into a time differential
Lyapunov equation that can be solved with known numerical methods in real time.
This solution results range limited, and applicable when the missile is in a close neigh-
borhood of the target. For larger ranges, an approximate solution is used, obtained
from solution of an algebraic matrix Riccati equation at each integration step.

The results obtained show, by mean of several comparative numerical tests in diverse
homing scenarios, than the integrated approach is a better solution that the Two-
Loop scheme. Trajectories obtained are very different in the two cases. The IGA fully
preserves the guidance command and it is able to maximize the utilization of the missile
propulsion system, achieving interception with lower miss distances and in lower flight
times. The IGA can achieve interception against off-boresight targets where the Two-
Loop was not able to success. As an additional advantage, the IGA also requires one
order of magnitude less calculations than the Two-Loop solution.

The effects of radar noises, discrete radar data and radome errors are investigated.
IGA solution is robust, and less affected by radar than the Two-Loop, especially be-
cause the target maneuvers are not part of the IGA core optimization loop. Estimation
of target acceleration is always imprecise and noisy and degrade the performance of the
two-Loop solution. The IGA trajectories are such that minimize the impact of radome
errors in the guidance loop.

Finally, as a fourth contribution, it is demonstrated that the missile with IGA
guidance is capable of performing a defense against attacks from its rear hemisphere,
as a tail attack, only with aerodynamic control. The studied trajectories have a pre-
programmed high rate turn maneuver, maintaining the missile within its controllable
envelope. This solution does not recur to more complex features in service today, like
vector control of the missile thrust or side thrusters.

In all the mathematical treatments and demonstrations, the Kronecker product has
been introduced as a practical tool to handle the state dependent parametrizations
that have resulted in very high order matrix equations.
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soporte. Asimismo por sus múltiples revisiones y lecturas del manuscrito. Tengo una
inmensa deuda con ella por su compresión y paciencia, aśı como con mi hija Inés por
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Chapter 1

Introduction

Traditionally, the homing missile design has relied on superior velocity and maneu-
verability over the target to achieve interception. New missions for air to air missiles
operating inside the atmosphere include the interception of supersonic unmanned com-
bat vehicles and aircraft defense against a lateral or a tail attack. To achieve small
miss distances, radical advancements in missile aerodynamic, guidance and control
technologies and the exploitment of synergies between subsystems will be required.
This Thesis is focused on the analysis of the Dual Aerodynamic Control (DAC) as a
novel control configuration for medium to short range endo-atmospheric tactical mis-
siles. This introductory Chapter is organized as follows. The Thesis motivation, section
1.1 first reviews the current canard and tail control configuration of tactical missiles
with their respective limitations, discusses the phase response concept and presents the
DAC as a future alternative for the air-to-air mission. The missile generic guidance
and control loop is presented in section 1.2, an scheme that will be used as a reference
throughout all this work. The Thesis objectives and research questions are listed in
1.3. Finally the organization of the Thesis, with a brief description of each Chapter
and its contributions, is found in section 1.4.

1.1 Thesis Motivation

1.1.1 Current Architectures with Aerodynamic Control

For a medium - short range, air-to-air homing missile, the most common configuration
today is the axil-symmetric, solid rocket-propelled airframe, with four fixed fins and
four in line movable fins to maneuver in pitch and yaw. Modern architectures with
only aerodynamic control are either canard or tail missiles 1. A canard-controlled
missile maneuvers by deflection of its forward control surfaces, while a tail-controlled
missile deflects its rear control surfaces. Typically the control fins are all movable type
and with low aspect ratio. The missile ojive is of low drag-type or semi-spherical and
homes the electromagnetic or electrooptical seeker system, that will provide the relative
position to the target during flight.

1Besides it initial popularity, aerodynamic wing control is no longer considered in modern design of
high performance tactical missile due to its many disadvantages. Other non-conventional approaches,
like airbrakes, body extension or nose flap control have not succeed entering into in service applications
in missiles due to the associated loss of performance, but they are currently under development for
short-flight smart munitions and guided projectiles applications
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This arrangement is typically either roll controlled or with limitations in roll ve-
locity, and uses Skid to Turn (STT) maneuver, along the line of sight of the seeker,
to intercept the target. The major advantages of this configuration are its very fast
response without first banking, and its reduced coupling between pitch and yaw chan-
nels.

This classic disposition suffers from some non-linear aerodynamic effects that com-
plicate its control during flight. These can be divided into in-plane and out-plane
effects:

1. At low angles of attack, the forward fin shed vortices will change the local inci-
dence angle at the tail, generating a significant in-plane effect where the aerody-
namic pitch moment will change abruptly for small variations in angle of attack.
As the angle of attack increases, the missile ojive and the low aspect ratio control
fins start creating non-linearities in pitch force and moment. The same in-plane
effects will be repeated in yaw due to missile symmetry.

2. The out-of-plane effects are twofold. Induced roll moments will appear for ex-
ample when the angle of attack and sideslip are unequal in magnitude during a
STT maneuver. As well, at moderate to large angles of attack, the body shed
vortices become asymmetric, creating simultaneous roll and yaw perturbations.
These out-of plane effects are very problematic and cause difficulties to maintain
a reasonably stable or slow varying roll angle. In case of a canard missile, the for-
ward control surfaces have very limited control authority in roll with differential
deflections, because of the opposite effect created at the tail by the downwash.
Diverse solutions have been developed for the canard missile: rollerons as a pas-
sive mechanism that limits the roll rotation speed, or free rotating tails, that
allow the canard section to control in roll as the reaction moment created at the
tail is not transmitted to the airframe. The Spain-INTA canard controlled missile
prototype (see Figure 1.1), pioneered additional controls at the tail to stabilize in
roll, although these additional servos where not used for pitch or yaw maneuvers
[Sanz-Aranguez and Simon, 2012].

Figure 1.1: INTA experimental missile ”Banderilla”. Developed at the Institute as a re-
search project, it was a canard controlled missile, with extra controls at the tails. Note the
movable flap surfaces at the rear, used to maintain roll position during flight

1.1.2 Manuever Response Phase

Just after target maneuvering, the pursuing missile responds adjusting its flight tra-
jectory. Once ignited, the solid rocket engine thrust cannot be modified. Although
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there are a few missiles with ramjet throtteable engines, the great majority of missiles
are only capable of vary its trajectory by generating lateral acceleration, normal to
its symmetry axis. By deflecting a movable fin, a small normal force appears almost
instantly, and creates an aerodynamic moment around the missile center of gravity,
that in turns rotate the missile modifying its angle of attack. The majority of lateral
force is ultimately generated by the body angle of attack. This dynamic response has
a delay until a trim condition is achieved.

The canard fins generate a small aerodynamic normal force that is, for a statically
stable missile, in the same direction of the main body-lift. The canard control may tend
to overshoot over the guidance-requested acceleration level and its settling time to trim
may be long, depending on the flying conditions. The phase response of the canard
missile depends on the missile stability and on the influence of the downwash effect
on the rear control surfaces. In the other hand, for a statically stable tail-controlled
missile, the tail generates an initial small lift opposite to the main lift direction, and
created the so called ”inverse response”, with delays in missile response. Because of
this effect, the tail control is known as non-minimum phase due to a location of a low
frequency zero in the right half s-plane in the corresponding linear transfer function.
In contrast, a canard-controlled missile is a minimum phase control.

From the missile control perspective, the non-minimum phase characteristics of the
tail control represent a significant challenge, as it delays the overall response of the
missile. Author in [Gutman, 2003] demonstrated the superiority of canard control
versus tail, being able to achieve smaller miss distances against a maneuvering target.
However Gutman considered a simplified, single lag, linear model for a missile in his
demonstration. As discussed, the missile aerodynamic is in reality highly non-linear
and these effects were not included in the analysis.

1.1.3 Dual Control Proposal

In addition to the phase effect, there are other considerations to be made on traditional
architectures. Compared to tail, canard control tends to saturate at lower missile angle
of attack, as its local incidence is the addition of missile angle of attack plus control
deflection, and accordingly a tail control may be preferred to perform sharp turns,
especially when dynamic pressure is low. The canard also requires higher servo torque
to sustain larger fin hinge moment. At low angles of attack, and due to the downwash
effect onto the tail, the canard missile may have a longer moment arm, as this will be
the distance between canard and tail aerodynamic center of pressures. At high angles
of attack, when downwash does not imping the tail, the rear control may offer a longer
moment lever after the motor burns out, (c.m. in most forward position), requiring
smaller deflection angles in the tail than in the canard case, to maintain higher trim
angles of attack, with the additional benefit of reduced drag.

Table 1.1 summarizes the advantages and disadvantages of each aerodynamic flight
control type. The table suggests that canard and tail controls are complementary, and
the optimum utilization of one or the other control type could be a function of the
specific missile flight conditions, for example angle of attack, angular accelerations, fin
positions or demanded acceleration by the guidance law. The adequate combination,
including high-order aerodynamic effects, of both types of controls, could end up in a
more effective design of a missile, without modifying the base airframe. The idea for
this Thesis then breaks out to integrate both types of control in a dual control air-to-air
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Advantages Disadvantages

Tail

· Low aero hinge moment and low
actuator torque due to low inci-
dence angles at the control for a
statically stable missile.
· Low induced rolling moment if
no forward fins are present.
· For a statically stable missile, it
is more effective than canard at
high angles of attack.
· Low aerodynamic induced drag.
· Simple roll control by differen-
tial fin deflections

· Decreased trim lift for a stati-
cally stable missile.
· Slower initial response for an
stable missile due to initial force
in the wrong direction, non-
minimum phase.
· Package of the control system
around the blast pipe.
· Require a compromise between
stability and maneuverability in
the missile design.

Canard

· Efficient packaging of the control
and seeker systems at the missile
ojive.
· Simplified manufacturing and
facilitates design changes.
· Increased lift at low angles of at-
tack for a stable missile.
· Increased moment arm versus
tail missile, due to flow deflection
on rear fins, at low to moderate
angles of attack.

· Higher incidence angles at the
control for a stable missile, prone
to control stall or saturation.
· Overshoot and settling prob-
lems.
· Vortices shed by canard can in-
teract with the tail, resulting in
loss of roll control and large in-
duced roll.
· No simple roll control.
· Relatively large body bending
moments.
· Loss of stability at high speeds.

Table 1.1: Comparison of Canard and Tail Control

missile, where both forward and rearwards fins will be mobile and simultaneously used
for pitch and yaw maneuvers, and the adequate blending of the two controls by an
autopilot can enhance the performance of a given missile airframe.

This dual atmospheric control shall not be confused with hybrid combinations of
tail control with both Thrust Vector Control (TVC) or Side Thrusters (ST), that can
provide additional moments and forces independently of actual dynamic pressure:

• The most popular in-service hybrid application is tail control combined with
TVC by Jet Vanes (IRIS and Sidewinder 9-X), where the same actuator is used
to deflect the tail and the control surface inside the nozzle, augmenting the missile
speed of response but increasing the initial non-minimum phase effect. Like all
TVC methods, once the motor burns out completely, the missile has only tail
control available during the end game.

• ST control is a method in which a large pulsed mass flow is delivered during
a short period of time normal to the surface of the missile body, and ahead
of the center of gravity. The cross flow causes the axial flow local separation,
which changes the pressure distribution on the missile surface and modifies its
trajectory, however in impulses, with a bang-bang type of control. ST control has
a large bandwidth but it is extremely complex to model in detail and is limited,
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both in magnitude and in operational time, by the amount of gas that the missile
can carry.

These two ”hybrid” methods of missile control have three characteristic missions:

1. In surface-to-air exo-atmospheric missiles, operating in the high end of the atmo-
sphere intercepting strategic ballistic missiles close to the trajectory apogee.

2. In air-to-air endo-atmospheric tail attack defense where tail aerodynamic control
only is not enough to achieve interception.

3. In ground-to-air endo-atmospheric area defense, where the vector control provides
maneuvering capability at low dynamic pressures after launch, when the aero
control is ineffective.

In this Thesis it will be demonstrated via simulations that the dual aerodynamic
control missile will be able to execute the tail attack defense mission only with aero-
dynamic control and without modifications on the engine thrust, as it will be reviewed
in section 5.5.

Today there is only one -disclosed- dual missile application in development, the
”Stunner” terminal surface-to-air guided rocket for area defense, which is part of the
David’s Sling, Israel’s Air Defense System (see Figure 1.2), and it is expected to enter
into service in 2016. The application is conceived against non-maneuvering targets,
unguided rockets descending towards urban areas. We think the Stunner is not capable
of sustaining large structural stress and the angle of attack in flight would be limited to
small values. The dual control is employed for small trajectory corrections in the last
few seconds before interception with both controls deflected in the so called ”divert-
mode” 2 -[Fleeman, 2012] and Figure 2.4-, but not to develop acceleration of dozens of
g’s as expected in an air-to-air application.

The DAC configuration has the advantage versus the hybrid of less cost and greater
simplicity and not being restricted by the solid rocket burn-out time or on-board gas
reserves to generate additional maneuvering. Compared to a tail missile, dual control
only requires two additional servos to actuate the canards in pitch and yaw to generate
substantial improvements in performance as it will be demonstrated.

With the improvements in servo reliability, size, weight and output torque, together
with reduced cost, the installation of additional servo units that are required for the
dual control maybe well compensated by the achievable improvements in missile per-
formance. However this additional degree of freedom requires a deep analysis of its
implications in the missile aerodynamic, guidance and control loop.

1.2 The Guidance and Control Loop

The trajectory of an interceptor missile is typically divided into three segments, lift-
off, mid-course and terminal phase. During the terminal or homing phase the guidance
and control algorithms are responsible for correcting the residual heading errors of
the previous stages and account for target maneuver in order to achieve the minimum

2both controls deflected in the same direction generating and increase in lift and missile translation,
but a small amount of airframe rotation
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Figure 1.2: Stunner Guided Surface to Air Dual Control Rocket. This surface to air
interceptor guided rocket is expected to enter into service in 2016. It has both forward and
rearward controlled surfaces, and will be used for area defense against non-guided falling
rockets. Note the small fixed surfaces placed right in front of the movable tail fins, which
stabilize the airframe and reduce the induced roll created by forward fins downwash

miss distance. Figure 1.3 represents the missile guidance and control (G&C) loop for
an advanced homing interceptor missile. It will be used throughout this Thesis as a
reference in the research of its structure and components. A short description of each
of the blocks follows:

• The onboard homing Seeker detects the necessary target flight variables to guide
the missile. The guidance seeker is locked on the target, permitting the missile
to be guided all the way to interception. However through the seeker, undesired
noise is introduced into the G&C loop. The Seeker is an electro-mechanical
system itself with a feedback that will introduce time delays in the G&C loop.
The great majority of today air to air missiles use either radar (active or semi
active) or infrared (passive) as the radiation for homing. One advantage of the
homing guidance is that the accuracy of the seeker measurements improve as the
relative distance between target and missile is reduced although glint noise will
increase.

• The Navigation Filter separates the noise from the input signals, provides
estimations in between seeker data samples and guess estimate as well other vari-
ables not measured but required by the guidance law, like target acceleration or
target jerk. It contains a dynamic model of the engagement scenario and mea-
surement and noise models. The time delay introduced by the filter is negligible
as it is a pure electronic subsystem.

• The Guidance block contains the Guidance Law, that calculates, based on
relative kinematics and a target acceleration model, the demanded acceleration
vector nLd , necessary to achieve a collision course to the target. This demand is
calculated in real time on board the missile. Most missiles currently in service
use one of the several variants of Proportional Navigation , that requires the
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Figure 1.3: Guidance and Control Loop for an advanced air to air missile system. Only the
main vector variables have been represented. The time-to-go estimate and the target accel-
eration model blocks will only be used for a missile using optimal guidance laws, which is in
practice not yet widely extended. Note that there are four exogenous inputs, the target ma-
neuver xT , ẋT , detection (seeker and radome) and body sensor noises and the unmodeled
dynamics, the latter will be considered only as a spurious input to the fin actuation system
(section 4.2.2. Figure contains scalar and vector variables that will be used throughout the
Thesis

missile to have a significant velocity advantage and perform at least three times
the acceleration of the target, whereas does not consider missile actual maneuver,
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constraints or autopilot response time. On the contrary, Optimal guidance law
incorporates missile acceleration nB in its calculation of nLd (refer to section
2.3.1).

• The Autopilot and the Control Actuating System (CAS) are responsible for
transforming the guidance acceleration demand nLd into the proper missile air-
frame response. The autopilot is in itself a feedback control path within the
overall missile guidance and control loop, that monitors the achieved accelera-
tion nB and traditionally issues commands to the CAS in the form of demanded
fin positions xsd , see Figure 1.3 .

An inertial measurement unit (IMU ) measures the missile accelerations and
angular velocities, and an on-board digital filter estimates the angle of attack
and sideslip from measured variables. The aerodynamic angles cannot be in
general measured without large errors [Stevens and Lewis, 2003]. The outputs of
the IMU are combined with the guidance commands in the autopilot to compute
the commanded inputs to the control surface actuators. These actuators are
electromechanical or pneumatic systems that force the fins xs to follow the input
xsd . The airframe dynamics response to the control input depends on the flight
conditions of the missile (altitude, Mach number, angle of attack, etc.). The
basic objective of the flight control system is to compel the achieved dynamics to
track the guidance commands in a well-controlled manner. The autopilot shall
include a rotational and translational dynamic models, which comprise
a full aerodynamic representation of the missile, with limitations for maximum
control deflection. The time response of the autopilot represents the majority of
the delay in the G&C loop.

The loop is closed when the Seeker detects again the new relative position between
target and missile. The objective of the G&C loop is to obtain the minimum miss
distance within the constraints of the missile capabilities.

In Figure 1.3 the calculations of the guidance and autopilot commands are per-
formed in separate and consecutive blocks. This approach corresponds to the customary
Two-Loop approach that considers a spectral separation between the two [Yanushevsky,
2008], because traditionally the characteristic time of the air-to-air engagement against
-relative to missile- slow moving targets, has always been greater than the missile au-
topilot response time. With this approach, the autopilot has always been designed as
an infinite-time horizon tracking controller. In this Thesis we will modify the scheme
depicted in Figure 1.3 by combining the autopilot and the guidance in a single block.

1.3 Thesis Objectives and Research Questions

The purpose of the Thesis is to investigate the performance of the DAC as a novel alter-
native to traditional tail and canard control for air-to-air missile applications against
last generation piloted fighter jets as well as pilotless targets. The DAC missile will
be employed against highly maneuverable targets. In this scenario the hypothesis of
spectral separation between flight control and guidance may no longer be valid. An
integrated solution, optimizing the autopilot and the guidance in a single control loop
and exploiting its synergies, is investigated for the dual control.
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This general goal translates into three main objectives and for each of them, specific
research questions are posed, none of them answered by the existing scientific literature
as will be reviewed in Chapter 2. These are:

1. Advanced aerodynamic model for the dual control missile.

1.1. Analyze and characterize the expected aerodynamic phenomena, in partic-
ular the cross-control coupling effect. The influence of the deflected canards
on the deflected tail controls with angle of attack needs to be characterized
in detail if the missile is going to be controlled successfully. As well, the
DAC missile will have short span fins and accordingly more accentuated
nonlinear aerodynamic behavior.

1.2. Specific nomenclature for the three dimensional treatment of the DAC mis-
sile must be established.

1.3. Develop a theoretical continuous aero-model with high enough precision for
advanced guidance and control studies. The required level of detail has not
been found in any existing publication. This model needs to be defined in
terms of invariant coefficients that can be adjusted to a missile by parameter
identification methods.

1.4. Procurement of reliable practical data for the theoretical aero-model valida-
tion from wind tunnel data or from aerodynamic prediction methods with
the required level of accuracy.

1.5. Investigate the stability and roll control of the DAC missile.

2. Development of the Optimal Dual Control Missile Autopilot and the study of its
linkage with an optimal guidance law to form a Two-Loop homing guidance for
the DAC missile.

2.1. Define the specific limitations and relevant performance indicators for the
dual control missile autopilot.

2.2. Optimize and solve the missile autopilot, with multiple inputs, nonlinear
aerodynamic and consideration for the cross-control coupling. Establish the
strategy for proper allocation amid forward and rear control channels.

2.3. Compare the obtained solution against industry-standard gain-scheduling
method for missile autopilot.

2.4. Evaluate the two-loop G&C of Figure 1.3, applied to a DAC missile attacking
a maneuvering target and how it compares versus canard or tail missile
performance.

3. Research on the Integrated Guidance and Autopilot (IGA) approach and com-
parative analysis versus the Two Loop. It can potentially optimize the flight
control effort within the available time to go, by adopting the missile states into
the guidance law algorithm.

3.1. Define the adequate mathematical model for the integrated approach.

3.2. Handle guidance and missile variables which have different physical scales
and prevent control saturation

9



CHAPTER 1.

1960’s 1970’s 1980’s 1990’s 2000’s+

MT = 1.2, M = 1.5, nT = 3, h = 12, 000m

Figure 1.4: Evolution of Missile Capture Regions. Adapted from [Sanz-Aranguez, 2000].
Example shows a missile launched at M = 1.5 attacking a piloted target flying at MT = 1.2
and maneuver nT = 3 g. In the 1960 and 1970 decades, limitations in the IR seeker and missile
maneuverability limits the capture zone to target rear hemisphere. In the 1908’s and 1990’s,
the launcher aircraft is equiped with a radar and able to launch the missile close to collision
course, extending the capture area to almost all sectors around these low maneuvering targets.
These figures will be obtained for the interception of higher maneuverign target in section
4.5.2. Latest advancements in missile maneuverability from the year 2000 , extended further
the capture area, but still do not suffice today for tail attack defense only with aerodynamic
control. In this Thesis we will develop analitycally and will be demonstrated numerically
the capability of a dual control aerodynamic missile with optimized guidance and control to
execute this maneuver.

3.3. Specify the performance objectives for the integrated guidance and control.

3.4. Optimize a non-linear plant to minimize its performance objective in a finite
time horizon

3.5. How the missile with integrated guidance compares against the same missile
employing a Two-Loop scheme.

3.6. How the noise, data sampling and radome errors affect the performance of
the DAC missile.

3.7. Evaluation of the IGA performance against a tail attack, as a requisite for
modern missile missions without thrust control contribution (see Figure 1.4).

These three research objectives and the main research questions are graphically rep-
resented in Figure 1.5. The subject of the Thesis embraces a large variety of sciences
like of aerodynamic, control, mathematical optimization or flight mechanics. Proper
investigations in missile must have a multidisciplinary character, because all its sub-
systems are closely interconnected.

Because this is a PhD Thesis in Aerospace Engineering, we think it is appropriate to
complement and illustrate the theory with numerical simulations, in order to evaluate
the performance of the results obtained with theoretical developments and the difficulty
of its practical implementation. The intention is not however to embark in the detailed
engineering design of a DAC missile but to illustrate the concepts and research results
through the Thesis.
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Figure 1.5: Main Research Topic and Associated Disciplines of Investigation

1.4 Thesis Outline and Main Contributions per Chap-

ter

The conclusion about the effectiveness of the DAC missile concept versus more tra-
ditional controls can only be established once the relevant aspects of the problem are
investigated. The Thesis structure presents in order the results of the research, with
each Chapter constructing on top of the precedent Chapter results. The rest of the
Thesis is structured as follows:

• Chapter 2, presents the literature and the state of the art review on the research
objectives and questions. It also briefly reviews the non-linear optimal control
theories and its applicability to the dual control missile problem.

The next three Chapters, 3, 4 and 5, contain the method and analysis part of the
Thesis:

• Chapter 3, is focused on the investigation of the dual control aerodynamic
phenomena and the development of an analytic aero-model. This Chapter also

11



CHAPTER 1.

analyzes the open loop response and trim maps of the dual control, and how it
compares against canard or tail missile responses.

• Chapter 4, is dedicated to the guidance and control using a Two-Loop ap-
proach, where autopilot and guidance are decoupled. The autopilot must take
into account the non-linear characteristics of the dual control, and a full state,
three dimensional, optimal solution is developed. The control effort apportioning
between forward and rearward channels is analyzed in this Chapter. In combi-
nation with an optimal guidance law, the Two-Loop scheme is evaluated against
the performance of canard and tail missiles, achieving lower miss distances and
less control effort with the dual control missile. Capture maps are obtained for
different launch positions.

• Chapter 5 is focused on the development and solution of the integrated guidance
and control (IGA) approach for the DAC missile. This is the main Chapter of
the Thesis and incorporates the results of Chapter 3 and 4. In order to solve the
nonlinear optimal control problem in a finite time a new numerical method based
on the solution of an associated Lyapunov equation is used. The performance of
the integrated control is contrasted against the Two-Loop approach. Results are
comparable when launching in collision course to highly maneuvering target, but
the integrated control obtains better results with large initial heading errors. The
effect of radar noises and radome errors are considered, where better performance
level is reached with the integrated approach. Finally a tail defense maneuver is
proposed for the DAC missile.

• Chapter 6, contains the Thesis conclusion and recommendations for future work.

Auxiliary material and original Thesis developments which, because of their exten-
sion, could slow down the main discourse have been moved to the Appendix. These
are:

• Appendix A supporting material dedicated to derivative operations in matrix
calculus and its relation to the Kronecker product.

• Appendix B encloses principal results of the optimal control theory that are
necessary for the development of certain demonstrations with in the Thesis.

• Appendix C contains the geometry and missile parameters for the NASA base-
line and a scaled up missile model which will be used to illustrate the theoretical
results of the Thesis.

• Appendix D contains aerodynamic raw data for the dual control missile, from
wind test cell experiments found in the scientific literature and numerical exper-
iments from: computer fluid dynamics and semi experimental methods.

• Appendix E presents the aerodynamic coefficients obtained for the base line
missile by processing the raw data of Appendix D and fitting these data to the
analytic model described in Chapter 3.

• Appendix F shows generic missile dynamic and kinematic equations that will
be used in the development of the guidance and autopilot models of Chapter 4
and 5.

12



1.4. THESIS OUTLINE

• Appendix G contains the matrix elements for the original state dependent ma-
trices that have been developed in Chapters 4 and 5. Due to their large extension,
the equations for all the matrix elements have been included in this Appendix.

• Appendix H consist of state of the art auxiliary material, describing missile
radar noise models and seeker dynamics that will be used in Chapter 5.

A Bibliography section is included at the end.
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Chapter 2

State of the Art

Chapter 2 presents a review of the published literature about the Thesis objectives and
research questions listed in section 1.3. The exposition also aims to clarify how the
desired characteristics of the dual control integrated problem have been established by
finding gaps in the existing scientific literature. In order, the Chapter reviews state of
the art in aerodynamics modeling and prediction, section 2.1, missile autopilot, section
2.2, and guidance and integrated guidance-autopilot, section 2.3. Conclusions for this
Chapter are in section 2.4, that summarizes the knowledge interstices found in the
literature and that will be addressed in the following Chapters.

2.1 Aerodynamics of Dual Control

2.1.1 Literature Review

Reference [Beresh et al., 2009] reports a subsonic wind tunnel experiment with two
fins mounted on a wall, (see Figure 2.1) designed to investigate fin-to-fin interaction
without the presence of a missile body. The evidence from this study suggests that the
aerodynamic of the interaction maybe understood by considering the real tail incidence
that results from adding the down wash angle, induced by the forward fin generated
vortex at the rear section, with the rear fin physical angle of attack. That is, the
important conclusion is that the canard vortex may play no other role in the response
of the tail fin, than the modification of its effective angle of incidence. Although the
analysis was done in subsonic, the conclusion will hold in supersonic as the vortex
structure shall be no different at a supersonic regime [Spahr and Dickey, 1953], despite
the fact there is a Mach number dependence on the fin generated lift itself. However the
same fins mounted on a missile body will experiment a far more complex environment,
with interactions between body and fins, as well as presence of body generated vortices.

The published literature has been surveyed for aerodynamic research on full missile
configurations with dual control. Here the only valid reference 1 found for concurrent
actuation of canard and tail controls in a missile, has been a series of wind tunnel tests
carried out at the Langley Unitary Plan Wind by A.B. Blair in 1993, a member of
NASA Langley Research Center. The full set of experimental data is still unpublished,

1Two connected studies exits, a previous experimental study by [Monta, 1977], where both forward
and rearward controls of a Sparrow missile were deflected in a wind tunnel but never simultaneously,
and a further subsonic wind tunnel study focused on the roll control of a canard missile with differential
deflection of the tail [Hardy, 1977].
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(a) Experimental Set Up (b) Normal Force at Rear Fin. α1 = 10, M∞ = 0.8

Figure 2.1: Interaction Between Forward and Rear Control Fins. From [Beresh et al.,
2009]. In this reference θ is the ”body” angle of attack, α1 and α2 are the forward and rear
fin deflection angles, ∆z is the vertical separation and c is the fin chord, same for both of
them.

subject to US Export Control Regulations, and NASA has been unable to share 2. The
prototype was a typical in-line cruciform configuration, with tangent ojive (see Figure
C.1 in Appendix C), and it was tested in supersonic at angles of attack from 0 to 28 deg,
and for several combinations of canard and tail control deflections, each limited to 20
deg maximum. This will be denominated from this point on the NASA Tandem Control
Missile (NTCM),where Appendix C contains the geometry and assumed mission data
for the prototype.

An excerpt of the experimental data with simultaneous canard and tail control
deflections for the NTCM was published in three different papers, [Lesieutre et al.,
2002a,b] and in [Cross et al., 2010]. These papers are focused on comparing semi-
experimental and numerical computer fluid dynamic (CFD) methods against the wind
tunnel available data, and these studies have reported good agreement obtained with
numerical methods. Experimental results have been directly extracted from the graphs
of these three papers as part of the work carried out in this Thesis and can be found in
the Appendix D. These studies (see Figure 2.2) have shown large variations in pitching
moment with angle of attack α at different combinations of canard and tail deflections,
and how the non-linearities are acquainted particularly in the neighborhood of α = 0.
This is due to the downwash effect of the deflected canard on the tail that the studies
show it also has a dependence on the incidence angles of the tail. The research has
proved that for a dual control missile a wide range of CN and Cm values for a certain α
can be achieved, adequately combining canard and tail deflections. The second major
finding is that the aerodynamic cross-coupling effect significantly increases the pitching
moment at low α, a result that could be used with advantage by a missile autopilot
incorporating these non-linearities.

Furthermore, other authors carried out numerical studies with NTCM missile geom-
etry and validated them against experimental data, [Blair, 1978; Khalid et al., 2005b,a;
Al-Garni et al., 2008; Akgul et al., 2012] 3. However none of these studies included

2Private communication between the Thesis author and Dr. Leisutre from NASA Glenn Research
Center

3The full NATO Research and Technology Organization (RTO) report - [Khalid et al., 2005b] -
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Figure 2.2: NASA Tandem Control Aerodynamic Missile Experimental Data and Com-
parison with Semi-Experimental (MISL3) Results. Reproduced here from [Lesieutre et al.,
2002a]. In this Figure, αc represents angle of attack, δc represents canard deflection and δt
corresponds to those of the tail. Right hand side graph shows the pitching moment coefficient,
with large variations around the zero α condition.

control, either tail or canard and whereas these papers do not permit to evaluate con-
trol effects, they provide useful evidence to separate the basic airframe aerodynamic
from the dual control actions.

These researches have thrown up many questions in need of further investigations.

• A characterization of the cross-control coupling effect in the presence of a missile
body remains unexplored.

• Research is needed to investigate the out-of pitch-plane effects of the dual control
missile, not included in any of these papers. Findings by [McDaniel et al., 2010]
already pointed out that the induced roll caused by a canard has a significant
importance on the tail as it could adversely impact the roll stabilization of a
missile, limiting its ability to perform a skid-to-turn maneuver.

• Further research regarding the effect of the dual control in the axial force CA
would be of great help in establishing the real homing performance of this sort
of missile.

• Literature review has indicated that there is no full-envelop analytical aerody-
namic model for a dual control missile. Such a model is necessary to analyze its
performance and evaluate its potential in a guidance and control loop as indicated
by [Hemsch and Mendenhall, 1992]

In summary, a few interesting reports indicating the potential of the dual control
have been found, however due to the scarcity of wind tunnel data in the open literature,
they will need to be expanded with aerodynamic prediction methods. Next section
reviews the adequacy of prediction methodologies available to the researcher.

was kindly provided to the author by the Spanish RTO Office
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2.1.2 Semiexperimental and Numerical Prediction Method-
ologies

The theoretical foundation for semi experimental methods is the Slender Body Theory
[Nielsen, 1960; Ashley and Landahl, 1965] (SBT),but in practical terms, it is only ap-
plicable at reduced fin or body incidences, where up to 5 deg can be considered a good
threshold [Barrero et al., 2011]. SBT can normally still be applied with higher incidence
angles, in the range from 5 to 15-20 deg [Moore, 2000], but with degraded accuracy. In
this upper range the linear and potential methods are blended with empirical estima-
tions to form the so-called engineering or semi-experimental predictive methods. Here
the individual flows on wing, body and tail are calculated using slender body, linear
potential flow relationships or shock expansion theories, and patched together with
the use of Nielsen’s component build up method [Hemsch and Nielsen, 1986]. Non-
linear interference coefficients are obtained from wind tunnel experiments. The most
relevant codes in use today for missiles are Datcom [Hoak et al., 1999, 1975; Williams
et al., 1981] and its derivative Missile Datcom [Auman et al., 2011; Blake, 2008, 1998;
Vukelich et al., 1988], Aeroprediction [Moore and Hymer, 2005], Misl3 [Lesieutre et al.,
2002b], Misdl and Missile Lab [Auman, 2006]. For missiles, it is well documented in the
literature that in these codes the combination of semi-empirical methods with theory
provides a good agreement for the mentioned incidence angles of up to 15-20 deg for
static longitudinal parameters estimations [Dillenius et al., 1997; Sooy and Schmidt,
2005; Moore and Hymer, 2000] , however with limitations on the prediction of control
deflection, dynamic, lateral, roll or axial force parameters as stated by authors: [Abney
and McDaniel, 2005; Moore and Hymer, 1997; Lesieutre et al., 2002a; Landers et al.,
2000]. With each new revision, it is worth noting that these methods tend to incorpo-
rate more and more experimental data in detriment of further theoretical developments
[Moore and Moore, 2012].

However recent trends in the research community advocate for the use of higher
accuracy CFD prediction codes in the earlier stages of the evaluation process for a full
missile configuration [Sahu and Heavey, 2010; Costello and Sahu, 2008]. Inconveniences
remain as the cost of a higher considerable computational expense, and questions read-
ing the accuracy of results due to code validations, estimation errors, mesh refinement
and others [Cummings et al., 2003]. As a result it is always recommended to validate
against reliable wind tunnel experimental data [Atik et al., 2008]. Using the NTCM as
a test case, [Khalid et al., 2005a; Cross et al., 2010] demonstrated that CFD tools can
accurately predict the global values of normal force and pitching moment well enough
for missile system designs at high Reynolds numbers, for both the full Reynolds Av-
eraged Navier Stokes equations (RANS) and the Parabolized Navier Stokes (PNS)
approximations.

CFD tools fail to capture the complexities of viscous flow in regions of interaction
between shocks and vortex, boundary layers or other shocks, or regions of large scale
separations with α [Aupoix et al., 2011]. On the turbulence models, both Spalart-
Allmaras and k-ε will give accurate results for normal force and moment results at high
Mach numbers[Deck et al., 2002] but none of these turbulence models will describe the
skin friction part of the axial force with enough accuracy. The axial force prediction
remains accordingly an area for future research where both semi experimental and CFD
methods do not to achieve yet the desired results.

The following points emerged from the previous paragraphs:
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• CFD methods can be used in this Thesis to investigate the dual control aerody-
namic.

• Because of the CFD limitations, it is still necessary to evaluate numerical results
accuracy versus experimental data, and maybe introduce adjustments in grid
convergence, convective flux discretization, and turbulence closure models.

• A practical limitation of CFD methods is that they not provide the contribution
of each missile component to the final results, as CFD -and wind tunnel results-
calculate the aerodynamic coefficients for the whole body-canard-tail configura-
tion, so semi-experimental and theoretical methods will be employed to assess
these effects and evaluate the influence of distinctive variables.

• Semiexperimental methods will be used for the calculation of interference factors,
damping coefficients and Mach effects.

2.2 Autopilots for DAC Missiles

Section 2.2.1 reviews the scientific literature for autopilot studies for missiles with dual
control, as well as applicable missiles with hybrid control briefly. Section 2.2.2 revises
and classifies nonlinear control methods and its applicability to a dual control missile
is depicted in section 2.2.3.

2.2.1 Literature Review

There are only a few of examples in the literature, a total of six papers on Autopilot
theory (control) have been found for a generic DAC configuration. The published
articles are listed in Table 2.1.

Autopilots for dual control missiles have been designed with non-linear State De-
pendent Riccati Equation (SDRE) method -see section B.2 - in [Mracek, 2007], as well
as with linear control techniques: linear quadratic tracking in [Mracek and Ridgely,
2006], proportional plus integral optimal regulators in [Ochi, 2003; Ochi and Kanai,
1997; Ochi et al., 1994] and generalized classical control methods in [Manabe, 2001].
Papers in [Mracek, 2007; Mracek and Ridgely, 2006] considered only divert mode,
where controls were deflected in the same direction, generating an increase in direct
lift and missile translation. In divert mode, dual control missiles may have difficulties in
achieving large angles of attack and high level of lateral accelerations. Linear methods
in [Ochi, 2003; Ochi and Kanai, 1997] were combined with an angle of attack command
generator that can take advantage as well of opposite direction mode, increasing body
angle of attack by rotating the airframe to generate larger accelerations in steady-state.
In contrast, reference [Ochi et al., 1994] only considered opposite direction mode but
not divert.

The missile in all cases is considered with constant mass, constant velocity and
without gravity, and besides the complex aerodynamics expected in this application,
only the authors in [Mracek, 2007] considered a nonlinear control method. All of
the published papers deal with pitch plane control, and do not addresses roll control
specifics. Also none these papers considered the aerodynamic cross-control coupling as
a result of canard shed downwash interference onto the deflected tail ( δcqδ

t
q and higher

order terms).
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Table 2.1: JCR References for Dual Control Autopilots. Table shows papers published in
JCR journals that investigate the dual aerodynamic control for missile application. Six papers
are identified. Except the latter, all of them however consider both linear aerodynamics and
linear control theory applications

Reference Aero Model Control Method

Mracek [2007] Polynomial fit SDRE
Mracek and Ridgely [2006] Constant coefficients LQT
Ochi [2003] Constant coefficients LQT
Manabe [2001] Constant coefficients PID
Ochi and Kanai [1997] Constant coefficients PID
Ochi et al. [1994] Constant coefficients PID

The first author to consider the longitudinal control of the pitch plane acceleration
of a missile having front and rear control surfaces was [Ochi et al., 1994], followed
by papers [Ochi and Kanai, 1997; Manabe, 2001]. All authors were from the Japan
National Defense Academy (JNDA) and shared the same linear missile model with con-
stant aerodynamic coefficients. Basically they considered the two controls, forward and
rear, independently, the missile response being a linear combination of the individual
solutions. The design of the controllers by Ochi was based on pseudo classical meth-
ods, the Model Following Servo Controller (MFSC) while Manabe used the Coefficient
Diagram Method [Manabe, 2002a,b] (CDM). Both MFSC and CDM methods can be
considered a generalization of Proportional-Integral-Derivative (PID) controllers, which
do not solve the control problem uniquely and ultimately rely on gain fine tuning by
an experienced engineer.

Here the existence of an additional control state variable was not exploited to opti-
mize the missile response, but to control α as an additional output performance variable
on top of the lateral acceleration. An specific α feed-forward controller was proposed.
However we think that for an air to air missile, α needs to be maintained low to mini-
mize drag and always under the phantom yaw limit (see section 3.3.1 ), but achieving a
specific angle is not required 4, as far as the normal acceleration tracking error is min-
imized. In summary, although they constitute a significant first approximation to the
control of the DAC missile, none of these papers established a mechanism for proper
control effort allocation between canard or tail, neither explored the synergies that may
exist between them and they failed as well to include the significant non-linearities in
their analysis.

The control allocation was better solved by both [Ochi, 2003] and [Mracek and
Ridgely, 2006], formulating it as an optimum Linear Quadratic Tracking (LQT) prob-
lem. Instead of solving the full adjoin system of differential equations of the complete
LQ tracker formulation (see for example Anderson and Moore [2007]), both papers used
output and integral error feedback [Bryson, 2002] to resolve the longitudinal autopilot
as a nonzero-reference step command tracker in an infinite time horizon. The solution
found reassembles the classic aerospace three-loop autopilot structure [Garnell, 1980;
Zarchan, 2012], however here the control input in both cases is the derivative over time
of the fin deflection angle and the optimal cost index is defined to minimize both servo

4It could be argued that for an air-to-ground missile it could be different, as there could be a
requirement for a certain terminal impact angle
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control rates and the normal to missile acceleration error. In Mracek the forward and
rear control were identical.

(a) Acceleration vs time for canard, tail and both

(b) Pitch rate vs time for canard, tail and both

Figure 2.3: Divert Mode Closed-Loop Response to a Step Command Input. DAC Missile
autopilot operating in divert mode only. From reference [Mracek and Ridgely, 2006], using
Lineal Optimal Control theory. In the top graph the tail inverse and the canard overshoot
characteristic responses are mitigated in the DAC solution. The bottom graph shows the pitch
rate, where it can be appreciated that operations in divert mode, both controls deflected in
the same direction, causes minor rotations compared with more classical approaches.

Results obtained are promising as both articles show a better performance than
the canard-only or tail-only control solutions (see Figure 2.3). Through the optimiza-
tion, both controls act in parallel, not independently. The inverse response of the tail
control is eliminated, together with the overshoot and settling problems of the canard
configuration. However both papers advocate for the utilization of the controls only in
divert mode (see Fleeman [2012] and Figure 2.4 (b) ), with fin deflections for canard
and tail in the same turn direction. Opposite deflections of canard and tail were not
considered. Accelerations obtained are small, and divert mode is typically used for
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small corrections right before interception 5
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Figure 2.4: Dual Control and Divert Mode of Operations for a missile with movable forward
(canard) and rear (tail) controls. While divert mode may benefit for a quicker speed of
response, the dual control mode will allow the missile to achieve larger angles of attack
without saturation of the controls and as a result, a greater acceleration maneuver.

Even if authors in [Ochi, 2003] and [Mracek and Ridgely, 2006] used modern con-
trol theory, space state formulation was linear and only considered bi-dimensional,
pitch model. With its underneath linear aerodynamic formulation, we think it drives
an excessive simplification of the problem. There is again no consideration for the
interference effect and variation of aerodynamics with α. And the cost index only con-
tained references to mechanical limitations, servo maximum deflection and maximum
rates, and not to aerodynamic saturation of the fin. For example α could have been
included in the cost index, addressing concern raised earlier by JNDA investigators
on α control, or better local incidences of canard and tail could have been included.
Mracek and Ridgely recognized difficulties in trimming the dual control missile and
solved the steady state pitch rate only after the control gains have been solved with-
out q, introducing it later in the controller. According to their results, dual control
missiles can have difficulties in achieving high angles of attack and high level of lateral
accelerations, and although obtained responses are quicker, in steady state the control
deflections can be significantly larger than with only one control. We shall challenge
this former conclusions, as they are only true for divert mode of operation of the dual
control missile.

In his article, [Mracek, 2007] investigated the use of the State Dependent Riccati
Equation (SDRE) method (see Section B.2)to a non-linear missile aerodynamic model
in divert mode. However in order to obtain a State Dependent Coefficient form, it only
assumed moments and forces linear in canard and tail fin deflection, and no coupling
between canard and tail deflections. Also, author proposed no dependence over q,
pitch rate, of the aerodynamic coefficients. In any case this is the only published paper
found to date that considers a nonlinear control for a DAC missile. Mechanical limits
of the fin deflection were considered here as a hard limit, but not incorporated into
the cost index. If the fins are allowed to reach its mechanical limit, the controller is
no longer optimal (Kirk 1970). Author noted that both canard and tail controls reach
the maximum mechanical limit at relative low demanded accelerations saturating the
controller. In order to circumvent the problem, author proposed the use of ad-hoc
weighting matrices as a function of α. With constant weighting matrices, the divert

5Mracek and Ridgely were working for Rytheon at the time of the paper in question publication.
Raytheon is the design authority for the Stunner guided rocket that operates in divert mode as
previously discussed.
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mode fails as before (Mracek, Ridgely 2006) to achieve high trim angles and thus high
levels of lateral acceleration, and in steady state the control deflections are significantly
larger than with only one control.

As shown above, literature review have indicated to focus mainly on divert mode
of operation rather than opposite mode. Far too little attention has been paid to non-
linear aerodynamics, linear autopilots fail to consider all the complexities of the DAC
configuration and probably exploit all its potential. None of the published literature
considered cross-control coupling it is necessary to do a deep research on its significance.
The tridimensional analysis of a dual control autopilot is still lacking. Once we move
from pitch plane only to a three dimensional control, the problem of roll stability,
necessary for STT, needs to be addressed, while so far it has not been done in the
literature. It appears from the aforementioned investigations that optimal control may
look like a proper method in the case of the dual control for the multi-input control
allocation, but a rigorous study with a criterion on how to distribute the control effort
between forward and rear control has not been carried out. Some of the previous studies
have considered mechanical limits in the control, however one unresolved question is
how the aerodynamic limits, maximum incidence angle at each control, will affect the
performance. A response to all these questions is the motivation behind the study of
the autopilot that we will carry out.

It is valuable to consider briefly the control methodologies used in the literature for
hybrid control missiles, which are as well multi-input vehicles. Hybrid control is able
to generate both force and momentum, a fact that was used in [Lidan et al., 2010] and
[Ridgely et al., 2006] to design the optimal controller with virtual, moment and force
control inputs. In current researches on hybrid missile autopilot the most investigated
control method has been nonlinear second order sliding mode [Tournes et al., 2005;
Balakrishnan et al., 2013] , followed by two time scale dynamic inversion and model
predictive control.

2.2.2 State of the Art in Non Linear, Multi-Input Multi-Output
Control Methods

This section revises modern nonlinear methods applied in recent published research on
missile autopilot and discusses its pros and cons in connection to a potential application
to the DAC missile. Nonlinear control is a vast topic and although no general nonlinear
control theory exits, a wealth of techniques have been developed or refined in the
last decade and applied to missile autopilots. Based on our own scientific literature
review, Figure 2.5 summarizes the nonlinear control methods applied or currently under
development for missile autopilot that can handle a multi-input multi-output (MIMO)
system like the DAC missile. The classification has been done considering what is the
main goal of the nonlinear control: to complement the linear controller, to stabilize
the system or to optimize it. Other scarcely used methods in the field of missiles, like
quick descent, or dynamic programming have not been included here.

The missile non-linear short-term dynamics that asumes constant speed, is given
by the space state equation (see Figure 1.3):

ẋa = f(xa,xs) (2.1)

Here xa ∈ Rn is the autopilot state vector, xs ∈ Rm is the control vector and f :
(Rn,Rm)→ Rn. The autopilot system output equation is:
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Figure 2.5: Classification of Nonlinear Control Methods for Missile Autopilot (own elabo-
ration). All these methods have been used and cited regularly in the scientific literature for
missile control.
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za = h (xa,xs) (2.2)

and za ∈ Rp contains, among other, the missile acceleration in body axes. For short-
ness, we have explicitly removed in the notation the time dependencies, e.g. xa (t).
Also, due to the CAS delays, there is a difference between the demanded control fin
position, xsd and the actual position xs, but we will not consider it for now for sim-
plicity.

Linear-like methods: Gain Scheduling, Augmented and Dynamic Inversion

Gain scheduling is by far currently the preferred method for the design of full envelope
nonlinear autopilots for real missile applications. There are two approaches to design
gain scheduling controllers, straight linearization and, if a vector of slow varying pa-
rameters is included in the formulation, Linear Parameter Variation (LPV). We will
focus on the latter approach in what follows.

To apply gain scheduling, the missile nonlinear dynamics in space-state form, must
be represented in a short term form by n first order non-linear equations affine in the
control:

ẋa = f1(xa,p) + g(xa, p)xs (2.3)

where p is a vector of low varying parameters in the short term approximation, like M∞,
or VM , but also time-varying parameters like position of missile cg, dcm, missile mass,
m, inertia moments IBx , IBy or altitude h. Vector f1 : Rn → Rn and g : Rn → Rn×m

are multivariable functions that can be in the form of lookup tables if a continuous
aerodynamic model is not available. Note that the affine condition requires g to be
independent of xs.

Gain scheduling requires the development of linear models for the missile dynamic at
each flight condition of interest. The method can be used in a small range of operations
around a trim point if the non-linearities are weak. At a missile trim condition it is
verified that ẋa = 0, from 2.1:

0 = f1
(
xatrim

,p
)

+ g
(
xatrim

,p
)
xstrim (2.4)

and for small variations around
(
xatrim

,xstrim
)
, the system 2.3 results in:

∆ẋa =
∂fT1
∂xa

∆xa +
∂gT

∂xa
∆xs (2.5)

where we use the nomenclature defined in A.7 for the jacobian matrices, and ∆ means
variations with respect to the trim condition. The advantages of gain scheduling are
mainly due to the abandonment of the original nonlinear controller in favour of a linear
one, where more theoretical resources are available. The resulting linear time invariant
missile model (LTI) can then be solved by classic pole placement [Ryu et al., 2011],
Linear Quadratic controls (in any of its different forms: Regulator (LQR), Tracking
(LQT) or Gaussian (LQG)), H2/H∞ [Chumalee, 2010] or µ synthesis methods [Jose
et al., 2012]. An interesting comparison of different LTI control methods for missiles is
published in [Wise, 2007]. Linear methods result in the so-called three-loop autopilot
scheme, with a main stability loop, an acceleration loop that modifies the natural
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frequency and gyro loop providing additional damping to the airframe [Defu et al.,
2009].

In order to implement the gain scheduling method across the entire missile flying
envelope, an appropriate vector of scheduling variables needs to be identified and used
to parameterize the missile plant dynamics. Aside from the p parameters, those that
define the short term approach, α, β, and body rotation speeds p, q, r, are used . Then
the LTI controllers need to be blended together by an appropriate logic, like feedback
and observer gain interpolation [Stewart, 2012], state-space matrix interpolation [Won
et al., 2011], controller signal blending, transfer function coefficient interpolation, zero-
pole-gain interpolation or controller switching [Theodoulis and Duc, 2009]. In general,
the stability and performance characteristics obtained by the linear controller are not
guaranteed in the full envelope via gain scheduling [Albertos and Sala, 2004].

There are however important inconveniences in the application of this method to
the DAC missile. First, because of the coupling between forward and rear controls
through the downwash effect, we will not be able to write the DAC dynamics in affine
form as we expect to see cross-coupling terms like δcqδ

t
q, δ

c
rδ
t
r, so equation 2.3 will be

instead:

ẋa = f1(xa,p) + g(xa, p,xs)xs (2.6)

Moreover, for a highly agile missile with multiple degrees of control, like the DAC,
gain scheduling would result in an extensive number of controller design points to be
able to cope with the drastically changing aerodynamic behavior throughout the flight
envelope. High angles of attack combined with control deflections will require cross
coupling terms to be taken into account, like αδcr and βδcq, as they contribute to the
induced rolling moment on the tail. Due to the aero coupling between canard and tail,
through -as a minimum- δcqδ

t
q and δcrδ

t
r, a schedule based on canard control deflections

δcq, δ
c
r would need to be considered as well.

Although full authority adaptive autopilots have been studied for missiles in the
past, the modern tendency is to use them as an add-on augmentation controller to
supplement already existing control systems [Rusnak et al., 2011] or increase its ro-
bustness [Wise, 2008]. Typically, the augmented control is addressed to compensate
specific missile non-linearities, with the objective of expanding the applicability of a
linear controller [Wang et al., 2008]. Adaptive control systems found in the literature
can compensate for actuator wind-up issues and external disturbances. Anti-windup
methods are specifically targeted to avoid actuator rate saturation and the break of
the feedback path. Saturation is due to the integral action regulators typically found
in missile autopilot systems. Large trim point changes in the LTI controller cause
that the integral of the error keeps accumulating (winding up) and produces overshoot
and actuator rate saturation. Feed-forward nonlinear adaptive control can be used to
compensate for external disturbances in the missile autopilot.

However properly tuning of the adaptive control so it remains robust during all the
missile flight envelope continue to be an issue [Fuentes et al., 2010], and recent advance-
ments are oriented towards self-learning controllers via neural network [Balakrishnan
et al., 2012; McFarland and Calise, 2000] or even fuzzy logic [Zheng et al., 2011].

To solve the wind up problem, an alternative to an specific augmented controller
is to include the actuator rate as a penalty in the linear quadratic cost index when
implementing a LQT controller as in [Mracek and Ridgely, 2005].

The main idea behind nonlinear dynamic inversion or feedback linearization is to
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algebraically transform a non-linear system into an equivalent linear form using state
feedback. In order to force the system output za(t) to track a desired command signal
r(t) ∈ Rp, it is necessary to transform the system. Deriving 2.2 and substituting 2.3,
yields:

ża =
∂hT

∂xa
f1 (xa) +

∂hT

∂xa
g (xa)xs +

∂hT

∂xs
ẋs (2.7)

Note that in order to do this the system must be affine in the control (see equation
2.3). Additionally, if the control rate ẋs is neglected, we can obtain a linear system in
the form:

xs =

(
∂hT

∂xs

g (xa)

)−1

·

(
ṙ − ∂hT

∂xs
f1(xa) + υ

)
(2.8a)

ė = ṙ − ża = −υ (2.8b)

This technique achieves in non-linear MIMO systems, both a global linearized sys-
tem requiring no gain scheduling and a decoupled chain of integrator of the pseudo
control state υ ∈ Rp.

There are several disadvantages in applying this technique to a dual control. As
already mentioned, the DAC missile is non-affine in the control, and ẋs is significant.
Moreover, the tail control exhibits a strong non minimum phase (see section 1.1.2)
which results in a failure of direct feedback linearization [Hoagg and Bernstein, 2007].
To solve this issue, other authors that considered tail-only controlled missiles, have
proposed neglecting the force tail fin contribution, which is the source of the non-
minimum phase [Menon and Ohlmeyer, 2004], or only control the missile rotation,
which is a faster time scale than the translation, direct force movement, [Snyder, 2009].
Finally, the dynamic inversion does not provide any theoretical guarantee of robustness
for missiles, [Jackson, 2010], and significant errors can be generated in the full state
vector estimation and in the inversion.

Stability Based Methods: Backstepping and Sliding Mode Control

Backstepping or recursive control has received a great deal of attention in the nonlinear
control literature for aerospace and flight control applications [Sonneveldt, 2010]. It
is based on Lyapunov theory and both the control laws and a Lyapunov function
are derived simultaneously, where the time derivative of the Lyapunov function along
the trajectories of the closed loop dynamical system is negative, ensuring stability.
Because the recursive formulation can only be used to stabilize strict-feedback systems
(also known as lower triangular) , it requires previous transformation of the missile
dynamics. That means that although recursive backstepping has been studied for
missile control systems in [Defu and Junfang, 2009] and [Fan et al., 2010], a practical
application of the backstepping approach becomes increasingly complex as the state
order increases.

Also the strict feedback structure requires that the direct force contribution of
canard and tail controls are neglected. Although the net contribution of the force is
small, it is important for corrections in the last seconds of missile flight and the entire
base of the divert mode of operation. Another drawback is that although quadratic
Lyapunov functions are often adequate for missiles, the selection of the Lyapunov
function is pretty much based on trial and error, and there is no simple way to determine
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the control parameters. Finally, this optimal integrator backstepping control requires
the system to be of minimum phase, [Haddad and Chellaboina, 2008], limiting its
applicability to DAC missiles due to presence of tail control.

Variable Structure is better known as Sliding Mode Control (SMC)and is an area
where a lot of research effort is currently focused for missile autopilots and guidance
as well. It is a high speed switching control law that offers excellent robustness with
respect to perturbations and plant model uncertainties. The control input is commuted
between a lower and upper bound with the switching logic being determined depending
on the distance to a sliding surface Θ (xa) (t) = 0 for all t. It can be considered as an
evolution of the bang-bang classic control.

The system behavior when on the surface is denoted as the sliding mode. The
sliding mode requires stability of the state trajectory at least asymptotically in the
neighborhood of the surface Θ (xa) (t) = 0, requiring that the switching control gains
are selected so the reachability condition Θ (xa) (t) = 0 · Θ̇ (xa) (t) = 0 < 0 is verified
in the domain of attraction. The sliding mode control design then breaks into two
phases: first, the selection of the switching surface so the controlled system has the
desired performance; and second, selection of the switching gains, so the plant state
trajectory is driven to the sliding surface and remains there. Since the sliding surface
is invariant, once the trajectory gets into the sliding surface it remains there, and with
no more sensitivity to modeling parameters, so the control system is inherently robust.

Sliding control requires previous transformation of the system (2.3) in a regular
form for inner xa1 and outer space state variables xa2 in respect to the control:

ẋa1 = f1a(xa1 ,xa2) (2.9a)

ẋa2 = f1b(xa1 ,xa2) + gb (xa1 ,xa2 ,xs) · xs (2.9b)

The resulting control law xs usually consists of two additive terms, a continuous and
a switched part. The sliding mode control is applicable to non-minimum phase systems
but requires an infinitely fast switching control system. It makes this type of control
especially adequate for divert thrust or hybrid control missile applications. In contrast,
for aerodynamic-only control missiles the switching occurs at a finite frequency due to
actuator delays and aerodynamic response time, resulting in continuous oscillations
around the neighborhood of the switching surface or chattering. The discontinuity of
the missile control can be partially eliminated by using Higher Order Sliding Modes
[Foreman et al., 2010] or use sliding mode only on the outer acceleration autopilot loop
[Kada, 2011]. However for MIMO systems the sliding mode control does not define the
best strategy for control allocation.

Optimal Methods: Non Linear Predictive Control and SDRE

Nonlinear Predictive Control (NPC) approach, traditionally an industrial control sys-
tem, has been recently introduced in the aerospace research. It is a brute-force control
method implemented through difference equations, and do not require explicit ana-
lytic models [Chen et al., 2003]. It is essentially an optimization problem with an
objective function to be minimized numerically while satisfying equality and inequal-
ity constraints within a certain prediction horizon. The objective function incorporates
future set points and penalizes control future moves instead of just actual control ac-
tions. However in case of missile autopilots results are of worse quality than those
obtained with a properly tuned PID controller [Fawzy et al., 2011]. NPC achieves
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the optimal output canceling the plant zeros that creates unstable responses for non-
minimum phase, tail control and as a consequence slowing the response. It can be
corrected by combining NPC with another control methodology, this integration guide
towards a better application of predictive controller as part of a more general autopilot
control system. Reference [Hanger et al., 2011] successfully used this type of control
for missile pitch-roll-yaw control deflection allocation, including in the calculation the
time delays and restrictions of the actuation system. In any case, the optimization al-
gorithm must be solved in real time which is challenging for any aerospace applications
due to the amount of calculations necessary to be performed on board.

The three issues of performance optimization, control allocation and adaptability to
several flight conditions are potentially solved with a State Dependent Riccati Equation
(SDRE). A comprehensive overview of the research in this technique can be found in
[Cimen, 2012] and for the missile autopilot in [Cimen, 2008, 2006; Cimen and Banks,
2004b]. The SDRE technique was first introduced by [Pearson, 1962] but not really
started its initial development until the works of Cloutier [Cloutier, 1997]. It has the
same formal structure as a LQR controller, except that the state matrix and the control
matrix are state dependent. It requires the transformation of 2.3 to the afine State
Dependent Composition form:

ẋa = A(xa)xa +B(xa)xs (2.10)

The SDRE direct formulation considers only infinite-horizon problem. The optimal
cost index is:

J(xa,xs) =
1

2

∫ ∞
0

(xT
a Qxa + xT

s Rxs) dt. (2.11)

Weighting matricesQ andR can be state dependent. The regulator problem hereby
defined by 2.10 and 2.11 has a sub-optimal control feedback (see section B.2) which is
state-dependent:

xs = −K(xa)xa (2.12)

that will drive xa to zero in an infinite time.
The proper selection of weighting matrix elements in the cost index allows a tradeoff

between control accuracy and control effort, which is a property not found in any of
the other mentioned nonlinear control methods. It is also able to handle non minimum
phase systems and multivariable control inputs without major difficulties. To obtain
the full state feedback control law 2.12, a state-dependent Riccati equation needs to
be solved at each state vector xa.

Infinite-time horizon SDRE controller with step-following trackers has been used for
missile autopilots. It has been already mentioned in the application of SDRE method
to the dual control missile autopilot in [Mracek, 2007], and later on [Cimen, 2011]
developed a general procedure for full envelope missile autopilots for tail controlled
missile in three dimensions.

Some areas for research still exits:

• As described, SDRE is a regulator method, driving state variables xa to zero.
However authors in [Banks et al., 2003] have developed a tracking solution for the
SDRE to follow a desired trajectory, however implementation requires the solu-
tion to a high order differential SDRE equation to find an intermediate tracking
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variable equation. This equation is solved with a prediction of the states behav-
ior, that will be in general not available. In this Thesis a simplified solution to
the tracking problem will be presented (see section 4.3.3).

• Approximations to the tracking problem in finite time horizon, and not infinite
like in 2.11, have been considered only for missiles with discrete-time algebraic
SDRE, by [Cimen, 2006] that requires an iterative solution via series of LQT at
each time interval and xa value. This proposed solution is very cumbersome and
requires multiple calculations for each controller state and global optimization is
not guaranteed.

• SDRE requires full estate feedback. As not all the missile states are available, the
estimation problem has been considered by [Banks et al., 2007] but for constant
weighting matrices only and by [Sun and Liu, 2009] using fast output sampling
techniques.

• Finally, a remark must be done in regards to the state of the theory (see for
example Cimen [2012] or Pittner and Simaan [2011] ) , falling short for assuring
global asymptotic stability and for ensuring adequate performance. This must
be solved in a case by cases basis considering the specific system dynamic and
with the assistance of numerical simulations.

In the other hand, Θ−D method is the other space-state dependent method that
can be used for missile autopilot [Balakrishnan et al., 2013]. It resolved the Hamilton-
Jacobi-Bellman equation by using small perturbations and achieves a suboptimal so-
lution to the control problem but only with constant weighting matrices. The Θ −D
method is a sub-optimal control scheme that approximates the solution to the SDRE
and applies disturbance terms to the SDRE in order to prevent large control inputs.
Compared to the SDRE approach, the Θ − D controller claims to give a closed-form
solution and is potentially easier to implement, with some sacrifice in accuracy.

2.2.3 Adequacy of Control for DAC Missile Autopilot

Table 2.2 summarizes the previous discussions and evaluates each of the nonlinear
control methods against the DAC autopilot requisites of prevent actuator saturation,
control channel allocation, robustness and stability, capacity to optimize performance,
simplicity of implementation, handling of non-minimum phase plants, ability to connect
with a filter of noise variables and the preservation of plant non-linearities.

The implication of table 2.2 as a summary of our previous literature review, is that
the SDRE method is able to handle most of the desired characteristics. In particular
SDRE can optimize missile performance for multi-input plant and will be used in the
Thesis as the basis for the optimization schemes. However the method needs to be
modified to address:

1. Feasible solution of the nonlinear tracking problem.

2. Treatment of plants that do not respond linearly to control inputs, the non-affine
systems.

3. Equilibrium state demand for nonlinear plants.
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Gain Scheduling • • • •
Augmented Control • • • •
Dynamic Inversion •
Recursive Backstepping •
Sliding Mode Control • • •
Nonlinear Predictive Control • •
SDRE • • • • • • • • •
Θ−D • • • •

Table 2.2: Summary of Non Linear Control Methods. Application of Non Linear Control
methods to Dual Control Aerodynamic Missile. The visited control methods are evaluated
against the desired characteristics of the dual aerodynamic control missile autopilots. A dot
simply represents that the method fulfills to a certain degree that particular requirement.

4. There is no general theory for stability and performance is not guaranteed.

5. Conditions for optimal or suboptimal solution.

6. Although the optimization has been resolved properly in an infinite-time horizon
a feasible resolution in a finite time horizon, as required by the guidance and the
integrated apprach, is still to be developed.

7. Robustness to external perturbations and versus parasitic loops.

8. Like any other proportional control methods, it saturates when one of the vari-
ables largely dominates over the others.

All these open questions for the SDRE method will need to be addressed as part of
the investigation. The SDRE method and its underneath assumptions are reviewed in
Appendix B.

2.3 Single and Two-Loop Guidance State of the Art

In this section we will review the state of the art in the guidance of missiles with a
two loop scheme and a single, integrated guidance and autopilot loop. The current
issues found in the literature with the integrated approach are highlighted. Finally we
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will review the literature on the application of single-loop schemes to the dual control
missile.

2.3.1 Two-loop Missile Guidance

Proportional Navigation and Optimal Guidance Law

Traditional missile guidance laws are designed independently of the autopilot. The first
tranche, consisting of Velocity Pursuit, Deviated Pursuit, Command LOS Guidance,
Proportional Navigation (PN) and Augmented Proportional Navigation (APN) laws
[Locke, 1955; Cucharero, 1995; Garnell, 1980; Shneydor, 1998], which have been used
extensively as homing air-to-air missiles guidance but, ignore any missile closed loop
dynamics. The second tranche, of optimal control laws, integrate some consideration
to the autopilot response in their formulation by assuming a first order linear transfer
function.

The great majority of the guided missiles today employ some version of PN as the
guidance law during the terminal phase [Palumbo et al., 2010]. In its most basic form
(see Figure 2.6) requires that the missile generates a demanded acceleration, normal
to the missile velocity VM and equal in module to:

nd = N ′VM σ̇ (2.13)

with N ′ a constant. It is however well-known that with PN is not feasible to obtain
a small miss distance when the missile has no substantial advantage in speed and
maneuverability over the target.
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Figure 2.6: Basic Guidance Interception Scenario
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Modern optimal control theory applied to the missile guidance problem can achieve
substantially better miss-distances against maneuvering targets, [Ben-Asher, 2010].
The resultant Optimal Guidance Law (OGL) compensates for the missile time constant
and is able to penalize excessive acceleration and control efforts requirements otherwise
imposed by the PN, and can include stochastic variables in its formulation. OGL
is derived assuming that missile and target are close to collision course, that target
acceleration is constant and that both missile and target are at constant speed. The
linearized two dimensional OGL problem can be formulated as [Sanz-Aranguez, 2011;
Zarchan, 2012]:


ẏ
ÿ
ṅT
ṅ

 =


0 1 0 0
0 0 1 −1
0 0 0 0
0 0 0 − 1

τg



y
ẏ
nT
n

+


0
0
0
1
τg

nd (2.14a)

J =
1

2
y2(tf ) +

1

2

∫ tf

0

n2
d(t) dt (2.14b)

where y = RTMσ is the distance normal to the initial LOS position and τg is the
missile response lag. This approach of equation 2.14b assumes that both missile and
target remain very close to the initial collision course and does not consider missile
large heading errors. The control variable is the missile demanded acceleration normal
to the LOS, nd. The optimal problem (2.14 has a closed form solution in the form:

nd =
Λg

t2go

y + ẏtgo +
1

2
nT t

2
go − nτ 2

g

e
−
(
tgo
τg

)
+

(
tgo
τg

)
− 1


 (2.15)

where the navigation ratio Λg is no longer constant like N ′ but time-dependent and
equal to

Λg =

6
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τg

)2
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e
−
(
tgo
τg

)
− 3e

−2

(
tgo
τg

) (2.16)

Note that as opposed to the autopilot infinite time tracking problem, optimal guid-
ance for missiles is a finite-time horizon regulator problem that aims to drive to zero
the relative separation normal to the initial LOS, y, at a certain final time tf . The
OGL can be considered as a generalization of PN with two additional control gains
in the linear model. In this case, when the missile has no control lags and there is
no velocity weighting in the cost index problem, and if the target does not maneuver,
the optimal law is the PN law [Bryson and Ho, 1969], or if the target has a constant
maneuver then the optimal law is the APN.

The advantages of the modern control formulation versus the basic PN, can be
summarized as follows

• OGL takes target maneuver nT into account, to deal with highly maneuvering
target scenarios. Augmented PN is capable of consider constant target maneuver.
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• There is an explicit assumption about the missile dynamic response characteris-
tics. For formulations other than a single-lag, explicit solutions are not possible,
and numerical solutions are obtained.

• Considers that the end game has a finite time

• It is able to consider that the missile has a limited maneuver capability

However, certain additional requirements have limited its implementation in real
missile applications:

• It increases the target information requirement from the on board seeker and it
considers that all missile states are available for feedback.

• Formulating the interception of a maneuverable target as an optimal control
problem requires an assumption on the future evolution of its maneuver nT (t),
as detailed in Figure 1.3.

• It is sensitive to time to go estimation errors, tgo is part of equation 2.15 and
requires an estimator outside of the guidance block, in Figure 1.3.

• If the derivation assumptions become too specific, the resulting guidance law may
work well only if those assumptions actually hold, but performance may actually
degrade as reality deviate from the assumptions.

• The weighting factors that appear in cost index, are not defined and are problem-
dependent.

Drawbacks in the Two-Loop Scheme

As mentioned earlier, the guidance loop is placed in an outer loop that commands an
acceleration nd to be tracked by an inner-loop missile autopilot (see Figure 1.3). There
is no other feedback of information among them in this Two-Loop guidance and control
design. Their spectral and time scale separations have been the traditional justification
to design control and guidance separately. However some of the identified problems in
the literature with the traditional, non-integrated approach are:

• When the optimal guidance law is formulated, the traditional autopilot design
(classical or optimal) still considers an infinite time horizon problem, without
reference to the time-to-go parameter.

• There is only partial feedback in the form of normal acceleration of the missile
states to guidance system, and no direct feedback of the target states to the
autopilot.

• A delay is introduced as the guidance and autopilot operate at different frequen-
cies.

• The autopilot time constant has a significant influence on the miss distance.

• Both the autopilot and the guidance blocks assume constant speed for both mis-
sile and target. Ad-doc fixed, outside of the optimization loops can be developed
but the fundamental formulation is still for constant speed.
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• As the guidance has no information of the missile states and remaining maneu-
vering capability at each instant, the demanded acceleration can cause missile
actuator saturation, with potential for opening the feedback loop and causing
instabilities in the guidance and control system.

• Finally the interception of modern highly maneuverable targets increases the
response time demand on the interceptor during the last stage of the engagement,
violating the spectral separation hypothesis [Shima et al., 2006].

These conclusions highlight the need of a more closed integration between mis-
sile guidance law and autopilot in what is denominated a single loop or integrated
guidance-autopilot approach, as reviewed in the next section. The topic of integrating
the guidance and autopilot functions is one of the most active areas in missile research
today. In the integrated guidance-autopilot (IGA) approach, the commands are gener-
ated directly to the fin servos making use of both guidance and missile states, without
an identifiable autopilot loop.

2.3.2 Single-Loop Missile Guidance

With the application of modern control theory, Integrated Guidance and control or Au-
topilot (IGA) is a new possible approach for missiles [Yanushevsky, 2008; Balakrishnan
et al., 2013; Palumbo et al., 2004] that refers to the generation of the control commands
utilizing both, the missile states and the target states relative to the missile. IGA is
an emerging trend in the missile technology that is subject of many recent research
papers. It argues that the traditional cascade approach to guidance and control may
not always exploit the synergies between the interacting subsystems and as a result,
the overall system performance is constrained. Accordingly, in the integrated guidance
and control, there is no separation between the guidance and autopilot subsystems.
Therefore, integrated guidance and control, by adding additional feedback loops in the
control system, has in theory the potential to make full exploitation of the synergies:

• Adjust the autopilot response to accommodate guidance demands considering
time-to-go information.

• Avoids autopilot command saturation due to agile target maneuvers.

• Simplifies the design process and eliminate iterations

The application of IGA approach to missiles was first formulated by [Evers et al.,
1992]. The mentioned non-linear control methods have been used for the IGA approach:
feedback linearization and [Menon et al., 1999] adaptive [Erdos et al., 2012; Kim et al.,
2007], SMC [Harl et al., 2010], SDRE [Menon et al., 2003; Palumbo and Jackson, 1999],
time-delay [Park et al., 2011], backstepping [Hwang and Tahk, 2006], all in a single
plane. The recent focus has been in three dimensional intercepts: [Foreman et al., 2010]
have first suggested the use of quaternions in the integrated approach with SMC and
reference [Harl et al., 2010] separated the space engagement into vertical and horizontal
plane engagements.

There are still significant theoretical problems in the implementation of the IGA
and not a uniform methodology has been developed yet.
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First, in the uncoupled approach, the autopilot must run at a higher frequency
than the guidance block, this makes the guidance loop too slow for certain interception
scenarios. However if the guidance and autopilot run at the same speed, the system
is prone to instabilities due to the transient, low-damping, dynamic, of the interceptor
missile unless it is properly managed.

Second, the IGA formulation contains variables with very different scales. The
guidance variables, distances and velocities, are two or three order of magnitude higher
than the attitude, angle of attack and sideslip, angles and control fin deflections for
the missile. The IGA control tends to compensate for errors in proportion to their
magnitude. If guidance errors are allowed to dominate over missile states, the control
commands result in high missile accelerations and possibly fin saturation with loss of
control. In best case, because control actions are limited by the actuator capabilities,
the response will create a bang-bang type of control [Vaddi et al., 2009] where the
actuators switch between minimum and maximum mechanical positions.

The bang-bang type of control is not uncommon in some missiles and guided rockets,
and it has been argued that the control law is simple and suits better the characteristic
operational mode of a typical pneumatic actuator of a missile [Koren et al., 2008].
However in this case, not only the solution is not sub-optimal anymore, as it reaches
its boundaries, but also the bang-bang control will cause large oscillations in the states
of a high dynamic, low damped missile. In effect, for the air to air missile the positions
with maximum control deflections are not in general trimmed condition, fitted for a
sustained flight, and the frequency of swap between max and minimum will be very
high, driving a very oscillatory response of the missile. As a result, during all the flight
the missile is dynamically unstable the miss distance precision will be very poor. As
well, the resulting bang-bang approach will cause a large increase in axial force and
sudden loss of missile speed, that turns the weapon ineffective and reduce it effectiveness
range.

One possible solution to eliminate the effect of different error scales is to use state
dependent weights, as studied by author [Xin et al., 2006], where the weight for the
guidance errors is low at the beginning of flight and large close to interception. The
problem would then became twofold a) how to accurately define these functions so the
missile flies optimally to the target from launch, and b) how to define them for all
possible relative geometries between missile and target and missile flying conditions.
A complete set of state dependent weights cannot be guaranteed to work in the full
operational envelope of the missile, so this approach is not considered feasible.

Other approaches found in the literature to prevent the effect of different scales
of guidance and autopilot variable shave been recurring to non-realistic linearization
around the collision course [Levy et al., 2013b; Park et al., 2011; Zhurbal and Idan,
2011a] or formulation of the IGA problem in missile body axes [Balakrishnan et al.,
2013; Dancer et al., 2008; Xin et al., 2006; Menon and Ohlmeyer, 2001]. Because IGA
combines guidance and missile states, which have different scales, any of these two
mentioned approaches reduce the magnitude of the guidance states by omitting the
distance between missile and target along the line of sight (LOS), or along the missile
symmetry axis, respectively. However the review of literature suggests that the IGA
formulation in missile body axes posed several inconveniences:

• The elimination of the distance along missile symmetry axis from the control,
results in a tendency to slide around the target and not actually hit it. The sliding
behavior has been previously identified in [Balakrishnan et al., 2013; Dancer et al.,
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2008] and it is especially acute when neither the missile axial velocity, u, is not
included in the model. As the missile fins primary function is to rotate the missile
in order to generate angle of attack and maneuver, the risk is that the dominant
effect of fin deflection causes the missile to rotate around the target. Note that
in the non-coupled approach the sliding does not happen because the guidance
system demands acceleration to the missile, but in the IGA approach we do not
have that intermediate step.

• The formulation in missile body axes is as well very sensible to the selection of
weighting error factors as noted in [Xin et al., 2006].

Author own numerical experiments with body axes formulation have also resulted
in high oscillatory missile behavior and among the plausible explanation is the typical
missile airframe low damping dynamics in pitch and yaw. These instabilities can cause
resonant behavior and coupling between pitch, yaw and roll movements, yielding the
missile out of control.

As an alternative to distances to target, it is worth noting that other authors on
IGA selected LOS angular rates [Vaddi et al., 2009; Menon et al., 2002b], predicted
impact point heading errors [Harl et al., 2010] or angle between line of sight and pursuer
velocity [Yamasaki et al., 2011], as the scale of any of these magnitudes is comparable
to the scale of the missile states. The resulting guidance strategies are similar to follow
a proportional navigation law in the first two scenarios and pure pursuit in the latter.
However it is well known that proportional navigation or pure pursuit strategies result
in higher acceleration demands than an optimal guidance approach [Zarchan, 2012].

Third, other approaches to the IGA problem in the literature have not consider the
target velocity, as in the works of authors [Yan and Hou, 2014; Haibo, 2012]. Combined
with the formulation in missile body axes, eliminating the target speed removes the
need of considering the dynamics from body to inertial axes. Not considering the target
speed is a strong assumption against modern targets like a supersonic UCAV, it should
be retained in the formulation.

Finally, the literature IGA schemes are all solved in an infinite-time horizon, while
we have seen in section 2.3.1 that guidance is a finite-time, constrained approach. A
finite time resolution is necessary to impact a maneuvering target.

It should be noted from the above literature review that there are unresolved ques-
tions on the IGA approach that need to be addressed, in regards to its stability, the
presence of different scales and the resolution in finite time horizon. This thesis will ad-
dress these three issues by posing the IGA problem in inertial axes rather than missile
body axes, introducing a command generator that provides an instantaneous reference
state that eliminate the problem of scales, and by solving the IGA problem in a finite
time with a new mathematical method of resolution.

2.3.3 Literature Review on Two and Single-Loop Guidance
for Dual Controlled Missiles

Researches in [Shima and Golan, 2005, 2006, 2007] have studied optimal guidance
laws for the dual control missile. These authors provided solution to the terminal
engagement, linearized around the collision course, with a linear quadratic differential
regulator and for mechanically bounded and non-bounded control fin angles. The
guidance block imparted the commands directly to the canard and tail control channels,

37



CHAPTER 2.

each represented by linear bi-proper transfer functions, assuming small attitude angles,
constant velocity and no coupling between the canard and tail actions. With these
assumptions, authors suggested that advantage should be given to the canard control
channel, as increasing the tail control effort has a detrimental effect due to the non-
minimum phase effect. The findings are consistent with those of past study by Gutman
in study [Gutman, 2003], that demonstrated the superiority of canard missiles under
very similar assumptions.

Table 2.3: JCR References on DAC Missile Guidance. Table lists published papers in
JCR journals that investigate the guidance and the integrated guidance-autopilot for dual
aerodynamic control missiles. Six papers are identified.

Reference Aero Model G& C Area Control Method

Levy et al. [2015] Constant Coefficients IGA LQR
Yan and Ji [2012] Constant coefficients IGA Small-gain
M. Idan and Golan [2007] Constant coefficients IGA SMC
Shima and Golan [2007] Bi-proper transfer fc. Two-Loop LQD
Shima and Golan [2006] Bi-proper transfer fc. Two-Loop LQD
Shima and Golan [2005] Bi-proper transfer fc. Two-Loop LQD

Shima and co-workers, in their series of articles, [Shima and Golan, 2005] 6 , [Shima
and Golan, 2006] 7, [Shima and Golan, 2007] ,developed an optimal Linear Quadratic
Differential (LQD) guidance law, where the guidance block directly imparts the com-
mands to the canard and tail control channels (see Figure 2.7). They considered planar
engagement scenarios with missile operating in pitch, although roll control remained
unresolved. Both forward and rearwards control channels are represented in this re-
search by bi-proper transfer functions, where the inverse response of tail channel is
considered. There is a bound in the form of a constant representing the maximum
acceleration that the interceptor missile can achieve, where the addition of the forward
and rear commanded acceleration cannot exceed this maximum value. The treatment
of the bounds can be done either directly [Shima and Golan, 2006] or indirectly [Shima
and Golan, 2007] through weighting factors in the cost index. They also assumed
equal design of the canard and control fins and equal contributions to missile force and
moment.

From the aforementioned investigations, it is necessary to do deeper research for
the better understanding of the two-loop scheme for dual control missiles, particularly
in the following areas:

• In order to remove non-linearities in the guidance and control, previous studies
assumed the missile and target paths to be almost in a collision triangle, and the
autopilot responses are assumed linear, which means the missile shall be limited
to small attitude angles (α and control deflections, δ). No aerodynamic control
cross-coupling or saturation effects have been thoroughly investigated. Neither
there is consideration for missile drag nor how the guidance law will consider its
effects. With these restrictions, conclusions obtained resembled those of Gutman
(in already cited [Gutman, 2003] and in [Gutman, 2005]): advantage should be

6paper anticipated via Conference in [Shima and Golan, 2002]
7paper anticipated via Conference in [Shima and Golan, 2003]
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Figure 2.7: Model for Dual Control Missile Guidance Law. From reference [Shima and
Golan, 2006]. In the Figure, y is the relative displacement between the target and interceptor
in a collision course, uc and ut are the commanded accelerations of the canard and tail
channels respectively, and the acceleration of the missile and target are ap and aE respectively.
Note the canard and tail channels are represented by linear functions.

given to the canard control channel, as increasing the tail control size or effort
has a detrimental effect due to the non-minimum phase response. As cited by
authors, the consideration of all of the cited effects may change this conclusion.

• The LQD approach to guidance [Ben-Asher, 2010] it is another idealization, that
assumed perfect knowledge of the target maneuver by the missile guidance sys-
tem. No research has been carried out to investigate the effects of seeker noises
and radome distortions in the guidance law.

• The definition of the bound by Shima requires further consideration. As posed
it is only applicable for a DAC missile operating in divert mode. If the controls
are deflected in opposite directions, the missile rotated and the majority of a
missile force is ultimately generated by the body angle of attack, greater than
controls direct lift sum. The separation of and limits to the individual canard or
tail channels will only make sense if the missile operates in divert mode.

• Finally, the direct allocation of control efforts from the guidance law to the for-
ward and rear channels is only applicable under the consideration of no aerody-
namic coupling between the two channels, under the consideration that they act
independently. If the coupling is considered, the tail response will be influenced
by the canard downwash strength which is dependent of its deflection angle δcq
and the missile angle of attack α.

In previous IGA papers for missiles with dual aerodynamic controls, sliding mode
control [M. Idan and Golan, 2007] 8, small-gain theorem [Yan and Ji, 2012] and linear
quadratic [Levy et al., 2015] formulations have been employed in solving the IGA
problem. These authors all considered linear missile dynamics operating in divert
mode. Levy et al. in [Levy et al., 2015] recently concluded that, assuming linear
dynamics and linearization around the collision course, the integrated and the two-
loop scheme gave equivalent results for the dual control missile, with no advantage for
the integrated solution.

8paper anticipated via Conference in [M. Idan and Golan, 2005]
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In the first paper, [M. Idan and Golan, 2007], Shima and co-workers expanded
their mentioned work for guidance laws, but here the integrated controller -replacing
all guidance, autopilot and servo blocks- makes use of the additional fin control to
improve the dynamic response of the missile. Sliding control (see Section 2.2.2)is
employed with an additional sliding surface defined on top of the Zero Effort Miss
manifold (introduced in a previous work from these same authors for a canard-only
missile, [Shima et al., 2006]). However the study is focused in an idealized interception
scenario, where real effects are not included. In particular, guidance and autopilot
schemes remain linear, aerodynamic model is of constant coefficients, missile speed
is constant, with no drag, and fixed mechanical limitations are considered for the fin
deflections but not aerodynamic saturation.

In the second IGA paper, authors [Yan and Ji, 2012] used the additional control to
achieve a desired terminal attitude against a ground target, using small gain theorem
(see Section 2.2.2) to maintain system stability. This is a more realistic approach
as here the guidance problem is not linearized around the collision course; however
deeper research can be carried out as the autopilot remains linear, with no aerodynamic
coupling between controls, no saturation effects and the problem formulation remains
confined into a plane.

Figure 2.8: Block Diagram of a Separated Linear Two-Loop Autopilot-Guidance Law. From
reference [Levy et al., 2015]. The nomenclature is similar to those of Figure 2.7

Figure 2.9: Block Diagram of an Integrated Single-Loop Guidance Law. From [Levy et al.,
2015]. Note the integration here excludes the servo system. The nomenclature is similar to
those of Figure 2.7

Finally, although the study is focused on an exo-atmospheric, hybrid missile, au-
thors in [Levy et al., 2015] 9 the results are extensive to a DAC missile. Authors
highlight that the integrated missile designed with a LQR will achieve the same per-
formance than the optimum two-loop, non-integrated, system, provided that there are

9The results were however advanced in two Conference Papers, [Levy et al., 2013c] and [Levy et al.,
2013a]
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two separate guidance commands. However the autopilot gains in both cases are chosen
and not part of the optimization loop. Similar conclusion was obtained in a previous
work by the same authors in [Levy et al., 2013c] for a tail-only controlled missile. In
any case the conclusion is of significance as it could mean that the two-loop scheme
could be preferred versus the integrated single loop, against the research community
expectations in integrated control (see Section 2.3.2). This conclusion could be contro-
versial and deeper analysis is needed to investigate if this conclusion holds when more
realistic missile effects are considered

2.4 Conclusions: Knowledge Gaps in the Field

Although a few researches have been identified about aerodynamics, control and guid-
ance of DAC missiles, there are still significant areas that have not been thoroughly
investigated. There is no study characterizing the cross control coupling effect in the
presence of the missile body and how can that be incorporated into the missile control
and guidance schemes.

No attempt was done to explain the out of plane aerodynamics and its control
mechanism or the axial force caused by the dual control. Another unresolved question
is how to establish the margin to supersonic saturation for each fin in a multiple
actuation fin vehicle as each fin will have a different incidence angles in flight.

It is essential to develop a full aero model of the dual control aerodynamics incorpo-
rating these effects and the non-linear aerodynamics of the missile that can be used for
a guidance and control analysis to understand the performance characteristics of the
missile. We have seen in section 2.1.2, that a combination of numerical CFD analysis
with semi-experimental methods can provide the required accuracy but results need to
be validated against wind tunnel test data.

From the revision of MIMO nonlinear control methods in section 2.2.2, the SDRE
techniques emerges as the most suitable for the DAC autopilot capable of handling
the tail non-minimum phase and optimize the missile performance, as shown in sec-
tion 2.2.3. However, further investigation is necessary to understand the handling of
cross-coupling, control allocation between forward and rear sections and switch logic
between divert and opposite control methods of operations. Most previous studies on
DAC missile guidance have assumed a simplistic model for the missile dynamics. It is
essential to provide a rigorous study of the two-loop scheme once the missile real effects
are incorporated. The acceleration generated by the missile will not be aligned with
the demanded acceleration by the guidance, causing a loss of guidance effectiveness.

The integrated scheme IGA, has been recently challenged in the literature reference
[Levy et al., 2015], as not being able to provide any performance enhancement versus
the two-loop logic in an idealized interception scenario. This conclusion will need to
be revisited, especially when missile and target initial launch conditions are far from
a collision course. IGA schemes found in the literature still suffer from instabilities
and tendency to saturate due to the problem of different scales and are only solved
in an infinite time horizon. Further research is necessary to construct a reliable IGA,
single-loop logic. Finally, no study in the literature has dealt with the effect of noises,
variable filtering and radome errors, so it is paramount to do deep research on this
area.
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Chapter 3

Dual Control Aerodynamics and
Static Maneuverability

This Chapter proposes an aerodynamic model to study the effects of high incidence
aerodynamic non linearities and cross couplings effects. Section 3.1 defines the geome-
try and operational characteristics of the DAC missile, whereas Section 3.2 introduces
the specific DAC nomenclature that will be used through the rest of the Chapter and
the Thesis. Section 3.3 discusses the aerodynamic phenomena that need to be captured
by the aero-model, with the help of component build up and slender body theory. Sec-
tion 3.4 develops and presents the aerodynamic analytic model with general equations
for all the aerodynamic coefficients CN , Cm, CA, Cl, CS and Cn. Aerodynamic data,
obtained from wind-tunel test of a suitable model and complemented by numerical fluid
dynamic calculations, have been used to validate the model. Techniques for model fit-
ting are described and limitations of the model are indicated. The effect of aerodynamic
in open-loop response and static maneuverability characterisitcs for the dual control
missile are in Section 3.5. Finally Section 3.6 contains the conclusions for this Chapter.
The findings obtained in this Chapter will be applicable in the guidance and control
studies to evaluate the homing performance against targets turning at a constant rate.

3.1 Choice of Aerodynamic Configuration

A general definition of the DAC missile geometry considered most suitable for our work
follows:

• The dual aerodynamic control (DAC) missile is of the type of a short to medium
range air-to-air, solid rocket propelled missile, equipped with a radar homing
seeker 1

• Radome of tangent-nose type for reduced drag (see Figure 3.1), followed by a
cylindrical body shape, high overall fitness ration and two aligned sets of cruci-
form fins placed at forward (canard) and rearward (tail) positions.

1the information requirements imposed by the optimal guidance law - see section 2.3.1- include
distances and velocities to target as well as target maneuver estimation, that can only be provided by
a radar seeker. An infrared seeker would install a semi-spherical irdome that creates more drag and
directly measures the line of sight angle.

43



CHAPTER 3.

• Both canard and tail fins are of short span and low aspect ratio, with a relation
of exposed-fin-semispan to body radius close to or less than unity. This low ratio
increases the lift effect in the fin due to missile body and also it is forced by more
stringent stowage requirements for compactness in air launched missiles,

• The control type that will be of interest here is the all-movable control with
rotation around a hinge line perpendicular to the body.

• As the objective of the present work is to investigate the performance of a missile
with dual control, we will consider in what follows that the canard and tail fins
are identical. Any influence of differences in relative size of canard and tail are
then removed from our analysis, in particular the maximum allowed incidence
angle at canard and tail will coincide.

• Missile is assumed to be a rigid body with perfect cruciform symmetry in both
geometry and mass properties.

This description is universal enough to represent the best part of in-service cruciform
missiles. However the choice of configuration was determined by the fact that a similar
configuration was extensively tested at NASA (see Appendix C) as part of a programme
of basic research. Nonetheless as our investigation is primarily concerned with the
effects of dual control, it was necessary to supplement the existing wind-tunnel data
by further numerical tests on the model (see appendix D).

In terms of operational mechanism, it is determined that:

• In this investigation, the missile will only be guided in supersonic, in agreement
with the mission defined in section C.2, or in accordance with the tail attack
mission defined in section 5.5. Because the Thesis emphasis is the guidance
and homing performance study, the aerodynamic model will be restricted to
supersonic regime and does not include subsonic or transonic speeds.

• The DAC missile shall use Cartesian control (also known as skid-to-turn) and
will be roll-stabilized around the plus, ”+”, orientation. This configuration lacks
an inherent stability in roll, and will tend to roll in response to disturbances.
The missile autopilot will be responsible to stabilize the roll position in spite
of disturbance moments. Whereas a different cross roll orientation in ”x” will
drive a higher maneuvering capability, however this plus configuration is selected
because there are fewer vortexes shed out of the canard fins interacting with the
tail surfaces, with the resulting higher stability and controllability for the DAC
missile.

• Roll control is achieved by differential deflection of tail fins. As hereby defined,
the canard fins have very limited roll control authority with very low efficiency
for that purpose. As a result, the DAC missile will have a total of eight mobile
fins, although only six servos are necessary, on account of the fact that surfaces
1c with 3c, and 2c with 4c, are mechanically linked (see Figure 3.1) . There are
two servos in the nose section, for pitch and yaw control, and four servos in the
tail section, the latter distributed around the rocket tail pipe. Each of the fins of
the tail can have an independent deflection. The tail can control as well in both
pitch and yaw, and is responsible for roll control of the missile.
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3.2 Nomenclature and Sign Convention

Figure 3.1: Dual Control Missile Axes and Nomenclature. Body axes are centered at the
center of mass. The Figure illustrates positive fin control deflections and positive aerodynamic
forces and moments. It shows as an example a positive deflection in canard fins 1c and 3c,
and on tail fins 2t and 4t. Arrows represent direction of leading edge control deflection.

The body axes (B) MXBY BZB (see Figure 3.1) are centered at the missile center
of mass, and aligned with control fins and the missile principal axes of the moment
of inertia tensor. The MXB axis points through the missile ojive, axis MY B through
the right fins and axis MZB points fixed by the down fins. Plane MXBY B is the yaw
plane and MXBZB is the pitch plane.

The missile velocity with respect to an inertial reference frame, expressed in body
coordinates, is:

V B
M =

[
u v w

]T
(3.1)

The missile angular velocity with respect to an inertial reference frame LXLY LZL,
expressed in body coordinates,

ωBM =
[
p q r

]T
(3.2)

Angular velocities of the missile along body axes, pitch rate q, roll rate p and yaw
rate r follow the right hand rule sign convention, Figure 3.1. The wind axes are defined
so the OXW is aligned with the missile speed:
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VW
M =

[
VM 0 0

]T
(3.3)

with VM =
√
u2 + v2 + w2 .

The Cartesian angle of attack and sideslip are defined as:

α = t−1

(
w

u

)
(3.4)

β = s−1

(
v

VM

)
(3.5)

Sideslip angle is positive when the incoming aerodynamic velocity is on the right
side of the symmetry plane. Note that with this definition of sideslip we do not maintain
the symmetry of incidence angles with respect to the two cruciform fin planes of the
missile, but it is accepted as we will restrict our analysis to moderate values of β. The
polar total angle of attack and aerodynamic roll angle are:

αT = c−1

(
u

VM

)
= c−1 (cαcβ) (3.6)

φa = t−1

(
v

w

)
= t−1

(
tβ

sα

)
(3.7)

The aerodynamic quantities are peridic funtions of φa.
We adopt the following sign criterion for the control deflection: looking from missile

rear, a positive control deflection for the vertical fins is leading edge right, and for the
horizontal fins is leading edge up. Note this is different from other sign conventions in
airplanes [Klein and Morelli, 2010].

The four horizontal surfaces in plane MXBY B (see Figure 3.1) (1c, 3c, 1t, 3t) are
deflected for pitch control, and the four vertical in plane MXBZB , (2c, 4c, 2t, 4t), are
deflected for yaw. Missile roll is controlled by differential deflection of the tail fins (1t,
2t, 3t, 4t). Positive roll is clockwise as viewed from missile rear and causes the right
or starboard fin tip to move downward.

For missiles, due to changes in center of mass position during rocket engine burn,
it is customary that the aerodynamic moments are measured about a fixed reference
point, the moment reference center (mrc): L

M
N

 = q∞Srefd

 Cl
Cm
Cn

 (3.8)

The aerodynamic forces and moments at the missile center of gravity along the
body axis are given by:  FA

FS
FN

 = q∞Sref

 CA
CS
CN

 (3.9)

 Lcm
Mcm

Ncm

 = q∞Srefd

 Cl
Cm + s̄(t) · CN
Cn − s̄(t) · CS

 (3.10)
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with:

s̄(t) = d̄cm(t)− d̄mrc (3.11)

where d̄ is the non-dimensional distance, measured in calibers, d, positive aft of the
missile nose. Note from equation 3.10 that when s̄(t) 6= 0 there is coupling between
aerodynamic force and moment.

Table 3.1: Missile Motion Variables

Missile Body Axes Roll Axis XB Pitch Axis Y B Yaw Axis ZB

Angular rates p q r
Velocity u v w
Aerodynamic forces FA FS FN
Aerodynamic moments Lcm Mcm Ncm

Moments of inertia IBx IBy IBz
Control deflections δp δq δr
Euler angles φ θ ψ
Missile thrust T

With the defined criterion for the fin deflections, positive sideslip and angle of attach
create a positive side or normal force

β > 0⇒ FS > 0 (3.12a)

α > 0⇒ FN > 0 (3.12b)

The following variables are defined:

• Elevator deflection (pitch rudder angle):

δcq =
1

2
(δ1c + δ3c) (3.13)

δtq =
1

2
(δ1t + δ3t) (3.14)

A positive elevator deflection at zero angle of attack and sideslip yields:

δcq > 0⇒ (FN > 0,M > 0) (3.15a)

δtq > 0⇒ (FN > 0,M < 0) (3.15b)

• Rudder deflection (yaw rudder angle):

δcr =
1

2
(δ2c + δ4c) (3.16)

δtr =
1

2
(δ2t + δ4t) (3.17)

A positive rudder deflection at zero angle of attack and sideslip yields:

δcr > 0⇒ (FS < 0, N > 0) (3.18a)

δtr > 0⇒ (FS < 0, N < 0) (3.18b)
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• Aileron deflection (roll rudder angle):

δp =
1

4
(δ3t + δ4t − δ1t − δ2t) (3.19)

A positive rudder deflection at zero angle of attack and sideslip yields:

δp > 0⇒ L > 0 (3.20)

In matrix form the individual control deflections for the DAC, considering the defined
way of operating, can be obtained as:

δ1c

δ2c

δ3c

δ4c

δ1t

δ2t

δ3t

δ4t


=



1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 −1 1 0
0 0 −1 0 1
0 0 1 1 0
0 0 1 0 1


·


δcq
δcr
δp
δtq
δtr

 (3.21)

3.3 Investigation of Cross-Control Coupling

To better understand the DAC aerodynamic phenomena, it is helpful to examine the
total normal force for the canard-body-tail missile configuration in the nonlinear of
attack range, given by:

CN = CNB + CNBc + CNcB + CNBt + CNtB
+ CNβ + CNβ + ∆CNt−vc + ∆CNt−vB + ∆CNc−vB

(3.22)

where CNβ represents any possible sideslip effect and the last three ∆ terms show the
negative vortex effect on the canard or tail due to canard or body vortices. Note
that in some other expressions in the literature, ∆CNt−vB and ∆CNc−vB can be found
integrated in CNtB and CNcB respectively, but we will consider them separately. Because
the selected configuration for the DAC is +, roll stabilized in ”plus” (see section 3.1 ),
the vertical fins carry no lift in normal force.

The new complexity with two sets of controls in the DAC missile is the interference
resulting from the vortices shed by the deflected canards impinging on to the deflected
tail surfaces, included in ∆CNt−vc . However the extend of the canard-tail interference
depends in a large measure of an understanding of the manner in which vorticity is
discharged from the canard in combination with the missile body flow, and the resulting
downstream pattern. Canard vortices and its movement downstream are characterized
by the body to fin interference and the body crossflow vortices. Section 3.3.1 will review
the aerodynamic phenomena expected in the DAC missile, and canard-tail interference
analysis follows in section 3.3.2. Finally section 3.3.3 will built on previous discussions
to establish the aerodynamic limits of operations for the DAC missile.
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3.3.1 General Flow Field Description

Body flow, CNB
and Upper Bound

The aerodynamics around the missile body are dominated by nonlinear viscous cross-
flow with a negligible linear contribution from α > 5, [Moore, 2000] and for preliminary
purposes, the body-only CNB normal force can be estimated with the classic Jorgensen
method [Jorgensen, 1977] (see Figure 3.2 for the results obtained for the NTCM).

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28
0

1

2

3

4

5

6

7

8

Angle of Attack, α, deg

C
N
B

Jorgensen method
Polynomic fit, eq.( 3.23)

Figure 3.2: Body-alone Normal Force Coefficient. NASA Tandem Control Missile, Body-
alone normal force coefficient at Mach 2.5. Note that the linear contribution is negligible.
The curve reassembled and can be adjusted to a cubic polynomial.

For angles of attack in the range of 15 to 30 deg, the flow field becomes progressively
asymmetric as stated by authors [Park et al., 2009] although it remains steady. This
phenomenon is strongest for M∞ < 2.0 and aggravated by the low drag ojive, as it
diminishes with nose bluntness. However when the angle of attack increases further,
the body vortex pattern turns to be asymmetric with unsteady flow, a phenomenon still
not predictable in general sense, and as a result a strong unsteady side force appears
even at zero sideslip, the phantom yaw.

The significance for our investigation on the control of the DAC missile is that the
angle of attack shall not exceed certain value αpy to prevent large side forces appearing,
caused by asymmetric body vortices. Same applies to the sideslip angle with a limit
βpy. It has been recently published that rapid oscillations in pitch are expected to
decrease the phantom yaw effect [Xia et al., 2012]. Due to rapid oscillations in pitch
expected and the operational Mach of the DAC missile being higher than 2.0, in this
Thesis the upper bound is set approximately at αpy = 35 deg for dynamic and (q̇ 6= 0)
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αpy = 30 for static conditions, and it will be assumed that for α < αpy there is no
significant presence of phantom yaw.

Exposed panel fin, cN

The isolated short span and low aspect ratio fins have a significant and positive non-
linear term, and for fin alone the slope cNi increases as i increases. The fin-alone
nonlinear normal force coefficient can be calculated by supersonic potential wing the-
ory and adjusted by empirical correlations, see Figure 3.3. From now on it is assumed
that cN is referred to the missile aerodynamic reference area. The resulting values can
be typically adjusted by a high order, symmetric to the origin, polynomial fit in the
form:

cN = cNi (i) · i

=
n∑
k=0

c2k+1i
2k+1 (3.23)

where i is the control alone real incidence angle versus the free flow. From here the
nonlinear slope coefficient is cNi(i) =

∑n
k=0 c2k+1i

2k.
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Figure 3.3: Fin-alone Normal Force Coefficient. NASA Tandem Control Missile, Fin-alone
normal force coefficient, valid for canard and tail control panels as they are equal, with
Aspect ratio of 1.6. The coefficient is referred to the body maximum area, and calculated at
2.5 Mach. Data points are calculated using the methods of Missile DATCOM [Auman et al.,
2011] and can be found in Appendix E.
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Canard-Body, Body-Canard and Tail-Body, Body-Tail Interferences

The resulting mutual interaction of the flow fields of the lifting surfaces with the body
and between forward and rear surfaces, result in interference effects of the same order
of magnitude as those of the isolated elements. Due to the short span control surfaces,
the aerodynamic of the airframe with no control deflection is already nonlinear with
angle of attack. The interferences due to angle of attack and control deflections can be
expressed following [Vukelich et al., 1988], as:

CNBc + CNcB = cαN [KBc +KcB] + ccN [kBc + kcB] (3.24a)

CNBt + CNtB = cαN [KBt +KtB] + ctN [kBt + ktB] (3.24b)

where

• cαN is the normal force coefficient of the exposed panel calculated at α

• ccN is the normal force coefficient of the exposed canard panel evaluated at the
canard incidence angle:

icq = Kcb · α + kcb · δcq (3.25)

• ctN is the normal force coefficient of the tail panel evaluated at the tail pseudo-
incidence angle:

itq = Ktb · α + ktb · δtq (3.26)

where for the purpose of CN calculation, the canard downwash angle ε is not
included in itq, as its effect will be considered in ∆CNt−vc

2.

The effect of sideslip in all fins normal force in the presence of missile body in
equation 3.22 can be expressed by:

CNβ = Kφ · β2 (3.27)

however there are no precise theoretical data for Kφ and may need to be calculated
numerically or at wind tunnel.

Body-shed vortices effect on canard and tail fins

When the body angle of attack is above 5 deg, two symmetrical pairs of vortices are
formed on the lee side of the body, one from the canard forebody and one from the
canard afterbody [Abney and McDaniel, 2005]. The longitudinal and circumferential
location of body separation is dependent upon missile angle of attack, Reynolds number
and Mach number. As today, there is no precise theoretical procedure to know the
positions at which the vortices leave the missile surface and experimental or numerical
methods must be used.

The loss of normal force at the canard and tail surfaces caused by symmetric body
shed vortices at low angle of attack can be defined, from [Hoak et al., 1975], by:

2we will redefine these expressions for the three dimensional case in section 3.3.3
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∆CNc−vB = Kc−vB

(
ΓB

παVMd

)
c

(
d

be

)
cαN (3.28a)

∆CNt−vB = Kt−vB

(
ΓB

παVMd

)
t

(
d

be

)
cαN (3.28b)

where ΓB is the body vortex strength and Kc−vB and Kt−vB are the vortex interference
factors, that can be obtained from [Jorgensen, 1977].

Typically ∆CNc−vB is negligible, because the vortex pair from the forebody is broken
up by the canard and cease to be generated downstream of its leading edge, becoming
disconnected from the body and diminishing due to viscous dissipation and interaction
with adjacent vortices.

In contrast the vortices from the afterbody are amplified in strength as they travel
downstream, because of the discharge of vorticity all along the missile body, and are
eventually discharged as two free body vortices that interact with the tail. It can be
then considered that in presence of canard, the body vortices are always located below
the canard wake. In any case, and although the contribution to net normal force may
be small, ∆CNt−vB may have a large impact on pitch moment, due to tail long moment
arm. Figure 3.4 is an example of ∆CNt−vB variation with angle of attack.
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Polynomic fit, eq.( 3.23)

Figure 3.4: Loss of Normal Force at the Tail due to Symmetric Body Shed Vortices. Loss of
normal force at the tail due to symmetric body shed vortices on the NASA baseline missile,
at 2.5 Mach. Note the negligible effect for α < 5.
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3.3.2 Study of Canard-Tail Interference

The interference between canard and tail, results from the downwash in the tail region
created by the canard vortices and it is a non-linear effect stronger at low angles
of attack. Experimental investigations from authors [Spahr and Dickey, 1953; Wood
et al., 2003] already described the expected characteristic of the canard vortex wake.
In the DAC configuration, at zero roll angles and without sideslip, the top and bottom
canards produce no vortices because they are not at incidence to the incoming flow.
The horizontal canards develop a vortex along the leading edge (supersonic sharp
edge separation). As the incidence angle is increased, the wake at the trailing edge
of these low aspect ratio fins develops into a single region of concentrated vorticity,
which detaches and leaves the canard surface ahead of the trailing edge. The degree
to which the vortex sheet is fully rolled up at a specified distance behind the canard
panels influences the number of vortices affecting the tail. Numerical experiments have
been carried out (see Figure 3.5) which also reveal that as the vortex wake progresses
downstream gradually becomes warped and rolls up into one single pair of discrete
vortices. Figure also illustrates how the roll up of the canard vortex sheet into one
single vortex pair, happens well before the missile tail is reached.

The finding suggest that for low aspect ratio fin-body combinations, and at small
angles of attack, the nature and behavior of the wake is in good accord with a simplified
theoretical model, represented in Figure 3.6.

With the application of two-dimensional vortex and slender body theories [Rogers,
1954; Pitts et al., 1957], the canard vortex strength can be represented as equal to the
circulation at the body-canard juncture as follows:

Γc =
2VMc

c
NSref
πbe

(3.29)

For low aspect ratio fins like assumed for the DAC, the spanwise load distribution
can be approximated by a elliptical function, [Moore, 2000] where canard vortices are
discharged at the canard-alone center of vorticity fc, defined as:

fc =
d

2
+
π

4

be
2

(3.30)

However, in reality and for swept and low aspect ratio fins the discharge location is
displaced slightly closer to the missile body as the angle of attack is increased.

Once the vortices are discharged, and for small to moderate angles of attack (see
Figure 3.5, top), it can be understood that the resulting flow is basically two dimen-
sional, with the following assumptions:

• No lateral vortex spacing occurs between canard and tail, and the vortex steam
backward in the free stream direction. 3.

• The rate of distortion of the vortex pattern with distance downstream of the tail
is considered negligible.

Once they reach the tail control section, the vortices (and the corresponding image
vortices inside the body) will create twist and camber at the tail fins flow, proportional

3This assumption means that there is no lift retained in the after body between the canard and
the tail. In contrast, numerical experiments highlighted a slight inward and upward motion of the
vortices relative to the free stream which increases with angle of attack
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Figure 3.5: Total Pressure Contours. For the baseline missile at 2.5 Mach and angles of
attack α = 5 deg (top) and α = 30 deg (bottom). Missile canard is deflected δqc = 20 deg
positive. The two canard shed vortices are clearly visible and fully rolled up well before
the tail section, confirming the theoretical results. The vortices travel downwards at free
approximately flow velocity, impinging directly on the tail in the lower angle of attack case.
Its influence on the tail is much lower at higher angles of attack, where the after body vortices
are located below the canard wake and hence in an outwash flow field

to the vortex strength. The loss of normal force at the tail section due to the canard
vortex system is:

∆Nt−vc = q∞Sref∆CNt−vc (3.31)

where the coefficient ∆CNt−vc is defined as:

∆CNt−vc = Kt−vc

(
Γc

πitqVMbe

)
ctN (3.32)
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δcq
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x Path

α

δtq

δtr
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−Γc
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Figure 3.6: Canard-to-Tail Theoretical Interference Model. The vortices are assumed to
stream back in the free-stream direction from the canard trailing edge. There is no change the
lateral position in this displacement after its discharge. The presence of the missile afterbody
creates a pair of image vortices, placed inside the missile body, to maintain the boundary
conditions of the circular body; they are not represented in the Figure.

Here Kt−vc < 0 is the nondimensional tail vortex interference factor. For a given
geometry Kt−vc is a function of α and δcq, and can be calculated with strip theory, from
references [Ashley and Landahl, 1965] or [Moore, 2000]. A graphical representation of
this interference factor is in Figure 3.7 for several canard and attack angles.

Substituting equation 3.29 into 3.32 and rearranging terms, the effect of the canard
wake on a deflected tail control is:

∆CNt−vc(α, δ
c
q, δ

t
q) =

Kt−vc

2π

(
d

be

)2

ccNic
t
Ni
icq (3.33)

where ccNi and ctNi are the exposed fin normal force slopes evaluated at icq and itq respec-
tively.

Equation 3.33 indicates that for a missile with dual canard and tail controls, the
loss of load in the tail is a nonlinear function that depends primarily on the angle
of attack α and canard deflection δcq, but also has a second order dependency of the
tail control angle δtq through term ctNi . Because the latter can be represented by a
polynomic function, see equation 3.23, the tail dependence will contain δcqδ

t
q and other

higher order terms, where the last mentioned will generally be negligible.

Figure 3.8 obtained from equation 3.33, illustrates the dependence of ∆CNt−vc of
attack, canard and tail fin angles. The effect on the tail is centered on low angles of
attack. The resulting graph is an inverted ”bell” type of curve, which quickly falls off
towards zero for larger angles of attack. This is due to the fact that, as the angle of
attack α increases, canard vortex is further away of the tail as per the model of figure
3.6, and its influence rapidly diminishes, replaced by the body crossflow (see Figure 3.5
bottom).Figure 3.8 exhibits that the tail deflection influence is of secondary importance
compared to α and δcq, although increases with canard deflection angle.

These findings also highlights that the expected values of force coefficient ∆CNt−vc
are small, but because its presence multiplies the canard moment arm, important
fluctuations in missile pitching moment may occur as a result of the downwash.

From equation 3.33, if δcq = 0 (tail missile):
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Figure 3.7: Canard-to-Tail Interference Coefficients Kt−vc. Figure represents the coefficient
particularized for the baseline missile at Mach 2.5. The effect of canard interference is highest
at low angles of attack and quickly diminishes as the vortex gets further away from the tail
section as they stream backwards with angle of attack. All the graphs converge to a single
one if represented versus the equivalent canard incidence angle, icq = KcB · α+ kcB · δcq.

∆Ct
Nt−vc(α, 0, δ

t
q) =

Kt
t−vc

2π

(
d

be

)2

cNi (KcBα) ctNiKcBα (3.34)

where Kt
t−vc = Kt−vc

(
δcq = 0

)
. For a canard missile δtq = 0, 3.33 yields

∆Cc
Nt−vc(α, δ

c
q, 0) =

Kt−vc

2π

(
d

be

)2

ccNicNi (KtBα) icq (3.35)

expressions that will be applied in next section.

3.3.3 Fin Incidence and Supersonic Saturation

The goal of this section is to develop a more rigorous understanding of the actual
incidence angles at missile forward and tail controls, considering the canard downwash
effect described in the previous section. These findings will be used by the optimal
autopilot in Chapter 4 to prevent the missile from entering into supersonic saturation
and loss of control.

The downwash angle at the tail varies across the fin span, whereas an average
downwash angle at the tail leading edge can be defined by:
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Figure 3.8: Loss of Normal Force at the Tail due to Canard and Tail Interference. Figure
shows ∆(CN )t−vc for the base line missile at M = 2.5. The effect is significant at low angles
of attack when the canard vortices stream backwards and cross the tail plane at low height.
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εq(α, δ
c
q) =

∂εq
∂α
· α +

∂εq
∂δcq
· δcq (3.36)

that is independent of δtq. The derivative terms in 3.36 can be estimated from equation
3.33:

∂εq
∂α

=
∆CNt−vc(α, 0, 0)

α · cNi (KcBα)
(3.37)

and
∂εq
∂δcq

=
∆CNt−vc(0, δ

c
q, 0)

δcqcNi

(
kcBδcq

) (3.38)

These two equations represent functional dependencies ∂εq
∂α

= f(α) and ∂εq
∂δcq

=

f(α, δcq).
We now can review the definition of incidence angles, from two dimensional equa-

tions 3.25 and 3.26, including downwash angle ε but as well the three dimensional and
the roll control mechanisms of as defined in section 3.1 and 3.2. In pitch the incidence
angles at the canard results:

icq = KcB · α + kcB · δcq (3.39)

and the pitch incidence of the tail is defined as:

itq = KcB · α ·
(

1 +
∂εq
∂α

)
+ ktB ·

(
δtq +

∂εq
∂δcq
· δcq

)
+ δp (3.40)

Similarly, and considering the sign criteria defined in Figure 3.1, the local incidence
angles for canard and tail in yaw are:

icr = KcB · β − kcB · δcr (3.41)

and

itr = KcB · β ·
(

1 +
∂εr
∂β

)
− ktB ·

(
δtr +

∂εr
∂δcr
· δcr
)
− δp (3.42)

where from symmetry considerations it follows that:

∂εr
∂β

=
∂εq
∂α

(3.43)

∂εr
∂δcr

=
∂εq
∂δcq

(3.44)

The incidence at each of the DAC tail fins will be different, result of adding the
body angle of attack (or sidelip) plus the net pitch-roll (yaw-roll) angle, in each case
corrected for interference effects with the body, plus the downwash angle induced by
the canard in pitch (or yaw).

Supersonic saturation occurs when the incidence angle at each of the fins achieves a
certain value in which it local force coefficient cN does not increase further for increases
in missile fin angles. As a consequence the missile coefficient CN and Cm, or CS and
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Cn, do not respond to incremental actions of that control. Note that the presence of
the missile body increases the fin incidence, and as a consequence it saturates at a
lower geometric angle than that corresponding to the fin alone.

The controllable domain for the DAC missile is the set of incidence angles from
equations 3.39, 3.40, 3.41 and 3.42, that are below the supersonic saturation incidence
angle, iss. The value of iss depends on the Mach number and the fin aspect ratio.
For fin configurations of short aspect ratio it is defined by an experimental function of
generic form:

cNss = f (AR,M∞) (3.45)

where AR is the exposed fin aspect ratio. From here the supersonic saturation incidence,
iss , is obtained as:

cNss = cNi (iss) · iss (3.46)
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Figure 3.9: Control Fin Supersonic Saturation. In supersonic regime, M∞ > 1 once the
control reaches iss, the normal force will maintain an approximately constant value until larger
incidence angles where it stalls and decreases abruptly. For the base line missile AR = 1.6,
and cross-referencing with Figure 3.3 , at M∞ = 2.5 results in iss = 25.2 deg.

Figure 3.9 represents typical variation for cNss versus M∞, obtained from [Sanz-
Aranguez, 2000] . Note that the saturation angle is smaller as the Mach increases. In
our model it will be considered that if a fin δ saturates then it does not contribute
further to missile moments, for example in pitch

∂Cm
∂δ

= 0 for i > iss
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3.4 Dual Control Missile Aerodynamic Model

A continuous, non-linear mathematical model for a generic dual control missile has
been developed in this section, incorporating cross-control coupling effects. The model
is defined in terms of 166 invariant coefficients that can be adjusted to a certain missile
by parameter identification methods.

The model consists of six aerodynamic coefficients: CA, CS, CN , Cl, Cm and Cn,
which are primary functions of angle of attack α and sideslip β, control deflections δcq,
δtq, δ

c
r, δ

t
r, δp, time t, Mach M∞, Reynolds R as well as secondary functions of dynamic

variables: α̇, β̇ and angular velocities in body axes p, q, r. There are a total of 15
independent variables for the aerodynamics of the DAC missile.

3.4.1 Assumptions and Method

Assumptions and model limitations

Some assumptions have been taken in order to simplify the aero model, judged suffi-
ciently for this academic research, and with the aim of identifying coefficients that can
be evaluated. These are:

• Following section 3.1, the aero-model is developed for supersonic regime. It is
assumed that the shock wave does not impinge directly on any control surface.
Situations may occur at large angles of attack where the bow shock intersects a
canard control surface of the canard shock wave intersects a tail surface. Any of
these shock interactions can cause very strong and sudden effects on the aerody-
namics, including loss of static stability and normal force. This is another reason,
together with the phantom yaw effect of section 3.3.1, to maintain the angle of
attack and sideslip of the missile at a moderate value.

• It is assumed that the expected sideslip angles are relatively small, compared
to angle of attack. The assumption equates to consider that the missile pitch
plane is oriented so the terminal maneuver will occur mainly in the pitch plane,
with corrections -bounded displacements- in yaw. The relevance for our aero
model is that high order terms for β or roll-orientation dependence do not need
to be considered as would happen in a more general, engineering model through a
Maple-Synge expansion [Morote and Puigcerver, 2010; Lopez-Puigcerver, 2011].
Large simultaneous values of β and α will create large induced roll moments at
the tail, potentially driving the missile uncontrollable, so it is always convenient
that the missile autopilot penalizes large values of β during flight.

• The missile coast thrust level, active most of the terminal phase (see Appendix C
for missile mission) is pre-defined so Mach number variations are expected to be
small during the homing engagement. The relevance for our aero model is that
the coefficients can be obtained for the Mach at the start of the terminal phase
and, if necessary, linear variation of the aerodynamic coefficients with Mach will
be considered. This is a typical assumption in academic studies and in this case
satisfies the real trajectories considered for terminal maneuver only.
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• Magnus and cross-dynamic terms αp, βp, αq, βr are negligible and will not be
considered in our model. The assumption is justified because the missile autopilot
will stabilize the missile and roll and accordingly p will be bounded in flight.

• No damping moments due to thrust effects are considered in the aero-model.

Model and measure of goodness of fit

For each of the model coefficients, CA, CS, CN , Cl, Cm and Cn, in the next section
a fit equation is proposed, with grounds on the theoretical discussion of section 3.2.
It is fundamental to have a theoretical base for the model, because several different
models may be reasonable, given certain experimental data, but nevertheless may lead
to different conclusions. The significant variables for the model have already been
identified as part of the theoretical discussion.

The proposed method identifies model coefficients by least squares standard regres-
sion analysis. Starting from the α only model, variables are added one at a time, in a
stepwise variable regression. The objective is maximizing the adjusted R2 parameter
as more variables are added. The order of the fit equation shall balance against the
results of the adjustment procedure, where higher expansion terms can be added if the
resulting R2 is lower than the accepted set criterion. Use of the method outside the
range of variables where the fitting was done for a certain missile must be avoided as
it may drive unstable behavior.

For model validation, a the measure of goodness-of-fit can be quantified through
the chi-square test, following the procedure outlined by authors in [Morote et al., 2010],
where a standard deviation of 0.01 for wind-tunnel experimental and CFD results could
be assumed.

In this Thesis data from the NASA Tandem Control Missile (Appendix C) have
been used to provide experimental foundation to the generic dual control missile aero
model. These data have been used for both model fitting and model validation. As
there is very scarce wind test cell experimental data published for this missile, database
have been expanded by CFD (Fluent) and semi-empirical methods (DATCOM). The
obtained data can be found in Appendix D and the resulting model fitting coefficients
are included in Appendix E.

For α in pitch, a third order expansion has been found adequate. In general R2

has been accepted when higher than 95 %, except in roll where we have been more
tolerant of low variances in order to avoid the use of high order powers to prevent great
oscillations that may not have physically effect.

3.4.2 Lateral Aerodynamics

This subsection covers the in-pitch plane aerodynamics, force coefficients CN and CS,
as well as moment coefficients Cm and Cn.

Normal Force

The normal force coefficient is presented in equation 3.47, and contains static and
dynamic terms. The static terms are due to angle of attack and sideslip, control
and control-cross coupling responses. The response of the DAC missile to angle of
attack with no control deflection has been approached by a third order model, CNαα+
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CNα|a|α|a| + CNα3α
3. The effect of β in a normal force is represented by model of

equation 3.27.

Static Control Fixed Terms

CN = CNαα + CNα|α|α|α|+ CNα3α
3 + CNβ2α

β2α

Canard Control Effects

+
(
CNδcq + CNαδcqα + CNβ2δcq

β2
)
δcq

Tail Control Effects

+
(
CN

δtq
+ CN

αδtq
α + CN

β2δtq
β2
)
δtq

Dual Control Interference Effects

+
(
CN

δcqδ
t
q

+ CN
αδcqδ

t
q
α
)
δcqδ

t
q

Dynamic Terms

+(CNqq + CNα̇α̇)
d

2VM

(3.47)

The response to canard or tail control action in normal force is linear plus a term
that considers the variation of control effectiveness with angle of attack. In accordance
with Figure 3.8 the loss of normal force at the tail, when both the canard and tail fins
are deflected, is a function not only of the controls angle but also of α. This double
dependency have been added into equation 3.47.

Figure 3.10 illustrates the normal force coefficient behavior for canard or tail-only
deflections. Note that at zero angle of attack the net result of a canard-only control
deflection is a positive force besides loss of normal force at the tail that will happen
as a result of the negative downwash effect on the tail. Note that the effectiveness
of canard and tail is different even if their geometry is identical. The effectiveness
of canard control decreases, appreciated by lines getting closer, whereas for the tail
control the effectiveness it maintained at relatively moderate angles of attack.

Figure 3.11 illustrates the normal force response when both controls are simultane-
ously deflected. The range of normal force values that can be obtained is wider, and
it appears that the effectiveness of the control is maintained at moderate and large
angles of attack by adequate blending of the controls.

The normal force due to pitch rate, CNq is positive due to the tail contribution and
can be calculated with enough accuracy from the slender body theory. CNα̇ reflects the
normal force due to rate of change of angle of attack, or missile normal acceleration,
and is negative from both canard and tail contributions, although can be considered
negligible.

Side Force

Due to cruciform symmetry of the DAC missile, the side force expression in 3.48 is
similar that of equation 3.47:
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Figure 3.10: Normal Force Coefficient, Canard-only or Tail-only Effects. For the NASA
baseline missile at M∞ = 2.5. Figure is a function of parameter (δcq, δ

t
q). Figure considers

no sideslip, β = 0, and also q = α̇ = 0. Aero model (lines) are coming from Equation
3.47 with aero-coefficients of Appendix C. Model both adjust the CFD and the wind tunnel
experimental data. Note that at zero angle of attack the net result of a canard-only control
deflection is a positive force besides the negative downwash effect on the tail. The effectiveness
of canard control decreases (lines getting closer) versus the tail control at high angles of attack.
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Figure 3.11: Normal Force Coefficient, Blended Canard and Tail Effects. For the NASA
baseline missile at M∞ = 2.5. Figure is a function parameter (δcq, δ

t
q). Figure considers no

sideslip, β = 0, and also q = α̇ = 0. Canard and tail deflected in the same sense will increase
significantly the total normal force, besides the downwash effect on the tail. If canard and
tail are deflected in opposite directions, the net contribution to normal force is negligible at
α = 0.
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Static Control Fixed Terms

CS = CSββ + CSβ|β|β|β|+ CSβ3β
3 + CSα2β
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β
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Dynamic Terms

+(CSrr + CSβ̇ β̇)
d

2VM

(3.48)

where it has been assumed in expression 3.48 that the incidence of the vertical set
of fins is β, as defined in equation 3.5. However the real vertical fin incidence is
given by t−1

(
v/u
)
, whereas in this approximation it is assumed that u and VM are

therefore equivalent and sine and tangent definitions are equivalent in the desired order
of accuracy. This is in line with the assumptions taken in section 3.4.1, where the
autopilot will maintain β and α bounded to prevent large induced roll and shock
effects.

Pitch Moment

Pitch moment coefficient in the aero-model is presented in equation 3.49:

Static Control Fixed Terms

Cm = Cmαα + Cmα|α|α|α|+ Cmα3α
3 + Cmβ2α

β2α

Canard Control Effects

+
(
Cmδcq(α) + Cmβ2δcq

β2
)
δcq

Tail Control Effects

+
(
Cmδtq(α) + Cm

β2δtq
β2
)
δtq

Dual Control Interference Effects

+
(
Cm

δcqδ
t
q

+ Cm
αδcqδ

t
q
α
)
δcqδ

t
q

Dynamic Terms

+(Cmqq + Cmα̇α̇)
d

2VM

(3.49)

where the same considerations as with CS about the vertical fin incidence are applicable.
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Equation 3.49 includes, in order, static control fixed terms, control effects and
dynamic effects. Missile controls have a reduced effect in force generation, but larger
in momentum, so the control effect section includes more high order terms than in
equation 3.47 and are represented by complex functions of angle of attack, Cmδcq and
Cmδtq . The third order static moment for alpha allows to capture the nonlinear strong
pitch up trend for missiles near α = 0 due to negative lift at the tail. This is the
simplest non linearity, note that quadratic terms are left out due to missile symmetry
considerations but term α|α| is included to increase the fit accuracy.

Figure 3.12 illustrates the findings for the pitch moment at canard or tail only,
whereas the results for combined canard and tail deflections are depicted in figure 3.13.

Note that for each combination of control deflections and for larger angles of attack
there is a trim position for the missile where the value of Cm is null. (see Figure 3.12).
In any case the pitch moment has clearly a non-linear behavior.

Due to the strong aerodynamic coupling effect of the downwash onto the tail, a
Gaussian fit has been selected for function Cmδcq , in resemblance of Kt−vb as was shown
in Figure 3.7:

Cmδcq(α) =



n1∑
k=1

Ck
mαδcq

e
−

α−αk
δcq

∆αk
δcq

2

α ≥ 0

n1∑
k=1

2Ck
mαδcq

e
−

α−αk
δcq

∆αk
δcq

2

− Ck
mαδcq

e
−

 |α|−αkδcq
∆αk

δcq

2

α < 0

(3.50)

where missile symmetry has been considered in the construction of this function 3.50.

The tail control pitch effect is adjusted by a more conventional polynomial function
with high-order terms, in the form:

Cmδtq(α) =


C0
m
αδtq

+
n2∑
k=1

Ck
m
αδtq

(α)k α ≥ 0

2C0
m
αδtq

−
n2∑
k=1

Ck
m
αδtq

(|α|)k α < 0
(3.51)

The canard downwash has a multiplying effect on the pitch moment, represented
by the Gaussian function. However the tail has the benefit of a larger moment arm.
In general the canard pitch control-effectiveness in pitch is less than than the tail,
and due to the coupling effect is very nonlinear over the angle of attack range. The
findings suggest that these two control terms are linear with control deflection but have
a complex nonlinear dependence of angle of attack. Similar to the CN case, when both
controls are deflected, there is a modification in the expected tail control characteristics
due to the canard downwash. The downwash can have a multiplying effect on the pitch
control characteristic of the tail when the missile autopilot commands negative δtq to
rotate the airframe and increase its angle of attack.

Figure 3.12 illustrates that Datcom methods, comprise of slender body theory in
conjunction with generic wind tunnel databases, approximate well the nonlinear missile
pitch moment when there are no control deflections. However this semi experimental
method fails to predict the pitch characteristics when controls are at incidence versus
the free stream flow.
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Figure 3.12: Pitch Moment Coefficient, Canard-only and Tail-only Effects. As the tail and
canard have the same size, the stability of the missile is compromised, changing from unstable
to stable as α increases. The theoretical results with no control follow adequately the wind
tunnel measured trend with negligible degree of error. It is also clearly nonlinear.
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Figure 3.13: Pitch Moment Coefficient, for Blended Canard and Tail Effects. For NASA
Missile at M∞ = 2.5. Vortex effects at the tail cause a peak at low angles of attack. Note that
this peak increases with canard deflection. Tail controlled missile pitching characteristics are
relatively smooth and decay less with angle of attack versus canard only.
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Yaw Moment

Yaw moment coefficient Cn is obtained from the pitch moment coefficient, equation
3.51 taking into account missile symmetry considerations and assuming that the sideslip
angle corresponds almost approximately to the incidence of the vertical fins. The model
is presented in equation 3.52 and auxiliary control effectiveness functions Cnδcr(β) and
Cnδtr(β) in 3.53 and 3.54 respectively.

Static Control Fixed Terms

Cn = Cnββ + Cnβ|β|β|β|+ Cnβ3β
3 + Cnα2β

α2β

Canard Control Effects

+
(
Cnδcr(β) + Cnα2δcr

α2
)
δcr

Tail Control Effects

+
(
Cnδtr(β) + Cn

α2δtr
α2
)
δtr

Dual Control Interference Effects

+
(
Cn

δcrδ
t
r

+ Cn
βδcrδ

t
r
β
)
δcrδ

t
r

Dynamic Terms

+(Cnrr + Cnβ̇ β̇)
d

2VM

(3.52)

where:

Cnδcr(β) =



n1∑
k=1

2Ck
nβδcr

e
−

β−βk
δcr

∆βk
δcr

2

− Ck
nβδcr

e
−
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∆αk
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k=1

Ck
nβδcr

e
−

 |β|−βkδcr
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2

β < 0

(3.53)

and

Cnδtr(β) =


2C0

n
βδtr

−
n2∑
k=1

Ck
n
βδtr

(β)k β ≥ 0

C0
n
βδtr

+
n2∑
k=1

Ck
n
βδtr

(|β|)k β < 0
(3.54)

3.4.3 Nonlinear Rolling Moment

At a fixed Mach number, the rolling moment is a complex nonlinear function, which
strongly depends on the angle of attack, angle of sideslip, canard and tail control
deflections. In the DAC, the tail will generate the roll control moment by differential
deflection of the fins, referred here as roll driving moment.

Roll moments are particularly difficult to predict compared to pitch-plane aerody-
namics and there is no general theoretical or approximate method available [Moore
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and Moore, 2012].
Complexity arises from the non-symmetrical pattern of vortices shed by the canard

and the fact that each tail fin will experience a different load due to the vortices
generated field flow, plus its own particular incidence angle, loads due to roll, fin-to-fin
interference as well as body separation effects or increased pressure depending on its
roll orientation, the fin position with respect to the free flow and missile body.

The roll moment coefficient is assumed to be of the form:

Induced Roll Moment

Cl = Cli(α, β) + Clαδcr (α)δcr + Clβδcq (β)δcq

Roll Driving Moment

+Clδp(α, β)δp

Roll Damping Moment

+Clpg6(α, β)p
d

2VM

(3.55)

Each of the terms in equation 3.55 are reviewed in the next paragraphs.

Induced Roll Moment

The induced rolling moment is created when there is a non-symmetrical vortex struc-
ture shed by the canards. This situation occurs in two cases [McDaniel et al., 2010]:

• Combination of angle of attack and sideslip with no control fin deflections, Cli .

• Canards deflected for yaw command with non-zero angle of attack,Clαδcr (α)δcr, or
canards deflected for pitch command with non-zero sideslip angle Clβδcq (β)δcq.

In any of these scenarios, an asymmetric configuration of eight vortices (four canard
vortices and four image vortices inside the body) is created. The vortices stream down
interacting with the tail fins in a very complex flow field causing a rolling moment.

The induced alpha-beta roll Cli(α, β) is an anti-symmetric equation in both α and
β angles and periodic with the aerodynamic rolling angle φa, from equation 3.7. It is
hereby assumed to be of the form:

Cli(α, β) = s (4φa)
(
Cli01

β2 + Cli21
α2 + Cli41

α4 + Cli61
α6
)

+s (8φa)
(
Cli02

β2 + Cli22
α2 + Cli42

α4 + Cli62
α6
) (3.56)

where higher order terms can be included if necessary. Numerical experiments have
been carried out that are presented in Figure 3.14. The adjustment of experimental
data to the model is not ideal. These findings support study by [Morote and Puigcerver,
2010] which concluded that very high order terms are necessary to accurately describe
the nonlinear rolling coefficient. However due to the relatively minor significance of
Cli(α, β), and that in general is a small term except for large, asymmetric combinations
of angle of attack and sideslip the 6th order model of equation 3.56 will be retained
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for our guidance and control study where no large values of β are involved. Due to
cruciform symmetry term is Cli(α, β) (approximately) null when:

β = t−1(s(α)) (3.57)

because at this sideslip angle the missile will see the same velocity components in the
Yb and Zb axis, and in consequence there is no roll.
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Figure 3.14: Induced Roll due to α and β. For the base line missile due to asymmetries
created by combinations of angle of attack and sideslip, NASA Missile at M∞ = 2.5. Figure
shows CFD data versus the aerodynamic model of equation 3.56. The agreement to numerical
research data is not excellent (R=0.85), that shows the difficulties in calculating accurate
induced roll data for cruciform missiles

The induced roll associated with control deflection, is affine with respect to rudder
or elevator rotation, and nonlinear dependent of angle of attack or sideslip (see Figure
3.15). These terms are defined via truncated Fourier series:

Clαδcr (α) =

n4∑
k=1

Ck
lαδcr

s(ωkαδcrα + φkαδcr) (3.58a)

Clβδcq (β) =

n5∑
k=1

Ck
lβδcq

s(ωkβδcqβ + φkβδcq) (3.58b)

that are symmetric with respect to alpha or beta, and verify:
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n∑
k=1

Ck
lαδcr

s(φkαδcr) = 0 (3.59a)

n∑
k=1

Ck
lβδcq

s(φkβδcq) = 0 (3.59b)

and due to missile cruciform-symmetry the constant coefficients will verify:

ωkαδcr = ωkβδcq (3.60a)

φkαδcr = φkβδcq (3.60b)

Ck
lαδcr

= Ck
lβδcq

(3.60c)
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Figure 3.15: Induced Roll due to α and δcr. For the baseline missile due to asymmetries
created by combinations of angle of attack α and canard rudder deflection δcr. Note multiple
periodic deflections, with amplitude proportional to rudder angle.

Roll Driving Moment

The tail generated roll by differential deflections is a function of missile angle of attack
α and sideslip β and affine with tail roll control angle, δp. Due to missile cruciform
symmetry, it is assumed Clδp(α, β)(α, β) depends of the total angle of attack αT , in 3.6.

72



3.4. AERODYNAMIC MODEL

0 5 10 15 20 25 30 35 40
0.118

0.12

0.122

0.124

0.126

0.128

0.13

0.132

0.134

Total angle of attack, αT (deg)

C
lδ
p
(α

T
)

Aero Model
CFD data

Figure 3.16: Tail Roll Control Authority. Per deg of control δp versus total angle of attack
αT .

Numerical experiments have been carried out in the DAC configuration at φa = 0
to confirm this dependency. Results are shown in Figure 3.16, where an increase in
rolling moment is observed around 20 deg before decreasing. Results published for
roll driving moments in the extensive survey by [Moore and Moore, 2012] show other
experimental data with a small hump in Cl, in cruciform missiles when the tail span is
less than or similar to the canard span. It is believed that this additional roll driving
moment may be due to the canard shed vortex impacting the missile vertical fin giving
a slight increase in roll driving moment. Then as total angle of attack increases and
the vortex is displaced above the tail section the positive contribution to driving roll
is lost.

According to these findings, the resulting data can be adjusted to a Gaussian model
in the form:

Clδp(αT ) =

n6∑
k=1

Ck
lαT δp

e

αT−α
k
Tδp

∆αk
Tδp

2

(3.61)

Roll Damping Moment

The term in p in equation 3.55 is the liner roll-damping moment. A cubic p3 roll-
damping moment is sometimes considered in the literature [Morote and Puigcerver,
2010] for rolling unguided projectiles. It will not be considered in this analysis as we
expect roll to be maintained by the autopilot. In any case the theoretical methods
available to predict roll damping moments are very limited as reviewed by [Moore and
Moore, 2008]. The Eastman experimental correlation [Eastman, 1986] for cruciform tail

73



CHAPTER 3.

missiles can be used with the required accuracy to estimate the roll-damping moment
of the DAC missile.

3.4.4 Axial Force

The axial force model has numerous interference factors, due to the complex physics
of the flow in axial direction (see Figure 3.17 ).

Static Control Fixed Terms

CA = CA0 + CAα |α|+ CAβ |β|+ CAα2α
2 + CAα3|α|

3

Base Drag Effect
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(3.62)

where the sign function is:

sgn δ =

{
|δ|
δ

δ 6= 0

0 δ = 0
(3.63)

The axial force with no control deflection is represented by a third order response.
In this model the axial force is linear with β because of the restrictions on sidelisp
already mentioned in the aero model assumptions. The term CA0 depends on the
Reynolds number due to its effect on the missile wall friction drag.

When the rocket engine is active, the missile axial force diminishes by the base drag
factor:
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Figure 3.17: Mach Number Contours. For the NASA base line missile obtained from
numerical experiments at Mach 2.5 and α = 15 deg. Control deflections are δcq = 10 deg
δtq = −10 deg at the tail. Top Figure represents the contours at the symmetry plane. Bottom
Figure represents the Mach at a parallel plane that cross the control sections at the half
exposed span. The deflection of the forward control affects the axial flow distribution at the
rear. Note the low Mach region at the missile base, and high Mach region on the lee side
of the canard fin. Also the engrossment of the boundary layer on the lee side of the missile
fuselage, starting before the canard fin, can be observed.

∆CAb (t) =

−CAb Ae
Sref

t ≤ tb

0 t > tb
(3.64)

where Ae is the exhaust nozzle area. The term ∆CAb (t) can be estimated through
slender body theory.

Equation 3.62 does not include any cross plane effect, αδcr or βδcq, as they are
considered negligible.

Note that the axial force is linear with angle of attack in canard but quadratic in
α with tail deflection, to account for the fact that it operates in the body and canard
downwash.

For combined canard and tail deflections in the same plane, high order interference
terms have been introduced in equation 3.62 to address a larger level of complexity
in the interaction. Figures 3.18 and 3.19 illustrates the behavior of the axial force for
canard-only, tail-only and blended canard and tail fins deflections.
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Figure 3.18: Axial Force Coefficient, for Canard-only and Tail-only Effects. At M∞ = 2.5,
without sideslip or rocket plume effects. The increase of axial force with canard deflection
is linear but also very large. With negative tail deflection the axial force decreases linearly
with negative control deflection and as a quadratic function with angle of attack.
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Figure 3.19: Axial Force Coefficient, for Blended Canard and Tail Effects. At M∞ = 2.5,
without sideslip or rocket plume effects. Adequate combination of canard and tail deflection
can maintain axial force limited.

77



CHAPTER 3.

3.4.5 Variations with Mach

In an close interval 4M∞ around a nominal supersonic Mach number M∞ > 2.0, the
variations of the aero model coefficients can be considered linear . This assumption
limits the applicability of the model to flight segments where Mach variations are small.
The Mach variations are considered in the form:

CA (M∞ +4M∞) = CA(M∞) +
∂CA
∂M∞

∣∣∣∣
M∞

4M∞
M∞

(3.65a)

CN (M∞ +4M∞) = CN(M∞) +
∂CN
∂M∞

∣∣∣∣
M∞

4M∞
M∞

(3.65b)

CS (M∞ +4M∞) = CS(M∞) +
∂CS
∂M∞

∣∣∣∣
M∞

4M∞
M∞

(3.65c)

Cm (M∞ +4M∞) = Cm(M∞) +
∂Cm
∂M∞

∣∣∣∣
M∞

4M∞
M∞

(3.65d)

Cn (M∞ +4M∞) = Cn(M∞) +
∂Cn
∂M∞

∣∣∣∣
M∞

4M∞
M∞

(3.65e)

where M∞ +4M∞ is the actual flying Mach number for the missile.
The roll moment variation with Mach is assumed to be negligible in a neighborhood

of the reference Mach. It can be justified because for small fins, minimal fin to fin is
expected at high Mach numbers as discussed in reference [Moore and Moore, 2012].
The effect of Mach in the forward fins is also canceled, as the canard fin shed vortices
will cancel at the tail with respect to roll moment. Compressibility effects and local fin
lift both change with Mach, but can be considered of secondary importance for small
Mach variations.

In case the Mach number varies, these curves can be applied. The reference Mach
number must be selected high enough to accomplish the mission, but not too high that
bow shock interacts with the fins at the expected angles of attacks, that could cause
sudden loss of static stability and normal force. The coefficients in equations 3.65, are
calculated with slender body theory.

3.5 Trim Performance

3.5.1 Maneuverability and Open-Loop Dynamics

This section evaluates pitch maneuvering capabilities of the DAC missile. The analysis
is based on the aerodynamic model equations 3.47 and 3.49. The objective is to obtain
the maneuver in trim conditions that the DAC missile is capable of.

The trim load factor in g’s, is defined as:

ntrim =
q∞Sref
mg

CNtrim (3.66)

where the trim normal force is calculated from:

Cm

(
α, δcq, δ

t
q

)
= 0

αtrim,δ
c
qtrim

,δtqtrim===========⇒ CNtrim = CN

(
αtrim, δ

c
qtrim

, δtqtrim

)
(3.67)
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In case of a DAC missile with two degrees of freedom in the control, there is no unique

solution for Cm

(
α, δcq, δ

t
q

)
= 0. The contribution of the pitch rotation speed q, although

not zero in a missile at trim, can be assumed to be negligible initially.
The following limitations need to be taken into account:

• The trim angle of attack must be less than 30 deg to avoid the phantom yaw
phenomenon or any shock wave interactions.

• The local incidence angle at canard or tail sections must not exceed the supersonic
saturation incidence angle iss, section 3.3.3. Where the supersonic saturation will
occur first, at the canard or at the tail section, depends on the static stability
characteristics of the DAC missile airframe. When the missile is statically stable,
for a positive n the canard deflection δcq will be as well positive, and the local
incidence at the canard defines the maximum trim angle of attack for the missile.
In contrast, the tail incidence limits the maximum angle of attack in a statically
unstable missile. In the latter case the trim angle of attack is a function of the
canard fin angle as well as the tail angle, due to the influence of the downwash

• The control fins have a maximum mechanical deflection ±δmec that is typically
established to prevent large angles of attack and incidence at high altitude, as
well as to reduce the servo loads and axial force.

• A maximum load factor is set an structural limit nmax for the structure.

Table 3.2: NTCM Missile: Static Maneuver Limitations at M∞ = 2.5

Parameter Symbol Value Units

Maximum angle of attack αmax 30 deg
Fin incidence for supersonic saturation iss 25.2 deg
Maximum control fin deflection δmech ±30 deg
Maximum structural limit nstruc 40 g

Figures 3.22 and 3.23, at the end of the Chapter, illustrate the solution of equation
3.67 within the boundaries defined in table 3.2 for αtrim > 0 and φa = 0. The results
are depicted as ntrim vs. δcqtrim with αtrim and δtqtrim as parameters, and calculated
at constant Mach number, fixed cg position. Figures 3.22 and 3.23 differs only in the
altitudes, where ISA model has been assumed.

Figures 3.22 and 3.23, permit establishing a comparison of the canard-only and tail-
only control in the same missile airframe, as discussed in section 1.1.1. Because the tail
produces a much larger pitching moment increment, which is nearly constant over the
angle of attack range, yielding trimmed angles of attack values that are correspondingly
higher. The tail deflection however produces a negative CN increment compared with
the positive increment for the canard deflection. Consequently, the tail control requires
a significantly greater angle of attack than the canard control to achieve the same CN
with an equal control deflection angle. Note as well that the tail maximum maneuver
is higher than the canard, as the canard tends to saturate quicker.

For the dual control missile, findings provide evidence that three different static-
trim regions with αtrim > 0 are possible: positive divert, negative divert and opposite
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control. Additionally, Figure 3.20 illustrates the non-linear open loop response of the
dual control missile in selected points in these three regions, with the same final nBtrim
of 10 g. The response in all three cases is very lightly damped, that will need to be
corrected by the autopilot.

The following characteristics are observed in the trim maps:

1. Positive divert mode , δcqtrim > 0 and δtqtrim > 0. This is the region to the
right of the ”canard-only missile ” line δtq = 0 in Figures 3.22 and 3.23. Maximum
maneuver and angle of attack are smaller than those of the canard, however the
speed of response in open loop is the largest of all three modes (see Figure 3.20),
as the fins generated lift are in the desired direction. The open loop overshoot is
the smallest of all three modes. The positive divert mode and its ability to provide
quick response translational motion, even at relatively low angles of attack, can
provide quick maneuver corrections.

2. Opposite control mode,δcqtrim > 0 and δtqtrim < 0, located between the canard
δtq = 0 and tail δcq = 0 missile curves in Figures 3.22 and 3.23 . Maximum
maneuver and angle of attack are smaller than those of the tail missile but higher
than canard. The missile speed of response in Figure 3.20 is reduced versus the
positive divert mode, due to the presence of non-minimum phase effect from the
tail.

3. Negative divert mode, δcqtrim < 0 and δtqtrim < 0. This is the trim region to the
left of the tail-only missile line, limited by the tail maximum negative mechanical
deflection. Potentially achieved load factors are the largest with the higher trim
angles, specially at higher altitudes, see Figure 3.23 . Note from Figure 3.20,
this negative-divert mode starts with a very acute inverse response, and casue
large overshoots. Even if the trimmed accelerations are larger potentially, these
two adverse characteristic may prevent the utilization of this mode in a homing
engagement.

3.5.2 Flight Efficiency Analysis

The missile aerodynamic efficiency, its Lift over Drag ratio, in the direction of flight
can be obtained from:

Eff =
CNcα− CAsα
CNsα + CAcα

(3.68)

This factor is indicative of the coast performance of the missile, as well as indicative
of the efficient use of the propulsion to pursuit the target. In general terms, the pursuing
missile must maintain a velocity advantage over the target if a successful interception
is going to happen.

A numerical study has been carried out to investigate the performance of the DAC
missile flight efficiency in trim conditions, as depicted in Figure 3.21.

The thrust required for steady state level flight is approximately the missile weight
divided by the aerodynamic efficiency [Chin, 1961; Fleeman, 2012]. Less thrust is
required for a DAC missile, less missile weight and increased load factor, or alternatively
for the same thrust the DAC will have more acceleration capability or more range to
intercept the target. After burn out, the higher aerodynamic efficiency provides an
extended glide range.
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Figure 3.20: Open Loop Dynamic. Non-linear response to a step change in delta con-
trol. For three distinctive modes of operation of the DAC missile achieving the same final
acceleration ntrim = 10g. Simulation altitude is 12,000 m

3.6 Conclusions

The Chapter has reviewed the expected aero phenomena in the dual control missile con-
figuration, assisting our understanding of the cross-control interference effect through
theoretical and numerical analysis. Limits have been also defined for the DAC missile
operation, in particular for body angle of attack and local control incidence angles.

A continuous derivative model for the DAC missile has also been developed in the
Chapter, capturing all the relevant non-linearities, and including static and dynamic
terms. The aero model includes not only pitch plane effects by also roll moment
and axial force derivatives. The model order is enough to replicate with high enough
accuracy the wind tunnel data available for the DAC configuration. The experimental
data base has been as well expanded with CFD experiments.

The aero model is defined within certain assumptions, in particular limited sideslip
and limited variations in Mach. These boundaries are considered sufficient within the
frame of this academic work and respond to the expected missile behavior during the
terminal approach to the target.

As a direct application of the aero model, the static trim characteristics of the DAC
missile are obtained. The configuration permits a higher trim maneuver than conven-
tional architectures of canard and tail missiles. Achievable aerodynamic efficiency is
much higher with double control, leading to optimized cruises and the ability of the
missile to maintain the necessary velocity to intercept and neutralize a threat.
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Figure 3.21: Aerodynamic Efficiency for DAC Missile, and comparison against canard and
tail missiles. Markers show the point of maximum aerodynamic efficiency for each of the
missiles. Simulation altitude is 12,000 m

The aero model developed here will be used in the study of the autopilot and
guidance, both in two and single loops, of the DAC missile in the next two Chapters.
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Figure 3.22: Trim Map for the DAC Missile at 6,000m Altitude. Values are calculated for the NASA test case at a fixed Mach of 2.5, with cg
located at s̄ = −0.85 , that corresponds to assumed burnout condition. The contributions of q to Cm and CN are considered negligible. The high
atmospheric density allow the missile to achieve its structural limit, set up at nmax = 40g .
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Chapter 4

Dual Control Two-Loop Logic

This Chapter describes and discusses the Two-Loop guidance and autopilot logic for
the DAC missile and its proposed method of resolution. Assuming spectral separation
of autopilot and guidance, they are designed independently in a decoupled G&C ar-
chitecture, as illustrated in Figure 4.1. The outer guidance loop can be treated as a
solution of a finite-time horizon control problem where a simplified low order-model of
the closed-loop autopilot is assumed. The inner autopilot loop is posed as a non-linear
solution to an infinite-time horizon control problem that follows the guidance acceler-
ation commands. The aero-model developed in the last Chapter will be used in the
autopilot formulation here. The problem is stated in a general three dimensional form.

First section 4.1 reviews the outer part of the loop, the optimal guidance law in
three dimensions, and its linkages with the inner loop of missile autopilot. Section
4.2 describes the missile short-term dynamics, the DAC extended autopilot model
and the autopilot optimization objectives. Section 4.3 resolves the non-linear optimal
autopilot problem employing a novel feed-forward command generator and defines the
optimal control allocation strategy between canard and tail. Autopilot test cases are
presented in Section 4.4 and Two-Loop homing test cases against a maneuvering target
can be found in section 4.5. The test cases via simulations are promising, achieving
reduced control efforts and lower miss distances for the DAC missile compared to
conventional canard or tail architectures. Section 4.6 presents the conclusion remarks
for the Chapter.

4.1 Outer Guidance Loop

This section considers the optimal guidance equations in the space without recurring
to linearization around the collision course as it was the case in section 2.3.1. The
guidance assumes that the missile has a first order response lag, equal in all three
inertial axis, in the form:

τgṅ
L + nL = nLd (4.1)

where nLd is the optimal maneuver that needs to be calculated and τg the guidance lag.
The latter is estimated from the missile dynamic analysis.

The derivation of the missile guidance law is based on the following assumptions:

• Target is a point mass model with constant velocity module and constant accel-
eration module, normal to its velocity.
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ẋs = f(xsd)

Unmodeled dynamics τu

Missile
Rotational
Dynamic

Missile
Translational

Dynamic

xT , ẋT
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Figure 4.1: Schematic of Two-Loop Autopilot Guidance. The blocks that are relevant for
the investigation in this Chapter are highlighted.

• As customary, gravity terms will be neglected for preliminary guidance and con-
trol studies.

• A perfect information end game scenario is assumed, all guidance variables are
noise-free and available for feedback.

• The engagement kinematics are formulated in the local level coordinate system
LXLY LZL which is considered inertial due to the short flight time involved. The
transformation from body to inertial axes, SBL is stated in equation F.4.

The relative position vector between missile and target center of mass, the line-of-
sight (LOS), is given by the vector rLTM , with LOS unitary vector

ts =
rLTM
‖rLTM‖

(4.2)

and where the missile target distance is ‖rLTM‖. We define the missile miss-distance as
the minimum ‖rLTM‖ achieved during the terminal engagement. If from certain time
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Figure 4.2: Guidance Kinematics for Missile and Target Terminal Engagement. The angular
velocity of the line of sight, ωLOS , and its orientation relative to the missile ts, will be
provided to the missile by the guidance seeker. In case of an active radar, the seeker will

measure also the relative distance, ‖rLTM‖. The triangle4M
(

ˆPIC
)
T would be the collision

triangle and ˆPIC the Predicted Impact point.

t the missile and target are in collision course and do not further maneuver or change

their velocity modules, the impact will occur at the predicted impact point
(

ˆPIC
)

in

Figure 4.2, at time t+ tgo, where the time to go is:

tgo = −‖r
L
TM‖

‖ṙLTM‖
(4.3)

The kinematics in state-space formulation, for constant target maneuver, are:

ẋg = Agxg +Bgug (4.4)

where the guidance state vector and guidance control vector are respectively:

xg =
[
rLTM

T
V L
TM

T
nLT

T
nL

T
]T

(4.5)

ug = nLd (4.6)
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The dynamic and control matrices are both constants:

Ag =


[0] I3 [0] [0]
[0] [0] I3 −I3
[0] [0] [0] [0]
[0] [0] [0] − 1

τg
I3

 (4.7)

Bg =
1

τg


[0]
[0]
[0]
I3

 (4.8)

where [0] is a null matrix of the appropriate dimension. The cost index to be minimized,
with missile free terminal conditions, is:

min
nL

d

Jg =
1

2
rLTM

T
(tf )Sgr

L
TM (tf ) +

∫ tf

0

(
nLd

T
Rgn

L
d

)
dt

s.t. ẋg= Agxg +Bgug

(4.9)

where tf in (4.9) can be approximated by the time-to-go defined by equation 4.3 at t =
0. The criterion is to minimize the miss distance balanced versus the required missile
maneuver vector nLd . The final state and control weighting matrices are Sg = cI3 and
R = bI3 with b and c constant and positive real numbers. The presence of Sg allows
for miss distances greater than zero.

Note that with this formulation the guidance system does not know the missile
autopilot states and is possible for example that the missile fins exceed their maximum
incidence angles as a result of a the guidance demand, potentially causing instabilities
and loss of control during the interception.

The problem defined by the system of equations 4.4 and 4.9 has an analytic solution,
[Ben-Asher and Yaesh, 1998; Zarchan, 2012; Lin, 1991; Sanz-Aranguez, 2011] that can
be represented by:

nLd =
(
kTg ⊗ I3

)
· xg (4.10)

where ⊗ denotes the Kronecker product (see Appendix A) that is here introduced for
compactness, and kg is a vector of guidance gains:

kg =
Λg

t2go

[
1 tgo

t2go
2
−τ 2

g

(
e−ξg + ξg − 1

)]T
(4.11)

The resulting demanded manuever nLd is not in general normal to the line of sight
to the target, as a difference to the linearized case of equation 2.15 .

The effective navigation ratio Λg - see Figure 4.3- is the same as in equation 2.16
for the linear case:

Λg =
6ξ2
g

(
e−ξg + ξg − 1

)
2ξ3
g + 3 + 6ξg − 6ξ2

g − 12ξge−ξg − 3e−2ξg + 6b
cτ3
g

ξg =
tgo
τg

(4.12)

Moreover if perfect interception is required, c → ∞, and the missile has an in-
significant lag in response time, τg → 0, then equation 4.11 reduces to the augmented
proportional navigation guidance law:
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kAPNg =
3

t2go

[
1 tgo

t2go
2

0
]T

(4.13)

which further reduces to proportional navigation guidance law when the target does
not maneuver:

kPNg =
3

t2go

[
1 tgo 0 0

]T
(4.14)

Proportional navigation requires an estimation of the time-to-go, or collision veloc-
ity, and the relative range 1. Advanced proportional navigation requires additionally
an estimation of the target constant maneuver. In order to implement the guidance
equation 4.11, measurements or estimates of relative range and velocity, target acceler-
ation, and missile inertial acceleration are needed. The demands on the homing seeker
and on the on-board sensors then grow significantly.

In the two-loop guidance-autopilot scheme, the three dimensional guidance law
generates an acceleration command vector nLd in inertial axes, without consideration to
how the missile interceptor will actually effectuate the specified maneuver. The homing
missile will have no direct control over its longitudinal axis acceleration, and accordingly
will attempt to maneuver in the guidance direction by producing acceleration normal
to the missile body. This generated acceleration is contained in plane MY BZB.

Although there are several approximate techniques, see [Palumbo et al., 2010] that
claim to preserve the guidance command, there is an unavoidable loss of required ma-
neuver information in the transition of the demanded acceleration vector from inertial
axes to the missile lateral plane MY BZB, given by:

1this is equivalent to measuring the rotation speed of the line of sight with respect to an inertial
reference and measuring as well the collision velocity
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nBd = CB
g SBLn

L
d (4.15)

where CB
g is:

CB
g =

0 0 0
0 1 0
0 0 1


4.2 Missile Autopilot Model

4.2.1 Missile Short Term Dynamic

The flight control during the terminal phase is an acceleration command autopilot. Its
purpose is to achieve high turn rates by commanding large values of lateral acceleration.

The translation equations for the missile are obtained from the transformation of
wind-axis velocity to body axes:

u =VMcαcβ (4.16a)

v =VMsβ (4.16b)

w =VMsαcβ (4.16c)

Differentiating 4.16 and inverting the resulting matrix yields: V̇M
VM α̇

VM β̇

 =
−1

cβ

−cαc2β −sβcβ −sαc2β
sα 0 −cα

sβcβcα −c2β sαsβcβ


 u̇
v̇
ẇ

 (4.17)

Substituting missile velocity in body coordinates from equation F.14, it results in
the following dynamic equations:

V̇M = −cαcβ
(
FA − T
m(t)

− 2g (q1q3 − q0q2)

)
− sβ

(
FS
m(t)

− 2g (q2q3 + q0q1)

)
− sαcβ

(
FN
m(t)

− g
(
q2

0 − q2
1 − q2

2 + q2
3

))
(4.18)

α̇ =
1

VMcβ

[
sα

(
FA − T
m(t)

− 2g (q1q3 − q0q2)

)
− cα

(
FN
m(t)

− g
(
q2

0 − q2
1 − q2

2 + q2
3

))]
+ q − tβ (pcα + rsα) (4.19)

β̇ =
1

VM

[
cαsβ

(
FA − T
m(t)

− 2g (q1q3 − q0q2)

)
− cβ

(
FS
m(t)

− 2g (q2q3 + q0q1)

)]

+
1

VM

[
sαcβ

(
FN
m(t)

− g
(
q2

0 − q2
1 − q2

2 + q2
3

))]
+ psα− rcα (4.20)
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These equations are simplified following the assumptions:

• Only short term dynamics will be considered in the development of the autopilot
model. Accordingly it is assumed that the missile velocity module variations V̇M
are negligible and equation 4.18 is dropped from the autopilot model.However
even if not part of the autopilot control loop, the velocity variations will be
considered in an outer feedback loop to the autopilot and will be used to update
the aerodynamic coefficients, see Figure 4.1 . This requirement will be dropped
in the IGA approach in the next Chapter, as V̇M can be explicitly included in
the IGA formulation.

• The Coriolis forces caused by the engine exhaust gases are considered negligible.

• The gravity effects, on the angle of attack (equation 4.19) and sideslip (equation
4.20) dynamic equations, can be ignored because it is divided by the missile
velocity VM . A gravity bias can always be added later on, after the autopilot
control deflection calculations. Both target and missile are affected by gravity so
it is not a differential factor in this analysis.

With these simplifications and introducing equation 3.9, yields:

α̇ =
q∞Sref
mVM

(
sα

cβ
CA −

cα

cβ
CN

)
+ q − pcαtβ − rsαtβ − sα

cβ

q∞SrefCT
mVM

(4.21)

β̇ =
q∞Sref
mVM

(cαsβCA − cβCS + sαsβCN) + psα− rcα− cαsβ q∞SrefCT
mVM

(4.22)

where CT is defined as the thrust coefficient (se equation G.1). For simplicity m has
been used instead of m(t) and from now on.

The rotational dynamics is obtained from equations F.18 and 3.10:

ṗ =
q∞Srefd

Ibx
Cl (4.23)

q̇ =
Iby − Ibx
Iby

pr +
q∞Srefd

Iby
(Cm + s̄ · CN) (4.24)

ṙ =
Ibx − Iby
Iby

pq +
q∞Srefd

Iby
(Cn − s̄ · CS) (4.25)

where s̄ accounts for the fact that the moment reference and center of mass are not in
general coincident (see equation 3.11).

4.2.2 DAC Autopilot Open-Loop Model

Non-Affine Structure

A system is denoted as affine if it is linearly dependent on the control input. For the
DAC missile, due to the in-plane interference between canard and tail, the resulting
system is non-affine in the control. The aerodynamic coefficients defined by equations
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3.47, 3.49, 3.48, 3.52, 3.55 and 3.62, for a given missile geometry are functions of α,
α̇, β,β̇, p, q, r, δcq, δ

t
q, δp, δ

c
r and δtr. Substituting these coefficients into equations 4.21,

4.22, 4.23, 4.24 and 4.25 a State Dependent Coefficient (SDC) parametrization of the
missile short term dynamics results:


α̇

β̇
ṗ
q̇
ṙ

 =


aa11 aa12 aa13 aa14 aa15

aa21 aa22 aa23 aa24 aa25

aa31 aa32 aa33 0 0
aa41 aa42 aa43 aa44 aa45

aa51 aa52 aa53 aa54 aa55




α
β
p
q
r

+


ba11 ba12 ba13 ba14 ba15

ba21 ba22 ba23 ba24 ba25

ba31 ba32 ba33 0 0
ba41 0 0 ba44 0
0 ba52 0 0 ba55




δcq
δcr
δp
δtq
δtr



+ δcq


ma
q11

0 0 ma
q14

0

ma
q21

0 0 ma
q24

0

0 0 0 0 0
0 0 0 ma

q44
0

0 0 0 0 0




δcq
δcr
δp
δtq
δtr

+ δcr


0 ma

r12 0 0 ma
r15

0 ma
r22 0 0 ma

r25

0 0 0 0 0
0 0 0 0 0
0 0 0 0 ma

r55




δcq
δcr
δp
δtq
δtr



(4.26)

or in compact form :

ẋa = Aaxa +Baxs + δcqM
q
axs + δcrM

r
axs (4.27)

Equation 4.27 is the equivalent of equation 2.1 in the general control discussions of
section 2.2.2 . The aerodynamic space state vector is assembled from two angles and
three angular rotation speeds,

xa =
[
α β p q r

]T
(4.28)

and the control or aero-fin position vector is:

xs =
[
δcq δcr δp δtq δtr

]T
(4.29)

The state-dependent matrices are:

Aa = Aa (xa) (4.30)

Ba = Ba (xa,xs) (4.31)

Mq
a = Mq

a (xa,xs) (4.32)

M r
a = M r

a (xa,xs) (4.33)

where the coefficients are functions of xa and xs vector elements. In a multivariable
case, the State Dependent Coefficient parametrization (SDC) is non-unique, as detailed
by [Cimen, 2012]. This nonuniqueness is used as an additional degree of freedom in
the investigation. The coefficients selected for matrices Aa, Ba, Mq

a and M r
a can

be found in Appendix sections G.2, G.3 and G.4 , where they have been moved for
simplicity in the exposition. The aero-state matrix Aa contains the non-controlled,
non-linear aerodynamics of the missile. The aero-control matrix Ba , expresses the
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variation in aerodynamic control effectiveness with angle of attack and sideslip, and
includes the effect of the deflected canard downwash onto the non-deflected tail. When
both canard and tail are deflected, aerodynamic cross-control matrices, Mq

a and M r
a ,

define the coupling effect in pitch and yaw planes.
The following two considerations have been applied in designing the SDC parametriza-

tion:

• The bias, state independent terms for CA0 , ∆CAb and the missile thrust T , are
introduced into matrix coefficients aa11 and aa22 by means of the function sincα
and sinc β 2 (see equations G.4 and G.10 ).

• Following [Cimen, 2012], those terms containing products of more than one state
variable are apportioned among different terms, with the introduction of set of
free design parameters, to reflect multiple variable dependencies in the state
decomposition. As a result, we have defined Aa = Aa

(
xa,Υα,Υβ

)
, Mq

a =
Mq

a

(
xa,xs,Υq

)
, M r

a = M r
a (xa,xsΥr) with the value of Υ selected in the

interval [0, 1].

Equation 4.27 can be as well written as:

ẋa = Aaxa + (Ba +Ma)xs (4.34)

with non-affine control input matrix Ma = Ma

(
xa,xs,Υq,Υq

)
:

Ma =


ma

11 ma
21 0 ma

41 ma
51

ma
21 ma

22 0 ma
42 ma

52

0 0 0 0 0
ma

41 0 0 ma
44 0

0 ma
52 0 0 ma

55

 (4.35)

Extended Autopilot Affine Structure

The plant in equations 4.34 or 4.26 is bi-linear in the control and not suitable for
SDRE method application, see section 2.2.3. The non-affinity characteristic of the
DAC missile is eliminated by blending the aerodynamic state vector with the control
actuating system in an extended autopilot open-loop model.

The servo model is assumed to be a second order system in the form:

ẍs = −
(

1

τu
I5 + Ts

)
ẋs +

1

τu
Ts (xsd − xs) (4.36)

where:

xsd =
[
δcqd δcrd δpd δtqd δtrd

]T
(4.37)

is the vector of demanded fin positions and I5 is the identity matrix of order 5. The
parameters τu, τc and τt represent servo non modeled dynamics, and first-order response
lag for the canard and tail servos, respectively. The servo-frequencies matrix is:

2sincx=sx/x, function very common in Optics and refraction studies and where sinc(0) = 1
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Ts =


1
τc

0 0 0 0

0 1
τc

0 0 0

0 0 1
τt

0 0

0 0 0 1
τt

0

0 0 0 0 1
τt

 (4.38)

The option of modeling different responses in the canard and tail servos is included
with two different parameters, τt and τc. Note that the roll control authority relies in
the tail section becasue Ts(3, 3) = 1/τt.

The state vector xa is combined with the fin position xs, fin derivative over time
ẋs, the desired fin position xsd and the integral of body roll rate to form an extended
autopilot state vector. The control input is defined as the time derivative of the desired
fin rate. The resulting space-state formulation is:

ẋm = Am (xm,Υ)xm +Bmu (4.39)

with

xm =
[
xTa xTs ẋTs xTsd

∫
p
]T

u = ẋsd (4.40)

Am (xm,Υ) =


Aa (Ba +Ma) [0] [0] [0]
[0] [0] I5 [0] [0]

[0] − 1
τu
Ts −

(
1
τu
I5 + Ts

)
1
τu
Ts [0]

[0] [0] [0] [0] [0]
uTp [0] [0] [0] [0]

 (4.41)

and

Bm =


[0]
[0]
[0]
I5
[0]

 (4.42)

where [0] is a matrix of zero elements of the appropriate dimension and the auxiliary
column vector up is:

uTp =
[
0 0 1 0 0

]
(4.43)

Note that the matrix Am is a state dependent function of vectors xm and Υ, and
that the control input Bm is a constant matrix.

It is important to remark that the control input in steady state is ẋsd = [0], a
result that will be useful in the optimization of the autopilot.

94



4.3. AUTOPILOT OBJECTIVES AND OPTIMAL SOLUTION

4.3 Autopilot Objectives and Optimal Solution

4.3.1 Feedforward Controller

Lateral Acceleration Demand

The missile autopilot in this Section is developed as a nonlinear step command tracking
controller that intends to reach a trim condition in an infite-time horizon. Note that
in the Two-Loop approach the autopilot has no time reference from the guidance to
know the remaining time for interception.

The objective for the missile is to track the demanded accelerations in body axis
OYb and OZb, respectively nBy d and nBz d, that results from the guidance law, equation
4.15. The demanded vector is:

nBd =
[
nBy d nBz d

]T
(4.44)

The missile lateral accelerations, that must be equal to the demands in trim, are::

nBy = − 1

m
q∞SrefCS (4.45a)

nBz = − 1

m
q∞SrefCN (4.45b)

Substituting the aerodynamic model coefficients from 3.47 and 3.48 into 4.45, a new
SDC parametrization is obtained:

[
nbyd
nbzd

]
=

[
ha11 ha12 0 0 ha15

ha21 ha22 0 ha24 0

]
α
β
p
q
r

+

[
0 la12 0 0 la15

la21 0 0 la24 0

]
δcq
δcr
δp
δtq
δtr

 (4.46)

or in compact form:

nB = Ha (xa)xa +La (xa,xs,Υn)xs (4.47)

The coefficients selected for the state-dependent matrices Ha and La can be found
in section G.5. A new free design parameter Υn is introduced in La to distribute the
input variables among different matrix elements.

Command Generator Solution

As it was discussed in section 3.5.1, in a DAC missile there are several combinations
of xa and xs that will provide the demanded acceleration nB in steady state, where
ẋa = [0]. The system of equations to solve for xatrim and xstrim is composed of
equations 4.47 and 4.34:

nBd = Ha (xatrim)xatrim +La (xatrim,xstrim)xstrim (4.48a)
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[0] = Aa (xatrim)xatrim +
[
Ba (xatrim,xstrim) +Ma (xatrim,xstrim)

]
xstrim (4.48b)

System 4.48 has seven equations with ten variables. In order to solve it uniquely three
further conditions are needed:

1. Two allocation ratios are defined in order to distribute the control effort between
canard and tail and in pitch and yaw channels. The ratios apply to the missile
desired trim condition and are defined as:

ĉq =
δtqtrim
δcqtrim

ĉr =
δtrtrim
δcrtrim

(4.49)

2. In trim condition the missile is not rolling, ptrim = 0. Note that pitch and yaw,
with ptrim = 0, are decoupled from roll in trim state, however there will be still
coupling among them, e.g. β contributes to normal force CN in equation 3.47.

The two parameters ĉq and ĉr define the weight for the use of the forward and rear
control fins in pitch and yaw in the desired trim status. Their sign defines the preferred
choice of trim conditions between the two modes for the dual control missile, divert
or deflection in opposite direction, but the choice does not prevent the control system
to use either control mode in the transition to achieve these preferred trim conditions.
These parameters can be selected to minimize the control effort to obtain the maximum
expected acceleration.

In the limits: ĉq, ĉr → 0 corresponds to a tail missile, and ĉq, ĉr → ∞ represents a
canard missile.

With these two defined ratios and the non-roll condition, it is possible to solve
equations 4.48 and 4.48b uniquely. The proposed method is a two step procedure as
illustrated in Figure 4.4:

1. For nBy d and nBz d, solve simultaneously with Newton’s method [Kelley, 2003], the
two-coupled nonlinear equations:

βr
δcr

−Vr
 0

0
nBy d

 =

0
0
0

 , with Vr =

aa22 aa25 ba22 +ma
22 + ĉr (ba25 +ma

25)
aa52 aa55 ba52 +ma

52 + ĉr (ba55 +ma
55)

ha12 ha15 la12 + ĉrl
a
15


−1

(4.50)

αq
δcq

−Vq
 0

0
nBz d

 =

0
0
0

 , with Vq =

aa11 aa14 ba11 +ma
11 + ĉq (ba14 +ma

14)
aa41 aa44 ba41 +ma

41 + ĉq (ba44 +ma
44)

ha21 ha24 la21 + ĉql
a
24


−1

(4.51)

The solutions will be the missile trim conditions βtrim, αtrim, qtrim, rtrim, δcqtrim
and δcrtrim. From the last two terms, δtqtrim = ĉq · δcqtrim and δtrtrim = ĉr · δcrtrim
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Yaw (Eq. 4.50)
Vr(ĉr)

Roll (Eq. 4.52)
Vp

Pitch (Eq. 4.51)
Vq(ĉq)

nbzd

nbyd

ĉq ĉr

βtrim rtrim δ
c
rtrim

δptrim

αtrim qtrim δ
c
qtrim

Figure 4.4: Resolution Procedure for Feedforward Vector Control Law (VCL). The law
allows to calculate all the dual control missile states at the trim condition that generate
the demanded acceleration in body axis. Note that the matrices Vp, Vp and Vp are all
dependent on the missile state variables at trim, a connection that has not been represented
for simplicity.

2. Once 4.50 and 4.51 are solved, the roll control angle in trim is obtained from

δptrim = Vp


αtrim
βtrim
δcqtrim
δcrtrim

 , with Vp = − 1

(ba33 +ma
33)

[
aa31 aa32 ba31 +ma

31 ba32 +ma
33

]
(4.52)

This feedforward part of the autopilot then provides to the optimization loop the
aerodynamic trim conditions xatrim

and xstrim that generate the demanded accelera-
tion nBy d and nBz d in body axis. The controller has two degrees of freedom, in the form
of a vector [ĉq, ĉr]. The vector forward law will be responsible to provide the steady
state references to the plant, and will ensure good steady state accuracy. It is however
not part of the main optimization loop, it is an heuristic rule based on DAC missile
trim characteristics. A method to select the coefficients ĉq and ĉr is proposed in section
4.4.2.

Note that for large values of β the outline procedure may have no solution if α is
also large. Essentially a combination of large α and β will cause large values of induced
roll which in turn will prevent finding a control deflection δp to achieve ptrim = 0.

4.3.2 Performance and Optimality Criteria

Performance objective for the autopilot is to track the required acceleration demands,
nBy and nBz in a controllable manner, without exceeding the following limits in the
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transition:

• Supersonic saturation of the fins, monitored by continuously tracking each fin
incidence: icq, i

c
r, i

t
q, i

t
r from equations 3.39, 3.40, 3.41 and 3.42.

• Phantom yaw and shock wave effects, limiting the maximum angle of attack α.

• Limits in sideslip β, due to model limitations and to minimize the induced roll.

• Structural limitations, nmax.

• Pitch q and yaw r rates shall be limited to prevent saturation of the missile
gyroscopes.

• To maintain DAC missile roll stabilized p and
∫
p shall be both kept close to zero

during flight

As an example, Table 4.1 illustrates these limits in numerical form for the baseline
missile. The resulting missile performance vector, zm is :

zm =
[
icq itq icr itr p q r α β nBy nBz

∫
p
]T

(4.53)

Table 4.1: Baseline Missile Performance Bounds

Parameter (symbol) Value (units)

Saturation fin incidence, imax (for M∞ = 2.5) 25.2 deg
Maximum body angle of attack, αpy 35 deg
Maximum sideslip angle, βmax 5 deg
Max. fin mechanical deflection, δmax 30 deg

Max. fin servo rate, δ̇max 600 deg/s
Missile structural limit, nmax 40 g

The relationship between the performance vector zm and the missile state vector
xm is given by an output performance state-dependent matrix Hm:

zm = Hm (xm,Υn)xm (4.54)

The selected SDC coefficients for Hm can be found in section G.6 where they have
been moved for clarity in the exposition.

Limitations at the fin rates, in ẋsd , are as well included in the cost index to prevent
actuator rate saturation and anti-wind up issues, as discussed in section 2.2.2. The
controlled fin deflection rates ẋsd shall be limited to stay within the servo-actuator
capabilities. Because ẋsd is the control variable for the DAC missile, note that if no
control limitations are included in the control parameters, the resulting control law
would be of bang-bang type.

As a result of these bounds, the autopilot optimization problem is:

98



4.3. AUTOPILOT OBJECTIVES AND OPTIMAL SOLUTION

min
ẋsd

J =

∫ ∞
0

((
zm − zmtrim

)T
Q
(
zm − zmtrim

)
+ ẋTsdRẋsd

)T
s.t. ẋm = Am (xm)xm +Bmẋsd

zm = Hmxm

zmtrim
= Hm

(
xmtrim

)
xmtrim

(4.55)

where:

xmtrim
=
[
xTatrim

xTstrim [0] xTstrim [0]
]T

(4.56)

xatrim
=
[
αtrim βtrim 0 qtrim rtrim

]T
(4.57)

xstrim =
[
δcqtrim δcrtrim δptrim δtqtrim δtrtrim

]T
(4.58)

The symmetric constant matrix Q impose a penalty on how much the performance
vector zm deviates from the final, desired trim state zmtrim considering the limitations
mentioned above. Finally, the constant matrix R imposes a penalty on the demanded
fin deflection rates.

Note that the aerodynamic and fin restrictions have been introduced through soft
constrains in the cost index. This is a more conservative approach than considering
the bounds explicitly, however the resolution of the problem is somewhat simplified in
order to facilitate a real time, on-board calculation. Also Q and R have been selected
as constant weighting matrices, although a more flexible state dependent option could
also be possible in further developments.

A guideline for the selection of matrices Q and R is based on the Bryson’s rule
[Bryson and Ho, 1969] for the design of linear quadratic regulators. Here is adapted to
a tracking problem. Q is selected as a diagonal matrix and its elements are:

qii =
1

(∆zi)
2
max tis

(4.59)

where ∆ indicates deviation respect to the trim condition values, subscript ”max”
denotes the maximum possible value and tis is the settling time for that performance
parameter. Similarly for R we define

rii =
1

(ui)
2
max tis

(4.60)

4.3.3 Resolution Algorithm for the DAC-Autopilot Problem

General Step-tracking Control for Nonlinear Systems

The SDRE method provides a sub-optimal solution because it is only asymptotically
optimal, see section B.2. The necessary conditions for optimal solution are satisfied at
a quadratic rate as the state vector is driven to zero. However, the missile autopilot
is defined as a tracking problem where the final operating point is not zero, xm =
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xmtrim
6= [0] e.g., the missile needs to fly at an angle of attack to generate lateral

acceleration. This condition violates one of the necessary SDRE regulator conditions
and a tracking controller is needed to reach a non null final state.

As discussed in section 2.2.2, a solution to the nonliner tracking problem has been
presented in [Banks et al., 2003]. It requires the solution of a state dependent differen-
tial equation which is extremely complex, and to solve it, the estimation of an offline
nominal trajectory for the plant states. The latter is not possible in the missile case.
As well, the stated solution by these authors only considered the performance vector
z as a linear function of the state variables, whereas for a missile Hm is in general
state-dependent.

We have developed in this Thesis a novel solution to the tracking problem in a
manner closer to the derivation in [Bryson, 2002] for an integral step tracking regulator
for a linear system. Our solution will as well consider state dependent performance
vector.

The remaining of this section will derive the step controller tracking solution. From
equation 4.55, the tracking problem is formulated as:

min
u=ẋsd

J =

∫ ∞
0

(
z̃TQz̃ + uTRu

)T
s.t. ẋm=Amxm +Bmu

z̃ =Hmxm −Hmtrim
xmtrim

(4.61)

where the missile states will need to track the trim states in an infinite time horizon,
as follows:

lim
t→∞

xm = xmtrim
(4.62)

To prepare for the application of the SDRE, the problem is rewritten introducing
an error vector. From the dynamic equation 4.39:

ẋm = Am (xm,Υ)xm +Bmu (4.63)

the steady state vector, or missile trim condition, is a solution of:

[0] = Am

(
xmtrim

,Υ
)
xmtrim

(4.64)

where Am

(
xmtrim

)
6= [0], and where we also know that the control vector -which has

been defined as a time derivative- is null in the trim, steady state

lim
t→∞

u = utrim = [0] (4.65)

From now on the dependency of xm as well as Υ in the matrices is dropped for
simplicity unless strictly necessary.

Subtracting equation 4.63 from 4.64 we find an equivalent expression for the dy-
namic constrain in 4.61 as

ė = Ame+
[
Am −Amtrim

]
xmtrim

−Bmu (4.66)

where Amtrim
= Am

(
xmtrim

)
is the state dynamic matrix particularized at the trim

condition and

e = xmtrim
− xm (4.67)
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is missile state tracking error. Problem transforms then to find the optimum control
law u(t) such that the tracking error e and its derivative with time ė are brought to
zero in the steady state whereas the integral cost index in the problem statement 4.61
is minimized. This is equivalent to find an optimal solution to the regulator problem:

min
u=ẋsd

J=

∫ ∞
0

(
ẑTQẑ + uTRu

)T
s.t. ė=Am (xm) e−Bmu

ẑ=Hmxm −Hmtrim
xmtrim

(4.68)

with

lim
t→∞

e = [0] (4.69)

The Taylor expansion of Am around xmtrim
as:

Am (xm) = Am

(
xmtrim

)
+

n∑
k=1

1

k!

(
∂kAm

∂xmk

)
xmtrim

((
xm

⊗k
− xmtrim

)
⊗ I

)
+ R̄n+1 (xm) (4.70)

where R̄n+1 (xm) is a residual matrix. Assuming that there is a state-dependent
control law u (xm) that regulates and stabilizes the problem 4.68, this solution will
verify :

lim
t→∞

(
Am (xm)−Am

(
xmtrim

))
= [0] (4.71)

satisfying as well the equation 4.66 at a sufficient large time and solving then the
tracking problem. We can focus then only in solving problem 4.68.

The Hamiltonian of 4.68 is given by:

H =
1

2

(
z̃TQz̃ + uTRu

)
+ λT (Ame−Bmu) (4.72)

the necessary conditions for an optimum are, see equation B.5:

ė = Ame−Bmu (4.73a)

λ̇ = −1

2

∂
(
ẑTQẑ

)
∂e

−
∂
(
λTAme

)
∂e

(4.73b)

[0] = Ru−Bmλ (4.73c)

From equation 4.73c the control vector is:

u = R−1Bmλ (4.74)

where the co-state vector λ is:

λ = M (e) e (4.75)

Due to the infinite time problem, M has no explicit dependence over time, yielding
for the time derivative of λ the result:
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λ̇ = Mė+
∂M

∂eT
(ė⊗ In) (4.76)

Substituting equations 4.74, 4.75 and 4.76 into equation 4.73b, it follows:

M
(
Ame−BmR

−1BmMe
)

+
∂M

∂eT
(ė⊗ In) =

1

2

∂
(
z̃TQz̃

)
∂xm

−
∂
(
λTAmxm

)
∂xm

+
∂
(
λTAmxmtrim

)
∂xm

(4.77)

where it has been considered that ∂
∂e

= − ∂
∂xm

.
The right hand side of equation 4.77 consists of three scalar form derivatives (see

section A.3.2). The last two derivatives with the application of equation A.36, yields:

∂
(
λTAmxm

)
∂xm

=
(
In ⊗ λT

) ∂Am

∂xm
xm + λTAm (4.78a)

∂
(
λTAmxmtrim

)
∂xm

=
(
In ⊗ λT

) ∂Am

∂xm
xmtrim

(4.78b)

that can be further developed in some of its terms by the application of formulas 4.75
and A.18, that yields:

λTAm = AT
mMe (4.79)

and (
In ⊗ λT

)
= (eM ⊗ In)T (4.80)

For the first scalar form derivative in equation 4.77, it can be transformed by succes-
sive application of the chain rule (section A.3.1), equations A.36, A.11 and Kronecker
product properties A.18 and A.22, obtaining:

∂
(
z̃TQz̃

)
∂xm

=

[
In ⊗

∂
(
z̃TQz̃

)
∂z̃

] [
∂ẑ

∂xm

]
=

[
In ⊗

(
2z̃TQ

)] [ ∂z̃

∂xm

]
= 2

[
In ⊗

(
z̃TQ

)]
vec

(
∂z̃

∂xTm

)
= 2 vec

[
z̃TQ

(
∂z̃

∂xTm

)
In

]

= 2

[
z̃TQ

(
∂z̃

∂xTm

)]T

= 2

(
∂z̃T

∂xm

)
Qẑ

(4.81)

where vec indicates the vectorization operation of a matrix (see section A.1), and we
have as well taken into account that Q = QT . The derivative in 4.81 is:
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(
∂z̃T

∂xm

)
= HT

m +
(
In ⊗ xTm

) ∂HT
m

∂xm
(4.82)

Now substititing equations 4.79, 4.81, 4.78b, 4.80, 4.78a and 4.82 into 4.77 results,
with some rearrangement of terms, in:

(
MAmA

T
mM −MBmR

−1BmM +HT
mQHm

)
e

+
∂M

∂eT
(ė⊗ In)− (eM ⊗ In)T

∂Am

∂xm
e

−HT
mQ

(
Hm −Hmtrim

)
xmtrim

−
(
In ⊗ xTm

) ∂HT
m

∂xm
Qẑ = [0]

(4.83)

This equation 4.83 can be divided into three parts. First a state dependent Riccati
equation with M (xm) as variable:

MAmA
T
mM −MBmR

−1BmM +HT
mQHm = [0] (4.84)

Second, an equation with terms that depend on the tracking error derivative ė and of
the tracking error e at a quadratic rate:

∂M

∂eT
(ė⊗ In)− (eM ⊗ In)T

∂Am

∂xm
e = [0] (4.85)

and third and final, an equation with terms that depend on the state dependent output
performance matrix, Hm:

−HT
mQ

(
Hm −Hmtrim

)
xmtrim

−
(
In ⊗ xTm

) ∂HT
m

∂xm
Qẑ = [0] (4.86)

However the elements in the continuous matrices Am and Hm depend on the
continuous aerodynamic model of Chapter 2, and we can assume that these matrices can
be bounded in an arbitrarily large open ball centered at xmtrim with finite radius, and
also that their first derivatives are bounded in an arbitrarily large open ball centered
at the origin with finite radius. Mathematically these conditions are expressed as:

‖Am (xm)−Am

(
xmtrim

)
‖ ≤ µA‖xm − xmtrim

‖ (4.87)

‖Hm (xm)−Hm

(
xmtrim

)
‖ ≤ µH‖xm − xmtrim

‖ (4.88)

‖∂Am

∂xm
‖ ≤ µJA (4.89)

‖∂Hm

∂xm
‖ ≤ µJH (4.90)

with µA, µHµJA, µJH > 0, positive real numbers.
Considering this boundedness condition for the matrices Hm,Am and M , it can

be then establishes that, if a solution can be found for equation 4.84 that drives e to
zero in an infinte time, then the other two equations 4.85 and 4.86 will be well verified
becasue:
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• Equation 4.85 converges to zero at a quadratic rate as the missile approaches its
trim condition.

• The output performance terms in equation 4.86, turn smaller as the missile ap-
proaches the trim condition, becasue the matrix Hm contains either constant

terms or no high value order terms, so Hm −Hmtrim
and ∂HT

m

∂xm
approach zero.

In conclusion these terms can be neglected and in order to solve equation 4.83 is
enough to solve the algebraic equation 4.84.

In summary, the control formula

u = Km (xm) · e (4.91)

with e = xmtrim
− xm is a solution to the non-linear step tracking autopilot problem

4.61, where Km is the sub-optimal feedback matrix of the form:

Km (xm) = R−1BT
mM (xm) (4.92)

and where M is the state-dependent solution of the SDRE equation:

MAm +AT
mM −MBmR

−1BmM +HT
mQHm = [0] (4.93)

The full-state nonlinear optimal autopilot solution for the dual control missile,
including the feedforward vector law is depicted in Figure 4.5.

VCL Km (xm) Bm

∫
Hm (xm)

Am (xm)

Optimization Loop

nd xmtrim

+ e
u + ẋm zm

xm
−

xm

−

ĉq ĉr

Figure 4.5: Dual Control Missile Optimal Autopilot Scheme. The feedforward Vector
Control Law (VCL) provides the trim conditions to the optimum non-linear autopilot loop.
Dashed line indicates input parameters to calculate each of the blocks. Note that dynamic
state matrix Am and the output performance matrix Hm are state dependent, as well as the
feedback control matrix K, calculated at each iteration from equation (4.93). Note that the
VCL is outside the optimization loop and its optimum will be found through Monte Carlo
methods.

Sub-optimal Solution with λ-shift

In the Two-Loop scheme the autopilot runs at higher frequency than the guidance
loop, and it is convenient to introduce in the formulation a mathematical mechanism
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to accelerate the autopilot response. This will be done through a λ-shift that modifies
the system poles and its stability, without changing its dynamics. We modify the cost
functional in 4.61 to:

min
u=ẋsd

J =

∫ ∞
0

e2λt
(
z̃TQz̃ + uTRu

)T
s.t. ẋm=Amxm +Bmu

z̃ =Hmxm −Hmtrim
xmtrim

(4.94)

note we have not modify the system dynamics. This is similar to the shift applied in
linear systems (see for example [Anderson and Moore, 2007]), and the resulting SDRE
equation 4.93 transforms to:

Mλ (Am + λIn) + (Am + λIn)T Mλ −MλBmR
−1BmMλ +HT

mQHm = [0]

(4.95)
where the subscript λ is used to highlight that M depends on λ as well.

The resulting accelerated suboptimal control law is:

u = eλtR−1BT
mMλe (4.96)

where the autopilot error has been already defined as e =
(
xmtrim

− xm
)
.

4.4 Autopilot Test Cases

In this section the performance of optimum, full-state and nonlinear autopilot with
command generator for the dual control missile (SDRE-DAC), developed in the pre-
vious section and represented in Figure 4.5, is investigated by a numerical study and
compared against three different control possibilities for the same missile airframe:

1. SDRE with tail-control (SDRE-Tail)

2. SDRE with canard control (SDRE-Canard)

3. DAC with gain-scheduling autopilot (see section 2.2.2 )(GS-DAC)

In the gain scheduling scheme, the control gain matrix Kmtrim
is calculated at trim

steady -state, (see Figure 4.6). Accordingly for each demanded acceleration Kmtrim
is

a constant matrix obtained from

Kmtrim
= R−1BmMtrim (4.97)

where Mtrim is the solution of the algebraic matrix Riccati equation:

MtrimAmtrim
AT
mtrim

Mtrim −MtrimBmR
−1BmMtrim +HT

mtrim
QHmtrim

= [0]
(4.98)

with Amtrim
= Am

(
xmtrim

)
and Hmtrim

= Hm

(
xmtrim

)
. In contrast the SDRE

gain matrix Km from equation 4.92 is updated for each value of xm and will approach
to Kmtrim

asymptotically.
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VCL Kmtrim
Bm

∫
Hm (xm)

Am (xm)

Single Optimization Loop

nd xmtrim

+ e
u + ẋm zm

xm
−

xm

−

ĉq ĉr

Figure 4.6: Gain Scheduling Control Scheme for the DAC missile (compared against Figure
4.5). For each acceleration demand, the control gains are calculated only once at the defined
trim conditions from the solution of equation 4.98. In contrast, gains in Km vary at each
value of xm in the scheme depicted in Figure 4.5

The limitations of Table 4.1 are applicable to the missile, whereas Table 4.2 contains
the parameters that will be used in the simulation. We consider a close to end-of-burn
combustion mass (see Table C.2). In order to accelerate the response, particularly in
roll channel, a positive λ-shift is applied, with λ = 0.05 second.

Table 4.2: Autopilot Performance Simulation Parameters

Parameter Name Value Units

m missile mass 87.3 kg
IBx Axial inertia 0.320 kg ·m2

IBz Longitudinal inertia 32 kg ·m2

s̄ Distance from mass to moment reference center -0.85 ND
τ−1
u Unmodeled frequency 10 Hz
τ−1
t Tail servo frequency 10 Hz
τ−1
c Canard servo frequency 10 Hz
λ λ-shift 0.05 s

The missile Mach number M∞ is 2.5 and the simulation altitude is 6,000 meters.
The latter is selected because the missile has more maneuvering capability due to
the higher air density (see Figure 3.22) and could exceed its structural limit during a
transition to the steady state unless controlled by the autopilot.

After some numerical iterations, the choice of the weighting matrices that resulted
in good reasonable performance characteristic is as follows. For the state-weighting
matrix:

Q = diag
[
100 100 100 100 1000 1000 1000 1000 1000 1 1 100

]
and control weighting matrices are:

for the DAC in both SDRE-DAC and gain scheduling:
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R = diag
[
1 1 1 1 1

]
for SDRE-Tail

R = diag
[
1010 1010 1 11 1

]
and finally for SDRE-Canard

R = diag
[
1 1 1010 1010 1010

]
All the apportioning parameters in the SDC matrices, represented by Υ, are selected
equal to 0.5.

4.4.1 Autopilot Single Test Case

The selected feedforward law control parameters are in Table 4.3

Table 4.3: Feedforward Law Parameters for the Autopilot Single Test Case

Scenario ĉq ,ĉr

SDRE-DAC −1.5
SDRE-Tail −104

SDRE-Canard −10−4

Gain Scheduling-DAC −1.5

Pitch-only acceleration demand

We start evaluating the response to a step-acceleration demand of nBzd = −15 g, in
missile pitch plane, and no demand in yaw, see Figure 4.7.

δcq

−δtq

XB

ZB

c.m. m.r.c.
−s̄

VM

q

α

−nBzd

Figure 4.7: Autopilot Single Test Case, Pitch Scheme. A negative acceleration demand in
pitch requires a nose up response and positive angle of attack.
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The missile acceleration and the incidence angles (eq. 3.39 and 3.39) are represented
in Figure 4.8 and 4.9 respectively, whereas Figures 4.10 and 4.11 show the angle of
attack and fin positions. We observe that the initial response of the Canard-SDRE is
the quickest although the SDRE-DAC is comparable. Canard-only missile has large
overshoot and the largest settlement time compared with the other control options.
The canard control here exceeds the calculated supersonic saturation incidence iss
from Table 3.2 and Figure 3.9 . The finding provides evidence of the canard tendency
to saturate even at moderate acceleration demands, as already mentioned in Chapter
1.
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Figure 4.8: Autopilot Pitch Performance. Achieved accelerations in g, in response to a step
demand of 15 gs- nose up.

Pitch and Yaw combined acceleration demand

We now consider the missile response to a step change in demanded acceleration, with
values nBzd = −15 g, and nByd = −3 g, see Figure 4.12 , simultaneously in pitch and yaw
while it controls roll movement maintaining stability. Due to induced rolling moment
(section 3.4.3 ), the canard missile can not be stabilized in roll unless other additional
mechanisms are applied (see Chapter 1). As a result, the canard missile is removed
from this pitch-yaw combined scenario, and the SDRE and gain scheduling DAC missile
performance are only compared against SDRE in a tail missile.

Note that the demand in yaw is set at 20% of the demand in pitch. As mentioned,
the resulting flow asymmetry will cause induced rolling moment that the missile tail
will control with differential deflections in case of DAC and Tail missiles.

Acceleration-time response is represented in Figure 4.13 that illustrates how the
non-linear SDRE controller with command generator is able to obtain the desired
acceleration and stabilize the missile within its mechanical and aerodynamic constrains.
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Figure 4.9: Autopilot Pitch Performance, Incidence Angles
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Figure 4.10: Autopilot Pitch Performance, Angle of Attack

The desired response is obtained with low fin angular deflection in case of dual control,
whereas it needs to be higher in tail-missile. The tail minimum phase translates into
an initial inverse response, that is expected to increase further with the acceleration
demand, and also shows large settling times and overshoots. The SDRE-DAC has the
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Figure 4.11: Autopilot Pitch Performance, Controls
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p

Figure 4.12: Autopilot Single Test Case, Yaw and Roll Scheme. A negative acceleration
demand in yaw requires a response with positive sideslip angle. Combined with positive angle
of attack, the resulting induced roll will be clockwise in the Figure.

quickest response time and acceptable overshoot and settling time.

The tail missile achieves the largest angle of attack, see Figure 4.14. For greater
acceleration demands, the result suggest that the tail missile will be the first to exper-
iment phantom yaw phenomena. However, although tail missile reaches the greatest
angle of attack, the control incidence is low and far from supersonic saturation, as the
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Figure 4.13: Autopilot Pitch-Yaw Performance: Acceleration. In response to a step demand
of 15 gs- nose up- and 3 gs - nose left looking forward from missile rear.

control deflection is opposed to angle of attack, achieving the lowest incidence angle as
a result. It risks however early saturation of the gyroscope due to the abrupt response
in pitch q, see Figure 4.21. .

In case of the DAC missile, the gain scheduling controller requires more time to
stabilize, specially in roll, versus the SDRE controller. A longer time to stabilize in
roll means a larger deviation versus the intended trajectory in a homing engagement.

Figure 4.24 illustrates the individual positions of each of the six servos for the dual
control missile in the DAC-SDRE case. Although there are eight movable fins, the
canard controls are paired and mechanically linked, δc1 = δc3 and δc2 = δc4.

These findings suggest than in general the DAC-SDRE combination is capable of
achieving a quicker speed of response in yaw and pitch, without saturating the controls,
at reduced overshoot, and eliminating the tail non-minimum-phase, inverse response
effect. It was also shown that the SDRE-DAC controller is able to stabilize the transient
response of the non-linear plant in the missile three channels of pitch, yaw and roll
simultaneously. It is also capable of compensating inducing roll moments at the canard
section by small differential deflections at the tail, maintaining the missile in the ”plus”
configuration during flight.

111



CHAPTER 4.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

10

20

time, (s)

β
α
,

(d
eg

)

Figure 4.14: Autopilot Pitch-Yaw Performance:, Angle of Attack α(top) and Sideslip β
(below).
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Figure 4.15: Autopilot Pitch-Yaw Performance, Pitch Incidence Angles. Canard sec-
tion(top) and tail section (bottom).
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Figure 4.16: Autopilot Pitch-Yaw Performance: Yaw Incidence Angles. Canard (top) and
tail (bottom) sections.

4.4.2 Allocation of Control Effort Between Canard and Tail

The feedforward vector law is located outside of the SDRE optimization loop (see Fig-
ure 4.5 and 4.6). The objective of this section is to study numerically the impact of
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Figure 4.17: Autopilot Pitch-Yaw Performance: Pitch Control. Fin positions at canard
(top) and tail (bottom) sections.
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Figure 4.18: Autopilot Pitch-Yaw Performance: Yaw Controls. Fin positions at tail (top)
and canard (below) sections.
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Figure 4.19: Autopilot Pitch-Yaw Performance: Roll Controls.

parameters ĉq and ĉr, defined in equation 4.49, in the DAC missile autopilot perfor-
mance. A comparison will be carried out among the SDRE step forward nonlinear
controller and the Gain Scheduling logic, in a series of numerical experiments. In order
to do that, two performance parameters are defined:
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Figure 4.20: Autopilot Pitch-Yaw Performance: Roll Speed.
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Figure 4.21: Autopilot Pitch-Yaw Performance: Pitch speed.
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Figure 4.22: Autopilot Pitch-Yaw Performance: Yaw Speed.

• The control Effort (∆eδ) as:

∆eδ =

√
1

tf

∫ tf

0

[
δcq(t)

2 + δcr(t)
2 + δp(t)

2 + δtq(t)
2 + δcr(t)

2
]
dt (4.99)

• The nonlinear response time, τg, the time when the acceleration response is 63.2%
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Figure 4.23: Autopilot Pitch-Yaw Performance: Roll Angle.
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Figure 4.24: Autopilot Pitch-Yaw Performance: Servo Positions.

of the step demand.

A low control effort represents less overall fin deflection to achieve the desired ma-
neuver, which translates into less drag losses, less hinge moment and less torque needed
at the servos. A high response time improves the outer guidance law effectiveness (sec-
tion 4.1)

Similar to previous section 4.4.1 we have demanded a step-maneuver to the missile,
simultaneously in both pitch and yaw, and simulated the closed-loop response. In each
case the yaw acceleration demand is 10 % of the pitch.

Parameter ĉq is selected as negative varying number ∈ (−∞, 0). A negative ĉq
corresponds to opposite control mode at the trim condition, as defined in section 3.5.1.
The limiting cases ĉq → 0 for canard control and ĉq → −∞ for tail control. The yaw
parameter, ĉr is set as equal to ĉq.

Figure 4.25 illustrates the relative control effort versus ĉq for different accelerations.
The relative control effort is obtained dividing the SDRE-Tail or GS-Tail control ef-
forts by the Tail-SDRE control effort to achieve this same acceleration. The following
conclusions can be extracted from Figure 4.25:

• Both the SDRE-DAC and the GS-DAC present a minimum optimum ∆eδ for
certain ĉq, and the SDRE-DAC is capable of achieving the same demanded ac-
celeration with less control effort.
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Figure 4.25: Missile Control Effort. Relative missile autopilot control effort to achieve
a demanded acceleration of 20 g or 40 g in pitch, combined with and 2 and 4 g in yaw
respectively. The control effort is calculated for the dual control with SDRE-control and
Gain Scheduling Control, and normalized with the effort of a SDRE-Tail missile, which is
independent of ĉq. Note there is an optimum point for the DAC missile.

• In the limit ĉq → −∞, the relative control effort tends to unity. No significant dif-
ferences are found in terms of control effort between SDRE and Gain Scheduling
for a tail controller missile.

• The relative control effort is less than unity except for a close neighbourhood of
the ĉq = 0. The DAC missile requires less control effort than the Tail-SDRE case
to achieve the demanded acceleration. Relative control effort increases slowly as
ĉq diminish and the tail channel takes preponderance over the canard.

• However for ĉq → 0 the relative control effort increases abruptly. This phenomena
is explained because the canard only missile in our configuration is not capable
of controlling the induced roll. Increasing ĉq over the value for minimum control
effort value will rapidly increase control effort leading to canard saturation and
loss of missile control.
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Note that in refrences [Mracek, 2007] and [Mracek and Ridgely, 2006], it was men-
tioned that the DAC missile has larger control deflection than the equivalent tail or
canard control missile, however authors where referring to what we have denominated
as positive divert mode. In the opposite control mode the contrary is true as we have
demonstrated via simulations.
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Figure 4.26: Missile Response Time. Figure illustrates the response time to achieve 63.2%
of the required demanded acceleration, 20 or 40 g in pitch combined with 2 and 4 in yaw
respectively. τg has been normalized with the response time of a SDRE-Tail missile. Note the
non-linear SDRE-DAC controller has a better response time than the SDRE-Tail and Gain
Scheduling-DAC controller.

Response-time normalized with the SDRE-Tail response-time, is represented in Fig-
ure 4.26 as a function of ĉq. The non-linear controller SDRE-DAC has better response
time than the gain scheduling controller for all values of ĉq. The results obtained
confirm that the response time decreases as the canard channel action increases with
ĉq → 0. This is coincident with bibliography results from Shima and co-workers, that
increasing the tail effort is detrimental to the speed of response due to the non-minimum
phase effect. However the overall control effort increases as well and the canard will
saturate with ĉq → 0 as seen in Figure 4.25.
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Once we include missile real effects, and in order to optimize the DAC response,
we expect the tail to take predominance over the canard in trim, but with ĉq close to
−1.5 , that drives a minimum in the curve 4.25. Although the minimum slightly varies
with the demanded acceleration, for operational purposes it is sufficient to select one
fixed value as the variations are not significant. Also, it is shown that decreasing the
ratio below the minimum control effort will rapidly increase control effort leading to
saturation and loss of missile control. As a result in the DAC missile there is a trade
off between acceptable response time and minimizing overall control effort, and the ĉq
of minimum control effort provides a compromise.

4.5 Two-Loop Guidance-Autopilot Test Cases

The aim of this section is to investigate numerically the performance of the two-loop
logic on the DAC missile against a high-speed, high maneuvering target, and to es-
tablish a comparison with tail and canard missile performance in the same scenarios.
The two loop guidance-autopilot scheme is shown in Figure 4.28. This Figure shows
the optimal guidance law, the feed-forward command generator and the SDRE-DAC
autopilot with λ-shift.

Previous analysis in section 4.4 reported the performance advantages of the solu-
tion of nonlinear SDRE autopilot with command generator developed in section 4.3.3
compared with more traditional Gain Scheduling architectures, as described in 2.2.2.
As a consequence this section only considers the SDRE autopilot in the analysis.

Additionally, section 4.4 also established the capabilities in DAC missile roll control
of the devised autopilot. As a consequence, a roll stabilized DAC missile is considered
where the motion can be separated into two perpendicular channels, allowing to treat
only a planar engagement. For comparison purposes, we will assume the tail and the
canard configurations are as well roll stabilized. The configuration of the dual control
missile in two dimensions is indicated in Figure 4.27.

The simulation parameters are set as follows. The integration step is 0.001 s, and
the SDRE autopilot is calculated 25 times for each guidance calculation. The sce-
nario altitude is 12,000 meters, which is more restrictive in terms of available missile
maneuver, refer to Figure 3.23. For calculation of atmospheric parameters, the engage-
ment altitude is assumed to be constant with ISA conditions. The target is flying at
MT = 1.5 whereas the missile initial Mach is 2.5. The missile rocket has a constant
sustained thrust with a burn out time of 8 s.

The selected design parameters used for the guidance law are:

c = 108 b = 1 τg = 0.1 s

and the missile parameters are listed in Table 4.4 and the limitations in Table 4.1.
Note that this case differs from the autopilot case in that the missile mass parameters
vary linearly during the engine combustion, whereas Table 4.2 contained the missile
parameters at a fixed time.

The control allocation parameter is selected to be -1.5 based on the results of Figure
4.25, as this value minimizes the control effort to achieve the expected accelerations.
The state and control weighted matrices do not vary from the autopilot case except
that now a pitch-only autopilot is considered.
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Figure 4.27: Missile Free Body Force Diagram. For the Two-Loop Guidance-Autopilot Test
Case. Arrows indicate positive sign criteria. Forces and moments are represented at missile
centre of mass.

Table 4.4: Two Loop Guidance Missile Parameters

Parameter (symbol) Value (units)

Missile mass, initial/burn out, (m) 101.3/87.3 Kg
Missile coast burn out time, (tb) 8 s
Position of mass centre, initial / burn out (from nose) 143.6/128.8 cm
Pitch moment of inertia, initial / burn out IBx 34.7/32 Kg m2

Missile Mach at beginning of terminal phase M∞ 2.5
Initial Thrust coefficient, CT 1.2
Servo Gains, τc, τt, τu 0.1, s
Control allocation parameter, ĉq -1.5

4.5.1 Single Case with Moderate Heading Error

In this first scenario, the missile is attacking a target and is launched close to a collision
course, with a heading error HE = 20 deg, as shown in Figure 4.29, where the initial
distance between missile and target rTM(0) is 6,000 meters, with σ = 0 deg. The target
is executing an evading maneuver nT of 15 g with γT (0) = 90 deg and

γ̇T =
nT
VT

The trajectories obtained are shown in Figure 4.30, and Table 4.5 summarizes the
main performance parameters for the scenario. Tail and DAC missiles achieve miss
distances of 0.28 and 0.14 meters respectively. However the canard controlled missile
does not hit the target, the simulation is interrupted when the collision velocity turns
positive and hence target successfully evades. Separation between canard missile and
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Figure 4.28: Two Loop Guidance Scheme. In this solution the non-linear autopilot is in-
cluded within the guidance loop, which commands the acceleration. The connection from
guidance to autopilot is being carried out by the two highlighted blocks, the demanded
maneuver axis transformation and the feedforward controller. The latter converts the com-
manded acceleration into commanded missile states in trim. In this design, the guidance loop
runs much slower than the autopilot (typically x10 times slower [Foreman et al., 2010] ) in
order for the compensated plant to be stable.
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Figure 4.29: Simulations: Two-Loop Scenario Scheme

Table 4.5: Two-Loop G & C Test Scenario Results

Control tf ,(s) miss,(meters) ∆en ∆eδ, deg ∆ek

DAC 6.8 0.14 1.00 10.27 0.50
Tail 6.4 0.28 0.96 14.20 0.84
Canard 7.8 245 1.02 21.78 0.06

target at this point is 245 meters, where final positions are marked by ”+” in Figure
4.30. Figure 4.31 shows the missile acceleration. An evaluation of the required total
acceleration can be obtained through the integral

∆en =
1

nT tf

∫ tf

0

nLdt (4.100)

where the lowest values for ∆en are obtained for the tail missile (refer to Table 4.5).

Figure 4.32 illustrates the control deflection for each type of missile. DAC missile
controller employs opposite direction mode predominantly however positive divert is
used for terminal corrections in the last instants before interception. Canard missile
reaches its maximum mechanical deflections of -30 deg and saturates.

The control effort parameter ∆eδ, defined in equation 4.99, summarizes the trends
observed in Figure 4.32 . The DAC missile requires the smallest control effort to achieve
the lowest miss distance.

Figure 4.33 shows the variation of angle of attack, that follows the same pattern
than the acceleration, Figure 4.31, or alternatively, missile acceleration is generated
mainly by the body angle of attack.

Interception time is 6.4 seconds for the tail-control missile and 6.8 seconds for the
DAC missile. In the two-dimensional scenario, the missile acceleration is derived from
equation 4.18, that yields:

V̇M = −cα
(
FA − T
m

)
− sα

(
FN
m

)
(4.101)
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where T thrust constant for t ≤ 8 and null afterwards. The axial acceleration effec-
tiveness can be measured by the energy loss per unit mass from launch to impact,
normalized by the initial kinetic energy at launch, as follows:

∆ek =
2

V 2
M (0)

∫ tf

0

VM V̇Mdt (4.102)

The tail controlled missile has the better axial efficiency, Table 4.5, and is able to retain
almost constant Mach during this terminal maneuver, as illustrated in Figure 4.34. The
DAC double control penalizes the flight efficiency when the missile manuevers versus
tail. This phenomenon match with the conclusions of section 3.5.2. The canard large
control deflections severely drag the missile and penalize its performance, even if the
propulsion is active.

Finally, it is worth considering the preservation of the guidance command in each
missile, as defined by [Palumbo et al., 2010]. It can be indicated by the angle θg, see
Figure 4.27, the angle that the guidance command nLd forms with the missile lateral
acceleration nB:

θg = c−1‖nB‖
‖nLd‖

(4.103)

Figure 4.35 shows equation 4.103 for the DAC and Tail missile. Both missiles show
large values of θg. However they are lower for the tail missile. Finding indicates that
for a tail missile a greater component of the missile generated acceleration is along
the direction specified by the guidance, or in other words, less acceleration is wasted.
The additional acceleration generated in the DAC missile affects its performance and
is related to its slightly longer flight times to achieve interception.

4.5.2 Capture Regions in Collision Course

In this subsection the capture region of the missile with different control modes is
investigated numerically. The capture region is defined as all the missile launch points
where the final miss distance to target is less than 1 meter.

Missile is launched with no heading error, HE = 0, against a target executing a
constant maneuver nT of 12 g with γT (0) = 90. Target Mach is constant and equal to
MT = 1.5. Missile launch position is varied both in distance and angular positions in
respect to the target, all other parameters are maintained from the scenario considered
in the previous section 4.5.1.

Five capture maps are obtained, where colored areas indicate the points where the
missile will initiate the manuever from, in collision course to the target initial vector.
The missile autopilot in all cases is the nonlinear autopilot of section 4.3.3. Figures 4.36
and 4.37 illustrate the results obtained for the tail and canard-control missile guided by
proportional navigation. The results indicate that, against high maneuvering targets,
only launchs from target lateral position are sucessful. Changing the guidance law from
proportional navigation to optimal will result in Figures 4.36 and 4.37. The differences
between the proportional navigation and optimal charts enhance the understanding of
the impact of guidance law in missile performance on the same missile airframe. In this
study tail missile tends to show a more complete capture region whereas the canard
is limited due to tendency of the control to saturate. This is specially clear for head
on or tail on engagements, that are the most challenging. In contrast, the missile with
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Figure 4.30: Trajectory of DAC missile and Target. Note the different impact points for
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Figure 4.31: Missile Acceleration.

dual control and optimal navigation represents a practically full capture region with
target intercept from all launch positions around the target.

These results can be compared favourably against those of Figure 1.4. In that case
the missile was attacking a low maneuver target, nT = 3 g, versus nT = 12 g for the
scenario considered now.

4.6 Conclusions

This Chapter has developed a theoretical and practical procedure for a general missile
non-linear autopilot. It is inclusive of missile high-order aerodynamic and includes
mechanical and aerodynamic operational limitations. The autopilot is capable of han-
dling specifically dual control missiles as well as canard or tail architectures. Main
characteristics of the autopilots are:

• As typical in aero vehicle autopilots, it is defined for short term dynamics, and
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Figure 4.32: Control Fin Angles versus Time. The DAC missile used divert maneuver, both
controls deflected in the same sense, at the very last moment before interception. Deflections
are significantly lower than the traditional controls.
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Figure 4.34: Missile Mach Number.

the missile velocity is left outside the optimization loop.

• Contains a feed-forward command generator, based on missile trim conditions,
that ensure accuracy and missile smooth performance through all the envelope.

• The control allocation for the DAC missile is determined in a feed-forward con-
troller through a vector law, and can be effectively apportioned between canard
and tail to minimize the missile total control effort.

• Two-Loop guidance homing simulations demonstrate that the DAC missile best
strategy is to use opposite control mode during the approach to target and posi-
tive divert for final corrections before impact.

• The autopilot is solved sub-optimaly with a novel integral step-tracking con-
troller, according to specific performance criteria and in infinite-time horizon.
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Figure 4.35: Guidance Preservation Angle θg.
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Figure 4.36: Tail Missile capture Area with Proportional Navigation Guidance. Grey areas
represent the tail missile launch positions to achieve a final miss distance of less than 1 meter
against a maneuvering target. Arrow indicates the target initial position and velocity of the
target, that maneuvers with nT = 12 g, turning to the left of the figure.

Demostration has been provided for sub-optimal conditions of resolution.

• Autopilot control states are the fin demanded turning rates, which eliminate the
non-affinity in the autopilot short term dynamic and allow the control to be
solved as they are zero at the trim condition.
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Figure 4.37: Tail Missile capture Area with Proportional Navigation Guidance. Grey areas
represent the missile launch positions to achieve a final miss distance of less than 1 meter
against a maneuvering target. Note the radial scale is larger than in the tail missile case.

-180

-160

-140

-120 -60

-40

-20

0

20

40

60
80100

120

140

160

crossrange, meters
-3000 -2000 -1000 0 1000 2000 3000

-3000

-2000

-1000

0

1000

2000

3000

Figure 4.38: Tail Missile Capture Area with Optimal Guidance. Grey areas represent
the missile launch positions to achieve a final miss distance of less than 1 meter against a
maneuvering target

• An λ-shift mechanism permits modification of the dynamic response of the mis-
sile.
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Figure 4.39: Canard Missile Capture Area with Optimal Guidance. Grey areas represent
the missile launch positions to achieve a final miss distance of less than 1 meter against a
maneuvering target
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Figure 4.40: DAC Missile Capture Area with Optimal Guidance. Grey areas represent
the missile launch positions to achieve a final miss distance of less than 1 meter against a
maneuvering target
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• It is a full envelope three dimensional autopilot: roll, pitch and yaw are all
integrated and simultaneously solved, without the need of three separate channels
as in more traditional autopilot designs.

• The results obtained from numerical analysis also demonstrate that the autopilot
eliminates the non-minimum phase effect for the DAC missile.

When full aerodynamics are considered, results revealed that canards are prone to
easily saturation that results in loss of missile control and target miss. Note that in
contrast author [Gutman, 2003] as discussed in section 1.1.2, suggested that canards
are superior to tail missiles however under idealized assumptions. As a consequence,
optimal guidance law demands on canard missiles need to be relaxed to avoid loss of
control.

As well, simulations have confirmed that proportional navigation results in a sig-
nificant reduction of missile capture zone versus an optimal guidance law. The DAC
missile against high maneuvering and high speed targets achieves promising results
with larger capture zones and better miss distances even in the presence of heading
errors.

The research has opened as well questions in need of further investigation. The
online calculation of the autopilot is still very cumbersome as it requires running at
higher frequencies than the guidance and at each autopilot cycle a Riccati equation
needs to be solved, plus the nonlinear command generator equations that are solved
iteratively.

Further work needs to be done to establish whether the linkage between guidance
and autopilot can be improved and preserve the guidance command.

Two-Loop approach for DAC missile has shown larger flight times and worst kinetic
efficency compared to tail controlled missiles. As a consequence, further research might
also explore how to exploit during homing the potentially superior flight efficiency of
the dual control arrangement, as reviewed in section 3.5.2.

It would be also interesting to asses the effect of noises and radar errors into the
two-loop structure.

All these questions will be addressed in the next Chapter with the IGA guidance
scheme.
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Chapter 5

Integrated Single Loop
Guidance-Autopilot

In this Chapter the integrated guidance and autopilot (IGA) logic is developed and
applied to the dual control missile. The IGA is a non-linear controller that greatly
simplifies the amount of calculations required in real time on board the missile versus
the algorithm developed in Chapter 4. As it will be demonstrated via simulations, it
achieves better missile performance, with lower control efforts and lower miss distances.

Figure 5.1 presents the integrated approach in an schematic way, where the control
input ẋsd guides the missile to the interception and simultaneously controls the missile
transient response, stabilizing all the states xm of the missile. The result is a complete
different set of missile guided trajectories compared to the two-loop logic. The IGA is
a finite-horizon control problem that depends on the time to go until impact.

Target
Dynamics

Integrated
ẋI = f(xI ,xsd)

time-to-go
Estimate

FinServos
ẋs = f(xsd)

Unmodeled dynamics, τu

Missile
Dynamic

xT , ẋT
+

rTM , Vc

tgo

nT

ẋsd

xs

xM , ẋM

−

Figure 5.1: Schematic of Single-Loop Autopilot Guidance.

The first step in the IGA methodology is to derive an adequate SDC that repre-
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sents the guidance and autopilot dual control dynamics. This is achieved in section
5.1 by proper manipulation of the non-linear equations governing both problems and
satisfactory linkage between them. We then propose a suboptimal numerical algorithm
to solve the IGA in section 5.2, because a pure analytic resolution is not viable for high
order systems as with the IGA formulation. The numerical solution drives unstable
behavior for the missile and we have developed a solution with a feedforward inte-
grated controller. Test cases for the deterministic, noise-free, problem are in Section
5.3. The filter and effect of estimation on the performance of the missile with single
and two-loop pursuing logic are discussed in Section 5.4 and Section 5.5 presents the
corresponding test cases. Section 5.6 presents the air turn back maneuver executed by
the DAC missile and 5.7 presents the concluding remarks.

5.1 Integrated Guidance-Autopilot Model

In all the precedent discussions in Chapter 4, the autopilot -or flight control- problem
has been defined in missile body axes, while the guidance - or navigation- function
was described in the inertial space. This dysfunction causes a problem with lack of
guidance maneuver preservation, as illustrated by Figure 4.35. The IGA problem needs
to be defined in either of these axes systems. As discussed in the literature review,
section 2.3.2, the IGA formulation in body axes causes strong instabilities and sliding
behavior. In this section the single loop puzzle is defined in inertial axes.

5.1.1 IGA State-Space Parametrization in Inertial Axes

The integrated approach will optimize both the flight control and the guidance in one
single loop, in a unified control problem. This approach will require the introduction
of the relative velocity for missile and target in the integrated state vector, as well as
the missile and servo dynamics. An illustrative simplified planar representation of the
variables in the integrated problem can be found in Figure 5.2, although we develop
the problem in full tridimensional equations.

The linkage between guidance and missile states is given by the equation:

(
drMT

dt

)L
=

ẋLrẏLr
żLr

 = V L
T − V L

M (5.1)

where V L
M is the missile velocity vector in inertial axes given by:

V L
M = SLB · SBW ·

VM0
0

 (5.2)

The coordinate transformation matrix from body to inertial axes SBL is given in
quaternion form by (see Appendix, equation F.4):

SLB =

q2
0 + q2

1−q2
2 − q2

3 2(q1q2 + q0q3) 2(q1q3−q0q2)
2(q1q2 − q0q3) q2

0 − q2
1 + q2

2 − q2
3 2(q2q3 + q0q1)

2(q1q3 + q0q2) 2(q2q3 − q0q1) (q2
0 − q2

1 − q2
2 + q2

3)


T

(5.3)

132



5.1. IGA MODEL

XL

ZL

XB

ZB

−nBz = nB

rBTM

VM

θ γM

α

−zBr

xBr

M

T

VT

xLT

zLT

xLM

zLM

nT

γT

Figure 5.2: Integrated Guidance and Control Scenario. The missile acceleration nB is
normal to missile axil-symmetric axis xB. The target performs a constant module maneuver
that is normal to its velocity vector.

whereas the transformation from wind to body axes is defined by

SBW =

 cαcβ sβ sαcβ
−cαsβ cβ −sαsβ
−sα 0 cα


T

(5.4)

Substituting equations 5.2, 5.3 and 5.4 into equation 5.1, yields:

ẋLr = −
(
q2

0 + q2
1−q2

2 − q2
3

)
VMcαcβ − 2(q1q2 + q0q3)VMsβ

− 2(q1q3−q0q2)VMsαcβ + VTx (5.5)

ẏLr = − (q1q2 − q0q3)VMcαcβ −
(
q2

0 − q2
1 + q2

2 − q2
3

)
VMsβ

− 2(q2q3 + q0q1)VMsαcβ + VTy (5.6)

żLr = −2 (q1q3 + q0q2)VMcαcβ − 2 (q2q3 − q0q1)VMsβ

−
(
q2

0 − q2
1 − q2

2 + q2
3

)
VMsαcβ + VTz (5.7)

Missile velocity VM module appears in all three equations 5.5, 5.6 and 5.7, and
accordingly it needs to be included in the IGA system dynamics. Missile acceleration,
removing gravity effects, is defined by the non-linear differential equations 4.18:

V̇M = −cαcβ
(
FA − T
m

)
− sβFS

m
− sαcβFN

m
(5.8)
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In contrast, note that in the non-IGA autopilot development we considered only
short term dynamics and VM a local constant, V̇M velocity variations were outside
of the optimization loop, whereas now the missile velocity module will be explicitly
considered as a variable.

Missile states α and β are also included in 5.5, 5.6 and 5.7. Their dynamic is
obtained from equations 4.19 and 4.20, repeated here for convenience:

α̇ =
1

VMcβ

[
sα

(
FA − T
m(t)

− 2g (q1q3 − q0q2)

)
− cα

(
FN
m(t)

− g
(
q2

0 − q2
1 − q2

2 + q2
3

))]
+ q − tβ (pcα + rsα)

β̇ =
1

VM

[
cαsβ

(
FA − T
m(t)

− 2g (q1q3 − q0q2)

)
− cβ

(
FS
m(t)

− 2g (q2q3 + q0q1)

)]

+
1

VM

[
sαcβ

(
FN
m(t)

− g
(
q2

0 − q2
1 − q2

2 + q2
3

))]
+ psα− rcα

The latter equations contain the missile angular velocities in body axes, where their
dynamic is defined by equations 4.23, 4.24 and 4.25:

ṗ =
q∞Srefd

Ibx
Cl

q̇ =
Iby − Ibx
Iby

pr +
q∞Srefd

Iby
(Cm + s̄ · CN)

ṙ =
Ibx − Iby
Iby

pq +
q∞Srefd

Iby
(Cn − s̄ · CS)

Compared to the two-loop case, by combining VM with the missile attitude angles

and rotation dynamics
[
α β p q r

]
full missile dynamics will be included in the

IGA formulation, a complete six degrees of freedom model just for the missile variables,
instead of a 5 degrees of freedom as in the short-term dynamics step-tracking nonlinear
autopilot of section 4.3.3.

In order to complete the IGA model, the quaternions dynamics are needed, which
are given by (equation F.8):

q̇0

q̇1

q̇2

q̇3

 =
1

2


0 −p −q −r
p 0 r −q
q −r 0 p
r q −p 0



q0

q1

q2

q3

 (5.9)

To include all the dependencies in the SDC structure, this equation 5.9 will be
apportioned among the quaternion and the missile angular rotation vector, with the
introduction of a new design parameter Υε ∈ [0, 1]. Denoting the missile quaternion
vector as:
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qM =
[
q0 q1 q2 q3

]T
(5.10)

its derivative over time can be expressed as:

q̇M =
1

2
ΘqqM +

1

2
Θωω

B
M (5.11)

with ωBM =
[
p q r

]T
. The state-dependent matrices Θq and Θω in equation 5.11

are given by:

Θq =


εk
(
1− εq

)
−Υεp −Υεq −Υεr

Υεp εk
(
1− εq

)
Υεr −Υεq

Υεq −Υεr εk
(
1− εq

)
Υεp

Υεr Υεq −Υεp εk
(
1− εq

)
 (5.12)

Θω =


− (1−Υε) q1 − (1−Υε) q2 − (1−Υε) q3

(1−Υε) q0 − (1−Υε) q3 + (1−Υε) q2

(1−Υε) q3 (1−Υε) q0 − (1−Υε) q1

− (1−Υε) q2 (1−Υε) q1 (1−Υε) q0

 (5.13)

where the auxiliary parameter εk in Θq, equation 5.12, is selected as εk∆t 6 1, with ∆t
the integration interval, in order to maintain the convergence of the dynamic equation
5.11 and because the target body rates are unstable [Zipfel, 2007]. Moreover auxiliary
parameter εq is introduced in Θq to preserve the unit norm of the quaternion vector
qM , and is calculated at each integration step as:

εq = q2
0 + q2

1 + q2
2 + q2

3 (5.14)

To maintain a SDC linear-like structure and affine in the control for a dual control
missile, the control actuation system logic is added to the integrated logic, following
the same reasoning as in section 4.2.2. It was previously assumed that the fin servo
response has a second order response, equation 4.36:

ẍs = −
(

1

τu
I5 + Ts

)
ẋs +

1

τu
Ts (xsd − xs)

The IGA state vector xI is defined as:

xI =
[
qTM rLMT

T
xTVM ωBM

T
xTs ẋTs xTsd

∫
p
]T

(5.15)

with the auxiliary vector xVM =
[
VM α β

]T
and where the roll integral

∫
p has

been added to the state vector as the missile is roll-estabilized.
From previous equations: 4.36, 5.11, 4.23, 4.24 ,4.25, 5.5, 5.6, 5.7, 5.8, 4.19 and

4.20, the resulting governing IGA system dynamics in SDC parametrization is:

ẋI = AIxI +BIuI +EI (5.16)

with the control vector defined -as in Chapter 4, section 4.2.2- by uI = ẋsd . The
nonlinear system matrices in equation 5.16 are:
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AI =



1
2
Θq [0] [0] 1

2
Θω [0] [0] [0] [0]

[0] [0] Ak [0] [0] [0] [0] [0]
[0] [0] Aw11 Aw12 Bw21 +Mw21 [0] [0] [0]
[0] [0] Aw21 Aw22 Bw21 +Mw21 [0] [0] [0]
[0] [0] [0] [0] [0] I5 [0] [0]

[0] [0] [0] [0] − 1
τu
Ts −

(
1
τu
I5 + Ts

)
1
τu
Ts [0]

[0] [0] [0] [0] [0] [0] [0] [0]
[0] [0] [0] [1, 0, 0] [0] [0] [0] [0]


(5.17)

and control matrix BI and the perturbation vector EI are respectively :

BI =



[0]
[0]
[0]
[0]
[0]
[0]
I2
[0]


EI =



[0]
V L
T

[0]
[0]
[0]
[0]
[0]
[0]


(5.18)

Note that in 5.16, the vector EI contains the target velocity vector, which is non
controllable by uI and accordingly is treated like an external perturbation to the
system. The coefficients for matrices Ak, Aw , Bw and Mw, in the matrix AI ,
equation 5.17, can be found in section G.7 of the Appendix, where they have been
moved for simplicity in the exposition.

The IGA model represented by equation 5.16 contains several novel characteristics
not in the existing literature, as reviewed in section 2.3.2:

• There is no ad-hoc linkage variable between the guidance and the autopilot, as
in the Two-Loop scheme with the block nBd in Figure 4.28. This linkage is not
effective and guidance commands are lost. In the IGA, removing any linkage, the
guidance command will be preserved and used in full for missile guidance, with
no lateral acceleration generated in an undesired direction.

• The relative acceleration equation between target and missile is not included in
the IGA system, and as a consequence the IGA algorithm is independent of the
target acceleration maneuver. This is a great advantage as the target acceleration
is a difficult variable to estimate [Zarchan, 2012]. Also the IGA do not explicitly
requires a maneuver advantage over the target.

• The IGA model considers the three space inertial coordinates in the formulation.
Typical approaches in the literature recur to linearization around the collision
course or formulation in missile body axes, as it was discussed in Chapter 2,
section 2.3.2. It removes the issue of missile sliding around the target and the
instabilities in missile pitch-yaw due to low aerodynamic damping, but it cre-
ates the issue of treating variables with very different scales. This problem will
be solved in this Thesis through the introduction of a feedforward integrated
controller, as will be shown in next section 5.2.3.
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• The target velocity is an explicit component of the IGA formulation. As dis-
cussed in section 2.3.2, other approaches to the IGA problem in the literature
have not consider the target velocity, as with [Haibo, 2012; Yan and Hou, 2014;
Balakrishnan et al., 2013]. Note that the supression of the target velocity re-
moves the need of considering the coordinate transformation matrix (DCM) SBL
and by extension, the DCM dynamic, that it has been considered here through
quaternion dynamics, equation 5.11.

• Finally, note that the sliding phenomena, cited in section 2.3.2 and [Balakrishnan
et al., 2013] is avoided in this formulation by considering the three components
of the target to missile relative speed.

5.1.2 Performance and Optimality

The objective of the integrated system is to minimize the final miss distance , given
by the relative position between missile and target through the variables xr, yr, zr at
time tf , and simultaneously stabilize the missile transition response. On the latter
issue, the same requirements apply as in the nonlinear autopilot, the missile must be
maintained within its control zone in terms of mechanical and aerodynamic limitations.
Accordingly, the performance vector for the integrated case zI is a combination of rLTM
and zm, and it is defined as:

zI =
[
rTTM zTm

]T
(5.19)

or in explicit form:

zI =
[
xLr yLr zLr icq icr itq itr p q r α β nby nbz

∫
p
]T

(5.20)

with zI = HI (xI)xI , and

HI =

[
I3 [0]
[0] Hm

]
(5.21)

The IGA is a finite-time horizon optimal control problem defined by:

min
u=ẋsd

JI =
1

2
xI

T (tf )SIxI(tf ) +
1

2

∫ tf

0

(
zTIQIzI + uTIRuI

)
dt

s.t. ẋI=AIxI +BIuI

zI=HIxI

(5.22)

Note that the target velocity, vector EI , is not included in the IGA optimization
definition and calculation of uI , as it is a perturbation to the system as already men-
tioned. It is however included in the integrated dynamics, equation 5.16.

The weighting matrices in equation 5.22 verify:

QI = QT
I ≥ 0

SI = STI ≥ 0

R = RT > 0
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where the pairs {A(xI),BI(xI)} and {AI(xI),Q
1
2
I (xI)} shall be point wise stabiliz-

able and observable for all xI ∈ Ω ⊆ Rn, where the Cholesky decomposition of QI is

denoted by Q
1
2
I .

The terminal state matrix SI is defined as

SI =

[
Sg [0]
[0] [0]

]
(5.23)

and R is the same matrix as it was defined for the non-IGA autopilot.
When the separation between missile and target is large enough, the IGA optimal

problem could be approximated by a Lagrange, infinite- time horizon optimal control
problem in the form:

min
uI=ẋsd

JI =
1

2

∫ ∞
0

(
zTIQIzI + uTIRuI

)
dt

s.t. ẋI=AIxI +BIuI

zI=HIxI

(5.24)

This auxiliary problem will be used in the resolution of the finite-time horizon
controller, in next section.

5.2 Resolution Algorithm for the IGA-DAC Prob-

lem

In this section the solution of the finite-time IGA problem (5.22) is derived and pre-
sented. As a preliminary step, the infinite-time solution for the problem (5.24) is
obtained similar to the autopilot case in section 4.3.3. At each time t, the control law
uoI :

uoI = −R−1BT
IMo(xI , t)xI (5.25)

is a suboptimal solution of 5.24 with Mo is the solution of the SDRE equation

MoAI +MT
oAI +HT

I QIHI −MoBIR
−1BT

IMo = 0 (5.26)

5.2.1 Differential Equation and Boundary Conditions

The HJB equation B.10 for problem 5.22 in this case yields:

− ∂J∗ (xI , t)

∂t
=

[
∂J∗ (xI , t)

∂xI

]T
AIxI +

1

2
xTIH

T
I QIHIxI

− 1

2

[
∂J∗ (xI , t)

∂xI

]T
BIR

−1BT
I

∂J∗ (xI , t)

∂xI
(5.27)

where J∗ (xI , t) denotes the optimal cost index to go. The final condition and the
resulting optimal control are:
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J∗
(
xI , tf

)
=

1

2
xTI (tf )SIxI(tf ) (5.28)

u∗ = −R−1BT
I

∂J∗ (xI , t)

∂xI
(5.29)

If we now write J∗ = 1
2
xTIMxI with M = M (xI , t), being a symmetric pointwise

positive-definite matrix, we have for the costate vector

∂J∗ (xI , t)

∂xI
= MxI + π (5.30)

where, from (A.37):

π =
1

2

(
In ⊗ xTI

) ∂M

∂xI
xI (5.31)

Substituting 5.30 in 5.27, and rearranging terms:

− 1

2
xTI

∂M

∂t
xI = xTI

(
MAI +

1

2
HT
I QIHI −

1

2
MBIR

−1BT
IM

)
xI+

πT ẋI +
1

2
πTBIR

−1BT
I π (5.32)

Note that, employing the Kronecker notation (Appendix A), we can express πT ẋI
as:

πT ẋI =
1

2
xTI

(
∂M

∂xI

)T
(In ⊗ xI) ẋI

=
1

2
xTI

(
∂M

∂xI

)T
(ẋI ⊗ In)xI

(5.33)

Similarly to the standard Fluid Dynamics convention, we introduce the notation
for a matrix total derivative as

D

Dt
=

∂

∂t
+

(
∂

∂xI

)T
(ẋI ⊗ In) (5.34)

that has meaning only when applied to a field matrix, that is a matrix function of
xI and t. Equation 5.34 gives the time derivative of a matrix following the systems
dynamic trajectory xI . With 5.33 and 5.34, equation 5.32 can be written as:

− 1

2
xTI

DM

Dt
xI = xTI

(
MAI +

1

2
HT
I QIHI −

1

2
MBIM

−1BT
I P

)
xI+

+
1

2
πTBIR

−1BT
I π (5.35)

From 5.31, the last term in 5.35 can be developed as:
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πTBIR
−1BT

I π =
1

4
xTI

(
∂M

∂xI

)T [
(In ⊗ xI)BIR

−1BT
I

(
In ⊗ xTI

)] ∂M
∂xI

xI

=
1

4
xTI

(
∂M

∂xI

)T
(BI ⊗ xI)R−1 (BI ⊗ xI)T

∂M

∂xI
xI

(5.36)

and if introducing an auxiliary matrix Π, defined as:

Π =
1

4

(
∂M

∂xI

)T
(Π⊗ xI)R−1 (Π⊗ xI)T

∂M

∂xI
(5.37)

equation 5.35 results in

−1

2
xTI

DM

Dt
xI = xTI

(
MAI +

1

2
HT
I QIHI −

1

2
MΠR−1ΠTM +

1

2
Π

)
xI (5.38)

In order for equation 5.38 to be valid for every xI , it is necessary that:

−DM
Dt

= MAI +MTAI +HT
I QIHI −MBIR

−1BT
IM + Π (5.39)

with terminal condition, obtained from 5.28, given by:

M
(
xI , tf

)
= SI (5.40)

Resolution of equation 5.39 with terminal condition 5.40 wil provide the matrix MxI
that provides an optimal control solution to the non-linear, finite-time horizon problem,
from 5.30, as:

u∗ = −R−1BT
I (MxI + π) (5.41)

The approximate resolution of this problem will be discussed in the next section. 1

5.2.2 General Sub-Optimal Solution via Lyapunov Equation

In order to solve 5.39, a first, necessary approximation is to neglect the term Π, to
achieve a feasible solution with a more linear-like problem statement. Note that Π
matrix will tend at a quadratic rate to 0 as the state vector xI approaches to the
origin, and the solution will approach the optimal solution in a neighborhood of the
origin. Eliminating Π reduces the problem from optimal to suboptimal, but permit
finding a practical solution. The restated, sub-optimal formulation is then:

1Note that for the linear case, M = M (t) the problem 5.39 with terminal condition 5.40 simplifies
to:

−∂M
∂t

= MAI +MTAI +HT
I QIHI −MgR−1gTM (5.42)

M
(
tf
)

= S (5.43)

with all other matrices constant, and can be solved optimally by backwards integration.
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−DM
Dt

= MAI +MTAI +HT
I QIHI −MBIR

−1BT
IM (5.44)

with terminal condition

M
(
xI , tf

)
= SI (5.45)

Equation 5.44 is noted as the state dependent differential Riccati equation, (SDDRE).
The suboptimal control vector is:

uI = −R−1BT
IM(xI , t)xI (5.46)

To solve 5.44 with terminal condition 5.45 at tf , we would need to know the values of
the system states xI ahead of present time in order to solve with backwards integration
from tf . This is possible in the linear case but not in the nonlinear problem where the
system matrices are state dependent.

Authors in [Cimen and Banks, 2004a] and [Cimen and Banks, 2004b] previously
investigated this finite time problem and developed the so-called approximate sequence
of Riccati equation (ASRE) method of resolution. In this approach, at every t the
problem is transformed into an equivalent, linear-quadratic formulation by an LTV
sequence that is solved until it converges, the final iteration is used to obtain the
feedback control. Classical finite-time LQR optimal control can be applied to solve
each sequence step. However the method is very time consuming and requires multiple
iterations for convergence at each time interval, it cannot be considered applicable to
the resolution of a large system like the IGA, equation 5.16.

A second option is to convert the SDDRE to a differential Lyapunov equation, with
a change of variable, first noted in [Nguyen and Gajic, 2010]. At each time the Lya-
punov equation can be solved in closed form. The method has been recently applied
to nonlinear path planning and simple tracking problems in [Heydari and Balakrish-
nan, 2013], [Khamis and Naidu, 2013] and in [Heydari and Balakrishnan, 2014] gives
closed form solution to the problem. To the author’s knowledge, there have been no
applications to date of this method to the guidance and control of missiles or to the
calculation of the integrated guidance-autopilot solution. In any case, the method of
[Nguyen and Gajic, 2010] needs to be modified before it can be applied to the IGA
problem as we have found in the investigation.

We briefly describe in what follows the change of variable. Instead of looking
directly to a solution of equation 5.44, it is assumed that the matrix M can be decom-
posed into the sum of an invertible transition state matrix and a steady state matrix,
in the form:

M (xI , t) = Ψ−1 (xI , t) +Mo (xI) (5.47)

where at each time step, Mo (xI), the steady state value matrix, is the solution of the
Riccati equation:

MoAI +MT
oAI +HT

I QIHI −MoBIR
−1BT

IMo = 0 (5.48)

Note that this equation the solution of the infinite time problem, equation 5.26. Sub-
tracting 5.44 from 5.48, obtaining:
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− DM

Dt
= (M −Mo)AI +AT

I (M −Mo)

−MBIR
−1BT

IM +MoBIR
−1BT

IMo (5.49)

and substituting equation 5.47 into 5.49, yields:

DΨ

Dt
= A0Ψ + ΨAT

0 −BIR
−1BT

I (5.50)

where

A0 (xI) = AI (xI)−BIR
−1BT

IMo (5.51)

is the closed-loop equation controlled system matrix.
The final condition at tf is given by:

Ψ
(
xI , tf

)
=
(
SI −Mo (xI)

)−1
(5.52)

Equation 5.50 is a continuous-time differential Lyapunov equation (CDLE), that can
be solved directly, not like an SDDRE, by several numerical methods. The procedure
described in [Gajic and Qureshi, 2008] will be used without demonstration in this
research. The solution Ψ can be written as

Ψ (xI , t) = eA0(t−tf)
(
Ψ
(
xI , tf

)
−D

)
eA

T
0 (t−tf) +D (5.53)

where D is the solution of the Algebraic Lyapunov Equation (ALE)

A0D +DAT
0 −BIR

−1BT
I = 0 (5.54)

5.2.3 Feedforward-Integrated Controller

The solution given by equations 5.46, 5.47, 5.48, 5.53 and 5.54 cannot be applied
directly to the DAC missile. As the state vector xI contains guidance and missile
variables, guidance errors will dominate during the approach to the target and will sat-
urate the controller, as reviewed in section 2.3.2. To prevent the IGA scaling errors, this
research recurs to a feedforward command generator that calculates an intermediate
desired equilibrium state xmd

.
This intermediate state contains the missile angle of attack, sideslip, pitch and

yaw rates and fin angles that will generate the acceleration demanded by the optimal
guidance law, xmd

defined in equation 4.56. The scheme shown in Figure 4.4 is here
applicable to calculate the zero-roll missile state vector xmd

that in trim condition
generates the required acceleration. These states are projected one-time step forward
M t, assuming no loss of velocity and no change of missile attitude, the latter represented
by no change in missile quaternions.

The resulting IGA trim vector, xId, is:

xId =


qM

rLMT + V L
MT · M t

VM
xmtrim

 (5.55)
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The introduction of the command generator forces the integrated system to pursue
local equilibrium conditions all along its trajectory. This manipulation of the IGA
dynamics with an intermediate equilibrium state preserves the inherent time scale
separation between guidance and autopilot, and at the same time retains the philosophy
of integrated guidance and control design.

Note that a command generator, although for missile autopilot rotational speeds
only, was previously used by authors in [Padhi et al., 2009]. In our approach we have
extended the concept and applied the command generation to the integrated guidance
and autopilot states as well, and here the vector xId is calculated based on optimal
guidance requirements and missile trim maps.

With the introduction of the feedforward controller, the IGA problem is transformed
into a finite-time regulator problem that will aim to eliminate the error between the
actual xI and the trimmed xId state vectors, described mathematically as:

min
u=ẋsd

JI=
1

2
eI

T (tf )SIeI(tf ) +
1

2

∫ tf

0

(
ẑTIQI ẑI + uTIRuI

)
dt

s.t. ėI=AIxI −BIuI

eI=xId − xI
ẑI=HIxI −HIxId

(5.56)

with the objective of driving the IGA error vector eI to zero at t = tf .
The resulting suboptimal control law solution is:

uI = R−1BT
IMeI (5.57)

Next section summarizes the calculus of matrix M from the discussions of sections
5.2.1, 5.2.2 and 5.2.3

5.2.4 Summary: IGA Resolution Procedure

The proposed solution is illustrated in Figure 5.3. The necessary calculations to be
taken in order to find a solution are, in order:

1. First, the feed-forward controller calculates at each instant t an IGA trim vector
xId, with the procedure described at the end of section 5.2.3.

2. The integrated error eI vector for the IGA problem is eI = xId − xI .

3. The Riccati equation 5.48 is next solved, providing the matrix Mo. The high-
dimensional algebraic Riccati equations can be solved efficiently with several
numerical techniques as reviewed in [Menon et al., 2002a].

4. MatrixA0 is calculated from through equation (5.51), A0 = AI−BIR
−1BT

IMo.

5. Invert the matrix
(
SI −Mo (xI)

)
, equation 5.52 to obtain the final time condi-

tion Ψ
(
xI , tf

)
.

6. The algebraic Lyapunov, equation (5.54), A0D + DAT
0 − BIR

−1BT
I = 0 is

next solved with the skew-symmetric matrix procedure, as described in reference
[Gajic and Qureshi, 2008], solution yielding matrix D.
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xI(t)

xId(t)

ÂI = AI (xI) + λIn

MoÂI +MT
o ÂI +HT

I QIHI −MoBIR
−1BT

IMo = 0

tgo

A0 = ÂI −BIR
−1BT

IMo

Ψ
(
tf
)

= (SI −Mo)
−1 A0D +DA0 −BIR

−1BT
I = 0

Ψ (t) = e−A0tgo
(
Ψ
(
tf
)
−D

)
e−A

T
0 tgo +D

M = Ψ−1 (t) +Mo

uI = eλtR−1BT
IMeI

uoI = eλtR−1BT
IMoeI

eI = xId − xI

Mo

tgo < tc

D

tgo > tc

Figure 5.3: IGA Algorithm Calculation Scheme. Note there are two possible solutions, the
infinite time solution uoI and as the missile approaches the target, a finite time solution uI .
In this diagram a λ-shift accelerator is included as an option, as outlined in section 4.3.3
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7. The CDLE equation 5.50 is solved by means of equation 5.53, obtaining Ψ as:

Ψ = eA0(t−tf)
(
Ψ
(
xI , tf

)
−D

)
eA

T
0 (t−tf) +D

Note that the solution of the exponential matrix eA0(t−tf) in 5.53 requires great
accuracy and will be solved numerically with the process developed by authors

[Caliari et al., 2014]. The calculus of the exponential eA0(t−tf) need to be precised
or otherwise the matrix M will quickly tend to infinite and saturate the control
input uI .

8. From Ψ and Mo, M is calculated from equation 5.47, M = Ψ−1 +Mo.

9. The sub-optimal finite-time control law is obtained from equation 5.57 as uI =
R−1BT

IMeI .

However as described above, the IGA control law is short range-limited, and cannot
be used at large relative distances from the target. In fact, the algorithm for t� tf , will
cause the convergence of the ARE 5.48 and the DRE 5.44 solutions, that is M 'Mo,
with the result that the matrix Ψ in 5.47 will not be invertible and a solution for M
could not be found. This is equivalent to affirm that, due to the presence of tgo in the
exponential of equation 5.53, for moderate to large values of tgo the matrix Ψ is not
invertible.

Instead, and in our solution, for moderate to large values of tgo, the matrix Mo will
be used to control the missile, and the resulting control law is that of equation 5.25:

uoI = R−1BT
IMoeI (5.58)

A time tc can be defined where the transition from an infinite, equation 5.58, to a
finite time solution, 5.57 is feasible. It can be calculated online as the time when the
value of ‖M −Mo‖p exceeds certain numeric threshold and as a consequence matrix
Ψ is invertible.

In summary for t ≤ tc, the infinite-time solution from equation 5.58 is used and for
t > tc, in the neighborhood of the target, the finite time solution is applied.

uI = R−1BT
IMeI

Even if tc is close to t − f , simulations in the next section demonstrate that large
misses will occur without applying the Lyapunov solution for uI , whereas direct impact
has been obtained in all the scenarios where it has been applied.

Note that resolution scheme in Figure 5.3 includes a λ-shift - similar to that of
section 4.3.3 - that can be applied if necessary to accelerate the response. However in
none of our simulations it has been deemed necessary.

5.3 Simulations

In this section the Two-Loop scheme is compared against the integrated guidance
law in noise-free scenarios. The simulation parameters are those of section 4.5. The
integration step for the IGA and the optimal guidance is 1ms, and the SDRE autopilot
is calculated 25 times for each guidance calculation. The scenario altitude is 12,000
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meters and with ISA conditions. In all the cases the target is flying at Mach 1.5
constant and the missile initial Mach is 2.5. The missile rocket has constant sustained
thrust with a burn out time of 8 seconds.

5.3.1 Moderate Heading Error

This first scenario considers an air-to-air interception where the DAC missile pursuits
an idealized supersonic UCAV in a bi-dimensional engagement. This same scenario was
previously considered in section 4.5.1. At t = 0, the initial distance between missile
and target is 6,000 meters, the heading error HE = 20 deg and σ = 0. Target starts
with γT (0) = 0 and it is executing a constant rate evading maneuver of 15 g 2.

Figure 5.4 shows the trajectories of the test case missile guided against the target
with Two-Loop and IGA logic. The flight paths obtained are very different. The
flight times to impact with the IGA logic and the Two-Loop are respectively 5.7 and
6.8 seconds, the miss distances are 0.08 ad 0.14 meters, see table 5.1. In the IGA,
the terminal Lyapunov controller of equation 5.57 is used in the last 0.4 seconds of
flight and during the majority of the flight the IGA control law is the uoI scheme from
equation 5.58.

Table 5.1: IGA vs Two Loop G & C Test Scenario Results

Control tf ,(s) miss,(meters) ∆en ∆eδ, deg ∆ek

DAC - Two-Loop 6.8 0.14 1.00 10.27 0.50
DAC- IGA 5.7 0.08 0.18 1.25 0.49

Even if final miss distances are comparable, the IGA shows better performance
parameters than the Two-Loop:

• Figure 5.5 shows the ratio of missile normal acceleration to target acceleration.
The IGA requires less acceleration to achieve interception than the two loop
scheme, and less acceleration that the target maneuver. The IGA scheme is more
efficient because it considers the missile attitude in its formulation and preserves
the guidance command.

• Figure 5.6 shows the variation of angle of attack, canard and tail fin deflections
and Mach. The IGA logic requires less angle of attack and less control deflections,
which reduces missile structural overloads and missile drag.

• Simulations also showed that IGA logic permits a more efficient use of the propul-
sion, the missile retains its axial acceleration that translates into a shorter flight
time. Flight time was one of the parameters where the results of the DAC missile
with Two-Loop logics were not better than those of the tail missile in section
4.5.1.

• Both control logics deflect canard and tail fins in the same (divert) or in opposite
directions at different stages of the flight.

2a piloted target will not exceed 9g in an evading maneuver. 15g here represents the structural
limit of the UCAV.
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Figure 5.4: Moderate Heading Error - Trajectory. Two missiles are launched simultaneously
from the same point against a maneuvering target. Target is executing a constant maneuver
at 15 g. The trajectories for both guidance law are different. The IGA missile achieves a
minimum miss distance of 0.15m. Against the same target, the non-IGA will achieve 0.7m
but almost 1 second later.
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Figure 5.5: Moderate Heading Error, Missile-to-Target Acceleration with nT = 15 g. For
IGA and non-IGA guidance schemes. The effort required by the non-IGA law is larger than
the IGA case, with ∆enz = 0.61 for the non-IGA versus ∆enz = 0.10 for the IGA.

It is also important to remark that the on-board computational effort is significantly
less in case of the IGA scheme. This is due to the shorter flight times and because
there is no inner autopilot loop for the IGA, whereas in the two-loop logic in the non-
IGA scheme the autopilot must operate at a higher frequency than the guidance. The
IGA scheme is calculated at the same frequency of the guidance loop in the non-IGA
scheme. In this last simulation, the IGA has required 5697 steps versus 170650 loop
calculations for the two loop scheme, almost 30 times more. At each of these steps a
Riccati equation is solved in both cases.

Experiments with Initial Distance to Target

In this experiment the initial distance along the LXL axis between missile and target
is varied between 1,000 and 10,000 meters. The scenario considers a heading error
from collision course of HE = 30 deg and a target constant maneuver nT of 15 g.
All the other parameters are equal to those considered in the previous, single case
scenarios. The resulting miss distances, shown in Figure 5.7, are slightly better for the
IGA scheme, with lower average and less variance. The final miss does not strongly
depend on the initial separation between missile and target in the range considered
and both IGA and Two-Loop achieve direct imapact. In any case, final misses can be
considered comparable, and the findings support the conclusions of authors in [Levy
et al., 2015].

However the IGA control law obtains better results in all the other performance
parameters, lower fin deflections ∆eδ (defined in 4.99), reduced flight time tf , higher
missile specific kinetic energy ∆ek (defined in 4.102) and less maneuver or required
acceleration effort ∆en (defined in 4.100). These four parameters are represented in
figures 5.8, 5.9, 5.10 and 5.11 respectively. Conclusion is that the integrated logic
achieves interception with less control effort, better management of missile axial and
lateral energy and in less time than the two loop approach, optimizing the character-
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Figure 5.6: Moderate Heading Error, other Performance Parameters. Figure shows angle of
attack (top), control fins (middle) and Mach (bottom). The IGA requires less control effort,
with ∆eδ = 1.25 deg, vs ∆eδ = 10.27 for non-IGA law.

istics of the dual control missile.
Miss distance results from figure 5.7 are slightly dependent of the intial distace,

although the average values show a lower miss for the IGA logic. When the initial
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Figure 5.7: IGA vs nonIGA Miss Variations. Illustrates the final miss distance with total
flight time, corresponding to different initial distances between missile and target at the origin
of the terminal interception maneuver. We can see the results obtained by both guidance
laws are equivalents for short flight ranges.

distances are inside the intercepting capability of the missile againts a constant maneu-
vering target, the final miss distances related to the remaining maneuvering capability
of the missile at the end of flight.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

·104

0

2

4

6

Target-Missile Initial Distance, rTM(0)(m)

∆
e δ Two-Loop

IGA

Figure 5.8: Control Effort ∆eδ. Trend versus initial distance to target.

5.3.2 Off-Boreshight Targeting Capabilities

The IGA logic characteristics of lower required control fin deflection and angle of attack
are better exploited in trajectories far from collision course. Figure 5.12 represents the
missile trajectories with IGA and two-loop logics against a maneuvering missile, when
the initial missile heading error is very large, HE = 60 deg, in the limit of missile seeker
detection. The scenario could correspond to a defense against a lateral attack. The
target is initially pointed to the missile, γT = 180 deg, and starts to execute a constant
maneuver nT of 9 g. All other parameters remain unchanged versus the scenario
described in previous subsection 5.3.1 . Under these premises, the miss distance with
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Figure 5.9: Flight Time, tf . Trend versus initial distance to target.
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Figure 5.10: Specific Kinetic Energy Variation ∆ek. Trend versus initial distance to target.
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Figure 5.11: Maneouvre Effort ∆en. Trend versus initial distance to target.

IGA logic is 0.14 meters, with interception at 6.1 sec and the terminal Lyapunov
controller is active in the last 0.35 sec. The same missile with two-loop guidance logic
is not able to intercept the target before it rocket engine has burnt out and its speed has
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fallen significantly. Simulation stops at t =10.2 s, when collision velocity turns positive
and target evades, as it is impossible for the missile to achieve interception. This is
represented in Figure 5.12 by points Mf and Tf , which are respectively the missile and
the target position when the simulation stops, at a relative distance of 1,384 meters.
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Figure 5.12: Trajectories with Large Initial Heading Error. The two-loop guided missile
does not achieve target interception. Simulation is interrupted when missile is at Mf and
target at Tf and collision velocity Vc is no longer negative.

Figure 5.13 represents the ratio of missile normal acceleration to target accelera-
tion. Figure 5.14 represents other simulation parameters. The turn maneuver causes
a significant loss of missile speed in the two-loop scheme that the guidance is not able
to recover later as it is not able to reduce quickly enough the missile angle of attack.
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Figure 5.13: Ratio of Missile-to-Target Acceleration. IGA Test Case, ratio of missile to tar-
get normal acceleration, for IGA and non-IGA guidance schemes. Missile normal acceleration
with large initial heading error, relative to target maneuver, with nT = 9 g.

5.4 Noise, Radome and Filtering Effects

This section compares the performance of the integrated and the Two-Loop approaches
in the presence of radome errors, a discrete guidance data rate and radar measurement
noises. Due to the different trajectories observed for the IGA and Two-Loop logic,
the effect of these errors affects the missile accuracy. The missile on-board sensor
errors and estimation of non-measured variables (angle of attack and sideslip) will
not be considered here, as they are not strongly differential in the non-IGA or IGA
approaches.

Figure 5.15 represents the guidance and control loop for the IGA approach inclusive
of the seeker, radar and estimation blocks that will be treated in this section.

The function of the seeker system is to provide the measurements of target variables
required by either the single or two-loop schemes. Based on equation 4.10 implementa-
tion of the two-loop approach demand measurement of rLTM , V L

TM and nLT . In contrast,
the IGA scheme will primarily need rLTM and V L

T , see equation 5.16. Due to these
information requirements imposed by the IGA and Two Loop guidance laws, the DAC
missile is considered equipped with an active radar homing head 3. Once the noise
and filtering models are described, the effect of the estimation will be obtained via
non-linear simulations of typical air-to-air interception scenarios. A similar approach
has been carried out at [Zhurbal and Idan, 2011a].

On top of the LOS angle or its rotation, active radars in most modern missiles are
capable of measuring the distance to the target, and in certain instances the radial
velocity of the target with respect to the missile, or collision velocity. These additional
measurements can be utilized with advantage by the navigation and guidance systems:

• The collision speed is necessary to estimate the time to go in optimal guidance
laws and is a fundamental component of the PN or APN guidance laws. If it is

3For an air-to-air scenario, the radar has a clear advantage in adverse meteorological conditions
and in the presence of clouds versus infrared or other optical device
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Figure 5.14: Performance Parameters: other simulation parameters, angle of attack (top),
control fins (middle) and Mach (bottom) for off boreshight missile trajectories with initial
large deviation from collision course.

not measured, it can be estimated, but it can cause important errors if not treated
adequately. The measurement by the radar of the collision speed improves the
weapon effectiveness.
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σ∗, σ∗e

Ts, r̂
∗
TMk

, V ∗ck

r̂TM , ˙̂rTM
+

xI

tgo

n̂T

xsd

xs

xM , ẋM
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Figure 5.15: Schematic of Single-Loop Autopilot Guidance with Estimation Effects.
Radome erros are discussed in section 5.4.1, radar noises and sampling effects in section
5.4.2, Kalman optimum navigation filter in section 5.4.3 and finally unmodeled dynamics
affecting servos were reviewed in section 4.2.2 and equation 4.36

• The IGA and Two-Loop require a significant amount of information about the
target, in particular its relative velocity and for the Two-Loop case its core cal-
culations include estimation of inertial acceleration nT . Estimating the target
maneuver solely from the angular measurements is mathematically impossible.
The measurement of the relative missile to target distance - and its collision
speed-, combined with the LOS angle in the proper navigation filter, allows an
estimation of target maneuver and its utilization in more advanced guidance laws.
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5.4.1 Parasitic Loops: Radome Errors

Due to the presence of radome parasitic effects, the seeker is rarely pointed straight
to the target and a difference exits between the real σ and the measured σm target
angular position, see figure 5.16 . The seeker head pointing dynamic also causes some
delays in the target tracking angle, see figure H.1. However in first approximation and
favored by the constant target maneuvers considered in this Thesis, we will assume
that there is no significant delay introduced by the seeker head servomechanism.

XB

ZB

Apparent Target

Target

Antenna Axis

XL
θ

θd

ε′

θh

σσm

ε
θr

Figure 5.16: Seeker Angles Definition. Definition of the angles employed in the radar seeker
dynamics. With respect to the inertial reference, fixed in space, the symmetry axis forms the
pitch angle, θ. The antenna axis, that does not coincide with the missile axis, form an angle
θd with respect to the reference. The antenna axis has a pointing error ε with respect to the
target angular position. The radome distortion creates an apparent target position displaced
with the real, so in reality the pointing error is ε′

There are two contributors to this error, the seeker head dynamics, that cause a
pointing error ε, and the radome refraction that introduces a bending of the returned
radar wave from target. A more detailed discussion of the seeker head dynamic model
adapted from reference [Nesline and Zarchan, 1985] can be found in Appendix H.

For preliminary missile analysis it can be assumed that the diffraction angle θr, is
a periodic sine function of the seeker gimbal angle θh defined by the antenna axis:

θr = R · s(2π

Ph
θh + φh) (5.59)

with R is the constant maximum radome slope. This maximum radome slope R is
in reality not a constant, but varies with the angle where the target energy impinges
in the radome as well as with radome fineness ratio (length to diameter), thickness,
material, signal phase, radome temperature, etc. and it is very difficult to measure or
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calculate [Lin, 1991]. Definition of tolerances for radome slopes are part of the design
of a tactical missile.

In any case, for smaller gimbal angles θh, the influence of the radome error in the
homing loop tends to decrease. An aerodynamic controlled missile needs to pitch to
an angle of attack to be able to maneuver. However dual control missiles in positive
divert mode require less angle of attack, that can reduce the gimbal angle to target
and as a consequence the radome error.

As the non-IGA and IGA laws imply slightly different attitudes of the missile during
flight, with the IGA path in a more direct approach to the target as shown in Figures
5.4 and 5.12, it is interesting to analyze the seeker measurement geometry and its
relationship with the radome-aberration error. This is done via numerical simulations
in the next subsection.

Radome Induced Miss Distance

Aerodynamic radomes introduce a boreshight error that creates an unwanted feedback
path within the missile homing performance. The radome effects are concern from both
miss distance and stability point of view [Zarchan, 2012], and affects the guided missile
total response time. A positive radome slope reduces the input LOS rate and slow the
system response, causing large displacements of the missile in-flight. A negative slope
in the other hand can cause system instabilities.

Figure 5.17 shows the miss distance with variations in the radome slope. The
radome slope assumes the periodic radome model of equation 5.59, with a period of
Ph = π/6 and phase of φh = 0 rad. The periodic radome is a more realistic model
and miss distance is less with a periodic radome than with a linear relationship. The
interception scenario parameters are those of section 5.3.1, with HE = 20 deg, the
target flying at constant Mach of 1.5 and maneouver of nT = 15 g. The scenario
considers no radar noise but a data sampling rate of Ts = 0.01 seconds. The intercepting
altitude is 12,000 meters, because typically the specification of the allowable radar slope
budget is set at high operating altitude .

The target high maneuver and the different guidance laws induce larger gimbal
angles variations in the Two Loop Scheme. This effect reduces the range of allowable
radome errors that are admissible to achieve target interception in case of the TwoLoop
guidance. The IGA scheme allows a wider specification of allowable radome slopes.

As shown in Figure 5.17 , there is very little miss distance variation with maximum
radome slope for the IGA guidance scheme, whereas for Two Loop, non-integrated
logic the miss distance can be very large due to negative or positive radome slopes.
The Two-Loop results in more restrictive requirements for the radome design.

5.4.2 Radar Discrete Data Rate and Noises

Radar measurement updates are not continuous but provided every sampling interval
Ts. Noise sources are those associated with radar homing missiles. Each of these noises
have a standard deviation Σ and enters the missile every Ts seconds. The details of
how the specific Σ for each noise are calculated can be found in section H.2 in the
Appendix. An approximation that relates the noise spectral density to its standard
deviation is given by PSD = Σ2Ts.

Noises considered significant enough in the homing engagement are, in general:
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Figure 5.17: Radome Slope Sensitivity. Calculations for the base missile at high altitude,
12,000 meters, following IGA and Two Loop guidance schemes. The initial distance is 6,000
meters and the heading error angle versus collision course is HE = 20 deg.

• Glint angular noise , caused by random fluctuations of the target radar return,
and it is not influenced by seeker characteristics. It is highly non correlated, but
can be modeled (see section H.2.1) as the combination of two Gaussian distribu-
tions with standard deviations Σg1 and Σg2. This type of noise increases when
the range to target decreases.

• Active radar angular noise, discussed in section H.2.2. The target is illumi-
nated by the radar transmitter on board the missile and the same radar receives
the returned signal. This thermal noise error is proportional to the square of the
missile to target distance.

• Fading and Atmospheric noises , which can be considered range independent.
These are reviewed in section H.2.2.

• Noises in the measurement of range and collision velocity , as detailed in
subsection H.2.3.

Improving the radar sensor will reduce angular range-independent and range-dependent
noises, as well as range and collision velocity errors. It will not however reduce the
glint noise.

5.4.3 Time-Varying Kalman Filter

The filter block in Figure 5.15 is responsible for estimating the real values corrupted by
noise, provide estimations of measured variables in between data samples and obtain
nT from available measurements.
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In order to estimate the guidance variables, will resort to a discrete Kalman filter.
Although more complex nonlinear filters are possible, as described in [Kim et al., 2012],
like Extended Kalman Filter or particle filter, [Gustafsson et al., 2002], the purpose of
this section of the study is to evaluate the impact of the estimation on guidance and
control loop. This purpose is served by using the same estimation scheme for both
IGA and non-IGA approaches. Furthermore the linear Kalman is able to provide good
enough results when the target acceleration is constant or sinusoidal, as described in
[Zarchan, 2012].

In homing missiles the radar noise covariances are not stationary as they change
with distance to the target. As a consequence, the resulting Kalman gains will be
time-varying. The filter will develop estimates of the target states needed for IGA or
Two-Loop guidance, given the set of radar noise measurements that contain information
about the target. Only the guidance dynamics are considered in developing the filter,
and assumed to be:V L

TM

V̇ L
TM

ṅLT

 =

[0] I3 [0]
[0] [0] I3
[0] [0] [0]


rLTMV L

TM

nLT

−
[0]
nL

[0]

+

[0]
[0]
w

 (5.60)

In equation 5.60 the noise w affects the target maneuver, as an indication that it
can be random and that the missile has no direct knowledge of it, and accordingly
will need to be estimated. The radar seeker (in combination with missile INS unit),
provides two vector measurements in inertial coordinates, distance rL∗TM and velocity
V L∗
TM to the target. The resulting measurement equation is:

[
rL∗TM
V L∗
TM

]
=

[
I3 [0] [0]
[0] I3 [0]

]rLTMV L
TM

nLT

+

[
υ(r,θ)

υV

]
(5.61)

where here the measurement noise matrix V =
[
υ(r,θ) υV

]T
comprises all the angular,

range and velocity noises. Combined, equations 5.60 and 5.61 represent the guidance
process as viewed by the Kalman Filter. These equations can be cast in state space
form respectively as

ẋF = AFxF +GFuF +W (5.62)

z∗F = HFxF + V (5.63)

with xF =
[
rLTM V L

TM nLT

]T
, z∗F =

[
rL∗TM V L∗

TM

]T
and uF = nL. The process

noise matrix is QF = E
[
WWT

]
. The discrete filter equation, from [Zarchan and

Musoff, 2000], yields:

x̂Fk = Φkx̂Fk−1 +GFkuFk−1 +KFk

(
z∗Fk −HFΦkx̂Fk−1 −HFGFkx̂Fk−1

)
(5.64)

where the discrete form of the fundamental matrix is
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Φk =

1 Ts 0.5T 2
s

0 1 Ts
0 0 1

⊗ I3 (5.65)

and GFk is approximated by:

GFk =

∫ τ=Ts

τ=0

Φ (τ )GF · dτ = −

0.5T 2
s

Ts
0

⊗ I3 (5.66)

Strictly speaking the latter equation is only valid if uFk is constant between sampling
intervals Ts. This condition is not fully satisfied as the missile acceleration varies
continuously. The Kalman gains are computed while missile is flying from the recursive
equations:

MFk = ΦkPFk−1Φ
T
k +QFk (5.67a)

K = MFkH
T
F

(
HMFkH

T +RFk

)−1

(5.67b)

PFk = (I −KkHF )MFk (5.67c)

The discrete process noise matrix for a constant maneuver target is

QFk =
n̂T
tgo


T 5
s

20
T 4
s

8
T 3
s

6
T 4
s

8
T 3
s

3
T 2
s

2
T 3
s

6
T 2
s

2
Ts

⊗ I3 (5.68)

and RFk is a matrix consisting of the variances Σ of each of the measurement noise

sources, RFk = E
[
VVT

]
. To initiate the equations 5.67 an initial covariance matrix

PFk (0) is needed.

5.4.4 Radar Noise Induced Miss Distance

In this section we integrate many of the previous concepts in order to illustrate, via
numerical experiments, additional reasons why IGA scheme is superior to the Two-Loop
scheme even in the presence of unwanted external perturbations to the guidance and
autopilot loops. First, the performance of both guidance laws is simulated in presence
of radome errors. Next, Montecarlo simulations with radar noises are presented for high
closing velocity engagements. Finally, the miss distance variation with radar sample
rate Ts is analyzed.

The nominal case of section 5.3.1 was run with radar noises and data sampling.
The noise parameters are shown in table 5.2, as follows:

Note that Σ2
anref

and Σρ are considered negligible and will not be included in the
simulations. Levels in table 5.2 corresponds to low to moderate noise levels.
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Table 5.2: Noise Parameters

Source Parameters

Glint Σg1 = 10−3 rad , Σg2 = 10−1 rad proportional to ( 1
‖rTM‖

Independent Σf = 10−3 rad
Range-dependent Σt = 3.33 · 10−6‖rTM‖2

Collision velocity ΣV = 5 · 10−6‖rTM‖2

Atmospheric Σan = 0
Distance Σρ = 0

Single Test Case

In this single test case the maximum radome slope was set to zero, R = 0. Figure
5.18 shows the target trajectories as seen from the missile. In the Two Loop approach,
the radar noise affects the estimation of target acceleration, which is not particularly
well estimated by a linear Kalman filter. In turn, it generates a request for missile
acceleration that is is strongly affected by noise, see figure 5.19 . In contrast the
required missile acceleration is not part of the IGA calculation, resulting in a much
more smooth missile trajectory, except at the end of the flight. The miss distances
obtained in this example were 0.72m for the IGA and 3.14m for the TwoLoop logic.

two-loop
IGA

2000 meters

4000 meters

6000 meters

Figure 5.18: Target Trajectory as Detected by Missile Noisy Seeker. For the baseline missile
following IGA and Two Loop guidance schemes. The initial distance is 6,000 meters and the
heading error angle versus collision course is HE = 20 deg. Note the IGA trajectory quickly
results in a head on engagement as seen from the missile.
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Figure 5.19: Missile Acceleration with IGA and Two-Loop and Noise. The missile accel-
eration in the Two-Loop case is strongly affected by noise, while IGA is not influenced until
the end due to glint noises.

Monte Carlo Simulations

In presence of radar noises, the simulation outputs will vary in every run. For analysis
with stochastic variables, Monte Carlo is the most widely used method for statistical
analysis. This approximated method is based on repeated simulations with result post
processing to get the mean and standard deviation of the performance indicators. In
the following simulations 50 runs are considered, in the tradeoff between computer
running time and accuracy of results.

The initial distance is 6,000 meters and the heading error angle versus collision
course is HE = 20 deg. The missile will start to use the Kalman provided estimations
after Tkalman = 0.5 seconds, to allow the filter to initialize. The interception scenario
parameters are those of section 5.3.1, with the target flying at constant Mach of 1.5 and
maneouver of nT = 15 g. The scenario considers no radar noise but a data sampling
rate of Ts = 0.01 seconds.

As can be observed in figures 5.20 and 5.21 , glint noises have a very significant
impact on the Two-Loop performance increasing the miss distance by one order of
magnitude, whereas the IGA scheme is less sensitive in the range of maximum radome
slope considered.
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Figure 5.20: Miss Error Budget with IGA Guidance: miss distance error with radome
effects and radar noises. The initial distance is 6,000 meters and the heading error angle
versus collision course is HE = 20 deg.
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Figure 5.21: Miss Error Budget with Two-Loop Guidance: final miss distance error budget
with radome effects and radar noises with Two Loop guidance. The initial distance is 6,000
meters and the heading error angle versus collision course is HE = 20 deg.
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5.4.5 Sampling Experiments

In this section a study is conducted to evaluate the implications of seeker data rate
on system performance when the missile operates with IGA or TwoLoop logics. The
experiments are conducted without noise.

The scenario considers a heading error of HE = 20 deg, with missile inital Mach of
M = 2.5 and target maneuvering at nT = 15 g and flying at constant MT = 1.5 . For
each sampling rate fs = 1

Ts
, a series of runs with variations of intial distance between

missile and target between 2,000 and 8,000 meters are conducted. The average miss
distance is taken for series of runs, the average will depend on the sampling rate and
the type of guidance logic employed, IGA or TwoLogic. It was alredy seen in Figure
5.7 that the final miss distance was slightly dependent on the initial separation and
here the average value is calculated. Results are shown in Figure 5.22 for sampling
rates between 50-1000 Hz.
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Figure 5.22: Miss Distance Variation with Sampling Rate. The IGA logic performance
quickly degrades at low sampling rates. The initial distance varies betweeen 2,000 and 8,000
meters and the heading error angle versus collision course is always fixed at HE = 20 deg.

Figure 5.22 shows that Kalman filter and missile performance with no noise appear
to be independent of sampling rate at the ranges considered, except for low samplig
rates with IGA logic. The filter provides continuous data estimations between sampling
data rate. However seeker hardware cost increase with sampling rates. This experiment
shows that the IGA logic requires a minimum sampling rate to be able to be effective,
or alternatively, a most expensive seeker than the TwoLoop guidance.
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In the TwoLoop logic the autopilot runs at a higher frequency than the outer
guidance loop, while the IGA loop runs integrated autopilot and guidance and a one
single frequency. In the simulations, the step interval for the TwoLoop guidance and
the IGA loop have been set at 1 ms , while the inner autopilot loop in the TwoLoop
scheme is updated 25 times per ms. The higher run frequency of the autopilot pays off
when the seeker data rate is low.

5.5 IGA Air Turn Back Maneuver

5.5.1 Technical Challenges and Previous Solution

This section investigates a purely aerodynamic control scheme for a 180 deg air turn
back maneuver, for a dual control missile guided and auto-piloted by IGA logic. Rear
hemisphere or large off-boreshight defense capability is a very important requisite for
modern missiles, depicted in Figure 1.4. This missile manuever gives the capability to
the launcher aircraft to attack targets of opportunities in its rear hemisphere or seld-
defense against an attacking target approaching its tail and as a consequence increasing
its flexibility and survivability advantage.

For conventional missiles with canard or tail fin controls, propelled by a non-
throteable solid rocket engine, attempts to achieve the required high turn rates may
cause very high angles of attack in excess of α = 50 deg. In this high α domain, the
missile experiences significant technical challenges as reviewed in sections 3.3.3 and
4.3.2): stall or saturation of control fin, phantom yaw due to asymmetric vortex shed-
ding, high drag and sacrifice of operational velocity, stability variations, loss of roll
control, any of them causing missile loss of control and very poor performance.

The ability to perform this maneuver has been one of the main reasons behind the
introduction of hybrid missile schemes [Wise and B Roy, 1998] in air to air missions.
In these missiles, aerodynamic control is combined with a non-aerodynamic actuator
that maneuvers the missile at high angles of attack, as described in section 1.1.3.
Although the additional propulsion actuators have proven to be effective in rapidly
maneuvering a missile airframe, they suffer from jet interaction effects, need specific
nonlinear blended autopilots [McFarland and Calise, 2000] with accurate model of the
side thrusters and require fast response propulsive controls and integration with the
main engine [Innocenti and Thukral, 1993]. All these elements significantly increase the
cost, complexity and technical risk of the missile and the safety concerns for the launch
aircraft, [Ratliff et al., 2009]. Subsequently, being able to achieve this manuever with
a superagile missile under pure aerodynamic control can bring significant functional
benefits.

The aerodynamic control for an air turn back maneuver in a conventional missile
(canard or tail) has been recently addressed in reference [Kim et al., 2013], only focusing
on the rapid turn phase and ignoring the guidance against a moving target. The turn is
performed in subsonic regime with no thrust, and even considers airframe reorientation
with angles of attack in excess of α > 130 deg, when aerodynamic controllability is
assumed to be recovered. Simulations in this section will demonstrate that DAC missile
is able to perform the defense and achieve interception against an approaching threat
located close and on its rear hemisphere, maintaining angles of attack in the first
controllable domain, α < 35 deg during all the maneuver.

The turning phase will be performed in supersonic regime and with propulsion on,
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from the more realistic scenario that considers the missile launched from a supersonic
interceptor.

Immediately after launch the missile is moving away from the target, resulting
in negative closing velocities and a target that is not captured by the missile seeker.
Although specific guidance laws have been developed for these circumstances, [Cloutier
and Stansbery, 1999], here a constant load factor turn will be commanded from the
missile. This pre-programed trajectory is interrupted when the gimbal angle θh is less
than 60 deg, where is assumed that the seeker locks the target, and from that point
the IGA guidance scheme is followed for a homing interception.

Two scenarios will be considered. In the first scenario, missile is launched from an
aircraft attacking a non-scheduled target just detected and located at the launcher rear
hemisphere. In a second scenario the missile will be employed in a defense maneuver
againts a target quickly approaching the launcher aircraft tail.

5.5.2 Target of Opportunity in the Rear Hemisphere

It is assumed that the launcher aircraft initial Mach is M = 2.5. The target is a
piloted aircraft flying at constant MT = 1.2, that starts an evasive maneuver at 9 g
once detected that the missile has been launched. Other simulations parameters are
defined in Table 5.3.

Table 5.3: Target of Opportunity in the Rear Hemisphere: Simulation Parameters

Parameter Value (units)

Missile Launch Mach, M∞ 2.5 ( ND)
Target Mach, MT 1.2 (ND)
Target maneuver, nT 9 (g)
Missile turn load 30 (g)
Scenario altitude, h 12,000 meters
Initial distance between target and missile, rTM(0) 5,000 (m)
Rocket engine burn out time, tb 8 (s)
Thrust (constant), T 3400 (N)

Right after departing from the aircraft, missile starts a fixed g turn of 30 g. The
resulting trajectory is shown in Figure 5.23. An initial high turn rate phase is followed
by a guided path to the target. Final miss distance is 0.42 meters, total flight time 8.5
seconds from missile launch and tc = 8.1 seconds.

Figure 5.24 represents the missile maneuver during the engagement. As explained
the demand during the turn maneuver after launch (points M0 to M1) is set a 30g, that
the missile autopilot administers not to exceed the aero and mechanical performance
limitations. The autopilot loop employed was developed in section 4.3. Once the missile
has turned enough so the missile seeker is able to see and engage with the target, the
guidance logic changes from constant demand maneuver to the IGA scheme, with an
inmediate significant drop in missile maneuver levels. Maximum maneuver was 31.2
g, at the very beggining of the constant g turn. The transition is abrupt but with
no oscillations, controlled by the designed autopilot, as the change point in guidance
law can also be appreciated in the pitch angle variation with time, illustrated in figure
5.25. The turn from 90 to 180 degrees took 2.2 secons at 12,000 metres of altitude, an
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indication of the agility of the DAC missile. In the latter a quick turn of 180 deg is
followed by a more straight course to target once the IGA logic takes control.
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Figure 5.23: Trajectory against Target in the Rear Hemisphere, for missile guided by IGA
scheme. Figure demonstrates the agility characteristics provided by the IGA guidance logic
againts a maneuvering target, initially located at missile tail. M0 indicates missile initial
position, M1 is the end of the turn maneuver at 30 g and the beginning of IGA guidance. M2

is the engine burn out at t = 8 seconds, M3 represents the start of the Lyapunov controller
and I is the impact point to target.

Figure 5.26 illustrates the behavior of other important missile parameters. Angle
of attack α remains below the set level for phantom yaw of 35 deg. Levels attained are
significant during the constant maneuver turn.

Control deflections are shown in middle of figure 5.26, always less than the mechan-
ical limit set at 30 deg. The canard control will be saturated due to high local incidence
during the latter part of the constant g turn and will not contribute to increase missile
pitch moment. When the canard is saturated the missile is only controlled by the tail,
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Figure 5.24: Missile Maneuver, Target in the Rear Hemisphere
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In any case there is an increment in margin to saturation during the turn, as iss
increases when Mach decreases, please refer to Figure 3.9, and there is a significant drop
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Figure 5.25: Missile Pitch Angle, θ, Target in the Rear Hemisphere

168



5.5. IGA AIR TURN BACK MANEUVER
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Figure 5.26: Performance Parameters, Target in the Rear Hemisphere: angle of attack
(top), control fins (middle) and Mach (bottom)

of velocity during the turn. However the tail is not saturated and has an incremental
action during all the turning phase. A canard or tail only missiles will have a much
larger turning ratio and angle of attack, with overall very poor performance during this
phase. All along the turn, the DAC missile operates in opposite mode, while in the
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IGA phase the control recurs to positive and negative divert modes as well.
Finally Figure 5.26 bottom illustrated the Mach number performance. Propulsion

is active amid the first 8 seconds. It is noticed the large drop in missile Mach that
happens during the missile turning phase, even with propulsion active. However once
active, the high IGA kinetic energy efficiency allow the missile to recover. The last
instants before the interception the engine has burn out completely but the missile has
enough dynamic pressure to intercept the target acting on the canard and tail controls.

Defense Maneuver Against a Tail Attack

The scenario considers a foe aircraft located at the tail, flying at the same Mach than
the launcher aircraft, M = 2.5. The initial separation between missile and target is the
same as in previous scenario, 5000 meters. Other simulation parameters are in table
5.4. Missile is launched at M = 2.5 and inmediately intiates an air-turn back manuever
at nBd = 30 g sustained. During the turn the angle of attack is constantly increasing and
once it reaches the set limit of α = 35 deg, the autopilot demand changes to nBd = 24
g to preserve missile controllability. From this point forward the missile continues the
turn at nBd = 24 g until θh < 60 deg and the seeker is able to lock on the target. From
now until interception the IGA guidance logic is followed, that recovers missile speed
by maintaining low angles of attack.

Table 5.4: Tail Attack Maneuver: Simulation Parameters

Parameter Value (units)

Missile Launch Mach, M 2.5 ( ND)
Target Mach, MT 2.5 (ND)
Target maneuver, nT 6 (g)
Missile turn load 30 / 24 (g)
Scenario altitude, h 12,000 meters
Initial distance between target and missile, rTM(0) 5,000 (m)
Rocket engine burn out time, tb 8 (s)
Thrust (constant), T 3400 (N)

The final miss distance is 0.57 meters with interception at 6.7 seconds after launch.
The terminal controller is active from tc = 6.2 seconds.

Figure 5.27 shows missile and target trajectories. Target maneuvers trying to scape
the missile are realistic as they are such that expect an aerodynamic missile to saturate
and lose performance or an hybrid missile to consume its maneuvering gas.

Figures 5.28 and 5.29 illustrate missile lateral acceleration and pitch angle. Super-
imposed in red, for illustration purposes only, are the same variables for the trajectory
affected by noise. The glint effect is perceived at the end of the flight, near impact,
causing some scattering in the control movements.

In the maneuver, in Figure 5.28, the two step commands can be observed during
the turn and a soft transition between them. The IGA infinite time controller with low
lateral acceleration and the final boost commanded by the finite time controller before
impact are also noticed. Maximum maneuver during the engagement is 31.2 g.

In the pitch angle graph, Figure 5.29, a large initial turning rate θ̇ can be observed
right after launch. This is due to the canard downwash effect on the deflected tail,
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that generates a significant Cm when the angle of attack is still small. The change of
steady maneouver demand is appreciated at t=2.2 seconds, but the turning rate θ̇ does
not change appreciably. A region of quasi steady θ follows, when the IGA directs the
missile againts the maneouvering target.

Figure 5.30 depicts other performance parameters during the engagement: angle of
attack, control fins position and flight Mach. The angle of attack does not exceed the
set limit of 35 deg and controls are below their mechanical limits. The missile Mach
drops during the turn to a minimum of 1.88, but it is recovered quickly afterwards.

5.6 Conclusions

A full numerical approach for implementing non-linear single loop controllers with real
aerodynamic effects has been developed in this Chapter. The IGA system integrates
guidance autopilot and servos in one single loop. The integrated model is capable of
handling dual control as well as tail and canard-only missiles, with more accurate,
higher order dynamics, than those found in the literature. The IGA uses a command
generator logic, based on missile trim conditions and optimal guidance, to prevent
the integrated controller saturation typically caused by the effect of different error
scales. The feed-forward generator provides smooth variations in missile attitude as
it progresses towards the target, and final impact accuracy. The problem has been
posed and resolved in three dimensions, avoiding the sliding phenomena found in the
literature for integrated controllers.

The IGA model does not need to consider any particular target maneuver mode,
and includes the variations of missile velocity only as a perturbation to the system.
Accordingly they are not included in the optimization loop.

The IGA logic is divided in two different control phases. When is far from the
target utilizes an SDRE solution of the infinite time horizon optimal regulator. In the
neighbourhood of the target the integrated finite time problem is solved via a procedure
involving the resolution of a Lyapunov algebraic equation, instead of recurring to more
cumbersome approaches like the itterative resolution of series of Riccati equations.
The Lyapunov solution acts in the very last second that has a crucial role in target
interception. The transition between controllers inside the IGA is managed smoothly.

Simulations with no noise demonstrate clear superiority of the IGA scheme when
the missile has large to moderate heading errors and real aerodynamic effects are
considered. IGA results in reduced flight times and less control and maneuvering effort
and a much better management of missile speed. This is due to the inclusion of the
missile velocity in the optimization loop and to a better preservation of the guidance
command.

Simulations with noise are promising, indicating better resistance to performance
degradation in the IGA scheme throughout the flight. This is mainly due to the absence
of target acceleration from the integrated logic and the fact the velocity is kept outside
the optimization loop. In contrast, noisy estimations of the target maneuver form an
integral part of the optimization loop in the Two-Loop approach.

Finally simulations have demonstrated how the IGA is able to successfully accom-
plish an air turn back maneuver, without recurring to modern and complex approaches
of additional thrust actuators. The IGA has the potential to be and all-aspect, no-
limited homing guidance. It also requires one order of magnitude less numerical opera-
tions, which is an important factor when considering the implementation in a real-time,
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on-board computer.
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Figure 5.28: Missile Maneuver, Defense against Tail Attack
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Figure 5.29: Pitch Angle, Defense against Tail Attack
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Chapter 6

Conclusions

This last Chapter integrates and synthesizes the various conclusions raised in the previ-
ous analysis Chapters. It also highlights the study limitations and provides directions
and areas for future research. The study was set out to explore the idea of a dual aero-
dynamic control missile, as a development of existing canard and tail concepts, and
has explored its aerodynamic, performance characteristics and developed an autopilot
structure capable of handling its nonlinear characteristics. The combination of optimal
guidance with the dual control autopilot has resulted in lower miss distances and bet-
ter performance parameters versus canard and tail missiles. The study has also sought
to find out if the integrated guidance and control approach will further improve the
capabilities of the DAC missile, with a positive answer even in the presence of noise.

This Chapter is structured as follows: Section 6.1 contains the answers the research
questions posed in section 1.3, discusses the practical consequences for missile architec-
ture and identifies the theoretical implications for these findings; Section 6.2 classifies
the various limitations which were encountered during the analysis stages of the re-
search and finally identifies areas of future research, establishing how future research
could build on from this study.

6.1 Summary of Findings

The main empirical findings were summarized within the respective Chapters. This
section will synthesize those findings to answer the Thesis research questions posed in
section 1.3 and address their practical and theoretical implication.

6.1.1 Answers to the Research Questions

1. Advanced aerodynamic model for the dual control missile.

1.1. The expected aerodynamic phenomena and in particular the cross-control
coupling effect have been studied in section 3.3 with the help of slender body
theory and numerical simulations.

1.2. Specific nomenclature for the three dimensional treatment of the DAC mis-
sile has been developed in section 3.2.

1.3. A theoretical, continuous model, at high enough precision for advanced guid-
ance and control studies has been developed in section 3.4, with the required
level of detail.
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1.4. Reliable practical data for the theoretical model fitting have been obtained
from references found in the literature [Lesieutre et al., 2002a,b; Cross et al.,
2010; Blair, 1978; Khalid et al., 2005a,b; Akgul et al., 2012; Al-Garni et al.,
2008] that contained wind tunnel data, and expanded with carried-on CFD
and engineering experiments (DATCOM)- see Appendix D - that provided
the required level of accuracy. The model coefficients adjusted for the NASA
tandem control missile can be found in Appendix E.

1.5. Roll control authority has been assigned to the tail section. Analytic ex-
pressions for induced roll, damping and roll driving moments have been
developed in section 3.4.3. The roll autopilot is coupled with the yaw and
pitch autopilot channels. The tail roll control capabilities to maintain sta-
ble the DAC missile have been demonstrated via numerical simulations in
section 4.4.1.

2. Development of the Two Loop Guidance and Autopilot Structure for the DAC
missile.

2.1. The specific limitations and relevant performance criteria for the dual con-
trol missile autopilot have been defined in section 4.3.2, with emphasis in
maintaining the missile within its aerodynamic bounds. In the DAC missile
the local incidence at each of the fins needs to be monitored and estimated
in real time to prevent saturation.

2.2. The G&C loop, figure 1.3 for the DAC missile has been optimized via SDRE
method, see section B.2, with certain modifications:

2.2.1. Control variable for the DAC missile is the time derivative of the fin
angle, δ̇, to eliminate the non-affinity that results from the cross control
coupling, as detailed in section 4.2.2.

2.2.2. A feedforward command generator, section 4.3.1, solved the problem of
multi-input control allocation and set a local trim, equilibrium point,
for the nonlinear plant.

2.2.3. Appendix G lists all the state-dependent coefficients that form the au-
topilot model.

2.3. The nonlinear autopilot is compared against traditional gain scheduling
methods for the DAC missile via simulation in sections 4.4.1 and 4.4.2.
The solution developed requires less control effort, has a reduced settling
time and provides lower response time than the gain scheduling scheme as
demonstrated via simulations.

2.4. The two-loop G&C scheme applied to a DAC missile obtains superior re-
sults, achieving lower miss distances, than equivalent tail or canard missiles,
guided by proportional navigation or optimal guidance law, against a ma-
neuvering target, as demonstrated in sections 4.5.1 and 4.5.2 .

3. Research on the integrated approach and comparative analysis versus the Two
Loop

3.1. A mathematical model for the integrated guidance and autopilot single loop,
in inertial axes, have been defined in section 5.1.1 and in Appendix G. Due
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to low damping of missile airframe, the definition in inertial axes is more
adequate than other representations in body axes found in the literature.
Also the approach here does consider the target velocity, which is typically
neglected in the literature.

3.2. A feedforward controller, based on time-projection of DAC missile trim con-
ditions is able to prevent the issue of different guidance and missile scaled
variables and prevent control saturation, as defined in 5.2.3.

3.3. The performance index for the IGA described in section 5.1.2, has been
found to be a combination of the optimal guidance performance index of
section 4.1 with the missile performance index of section 4.3.2.

3.4. A suboptimal solution procedure for the non-linear IGA plant that mini-
mizes the aforementioned performance objective in a finite time horizon is
achieved with a matrix transformation and resolution of the corresponding
Lyapunov equation, as depicted in section 5.2.3.

3.5. The IGA missile compares favorably against the same missile employing a
two-loop scheme, as demonstrated by simulations in section 5.3. In approach
conditions to the target far from collision course, the IGA is clearly superior
to the two-loop logic.

3.6. Simulations with radome, radar noises and variations in radar sampling
rates, described in section 5.4 , have been carried out in section 5.4.4, where
the IGA loop demonstrated less sensibility to external perturbations.

3.7. Section 5.5 describes how the IGA logic can be used effectively against a
tail attack maneuver. The IGA is capable of command this maneuver and
achieve interception only with aerodynamic controls.

6.1.2 Missile Design Implications

Two items are addressed for their particular relevance, the weight and cost aspects
of the DAC missile and the evaluation of onboard capabilities to implement real time
solutions.

Weight and Cost Considerations

Figure 6.1 illustrates the missile subsystems. The weight of each subsystem is affected
by changes in the flight performance of the missile that results from the guidance
scheme. From these subsystems, structure, warhead, propellant and flight control
actuator weights are sensitive to changes in missile performance. In the other hand,
subsystems weights that are relatively insensitive to changes in flight performance are
seeker, radome, power supply and guidance and autopilot. Total weight is a significant
factor for an airborne weapon, as it potentially affects the production and logistic costs,
collateral damages, firepower for a weight limited launch platform and carriage radar
signature of the launch aircraft amongst others. The section discusses conceptually the
changes that can be expected in each of the sensitive subsystems as a consequence of
the flight performance findings.

Structural weight for the missile body can be significant as it accounts for approx-
imately 22% of the missile launch weight [Berglund et al., 2001]. The most important
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Radar Seeker

Canard Pitch / Yaw Servomechanisms (x2)

Guidance Electronics

Battery

Proximity Fuze

Autopilot

Military Warhead

Solid Rocket Engine

Tail Pitch / Yaw / Roll Servomechanisms (x4)

Blast Pipe

Figure 6.1: Missile Subsystems in a DAC Missile. For illustration purposes only, the figure
shows two separate computers one for guidance and one for autopilot, corresponding to a
Two-Loop guidance scheme. There are two servos for the canard, one for pitch and a second
for yaw, each of them actuating over two linked fins. There are four independent servos at
the rear, located around the missile blast pipe, for pitch, yaw and roll control as well.

design considerations for the structure weight are usually the rocket motor internal
pressure and the terminal maneuvering loads.

The DAC missile with IGA logic shows circa 1/4 less terminal maneuver effort
∆en (see figure 5.11) and less peak maneuver required. It translates into lower bending
moments in the structure that may represent less thickness of the missile body airframe,
with reduction in structural weight. However in free flight weight load on the bulkhead
section could be larger in dual control missiles due to higher bending moments.

On the other hand, the maximum pressure in the combustion chamber of a solid
propellant rocket motor is a function of the selected propellant. However, IGA logic
has demonstrated a better usage of the propulsion, maintaining higher in-flight specific
kinetic energy, ∆ek, figure 5.10, and less flight time to impact, figure 5.9, versus the
same missile with Two Loop guidance. In turn, these findings may allow the designer
to reduce the necessary propellant weight for the DAC-IGA missile. Typical propellant
fraction for missiles account for 65% of the total launch weight, [Fleeman, 2012].

For an interceptor missile, improvements in flight performance have a significant
impact in the warhead required weight and secondary impact on the fuze characteris-
tics.

From reference [Carleone, 1993], it can be established that the blast overpressure
created by missile warhead is directly proportional to explosive mass and energy, and
inversely proportional to the cube of the miss distance. Assuming the type of explosive
does not change, the IGA lower miss distances greatly reduces the warhead weight req-
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uisites for the same lethality. In addition, the head-on approach and higher precision
obtained with the IGA guidance, may allow the designer to change the warhead to
a focused type. Here the kinetic energy of the charge is released through a line, for
example missile front axis, and discharges all its energy directly onto the target. This
type of focused release has the highest kinetic energy density of all and permits for a
further reduction in warhead weight, whereas minimizes the probability of any collat-
eral damages. In contrast, a typical air to air missile has a cylindrical fragmentation
warhead that, due to the radial distribution of fragments, requires a larger, heavier
warhead.

The head-on approach to target characteristic of the IGA and high closing velocity
permits a fixed fuzing angle to initiate the warhead, which simplifies the proximity fuze
requirements, minimizing its cost. Depending on the mission, the proximity fuze could
be eliminated and replaced by a much simpler, reliable and safe contact fuzing.

Finally, an obvious characteristic of the DAC missile versus traditional canard and
tail missiles is that it requires two more flight control actuators, see figure 6.1. The DAC
actuators will be located two in the canard section and four in the tail section situated
around a blast pipe, like in a tail missile. Although warm gas pneumatic actuators
are sometime selected, typically electromechanical actuators are usually chosen for
short range missiles due to its light weight and acceptable bandwidth and good levels
of actuator turning rate. However the increase in the number of actuators may not
necessarily result in a weight increase as it can vary with the actuator hinge line
position.

In effect, the hinge moment is:

Mh = Nc · yh (6.1)

where Nc is the local normal force at the fin and yh is the distance between the fin
center of pressure and the hinge position. Nc is proportional to the angle of attack
and fin deflection. Both variables have been demonstrated throughout the Thesis to be
lower for dual control missiles versus tail or canard, and even lower if the IGA logic is
applied. The factor yh depends on the hinge line location and the relative displacements
with Mach of the center of pressure. The latter can be adjusted by adequate design of
the control fin (double delta for example).

In summary, the potential weight and cost increases due to the additional actuators
can be offset by other factors already considered (structure, propellant, and warhead)
to overall reduce the cost and weight budget of the DAC-IGA missile. In any case, the
two additional servos for aerodynamic control will compare favorably with incremental
actuator devices necessary in an hybrid missile.

Real-Time On Board Computations of Guidance Law

The two methods described in the Thesis, IGA single loop and Two Loop - as a
combination of optimal guidance and SDRE autopilot- require significant processing
capabilities. The onboard computer will need to optimize the missile trajectory in real
time in any of these two approaches, and this calculation demands higher computational
resources than in conventional missile guided by proportional navigation and classic
control autopilots. The main computational burdens are:

1. For the Two-Loop scheme:
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(a) The autopilot runs and is solved at a higher clock frequency (x10 or above)
than the guidance loop.

(b) Requires the real time solution of a 21x21 algebraic Riccati equation at each
autopilot sample.

2. For the IGA design:

(a) Runs at the guidance loop clock frequency.

(b) Requires the real-time solution of a 29x29 SDRE, equation 5.48 at each IGA
sample.

(c) Calculation of two matrix inverses of 29x29, equations 5.47 and 5.52.

(d) Calculation of the exponential eA0(t−tf) of a 29x29 matrix.

(e) Resolution of 29x29 matrix Lyapunov equation, 5.54.

IGA entitles more operation per sample but runs faster as it runs at the same speed
of the outer guidance loop in the Two-Loop approach. The net result on a typical 10
second flight is 30 time less calculations required.

The main burden in each logic comes from the resolution of the Riccati equations in
real time. Solution speed of these two 21x21 and 29x29 equations have been assessed
on MATLAB real time environment, obtaining 0.5ms execution time in both logics
for one full cycle of each of these algorithms with a Corei7 computer at 2.5GHz and
16GB RAM. This is well within the capabilities of commercially available processors
for implementing high-performance weapon flight control systems. In any case, further
refinement of the codes will provide additional gains in speed.

6.1.3 Theoretical Implications

A generic procedure to develop a continuous aerodynamic model and from there create a
pitch-yaw-roll nonlinear autopilot has been established. This approach can be extended
to other skid to turn missiles, canard or tail, but also to bank to turn missiles, airplanes
or spinning guided rockets. Here the roll channel is an integral part of the model.
Also the proposed autopilot scheme is capable of controlling multi-input affine and
multi-output systems. The schemed autopilot is flexible and can handle higher order
aerodynamic models within a matrix approach.

We have introduced the Kronecker product as a practical tool to simplify non-
linear state-dependent parametrization problems, where very large functional matrices
are handled.

The continuous equations substitute tabular approaches that are customary in gain
scheduling control methods. A tabular approach is not valid and continuous equations
are needed. The data need to be adjusted to an analytical model, which is step further
than using the coefficients directly obtained from the wind tunnel results, which can
be considered as drawback of the method as it requires more elaboration.

The success of the IGA simulations versus the two-loop questions the typical as-
sumption that there is spectral separation between guidance and control, which may
not be true for high dynamic and agile aerospace vehicles.

Both IGA and Two-Loop used feedforward controllers based on local equilibrium
conditions. This method has been proved effective to adequately define proper control
allocation and obtain a smooth response of the plant.
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A finite time solution to an optimal nonlinear problem has been demonstrated to be
feasible in the resolution of the IGA problem. The optimization question is particularly
suitable for missiles, as they have a clear objective in minimizing miss distances. But
the same approach can be extended to nonlinear aerospace problems that need to
optimize a certain function within a finite time horizon, for example space rendezvous
maneuvers, launch vehicles ascend phase, aircraft cruise trajectory optimization, etc.

6.2 Study Limitations and Areas for Further Re-

search

The section reviews the study limitations, from intentional assumptions taken during
the analysis or because of lack of data. Areas for future research to remove the limita-
tions and to progress towards new knowledge are also reviewed. The section is divided
into aerodynamics and control plus guidance related aspects.

6.2.1 Aerodynamics

The aerodynamic model in this study has been β and Mach limited. An engineering
model for practical applications will need to remove these restriction and consider α
and β equally large and all the Mach regime, from subsonic to supersonic where the
missile is able to operate.

There have been no wind tunnel data available for out-of-plane and roll effects. In-
stead, the study has relied on CFD and semi empirical data to fit the theoretical model.
Although there have been very good correlation between calculated and measured data
for pitch plane aerodynamics, out-of-plane wind tunnel data will be extremely useful
to fully validate the model. An additional independent set of data can be used for
model validation with a p-value test.

The roll model could have been extended to include even higher order terms. Due
to the lack of wind tunnel data it has not been deemed necessary but the question is
still valid. Another area for research in roll can be the evaluation of induced roll in the
presence of fixed surfaces ahead of the tail controls, like in the Stunner guided rocket.

Damping moment due to thrust has not been considered and thrust has been con-
sidered constant. On the latter, a potential step forward will be to consider the thrust
throttling, for example considering a ramjet engine, as an additional degree of freedom
to improve further the missile performance.

When one of the control reaches supersonic saturations the reduction in control
degrees of freedom has been taken into account. However an incremental logic could
have been implemented where the fin position remains locked at its saturation angle.

In this preliminary study, we have considered the missile as a rigid body and have
not included the elasticity of the structure and aeroelastic effects, that would be needed
in a further evolution of the analysis.

In the IGA system, velocity variations V̇M have been included in the model. How-
ever the aerodynamic coefficients in our approach have been linearly dependent of
Mach. A further step would be to obtain continuous expressions of the aero coeffi-
cients with Mach.

Only data for one DAC missile have been found in the literature. Although the
architecture of this missile is conventional enough to cement the results, it cannot be
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extended without caution to non-conventional missiles with dual control. The overall
process however will remain applicable.

A potential area for research will be to establish a relationship between DAC missile
geometry parameters and the flight performance. For example analyzing the optimal
distribution of missile forward and fin platform, that here have been considered equal,
what is the result in miss distances.

6.2.2 Guidance and Control

We have considered a full feedback missile system. The study has not consider errors of
missile sensors in the guidance and control loops and all the missile internal variables
have been considered noise-free and all available for feedback in a continuous mode.
For example measurement of quaternions and angular velocities coming out of the IMU
unit are typically corrupted by noise, or errors introduced by the estimation of α and
β by a Kalman filter can also affect the end results.

The guidance control analysis has involved a large number of parameters. Sensi-
tivity studies could be carried out in a further investigation with some of the most
significant parameters. For example the weighting matrices Q and R, or the alloca-
tion parameters ĉq and ĉr, could have been defined as functions dependent on target
distance.

Acceleration of gravity or earth rotation effects have not been included in the anal-
ysis and they should be especially for long flight times.

More advanced models could have been used for navigation filter, Bayesian or Ex-
tended Kalman Filter, to investigate the impact on missile performance.

A further extension could be to apply this methodology to an infrared controlled
missile, where the aerodynamic drag is substantially higher due to the semispherical
irdome, and where the quantity and quality of data available from the seeker is reduced
versus a radar missile.

High order models are not feasible to obtain theoretical solutions, and results need
to be contrasted via numerical experiments. Same applies with gain scheduling, where
performance is not guaranteed and needs to be checked. Stability results have been
addressed via numerical simulations but not full theory exits yet for the SDRE method.

Only constant maneuver has been evaluated. The IGA model does not depend on
the missile maneuver, but the outer guidance loop in the two loop approach will be
different for a sinusoidal maneuver, for example. Even for constant target maneuver, a
random start time for target maneuver can be simulated in a further analysis. In any
case consideration of different target maneuvers not constant will make the homing
more sensitive to tgo and tf estimations.

In our approach the canard and tail controls have been used to regulate the missile
lateral acceleration while ensuring that the aerodynamic and mechanical limitations are
respected. We have not considered however any control of the axial drag, that could
be a new way to control the flight performances of the missile. The axial acceleration
regulation with aerodynamic methods in combination with a throttleable engine can
open new lines of investigation.

The transition point tc between infinite and Lyapunov controllers in the IGA scheme
has been defined as the point from where the matrix Ψ is invertible. Further research
can be done to determine the optimal point to stablish the transition.

The IGA system is defined in inertial axes. To work properly it requires seeker and
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IMU data fusion, see Appendix H. The integrated system posed in body axes requires
less data, only from the seeker. In our investigation the integrated system in body
axes has proven to be very oscillatory due to the extremely low damping of the missile
airframe. There are advantages from the data acquisition point of view and further
research in the integrated system in body axes could turn to be beneficial.

A servo model has been considered as a second order response with some non-
modelled dynamics, but the effects of hinge and servo moments have not been ad-
dressed. It has been assumed that the servos could generate all the necessary torque to
maintain the fin in aerodynamic equilibrium at the desired position. A more detailed
model that includes a full dynamic equation for the fin and servo remains as an area
for future research.

As well, an investigation can be carried out to understand the minimum and max-
imum response time allowed for canard and tail servos, τc and τt, and the effect of
different response time in the forward and rearward sections.
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Appendix A

Derivative Operations on Matrices
with Kronecker Product

This Appendix summarizes and updates the conventions originally defined in [Vetter,
1970] and later expanded by [Brewer, 1978] for those elements that are used within the
main body text of the Thesis. The application of these formulas, with inclusion of the
Kronecker product, preserves the matrix notation during the differentiation operation.
The focus here is in the structure resulting from differentiating matrix function of
vectors. There operations arise in the Thesis with the application of optimization
methods to non-linear control systems in Chapter 4 and 5.

In what follows x : R → Rn,1, is a column vector, and y (x) : R → Rp,1, z (x) :
R→ Rq,1 are column vectors where their elements are functions of the elements of x.

A.1 Derivatives Structure

If matrix A : R→ Rp,q, is functionally dependent of vector x,

A (x) =

a11 · · · a1p
...

. . .
...

aq1 · · · aqp

 (A.1)

where the elements akj are functionally dependent on elements xi. It is well-known
that the matrix A derivative with respect to the ith element of the vector x is:

∂A

∂xi
=


∂a11

∂xi
· · · ∂a1p

∂xi
...

. . .
...

∂aq1
∂xi

· · · ∂aqp
∂xi

 (A.2)

The matrix derivative with respect to column vector x is defined as

∂A

∂x
=


∂A
∂x1
...
∂A
∂xn

 (A.3)

and in expanded form:
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∂A

∂x
=



∂a11

∂x1
· · · ∂a1p

∂x1
...

. . .
...

∂aq1
∂x1

· · · ∂aqp
∂x1

...
. . .

...

∂a11

∂xn
· · · ∂a1p

∂xn
...

. . .
...

∂aq1
∂xn

· · · ∂aqp
∂xn


(A.4)

the derivative consist of sub-matrices combined with the structure of the derivative
vector. Similarly, and following the same structure, its derivative with respect to a row
vector xT is

∂A

∂xT
=


∂a11

∂x1
· · · ∂a1p

∂x1
· · · ∂a11

∂xn
· · · ∂a1p

∂xn

· · · . . .
... · · · · · · . . .

...
∂aq1
∂x1

· · · ∂aqp
∂x1

· · · ∂aq1
∂xn

· · · ∂aqp
∂xn

 (A.5)

The derivative structure is combined in accordance with the structure of the denomi-
nator. We can define as well concatenated matrix derivatives in the form:

∂kA

∂xk
=

∂

∂x

(
∂

∂x

(
· · · ∂A

∂x

))
(A.6)

with k consecutive derivative operations.
For derivative of vector functions of vectors, there are three distinctive cases. Row

vector derivation with respect to a column vector results in a matrix:

[
∂yT

∂x

]
=


∂y1

∂x1

∂y2

∂x1
· · · ∂yp

∂x1
∂y1

∂x2

∂y2

∂x2
· · · ∂yp

∂x2
...

...
. . .

...
∂y1

∂xn

∂y2

∂xn
· · · ∂yp

∂xn

 (A.7)

The derivative of a column vector with respect to a row vector is a matrix:

[
∂y

∂xT

]
=


∂y1

∂x1

∂y1

∂x2
· · · ∂y1

∂xn
∂y2

∂x1

∂y2

∂x2
· · · ∂y2

∂xn
...

...
. . .

...
∂yp
∂x1

∂yp
∂x2

· · · ∂yp
∂xn

 (A.8)

where typically the latter (A.8) is known as the jacobian. From the last two expressions,
it inmediately follows that [

∂yT

∂x

]T
=

[
∂y

∂xT

]
(A.9)

And finally the derivative of a column vector with respect to a column vector results
in a vector in the form:
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[
∂y

∂x

]
=



∂y1

∂x1
∂y2

∂x1
...
∂yp
∂x1

...
∂y1

∂xn
∂y2

∂xn
...
∂yp
∂xn


(A.10)

Note that
[
∂y
∂x

]
is the vectorization of (A.8), formed by stacking the columns of[

∂y
∂xT

]
into a single column vector. The following notation is introduced:[

∂y

∂x

]
= vec

[
∂y

∂xT

]
(A.11)

From here

∂y

∂y
= vec Ip (A.12)

and

∂yT

∂y
= Ip (A.13)

Another useful transformation is(
In ⊗

(
xTA

))
· vec In = vec

(
xTA

)
= ATx (A.14)

To conclude, if a is a scalar, ∂a
∂x

is the column vector of partial derivatives.

A.2 Kronecker Product and Properties

Kronecker product, also known as tensor product or direct product of matrices A and
B in that order, is formed by multiplying every element of A by the entire matrix B.
For example:

I2 ⊗ xT ≡

[
x1 · · · xn 0 · · · 0
0 · · · 0 x1 · · · xn

]
(A.15)

replacing I2 by In yields a block diagonal matrix with n copies of row vector xT along
the diagonal. From the definition note that aA = a⊗A.

Successive Kronecker products can be applied, and we will use the notation

⊗k
x ≡ x⊗ x⊗ · · · ⊗ x (A.16)

with k Kronecker products. From here it can be shown that:
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(I ⊗A)k = I ⊗Ak (A.17)

Some important properties of the Kronecker product are used in this Thesis, and
are listed here and given without demonstration:

(A⊗B)T = AT ⊗BT (A.18)

(A⊗B)⊗C = A⊗ (B ⊗C) (A.19)

(A⊗B) (C ⊗D) = AB ⊗CD (A.20)

(Im ⊗N ) (M ⊗ In) = (M ⊗ In) (Im ⊗N ) (A.21)

(
CT ⊗A

)
vecB = vecABC (A.22)

vec
(
xyT

)
= y ⊗ x (A.23)

(
Ip ⊗ y

)
A = A⊗ y (A.24)

A
(
Iq ⊗ zT

)
= A⊗ zT (A.25)

Proofs can be found in the literature, for example in [Laub, 2004].
The Lyapunov equation

AX +XAT = C (A.26)

that will be utilized in Chapter 5, can be expressed with the Kronecker product and
the vector notation, A.11 in the form:[

(I ⊗A) + (A⊗ I)
]

vecX = vecC (A.27)

A.3 Algebraic Basis for Matrix Calculus

The definitions and results obtained in the last two sections are here applied to present
the structure of compound matrices and scalar form derivatives.

Suppose matrix function A : R→ Rp,q is functionally dependent of other matrices,
A (B, · · · ). The partial derivative with respect to matrix B : R → Rs,t disregarding
any possible implicit dependencies, can be expressed in the form:

∂A

∂B
=
∑
i,k

E
(s,t)
ik ⊗ ∂A

∂bik
(A.28)

where E
(s,t)
ik is the elementary matrix, that has dimensions (s, t), and whose ik element

is equal to 1 and is zero elsewhere. The derivative matrix then consist of sub-matrices
∂A
∂bik

combined in accordance with the structure of the matrixB, each sub matrix having
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A.3. ALGEBRAIC BASIS FOR MATRIX CALCULUS

the structure of the matrix A and being formed by differentiation of elements of A
with respect to bik.

From here it follows that (
∂A

∂B

)T
=
∂AT

∂BT
(A.29)

The derivative of a scalar and matrix product is:

∂aA

∂B
=

∂a

∂B
⊗A+ a

∂A

∂B
(A.30)

A.3.1 Derivative of Compound Matrices

Chain rule

The derivative of the compound matrix A
(
C (B)

)
where A : R→ Rp,q, C : R→ Rr,l,

with respect to the matrix B : R→ Rs,t, takes the form:

∂A
(
C (B)

)
∂B

=

(
∂[vecC]T

∂B
⊗ Ip

)(
It ⊗

∂A

∂[vecC]

)

=

(
Is ⊗

∂A

∂[vecC]

)(
∂[vecCT ]T

∂B
⊗ Iq

) (A.31)

Product Rule

The derivative of the compound matrixA (B) = C (B)F (B) takes the compact form:

∂CF

∂B
=
∂C

∂B
(It ⊗ F ) + (Is ⊗C)

∂F

∂B
(A.32)

Kronecker Product Derivative

The derivative of the compound matrix A⊗C is equal to:

∂A⊗C
∂B

=
∂A

∂B
⊗C +

(
Is ⊗Upr

)(∂C
∂B
⊗A

)(
It ⊗Ulq

)
(A.33)

where Upq is the permutation matrix, a square matrix of size (pq, pq) that has a single
1 in each row and column.

A.3.2 Derivative of Scalar Forms

This section consider various derivative operations on scalar functions of the form
yTAz, where A (x) : R→ Rp,q, x : R→ Rn,1, y (x) : R→ Rp,1 and z (x) : R→ Rq,1.

∂yTAz

∂y
= Az (A.34)

∂yTAz

∂z
= ATy (A.35)
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∂yTAz

∂x
=
∂yT

∂x
Az +

(
In ⊗ yT

) ∂A

∂x
z +

(
In ⊗

(
yTA

))[ ∂z

∂x

]
(A.36)

and from here we obtain

∂xTAx

∂x
=
(
A + AT

)
x+

(
In ⊗ xT

) ∂A

∂x
x (A.37)

∂xTAx

∂xT
= xT

(
A + AT

)
+
(
In ⊗ xT

) ∂A

∂x
x (A.38)

Equation A.37, for a constant symmetric matrix Q = QT yields:

∂yTQy

∂y
= 2Qy (A.39)

190



Appendix B

Optimal Control Theory:
Mathematical Background

It follows a quick review of the state of the art in solving the optimal regulator problem
for non linear systems. However we have here adapted the results found in the recent
literature with the introduction of the Kronecker product reviewed in Appendix A,
that greatly simplifies the notation.

B.1 Minimum Principle of Pontryagin

The Minimum Principle is the cornerstone result in the optimal control theory. It
results from the calculus of variation approach to solve the optimal control problem.
We consider that the missile flight control and / or guidance is a dynamic system in
the form:

ẋ(t) = f(x(t),u(t), t), x(0) = x0 (B.1)

with t ∈
[
0, tf

]
. As it happens in aerodynamic vehicles, we consider initially that both

the space state vector x ∈ Ω ⊆ Rn, with 0 ∈ Ω and the control vector u ∈ U ⊆ Rm,
are constrained to bounded sets, Ω and U respectively, with 1 ≤ m ≤ n. It is assumed
that the pair (x,u) is continuous and f has continuous first and second derivatives
with respect to all its arguments.

For missile autopilot problems, we want to minimize the so-called problem of La-
grange

J(x0,u, 0) =

∫ ∞
0

L(x(t̄),u(t̄), t̄) dt̄ (B.2)

while in the missile guidance we want to minimize a more general scalar cost index,
the problem of Bolza:

J(x0,u, 0) = Ψ(tf ,xf ) +

∫ tf

0

L(x(t̄),u(t̄), t̄) dt̄ (B.3)

In guidance, the final state is not fixed due to the presence of the terminal cost
Ψ(tf ,xf ) a functional of the final miss distance. In what follows we consider the
problem of Bolza as it includes the Lagrange formulation. We seek an admissible
optimal control u∗ ∈ U which causes the system (B.1) to follow an admissible trajectory
x∗ ∈ Ω that minimizes the specific problem cost index.
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The Hamiltonian of the system is:

H(x,u,λ, t) , L(x(t),u(t), t) + λTf(x(t),u(t), t) (B.4)

The adjoint column vector λ is the vector of Lagrange multipliers associated with
the dynamic constrain in (B.1).

The necessary conditions for u∗ to be the optimal control law for the optimum state
trajectory x∗ are:

H(x∗(t),u∗(t),λ(t), t) ≤ H(x∗(t),u(t),λ(t), t) (B.5a)

ẋ(t) =
∂H
∂λ

(B.5b)

−λ̇ =
∂H
∂x

(B.5c)

for all t ∈
[
0, tf

]
, and for all admissible controls. Equation (B.5a) is properly the

Pontryagin Minimum Principle, which indicates that an optimal control u∗(t) law
causes the Hamilton to reach its absolute minimum.

The general boundary conditions are given by the fact that:

[
∂Ψ

∂x
(tf ,x

∗(tf )− λ(tf )

]T
· δxf+[

H(x∗(tf ),u
∗(tf ),λ

∗(tf ), tf ) +
∂Ψ

∂x
(tf ,x

∗(tf )

]
δtf = 0

(B.6)

This principle transforms the optimal control problem into a two point boundary
value problem and introduced the Hamiltonian in the field of optimization. The com-
bination of initial and end conditions, and non linear differential equations, creates a
problem which is very difficult to solve in a practical case.

If the admissible controls are not bounded (unconstrained), then for u∗(t) to mini-
mize the Hamiltonian it is necessary, but again not sufficient that:

∂H
∂u

(x∗(t),u∗(t),λ(t), t) = 0 (B.7)

If (B.7) is satisfied and the Hessian is positive definite (weakened Legendre-Clebsh
sufficiency condition):

∂2H
∂u2

(x∗(t),u∗(t),λ(t), t) > 0 (B.8)

then it is guaranteed that u∗(t) causes a local minimum.
We can establish a connection with Dynamic Programming, if we can assume that

the optimal cost index, or optimal return function

J∗ (x0, 0) , min
u∈U

J(x0,u) (B.9)

is smooth, with bounded first and second derivatives 1 and, using the intuitive Bellman
Principle of Optimality 2, we arrive at the well-known Hamilton-Jacobi-Bellman (HJB)
partial differential equation:

1This is a stronger assumption not required by the Minimum Principle
2The Principle establishes that an optimal policy has the property that whatever the initial state

and the initial decisions are, the remaining decisions must constitute an optimal policy with regards
to the state resulting from the first decision
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B.2. STATE DEPENDENT RICCATI EQUATION

0 =
∂J∗

∂t
(x, t) +H

(
x∗(t),u∗(t),

∂J∗

∂x
, t

)
(B.10)

with boundary conditions

J∗
(
tf ,xt

)
= Ψ

(
tf ,x

∗
f

)
(B.11)

and

∂J∗

∂x
= λ (B.12)

That is, the costate vector represents the sensitivity function of the optimal cost
index with respect to the state vector. It can also be considered a vector that points
away from the gradient of the optimal performance index.

B.2 State Dependent Riccati Equation

We treat a simpler version of the general problem presented in the previous section.
We now consider that the dynamic system B.1 can be written in the form:

ẋ(t) = f(x(t)) + g(x(t))u(t) (B.13)

with f and g continuous functions. The system (B.13) is time-invariant, nonlinear in
the state and affine in the control input. Where x ∈ Ω ⊆ Rn, with 0 ∈ Ω, but we now
assume that u is not bounded. It is also verified that f(0) = 0 and g((x)) 6= 0 ∀x ∈
Ω.

The problem minimizes the Langrange cost index

J(x0,u, 0) =
1

2

∫ ∞
0

(
xTQ(x)x+ uTR(x)u

)
dt̄ (B.14)

while regulating the the state vector 0 to the origin, such that:

lim
t→∞

x = 0 (B.15)

where the weighting matrices satisfy Q(x) = QT (x) ≥ 0 and R(x) = RT (x) > 0.
For this infinite time formulation, J∗ is assumed stationary ∂J∗

∂t
= 0, and verifies

J∗(0) = 0. Substituting in (B.10)and particularizing at x = 0, we obtain

∂J∗(0)

∂x
= 0 (B.16)

so the costate vector can be written as

λ = M (x)x (B.17)

Since the control is unconstrained, the necessary condition for optimality is:

∂H
∂u

= R(x)u + gT (x)M(x)x = 0 (B.18)

or
u = −R−1(x)gT (x)M(x)x (B.19)
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this is sufficient condition to be a global minimum as the Hessian matrix is positive
definite:

∂2H
∂u2

= R(x) (B.20)

In order to obtain the control law, we need then to solve the matrix M . Taking
the derivative of (B.17) and substituting into (B.5a) and (B.5c), we obtain:

Ṁx+M
[
f − gR−1gTMx

]
=

−Qx− 1

2
xT

∂Q

∂x
x− ∂fT

∂x
Mx− xTMgR−1∂g

T

∂x
Mx

− 1

2
xTMgR−1∂R

∂x
R−1BTMx

(B.21)

where the argument x has been dropped for simplicity, and applying the chain rule
(see A.3.1 ):

Ṁ =
∂M

∂xT
(ẋ⊗ In) (B.22)

When the dynamic is linear, with f = Ax, and with A, g, Q and R constant
matrices, the equation (B.21) collapses to the famous algebraic Riccati equation, that
solves the Linear Quadratic Regulator problem:

MA+ATM −MgR−1gTM +Q = 0 (B.23)

The State Dependent Riccati Equation method replicates the linear case by using
a state-decomposition (SDC) of the nonlinear dynamics, in the form f = A(x)x and
solving equation (B.23) at each state vector x. However in the nonlinear case the SDC
is not unique, and different controls will results from different choices.

For the SDRE method to achieve an optimal solution, then the solution of the
SDRE equation must also verify the necessary condition:

Ṁx+
1

2
xT

∂Q

∂x
x+

1

2
xTMgR−1∂R

∂x
R−1BTMx+ xT

∂AT

∂x
Mx =

− xTMgR−1∂g
T

∂x
Mx = 0

(B.24)

This equation converges to zero at a quadratic rate as the state vector approaches
the origin . The SDRE method is then suboptimal and they converge to the optimal
control trajectories.

The control input has been considered unbounded, which is not true for aerospace
and mechanical systems. However, the weighting functions can be in theory adjusted
so the control vector stays within the permitted set. In case the control exceed the
available limit, then the system state trajectories can not be considered optimal or
sub-optimal any longer.
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NASA NTCM Geometry and
Aerodynamic Model

The baseline missile used in the simulations is described here. It is based on the NASA
Tandem Control Missile mentioned in section 2.1.1 and in the bibliography [Blair, 1978].
Here the NASA missile has been escalated three times (x3) for guidance and control
studies and certain assumptions have been taking regarding its mass parameters, based
on similar missiles in service, adapted from [Fleeman, 2006].

297.2

61.027.4

19.8

55.4

hinge linehinge line

XB

ZB

145.6moment reference center

Figure C.1: Thesis Baseline Missile Geometry, used in most of the simulations. Obtained
from escalation of the NASA NTCM missile. All dimensions are in cm. Model has the same
fin platform at canard and tail. The body has a 3 caliber ojive nose and 12 caliber cylindrical
after-body. Airfoils are modified double hedge supersonic type, with 16 deg angles at the
leading and trailing edges.

C.1 Missile Geometry

The model is represented in Figure C.1, assembling an axisymmetric body, with tangent-
nose ojive, lenght to diameter ratio of 3 and two sets of inline cruciform lifting surfaces,
canard and tail, where all eight fins are fully movable. The fin platform shape is clipped
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delta for all surfaces. The hinge line is at the middle point in the root chord, for both
canard and tail fins.

The model originally tested at NASA was available in a few configurations which
differed only on the control sizes. The configuration selected for this study has equal size
canards and tail fins. Although other test cases exits, those with ”+” roll orientation
are preferred in this research as it has a reduced number of vortices coming out of the
canards affecting the tails, which simplifies the theoretical exposition and facilitates
missile control.

(a) Missile Model (b) Shadowgraph at M∞ = 2.5

Figure C.2: Wind Tunnel Experiments at NASA and Onera.

Table C.1 shows the main characteristics of the baseline missile geometry.

where when necessary the geometry parameters have been calculated according to the
formulas:

Sref =
πd2

4
(C.1)

Se =
(cr)e + ct

2
be (C.2)

AR =
b2
e

Se
(C.3)

λc =
ct
cr

(C.4)

λe =
ct

(cr)e
(C.5)

MAC =
2

3
· 1 + λe + λ2

e

1 + λe
(cr)e (C.6)

Note that according to convention, the missile caliber d will be used as the aerody-
namic moment reference length, and the missile body frontal area will be used as the
aerodynamic reference area. The fixed moment reference center is located at 1.4562
meters from the ojive nose, as shown in Figure C.1.

1Missile caliber, note it is used as a reference to define other model lengths
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Table C.1: Model Geometry Specifications

Parameter Symbol Value Units

Missile Length L 2.972 m
Missile diameter, (caliber) 1 d 0.1981 m
Body Frontal Area Sref 3.0828 dm2

Ojive length 3 d
Cylinder after-body length 12 d
Total missile body length 15 d
Tangent ojive radius 0.95 d
Fin tip chord ct 0.87 d
Fin exposed maximum chord (cr)e 1.38 d
Fin theoretical root chord cr 1.67 d
Fin sweep angle 30 deg
Fin exposed semi span be

2
0.9 d

Fin installed span 2.8 d
Panel exposed surface Se 7.947 dm2

Fin exposed aspect ratio AR 1.6 ND
Theoretical taper ratio λc 0.571 ND
Fin exposed taper ratio λe 0.625 ND
Fin exposed mean aerodynamic chord MAC 1.15 d
Theoretical canard apex (from nose) 2.8 d
Canard hinge line position (from nose) 3.78 d
Theoretical tail apex (from nose) 13.3 d
Tail hinge line 14.3 d
Separation between hinge lines 7.6 (cr)e

C.2 Missile Mass and Mission Definition

Based on comparable air-to-air existing missiles [Fleeman, 2012], a standar mission has
been defined in order to properly dimension the missile. Table C.2 contains the missile
mass and propulsion specifications.

The mission is considered to be typical of an air-to-air medium range missile with
a two-stage, double star combustion solid propellant engine star-shaped:

1. Launch from aircraft at M∞ = 0.8, followed by an acceleration boost phase
of 5 seconds up to M∞ = 2.5 at constant altitude that places the missile in
the vicinity of the target. Seeker looks into the target. This phase is only for
dimensioning purposes at it is not considered in our guidance and control studies.

2. Sustain phase for 8 seconds, where the missile maneuvers to achieve interception.
Missile guidance and control system is active and the start time of all the simu-
lations in the Thesis. The thrust delivered by the rocket engine is constant. As
a result missile velocity will vary depending of the axial force generated by the
maneuvers of the missile.
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Table C.2: Guidance and Control Model Mission Specifications

Parameter Symbol Value Units

Moment reference center (from nose) 1.4562 m
Position mass center, launch (f. nose) 1.4858 m
Position mass center, end of boost (f. nose) 1.4362 m
Position mass center, burnout (f. nose) 1.2877 m
Pitch moment of inertia , launch IBy 35.6 kg ·m2

Pitch moment of inertia , burnt out
(
IBy

)
bo

32 kg ·m2

Roll moment of inertia, launch IBx 0.407 kg ·m2

Roll moment of inertia, burn out
(
IBx
)
bo

0.320 kg ·m2

Missile mass, launch m 129.2 kg
Missile mass, burn out mbo 87.27 kg
Propellant mass for boost phase 27.94 kg
Propellant mass for sustain phase 13.99 kg

Propellant density 1800 kg
m3

Design flight altitude/s 6000/12000 m
Rocket thrust at boost 13706 N
Rocket thrust at sustain 3400 N
Mach, end of boost phase 2.5 ND
Mach, beginning of coast 2.5 ND
Launch Mach in subsonic 0.8 ND
Specific Impulse, Boost Isp 250 s
Specific Impulse, Sustain Isp 200 s
Burning time, boost engine tb1 5 s
Burning time, sustain engine tb2 8 s
Maximum coast time (self destruction) tcoast 12 s
Max. flight time (boos+sustain+coast) tb + tcoast 25 s
Maximum control fin mechanical deflection δmech ±30 deg

Servo Rate Limit δ̇mech ±600 deg/s
Maximum structural limit nstruc 40 g

The latter phase marks the beginning of the terminal phase and the point where
all the simulations will start. It is also assumed that during the sustain or terminal
phase, the mass parameters, missile mass, cm position and inertia moments will vary
linearly with time until the end of the sustain phase, 8 seconds later and then will
remain constant.
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Appendix D

Aerodynamic Raw Data

The NASA model was wind tunnel tested at supersonic Mach numbers, 1.75 < M∞ <
2.86 and at angle of attack ranges from −4 < α < 28 deg, at 0 deg roll or + fin
orientation. The test Reynolds number was 6.6x104 per cm ([Blair, 1978; Khalid et al.,
2005a]. Experimental results have been extracted from data published in the refer-
ences: [Khalid et al., 2005b; Lesieutre et al., 2002b; Blair, 1978; Khalid et al., 2005a;
Lesieutre et al., 2002a; Cross et al., 2010; Akgul et al., 2012; Al-Garni et al., 2008].
The aerodynamic forces and moments were measured with a strain gage balance and
angle of attack measured with an accelerometer mounted inside the model nose. To
induce the transition to turbulence, strips were located at the ojive and fin leading
edges [Khalid et al., 2005b]. The measured coefficients were CN , Cm and CA all in
body axis coordinate system.

The Fluent commercial flow solver was used to compute the test cases in order
to extend the experimental data base. Reciprocally, the experimental data was used
to adjust the parameters of the CFD calculation and improve its accuracy. Due to
the symmetry, half missile was modeled, with approximately 2.2 millions of structured
multi block Navier Stokes grids. The first cell height was set above the body surface to
10[−5 calibers and this same stretching function was used to capture boundary layers
in canard and tail fins. Spalart-Allmaras turbulence model was used at all incidence
angles. Solution required 3 hours per α in an Intel Core i5-4570 Processor with 3.2
GHz(cache) and 4 GB RAM. A full α sweep for each positions of fins required 48 hours
of computer time.
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D.1 Tables of Results

Table D.1: CN Wind Tunnel Results extracted from graphs in [Lesieutre et al., 2002a] as a
function of δcq/δ

t
q parameter for NASA Model Missile

α 0/− 20 20/0 20/− 20 10/10 0/0

-4.3 -2.42 0.25 -1.12 0.28 -1.05
-2.1 -1.95 0.80 -0.60 0.84 -0.56
-1.2 -1.68 1.05 -0.30 0.98 -0.28
-0.2 -1.52 1.15 -0.21 1.26 -0.14
0.7 -1.30 1.41 0.05 1.40 0.10
1.7 -1.10 1.60 0.28 1.82 0.30
3.8 -0.42 2.30 0.98 2.38 0.98
5.7 0.15 2.80 1.52 2.94 1.54
7.9 0.85 3.50 2.24 3.64 2.24
9.8 1.45 4.10 2.80 4.34 2.87
11.7 2.30 4.90 3.50 5.04 3.71
13.8 3.10 5.70 4.33 5.74 4.55
15.7 3.95 6.50 5.15 6.86 5.40
17.4 4.95 7.45 6.05 7.84 6.40
19.8 5.90 8.26 7.00 8.82 7.28
23.6 7.90 10.40 8.82 10.78 9.52
27.6 9.80 12.30 10.60 13.16 11.62

Table D.2: DATCOM Semiexperimental method results for CN as a function of δcq/δ
t
q

parameter for NASA Model Missile

α 0/− 20 20/0 20/− 20 10/10 0/0

-4.0 -3.328 0.777 -1.282 0.687 -1.139
-2.0 -2.586 1.430 -0.531 1.309 -0.528
-1.0 -2.227 1.739 -0.190 1.599 -0.252
0.0 -1.951 2.034 0.128 1.873 0.000
1.0 -1.701 2.329 0.438 2.146 0.252
2.0 -1.425 2.647 0.767 2.444 0.528
4.0 -0.797 3.387 1.498 3.080 1.149
6.0 -0.008 4.248 2.479 3.847 1.808
8.0 0.777 5.319 3.545 4.666 2.545
10.0 1.634 6.722 4.981 5.590 3.364
12.0 2.579 7.798 6.071 6.655 4.289
14.0 3.649 8.951 7.219 7.907 5.359
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Table D.3: Data from Numerical Experiments with CFD (Fluent). Results of CN as a
function of δcq/δ

t
q parameter for NASA Model Missile

α 0/− 10 10/0 20/0 10/− 10 −10/− 10

-3 -1.535 0.065 0.649 -1.415 -2.109
0 -0.748 0.619 1.318 -0.140 -1.392
3 0.044 1.443 2.067 0.755 -0.675
5 0.643 2.089 2.803 1.431 -0.095
10 2.214 3.717 4.397 3.000 1.673
15 4.329 5.638 6.171 4.911 3.826
20 6.825 8.133 8.505 7.418 6.289
25 9.306 10.659 11.064 9.922 8.972
30 13.484 13.769 12.589 11.748

Table D.4: Experimental wind tunnel data of Cm as a function of δcq/δ
t
q parameter for

NASA Model Missile from graphs in [Lesieutre et al., 2002a]

α 0/− 20 20/0 20/− 20 10/10 0/0

-4.3 9.40 6.50 16.60 -1.80 -0.50
-2.1 9.40 7.00 17.00 -1.40 -0.40
-1.2 9.40 7.30 17.50 -1.10 -0.30
-0.2 9.45 8.00 18.00 -0.50 -0.05
0.7 9.50 9.05 18.10 0.50 0.20
1.7 9.70 9.10 18.30 0.30 0.35
3.8 9.75 8.00 16.90 -0.30 0.50
5.7 9.60 7.00 16.00 -0.70 0.40
7.9 9.40 6.80 15.60 -1.50 0.20
9.8 8.90 6.10 15.10 -1.80 0.15
11.7 8.90 5.90 14.80 -1.90 0.00
13.8 8.50 5.50 14.10 -2.20 -0.10
15.7 8.40 5.10 14.00 -2.40 -0.60
17.4 7.80 4.80 13.10 -2.50 -1.00
19.5 7.20 4.05 12.50 -2.40 -1.80
23.6 6.30 2.50 11.90 -5.00 -3.20
27.6 5.00 0.50 11.10 -7.00 -5.50
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Table D.5: CFD Data of Cm as a function of δcq/δ
t
q parameter for NASA Model Missile

α 0/− 10 10/0 20/0 10/− 10 −10/− 10

-3 5.005 3.766 7.601 9.134 -1.275
0 5.256 4.952 9.378 10.243 0.883
3 5.466 5.061 9.745 9.823 0.945
5 5.262 4.506 8.251 9.071 1.745
10 5.127 3.431 6.306 8.589 2.058
15 4.490 2.748 5.517 7.753 1.403
20 2.756 1.491 3.941 6.049 0.126
25 1.711 -0.296 2.457 4.858 -1.708
30 -1.903 0.149 2.954 -4.112

Table D.6: Experimental data for CA as a function of δcq/δ
t
q parameter for NASA Model

Missile extracted from [Cross et al., 2010]

α 0/0 10/10 20/0 20/− 20 0/− 20

0.48 0.436 0.571 0.957 1.500 0.886
1.43 0.443 0.679 0.986 1.450 0.850
3.57 0.450 0.710 1.057 1.414 0.807
5.71 0.457 0.829 1.114 1.407 0.743
7.52 0.464 0.857 1.171 1.400 0.686
9.76 0.469 0.979 1.236 1.393 0.614
11.67 0.471 1.029 1.286 1.371 0.557
13.57 0.479 1.086 1.329 1.364 0.514
15.6 0.486 1.143 1.371 1.386 0.493
17.62 0.493 1.186 1.429 1.386 0.443
19.52 0.500 1.243 1.471 1.400 0.429
23.57 0.514 1.357 1.586 1.429 0.400
27.6 0.529 1.486 1.714 1.486 0.371

Table D.7: CFD data for CA as a function of δcq/δ
t
q parameter for NASA Model Missile

α 0/− 10 10/0 20/0 10/− 10

-3 0.699 0.575 0.896 0.790
0 0.659 0.621 0.959 0.803
3 0.624 0.674 1.085 0.794
5 0.576 0.725 1.145 0.814
10 0.533 0.829 1.283 0.783
15 0.469 0.892 1.418 0.800
20 0.438 0.986 1.509 0.825
25 0.426 1.056 1.693 0.864
30 1.186 1.842 0.895
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Table D.8: CFD Numerical Experiments for δcr = 5 deg, NASA Model Missile

α CN CA CS Cn Cm Cl

0 0.000 0.537 -0.317 2.379 0.002 -0.001
2.5 0.642 0.542 -0.331 2.270 0.361 -0.052
5 1.362 0.551 -0.370 2.009 0.312 -0.094

7.5 2.135 0.564 -0.422 1.695 0.137 -0.116
10 2.978 0.580 -0.474 1.424 -0.092 -0.107

12.5 3.949 0.593 -0.502 1.305 -0.384 -0.084
15 5.040 0.605 -0.486 1.387 -0.692 -0.069

17.5 6.251 0.618 -0.403 1.750 -1.396 -0.094
20 7.529 0.634 -0.327 2.109 -2.338 -0.146

22.5 8.830 0.647 -0.282 2.320 -3.323 -0.208
25 10.161 0.662 -0.285 2.181 -4.394 -0.247

27.5 11.549 0.677 -0.431 1.103 -5.710 -0.172
30 13.002 0.694 -0.468 0.775 -7.275 -0.114

37.5 17.603 0.759 -0.378 1.461 -13.085 -0.217

Table D.9: CFD Numerical Experiments for δcr = 10 at NASA Model Missile

α CN CA CS Cn Cm Cl

0 0.000 0.663 -0.631 4.754 0.083 -0.003
2.5 0.649 0.636 -0.669 4.480 0.352 -0.106
5 1.373 0.647 -0.740 3.963 0.326 -0.187

7.5 2.161 0.664 -0.830 3.361 0.089 -0.221
10 3.022 0.680 -0.909 2.842 -0.217 -0.196

12.5 3.986 0.694 -0.931 2.666 -0.498 -0.136
15 5.068 0.708 -0.880 2.883 -0.798 -0.113

17.5 6.280 0.720 -0.755 3.480 -1.476 -0.159
20 7.569 0.734 -0.612 4.228 -2.461 -0.262

22.5 8.883 0.753 -0.541 4.597 -3.513 -0.376
25 10.241 0.776 -0.591 4.153 -4.687 -0.421

32.5 14.568 0.827 -0.665 3.324 -9.280 -0.429
35 16.060 0.830 -0.725 2.857 -10.979 -0.411

37.5 17.515 0.849 -0.736 2.715 -12.650 -0.418
40 19.005 0.852 -0.725 2.639 -14.524 -0.452

42.5 20.459 0.857 -0.728 2.408 -16.187 -0.448
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Table D.10: CFD Numerical Experiments, Induced Rolling Moment

α β φa Cli(α.β)

5 2 26.5 0.016
5 10 63.2 -0.031
5 15 71.3 -0.044
5 20 75.6 -0.086
6 25 78.3 -0.024
6 30 80.1 -0.126
6 35 81.3 0.002
7 40 82.2 -0.002
1 5 78.7 -0.005
2 5 66.7 -0.012
4 5 51.4 -0.007
6 5 39.9 0.012
8 5 32.2 0.030
12 5 22.8 0.006
14 5 19.9 0.009
18 5 15.8 0.059
23 5 12.6 0.027
28 5 10.6 0.099
35 5 8.7 0.053
38 5 8.1 0.047
2 10 78.8 -0.033
4 10 68.4 -0.040
6 10 59.3 -0.021
8 10 51.7 -0.006
9 10 48.4 -0.005
12 10 40.3 -0.011
18 10 29.7 0.066
22 10 25.2 0.052
28 10 20.6 0.074
34 10 17.5 0.052
1 15 86.3 -0.021
2 15 82.6 -0.027
4 15 75.4 -0.073
6 15 68.7 -0.079
8 15 62.6 -0.066

α β φa Cli(α.β)

10 15 57.1 -0.081
12 15 52.2 -0.080
18 15 40.9 -0.016
23 15 34.4 -0.080
28 15 29.7 -0.264
34 15 25.6 -0.396
38 15 23.5 -0.350
40 10 15.3 0.002
1 10 84.3 -0.059
5 5 44.9 -0.031
18 10 29.7 0.020
22 10 25.2 0.048
28 10 20.6 -0.318
34 10 17.5 -0.337
36 10 16.7 -0.336
5 5 45.1 0.000
10 5 26.7 0.027
15 5 18.7 0.016
20 5 14.3 0.065
25 5 11.7 0.005
30 5 9.9 0.119
40 5 7.8 0.045
5 10 63.2 -0.038
10 10 45.4 -0.010
15 10 34.3 0.015
20 10 27.3 0.060
25 10 22.6 0.021
30 10 19.4 0.109
40 10 15.3 0.192
5 15 71.2 -0.036
15 15 46.0 -0.019
20 15 38.1 0.001
25 15 32.4 0.001
30 15 28.2 0.062
40 15 22.6 0.370
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Table D.11: CFD Numerical Experiments for α and β combined for NASA Model Missile
without any control deflection δcq = 0,δtq = 0, δcr = 0,δtr = 0,δp = 0

α β CN CS CA Cn Cm Cl

5 -5 1.377 -1.376 0.512 0.404 0.396 0.000
5.1 -10 1.423 -3.006 0.527 0.109 0.421 0.027
10.2 -9.8 3.139 -3.104 0.540 -0.135 -0.111 -0.010
5.3 -19.9 1.650 -7.520 0.571 -2.602 0.252 0.065
10.6 -19.7 3.606 -7.461 0.576 -2.955 -0.828 0.060
15.9 -19.3 5.739 -7.424 0.589 -3.212 -2.459 0.001
21.2 -18.7 8.093 -7.535 0.602 -3.982 -4.270 -0.005
5.8 -29.9 2.029 -13.051 0.621 -7.983 -0.882 0.119
11.5 -29.5 4.315 -12.892 0.631 -8.628 -2.628 0.109
17.2 -28.9 6.805 -12.690 0.641 -9.053 -4.958 0.062
22.8 -28 9.333 -12.599 0.661 -10.093 -7.442 0.102
6.5 -39.8 2.616 -18.909 0.686 -14.684 -2.567 0.045
13 -39.3 5.410 -18.495 0.696 -15.643 -5.308 0.192

19.3 -38.4 8.263 -18.018 0.714 -16.815 -8.669 0.370
25.4 -37.2 10.842 -17.629 0.739 -18.405 -12.674 0.334
5.2 -14.9 1.458 -5.084 0.552 -0.911 0.718 0.016
10.3 -14.8 3.294 -5.137 0.557 -1.350 -0.165 0.015
15.5 -14.5 5.394 -5.190 0.570 -1.497 -1.657 -0.019
5.5 -24.9 1.893 -10.182 0.590 -4.934 -0.711 0.005
11 -24.6 3.945 -10.072 0.598 -5.397 -1.818 0.021

16.5 -24.1 6.177 -9.951 0.609 -5.760 -3.514 0.001
21.9 -23.4 8.567 -10.016 0.622 -6.496 -5.583 0.003

0 -5 0.001 -1.383 0.503 0.312 0.004 0.002
2.5 -5 0.654 -1.382 0.504 0.335 0.345 0.015
5 -5 1.369 -1.381 0.507 0.410 0.402 0.000
10 -5 2.992 -1.437 0.527 0.380 0.116 -0.038
15 -5 5.081 -1.466 0.549 0.685 -0.946 -0.036
20 -5 7.518 -1.660 0.570 0.182 -2.586 -0.090
25 -5 10.160 -1.923 0.587 -0.864 -4.793 -0.027
30 -5 13.037 -2.039 0.619 -0.941 -7.834 -0.129
35 -5 16.020 -2.360 0.659 -2.046 -11.236 -0.053
40 -5 18.916 -2.613 0.688 -2.604 -14.602 -0.066
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Table D.12: CFD Numerical Experiments. Calculation of roll control moment at NASA
Model Missile with δp = 5 deg

α CN CA CS Cl Cn Cm

0 0.001 0.572 0.000 0.612 0.014 -0.002
5 1.376 0.580 0.005 0.616 0.032 0.258
10 2.978 0.606 0.010 0.618 0.083 -0.069
15 5.041 0.633 0.042 0.610 0.314 -0.668
20 7.528 0.656 0.134 0.596 0.801 -2.371
25 10.135 0.681 0.177 0.618 1.247 -4.399
30 12.887 0.705 0.244 0.638 1.803 -6.895
40 18.929 0.774 0.342 0.662 2.205 -14.287
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Aero-Model Coefficients

Tables below contains the aerodynamic coefficients calculated for the baseline missile
(NASA model) around M∞ = 2.5, following the model described in Chapter 4 of the
Thesis. The model requires a total of 166 coefficients. Here they are referred to angles
in deg.

Fin Coefficients

Table E.1: Aero Coefficients for Equations 3.23 and 3.45

Coefficient Value Calculation Method
c1 7.502 · 10−2 Semi-experimental Datcom Method
c3 −9.574 · 10−6 Semi-experimental Datcom Method
c5 6.186 · 10−8 Semi-experimental Datcom Method
cNss 2.371 Experimental formula 3.45
iss 25.226 Equation 3.46

Normal and Side Force Aero Coefficients

Table E.2: Aero Coefficients for Equations 3.47 and 3.48

Coefficient Value Calculation Method
CNα 2.020 · 10−1 Data fit, from Table D.1, D.2 and D.3
CSβ 2.020 · 10−1 Tetra-Symmetry and Fig 3.1 sign criteria
CNα|α| 1.110 · 10−2 Data fit, from Table D.1, D.2 and D.3

CSβ|β| 1.110 · 10−2 Tetra-Symmetry and Fig 3.1 sign criteria

CNα3 −1.131 · 10−5 Data fit, from Table D.1, D.2 and D.3
CSβ3 −1.131 · 10−5 Tetra-Symmetry and Fig 3.1 sign criteria

CNβ2α
2.73782 · 10−4 CFD only data fit, Table D.11

CSα2β
2.73782 · 10−4 Tetra-Symmetry and Fig 3.1 sign criteria

CNδcq 6.554 · 10−2 Data fit, from Table D.1, D.2 and D.3

CSδcr −6.554 · 10−2 Tetra-Symmetry and Fig 3.1 sign criteria

CNαδcq −8.846 · 10−4 Data fit, from Table D.1, D.2 and D.3

Continued on next page
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Table E.2 – continued from previous page
Coefficient Value Calculation Method

CSβδcr 8.846 · 10−4 Tetra-Symmetry and Fig 3.1 sign criteria

CNβ2δcq
2.74617 · 10−4 Tetra-Symmetry and Fig 3.1 sign criteria

CSα2δcr
−2.74617 · 10−4 Data fit,from Table D.8 and D.9

CN
δtq

6.961 · 10−2 Data fit, from Table D.1, D.2 and D.3

CS
δtr

−6.961 · 10−2 Tetra-Symmetry and Fig 3.1 sign criteria

CN
αδtq

4.066 · 10−4 Data fit, from Table D.1, D.2 and D.3

CS
βδtr

−4.066 · 10−4 Tetra-Symmetry and Fig 3.1 sign criteria

CN
β2δtq

2.746 · 10−4 Tetra-Symmetry and Fig 3.1 sign criteria

CS
α2δtr

−2.746 · 10−4 Data fit,from Table D.8 and D.9

CN
δcqδ

t
q

−4.040 · 10−4 Data fit, from Table D.1, D.2 and D.3

CS
δcrδ

t
r

4.040 · 10−4 Tetra-Symmetry and Fig 3.1 sign criteria

CNq 5.734 · 10−1 Semi-experimental Datcom Method
CSr 5.734 · 10−1 Tetra-Symmetry and Fig 3.1 sign criteria
CNα̇ −2.781 · 10−2 Semi-experimental Datcom Method
CSβ̇ −2.781 · 10−2 Tetra-Symmetry and Fig 3.1 sign criteria

Pitch and Yaw Moment Aero Coefficients

Table E.3: NASA Missile Pitch and Yaw Moment Aero Coefficients for Equations 3.49,
3.50, 3.51 and 3.52, 3.53, 3.54

Coefficient Value Calculation Method
Cmα 1.373 · 10−1 Data fit, from Table D.5, and D.4
Cnβ −1.373 · 10−1 Tetra-Symmetry and Fig 3.1 sign criteria
Cmα|α| −1.020 · 10−2 Data fit, from Table D.5, and D.4

Cnβ|β| 1.020 · 10−2 Tetra-Symmetry and Fig 3.1 sign criteria

Cmα3 −6.864 · 10−5 Data fit, from Table D.5, and D.4
Cnβ3 6.854 · 10−5 Tetra-Symmetry and Fig 3.1 sign criteria

Cmβ2α
−4.676 · 10−4 Data fit, from Table D.11

Cnα2β
4.676 · 10−4 Tetra-Symmetry and Fig 3.1 sign criteria

C1
mαδcq

1.112 · 10−1 Data fit, from Table D.5, and D.4

C2
mαδcq

1.067 · 10−1 Data fit, from Table D.5, and D.4

C3
mαδcq

7.037 · 10−1 Data fit, from Table D.5, and D.4

α1
δcq

1.852 Data fit, from Table D.5, and D.4

α2
δcq

−2.463 Data fit, from Table D.5, and D.4

α3
δcq

321.2 Data fit, from Table D.5, and D.4

Cm
δcqδ

t
q

2.800 · 10−3 Data fit, from Table D.5, and D.4

∆α1
δcq

2.754 Data fit, from Table D.5, and D.4

∆α2
δcq

10.740 Data fit, from Table D.5, and D.4

∆α3
δcq

330.7 Data fit, from Table D.5, and D.4

Continued on next page
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Coefficient Value Calculation Method

C0
m
αδtq

−5.014 · 10−1 Data fit, from Table D.5, and D.4

C1
m
αδtq

3.520 · 10−3 Data fit, from Table D.5, and D.4

C2
m
αδtq

1.384 · 10−4 Data fit, from Table D.5, and D.4

C3
m
αδtq

−1.705 · 10−5 Data fit, from Table D.5, and D.4

C4
m
αδtq

1.916 · 10−7 Data fit, from Table D.5, and D.4

C1
nβδcr

1.112 · 10−1 Tetra-Symmetry and Fig 3.1 sign criteria

C2
nβδcr

1.067 · 10−1 Tetra-Symmetry and Fig 3.1 sign criteria

C3
nβδcr

7.037 · 10−1 Tetra-Symmetry and Fig 3.1 sign criteria

Cn
δcqδ

t
q

2.800 · 10−3 Tetra-Symmetry and Fig 3.1 sign criteria

β1
δcr

1.852 Tetra-Symmetry and Fig 3.1 sign criteria

β2
δcr

−2.463 Tetra-Symmetry and Fig 3.1 sign criteria

β3
δcr

321.2 Tetra-Symmetry and Fig 3.1 sign criteria

∆β1
δcr

2.754 Tetra-Symmetry and Fig 3.1 sign criteria

∆β2
δcr

10.740 Tetra-Symmetry and Fig 3.1 sign criteria

∆β3
δcr

330.7 Tetra-Symmetry and Fig 3.1 sign criteria

C0
n
βδtr

−5.014 · 10−1 Tetra-Symmetry and Fig 3.1 sign criteria

C1
n
βδtr

3.520 · 10−3 Tetra-Symmetry and Fig 3.1 sign criteria

C2
n
βδtr

1.384 · 10−4 Tetra-Symmetry and Fig 3.1 sign criteria

C3
n
βδtr

−1.705 · 10−5 Tetra-Symmetry and Fig 3.1 sign criteria

C4
n
βδtr

1.916 · 10−7 Tetra-Symmetry and Fig 3.1 sign criteria

Cmβ2δcq
−1.148 · 10−3 Data fit,from Table D.8 and D.9

Cm
β2δtq

−1.148 · 10−3 Data fit,from Table D.8 and D.9

Cnα2δcr
−1.148 · 10−3 Tetra-Symmetry and Fig 3.1 sign criteria

Cn
α2δtr

−1.148 · 10−3 Tetra-Symmetry and Fig 3.1 sign criteria

Cmq −18.560 Semi-experimental Datcom Method
Cnr −18.560 Semi-experimental Datcom Method
Cmα̇ −1.405 Semi-experimental Datcom Method
Cnβ̇ 1.405 Semi-experimental Datcom Method

Aero Roll Moment Coefficients

Table E.4: NASA Missile Aero Roll Moment Coefficients, Equations 3.55, 3.56, 3.58, 3.59
and 3.61

Coefficient Value Calculation Method
Cli01

4.074 · 10−4 Data fit, Table D.10 and D.11
Cli21

1.934 · 10−4 Data fit, Table D.10 and D.11
Cli41

−4.948 · 10−7 Data fit, Table D.10 and D.11

Continued on next page
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Table E.4 – continued from previous page
Coefficient Value Calculation Method

Cli61
3.305 · 10−10 Data fit, Table D.10 and D.11

Cli02
1.697 · 10−4 Data fit, Table D.10 and D.11

Cli22
6.984 · 10−5 Data fit, Table D.10 and D.11

Cli42
−3.296 · 10−7 Data fit, Table D.10 and D.11

Cli62
4.303 · 10−10 Data fit, Table D.10 and D.11

C1
lαδcr

4.868 · 10−2 Data fit, Table D.8 and D.9

C2
lαδcr

1.933 · 10−2 Data fit, Table D.8 and D.9

C3
lαδcr

9.041 · 10−3 Data fit, Table D.8 and D.9

C4
lαδcr

4.599 · 10−3 Data fit, Table D.8 and D.9

C5
lαδcr

2.854 · 10−3 Data fit, Table D.8 and D.9

C6
lαδcr

2.799 · 10−3 Data fit, Table D.8 and D.9

C7
lαδcr

1.895 · 10−3 Data fit, Table D.8 and D.9

ω1
αδcr

7.826 · 10−2 Data fit, Table D.8 and D.9

ω2
αδcr

1.587 · 10−1 Data fit, Table D.8 and D.9

ω3
αδcr

3.141 · 10−1 Data fit, Table D.8 and D.9

ω4
αδcr

4.712 · 10−1 Data fit, Table D.8 and D.9

ω5
αδcr

7.855 · 10−1 Data fit, Table D.8 and D.9

ω6
αδcr

6.283 · 10−1 Data fit, Table D.8 and D.9

ω7
αδcr

9.425 · 10−1 Data fit, Table D.8 and D.9

φ1
αδcr

2.647 Data fit, Table D.8 and D.9

φ2
αδcr

−1.970 Data fit, Table D.8 and D.9

φ3
αδcr

−2.654 Data fit, Table D.8 and D.9

φ4
αδcr

2.436 · 10−1 Data fit, Table D.8 and D.9

φ5
αδcr

−2.433 Data fit, Table D.8 and D.9

φ6
αδcr

2.315 Data fit, Table D.8 and D.9

φ7
αδcr

−1.071 Data fit, Table D.8 and D.9

C1
lβδcq

4.868 · 10−2 Equation 3.60

C2
lβδcq

1.933 · 10−2 Equation 3.60

C3
lβδcq

9.041 · 10−3 Equation 3.60

C4
lβδcq

4.599 · 10−3 Equation 3.60

C5
lβδcq

2.854 · 10−3 Equation 3.60

C6
lβδcq

2.799 · 10−3 Equation 3.60

C7
lβδcq

1.895 · 10−3 Equation 3.60

ω1
βδcq

7.826 · 10−2 Equation 3.60

ω2
βδcq

1.587 · 10−1 Equation 3.60

ω3
βδcq

3.141 · 10−1 Equation 3.60

ω4
βδcq

4.712 · 10−1 Equation 3.60

ω5
βδcq

7.855 · 10−1 Equation 3.60

ω6
βδcq

6.283 · 10−1 Equation 3.60

ω7
βδcq

9.425 · 10−1 Equation 3.60

Continued on next page
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Coefficient Value Calculation Method

φ1
βδcq

2.647 Equation 3.60

φ2
βδcq

−1.970 Equation 3.60

φ3
βδcq

−2.654 Equation 3.60

φ4
βδcq

2.436 · 10−1 Equation 3.60

φ5
βδcq

−2.433 Equation 3.60

φ6
βδcq

2.315 Equation 3.60

φ7
βδcq

−1.071 Equation 3.60

C1
lαT δp

5.441 · 10−2 Data fit, Table D.12

C2
lαT δp

1.215 · 10−1 Data fit, Table D.12

C3
lαT δp

−5.458 · 10−3 Data fit, Table D.12

α1
Tδp

56.8 Data fit, Table D.12

α2
Tδp

2.317 Data fit, Table D.12

α3
Tδp

20.18 Data fit, Table D.12

∆α1
Tδp

29.08 Data fit, Table D.12

∆α2
Tδp

77.93 Data fit, Table D.12

∆α3
Tδp

5.328 Data fit, Table D.12

Clp −1.935 Eastman Correlation, from [Mikhail, 1995]

Axial Force Coefficients

Table E.5: NASA Missile Axial Force Aero-model Coefficients, Equation 3.62

Coefficient Value Calculation Method
CA0 4.362 · 10−1 Data fit, Table D.6 and D.7
CAα 3.886 · 10−3 Data fit, Table D.6 and D.7
CAβ 3.886 · 10−3 Data fit, Table D.11 and Tetra-Symmetry
CAα2 −7.642 · 10−5 Data fit, Table D.6 and D.7
CAα3 2.111 · 10−6 Data fit, Table D.6 and D.7
∆CAb 1.062 · 10−1 Semi-experimental Datcom Method
CAδcq 2.266 · 10−2 Data fit, Table D.6 and D.7

CAαδcq 1.348 · 10−3 Data fit, Table D.6 and D.7

CAβδcq 1.001 · 10−5 Data fit, Table D.8 and D.9

CAδcr 2.266 · 10−2 Tetra-Symmetry

CAαδcr 1.001 · 10−5 Tetra-Symmetry

CAβδcr 1.348 · 10−3 Tetra-Symmetry

CAδp 2.720 · 10−2 Data fit, Table D.12

CA
δtq

−2.282 · 10−2 Data fit, Table D.6 and D.7

CA
αδtq

1.904 · 10−3 Data fit, Table D.6 and D.7

CA
α2δtq

−2.708 · 10−5 Data fit, Table D.6 and D.7

Continued on next page
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Table E.5 – continued from previous page
Coefficient Value Calculation Method

CA
βδtq

1.011 · 10−5 Data fit, Table D.8 and D.9

CA
δtr

−2.282 · 10−2 Tetra-Symmetry

CA
αδtr

1.011 · 10−5 Tetra-Symmetry

CA
α2δtr

−1.001 · 10−6 Data fit, Table D.8 and D.9

CA
βδtr

1.904 · 10−3 Tetra-Symmetry

CA
δcqδ

t
q

1.600 · 10−3 Data fit, Table D.6 and D.7

CA
αδcqδ

t
q

2.227 · 10−5 Data fit, Table D.6 and D.7

CA
δcq

2δtq
5.000 · 10−5 Data fit, Table D.6 and D.7

CA
δcqδ

t
q
2 −5.000 · 10−5 Data fit, Table D.6 and D.7

CA
δcrδ

t
r

1.600 · 10−3 Tetra-Symmetry

CA
βδcrδ

t
r

2.227 · 10−5 Tetra-Symmetry

CA
δcr

2δtr
5.000 · 10−5 Tetra-Symmetry

CA
δcrδ

t
r
2 −5.000 · 10−5 Tetra-Symmetry

Mach Variation Coefficients

Table E.6: Mach Dependence Coefficients for equation 3.65

Coefficient Value Calculation Method

∂CA
∂M∞

∣∣∣∣
M∞

−0.08471 Semi-experimental Datcom Method

∂CNα
∂M∞

∣∣∣∣
M∞

−0.06218 Semi-experimental Datcom Method

∂CSβ
∂M∞

∣∣∣∣
M∞

−0.06218 Semi-experimental Datcom Method

∂Cm
∂M∞

∣∣∣∣
M∞

−0.00885 Semi-experimental Datcom Method

∂Cn
∂M∞

∣∣∣∣
M∞

−0.00885 Semi-experimental Datcom Method
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Appendix F

Missile Dynamics and End-Game
Kinematics

F.1 Missile Body and Wind Axes

The transformation matrix between body and wind axes is:

vW
M = SWB ·Vb

M (F.1)

with

SWB =

 cαcβ sβ sαcβ
−cαsβ cβ −sαsβ
−sα 0 cα

 (F.2)

F.2 Euler Angles and Quaternions

The missile Euler angles (θ, ψ, φ) define the transformation matrix to MXBY BZB body
axes versus the inertial reference MXLY LZL. There are several ways to define Euler
sequence of rotation, in missiles they are executed in yaw ψ, pitch θ and roll φ order
(see figure F.1):

SBL =

 cθcψ cθsψ −sθ
sφsθcψ−cφsψ sφsθsψ + cφcψ sφcθ
cφsθcψ + sφsψ cφsθsψ − sφcψ cφcθ

 (F.3)

However for missiles the quaternion approach is often preferred to avoid singularities
in θ [Tewari, 2007]:

SBL =

q2
0 + q2

1−q2
2 − q2

3 2(q1q2 + q0q3) 2(q1q3−q0q2)
2(q1q2 − q0q3) q2

0 − q2
1 + q2

2 − q2
3 2(q2q3 + q0q1)

2(q1q3 + q0q2) 2(q2q3 − q0q1) (q2
0 − q2

1 − q2
2 + q2

3)

 (F.4)

Note that F.4 only contains algebraic expressions. From F.3 and F.4:

tψ =
2(q1q2 + q0q3)

(q2
0 + q2

1 − q2
2 − q2

3)
(F.5)
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XB = x′′

XL

YL

ZL = z′

x′

YB

z′′ZB

y′ = y′′

ψ

θ

ψ

θ

φ

Figure F.1: Euler Angles Yaw-Pitch-Roll Definition

tφ =
2(q2q3 + q0q1)

(q2
0 − q2

1 − q2
2 + q2

3)
(F.6)

sθ = −2(q1q3−q0q2) (F.7)

F.3 Missile Kinematic and Dynamic Equations

The rotational kinematics is obtained with the time derivative of the rotation quater-
nion: 

q̇0

q̇1

q̇2

q̇3

 =
1

2


0 −p −q −r
p 0 r −q
q −r 0 p
r q −p 0



q0

q1

q2

q3

 (F.8)

The missile translation dynamic in body coordinates with flat-Earth approximation,
is given by Newton equation:

m
dV B

M

dt
+m ·ΩB

MV
B
M = FB +mSBL · gL (F.9)

where m is the instantaneous mass of the missile, including unburnt propellant and
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F.3. MISSILE KINEMATIC AND DYNAMIC EQUATIONS

ΩB
M =

 0 −r q
r 0 −p
−q p 0

 (F.10)

is the skew-symmetric tensor of ωBM . The forces acting on the missile are aerodynamics
-equation (3.9)- and, the solid rocket motor thrust 1

FB = −

 FA
FS
FN

+

 T
0
0

 (F.11)

and the inertial reference frame MXLY LZL is pointed such that

gL =

 0
0
g

 (F.12)

The missile acceleration excluding gravity, will be represented by the vector

nB =
1

m
FB (F.13)

In scalar form, F.9 is:

u̇ = rv − qw − 1

m
(FA − T ) + 2g(q1q3 − q0q2) (F.14a)

v̇ = pw − ru− 1

m
FS + 2g(q2q3 + q0q1) (F.14b)

ẇ = qu− pv − 1

m
FN + g(q2

0 − q2
1 − q2

2 + q2
3) (F.14c)

The rotational dynamics is governed by Euler law:

dΩB
M

dt
= IB

−1 ·
[
−ΩB

M · IB · ωBM
]

+MB (F.15)

where the variation of the missile moment of inertia with time is considered negligible.
The missile moment of inertia is,

IB =

IBx 0 0
0 IBy 0
0 0 IBz

 (F.16)

and IBy = IBz assuming perfect tetra symmetry. The only moments acting on the
missile center of mass are caused by aerodynamic forces, not considering here damping
moments due to thrust or gravity effects.

1considered here perfectly aligned with the missile symmetry axis.
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MB =

 Lcm
Mcm

Ncm

 (F.17)

In scalar form, F.15 is:

ṗ = Ibx
−1
Lcm (F.18a)

q̇ = Iby
−1
[(
Iby − Ibx

)
pr +Mcm

]
(F.18b)

ṙ = Iby
−1
[(
Ibx − Iby

)
pq +Ncm

]
(F.18c)

The pitching moment is coupled with the yawing moment if rolling motion is
present, an effect that is aggravated with high incidence angles (v and w components
are proportional to incidence per 3.4 and 3.5 equations).

F.4 End-Game Kinematic Equations

Other useful definitions are:
LOS unit vector

ts =
rLTM
‖rLTM‖

(F.19)

Target to Missile relative velocity

V L
TM =

[
ẋL ẏL żL

]T
(F.20)

V L
TM = ṙLTM = V L

T − V L
M (F.21)

Missile closing speed

V L
c = −r

L
TM · V L

TM

‖rLTM‖
(F.22)

and closing acceleration

−V̇ L
TM = −ts

(
nLT − nL

)
(F.23)

In general the closing velocity must be positive during the most part of the engage-
ment, the missile needs to have a minimum speed advantage over the target if both
missile and target are going to intercept [Shneydor, 1998]. The condition is equal to

rLTM · V L
TM < 0 (F.24)

or otherwise the missile would be receding over the target. The guidance system must
prevent the missile from sliding around the target. It is equivalent to:

ts · V L
M > ts · V L

T (F.25)
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F.4. END-GAME KINEMATIC EQUATIONS

At any point during flight, if both missile and target do not maneuver any further,
then the time-to-go until interception would be:

tgo = − r
L
TM · V L

TM

V L
TM · V L

TM

(F.26)

Time-to-go must be know accurately in order for the optimal guidance to work
appropriately [Zarchan, 2012, 2007] Although there are refined models that include
for example past guidance commands [Tsourdos et al., 2011] or missile drag in the
estimation of the time-to-go, in this Thesis we will use equation F.26.

We here define the angular velocity of the LOS as:

ωLLOS =
rLTM ∧ V L

TM

‖rLTM‖2
(F.27)

and in body axes

ωBLOS =
rBTM ∧ V B

TM

‖rBTM‖2
(F.28)

where in tensor algebra we have

ωBLOS =
1

‖rBTM‖2

 0 −zBr yBr
zBr 0 −xBr
−yBr xBr 0

 ·
ẋBrẏBr
żBr

 (F.29)

or

ωBLOSx =
yBr ż

B
r − zBr ẏBr

(xBr )2 + (yBr )2 + (zBr )2 (F.30a)

ωBLOSy =
zBr ẋ

B
r − xBr żBr

(xBr )2 + (yBr )2 + (zBr )2 (F.30b)

ωBLOSz =
ẋBr ẏ

B
r − ẏBr ẋBr

(xBr )2 + (yBr )2 + (zBr )2 (F.30c)

If missile and target are in a collision triangle course, then ωLOS = 0, rLTM , V L
M

and V L
T are instantly co-planar vectors, and it is verified that

ts ∧ V L
M = ts ∧ V L

T (F.31)

The reasons for ωLOS 6= 0 are changes in missile or target velocity modules or that
missile and/or target vectors are not aligned with the collision triangle.
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Appendix G

SDC Matrix Elements

G.1 Definitions

Thrust coefficient

CT =
T

q∞Sref
(G.1)

Damping factor in α̇

Dα̇ = 1 +
q∞Sref
mVM

cα

cβ

d

2VM
CNα̇ (G.2)

Damping factor in β̇

Dβ̇ = 1 +
q∞Sref
mVM

cβ
d

2VM
CSβ̇ (G.3)

G.2 Aerodynamic State Matrix Elements

We consider here the coefficients of the matrix

Aa =


aa11 aa12 aa13 aa14 aa15

aa21 aa22 aa23 aa24 aa25

aa31 aa32 aa33 0 0
aa41 aa42 aa43 aa44 aa45

aa51 aa52 aa53 aa54 aa55



aa11 =
q∞Sref
mVMDα̇

[
sα

cβ

(
CAα + CAα2 |α|+ CAα3α

2
)

sgnα

+
sincα

cβ

(
CA0 + ∆CAb − CT

)
− cα

cβ

(
CNα + CNα|α| |α|+ CNα3α

2 + CNβ2α
β2Υα

)] (G.4)

aa12 =
q∞Sref
mVM

[
sα

cβ
CAβ sgn β − cα

cβ
CNβ2α

(1−Υα)αβ

]
(G.5)

aa13 = − 1

Dα̇

cαtβ (G.6)
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aa14 =
1

Dα̇

[
1− q∞Srefd

2mV 2
M

cα

cβ
CNq

]
(G.7)

aa15 = − 1

Dα̇

sαtβ (G.8)

aa21 =
q∞Sref
mVMDβ̇

[
cαsβ

(
CAα + CAα2 |α|+ CAα3α

2
)

sgnα

− cβCSα2β

(
1−Υβ

)
βα

+sαsβ
(
CNα + CNα|α| |α|+ CNα3α

2 + CNβ2α
β2Υα

)]
(G.9)

aa22 =
q∞Sref
mVMDβ̇

[
cαsβCAβ sgn β

−cβ
(
CSβ + CSβ|β| |β|+ CSβ3β

2 + CSα2β
α2Υβ

)
+

+ CNβ2α
βα (1−Υα) + cα sinc β

(
CA0 + ∆CAb − CT

)]
(G.10)

aa23 =
1

Dβ̇

sα (G.11)

aa24 =
q∞Srefd

2mV 2
M

sαsβCNq (G.12)

aa25 = − 1

Dβ̇

[
q∞Srefd

2mV 2
M

cβCSr + cα

]
(G.13)

aa31 =
q∞Srefd

IBx
αs (4φa)

[
Cli21

+ 2Cli22
c (4φa) +

(
Cli41

+ 2Cli42
c (4φa)

)
α2

+
(
Cli61

+ 2Cli62
c (4φa)

)
α4

]
(G.14)

aa32 =
q∞Srefd

IBx
βs (4φa)

(
Cli01

+ 2Cli02
c (4φa)

)
(G.15)

aa33 =
q∞Srefd

IBx

d

2VM
Clp

 n6∑
k=1

Ck
lαT δp

e

αT−α
k
Tδp

∆αk
Tδp

2
 (G.16)

aa41 =
q∞Srefd

IBy

[
Cmα + Cmα|α||α|+ Cmα3α

2 + Cmβ2α
β2Υα+

s̄
(
CNα + CNα|α| |α|+ CNα3α

2 + CNβ2α
β2αΥα

)]
(G.17)
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aa42 =
q∞Srefd

IBy
(1−Υα)αβ

(
Cmβ2α

+ s̄CNβ2α

)
(G.18)

aa43 = r (G.19)

aa44 =
q∞Srefd

2

2VMIBy

(
Cmq + s̄CNq

)
(G.20)

aa45 = −I
B
x

IBy
p (G.21)

aa51 =
q∞Srefd

2

2VMIBy

(
1−Υβ

)
αβ
(
Cnα2β

− s̄CSα2β

)
(G.22)

aa52 =
q∞Srefd

Iby

[
Cnβ + Cnβ|β||β|+ Cnβ3β

2 + Cnα2β
α2Υβ

−s̄
(
CSβ + CSβ|β| |β|+ CSβ3β

2 + CSα2β
α2Υβ

)]
(G.23)

aa53 = −q (G.24)

aa54 = p
Ibx
IBy

(G.25)

aa55 =
q∞Srefd

2

2VMIBy
(Cnr − s̄CSr) (G.26)

G.3 Aerodynamic Control Input Matrix Elements

We consider the coefficients of the matrix

Ba =


ba11 ba12 ba13 ba14 ba15

ba21 ba22 ba23 ba24 ba25

ba31 ba32 ba33 0 0
ba41 0 0 ba44 0
0 ba52 0 0 ba55



ba11 =
q∞Sref
mVMDα̇

[(
sα

cβ
CAδcq sgn δcq −

cα

cβ
CNδcq

)

+ α

(
sα

cβ
CAαδcq −

cα

cβ
CNαδcq

)
+ β

sα

cβ
CAβδcq −

cα

cβ
CNβ2δcq

β2

]
(G.27)

ba12 =
q∞Sref
mVMDα̇

sα

cβ

(
CAδcr sgn δcr + CAαδcrα + CAβδcrβ

)
(G.28)
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ba13 =
q∞Sref
mVMDα̇

sα

cβ
CAδp sgn δp (G.29)

ba14 =
q∞Sref
mVMDα̇

[(
sα

cβ
CA

δtq
sgn δtq −

cα

cβ
CN

δtq

)

+ α

(
sα

cβ
CA

αδtq
− cα

cβ
CN

αδtq

)
+
sα

cβ
CA

α2δtq
α2 + β

sα

cβ
CA

βδtq
− cα

cβ
CN

β2δtq
β2

]
(G.30)

ba15 =
q∞Sref
mVMDα̇

sα

cβ

(
CA

δtr
sgn δtr + αCA

αδtr
+ CA

α2δtr
α2 + βCA

βδtr

)
(G.31)

ba21 =
q∞Sref
mVMDβ̇

[
cαsβ

(
CAδcq sgn δcq + CAαδcqα + CAβδcqβ

)
+ sαsβ

(
CNδcq + CNβ2δcq

β2 + CNαδcqα
)]

(G.32)

ba22 =
q∞Sref
mVMDβ̇

[
cαsβ

(
CAδcr sgn δcr + CAαδcrα + CAβδcrβ

)
− cβ

(
CSδcr + CSβδcrβ + CSα2δcr

α2
)]

(G.33)

ba23 =
q∞Sref
mVM

cαsβCAδp sgn δp (G.34)

ba24 =
q∞Sref
mVMDβ̇

[
cαsβ

(
CA

δtq
sgn δtq + CA

αδtq
α + CA

βδtq
β + CA

α2δtq
α2
)

+ sαsβ
(
CN

δtq
+ CN

αδtq
α + CN

β2δtq
β2
)]

(G.35)

ba25 =
q∞Sref
mVMDβ̇

[
cαsβ

(
sgn δtrCAδtr

+ CA
αδtr
α + CA

βδtr
β + CA

α2δtr
α2
)

− cβ
(
CS

δtr
+ CS

βδtr
β + CS

α2δtr
α2
)]

(G.36)

ba31 =
q∞Srefd

IBx

 n5∑
k=1

Ck
lβδcq

s
(
ωkβδcqβ + φkβδcqβ

) (G.37)

ba32 =
q∞Srefd

IBx

 n4∑
k=1

Ck
lαδcr

s
(
ωkαδcrα + φkαδcrα

) (G.38)
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ba33 =
q∞Srefd

IBx

 n6∑
k=1

Ck
lαT δp

e

αT−α
k
Tδp

∆αk
Tδp

2
 (G.39)

ba41 =
q∞Srefd

IBy

[
Cmδcq(α) + Cmβ2δcq

β2 + s̄
(
CNδcq + αCNαδcq + CNβ2δcq

β2
)]

(G.40)

ba44 =
q∞Srefd

IBy

[
Cmδtq(α) + Cm

β2δtq
β2 + s̄

(
CN

δtq
+ αCN

αδtq
+ CN

β2δtq
β2
)]

(G.41)

ba52 =
q∞Srefd

IBy

[
Cnδcr(β) + Cnα2δcr

α2 − s̄
(
CSδcr + βCSβδcr + CSα2δcr

α2
)]

(G.42)

ba55 =
q∞Srefd

IBy

[
Cnδtr(β) + Cn

α2δtr
α2 − s̄

(
CS

δtr
+ βCS

βδtr
+ CS

α2δtr
α2
)]

(G.43)

G.4 Cross-Control Input Matrices Elements

We consider the coefficients of matrix

Mq
a =


ma
q11

0 0 ma
q14

0

ma
q21

0 0 ma
q24

0

0 0 0 0 0
0 0 0 ma

q44
0

0 0 0 0 0


ma
q11

=
q∞Sref
mVMDα̇

sα

cβ
CA

δcq
2δtq

(
1−Υq

)
δtq (G.44)

ma
q14

=
q∞Sref
mVMDα̇

[
sα

cβ

(
CA

δcqδ
t
q

+ CA
δcqδ

t
q
2δ
t
q + CA

δcq
2δtq

Υqδ
c
q + CA

αδcqδ
t
q
α

)
−cα
cβ

(
CN

δcqδ
t
q

+ CN
αδcqδ

t
q
α
)]

(G.45)

ma
q21

=
q∞Sref
mVMDβ̇

cαsβCA
δcq

2δtq
δtq
(
1−Υq

)
(G.46)

ma
q24

=
q∞Sref
mVMDβ̇

[
cαsβ

(
CA

δcqδ
t
q

+ CA
αδcqδ

t
q
α + CA

δcqδ
t
q
2δ
t
q + CA

δcq
2δtq
δcqΥq

)
+sαsβ

(
CN

δcqδ
t
q

+ CN
αδcqδ

t
q
α
)]

(G.47)
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ma
q44

=
q∞Srefd

Iby

[
Cm

δcqδ
t
q

+ Cm
αδcqδ

t
q
α + s̄

(
CN

δcqδ
t
q

+ CN
αδcqδ

t
q
α
)]

(G.48)

and for matrix

M r
a =


0 ma

r12 0 0 ma
r15

0 ma
r22 0 0 ma

r25

0 0 0 0 0
0 0 0 0 0
0 0 0 0 ma

r55


ma
r12 =

q∞Sref
mVMDα̇

sα

cβ
CA

δcr
2δtr

(1−Υr) δ
t
r (G.49)

ma
r15 =

q∞Sref
mVMDα̇

sα

cβ

(
CA

δcrδ
t
r

+ CA
δcrδ

t
r
2δ
t
r + CA

δcr
2δtr

Υrδ
c
r + CA

βδcrδ
t
r
β

)
(G.50)

ma
r22 =

q∞Sref
mVMDβ̇

cαsβCA
δcr

2δtr
δtr (1−Υr) (G.51)

ma
r25 =

q∞Sref
mVMDβ̇

[
cαsβ

(
CA

δcrδ
t
r

+ CA
βδcrδ

t
r
β + CA

δcr
2δtr
δcrΥr + CA

δcrδ
t
r
2δ
t
r

)
−cβ

(
CS

δcrδ
t
r

+ CS
βδcrδ

t
r
β
)]

(G.52)

ma
r55 =

q∞Sref
mVM

[
Cn

δcrδ
t
r

+ Cn
βδcrδ

t
r
β − s̄

(
CS

δcrδ
t
r

+ CS
βδcrδ

t
r
β
)]

(G.53)

Finally for the combined matrix

Ma =


ma

11 ma
21 0 ma

41 ma
51

ma
21 ma

22 0 ma
42 ma

52

0 0 0 0 0
ma

41 0 0 ma
44 0

0 ma
52 0 0 ma

55


ma

11 = δcqm
a
q11

+ δtqm
a
q14

(1−Υq) (G.54)

ma
12 = δcrm

a
r12 + δtrm

a
r15(1−Υr) (G.55)

ma
14 = δcqm

a
q14

Υq (G.56)

ma
15 = δcrm

a
r15Υr (G.57)

ma
21 = δcqm

a
q21

+ δtqm
a
q24

(1−Υq) (G.58)
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ma
22 = δcrm

a
r22 + δtrm

a
r25(1−Υr) (G.59)

ma
24 = δcqm

a
q24

Υq (G.60)

ma
25 = δcrm

a
r25Υr (G.61)

ma
41 = δtqm

a
q44

(1−Υq) (G.62)

ma
44 = δcqm

a
q44

Υq (G.63)

ma
52 = δtrm

a
r55(1−Υr) (G.64)

ma
55 = δcrm

a
r55Υr (G.65)

G.5 Output Acceleration Matrices Elements

We consider the coefficients for the matrix

Ha =

[
ha11 ha12 0 0 ha15

ha21 ha22 0 ha24 0

]

ha11 = −q∞Sref
m

CSα2β
αβΥn (G.66)

ha12 = −q∞Sref
m

(
CSβ + CSβ|β| |β|+ CSβ3β

2 + CSα2β
α2 (1−Υn)

)
(G.67)

ha15 = −q∞Sref
m

d

2VM
CSr (G.68)

ha21 = −q∞Sref
m

(
CNα + CNα|α| |α|+ CNα3α

2 + CNβ2α
β2 (1−Υn)

)
(G.69)

ha22 = −q∞Sref
m

CNβ2α
αβΥn (G.70)

ha24 = −q∞Sref
m

d

2VM
CNq (G.71)

and for the matrix

La =

[
0 la12 0 0 la15

la21 0 0 la24 0

]

la12 = −q∞Sref
m

[
CSδcr + CSβδcrβ + CSα2δcr

α2 + Υn

(
CS

δcrδ
t
r

+ CS
βδcrδ

t
r
β
)
δtr

]
(G.72)
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la15 = −q∞Sref
m

[
CS

δtr
+ CS

βδtr
β + CS

α2δtr
α2 + (1−Υn)

(
CS

δcrδ
t
r

+ CS
βδcrδ

t
r
β
)
δcr

]
(G.73)

la21 = −q∞Sref
m

[
CNδcq + CNαδcqα + CNβ2δcq

β2 + Υn

(
CN

δcqδ
t
q

+ CN
αδcqδ

t
q
α
)
δtq

]
(G.74)

la24 = −q∞Sref
m

[
CN

δtq
+ CN

αδtq
α + CN

β2δtq
β2 + (1−Υn)

(
CN

δcqδ
t
q

+ CN
αδcqδ

t
q
α
)
δcq

]
(G.75)

G.6 Output Performance Matrix Elements

Hm =



hm11 0 0 0 0 hm16 0 0 0 0 · · · 0
hm21 0 0 0 0 hm26 0 hm28 hm29 0 · · · 0
0 hm32 0 0 0 0 hm37 0 0 0 · · · 0
0 hm42 0 0 0 0 hm47 hm48 0 hm4,10 · · · 0
0 0 hm53 0 0 0 0 0 0 0 · · · 0
0 0 0 hm64 0 0 0 0 0 0 · · · 0
0 0 0 0 hm75 0 0 0 0 0 · · · 0
hm81 0 0 0 0 0 0 0 0 0 · · · 0
0 hm92 0 0 0 0 0 0 0 0 · · · 0

hm10,1 hm10,2 0 0 hm10,5 0 hm10,7 0 0 hm10,10 · · · 0
hm11,1 hm11,2 0 hm11,4 0 hm11,6 0 0 hm11,9 0 · · · 0

0 0 0 0 0 0 0 0 0 0 · · · hm12,21


hm11 = KcB (G.76)

hm16 = kcB (G.77)

hm21 = KtB

(
1 +

∂εq
∂α

)
(G.78)

hm26 = ktB
∂ε̄q
∂δcq

(G.79)

hm28 = 1 (G.80)

hm29 = ktB (G.81)

hm32 = KcB (G.82)

hm32 = −kcB (G.83)

hm42 = KtB

(
1 +

∂εr
∂β

)
(G.84)
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hm47 = −ktB
∂ε̄r
∂δcr

(G.85)

hm47 = −1 (G.86)

hm4,10 = −ktb (G.87)

hm53 = 1 (G.88)

hm64 = 1 (G.89)

hm75 = 1 (G.90)

hm81 = 1 (G.91)

hm92 = 1 (G.92)

hm10,1 = −q∞Sref
m

CSα2β
αβΥn (G.93)

hm10,2 = −q∞Sref
m

(
CSβ + CSβ|β| |β|+ CSβ3β

2 + CSα2β
α2 (1−Υn)

)
(G.94)

hm10,5 = −q∞Sref
m

d

2VM
CSr (G.95)

hm10,7 = −q∞Sref
m

[
CSδcr + CSβδcrβ + CSα2δcr

α2 + Υn

(
CS

δcrδ
t
r

+ CS
βδcrδ

t
r
β
)
δtr

]
(G.96)

hm10,10 = −q∞Sref
m

[
CS

δtr
+ CS

βδtr
β + CS

α2δtr
α2 + (1−Υn)

(
CS

δcrδ
t
r

+ CS
βδcrδ

t
r
β
)
δcr

]
(G.97)

hm11,1 = −q∞Sref
m

(
CNα + CNα|α| |α|+ CNα3α

2 + CNβ2α
β2 (1−Υn)

)
(G.98)

hm11,2 = −q∞Sref
m

CNβ2α
αβΥn (G.99)

hm11,4 = −q∞Sref
m

d

2VM
CNq (G.100)

hm11,6 = −q∞Sref
m

[
CNδcq + CNαδcqα + CNβ2δcq

β2 + Υn

(
CN

δcqδ
t
q

+ CN
αδcqδ

t
q
α
)
δtq

]
(G.101)
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hm11,9 = −q∞Sref
m

[
CN

δtq
+ CN

αδtq
α

+CN
β2δtq

β2 + (1−Υn)
(
CN

δcqδ
t
q

+ CN
αδcqδ

t
q
α
)
δcq

] (G.102)

hm12,21 = 1 (G.103)

G.7 Integrated Guidance-Autopilot Matrix Elements

Ak =

aK11 aK12 aK13

aK21 aK22 aK23

aK31 aK32 aK33


aK11 = −

(
q2

0 + q2
1−q2

2 − q2
3

)
cαcβ (G.104)

aK12 = −2(q1q3−q0q2)VM sincαcβ (G.105)

aK13 = −2(q1q2 + q0q3)VM sinc β (G.106)

aK21 = − (q1q2 − q0q3) cαcβ (G.107)

aK22 = −2(q2q3 + q0q1)VM sincαcβ (G.108)

aK23 = −
(
q2

0 − q2
1 + q2

2 − q2
3

)
VM sinc β (G.109)

aK31 = −2 (q1q3 + q0q2) cαcβ (G.110)

aK32 = −
(
q2

0 − q2
1 − q2

2 + q2
3

)
VM sincαcβ (G.111)

aK33 = −2 (q2q3 − q0q1)VM sinc β (G.112)

AW =



aW11 aW12 aW13 0 aW15 aW16

0 aW22 aW23 aW24 aW25 aW26

0 aW32 aW33 aW34 aW35 aW36

0 aW42 aW43 aW44 0 0
0 aW52 aW53 aW54 aW55 aW56

0 aW62 aW63 aW64 aW65 aW66



aW11 = −cαcβ ρSrefVM
2m

(
CA0 + CAα|α|+ CAβ |β|+ CAα2α

2

+CAα3|α|
3 + ∆CAb − CT

)
(G.113)
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aW12 = − sincαcβ
q∞Sref
m

(
CNαα + CNα|α|α|α|+ CNα3α

3 + CNβ2α
β2α

)
(G.114)

aW13 = − sinc β
q∞Sref
m

(
CSββ + CSβ|β|β|β|+ CSβ3β

3 + CSα2β
α2β

)
(G.115)

aW15 = −sαcβ q∞Sref
m

d

2VM
CNq (G.116)

aW16 = −sβ q∞Sref
m

d

2VM
CSr (G.117)

and the rest of the terms are equal to those in Aa

aW22 = aa11 (G.118a)

. . .

aW66 = aa55 (G.118b)

BW =



bW11 bW12 bW13 bW14 bW15

bW21 bW22 bW23 bW24 bW25

bW31 bW32 bW33 bW34 bW35

bW41 bW42 bW43 0 0
bW51 0 0 bW54 0
0 bW62 0 0 bW65


bW11 = −cαcβ q∞Sref

m

(
CAδcq sgn δcq + CAαδcqα + CAβδcqβ

)
− sαcβ q∞Sref

m

(
CNδcq + CNαδcqα + CNβ2δcq

β2
) (G.119)

bW12 = −cαcβ q∞Sref
m

(
CAδcr sgn δcr + CAαδcrα + CAβδcrβ

)
− sβ q∞Sref

m
(CSδcr + CSβδcrβ + CSα2δcr

α2)

(G.120)

bW13 = −cαcβ q∞Sref
m

(
CAδp sgn δp

)
(G.121)

bW14 = −cαcβ q∞Sref
m

(
CA

δtq
sgn δtq + CA

αδtq
α + CA

α2δtq
α2 + CA

βδtq
β
)

− sαcβ q∞Sref
m

(
CN

δtq
+ CN

αδtq
α + CN

β2δtq
β2
) (G.122)

bW15 = −cαcβ q∞Sref
m

(
CA

δtr
sgn δtr + CA

αδtr
α + CA

α2δtr
α2 + CA

βδtr
β
)

− sβ q∞Sref
m

(
CS

δtr
+ CS

βδtr
β + CS

α2δtr
α2
) (G.123)
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and the rest of the terms are equal to those in Ba

bW21 = ba11 (G.124a)

. . .

bW65 = ba55 (G.124b)

MW =



mW
11 mW

12 0 mW
14 mW

15

mW
21 mW

22 0 mW
24 mW

25

mW
31 mW

32 0 mW
34 mW

35

0 0 0 0 0
mW

51 0 0 mW
54 0

0 mW
62 0 0 mW

65


mW

11 = −cαcβ q∞Sref
m

CA
δcq

2δtq
δcqδ

t
q (G.125)

mW
12 = −cαcβ q∞Sref

m
CA

δcr
2δtr
δcrδ

t
r (G.126)

mW
14 = −cαcβ q∞Sref

m
δcq

(
CA

δcqδ
t
q

+ CA
αδcqδ
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q
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δcqδ
t
q
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q

)
− sαcβ q∞Sref

m
δcq
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CN

δcqδ
t
q

+ CN
αδcqδ

t
q
α
) (G.127)

mW
15 = −cαcβ q∞Sref

m
δcr

(
CA

δcrδ
t
r

+ CA
βδcrδ

t
r
β + CA

δcrδ
t
r
2δ
t
r

)
− sβ q∞Sref

m
δcr

(
CS

δcrδ
t
r

+ CS
βδcrδ

t
r
β
) (G.128)

and the rest of the terms are equal to those in Ma

mW
21 = ma

11 (G.129a)

. . .

mW
65 = ma

55 (G.129b)
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Appendix H

Radome Error and Radar Noise
Models

H.1 Seeker Module

We will assume that the homing missile radar has a gyro-stabilized tracking head
1. It consists of an stabilized platform, equipped mounted gyros and an antenna.
The platform is mounted on two or three gimbals each of them with an actuating
servomechanisms used to adjust the platform angular orientation towards the target,
in response to the angular error measured by the radar receiver.

For air-to-air applications against small targets like drones or other missiles, where
the RCS is small, Pulse Doppler radar (PD) with coherent integration is preferred.
There are two tracking loops, the angular tracking loop, by the seeker homing head, and
the distance tracking loop. The target is locked onto the target when these two loops
are closed. The seeker angular tracking will be described in the first section, while the
tracking in distance is carried on by the gating technique that can be found in reference
[Curry, 2005]. The Monopulse signal structure is preferred for the determination of the
angular orientation error of the target in elevation and azimut [Barton and Ward, 1984].

When a navigation filter exists in between the seeker and the guidance block, it is
more convenient that the output of the seeker are the line of sight angles, in elevation
and azimuth, defined as:

σe = t−1

 zBr√
xBr

2 + yBr
2

 (H.1)

σz = t−1

(
yBr
xBr

2

)
(H.2)

Figure 5.16 defines the angles that are involved in the process of reconstructing the
line of sight between missile and target. The origin of the angle is in the center of radar
antenna and they are measured against an inertial reference, fixed in space, which is

1Configurations with a phased-array and electronic beam orientation are rather atypical in tactical
missiles, and in any case the process of beam steering will be analogous to the gimballed seeker head
in respect to the operation of the missile G & C operation. Cost and reliability requirements, as well
as all the necessary additional on-board processing capability to separate the movements of missile
and target made the gimballed systems more competitive up to date
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in our case the initial line of sight orientation. The radar antenna axis with respect to
the missile MXB axis is defined by the gimbal angle θh. The error angle is ε and the
error considering the radome effect is εr. It follows that the angle of the line of sight
is:

ε = σ − θ − θh (H.3)

It is important to remark that the error angle is not only a function of the position
of the line of sight but as well of the missile attitude and the position of the antenna
versus the missile axis. In order to eliminate θ from the measure, the radar seeker
needs an input from the missile IMU, see Figure H.1. One of the requisites of the
seeker is maintain the antenna pointed to the target, so the error ε is small compared
to the radar beam width. Also, in the regions of small ε the response can be considered
linear. If ε is not small, the response can not be considered lineal and if it is higher
than half of the beam width, the missile can loss the target signal.

The effect of the radome is to distort the direction of the line of sight as perceived by
the seeker, caused by the radiation refraction as it passes through the radome wall. As
the curvature of the radome wall is not uniform, the radiation has different incidence
angles, which causes the incident rays to reach the antenna with different phases. This
results in a certain angle distortion that is a non-linear function of the lock angle θh,
that is of the antenna orientation inside the ojive. For a perfectly symmetric radome,
that function will be an odd function. We can then see that the radome effect depends
of the missile attitude in space and represents a strong coupling between the missile
flying attitude and the radar measurements. As a consequence of the radome effect
the seeker and the IGA or non-IGA loops are coupled. This phenomenon is one of the
main contributors to the miss distance in radar missiles [Zarchan, 2012].

The radome effect can be represented by a nonlinear function of the form θr =
f (R, θh) θh, with R being the radome slope. In theory, for a certain radome geometric
profile and thickness, it would be possible to obtain f (R, θh). However f (R) is very
difficult to calculate [Yueh and Lin, 1985] due to multiple effects. During missile flight
the aerodynamic heating of the ogive and due to the erosion that occur due to the
supersonic velocities, the thickness is modified and so the dielectric constant of the
radome. It is also a function of the radar signal frequency and polarization. A precise
model depends of the particular application and will require an specific mathematical
treatment, generally statistical, time dependent and non-lineal. Approximate models
can be found in the literature, where there are empirical relations for the radome
slope [Fleeman, 2012]. For head-on engagements, the literature typically assumes that
R can be assumed constant for small variations of the look angle θh. However this
assumption is not valid for large variations in gimbal angle that are associated with
high maneuvering targets, and instead we reccur to equation 5.59.

The radome distortion angle θr can be included inside the control loop with the
equation

εr = σ + θr − θd (H.4)

and from here

ε̇r = σ̇ − σ̇ − σ̇h (1−R) (H.5)
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Figure H.1: Seeker dynamic diagram. The seeker objective is to point the antenna axes to
the target so the error ε′ is null. Diagram assumes a linear relationship between θr and θh. In
order to do that, the servomechanism so the angle θh becomes equal to the difference between
the angle of the line of sight and the pitch angle. Note that the missile pitch angle must be
estimated by the missile IMU. The missile acceleration nL perturbs the gyro measurements
with an undesirable effect.

In order to show the effect of the LOS estimation in the system performance, we
will use the truth control model for the seeker tracking loop defined in figure H.1 and
adapted from classical reference [Nesline and Zarchan, 1985], that includes all the effects
considered. The diagram is for a single gimbal channel, the extension to the second
would be immediate. The dynamic of the seeker must be quick enough to be able to
follow high-maneuvering targets but not so small to induct a high noise transmission
or create stability problems in the missile.

The seeker may saturate, either because the tracking error ε has exceed the field of
view (FOV) of the radar, or the maximum mechanical look angle. At this point the
seeker loop will became effectively open.

The seeker has a tracking loop, where the measurement error ε starts the servo
action that turns the antenna an angle θh to neutralize that error. It is affected by
a delay T1 and a potential scale error in the receptor, represented by gain KR. The
missile acceleration and its rotational speed introduce perturbations into the seeker
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functioning and parasitic input do appear due to friction or mass unbalance effects
[Shneydor, 1998], that will always be active. A gyro mounted in the antenna platform
will measure θ̇d, that can be affected by scale errors, KGY R and errors fro gyro drift
caused by the missile acceleration n, represented by a gain KG. These last effects
happen when the gyro is not perfectly balanced, so a linear acceleration normal to the
rotation axis will cause a wrong measurement.

In most radar seekers the LOS angle is reconstructed by the integration of the
seeker gyro signal and adding the measured error, the latter affected by radome effects.
Mathematically this is expressed as:

σr = εr +

∫
θ̇d (H.6)

H.2 Radar Measurement Noise Models

We assume in our work that the angular signals provided by the seeker homing head
in angular tracking loop, are combined with the measurement of the target to missile
distance provided by the radar and IMU measurements, resulting in a computed missile
to target distance vector rTM . The output signal is digital, sampled with noise every
Ts seconds. That will be the input signal to the filter.

Noises in the radar system or in the signal returning from the target limit con-
taminates the measurement of target movement. In general it will increase the miss
distance and it is added on top of the seeker dynamics and radome errors.

We will neither consider scintillation, that causes the amplitude of the return signal
to be modulated with changes in the RCS of the target. As mentioned earlier, we
assume a monopulse radar, where no information is extracted from the frequency of
the modulation, so this phenomenon is negligible.

H.2.1 Glint

As the aerodynamic target has finite dimension, with multiple surfaces, the signal
interference coming from different areas of the target will cause a distortion of the
wave front returning to the missile. There is an error in the measurement caused
by a non uniform wave front from a complex shape target, when the missile radar is
designed to process a plane wave. The net effect is to displace the target from its true
location. The apparent target position moves along its length and in occasions can
exceed its dimensions even for long periods of time. This is a most disturbing noise for
the air-to-air interception. Its magnitude in the detection plane of the radar antenna
does not change with range. However when translated into angular error its becomes
inversely proportional to range, so it increases when the range to the target decreases.

The glint noise can not be considered white due to its highly correlated [Zhurbal
and Idan, 2011b] and heavy tailed non-Gaussian distribution. The glint models con-
sidered in research literature include [Kim et al., 2010] the statistical model based on
Student t distribution, the mixture of two Gaussian distributions, the mixture of a
Gaussian distribution, Laplacian distribution and a low -pass filtered Gaussian distri-
bution noise[Zarchan, 2012] passing through a low pass filter.

In this Thesis the glint is considered as a mix of two Gaussian distributions, because
it is computationally efficient, in the form:

234



H.2. RADAR MEASUREMENT NOISE MODELS

pg = Υglintpg1 +
(
1−Υglint

)
pg2 (H.7)

with pg1 ∼ N
(

0,Σ2
g1

)
and pg2 ∼ N

(
0,Σ2

g2

)
with Σg1 < Σg2.

Its spectral density is associated with the physical dimension of the target. The
fact that the glint noise in non-Gaussian typically determines the selection of the filter
option for a real interceptor missile.

H.2.2 Active and Range-Independent Angular Noises

The noises associated with the measurement of the line of sight angles are generally
divided between range-dependent noises and independent-range noises. In the scien-
tific literature these noises are considered to be white, zero mean, with a Gaussian
distribution. We will not consider here loss of signal and eclipse phenomena than can
occur in a pulse radar, when the return pulse arrives when the transmitter is active but
the receptor is switched off. We can consider three major contributors to the angular
noise: fading, thermal and atmospheric noise.

• Fading noise is range-independent, it is a noise inherent to the receptor, and
can be attributed to multiple factors, signal processing errors, cross-polarization
of radar returns, errors in the homing head errors, or in general non-shielded

electronic errors. Mathematically is is represented by pf ∼ N
(

0,Σ2
f

)
and power

spectral density (PSD) of Φf = 2τfΣ
2
f . This constant errors can limit the angular

precision specially for high values of the signal to noise ration (SNR). Typically
the internal errors in the radar can cause angular errors of 1/25 to 1/40 of the
beam bandwidth, and can be characterized by a beam splitting ratio parameter
Bsr [Curry, 2005], as follows:

Σ2
f =

(
Bw

Bsr

)2

(H.8)

where Bw is the bandwidth of the received signal. In the other hand 2τf = 1/fs ,
where fs is the radar signal sampling frequency 1/Ts.

• Thermal noise in the receptor depends on the SNR, it is range-dependent. This
term is also affected by eclipse phenomena, [Vora et al., 2005], and also due to
variations of the radar cross-section of the target.

Mathematically we will represent it by pt ∼ N
(
0,Σ2

t

)
and power spectral density

(PSD) of Φt = 2τtΣ
2
t , where for a monopulse radar Σt can characterized as per

[Barton and Ward, 1984] in the following form:

Σ2
t =

B2
w

2K2
mSNR

(H.9)

where Km is the slope of the curve used in monopulse radars to calculate angular
differences [Kingsley and O’Keefe, 1999]. The correlation time verifies 2τt = 1/fs .
The SNR can be obtained from the radar equation as follows [Siouris, 2004],

SNR =
PtG

2λ2 ·RCS · L
(4π)3 ‖rTM‖4 (kTnBw) · F

τ 2
R

PRI · τG
(H.10)

where
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Pt Radar peak transmission power
G Antenna gain
Pc Pulse compression ratio, τTBw

k Boltzmann constant
Tn Noise temperature in the radar system
F Loss factor due to signal processing in the receptor
L Loss factor due to beam forming
τR Pulse duration at the receiver gate
PRI Pulse Repetition Interval
τG Received gate duration

We assume the gating at the radar receiver is fast and precise enough to prevent
any significant eclipse colored noise at the receiver, and will assume τR ∼ τG.
Also, we will not consider variations in the RCS in our simplified model. If
necessary, they could be addressed by an statistical model Swerling III or IV for
example.

• Finally, atmospheric noise also contributes to the angular deviation of the appar-
ent target line of sight. In the literature there are experimental models based on
real measurements that allow an empirical formulation of all these effects. We will
use the model from reference [Barton and Ward, 1984], where pan ∼ N

(
0,Σ2

an

)
and PSD Φan = Φanref ‖̊rTM‖, where ‖̊rTM‖ is the segment of the distance be-
tween missile and target that is under 5Km in height, and

Φanref = 4τanΣ2
anref

Fc√
d

(H.11)

where

d Radar antenna aperture diameter, in m
Σ2
anref

Standard deviation, 0.44 · 10−6

τan Atmospheric correlation time, 0.6s
k Boltzmann constant
Fc Noise correlation factor, 0.4 , from [Alpert, 2003]

There are other type of errors that contribute to the distortion of the angle in a
measurement with active radar, clutter and multiple trajectories. These kind of errors
are characteristic of pursuing a target at low altitude and noises appear due to terrain
effects. However here we limit ourselves to the air to air interception scenario and these
effects are considered less significant that the already discussed.

H.2.3 Range and Collision Velocity Noises

The error in the relative distance measurement has several components. Here we will
only consider the SNR dependent [Curry, 2005], which typically dominates the errors
in distance measurement. This error can be considered Gaussian with zero mean and
standard deviation given by:

Σρ =
clight

2Bx

√
2 · SNR

(H.12)

where clight is the speed of light.
Collision velocity can be measured in two forms:
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1. Measuring the Doppler shift in the received signal

2. Through different measures of relative distance to target

The former are significantly better than the non-coherent processing of the relative
distance data points. It can be obtained from

Vc =
λ

f D
2 (H.13)

Where fD is the Doppler frequency, or most properly, the shift in frequency, and λ
is the radar wave length. Similar to measurement distance, the errors associated with
the SNR dominates in velocity and can be characterized as normal, with standard
deviation of

ΣV =
λ

2τ
√

2 · SNR
=

∆Vc√
2 · SNR

(H.14)

where ∆Vc is the resolution in the measurement of the radial velocity and τ is the time
extend of the radar signal that is processed in a coherent mode.
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