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ABSTRACT 

Structural health monitoring has experienced a huge development from several 

decades ago since the cost of rehabilitation of structures such as oil pipes, bridges and 

tall buildings is very high. In the last two decades, a lot of methods able to identify the 

real stage of a structure have been developed basing on both models and experimental 

data. Modal testing is the most common; by carrying out the experimental modal 

analysis of a structure, some parameters, such as frequency, mode shapes and 

damping, as well as the frequency response function of the structure can be obtained. 

From these parameters, different damage indicators have been proposed.  

However, for complex and large structures, any frequency domain approach that 

relies on frequency response function estimation would be of difficult application 

since an assumption of the input excitations to the system should be carried out. 

Operational modal analysis uses only output signals to extract the structural dynamic 

parameters and, therefore, to identify the structural stage. In this sense, within 

operational modal analysis, transmissibility has attracted a lot of attention in the 

scientific field in the last decade. In this work new damage detection approaches 

based on transmissibility are developed. 

Firstly, a new theory of transmissibility coherence is developed and it is tested with a 

three-floor-structure both in simulation and in experimental data analysis; secondly, 

Mahalanobis distance is taken into use with the transmissibility, and a free-free beam 

is used to test the approach performance; thirdly, neural networks are used in 

transmissibility for structural health monitoring; a simulated beam is used to validate 

the proposed method. 
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RESUMEN 

El control del estado en el que se encuentran las estructuras ha experimentado un gran 

auge desde hace varias décadas, debido a que los costes de rehabilitación de 

estructuras tales como los oleoductos, los puentes, los edificios y otras más son muy 

elevados. En las últimas dos décadas, se han desarrollado una gran cantidad de 

métodos que permiten identificar el estado real de una estructura, basándose en 

modelos físicos y datos de ensayos. El ensayo modal es el más común; mediante el 

análisis modal experimental de una estructura se pueden determinar parámetros como 

la frecuencia, los modos de vibración y la amortiguación y también la función de 

respuesta en frecuencia de la estructura. Mediante estos parámetros se pueden 

implementar diferentes indicadores de daño. 

Sin embargo, para estructuras complejas y grandes, la implementación de 

metodologías basadas en la función de respuesta en frecuencia requeriría realizar 

hipótesis sobre la fuerza utilizada para excitar la estructura. Dado que el análisis 

modal operacional utiliza solamente las señales de respuesta del sistema para extraer 

los parámetros dinámicos estructurales y, por tanto, para evaluar el estado de una 

estructura, el uso de la transmisibilidad sería posible. En este sentido, dentro del 

análisis modal operacional, la transmisibilidad ha concentrado mucha atención en el 

mundo científico en la última década. Aunque se han publicado muchos trabajos 

sobre el tema, en esta Tesis se proponen diferentes técnicas para evaluar el estado de 

una estructura basándose exclusivamente en la transmisibilidad. 

En primer lugar, se propone un indicador de daño basado en un nuevo parámetro, la 

coherencia de transmisibilidad; El indicador se ha valido mediante resultados 

numéricos y experimentales obtenidos sobre un pórtico de tres pisos. En segundo 

lugar, la distancia de Mahalanobis se aplica sobre la transmisibilidad como 

procedimiento para detectar variaciones estructurales provocadas por el daño. Este 

método se ha validado con éxito sobre una viga libre-libre ensayada 

experimentalmente. En tercer lugar, se ha implementado una red neuronal basada en 

medidas de transmisibilidad como metodología de predicción de daño sobre una viga 
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simulada numéricamente.	  
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CHAPTER 1 INTRODUCTION 

1.1 Background 

In the past decades, structural health monitoring (SHM), the process of implementing a 

damage detection strategy for engineering infrastructure, has become a 

multidisciplinary research focus to the scientific communities, due to the fact that the 

engineering structures are commonly designed with more complexity and more 

sophisticated newly invented material productions, and within daily use the structures 

are usually and generally applied with higher operational loads, and are demanding for 

longer lifecycle periods. Hence, numerous mechanical, civil and aerospace engineering 

researchers extensively developed vast of approaches for analyzing the structural states, 

which means to evaluate whether the structure is damaged or not, in order to prevent 

the anticipated damage, which may cause a huge loss in human daily life. In the SHM 

field, damage is normally defined as changes to the material and/or geometric 

properties of a structural system, including changes to the boundary conditions and 

system connectivity, which adversely affect the current or future performance of the 

structure [1, 2]. 

To this objective, along with the development of the SHM methods history, visual 

inspection approaches like penetrating liquids is the commonest and most traditional 

and available technique, which will only be effective in those structures available for 

using liquids. Then, static based and dynamic, or vibration-based methods are booming 

especially after the advent of computer, with which signal processing can be analyzed. 

Apart from this, in recent decades, taking advantage of the advancement of the science 

and technology, local on-line non-destructive SHM becomes a main trend.  

One direction to carry out in this line is to improve the measurement accuracy. Based 

on this, numerous methods like vibration-based, strain-based, electrical 
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impedance-based, ultra-sonic or acoustic, lamb wave, eddy-current, X and gamma rays, 

and laser measurement have been widely used in SHM.  

On the other hand, various algorithms have been developed for analyzing the structural 

states. Probability-based, statistical-based, machine learning, pattern recognition 

methods and so on, have also been studied and a high quantity of papers, reports and 

books have been published. A literature review about the SHM can be found in [1-2]. 

Along with the development of science and technology, to the earlier research in SHM, 

among all the developed methodologies, modal testing and modal parameter 

identification, due to its own advantages like easy conduction and better performance 

in capturing the structural characteristics have been one core issue in dynamics-based 

or so-called vibration-based SHM. And through measuring the input data of the 

structural system or not, modal analysis can be divided into experimental modal 

analysis (EMA) and operational modal analysis (OMA). The key difference is that the 

EMA relies on the measurement of excitation and response, while the OMA only 

depends on the structural dynamic responses. For modal testing, one possible book can 

be referred to [3], where modal testing and related algorithms and directions are 

discussed and summarized. 

To EMA, normally the research object can be moved into the laboratory and modal 

experiment is conducted in order to analyze the structural dynamical characteristics. And 

from input and output measurement data, modal parameters can be obtained through the 

frequency response function (FRF). Herein, a good deal of methods based on modal 

analysis in damage detection, localization as well as quantification have been 

implemented. Among these methods, mode shapes, modal damping and modal resonant 

frequencies are the foundation or base. Various approaches like modal parameters and 

their derivatives, for instance, the mode shape derivatives, for instance, first derivative 

(rotations), second derivative (curvatures) and third and higher derivatives were utilized 

for damage localization. FRF is another parameter commonly used in EMA. In order to 

improve measurement accuracy, strain measurement gradually takes the place of the 
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acceleration and displacement. Actually, the displacement can be calculated from the 

strain measurement along the span of the object.  

However, damage identification under real operating conditions of the structure during its 

daily use would be suitable and attractive to civil engineers due to the difficulty and 

problems of carrying out controlled forced excitation tests on this kind of structures. In 

this case, output-only response measurements would be available, and an output-only 

damage identification procedure should be implemented. In this case, OMA has been 

raised and studied. A lot of work has been done, and several methodologies have been 

developed, like output reference based method. 

1.2 Schemes of SHM 

In SHM, damage identification is the key issue. And for damage identification, the 

damage state of a system can be described as a five-step process along the lines of the 

process discussed in Rytter (1993) [4]. The damage state is described by answering the 

following questions [1]: 

1) Is there damage in the system (existence)? 

2) Where is the damage in the system (location)? 

3) What kind of damage is present (type)? 

4) How severe is the damage (extent)? 

5) How much useful life remains (prognosis)? 

In [1], SHM problem is described as one of statistical pattern recognition paradigm, 

which consists of a four-part process: 

1) Operational Evaluation; 

2) Data Acquisition, Fusion, and Cleansing; 

3) Feature Extraction and Information Condensation; 

4) Statistical Mode Development for Feature Discrimination. 
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1.3 Literature review of transmissibility 

Output-only SHM approaches were raised in order to avoid the excitation measurement, 

as it is normally very difficult or even impossible to measure it in real engineering. 

Motivated on avoiding the excitation measurement in real engineering, transmissibility 

conception has been raised decades ago, but especially from the end of twenties century, 

booming research on transmissibility has been intensively developed.  

Different kinds of transmissibilities have been defined and developed, such as complex 

transmissibility [5-6], transmittance [10], motion transmissibility [7], power 

transmissibility [21], direct transmissibility, power density spectrum transmissibility [65] 

and so on. For transmissibility estimation, in [77], the use of Hs estimator for 

experimental assessment of transmissibility matrices is studied.  

For the application of transmissibility, research can be divided into several directions: 

vibration modal analysis, SHM damage identification, and others including some 

multidisciplinary research.  

For vibration modal analysis, the main work would be theory development from one 

degree of freedom to multiple degrees of freedom, from simple structures to complex 

structures, from force transmissibility to direct transmissibility. In this direction, 

transmissibility has been analyzed with single point and multi-point acceleration 

transmissibility [12], and foundation vibration analysis [22-23], and seat comfort, and 

body vibration analysis [33, 36, 37, 43, 48, 55, 58]. For instance, in [5], complex 

transmissibility is raised as an estimator with claiming the advantage that the dual signals 

can be used in a statistical noise reduction process. In [9], transmissibility function is 

defined as the ratio of FRFs, and the theory is firstly drawn out with a two connected 

systems where the transmissibility function can be analytically expressed as a function of 

only one system’s parameters. But this particular feature is based on the condition that the 

two response points must be separated from the excitation point. In [12], motion 

transmissibility concepts and related application to test environments are discussed; and 
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Q-Transmissibility approach is developed to analyze the dynamic performance of test 

item.  

Classical output-only techniques often require the operational forces to be white noise. 

Herein, to transmissibility-based approaches, recent studies have suggested that the 

unknown operational forces can be arbitrary as long as they are persistently exciting in 

the frequency band of interest [35, 40-41]. And later intensive research on operational 

modal analysis using transmissibility has been done [35, 40-41, 44, 46, 47, 50, 53, 69, 

70, 78, 82]. 

Model updating is another aspect; and some studies use the anti-resonant frequencies, 

or parameters identified from transmissibility [68]. Later, in [65], power spectrum 

density transmissibility (PSDT) is firstly raised and analyzed for operational modal 

analysis with comparing with peak picking (PP) algorithm and stochastic subspace 

identification (SSI).  

Another main direction is structural health monitoring with transmissibility [24-32, 34, 38, 

39, 42, 45, 49, 51, 54, 56, 57, 66, 71, 74, 79, 80, 81, 88-90], in this direction, for damage 

identification, transmissibility has been used directly [10, 13, 14], or incorporated with 

other approaches like outlier analysis [15], neural networks [8], novelty measure [11, 25], 

discriminant analysis. For instance, in [7], force transmissibility, motion transmissibility, 

and energy transmissibility are discussed with a longitudinal bar model that includes both 

stinger elastic and inertia properties. And two structures consisting of a rigid mass and a 

double cantilever beam are analyzed to discuss the stinger’s axial transmissibilities. In 

addition, the stinger influence in transmissibility is also drawn out. In [8], transmissibility 

function is illustrated as potential features for damage detection. Continuously, in [11], a 

novelty measure based on transmissibility is developed and is used for detecting structural 

fault with using neural networks. On the other hand, transmittance is also developed for 

detecting damage. In [10], transmittance function is constructed, while it shares the same 

idea of transmissibility, and later it is developed for accurate health monitoring for large 

structures. Later, in [13], transmittance is used for composite structures health monitoring 

with piezoceramic patches. In [14], changes in transmittance function, curvature and 
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translation transmittance functions are used to detect, localize and assess the damage in a 

simulated and experimented cantilever beam.  

Apart from those issues discussed before, signal like response reconstruction is also 

studied [52]; force reconstruction from force transmissibility is studied in [76]. Force 

identification using the concept of displacement transmissibility is studied in [67]. 

Uncertainty quantification in the estimation of noisy contaminated measurements of 

transmissibility is discussed in [60]. A sensitivity based damage identification method 

using transmissibility is studied in [73]. 

In nonlinear part, study on the force and displacement transmissibility of a nonlinear 

isolator is studied in [61]. And nonlinear identification of dynamic characteristics in 

anti-vibration mounts using transmissibility is studied in [62]. In [64], a report for 

nonlinear system identification for damage detection is delivered. Study about force 

transmissibility estimated by nonlinear FRF is also done in [54]. 

Even studies on transmissibility have been processed decades, few reviews on 

transmissibility can be found. In [59, 63], history of transmissibility is drawn out from its 

inspiration to the development. In [71], a general review of transmissibility in SHM 

especially damage identification is given. In [72], a correlation study of satellite finite 

element model for coupled load analysis using transmissibility with modified correlation 

measures is delivered. In [75], a comparison between force transmissibility and 

displacement transmissibility is studied. 

1.4 Motivations and objectives 

In the past years, although many transmissibility-based SHM methods for damage 

identification have been developed, no systematic method has been raised. Accuracy in 

detecting, localizing and quantifying structural damages is still an open question 

especially considering that the environmental variability affects to the measured 

structural responses, especially in the earliest stages of damage identification. 
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On the other hand, even although a lot of studies have been done about the use of the 

transmissibility for system identification procedures, few reviews can be found. This 

thesis intends to pave the way of SHM using transmissibility, especially for damage 

identification. 

1.5 Thesis dissertation 

This thesis includes, besides the introduction chapter, five chapters; an outline of their 

contents is shown here.  

Firstly, a transmissibility analysis, from its definition to its application based on OMA, 

is addressed in Chapter 2. One transmissibility based damage detection procedure is 

developed by using the structural dynamic characteristics estimated from 

transmissibility. The procedure is validated on a beam numerically and experimentally 

analyzed. 

Chapter 3 discusses about the use of the transmissibility coherence as a parameters for 

detecting and quantifying structural damage severities. Experimental results obtained 

from a three-floor laboratory structure are used to validate the proposed methodology.  

Chapter 4 intends to introduce linear discriminant analysis, especially squared 

Mahalanobis distance, into transmissibility based structural damage severity detection 

and quantification. A free-free steel beam is tested in laboratory and its results are used 

to check the applicability of the developed approach.   

Chapter 5 introduces artificial neural networks into transmissibility based damage 

localization and quantification. The key issue is to construct the strong relation 

between transmissibility and structural damage severities, i.e. input and output of 

neural networks. And in this chapter, a clamped-clamped beam is simulated with Latin 

Hyper cubic sampling (LHS) method for fifty different severities. Then, the structural 

responses are analyzed with the developed approach for localizing and quantifying the 

structural damage severity.  



 

8	  
	  

Finally, the main conclusions and achievements of the thesis are summarized in 

Chapter 6. Additionally, a discussion of possible future research is also included in this 

chapter. 
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CHAPTER 2 DAMAGE DETECTION BY 
TRANSMISSIBILITY 

Summary 

Damage identification under real operating conditions of the structure during its daily 

use would be suitable and attractive to civil engineers due to the difficulty and problems 

of carrying out controlled forced excitation tests on this kind of structures. In this case, 

output-only response measurements would be available, and an output-only damage 

identification procedure should be implemented. Transmissibility, since its advent 

decades ago, has been extensively developed in a lot of directions like OMA, SHM, and 

etc. Transmissibility, defined on an output-to-output relationship, is getting increased 

attention in damage detection applications because of its dependence with output-only 

data and its sensitivity to local structural changes. This chapter intends to give a clear 

fundamental discussion of transmissibility in detecting damage. Firstly, transmissibility 

definition and estimation methods are addressed; and later the transmissibility theory is 

developed with proposing new damage sensitive indicators. Finally, the proposed 

damage detection methodology is validated on an experimentally tested steel beam. 

2.1 Introduction 

Periodic inspection and maintenance of structures are essentials for the purpose of 

ensuring their healthy operational condition. Many methods have been proposed in the 

last years for the detection and location of damage in structural systems [83, 84]. These 

methods include time and frequency domain techniques and empirical and model-based 

approaches. The key point for most of the available techniques is the comparison 

between features obtained from experimental response measurements and features 

evaluated under normal working conditions. 
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Modal testing and modal parameter identification have been one core issue in 

dynamics-based structural health monitoring. From input and output measurement data, 

modal parameters can be obtained through the FRF. However, damage identification 

under real engineering, i.e. operational condition, imposes difficulty in analyzing the 

structure as it will be challenging to get the excitation on this kind of structures. In this 

case, output-only response measurements would be available, and an output-only 

damage identification procedure should be implemented. 

Classical output-only techniques often require the operational forces to be white noise. 

This is not necessary for the proposed transmissibility-based approach [39, 40, 50]. The 

unknown operational forces can be arbitrary as long as they are persistently exciting in 

the frequency band of interest. The transmissibility function, defined as the 

frequency-domain ratio between two outputs, describes the relative admittance between 

the two measurements and makes possible the damage detection without any assumption 

about the nature of the excitations although different loading conditions have to be 

obtained during the experiments. The scalar transmissibility is deterministic in case of 

one single operational force. However, when several (uncorrelated) operational forces 

are exciting the structure, the scalar transmissibility is in general not deterministic 

anymore and the concept of multivariable transmissibility [46] is introduced increasing 

the complexity of the problem. 

In practice, a transmissibility measurement can be estimated in several ways although 

the most common choice is using an estimator involving cross-and auto-power spectral 

density functions of the output responses. Furthermore, any measurable output, such as 

strain, displacement, acceleration, might be used to evaluate the spectral density 

functions. 

In this chapter, transmissibility has been put forward for detecting damage. Due to its 

own characteristic depending on output only, it might be used in large civil engineering 

structures. 
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2.2 Transmissibility  

2.2.1 Transmissibility estimation  

If we consider the linear multiple-degree-of-freedom (MDOF) system shown in 

Figure 2.1, the dynamic equilibrium equation can be written by the following 

well-known second order differential equation  

  M!!x(t) + C!x(t) + Kx(t) = f(t) 	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   (2.1) 

where M, C and K are the mass, damping, and stiffness matrices of the system, 

respectively, f(t) is the input force vector and x(t) contains the responses of each 

degree-of-freedom (DOF) of the system. Fourier transform or Laplace transform can 

be used to solve the differential equation above in order to calculate the displacement 

and velocity as well as the acceleration.  

 

Figure 2.1. A linear multiple-degree-of-freedom system. 

Transmissibility measurement is an output-only technique, very suitable therefore for 

operational dynamic analysis. Transmissibility functions are defined by taking the 

ratio of one-response spectra and a reference response in an input degree of freedom. 

When several operational forces are exciting the structure, the calculation of the 

transmissibility becomes much more complex.  
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Herein, for a harmonic applied force at a given coordinate, the transmissibility 

between point i and a reference point j can be defined as  

  
T( i, j ) (ω ) =

Xi(ω )
X j (ω )

                      (2.2) 

where Xi and Xj are the complex amplitudes of the system responses, xi(t) and xj(t), 

respectively, and ω is the frequency. 

In order to calculate the transmissibility, no matter in real engineering or experiment 

analysis, apart from its direct extracting from the two responses, it can be derived in 

several ways: 

Transmissibility estimation method I 

By using FRFs,  

( , )
( , )

( , )

( )( ) ( ) / ( )( )
( ) ( ) / ( ) ( )

i bi i b
i j

j j b j b

HX X FT
X X F H

ωω ω ωω
ω ω ω ω

= = =
	   	   	   	   	   	   	   	   	   	   	   	   	  

(2.3) 

where b is the single excitation node or one among the uncorrelated excitation nodes, 

and H represents the FRF [8, 50].  

Transmissibility estimation method II 

Another way is to use auto-spectrum, or auto- and cross- spectrum. 

( , )
( , )

( , )

( )( ) ( ) ( )( )
( ) ( ) ( ) ( )

i ii i i
i j

j j j j j

GX X XT
X X X G

ωω ω ωω
ω ω ω ω

×= = =
× 	   	   	   	   	   	   	   	   	   	  

(2.4) 

or 

  
T( i, j ) (ω ) =

Xi(ω )
X j (ω )

=
Xi(ω )× Xi(ω )
X j (ω )× Xi(ω )

=
G( i, i) (ω )
G( j , i) (ω ) 	   	   	   	   	   	   	   	   	   	   	   	  

(2.5) 

( , )
( , )

( , )

( ) ( ) ( )( )( )
( ) ( ) ( ) ( )

i j i ji
i j

j j j j j

X X GXT
X X X G

ω ω ωωω
ω ω ω ω

×
= = =

× 	   	   	   	   	   	   	   	   	   	   	   	  
(2.6) 
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where G means the auto- or cross- spectrum. Herein, Equation (2.5) and (2.6) can be 

compared with the FRF estimation for avoiding noise influence, then transmissibility 

coherence can be drawn out. Detailed analysis about it will be given in Chapter 3. 

Transmissibility estimation method III 

Recalling the second way for transmissibility estimation, Equations (2.5) and (2.6) 

estimate the transmissibility taking as a reference node i or j. However, for the 

comparison of more transmissibilities, it is usual to choose another output reference 

node, for instance P, in transmissibility estimation. Then, each transmissibility can be 

derived and denoted as 

  
T( i, j )

P (ω ) =
Xi(ω )
X j (ω )

=
Xi(ω )× X P(ω )
X j (ω )× X P(ω )

=
G( i,P) (ω )
G( j ,P) (ω )

          (2.7) 

where 
  
T( i, j )

P (ω )  is also called PSDT [65].  

Comparing Equation (2.7) with Equations (2.5) and (2.6), it is obvious that the only 

difference between methods II and III is whether the third reference point belongs or 

not to the two known nodes. 

Besides, when the variable approaches system’s νth pole, denoted by λv, the following 

equation is verified with Laplace transform [65] and Fourier transform [35, 40, 41] as 

  
limT( i, j )

P

s→λv

=
φ( i,v )

φ( j ,v )

                        (2.8) 

where φ means mode shape. Therefore, if two different reference points, P1 and P2, 

are chosen, by Laplace transform [65] or Fourier transform [35, 40, 41] the 

subtraction of the two transmissibilities satisfies 

  
lim(T( i, j )

P1 −T( i, j )
P2 )

s→λv

=
φ( i,v )

φ( j ,v )

−
φ( i,v )

φ( j ,v )

= 0                (2.9) 
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This means that the system’s poles are zeros of the rational function 

  
ΔT( i, j )

P1P2 = T( i, j )
P1 −T( i, j )

P2                    (2.10) 

And its inverse [40, 41, 65], also called inverse transmissibility subtraction function 

(ITSF) [65] is as 

  

Δ−1T( i, j )
P1P2 = 1

ΔT( i, j )
P1P2

= 1
T( i, j )

P1 −T( i, j )
P2

= 1
G( i,P1)

G( j ,P1)

−
G( i,P2 )

G( j ,P2 )

=
G( j ,P1)G( j ,P2 )

G( i,P1)G( j ,P2 ) −G( i,P2 )G( j ,P1)

                (2.11) 

Herein, through the equation above one can identify the natural frequencies via PP 

method. 

Note that the denominator of the equation above is result of a subtraction, which 

might cause singularity if the reference is not well chosen or the transform is not well 

chosen and made. Meanwhile, it can yield more roots than the system real roots, 

which requires further work in validating the corresponding frequencies. Thirdly, all 

the references like j and P (P1, P2, …) should be paid more attention, otherwise it 

would be possible to miss some system roots. One possible solution is to use average 

normalization ITSF [65], or to take all the ITSFs into consideration directly.  

2.2.2 Transmissibility mode shape 

Considering the linear MDOF system discussed above, the total transmissibility matrix 

of the structural system corresponding to each test of all damaged and intact states can 

be expressed as  
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T P(ω )D =

T(1, 1)
P (ω ) T(1, 2)

P (ω ) ! T(1, N−1)
P (ω )
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(2.12) 

where N is the number of degrees of freedom of the structural system, and TP(ω)D is the 

transmissibility matrix of the structural system referred to the state D (intact/damaged 

structure).  

As shown in the previous section, the transmissibility at the system poles is coincident 

with values of the mode shape ratios, i.e. the values of the Τ(i,j)(ω) at the system poles are 

directly related to the scalar operational mode-shape values, φ(i,v) and φ(j,v). Therefore, 

once the resonant frequencies are identified by using averaged normalized ITSF or other 

algorithms like Polymax, it would be possible to identify the relative mode shape vectors 

from different transmissibilities.  

In order to include all the natural modes in one transmissibility, in regarding to the 

definition of Averaged Normalized Power Spectral Density (ANSPD) [1], by using 

min-max normalization method, average normalized transmissibility might be 

constructed by averaging the normalized transmissibilities in accordance to different 

reference nodes (Pmin, Pmin+1, …, Pmax), which can be expressed as ANT 

max

min

( , ) ( , )
max min

1( ) ( ( ))
1

P
P

i j i j
P

ANT NT
P P

ω ω=
− + ∑              (2.13) 

Herein, by choosing a fixed reference node j and giving φ(j,v) a unit normalized value, 

then the transmissibility vector (ANΤ(1, j)(ω), ANΤ(2, j)(ω), …,1,…, ANΤ(N, j)(ω)) can be 

used for estimating the full-unscaled mode-shape (operational deflection) vector (φ(1,v), 

φ(2,v), …,1,…, φ(K,v)) (K is the number of measured output DOFs). Herein, in Equation 

(2.12), each column represents one transmissibility vector corresponding to an unscaled 

mode-shape.  
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Then, by analogy with the concept of power mode shape presented in [85] and 

transmissibility power mode shape in [86], and divided by the integration band for 

averaging the estimation, a new concept of transmissibility mode shape (TMS) might be 

defined from the transmissibility in the following way 

( , )
1 ( )H

L

v
i i j

H L

TMS ANT d
ω

ω
ω ω

ω ω
=

− ∫                 (2.14) 

where  TMSi
v  is the ith component of the vth TMS and [ωL, ωH] is the frequency 

integration band for the vth TMS. Herein, after setting the reference node j, if the width 

of integration band is only one, then TMS will be exactly the estimation of relative mode 

shape; if the width is slightly bigger, then TMS will be the averaged relative mode shape. 

This is due to the fact that the different ITSFs will not yield in the exactly same roots, 

small difference may occur in the roots identification, and then this slight average tries to 

reduce the error in estimation. 

Note that herein to estimate the TMSs by averaging one small area around the resonant 

frequencies is due to the reason that in real engineering, the resonant frequencies 

measurement and estimation might have some small errors. And by averaging the small 

area around resonant frequencies might give a better resource of the TMS. 

The main contribution of TMS here is that TMS might be used in OMA with the same 

function of MS in EMA. This suggests a possible way of extending the MS based 

methods into TMSs based OMA.  On the other hand, by combining the TC developed 

in Chapter 3, one might use TC, TMS in OMA as MS, FRF coherence in EMA. 

Later, by assembling  TMSi
v  for all the measured points considered in the structure, a 

vth TMS vector is generated 

  
TMS v{ } = (TMS1

v ,TMS2
v ,...,1,...,TMSN

v )                 (2.15) 

The same procedure should be repeated for each TMS by choosing the appropriate 

bandwidth affecting each system’s pole v. In this way, any of the damage criteria based 

on mode shapes might be extended to include the TMSs.  
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2.3 Damage detection procedure 

2.3.1 Damage sensitive indicators 

Natural frequency estimation 

From the discussion above, the peaks of ITSFs correspond to the natural frequencies, 

i.e. ITSF parameter might be used to identify the natural frequencies. On the other 

hand, PP method can also be used to derive the structural natural frequencies from 

FRFs for comparison. An additional difficulty is about the identification of the natural 

frequencies of interest; RFP method can resolve this with outputting the stabilization 

diagram. In this way, the natural frequencies extracted by PP and RFP might serve as 

comparison to those extracted with transmissibility. 

As it is known that frequency will shift when damage occurs, one estimator for 

quantifying the frequency decrease (FD) can be defined as 

  
FDv =

(ω v
u / 2π )− (ω v

d / 2π )
ω v

u / 2π
×100%                (2.16) 

where  ω v
u  means frequency under intact state, and  ω v

d  represents frequency under 

damaged state. 

TMS based indicator 

In order to show the variability of TMS between two different stages, modal 

assurance criterion (MAC) [87] can be used by defining an indicator TAC 

(transmissibility mode shape assurance criterion) as follows 

  

TACv =
(TMSv )d( )T

(TMSv )u( )
2

(TMSv )d( )T
(TMSv )d( )( ) (TMSv )u( )T

(TMSv )u( )( )         (2.17) 

Herein, the TMS can be used in complete or in part under the condition before and 

after deterioration, as it is common that modes might be hidden or terribly influenced 



 

20	  
	  

by environmental varieties or operational conditions in complete or in part. 

2.3.2 Damage detection scheme 

Damage detection scheme will be conducted as follows: 

Step 1: Natural frequencies estimation. As to the intact and damaged structural state, 

PP method and RFP (Rational Fractional Polynomial) method and 

transmissibility-based method are used to extract the natural frequencies. 

Step 2: TMS construction. Once resonant frequencies have been identified, ANT will 

be derived with Equation (2.13), and then TMSs will be computed via Equations 

(2.14) and (2.15).  

Step 3: Damage indicators estimation. For the different states to be compared, FD 

and TAC indicators will be computed. In regard to the statistical pattern recognition 

process for structural health monitoring [1], the extracted features, i.e. the indicators, 

will be compared with checking their own performance in damage recognition. 

Step 4: Detecting the damage. Once FD and TAC indicators have been computed, 

basing on engineering experience or thresholds previously set, one can predict the 

occurrence of the damage in the structural system. 

A detailed flowchart for this damage detection procedure can be referred to Figure 

2.2. 
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Figure 2.2. Flowchart for the damage detection procedure.	  

2.4 Test specimen and experimental setup  

A steel beam (Figure 2.3) with length, height, and thickness of 1004 × 35 × 6 mm, 

respectively, was selected to validate the proposed procedure. The physical properties 

of the beam are: density 7917 kg/m3 and Young’s modulus 185.2 GPa. The beam was 

analyzed under free-free conditions (transverse bending). For the analysis, the beam 

was divided into 22 elements of the same size giving one accelerometer was put at the 

location of each node to capture the dynamic response. 
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Figure 2.3. Schematic representation of the beam.	  

Damage was introduced into the beam by doing a saw cut between nodes 7 and 8. 

Eight damage scenarios were provided in the beam according to the depth of the cut 

(Table 2.1).  

The experimental set-up is shown in Figure 2.3. Two inextensible cables simulating 

“free-free” support conditions were used to sustain the test beam. A fan was used to 

generate wind to simulate the varying operational and environment conditions. On the 

other hand, a Brüel&Kjaer 4809 shaker was used to excite the beam at node 7, 

pseudo-randomly, and a Brüel&Kjaer 2706 power amplifier was used to amplify the 

excitation force signal. The force was transmitted through a stinger and measured by a 

Brüel&Kjaer 8200 force transducer. In terms of data acquisition, the responses were 

measured by 23 piezoelectric CCLD accelerometers located at each node. The signals 

were fed into the Multi-channel Data Acquisition Unit Brüel&Kjaer 2816 (PULSE) 

and analyzed directly with the Labshop 6.1 Pulse software from the attached laptop 

(Dell series 400). 

For each measurement, time domain responses were obtained, as well as FRFs and 

coherence functions from 30 averages, in order to get rid of some operational 

influences. In the original undamaged structural condition, 20 measurements were 

conducted, namely ten with and ten without artificial wind. For each damage scenario, 
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five measurements were obtained with and without artificial wind. Finally, the 

frequency analysis of the beam was carried out in a frequency range of 0-800 Hz 

(3200 lines) with Hanning windows applied upon force time series as well as response 

acceleration time series.  

Table 2.1. Cut properties of each damage scenario. 

Damage scenario Width (mm) Depth (mm) 

1 1.5 0.8 

2 1.5 1.0 

3 1.5 1.3 

4 1.5 1.6 

5 1.5 2.2 

6 1.5 3.0 

7 1.5 4.0 

8 1.5 4.8 

2.5 Results and discussions  

In order to validate and illustrate the applicability of the proposed approach, the 

aforementioned damage detection procedure is conducted and the obtained results are 

shown in the next subsections. 

2.6.1 Transmissibility vs FRF  

In this section, a short discussion of transmissibility properties with regarding to FRF 

is generally delivered.  

As discussed in [56], there is not a clear pattern to choose the transmissibility and, 

however, this choice will affect to the results. Usually, the engineering experience 

will be taken as main factor to guide in this procedure. 
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For analyzing the experimental data, Figure 2.4 shows T(i,7) (i=1,2,…,23) with 

reference node three and FRF(i,7) (i=1,2,…,23) for the first damage scenario (D1) and 

the intact beam (D0) when no artificial wind is applied. 

From the figure one can find that: (i). For the slightest damage scenario 1, little or 

even no change can be found in the transmissibility T(i,7) (i=1,2,…,23) with reference 

node three and FRF(i,7) (i=1,2,…,23) with respect to the intact case. This suggests that 

a further study should be made for extracting the most sensitive feature for damage 

detection; (ii). The peaks of transmissibilities coincide with anti-resonances of some 

FRFs, however, the peaks of FRFs, which agree with the resonant frequencies, do not 

always coincide with the low peaks of some transmissibilities, for instance, no peak in 

all the transmissibilities can be found to coincide with the last peak of FRFs; note that 

the coincidence herein does not mean the correspondence between T(i, j) and FRF(i, j), it 

means generally if we plot all the transmissibilities and FRFs of one dynamic system, 

we can find anti-peaks in FRFs to coincide with the peaks in transmissibilities, 

however, we might fail in finding anti-peaks in transmissibilities for coinciding with 

the peaks of FRFs; (iii). The values of transmissibilities locate in a narrower band 

than FRFs, i.e. the standard deviations of transmissibilities are smaller than those of 

FRFs, which can be explained by the Equation (2.3), all the transmissibilities have 

been condensed by one FRF; (iv). Not all the peaks of the FRFs correspond to natural 

frequencies, i.e. fake, or pseudo peaks might appear in the FRFs. The same occurs for 

the transmissibilities.  
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Figure 2.4. T(i,7) (i=1,2,…,23) and FRF(i,7) (i=1,2,…,23) of first measurement of damage scenario 0, 
1 without artificial airflow. 

2.6.2 Natural frequency identification comparison 

During damage detection process, natural frequency identification is the key issue, 

and in this section, a comparison among different methods to capture natural 

frequencies is proposed. Table 2.2 shows the identified frequencies derived from FRF 

with PP method and RFP method, and transmissibility based method for the first 

damage scenario without artificial airflow. Herein note that the results were later 

validated with the modal frequencies equation denoted by 

  
 
(! v
L
)2 EI

ρ  ( !1 = 4.730;! 2 = 7.853;! v = (v + 0.5)π ,(v ≥ 3) ) (2.18) 

where E, I, ρ, L mean stiffness, moment of inertia, density and length. From the Table 

2.2, one can see that the first six natural frequencies agree well between the results 

derived from FRF and transmissibility, while the transmissibility failed in extracting 

the third natural frequency. Note that in order to extract all the modes from the FRF 

and transmissibility, herein the FRF and transmissibility are the averaged values of all 

the FRFs and transmissibilities in one measurement with one reference point. A small 

difference can be found as it can be resulted from the operational condition. One 
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small issue that to a given beam, the ratio between two nearly spaced frequencies can 

be validated with the ratio between the corresponding  !
2 , this has also been used in 

this study. And it performs well in unveiling some fake peaks. 

Table 2.2. Experimental natural frequencies for the intact beam without artificial airflow. 

Mode order 

( v ) 

Frequency (Hz) identification 

FRF* Transmissibility* 

PP RFP Δ−1T(i, j )
p1p2  

1 31.750 31.250 31.000 

2 82.250 82.250 83.000 

3 161.500 161.250 - 

4 267.500 266.250 267.000 

5 397.000 397.000 398.500 

6 552.250 552.000 553.250 

*The averaged value for one measurement. 

2.6.3 TMS vs MS comparison 

Figure 2.5 shows the first four mode shapes derived from the numerical simulation 

with using a simple Euler-Bernoulli beam model, while Figure 2.6 shows the 

corresponding TMSs computed form the experimental measurements. Note that for 

TMSs, the calculation might be divided into two steps: the first step is to calculate the 

amplitude of the TMSs; and the second step is to confirm whether the amplitude is 

positive or negative, one possible way for this is to confirm from the imaginary 

figure. 

 



 

27	  
	  

 
Figure 2.5. MSs derived from the numerical simulation. 

	  

 
Figure 2.6. TMSs derived from measurement 1 under intact condition without artificial airflow. 

From the comparison between both figures, one can find that TMSs are similar to 

MSs. Recalling Equation (2.8) and (2.14), one can find that TMS is one possible 

estimation of MS in OMA. On the other hand, if only amplitude in Equation (2.14) is 

derived, then it will be the estimation of scalar MS. 

Note that the appearance of TMSs in Figure 2.6 is correct in spite of modes 2 and 4 are 

not exactly symmetric which can be due to the operational variability of the tests. 

2.6.4 Natural frequency in damage detection  

For damage detection, the natural frequency identification before and after 

deterioration is the most commonly used indicator, which can reveal the characteristic 

change caused by the defect.  

Figures 2.7-2.12 show the frequency decrease of modes one to six, respectively. From 

these six figures, one can find that: (i). From mode one to four, and mode six, all the 
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frequencies experiment, as expected, a clear decrease when compared to the intact 

state, which makes possible its viability for damage detection; (ii). The fifth natural 

frequency showed also a decrease for scenarios D2-D8 but nor for scenario D1; (iii). 

For first mode, comparing with other five modes, one can find that the first mode 

frequency decrease did not hold the same decrease tendency of other modes, i.e. to 

decrease monotonically as the damage scenario increases. This might be caused by 

the measurement error, and the shaker effect, and so on. (iv). Comparing the 

frequencies between the cases without artificial airflow and with artificial airflow, one 

can find that little difference, this means the artificial airflow imposes quite little 

influence to the structural system. 

  
Figure 2.7. Frequency decrease of mode 1. Figure 2.8. Frequency decrease of mode 2. 

 

  
Figure 2.9. Frequency decrease of mode 3. Figure 2.10. Frequency decrease of mode 4. 
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Figure 2.11. Frequency decrease of mode 5. Figure 2.12. Frequency decrease of mode 6. 

	  

2.6.5 TMS based damage detection 

Apart from the natural frequency, TMS is another fundamental parameter for 

detecting damage. Herein, note that under intact condition and for each damage 

scenario, five measurements were conducted without and with artificial airflow, 

respectively, which means 45 experimental tests with and 45 without artificial wind. 

TAC indices are computed for all the measurements.  

Figures 2.13-2.16 show the TAC values for the first, second, third and fourth TMSs, 

respectively, and the 90 measurements in total. From this figures, it is firstly clear that 

the airflow has not any influence in the results. This might be explained as follows: (i). 

The airflow imposes little influence to the structural system, since it affects to the 

system under pressure. If the system is immersed in an open environmental condition, 

the pressure induced artificially will rapidly dissipate in the open environmental air; 

(ii). The TMSs are extracted from the natural frequencies corresponding values, in 

FRFs diagrams these corresponding values are the peaks, which have more 

anti-variety ability if the extraction algorithm is well chosen; (iii). The operational 

variety like noise normally affects the non-resonant ranges especially in the high 

frequency domain other than the resonant peaks. 

For damage detection purposes, Figure 2.16 shows that the fourth TAC mode is able 

to discriminate between D2-D8 and the intact beam. However only small differences 
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are present between D1 and D0. 

The performance of the first, second and third TAC modes (Figures 2.13-2.15) was 

not so optimal as in the fourth mode. Only in some scenarios good predictions were 

found. 

 

Figure 2.13. TAC mode 1 for measurement 1 to 45. 

 

Figure 2.14. TAC mode 2 for measurement 1 to 45. 

 

Figure 2.15. TAC mode 3 for measurement 1 to 45. 
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Figure 2.16. TAC mode 4 for measurement 1 to 45. 

2.7 Conclusions 

This chapter illustrates the transmissibility fundamentals like definition, estimation 

methods, and its functionality in OMA as well. And later a damage detection 

procedure is developed followed with the constructed TMS. A steel beam is 

analyzed with numerical methods and experiment conduction. The results from 

both simulation and experiment show good performance in detecting damage. The 

main contribution of this chapter is to pave the way for the later damage detection 

analysis by using transmissibility.	  
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CHAPTER 3 DAMAGE DETECTION AND 
QUANTIFICATION USING 

TRANSMISSIBILITY COHERENCE 
ANALYSIS 

Summary 

In this chapter, a new transmissibility-based damage detection and quantification 

approach is proposed. Based on the operational modal analysis, the transmissibility is 

extracted from system responses and transmissibility coherence is defined and 

analyzed. Afterwards, a sensitive-damage indicator is defined in order to detect and 

quantify the severity of damage and compared with an indicator developed by other 

authors. The proposed approach is validated on data from a physics-based numerical 

model as well as experimental data from a three-story aluminum frame structure. For 

both, numerical simulation and experiment the results, the new indicator reveals a 

better performance than coherence measure proposed in [107-109] especially when 

nonlinearity occurs, which might be further used in real engineering. The main 

contribution of this chapter is the construction of the relation between transmissibility 

coherence and frequency response function coherence, and the construction of an 

effective indicators based on the transmissibility modal assurance criteria for damage 

(especially for minor nonlinearity) detection as well as quantification. 

3.1 Introduction 

SHM has experienced a huge development from more than four decades ago since the 

rehabilitation cost of oil pipes, bridges, tall buildings and so on rapidly increased. In 

the last two decades, a lot of SHM methods have been developed based on both 

physics- and data models. For instance, one systematic SHM solution for bridge 
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maintenance is presented in [91], where both kind of models are combined to identify 

damage. Other SHM solutions can be found in [1, 92, 124, 125].  

For large and complex structures the use of accelerometers has made possible the 

development of vibration-based methods to analyze structures. Modal testing is the 

most common; by carrying out the EMA of a structure, some modal parameters, such 

as frequency, mass and damping, can be extracted and a FRF can be obtained. This 

will make possible the construction of different damage indicators. Modal testing is 

also conducted on structures in real operational conditions, within which the 

excitation will be very difficult or even impossible to be measured; OMA uses the 

response signals only to extract the structural dynamic parameters in order to assess 

the structural states. In addition, for long-term operating structures, like oil pipes, 

turbines or bridges, statistical methods are also developed for real-time online SHM 

systems.  

In real engineering, motivated on solving the difficulty in capturing the excitation, in 

the middle of 1980s, transmissibility (or direct transmissibility) was raised. Instead of 

considering the input and output signals of the structural system, transmissibility only 

pays attention to the outputs, i.e. it concentrates on the interrelation of two outputs of 

the structure, in order to create a connection with the structural dynamic characteristic. 

Afterwards, a lot of researchers developed it for parameter identification [69], damage 

detection as well as quantification [51], uncertainty analysis [60], and 

response/excitation (i.e. force) reconstruction [76], and so on. In [69], relative mode 

shape is extracted from the transmissibility in the natural resonant frequencies, which 

avoids the use of FRF in mode shape estimation. In [51], a method of taking 

advantage of Response Vector Assurance Criterion (RVAC) [92] was proposed, 

replacing the FRF by transmissibility function in the indicator RVAC, and Detection 

and Relative damage Quantification indicator (DRQ) [93], which is the average value 

of RVAC along the frequency domain. The RVAC is a simplified form of FDAC, 

which was defined by Heylen et al. [92]. The key idea is to use the sum of all 

coordinates FRF before and after damage of all loading conditions in the form of 

modal assurance criteria.  
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However, the detection of damage, at an early stage, is still a very difficult and 

challenging task; therefore, it is very important the proposal of new indicators based 

on dynamic responses that may be sensitive enough to minor damage. In this sense, 

the coherence, as a function dependent on the frequency and able to analyze the 

spatial correlation between two signals [94, 95] might be potentially a good starting 

point to develop sensitive damage indicators. 

The coherence function, formally defined by Wiener [96, 97], has been extensively 

studied and used, especially after the development of the Fourier transform, in 

different research fields, with extensions to the most modern wavelet coherence and 

partial directed coherence: neurology, mostly in electroencephalography studies [98, 

99, 100], like EEG microstates detection in insight and calm meditation [98]. 

Coherence is also used in skin blood oscillations analysis in human [101], nerve fiber 

layer thickness quantification [102].  

In another aspect, spatial coherence measure is also developed for signal enhancement 

[103] by designing coherence-based post filters. In recent years, coherence function 

has been used in mechanical engineering for damage identification, namely detection, 

type and quantification [104-105, 107-109]. In [104], a coherence algorithm is 

proposed for damage type recognition and damage localization for large flexible 

structures with a nine-bay truss example; the key idea is to construct a connection 

between coherence and transfer function, and the transfer function parameter change 

is extracted for damage detection. In [105], local temporal coherence is developed and 

extended to time-varying process with the basic coherence conception from the cross 

correlation defined in [106], and the corresponding peak value is defined as peak 

coherence, creating a connection with the temperature and introduced damage change, 

i.e. the peak coherence for temperature/damage change is somewhat a function of 

time. In addition, the peak performs well in distinguishing environmental change and 

damage. In [107, 108], coherence is integrated in the frequency domain and set as an 

indicator - coherence measure, as a sensitive enough indicator for quantifying the skin 

damage and assessing restoration quality. In [109], coherence measure based method - 
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as a time series method, is developed for fault detection and identification in vibrating 

structures.  

In this chapter, coherence analysis of transmissibility is performed, and from it an 

effective indicator for damage, especially nonlinearity, is proposed and compared 

with the coherence measure raised in [107]. In order to test the feasibility of the 

proposed approach, numerical simulation of a laboratory structure is carried out, and, 

additionally, experimental measurements on a three-story aluminum structure are 

used to check the applicability of the proposed indicator. 

3.2 Transmissibility based coherence 

As for vibration-based SHM, the core idea is to find a sensitive feature able to 

discriminate a damaged structure when compared to the baseline structure (healthy 

state); therefore the damage detection conclusion can be drawn out with choosing a 

threshold of the change, before and after damage, considering the influence of 

operational variability. As described in the introduction, lots of approaches, features 

as well as measurement methodologies have been used in the past [2, 92, 110-111]. 

3.2.1 Applicability of coherence in damage detection  

As commented in the introduction, coherence has been used in many applications. It 

is useful to examine the correlation between two frequency signals, in a similar way 

to the correlation coefficient in frequency. More details can be found in [112].  

Coherence, as a complex measure, is estimated by dividing the square of the 

cross-spectral density between two signals by the product of the auto-spectral 

densities of both signals. Consequently, it will be sensitive to both changes in power 

and phase relationships in one of the two signals [114].  

The magnitude-squared coherence for the bivariate time series enables us to identify 

significant frequency-domain correlation between the two time series [113]. For the 
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purpose of preventing obtaining an estimate of magnitude-squared coherence to be 

identically 1 for all frequencies, an averaged magnitude-squared coherence estimator 

has to be used. Both Welch's overlapped segment averaging (WOSA) and mulitaper 

techniques are appropriate [113]. In this study, WOSA is utilized for the coherence 

estimate. A detailed discussion of several seemingly disparate non-parametric 

magnitude squared coherence estimation methods including Welch’s averaged 

periodogram, the minimum variance distortionless response (MVDR), and the 

canonical correlation analysis (CCA) can be found in [115].  

For SHM purposes, the most important task is to find a structural feature sensitive to 

the occurrence of damage. Methodologies involving coherence have been developed 

in the past decades [104-105, 107-109, 116]. As proved in [107-109], a coherence 

based damage indicator can be used in damage detection. The premise behind this is 

that the coherence will decrease as nonlinearity increases.  

3.2.2 Transmissibility 

As discussed in Chapter 2, transmissibility can be estimated by FRFs, 

  
T( i, j ) (ω ) =

Xi(ω ) / Fb(ω )
X j (ω ) / Fb(ω )

=
H( i,b) (ω )
H( j ,b) (ω )

                 (3.1) 

Note that herein the transmissibility is a norm that estimates the structural dynamic 

responses.  

3.2.3 Transmissibility coherence 

Given the structural system described above with one single excitation, then the FRF 

of point i to b can be calculated using two alternative expressions as follows  

  
H1(ω ) =

G( i, b) (ω )
G(b, b) (ω ) 	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	  

(3.2) 
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H2(ω ) =

G( i, i) (ω )
G(b, i) (ω ) 	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	  

(3.3) 

Correspondingly, the coherence function (or magnitude squared coherence function) 

is indicated as [3, 117]: 

  
γ 2 =

H1(ω )
H2(ω )

=
G( i, b) (ω )
G(b, b) (ω )

G(b, i) (ω )
G( i, i) (ω )

=
G( i, b) (ω )
G( i, i) (ω )

G( i, b)
∗(ω )

G(b, b) (ω )
=

G( i, b) (ω )
2

G( i, i) (ω )G(b, b) (ω ) 	   	  
(3.4) 

By analogy with Eq. (3.4), the transmissibility coherence (TC) can be defined from 

Eq. (3.1) as follows 

  
γ TC

2 =
T1( i, j ) (ω )
T2( i, j ) (ω )

=
H1( i, b) (ω )
H1( j , b) (ω )

/
H2( i, b) (ω )
H2( j , b) (ω )

=
H1( i, b) (ω )
H2( i, b) (ω )

H2( j , b) (ω )
H1( j , b) (ω )

=
γ ( i, l )

2

γ ( j , l )
2

	   	   	  
(3.5) 

Herein, above all, transmissibility coherence means the magnitude squared coherence; 

secondly, from the equation above, one can see that the TC can be calculated directly 

from the coherence of corresponding FRFs, which gives a way for estimating the 

transmissibility coherence in laboratory experiments analysis. Thirdly, note that 

herein the TC, as an estimation indicator for transmissibility, i.e. coherence for two 

outputs, is an indicator revealing the coherence/correlation between two outputs 

considering the excitation point.  

On the other hand, if direct transmissibility is directly estimated using two outputs, i.e. 

not taking the FRFs into account, referring to the conception of coherence [96-97, 

117], TC can be also derived solely by using the auto- and cross- spectrum of the two 

responses signals.  

  
T1( i, j ) =

Xi(ω )
X j (ω )

X j (ω )
X j (ω )

=
G( i, j ) (ω )
G( j , j ) (ω )                   

(3.6) 

  
T2( i, j ) =

Xi(ω )
X j (ω )

Xi(ω )
Xi(ω )

=
G( i, i) (ω )
G( j , i) (ω )

                  
(3.7) 
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From (3.6) and (3.7), TC will be expressed as 

  
γ TC

2 =
T1( i, j ) (ω )
T2( i, j ) (ω )

=
G( i, j ) (ω )
G( j , j ) (ω )

/
G( i, i) (ω )
G( j , i) (ω )

=
G( i, j ) (ω )G( j , i) (ω )
G( j , j ) (ω )G( i, i) (ω )

=
G( i, j ) (ω )

2

G( i, i) (ω )G( j , j ) (ω ) 	   	  
(3.8) 

Fourier transform in (3.8) gives the frequency distribution of TC. For the TC 

estimation, Welch method [118] and MVDR [119] method are commonly used.  

As the coherence is a squared magnitude, TC is higher than zero. Comparing 

Equations 3.5 and 3.8, one can observe that TC can be estimated in two ways: from 

the coherence of FRF like in Equation 3.5; and from direct estimation, as described in 

Equation 3.8. Similar to FRF coherence, the first function of TC is for checking 

whether the experiment is well conducted. And basically, TC reveals the coherence of 

two outputs, i.e. it indicates the interrelation of the dynamic characteristics of two 

outputs. Therefore, it is assumed that when the damage occurs in a structure, TC, as a 

sensitive indicator, will change compared to the baseline of the structural system, and 

so, it might be used to detect structural damage. 

Herein, note that the TC might be used for system identification, i.e. to identify the 

resonant frequencies. Recalling the Equation (2.11), and by introducing TC into it, 

one can get  

  

Δ−1T( i, j )
i, j = 1

T( i, j )
i −T( i, j )

j = 1
T2( i, j ) −T1( i, j )

= 1
T2( i, j )

× 1

1−
T1( i, j )

T2( i, j )

= 1
T2( i, j )

× 1
1−γ TC

2

            (3.9) 

Herein, one might use TC in the resonant frequencies estimation; however, further 

investigation should be conducted for a better understanding. 
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3.3 Damage identification based on TC 

3.3.1 Damage indicators 

By using a similar approach to [107-109], a TC damage indicator is defined here 

based on the accumulation of TC along frequency domain (ATC) as follows 

                      (3.10) 

where the interval [fmin, fmax] is the frequency bandwidth of interest for our problem. 

As TC>0, then ATC>0. Compared to the coherence measure in [107], the basic idea is 

the same; being the main difference that ATC is computed from the coherence 

between two output responses instead of the excitation-response.  

Additionally, another indicator has been defined based on the MAC criterion 

[120-123]. For its application, a vector is defined grouping the values of TC for each 

spectrum line. Considering the same dimension for each TC set, a transmissibility 

modal assurance criterion (TMAC) is defined as follows 

  

TMAC =
TC(ω )( )d( )T

TC(ω )( )u( )
2

TC(ω )( )d( )T

TC(ω )( )d( )⎛
⎝⎜

⎞
⎠⎟

TC(ω )( )u( )T

TC(ω )( )u( )⎛
⎝⎜

⎞
⎠⎟     

(3.11) 

where ‘()d’ means the vector under damage scenario, and ‘()u’ means the vector under 

healthy condition, and ‘()T’ means the transposed form of the vector. 

Theoretically speaking, for each damage scenario, TMAC ∈[0,1] . If the TMAC is 

‘1’, the structure is totally undamaged; if the TMAC is very close to ‘1’, it means that 

the structure is confidently undamaged; and when the TMAC value decreases, it 

means that damage or deterioration is occurring in the structure; as the TMAC gets 

ATC = TCdf
fmin

fmax

∫
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close to ‘0’, it means that the severity of damage increases. Finally, if the TMAC is 

‘0’, the structure is severely damaged. 

In conclusion, two different damage indicators based on TC have been proposed to 

detect structural damage. The damage quantification indicators ATC and TMAC 

intend to extract a global indicator, which might be monotonically related to the 

structural damage. Basically, the indicator increases as the severity of damage or 

nonlinearity increases. Due to this fundamental idea, the ATC performs by 

accumulating all the coherence value to each measurement of damage scenarios, 

which will reveal the whole interrelation of the two outputs. The TMAC performs 

using the assurance criterion principles.  

3.3.2 Damage identification scheme 

Damage identification scheme will be conducted as follows: 

Step 1: Response measurement. In this step, the vibration dynamic responses of the 

studied structure will be captured.  

Step 2: Transmissibility extraction. In this step, transmissibility will be estimated 

via the Equation 3.1.  

Step 3: Coherence estimation. Coherence will be estimated, and determine whether 

the experiment is well conducted, if not, the step 1 will redo for a new measurement.  

Step 4: Damage feature calculation. Regarding to the estimated coherence from 

Step 3, damage sensitive features are calculated and analyzed for detecting the 

potential damages. 
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3.4 Numerical simulation 

3.4.1 Model description  

For the purpose of evaluating the feasibility of the proposed approach, a 

physics-based numerical model is developed. The test structure is modeled as four 

lumped masses at the floors, including the base that slides on rails, as shown in Figure 

3.1 (a). The excitation is applied on the base (in this study herein presented, the base 

means the floor indicated with ‘m1’, and the first floor means the floor indicated with 

‘m2’) as shown in Figure 3.1 (a); the responses (‘y1’, ‘y2’, ‘y3’, ‘y4’, and ‘y5’) are 

measured at each floor. Figure 3.1 (b) shows a sample from a random excitation 

[123].  

 

Figure 3.1. (a). Shear-building model of a three-story structure. 
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Figure 3.1. (b). Excitation force. 

The different analyzed damage cases are presented in Table 3.1. All of them are 

originated by increasing the mass at the base and first floor as well as reducing the 

stiffness at the columns of the floors. Random noise is artificially added to the system 

to evaluate the proposed approach. A maximum reduction of 87.5% in stiffness was 

chosen in order to be consistent with the experimental procedure developed in [123]. 

Table 3.1. Damage scenarios. 

Damage scenario  Case description 

D0 Baseline (Undamaged condition) 

D1 Add mass 1.2 kg at the base 

D2 Add mass 1.2 kg at the first floor 

D3 50% stiffness reduction in k2 

D4 87.5% stiffness reduction in k2 

D5 50% stiffness reduction in k3 

D6 87.5% stiffness reduction in k3 

D7 50% stiffness reduction in k4 

D8 87.5% stiffness reduction in k4 
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3.4.2 Transmissibility, TC and FRF coherence comparison 

3.4.2.1 Transmissibility and TC comparison 

Considering the personal experience in transmissibility work, one can choose 

transmissibility between different nodes; however, results might be quite different. 

And, therefore, to choose transmissibility is a difficult mission, which will greatly 

influence the potential results. Here, in this study of a simple structure, all the 

transmissibilities can be plotted and later analyzed, however, not all the 

transmissibilities will perform very well. Some representative transmissibilities and 

related indicators are analyzed in this study according to the previous experience. 

Figures 3.2 (a) and (b) show the transmissibilities between node 5 and 3 and 2, 

respectively, - T (5, 3) and T (5, 2) - for damage scenarios D0, D1, D5 and D6 

without and with 5% random noise, respectively. All figures show little difference 

between D0 and D1 scenarios, which allow suggesting that ‘adding 1.2 Kg to the 

base’ has very small effect on the dynamic response. For the other damage scenarios, 

only small differences are observed in the second half of the frequency second while 

some peak shifts can be found in the first half of the frequency domain, which might 

be used for predicting damage.  

Figures 3.2 (b)-(d) show clearly the effect of the random noise introduced, especially 

visible in the high frequency range (>80 Hz). Furthermore, by comparing Figures 3.2 

(c) and (d), it can be observed that the peak value corresponding to D6w at 40 Hz was 

reduced by the random noise effect, which adds more uncertainty to the damage 

detection procedure. 
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(a). (b). 

 	  
(c).  (d).	  

Figure 3.2. T(5,3) and T(5,2) for damage scenario D0, D1, D5 and D6 without and with 5% 
random noise. 

Figures 3.3 (a)-(d) show the transmissibility coherences - TC (5, 3) and TC (5, 2) - for 

damage scenarios D0, D1, D5 and D6 without and with 5% random noise, 

respectively. The overlapping of TCs for D0 and D1 scenarios for all the frequency 

range is clear when random noise is not present. It appears also in most of the 

frequencies in case of 5% random noise. This confirms the previous conclusion 

related to the fact that ‘adding 1.2 Kg to the base’ contributes little to the dynamic 

response. 

From Figures 3.3 (a) and (c), one can find that TC (5, 2) has two peaks for any 

scenario while TC (5, 3) only has one peak for D5 and D6 and two peaks for D0 and 

D1. As expected, from D0 to D5 and D6, the peaks shift towards the left side, i.e. the 

corresponding frequencies decrease. The same pattern can be observed in the Figures 

3 (b) and (d), when the data are smeared with noise. As TC is estimated from two 

outputs of the structural system, changes will appear in the dynamic response when 

damage occurs, which will affect to TC, i.e., TC might be used to detect damage.  
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Another phenomenon observed from Figures 3.3 (b) and (d) is that noise influences a 

lot to TC; this might be used to check whether the experiment is well conducted, 

which shares the same function of FRF coherence in real engineering, but has more 

potentiality as excitation not always can be measured. If the experiment is well 

conducted without being highly influenced by the environmental variability due to 

noise, then nonlinearity occurrence or novelty existence might be taken into account. 

 	  
(a). (b).	  

 	  
(c). (d).	  

Figure 3.3. (a) TC (5, 3) without noise; (b) TC (5, 3) with 5% random noise; (c) TC (5, 2) without 
noise; (d) TC (5, 2) with 5% random noise. 

3.4.2.2 TC and FRF coherence comparison 

For comparison purposes and considering that TC is computed from two outputs, and 

FRF coherence is computed from one input and one output, herein several 

representative FRF coherence are selected according to the engineer experience. 

Figures 3.4 (a)-(d) show the FRF coherence (5, 1) and (3, 1) without and with 5% 

random noise, respectively. 
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Related to the mass change, Figures 3.4 (a) and (c) show little difference between D0 

and D1 scenarios, which confirms the previous analysis carried out with T and TC.   

With respect to the influence of the stiffness reduction, frequency shifts at the peaks 

appear from D0 to D5 and D6 when noise is not present (Figures 3.4 (a) and (c)), 

which reveals clearly sensitivity to damage. When random noise is introduced 

(Figures 3.4 (b) and (d)), the differences are apparently higher for the FRF coherence 

(5,1) than for FRF coherence (3,1). This indicates that if the FRF coherence is not 

well chosen, damage detection might be difficult to carry out. 

Additionally, one can also notice that noise highly affects the coherence in the high 

frequency domain. In real situations, the results presented in Figures 3.4 (b) and (d) 

might suggest that the experiment was bad conducted and, therefore, it should be 

re-conducted. Considering that normally a value of 0.9 is chosen as threshold for 

coherence analysis, if in the frequency band of interest lots of values are lower than 

0.9, it might mean that the experiment was wrongly done, or badly influenced by 

noise. If the experiment is well conducted, it might mean that nonlinearity occurs or 

novelty happens. This conclusion is similar to the discussion of TC aforementioned. 
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(a) (b)	  

 	  
(c) (d)	  

Figure 3.4. (a) FRF coherence (5,1) without noise; (b) FRF coherence (5,1) with 5% random noise; 
(c) FRF coherence (3,1) without noise; (d) FRF coherence (3,1) with 5% random noise. 

From the discussion above, one can find that the selection of FRF coherence might 

greatly affect the results. This goes the same in TC selection, for instance, in Figure 

3.5, TC(5,4) is shown for damage scenario ‘D0’, ‘D1’, ‘D5’and ‘D6’ with and without 

5% random noise. From the figure one can find that if the TC is not well chosen, it 

will be also challenging in detecting with the frequency shift.  

 	  
(a) (b)	  

Figure 3.5. TC (5, 4) for damage scenario D0, D1, D5 and D6 without and with 5% random noise. 

Finally, from the discussion above, one might conclude the following: 
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a) The comparison between Figure 3.3 and Figure 3.4 indicates that both the FRF 

coherence and the TC have the ability to unveil differences when damage is 

present in the structure if they are well chosen. 

b) ‘Adding 1.2 Kg’ to the base did quite little influence to the dynamic responses 

according to the T, TC and FRF coherence analysis. 

c) For both TC and FRF coherence, peak shifts might be used for detecting 

damage, as the TC (5, 3), and TC (5, 2), FRF coherence (5, 1) perform well in 

differentiating the damage cases from the baseline. However, if TC and FRF 

coherence are not well chosen, it will be difficult the damage detection via the 

peak frequency shift. 

d) As TC has the same ability than FRF coherence in checking whether the 

experiment is well conducted, then its output-only characteristic might be 

considered better than FRF coherence in the data acquisition aspect, as the 

excitation in real engineering is not always possible to be measured. 

3.4.3 Damage identification procedure  

For the indicators described in Section 3.1, herein, Table 3.2 summarizes the ATC (5, 

3) from damage scenarios D0 to D8 without and with 5% random noise.  

For the case with added mass to the base, it is observed that ATC (5, 3) decreases 

from D0 to D1 and D2 as the mass is added into the base, and decreases continually 

as the mass is moved from the base to the first floor in all the cases without noise and 

with random noise.  

For the case of stiffness reduction, one can observe that ATC (5, 3) does not hold the 

same rule; from D4 to D8, to all the integration types, values more than ‘1’ exist, i.e. 

it will be challenging in drawing out a conclusion for detecting damage, or it is hard 

to find a clear rule for predicting damage. This means that ATC might not work in 
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linear part. The discussion about ATC in nonlinearity part will be addressed in the 

later experiment result discussion. 

Table 3.2. ATC (5, 3) for damage scenarios D0 to D8. 

Damage 
scenario 

ATC (5, 3) 

［0，80］(Hz) ［20，80］(Hz) [40, 80] (Hz) [40, 140] (Hz) 

Noise 
free 

5% 
noise 

Noise 
free 

5% 
noise 

Noise 
free 

5% 
noise 

Noise 
free 

5% 
noise 

D0 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  

D1 0.9989  0.9802  1.0000  0.9807  0.9994  0.9627  0.9998  0.9491  

D2 0.9990  0.9613  0.9993  0.9643  0.9986  0.9474  0.9995  0.9322  

D3 0.9927  0.9204  0.9995  0.9026  0.9976  0.8334  0.9993  0.8192  

D4 1.0159  0.7384  1.0081  0.7091  1.0058  0.5854  1.0026  0.5798  

D5 0.9739  0.9287  1.0149  0.9431  1.0027  0.8124  1.0010  0.7998  

D6 0.9888  0.7313  1.0134  0.7024  0.9975  0.6208  0.9959  0.6172  

D7 0.9716  0.9274  1.0052  0.9255  0.9989  0.8487  0.9998  0.8373  

D8 0.9959  0.8350  1.0102  0.8248  1.0069  0.6853  1.0030  0.6872  

Finally, TMAC (5, 3) and TMAC (5, 2) are plotted in Figures 3.6 (a) and (b), 

respectively. For the mass adding type, from D0 to D1 and D2, one can observe that 

in both TMAC (5, 3) and TMAC (5, 2), the TMAC varies insignificantly, which 

needs to be identified by graphical amplification. For the stiffness reduction type, the 

TMAC (5, 3) and TMAC (5, 2) vary clearly for each column stiffness reduction, like 

from D3 to D4, from D5 to D6, from D7 to D8 respectively. In conclusion, these 

observations suggest that TMAC might be used for relative damage quantification.  
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(a) 

 
	  

(b) 

	  
Figure 3.6. TMAC (5, 3), TMAC (5, 2) for damage scenarios D0-D8. 

3.5 Experimental verification 

To check the applicability of the proposed methodology in complex structures, 

experimental data on a three-story building structure [113] tested in Los Alamos 

National Laboratory will be used. As shown in Figure 3.7, for each floor, four 

aluminum columns (17.7 × 2.5 × 0.6 cm3) are connected with the top and bottom 

aluminum plates (30.5 × 30.5 × 2.5 cm3). The structure performs as a four 

degree-of-freedom (DOF) system. Bolt joints are used to assemble each connection 

between columns and plates. In addition the structure slides on rails that allow 

movement only in the x-direction. A center column (15.0 × 2.5 × 2.5 cm3) is 

suspended from the top floor. This column is used as a source of damage that induces 

nonlinear behavior when it contacts a bumper mounted on the next floor. The position 
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of the bumper can be adjusted to vary the extent of impacting that occurs during a 

particular excitation level. 

An electro-dynamic shaker provides a lateral excitation to the base floor along the 

centerline of the structure. The structure and shaker are mounted together on an 

aluminum base plate (76.2 × 30.5 × 2.5 cm3) and the entire system rests on rigid foam. 

The foam is intended to minimize extraneous sources of unmeasured excitation from 

being introduced through the base of the system. A load cell (Channel 1) was attached 

at the end of a stinger to measure the input force from the shaker to the structure. Four 

accelerometers (Channels 2-5) with nominal sensitivities of 1000 mV/g were attached 

at the centerline of each floor on the opposite side from the excitation source to 

measure the system response. 

	  
Figure 3.7. Schematic representation of the three-story building structure (all dimensions are in 

cm). 
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Force and acceleration time-series from 17 different structural state conditions were 

collected as given in Table 3.3. For instance, the ‘State #4’ is described as ‘stiffness 

reduction in column 1BD’, which means that there was an 87.5% stiffness reduction 

(corresponding to a 50% reduction in the column thickness) in the column located 

between the base and first floor at the intersection of plane B and D. For each 

structural state condition, data were acquired from 50 separate tests. For each test, the 

data correspond to a set of five time-series measured with the input force transducer 

and the four accelerometers. 

The structural state conditions can be categorized into four main groups. The first 

group is the baseline condition. The baseline condition is the reference structural state 

and is labeled ‘State#1’ in Table 3.3. The bumper and the suspended column are 

included in the baseline condition, but the spacing between them was maintained in 

such a way that there were no impacts during the excitation. The second group 

includes the states with simulated operational and environmental variability. Such 

variability often manifests itself in changes in the stiffness or mass distribution of the 

structure. In order to simulate such operational and environmental condition changes, 

tests were performed with different mass-loading and stiffness conditions (State #2–9). 

The mass changes consisted of adding 1.2kg (approximately 19% of the total mass of 

each floor) to the base and first floor. The stiffness changes were introduced by 

reducing the stiffness of one or more of the columns by 87.5%. This process was 

executed by replacing the corresponded column with one that had half the 

cross-sectional thickness in the direction of shaking. 

Those changes were designed to introduce variability in the fundamental natural 

frequency up to, approximately, 7% from the baseline condition, which is within the 

range normally observed in real-world structures. More details about the test structure 

as well as data sets can be found in Figueiredo et al [123, 113]. 
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Table 3.3. Structural state condition. 

Label State condition Case description 

State #1 Undamaged Baseline condition 

State #2 Undamaged Added mass (1.2 Kg) at the base 

State #3 Undamaged Added mass (1.2 Kg) at the first floor 

State #4 Undamaged Stiffness reduction in column 1BD 

State #5 Undamaged Stiffness reduction in column 1AD and 1BD 

State #6 Undamaged Stiffness reduction in column 2BD 

 State 7 Undamaged Stiffness reduction in column 2AD and 2 BD 

State #8 Undamaged Stiffness reduction in column 3BD 

State #9 Undamaged Stiffness reduction in column 3 AD and 3 BD 

State #10 Damaged Gap (0.2 mm) 

State #11 Damaged Gap (0.15 mm) 

State #12 Damaged Gap (0.13 mm) 

State #13 Damaged Gap (0.10 mm) 

State #14 Damaged Gap (0.05 mm) 

State #15 Damaged Gap (0.2 mm) and mass (1.2 Kg) at the base 

State #16 Damaged Gap (0.2 mm) and mass (1.2 Kg) on the 1st floor 

State #17 Damaged Gap (0.1 mm) and mass (1.2 Kg) on the 1st floor 

3.5.1 Transmissibility, TC and FRF coherence comparison 

3.5.1.1 Transmissibility and TC comparison 

In order to show the advantage of TC over transmissibility, a comparison between TC 

and transmissibility is proposed herein. Several representative TCs and Ts have been 

chosen and studied according to the engineering experience. The extracted 

transmissibility - T (5, 3), T (5, 2) - and transmissibility coherence - TC (5, 3), TC (5, 

2) - under State #2, #6 and #7, along with baseline (State #1), are shown in Figure 8, 

which were calculated using the Welch based methods with Hanning window. 
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(a) (b)	  

 	  
(c) (d)	  

Figure 3.8. T (5, 3), T (5, 2), TC (5, 3), TC (5, 2) of measurement 1 of State #1, 2, 6 and 7. 

From Figures 3.8 (a), (b), (c) and (d), one can observe that: 

a) When a mass of 1.2 Kg is added to the base, little change in both T and TC can 

be observed.  

b) When damage occurs, the peaks of T (5, 2), T (5, 3), as well as TC (5, 2), TC (5, 

3), shift to the left direction, i.e. the corresponding frequencies decrease, which 

confirms the simulation results described before. This observation suggests that 

the peak frequency shift can be used for detecting damage. Herein one needs to 

bear in mind that the T or TC should be well chosen. 

c) Apparently, T (5, 2) performs better than T (5, 3) in discriminating the 

differences introduced by the damage. The same conclusion can be draw with 

TC, where TC (5, 2) is better than TC (5, 3) in distinguishing the difference 

between damages. 
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d) Apart from this, one can observe that, during the experiment, the noise has a very 

small influence, as the coherences are close to value ‘1’ in most part. This also 

can be found in the transmissibility as T (5, 3) and T (5, 2) lines are very smooth. 

This observation on the TC is very important, which suggests that it can be used 

for checking whether the experiment is well conducted. 

3.5.1.2 FRF coherence and TC comparison 

In modal analysis, especially in experimental modal analysis, the excitation is 

acquired during the experiment process; and the FRF is a very important estimator for 

analyzing the structural dynamics characteristics. Herein, the FRF coherence (5, 1) is 

plotted in Figure 3.9 for the same state conditions as in the previous subsection. 

	  
Figure 3.9. FRF coherence (5, 1) of measurement 1 of States #1, 2, 6 and 7. 

From Figure 3.9, one can also find the peak shifts between 60-80 Hz. Additionally, 

comparing Figure 3.9 with TC (5, 3) in Figure 8 (c) and TC (5, 2) in Figure 3.8 (d), it 

can be observed that TC (5, 2) performs better than FRF coherence (5, 1) in detecting 

the differences introduced by the damage as the peaks of TC (5, 2) are more 

pronounced. However, concerning only to the peak frequency shift, FRF coherence 

(5, 1) performs better than TC (5, 3) in Figure 3.8 (c). Therefore, one can conclude 

that both TC and FRF coherence might be used for detecting damage via the peak 

frequency shift.  

In order to better indicate the damage detection ability of transmissibility, TC, FRF 

coherence, Table 3.4 shows the peak amplitude decrease and frequency shifts of the 
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two obvious peaks in transmissibility, TC and FRF coherence. From Table 3.4, one 

can find, from T (5, 2), TC (5, 2) and FRFC (5, 1), that all can perform well in 

damage detection with peak frequency shift and amplitude change. However, the 

second peak frequency change is higher than the first one, while the first peak 

amplitude changes more than the second one, with exception of TC (5, 2) in State #7. 
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Note that in real engineering, especially in operational modal analysis, normally the 

excitation cannot be measured. Thus, the FRF would be impossible to be used for 

modal analysis. Therefore, the TC will perform in its perfect way, as transmissibility 

is only depending on the structural responses, as well as TC. 

3.5.2 Damage identification analysis in linear part  

Damage detection plays a vital role in real-time SHM. As shown in Figures 3.8 (c) 

and (d), TC might be used for detecting damages. Herein, ATC (5, 3) and ATC (5, 2) 

as well as TMAC (5, 3) and TMAC (5, 2) are shown in Figures 3.10 (a)-(d) , 

respectively, for 50 measurements from each of the nine state conditions (State #1 to 

9), with 450 measurements in total. 

From a general perspective, one can observe that in both cases, ATC (ATC (5, 2), 

ATC (5, 3)) and TMAC (TMAC (5, 2) and TMAC (5, 3)), the variability is relatively 

small comparing with the reference value of unit, which suggests that these two 

indicators do not perform very well in detecting damage. 

In Figures 3.10 (a) and (b), for the mass type damage, i.e. from D0 to D1 and D2, 

ATC (5, 3) and ATC (5, 2) increase when mass is added into the base structure, and 

when the mass is moved into the first floor, both ATC (5, 3) and ATC (5, 2) decrease. 

In this case, it would be hard to draw out a conclusion of mass influence into the 

indicator ATC. For stiffness reduction type damage, based on ATC (5, 2) is also 

difficult to conclude about the presence of damage as ATC (5, 2) of State #5 are 

obviously larger than the ones from the baseline State #1. However, in the case of 

ATC (5, 3), one might draw a conclusion that ATC (5, 3) can be used for detecting 

damage related with stifiness reduction as to all the measurements from State #4-9, 

the corresponding ATC (5, 3) are lower than the baseline. Another aspect is that ATC 

(5, 3) might be also used to relatively quantify the damage as it varies proporcionally 

to each state. One can also observe that for each state, the values of 50 measurements 

vary not too much, which suggests that the experiment is conducted in a good 

condition. 
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In Figures 3.10 (c) and (d), for the mass adding damage type, it is clear that from 

State #1 to State #3, the TMAC (5, 3) and TMAC (5, 2) decreased as the mass 1.2 Kg 

was added into the base in State #2, and later moved to first floor in State #3. For 

stiffness reduction from State #4 to #9, one can find that both TMAC (5, 3) and 

TMAC (5, 2) decrease as the stfiffness reduction increased from State #4 to #5, from 

State #6 to #7, from State #8 to #9, respectively. In Figure 3.10 (c), one can also 

observe that TMAC (5, 3) decreased clearly as the stiffness reduction changed from 

the first story to the second story and from second story to third story. Comparing 

State #6 and #8, one can see some decrease occuring in TMAC (5, 3). For TMAC (5, 

2), in Figure 3.10 (d), it can be found that the TMAC (5, 2) decreases from State #4 to 

#5, from State #6 to #7, from State #8 to #9, meaning that the TMAC (5, 2) can 

relatively quantify the damage for each story. Comparing Figures 3.10 (c) and (d), 

one might conclude that TMAC can be used for relatively quantifying damage. Note 

that this also confirms the same conclusion drawn out in the simulation section 

analysis. 
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(a) (b)	  

 	  
(c) (d)	  

Figure 3.10. ATC (5, 3), ATC (5, 2), TMAC (5, 3), TMAC (5, 2) for State #1 to #9. 

3.5.3 Damage identification analysis in nonlinear part  

In order to show the capacity of the proposed approach to detect non-linear behavior 

related with damage, Figure 3.11 shows the ATC (5, 2) and TMAC (5, 2) as well as 

ATC (5, 3) and TMAC (5, 3), respectively, for all 17 states. From the figure, one can 

clearly find that the both damage-sensitive indicators, ATC and TMAC, perform 

much better in the nonlinear part (State #10-17, 451-900) than in linear one (State 

#1-9, 1-450). In the nonlinear part, one can see clearly that each state has been 

identified as outliers, i.e. the ATC and TMAC successfully detect and identify the 

damage states. 
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(a) 

 

 
(b) 

 

(c) 

 

 
(d) 

 

Figure 3.11. (a) ATC (5, 2); (b) TMAC (5, 2); (c) ATC (5, 3); (d) TMAC (5, 3) for State #1 to #17. 



 

63	  
	  

3.6 Conclusions 

This chapter illustrated the coherence between two outputs using the transmissibility 

coherence (TC) and its relation with the traditional FRF coherence in modal analysis 

was set. A damage-sensitive indicator using the modal assurance criterion, for 

detecting and relatively quantifying structural damages, was formulated from TC 

The TC has an important advantage over the FRF coherence, as the former does not 

need to know the input excitation to the system, which might be an important feature 

for real-world applications. The TC can be used for checking whether the experiment 

is well conducted, as it gives indications about the presence of noise in the system. It 

may also be used for detecting damage using the frequency shift as damage indicator. 

Additionally, the proposed ATC might be used for detecting damage especially in 

nonlinear analysis; it was demonstrated that in nonlinear damage quantification it 

performs well. In addition, the TC and related indicators are sensitive to environment 

variety like noise, which might be used for monitoring the operational conditions. 

The TMAC can be used to relatively quantify the damage. The results of both the 

simulated frame and three-story frame structure reveal the good performance in 

damage detection and quantification both in linear and nonlinear part; in the linear 

part, all the damage scenarios were successfully detected and relatively well 

quantified; it was also demonstrated that in the nonlinear part, the approach performs 

much better than in linear part. 

It is important to note that the proposed approach only requires minimum two-sensor 

data acquisition in the structural system for detecting and relatively quantifying the 

structural damage. Therefore, it shows promising future in real time SHM. 

Finally, for both simulation and experiment, the good performance in detecting and 

quantifying the damages shows great promising future in real engineering usage. 

 



 

64	  
	  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

65	  
	  

 

CHAPTER 4 DAMAGE DETECTION IN 
STRUCTURES USING A 

TRANSMISSIBILITY-BASED 
MAHALANOBIS DISTANCE 

Summary 

In this Chapter, a damage detection approach using the Mahalanobis distance with 

structural forced dynamic response data, in the form of transmissibility, is proposed. 

Transmissibility, as a damage-sensitive feature, varies in accordance with the damage 

level. Besides, Mahalanobis distance can distinguish the damaged structural state 

condition from the undamaged one by condensing the baseline data. For comparison 

reasons, the Mahalanobis distance results using transmissibility are compared with 

those using Frequency Response Functions. The experiment results reveal quite a 

significant capacity for damage detetion, and the comparison between the use of 

transmissibility and Frequency Response Functions shows that, in both cases, the 

different damage scenarios could be well detected.  

4.1 Introduction 

During the last two decades, SHM has become a research focus all over the world due 

to the increasing demand to identify, at an early stage, structural damage, especially in 

aeronautical and civil engineering, where the structures age and the costs of structural 

maintenance are relatively high. For instance, in the bridge maintenance process, a 

systematic SHM way is proposed by Figueiredo et al. to improve the existing bridge 

management systems [126], in order to reduce costs and the frequency of the bridge 

inspections.  
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In the past decades, a lot of vibration-based SHM methods have been developed [127, 

128], where most of the approaches rely on the excitation source. Herein, the FRFs 

are often used in order to set up the relationship between the input and output 

responses. In the bridge engineering field, experimental modal analysis is widely used, 

where output-only SHM approaches are raised in order to avoid the excitation 

measurement, as it is normally very difficult or even impossible to measure. Thus, 

transmissibility or direct transmissibility, depending on output data only, has been 

used extensively in order to avoid the measurement of excitation. Usually the FRF is 

used in experimental modal analysis where a lot of experiments are conducted in 

laboratories, while transmissibility is used for operational modal analysis where the 

structures are in real working conditions. 

Transmissibility (direct transmissibility), defined as the ratio between two outputs, 

has been a means of evaluating the structural condition without measuring the 

excitation, which has been interesting for real engineering applications, such as bridge 

monitoring, where the excitation is normally not measured. In recent years, 

transmissibility has been widely studied, and some methods have been developed to 

detect damage or assess the structural damage severity.  

Most researchers are dealing with the transmissibility to extract model parameters, 

propose some damage indicators, or use some artificial intelligent algorithms. 

Nevertheless, few ones use discriminant analysis in transmissibility-based damage 

identification techniques.  

Discriminant analysis is a multivariate statistical method, which is commonly used for 

building a predictive or descriptive model for group discrimination and group 

classification. A thorough overview on these methods has been done by Farrar and 

Worden [129]. An appropriate distance metric is a key issue in discriminant analysis, 

and the Mahalanobis distance is a well-known statistical function, which is a way of 

measuring the distance between two points in the feature space defined through 

correlated variables.  
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Therefore, in this Chapter, a novel transmissibility-based damage detection approach 

is proposed and outlined. Basically, the transmissibility is firstly calculated, and then 

a set of transmissibility from the undamaged structure is set as the baseline, in order 

to calculate the Mahalanobis squared distance between the baseline and any future 

state condition. Two damage indicators are proposed and thresholds are set to predict 

whether a future state is from the damaged or the undamaged structural condition. An 

experiment is conducted to validate the damage detection approach. The experiment 

is carried out with different operational conditions and for several damage scenarios. 

The main contribution of this paper is the introduction of a linear discriminant 

analysis in the context of the development of transmissibility-based damage detection 

methods. 

4.2 Theoretical background 

4.2.1 Transmissibility 

As discussed in Chapter 2, transmissibility can be estimated from FRFs as follows; 

  
T( i, j ) (ω ) =

Xi(ω )
X j (ω )

=
Hib(ω )
H jb(ω )                   

(4.1) 

4.2.2 Mahalanobis squared distance (MSD) 

The Mahalanobis distance is a well-known distance metric [130], which is defined as 

a measure of the distance between two points in the feature space composed of two or 

more variables. It differs from the Euclidean distance as it takes the correlation 

between variables into account and it does not depend on the scale of the features. 

The Mahalanobis distance is defined as 

( ) ( )T
Mahald = − −∑-1X Z X Z                     (4.2) 
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where  Z  is the mean vector of the variables and  X  is the test vector. In our 

particular case,  Z  is the mean value of the  m  transmissibilities for each frequency 

and  X  in this application is the “test vector” of the transmissibilities; 1 1Cov− −=∑  is 

the inverse covariance matrix of the m variables and the superscript  T  indicates 

transposed, in our problem, the Mahalanobis distance is frequency dependent. 

The covariance matrix and mean vector intend to embed the normal condition of the 

structure. Basically, the assumption is that if a new observation  X  is obtained from 

data collected on the damaged system that might include sources of operational and 

environmental variability, the observation will be away from the mean of the normal 

condition. On the other hand, if an observation is obtained from a system within its 

undamaged condition, even with operational and environmental variability, it will be 

close to the mean of the normal condition. 

Alternatively, several authors [131, 132] have used extensively the MSD, which is 

defined as  

2 ( ) ( )T
Mahald = − −∑ -1X Z X Z                    (4.3) 

Note that when  = I∑ , the Mahalanobis distance coincides with the Euclidean 

distance. 

4.3 The proposed damage detection method 

4.3.1 MSD between undamaged and damaged transmissibility 

In order to calculate the MSD between the undamaged structural transmissibility and 

the damaged structural transmissibility, one might set up three steps, as follows. 

Step 1: A set of undamaged structural transmissibility   Tnm
u  is established as the 

baseline, and the average value will be calculated according to each variable, which 

will be denoted as   Tm
u . 
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Step 2: Computation of −1∑ . 

    

-1∑ = Cov−1(Tnm
u )

=

C1,1 C1,2 ! C1,m

C2,1 ! ! C2,m

" " " "
Cn−1,1

Cn,1

!
!

  !
Cn,m−1

Cn−1,m

Cn,m

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

−1

                 

(4.4) 

where 

( )( ),
1

1
1

n

l k rl l rk k
r

C T T T T
n =

= − −
− ∑

                 
(4.5) 

Step 3: Calculation of the Mahalanobis distance and the MSD between one set of test 

data   Ts  and the baseline each time, respectively: 

( ) ( )1Tu u
Mahal s m s md −= − −∑T T T T

                 
(4.6) 

( ) ( )12 Tu u
Mahal s m s md −= − −∑T T T T

                   
(4.7) 

4.3.2 Euclidean distance between undamaged and damaged transmissibility 

As defined, the Euclidean distance and Euclidean squared distance (ESD) between 

undamaged and damaged transmissibility are, respectively:  

( ) ( )Tu u
Euclid s m s md = − −T T T T

                    
(4.8) 

( ) ( )2 Tu u
Euclid s m s md = − −T T T T

                   
(4.9) 
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4.3.3 Damage detection index 

In order to take into account the operational and environmental conditions, one needs 

to estimate the mean vector of Nn sample matrices from the undamaged condition 

   T
u(1) ,Tu(2) ,...,Tu( Nn ) , which will be set as the baseline for later analysis. Herein, N 

means the number of the undamaged state observations; observation means a matrix 

composed by time series from Q sensors and sample matrix means a matrix composed 

by the transmissibility from m sensors, in the frequency domain.  

Afterwards, the MSDs between the undamaged condition and the baseline could be 

calculated and denoted as  dMahal
u(1) ,dMahal

u(2) ,!,dMahal
u(Nn ) . Then, the highest value of each variable 

under the undamaged state will be picked up and indicated as max(dMahalu(Q ) ) Q=1
Nn . Here, 

Q represents the Qth
 measurement. Henceforth, the maximum of this set will be taken 

as boundary criteria between the damaged and undamaged conditions, which will be 

denoted as max(max(dMahalu(Q ) ) Q=1
Nn ) . Then, the MSD between each test condition and the 

baseline will be calculated, and indicated as  dMahal
t (1) ,dMahal

t (2) ,!,dMahal
t (Nt ) . Finally, a damage 

detection index (DDI) DDI(ω )  is defined as  

   

DDI(ω ) =
dMahal

t ( l )

max(max(dMahal
u(Q ) ) Q=1

Nn )
                   

(4.10) 

where l  means the l th  test MSD results for the l th Tt (l )  data group. Here it is clear 

that dMahalt (l )  is frequency dependent, and due to this, the DDI is frequency dependent.  

As max(max(dMahalu(Q ) ) Q=1
Nn )  is the maximum value of MSD under undamaged condition, 

and DDI  is the ratio between MSD under test condition and the maximum value of 

MSD under undamaged condition, then it is clear that DDI >1  (or in log scale 

DDI > 0 ). Henceforth, referring to values in log scale, if DDI > 0 , it means that the 

structure may be considered as “damaged”; if DDI >> 0 , it means that there is a high 

confidence that the structure may be “damaged”. As the highest value of MSD under 

undamaged condition is chosen, therefore, only the highest peak value should be 

considered for comparison. Therefore, from the DDI , another amplitude reduction 
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indicator advanced resulting index (ARI) can be derived from the highest peak value 

of DDI , which is the maximum of the DDI  along the frequency: 

max( )ARI DDI
ω

=
                       

(4.11) 

Although the DDI might show us a picture of the evolution of the index along the 

frequency range, it is important to obtain a simple global number, which allows 

deciding in a definite way whether the structure is damaged or not. That is the 

objective of the ARI. 

If ARI  is close to 0, it means that the experiment has been conducted very well and 

the systematic error or environmental influence is very small. If ARI  is close to 1 (or 

in log scale 0), it means that the experiment has been conducted under the same 

condition as the chosen baseline, and the environmental influence is more or less the 

same as the baseline. If ARI >1.0  (or in log scale ARI > 0 ), it means that the 

experiment has been conducted unusually or the environmental influence is bigger 

than the baseline, or some change happens in the structure, that is to say, the structure 

may be considered as “damaged”. If ARI >>1.0  (or in log scale ARI >> 0 ), it means 

that there is a very high confidence that the structure may be “damaged”, or 

something from the environment greatly influenced the experiment.  

Although the significance of DDI  and ARI  are the same, the DDI  will reflect all 

the information in the frequency range of the experimental results, and it can show 

whether the response varies slightly or highly along the frequency, whereas the ARI  

only demonstrates the highest value. However, as DDI  varies with the frequency, the 

conclusion may not be so clear when compared to the ARI .  

4.4 Experimental validation 

A laboratory experiment of a steel beam with rectangular cross-section, tested under 

free-free conditions (transverse bending) as shown in Figure 1, was conducted to 

validate the proposed method. The length, height, and thickness are 1004 mm, 35 
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mm, and 6 mm, respectively. The specific weight of the beam is 7.917 kg/m3 and the 

Young’s modulus is 185.2 GPa. For the convenience in analyzing the beam, 23 

equally spaced nodes (1-23), for translation response measurements, were considered.  

 

Figure 4.1. Beam in transverse vibration. 

The damage was introduced to the beam by a saw cut. Basically, a single cut, with 

varying depths, between node 7 and 8 (Figure 4.1) was introduced into the beam in 

order to create eight damage scenarios, as summarized in Table 4.1.  

Table 4.1. Damage scenarios. 

Damage scenarios Length (mm) Depth (mm) 
1 1.5 0.8 
2 1.5 1.0 
3 1.5 1.3 
4 1.5 1.6 
5 1.5 2.2 
6 1.5 3.0 
7 1.5 4.0 
8 1.5 4.8 

As shown in Figure 4.2, two inextensible cables simulating “free-free” support 

conditions were used to sustain the test beam. A fan was used to generate airflow in 
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the laboratory and to simulate varying operational and environment conditions, in an 

attempt to roughly approximate wind effects on a real structure. On the other hand, a 

Brüel&Kjaer 4809 shaker was used to excite the beam at node 3, pseudo-randomly, 

and a Brüel&Kjaer 2706 power amplifier was used to amplify the excitation force 

signal. The force was transmitted through a stinger and measured by a Brüel&Kjaer 

8200 force transducer. In terms of data acquisition, the responses were measured by 

23 piezoelectric CCLD accelerometers at each node. The signals were fed into the 

Multi-channel Data Acquisition Unit Brüel&Kjaer 2816 (PULSE) and analyzed 

directly with the Labshop 6.1 Pulse software from the attached laptop (Dell series 

400). 

 

Figure 4.2. A free-free beam experiment setup. 

For each measurement, time domain responses were obtained, as well as FRFs and 

coherence functions from 30 averages, in order to get rid of some operational 

influences. In the original undamaged structural condition, 20 measurements were 

conducted, namely ten with and ten without artificial airflow. For each damage 

scenario, five measurements were obtained with and without artificial airflow. 

Finally, the frequency analysis of the beam was carried out in a frequency range of 



 

74	  
	  

0-800 Hz (3200 lines) with Hanning windows applied upon force time series as well 

as response acceleration time series.  

4.5 Discussion of Results 

In order to open up a broad discussion about the proposed methodology, the analysis 

will firstly show the importance of using some sort of data-normalization methods, 

like the MSD. Then, the applicability of MSD as a damage-sensitive feature will be 

displayed; additionally, the advantage of MSD over ESD will also be illustrated. The 

second part of this section will be dedicated to the proposed method by comparing the 

transmissibility- and FRF-based MSDs. 

4.5.1 Importance of using data-normalization methods 

In order to highlight the importance of data-normalization methods on structural 

dynamics raw data, for structural damage detection, the transmissibility of node 3 

with reference node 2, T(3,2), under damage scenarios 5 to 8, along with the 

undamaged condition without artificial airflow, are shown in Figure 4.3 (a). Similarly, 

for comparison reasons, the FRFs (3,2) are also shown in Figure 4.3 (b). From Figure 

4.3, it can be found that both the transmissibility and the FRF show small and 

undetectable differences along with the damage scenarios, which might challenge the 

damage detection process when using them as damage-sensitive features.  

  
(a) (b) 

Figure 4.3. (a) The transmissibility T(3,2); (b) The FRF(3,2) of the first measurement under 
damage scenarios 5 to 8 along with undamaged condition without artificial airflow. 
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In the last decade, researchers worldwide have used statistical techniques from the 

machine-learning field to amplify those changes in a systematic way. The MSD is one 

approach with potential to do so, especially when dealing with high dimensional 

feature spaces and huge volumes of raw data. The MSD permits one (i) to amplify 

changes between damaged and undamaged structural responses, based on the past 

undamaged (or baseline/reference) data; (ii) to remove the effects from variable 

operational and environmental conditions; and (iii) to perform feature dimension 

reduction, i.e. to condense a set of damage features when taking into account the 

transmissibility (or FRF) from all sensors in the network at once. A detailed damage 

detection discussion is shown in the next sections. 

4.5.2 Applicability of the MSD as a damage-sensitive feature 

In order to set up the baseline condition, i.e. in order to characterize the undamaged 

structural condition, the 20 measurements associated with the same number of state 

conditions when the structure is supposed to be in its undamaged condition, with and 

without artificial airflow, are firstly used to calculate the transmissibility, which, 

afterwards, will be averaged and set to be the baseline condition.  

The MSDs between the baseline and each damaged state condition are calculated 

upon those steps described in Section 4.3. For illustration purposes, Figure 4.4 (a) 

shows the MSDs derived from transmissibility associated with those measurements, 

in particular, one without artificial airflow (D0-1) and one with artificial airflow 

(D0-1w) in logarithm scale. Additionally, the MSDs derived from transmissibility 

between damaged scenario 1 and the baseline condition are plotted for the situations 

without airflow (D1-1) and with airflow (D1-1w).  
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(a) (b) 

Figure 4.4. (a).Transmissibility-based MSD, (b).Transmissibility-based ESD in logarithm scale, 
derived from measurements under the damage scenario 1 and the undamaged condition, for the 

situations with and without airflow. 

In conclusion, from Figure 4 (a), it can be found that (i) the artificial airflow has small 

influence in the MSDs, which suggests that the MSD is able to remove the effects of 

the airflow in the structural responses; and (ii) as the frequency increases, the MSDs 

are quite effective in distinguishing between the damaged and the undamaged 

conditions, which indicates that the beam cut introduces changes in the 

high-frequency domain. 

4.5.2.1 Comparison between transmissibility-based MSD and ESD  

In order to show the advantage of the MSD over the ESD, Figure 4.4 (b) shows the 

ESD-based transmissibility corresponding to the same measurements of Figure 4.4 

(a). Comparing both figures, apparently, three conclusions can been drawn: (i) as 

opposed to the ESD, for the undamaged condition (D0), the MSDs with and without 

airflow overlap in the entire frequency range, which suggests that the MSD is able to 

normalize the data and, consequently, get rid of the dependence on the airflow effects; 

note that the artificial airflow influence present in Figure 4.4 (b) might challenge the 

damage detection process, as changes related to damage might be hidden by the 

changes related to the airflow; (ii) one can clearly see that, in general, the MSDs have 

a smoothing effect in terms of noise, which increases the likelihood to detect damage 

under the presence of uncertainties; and (iii) especially for high frequencies, the 
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MSDs assume a more defined separation between the damaged and the undamaged 

conditions.  

Note that this section just showed results from the undamaged condition and damage 

scenario 1, in order to simplify the analysis. The remaining damage scenarios will be 

tested and compared later on. 

 

 Figure 4.5. The FRF-based MSDs, in logarithm scale, derived from measurements under the 
damage scenario 1 and the undamaged condition, for the situations with and without airflow. 

4.5.2.2 Comparison between MSDs based on transmissibility and FRFs 

As discussed in the introduction, the FRFs are commonly used in SHM as 

damage-sensitive features for damage detection. However, their estimation requires 

known excitation signals. As in real engineering often it is quite difficult, or even 

impossible, to measure the excitation signals, it seems preferable to focus our 

attention on the so-called output-only methods, where the transmissibility can play an 

important role. In order to highlight the performance of the MSD using FRFs and 

transmissibility, Figure 4.5 shows the MSDs derived from FRFs. Comparing both 

figures (Figure 4.5 and Figure 4.4 (a)), it can be observed that both reveal similar 

performance. However, the figures suggest that, in the high-frequency domain, the 

transmissibility-based MSDs show higher difference between the undamaged and the 

damaged conditions than the FRF-based MSDs, which suggests that the 

transmissibility might be more sensitive to identify a damaged situation when 

compared to the use of the FRFs. 
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4.5.3 Applicability of the DDI for damage detection 

In accordance with section 3, the DDIs from damage scenarios 1 to 8 are calculated 

from the corresponding transmissibility and FRFs, separately. Tables 4.2 and Table 

4.3 show, respectively, the percentage of transmissibility-based and FRF-based DDIs 

higher than zero in logarithmic scale (i.e. higher than one in linear scale) for all five 

state conditions from damage scenarios 1 to 8 without and with artificial airflow. 

From a general point of view, one can point out that: (i) in both cases, based on the 

percentage of DDIs higher than zero, the method is able to identify correctly all 

damage scenarios, i.e. is able to address successfully the first level of the damage 

identification hierarchy – damage detection; (ii) the percentage of DDIs higher than 

zero is very consistent within each damage scenario, which indicates that the data are 

stationary for each damage scenario; (iii) the percentages of DDIs higher than zero 

does not change significantly for the situations without and with artificial airflow, 

which indicates that the DDIs are almost insensitive to the environmental conditions, 

as the MSD is able to remove the effects of the airflow from the data; (iv) for the 

damage scenario 3, the percentages of DDIs higher than zero is unexpectedly high 

(>11%), when compared to the previous and next damage scenarios; the authors 

speculate that this set of data might be strongly influenced by some operational effects 

like either shaker instability or human interference during the data acquisition 

process; and (v) in general, the percentages of FRF-based DDIs higher than zero are 

higher than transmissibility-based DDI, which indicates than, in this case, the 

FRF-based approach is more sensitive to identify all the damage scenarios. 
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In order to highlight the potential of this damage indicator to step forward in the 

damage identification hierarchy, Figure 4.6 shows the relationship between the 

damage severity and changes in the DDIs for one state condition from the undamaged 

condition and for one state condition of each damage scenario between 5 and 8, for 

the situation without artificial airflow. 

  
(a) (b) 

Figure 4.6. (a). Transmissibility-based DDIs. (b). FRF-based DDIs, DDI under damage scenarios 5 

to 8 along with the undamaged condition (“0”). 

From Figure 4.6, one can find that as the damage level increases, i.e. the severity of 

damage increases, the DDIs increase in most of the frequency range, which suggests 

that the magnitude of the peaks might give indications about the severity of damage, 

or could even be used to identify the damage severity. It should be noted that, in the 

high-frequency domain, the transmissibility-based DDIs peaks tend to increase with 

the frequency, whereas the FRF-based DDIs do not. 

4.5.4 Applicability of the ARI 

Figure 4.7 shows the ARIs for the baseline condition (damage scenario 0) as well as 

for the damage scenarios 1 to 8, in logarithmic scale. Each damage scenario is 

composed of ten measurements in concatenated format: the first five measurements 

are without artificial airflow and the remaining five measurements are with artificial 

airflow. Figure 4.7 (a) shows the ARIs calculated from transmissibility-based DDIs, 

while Figure 4.7 (b) shows the ARIs derived from FRF-based DDIs. Note that an ARI 
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value higher than zero means that the corresponding MSD value is larger than the 

highest value under the undamaged condition. From Figure 4.7, it is clear that the ARI 

is effective in distinguishing all the damage scenarios from the baseline, which is the 

undamaged condition where the ARI value is less than zero. 

  

(a) (b) 
Figure 4.7. (a). ARI based on transmissibility; (b). ARIs based on FRFs for the baseline condition 

(“0”) and damage scenarios 1 to 8.  

Note that, in the damage scenario 4 of Figure 4.7 (a), the ARI from the third 

measurement with artificial airflow is quite higher than the others within the damage 

scenario, which might indicate some operation influence in the measurement caused 

by something unexpected during the data acquisition process, which is smoothed out 

when using the FRFs as damage-sensitive features. Furthermore, from Figure 4.7 and 

as demonstrated in Figure 4.6, it can be seen, in both cases and for the most severe 

damage scenarios (5-8), a clear correlation between the magnitude of the ARI and the 

level of damage. However, that correlation is smeared out in the remaining damage 

scenarios. These results indicate that this approach is only really effective to identify 

the existence of damage; in what the severity of damage is concerned, there is not 

much to be said, except when the level of damage increases and clearly changes the 

structural continuity, as changes caused by operational effects and systematic errors 

are insignificant when compared to changes caused by damage. 
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4.5.5 Generalization performance 

Finally, in real engineering, the generalization performance of algorithms for damage 

identification is of extreme importance, as the normal condition is, normally, set 

based on a finite data set from a specific time window. Therefore, during the test 

phase, the motivation is to produce algorithms that are not affected by outliers or 

when there are small departures from the normal condition. 

Herein, in order to test the proposed methodology for generalization purposes, 2% 

and 5% white noise are added into the experiment data. The training data is not 

contaminated with noise, as normally, in real engineering, it is possible to reduce the 

levels of noise during the acquisition stage. For ilustration purposes, Figures 4.8 and 

4.9 show the transmissibility- and FRF-based ARI of the cases with 2% and 5% white 

noise, respectively. From those two figures, and comparing those figures with Figure 

4.7, one can conclude that the damage scenarios are successfully identified and the 

ARI has a good noise tolerance.  

  

(a) (b) 
Figure 4.8. (a). ARI based on transmissibility; (b). ARI based on FRFs, for the baseline condition 

(“0”) and damage scenarios 1 to 8 with 2% white noise. 
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(a) (b) 
Figure 4.9. (a). ARI based on transmissibility; (b). ARI based on FRFs, for the baseline condition 

(“0”) and damage scenarios 1 to 8 with 5% white noise. 

4.6 Conclusions 

In this Chapter, the MSD was introduced using transmissibility-based data for damage 

detection. The proposed approach was validated with a real experiment on a free-free 

steel beam excited by a shaker. In order to reduce the gravity influence, only 

transverse bending was considered in this specimen. The novel methodology is 

derived using the MSD with the transmissibility data from the beam, which only 

depends on output data. Actually, it is a promising research focus as in real-world 

engineering (like bridges) it is normally challenging, or even impossible, to measure 

the excitation source. Nevertheless, for comparison reasons, in this study, the FRFs 

were also used as raw data into the MSD, in order to compare the damage 

identification performances of the transmissibility- and the FRF-based MSDs.  

In general, for both approaches, the experiment validation results showed very good 

and similar performances in a damage identification process, which indicated that (i) 

the MSD is effective for damage detection using frequency-based raw data, even 

under varying operational conditions; (ii) in real-world engineering, the 

transmissibility can be used for damage identification, as it has showed to have 

similar performance with the FRFs; and (iii) when the level of damage is significant, 

the MSD can potentially be used to identify the damage severity. 
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In particular, this Chapter permitted one to conclude that the MSD is a very sensitive 

and precise data normalization method, as it showed to have a better performance 

than the ESD. In fact, the MSD showed to reduce the noise ratio during the damage 

detection process. Afterwards, due to the sensitive factor of the MSD, two damage 

detection indicators were defined (DDI and ARI) and tested, using both the 

transmissibility- and the FRF-based MSD. It was shown that the damage detection 

indicators are very sensitive to detect damage, as they were capable and effective to 

detect all eight damage scenarios, even under operational and environmental 

variability. Even though the ARI showed good generalization performance of the 

algorithms, for damage detection, they were not widely efficient to step forward in the 

hierarchy of damage identification, namely to identify the severity of damage for all 

eight damage scenarios. 
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CHAPTER 5 TRANSMISSIBILITY BASED 
DAMAGE LOCALIZATION AND 
ASSESSMENT BY INTELLIGENT 

ALGORITHM 

Summary 

In this Chapter, a new transmissibility-based approach for detecting the structural 

damage using artificial neural network is presented. Due to its dependence on output 

only, PSDT is utilized to draw out damage sensitive indicators according to the 

operational response. Afterwards, an artificial neural network is implemented to 

construct the interrelation between structural states and the damage sensitive indicators. 

Once the neural network is trained, it will be used as a method of damage detection. A 

two side-clamped beam simulation is used to test the applicability of the proposed 

approach. The results show good performance in damage detection. The main 

contribution of this Chapter is to construct a clear interrelation between the power 

spectrum density transmissibility-based structural feature and structural state 

(undamaged/damaged), and to propose a classifier, i.e. neural network in performing 

damage detection. The good predictions obtained from the simulation show its possible 

future applicability.  

5.1 Introduction 

Originally, motivated on avoiding the excitation measurement in real engineering, 

transmissibility conception has been raised and related approaches are developed. The 

transmissibility function, defined as the frequency-domain ratio between two outputs, 

describes the relative admittance between two output measurements and makes possible 

the damage detection without any assumption about the nature of the excitations, i.e. 
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different loading conditions are not necessary to be obtained during the experimental 

tests.  

In the last decades, transmissibility has been applied for parameter identification, such as 

damage identification, and for force/response reconstruction. The research has been 

carried out not only in mechanical engineering but also in civil engineering, linear and 

non-linear part.  

Although many transmissibility-based methods have been developed, their complexity 

in localizing and quantifying structural damage is evident since the environmental 

variability affects clearly on the structural response, being this phenomenon more 

remarked at the earliest stages of damage identification. 

Artificial Intelligence (AI) has been usually applied to solve pattern recognition 

problems. In our particular problem, each damage severity stage might be recognized as 

one pattern, and, therefore, the AI algorithm might be used as a classifier of the different 

stages of damage severity. AI is a term that in its broadest sense would indicate the 

ability of a machine to perform the same kind of functions that characterize human 

thought [133]. And, particularly, artificial neural networks (ANN) are a part of artificial 

intelligence, which has been used in structural damage identification to improve the 

capacity in dealing with qualitative, uncertain and incomplete information. Modeling a 

linear or nonlinear structural system with neural networks has been increasingly 

recognized as one of the system identification paradigms (Masri et al., 1993). The neural 

networks firstly learn in training and store the knowledge in weights and biases. 

Normally the multi-layer neural networks are the first choice in structural identification 

use. ANNs are able to recognize damage patterns and determine the extent of damage in 

structural assessment due to their own pattern recognition capacity. ANNs have been 

used in a lot of parts of structural health monitoring by dealing with the engineering 

structural vibration response [133-135, 8,136-143]. For instance, in [8], transmissibility 

functions have been used as potential features incorporated with ANNs for structural 

fault detection.  
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In this chapter, a new ANN based damage detection approach by using PSDT is 

proposed directly from the forced vibration frequency-domain response. PSDT is 

extracted after choosing a reference point via the vibration response, and later it is 

averaged according to different references; afterwards, by using averaged PSDT, 

damage indicators can be obtained. Therefore, defining the undamaged structural state as 

baseline, parameters sensitive to damage, such as averaged PSDT, are chosen as input to 

the network.  The outputs or targets of the network will be the damage indicators, 

which give the information about the existence of damage and its severity. To reach this 

purpose, the ANN should be suitably trained by using different training patterns, for 

which the input and output values to the network are defined. 

5.2 Theoretical background 

5.2.1 ANN 

ANNs are networks of artificial neurons that suitably trained, constitute crude 

approximations to the mechanism of working of the human brain. Hopfield [144] 

made the mathematical foundation for studying the neural networks in 1982. And 

later, Hopfield and Tank illustrated the application of the Hopfield network to the 

travelling salesman problem in 1985. Kohonen [145] proposed unsupervised learning 

networks for feature mapping into regular arrays of neurons.  
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Figure 5.1. Typical three-layer BP network. 

A typical three-layer BP network is shown in Figure 5.1. The input layer receives 

inputs from the outside environment, the output layer generates the predictions while 

the hidden layer works as a link between the input layer and the output layer, which 

extracts and remembers the main features of the input patterns to predict the outcome 

of the network. Hundreds of ANN models have been proposed since McCulloch and 

Pitts (1943) made the first neural model. The type of activation function like sigmoid 

transfer function or Gaussian radial basis function used by the hidden layer neurons 

will make a big difference between different networks types. Meanwhile, the accepted 

values, the topology and the learning algorithms will also make a difference between 

the types of neural networks.  

Among the different types of ANNs, the back propagation (BP) neural network, 

which means feed forward, multilayered and supervised neural network with the error 

back propagation, is the commonest neural network used due to its simplicity. The 

core point is that the errors for the units of the hidden layers are determined by 

back-propagating the errors of the units of the output layer. Before ANNs could be 

conducted in use, they need to be processed in learning or training from a training set. 

The BP training algorithm includes two periods: the first of which the data feed 

forward, output of each neuron is obtained by calculating the input information in 
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each hidden layer. The second is error back propagation, the difference between 

actual output and target output could be calculated layer by layer in recursion and the 

weights will be altered in accordance to the difference until the demanded output is 

acquired in the out layer. BP algorithm is mostly used in a lot of ANNs in real 

engineering of structural health monitoring. 

5.2.2 PSDT 

Transmissibility measurement is an increasing widely used technique, and is very 

suitable for operational dynamic analysis in structural health monitoring. The PSDT 

function is defined as the ratio between two outputs response spectra by assuming a 

single force applied as input degree of freedom. Normally, in real life several 

operational forces or even more complicated forces are exciting the structure; in that 

case, the computation of PSDT would be more complex. In order to avoid this 

problem a reference response signal might be used instead of an excitation signal to 

estimate the PSDT [65].  

Recalling the discussion in Chapter 2, related to the power spectrum density, the 

PSDT between the time domain outputs xi (t)  and x j (t)  with reference to the 

output xp (t)  is defined as the ratio between the power spectral densities responses 

 Xi
P  and  

X j
P : 

  
T( i, j )

P (ω ) =
Xi

P(ω )
X j

P(ω )
                      (5.1) 

Several alternatives might be used to derive PSDT. One of the most common is the 

use of cross- and auto-power functions  G . 

  
T( i, j )

P (ω ) =
Xi(ω )X P(ω )
X j (ω )X P(ω )

=
G( i,P) (ω )
G( j ,P) (ω )

                (5.2) 
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5.3 Parameters for ANN 

The fundamental framework of implementation of an ANN can be divided into three 

stages: training, validation, and testing. Before doing that, the architecture and the input 

and output parameters of the network should be chosen conveniently. 

5.3.1 Inputs for ANN 

Step 1: Transmissibility Power Mode Shape (TPMS). The transmissibility at the system 

poles agrees with values of the mode shape ratios, i.e. the values of the T(i, j) at the system 

poles are directly related to the scalar operational mode-shape values φiv and φjv. 

Therefore, once the resonant frequencies are identified through ANITSF, it is also 

possible to identify the operational mode shape vectors from different PSDTs. By 

choosing a fixed reference DOF j and giving φjv a normalized value of unit, the full 

unscaled mode-shape (operational deflection) vector (φ1v, φ2v, …, 1, … , φKv) can be 

constructed from the PSDT vector (T(1, j), T(2, j), …, 1, …, T(K, j)). Then, by analogy with 

the concept of power mode shape presented in [85], a new concept of TPMS might be 

defined from the PSDT in the following way: 

  
TPMSi

v = T( i, j ) (ω )
ωv1

ωv 2∫ dω                      (5.3) 

where v
iTPMS  is the ith component of the vth transmissibility power mode shape; and 

[ωv1, ωv2] is the integrated frequency bandwidth for the vth TPMS. As shown in Figure 

5.2, the integration area is around the peak value, however, this step depends on the 

experience, which can highly influence the results.  
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Figure 5.2. Integration scale in transmissibility. 

By assembling  TPMSi
v  for all the measured points considered in the structure, a vth 

TPMS vector is generated: 

  
  

TPMS v{ } = (TPMS1
v ,TPMS2

v ,...,1...,TPMSK
v )           (5.4) 

The same procedure should be repeated for each TPMS by choosing the appropriate 

bandwidth affecting each system’s pole υ. In this way, any of the damage criteria based 

on mode shapes might be extended to include the transmissibility power mode shapes. 

Herein, note that compared to TMS, defined in Chapter 2, TPMS uses an integration 

conception similar to [85], while TMS tries to estimate the MS in a relative way. 

Step 2: Inputs construction. The modal curvature, defined as the second derivative of 

the mode shape, has been frequently used to identify structural damage. As a sample, 

Stubbs, Kim and Farrar [146] developed an approach, which uses the pre-damage and 

post-damage modal curvatures, has been proved to be feasible as a method to localize 

damage. For it, the following index is used 

  

βiv =
( [ ′′φi

*(x)]2 dx + [ ′′φi
*(x)]2 dx) [ ′′φi (x)]2 dx

0

L

∫0

L

∫a1

b1∫
( [ ′′φi (x)]2 dx + [ ′′φi (x)]2 dx) [ ′′φi

*(x)]2 dx
0

L

∫0

L

∫a1

b1∫
        (5.5) 

where v means vth mode, i means ith element of the beam, [a1, b1] is referred to the 

length of the ith element and L is the length of the beam; the modal curvature, ′′φ , is 

denoted by using the second derivative of the mode shape φ.  



 

94	  
	  

Equation (5.5) can be particularized for a discrete systems as follows  

  

βiv =
( ′′φiv

*2 + ′′φiv
*2 ) ′′φiv

2
i=1

N∑i=1

N∑
( ′′φiv

2 + ′′φiv
2 ) ′′φiv

*2
i=1

N∑i=1

N∑
                  (5.6) 

Taking Equation (5.6) as starting point, a similar expression might be adopted using 

the TPMS, defined for each power mode shape v and each node i, as follows 

  

DIiv =
(TPM ′′Siv

*2 + TPM ′′Siv
*2 ) TPM ′′Siv

2
i=1

N∑i=1

N∑
(TPM ′′Siv

2 + TPM ′′Siv
2 ) TPM ′′Siv

*2
i=1

N∑i=1

N∑
           (5.7) 

Analogously, by using Nm estimated modes, another alternative index might be 

defined from (5.7) by adding the contribution of all modes to each node i 

  

DIi =
(TPM ′′Siv

*2 + TPM ′′Siv
*2 ) TPM ′′Siv

2
i=1

N∑i=1

N∑
(TPM ′′Siv

2 + TPM ′′Siv
2 ) TPM ′′Siv

*2
i=1

N∑i=1

N∑v=1

Nm

∑            (5.8) 

Finally, from (5.8), a normalized damage index can be described from the computed 

values of (5.8) for each node as follows:  

min( )
max( ) min( )

i i
i

i i

DI DINDI
DI DI
−=

−
                     (5.9) 

This index will be used as input to the ANN. 

5.3.2 Targets for ANN 

To define the target of the ANN, in order to establish a clear relation between input 

and output values to the network, a characteristic parameter of the damage severity 

should be chosen. 
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Figure 5.3. Damage model for a saw cut. 

Figure 5.3 shows the damage model of a saw cut in a beam structure. To characterize 

the damage severity, the following indicator might be used 

severity = 1− (d
L
)3                        (5.10) 

Therefore, the target of the ANN can be set as follows 

  

Tar =
severity1

...
severityNele

⎧

⎨
⎪

⎩
⎪

⎫

⎬
⎪

⎭
⎪

                      (5.11) 

where Nele is the number of the elements in the structural system. In the study case, 

Nele is defined to be equal to 20. 

In order to localize the structural damage and increase the effectiveness of the ANN, 

as described above, one can divide the structure into several parts, and assign to each 

part a single indicator; one way of doing this is to sum all the element severities 

included within each part as a target. For example, in our special case, the beam might 

be divided into four parts or regions on average (Part I, Part II, Part III and Part IV, 

detailed description can be referred to section 5.4). Within each region, a new damage 

severity (SeverityI, SeverityII, SeverityIII, and SeverityIV) is defined by computing the 

average of the severities of the elements included into it. These severities defined on 

the regions are used as targets of the ANN. For the particular case shown in Figure 

5.5, the target will be as follows 
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Tar =

Severity I

Severity II

Severity III

Severity IV

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

=

1
N D1

severityw1

w1=1

5

∑
1

N D2

severityw1

w1=6

10

∑
1

N D3

severityw1

w1=11

15

∑
1

N D4

severityw1

w1=16

20

∑

⎧

⎨

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎫

⎬

⎪
⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪
⎪

                (5.12) 

where ND1, ND2, ND3 and ND4 are the number of damaged elements belonging to each 

region. A special case is the case with no damage, considering ND is denominator, 

then it is defined that when no damage occurs, ND1=ND2= ND3= ND4=1. Then, for 

instance, in our study, if single damage element occurs only in part I, then ND1=1, 

ND2= ND3= ND4=1. If double damage elements occur only in Part II, then ND2=2, ND1= 

ND3= ND4=1. This will result in that the target ranges in [0, 1], where ‘0’ means no 

damage, ‘1’ means complete damage occurrence in the element.  

During real calculation, one needs to firstly calculate the severity of each structural 

area in order to give a final prediction about the severity of the structure. 

5.3.3 ANN construction 

Previous research has proven that multilayer-perceptron ANNs are feasible in pattern 

recognition problems, such as damage detection [136, 137, 140]. Earlier studies of ANN 

based methodologies mainly concentrate on using different ANN architectures, by 

varying the number of inputs as well as outputs in order to obtain a better performance. 

However, this kind of work has a critical shortcoming, within which the interrelation of 

each input will be too complex to interpret and therefore it will require high computation 

time, and reduce the effectiveness of the methodology. Motivated on solving a crates 

damage detection problem in beverages, in [143], single- and dual-sensor-systems were 

developed, in which each sensor performs as an individual ANN, and 

dual-sensor-systems represent two single sensor working together as two inputs in the 
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global scale, and within each sensor, inputs are settled in accordance to the situation. 

And finally the global neural network would be used for damage detection on crates of 

beverages. 

In this study, a multiple-sensor-system is developed in order to localize as well as 

quantify the structural damage. Each sensor represents a small neural network of a 

structural part, which will reveal the characteristic of its corresponding structural part. 

And later the multiple-sensor-system would construct the interrelation between the 

structural dynamic responses and damage severities. The advantage of the 

multi-sensor-system to the analysis is that each part of the structure will be considered as 

a single input for the ANN, and the interrelation of each is simulated and captured within 

the corresponding single-sensor-system.  

 

Figure 5.4. A multi-sensor-system with four sensors. 

Figure 5.4 shows the schematic architecture of the four-sensor multi-sensor-system used 

here. From it, one can clearly observe that each sensor is set as one input in the 

multi-sensor-system, and hidden layers and output layer perform after this input layer. 

Note that herein each single-sensor-system is a feed-forward ANN system performing 
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for each part (Part I, Part II, Part III and Part IV), and BP algorithm is utilized. Three 

layers of input, hidden and output layer constitute the single system.  

This multi-sensor-system represents a different idea compared to the traditional ANN, 

which treats the single-sensor-system as one input, and four single-sensor-systems make 

a multi-sensor-system; within the multi-sensor-system, no connection between different 

single-sensor-system exists, which will avoid the interaction influence between them. In 

addition, due to the fact that each sensor of the multi-sensor-system reveals the 

characteristic of the corresponding structural part, the multi-sensor-system might be used 

to localize the structural damage.  

As to identifying the damage, Figure 5.5 gives a flowchart of the damage detection 

procedure, where note that to ANN, training and testing are very important steps before 

giving a good prediction work. Note that the dot line is only for training and testing 

phase. 
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Figure 5.5. Flowchart for the damage detection procedure. 
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5.4 Numerical study 

To check the feasibility of the aforementioned methodology, numerical simulations 

on the two-sided fixed beam shown in Figure 5.6 were carried out. The beam was 

discretized into 20 beam elements and was loaded vertically at node 10. A constant 

slight damping ratio was assumed in all the computations. The material properties are 

shown in Table 5.1.  

	  

Figure 5.6. Two sided fixed beam model. 

	  
Table 5.1. Physical properties of the beam. 

Beam properties Value 

Length of beam (mm) 600 

Width of cross section (mm) 50 

Thickness of beam (mm) 6 

Density (Kg/m3) 2700 

Young’s modulus (Pa) 70*10^9 

Poisson ratio 0.3 

Damping ratio 0.2% 

 

For numerical simulation, for saving calculation time, mode superposition method is 

used to calculate the dynamic response in time domain and then, TPMS can be 

extracted via the aforementioned discussion. Figure 5.7 shows TPMSs of the first four 

modes in case of no stiffness reduction and no noise are introduced to the simulation.  
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Figure5.7. TPMSs for first four modes. 

For comparison purposes, Figure 5.8 shows the first four modes of mode shapes for 

the simulated beam. Comparing Figures 5.7 and 5.8, one can find that the shape of the 

TPMSs is very similar to that of MSs; TPMSs might be also used for damage 

identification. 

	  

Figure 5.8. Mode shapes for first four modes. 

To check the proposed methodology in damage identification, Single damage and 

multiple damage scenarios are considered. 

5.4.1 Single damage 

In this part, firstly, LHS method is used to generate 50 single damage scenarios 

distributed among the elements of the beam. The response of the system to these 
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scenarios will be used to train the network. In the same way, 50 damage scenarios will 

be generated to test the network once it has been trained. The output values of the 

network will be obtained by dividing the beam into four regions, each region formed 

by five elements, and summing the damage severities of the elements of each region. 

Figure 5.9 shows the training regression results of the predicted damage values by the 

network vs real values for the training patterns. Results suggest a good training of the 

network. 

	  

Figure 5.9. Training regression result. 

Figures 5.10 and 5.11 show the ANN damage detection results for part I and for the 

four parts, respectively, in case of using the validation data. 

Note that the horizontal axis is the scenario number, and the vertical axis is the 

damage severity. Figure 5.10 demonstrates that the damage prediction results in the 

beam part I where those dots with zero value mean that the single damage is not in 

part I, and those dots with values between 0 and 1 mean that the single is in part I. 

The value of the dot in vertical axis means the damage severity. 

The red dot is the test results of the trained network, and the x is the goal. When the 

red dot and blue x are in the same position, it means that the test is successful in 
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assess the damage severity as well as the location otherwise it means there is error in 

the test. In Figure 5.11, it is the same. It shows that to each scenario, there is a dot 

with value between 0 and 1. 

 

Figure 5.10. Damage prediction results for part I for the validation pattern. 

	  

Figure 5.11. Damage prediction for four parts for the validation pattern. 

Table 5.2 shows the damage prediction rate for each structural part. And from the 

table, one can find that the damage prediction result in each part of the beam. The 

results demonstrate that the network functions well in the test. 

Table 5.2. Damage prediction in each part. 

Part  Success prediction rate  
Part I 90.1961% 
Part II 89.2157% 
Part III 90.1961% 
Part IV 89.2157% 
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5.4.2 Multiple damages 

As in the previous section, 50 multiple damage scenarios were generated firstly for 

training and 50 new scenarios were generated for the further validation.  

	  

Figure 5.12. Training regression result. 

Figure 5.12 shows the training regression results of the ANN for multiple damages 

scenarios. From the figure one can see that the output data fits well to the goal data, 

which shows a good result of the training pattern.  

Figures 5.13 and 5.14 show the damage prediction results for the validation pattern 

for part I and for four parts for multiple damage scenarios, respectively. 

Herein, note that in Figure 5.13 those dots with zero value mean that there is no 

damage in part I, the number of dots in each scenario mean the number of damages in 

beam part I. And the value of the dot means the damage severity. The red dot is the 

test results of the trained network, and the x is the goal. When the red dot and blue x 

in the same position, it means that the test is successful in assess the damage severity 

as well as the location otherwise it means there is error in the test. In Figure 5.14, it is 

the same. From Figure 5.13 it is obvious that the damage prediction results in first 
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part are good, as the prediction results fit well the severities. And this goes the same 

to the whole beam, which can be found in Figure 5.14.  

	  

Figure 5.13. Damage prediction results for part I. 

	  

Figure 5.14. Damage prediction for four parts for the validation pattern. 

Table 5.3 shows the results of damage prediction rate for each beam part. From the 

table, one can find that the constructed ANN functions in the test, which can assess 

the beam damage severities successfully more than 90%. 

Table 5.3. Damage prediction in each part for the validation pattern. 

Part  Success prediction rate  
Part I 93.7500% 
Part II 92.7885% 
Part III 91.3462% 
Part IV 92.7885% 
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5.5 Conclusions 

The objective of this chapter is to implement a new methodology using neural 

networks based on the TPMS to assess the structural damages. The proposed method 

appears to be very promising in damage detection, localization and assessment. 

Above all, the proposed method only depends on the output response signals and has 

no demands for excitation measurement. Secondly, the method might be also used to 

localize and assess the damages for complex structures. One thing should be paid 

attention is that the reference point should be well chosen in order to achieve a better 

TPMS which can be fulfilled by the experience. 
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CHAPTER 6 CONCLUSIONS AND FUTURE 
WORK 

6.1 Concluding remarks 

In this thesis some transmissibility based SHM techniques are presented. They are 

developed both in linear and nonlinear part analysis. 

The concluding remarks can be drawn as follows: 

1. The history of transmissibility is drawn out from the SHM aspect, and especially 

transmissibility estimation methods are generally discussed; 

2. Firstly, the concepts of TMS (Transmissibility mode shape) and TC 

(Transmissibility coherence), constructed from the transmissibility parameter, 

are presented. Different methodologies for damage detection and quantification 

are developed basing on these concepts. 

3. Secondly, a new transmissibility based damage detection procedure related with 

the linear discriminant analysis given by the Mahalanobis distance has been 

proposed. 

4. Finally, an artificial intelligence algorithm based on the application of neural 

networks has been implemented as transmissibility based damage detection 

method. 

5. The proposed methodologies have been initially validated using numerical 

simulations on free-free and clamped-clamped beams and on a three-floor 

structure. Furthermore, the validation and applicability of these methodologies 

have been carried out by using experimental results obtained from a free-free 

steel beam and a three-story aluminum frame. 
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6. The results from both simulations and experiments reveal good performance of 

the methodologies presented in this thesis, which show promising future in real 

engineering use. 

6.2 Future work 

The methodologies and applications herein presented and validated in this thesis have 

shown that transmissibility is a promising direction in SHM. In order to make the 

transmissibility based SHM more reliable and applicable in real engineering use, the 

following points must be taken into consideration. 

1. Uncertainty analysis should be paid attention to, as environmental changes can 

largely affect the structural response, for instance, the temperature change 

between summer and winter. This kind of change can impose high uncertainty 

into SHM, and the problem of distinguishing the cause of environmental change 

or structural deterioration would be an important issue. 

2. Ability to analyze complex structures; until now, the proposed methodologies 

have been only used in laboratory structures. However, for large and complex 

structures, for instance, substructure SHM, the applicability still needs to be 

tested and improved.  
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CAPÍTULO 6 CONCLUSIONES Y TRABAJO 
FUTURO  

6.1 Conclusiones 

En esta Tesis se han desarrollado metodologías de identificación de daño en 

estructuras basándose en el concepto de transmisibilidad. 

Como resultado del trabajo realizado, se pueden extraer las siguientes conclusiones: 

1. La estimación de la transmisibilidad, enfocada como método de identificación de 

daño en estructuras, se ha abordado desde distintos puntos de vista. 

2. En primer lugar, se han presentado los conceptos de modo de vibración basado 

en la transmisibilidad (TMS) y de coherencia de transmisibilidad (TC). Se han 

propuesto diferentes metodologías de detección y cuantificación de daño, 

basadas en estos dos conceptos. 

3. En segundo lugar, se ha propuesto un nuevo método de detección de daño 

basado en un análisis discriminante lineal calculado a partir de la distancia de 

Mahalanobis. 

4. Finalmente, se ha implementado un algoritmo basado en redes neuronales capaz 

de detectar daño utilizando como datos de partida parámetros basados en la 

transmisibilidad.  

5. Las diferentes metodologías propuestas se han validado inicialmente mediante 

simulaciones numéricas llevadas a cabo sobre vigas libre-libre y 

empotrada-empotrada y sobre un pórtico de tres pisos. Posteriormente, la 

validación y aplicabilidad de los diferentes esquemas propuestos se ha llevado a 
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cabo utilizando resultados de ensayos experimentales sobre una viga libre-libre y 

un pórtico de aluminio de tres plantas. 

6. Las predicciones obtenidas tanto para las simulaciones numéricas como para los 

ensayos demuestran la bondad de los métodos propuestos y su posible 

aplicabilidad futura sobre estructuras reales.  

6.2 Desarrollo futuro 

Las metodologías y aplicaciones presentadas y validadas en esta tesis han demostrado 

que la transmisibilidad puede ser un parámetro muy adecuado para la monitorización 

y el control del estado de las estructuras. Para que su uso sea más fiable y aplicable en 

estructuras reales, algunos aspectos adicionales se deberían abordar con más 

profundidad en el futuro:  

1. Se debería prestar especial atención a la influencia que las distintas 

incertidumbres pueden producir sobre la aplicabilidad de este parámetro. En 

concreto, cómo discernir las variaciones en la transmisibilidad provocadas por 

las incertidumbres derivadas del propio método de aquellas debidas 

exclusivamente al daño. 

2. Hasta ahora, la validación se ha hecho sólo sobre estructuras de laboratorio pero 

sería deseable poder llevarla a cabo sobre estructuras más complejas como las 

existentes en la realidad.  
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