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TESIS DOCTORAL

ANALYSIS AND DESIGN OF
RECONFIGURABLE MULTIMODE

MULTIPORT MICROSTRIP ANTENNAS FOR
MIMO SYSTEMS AND DIVERSITY SCHEMES

Carlos Redondo Arrieta

Ingeniero de Telecomunicación

2015





UNIVERSIDAD POLITÉCNICA DE MADRID

ESCUELA TÉCNICA SUPERIOR DE INGENIEROS DE

TELECOMUNICACIÓN
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RADIOCOMUNICACIONES

TESIS DOCTORAL

ANALYSIS AND DESIGN OF
RECONFIGURABLE MULTIMODE

MULTIPORT MICROSTRIP ANTENNAS FOR
MIMO SYSTEMS AND DIVERSITY SCHEMES

Autor: Carlos Redondo Arrieta

Ingeniero de Telecomunicación

Director: Leandro de Haro Ariet

Doctor Ingeniero de Telecomunicación
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El Tribunal de Calificación, compuesto por:

PRESIDENTE:

VOCALES:

VOCAL SECRETARIO:

VOCALES SUPLENTES:

Realizado el acto de defensa y lectura de la Tesis en Madrid a d́ıa . . . . . . de . . . . . . . . . . . . del

2015 en la ETSI Telecomunicación.

Acuerda otorgarle la calificación de:





En memoria de Leandro de Haro Ariet

A mis padres, a mi mujer Cristina y a mi hija Irene





RESUMEN

Las comunicaciones inalámbricas han transformado profundamente la forma en la que

la gente se comunica en el d́ıa a d́ıa y es, sin lugar a dudas, una de las tecnoloǵıas de

nuestro tiempo que más rápidamente evoluciona. Este rápido crecimiento implica retos

enormes en la tecnoloǵıa subyacente, debido y entre otros motivos, a la gran demanda

de capacidad de los nuevos servicios inalámbricos.

Los sistemas Multiple Input Multiple Output (MIMO) han despertado mucho

interés como medio de mejorar el rendimiento global del sistema, satisfaciendo de este

modo y en cierta medida los nuevo requisitos exigidos. De hecho, el papel relevante

de esta tecnoloǵıa en los actuales esfuerzos de estandarización internacionales pone de

manifiesto esta utilidad.

Los sistemas MIMO sacan provecho de los grados de libertad espaciales, disponibles

a través del entorno multitrayecto, para mejorar el rendimiento de la comunicación con

una destacable eficiencia espectral. Con el fin de alcanzar esta mejora en el rendimiento,

la diversidad espacial y por diagrama han sido empleadas tradicionalmente para reducir

la correlación entre los elementos radiantes, ya que una correlación baja es condición

necesaria, si bien no suficiente, para dicha mejora. Tomando como referencia, o punto de

partida, las técnicas empleadas para obtener diversidad por diagrama, esta tesis doctoral

surge de la búsqueda de la obtención de diversidad por diagrama y/o multiplexación

espacial a través del comportamiento multimodal de la antena microstrip, proponiendo

para ello un modelo cuasi anaĺıtico original para el análisis y diseño de antenas microstrip

multipuerto, multimodo y reconfigurables. Este novedoso enfoque en este campo, en vez

de recurrir a simulaciones de onda completa por medio de herramientas comerciales tal
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y como se emplea en las publicaciones existentes, reduce significativamente el esfuerzo

global de análisis y diseño, en este último caso por medio de gúıas de diseño generales.

Con el fin de lograr el objetivo planteado y después de una revisión de los principales

conceptos de los sistemas MIMO que se emplearán más adelante, se fija la atención

en encontrar, implementar y verificar la corrección y exactitud de un modelo anaĺıtico

que sirva de base sobre la cual añadir las mejoras necesarias para obtener las carac-

teŕısticas buscadas del modelo cuasi anaĺıtico propuesto. Posteriormente y partiendo del

modelo anaĺıtico base seleccionado, se exploran en profundidad y en diferentes entornos

multitrayecto, las posibilidades en cuanto a rendimiento se refiere de diversidad por

diagrama y multiplexación espacial, proporcionadas por el comportamiento multimodal

de las antenas parche microstrip sin cargar.

Puesto que cada modo de la cavidad tiene su propia frecuencia de resonancia, es

necesario encontrar formas de desplazar la frecuencia de resonancia de cada modo

empleado para ubicarlas en la misma banda de frecuencia, manteniendo cada modo

al mismo tiempo tan independiente como sea posible. Este objetivo puede lograrse

cargando adecuadamente la cavidad con cargas reactivas, o alterando la geometŕıa

del parche radiante. Por consiguiente, la atención en este punto se fija en el diseño,

implementación y verificación de un modelo cuasi anaĺıtico para el análisis de antenas

parche microstrip multipuerto, multimodo y cargadas que permita llevar a cabo la tarea

indicada, el cuál es una de las contribuciones principales de esta tesis doctoral.

Finalmente y basándose en el conocimiento adquirido a través del modelo cuasi

anaĺıtico, se proporcionan y aplican gúıas generales para el diseño de antenas microstrip

multipuerto, multimodo y reconfigurables para sistemas MIMO, con el fin de mejorar su

diversidad por diagrama y/o su capacidad por medio del comportamiento multimodal

de las antenas parche microstrip.

Se debe destacar que el trabajo presentado en esta tesis doctoral ha dado lugar a

una publicación en una revista técnica internacional de un alto factor de impacto. De

igual manera, el trabajo también ha sido presentado en algunas de las más importantes

conferencias internacionales en el ámbito de las antenas.
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ABSTRACT

Wireless communications have deeply transformed the way people communicate on

daily basis and it is undoubtedly one of the most rapidly evolving technologies of our

time. This fast growing behaviour involves huge challenges on the bearing technology,

due to and among others reasons, the high demanding capacity of new wireless services.

MIMO systems have given rise to considerable interest as a means to enhance the

overall system performance, thus satisfying somehow the new demanding requirements.

Indeed, the significant role of this technology on current international standardization

efforts, highlights this usefulness.

MIMO systems make profit from the spatial degrees of freedom available through

the multipath scenario to improve the communication performance with a remarkable

spectral efficiency. In order to achieve this performance improvement, spatial and

pattern diversity have been traditionally used to decrease the correlation between

antenna elements, as low correlation is a necessary but not sufficient condition. Taking

as a reference, or starting point, the techniques used to achieve pattern diversity, this

Philosophiae Doctor (Ph.D.) arises from the pursuit of obtaining pattern diversity and/or

spatial multiplexing capabilities through the multimode microstrip behaviour, thus

proposing a novel quasi analytical model for the analysis and design of reconfigurable

multimode multiport microstrip antennas. This innovative approach on this field, instead

of resorting to full-wave simulations through commercial tools as done in the available

publications, significantly reduces the overall analysis and design effort, in this last case

through comprehensive design guidelines.

In order to achieve this goal and after a review of the main concepts of MIMO
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systems which will be followed used, the spotlight is fixed on finding, implementing

and verifying the correctness and accuracy of a base quasi analytical model over which

add the necessary enhancements to obtain the sought features of the quasi analytical

model proposed. Afterwards and starting from the base quasi analytical model selected,

the pattern diversity and spatial multiplexing performance capabilities provided by the

multimode behaviour of unloaded microstrip patch antennas under different multipath

environments are fully explored.

As each cavity mode has its own resonant frequency, it is required to find ways

to displace the resonant frequency of each used mode to place them at the same

frequency band while keeping each mode as independent as possible. This objective

can be accomplished with an appropriate loading of the cavity with reactive loads, or

through the alteration of the geometry of the radiation patch. Thus, the focus is set at

this point on the design, implementation and verification of a quasi analytical model

for the analysis of loaded multimode multiport microstrip patch antennas to carry out

the aforementioned task, which is one of the main contributions of this Ph.D.

Finally and based on the knowledge acquired through the quasi analytical model,

comprehensive guidelines to design reconfigurable multimode MIMO microstrip antennas

to improve the spatial multiplexing and/or diversity system performance by means of

the multimode microstrip patch antenna behaviour are given and applied.

It shall be highlighted that the work presented in this Ph.D. has given rise to a

publication in an international technical journal of high impact factor. Moreover, the

work has also been presented at some of the most important international conferences

in antenna area.
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NOTATION

Throughout this Ph.D. several notation conventions are applied, specifically the follow-

ing:

• Matrices HHH and column vectors hhh are represented as boldface upper case and

lower case letters, respectively.

• Superscripts (·)T , (·)H , and (·)∗ denote transposition, Hermitian transposition,

and complex conjugation, respectively.

• The trace, determinant, and Frobenius norm of a matrix are written as Tr(·),
det(·), and ‖·‖F , respectively.

• The symbol � denotes element wise matrix multiplication, ⊗ represents the

Kronecker matrix product and ∗ stands for the convolution operation.

• Expectation (ensemble averaging) is denoted as E {·}.

xx
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CHAPTER 1. INTRODUCTION

1.1 Motivation and State of the Art

Since the first works on Multiple Input Multiple Output (MIMO) systems [1]–[3], these

have received considerable interest as a means to enhance the capacity of wireless

systems in rich multipath environments, due to their remarkable spectral efficiencies.

Indeed, under the appropriate scenario the capacity increases almost linearly with

the number of antennas of the MIMO system in transmission (nt) - reception (nr),

in the minimum of nt, nr proportion, with not additional power or bandwidth use.

Notwithstanding this fact, under more realistic scenarios, the performance may be

degraded mainly due to spatial correlation among the channels and the mutual coupling

between the MIMO antenna elements. Due to the main influence of the propagating

scenario on the overall system performance, this justifies the considerable interest that

this latter subject has received.

Traditionally, multiple antenna systems have been used to increase diversity as a

means to counteract channel fading, by transmitting the same information by different

paths. On the other hand, one can take advantage of the channel fading, increasing the

degrees of freedom available for communication, by sending independent information

by different spatial channels (known as spatial multiplexing) and increasing therefore,

the data rate. Despite the main differences between both approaches, the underlying

concept is to use MIMO systems to make profit from the spatial degrees of freedom

available through the multipath scenario to improve the communication performance.

Whereas spatial diversity has usually been employed to decrease the correlation

between antenna elements, other solutions based on pattern diversity through multimode

antennas have been proposed [4],[5]. A structure which shows essentially a multimode

behaviour is a microstrip antenna and its use for diversity purposes has been already

suggested [6]. Recently, there have been some proposals making use of multimode

microstrip patch antennas in MIMO systems [7], [8] and [9]. The approach followed

in this Philosophiae Doctor (Ph.D.) thesis is of a different nature and it is mainly

based on derive a novel multiport and multimode quasi analytical model, instead of

resorting to full-wave simulations, primarily through commercial tools. Following this

modus operandi would significantly reduce the overall effort in the design process and

at the same time would give invaluable physical insight benefits of the multimode

MIMO microstrip antennas behaviour. Based on this last advantage, not only a specific

antenna design can be provided, but also general design guide rules, to conceive this
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type of MIMO systems, including reconfigurable ones. Notwithstanding this fact, it

shall be highlighted that these general design guide rules attempt to improve the

spatial multiplexing and/or diversity performance, not to dynamically maximize them

providing the optimal performance to different scenarios, as they are provided without

assuming any channel distribution. Moreover, it shall be pointed out that whereas the

numerical methods are more rigorous, versatile and they provide higher accuracy than

the quasi analytical methods, these last ones provide very useful information regarding

the electromagnetic behaviour and due to its simplicity based on their assumptions, are

specially suited to be used in Computer-Aided Design (CAD). On the other hand, it is

worth mentioning under the category of full-wave methods and therefore outside the

approach and scope of this Ph.D., the Theory of Characteristic Modes [10]–[12], which

has recently been revisited [13] and applied to design a multimode MIMO antenna [14],

giving further physical insight than other full-wave methods.
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1.2 Objectives

The main objective of this Ph.D. arises from the pursuit of obtaining pattern diversity

and/or spatial multiplexing capabilities through the multimode microstrip behaviour,

thus proposing the definition, design, development, implementation and verification of

a novel quasi analytical model for the analysis and design of reconfigurable multimode

multiport microstrip antennas.

In order to achieve this main goal, several partial ones are required, which are

following enumerated.

• Evaluate the different quasi analytical model families available for the analysis

of microstrip antennas, taking as a main requirement the multimode behaviour

reasoning capability, with the aim of finding a base quasi analytical model over

which add the necessary enhancements for the analysis and design of reconfigurable

multimode MIMO microstrip antennas. Once found it, explore the different

extensions and enhancements for broadening the range of structures which can

be analysed.

• Implement and verify the correctness and accuracy of the selected base quasi

analytical model, as well as the found enhancements, over which later add the

necessary capabilities to achieve the main objective.

• As each cavity mode has its own resonant frequency, it is required to find

ways to displace the resonant frequency of each used mode, to place them at

the same frequency band while keeping each mode as independent as possible,

thus effectively exploiting for spatial multiplexing and/or diversity performance

improvement purposes, the multimode microstrip patch behaviour. This goal can

be accomplished with an appropriate loading of the cavity with reactive loads, or

through the alteration of the geometry of the microstrip patch. Moreover, these

perturbations can also be put in operation to modify the correlation between

the signals at different antenna port elements or the overall geometrical patch

dimensions. Thus, an essential partial objective is the design, implementation

and verification of a quasi analytical model for the analysis of loaded multimode

multiport microstrip patch antennas, providing at the same time physical insight,

with an eye to designing purposes.
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• On the other hand, in order to evaluate the pattern diversity and spatial mul-

tiplexing system performance capabilities obtained by means of reconfigurable

multimode MIMO microstrip antennas under different multipath environments,

the following features are required:

– Multiport analysis. This capability is necessary for dealing with several ports,

each of them to feed the desired cavity mode or to place a fixed or variable

load.

– Accurate analysis of the radiation fields of different microstrip patch cavity

modes. It shall be pointed out that the pattern diversity and spatial multi-

plexing performance capabilities provided by the multimode behaviour of

unloaded microstrip patch antennas under different multipath environments,

assuming that all the cavity modes have already been moved to the same

frequency band, are specially interesting, as they constitute an ideal starting

point for studying the capabilities provided by the multimode microstrip

patch behaviour.

Finally, concerning the design perspective and based on the physical insight knowl-

edge acquired through the quasi analytical model, the objective regarding this subject

is to provide comprehensive guidelines to design reconfigurable multimode MIMO

microstrip antennas, improving the spatial multiplexing and/or diversity performance

of the system by means of the multimode microstrip patch behaviour, and to validate

their effectiveness by giving application examples.
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1.3 Structure

In order to achieve the objectives stated in section 1.2, this Ph.D. thesis is structured

in seven chapters, specifically as follows:

• The present chapter 1 provides a frame of reference over which judge the overall

Ph.D. thesis. In order to do it so, the background is presented from which the

objectives arise. Afterwards, a glance of the forthcoming chapters to fulfil these

objectives is given.

• Chapter 2 focuses on introducing the main concepts of MIMO systems which will

be followed used, in particular on chapters 4 and 6. After a brief introduction

to them, the focal point is set on MIMO channel modelling, due to the main

role that the MIMO channel plays on the overall performance. Afterwards, the

improvement of communication performance through the intrinsic increase of

degrees of freedom available for communication is analysed from the diversity

and spatial multiplexing perspectives.

• On chapter 3, the spotlight is fixed on finding a base quasi analytical model over

which add the necessary enhancements for the analysis and design of reconfigurable

multimode MIMO microstrip antennas. Once found, it is thoroughly presented

among different extensions and enhancements which afterwards are implemented

and whose correctness and accuracy are checked.

• Chapter 4 is devoted to exploring the pattern diversity and spatial multiplex-

ing performance capabilities provided by the multimode behaviour of unloaded

microstrip patch antennas under different multipath environments. In order to

evaluate these capabilities, the radiation fields corresponding to different Trans-

verse Magnetic (TM) modes of unloaded Rectangular Microstrip Antenna (RMSA)

and Circular Microstrip Antenna (CMSA) are firstly formulated.

• Chapter 5 focuses on developing a quasi analytical model for the analysis of

loaded multimode multiport microstrip patch antennas. In order to carry out this

task three quasi analytical models are formulated. The first one is the equivalent

circuit or network model, in which the overall system is modelled as an unloaded

cavity with N external ports to which the different loads are attached. The second

6
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one is a loaded cavity modes model based on deriving a new set of mode functions

to represent the field distribution inside the loaded cavity. Finally, the third one

is a mixture of both previous models with the aim of avoiding their limitations.

Afterwards, the accuracy of the results provided by them is properly validated.

• Based on the knowledge acquired on chapter 5, chapter 6 provides comprehensive

guidelines to design reconfigurable multimode MIMO microstrip antennas to

improve the spatial multiplexing and/or diversity performance of the system by

means of their multimode behaviour. Subsequently, an example of application is

given.

• Finally, chapter 7 summarizes the main results and conclusions achieved through-

out this Ph.D. thesis among with the future research lines which arise from

them. Moreover, the contributions published derived from this Ph.D. thesis are

enumerated.
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CHAPTER 2. INTRODUCTION TO MIMO SYSTEMS

2.1 Overview

MIMO systems, composed of multiple antennas in transmission and reception, have

gained considerable interest due to its performance improvements, making able for

example to achieve the high data rates required by the new wireless services with no

additional expenditure in power and bandwidth. These performance improvements

come from the array gain, interference reduction, diversity gain and spatial multiplexing

gain achievable through these systems. It shall be noticed that all these gains are

interconnected and limited by the number of spatial degrees of freedom, so depending

on the particular application, some may prevail over other.

First of all, an isolated antenna array, which can be used later on in the multi

antenna system in transmission/reception or in both cases simultaneously, has been

traditionally used to increase the antenna gain, resulting in an increase of the average

received Signal-to-Noise Ratio (SNR) due to coherent combing, and to produce steerable

beams, thus enabling interference reduction. However, in a system and in both cases,

channel knowledge is required to benefit from these array capabilities, being more

difficult to obtain and maintain in the transmitter side.

In rich multipath environments, where multiple different reflected and scattered

delayed versions of the original signal reach the receiver, there is a phenomenon known as

fading in which the multipath signal components add destructively causing a significant

reduction of the received signal strength. In order to tackle the multipath fading

phenomenon a technique called diversity is usually employed, in which by different

means (time, frequency, space or a combination, such as the space-time codes, e.g.

[15],[16],[17]) the receiver obtains the transmitted signal through different and ideally

independent channels. Thus, the fading that can be present in one channel seldom

occurs in all the channels simultaneously, so the performance of the receiver can be

greatly improved.

Traditionally, multiple antenna systems have been used to increase diversity as a

means to counteract channel fading. In these systems, the same information is trans-

mitted by different paths (each pair of transmit-receive antenna elements constitutes

itself a different path), so several independent replicas of the original information which

can be combined are received providing diversity gain. Therefore, through diversity

techniques there is an increment of the SNR, comparing it with the faded case, which

can be used to improve the capacity of the communication system or to reduce the
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fading margin that shall be considered in the link budget analysis.

On the other hand, one can take advantage of the channel randomness, increasing

the degrees of freedom available for communication, by transmitting independent

information by different spatial channels (this use is called spatial multiplexing) and

increasing therefore, the data rate.

In spite of the differences between diversity and spatial multiplexing, both share the

same livelihood, the improvement of communication performance through the intrinsic

increase of degrees of freedom available for communication. Therefore, it should not

be surprising that there is a fundamental trade-off between both gains, so maximizing

one of them is obtained at the expense of sacrificing the other one. Indeed, there is an

optimal trade-off curve achievable by any scheme, as presented in [18].

The MIMO systems are composed of multiple antennas in transmission (nt) and

reception (nr), so the data transmitted can be seen as being fed into a matrix channel

rather than a single channel (indeed an ideally, there are nt × nr independent sub-

channels), as depicted in figure 2.1.
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Figure 2.1: General block diagram of a MIMO system

Thus, the mathematical representation of the MIMO system can be formulated in

terms of a complex matrix, which depends on the specific scenario which it is time

variable.
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HHH (τ, t) =


h1,1 (τ, t) h1,2 (τ, t) · · · h1,nt (τ, t)

h2,1 (τ, t) h2,2 (τ, t) . . . h2,nt (τ, t)
...

...
. . .

...

hnr1 (τ, t) hnr2 (τ, t) · · · hnrnt (τ, t)

 (2.1.1)

where the matrix elements hi,j (τ, t) are complex numbers with each of them repre-

senting the impulse response of the channel between the j transmitter and the i receiver.

Thus, these impulse response matrix elements take into account the attenuation and

phase shift that each channel introduces to the signal reaching the receiver with delay

τ .

Using the HHH (τ, t) MIMO matrix channel, the relationship between the input and

output signals of the MIMO system can be formulated as follows:

yyy (t) = HHH (τ, t) ∗ sss (t) + uuu (t) (2.1.2)

where sss (t) are the input nt signals corresponding to a nt × 1 vector, yyy (t) are the

output nr signals corresponding to an nr × 1 vector, uuu (t) is additive white noise and ∗
denotes the convolution operation.

An appropriate modelling of the MIMO channel plays a main role in the overall per-

formance of the designed MIMO system, as it can be appreciated from equation (2.1.2).

Indeed, the channel behaviour determines the capacity enhancement that can be

obtained through MIMO systems, reaching the end that under special adverse circum-

stances there will be not capacity improvement at all ([19],[20] and [21]). This reason

justifies the considerable interest that the MIMO channel modelling has received.
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2.2 MIMO Channel Modelling

The channel models can be classified in terms of different parameters such as channel

bandwidth, time variance, deterministic or stochastic behaviour, or between physical

and analytical models, among others.

Concerning the channel bandwidth, the delay spread parameters and the coherence

bandwidth are used to describe the time dispersion nature in the channel, due to its

geometric and static characteristics, in the time and frequency domain respectively

[22],[23]. The delay spread parameters are derived from the power delay profile of the

channel, which is calculated by taking the spatial average of the square modulus of the

impulse response over a local area. On the other hand, the power delay profile can be

seen as a density function as follows:

P (τ) =
|h (t)|2∫∞

−∞|h (t)|2dt
(2.2.1)

Based on the power delay profile the mean excess delay (τe) and the Root Mean

Square (RMS) delay (τRMS), which is the standard deviation about τe, can be computed.

τe =

∫
(τ − τA)P (τ) dτ (2.2.2)

τRMS =

√∫
(τ − τe − τA)2 P (τ) dτ (2.2.3)

where τA is a reference set by the minimum possible propagation path delay.

Moreover, in order to differentiate the noise from the multipath components a noise

threshold is defined which influences τe and τRMS. Concerning this point, the maximum

excess delay τm is defined as the time delay during which the multipath energy falls

below a value with respect to a specific reference power level, e.g. its peak value.

Conversely, in the frequency domain, the coherence bandwidth is a statistical

measure of the range of frequencies over which the channel can be considered “flat”,

and it is defined in terms of τRMS, but there is not an exact relationship between them,

as it depends on the actual impulse response of the channel.

If all the spectral components of the transmitted signal are affected by the channel

with approximately equal gain and linear phase (namely, the signal bandwidth is lower

than the coherence bandwidth), the matrix elements can be considered as non time
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delay channel dependent, that is hi,j (t) and thus the fading is “flat” and the channel is

called narrowband. Otherwise, if the delay of the multipath components with respect

to the main component is greater than the symbol’s time duration, the channel causes

frequency selective fading on the received signal, and it will be necessary to consider

additional modelling of the multipath channel characteristics.

On the other hand, in order to describe the time varying nature of the channel due to

the relative movements between transmitter and receiver, or by the motion of objects in

the environment, the coherence time and the Doppler spread parameters, corresponding

to the time and frequency domain respectively, are used [22]. The coherence time (T0)

is a measure of the expected time over which the channel’s response can be assumed

to be essentially invariant. Concerning the Doppler spread (fd), it shall be pointed

out that the Doppler shift of the multipath components is generally different, so the

effect on the received signal can be seen as Doppler spreading of the transmitted signal;

accordingly the width of the Doppler power spectrum is the Doppler spread parameter

and it is inversely proportional, plus a multiplicative constant, to the coherence time.

If the coherence time is shorter than the symbol duration or similarly, the Doppler

spread is greater than the signal bandwidth, the signal undergoes fast fading. In

those situations, a proper modelling of the Doppler characteristics will be appropriate.

Conversely, if the signal bandwidth is much greater than the Doppler spread or what

is the same, the channel impulse response changes at a rate much slower than the

transmitted signal, the channel is referred to as slow fading.

Based on a similar approach to that which will be used in section 2.4, while dealing

with the capacity associated with the MIMO channels, these last ones can be classified in

terms of the deterministic or stochastic approach to characterize the channel parameters.

Generally speaking, for scenarios not very site specific, a reasonable compromise between

accuracy and computation time is obtained through stochastic models; whereas for

more site specific ones, it will be necessary to use more complex models, such as the

ray tracing ones, in order to provide admissible accuracy at the expense of increased

computation time.

A different approach, which will be described from here on out, is the distinction

between physical and analytical models [24], as depicted in figure 2.2. The physical

channel models characterize an environment based on electromagnetic wave propagation

parameters, such as complex amplitude, Direction of Departure (DoD), Direction of
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Arrival (DoA), and delay of a multipath component, between the transmitter elements

and the receiver ones, independently of the antenna system configuration and bandwidth.

On the other hand, the analytical models characterize the individual impulse response

between each transmitter and receiver antenna element without specifically accounting

for wave propagation.

MIMO channel models classification

Physical models Analytical models

Deterministic

Geometry based

stochastic

Non geometrical

stochastic

Correlation based

Propagation moti-

vated

Standardized models

Figure 2.2: Classification of MIMO channel models

Finally, it shall be pointed out that there is a plethora of standardized models (such

as COST 259 [25], COST 273 [26], 3GPP SCM [27], WINNER [28], IEEE 802.11n [29]

and IEEE 802.16a [30], among others) allowing comparing the benefits and drawbacks

of different systems and algorithms from a unified and agreed on by many parties

perspective.

2.2.1 Physical Channel Models

The physical channel models can be further classified as deterministic, geometry-based

stochastic and non geometric stochastic models.

The deterministic models attempt to characterize the actual physical propagation

parameters of a given scenario in a complete deterministic manner and as such, whereas

they can potentially be very accurate at the expense of being time consuming, they

are only appropriate for the environment considered. It shall be noticed, that the most

suitable models under this category in urban areas are the known as ray tracing ones.

On the other hand, the geometry based stochastic models choose the scatterer

locations in a stochastic convention (in contrast with the deterministic ones which are
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prefixed). Afterwards, the channel impulse response is obtained through a simplified

ray tracing procedure.

Finally, the non geometrical stochastic physical models do not make specific use

of the geometry of a physical environment, but they attempt to model the physical

parameters associated with the scenario using a completely stochastic approach.

Deterministic Models

The geometric and electromagnetic properties of a specific environment can be stored

in a measurement campaign and used later on to obtain the corresponding impulse

response or to acquire parameters to characterize the MIMO channel.

An alternative is to use an evolved ray tracing technique previously applied to

conventional Single Input Single Output (SISO) systems. The ray tracing technique is

based on Geometrical Optics (GO) in order to take into account the directed, reflected

and refracted rays. GO assumes that the wavelength is small enough compared to the

dimensions of the surrounding obstacles of the environment, so the energy is supposed to

be radiated in infinitesimally small tubes, often called rays, propagating along straight

lines, provided the refractive index is constant. Moreover, in order to avoid the field

discontinuities at the boundaries of the regions where these rays exist, the Geometrical

Theory of Diffraction (GTD) [31] and its uniform extension Uniform Geometrical

Theory of Diffraction (UTD) [32] can be used, as they consider diffracted rays too.

Additionally, full wave electromagnetic solvers can be combined [33] with ray tracing

with the aim of modelling features whose size is comparable with the wavelength.

In the ray tracing algorithms, transmitter and receiver locations are specified and

based on the rules of GO on the geometric characteristics of the specific scenario,

all possible paths between them are determined (usually a limit on the number of

successive reflections/refractions/diffractions, called prediction order is used). It shall

be pointed out, that these models have the capability of considering the effect of the

radiation pattern on each of the rays launched.

In order to trace the rays launched by the transmitter antenna elements, two methods

are usually employed: the imaging [34] and the ray launching [35],[36] techniques. The

imaging technique is based on the electromagnetic theory of images, as its name suggests,

and it stores per each transmitter location all the possible permutations of reflection,

transmission and diffraction in a given zone. Based on these images’ information, the
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channel characteristics at each receiver element location can be obtained. On the other

hand, in the ray launching approach, rays are sent out at different angles and their

associated paths are traced until a specified power threshold is achieved. The number of

rays considered and the distance between the transmitter and the receiver determines

the spatial resolution and the accuracy of the model.

The ray tracing models can also be used in order to produce the data required

to compute the parameters used by the stochastic models. This option shows some

advantages over the measurement test campaigns traditionally used to carry out this

task, among which are time effectiveness and the avoidance of the influence of the

measurement antennas used in the test campaigns.

Geometry Based Stochastic Models

The assortment of models under this category mainly differs on the probability dis-

tribution function used to locate the scatterers and the number of bounces allowed.

The simplest model considers uniformly distributed scatterers with a single bounce,

usually known as single bounce geometrical model [37],[38]. On the other hand, there

are other environments (such as micro and pico cells in mobile communications) in

which it is necessary to decouple DoD, DoA and delay, something that it is not possible

with single bouncing, therefore being necessary to employ multiple bouncing.

Non Geometrical Stochastic

The different types of non geometrical stochastic models can be classified in terms of

way of processing the multipath components. If they are dealt in clusters, they fall

under the category of the extended to the spatial domain Saleh Valenzuela MIMO

model [39]. Otherwise, if the multipath components are dealt individually, they are

known as the Zwick model [40].

2.2.2 Analytical Channel Models

The analytical channel models can be further classified in correlation based models and

propagation motivated ones. The correlation based models statistically characterize

the channel matrix in terms of the correlation between matrix elements. By contrast,

21



CHAPTER 2. INTRODUCTION TO MIMO SYSTEMS

the propagation motivated ones attempt to estimate the MIMO channel matrix from

propagation parameters.

Correlation Based Models

The narrowband channel response of many scenarios can be accurately modelled through

a non zero mean complex Gaussian distribution. As a consequence, the channel matrix

can be seen as the contribution of a zero mean stochastic part HwHwHw plus a constant due

to a purely deterministic part HdHdHd, thus following a Rice distribution:

HHH =

√
1

1 +K
HwHwHw +

√
K

1 +K
HdHdHd (2.2.4)

Where K ≥ 0 is the Ricean factor of the channel and it is defined as the ratio

between the power associated with the dominant component and the fading ones. It

shall be noticed that when K = 0, HHH is equal to the Rayleigh channel matrix HwHwHw,

whereas when K →∞ the channel matrix is a non fading one. Moreover, it shall be

pointed out that the Rayleigh fading is usually employed when there is a rich multipath

environment with many multipath components, thus allowing the use of the central limit

theorem, so the envelope of the received signal can be approximated by the Rayleigh

distribution. On the other hand, the Rice fading is an appropriate choice when there

is a dominant signal (such as a line of sight component or the mean value of strong

multipath components) plus additional lower power components due to multipath.

It shall be noticed that the simplest MIMO analytical model, also known as canonical

model, is the independent identically distributed Rayleigh model (i.i.d model), in which

all the elements of the channel matrix hw i,j are uncorrelated and have equal variance.

These channel matrix properties are typical of rich scattering environments in which

the multipath components can be considered independent and uniformly distributed in

all directions.

hw i,j =
√

0.5 [N (0, 1) + jN (0, 1)] (2.2.5)

where N (0, 1) is the normal distribution with zero mean and unit variance.

On the other hand, the Rayleigh fading supposes that there is flat fading along

the space, time and frequency domains. However, if the distance between the antenna

elements, either transmission, reception or both, is not enough comparing it with the
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coherence distance (namely, the minimum spatial separation of antennas for independent

fading which depends on the angle spread of multipath components), there can be

correlation between the signal’s components, so it becomes essential to properly modify

the channel matrix accordingly. In order to take the correlation effects into account,

the following equation is proposed in [41]:

vec {HHH} = RRR1/2 vec {HwHwHw} (2.2.6)

where the matrix square roots may be obtained, e.g. via Cholesky decomposition

method, and vec {·} operator stacks the columns of the matrix argument into a single

column vector such as if applied to matrix HHH (which is a nr × nt dimension, HHH =

[h1h1h1h2h2h2 · · ·hnthnthnt ]) then vec {HHH} =
[
h1h1h1

Th2h2h2
T · · ·hnthnthnt

T
]

is a nrnt × 1 vector. Otherwise, RRR is

the covariance matrix of the channel of nrnt × nrnt dimension and it is computed as:

RRR = E
{
hhhhhhH

}
(2.2.7)

where hhh = vec {HHH} and (·)H is the Hermitian transpose operator.

If the fading statistics at transmission and reception are supposed to be independent,

the channel covariance matrix can be simplified and stated as:

RRR = RtRtRt ⊗RrRrRr (2.2.8)

where RtRtRt and RrRrRr are respectively, the covariance matrices for signals on the trans-

mission and reception arrays, whereas ⊗ represents the Kronecker product. Thus, the

channel matrix can be stated as:

HHH = RrRrRr
1/2HwHwHwRtRtRt

1/2 (2.2.9)

Under the aforementioned assumption concerning the separability of transmission

and reception covariance matrices, the model is known as the Kronecker model [42],

[43], [41] and [44], and it allows for independent array optimization at transmission and

reception. However, it shall be noticed that when the correlation level is high at either

or both transmission and reception, the model underestimates the channel capacity

[45].

The Weichselberger model [46] avoids the assumption of the Kronecker model in

order to represent with further accuracy the spatial structure of the MIMO channel. The
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approach followed in this model is to decompose the covariance matrices in eigenvalues

as follows:

RtRtRt = UtUtUtΛtΛtΛtUtUtUt
H (2.2.10a)

RrRrRr = UrUrUrΛrΛrΛrUrUrUr
H (2.2.10b)

where UtUtUt and UrUrUr are unitary matrices whose columns are the eigenvectors of RtRtRt and

RrRrRr respectively, and ΛtΛtΛt and ΛrΛrΛr are diagonal matrices with the associated eigenvalues.

Thus, the channel matrix can be stated as:

HHH = UrUrUr

(
Ω̃ΩΩ�HwHwHw

)
UtUtUt

T (2.2.11)

Where � denotes element wise multiplication and Ω̃ΩΩ is the element wise square root

of a nr × nt coupling matrix ΩΩΩ whose elements determine the average power coupling

between the Tx and Rx eigenmodes. An estimate of the coupling matrix is obtained

from the measured impulse response [46] as follows:

ΩΩΩ = E
{(
UrUrUr

HHHHUtUtUt
∗)� (UrUrUrTHHH∗UtUtUt)} (2.2.12)

On the other hand, it shall be noticed that the Kronecker model is a special case of

the Weichselberger model with the rank one coupling matrix:

ΩΩΩ = λrλrλrλtλtλt
T (2.2.13)

where λtλtλt and λrλrλr are correspondingly the eigenvalues vectors of the Tx and Rx

correlation matrix.

Propagation Motivated Models

As previously stated, the propagation motivated models aim to model the channel

matrix through propagation parameters. Among them, the finite scatterer, the maximum

entropy and the virtual channel representation models are going to be touched on.

The finite scatterer model [47] assumes that the propagation can be modelled in

terms of a finite number of multipath components allowing for single and multiple

bounce scattering. It shall be pointed out that the finite scatterer model can be seen

as a straightforward way of computing the MIMO channel impulse response, as the
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channel matrix for the narrowband case can be computed from the parameters of the

multipath components through:

HHH =
P∑
p=1

ξpψ (ψp) φ
T (φp) = ΨΨΨΞΞΞΦΦΦT (2.2.14)

where ΦΦΦ = [φ (φ1) φ (φ2) · · · φ (φp)] , ΨΨΨ = [ψ (ψ1) ψ (ψ2) · · · ψ (ψp)] , φT (φp) and

ψψψ (ψp) are the Tx and Rx steering vectors corresponding to the pth multipath component

and ΞΞΞ = diag
(
ξ1, · · · , ξp

)
is a diagonal matrix consisting of the multipath amplitudes.

On the other hand, the maximum entropy model, that makes use of the principle

which shares the same name, is proposed in [48] with the objective of avoiding any model

assumption not endorsed by the prior information, through choosing the distribution

which maximizes the entropy. Therefore, this model shows a useful feature concerning

the ease of consistently including any addition or removal of pre-existent information

in the channel distribution model.

Finally, the virtual channel representation model [49], which can be seen as a special

case of Weichselberger model, proposes to model the channel matrix by means of:

HHH = FnFnFn (ΩΩΩ�HwHwHw)FmFmFm
H (2.2.15)

where FmFmFm and FnFnFn respectively contain the steering vectors for nt virtual Tx and nr

virtual Rx scatterers, and ΩΩΩ is the coupling matrix of each pair of virtual scatterers.

It shall be pointed that this model is mainly useful for theoretical considerations,

but it is only appropriate for uniform linear arrays at Tx and Rx.
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2.3 Diversity

As previously stated in section 2.1, diversity techniques are used to transmit and/or

receive the same information by different signal paths to increase the communication

reliability and thus mitigating channel fading. This involves providing replicas of the

signal over time, frequency or space, or a combination of them. The key of any diversity

approach lies behind the fact of providing independent signal paths, over which provide

redundancy. As it will be shown along section 2.3, the diversity performance is greatly

dependent on the number of diversity branches, the correlation between signals carried

through them, the branches power similitude and the diversity scheme used to combine

the signal branches.

2.3.1 Diversity Schemes

In time diversity techniques the replicas are provided across the time by a combination

of channel coding and time interleaving approaches. In order to get the most profit from

time diversity, the coherence time shall be small compared with the symbol duration

(i.e., fast fading) in order to obtain almost completely new signal replicas, thus reducing

branch signal correlation.

On the other hand, in frequency diversity techniques the frequency domain is used

to provide different signal paths. This approach is useful when the coherence bandwidth

is small compared with the bandwidth of the signal (i.e., frequency selective fading), so

different parts of the signal bandwidth suffer independent fades.

Finally, under space diversity (as well known as antenna diversity) each antenna

element provides a unique weighting by means of spatial diversity or pattern diversity.

It shall be noticed that space diversity has the advantage over time and frequency

diversity, that it does not imply additional expenditure in time and bandwidth.

Concerning the spatial diversity, it is based on the fact that when different antenna

elements are positioned in appropriate locations, each antenna element places a unique

phase on each multipath component based on its arrival angle. In order to be a useful

approach, the antenna element spacing shall be larger than the coherence distance to

ensure independent signal paths. On the other hand, under the pattern diversity category,

it can be further distinguished between angle diversity and polarization diversity. When

the antenna elements share the same polarization but differ on magnitude and phase
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responses in different directions (namely they have dissimilar radiation patterns), it

corresponds to angle diversity. By contrast, in the polarization diversity approach, as

its name suggests, the antenna elements have different polarizations.

Spatial diversity can be applied at transmission (Multiple Input Single Output

(MISO)), at reception (Single Input Multiple Output (SIMO)) or at both link ends

simultaneously (MIMO). Transmit diversity (i.e., multiple antennas at the transmitter)

can be seen equivalent to spatial error coding and it generally requires channel state

information knowledge. In the absence of channel knowledge at the transmitter, the

space-time codes (e.g., [15],[16],[17]) can be used. On the other hand, receive diversity

(i.e., multiple antennas at the receiver) directly implies to consider an appropriate

combining approach. There are several options for carrying out this task [50], which in

order of increasing performance and complexity are:

1. Switch Combining (SWC): At a given time, only a single branch is connected to

the receiver and it remains connected until the SNR drops below a threshold at

which time the next branch is connected.

2. Selective Combining (SC): All the branches are constantly monitored, and that

with highest SNR is connected to the receiver.

3. Equal Gain Combining (EGC): The signals on all the branches are combined

previous a phase adjustment of all of them to the same one.

4. Maximal Ratio Combining (MRC): The final objective of this approach is to

maximize the SNR after combining. In order to carry out this task, the signals on

all branches must share the same phase (such as in Equal Gain Combining) and

afterwards, they are weighted according to an optimal algorithm, such as those

with highest SNR receive more weight, and finally added.

2.3.2 Diversity Performance

There are several parameters that have been widely used to quantify the diversity

performance of a multi antenna system. The Mean Effective Gain (MEG), the envelope

correlation coefficient and the diversity gain are the main ones. Among them, the most

complete parameter is the diversity gain, which can take into account at once, the main

aspects concerning the diversity performance: the number of diversity branches, the
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correlation between signals carried through them, the branches power similitude and

the diversity scheme used to combine the signal branches.

MEG

The MEG parameter [51], which takes into account the mutual relation between

the antenna gain patterns and the statistical distribution of incident waves in an

environment, can be used to quantify the effective gain of the antenna in the specific

scenario. The MEG of the antenna in the environment can be defined as the ratio

between the mean received power by an antenna in a mobile fading environment with a

given angular density function of the incoming plane waves and the total mean incident

power received in the same scenario by an isotropic antenna. Thus, a high MEG will

be obtained if the antenna shows high gain at the directions where the majority of the

incoming waves are specified by the angular density function and therefore, obviating

its use to obtain the branch power ratio, which affects the diversity performance (as

it will be seen in section 2.3.2), the MEG parameter is itself useful to determine how

effective will be an antenna in the specified mobile fading environment.

T. Taga [51] has derived equation (2.3.1) to evaluate MEG parameter:

MEG =

∫ 2π

0

∫ π

0

{
XPR

1 +XPR
Gθ (θ, φ)Pθ (θ, φ) +

+
1

1 +XPR
Gφ (θ, φ)Pφ (θ, φ)

}
sin θdθdφ (2.3.1)

where Gθ (θ, φ) and Gφ (θ, φ) are respectively the θ and φ components of the antenna

power gain pattern, and Pθ (θ, φ) and Pφ (θ, φ) the θ and φ components of the angular

density functions of incoming plane waves, respectively. Gθ (θ, φ), Gφ (θ, φ), Pθ (θ, φ)

and Pφ (θ, φ) satisfy the conditions:

∫ 2π

0

∫ π

0

{Gθ (θ, φ) +Gφ (θ, φ)} sin θdθdφ = 4π (2.3.2a)∫ 2π

0

∫ π

0

Pθ (θ, φ) sin θdθdφ =

∫ 2π

0

∫ π

0

Pφ (θ, φ) sin θdθdφ = 1 (2.3.2b)

It shall be noticed [51], that most statistical models of the angular density functions

of incoming plane waves, assume that Pθ and Pφ are uniform in azimuth due to the

28



CHAPTER 2. INTRODUCTION TO MIMO SYSTEMS

random orientation of the mobile antenna in azimuth. However, concerning θ variation,

no straight assumption can be made. T. Taga [51] proposed to use Gaussian angular

density functions in elevation:

P (θ, φ) = A0e
− [θ−(π2−θ0)]2

2σ2 , 0 < θ < π (2.3.3)

where P (θ, φ) is either Pθ (θ, φ) or Pφ (θ, φ), A0 is a constant to be determined

through equation (2.3.2), θ0 is the mean elevation angle and σ the standard deviation

of the wave distribution.

However, a more accurate approach [52] is to use a general double exponential

function (which unlike the Gaussian is asymmetrical) as angular density functions in

elevation:

P (θ, φ) =

 A0e
−
√

2|θ−(π2−θ0)|
σ− , 0 < θ < θ0

A0e
−
√

2|θ−(π2−θ0)|
σ+ , θ0 < θ < π

(2.3.4)

where σ− and σ+ are the standard deviation of the wave distribution in the corre-

sponding angular range. Concerning the standard deviation σ− and σ+, the function is

called Laplacian when σ− = σ+.

It shall be pointed out that depending on the specific type of scenario and the

measurements carried out to characterize it, the angular density functions parameters

are adjusted in order to best fit them (e.g., [52]).

On the other hand and regarding the Cross-Polarization Ratio (XPR), which is

used in equation (2.3.1), it is defined as the mean incident power ratio:

XPR =
PV
PH

(2.3.5)

where PV and PH are respectively the averaged mean incident power of the vertically

and horizontally polarized waves. Thus, if XPR =∞ the incident wave distribution is

only vertically polarized, whereas if XPR = 0 the incident wave distribution is only

horizontally polarized.

It shall be pointed out that XPR significantly varies with the surrounding environ-

ment. For example, in indoor environments [53] or in suburban outdoor environments

with non line of sight between transmitter and receiver XPR ≈ 0 dB, whereas in urban

outdoor environments XPR varies considerably from 4 dB to 9 dB [51].
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Correlation

As previously mentioned, one of the requirements to obtain good diversity performance

is to force low or ideally null correlation, as defined later on, between the signals received

on the diversity branches. This is essential in order to obtain independent signal paths

over which provide redundancy.

The correlation coefficient has three different forms [54]: complex signal (ρs), envelope

(ρe) and power correlation (ρp) coefficients.

The complex signal correlation coefficient (ρs) of two complex random variables can

be computed through:

ρs =
E {V1V

∗
2 }√

E {V1V ∗1 }E {V2V ∗2 }
(2.3.6)

where V1 and V2 are the zero mean complex voltages at the first and second antenna

terminals, respectively and E {·} is the expected value operator. In order to evaluate ρs

in an angular domain, equation (2.3.7) is proposed in [55]:

ρs =

∫ 2π

0

∫ π
0
A12 (θ, φ) sin θdθdφ√∫ 2π

0

∫ π
0
A11 (θ, φ) sin θdθdφ

∫ 2π

0

∫ π
0
A22 (θ, φ) sin θdθdφ

(2.3.7a)

Amn = XPR · Eθm (θ, φ)E∗θn (θ, φ)Pθ (θ, φ) + Eφm (θ, φ)E∗φn (θ, φ)Pφ (θ, φ) (2.3.7b)

where XPR is defined in equation (2.3.5), Pθ (θ, φ) and Pφ (θ, φ) are respectively

the θ and φ components of the angular density functions of incoming plane waves, Eθm

and Eφm are the complex expressions of the θ and φ components of the electric field

pattern of antenna element m, and Eθn and Eφn correspondingly to antenna element n.

On the other hand, the envelope (ρe) and power correlation (ρp) coefficients can be

obtained by means of:

ρe =
E
{√

S1

√
S2

}√
E
{√

S1

√
S1

}
E
{√

S2

√
S2

} (2.3.8a)

ρp =
E {S1S2}√

E {S1S1}E {S2S2}
(2.3.8b)

where Sn represents the zero meaned sequence of the power received over the nth

antenna.
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Although the three coefficients are related, the most common reference to diversity

performance is the envelope correlation, which in a Rayleigh fading environment, it is

widely assumed [56] to be related to ρs through:

ρe ≈ |ρs|2 (2.3.9)

Moreover, for all practical purposes, it has been shown [56] that:

ρe = ρp (2.3.10)

Alternatively, the envelope correlation coefficient between signals received by two

antennas can be computed from the antenna system S parameters [57], [58] through

equation (2.3.11).

ρe =
|S∗11S12 + S∗21S22|2[

1−
(
|S11|2 + |S21|2

)] [
1−

(
|S22|2 + |S12|2

)] (2.3.11)

while equation (2.3.11) leads to an important reduction on the time computing

process, it is only strictly valid under the following assumptions:

• Lossless antenna system (efficiency equal to unity and not mutual losses).

• The antenna system is located in an uniform multipath environment.

• Load termination on the non measured antenna is 50 Ω.

On the other hand, also based on the S parameters and the same assumptions as

equation (2.3.11), later on a general envelope correlation formula (equation (2.3.12)) to

the case (N,N) was derived in [59].

ρe (i, j, N) =

∣∣∣∣ N∑
n=1

S∗i,nSn,j

∣∣∣∣2∏
k=i,j

[
1−

N∑
n=1

S∗k,nSn,k

] (2.3.12)

It shall be noticed that some assumptions made (specifically the lossless antenna

system) are hardly satisfied in mobile terminal antennas of reduced electrical size, so in

real systems the envelope correlation coefficient calculated based on equation (2.3.11)

or equation (2.3.12) is not the exact value, but nevertheless is not so bad starting

approximation.
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In order to avoid the lossless assumption, the antenna radiation efficiencies must be

considered as proposed in [60].

0 =
S11S

∗
12 + S21S

∗
22√[

1−
(
|S11|2 + |S21|2

)] [
1−

(
|S22|2 + |S12|2

)]+
+ ρs
√
η1η2 + ρs loss

√
(1− η1) (1− η2) (2.3.13)

where η1 and η2 are respectively the radiation efficiencies of antenna 1 and 2, while

ρs loss is the complex correlation coefficient of the internal losses, which is often unknown

and difficult to measure, so its effect is an uncertainty in the complex correlation

coefficient of the received signal (ρs), such as:

|ρs|max,min = |ρs,0| ±

√(
1

η1

− 1

)(
1

η2

− 1

)
(2.3.14a)

ρs,0 =
−S11S

∗
12 − S21S

∗
22√[

1−
(
|S11|2 + |S21|2

)] [
1−

(
|S22|2 + |S12|2

)]
η1η2

(2.3.14b)

Following the same motivation, a general envelope correlation formula including

power losses (equation (2.3.15)) to the case (N,N) was derived in [61].

ρe (i, j, N) =

∣∣∣∣ N∑
n=1

S∗i,nSn,j −
N∑
n=1

Lnij

∣∣∣∣2∏
k=i,j

[
1−

N∑
n=1

S∗k,nSn,k −
N∑
n=1

Lnkk

] (2.3.15)

where L account for the losses, which for a dipole antenna system can be formulated

as:

Li =
1

2πr


∫
l
Ii1I

∗
i1dl

∫
l
Ii1I

∗
i2dl · · ·

∫
l
Ii1I

∗
iNdl∫

l
Ii2I

∗
i1dl

∫
l
Ii2I

∗
i2dl · · ·

∫
l
Ii2I

∗
iNdl

...
...

...
...∫

l
IiNI

∗
i1dl

∫
l
IiNI

∗
i2dl · · ·

∫
l
IiNI

∗
iNdl

 (2.3.16)

where the IiN terms are the normalised currents on antenna i due to the incident

wave N , r is the radius of the dipole wire and l its length.
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Diversity Gain

The diversity gain is defined as the improvement in the SNR, corresponding to a certain

outage probability (usually 1%), of the combined signals (so depends on the diversity

scheme used, presented in section 2.3.1) relative to the SNR of a reference. In this case,

the term outage probability is characterized as the probability that the instantaneous

SNR γ is below a given threshold γs.

Depending on the reference used, there are three main definitions of diversity gain,

however when the general term diversity gain is used, it is usually referred to apparent

diversity gain, and this convention will be followed henceforth.

• Apparent Diversity Gain: the reference is that of the single element with the

strongest average signal level.

• Effective Diversity Gain: the reference is that of an ideal single element with

100% radiation efficiency.

• Actual Diversity Gain: the reference is that of the existing single antenna, which

is going to be substituted by the diversity system.

From these definitions, it shall be noticed that they can be related through radiation

efficiencies [62], [63]. For example, the Actual Diversity Gain is the Apparent Diversity

Gain multiplied by the radiation efficiency of the single existing antenna that the

diversity antenna shall replace. On the other hand, the Effective Diversity Gain and

the Apparent Diversity Gain are directly related through the total embedded element

efficiency of the best branch.

The diversity gain is usually defined based on Cumulative Distribution Function

(CDF) for the different diversity schemes used. Based on this approach, in a Rayleigh

fading environment, the probability that a single branch instantaneous SNR γ will fall

below a given threshold γs is, as given in [50]:

P (γ ≤ γs) =
(

1− e
γs
Γ

)
(2.3.17)

where Γ is the mean SNR.

For a SC scheme, which is often used due to its simplicity, with N independent

branches of equal mean SNR Γ, the probability that the instantaneous SNR γ will fall

below γs is, as given in [50]:
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P (γ ≤ γs)N =
(

1− e
γs
Γ

)N
(2.3.18)

On the other hand, if MRC scheme is used due to its optimal performance for

maximizing the SNR at the output of the combination scheme, and there are N

independent branches of equal mean SNR Γ, the probability that the instantaneous

SNR γ will fall below γs is, as given in [50]:

P (γ ≤ γs)N = 1− e−
γs
Γ

N∑
k=1

(
γs
Γ

)k−1

(k − 1)!
(2.3.19)

In figure 2.3 a comparison of the resulting CDF of the normalized instantaneous

SNR ( γ
Γ

) at the combiner output for the SC and MRC schemes for 2 and 4 uncorrelated

and equal mean SNR diversity branches is provided. As well, the reference of the

corresponding CDF of a single branch in a Rayleigh fading environment is given.
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N = 4 − Maximal Ratio Combining

Figure 2.3: CDF of the normalized instantaneous SNR for different diversity schemes

and number of branches

As it can be observed in figure 2.3, the normalized instantaneous SNR ( γ
Γ
) of a

single branch in a Rayleigh fading environment will be below −20 dB at an outage

probability of 1%, whereas using a diversity scheme γ
Γ

will be higher, considering the
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same outage probability. The difference between γ
Γ

of that corresponding to the diversity

system used and the reference is the diversity gain and it depends among others on

the number of branches, the diversity scheme used to combine them and the outage

probability considered. On the other hand, in figure 2.3 it can be noticed too the better

performance previously anticipated of MRC over SC, obtained at the expense of being

a more complex scheme to implement. Moreover, it can be appreciated that the shape

of the CDF is mainly influenced by the number of diversity branches rather than the

diversity scheme used. This behaviour leads to the definition of the term Diversity

Order [18] of a diversity system as:

D = lim
Γ→∞

− logPe
log Γ

(2.3.20a)

Pe =

∫ ∞
0

BER

γ
fΓ (γ) dγ (2.3.20b)

where Pe is the overall error rate and fΓ (γ) is the probability density function of

the output SNR, γ.

It shall be pointed out, that in a single branch SISO system for large SNR:

Pe ∝
1

Γ
(2.3.21)

whereas in a N independent branches diversity system:

Pe ∝
1

ΓN
(2.3.22)

where N is the diversity order D, that is the slope of Bit Error Rate (BER) or CDF

plot as a function of SNR (in a log-log plot). Thus, in a system of diversity order of

two, the CDF will fall by a factor of 102 for an increase of 10 dB in SNR, as it can be

seen in figure 2.3.

Until now, while dealing with diversity gain, independent branches of equal mean

SNR have always been considered, however in many real scenarios power imbalance and

correlation between branches is an usual situation. For example, in mobile handsets,

due to space restrictions, the antenna elements shall be closely spaced, so the signals

received by them, depending on the configuration used, may be highly correlated if

using identical elements or may exhibit power imbalance if using different elements or

identical ones but with a different physical orientation.
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The analysis of the effects of the power imbalance [64] and correlation [65], [50],

[56] between branches on the diversity gain has been performed for different diversity

schemes and fading distributions. Concerning power imbalance, for low instantaneous

SNR γ, with N independent branches of different mean SNR and SC scheme, the CDF

is given by:

P (γ ≤ γs)N ≈
γNs

Γ1Γ2 · · ·ΓN
(2.3.23)

where Γ1Γ2 · · ·ΓN are respectively the mean SNR of branch 1, 2, · · · , N .

Whereas regarding MRC, the probability that the instantaneous SNR γ will fall

below γs is:

P (γ ≤ γs)N ≈
γNs

N ! Γ1Γ2 · · ·ΓN
(2.3.24)

It shall be pointed out that the sign ≈ in equations (2.3.23) and (2.3.24) shall be

interpreted as “asymptotically equal to”.

In figure 2.4 a comparison of the resulting CDF of the normalized instantaneous

SNR ( γ
Γ
) at the combiner output for the SC and MRC schemes for two uncorrelated

and unequal mean SNR diversity branches is provided (the difference in Γ is 6 dB).

Moreover, the corresponding CDF of a single branch in a Rayleigh fading environment

is given as a reference, as well as those corresponding to SC and MRC schemes for two

uncorrelated and equal mean SNR diversity branches (the asymptotic approximation is

as well given).

As it can be appreciated in figure 2.4, the equations (2.3.23) and (2.3.24) are only

appropriate for low instantaneous SNR γ, as previously anticipated. Concerning the

diversity gain at an outage probability of 1%, it has been deteriorated so that it has

been roughly reduced 3 dB comparing it with the same diversity scheme and number

of uncorrelated branches but with equal Γ. Moreover, it shall be noticed that this

deterioration is the same independently of the diversity scheme used.

On the other hand and concerning correlated branches, for a SC scheme with two

correlated branches of different mean SNR, the probability that the instantaneous SNR
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Figure 2.4: CDF of the normalized instantaneous SNR for SC and MRC diversity

schemes with power imbalanced branches

γ will fall below γs is, as given in [66]:

P (γ ≤ γs)2 = 1− e−
γs
Γ1Q (a, |ρs| b)− e−

γs
Γ2 [1−Q (|ρs| a, b)] (2.3.25a)

a =

√
2γs

Γ2

(
1− |ρs|2

) (2.3.25b)

b =

√
2γs

Γ1

(
1− |ρs|2

) (2.3.25c)

Q (a, b) =

∫ ∞
b

e−
a2+x2

2 I0 (ax)x dx (2.3.25d)

where Γ1 and Γ2 are respectively the mean SNR of branch 1 and 2, Q is the Marcum

function, I0 is the modified zero order Bessel function of first kind and ρs is the complex

signal correlation coefficient as defined in equation (2.3.6).

There is an approximate equation between apparent diversity gain and ρs [63] for a

two antenna system and SC:
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DiversityGain = 10 eρ (2.3.26a)

eρ =

√
1− |ρs|2 (2.3.26b)

where 10 is the maximum apparent diversity gain at an outage probability of 1% of

a two antenna system with SC, and eρ is an approximate expression for the degradation

factor by which the diversity gain is reduced due to the correlation between the signals.

For high values of the correlation envelope close to unity, equation (2.3.27) shall be

used for more accurate results:

eρ =

√
1− |0.99ρs|2 (2.3.27)

On the other hand, for a MRC scheme with N correlated branches of different mean

SNR, the probability that the instantaneous SNR γ will fall below γs is, as given in

[67]:

P (γ ≤ γs)N =
N∑
k=1

1

εk

(
1− e−

γs
Γk

)
(2.3.28a)

εk =
N∏
m=1
m 6=k

(
1− Γm

Γk

)
(2.3.28b)

There is an alternative representation for equation (2.3.28) [68] which make use of

the eigenvalues (λk) of the covariance matrix, which in turn is formulated in terms of

MEG and ρs.

P (γ ≤ γs)N = 1−
N∑
k=1

λN−1
k e

− γs
λk

N∏
j 6=k

(λk − λj)
(2.3.29)

For a MRC scheme with two correlated branches of different mean SNR, equa-
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tion (2.3.29) simplifies as follows:

P (γ ≤ γs)2 =
1

λ1 − λ2

{
λ1

(
1− e−

γs
λ1

)
− λ2

(
1− e−

γs
λ2

)}
(2.3.30a)

λ1 =
1

2

{
Γ1 + Γ2 +

√
(Γ1 + Γ2)2 − 4Γ1Γ2

(
1− |ρs|2

)}
(2.3.30b)

λ2 =
1

2

{
Γ1 + Γ2 −

√
(Γ1 + Γ2)2 − 4Γ1Γ2

(
1− |ρs|2

)}
(2.3.30c)

where λ1 and λ2 are the eigenvalues of the covariance matrix:

RRR =

(
MEG1 ρs

√
MEG1MEG2

ρ∗s
√
MEG1MEG2 MEG2

)
(2.3.31)

In figure 2.5 a comparison of the resulting CDF of the normalized instantaneous

SNR ( γ
Γ
) at the combiner output for the SC and MRC schemes for two correlated

and equal mean SNR diversity branches is provided. As well, the reference of the

corresponding CDF of a single branch in a Rayleigh fading environment is given.
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Figure 2.5: CDF of the normalized instantaneous SNR for SC and MRC diversity

schemes with two correlated branches
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As it can be observed in figure 2.5, a |ρs| = 0.25 has a negligible effect on diversity

gain at an outage probability of 1% (a deterioration of around 0.14 dB), independently

of the diversity scheme used. Moreover, even when |ρs| = 0.75 the deterioration on

the diversity gain is roughly 1.7 dB. Finally, it shall be noticed that approximately the

same degradation factor is obtained through equations (2.3.26) and (2.3.27).
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2.4 Spatial Multiplexing

As previously stated in section 2.1, an alternative approach to diversity techniques is to

make profit from the spatial degrees of freedom to improve communication capacity. One

can take advantage of the channel randomness behaviour, by transmitting independent

information by different spatial channels (this use is called spatial multiplexing) and

increasing therefore, the data rate.

In a SISO scenario, Shannon’s capacity formula [69] provides the maximum theoret-

ically attainable transmission rate per Hertz of bandwidth (bits/s/Hz) based on the

assumption that the channel is Additive White Gaussian Noise (AWGN). 1

C = log2 (1 + Γ) (2.4.1)

It shall be noticed that if the transmission rate per Hertz of bandwidth is higher

than C, then the received signal will have errors, regardless the coding mechanism that

it is employed.

In the following sections 2.4.1 and 2.4.2, the capacity improvements of MIMO

channels will be explored.

2.4.1 Capacity of Deterministic MIMO Channels

Although the MIMO channel is random, it is appropriate to start describing the capacity

of deterministic MIMO channels, as it can be seen as the capacity of a sample realization

of the stochastic MIMO channel.

In order to keep the formulation simple, it will be supposed that the sample

realization comes from a flat fading stochastic channel and that single carrier modulation

is used, so the relationship between the input and output signals of the MIMO system

can be formulated as follows:

yyy = HHHsss+ uuu (2.4.2)

where yyy is the nr × 1 received signal vector, sss is a nt × 1 transmitted signal vector

whose elements are complex Gaussian distributed random variables with zero mean

1From here on out and for brevity, every time the term capacity is used, it will be referring to the

normalized channel capacity C/BW (bits/s/Hz), which is also often called as the error-free spectral

efficiency
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E {sss} = 000 and covariance RRRssssss = E
{
ssssssH

}
(where E {·} is the expected value operator

and (·)H is the Hermitian transpose of the matrix, i.e., the complex conjugate transpose),

HHH is the nr×nt MIMO channel matrix and uuu is a nr×1 additive white complex Gaussian

noise vector with independent distributed elements and equal variance σ2, so with

covariance E
{
uuuuuuH

}
= N0InrInrInr (where InrInrInr stands for the nr × nr identity matrix).

It shall be noticed that the diagonal elements of the transmitted signal covariance

RRRssssss represent the transmitted power from each antenna, so it will be necessary to set a

constraint regarding it:

Tr(RRRssssss) ≤ PT (2.4.3)

where Tr(·) is the trace operator and PT is the total transmit power.

On the other hand, the off diagonal elements ofRRRssssss represent the correlation between

the transmitted signals, with increased correlation degrading spatial multiplexing

performance [41], as the performance degradation in the diversity systems.

Assuming the channel HHH is perfectly known at the receiver, the capacity of a

deterministic MIMO channel is given by [3]:

C = max
Tr(RssRssRss)≤PT

{
log2

[
det

(
InrInrInr +

HHHRssRssRssH
HHHHH

σ2

)]}
(2.4.4)

where det(·) is the determinant operator and the maximization operator is applied

over all possible covariance matrices RRRssssss which satisfy the power constraint equa-

tion (2.4.3). Therefore, C is the maximum theoretically attainable transmission rate

per Hertz of bandwidth (bits/s/Hz).

The capacity of a deterministic MIMO channel presented in equation (2.4.4) can

be formulated [41] in terms of eigenvalues using the Singular Value Decomposition

(SVD) theorem, in order to transform the linear system into an equivalent consisting of

r = min (nr, nt) decoupled SISO sub-channels:

C = max
Tr(RssRssRss)≤PT

r∑
i

log2

(
1 +

Λii

σ2

)
(2.4.5)

where the eigenvalue Λii of the matrix HHHRssRssRssH
HHHHH represents the received signal power

level in the ith eigenchannel in the absence of noise.

It shall be pointed that the SVD theorem can be seen as a method for transforming

correlated variables into a set of uncorrelated ones, which eases to show the relationships
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between the original elements.

Channel State Information (CSI) at the Transmitter Side

Until now, it has been assumed that the channel HHH is perfectly known at the re-

ceiver. Whereas this assumption is appropriate at the receiver side, acquiring the same

knowledge at the transmitter is complex in real systems, so it can not be directly

supposed.

When the transmitter does not know the channel matrix HHH, it is rational to equally

divide at the transmitter side the available power into the nt antennas, so:

RssRssRss =
PT
nt
IntIntInt (2.4.6)

assuming no correlation between the transmitted signals.

Substituting equation (2.4.6) in equation (2.4.4) follows:

C = log2

[
det

(
InrInrInr +

PT
ntσ2

HHHHHHHHH

)]
(2.4.7)

It shall be noticed that equation (2.4.7) is not capacity with the same properties as

Shannon’s capacity, as it can be outperformed if CSI at the transmitter side is available,

as it will be shown in short. Notwithstanding this fact, equation (2.4.7) will be referred

to as well as capacity.

Applying the SVD theorem on matrix HHH ∈ CCCnr×nt :

HHH = UUUΣΣΣV HV HV H (2.4.8)

where UUU ∈ CCCnr×nr and VVV ∈ CCCnt×nt are unitary matrix (i.e., UHUUHUUHU = InrInrInr and V HVV HVV HV =

IntIntInt) whose columns are orthonormal eigenvectors of HHHHHHHHH and HHHHHHHHH respectively and

ΣΣΣ ∈ CCCnr×nt is a rectangular matrix whose diagonal elements are the singular values or

the positive square roots of eigenvalues from UUU or VVV in descending order and whose

off-diagonal entries are all zero. It shall be pointed out that the rank of HHH equals the

number of non zero singular values.

And based on the SVD of HHH, it follows:

HHHHHHHHH = UUUΣΣΣΣHΣHΣHUHUHUH = UUUΛΛΛUHUHUH (2.4.9)
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where the property of the Hermitian operator (AAABBB)H
HH = BHBHBHAHAHAH is used and ΛΛΛ ∈

CCCnr×nr is a diagonal matrix with the eigenvalues of the HHHHHHHHH matrix or the squared

singular values of HHH.

Making use of equation (2.4.9) in equation (2.4.7) and the determinant identity

det (ImImIm +AAABBB) = det (InInIn +BBBAAA) (where AAA ∈ CCCm×n and BBB ∈ CCCn×m):

C = log2

[
det

(
InrInrInr +

PT
ntσ2

ΛΛΛ

)]
=

r∑
i

log2

(
1 +

PT
ntσ2

λi

)
(2.4.10)

where r denotes the rank of HHH as in equation (2.4.5) and λi is the ith eigenvalue of

the HHHHHHHHH matrix.

It shall be noticed that equation (2.4.10) has transformed the previous MIMO

capacity equation (2.4.7) into an equivalent consisting of r = min (nr, nt) decoupled

SISO sub-channels such as the capacity of the MIMO channel is the sum of the capacities

of r decoupled SISO sub-channels each having a channel power gain of λi and equal

power transmitted PT
nt

.

If the channel matrix HHH is of full rank such that r = nr = nt, equation (2.4.10) is

maximized when the SISO sub-channels power gain λi is equal (this implies in turn

that the channel is orthogonal), so equation (2.4.10) reduces to:

C = r log2 (1 + Γ) (2.4.11)

where Γ = PT
σ2 .

Under these assumptions, the capacity of the deterministic MIMO channel is r

times the capacity of the SISO scenario given by equation (2.4.1).

It shall be pointed out that previously, it has been said that the channel power gain

of the ith decoupled SISO sub-channel is λi, so the total power gain of the channel is

the squared Frobenius norm of the MIMO channel:

‖HHH‖2
F = Tr

(
HHHHHHHHH

)
=

nr∑
i=1

nt∑
j=1

|hij|2 = Tr (ΛΛΛ) =
r∑
i=1

λi =
r∑
i=1

σ2
i (2.4.12)

where ΛΛΛ is a diagonal matrix with the eigenvalues λi of matrix HHHHHHH and σi is the

ith singular value of the channel matrix HHH.

It must be highlighted that as the capacity of the deterministic MIMO channel is

function of the received SNR, it is essential, for an appropriate interpretation of the
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results, to properly normalize the total power gain of the channel. While there are

several ways of performing this normalization [70] which affect the interpretation of the

received SNR, henceforth the standard normalization will be used:

HnormHnormHnorm =
HHH√
‖HHH‖2F
ntnr

(2.4.13)

thus:

‖HnormHnormHnorm‖2
F = ntnr (2.4.14)

which implies that Γ is the SNR per receiver from all transmitters.

On the other hand, if the channel HHH is perfectly known at the transmitter side, it

can optimally allocate the available power to maximize the MIMO system capacity,

providing more power to those channels with higher eigenvalue.

Making use of the SVD theorem as in equation (2.4.5) and rearranging the terms in

order to parametrize the power assigned to each stream [71], the capacity equation can

be maximized through the water filling solution [71],[72]. Following this approach, the

SVD of the channel matrix HHH is:

HHH = UhUhUhΣhΣhΣhV
H
hV
H
hV
H
h (2.4.15)

where the h subscript only denotes that the matrices belong to the HHH channel

matrix, as they will be used below.

On the other hand, if the covariance matrix of the transmitted signal RssRssRss is chosen

such as:

RssRssRss = VhVhVhΛssΛssΛssV
H
hV
H
hV
H
h (2.4.16)

where ΛssΛssΛss is a diagonal matrix with the eigenvalues of the covariance matrix RssRssRss.

Then, the capacity can be formulated as:

C = max
Tr(RssRssRss)≤PT

r∑
i

log2

(
1 +

Λss ii |Σh ii|2

σ2

)
(2.4.17)

which is maximized when Λss ii:

Λss ii =

(
ζ − σ2

|Σh ii|2

)+

(2.4.18)
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where the (·)+ operator is equal to the argument if it is positive and zero otherwise,

and ζ is determined in order to satisfy the total transmit power constraint.

Simplified Cases: Capacity of Deterministic SIMO and MISO Channels

The preceding formulation can be simplified in the special cases of only one antenna at

the transmitter side (i.e., SIMO) or only one antenna at the receiver side (i.e., MISO).

In a SIMO channel, hhh ∈ CCCnr×1, Int = 1 and Rss = PT , so equation (2.4.4) simplifies

as follows:

C = log2

[
det
(
1 + ΓhHhHhHhhh

)]
(2.4.19)

where the determinant identity det (ImImIm +AAABBB) = det (InInIn +BBBAAA) (where AAA ∈ CCCm×n

and BBB ∈ CCCn×m) has been used and Γ = PT
σ2 .

On the other hand:

hHhHhHhhh =
nr∑
i=1

|hi|2 = ‖hhh‖2
F (2.4.20)

where ‖·‖2
F is the squared Frobenius norm.

It shall be noticed that not assumption is made concerning the CSI knowledge at

the transmitter side, so its is evident that in this special case there is not performance

advantage of having it.

If the channel vector elements hi are equal and normalized such as:

|h1|2 = |h2|2 = · · · = |hnr |2 = 1 (2.4.21)

Then equation (2.4.19) simplifies as follows:

C = log2 (1 + nrΓ) (2.4.22)

On the other hand, in a MISO channel with not CSI knowledge at the transmitter

side hhh ∈ CCC1×nt and Inr = 1 , so equation (2.4.7) simplifies as follows:

C = log2

[
det

(
1 +

Γ

nt
hhhhHhHhH

)]
(2.4.23)

Moreover, if the channel vector elements hi are equal and normalized such as:
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|h1|2 = |h2|2 = · · · = |hnt |2 = 1 (2.4.24)

Then equation (2.4.23) reduces to:

C = log2 (1 + Γ) (2.4.25)

which coincides with the capacity of a SISO scenario, as it is shown in equa-

tion (2.4.1).

By contrast, if there is CSI knowledge at the transmitter side, equation (2.4.17)

simplifies as follows as r = 1 and all the power is allocated in the only one spatial data

pipe available, so λss 11 = PT and:

C = max
Tr(RssRssRss)≤PT

log2

(
1 +

PT |Σh 11|2

σ2

)
(2.4.26)

Moreover, if the channel vector elements hi are equal and normalized, then σh 11 =
√
nt, so equation (2.4.26) simplifies as:

C = log2 (1 + ntΓ) (2.4.27)

It shall be pointed out that equation (2.4.27) is analogous to equation (2.4.22), as

expected.

In order to better illustrate the concepts provided along this section 2.4.1 some

examples will be provided. In all of them, it will be considered a sample realization of

an stochastic independent identically distributed Rayleigh fading channel as given by

equation (2.2.5) properly normalized as proposed in equation (2.4.13).

In the first example, it will be assumed perfect CSI knowledge at the receiver and

not in the transmitter side. As it can be seen in figure 2.6, due to the fact that there

is not CSI knowledge at the transmitter side, the capacities of the SISO and MISO

scenarios are equal as previously formulated. Moreover, under the same assumptions, it

can be noticed that for a given SNR the capacity of the SIMO scenario is higher than

the MISO one and the difference between them approaches log2 nr when the average

SNR is extremely high, as it can be derived from equation (2.4.22) and equation (2.4.25).

Finally, the capacity of the MIMO scenario is the highest one for a given average SNR.

It shall be noticed that the total power gain of the channel in this last case is higher

than the SIMO and MISO cases.
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Figure 2.6: Capacity of a deterministic MIMO channel without CSI at the transmitter

side

By contrast, in the second example, it will be compared the capacity of a nt = nr = 5

MIMO system with and without perfect CSI knowledge at the transmitter side (perfect

CSI knowledge at the receiver is assumed in both cases).

As it can be observed in figure 2.7, when CSI is available at the transmitter side

the best performance can be obtained, however the benefits are not significant when

the average SNR is extremely high.

2.4.2 Capacity of Stochastic MIMO Channels

As it is known (see section 2.2), in general MIMO channel changes randomly, so the

previous equations concerning the channel capacity presented in section 2.4.1 are not

longer valid in their current form. There are two notions of capacity of stochastic MIMO

channels [3] depending on if the channel is ergodic or non-ergodic: ergodic capacity and

outage capacity.

Henceforth, it will be assumed a Rayleigh fading channel with perfect CSI knowledge

at the receiver and not in the transmitter side.
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Figure 2.7: Capacity comparison of a deterministic 5 × 5 MIMO channel with and

without CSI knowledge at the transmitter side

Ergodic Capacity

The ergodic capacity [3] of an stochastic MIMO channel can be formulated based on

the aforementioned assumptions and equation (2.4.7) as:

C = E
{

log2

[
det

(
InrInrInr +

PT
ntσ2

HwHwHwH
H
wH
H
wH
H
w

)]}
(2.4.28)

Therefore, the ergodic capacity is the median of the CDF of the information rate.

As an example, in figure 2.8 the ergodic capacity of a stochastic independent

identically distributed Rayleigh flat fading channel as given by equation (2.2.5) properly

normalized as proposed in equation (2.4.13) is provided. The ergodic capacity shown in

figure 2.8 is computed based on 10000 samples of the i.i.d. Rayleigh flat fading channel.

It shall be pointed out that the arguments provided while dealing with figure 2.6

concerning the MISO, SIMO and MIMO cases are applicable to figure 2.8 too.

In case of dealing with a frequency selective fading channel, the bandwidth can be

divided into an enough number of sub-bands to assume that each one behaves as a

frequency flat fading channel. Further, assuming the total transmit power is uniformly
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Figure 2.8: Ergodic capacity of a stochastic MIMO channel without CSI at the trans-

mitter side

allocated in frequency along the sub-bands, the ergodic capacity can be obtained

through equation (2.4.29) as:

C = E

{
1

N

N∑
i

log2

[
det

(
InrInrInr +

PT
ntσ2

HwHwHwiHwHwHw
HHH
i

)]}
(2.4.29)

where N is the number of sub-bands and PT is the total transmit power allocated

to the ith sub-band.

Outage Capacity

By contrast, if the MIMO channel is non-ergodic, the q% outage capacity Cout,q is

defined as the information rate that it is guaranteed for (100− q) % of the channel

realizations, that is:

P (C ≤ Cout,q) = q% (2.4.30)

where C is defined in equation (2.4.7), but this time HHH is an stochastic channel.
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As an example, in figure 2.9 the outage capacity of a stochastic independent

identically distributed Rayleigh flat fading channel, as given by equation (2.2.5) properly

normalized as proposed in equation (2.4.13), with a 2× 2 MIMO system and an average

SNR per receiver from all transmitters of Γ = 10 dB is provided. The outage capacity

shown in figure 2.9 is computed based on 10000 samples of the i.i.d. Rayleigh flat fading

channel, as the ergodic capacity shown in figure 2.8 .
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10
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ou
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)
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Figure 2.9: Outage capacity of an i.i.d. Rayleigh flat fading channel with a 2× 2 MIMO

system and Γ = 10 dB

In this example, as it can be observed in figure 2.9, the 1% outage capacity is

4.4 bps/Hz. Moreover, it shall be noticed, that there is always a trade-off between the

outage capacity and the achieved information rate.

51





BIBLIOGRAPHY

[3] E. Telatar, “Capacity of multi-antenna gaussian channels”, European Transac-

tions on Telecommunications, vol. 10, no. 6, pp. 585–595, 1999, issn: 1541-8251.

doi: 10.1002/ett.4460100604. [Online]. Available: http://dx.doi.org/10.

1002/ett.4460100604 (cit. on pp. 2, 42, 48, 49, 149, 150).

[15] J.-C. Guey, M. Fitz, M. Bell, and W.-Y. Kuo, “Signal design for transmitter

diversity wireless communication systems over rayleigh fading channels”, in

Vehicular Technology Conference, 1996. Mobile Technology for the Human Race.,

IEEE 46th, vol. 1, 1996, 136–140 vol.1 (cit. on pp. 14, 27).

[16] V. Tarokh, N. Seshadri, and A. Calderbank, “Space-time codes for high data

rate wireless communication: performance criterion and code construction”,

Information Theory, IEEE Transactions on, vol. 44, no. 2, pp. 744–765, 1998

(cit. on pp. 14, 27).

[17] S. Alamouti, “A simple transmit diversity technique for wireless communica-

tions”, Selected Areas in Communications, IEEE Journal on, vol. 16, no. 8,

pp. 1451–1458, 1998 (cit. on pp. 14, 27).

[18] L. Zheng and D. Tse, “Diversity and multiplexing: a fundamental tradeoff in

multiple-antenna channels”, Information Theory, IEEE Transactions on, vol. 49,

no. 5, pp. 1073–1096, 2003, issn: 0018-9448. doi: 10.1109/TIT.2003.810646

(cit. on pp. 15, 35).

53

http://dx.doi.org/10.1002/ett.4460100604
http://dx.doi.org/10.1002/ett.4460100604
http://dx.doi.org/10.1002/ett.4460100604
http://dx.doi.org/10.1109/TIT.2003.810646


BIBLIOGRAPHY

[19] D. Chizhik, G. Foschini, and R. Valenzuela, “Capacities of multi-element transmit

and receive antennas: correlations and keyholes”, Electronics Letters, vol. 36,

no. 13, pp. 1099 –1100, Jun. 2000, issn: 0013-5194. doi: 10.1049/el:20000828

(cit. on p. 16).

[20] D. Gesbert, H. Bolcskei, D. Gore, and A. Paulraj, “Mimo wireless channels:

capacity and performance prediction”, in Global Telecommunications Conference,

2000. GLOBECOM ’00. IEEE, vol. 2, 2000, 1083 –1088 vol.2. doi: 10.1109/

GLOCOM.2000.891304 (cit. on p. 16).

[21] D. Chizhik, G. Foschini, M. Gans, and R. Valenzuela, “Keyholes, correlations,

and capacities of multielement transmit and receive antennas”, Wireless Com-

munications, IEEE Transactions on, vol. 1, no. 2, pp. 361 –368, Apr. 2002, issn:

1536-1276. doi: 10.1109/7693.994830 (cit. on p. 16).

[22] B. Sklar, “Rayleigh fading channels in mobile digital communication systems .i.

characterization”, Communications Magazine, IEEE, vol. 35, no. 7, pp. 90–100,

1997, issn: 0163-6804. doi: 10.1109/35.601747 (cit. on pp. 17, 18).

[23] T. Sarkar, Z. Ji, K. Kim, A. Medouri, and M. Salazar-Palma, “A survey of various

propagation models for mobile communication”, Antennas and Propagation

Magazine, IEEE, vol. 45, no. 3, pp. 51–82, 2003, issn: 1045-9243. doi: 10.1109/

MAP.2003.1232163 (cit. on p. 17).

[24] P. Almers, E. Bonek, A. Burr, N. Czink, M. Debbah, V. Degli-Esposti, H.
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3.1 Overview

Along the time, several quasi analytical models have been proposed to properly model

the electromagnetic behaviour of microstrip antennas with a judicious compromise

between accuracy and complexity. On the other hand, the full wave methods while

providing higher accuracy, completeness and versatility are more numerically intensive.

As previously stated in section 1.1, the focus will be set on the quasi analytical models

due to the aforementioned balance between accuracy and complexity that among with

the moderate computational effort are a reasonable approach both to the analysis and

design of reconfigurable multimode microstrip MIMO systems. Thus, this chapter 3

focuses on the selection of a base quasi analytical model for the analysis and design of

reconfigurable multimode MIMO microstrip antennas.

The different quasi analytical models make use in greater or lesser extent of the

studies carried out on microstrip lines concerning the transmission line parameters and

the different microstrip discontinuities, specifically the open end. Due to this reason and

taking into account the main importance of these parameters on the overall accuracy

of the quasi analytical models, section 3.2 is devoted to analyse them, explicitly those

used by the selected base quasi analytical model in section 3.3.

Concerning the quasi analytical models, a broad classification can be done in two

families; in one hand, the Transmission Line Model (TLM) and those enhancements

derived from it, and in the other, those related with the cavity model. In order to

select the most suitable to constitute the base quasi analytical model over which

add enhancements to obtain the desired objectives stated in section 1.2, a qualitative

comparison of these analytical families is done in section 3.3.

Once selected the analytical family, the base model is presented in section 3.4,

while different extensions and enhancements are described in section 3.5. Finally, some

of these models are implemented and their correctness and accuracy is checked in

section 3.6.
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3.2 The Microstrip Line. The Effective Dielectric

Constant and the Open End Discontinuity

Throughout this section 3.2, the transmission characteristics of the microstrip line

and its discontinuities will be explored. Specifically, the focus will be set on those

parameters, which afterwards will be used by the base model selected in section 3.3,

in particular and for wide strips, the effective dielectric constant and the open end

discontinuity.

3.2.1 The Effective Dielectric Constant

The transmission characteristics of the microstrip transmission line have been analysed

either by quasi-static methods, in which only a pure Transverse Electromagnetic (TEM)

wave is considered and the associated parameters are obtained from the electrostatic

capacitance of the structure, or by full-wave methods and quasi-empirical ones (these

last ones as well known as “dispersion models”) which provide information regarding

the dispersive behaviour of the microstrip line.

Quasi-Static Methods

In the quasi-static methods, the transmission characteristics are obtained from two

capacitances per unit length whose relationship, shown in equation (3.2.1), is by

definition the effective dielectric constant.

εeff =
C

Ca
(3.2.1)

where Ca is the capacitance per unit length of the microstrip line with the dielectric

substrate replaced by air, whereas C is that corresponding when the dielectric substrate

is present.

Thus, the characteristic impedance and the phase constant can be formulated as

presented in equation (3.2.2).

Z0m =
Za

0m√
εeff

(3.2.2a)

β = β0
√
εeff (3.2.2b)
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where

Za
0m =

1

c0Ca
(3.2.3a)

β0 =
ω

c0

(3.2.3b)

c0 =
1

√
µ0ε0

(3.2.3c)

and the 0 sub-index indicates a free space parameter.

The different quasi-static methods provide an assortment of alternatives to obtain

Ca and C. Among them, that proposed by Wheeler [73], [74], in which a conformal

transformation method is used for the computation of Ca, whereas the concept of effec-

tive dielectric constant is introduced for the evaluation of C, is the most used approach.

On Wheeler’s proposal [74], limits on the effective dielectric constant value are given

corresponding to the extremes of shape, specifically those claimed by equation (3.2.4).

1 + εr
2
≤ εeff ≤ εr (3.2.4)

where the lower limit is associated with very narrow strips, while the upper one

with very wide ones.

During the formulation of his work, Wheeler defines in [74] a parameter named

“effective filling fraction”, which mainly depends on the shape, and it describes the

partial filling of dielectric. It is related to the effective dielectric constant by means of

equation (3.2.5).

q =
εeff − 1

εr − 1
(3.2.5)

Based on Wheeler’s work, Sobol [75] proposes equation (3.2.6) for the effective filling

fraction of wide strips.

q = 1− 1

d
ln

(
d+ c

d− c

)
+

0.732

dεr

[
ln

(
d+ c

d− c

)
− cosh−1(0.358d+ 0.595)

]
+
εr − 1

dεr

[
0.386− 1

2(d− 1)

]
(3.2.6)
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where d can be computed through equation (3.2.7)

d = 1 +
√

1 + c2 (3.2.7)

and c is found implicitly from equation (3.2.8).

π

2

W

h
= c− sinh−1(c) (3.2.8)

where W is the width of the microstrip conductor and h is the dielectric thickness.

On the other hand and based on [74], Schneider [76] proposes equation (3.2.9) to

approximate with an accuracy of 1% a set of
√
εeff curves derived from Wheeler’s work

(an accuracy of 2% for εeff ), over the total range of εr and W/h values.

εeff =
εr + 1

2
+
εr − 1

2
F

(
εr,

W

h

)
(3.2.9a)

F

(
εr,

W

h

)
=

(
1 +

10h

W

)−0.5

(3.2.9b)

Based on equation (3.2.9) and reducing the range to εr ≤ 16 and 0.05 ≤ W/h ≤ 20,

Hammerstad [77] suggests using F given by equation (3.2.10) with relative errors below

1%.

F

(
εr,

W

h

)
=


(
1 + 12h

W

)−0.5
+ 0.04

(
1− W

h

)2
if W

h
≤ 1(

1 + 12h
W

)−0.5
if W

h
≥ 1

(3.2.10)

Afterwards, Hammerstad et al [78] improved his previous work by means of equa-

tion (3.2.11).

εeff (u, εr) =
εr + 1

2
+
εr − 1

2

(
1 +

10

u

)−a(u)b(εr)

(3.2.11a)

a (u) = 1 +
1

49
ln

[
u4 +

(
u
52

)2

u4 + 0.432

]
+

1

18.7
ln

[
1 +

( u

18.1

)3
]

(3.2.11b)

b (εr) = 0.564

(
εr − 0.9

εr + 3

)0.053

(3.2.11c)

where u = W/h and the accuracy of εeff (u, εr) is better than 0.2% at least for

εr ≤ 128 and 0.01 ≤ u ≤ 100 .
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At this point, it shall be highlighted that the effect of the strip thickness t on

εeff has not been considered in the preceding equations proposed by the quasi-static

methods. Notwithstanding this fact, it is negligible for small values of strip thickness

t/h and wide W/h strips, as reported in [79]. Outside from these cases, it should be

considered and its effects can be seen as an electrical widening of the microstrip line 2.

Finally, in order to collect the previous non dispersive effective dielectric constant

proposals, in figures 3.1 and 3.2, it is shown a comparison of the results provided by

equations (3.2.9) to (3.2.11) when foam and alumina substrates are respectively used,

which satisfy the limits fixed by Wheeler in equation (3.2.4). It can be noticed that

independently of the relative dielectric constant, the greatest variation of the effective

dielectric constant with the W/h aspect ratio is roughly in the 0.7 ≤ W/h ≤ 30 range

and more precisely at W/h ≈ 5.
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ε ef
f

Schneider (3.2.9)

Hammerstad (3.2.10)

Hammerstad (3.2.11)

Figure 3.1: Microstrip line effective dielectric constant (foam substrate, εr = 1.1)

2Further details concerning the strip thickness effects can be obtained in [74], [76], [78], [80]
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Figure 3.2: Microstrip line effective dielectric constant (alumina substrate, εr = 9.8)

Quasi-Empirical Methods. Accounting the Dispersive Nature of the Mi-

crostrip Line

The air-dielectric interface leads the existence of longitudinal components of the electric

and magnetic fields, which can not be satisfied by means of a pure TEM mode, so

it is also necessary to consider a superposition of Transverse Electric (TE) and TM

modes, which can not be fully described by quasi-static methods [81]. As these last

modes are dispersive, so the phase velocity is frequency dependent, the characteristic

impedance and the effective dielectric constant are likewise functions of the frequency.

Notwithstanding this fact, as these longitudinal components are much lower than the

main fields below the strip for many configurations, the departure from the TEM mode

behaviour is low in many cases. Specifically from [81], [82], it is concluded that the

frequency range at which the pure TEM mode approximation is valid, so the dispersive

nature can be neglected, decreases as the dielectric constant and/or substrate thickness

increases.

In order to consider the frequency dependence of the effective dielectric constant,

full-wave methods and quasi-empirical ones are used. As the approach followed in this
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Ph.D. is to focus on those proposals that provide a good balance between accuracy,

complexity and computational effort, the quasi-empirical methods better suit this

perspective, therefore henceforth the main alternatives among them will be presented.

The frequency dependent effective dielectric constant There are several mi-

crostrip dispersion models, which deal with the dispersive nature of the microstrip

line. Among them and based on the comparison provided in [83], the closed form

expressions corresponding to those proposals that best suit the measured results are the

Kirschning’s et al [84] and the Kobayashi’s [85] ones. These models have been developed

by fitting full-wave numerical data in order to increase their validity range. However,

only the Kirschning’s et al proposal [84] is applicable to microstrip patch antennas due

to W/h validity range (Kobayashi’s equation [85] is limited to the 0.1 ≤ W/h ≤ 10

range, so a typical design with W = 1.5L and h/λ0 ≈ 0.02 of a RMSA working the

TM10 mode is outside the aforementioned range).

Kirschning et al [84] formulate εeff (f) by means of equation (3.2.12), which has a

mathematical structure identical to that provided by Getsinger [86].

εeff (f) = εr −
εr − εeff (0)

1 + P (f)
(3.2.12)

where εeff (0) is the effective dielectric constant obtained by quasi-static methods

and P (f) is computed by means of equation (3.2.13).

P (f) = P1P2 [(0.1844 + P3P4) 10fh]1.5763 (3.2.13a)

P1 = 0.27488 +

[
0.6315 +

0.525

(1 + 0.157fh)20

]
u− 0.065683e−8.7513u (3.2.13b)

P2 = 0.33622
(
1− e−0.03442εr

)
(3.2.13c)

P3 = 0.0363e−4.6u
[
1− e−( fh

3.87)
4.97]

(3.2.13d)

P4 = 1 + 2.751
[
1− e−( εr

15.916)
8]

(3.2.13e)

where u = W/h and fh is in GHz cm units.

It should be noted that the claimed accuracy [84] of equation (3.2.12) is better than

0.6% up to 60 GHz over the range 0.1 ≤ W/h ≤ 100, 1 ≤ εr ≤ 20 and 0 ≤ h/λ0 ≤ 0.13.
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3.2.2 The Open End Discontinuity

The microstrip discontinuities and among them the open end have also been analysed

either by quasi-static methods or by full-wave ones, which provide information regarding

the dispersive behaviour.

Quasi-Static Methods

The open end discontinuity of a microstrip line shows a Resistance Inductance Capaci-

tance (RLC) network appearance, as there is energy loss radiated (resistive component),

accumulated charge (capacitive) and currents flowing due to the extra charge (induc-

tive). Among these components, the capacitive dominates, so the quasi-static methods

focus on obtaining the associated value of static capacitance.

It shall be noticed that whereas some authors directly provide the normalized open-

circuit static capacitance (Coc
W

), others provide the equivalent additional line length

(∆loc
h

) normalized one instead, which are related through equation (3.2.14) 3

∆loc
h

=
c0Z0√
εeff

(
W

h

)(
Coc
W

)
(3.2.14)

Concerning the open-circuit static capacitance, Silvester et al. [87] provide a method

to obtain it, as well as derived from it, curves for different substrate permittivities

in the 0.1 ≤ W/h ≤ 10 range. Moreover, the empirical equation (3.2.15) based on a

polynomial curve fitting of the presented curves is provided too.

Coc
W

= exp

{
loge (10)

5∑
i=1

ci (εr)

[
log10

(
W

h

)]i−1
}

(3.2.15)

where the coefficients ci (εr) are five numerical constants presented in Table I of

Silvester et al.[87], with a different set per each permittivity considered.

Based on equation (3.2.15), Hammerstad [77] obtained equation (3.2.16) valid for

all permittivity values and a declared maximum error of less than 5% of h for εr = 1

and 1% of h for other values of εr.

∆loc
h

= 0.412
εeff + 0.300

εeff − 0.258

W
h

+ 0.262
W
h

+ 0.813
(3.2.16)

3This relationship is derived from the capacitance associated with the input impedance of an

open-circuited transmission line for a small angle approximation, as ∆loc is very small.
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where εeff is obtained from equations (3.2.9) and (3.2.10).

It shall be noticed that neither equations (3.2.15) and (3.2.16) are valid for microstrip

patch antennas, as they are limited to the 0.1 ≤ W/h ≤ 10 range, so a typical design

with W = 1.5L and h/λ0 ≈ 0.02 of a RMSA working the TM10 mode is outside the

aforementioned range.

In order to deal with this limitation, Hammerstad [88] proposes equation (3.2.17)

which for very wide strips approach the fringe capacitance of a wide microstrip line,

that is the expected behaviour, and it approximates the theoretical data provided by

equation (3.2.15) for 0.1 < W/h < 2 and experimental data results for W/h = 10,

fitting the data with an accuracy better than 5% of h.

∆loc
h

=
1

2π

W
h

+ 0.366
W
h

+ 0.556

{
0.28 +

εr + 1

εr

[
0.274 + ln

(
W

h
+ 2.518

)]}
(3.2.17)

Closed Form Expressions Derived from Full-Wave Methods

In order to improve the accuracy and the W/h and εr validity range, Kirschning et

al. [89] provide equation (3.2.18) by performing curve fitting of the numerical results

obtained by a hybrid mode full-wave analysis, which shows an accuracy better than

0.2% for the range 0.01 ≤ W/h ≤ 100 and εr ≤ 128.

∆loc
h

=
ξ1ξ3ξ5

ξ4

(3.2.18a)

ξ1 = 0.434907
ε0.81
eff + 0.26

ε0.81
eff − 0.189

(
W
h

)0.8544
+ 0.236(

W
h

)0.8544
+ 0.87

(3.2.18b)

ξ2 = 1 +

(
W
h

)0.371

2.358εr + 1
(3.2.18c)

ξ3 = 1 +
0.5274 arctan

[
0.084

(
W
h

)1.9413/ξ2
]

ε0.9236
eff

(3.2.18d)

ξ4 = 1 + 0.0377 arctan

[
0.067

(
W

h

)1.456
] [

6− 5e0.036(1−εr)
]

(3.2.18e)

ξ5 = 1− 0.218e−7.5W
h (3.2.18f)

where εeff is obtained by means of equation (3.2.11).
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Finally, with the purpose of collecting the previous non dispersive open end pro-

posals, in figures 3.3 and 3.4, it is shown a comparison of the results provided by

equations (3.2.16) to (3.2.18) when foam and alumina substrates are respectively used.

It shall be highlighted that equation (3.2.17) provides the less accurate results for the

lower W/h range, although among all of them, it is the unique asymptotically correct

for large W/h values [88], [90], [91].
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Figure 3.3: Microstrip line discontinuity. Open end effect (foam substrate, εr = 1.1)

On the other hand and as it is expected, the small length extension associated with

the open end is lower according as the dielectric constant increases, as it is shown

comparing figures 3.3 and 3.4.

The frequency dependent open end effect It shall be noticed that while equa-

tion (3.2.18) is based on the results of a full-wave analysis, it does not take into account

the dispersive behaviour. In order to fill this gap, full-wave analysis [92] is also used and

the closed form expressions [93] shown in equations (3.2.19) and (3.2.20) are provided

by performing curve fitting of the numerical results provided by this analysis method.

Yin = jωC1 +
jωC2

1 + jωC2R− ω2LC2

(3.2.19)
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Figure 3.4: Microstrip line discontinuity. Open end effect (alumina substrate, εr = 9.8)

C1
25Z0

h
= 1.125 tanh

(
1.358

W

h

)
− 0.315 (pF Ω) (3.2.20a)

C2
25Z0

h
= 6.832 tanh

(
0.0109

W

h

)
+ 0.910 (pF Ω) (3.2.20b)

L
25

hZ0

= 0.008285 tanh

(
0.5665

W

h

)
+ 0.0103

(
nH Ω−1

)
(3.2.20c)

R

Z0

= 1.024 tanh

(
2.025

W

h

)
(3.2.20d)

where Z0 is the characteristic impedance of the microstrip line and, h and W are in

milli-inches.
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3.3 Qualitative Comparison between TLM and Cav-

ity Model Families

As previously stated in sections 1.1 and 1.2, the multimode behaviour of the microstrip

antenna is a key point for its usage for diversity and spatial multiplexing purposes.

Therefore, this multimode behaviour is an essential requirement that must be fully

characterised by the base quasi analytical model selected. As a consequence, the model

must not restrict the set of modes that can be considered, so it is necessary to properly

characterise at least both longitudinal and transversal field variations. Bearing in mind

this fundamental requirement, a qualitative comparison between TLM and cavity model

families is following performed.

3.3.1 TLM Family

The TLM, as its name suggests, models the microstrip antenna as sections of transmis-

sion lines. There have been many variations and enhancements since the first model

developed by Munson [94], which is the simplest form of the TLM. This considers the

rectangular patch as transmission line sections whose characteristic impedance and

propagation constant is determined by its size (mainly by the width/height aspect

ratio) and substrate characteristics. The transmission line sections are connected at its

ends to an equivalent admittance load whose conductance stands for the radiated power

while the susceptance symbolizes the energy stored in the fringe fields. The coaxial feed

effects are included in an add on approach, so it is ideally analysed separated from the

microstrip antenna and afterwards the probe reactance is combined with the microstrip

antenna equivalent admittance at the feed port.

The original Munson [94] model is only applicable to thin rectangular patch shapes

in which there is not field variation along the patch width and where the mutual

coupling between radiating slots is not considered. Therefore, and for example, a

circular polarized microstrip antenna can not be modelled using this approach. Later

on, there have been many contributions in order to deal with its limitations since the

inclusion of the mutual coupling effects by Derneryd [95], Lier [90] and Pues et al.

[96], [97] (still only applicable to rectangular patches without accounting for the field

variations along the patch width), until the modelling of other simple geometries, where

the separation of variables is possible in the wave equation, with electromagnetic fields
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variations in the transversal direction proposed by Bhattacharyya et al. [98], or even

arbitrarily shaped patches presented by Dubost [99].

Among the different TLM alternatives, the unique that fully satisfies the afore-

mentioned requirement concerning the modelling of the multimode behaviour is the

Generalised Transmission Line Model (GTLM) proposed by Bhattacharyya et al. [98],

even though the coaxial feed is still modelled in an add on approach.

3.3.2 Cavity Model Family

A modal expansion of the cavity modes of a lossy cavity seems to be an appropriate way

and a logical option to model microstrip antennas, as these exhibit a behaviour of narrow

band resonant antennas. The field between the microstrip patch and the ground plane

is expanded in terms of summation series of cavity modes or eigenfunctions, capable of

accounting for the field variations in the longitudinal and transversal directions, which

are modulated by amplitude coefficients that represent the coupling between the field

source and each of the cavity modes. The coaxial feed probe reactance is implicitly

included by means of the inductance contribution of the non resonant cavity modes.

The cavity model is separately proposed by Lo et al. [100], [101] and Carver [102],

[103]. The models proposed by these authors mainly differing in the way of accounting

the losses and the edge effect. While Lo et al. include them through an artificially

increased effective dielectric loss tangent among with edge extensions, Carver suggests

an impedance boundary condition at the walls.

The original cavity model is limited to those geometries whose eigenfunctions are

readily available [100], mainly obtained through the method of separation of variables 4.

This limitation has been overcome adding the enhancements proposed by the Multiport

Network Model (MNM) [104] or the Generalized Cavity Model (GCM) [105]. It should

be outlined that both the MNM [104] and the GCM [105] has overcome this limitation

by means of the “segmentation” method [106]–[108], which involves breaking a complex

planar geometry into smaller segments whose Green’s functions are known. Moreover, the

MNM further expands the geometries that can be studied through the “de-segmentation”

method [109]–[111], which is the complementary of the “segmentation” one. On the

other hand, both options mainly differ in the way of accounting for the losses and the

interaction between the radiating slots. While the GCM introduces the losses through

4An exception is the triangular geometry

74



CHAPTER 3. ON THE SELECTION OF A BASE ANALYTICAL MODEL

the effective loss tangent, the MNM accounts for them through a different perspective.

In this last case, the cavity is modelled as lossless, while the fields outside the patch

are taken into account using Equivalent Lumped Edge Admittance Networks (EANs)

connected at the outline of the microstrip cavity. This EANs represent the energy

stored in the fringe fields and the power losses associated with the radiation and the

surface waves.

It shall be highlighted that in case of dealing with an arbitrary shape patch,

which can not be properly analysed by means of the preceding methods, the “contour

integral method” proposed by Okoshi et al. [112], which is based on Green’s theorem

in cylindrical coordinates [113], can be used to obtain the impedance matrix associated

with ports in the patch contour.

3.3.3 Conclusion

From the qualitative analysis it can be concluded that the cavity model family is the

most suitable option to constitute the base model to satisfy the claimed objectives of

section 1.2, as it is specially and naturally suited to model the multimode microstrip

behaviour. Moreover, the coaxial feed effects are included implicitly, whereas the GTLM,

the unique suitable option concerning the TLM family, considers them in an add on

approach, which is not an enough accurate option when loading the microstrip antenna,

as demonstrated by Richards et al. [114], as the resonant frequency is not longer

dominated by the unloaded resonant component and the feed contribution plays a main

role.

Once selected the cavity model, it will be fully described in next sections, specifically

the base model is presented in section 3.4, while different extensions and enhancements

are described in section 3.5. Finally, some of these models are implemented and their

correctness and accuracy is checked in section 3.6.
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3.4 Cavity Model

A lossy cavity whose fields are modelled through a modal expansion is an appropriate

and logical way to analyse microstrip patch antennas, as these exhibit a narrow band

resonant behaviour. The cavity model is separately proposed by Lo et al. [100], [101]

and Carver [102], [103], mainly differing in the way of accounting the losses and the edge

effect. While Lo et al. include them through an artificially increased effective dielectric

loss tangent among with edge extensions, Carver suggests an impedance boundary

condition at the walls.

The field between the microstrip patch and the ground plane can be expanded

using the spectral representation method in terms of a series of eigenfunctions along

with its eigenvalues 5. These eigenfunctions, which are cavity resonant modes, and

its associated eigenvalues are obtained using as a boundary condition the assumption

that the microstrip antenna is a very thin cavity in comparison with the wavelength

(hz � λ) 6, which itself involves the following consequences:

• There is not magnetic field component parallel to the outline of the cavity, as

most of the charge distribution will remain below the microstrip patch, so very

little current will flow from underneath the patch to the upper side, allowing to

model the cavity as it was surrounded on its lateral sides by a perfect magnetic

conductor.

• Due to the perfect electric conductor boundary conditions at the top and bottom

sides of the cavity (microstrip patch and ground plane respectively), and taking

into consideration that hz � λ, the transversal electric field intensity components

must vanish.

• There is not field variation in the ẑ direction.

Thus, the field distribution inside this thin cavity can be represented by TM modes,

where the longitudinal electric field component is considered ẑ directed and it is

formulated in equation (3.4.1) as a series of eigenfunctions (Ψmn) along with their

5The eigenfunctions of a self-adjoint operator form an orthogonal basis in the L2 (α, β) Hilbert

space, that is to say the Hilbert space of real functions square integrable [115].
6Henceforth, the microstrip patch thickness is oriented along ẑ direction.
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eigenvalues (kmn), and the magnetic field intensity can be obtained from equation (3.4.1)

by means of equation (3.4.2).

Ez (u, v) =
∞∑
m=0

∞∑
n=0

Amn (u′, v′) Ψmn (u, v) (3.4.1)

where u, v are the transversal coordinates, u′, v′ are source coordinate ones and

Amn are known as the Fourier coefficients, which are derived later in equations (3.4.5)

to (3.4.9).

~H =
−j
ωµ

ẑ ×∇tEz (3.4.2)

Each cavity eigenfunction along with its eigenvalue is a solution to the homogeneous

Helmholtz, or reduced wave, equation (3.4.3).

∇2
tΨmn + k2

mnΨmn = 0 (3.4.3)

where ∇2
t is the Laplacian on the transversal components and equation (3.4.3) is

subject to a Neumann type boundary condition around the patch outline, as formulated

in equation (3.4.4).

n̂ · ∇tΨmn =
∂Ψmn

∂n
= 0 (3.4.4)

where n̂ points outward from the patch contour.

It shall be pointed out that linear combinations of eigenfunctions (such as equa-

tion (3.4.1)) must also be solutions to the Helmholtz equation (3.4.3) subject to the

boundary conditions given by equation (3.4.4).

On the other hand, as previously anticipated in section 3.3.2, the original cavity

model is mainly restricted to those solutions of equations (3.4.3) and (3.4.4) by means

of the method of separation of variables 7 8. In table 1 of [100], it is presented a set

of eigenfunctions and eigenvalues associated with some common geometries obtained

through this method.

7It has been shown in [116] that the Helmholtz equation (3.4.3) is separable in four two-dimensional

(Cartesian, Polar, Parabolic and Elliptic) orthogonal coordinate systems.
8The method of separation of variables can be applied to equations (3.4.3) and (3.4.4), if the

requirements specified in Chapter 4, p.68 of [117] are satisfied.
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Once obtained the source free solutions Ψmn to the homogeneous equation (3.4.3)

subject to the boundary conditions equation (3.4.4), it is time to obtain the Amn

coefficients. In order to compute them, it is necessary to start defining the inner product

in the L2 (α, β) Hilbert space as equation (3.4.5).

〈Ψmn,Ψm′n′〉 =

∫
u

∫
v

ΨmnΨ∗m′n′ds (3.4.5)

As the Ψmn eigenfunctions can always be normalized, it will be assumed that they

are so, such as equation (3.4.6) is satisfied.

〈Ψmn,Ψm′n′〉 = δmn,m′n′ =

0 if m′ 6= m, n′ 6= n

1 if m′ = m, n′ = n
(3.4.6)

Thus, the Fourier coefficients can be obtained from equations (3.4.1), (3.4.5)

and (3.4.6) as equation (3.4.7),

Amn = 〈Ez,Ψmn〉 (3.4.7)

which for the non-homogeneous Helmholtz equation (3.4.8), they are obtained by

means of equation (3.4.9).

∇2
tEz + k2Ez = jωµ0

~J · ẑ︸ ︷︷ ︸
f

(3.4.8)

Amn (u′, v′) =
〈f,Ψmn〉
k2 − k2

mn

=
jωµ0

k2 − k2
mn

∫∫
S

JzΨ
∗
mnds (3.4.9)

Thus, Ez can be finally formulated from equations (3.4.1) and (3.4.9) as equa-

tion (3.4.10).

Ez (u, v) = jωµ0

∞∑
m=0

∞∑
n=0

〈Jz,Ψmn〉
k2 − k2

mn

Ψmn (u, v) (3.4.10)

Therefore, the longitudinal electric field component can be interpreted as a series of

cavity resonant modes along with modal coefficients Amn, which are determined by the

interaction between the first ones and the source current, as shown in equation (3.4.9).
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From equation (3.4.10), the input impedance at the feed port is calculated by means

of the voltage obtained through the averaged longitudinal electric field component over

the feed port area, as formulated in equation (3.4.11).

Eave
z =

〈Jz, Ez〉
Iin

=
jωµ0

Iin

∞∑
m=0

∞∑
n=0

〈Jz,Ψmn〉2

k2 − k2
mn

(3.4.11a)

V ave
in = −

∫ hz

0

Eave
z dl = −hzEave

z (3.4.11b)

Iin =

∫∫
S

Jzds (3.4.11c)

Zin =
V ave
in

Iin
= −jωµ0hz

I2
in

∞∑
m=0

∞∑
n=0

〈Jz,Ψmn〉2

k2 − k2
mn

(3.4.11d)

The input impedance obtained from equation (3.4.11) is purely reactive, as there

are not already any losses considered. The way of including them along with the edge

effect are the main differences between Lo et al. [100], [101] and Carver [102], [103]

proposals.

3.4.1 Artificially Increased Effective Dielectric Loss Tangent

and the Edge Effect

Artificially Increased Effective Dielectric Loss Tangent

As previously anticipated in this section 3.4, Lo et al.[100], [101] propose to include the

overall losses through an artificially increased effective dielectric loss tangent δeff . Thus,

in this approach, in equations (3.4.8) to (3.4.11) the wave-number would be replaced

by an effective one, as formulated in equation (3.4.12).

keff = k0

√
εr (1− jδeff ) (3.4.12)

where k0 is the free space wave-number and δeff will be following determined.

In an ideal dielectric cavity the loss tangent is related to the quality factor Qd

through equation (3.4.13).

Qd =
1

tan δ
=
ε′

ε′′
= ω

average total stored energy

average power dissipated
(3.4.13)
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where ε = ε′− jε′′ is the complex permittivity of the medium and the average power

dissipated is that associated with the dielectric losses Pd.

In the microstrip patch antenna case, there are additional losses, in particular

that associated with the average radiated power Pr, that corresponding to surface

waves Psw and the conductors Pc one, from which an associated quality factor can be

defined Qr, Qsw and Qc, respectively. Thus, making an analogy with equation (3.4.13),

the relationship between δeff and the overall quality factor QT is formulated in equa-

tion (3.4.14), among its dependence with the previous partial quality factors and average

power losses.

δeff =
1

QT

(3.4.14a)

QT =
ωWT

Pd + Pc + Pr + Psw
(3.4.14b)

1

QT

=
1

Qd

+
1

Qc

+
1

Qr

+
1

Qsw

(3.4.14c)

where WT is the average total stored energy.

It shall be highlighted that in the equation (3.4.14) computation process, it is

assumed [100], [101] that the field distribution inside the microstrip patch antenna

is essentially the same as that in an ideal cavity, so it is not altered by the edge

discontinuity.

Concerning equation (3.4.14) and specifically WT , which is common to all the partial

quality factors, the contribution to it due to the time average electric stored energy We

in a microstrip patch antenna volume V , in case of an isotropic, homogeneous, linear

electric media is formulated in equation (3.4.15).

We =
ε′

4

∫∫∫
V

~E · ~E∗dτ (3.4.15)

Likewise, the time average magnetic stored energy Wm in the same V volume,

in case of a lossless isotropic, homogeneous, linear magnetic media is formulated in

equation (3.4.16).

Wm =
µ

4

∫∫∫
V

~H · ~H∗dτ (3.4.16)
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At the resonant frequency We = Wm, so WT can be simply obtained through

equation (3.4.17).

WT = We + Wm = 2We = 2Wm (3.4.17)

As an example, consider a RMSA with dimensions L×W × hz (Length × Width

× height) where the assumption hz � λ is satisfied. The associated WT per each

combination of AmnΨmn, once applied equations (3.4.15) and (3.4.17), is obtained by

means of equation (3.4.18).

WRMSA
T−mn =

ε′

2
|Amn|2 LWhz

2mπ + sin (2mπ)

4mπ

2nπ + sin (2nπ)

4nπ
(3.4.18)

Regarding Qd, Qr, Qsw and Qc, it shall be noticed that among them, Qd and Qc can

be directly obtained without performing integration, as the same integral is obtained

while computing WT and Pd or Pc, so it is cancelled. Concerning Qd, whose expression

has already been provided in equation (3.4.13), it can be obtained from the relationship

between equation (3.4.17) and equation (3.4.19).

Pd =
ω

2

∫∫∫
V

ε′′ |E|2 dτ (3.4.19)

In case of an isotropic, homogeneous, linear electric media ε′′ is a real constant

scalar value, so it can be taken it out of the integral in equation (3.4.19). Thus, Qd is

obtained through equation (3.4.20), so equation (3.4.13) is verified.

Qd = ω

ε′

2

∫∫∫
V

|E|2 dτ

ωε′′

2

∫∫∫
V

|E|2 dτ
=
ε′

ε′′
(3.4.20)

On the other hand and regarding Qc, it can be obtained from the relationship

between equation (3.4.17) and equation (3.4.21), the average power dissipated in the

imperfect good conductors (σ � ωε′).

Pc =
Rs

2

∫∫
S

|Ht|2 ds (3.4.21a)

Rs =

√
ωµ

2σ
(3.4.21b)
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where σ is the conductivity and Rs is the surface resistivity of the conductor.

This time, the way of avoiding the integration is finding the relationship between

the integrals in equations (3.4.16) and (3.4.21), thus at the resonant frequency under

the hz � λ assumption, equation (3.4.22) is satisfied, so Qc can be derived from it, as

presented in equation (3.4.23).

WT =
µhzPc
2Rs

(3.4.22)

Qc = hz
√
πfµσ (3.4.23)

Concerning Qr and in particular, the time average radiated power, it can be

computed from the radiation fields through equation (3.4.24).

Pr =
1

2η

∫ π
2

θ=0

∫ 2π

φ=0

(
|Eθ|2 + |Eφ|2

)
r2 sin (θ) dθdφ (3.4.24)

where η is the wave impedance.

A detailed analysis of the radiation fields by each resonant cavity mode of RMSA

and CMSA is done in section 4.2. It shall be highlighted that the integration of the

radiation fields associated with them is usually so complex that not closed form can be

achieved and it is necessary to resort to numerical integration techniques.

Finally, regarding Qsw and specifically, the time average power carried by the surface

wave, as claimed in [100], [101], in many cases it is less significant than the previous ones

and it can be neglected. However, while this approach is valid for very thin substrates

(which is consistent with the hz � λ cavity model assumption) and low dielectric

constant substrates, otherwise and many times, the losses associated with the surface

wave are greater than the dielectric and conductor ones, as indicated in [118], so the

aforementioned approach should be avoided.

It shall be pointed out that the TM0 mode surface wave is always propagating in

the substrate whenever the dielectric constant εr > 1, so it worsens microstrip patch

antenna performance, as well as it produces undesired energy coupling to other devices

that could be in the substrate. As the TM0 mode is the surface wave dominant mode,

the average power carried by it is the most studied and among others, Jackson et al.

[119] in equation (3.4.25) and Pozar [118] by means of equations (3.4.26) and (3.4.27),

have provided closed form expressions to compute it when caused by an horizontal
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Hertzian electric dipole. Both proposals use an approach similar to [120], in which the

equations provided are derived from the exact Green’s function for a grounded dielectric

slab. In order to obtain closed form expressions [118], [119] make some assumptions, in

particular in equation (3.4.25) hz � λ0 is assumed, while equations (3.4.26) and (3.4.27)

make use of a Taylor expansion in order to obtain the normalized phase constant of

the TM0 mode surface wave and it also assumes µr = 1.

P h
sw =

1

λ2
0

(k0hz)
3

[
60π3µ3

r

(
1− 1

n2

)3
]

(3.4.25)

where n =
√
εrµr is the index of refraction of the substrate.

It shall be pointed out that Pozar’s proposal [118] is more accurate and it is also

applicable for thicker substrates than Jackson’s et al. one [119], but it assumes, as

previously said, µr = 1.

P h
sw =

η0k
2
0

4

εr (x2
0 − 1)

εr

[
1√
x2

0−1
+

√
x2

0−1

εr−x2
0

]
+

[
1 +

ε2r(x2
0−1)

εr−x2
0

]
(k0hz)

(3.4.26)

where x0 = β/k0 is the normalized phase constant of the TM0 mode surface wave. In

order to obtain x0 an iterative numerical search is required, so in order to avoid it and

to obtain an approximate closed form expression, a two term Taylor series expansion is

provided in equation (3.4.27).

x0 = 1 +
−ε2r + α0α1 + εr

√
ε2r − 2α0α1 + α2

0

(ε2r − α2
1)

(3.4.27a)

α0 = s tan (k0hzs) (3.4.27b)

α1 = −1

s

[
tan (k0hzs) +

k0hzs

cos2 (k0hzs)

]
(3.4.27c)

s =
√
εr − 1 (3.4.27d)

As claimed in [118], equation (3.4.26) with the two term Taylor expansion presented

in equation (3.4.27) gives good accuracy for hz
√
εr − 1 < λ0/4

At this point, it shall be pointed out that for practical microstrip substrates the

TM0 mode surface wave is the only propagating mode. Notwithstanding this fact, it

can be checked if the TE1 mode surface wave, which is the next propagating mode, is

or not doing so by means of its cut-off frequency given by equation (3.4.28).
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fc =
c0

4hz
√
εr − 1

(3.4.28)

Edge Extensions

As previously presented in section 3.2.2, the open end discontinuity of a microstrip line

shows a RLC network appearance, among which the capacitive component dominates.

Moreover, it is previously shown in equation (3.2.14) that this capacitive behaviour

can be as well interpreted as an equivalent additional line length.

As a first approach, in a RMSA, Lo et al. [100] do not consider neither the equivalent

additional line length due to the open end discontinuity at the radiating edges (see

section 3.2.2 for further details), nor the edge effect associated with the fringing fields

at the transverse direction (see section 3.2.1 for more information). Thus, the measured

resonant frequency in [100] is a little lower than that computed by the proposed cavity

model.

In order to deal with this issue, Lo et al. [100], [101] suggest to slightly extend the

dimensions of the microstrip patch according with the previous described behaviour

of the open end discontinuity. In particular and concerning the RMSA and CMSA

respectively, equation (3.2.16) and equation (3.4.29) (which is derived by Long and

Shen [121] by quasi-static methods) are explicitly used in section III of [101].

ae = a

√
1 +

2hz
πaεr

[
ln

(
πa

2hz

)
+ 1.7726

]
(3.4.29)

where a is the disk radius and with an error of less than 2.5% when a/hz � 1.

Concerning the CMSA, a more accurate closed form expression derived from the

numerical results of full-wave methods is provided in equation (3.4.30) by Chew and

Kong [122].

ae = a

√
1 +

2hz
πaεr

[
ln

(
a

2hz

)
+ (1.41εr + 1.77) +

hz
a

(0.268εr + 1.65)

]
(3.4.30)

with an error of approximately 1% when a/hz ≥ 2.

It shall be noticed that similar edge extensions are provided for other geometries to

account the edge effect. For example, in case of an annular microstrip patch a proposal
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is given in [123], whereas for elliptical and equilateral triangular ones is provided in

[124].

3.4.2 Impedance Boundary Conditions

Instead of including the overall losses through an artificially increased effective dielectric

loss tangent δeff and using edge extensions, suggested by Lo et al.[100], [101], Carver

proposal [102], [103] makes use of impedance boundary conditions to model both effects.

This time rather than replacing the wave-number by an effective one, the kmn

eigenvalues are modified. Specifically, the eigenvalues become complex, whose imaginary

part that it is positive account for the power losses, while the real part for the energy

stored, so the quality factor can be obtained from the relationship between them.

Moreover, it should be noticed that due to the eigenvalue alteration, the cavity is now

allowed to radiate, as equation (3.4.4) is not longer satisfied.

Concerning a RMSA, the k10 complex eigenvalue associated with the TM10 mode

can be obtained solving the transcendental equation (3.4.31) using numerical methods
9.

tan (k10L) =
2k10α10

k2
10 − α2

10

(3.4.31a)

α10 = j
2πη0

λ0

hz
W
YW10 (3.4.31b)

where YW10 is the admittance of the radiating walls (located at x = 0 and x = L)

and η0 is the free space intrinsic impedance.

Concerning the real part of YW10 , which is computed in equation (3.4.32), Carver

suggests to use the conductance per unit length derived by Harrington [126] while

dealing with the admittance of a TEM mode on a parallel plate waveguide radiating

into half-space, further assuming that only the dominant TM10 mode is present and

that the field intensity is uniform in the W edge.

GW10 =
π

η0

W

λ0

(3.4.32)

9In particular, in [103], [125] an iterative method is proposed.
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Regarding the imaginary part of YW10 , which is calculated in equation (3.4.33), it is

obtained from the input impedance of an open-circuited transmission line for a small

angle approximation, as ∆loc is very small.

BW10 = Y0 tan (β∆loc) ≈
1

60

∆loc
h

W

λ0

εeff (3.4.33)

where ∆loc
h

is the normalized equivalent additional line length associated with the

open end discontinuity computed in equation (3.2.16) and εeff is obtained through

equations (3.2.9) and (3.2.10).

Additionally, Carver [103], [125] suggests modifying YW10 through multiplying it by

an empirical aspect ratio factor shown in equation (3.4.34), whose frequency validity is

unknown.

FYW10

(
W

L

)
= 0.7747 + 0.5977

(
W

L
− 1

)
− 0.1638

(
W

L
− 1

)2

(3.4.34)

3.4.3 An Equivalent Network Representation of the Microstrip

Patch Antenna Impedance

In [101] and by analogy in [125], an equivalent network representation of the microstrip

patch antenna impedance is given in equation (3.4.35), which is obtained by comparing

equation (3.4.11) (further considering the losses and the edge effect) with the input

impedance of a parallel RLC circuit.

Zin =
∞∑
m=0

∞∑
n=0

1

jωCmn − j 1
ωLmn

+Gmn (ω)
(3.4.35a)

Gmn (ω) =
ω

αmnQTmn

(3.4.35b)

Lmn =
αmn
ω2
mn

(3.4.35c)

Cmn =
1

αmn
(3.4.35d)

αmn =
µ0hzc

2
0

εr
〈Jz,Ψmn〉2 (3.4.35e)

As pointed out in [101], over the frequency band around any specific TMmn mode

resonant frequency, as the mode increases, Lmn does it so much faster than Cmn and
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Gmn, so the contribution of the high order modes is dominated by their associated

inductance. Thus, the overall contribution of these high order modes can be joined

together and represented by a single series inductance L, as depicted in figure 3.5. Since

these high order modes are necessary to properly model the electromagnetic fields

around the antenna feed, this inductance is usually called the feed inductance.

LGmn

Lmn

Cmn

G10

L10

C10

C00

Figure 3.5: A general equivalent network representation

It shall be noticed that the network representation shown in figure 3.5 is appropriate

when there are nearly degenerate modes at the frequencies considered. Otherwise,

when there is only a single isolated mode, the equivalent network can be simplified as

represented in figure 3.6 and equation (3.4.36) 10. In this last case, the overall impedance

contribution of the non-resonant modes is typically inductive (depicted as L′), as the

input of the high order modes usually dominates over the capacitive component of

the modes whose resonant frequency is below that of the single isolated TM mode

considered.

Zin ≈ αMN
jω

ω2
MN − (1− jδeff )ω2

+ jωL′ (3.4.36a)

L′ =
∑

(m,n) 6=(M,N)

αmn
ω2
mn − ω2

MN

(3.4.36b)

where (M,N) denotes the single isolated TM mode and (m,n) any of the non-

resonant modes.

10Whereas equation (3.4.36) is based on [101] approach, as δeff is used, a nearly identical one is

provided in [125], but using instead the complex eigenvalue.
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GMNLMN CMN

L′

Figure 3.6: A simplified equivalent network representation. Single isolated TMMN mode

At this point, it shall be highlighted that the doubly infinite series presented

in equations (3.4.11), (3.4.35) and (3.4.36) converge very slowly, so for an efficient

computation of the input impedance some alternatives are proposed.

The simplest approach whereas the least accurate, as it does not take into account the

feed reactance variation with the feed point, is based on figure 3.6 and equation (3.4.36)

making use of the closed form expressions concerning the feed reactance, which in case

of a coaxial feed, some of the main ones are given or properly referenced in section 3.4.4.

This option may be appropriate for an estimation of the feed reactance on thin single

port unloaded patch antennas, while not valid for loaded or thicker ones, as it will be

following presented.

A more rigorous and accurate approach is to face the doubly infinite series and

to find a method leading to faster convergence, such as the proposal regarding the

rectangular geometry of Benalla and Gupta [127] in which an inner sum is performed

analytically by means of Fourier series, or by the mode matching approach suggested

by Lo et al. [100], [101].

3.4.4 The Feed Reactance

The coaxial feeding technique has been chosen throughout this Ph.D. in order to shield

the loads, so along this section 3.4.4, the focus will be set on it. As mentioned in

section 3.3, the cavity model implicitly includes the coaxially feed effects through the

previously called feed inductance.

The feed inductance, as derived or provided through equations (3.4.11), (3.4.35)

and (3.4.36), is able to describe its variation with the feed point, which is essential
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for loaded microstrip patch antennas, as this variation is not negligible and because

of the input impedance is not longer dominated by the unloaded resonant component

and therefore, the feed inductive component is relevant. Richards et al. [114] provide a

thorough analysis of the properties of this feed inductance, which both empirically and

theoretically justify its variation with the feed position. Moreover, it is experimentally

demonstrated that while the qualitative behaviour with the feed position of the feed

inductance derived from the cavity model is correct, the quantitative value near the

edge of the patch antenna is overestimated due to the perfect magnetic conductor

assumption, while its effect on it is less significant far from the edge.

It shall be noticed that Lo et al. [100], [101] assume a uniform plane current density

while computing 〈Jz,Ψmn〉, which greatly simplifies its calculation, providing at the

same time similar feed reactance results than more complex coaxial feed models under

the omnipresent assumption (hz � λ), as demonstrated in [114]. Moreover, as derived

in [128], [129], the reactance of a cylinder of uniform current density and that associated

with a uniform plane current can be made equal by adjusting the strip width wp or the

cylinder diameter d, specifically equation (3.4.37) is satisfied.

wp = 2.24d (3.4.37)

However, as the cavity model overestimates the feed reactance, better agreement

with measured results is obtained using a larger strip width, as the smaller the strip

width or cylinder diameter, higher the feed reactance will be. In particular, an effective

width of five times the feed diameter is suggested in [101].

In order to compare, as varying the normalised thickness hz/λ, the feed reactance

obtained by considering different current distributions on the coaxial feed, the results

provided by some of the main alternatives are going to be presented. As the focus is set

on the effects of varying hz/λ and not on those associated with the perfect magnetic

conductor assumption, or what it is similar, the reactance variation with the relative

feed position to the patch edges, an infinite parallel plate waveguide is considered in

some of the models compared. The analytical feed models that are studied include

from the simplest transmission line model proposed by Carver [102], through those

that consider an uniform current density along the inner coaxial conductor length [126],

until those in which the current distribution is not constant, as it is the case when hz/λ

increases, such as the magnetic frill model [130], [131].
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Concerning the simplest model, that based on the transmission line, it is proposed by

Carver [102] while dealing with thin single port unloaded patch antennas and due to the

slow convergence of equations (3.4.11) and (3.4.35). Specifically, it is suggested to use

the feed reactance of a short-circuited transmission line, which does not consider neither

the feed position, nor even the coaxial feed diameter, as it is shown in equation (3.4.38).

L′ =

√
µ

ε
tan

(
2πhz
λ

)
(3.4.38)

Among the models based on an infinite parallel plate waveguide, the simplest

assumes an uniform current along the inner coaxial conductor length. This problem is

equivalent to that dealt with by Harrington [126], the impedance per unit length of

a cylinder with uniform current, as presented in equation (3.4.39), which is obtained

through cylindrical wave functions and the complex power per unit length.

ZFeed =
ηk

4
J0

(
kd

2

)
H

(2)
0

(
kd

2

)
(3.4.39)

where k = ω
√
µε, η =

√
µ
ε
, J0 is the Bessel function of the first kind and H

(2)
0 is

the Hankel function of the second kind, both of them of order 0.

Finally, in order to know the validity of the presented feed models against hz/λ,

the results obtained by a model which is suitable to high normalised thickness, such

as the magnetic frill model, are provided. As the focus is set on the cavity model and

taking into account the hz � λ assumption, the details regarding the magnetic frill

model will not be provided here, as they are out the scope, but they can be consulted

in [130], [131].

In figure 3.7, it is shown a comparison of the imaginary part of the feed impedance

predicted by the models above presented in terms of the normalised thickness. The

dimensions of the coaxial feed connector correspond to the Subminiature A Connector

(SMA) ones 11. The infinite parallel plate waveguide is, as well as the SMA connector,

filled with Polytetrafluoroethylene (PTFE), whose dielectric constant is εr = 2.1. It

shall be pointed out that in order to perform the simulations, the substrate thickness

varies while the frequency is set constant to 2 GHz.

As it can be noticed in figure 3.7, the aforesaid assertion concerning the feed

reactance for low hz/λ ratios given in [114] is further validated. For hz/λ values below

11In analogy with [130], the inner conductor radius is 0.635 mm and the outer one 2.188 mm
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Figure 3.7: Feed reactance comparison

0.05λ, the feed reactance corresponding to a cylinder of uniform current and that

associated with the magnetic frill are nearly equal. As the cavity model [100], [101],

[132] has been successfully used with substrates thickness ranging from 0.005λ to 0.02λ,

henceforth, under the omnipresent cavity model assumption hz � λ, an uniform current

density will be considered while computing 〈Jz,Ψmn〉, as it is much easier to calculate

than using the magnetic frill model.

Finally, it shall be pointed out that the transmission line model proposed by Carver

[102] shall not be used, excluding extremely low hz/λ ratios where even it is not

recommended, as it is not very accurate, but it is the simplest one.
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3.5 “Segmentation” and “De-Segmentation” Meth-

ods

At this point, it is time to extend the capabilities of the original cavity model [100]–

[103] to analyse more complex geometries than those whose eigenfunctions are readily

available, mainly obtained through the method of separation of variables. As previously

mentioned in section 3.3, both the MNM [104] and the GCM [105] has overcome this

limitation by means of the “segmentation” method [106]–[108], which involves breaking

a complex planar geometry into smaller segments whose Green’s functions are known, to

afterwards combine them forcing the interconnection constraints. Moreover, the MNM

further expands the geometries that can be analysed through the “de-segmentation”

method [109]–[111], which is the complementary of the preceding one.

It shall be noticed that these methods significantly broaden the geometries that can

be analysed and they could be applied, for example and among others, to analyse fractal

antennas and meandered Planar Inverted-F Antenna (PIFA), instead of resorting to full-

wave simulations through commercial tools, as it was used in [133], [134], respectively.

In case of dealing with an arbitrary shape overall patch, which can not be properly

evaluated by means of the aforementioned methods, or a segment whose Green’s function

is not known, the “contour integral method” proposed by Okoshi et al. [112], which is

based on Green’s theorem in cylindrical coordinates [113], can be used to obtain the

associated impedance matrix with ports in the patch or segment edges.

3.5.1 Segmentation Method

The segmentation method is proposed by Okoshi et al. [106], [107] for analysing

microwave planar circuits using S matrices. Afterwards and based on the previous

work, Gupta and Chadha [108] proposed an alternative formulation using Z matrices,

that it is more efficient from a computational point of view, so the focus will be set on

this last one.

Consider the simplest case in which two A and B segments, with ZA and ZB

impedance matrices given by equations (3.5.1) and (3.5.2) respectively, are combined to

obtain the impedance matrix of C segment. The ports at A and B segments are either

classified as external p ports, or as connected c ones. Concerning the external p ports,

which are numbered before the interconnected c ones, the overall number of them is
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p = pa + pb, where pa and pb are those of isolated A and B segments, correspondingly.

Regarding the n interconnected c ports, they are further divided in two groups, each one

containing n/2 ports and being labelled as q and r, which are associated with A and B

segments, respectively. The computational effort is reduced [108] if the interconnected

ports are grouped such as ∀i,where i = 1, · · · , n/2 qi is connected to ri. The n number

of interconnected c ports depends upon the field variation along the common boundary

between A and B segments and it is obtained by an iterative process until obtaining

convergence of the impedance results.

ZAZAZA =

(
ZpaZpaZpa ZpaqZpaqZpaq

ZqpaZqpaZqpa ZqqZqqZqq

)
(3.5.1)

ZBZBZB =

(
ZpbZpbZpb ZpbrZpbrZpbr

ZrpbZrpbZrpb ZrrZrrZrr

)
(3.5.2)

Based on equations (3.5.1) and (3.5.2), the voltages and currents on the different

ports of A and B segments can be formulated together as equation (3.5.3), subject to

the interconnection constraints given by equation (3.5.8).
vpvpvp

vqvqvq

vrvrvr

 =


ZppZppZpp ZpqZpqZpq ZprZprZpr

ZqpZqpZqp ZqqZqqZqq ZqrZqrZqr

ZrpZrpZrp ZrqZrqZrq ZrrZrrZrr



ipipip

iqiqiq

iririr

 (3.5.3)

where vpvpvp and ipipip are respectively the voltage and current vectors at the external

p ports, while vqvqvq, vrvrvr and iqiqiq, iririr are correspondingly the voltage and current vectors at

the interconnected q and r ports. On the other hand, the ZppZppZpp,ZpqZpqZpq and ZprZprZpr symmetric

matrices, assuming reciprocal networks, are given by equations (3.5.4) to (3.5.6) respec-

tively, where 000 is the zero matrix of appropriate dimensions. Moreover, and concerning

this time the ZqrZqrZqr symmetric matrix, equation (3.5.7) is satisfied, as q and r ports are

interconnected ports of two physically separate segments.

ZppZppZpp =

(
ZpaZpaZpa 000

000 ZpbZpbZpb

)
(3.5.4)

ZpqZpqZpq =

(
ZpaqZpaqZpaq

000

)
(3.5.5)
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ZprZprZpr =

(
000

ZpbrZpbrZpbr

)
(3.5.6)

ZqrZqrZqr = 000 (3.5.7)

The interconnection constraints ∀i at qi, ri connected ports are given by equa-

tion (3.5.8).

vqvqvq = vrvrvr (3.5.8a)

iqiqiq + iririr = 000 (3.5.8b)

Substituting equation (3.5.8) into equation (3.5.3) and eliminating vqvqvq, vrvrvr, iqiqiq and iririr,

the ZpZpZp matrix of segment C, given by equation (3.5.9), is obtained.

ZpZpZp = ZppZppZpp + (ZpqZpqZpq −ZprZprZpr) (ZqqZqqZqq +ZrrZrrZrr)
−1 (ZrpZrpZrp −ZqpZqpZqp) (3.5.9)

On the other hand, the vqvqvq voltage at the interconnected ports is related to the ipipip

currents flowing at the external p ports, by means of substituting equation (3.5.8) into

equation (3.5.3) and eliminating vpvpvp, vrvrvr, iqiqiq and iririr, thus obtaining equation (3.5.10).

vqvqvq =
[
ZqpZqpZqp +ZqqZqqZqq (ZqqZqqZqq +ZrrZrrZrr)

−1 (ZrpZrpZrp −ZqpZqpZqp)
]
ipipip (3.5.10)

3.5.2 De-Segmentation Method

In order to compute more efficiently than the segmentation method some complex

planar geometries by reducing the number of interconnected ports, or even to extend

the possibilities of analysing geometries, which can not be evaluated through this last

one, the de-segmentation method is proposed in [109]–[111].

The de-segmentation method is built upon the formulation of the segmentation

method in the sense that in order to obtain the unknown impedance matrix of an

A segment, a C segment, whose Green’s function is known this time, can also be

obtained by combining the first one with a B segment, whose Green’s function is known

too. Thus, the unknown impedance matrix of the A segment is obtained through the

de-segmentation method by removing or “de-embedding”, in analogy with [111], the B

segment from the C one.
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As in the segmentation method, the ports are either grouped as external or connected.

The external ports are the p or d ones, which correspond with the A or B segment

respectively, whereas both of them are external ports of C segment. Regarding the n

interconnected c ports, they are further divided in two groups, each one containing

n/2 ports and being labelled as q and r, which are associated with A and B segments,

correspondingly. Moreover, the interconnected ports are grouped such as ∀i,where i =

1, · · · , n/2 qi is connected to ri, so the interconnection constraints already given by

the segmentation method in equation (3.5.8) shall be satisfied.

The impedance matrices for A,B and C segments (ZA, ZB and ZC , respectively)

can be formulated in terms of those associated with the appropriate external and

connected ports, as presented in equations (3.5.11) to (3.5.13). It shall be noticed that,

assuming reciprocal networks, all these matrices are symmetrical.

ZAZAZA =

(
ZA
ppZA
ppZA
pp ZpqZpqZpq

ZqpZqpZqp ZqqZqqZqq

)
(3.5.11)

ZBZBZB =

(
ZrrZrrZrr ZrdZrdZrd

ZdrZdrZdr ZB
ddZB
ddZB
dd

)
(3.5.12)

ZCZCZC =

(
ZC
ppZC
ppZC
pp ZpdZpdZpd

ZdpZdpZdp ZC
ddZC
ddZC
dd

)
(3.5.13)

By means of the segmentation method [108], ZC can be as well formulated as

equation (3.5.14), in terms of equations (3.5.8), (3.5.11) and (3.5.12).

ZCZCZC =

(
ZA
ppZA
ppZA
pp −ZpqZpqZpqZ

′
rpZ ′rpZ ′rp ZpqZpqZpqZ

′
rdZ ′rdZ ′rd

ZdrZdrZdrZ
′
rpZ ′rpZ ′rp ZB

ddZB
ddZB
dd −ZdrZdrZdrZ

′
rdZ ′rdZ ′rd

)
(3.5.14a)

Z ′rpZ ′rpZ ′rp = (ZqqZqqZqq +ZrrZrrZrr)
−1ZqpZqpZqp (3.5.14b)

Z ′rdZ ′rdZ ′rd = (ZqqZqqZqq +ZrrZrrZrr)
−1ZrdZrdZrd (3.5.14c)

Thus, comparing equations (3.5.13) and (3.5.14) and after some rearranging given

in [109], ZA
ppZA
ppZA
pp,ZpqZpqZpq and ZqqZqqZqq can be obtained, and therefore the unknown ZA.

It shall be highlighted [109], that the number of d ports, which are external to the B

segment, should be at least equal to n/2 in order to obtain a unique ZAZAZA solution. This

necessary and sufficient condition can always be met, as d can be increased as required.
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Furthermore, the computations can be simplified by making d = n/2, as shown in [109],

so ZA is given by equation (3.5.15).

ZAZAZA =

(
ZA
ppZA
ppZA
pp ZpqZpqZpq

ZqpZqpZqp ZqqZqqZqq

)
=

(
ZC
ppZC
ppZC
pp −ZpdZpdZpdZ

′
dpZ ′dpZ ′dp −ZpdZpdZpdZ

′
drZ ′drZ ′dr

−ZrdZrdZrdZ
′
dpZ ′dpZ ′dp −ZrrZrrZrr −ZrdZrdZrdZ

′
drZ ′drZ ′dr

)
(3.5.15a)

Z ′dpZ ′dpZ ′dp =
(
ZC
ddZC
ddZC
dd −ZB

ddZB
ddZB
dd

)−1
ZdpZdpZdp (3.5.15b)

Z ′drZ ′drZ ′dr =
(
ZC
ddZC
ddZC
dd −ZB

ddZB
ddZB
dd

)−1
ZdrZdrZdr (3.5.15c)

So, when only the impedance matrix at the p external ports of A segment is required,

it can be obtained through equation (3.5.16).

ZA
ppZA
ppZA
pp = ZC

ppZC
ppZC
pp −ZpdZpdZpd

(
ZC
ddZC
ddZC
dd −ZB

ddZB
ddZB
dd

)−1
ZdpZdpZdp (3.5.16)

It shall be noticed that the evaluation of equation (3.5.16) does not require the

impedance parameters associated with the interconnected ports of A and B segments,

that is to say q and r, respectively, even though its convergence is determined by n.

An alternative procedure for implementing the de-segmentation method is given in

[110], which is computationally more efficient than that previously presented, assuming

similar geometries of B and C segments, when the number of external p ports of the

A segment at the common boundary with the B segment is less than n/2, that it is

the usual case 12. In this alternative procedure, all the original ports of A segment,

namely the external and connected ones, are considered external p, thus only the use

of equation (3.5.16) is required. The number of d ports is as previously determined by

the field variation along the common boundary between A and B segments and this

time, it is iteratively obtained based on the equation (3.5.16) convergence.

12As mentioned in [110], the most computationally time consuming step in the de-segmentation

method is the evaluation of the Green’s function associated with equations (3.5.12) and (3.5.13), so as

a first approach, the computational effort can be estimated as proportional to the number of ports

evaluated.
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3.6 Experimental Results. Verifying the Correct-

ness and Accuracy of the Cavity Model Family

Once formulated the original cavity model in section 3.4 and the “segmentation” and

“de-segmentation” methods in section 3.5, which broaden the range of geometries that

can be analysed, it is time to check the correctness and accuracy of their corresponding

implementations.

Regarding the original cavity model and concerning the near zone fields, a prototype

has been built and its associated reflection coefficient has been measured. Details

respecting this subject are provided in section 3.6.1.

On the other hand, once verified the correctness and accuracy of the implemented

original cavity model and based on the results provided by it, the “segmentation” and

“de-segmentation” methods are verified too, task that it is done in section 3.6.2.

3.6.1 Testing the Original Cavity Model. An Unloaded RMSA.

The geometry chosen for this task is an unloaded RMSA with dimensions 11.43 cm ×
7.62 cm on a foam substrate of 0.5 cm thickness. The coaxial feeding technique has been

used; in particular, the (x, y) feed location in cm of the female SMA panel connector

used is (5.33, 0.76). This placement has been selected in order to properly match to

50 Ω the TM01 mode impedance.

The measured results of this geometry will be compared with those simulated

provided by some of the approaches formulated in section 3.4. Specifically, the input

impedance obtained from equation (3.4.11), beside the artificially increased effective

dielectric loss tangent considered through the effective wave number provided by

equation (3.4.12) and the edge effect of the open end discontinuity obtained by means

of equation (3.2.18), are used as the main approach. On the other hand and mainly

for illustrative purposes, the simplified equivalent network representation of a single

isolated TMMN mode, as previously presented in figure 3.6 and equation (3.4.36) will

be used too.

It shall be highlighted that, as the cavity geometry is rectangular, the homogeneous

Helmholtz, or reduced wave equation (3.4.3), subject to a Neumann type boundary

condition around the patch outline, as formulated in equation (3.4.4) has as a solution

each cavity eigenfunction along with its eigenvalue, as well as linear combinations
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of them, which in this geometry, obtained by means of the method of separation of

variables, are presented in equation (3.6.1), as extracted from table 1 of [100] 13. These

are used to achieve the simulated results and it shall be pointed out that Ψmn must be

previously normalized.

Ψmn (x, y) = cos

(
mπ

Le
x

)
cos

(
nπ

We

y

)
(3.6.1a)

kmn =

√(
mπ

Le

)2

+

(
nπ

We

)2

(3.6.1b)

where Le = L+ 2∆L and We = W + 2∆W are respectively the length and width

of the RMSA, as depicted in figure 4.2, which include the edge effect of the open end

discontinuity, and {m | m ∈ N0}, {n | n ∈ N0}.
In figure 3.8, it is shown a comparison between the measured and simulated reflection

coefficient, this last one obtained by the previously called main approach. The successive

dips on the reflection coefficient from lower to upper frequencies are respectively

associated with the resonant frequency of the TM10, TM01, TM11, TM20, TM21 and

TM02 modes. It shall be pointed out that there are only marks on those TM modes

whose impedance is well matched to 50 Ω, in particular, for the TM01, TM20 and TM21

modes.

In order to study the accuracy of the simulated results, specifically the frequency

at dips on the reflection coefficient, the percentage relative error is extracted from

figure 3.8. Thus, the mean percentage relative error of the simulated results is 0.26%,

while the standard deviation is 0.57%, so the results provided by the implemented

original cavity model are very accurate.

It shall be pointed out that in order to compute equation (3.4.11), the doubly infinite

series have been truncated. In particular, the TMmn modes considered to obtain the

simulated results provided in figure 3.8 are those included in the set {(m,n) ∈ N | 0 ≤
(m,n) ≤ 50}. This set is more than enough to ensure the convergence of the results,

taking into account the resonant frequencies of the TMmn modes of the geometry that

are included in the frequency bandwidth considered in figure 3.8. In case of focusing

only on a specific TMMN mode, the number of elements required to make the results

13For details regarding the application of the method of separation of variables to the rectangular

geometry see e.g., Chapter 4, p.143 of [126]
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Figure 3.8: Unloaded RMSA. Measured and simulated reflection coefficient.

converge will increase from those required by the dominant mode, according as the

(M,N) mode increases. Furthermore, it shall be highlighted that in case of dealing with

nearly degenerate modes, the number of elements of this set will significantly increase.

Alternatively, as previously formulated in section 3.4.3, the simplified equivalent

network representation of a single isolated TMMN mode, as previously presented in

figure 3.6 and equation (3.4.36), has been used. Specifically, the simplest approach

previously described in section 3.4.3, in which the feed reactance is estimated by a

closed form expression, as those presented in section 3.4.4, is the one implemented.

This approach can be considered appropriate, since the geometry of the RMSA chosen

for testing purposes is a thin single port unloaded patch antenna and the TMMN mode

considered is a single isolated mode.

In figure 3.9, it is shown the measured and simulated reflection coefficient obtained

by means of the single isolated TMMN mode approach with the feed reactance closed

form estimation. In particular, the focus is set on the TM01 mode and the results

provided by the main approach are also presented to ease the comparison.

In order to compare the accuracy of the simulated results obtained by both ap-
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Figure 3.9: Unloaded RMSA. Measured and simulated reflection coefficient of a single

isolated TM01 mode.
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proaches, concerning the frequency at the dip on the reflection coefficient associated

with the TM01 mode, the percentage relative error is extracted from figure 3.9. Thus,

that belonging to the single isolated TM01 mode approach is −3.07%, while the linked

to the main approach is significantly lower, 0.87%.

3.6.2 Testing the “Segmentation” and “De-Segmentation” Meth-

ods

In order to ease the comparison between the results provided by the “segmentation”

and “de-segmentation” methods and those accomplished by means of the original cavity

model provided in section 3.6.1, the final geometry obtained by the first is the same

unloaded RMSA, with an equally located feed, used in section 3.6.1. It shall be noticed

that this final geometry is the one that shall include the edge effect of the open end

discontinuity, as computed through equation (3.2.18).

The measured reflection coefficient of the unloaded RMSA will be compared with

that simulated provided by the methods formulated in section 3.5. It shall be pointed

out that the mutual impedance elements of the impedance matrices required by these

methods are derived from equation (3.4.10), where (x, y) 6= (x′, y′), following the same

procedure used to obtain equation (3.4.11), beside the artificially increased effective

dielectric loss tangent considered through the effective wave number provided by

equation (3.4.12). Moreover, each cavity eigenfunction along with its eigenvalue used

are those presented in equation (3.6.1), with the exception previously done concerning

the edge effect. Regarding the artificially increased effective dielectric loss tangent

and specifically, the Qr contribution, it has been borrowed for simplicity from that

previously computed in section 3.6.1; however, in a complex geometry, the radiation

fields should be computed considering external ports along the periphery of the final

geometry, thus obtaining the associated longitudinal electric field component and using

the Schelkunoff’s Field Equivalence Principle [135] and for example, through a Discrete

Fourier Transform (DFT) as it will be done in section 5.2, the radiation fields outside

the RMSA.

On the other hand and concerning the doubly infinite series presented in equa-

tions (3.4.10) and (3.4.11), it shall be highlighted that, as in section 3.6.1 and more

specifically in figure 3.8, the series have been truncated, in particular, the TMmn modes
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considered to obtain the simulated results provided in section 3.6.2 are those included

in the set {(m,n) ∈ N | 0 ≤ (m,n) ≤ 50}.
In figure 3.10, it is shown a comparison between the measured and simulated reflec-

tion coefficient, this last one obtained through the segmentation method. Specifically,

the two segments that are combined are two rectangles whose length is the same as that

of the final RMSA geometry, whereas its width is different. In particular, the width of

A segment is 7/8 of the final RMSA geometry width, while that of B segment is 1/8.
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Figure 3.10: Unloaded RMSA. Measured and simulated reflection coefficient. “Segmen-

tation” method.

In order to study the accuracy of the simulated results, specifically the frequency

at dips on the reflection coefficient, the percentage relative error is extracted from

figure 3.10. Thus, the mean percentage relative error of the simulated results is 0.13%,

while the standard deviation is 0.69%, so the results provided by the segmentation

method are very accurate, indeed equivalent to those achieved in section 3.6.1 with the

original cavity model.

It shall be pointed out that the number of interconnected c ports used to obtain the

simulated results provided in figure 3.10 is 72, which is more than enough to ensure the
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convergence of the results, as it can be deduced from figure 3.11, in which the reflection

coefficients achieved with 72, 38 and 16 interconnected c ports are provided.
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Figure 3.11: Unloaded RMSA. Measured and simulated reflection coefficient with

different number of interconnected c ports. “Segmentation” method.

On the other hand and concerning the de-segmentation method, in figure 3.12, it

is shown a comparison between the measured and simulated reflection coefficient. It

shall be pointed out that the B and C segments are two rectangles whose length is the

same as that of the final RMSA geometry, whereas its width is different. In particular,

the width of B segment is 2 times the final RMSA geometry width, while that of C

segment is 3 times the final one. On the other hand, the number of external d ports

is 72, thus ensuring loosely the convergence of the results, as it can be inferred from

figure 3.13.

In order to study the accuracy of the simulated results, specifically the frequency

at dips on the reflection coefficient, the percentage relative error is extracted from

figure 3.12. Thus, the mean percentage relative error of the simulated results is 0.16%,

while the standard deviation is 0.40%, so values similar to those obtained through the

original cavity model and the segmentation method.

103



CHAPTER 3. ON THE SELECTION OF A BASE ANALYTICAL MODEL

1 1.5 2 2.5 3 3.5 4
−35

−30

−25

−20

−15

−10

−5

0

X:d1.728
Y:d−27.02

Freq.dsGHz)

ReflectiondCoefficientdsdB)

X:d2.406
Y:d−30.86

X:d3.048
Y:d−14.02

X

X

X
X

X

X

X:d1.728
Y:d−12.28

X:d2.421
Y:d−31.15

X:d3.044
Y:d−13.48

Simulated
Measured

Figure 3.12: Unloaded RMSA. Measured and simulated reflection coefficient. “De-

segmentation” method.
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4.1 Overview

Along this chapter 4, the far zone fields corresponding to different TM modes of some

geometries, such as rectangular and circular microstrip antennas, will be studied with

the final aim of exploring the diversity and spatial multiplexing performance capabilities

provided by them under different multipath environments.

It shall be highlighted that these geometries will be considered unloaded, namely

the geometries analysed will not have any structure inside the cavity aside the substrate

and the inner coaxial conductor associated with the feed port, in case this feed option

is used. Therefore, the different modes considered inside the cavity are still the original

TM orthogonal ones. Moreover, it will be supposed that each orthogonal TM mode can

be excited by a feed port independently from all the remaining ones. As a consequence,

the signals on each feed port are independent and therefore uncorrelated, under uniform

angular density function of incoming waves withXPR = 0 dB, as it will be demonstrated

later on. Thus, in the scenario considered, increasing the number of used modes will

accordingly increase the diversity or spatial multiplexing performance.

The main importance of the radiation fields of the different modes of a multimode

MIMO microstrip antenna in order to evaluate the associated diversity and spatial

multiplexing system performance is easily appreciated in sections 2.3 and 2.4. Due to

the fact that the overwhelming majority of microstrip antenna designs make use of the

dominant resonant mode, the radiation fields associated with the remaining modes have

not received special attention in the available studies carried out so far. However, due

to the importance of the radiation fields of these last ones to the Ph.D. objectives, in

section 4.2.1, an alternative formulation concerning the RMSA to that provided in [136]

is presented, so an additional contribution on this field is provided. On the other hand,

as the circular geometry beside the rectangular are the most common microstrip patch

antenna geometries, the radiation fields by the CMSA will be presented in section 4.2.2

too.

Once properly derived the far zone fields of the different cavity modes of the most

common geometries, the diversity and spatial multiplexing performance of a variety of

combinations of them under different scenarios will be analysed in sections 4.3 and 4.4

respectively.
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4.2 Radiation Fields

Throughout this section 4.2, the analytical formulation of the far zone fields of unloaded

RMSA and CMSA will be provided. This formulation will start specifying under the

omnipresent hz � λ assumption, the unique not null field component on the patch

contour, the ẑ directed longitudinal electric field component. In order to do it so for

each geometry, as presented in equation (3.4.1), each cavity eigenfunction along with

its eigenvalue, which is a solution to the homogeneous Helmholtz, or reduced wave,

equation (3.4.3), subject to a Neumann type boundary condition around the patch

outline, as formulated in equation (3.4.4), will be firstly presented. Afterwards, the

Schelkunoff’s Field Equivalence Principle [135] is used in order to obtain the equivalent

current sources, which are the ones considered while solving the wave equation by

means of the auxiliary potential functions.

It shall be pointed out that the radiation fields and the energy stored by the different

modes of an unloaded cavity exhibit a modal coefficient Amn, which is determined by

the interaction between the specific cavity eigenfunction along with its eigenvalue and

the source current, as computed through equation (3.4.9). In this sense, it shall be

commented that the shape of the radiation fields, on which the focus is set on in this

section 4.2, will not be altered by the level of coupling between the feed and the cavity,

not so the amplitude level of the radiation fields, which will be highly influenced by

this coupling value. Therefore, in order to lighten the cumbersome formulation, the

normalization factor of each eigenfunction will be considered to be further included

in the associated Amn coefficient, whose overall effect will be finally removed in the

radiation fields normalization process upcoming.

Finally, it shall be highlighted that the far zone fields of the unloaded cavities will

be analysed each time per each isolated TM mode, so the double summation series

shown in equation (3.4.1) and in the forthcoming equations derived from it will not be

present.

4.2.1 RMSA

As already pointed out, due to the fact that the most common cavity mode used in

RMSA is the dominant resonant mode, the bulk of the literature concerning the far

zone fields is devoted to it. As a consequence, this section will deal with filling this lack
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providing an analytical solution to all the TMmn modes.

Before starting to develop the formulation of the radiation fields, it is necessary to

set up a coordinate system and to place the structure under consideration, a rectangular

cavity, on it. The coordinate system and the geometry under study are shown in

figure 4.1.

x

y

z

L

W

hz

φ

θ

Figure 4.1: Coordinate system - RMSA

The source free solutions Ψmn, along with their eigenvalues kmn, to the homogeneous

equation (3.4.3) subject to the boundary conditions equation (3.4.4) for the rectangular

geometry can be obtained by means of the method of separation of variables, thus

they are presented in equation (3.6.1). These eigenfunctions and eigenvalues are those

used to achieve the radiation fields formulated on this section 4.2.1. Therefore, for

this geometry, the ẑ directed longitudinal electric field component, as derived from

equations (3.4.1) and (3.6.1), is computed through equation (4.2.1).
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Ez (x, y) = Amn cos

(
mπ

Le
x

)
cos

(
nπ

We

y

)
(4.2.1)

where Le = L+ 2∆L and We = W + 2∆W are respectively the length and width

of the RMSA, as depicted in figure 4.2, which include the edge effect of the open end

discontinuity obtained by means of equation (3.2.17) or equation (3.2.18) depending on

the sizes/hz ratio, Amn can be computed through equation (3.4.9) and {m | m ∈ N0},
{n | n ∈ N0}.

At this moment, all the information required to apply the Schelkunoff’s Field

Equivalence Principle [135] is known. Using again the cavity model assumption, the

current distribution on the top side of the patch can be neglected as most of the charge

is retained in the lower side of it and the current flow from the lower to the upper side

of the patch can be disregarded (perfect magnetic conductor assumption in the outline

of the cavity).

Using the Schelkunoff’s Field Equivalence Principle [135], an equivalent problem

easier to solve is formulated. By means of the equivalent sources, the radiation fields

outside the cavity are computed (remember that these equivalent sources produce

the same fields of the original problem only outside the cavity). Moreover, it shall

be pointed out that since the fields inside the interior region bounded by the closed

surface can be chosen arbitrarily in the equivalent problem, they are assumed to be

zero. On the other hand, as the unique not null field component tangential to the closed

surface surrounding the cavity is the ẑ directed electric field, the equivalent problem

can be formulated through only the magnetic equivalent source computed through

equation (4.2.2).

~M = −n̂× ẑEz (x, y) (4.2.2)

where Ez (x, y) is obtained by means of equation (4.2.1) evaluated at the lateral

sides of the microstrip patch and n̂ is a cavity outward normal unit vector. Thus, the

magnetic equivalent source current is parallel to the XY plane and it can be considered

uniformly distributed along the thickness of the cavity.

On the other hand, the easiest way to consider the ground plane effects is applying

the image theory, neglecting the influence of the substrate, and duplicating the magnetic

equivalent source current as in [100]. Other alternative, proposed in [125] to account

the effects of the ground plane and the substrate, is imaging the magnetic equivalent
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current at an electrical distance k0
√
εrhz from the ground plane, so the influence can

be accounted for through the use of the term 2 cos
(
k0
√
εrhz cos (θ)

)
. A more accurate

and rigorous approach to consider the substrate effect on the radiation fields is to use

the reciprocity theorem as in [119].

Once applied the Schelkunoff’s Field Equivalence Principle [135], the original problem

of computing the radiation fields by a rectangular microstrip patch antenna can be

substituted by an equivalent composed of four magnetic current slots in the XY plane

surrounding the location of the patch antenna, as shown in figure 4.2.

x

y

z

P

~r

~r ′

~R

φ

L

W

∆L

Le

∆W

We

θ

Figure 4.2: Equivalent slot model for computing the radiation fields of a RMSA

The width of each slot is usually considered as a first approach equal to the thickness

of the cavity hz, or as a better approximation, the equivalent additional line length of

the microstrip patch, ∆L and ∆W , due to the edge effect of the open end discontinuity

obtained by means of equation (3.2.17) or equation (3.2.18) depending on the sizes/hz

ratio. 14.
14For more information regarding the equivalent additional line length due to the edge effect of the
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Relying on all the above, the magnetic equivalent current on each of the afore-

mentioned slots, considering the ground plane effects through the image theory and

neglecting the influence of the substrate, and by means of evaluating equations (4.2.1)

and (4.2.2) at the lateral sides of the cavity, is presented in equations (4.2.3) and (4.2.4).

• Regarding the magnetic current in the x̂ direction:

Mx (x, 0) = 2Amn cos

(
mπ

Le
x

)
(4.2.3a)

Mx (x,W ) = −2Amn cos (nπ) cos

(
mπ

Le
x

)
(4.2.3b)

• Regarding the magnetic current in the ŷ direction:

My (0, y) = −2Amn cos

(
nπ

We

y

)
(4.2.4a)

My (L, y) = 2Amn cos (mπ) cos

(
nπ

We

y

)
(4.2.4b)

On the other hand, the vector potential ~F (~r) for a magnetic current source ~M (~r ′)

is obtained through:

~F (~r) =
ε

4π

∫∫∫
V ′

~M (~r ′)
e−jkR

R
dτ ′ (4.2.5)

Applying the usually made approximation regarding the radiation fields kR� 1,

the distance from the source to the observation point R can be simplified carrying

out a Taylor expansion and retaining the first two terms (equivalent to a parallel rays

approximation):

R = |~r − ~r ′| ≈ r − r̂ · ~r ′ (4.2.6a)

e−jkR

R
≈ e−jkr

r
ejkr̂~r

′
(4.2.6b)

and the vector potential simplifies as follows:

open end discontinuity of a microstrip line, see the previously presented information in section 3.2.2
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~F (~r) =
εe−jkr

4πr
~L (~r) (4.2.7a)

~L (~r) =

∫∫∫
V ′

~M (~r ′) ejkr̂~r
′
dτ ′ (4.2.7b)

Thus, in this case, the magnetic radiation vector ~L (~r), as the magnetic current and

the vector potential, has two components: the x̂ directed and the ŷ directed, which are

presented in equations (4.2.8) and (4.2.9).

Lx = 2AmnXy0Yy0

[
1− cos (nπ) ejky(W+∆W )

]
(4.2.8a)

Ly = 2AmnXx0Yx0

[
cos (mπ) ejkx(L+∆l) − 1

]
(4.2.8b)

where

Xx0 = e−jkx
∆l
2 ∆l

sin
(
kx

∆l
2

)
kx

∆l
2

(4.2.9a)

Yx0 =
jky(

nπ
We

)2

− k2
y

[
ejkyW cos(nπ)− 1

]
(4.2.9b)

Xy0 =
jkx(

mπ
Le

)2

− k2
x

[
ejkxL cos(mπ)− 1

]
(4.2.9c)

Yy0 = e−jky
∆W

2 ∆W
sin
(
ky

∆W
2

)
ky

∆W
2

(4.2.9d)

kx = k sin (θ) cos (φ) (4.2.9e)

ky = k sin (θ) sin (φ) (4.2.9f)

where ∆l and ∆W represent the width of the slot in the x̂ and ŷ direction respectively.

Once the magnetic radiation vector is known, the way to obtain the radiation fields

is straightforward. First of all, the r̂, θ̂ and φ̂ components of ~L (~r) in terms of the x̂ and

ŷ ones are obtained:

Lθ = Lx cos (θ) cos (φ) + Ly cos (θ) sin (φ) (4.2.10a)

Lφ = −Lx sin (φ) + Ly cos (φ) (4.2.10b)

Lr ≈ 0 (4.2.10c)
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Based on these last ones, the vector potential ~F (~r) can be formulated by means of

equation (4.2.7) as:

Fθ =
εe−jkr

4πr
Lθ (4.2.11a)

Fφ =
εe−jkr

4πr
Lφ (4.2.11b)

Fr ≈ 0 (4.2.11c)

and therefore, the radiation field components can be computed through equa-

tion (4.2.12).

Hr ≈ 0 (4.2.12a)

Hθ = −jωFθ (4.2.12b)

Hφ = −jωFφ (4.2.12c)

Er ≈ 0 (4.2.12d)

Eθ = ηHφ (4.2.12e)

Eφ = −ηHθ (4.2.12f)

Finally, the time average Poynting vector can be computed as:

~P (θ, φ) =
1

2
<
(
~E × ~H∗

)
= r̂

1

8λ2r2η

(
|Lθ|2 + |Lφ|2

)
(4.2.13)

whereas the average radiated power, through performing the following integration:

Pradav =
1

8λ2η

∫ 2π

0

∫ π
2

0

(
|Lθ|2 + |Lφ|2

)
sin (θ) dθ dφ (4.2.14)

Regarding this last equation (4.2.14), it shall be highlighted that the integration

can not be done in closed analytical form for all the assortment of TMmn modes, so in

those cases, it is necessary to compute it using numerical techniques.

In order to have a glance of the shape of the radiation fields associated with the

different TMmn modes and based on the previously developed formulation, in the

following set of figures it will be shown the normalized electric field components moduli

and the radiation intensity corresponding to some of those, at their associated resonant
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frequencies. The information concerning each mode will be provided in the u-v space

and it belongs to a RMSA with dimensions 11.43 cm × 7.62 cm on a foam substrate of

thickness 0.5 cm, as that which will be strongly used throughout section 5.3.

Figure 4.3: Radiation fields RMSA. DC mode.

As it can be seen in figure 4.3, the radiation intensity of the Direct Current (DC)

mode (whose resonant frequency is 0 Hz) exhibits a null in the boresight axis (θ = 0)

and a maximum value in the XY plane, parallel to the microstrip patch antenna.

Moreover, it shall be pointed out that the associated radiation fields are pretty different

from the corresponding ones of any TMmn mode, which do not have the maximum

values in the XY plane. The reason that justifies these differences in the radiation fields

must be looked for in the field distribution in the cavity contour, which is constant

in the DC case, thus instead of a TM mode, a TEM is present, acting somehow as a

vertical electric monopole.

On the other hand, the ubiquitous TM10 and TM01 modes show a well known

radiation fields that clearly differ from those of the aforementioned DC mode, displaying

a maximum radiation intensity in the boresight axis (θ = 0), as shown in figures 4.4

and 4.5, respectively. Comparing their radiation fields, it can be appreciated among

124



CHAPTER 4. MULTIMODE MICROSTRIP FAR ZONE FIELDS, PATTERN
DIVERSITY AND SPATIAL MULTIPLEXING

others that the |Eθ| and |Eφ| components are orthogonal, as expected by reason of the

polarization orthogonality of their linear polarizations along their respective resonating

dimension. Moreover, focusing on the radiation intensity, it can be qualitatively noticed

that in the geometry under study, the TM01 mode exhibits higher directivity than the

TM10, due to the greater length of their radiating slots. In the same sense, because

of the smaller length of the radiating slots of the TM10 mode, the H plane pattern is

wider in this case than in the TM01 mode.

Figure 4.4: Radiation fields RMSA. TM10 mode.

Once a quick glance of the radiation fields associated with the most used TMmn

modes has been provided, it is time to move on studying less common modes. The next

step in this track is the TM11 mode.

As it is shown in figure 4.6, concerning the TM11 mode, the radiation intensity

has two major lobes, which are tilted from the boresight axis to roughly θ ≈ 40◦. The

explanation behind this pattern must be newly looked for in the field distribution in the

outline of the microstrip patch antenna. Indeed, the usually called non-radiating slots,

many times neglected while analysing the radiation fields by the TM10 and TM01 modes

due to their cancellation in the E and H planes, play a main role on the radiation
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Figure 4.5: Radiation fields RMSA. TM01 mode.

Figure 4.6: Radiation fields RMSA. TM11 mode.
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fields by this TM11 mode.

On the other hand, with a somehow similar radiation intensity, as it can be noticed

in figure 4.7, the TM20 mode exhibits as well two major lobes which are tilted from

the boresight axis, but this time to θ = 30◦.

Figure 4.7: Radiation fields RMSA. TM20 mode.

A further increase of the m index to obtain the TM30 mode produces the occurrence

of grating lobes (see figure 4.8), as the distance between the main radiating slots is

roughly 1.5λ.

Summing it up and based on the magnetic equivalent current distribution along

the outline of the rectangular microstrip patch antenna associated with the different

TMmn modes, the following conclusions concerning the direction of the major lobes

of the radiation intensity can be obtained. While one of the TMmn indexes (either m

or n) is null, the radiation intensity exhibits a maximum in the boresight axis (θ = 0)

when the remaining index is odd and conversely, it presents a boresight null when it

is even. However, when both indexes are different from null, none of the major lobes

point towards boresight.
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Figure 4.8: Radiation fields RMSA. TM30 mode.

4.2.2 CMSA

As previously said, alongside the RMSA, the most used geometry is the circular one.

In the same way that the rectangular geometry, the primarily used cavity mode is the

dominant mode, which is the TM11 for the circular geometry. However, this time, the

radiation fields by the high order TMmn modes are easier to compute in analytical

form than those of the rectangular geometry, so only the main steps for obtaining

them, following a procedure similar to that used with the rectangular geometry, will be

outlined in this section.

Before starting to develop the formulation of the radiation fields, it is necessary to

set up a coordinate system and to place the structure under consideration, a cylindrical

cavity, on it. The coordinate system and the geometry under study are shown in

figure 4.9.

The source free solutions Ψmn, along with their eigenvalues kmn, to the homogeneous

equation (3.4.3) subject to the boundary conditions equation (3.4.4) for the circular

geometry can be obtained by means of the method of separation of variables, thus they
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Figure 4.9: Coordinate system - CMSA
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are presented in equation (4.2.15) (extracted from table 1 of [100] 15).

Ψmn (ρ, φ) = Jm (kmnρ) cos (mφ) (4.2.15a)

J′m (kmnae) = 0 (4.2.15b)

where Jm is the Bessel function of the first kind of order m 16, ae is the disk radius

of the CMSA, as depicted in figure 4.10, which includes the edge effect of the open end

discontinuity obtained by means of equation (3.4.30), and {m | m ∈ N0}, {n | n ∈ N}.
Concerning the kmn eigenvalues, the first three roots of the J′m function for the set

{m ∈ N0 | 0 ≤ m ≤ 4}, are given in table 4.1 (values extracted from table 9.5 of [137])
17:

n m

000 111 222 333 444

111 0 1.84118 3.05424 4.20119 5.31755

222 3.83170 5.33144 6.70613 8.01524 9.28240

333 7.01558 8.53632 9.96947 11.34592 12.68191

Table 4.1: Roots of the first derivative of the Bessel function of the first kind

It shall be noticed that m and n are related to the number of times that the

longitudinal electric field component crosses zero while varying φ from 0 to 2π and ρ

from 0 to ae, respectively.

The eigenfunctions and eigenvalues presented in equation (4.2.15) are those used to

achieve the radiation fields formulated on this section 4.2.2 and it shall be pointed out

that Ψmn must be previously normalized. Therefore, for this geometry, the ẑ directed

longitudinal electric field component, as derived from equations (3.4.1) and (4.2.15), is

computed through equation (4.2.16).

15For details regarding the application of the method of separation of variables to the circular

geometry see e.g., Chapter 5, p.198 of [126]
16The usual notation of the Bessel function of the first kind index order Jn has been sacrificed in

favour of the overall notation congruence
17Many times (see e.g., Chapter 5, p.205 of [126]), mostly while dealing with circular waveguides,

the first zero of J′
0 is considered to be 3.83170 instead of 0, as this last one is the eigenvalue of the

TEM mode
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Ez (ρ, φ) = AmnJm (kmnρ) cos (mφ) (4.2.16)

where Amn can be computed through equation (3.4.9).

Newly at this point, the information required to apply the Schelkunoff’s Field

Equivalence Principle [135] in order to obtain an easier problem to compute the

radiation fields is already known. As previously presented in section 4.2.1 and because

of the same reasons, the current distribution on the top side of the patch and the

magnetic field components at the outline of the cavity and tangential to it can be

neglected.

Therefore, the equivalent problem can be anew formulated through the magnetic

equivalent source current obtained through equation (4.2.17).

~M = −ρ̂× ẑEz (ae, φ) (4.2.17)

where Ez (ae, φ) is obtained by means of equation (4.2.16) evaluated at the lateral

side of the CMSA at ρ = ae and this time, ~M is directed in the φ̂ direction.

In the same way that in section 4.2.1, the magnetic equivalent source current can be

assumed to be uniformly distributed in an annular slot whose width is usually considered

as a first approach the thickness of the cavity hz, or as a better approximation, the

outward radius extension of the circular microstrip patch due to the fringe fields,

∆a = ae − a, as depicted in figure 4.10. For more information regarding the outward

extension of the radius of the circular cavity, see section 3.4.1.

On the other hand and concerning the way of including the ground plane effects, the

information previously presented in section 4.2.1 already applies to both the rectangular

and the circular microstrip patch cases. Similarly to the rectangular case, the ground

plane effects will be considered this time by means of the image theory and neglecting

the influence of the substrate.

Once applied the Schelkunoff’s Field Equivalence Principle [135], the original problem

of computing the radiation fields by a CMSA can be substituted by an equivalent

composed of a magnetic equivalent source current ring in the XY plane surrounding

the location of the patch antenna, as shown in figure 4.10.

At this point, the radiation fields with the aid of the auxiliary potential function ~F

will be obtained. First, the radiation vector ~L and the vector potential ~F are computed

through equation (4.2.7), based on the magnetic equivalent source current distribution
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Figure 4.10: Equivalent slot model for computing the radiation fields of a CMSA

along the annular slot presented in equation (4.2.17). Afterwards, as a final step,

the radiation fields are straightforwardly calculated by means of equation (4.2.12)

using ~F . Thus, the electric field components of the radiation fields are presented in

equation (4.2.18).

Er ≈ 0 (4.2.18a)

Eθ = −jmV aek
e−jkr

r
cos (mφ) J′m [kae sin (θ)] (4.2.18b)

Eφ = mjmV aek
e−jkr

r
sin (mφ) cos (θ)

Jm [kae sin (θ)]

kae sin (θ)
(4.2.18c)

where V = hzAmnJm (kmnae).

Based on equation (4.2.18), the average radiated power can be obtained through

equation (4.2.19).

Pradav =
1

2η

∫ 2π

0

∫ π
2

0

(
|Eθ|2 + |Eφ|2

)
r2 sin (θ) dθdφ (4.2.19)

132



CHAPTER 4. MULTIMODE MICROSTRIP FAR ZONE FIELDS, PATTERN
DIVERSITY AND SPATIAL MULTIPLEXING

Concerning equation (4.2.19), it must be pointed out that this time can not be

solved in closed analytical form, so a numerical integration should be carried out or

some assumptions should be applied in order to obtain approximated closed expressions.

In order to have a glance of the shape of the radiation fields associated with the

different TMmn modes and based on the previously developed formulation, in the

following set of figures it will be shown the normalized electric field components moduli

and the radiation intensity corresponding to some of those, at their associated resonant

frequencies. The information concerning each mode will be provided in the u-v space and

it belongs to a circular microstrip antenna with radius a = 5.27 cm on a foam substrate

of thickness 0.5 cm. These dimensions have been selected such as the cylindrical cavity

volume coincides with the rectangular cavity one previously used in section 4.2.1.

Figure 4.11: Radiation fields CMSA. TM01 - DC mode.

As it can be seen in figure 4.11, the radiation intensity of the TM01 mode, which

is really a DC mode as that previously presented in section 4.2.1, exhibits a null in

the boresight axis (θ = 0) and a maximum value in the XY plane, parallel to the

microstrip patch antenna. Indeed, the normalized electric field components moduli

resemble those of the vertical electric monopole (which do not have Eφ component)
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and similar radiation intensity.

In the same way and concerning the TM0n modes, it shall be remarked analysing

equation (4.2.18) and figures 4.11 to 4.13 that none of them have Eφ component.

Moreover, it can be noticed that as the n index of the TM0n modes increases, the

peak value of the conical pattern rises from the XY plane towards the boresight axis

accordingly. Furthermore and anew, grating lobes appear in the radiation intensity of

the TM03 mode, as it is shown in figure 4.13, and higher n modes.

Figure 4.12: Radiation fields CMSA. TM02 mode.

On the other hand and regarding the TMm1 modes, the behaviour of the radiation

intensity conical pattern as the m index increases is opposite to that previously described

with the TM0n modes; the peak value tilts from the boresight axis correspondingly, as

it is shown in figures 4.14 to 4.16. Moreover, it shall be pointed out that as the m index

increases, the ripple of the radiation intensity conical pattern in the φ direction at θmax

increases consequently.

At this point, it must be noticed that among all the radiation intensities shown in

figures 4.11 to 4.16, only that corresponding to the TM11 dominant mode exhibits a

boresight axis maximum. Indeed, only the TM1n modes have their radiation intensity

134



CHAPTER 4. MULTIMODE MICROSTRIP FAR ZONE FIELDS, PATTERN
DIVERSITY AND SPATIAL MULTIPLEXING

Figure 4.13: Radiation fields CMSA. TM03 mode.

Figure 4.14: Radiation fields CMSA. TM11 mode.
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Figure 4.15: Radiation fields CMSA. TM21 mode.

Figure 4.16: Radiation fields CMSA. TM31 mode.
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main lobe pointing towards the boresight axis (see e.g., figure 4.17 associated with the

TM13 mode in which grating lobes are present too).

Figure 4.17: Radiation fields CMSA. TM13 mode.

137



CHAPTER 4. MULTIMODE MICROSTRIP FAR ZONE FIELDS, PATTERN
DIVERSITY AND SPATIAL MULTIPLEXING

4.3 Pattern Diversity

Once analytically formulated the far zone fields of the different cavity modes of unloaded

RMSA and CMSA, it is time to analyse the pattern diversity performance of a variety

of combinations of these modes under an assortment of scenarios. It shall be pointed

out that throughout this section 4.3 the following conventions apply:

• Concerning the coordinate system and the orientation of the microstrip patch

antenna, figures 4.1 and 4.9 apply while dealing with RMSA and CMSA, respec-

tively.

• The scenarios evaluated are some of those measured and parametrized in [51] and

[52] at the mobile station.

A summary of the propagation environment parameters considered, i.e., XPR and

angular density functions Pθ (θ, φ) and Pφ (θ, φ) extracted from [51], [52], is provided in

tables 4.2 and 4.3. Concerning the parameters of the angular density functions Pθ (θ, φ)

and Pφ (θ, φ), it shall be pointed out that these are referred to the gaussian function and

the general double exponential function already specified in equations (2.3.3) and (2.3.4),

respectively.

Environment Pθ (θ, φ)Pθ (θ, φ)Pθ (θ, φ) Pφ (θ, φ)Pφ (θ, φ)Pφ (θ, φ) XPR

θ0θ0θ0 σσσ θ0θ0θ0 σσσ

Ningyo-cho route 19◦ 20◦ 32◦ 64◦ 5.1 dB

Kabuto-cho route 20◦ 42◦ 50◦ 90◦ 6.8 dB

Table 4.2: Gaussian functions Pθ (θ, φ), Pφ (θ, φ) and XPR from [51]

4.3.1 RMSA

In order to evaluate the pattern diversity performance of a selection of cavity modes of a

RMSA under different scenarios, an antenna with dimensions 11.43 cm × 7.62 cm on a

foam substrate of thickness 0.5 cm, as that analysed in section 4.2.1 will be considered.

As previously anticipated in chapter 4, under the assumption that each orthogonal

TMmn mode can be excited by a feed port independently from all the remaining ones

138



CHAPTER 4. MULTIMODE MICROSTRIP FAR ZONE FIELDS, PATTERN
DIVERSITY AND SPATIAL MULTIPLEXING

Environment Pθ (θ, φ)Pθ (θ, φ)Pθ (θ, φ) Pφ (θ, φ)Pφ (θ, φ)Pφ (θ, φ) XPR

θ0θ0θ0 σ−σ−σ− σ+σ+σ+ θ0θ0θ0 σ−σ−σ− σ+σ+σ+

Indoor picocell 2.0◦ 6.9◦ 9.4◦ 2.2◦ 10.5◦ 10.0◦ 7.0 dB

Urban microcell hBS = 13 m 2.0◦ 4.3◦ 8.2◦ 1.8◦ 4.8◦ 10.0◦ 11.1 dB

Urban macrocell 2.2◦ 3.9◦ 17.8◦ 2.0◦ 4.6◦ 37.4◦ 7.3 dB

Highway macrocell 6.0◦ 8.0◦ 5.7◦ 6.0◦ 9.6◦ 10.0◦ 6.6 dB

Table 4.3: General double exponential functions Pθ (θ, φ), Pφ (θ, φ) and XPR from [52]

and under isotropic angular density function of incoming waves, as formulated by

equation (4.3.1), with XPR = 0 dB, which means that the mean incident power in

the two orthogonal polarizations is the same, as derived from equation (2.3.5), the

signals on each feed port are independent and therefore uncorrelated. This assertion is

validated using in equation (2.3.7) the complex expressions of the θ and φ components

of the electric field pattern of antenna elements m and n. In this case, it shall be

noticed that the antenna elements m and n correspond to different TMmn modes of

the same physical antenna whose radiation fields have been derived in section 4.2.1.

Moreover, it shall be pointed out that equation (2.3.7) has been evaluated through the

Legendre-Gauss Quadrature numerical integration method [137].

Pθ,φ (θ, φ) =
1

4π
, 0 < θ < π , 0 < φ < 2π (4.3.1)

Alternatively, the same result concerning this time the envelope correlation coefficient

can be obtained through S parameters by means of equation (2.3.12) assuming a

lossless antenna system; as Si,j = 0,∀i 6= j under the aforementioned assumption of

independence in the excitation of the orthogonal modes, thus ρe = 0 for any combination

of feed ports chosen.

Summing it up, under this isotropic scenario, the diversity performance achieved in

terms of correlation is always zero and consequently independent of the combination of

TMmn modes selected. However, this assertion is not valid for any scenario, as it will

be shown following.

At a first approach and based on the previously derived isotropic scenario result,

any combination of TMmn modes is equally suitable. However, in practice, it will

be necessary to displace the resonant frequency of each mode to place them at the
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same frequency band, so it seems sensible to preselect those modes whose resonant

frequency is close. Based on this reasoning and on the antenna dimensions previously

specified, an estimation of the resonant frequency of each mode can be obtained by

means of equation (6.2.1) [138]. A possible appropriate selection of modes according to

the aforesaid criterion are the TM02, TM12, TM30 and TM31 modes, whose resonant

frequencies are not separated more than roughly 538 MHz. The envelope correlation of

any combination of them is evaluated in the scenarios previously specified in tables 4.2

and 4.3 by means of equations (2.3.7) and (2.3.9), and the corresponding results are

provided in table 4.4.

Environment ρe (a, b)ρe (a, b)ρe (a, b) ρe (a, c)ρe (a, c)ρe (a, c) ρe (a, d)ρe (a, d)ρe (a, d) ρe (b, c)ρe (b, c)ρe (b, c) ρe (b, d)ρe (b, d)ρe (b, d) ρe (c, d)ρe (c, d)ρe (c, d)

Ningyo-cho route 0.0178 0.0002 0.0003 0.0401 0.0010 0.0270

Kabuto-cho route 0.0147 0.0002 0.0002 0.0292 0.0010 0.0233

Indoor picocell 0.0052 0.0001 0.0014 0.2240 0.0007 0.0257

Urban microcell

hBS = 13 m
0.0030 0.0001 0.0026 0.3548 0.0034 0.0293

Urban macrocell 0.0147 0.0000 0.0005 0.0663 0.0006 0.0269

Highway macrocell 0.0018 0.0002 0.0014 0.2528 0.0001 0.0253

Table 4.4: ρe comparison between any combination of (a) TM02, (b) TM12, (c) TM30

and (d) TM31 modes

As it can be seen in table 4.4, the envelope correlation of any combination of the

selected modes is very low excluding some scenarios with the TM12 and TM30 modes,

in particular the indoor picocell, the highway macrocell and the urban microcell, being

this last one the worst case. Focusing on this worst case, in which the modulus of

the complex signal correlation coefficient is |ρs| ≈ 0.6, the effect on the diversity gain

at an outage probability of 1% for two equal mean SNR diversity branches will be

followed evaluated. In figure 4.18 a comparison of the resulting CDF of the normalized

instantaneous SNR ( γ
Γ
) at the combiner output for the SC and MRC schemes for the

two correlated and equal mean SNR diversity branches is provided. Moreover, the

corresponding CDF of a single branch in a Rayleigh fading environment is given as a

reference, as well as those corresponding to SC and MRC schemes for two uncorrelated

and equal mean SNR diversity branches.
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Figure 4.18: CDF of the normalized instantaneous SNR for SC and MRC diversity

schemes with the TM12 and TM30 modes worst case correlated branches environment

As it can be observed in figure 4.18, a |ρs| = 0.6 has a low effect on diversity gain

at an outage probability of 1% (a deterioration of around 0.9 dB), independently of the

diversity scheme used.

It shall be pointed out that previously, along this section 4.3.1, it has only been

considered the diversity performance in terms of the envelope correlation and its

effects on the diversity gain, assuming the same SNR on each of the diversity branches.

However, it is time to validate or reject this assumption as the branches power similitude

significantly influence the diversity gain, as previously presented in section 2.3.2. In

order to study the power similitude of the diversity branches obtained by means of

the TM02, TM12, TM30 and TM31 modes under the scenarios previously specified

in tables 4.2 and 4.3, the MEG parameter, as computed in equation (2.3.1), will

be used. The input parameters to equation (2.3.1) for each TMmn mode are their

associated complex expressions of the θ and φ components of the electric field pattern

as obtained in section 4.2.1 and the scenario parameters provided in tables 4.2 and 4.3.

The corresponding results are provided in table 4.5.

From table 4.5, several conclusions can be extracted. First of all, it is clearly
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Environment TM02TM02TM02 TM12TM12TM12 TM30TM30TM30 TM31TM31TM31

Ningyo-cho route −2.4 dB −2.6 dB −0.8 dB −2.0 dB

Kabuto-cho route −1.0 dB −2.1 dB −1.0 dB −2.4 dB

Indoor picocell −12.6 dB −14.5 dB −7.1 dB −12.3 dB

Urban microcell

hBS = 13 m
−12.7 dB −15.8 dB −6.9 dB −14.0 dB

Urban macrocell −8.5 dB −8.8 dB −5.3 dB −7.6 dB

Highway macrocell −11.8 dB −14.1 dB −5.7 dB −11.5 dB

Table 4.5: MEG (isotropic reference) of TM02, TM12, TM30 and TM31 modes under

scenarios specified in tables 4.2 and 4.3

appreciable the significant variation of MEG with the environment considered for any

of the implicated TMmn modes; notwithstanding this fact, the Ningyo-cho and the

Kabuto-cho routes show similar results while the remaining environments have somehow

analogous ones. Moreover, in all the scenarios considered, the TM30 mode shows the

highest MEG value. The reasons surrounding these results must be mainly looked

for in the radiation pattern of the involved TMmn modes and in the mean elevation

angle of the angular density functions of incoming plane waves. Among the involved

TMmn modes, the TM30 mode exhibits a main lobe with lowest tilt angle from the

horizontal plane. On the other hand, all the environments considered have relatively

low mean elevation angle values from the horizontal plane, indeed it is at most 6.0◦

in table 4.3, while the minimum in the Ningyo-cho and the Kabuto-cho routes (see

table 4.2) is more than three times greater. These reasons justify why the TM30 mode

exhibits the best performance in terms of MEG of all the scenarios considered, due to

its lower elevation angle of a main lobe from the horizontal plane in comparison with

the remaining involved TMmn modes, and why the MEG performance worsens in all

these modes as the mean elevation angle approaches the horizontal plane.

As seen in table 4.5, the branches power dissimilitude is significant in the scenarios

parametrized in table 4.3 (mostly due to the TM30 mode), so it may considerably

influence the diversity gain. The worst case involves again the TM12 and TM30 modes

in the urban microcell environment, where the branches power dissimilitude is highest.

Focusing on this worst case, in which the modulus of the complex signal correlation
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coefficient is |ρs| ≈ 0.6, the effect on the diversity gain at an outage probability of

1% for the two unequal mean SNR diversity branches will be followed evaluated. In

figure 4.19 a comparison of the resulting CDF of the normalized instantaneous SNR

( γ
Γ
) at the combiner output for the SC and MRC schemes for the two correlated and

unequal mean SNR diversity branches is provided. Moreover, the corresponding CDF

of a single branch in a Rayleigh fading environment is given as a reference, as well as

those corresponding to SC and MRC schemes for two correlated and equal mean SNR

diversity branches, and two uncorrelated and equal mean SNR diversity branches. As

it can be seen in figure 4.19, the effects on the diversity gain of the branches power

dissimilitude are more significant in this case than those due to the correlation of the

diversity branches.
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Figure 4.19: CDF of the normalized instantaneous SNR for SC and MRC diversity

schemes with the TM12 and TM30 modes worst case correlated and power imbalanced

branches environment

Once analysed the influence on the diversity gain of the power imbalanced and

correlation of the TM12 and TM30 modes under the specified environments, it is time

to study the overall system with the four selected TMmn modes. Focusing on a MRC

diversity scheme that make use of the TM02, TM12, TM30 and TM31 modes in the
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worst case scenario (the urban microcell environment whose parameters are specified in

table 4.3), the effect on the diversity gain at an outage probability of 1% for this case of

unequal mean SNR and correlated diversity branches will be followed investigated. In

figure 4.20 a comparison of the resulting CDF of the normalized instantaneous SNR ( γ
Γ

)

at the combiner output for the case under study and the references of a single branch

in a Rayleigh fading environment and that corresponding to an ideal MRC scheme

with four uncorrelated and equal mean SNR diversity branches is provided. Moreover,

in order to ease a further comparison with the previous studied case, the CDF of the

normalized instantaneous SNR for a MRC diversity scheme with the TM12 and TM30

modes worst case correlated and power imbalanced branches environment is presented

too.
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Figure 4.20: CDF of the normalized instantaneous SNR for MRC diversity schemes

with two and four TMmn modes correlated and power imbalanced diversity branches

under the urban microcell environment

As it can be seen in figure 4.20, while the diversity gain at an outage probability of

1% is reduced as expected both in the two and four correlated and power imbalanced

diversity branches from their respective uncorrelated and power balanced ideal cases,

the degradation is slightly greater in the four diversity branches case (roughly 0.4 dB
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higher than the deterioration of the two diversity branches case).

4.3.2 CMSA

In order to evaluate the pattern diversity performance of a selection of cavity modes of a

CMSA under different scenarios, an antenna with radius a = 5.27 cm on a foam substrate

of thickness 0.5 cm will be considered. It is worth recalling that these dimensions have

been selected such as the cylindrical cavity volume coincides with the rectangular cavity

one previously used in sections 4.2.1 and 4.3.1. The order of exposure is the same

previously followed in section 4.3.1, while dealing with the RMSA. First of all, it will

be newly validated the assertion that, under the assumptions of an isotropic scenario

and independence of excitation of the orthogonal modes, the diversity performance

achieved in terms of correlation is always zero and it is independent of the combination

of TMmn modes selected. Afterwards, the envelope correlation and its effect on the

diversity gain of a selection of cavity modes are evaluated in the scenarios previously

specified in tables 4.2 and 4.3. Finally, under the same environments, the influence of

the diversity branches power similitude on the diversity gain will be analysed.

Concerning the isotropic scenario, in which the angular density function of incoming

waves is formulated by equation (4.3.1), with XPR = 0 dB, and under the assumption

that each orthogonal TMmn mode can be excited by a feed port independently from

all the remaining, the signals on each feed port are uncorrelated, as verified using in

equation (2.3.7) the electric field components of the radiation fields represented in

equation (4.2.18), or through using in equation (2.3.12) the assumption of Si,j = 0,∀i 6= j

in a lossless antenna system.

Regarding the scenarios whose parameters are specified in tables 4.2 and 4.3, the

envelope correlation of a pre selection of cavity modes whose resonant frequencies are

close (an estimation of them can be obtained by means of equations (4.2.15) and (4.3.2)

and table 4.1) is following evaluated.

fr =
kmn

2π
√
µε

(4.3.2)

A possible appropriate selection of modes according to the aforesaid criterion are the

TM21, TM02 and TM31 modes, whose resonant frequencies are not separated more than

roughly 888 MHz. The envelope correlation of any combination of them is evaluated in
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the scenarios previously specified in tables 4.2 and 4.3 by means of equations (2.3.7)

and (2.3.9), and the results obtained are extremely low in any case (below 10−30), so

its influence on diversity gain is to all effects negligible.

On the other hand and concerning the power similitude of the diversity branches

obtained by means of the TM21, TM02 and TM31 modes under the same scenarios,

which in section 4.3.1 proved to be an important issue, it will be followed analysed.

Once again, the MEG parameter, as computed in equation (2.3.1), with the electric

field pattern as obtained in equation (4.2.18) for each TMmn mode and the scenario

parameters provided in tables 4.2 and 4.3, will be used in this task. The corresponding

results are provided in table 4.6.

Environment TM21TM21TM21 TM02TM02TM02 TM31TM31TM31

Ningyo-cho route −1.6 dB −0.1 dB −0.7 dB

Kabuto-cho route −1.9 dB 0 dB −1.5 dB

Indoor picocell −5.7 dB −4.0 dB −3.8 dB

Urban microcell

hBS = 13 m
−5.4 dB −3.6 dB −3.4 dB

Urban macrocell −4.9 dB −3.4 dB −3.3 dB

Highway macrocell −4.0 dB −2.4 dB −2.0 dB

Table 4.6: MEG (isotropic reference) of TM21, TM02 and TM31 modes under scenarios

specified in tables 4.2 and 4.3

As it can be appreciated in table 4.6, the variation of MEG with the environment

considered for any of the implicated TMmn modes, while significant is far less severe than

that obtained in table 4.5 with the RMSA. Moreover, the same behaviour previously

noticed in table 4.5, where the Ningyo-cho and the Kabuto-cho routes show similar

results while the remaining environments have somehow analogous ones, is as well

present in table 4.6. Focusing on any of the scenarios (one at a time), it is observed

that the MEG values do not differ more than 2 dB and this power ratio is roughly the

same independently of the scenario chosen. Therefore, in order to ease the comparison

with the results of section 4.3.1, the urban microcell environment will be newly chosen

as the worst case (indeed the MEG values differ at most 2 dB) to analyse the effects of

the branches power dissimilitude on the diversity gain.
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In figure 4.21 the resulting CDF of the normalized instantaneous SNR ( γ
Γ
) at the

combiner output for the MRC scheme with three correlated and unequal mean SNR

diversity branches obtained by means of the TM21, TM02 and TM31 CMSA modes

is provided. Furthermore, the CDF of the normalized instantaneous SNR ( γ
Γ
) at the

combiner output for the MRC scheme with four correlated and unequal mean SNR

diversity branches for a RMSA shown in figure 4.20 and computed in section 4.3.1

is provided for comparison purposes, too. Finally, the corresponding CDF of a single

branch in a Rayleigh fading environment is given as a reference, as well as those

corresponding to MRC schemes for three and four uncorrelated and equal mean SNR

diversity branches.
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Figure 4.21: CDF of the normalized instantaneous SNR for MRC diversity schemes

with three CMSA and four RMSA TMmn modes correlated and power imbalanced

diversity branches under the urban microcell environment

As it can be seen in figure 4.21, the diversity gain at an outage probability of 1%

is higher in the MRC diversity scheme with the three selected CMSA TMmn modes

than with the four selected RMSA TMmn modes (roughly 2.2 dB greater). Moreover,

the MEG values shown in table 4.6 are significantly greater than those obtained in

table 4.5 for the same urban microcell scenario. As a consequence of all the above, the
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diversity branches obtained by means of the TM21, TM02 and TM31 CMSA modes

provide a simpler solution and are more suitable than that based on the TM02, TM12,

TM30 and TM31 RMSA modes in order to implement a MRC diversity scheme, as a

means to counteract Rayleigh channel fading.
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4.4 Spatial Multiplexing

Once evaluated the pattern diversity performance under different scenarios of a selection

of cavity modes of unloaded RMSA and CMSA, it is time to analyse its spatial

multiplexing capabilities in terms of ergodic capacity [3]. It shall be pointed out that

throughout this section 4.4 the same conventions used throughout section 4.3 will be

applied, specifically:

• Concerning the coordinate system and the orientation of the microstrip patch

antenna, figures 4.1 and 4.9 apply while dealing with RMSA and CMSA, respec-

tively.

• The scenarios evaluated are some of those measured and parametrized in [51] and

[52] at the mobile station.

A summary of the propagation environment parameters considered, i.e., XPR and

angular density functions Pθ (θ, φ) and Pφ (θ, φ) extracted from [51], [52], is provided

in tables 4.2 and 4.3.

As previously stated in section 2.1, diversity and spatial multiplexing share the

same livelihood, the improvement of communication performance through the intrinsic

increase of degrees of freedom available for communication. Therefore, it should not be

surprising that this relationship implies that at first instance 18, the procedures usually

employed to reduce the branch signal correlation on diversity systems are also useful

to improve MIMO performance. Therefore, a good starting point and in order to ease

the comparison between the results provided in sections 4.3 and 4.4, the capacity of

three SIMO systems under different scenarios, which make use of the same geometries,

dimensions and TM modes employed in section 4.3 will be evaluated. The first system

makes use in reception of the TM12 and TM30 RMSA modes, while the second one

uses the TM02, TM12, TM30 and TM31 RMSA modes. Finally, the third SIMO system

is based on the TM21, TM02 and TM31 CMSA modes.

Concerning the MIMO channel modelling, the Kronecker model (see section 2.2.2 for

further details) will be employed, so it implies the assumption that the transmitter does

not affect the spatial properties of the received signal. Notwithstanding the Kronecker

18It shall be pointed out that low correlation is a necessary but not sufficient condition for good

MIMO performance, as the channel likewise plays a main role (see section 2.1 for further details)
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model deficiencies [45], they are not severe in this case as the envelope correlation

exhibits low values on the environments considered (see table 4.4 and section 4.3.2 for

more information), so it constitutes an appropriate starting point regarding the MIMO

channel modelling.

In order to evaluate the spatial multiplexing performance of the selected cavity

modes under different scenarios, the ergodic capacity [3] of a stochastic MIMO channel

will be calculated by means of equation (2.4.28) (assuming perfect CSI knowledge at

the receiver and not in the transmitter side). As the channel matrix is computed in

this case through equation (2.2.9), it is necessary to previously calculate the covariance

matrix in reception, which in turn is formulated in terms of MEG and ρs, that in

general form can be expressed as equation (4.4.1).

RRR =


MEG1 ρs12

√
MEG1MEG2 · · · ρs1k

√
MEG1MEGk

ρ∗s21

√
MEG2MEG1 MEG2 · · · ρs2k

√
MEG2MEGk

...
...

...
...

ρ∗sk1

√
MEGkMEG1 ρ∗sk2

√
MEGkMEG2 · · · MEGk

 (4.4.1)

where k is the number of TM modes used.

It shall be pointed out that if before building up RRR, MEGi, where 1 ≤ i ≤ k, is

normalized by max
i

(MEGi) then equation (4.4.2) is satisfied.

log2 [det (RRR)] ≤ 0 (4.4.2)

4.4.1 RMSA

In section 4.3.1, the MEG parameter has already been computed, as formulated in

equation (2.3.1), under the scenarios previously specified in tables 4.2 and 4.3, for

the unloaded TM02, TM12, TM30 and TM31 RMSA modes and the results have been

provided in table 4.5 too.

On the other hand, the complex signal correlation coefficient ρs has likewise been

obtained in section 4.3.1 for the selected TMmn modes while computing the envelope

correlation presented in table 4.4.

Based on these results, the covariance matrix as defined in equation (4.4.1) can be

obtained. Focusing on the worst case scenario (i.e., the urban microcell environment)
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the covariance matrix of the TM12 and TM30 modes reception system is presented in

equation (4.4.3).

RRR =

(
0.13 0.22

0.22 1

)
(4.4.3)

Concerning equation (4.4.3), it shall be pointed out that it has been normalized

in terms of maximum MEG (in this case −6.9 dB as shown in table 4.5 for the TM30

mode). Moreover, whereas R12 and R21 are complex values, the imaginary parts are

very low (specifically lower than 10−6).

On the other hand, the covariance matrix of the unloaded TM02, TM12, TM30 and

TM31 RMSA modes on the same scenario is provided in equation (4.4.4).

RRR =


0.26 0.01 −0.01 0.01

0.01 0.13 0.22 0.01

−0.01 0.22 1 0.08

0.01 0.01 0.08 0.20

 (4.4.4)

Once again, equation (4.4.4) has been normalized in terms of the TM30 mode MEG

and the imaginary parts are very low (in this case lower than 10−5).

At this point, it is necessary to highlight the meaning of the normalization of

the channel matrix (equation (2.2.9)) that will be used henceforth. First of all HwHwHw,

which is an independent identically distributed Rayleigh channel matrix formulated as

equation (2.2.5), is normalized as presented in equation (2.4.13), which implies that

the SNR per receiver from all transmitters is the same, so the differences in path loss

among the stochastic process channel matrix realizations are removed. On the other

hand, as it can be seen in equations (4.4.3) and (4.4.4), not all the diagonal elements

Rii are unity values, which means that the differences in MEG value associated with

each TMmn mode are preserved, as well as the power imbalance effects derived from

them.

In figure 4.22, the ergodic capacity associated with the two described and parametrized

SIMO systems is provided. Moreover, as a reference, it is presented the ideal ergodic

capacity without considering the power imbalance and correlation, which is obtained

using as a channel matrix HwHwHw, formulated in equation (2.2.5).

As expected, it can be observed in figure 4.22 that the power imbalance and

correlation degrade the ergodic capacity from the ideal case, in the same way that they
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Figure 4.22: Ergodic capacity comparison of two and four SIMO systems with TMmn

RMSA modes under the urban microcell environment

lower the diversity gain, as it is shown in figure 4.20. Likewise, the deterioration from

the ideal case is greater in the SIMO system that uses four TMmn RMSA modes.

On the other hand, it shall be highlighted that following the analogy with the

diversity system, most of the degradation comes from the power imbalance, as it can

be appreciated comparing figures 4.22 and 4.23, where in this last one, the covariance

matrix has been formulated considering MEGi = 1, ∀i in equation (4.4.1).

4.4.2 CMSA

Based on the results previously reached in section 4.3.2 concerning the MEG parameter

and the complex signal correlation coefficient ρs (summarized in table 4.6 and the partial

results obtained while computing the envelope correlation, respectively), the covariance

matrix as defined in equation (4.4.1) can be calculated. Focusing on the worst case

scenario (i.e., the urban microcell environment) the covariance matrix of the unloaded

TM21, TM02 and TM31 modes reception system is presented in equation (4.4.5).
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Figure 4.23: Ergodic capacity comparison of two and four SIMO systems with TMmn

RMSA modes assuming same MEG under the urban microcell environment
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RRR =


0.64 0 0

0 0.96 0

0 0 1

 (4.4.5)

As in equations (4.4.3) and (4.4.4), the covariance matrix has been normalized in

terms of maximum MEG (in this case −3.4 dB associated with the TM31 mode shown

in table 4.6). Moreover, the real and imaginary parts of Rij, ∀i 6= j are negligible

(specifically lower than 10−15).

In figure 4.24, a comparison between the ergodic capacity associated with the

SIMO systems based on unloaded TM21, TM02 and TM31 CMSA modes, and the

unloaded TM02, TM12, TM30 and TM31 RMSA modes is provided. Moreover, as a

reference, it is presented the ideal ergodic capacity without considering the power

imbalance and correlation, which is obtained using as a channel matrix HwHwHw, formulated

in equation (2.2.5).
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Figure 4.24: Ergodic capacity comparison of SIMO systems based on three CMSA and

four RMSA TMmn modes correlated and power imbalanced under the urban microcell

environment

As it can be seen in figure 4.24, the ergodic capacity of the SIMO system built
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upon the three selected unloaded CMSA TMmn modes is greater than that obtained

by the system based on the four selected unloaded RMSA TMmn modes. This result

was expected as the same conclusion was achieved while dealing with diversity gain in

section 4.3.2. Moreover, as previously said in section 4.3.2, the MEG values associated

with the three selected CMSA TMmn modes shown in table 4.6 are significantly greater

than those concerning the four RMSA TMmn modes presented in table 4.5, for the

same urban microcell environment. As a consequence of all the above, the SIMO system

composed of the unloaded TM21, TM02 and TM31 CMSA modes provides a simpler

solution and higher capacity than the RMSA alternatives considered in the environment

evaluated.
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CHAPTER 5

MULTIMODE MIMO MICROSTRIP ANTENNA MODEL
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5.1 Overview

One of the main reasons surrounding this Ph.D., as it has been declared in section 1.2, is

to make use of the multimode behaviour of microstrip antennas in order to improve the

spatial multiplexing and/or diversity performance of MIMO systems. As each TMmn

mode has its own resonant frequency, it is desirable to find ways to displace the resonant

frequency of each mode to place them at the same frequency band while keeping them

as independent as possible. This objective can be accomplished with an appropriate

loading of the cavity with reactive loads, or through the alteration of the geometry

of the radiation patch. These perturbations can also be put in operation to modify

the correlation between the signal of different antenna port elements or the overall

geometrical dimensions. In order to analyse the effects on the fields inside the cavity

and the radiation ones of all these kinds of perturbations and to take advantage of

them in the design process, two quasi analytical models will be applied for this task and

based on them, a new quasi analytical model will be presented along this chapter 5.

As it has been declared in section 3.3, the cavity model [100], [101] is chosen to be

the basis model over which the quasi analytical model will be developed. The cavity

model and the main causes of its selection have already been presented in section 3.4

and section 3.3, respectively.

In order to account for the effects of a loaded cavity a mixture of two quasi analytical

models will be performed. The first one is the equivalent circuit or network model, in

which the overall system is modelled as an unloaded cavity with N external ports to

which the different loads are attached. The second one is the loaded cavity modes model

based on deriving a new set of mode functions to represent the field distribution inside

the loaded cavity, through forcing the boundary conditions imposed by the reactive

loads, and later on computing the coefficients associated with the electromagnetic

coupling between the new mode functions and the feed ports. Details regarding these

loaded cavity models will be provided in section 5.2. It shall be highlighted, that based

on the literature search made on this field, it can be asserted that this is the first time

that a loaded cavity model is developed and applied to improve the spatial multiplexing

and/or diversity performance, and as such, it is an innovation on this field at its own.

Once the theoretical foundations are provided, it is time to validate the results

provided by them. This aspect will be thoroughly tackled in section 5.3, through

different prototypes and configurations.
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5.2 Loaded Cavity

In order to account for the effects of a loaded cavity, three quasi analytical models will

be developed. The first one is the equivalent circuit or network model (which will be

thoroughly dealt with in section 5.2.1), in which the coefficients and eigenfunctions

used to describe the fields inside the cavity are not modified, that is to say the field

distribution inside the loaded cavity corresponds with the unloaded one at first instance,

and the overall system is modelled as an unloaded cavity with N external ports to which

the different loads are attached. The second option, presented in section 5.2.2, is based

on deriving a new set of mode functions to represent the field distribution inside the

loaded cavity, through forcing the boundary conditions imposed by the reactive loads,

and later on computing the coefficients associated with the electromagnetic coupling

between the new mode functions and the feed ports. Finally, the third one, which the

section 5.2.3 is intended, is a mixture of the preceding quasi analytical models with the

aim of avoiding their limitations. It shall be highlighted that the information presented

throughout this section 5.2, concerning these three quasi analytical models, has been

published in [139].

Regarding the equivalent circuit option, it has been previously used with shorting

pins but not with generic impedances [100],[101]. The idea of using generic impedances

with a lossy cavity is novel in this sense, and it is of fundamental importance to

compute the correlation, as presented in section 2.3.2. Its motivation comes from the

MNM [104],[140] where the cavity is modelled as lossless, while the losses are included

attaching impedance networks. Therefore, the equivalent circuit model can be developed

in different ways. The one developed herein is based in a mixture between the GCM

[105] and the MNM [104],[140]. The radiation, conductor and dielectric losses are

considered through the effective loss tangent, like the GCM whereas the external loads

are introduced in the model following a procedure similar to the MNM.

Concerning the second option, that it could be referred as the loaded cavity modes

option, it was first proposed in [141], [142], [143] and more in depth in [129]. It shall

be pointed out that in order to calculate the radiation fields and the radiated power

by the loaded cavity a combination with the equivalent circuit option and the DFT

will be used, instead of the approximation provided in [129], which constitutes a novel

approach.

Finally, it shall be pointed out that whereas the network model is very useful due
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to its simplicity and its capability to make use of generic complex impedances, which is

essential for example to compute the correlation, it does not provide the same physical

insight as the loaded cavity modes option, which deals with a full modal electromagnetic

formulation of the loaded microstrip patch antenna. Moreover, its use far from the

resonant frequency of a TM mode could provide inaccurate results, as it is based on

the quality factor of an unloaded cavity. On the other hand, the loaded cavity modes

option can provide accurate results far from the resonant frequency of a TM mode and

it is more suitable to properly locate further feeds and reactive loads in an already

loaded cavity or to qualitatively estimate their value, but it is restricted to purely

reactive loads. Thus, both options can be readily combined to avoid its limitations, what

constitutes a new approach. Notwithstanding this fact, the third model presented in

section 5.2.3 inherits the fundamental restrictions of the cavity model (see section 3.4 for

further details): it is only accurate with electrically thin microstrip antennas, comparing

them with the wavelength, and it overestimates the feed reactance when placed in the

nearness of the edge of the microstrip antenna.

Whereas, it is possible to compute in quasi analytical form the radiation fields by

each TM mode of unloaded simple geometries, such as those that can be studied by the

method of separation of variables used by the original cavity model (indeed, they have

already been presented in section 4.2 for unloaded rectangular and circular microstrip

patch antennas), the problem of providing quasi analytical solutions for a generic loaded

cavity is a more complex task. Due to this fact, and avoiding losing accuracy while

computing the radiation fields, the use of the DFT is a reasonable compromise and

constitutes itself a novel approach to tackle the problem of the radiation fields of loaded

cavities at the expense of more computation time. Therefore, concerning all the referred

options and in order to calculate the radiation fields, the radiated power and later

on the correlation between the signals on different feed ports, a combination of the

equivalent circuit option and the DFT 19 will be used.

At this point, it is necessary to recall the issue concerning the slow convergence

of the doubly infinite series presented in equations (3.4.11), (3.4.35) and (3.4.36), in

order to avoid the approach followed by common simpler implementations of the cavity

model, which are not valid for loaded microstrip patch antennas, due to the use of

19Throughout this Ph.D., the Fast Fourier Transform (FFT) implementation of the DFT will always

be used
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closed form expressions concerning the feed reactance, which do not take into account

the feed reactance variation with the feed point, as presented in section 3.4.4. Along

this section 5.2, the approach of computing the doubly infinite series is kept.

In the following sections the theoretical foundations regarding the ways of model

the loaded cavity will be explored, so on each of the quasi analytical models, the near

zone fields will be first analysed and afterwards, based on them, the radiation fields. It

shall be outlined that all these models have been programmed using Matlab.

5.2.1 Equivalent Circuit

Near Zone Fields

The equivalent circuit or network model is the easiest and straightforward way to obtain

the input impedance of a microstrip antenna loaded with reactive loads, however it has

the limitations previously exposed in section 5.2.

In order to apply the equivalent circuit concept to analyse the loaded microstrip

antenna, it is necessary to calculate first the self impedance at the position where the

feed and reactive loads are located, and the mutual impedance between those points.

Afterwards, it is mandatory to match the voltage on the loads with the voltage due to

the self and mutual impedances derived through the cavity model (what is the same to

force the boundary conditions due to the loads). Finally, it only remains to solve the

equation system to obtain the relation between the voltage and current on the feed

port, which is the sought input impedance.

Starting with the simplest case, a microstrip antenna with one feed port and one

shorting post, the input impedance of this loaded microstrip antenna can be calculated

through the following procedure:

1. Calculate the self impedance on the location of the feed port and on the position

where the shorting post is located, following the procedure already presented in

section 3.4. Specifically, the self impedance is computed through equation (3.4.11),

beside the artificially increased effective dielectric loss tangent considered through

the effective wave number provided by equation (3.4.12) and the edge effect of the

open end discontinuity, which in case of a RMSA or a CMSA can be obtained by

means of equation (3.2.17) or equation (3.2.18) depending on the sizes/hz ratio,
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and equation (3.4.30), respectively 20.

2. Calculate the mutual impedance between the location of the feed port and

the position of the shorting post. This task can be accomplished starting from

equation (3.4.10), following the same procedure used to obtain equation (3.4.11),

beside the effective wave number provided by equation (3.4.12) and the appropriate

edge effect of the open end discontinuity associated with the microstrip patch

geometry. This time, unlike the self impedance case, (u, v) 6= (u′, v′), where (u′, v′)

are the coordinates of the feed port and (u, v) those of the shorting post. In

any case, it shall be noticed that the impedance matrix is symmetric, as the

network is reciprocal, if there are not active devices or anisotropic materials, thus

Z (u, v|u′, v′) = Z (u′, v′|u, v).

3. Build the equation system associated with this two port network and apply the

equivalent circuit boundary condition forced by the shorting post (the voltage

difference on the port where the shorting post is attached, in this example port

number two, shall vanish).

V1 = Z11I1 + Z12I2 (5.2.1a)

V2 = Z21I1 + Z22I2 (5.2.1b)

V2 = 0 (5.2.1c)

4. Solve the equation system to obtain the relation between the voltage and current

on the feed port (in this example port number one), which is the sought input

impedance.

V1

I1

= Z11 −
Z12Z21

Z22

(5.2.2)

On the other hand, if the S parameter associated with the input impedance pre-

viously calculated is required, it can easily be obtained applying the well known

relationship between S and Z parameter S = Z̄−1
Z̄+1

, where Z̄ is the normalized input

impedance.

20For further information concerning other geometries, see references provided in section 3.4.1
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Alternatively, starting from the self and mutual impedances previously calculated,

the S parameter associated with the input impedance of this two port network with one

shorting post can be achieved in terms of the S parameters matrix and the boundary

conditions, through the following steps:

1. Use equation (5.2.3) to obtain the corresponding S parameters matrix, where U

is the identity matrix and Z̄̄Z̄Z is the normalized impedance one.

S =
(
Z̄ + U

)−1 (
Z̄ −U

)
(5.2.3)

2. Build the S parameters equation system associated with this two port network

and apply the equivalent circuit boundary condition forced by the shorting post

(b2 = −a2).

b1 = S11a1 + S12a2 (5.2.4a)

b2 = S21a1 + S22a2 (5.2.4b)

b2 = −a2 (5.2.4c)

3. Solve the equation system to obtain the relation between b1 and a1, which is the

sought parameter.

b1

a1

= S11 +
S12S21

1 + S22

(5.2.5)

Following the same scheme, the S parameter concerning the input impedance of

an antenna with one feed port and two shorting posts can be computed through

equation (5.2.6).

Sin = S11 −
S13S31

1 + S33

−

(
S12 − S13S32

1+S33

)(
S21 − S31S23

1+S33

)
1 + S22 − S23S32

1+S33

(5.2.6)

The procedure herein described can be generalized to any number of feed ports and

loads. First of all, the self impedance in all the feeds and loads placements and the

mutual impedance between all of them can be calculated as previously. Afterwards, on

the ports where the loads will be attached, the boundary conditions shall be forced
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on the equation system. Finally, it only remains to solve the equation system using as

reference the desired feed port. For example, in case of one feed port (in this example

port number one) and several shorting posts, the input impedance can be computed

using equation (5.2.7).

V1

I1

=
|Z|
C11

(5.2.7)

where |Z| is the determinant of the impedance matrix, while C11 is the cofactor or

adjunct of the element i = 1, j = 1 (the port number corresponding to the feed port)

of the impedance matrix, which is computed as equation (5.2.8).

Cij = (−1)i+jMij (5.2.8)

where Mij is the minor of the impedance matrix.

The more general case would be a microstrip antenna with n ports, which m are

feed ports (n > m) and n −m loads. In this last case, the first two procedure steps

regarding the self and mutual impedance shall be carried out and afterwards, it is

necessary to build a modified impedance matrix that takes into account the equivalent

circuit boundary conditions forced by the n−m loads. This modified impedance matrix

is presented in equation (5.2.9).

ZZZ =



Z11 Z12 · · · · · · Z1n−1 Z1n

Z21 Z22 · · · · · · Z2n−1 Z2n

...
...

...
...

Zm1 · · · Zmm · · · Zmn−1 Zmn

Zm+1 1 Zm+1 2 . . . Zm+1m+1 + ZL
m+1 · · · Zm+1 n

...
...

...
...

Zn1 Zn2 · · · · · · Znn−1 Znn + ZL
n


(5.2.9)

Once built equation (5.2.9), it is time to solve the equation system to obtain the

relationship between the voltage and current on each of the feed ports, which is the

sought input impedance, while all the remaining feed ports have connected a matched

load. In order to carry out this task, it is necessary to modify equation (5.2.9) to

account the effects of the matched loads, each time per each feed port, so in order

to compute the input impedance of i feed port, it is mandatory to modify through
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Zjj + ZMatched Load
j all the elements placed in the diagonal where j can be any value

included in the closed interval [1,m] except i. Once applied the boundary conditions

imposed by the matched loads, the input impedance of each i feed port, using the

general equation equation (5.2.10), can be calculated.

Vi
Ii

=
|Zmod|
Cii

(5.2.10)

where Zmod is equation (5.2.9) further altered, which takes into account the matched

loads, and Cii is the cofactor or adjunct of the ii element of Zmod which is equal to the

ii minor Mii.

It shall be highlighted that the generalization to any number of feed ports and

complex loads is a novel contribution to the model 21. This new capability along with

the possibility of dealing with complex loads make this network model a very versatile

option in order to analyse a reconfigurable system with tunable loads. Moreover, it

shall be emphasized the usefulness of modelling impedances with real part to compute

for example the correlation between signals on the feed ports.

Far Zone Fields

Until now, only the near zone fields of the loaded cavity have been dealt with, so once

finished this task, it is time based on them, to focus on the radiation fields. As it

has already been presented in section 3.4, all the antenna losses (mainly those caused

by the radiated, conductor, dielectric and surface wave power) are included through

the loss tangent. Due to the fact that the introduction of reactive loads modifies the

field distribution inside the cavity, this variation also causes the alteration of the far

zone fields, as it can be verified computing them based on the field distribution on

the periphery of the microstrip antenna. As the radiation fields have been modified

from those of the unloaded cavity, the radiated power is also affected, so it shall be

necessary to compute again the radiated power and to insert the associated losses in

the loss tangent to newly calculate the aforementioned self and mutual impedances.

This process shall be repeated until the solution converges or until the error is below

an acceptable value.

21Previously in [100],[101], the simplest case with only one feed port and one shorting post has been

presented with fewer detail
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The procedure to obtain the near zone fields on the periphery of the patch in order

to later on calculate the far zone fields, starts considering additional ports to those

already associated with the feeds and reactive loads on locations of the periphery of the

microstrip patch antenna. Focusing on the more general case of a microstrip antenna

with n ports of which m are feed ports, p reactive loads and q ports on the periphery

of the antenna, where n = m+ p+ q, the number of q ports that shall be considered

on the periphery of the antenna to obtain and appropriate representation of the far

zone fields is mandated by the Nyquist-Shannon theorem [144],[145]. In this case, as it

will be shown later, the distance between spatial samples is function among others of

the TM modes and the frequency considered.



V1

...

Vm

Vm+1

...

Vm+p

Vm+p+1

...

Vn



=



Z11 Z12 · · · Z1n−1 Z1n

... · · · ...

Zm1 Zm2 · · · Zmn−1 Zmn

Zm+11 Zm+12 · · · Zm+1n−1 Zm+1n

...
...

Zm+p1 Zm+p2 · · · Zm+pn−1 Zm+pn

Zm+p+11 Zm+p+12 · · · Zm+p+1n−1 Zm+p+1n

...
...

Zn1 Zn2 · · · Znn−1 Znn





I1

...

Im

Im+1

...

Im+p

Im+p+1

...

In


(5.2.11)

As the q ports on the periphery of the antenna are only used to evaluate the

electromagnetic field in the microstrip antenna boundary, in order to apply later on

the Schelkunoff’s Field Equivalence Principle [135], their associated input current

[Im+p+1, In] shall be null in equation (5.2.11).

On the other hand and regarding also the boundary conditions, the equivalent

circuit ones associated with the feed ports and those corresponding to the loads shall

be forced. Specifically, in order to compute the far zone radiation fields by the i port

(where i ∈ [1,m]), equation (5.2.11) must be modified to account the effects of the

matched loads attached to the remaining m− 1 feed ports. Thus, each time per each

feed port, all the elements placed in the diagonal where j ∈ [1,m] and j 6= i have to

be modified through Zjj + ZMatched Load
j . Moreover, and concerning the loads, always

all the elements placed in the diagonal where j ∈ [m+ 1,m+ p] have to be modified
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through Zjj + ZLoad
j .

Once applied the previous considerations, the equation system provided in equa-

tion (5.2.12) is obtained.



0
...

Vi
...

0

0
...

0

Vm+p+1

...

Vn



=



Z11 + ZML
1 · · · Z1n

...
...

Zi1 · · · Zii · · · Zin
...

...

Zm1 · · · Zmm + ZML
m · · · Zmn

Zm+11 · · · Zm+1m+1 + ZL
m+1 · · · Zm+1n

...
...

...

Zm+p1 · · · Zm+pm+p + ZL
m+p · · · Zm+pn

Zm+p+11 · · · Zm+p+1n

...
...

Zn1 · · · Znn





I1

...

Ii
...

Im

Im+1

...

Im+p

0
...

0


(5.2.12)

As it is mandatory to know which is the voltage on all the discrete ports around

the periphery of the microstrip antenna in terms of the current Ii, it is necessary

to find first a way to formulate all the currents [I1, Im+p] in terms of Ii. In order

to do it so, the previous equation system is divided into two subsystems. The first

is composed by selecting those rows that include the equivalent circuit boundary

conditions corresponding to the loads, included the matched ones (the i port row is

not included). The second subsystem is built on the rows associated with the voltages

on the borderline of the antenna, it is to say [Vm+p+1, Vn]. Thus, the first subsystem is

provided in equation (5.2.13).
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0
...

0


(m+p−1)×1

=

=


Z11 + ZML

1 · · · Z1m+p

... Zmm + ZML
m

...
... Zm+1m+1 + ZL

m+1

...

Zm+p1 · · · Zm+pm+p + ZL
m+p


(m+p−1)×(m+p)

·

·


I1

...

Im+p


(m+p)×1

(5.2.13)

where the boundary conditions imposed by all the matched and complex loads are

taken into account.

At this point, the Ii port current shall be separated from all the m + p ones in

order to provide a compact matrix formulation solution to the problem, as shown in

equation (5.2.14).


0
...

0


︸ ︷︷ ︸

0(m+p−1)×1

=


Z1i

...

Zm+pi


︸ ︷︷ ︸
d(m+p−1)×1

Ii+

+


Z11 + ZML

1 · · · Z1m+p

... Zmm + ZML
m

...
... Zm+1m+1 + ZL

m+1
. . .

...

Zm+p1 · · · Zm+pm+p + ZL
m+p


︸ ︷︷ ︸

C(m+p−1)×(m+p−1)


I1

...

Im+p


︸ ︷︷ ︸
x(m+p−1)×1

(5.2.14)

where d is the i column vector that has been extracted from the previous (m+ p− 1)×
(m+ p) impedance matrix and therefore it is not present in C.

Based on the notation used, equation (5.2.14) can be formulated more compactly

as shown in equation (5.2.15).
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0 = dIi + Cx→ x = −C−1dIi (5.2.15)

Thus, the sought formulation of currents [I1, Im+p] in terms of Ii is found, which

takes into account the effects of all the matched and complex loads.

Concerning the second equation subsystem and following a similar procedure to

that above used, the voltage on the microstrip antenna border ports can be computed

as illustrated in equation (5.2.16).


Vm+p+1

...

Vn


︸ ︷︷ ︸
v(n−m−p)×1

=


Zm+p+1i

...

Zni


︸ ︷︷ ︸
a(n−m−p)×1

Ii+

+


Zm+p+11 · · · Zm+p+1m+p

... Zm+p+22
...

...
. . .

...

Zn1 · · · Znm+p


︸ ︷︷ ︸

B(n−m−p)×(m+p−1)


I1

...

Im+p


︸ ︷︷ ︸
x(m+p−1)×1

(5.2.16)

Or more succinctly as in equation (5.2.17).

v = aIi + Bx→ v = aIi −BC−1dIi → v =
(
a−BC−1d

)
Ii (5.2.17)

Thus, the sought voltage in the periphery ports of the microstrip antenna caused by

the Ii feed port current while all the remaining ports have accordingly attached their

corresponding matched load or complex one is obtained.

Once the field distribution in the cavity contour is known, the Schelkunoff’s Field

Equivalence Principle [135] is applied, so an equivalent problem in which is easier to

obtain the radiation fields is formulated 22. In this sense, the voltage on the microstrip

antenna border ports is associated with the ẑ directed electric field component and there-

fore with the magnetic equivalent source current distribution through equation (5.2.18).

22It shall be pointed out that in the equivalent problem, the fields inside the interior region are

assumed to be zero, as they can be chosen arbitrarily
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~MMM = n̂× ẑ v
vv

hz
(5.2.18)

where n̂ is a unit vector normal to the contour of the microstrip antenna and

therefore the magnetic equivalent source current is directed parallel to the XY plane.

Once applied the Schelkunoff’s Field Equivalence Principle [135], the original problem

of computing the radiation fields by a loaded microstrip cavity can be substituted by

an equivalent composed of magnetic current slots in the XY plane surrounding the

location of the patch metallization. As it has already been presented in section 4.2, the

width of each slot is usually considered as a first approach the thickness of the cavity

hz, or as a better approximation, the equivalent additional line length of the microstrip

patch due to the edge effect of the open end discontinuity 23.

In order to speed up the process of calculating the far zone fields from the magnetic

equivalent source current on the periphery of the patch, a multidimensional DFT has

been used when programming this in Matlab. As it can be deduced comparing the DFT

equation with the equation of the radiation vector, each DFT bin has a corresponding

spatial position. Resembling this correspondence, the far zone fields can be obtained.

DFT computation of far zone fields The DFT is a periodic sequence that cor-

responds to samples equally spaced in frequency of the Fourier Transform of a finite

length sequence of length N , computed as presented in equation (5.2.19).

X [k] =
N−1∑
n=0

x [n]W kn
N (5.2.19a)

0 ≤ k ≤ N − 1 (5.2.19b)

WN = e−j
2π
N (5.2.19c)

As the current slots have two physical dimensions, the DFT of a bi-dimensional

sequence, as presented in equation (5.2.20), shall be used.

23For more information regarding the equivalent additional line length due to the edge effect of the

open end discontinuity of a microstrip line, see the previously presented information in section 3.2.2
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X [k1, k2] =

N1−1∑
n1=0

N2−1∑
n2=0

x [n1, n2]W k1n1
N1

W k2n2
N2

(5.2.20a)

0 ≤ k1 ≤ N1 − 1 (5.2.20b)

0 ≤ k2 ≤ N2 − 1 (5.2.20c)

WN1 = e
−j 2π

N1 (5.2.20d)

WN2 = e
−j 2π

N2 (5.2.20e)

It shall be highlighted that the spatial distance between samples of the sequence that

represents the current distribution around the periphery of the patch shall satisfy the

Nyquist-Shannon theorem [144],[145]. In this sense, the maximum distance allowable

between samples is derived from the frequency and the spatial variation of the TM

modes considered to represent the fields inside the cavity.

Assuming that the magnetic current ~M (~r ′) is distributed in the XY plane in a

discretized form and comparing the associated radiating vector presented in equa-

tion (5.2.21) with the DFT of a bi-dimensional sequence shown in equation (5.2.20),

the correspondence between DFT bins and the angular position associated with each

of them can be obtained through equations (5.2.22) and (5.2.23).

~L =
Nx−1∑
nx=0

Ny−1∑
ny=0

~M (x′, y′) ejkx sin(θ) cos(φ)ejky sin(θ) sin(φ)∆x′∆y′ (5.2.21)

jk∆x′nx sin θ cosφ = −j 2π

N1

k1n1 (5.2.22a)

jk∆y′ny sin θ sinφ = −j 2π

N2

k2n2 (5.2.22b)

φ = arctan

(
k2N1∆x′

k1N2∆y′

)
(5.2.23a)

θ = arcsin

√( k1λ

N1∆x′

)2

+

(
k2λ

N2∆y′

)2
 (5.2.23b)

where ∆x′ and ∆y′ are the spatial distance between equivalent current samples in

x̂ and ŷ direction respectively, and ~L is the radiation vector function for magnetic

currents.

173



CHAPTER 5. MULTIMODE MIMO MICROSTRIP ANTENNA MODEL

It must be highlighted that only the DFT bins X [k1, k2] that satisfy equation (5.2.24)

have correspondence in the visible region, and therefore they are associated with angular

samples of the radiation fields.√(
k1λ

N1∆x′

)2

+

(
k2λ

N2∆y′

)2

≤ 1 (5.2.24)

As it can be deduced from equations (5.2.23) and (5.2.24), as the sampling distance

on the periphery of the patch is reduced, higher angular resolution is obtained at the

expense of a reduction of the angular coverage. Conversely, as the sampling distance is

increased, lower angular resolution is achieved, but the angular coverage is increased.

Finally, more angular points can be got increasing the number of DFT bins 24, but it

does not increase the angular resolution that it is fixed by the sampling distance.

5.2.2 Loaded Cavity Modes

Near Zone Fields

Another option to model a loaded microstrip antenna is to derive a new set of mode

functions to represent the field distribution inside the loaded cavity, through forcing

the boundary conditions imposed by the reactive loads, and later on to compute

the coefficients associated with the electromagnetic coupling between the new mode

functions and the feed ports. This is the approach that it is going to be followed

throughout this section 5.2.2.

When a reactive load is inserted into the cavity, the Neumann type boundary

condition around the patch outline, as formulated in equation (3.4.4), which must

satisfy the solutions to equation (3.4.3), are not enough to the new problem, it is

necessary to force the new boundary condition claimed by the reactive load. Once

this new boundary condition is considered and the new mode functions account for

the electromagnetic effects of the reactive load, the coupling between each of them

and the feed port shall be calculated. Finally, it only remains to carry out the linear

combination of each coefficient and mode function derived from the loaded cavity.

24This process is usually done through an operation named zero-padding, in which zeros are appended

to the original magnetic current sequence, so the resulting DFT provides closer spaced samples than

without zero-padding
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It shall be taken into account that the eigenfunctions of the unloaded cavity (each

of them associated with a specific TM mode) constitute and orthonormal base. As a

consequence of this property, the mode functions of the loaded cavity can be formulated

in terms of the original set of eigenfunctions of the unloaded one. Each mode function of

the loaded cavity will be computed as a linear combination of unloaded eigenfunctions.

The procedure to compute the mode functions of the loaded cavity starts forcing

the boundary conditions introduced by the reactive loads. It shall be noted that the

procedure herein described is only valid when the load introduced in the cavity is purely

reactive. In the simplest case, when only one reactive load is introduced, the boundary

condition can be applied in a similar way to that used in section 5.2.1, matching the

voltage on the load with the voltage associated with the self impedance at the load

position obtained through the cavity model. The equation (5.2.25) shows the voltage

due to a load of reactance XL

VL = −jXLI (5.2.25)

which equating to the voltage associated with the unloaded cavity fields at the

same location (as computed through equation (5.2.26)) leads to equation (5.2.27), the

boundary condition that must be satisfied.

V1 = jX11I (5.2.26)

XL +X11 = 0 (5.2.27)

where X11 is the self reactance of the cavity at the location where the load is placed,

but computed through the contribution of the eigenfunctions of the unloaded cavity.

On the other hand, if there are more than one reactive load, the boundary equa-

tion (5.2.28) shall be used instead of equation (5.2.27).

∣∣∣∣∣∣∣∣∣∣∣∣∣

X11 +XL1 X12 · · · · · · X1N

X21 X22 +XL2 · · · · · · X2N

...
...

. . .
...

...
... XN−1N−1 +XLN−1

XN−1N

XN1 XN2 · · · XNN−1 XNN +XLN

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0 (5.2.28)
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where Xii is the self reactance of the i port, Xij the mutual reactance between ports

i and j and XLi is the load reactance attached to port i.

Once the boundary condition is formulated, it is necessary to find the frequencies

in which equation (5.2.27) or equation (5.2.28) is satisfied. Based on these frequencies

(there is at least one frequency per each TM mode in which the boundary condition is

satisfied) new wave numbers are calculated, which will substitute the originals associated

with the unloaded cavity.

Based on the new wave numbers, the mode functions of the loaded cavity can be

computed through a linear combination of the orthonormal base eigenfunctions of the

unloaded one, as formulated in equation (5.2.29).

ΦmLnL
(xi, yi) =

∞∑
m=0

∞∑
n=0

Cmn
k2
Lmn
− k2

mn

Ψmn (xi, yi) (5.2.29a)

Cmn =
∑
j

∫∫
LoadjArea

JΨ∗mn (xj, yj) ds (5.2.29b)

where Ψmn is the electric field mode vector or eigenfunction for the mn-th mode of

the original unloaded cavity, Cmn is computed per each load at its location, kLmn is

the new mn-th mode wave number based on the frequencies in which the boundary

equation is satisfied and J is the electric current density on the j reactive load. In order

to normalize them, it is necessary to do it so through equation (5.2.30).

ΦmLnL (xi, yi) =

∞∑
m=0

∞∑
n=0

Cmn
k2
Lmn

−k2
mn

Ψmn (xi, yi)√ ∞∑
m=0

∞∑
n=0

C2
mn

(k2
Lmn

−k2
mn)

2

(5.2.30)

Once normalized the mode functions, the following task is to calculate the coefficient

associated with each of them through equation (5.2.31).

BmLnL (xi, yi) =
jωµ0

k2
0εre (1− jδeff )− k2

Lmn

IimLnL︷ ︸︸ ︷∫∫
FeediArea

JΦ∗mLnL (xi, yi) ds (5.2.31)

where the integral represents the coupling between the feed port and each of the

complex conjugate Φ∗mLnL (xi, yi) modal functions evaluated at the location of the feed
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port. As in section 3.4, the current distribution on the feed port it is usually assumed

to be uniformly distributed in order to simplify the integration.

At this point, it only remains to carry out the linear combination of each pair of

associated coefficient and loaded mode function to obtain the ẑ directed electric field

component of the loaded cavity, formulated as equation (5.2.32).

Ez (xi, yi|xi, yi) =
∞∑

mL=0

∞∑
nL=0

BmLnL (xi, yi) ΦmLnL (xi, yi) (5.2.32)

Finally, in order to calculate the corresponding self impedance, it is necessary to

integrate equation (5.2.32) along the substrate thickness hz (which as an assumption

it is constant on z dimension) and divide it by the overall feed port current, thus

equation (5.2.33) is achieved.

Zii = Z (xi, yi|xi, yi) = −jωµ0hz

∞∑
mL=0

∞∑
nL=0

(
I imLnL

)2

k2
0εre (1− jδeff )− k2

Lmn

(5.2.33)

where I imLnL is the integral defined in equation (5.2.31).

Far Zone Fields

The procedure followed in this section 5.2.2 to get the radiation fields has many

similarities with that previously used in section 5.2.1, as the Schelkunoff’s Field

Equivalence Principle [135] and the DFT are used too. Due to this fact, only the main

details will be outlined.

It shall be emphasized that the process described throughout this section 5.2.2

is a new contribution to the loaded cavity modes model. Versus the approximation

concerning the radiation fields provided in [129], hereinafter the use of the Schelkunoff’s

Field Equivalence Principle and the DFT in order to calculate the radiation fields and

the radiated power by the modes of the loaded cavity is proposed.

Until now, it has only been provided information regarding the fields inside the

cavity loaded with purely reactive loads. In this section 5.2.2, the procedure to calculate

the far zone fields based on the near zone ones represented by loaded cavity modes will

be described. Similarly to the procedure described in section 5.2.1, as the near zone

fields has a term (the effective loss tangent δeff ) dependent on the radiated power, the

procedure herein described shall be repeated until the solution converges.
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In order to apply the Schelkunoff’s Field Equivalence Principle, the ẑ directed

electric field component on the border of the loaded microstrip patch antenna shall be

obtained by means of equation (5.2.34).

Ez (xi, yi|xj, yj) =
∞∑

mL=0

∞∑
nL=0

BmLnL (xi, yi) ΦmLnL (xj, yj) (5.2.34)

where BmLnL is defined in equation (5.2.31), (xi, yi) represents the coordinates of

the feed port and (xj, yj) one point on the cavity contour.

Concerning equation (5.2.34), it is necessary to point out that it shall be evaluated in

as many locations on the periphery of the antenna as claimed by the Nyquist-Shannon

theorem [144],[145] to obtain and appropriate representation of the far zone fields.

Once the field distribution on the cavity contour is known, the Schelkunoff’s Field

Equivalence Principle is applied, so the radiation fields by an equivalent problem

composed of magnetic current slots 25 in the XY plane surrounding the location of

the patch metallization are computed through a multidimensional DFT, so all the

information provided in section 5.2.1 regarding this theme is applicable.

It shall be highlighted that the procedure herein described to compute the far zone

fields is relevant while only one feed port is present and there is an arbitrary number

of reactive loads attached to the cavity. In case there is more than one feed port, it is

necessary to find ways to consider the boundary conditions of not only purely reactive

loads, in order to compute the far zone fields caused by one feed port, while all the

remaining have attached a matched load. This need incites the development of the

model following described in section 5.2.3.

5.2.3 An Enhanced Loaded Network Model

Near Zone Fields

As previously anticipated at section 5.2 and as it can be deduced from sections 5.2.1

and 5.2.2, each of the preceding models derived to account the effects of loads inserted

into a cavity has their associated advantages and drawbacks, urging these last ones the

development of a new model to avoid its limitations. This subject is going to be dealt

25For more information regarding the width of the slot, see the previously presented information in

section 5.2.1
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with in this section 5.2.3 and it constitutes a novel contribution to the quasi analytical

modelling of loaded multimode multiport microstrip patch antennas.

While at first instance, the loaded cavity modes model seems to be the proper choice,

as it provides physical insight of the loaded microstrip patch antenna problem through

a full modal electromagnetic formulation and it is accurate far from the resonant

frequency of a TM mode 26, its restriction to purely reactive loads greatly inhibits its

use to model MIMO systems. This drawback makes the loaded cavity modes model

unsuitable to be readily applicable to multiple feed ports, so it is necessary to find a

way to tackle this limitation.

A possible solution lies in a mixture with the network model, due to its capability

of making use of generic complex impedances. Notwithstanding this fact, the model

presented in this section 5.2.3 only can include generic complex impedances on the feed

ports, but this fact is not a serious issue as resistive loads are not usually desirable,

due to efficiency degradation. Moreover, the enhanced loaded network model inherits

the fundamental restrictions of the cavity model (see section 3.4 for further details): it

is only accurate with electrically thin microstrip antennas, comparing them with the

wavelength, and it overestimates the feed reactance when placed in the nearness of the

edge of the microstrip antenna.

Starting from the formulation provided in section 5.2.2, it shall be pointed out that

in case there are multiple feed ports, the mutual impedance between them is obtained

by means of equation (5.2.35)

Ez (xi, yi|xj, yj) =
∞∑

mL=0

∞∑
nL=0

BmLnL (xi, yi) ΦmLnL (xj, yj) (5.2.35a)

Zij = Z (xi, yi|xj, yj) = −jωµ0hz

∞∑
mL=0

∞∑
nL=0

I imLnLI
j
mLnL

k2
0εre (1− jδeff )− k2

Lmn

(5.2.35b)

where i and j are any of the feed ports, and I imLnL and IjmLnL is the integral defined

in equation (5.2.31) for port i and j respectively.

In order to calculate equation (5.2.35), it is necessary to previously obtain the

coefficients BmLnL (xi, yi) in one feed port, as formulated in equation (5.2.31), and to

evaluate the mode functions ΦmLnL (xj, yj) in one of the other feed ports, as many

26It is not based like the network model on the quality factor of an unloaded cavity, which could

lead to inaccurate results far from a TM mode resonant frequency
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times as loaded modes are considered, and once done to perform the linear combination

of all of them, as represented by the summation series in equation (5.2.35).

On the other hand, the input impedance on each feed port can be obtained based

on the feed ports impedance matrix of m×m dimension, where m is the number of

feed ports. It shall be pointed out that unlike the equivalent circuit model presented in

section 5.2.1, there are not additional ports associated with the loads, as their effects

are already considered by the ΦmLnL mode functions.

ZZZLoaded =


Z11 · · · Z1m

...
. . .

...

Zm1 · · · Zmm

 (5.2.36)

Regarding equation (5.2.36), it shall be noted that as the loaded cavity is a reciprocal

network (there are not active devices or anisotropic materials), the impedance matrix

is symmetric.

Once got the impedance matrix shown in equation (5.2.36), the strategy to obtain

the input impedance on each feed port, while all the remaining ones have connected a

matched load, shares many similarities with that described in section 5.2.1. As there

are not additional ports associated with the loads, the procedure steps concerning

them and detailed in section 5.2.1 are not present. However, once the effects of the

equivalent circuit boundary conditions forced by the n−m loads are accounted for in

equation (5.2.9), this impedance matrix has analogous information to equation (5.2.36).

At this point, the method to follow is the same in both models, that is to say, it is

necessary to modify equation (5.2.36) to account the effects of the matched loads, each

time per each feed port, so in order to compute the input impedance of i feed port,

it is mandatory to modify through Zjj + ZMatched Load
j all the elements placed in the

diagonal where j can be any value included in the closed interval [1,m] except i. Once

applied the boundary conditions imposed by the matched loads, the input impedance

of each i feed port, using the general equation equation (5.2.37), can be calculated.

Vi
Ii

=
|ZZZLoaded Mod|

Cii
(5.2.37)

where ZZZLoaded Mod is equation (5.2.36) altered, which takes into account the matched

loads, and Cii is the cofactor or adjunct of the ii element of ZZZLoaded Mod that is equal

to the ii minor Mii.
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Far Zone Fields

Previously, along section 5.2.3, a procedure regarding the near zone fields modelling of

loaded cavities has been presented, which starting from that presented in section 5.2.2

enhances the modelling capabilities of those described in sections 5.2.1 and 5.2.2. It

is worth remembering at this point, as presented in section 5.2.2, that the procedure

described to compute the far zone fields through the loaded cavity modes model is

restricted to only one feed port and an arbitrary number of reactive loads inserted

into the cavity. The reason surrounding this number of feed ports limitation is that

the process described in section 5.2.2 is restricted to purely reactive loads, so matched

loads can not properly be modelled. As a consequence of the modelling enhancement

provided throughout section 5.2.3, now this drawback can be overcome.

It shall be highlighted that in this section 5.2.3, the strategy to get the radiation

fields has many similarities with that previously used in sections 5.2.1 and 5.2.2, as

the Schelkunoff’s Field Equivalence Principle [135] and the DFT are used too. Indeed,

the procedure is the same than that presented in section 5.2.1 with the exception that

there are not ports apart from the feed ones and those used to evaluate the ẑ directed

electric field component on the border of the loaded microstrip patch antenna, as the

reactive loads effects are already accounted for through Zij, which is calculated by

means of equation (5.2.35).

Due to the similarities and for the sake of simplicity, only the main steps and the

final equations will be presented, as the procedure to obtain them is already described

in section 5.2.1, with the only alteration that the first subsystem, which deals with

formulating all the currents on the reactive loads and the feed ports in terms of a

specific feed port current, in the enhanced loaded network model it only deals with

currents on the feed ports.

Focusing on the general case of a microstrip antenna with n ports, m feed ports (n >

m) and n−m ports on the periphery of the antenna, as formulated in equation (5.2.38),

the sought voltage on the periphery ports of the microstrip antenna caused by the Ii

feed port current, while all the remaining feed ports have attached their corresponding

matched load, is already presented in matrix form in equation (5.2.17), which is

reproduced here for the convenience of the reader.

v = aIi + Bx→ v = aIi −BC−1dIi → v =
(
a−BC−1d

)
Ii (5.2.17)
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V1

V2

...

Vm

Vm+1

...

Vn


=



Z11 Z12 · · · Z1n−1 Z1n

Z21 Z22 · · · Z2n−1 Z2n

...
...

...
...

Zm1 Zm2 . . . Zmn−1 Zmn

Zm+1 1 Zm+1 2 . . . Zm+1n−1 Zm+1 n

...
...

...
...

Zn1 Zn2 · · · Znn−1 Znn





I1

I2

...

Im

Im+1

...

In


(5.2.38)

where each Zij is calculated this time through equation (5.2.35).

Concerning the variables involved in equation (5.2.17), the column vectors aaa and ddd

are formulated in this case by means of equations (5.2.39) and (5.2.40), respectively.

aaa =


Zm+1i

...

Zni


(n−m)×1

(5.2.39)

ddd =



Z1i

...

Zi−1i

Zi+1i

...

Zmi


(m−1)×1

(5.2.40)

whereas the matrix BBB and CCC are represented by equations (5.2.41) and (5.2.42),

respectively.

BBB =


Zm+11 · · · Zm+1i−1 Zm+1i+1 · · · Zm+1m

...
...

...
...

...
...

Zn1 · · · Zni−1 Zni+1 · · · Znm


(n−m)×(m−1)

(5.2.41)
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CCC =



Z11 + ZML
1 · · · Z1i−1 Z1i+1 · · · Z1m

...
...

...
...

...
...

Zi−11 · · · Zi−1i−1 + ZML
i−1 Zi−1i+1 · · · Zi−1m

Zi+11 · · · Zi+1i−1 Zi+1i+1 + ZML
i+1 · · · Zi+1m

...
...

...
...

...
...

Zm1 · · · Zmi−1 Zmi+1 · · · Zmm + ZML
m


(m−1)×(m−1)

(5.2.42)

Once the voltage on the microstrip antenna border ports is known, the Schelkunoff’s

Field Equivalence Principle is applied, so the radiation fields by the magnetic equiva-

lent source current distribution, obtained through equation (5.2.18) in the XY plane

surrounding the location of the patch metallization, are computed through a multidi-

mensional DFT, formulated in equation (5.2.20), so all the information provided in

section 5.2.1 regarding this theme is applicable.
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5.3 Experimental Examples: Verifying the Correct-

ness of the Models

In order to properly verify the correctness of the models previously presented, some

prototypes have been built and several measurements have been carried out. The

microstrip antenna size is the same for all the configurations tested, a RMSA with

dimensions 11.43 cm × 7.62 cm on a foam substrate of thickness 0.5 cm. On this base

geometry several configurations have been developed and measured, with different

locations of the feed ports and different positions and values of impedance loads. These

last ones have been provided by different means, since shorting posts until a microwave

microstrip circuit to electronically select the desired impedance through a varactor

diode.

The first configuration to be tested seeks to verify the correctness of the implemented

cavity model. This task has already been done and presented in section 3.6. Afterwards,

the microstrip antenna has been loaded with different reactive loads. The first kind

of reactive load used is a shorting post. Configurations with one and two shorting

posts have been tested and used to verify the correctness of the equivalent circuit

model presented in section 5.2.1. Subsequently, an assortment of reactive loads, whose

values have been obtained combining some sections of SMA adapters finally attached

to a broadband short load, have been used to check the loaded cavity modes model,

thoroughly dealt with in section 5.2.2, further comparing its accuracy with that obtained

through the equivalent circuit model presented in section 5.2.1. Finally, a microwave

microstrip circuit that makes use of a varactor diode has been employed to electronically

choose the desired impedance, providing a continuous and broad range of values of

impedance to be selected, and being specifically designed for tuning the resonant

frequency of a specific mode of the microstrip antenna under test. The measured results

of this last configuration have been compared with the simulated ones provided by the

equivalent circuit model described in section 5.2.1, as the not negligible losses of the

microwave microstrip circuit make not suitable to use the loaded cavity modes model

presented in section 5.2.2.

On the other hand, details concerning the experimental correctness verification of

the enhanced loaded network model presented in section 5.2.3 are provided in section 6.3,

where multiple feed ports and loads are used.
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5.3.1 RMSA Loaded with Shorting Posts

The first configuration tested in this sense is a RMSA with only one shorting post,

where the location in cm of the feed port and the shorting post can be seen in figure 5.1.

The placement of the feed port is determined to produce a good match to 50 Ω of the

self impedance of the unloaded cavity at the resonant frequency of the TM20 mode, as

computed through equations (3.2.18), (3.4.11), (3.4.12) and (3.6.1). On the other hand,

the shorting post is located near to the place where the Ez field of the TM20 mode of

the unloaded cavity is strongest, thus highly influencing this mode. It must be pointed

out in this sense, as it can be deduced from equation (5.2.27), that if the shorting post

is located in a null of the Ez field distribution of a specific TMmn mode, the effect in

the resonant frequency of the corresponding mode is ideally null and contrariwise, the

most significant effects will be obtained when placing the shorting post where the Ez

field distribution of a specific TMmn mode exhibits its peak values.

Feed

Post3.
05

0.
76

7.62

11.43

5.33

Figure 5.1: RMSA with one shorting post

As it has been stated in section 3.4 concerning the feed location and it is applicable to

the placement of the shorting post too, if they are situated too close to the boundary of

the antenna, the cavity model loses accuracy due to the fact that the model overestimates

the reactance associated with the non resonant TM modes. If the shorting post is

slightly moved away from the edge of the microstrip antenna, the desired effect on the

resonant frequency will not be weakened too much and at the same time, the reactance
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overestimation error will be reduced.

As it can be seen in figure 5.2, where the measured reflection coefficient and that

simulated through the equivalent circuit model formulated in section 5.2.1 are compared,

the simulated results agree fairly well with those measured. Indeed, the frequency

location of the highest impedance match to 50 Ω of the corresponding loaded TM20

mode impedance is accurately predicted, while the absolute error on the associated

modulus of the reflection coefficient is very low.

2.5 2.55 2.6 2.65 2.7 2.75
−25

−20

−15

−10

−5

0

X:H2.618
Y:H−20.26

X:H2.618
Y:H−17.36

ReflectionHCoefficientH(dB)

Freq.H(GHz)

Measured
Simulated

X

X

Figure 5.2: RMSA with one shorting post. Measured and simulated reflection coefficient.

On the other hand, comparing the results shown in figure 5.2 with those of the

unloaded TM20 mode of the empty cavity (see figure 3.8), it can be concluded that

inserting the shorting post at the specified location, while leaving the feed port at the

coordinates (5.33, 3.05) cm, increases the resonant frequency from that corresponding

to the TM20 mode of the unloaded cavity. It shall be highlighted that whereas this con-

clusion is extracted from the specific configuration tested, it can be spread out to other

modes and configurations, as indeed it can be previously derived from equation (5.2.27).

Until now, only one shorting post has been introduced into the cavity. This produces

an asymmetry in the equivalent magnetic current distribution in the periphery of the
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RMSA and therefore, it increases the cross-polarized component of the radiation fields.

In order to reduce the asymmetry in the equivalent magnetic current distribution and

therefore, the cross-polarized component, a configuration with two shorting posts can

be used. The two shorting posts should be placed in a way that the field distribution

in the outline of the RMSA is symmetrical through the XZ and/or Y Z planes (the

coordinate system considered is shown in figure 4.1, but the RMSA is centred this time

in the coordinates origin). For example, in order to improve the symmetry of the field

distribution regarding the RMSA with one shorting post depicted in figure 5.1, the

second shorting post should be located symmetrical to the first one through the XZ

plane, so at coordinates (5.33, 6.86) cm. Thus, in the longer sides of the rectangle, the

associated equivalent magnetic current distribution will be more similar, causing lower

levels of the cross-polarized component.

On the other hand, more than one shorting post can be used to broaden the

possibilities to affect a specific TM mode and to expand the degrees of freedom while

designing loaded microstrip antennas. In this way, two different options have been

considered when dealing with the two shorting posts loaded RMSA test cases, which

differ in the distance between the shorting posts. In the first configuration tested (see

figure 5.3), the distance between the two shorting posts is 4 cm, while in the second

configuration (see figure 5.5) the gap between them is 8 cm. In both configurations,

the location of the feed port remains fixed at coordinates (5.33, 3.05) cm, like in the

previously analysed case of a RMSA with only one shorting post, shown in figure 5.1.

The objective surrounding these two shorting posts test cases configurations, besides

further verifying the correctness of the equivalent circuit model presented in section 5.2.1,

is to analyse the effect on the displacement of the resonant frequency due to the distance,

and therefore the mutual impedance, between the two shorting posts. In figure 5.4,

associated with the RMSA with two shorting posts depicted in figure 5.3, a comparison

between the simulated results, based on the equivalent circuit model presented in

section 5.2.1, and those measured using a Vector Network Analyser (VNA) HP 8510,

is presented. As in the comparison shown in figure 5.2, while dealing only with one

shorting post, it can be seen in figure 5.4 that there is a good agreement between the

simulated and measured results. As it is observed, the implemented model based on

the equivalent circuit model accurately predicts the frequency shift of the loaded TM20

mode while the absolute error on the reflection coefficient is also very low.
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Figure 5.3: RMSA with two shorting posts (distance between posts 4 cm)
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Figure 5.4: RMSA with two shorting posts (distance between posts 4 cm). Measured

and simulated reflection coefficient.
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As it can be noticed comparing the results shown in figure 5.4 with those represented

in figure 5.2, the resonant frequency of the loaded TM20 mode has been displaced

to lower upper frequencies (from the original unloaded TM20 mode) when attaching

two shorting posts at the specified placements than while inserting only one. It shall

be pointed out in this sense that the two shorting posts introduce more inductive

component than the isolated shorting post. Taking into consideration the fact that

the resonant frequency of the loaded cavity decreases as the load inductive component

increases, this fact justifies the shift of the resonant frequency to lower values.

Notwithstanding the aforementioned reasoning, it shall always be taken into account

the certainty that whatever the value of inductive reactance inserted into the cavity, the

new resonant frequency of the loaded TM mode will be higher than the corresponding

to the original unloaded cavity mode. In this same sense, it shall be emphasized that

there is not a linear trend in the influence of the inductive load value in the resonant

frequency and therefore, the same increment of the inductive load value will produce

a different influence on the resonant frequency, depending on the starting inductive

load value. When the inductance value is very high, small increments on it produce

very low effects on the resonant frequency, while when the inductive value is relatively

low, the small increments can produce high influence on the resonant frequency of

the corresponding TM mode. Obviously, the influence on the resonant frequency of a

specific TM mode does not only rely on the inductive value associated with the post.

While providing this reasoning, an indirect reference to another entity is made while

saying high or low inductive values, the imaginary part corresponding to the impedance

of the resonant component of the unloaded cavity.

On the other hand, a similar line of reasoning can be provided if instead of inserting

into the cavity inductive loads, capacitive ones are introduced. However, the shift on

the resonant frequency will be opposite to that produced by inductive loads. First

of all, inserting into the cavity a capacitive load will produce a displacement of the

resonant frequency towards lower values from those corresponding to unloaded TM

modes. Moreover, it must be taken into account that depending on the capacitive value

and the corresponding imaginary part of the impedance of the resonant component of

the unloaded TM mode, the effect on the resonant frequency will be higher or lower.

In this same sense and as in the inductive load case, there is not a linear trend in the

influence of the capacitive load value in the resonant frequency of a specific TM mode.
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When the negative reactance value associated with the capacitance is very high, small

increments on the reactance value produce very low effects on the resonant frequency,

while when the reactance value is relatively low, the small increments produce high

influence on the resonant frequency of the corresponding TM mode.

It can be deduced from the previous line of reasoning, that the behaviour of the

resonant frequency of each of the TM modes when the same fixed value of reactance is

applied to all of them may be very different, as the critical point not only relies upon

the reactance value itself, but in the relative value between the reactance load value

and the imaginary part of the resonant component of the unloaded TM mode.

Feed

Post Post3.
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7.62

11.43

5.33

4 4

Figure 5.5: RMSA with two shorting posts (distance between posts 8 cm)

In the other hand, in order to further explore the influence of the distance between

the shorting posts on the resonant frequency, in figure 5.6, associated with the RMSA

with two shorting posts depicted in figure 5.5, a comparison between the simulated

results, based on the equivalent circuit model presented in section 5.2.1, and those

measured using a VNA HP 8510, is presented.

As it can be observed in figure 5.6, the predicted resonant frequency by the equivalent

circuit model, associated with the shifted loaded TM20 mode, is newly very accurate.

On the other hand, while the relative error on the reflection coefficient is much higher

than that associated with the resonant frequency, it must be taken into account as

previously commented, that the involved values are very small, indeed the absolute
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Figure 5.6: RMSA with two shorting posts (distance between posts 8 cm). Measured

and simulated reflection coefficient.
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error is very low.

Comparing the unloaded TM20 mode resonant frequency of the empty cavity (see

figure 3.8), with that presented in figure 5.6, it can be noticed that the last is lower.

Due to this fact and taking into account the previously presented reasoning regarding

the effect of the different reactance loads on the resonant frequency, it can be concluded

that the overall effect of the configuration presented in figure 5.5 is equivalent to having

inserted a capacitive load.

It shall be highlighted that the results presented throughout this section 5.3.1 have

been published in [146].

5.3.2 RMSA Loaded with Variable Length Shorted Transmis-

sion Lines

Until now, the correctness check of the equivalent circuit model and its implementation

has been limited to a RMSA loaded with shorting posts. Now, it takes turn to move

forward and to use a broad range of reactances. This task will be achieved by means of

varying the length of transmission lines terminated in a short circuit.

On the other hand, not only the correctness of the equivalent circuit model presented

in section 5.2.1 will be verified in this section 5.3.2, but also the loaded cavity modes

model, thoroughly dealt with in section 5.2.2.

Concerning the mechanical connection of the reactive loads to the microstrip antenna,

it shall be pointed out that in order to be sure that the effect on the RMSA is only

caused by the value of the reactive load itself and not by the physical structure of it, a

SMA panel connector to which shorted transmission lines will be attached is employed.

Using this configuration, the physical load structure is hidden from the fields inside

the cavity, due to the fact that only the inner coaxial conductor is inserted inside the

RMSA, while the whole load structure is placed below the electric conductor wall.

The Reactive Loads: Variable Length Shorted Transmission Lines

The input impedance of a lossy transmission line of length l, characteristic impedance

Z0 and terminated in an arbitrary load impedance ZL can be computed through

equation (5.3.1), as derived in [147].
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Zin = Z0
ZL + Z0 tanh (γl)

Z0 + ZL tanh (γl)
(5.3.1)

where γ is the propagation constant.

Assuming the losses of the SMA connectors are negligible and taking into account

that the transmission line is terminated in a short load, equation (5.3.1) can be simplified

as equation (5.3.2).

Zin = jR0 tan (βl) (5.3.2)

where β is the phase constant.

Using as a reference the resistance R0, the reflection coefficient phase at the reference

plane located at the input of the transmission line is shown in equation (5.3.3).

Γφ = arctan

[
2 tan (βl)

tan2 (βl)− 1

]
(5.3.3)

As |tan (βl)| increases, the influence on Γφ decreases and contrariwise, as |tan (βl)| →
0 the influence on Γφ increases. Both tendencies can be verified checking the slope of

∂Γφ
∂|tan(βl)| or simply through a Smith Chart (a reactance variation at the short location

has a greater influence on Γφ than at the open location).

Based on the preceding formulation, an easy and inexpensive way to obtain different

reactive loads that could be mechanically reconfigurable in order to make the most of

the available material is to use different SMA connectors finally attached to a broadband

short load. A great variety of reactive load values can be obtained attaching or removing

different number and types of SMA connectors, as it is deduced from equation (5.3.2),

obtaining therefore a mechanically reconfigurable variable length shorted transmission

line. On the other hand, a much more versatile but expensive option would be a sliding

short, but it is not available.

In order to use equation (5.3.2), the electrical length of each of the available SMA

connectors has to be measured (the losses can be neglected as a first assumption, as they

are very low: ≈ 0.2 dB). Moreover, the electrical length of the SMA panel connector and

the thickness of the ground plane has to be measured too. The corresponding reactance

values associated with some connectors combinations will be used to load the RMSA.

SMA connectors electrical length measurements The measurement of the elec-

trical length of each SMA connector or combination of them is a critical point in this
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section 5.3.2, as the reactive load value, assumed to be finally attached loading the

RMSA, will be derived from these previous measurements.

The SMA connectors that will be characterized in the frequency range of 1 GHz

to 4 GHz27 are the following: male to male adapter, female to female adapter and a

female panel connector. Moreover, the thickness of the ground plane and the electrical

length of the broadband short loads (male and female ones), due to their connectors

length until the short, will be measured too. Regarding the female panel connector

measurement, it shall be pointed out that a metallic sheet that forces a short at the

beginning of the panel position is used.

Concerning the measurement itself, the electrical length can be directly obtained

through the phase of the S21 parameter or indirectly, through the phase of the S11

parameter when one end of the transmission line is terminated in a short, so in this last

case the electrical length will be half the measured. As there are not available equal

adapters in match, loss and length in order to switch test port adapters and ease the

direct measurement of the phase of the S21 parameter of all the SMA connectors or

combination of them without the need of performing several times the VNA calibration

process, the electrical length will be measured indirectly by means of the S11 parameter.

As only one VNA calibration process is made (in which the VNA test port at the

reference plane is a male connector), combinations are required in order to derive the

electrical length of some connectors. Thus, the measurement procedure starts evaluating

first alone, on the one hand, the electrical length of the broadband female short load

and on the other, the electrical length of the female to female SMA adapter. Afterwards,

that corresponding to the male to male adapter is obtained from an intermediate

measurement of a combination of this connector with those previously measured, whose

electrical length can be subsequently removed. In this same way, the electrical length

of the broadband male short load can be derived from an intermediate measurement in

combination with the female to female adapter.

It shall be highlighted that while it is not a good approach to measure the electrical

length of any connector leaving one edge open (due to the open end effect, which will

introduce an additional contribution in the measurement that needs to be determined in

order to compensate it), when this open edge is female the influence on the measurement

27This frequency band is chosen to coincide with that used in section 3.6 while testing an unloaded

RMSA with the same dimensions used throughout this section 5.3
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is negligible, but it is very high for the male connector, at least in the frequency range

of 1 GHz to 4 GHz.

For illustrative purposes, in figure 5.7 the measured electrical length of the male

to male SMA adapter obtained leaving one edge open or derived from the interme-

diate combination process previously described is compared. As it can be seen, the

measurement discrepancy is very high and in this case, a percentage relative error with

mean 59.9% and a standard deviation of 2.2% in the aforementioned frequency band is

produced while measuring with one edge open.
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Figure 5.7: Male to male SMA adapter electrical length measurement. Comparison of

measurement procedures results

Reflection Coefficient: Experimental versus Simulated Results

Once that the electrical length associated with each of the SMA adapters, broadband

short loads, female panel connector and ground plane thickness is measured directly

or indirectly, the corresponding reactive value for any possible combination of the

aforementioned elements can be derived. Afterwards, some of these combinations will

be used to load the RMSA and to check the correctness of the equivalent circuit model
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(section 5.2.1), the loaded cavity modes model (section 5.2.2) and their corresponding

implementations; specifically, the following are used (in all the cases the adapters are

finally connected to a female panel connector and the inner conductor of the panel

connector goes through a ground plane of 3 mm thickness and a foam substrate of

0.5 cm):

• Male broadband short load.

• Male to male SMA adapter plus a female broadband short load (denoted as

“MtoM + Female Broadband Short Load” in figures 5.8 and 5.9).

• Male to male SMA adapter plus a female to female SMA adapter plus a male

broadband short load (denoted as “MtoM + FtoF + Male Broadband Short Load”

in figures 5.8 and 5.9).

Concerning the placement of the feed port and the reactive load, it must be pointed

out that independently of the reactive load value, the location of the feed port is

(5.33, 0.76) cm and the position of the reactive load is (5.33, 6.76) cm. The placement

of the feed port is determined to produce a good match to 50 Ω of the self impedance

of the unloaded cavity, as computed through equations (3.2.18), (3.4.11), (3.4.12)

and (3.6.1), at the resonant frequency of the TM01 mode for the given geometry, in this

case 1.728 GHz, as obtained through equation (6.2.1). On the other hand, the reactive

load is located near to the place where the Ez field of the TM01 mode of the unloaded

cavity is strongest, thus highly influencing this mode.

A comparison between the measured S parameter and that computed for each of

the three combinations of SMA adapters and short loads previously indicated, which

load the RMSA at the specified placement, can be seen in figure 5.8. It shall be pointed

out that the simulated results are obtained based on the equivalent circuit model (see

section 5.2.1 for more details).

Concerning figure 5.8, it should be noticed that the successive dips on the S parameter

respectively correspond, from lower to upper frequency, to a good match to 50 Ω of the

self impedance of the loaded TM01, TM20, TM21 and TM02 modes. Moreover, nearly

all the dips on the simulated results are slightly displaced to lower frequencies from

those measured.

In order to compare the errors associated with figure 5.8 (specifically the frequency

at dips on S parameter) with those from the loaded cavity modes model (see figure 5.9),

196



CHAPTER 5. MULTIMODE MIMO MICROSTRIP ANTENNA MODEL

1 1.5 2 2.5 3 3.5 4
−60

−50

−40

−30

−20

−10

0

Freq. (GHz)

Reflection Coefficient (dB)

Measured − Male Broadband Short Load

Measured − MtoM + Female Broadband Short Load

Measured − MtoM + FtoF + Male Broadband Short Load
Simulated − Male Broadband Short Load

Simulated − MtoM + Female Broadband Short Load

Simulated − MtoM + FtoF + Male Broadband Short Load

X: 1.694
Y: −31.44

X: 1.683
Y: −27.67 X

X

X

X

X

X: 1.761
Y: −22.74

X: 1.803
Y: −21.01

X: 1.765
Y: −40.33

X

X: 1.799
Y: −51.88

X: 2.091
Y: −15.8

X

X

X: 2.129
Y: −14.3

X: 2.373
Y: −28.47

X

X: 2.328
Y: −19.67

X

X: 2.459
Y: −29.54

X

X: 2.466
Y: −25.03 X X: 2.601

Y: −23.9

X

X: 2.598
Y: −15.94

X

X: 2.789
Y: −15.79

X

X: 3.314
Y: −36.23

X

X: 2.845
Y: −11.69

X
X: 3.04
Y: −13.87

X
X

X: 3.089
Y: −15.05

X

X: 3.179
Y: −16.35

X: 3.362
Y: −21.08

X

X: 3.205
Y: −22.06

X

Figure 5.8: RMSA loaded with shorted transmission lines. Comparison between mea-

sured and simulated results (Equivalent circuit model)

197



CHAPTER 5. MULTIMODE MIMO MICROSTRIP ANTENNA MODEL

the percentage relative error when each of the reactive loads is attached is extracted.

Thus from figure 5.8, the mean percentage relative error of the simulated results is

−0.94% while the standard deviation is 0.83%, so the results provided by the equivalent

circuit model are very accurate. Notwithstanding this fact, it shall be pointed out, as it

can be noticed from the previous results, that the mean percentage relative error tends

to increase with the frequency, or more precisely, with the loaded mode considered. 28

On the other hand, as the losses introduced by the adapters and broadband short

loads are neglected as a first approach, the loaded cavity modes model exposed in

section 5.2.2 can be used too. In figure 5.9, it can be seen a comparison between the

measured S parameter and that simulated through the loaded cavity modes model for

each of the three combinations of SMA adapters and short loads previously indicated.

Moreover, the percentage relative error associated with these results, specifically the

frequency at dips on S parameter, it is as well obtained. Thus, the mean percentage

relative error of the simulated results is −0.03% while the standard deviation is 0.84%,

so the results provided by the loaded cavity modes model are very accurate, even more

than those obtained using the equivalent circuit model. Indeed, while the standard

deviation is nearly the same, the mean relative error is quite lower, −0.03% versus

−0.94%.

Finally, based on the results provided in this section 5.3.2, the following general

conclusions can be derived:

• The simulated results obtained through the equivalent circuit and loaded cavity

modes models agree fairly well with those measured, so the correctness of these

models and the accuracy of their implementations have been verified.

• The implementation of the loaded cavity modes model provides better results

than those reached through the implemented equivalent circuit model at the

expense of requiring more computation time. Notwithstanding this fact, it shall

be recalled as presented in section 5.2.2, that the first model can only be applied

when the loads attached to the cavity are purely reactive ones.

28The reason surrounding this error tendency shall be looked for in the number of modes used in

equation (3.4.11) and the fact that the Ez field distribution is not longer dominated by the unloaded

cavity resonant mode
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Figure 5.9: RMSA loaded with shorted transmission lines. Comparison between mea-

sured and simulated results (Loaded cavity modes model)
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5.3.3 RMSA Loaded with a Microwave Microstrip Circuit

Based on a Varactor Diode

Once the correctness of the equivalent circuit and the loaded cavity modes models

have been checked, it takes turn to move a step forward focusing only on a specific

TMmn mode, in this case the RMSA TM01, and to analyse the effects on its resonant

frequency of a continuous sweep of the reactive load value by means of a microwave

microstrip circuit that makes use of a varactor diode. It shall be highlighted that the

focus must be set on the relationship between the resonant frequency and the reactive

load value and not on the microwave microstrip circuit itself, that it will be built based

on the available material, which it is not perfectly suited for this task. As a consequence,

the substrate and the varactor diode will be characterized around the unloaded TM01

resonant frequency and it will be done with some licenses concerning the techniques

used, as there are not specific requirements concerning the microstrip circuit aside from

to provide a particular continuous set of load values at the aforementioned resonant

frequency when applying reverse voltage to the varactor diode.

As the microwave microstrip circuit will be built upon the available substrate

(a 1.5 mm thick FR4) and varactor diodes (BB134), some previous tasks need to be

performed before designing it. In particular, it is necessary to characterize the FR4

substrate permittivity due to the high variability between wafers of this substrate.

Moreover, as the available substrate is too thick, this makes the commonly used models

concerning the cylindrical microstrip via hole (e.g., [148]) inaccurate, so a new one is

required to tackle this problem. Finally, as the BB134 is a Ultra High Frequency (UHF)

varactor diode and it will be used nearly at the end of its recommended frequency

usage band, it is advisable to further characterize the available samples and their

encapsulated.

FR4 Substrate Permittivity Characterization

The objective of this section is to find out the FR4 substrate dielectric permittivity

around the unloaded TM01 mode resonant frequency. Whereas there are several accurate

techniques devoted to this end [126], the main are based on the measurement of either the

transmission/reflection coefficient or the resonant frequency. Due to the unavailability

of the devices required to apply the aforementioned techniques, the option chosen
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herein is simpler than those and based on a curve fit between a design of a single-stub

shunt microstrip tuning circuit and its associated reflection coefficient measurement at

1.6 GHz. The load to be impedance matched by means of the aforementioned tuning

circuit is an open-circuited microstrip transmission line, which is the option chosen to

implement the stub shunt too. It shall be noticed that thanks to the loss tangent of the

FR4 substrate, the associated impedance load has some non-zero real part that allows

the single-stub shunt microstrip tuning circuit to match it to 50 Ω.

Concerning the design of the microstrip tuning circuit that has been done with the aid

of the tool Advanced Design System (ADS), the initial assumed dielectric permittivity

of the FR4 substrate before performing curve fitting is 4.3, while the dielectric loss

tangent 0.022. Based on the substrate thickness and the dielectric permittivity, the

length and width of the microstrip lines are first determined through the tool linecalc

and afterwards, due to the discontinuity introduced by the microstrip tee, they are

optimized through ADS to obtain the desired goal. Once finished the design, the

microstrip tuning circuit was manufactured through a LPKF ProtoMat S62 plotter and

it is shown in figure 5.10.

Figure 5.10: Manufactured single-stub shunt microstrip tuning circuit. FR4 substrate

permittivity characterization
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At this point, the reflection coefficient at the input of the manufactured microstrip

tuning circuit was measured using a VNA HP 8510. Based on this result, curve fitting

between the simulated and measured reflection coefficient was performed to optimize

the value of the initial supposed permittivity. In figure 5.11, it is shown the comparison

between the measured (S(2,2) blue trace) and the simulated reflection coefficient (S(1,1)

red trace), once the optimized best fit value εr ≈ 4.7 is used in the design. As it is

seen, due to the deviation in the initial assumed permittivity, the input impedance

at 1.6 GHz is not matched to 50 Ω. Moreover, it shall be outlined that the differences

between the measured and optimized results are mainly caused by the discrepancies

among their microstrip lines corresponding dimensions.
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Figure 5.11: FR4 substrate permittivity characterization. Simulated versus measured

reflection coefficient of the microstrip tuning circuit

Modelling a Cylindrical Microstrip Via Hole in a Thick Substrate

Once the permittivity of the FR4 substrate available is known, it is time to deal with

the issue associated with the excessive thickness of the substrate. As previously said,

this fact forces deriving a model to characterize a cylindrical microstrip via hole in a

thick substrate, as the range of use of that available in ADS (i.e., [148]) is restricted to

hz between 100 µm to 635µm.

The approach followed to carry out this task shares some similarities with that

previously used for the characterization of the FR4 substrate permittivity. Once again,

curve fitting between the circuit simulated result of a single-stub shunt microstrip

202



CHAPTER 5. MULTIMODE MIMO MICROSTRIP ANTENNA MODEL

tuning circuit, with the aid of the tools linecalc and ADS, and its associated reflection

coefficient measurement at 1.6 GHz is used. However, this time the stub shunt is a

short-circuited microstrip transmission line instead of an open-circuited stub. On the

other hand, the load to be impedance matched remains as an open-circuited microstrip

transmission line.

As in [148], the cylindrical microstrip via hole is circuit modelled as a series of a

resistance and an inductance whose initial values, which afterwards will be curve fitted

to the measurement, are derived from [148] applied to the specific hole geometry (so

obviating the aforementioned thickness restriction). Based on this initial design, the

microstrip tuning circuit was manufactured through a LPKF ProtoMat S62 plotter and

it is shown in figure 5.12.

Figure 5.12: Manufactured single-stub shunt microstrip tuning circuit. Cylindrical

microstrip via hole model

At this point, the reflection coefficient at the input of the manufactured microstrip

tuning circuit was measured using a VNA HP 8510. Based on this result, curve fitting

between the simulated and measured reflection coefficient was performed to optimize

the values of the initial resistance and inductance series circuit. In figure 5.13, it is
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shown the reflection coefficient comparison between the measured (S(2,2) blue trace)

and the simulated results (S(1,1) red trace), once the series circuit via model has been

curve fitted. As expected, there is a good agreement between both results, specially at

1.6 GHz.
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Figure 5.13: Cylindrical microstrip via hole model. Simulated versus measured results

of the microstrip tuning circuit

Varactor Diode and Package Characterization

Once the permittivity of the FR4 substrate is determined and the cylindrical microstrip

via hole correctly modelled for the available substrate thickness at the concerning

frequency, it is the turn of characterising the BB134 29 varactor diode samples available

and their encapsulated. Anew, the approach followed is based on curve fitting between

the simulated reflection coefficient, with the help of the tools linecalc and ADS, and

that measured corresponding to a single-stub shunt microstrip tuning circuit at 1.6 GHz.

This time the stub shunt is an open-circuited microstrip transmission line, while the

load to be impedance matched to 50 Ω involves the BB134 varactor diode. Specifically,

the BB134 varactor diode is connected through a cylindrical via hole to ground reference

and it is biased by means of a radial stub and a λ
4

microstrip line. A DC blocking

capacitor is used to prevent the influence on the microwave branch of the DC bias.

It shall be highlighted that as depending on the reverse voltage applied to the

29The BB134 varactor diode is a UHF variable capacitance diode in a SOD323 plastic Surface

Mounted Device (SMD) package that provides a diode capacitance ratio (reverse voltage 0.5 V to 28 V)

between the range of 8.9− 12. Further details in [149]
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varactor diode, the load to be impedance matched varies accordingly, a 28 V reverse

voltage applied to the BB134 varactor diode is taken as a reference to design the

single-stub shunt. In this sense, it must be pointed out that while the characterization

of the encapsulated is performed when this reverse voltage is applied, the circuit model

optimized values are roughly still valid when other reverse voltages are applied.

In order to properly characterize the effects associated with the SOD323 encapsu-

lated, the circuit model shown in figure 5.14 (see [150] for more details) is used. On the

other hand and concerning the diode itself, as stated in [149], a 28 V reverse voltage

applied to it involves a depletion layer capacitance in the range of 1.7 pF to 2.1 pF

and a maximum diode series resistance of 0.75 Ω; these initial values are used in the

first design, although they are given for a different frequency, and they will be curve

fitted to the reflection coefficient measurement of the manufactured single-stub shunt

microstrip tuning circuit.

0.2 pF

0.57 nH

0.02 pF

0.05 nH

0.02 pF

0.57 nH

0.2 pF

Figure 5.14: SOD323 Equivalent circuit model

Concerning the bias network, it should be commented that the sought objective is

to provide to the varactor diode the DC reverse voltage required and at the same time,

avoid as much as possible the mutual influence between the DC and Radio Frequency

(RF) branches. In order to achieve this goal, there are several options available (e.g [151]

for more details). The approach followed in this design is to use a SMD encapsulated

DC blocking capacitor of 3300 pF in order to provide an open circuit to the DC current,

avoiding the flow of it towards the RF branch, while at the same time showing at the

frequency of 1.6 GHz a reactance of −0.03 Ω, which in series with a 50 Ω microstrip

line has a negligible effect. On the other hand, it is necessary to provide a path to the

DC current towards the varactor diode avoiding the flow of the RF signal through it;
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the option selected is to use a radial stub 30 which provides a broad bandwidth short,

while a λ
4

microstrip line connected to it leads to an open circuit at the interconnection

point next to the varactor diode.

Once the initial design of the microstrip tuning circuit was finished, a LPKF

ProtoMat S62 plotter was used to manufacture it (see figure 5.15). Subsequently, the

reflection coefficient at the input of the microstrip tuning circuit was measured using a

VNA HP 8510. Based on this result, curve fitting between the simulated and measured

reflection coefficient was performed to optimize the SOD323 circuit model and the

varactor diode itself. Concerning the curve fitted circuit parameters, it shall be pointed

out that while those associated with the SOD323 circuit model are slightly modified,

the greatest variation is on the diode series resistance that once optimized is 1.4 Ω.

In figure 5.16, it is shown the reflection coefficient comparison between the mea-

sured (S(3,3) blue trace) and the simulated results (S(1,1) red trace), once the circuit

parameters have been optimized and while applying to the varactor diode a DC reverse

voltage of 28 V. As expected, it can be observed that the optimized model is accurate

around 1.6 GHz and it gradually loses accuracy as the frequency departs from it.

On the other hand, in order to verify the validity of the curve fitted circuit model

parameters while other reverse voltages are applied to the varactor diode, the mi-

crostrip tuning circuit reflection coefficient under several reverse voltages was simulated,

measured and compared. In figure 5.17, it is shown as an example one of them, the

comparison between the simulated and measured reflection coefficient when using a

reverse voltage of 0.5 V. Once again, both reflection coefficient results, measured (S(3,3)

blue trace) and simulated (S(1,1) red trace), nearly coincide at 1.6 GHz, while they

slowly tend to diverge as the frequency moves away. Thus, the correctness of the

varactor diode circuit model along its package is validated, as well as its independence

of the reverse voltage applied. Moreover, and as expected, it shall be pointed out that

the tuning circuit does not longer fulfil its mission of matching impedances, as the load

has varied according to the reverse voltage.

30Information regarding the radial stub and its design can be found in [152], [153], [154] and [155].
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Figure 5.15: Manufactured single-stub shunt microstrip tuning circuit. BB134 varactor

diode characterization
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Figure 5.16: Varactor diode and encapsulated characterization. Simulated versus

measured reflection coefficient (V r = 28 V)
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Figure 5.17: Varactor diode and encapsulated characterization. Simulated versus

measured reflection coefficient (V r = 0.5 V)

Design of an Electronically Variable Impedance Load for the RMSA TM01

Mode

Once the dielectric permittivity of the available FR4 substrate is determined and the

circuit models associated with, in one hand, the cylindrical microstrip via hole in a

thick substrate and in the other, the BB134 varactor diode along its SOD323 package,

it is time to deal with the real sought objective of the previous work, namely to design

an electronically variable impedance load in order to selectively modify the resonant

frequency of the RMSA TM01 mode. It shall be pointed out that the RMSA dimensions

are the same used throughout this section 5.3, whereas the placements of the feed port

and the variable impedance load match coincide with those used in section 5.3.2.

As the location of the impedance load is already determined, the first step in the

design consists in finding out a set of reactive load values that highly influences the

resonant frequency of the RMSA TM01 mode. In order to carry out this task, there

are several options available. One option is to make use of the equivalent circuit model

described in section 5.2.1 and to carry out a brute-force search of the reactive load

value, whereas another one is based on the loaded cavity modes model detailed in

section 5.2.2. As it is deduced from any of the above options, the greatest displacement

will be caused when the overall contribution of the non resonant modes along the

reactive load shows a very low inductive or capacitive value and conversely. Moreover,

it shall be pointed out that a net inductive contribution will cause a frequency shift

towards upper frequencies, whereas a net capacitive one to lower ones.
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Once qualitatively determined the range of reactive load values that highly influences

the resonant frequency of the RMSA TM01 mode, it is time to design, with the help of

the tools linecal and ADS, the microwave microstrip circuit, which making use of the

varactor diode, obtains the desired goal. For simplicity, only one BB134 varactor diode

will be used, so a subset of all the reactive load values will be available and therefore,

by agreement, the focus will be set on the capacitive load values, thus on those that will

displace to lower frequencies the resonant frequency of the loaded RMSA TM01 mode.

Moreover, in order to further verify the previous qualitative analysis, the electronically

variable impedance load will provide a broad range of reactive load values, roughly

those between −40 Ω to −170 Ω.

At this point, it shall be pointed out that the design of the microwave microstrip

circuit that implements the electronically variable impedance load shares many sim-

ilarities with that previously used to characterize the BB134 varactor diode and its

package, with the exception of the single-stub shunt. Specifically, it mainly consists in

a BB134 varactor diode connected through a cylindrical via hole to ground reference, a

SMD encapsulated DC blocking capacitor of 3300 pF and the same design of the radial

stub and the λ
4

microstrip line previously used.

On the other hand, it shall be highlighted that while designing the microwave

microstrip circuit is necessary to take into account the electrical length due to the

thickness of the ground plane and the involved SMA connectors whose electrical length

has been measured in section 5.3.2, i.e., the female panel connector, the male to male

adapter and the female connector of the FR4 microstrip circuit. This feature is essential

in order to determine the contribution to the electrical length and therefore to the

reactive load value by the microwave microstrip circuit itself.

Once the electronically variable impedance load was designed, a LPKF ProtoMat

S62 plotter was used to manufacture it (see figure 5.18). Subsequently, the reflection

coefficient was measured using a VNA HP 8510 while applying several reverse voltages.

For brevity and taking into account the fact that the varactor diode capacitance is a

monotonically decreasing function with the reverse voltage, only the simulated and

measured results corresponding to an applied reverse voltage of 28 V (see figure 5.19)

and 0.5 V (see figure 5.20) are shown. As it can be seen and as expected, for each of

the reverse voltages applied, both reflection coefficient results, measured (S(3,3) blue

trace) and simulated (S(1,1) red trace), nearly coincide at 1.6 GHz, while they slowly
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tend to diverge as the frequency moves away from it.

Figure 5.18: Manufactured electronically variable impedance load for the RMSA TM01

mode

Finally, in figure 5.21 it is shown the measured reflection coefficient of the electroni-

cally variable impedance load while applying 28 V (S(1,1) red trace) or 0.5 V (S(2,2)

blue trace) reverse voltages, once it is connected to the male to male adapter and the

female panel connector, and taking into account the contribution of the ground plane.

Thus, the reactive load values attainable are those included in −34 Ω to −169 Ω, which

correspond respectively to reverse voltages from 0.5 V to 28 V.

It shall be highlighted that whereas it would be desirable to obtain a variable purely

reactive impedance load, however in practice the real part is not longer negligible with

even more reason due to the available resources, specially the FR4 substrate, as it can

be seen in figure 5.21 (18 Ω in the worst case at 1.6 GHz). Due to this fact, in order
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freq (1.000GHz to 2.000GHz)
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S(3,3)=0.945 / 95.739
impedance = Z0 * (0.051 + j0.903)

1.600GHz

Figure 5.19: Electronically variable impedance load. Simulated versus measured reflec-

tion coefficient (V r = 28 V)

freq (1.000GHz to 2.000GHz)
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freq=
S(3,3)=0.942 / 16.312
impedance = Z0 * (1.426 + j6.680)
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Figure 5.20: Electronically variable impedance load. Simulated versus measured reflec-

tion coefficient (V r = 0.5 V)
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freq (1.000GHz to 2.000GHz)
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impedance = Z0 * (0.044 - j0.672)
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Figure 5.21: Measured reflection coefficient of the electronically variable impedance

load along the contibution of connectors and ground plane

to compare the simulated and measured results concerning the loaded RMSA TM01

mode with the designed microstrip circuit, the equivalent circuit model described in

section 5.2.1 will be used in the next section.

Loading the RMSA TM01 Mode with an Electronically Variable Impedance

Load

Once obtained the set of reactive load values desired, it is time to focus on the real

objective, i.e. to analyse the effects of the different reactive load values on the resonant

frequency of the RMSA TM01 mode. Concerning this analysis, in figure 5.22, it is shown

the frequency shift of the reflection coefficient corresponding to the loaded RMSA

TM01 mode while applying an assortment of reverse voltages to the BB134 varactor

diode. At first, it shall be noticed that independently of the reverse voltage used, the

resonant frequency is lower than that corresponding to the TM01 mode of the unloaded

cavity. This is the expected result as the overall effect of the microwave microstrip

circuit along the contribution of connectors and ground plane is capacitive, as it is

shown in figure 5.21. Moreover, it can be observed that as the reverse voltage decreases,

which implies an overall lower capacitive reactance load (see figure 5.21), the resonant

frequency of the loaded cavity further separates from that of the unloaded RMSA

TM01 mode, thus verifying the previous qualitative analysis performed in sections 5.3.1

and 5.3.3.

At this point, as it is displayed in figure 5.23, it is time to compare the simulated
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Figure 5.22: RMSA TM01 mode loaded with an electronically variable impedance.

Measured reflection coefficient
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(dashed lines) and measured (continuous lines) reflection coefficient concerning the

loaded RMSA TM01 mode with the designed electronically variable impedance load

while using several reverse voltages. Regarding the simulated results and as previously

anticipated, the equivalent circuit model described in section 5.2.1 is used to perform

this task, due to the not negligible real part of the electronically variable impedance

load.
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Figure 5.23: RMSA TM01 mode loaded with an electronically variable impedance.

Comparison between simulated and measured reflection coefficient

Focusing on figure 5.23, it shall be noticed, in comparison with the measured results,

a slight frequency shift towards an upper one of all the simulated reflection coefficients.

More in depth and specifically concerning the frequency at dips on S parameter, the

mean percentage relative error of the simulated results is 1.5%, while the standard

deviation is 0.3%, so the results provided by the equivalent circuit model are very

accurate. Moreover, it should be noticed that the percentage relative error tends to be

higher as the reverse voltage decreases.
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6.1 Introduction

Along chapter 5, the foundations required to analyse reconfigurable loaded multimode

microstrip patch antennas in quasi analytical form have been derived. Based on the

knowledge acquired on this task, it is possible to face now the design objectives declared

in section 1.2, namely to provide comprehensive guidelines to design reconfigurable

loaded multimode microstrip MIMO systems to improve the spatial multiplexing

and/or diversity performance by means of their multimode behaviour, and to validate

its effectiveness. It shall be highlighted that the design guidelines that will be presented

throughout this chapter 6 are a novel contribution in its field and they have been

published in [139].

On the other hand, it shall be pointed out that thanks to the quasi analytical model

presented in chapter 5, all the procedures described from here on out can be carried

out such as the overall design time effort will be significantly lower than making use

of full-wave simulations through commercial tools, with which the time effort would

not be acceptable. Moreover, the knowledge acquired of the mode distribution and the

loading effects behaviour allows finding better solutions to given objectives.

In the following sections, it will be provided the general synthesis procedure afore-

mentioned (see section 6.2) and an example of application of this procedure to synthesize

a reconfigurable loaded multimode MIMO microstrip antenna in the 2.4 GHz to 2.5 GHz

Industrial, Scientific and Medical (ISM) band (see section 6.3).
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6.2 General Synthesis Guidelines

Throughout this section 6.2, comprehensive general guidelines to design reconfigurable

loaded multimode MIMO microstrip antennas, which improve the spatial multiplexing

and/or diversity performance by means of its multimode behaviour, will be provided.

As the spatial multiplexing and/or diversity performance of the system depends on

the specific scenario, as it is clearly shown in chapter 4, it is not possible to provide

beforehand general guidelines that optimize them on any scenario. As the objective is

to provide a general synthesis procedure without focusing on a specific scenario, but

one must be considered in order to evaluate the spatial multiplexing and/or diversity

performance, an isotropic angular density function of incoming waves will be assumed

as a first approach. By acting in this way, the procedure will improve the spatial

multiplexing and/or diversity performance through the multimode behaviour on many

scenarios, as it is proved in chapter 4, but it will not optimize all of them.

As previously demonstrated in section 4.3, under the assumption that each orthog-

onal TM mode can be excited by a feed port independently from all the remaining

and under isotropic angular density function of incoming waves, as formulated by

equation (4.3.1), with XPR = 0 dB, the signals on each feed port are independent and

therefore uncorrelated. On the other hand, as each TM mode has its own resonant

frequency, it is necessary to displace each of them through reactive loads to place them

at the same frequency band while keeping the signals on each port as independent as

possible, as they are not longer uncorrelated by definition on this scenario. Specifically,

it shall be highlighted at this point that the mode functions of the loaded cavity are

not orthogonal ones by definition, as it can be deduced from section 5.2 and it will be

shown in the results provided in section 6.3.

6.2.1 On the Selection of the Involved Cavity Modes

The first step in the procedure is to select the patch dimensions and the substrate

permittivity and thickness, due to their main role determining the resonant frequency

and the bandwidth of the microstrip antenna. This subject has been thoroughly

studied (e.g., [138],[124]), so it will not be repeated here. In any case, it should be

taken into account which modes are desired to work simultaneously at the operating

frequency. As previously demonstrated, the unloaded TM mode eigenfunctions are
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orthogonal, so at first an ideally any choice will be optimal as they behave as independent

subchannels. Notwithstanding this fact, special attention is required regarding the

frequency separation between their resonant frequency and the operational, because

later on it is necessary to displace them to this last one. Concerning this feature and as

a general rule of thumb, a 15% of frequency displacement can easily be achieved, so it

can be considered as a reasonable starting point.

In the matter of the rectangular microstrip antennas resonant frequencies, a glance

to the predicted ones (see figure 6.1) for the TMmn modes based on the formula provided

in [138] shows that using high TMmn modes provides many advantages regarding the

number of orthogonal modes that can be made working in the same frequency band, the

relative proximity between their resonant frequency and thus, concerning the potential

pattern diversity of the overall system.
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Figure 6.1: Square patch on foam (17.5 × 17.5× 0.3 cm): TMmn modes resonant fre-

quencies

Concerning figure 6.1, it has been obtained using [138] and specifically through

equation (6.2.1).

fr mn =
c

2
√
εeff

√[
m

L+ 2∆L (W )

]2

+

[
n

W + 2∆W (L)

]2

(6.2.1)
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where c is the speed of light, m and n are integer values corresponding to the

TMmn mode, L and W are the dimensions of the rectangular patch, ∆L and ∆W

are respectively the length and width extension due to the equivalent additional line

length of the microstrip patch because of the edge effect of the open end discontinuity

obtained by means of equation (3.2.17) or equation (3.2.18) depending on the sizes/hz

ratio, and εeff is the effective relative dielectric permittivity computed as formulated

in equation (6.2.2) through equations (3.2.11) and (3.2.12).

εeff =


εeff (L) , if m = 0

εeff (W ) , if n = 0

εeff (L)εeff (W )

εr
, otherwise

(6.2.2)

Notwithstanding this conclusion, if high TM modes for a fixed frequency band are

used, bigger microstrip antennas will be required at first. Whereas physical constraints

could not be a problem in particular applications (e.g., a vehicle in a dense urban area

operating in the ISM band), the size increment would not be desirable beforehand

for many applications, so it will be necessary to reach a compromise between the

high modes TM employed and the physical size restrictions. In any case, it should

be noticed that there are many options that can be used to reduce the microstrip

antenna dimensions ranging from increasing the substrate permittivity (at the expense

of reducing the radiation efficiency and the bandwidth) through the use of reactive

loads, such as shorting pin diodes, up to meandering the microstrip patch or the ground

plane. Another option is the usage of reactive loads or physical perturbations (which

actually have an equivalent reactive load behaviour associated with them) to displace

downwards the resonant frequency of a specific set of cavity modes. All the guidelines

respecting the location of the reactive loads or physical perturbations that are going to

be provided in section 6.2.3 are also readily applicable to this task of size reduction.

6.2.2 On the Location of the Feed Ports

As the computation time effort associated with equations (3.4.11) and (3.4.12) is

extremely low and based on the resonant frequency estimation provided in case of a

RMSA by equation (6.2.1), the first task to carry out is to mesh the microstrip patch

antenna and to calculate the reflection coefficient concerning every feed position in the
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frequencies around the estimated resonant ones.

On the other hand, as low values of envelope correlation are sought, it is essential that

the location of each of the feed ports (one per involved TM mode) is selected so one TM

mode impedance is good matched while all the remaining not, so as less than possible

energy is coupled to those last ones. As it is necessary to compute the field distribution

of isolated TM modes, this activity is carried out through equations (3.4.10) and (3.4.12)

which is evaluated on the locations of the previous patch mesh, once per each selected

TM mode of interest and only considering each mode alone (thus without performing

the double summation series). Thus, a correspondence between feed placements and

electric field distribution and impedance of a set of specific TM modes is obtained,

which with a threshold concerning its value will be termed as masking map.

Afterwards, focusing on each mode of interest at its resonant frequency, a minimum

admissible threshold to it concerning the reflection coefficient and another one regarding

the maximum allowable level of electric field distribution and reflection coefficient for

the remaining TM modes of interest is set. Applying these thresholds to the feed

positions and cross mapping the placements that satisfy both requirements per each

TM mode, it finally provides the best regions for each feed port. It shall be pointed

out that many times, mostly while dealing with several high order TM modes, it is

necessary to reach a compromise between both thresholds, as not always the feed can

be placed at the best position concerning the reflection coefficient and at the same in

all the electric field nulls regarding the remaining modes. The final feed placements are

determined based on the envelope correlation obtained through equation (2.3.12).

In order to set the thresholds values, which play a main role in the design process,

it is suggested to apply an iterative method starting from very stringent requirements

concerning the reflection coefficient of the TM mode under consideration (e.g., S11 <

−20 dB) and a null Ez value for the remaining TM modes of interest. If none feed

placements satisfy both requirements, they are iteratively and progressively relaxed

until there are feed placements that satisfy them. It shall be noticed that the time

required to carry out this task is negligible as all the necessary information is already

computed and it only remains to perform cross mapping between feed locations applying

the specified thresholds.
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6.2.3 On the Location of the Reactive Loads and their Asso-

ciated Reactive Values

At this step in the procedure, it is time to get on with the frequency displacement of the

TM modes of interest whose associated resonant frequency is different from the desired

one. It shall be noticed that this task can be performed without significantly altering

the radiation patterns of the unloaded cavity (e.g., in [156] the resonant frequency is

shifted over a 1.5 to 1 range without seriously changing the radiation pattern).

In order to carry out this purpose, the field distribution concerning each isolated

TM mode on the positions of the microstrip patch mesh is computed making use

of equations (3.4.10) and (3.4.12), in order to find locations where the electric field

distribution regarding each mode is highest (a threshold value is used to mark off these

regions), so the influence of the perturbation applied to it will be more important. On the

other hand, the masking map described in section 6.2.2 is used, but this time the limit

value can be different. Once again, it is necessary to reach a compromise between both

thresholds (an iterative procedure similar to that described in section 6.2.2 is suggested),

or what it is the same, within obtaining a high influence in a specific TM mode while

altering as slightly as possible the remaining modes of interest. Applying these thresholds

and cross mapping the remaining placements that satisfy both requirements per each

TM mode, it finally provides the best regions for each reactive load.

Concerning the value of the reactive load to cause the desired frequency shift, a

thorough analysis on this theme can be done and valuable conclusions can be obtained

using equation (5.2.27), in case of only one reactive load, or for an arbitrary number by

means of equation (5.2.28). Summing it up, the greatest displacement will be caused

when the overall contribution of the remaining modes and the reactive load shows a

very low inductive or capacitive value and conversely, as it can be deduced from the

qualitative analysis provided in [141] and [129]. Moreover, it shall be pointed out that

a net inductive contribution will cause a frequency shift towards upper frequencies,

whereas a net capacitive one to lower ones.

6.2.4 On the Verification and Final Adjustments

Once the appropriate locations of the feed ports and reactive loads have been established

(alongside the corresponding suitable values of these last ones), it is time to test the
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antenna system as a whole in terms of the reflection coefficient level associated with each

feed port and the envelope correlation between them, making use of equations (2.3.12),

(5.2.35) and (5.2.37).

Usually, even after having followed the previously presented guidelines, it is advisable

to slightly readjust the location of the feed ports, as there are several undesired effects

related to the loss of orthogonality in the feeding process. Among them, the most

harmful ones are the increment of the envelope correlation level and the deterioration

of the reflection coefficient value associated with a specific feed—TM mode.

Notwithstanding this fact, there are manifold procedures to compensate the afore-

mentioned undesirable effects. Concerning the growth of the envelope correlation

coefficient, some perturbations can be applied to the cavity (e.g., reactive loads or

geometrical modifications) in order to decorrelate the feeds signals. On the other hand

and regarding the reflection coefficient level associated with each specific feed—TM

mode, the presence of the remaining ports and loads has slightly altered it; indeed

the level of perturbation is highly linked with the fulfilment or not of the presented

requirements (essentially based on the orthogonality preservation). Usually, the level

of correlation between the feeds shall be very low, if negligible effect in the reflection

coefficient associated with each port is wanted when assembling the whole system. The

procedure to improve the reflection coefficient consists in applying an optimization

process based on the gradient descent algorithm (it is a good option in terms of the

number of iterations and the computation time due to the presumable proximity to the

local maxima) which takes into account the feed position, the reflection coefficient and

the envelope correlation level. The objective function will be to improve the reflection

coefficient while maintaining low values of envelope correlation. This last requirement

must be imposed because it may be the case of improving the reflection coefficient

while increasing at the same time the coupling of energy from a feed to more than the

desired TM mode.

It shall be highlighted that accordingly to the increment of the number of TM

modes, it is necessary to progressively relax the requirements imposed through the

thresholds in order to find feed and reactive loads placements. This relaxation implies

many times a deterioration of the envelope correlation and the reflection coefficient

on each of the ports. The optimization procedure pointed out attempts to deal with

those situations, but at the end the main limitation should be a trade off between the
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number of TM modes and the envelope correlation and reflection coefficient properties

for all the ports.

On the other hand, it shall be noticed that the procedure described concerning

the placement of the feed ports (section 6.2.2) and the reactive loads (section 6.2.3) is

based on the field distribution of the TM modes of an unloaded cavity. It is considered

that when the field distribution is highly altered due to suboptimum placement of

the feed ports and reactive loads, more valuable information is provided by the quasi

analytical model proposed in section 5.2.3 and analysing the field distribution of the

loaded cavity. Making use of the field distribution of the loaded cavity seems to be the

proper way to deal with those situations, but the approach should be slightly different.

Starting from an unloaded cavity, a feed port and reactive loads for a specific TM mode

are placed based on the procedure described in sections 6.2.2 and 6.2.3. Assuming it

was not possible to place them on nulls of the electric field of the remaining modes of

interest, the field distribution of the loaded cavity with those elements is calculated for

the remaining loaded modes of interest. For each loaded mode the feed and reactive

loads are placed based on the field distribution of an already loaded cavity, calculated

by means of the quasi analytical model presented in section 5.2.3, with the feed ports

and reactive loads of the previously considered TM modes. Thus, it should be possible

to increase the number of TM modes without affecting as much the envelope correlation

and reflection coefficient properties for all the ports, as following the procedure initially

described.
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6.3 Application of the General Synthesis Procedure

to a Design in the 2.4 GHz to 2.5 GHz ISM Band

Along this section 6.3, an example of application of the design procedure presented in

section 6.2 will be provided; specifically, it will be followed in order to synthesize a

reconfigurable loaded square multimode MIMO microstrip antenna operating in the

2.4 GHz to 2.5 GHz ISM band.

6.3.1 Selecting Unloaded Cavity Modes

On the subject of the example of application, a square microstrip antenna has been

selected, so there are pairs of TMmn modes with the same resonant frequency. For

illustrative purposes and simplicity, the TM22, TM03 and TM30 modes have been

selected, due to their resonant frequency and radiation pattern. Thus, the designed

patch on a foam substrate has the dimensions 17.5 × 17.5 × 0.3 cm (1.43×1.43×0.02λ0)

and accordingly, the resonant frequencies as predicted by equation (6.2.1) for the TM22,

TM03 and TM30 modes are respectively 2.302 GHz and 2.440 GHz (this last one for

both TM03 and TM30 modes). Consequently, later on the original cavity will have to

be perturbed with a reactive load in order to displace the resonant frequency of the

TM22 mode to the 2.4 GHz to 2.5 GHz ISM band.

Regarding the substrate and taking into account the accuracy limitations of the

cavity model in terms of thickness, it has been chosen foam 3 mm. Thus, whereas

the microstrip antenna will not be made thick in terms of wavelength, due to the

degradation of the model accuracy, the radiated power and the impedance bandwidth

can be improved using a low permittivity dielectric substrate.

6.3.2 Locating the Feed Ports

Applying the procedure described in section 6.2.2, the microstrip patch is meshed and

a correspondence between feed positions along the microstrip patch and a reflection

coefficient level associated with them is obtained. In figure 6.2 it is shown this cor-

respondence per each resonant frequency where the (x, y)-coordinates represent the

feed position whereas the z-coordinate illustrates the associated reflection coefficient

(truncated for values lower than −35 dB).
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Figure 6.2: Reflection coefficient versus feed location. (a) TM22 mode—frequency:

2.32 GHz (b) TM03 and TM30 modes—frequency: 2.46 GHz.

On the other hand, in figure 6.3 it is shown the masking map achieved per each

TMmn mode of interest after reaching a compromise regarding the thresholds. For

example, for the TM22 mode it is represented those positions where simultaneously

the associated TM03 and TM30 modes satisfy the electric field and impedance limit,

whereas for the TM03 mode the map is built based on TM22 and TM30 modes and so

on for the TM30 mode.

Figure 6.3: Masking map—feed location. (a) TM22 (b) TM03 (c) TM30

Applying cross mapping between figures 6.2 and 6.3 (once per each mode) and

considering each feed isolated, feed locations whose reflection coefficients are better
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than −15 dB are found. Among the regions of feed positions that fulfil both thresholds,

equation (2.3.12) is used in order to know which combination provides lower envelope

correlation level. Finally, the best (x, y) feed locations in cm are respectively for the

TM22, TM03 and TM30 modes (9.44, 8.06), (8.06, 12.19), and (12.19, 8.06).

6.3.3 Locating the Reactive Loads and their Values

Applying the procedure described in section 6.2.3 on the proposed example and in

order to displace the resonant frequency of the TM22 mode to the 2.4 GHz to 2.5 GHz

ISM band, it is found out that the best location for the reactive load is the centre of

the square patch, in which the TM22 mode shows its z-directed electric field intensity

maximum value, while the TM03 and TM30 modes have a null Ez field.

Regarding the reactive value, a net inductive contribution with a relatively low

reactance value will be needed. Based on this primary seed, a simple brute-force search

procedure is used, as the associated elapsed time is negligible, to seek the reactive value,

using as objective function parameters the desired final frequency and the reflection

coefficient level. In this case, the optimum inductive reactance is j14 and this causes

that at the frequency of 2.406 GHz the reflection coefficient is −24.98 dB.

On the other hand, whereas it is not necessary to displace the TM03 and TM30

modes, as they are already placed at the 2.4 GHz to 2.5 GHz ISM band, in case that

making them reconfigurable is desired, crossing the placements where their Ez field

is higher than 98% of its peak value with a masking map under the compromise of

reflection coefficients between 0 and −1.75 dB and Ez field value between 0%–4%

of the maximum value for the remaining TMmn modes of interest, it provides the

reactive loads locations in cm (3.10, 11.78) and (11.78, 3.10) for the TM03 and TM30

modes respectively. Regarding the reactive load values, any high reactance value will

be appropriate. For example, a value of −j200 produces respectively a negligible

displacement of the TM03 and TM30 modes to 2.444 GHz, while keeping a reflection

coefficient below −15 dB.

In figure 6.4 it is shown the reflection coefficient per each isolated pair of feed port

and reactive load in the frequency band of 1.5 GHz to 3.5 GHz. It shall be pointed out

that the reflection coefficients from both TM03 and TM30 and feed-load pairs match as

expected due to the symmetry.
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Figure 6.4: Reflection coefficient. Isolated feed+load pairs.

6.3.4 Verification and Final Adjustments

Following the procedure described in section 6.2.4, at this point it is time to test the

antenna system as a whole in terms of the reflection coefficient level associated with

each feed port and the envelope correlation between them when all the ports and

reactive loads are attached, so once tested, the associated results are shown in figure 6.5.

As it can be seen at the 2.4 GHz to 2.5 GHz ISM band, the reflection coefficient levels

associated with the TM22 and TM30 feed ports have been significantly degraded with

respect to the case of isolated pairs of feed ports and reactive loads presented in

figure 6.4. The reasons surrounding this undesired effect must be mainly sought in

the mutual coupling between these feed ports, due to the inability of exciting only

and in complete isolation each of the desired TMmn modes, and in a lesser extent in

this example, because of the loss of orthogonality of the modes due to the reactive

loading process. Indeed, as it can be noticed in figure 6.5, the higher values of envelope

correlation between the TM22 and TM30 feed ports reveal this loss of independence

between these feed ports, fact that is not present with the TM03 feed port.

As the reflection coefficient and envelope correlation levels obtained with this initial
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Figure 6.5: Multimode MIMO microstrip system. (a) Reflection coefficient (b) Envelope

correlation

design are good enough, in this case it is not necessary to readjust the feeds and reactive

loads placements, so the previously presented optimization procedure is not applied in

this example. However, this should be useful in a more complex design.

On the other hand, it shall be pointed out that the envelope correlation showed in

figure 6.5 is computed using equation (2.3.12), assuming the hypothetical deployment

environment is a dense urban area, where the radiation is coming with uniform angular

distribution. Whereas, using equation (2.3.12) in the example is not completely rigorous

and accurate, as this is not a lossless antenna, due to the fact that it is highly efficient

(the radiation efficiency depends primarily on the substrate thickness and permittivity

[118] and a h/λ0 ≈ 0.02 thick foam substrate is used and the losses associated with the

experimental implementation of the reactive load are negligible) the loss in accuracy is

not significant [60].
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6.3.5 Experimental Results

In order to verify the effectiveness of the guidelines provided in section 6.2, the previously

designed MIMO system has been built. It shall be noticed that only the TM22 reactive

load is used as it is not necessary to the specific application to displace the TM03 and

TM30 modes. Concerning the desired TM22 reactive load value of j14 at 2.4 GHz, a

variable length stub finished in a short load has been used. The precise length and

thus the sought reactance value have been obtained through a coaxial line stretcher

with an overall adjustable length of 10 mm, as presented in figure 6.6. This option

has been chosen as a nearly constant phase value in the frequency band of 1.5 GHz to

3.5 GHz cannot be easily obtained, due to the connector’s length and the thickness of

the ground plane. Moreover, for illustration purposes, in figure 6.6, it is also shown the

overall MIMO system port connections during the S parameters measuring process.

Figure 6.6: MIMO system: (a) variable length stub used (b) connectors view.

In order to compare the measured results with the appropriate simulated ones, once

fixed the stub length that provides the desired reactance value at 2.4 GHz for the TM22

load, the stub associated S11 parameter measured in the frequency band of 1.5 GHz to

3.5 GHz is used instead of the j14 fixed one in the implemented quasi analytical model

simulations carried out.

The comparison between the simulated and measured reflection coefficient is pre-

sented in figure 6.7. It must be highlighted, that the results provided are exactly the

simulated and measured ones without any correction or adjustment on them. As it can

be seen, the maximum percentage relative error is below 1.4% concerning the maximum

adaptation frequency location in the frequency band of interest.

On the other hand and regarding this time the envelope correlation, the associated
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Figure 6.7: Reflection coefficient. Simulated versus measured results. (a) TM22 feed.

(b) TM03 feed. (c) TM30 feed.
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results are shown in figures 6.8 and 6.9. Anew, there is a good agreement between

the results pointing up the great level of accuracy that can be obtained through the

presented quasi analytical model.
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Figure 6.8: Envelope correlation. Computed from simulated versus measured S param-

eters. (a) TM22 feed - TM03 feed. (b) TM22 feed - TM30 feed. (c) TM03 feed - TM30

feed.

Besides, the low levels of envelope correlation between the different feed ports

obtained and its corresponding reflection coefficient values validate the correctness

of the designed MIMO system to enhance the spatial multiplexing and/or diversity

performance.
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Figure 6.9: Envelope correlation. Computed from simulated S parameters and radiation

fields versus measured S parameters. (a) TM22 feed - TM03 feed. (b) TM22 feed - TM30

feed. (c) TM03 feed - TM30 feed.
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7.1 Main General Results and Conclusions

Throughout the development of this Ph.D. thesis, many contributions to the field of

reconfigurable multimode microstrip MIMO systems have been done and all of them

come in greater or lesser extent from the quasi analytical model proposed.

First of all, in order to explore the spatial multiplexing and diversity performance

capabilities provided by the multimode microstrip behaviour under different multipath

environments, a thorough analysis has been done and presented in chapter 4, which

significantly broadens those reported in the available studies carried out so far [6]–[9],

so it is susceptible to be published in the near future. Moreover, as the high order TM

modes have not received special attention in the available studies carried out so far, due

to the fact that most designs make use of the dominant resonant mode, an alternative

formulation to the one provided in [136] regarding the radiation fields by the high order

TMmn modes of a RMSA is presented in section 4.2.1, so an additional contribution on

this field is provided.

On the other hand, during the development of the quasi analytical model proposed,

which is a mixture of the network and the loaded cavity modes models, some con-

tributions to these last ones have been provided. In particular and concerning the

network model, it has been generalized to any number of feed ports and complex loads,

which is a useful and novel approach for the sought multimode MIMO microstrip

antennas analysis and design purposes. This improvement makes this network model a

very versatile and computationally efficient option in order to deal with reconfigurable

antennas with tunable loads.

Regarding the loaded cavity modes model proposed in [141], [142], [143] and more

in depth in [129], it shall be pointed out that in order to calculate the radiation fields

and the radiated power by the loaded cavity, a combination between the equivalent

circuit option and the DFT is used, instead of the approximation provided in [129],

which constitutes a novel alternative approach.

Concerning the quasi analytical model proposed itself, it shall be highlighted, that

as far as it is known, this is the first time that a loaded multimode multiport microstrip

patch antenna quasi analytical model is developed and applied to improve the spatial

multiplexing and/or diversity system performance by means of reconfigurable multimode

MIMO microstrip antennas, and as such, it is a new branch on this field at its own.

Respecting the design perspective, based on the knowledge acquired during the
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development of the quasi analytical model proposed, comprehensive guidelines to

design reconfigurable multimode microstrip MIMO systems with the aim of improving

the spatial multiplexing and/or diversity performance by means of their multimode

behaviour have been provided. Moreover, it shall be noticed that their effectiveness

have been validated and that they constitute a novel contribution on their field.

Finally, it is worth noting that the overall analysis and design time effort following the

perspective of this Ph.D. is significantly lower than making use of full-wave simulations

through commercial tools. Indeed, this fact is more pronounced due to the sought

multimode behaviour, which involves at first instance relatively great sizes, and that

renders full-wave simulations through commercial tools somehow inefficient.
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7.2 Future Work

As it usually happens in any research, as it delves into a specific field of knowledge, new

areas that before were hidden become evident and they are susceptible to be explored

in a future work. Concerning this Ph.D., as it could not be otherwise, there are many

aspects that can be further studied or explored.

First of all, it is worth starting with the “segmentation” and “de-segmentation”

methods potential. Regarding this subject, it shall be pointed out that while these

methods have been presented, implemented and validated in sections 3.5 and 3.6.2

respectively, their possibilities, which are very promising ones, have not been exploited

in this Ph.D. An example of application could be to reduce the relatively great size of

the microstrip patch geometry, due to the sought multimode behaviour, through patch

meandering, which can be analysed by means of the aforementioned methods.

On the other hand, while the focus in this Ph.D. is set on the analysis and design

of reconfigurable multimode microstrip MIMO systems based on a single multimode

microstrip patch, an array configuration with this element is a natural work evolution.

Following the analytical approach that distinguishes this Ph.D., the MNM seems to be

a reasonable choice to be used for this task.

Another future research line is to extend the range of use of the proposed model

to those cases where the substrate is thicker than 0.02λ, so the hz � λ assumption

starts losing validity 31. It shall be pointed out that increasing the substrate thickness

is a useful approach to improve the impedance bandwidth and the radiated power,

while reducing at the same time the conductor and dielectric losses, but at the expense

of rising the surface wave loss, which otherwise can be minimized by means of a low

dielectric constant substrate. Notwithstanding this fact, it is worth pointing out that

the radiation efficiency is maximum for hz ≈ 0.02λ of a typical dielectric constant

substrate εr = 2.2, so the cavity model is still appropriate for this significant case.

Finally, concerning the spatial multiplexing system performance capabilities ob-

tained by means of multimode MIMO microstrip antennas explored in this Ph.D. and

more specifically, regarding the MIMO channel modelling, the Kronecker model (see

section 2.2.2 for further details) has been used throughout this Ph.D. While this ap-

proach is an appropriate starting point due to the low values of the envelope correlation

31As previously mentioned, the cavity model [100], [101], [132] has been successfully used with

substrates thickness ranging from 0.005λ to 0.02λ

242



CHAPTER 7. MAIN GENERAL RESULTS AND CONCLUSIONS, FUTURE
WORK AND PUBLICATIONS

on the environments considered (see table 4.4 and section 4.3.2 for more information),

it seems reasonable in a future work to use other channel models such as the 3GPP

SCM [27] or WINNER [28], which overcome the Kronecker model limitations.
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7.3 Publications

The work presented in this Ph.D. has given rise to a publication in an international

technical journal with a high impact factor. Moreover, the work has also been presented

at some of the most important international conferences in antenna area.

[133] C. Redondo and L. de Haro, “Experiences on tuned multiband fractal antennas”,

in Antennas and Propagation Society International Symposium, 2005 IEEE,

vol. 2B, Jul. 2005, 593–596 vol. 2B. doi: 10.1109/APS.2005.1552081 (cit. on

p. 92).

[134] L. de Haro, C. Redondo, M. de la Puebla, and J. M. Arias, “User terminal

antennas for DVB-H systems: an overview.”, in 14th Mobile and Wireless Com-

munications Summit, Jun. 2005 (cit. on p. 92).
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Transactions on, vol. 62, no. 1, pp. 119–129, Jan. 2014, issn: 0018-926X. doi:

10.1109/TAP.2013.2288975 (cit. on pp. 161, 220).
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