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A linearizing robust dynamic output feedback control scheme is proposed for earth coordinate position
variables trajectory tracking tasks in a hovercraft vessel model. The controller design is carried out using
only position and orientation measurements. A highly simplified model obtained from flatness
considerations is proposed which vastly simplifies the controller design task. Only the order of
integration of the input-to-flat output subsystems, along with the associated input matrix gain, is
retained in the simplified model. All the unknown additive nonlinearities and exogenous perturbations
are lumped into an absolutely bounded, unstructured, vector of time signals whose components may be
locally on-line estimated by means of a high gain Generalized Proportional Integral (GPI) observer. GPI
observers are the dual counterpart of GPI controllers providing accurate simultaneous estimation of each
flat output associated phase variables and of the exogenous and endogenous perturbation inputs. These
observers exhibit remarkably convenient self-updating internal models of the unknown disturbance
input vector components. These two key pieces of on-line information are used in the proposed feedback
controller to conform an active disturbance rejection, or disturbance accommodation, control scheme.
Simulation results validate the effectiveness of the proposed design method.

1. Introduction

Over the last two decades, a great amount of research has been
conducted regarding the regulation marine control systems. They
are employed in applications such as dredging operations, recovery
of lost man-made objects, cable laying operations, towing opera-
tions, military operations, among others (Yuh, 2000; Fossen, 1994,
2011). These applications typically require the accurate tracking of
trajectories thus implying the need for high performance control-
lers. Although ships are usually fully actuated, several other vessels
are under-actuated. Control strategies for the under-actuated ship
models cannot be asymptotically stabilized by continuous time-
invariant feedback control laws (Brockett, 1983). In Kaminer et al.
(1998) is proposed a gain-scheduled controller to track reference
trajectories in the inertial reference frame. The stabilization prob-
lem towards a desired equilibrium is treated in Reyhanoglou (1997).
A time-varying feedback control law is proposed in Petersen and
Egeland (1996), achieving exponential state stabilization. In Lebefer
et al. (2003), a theoretical and experimental result is developed

using Lyapunov-based controllers. In Behal et al. (2002) is presented
a transformation of the error dynamics into a skew-symmetric form
and achieves practical convergence. High-frequency feedback con-
trol signals, in combination with averaging theory and back-step-
ping, have been proposed in Pettersen and Nijmeijer (1998) to
achieve practical stabilization of the ship toward a desired equili-
brium. They were also extended for trajectory tracking tasks. In
Wondergem et al. (2011) is presented an observer-controller sch-
eme which takes into account the complete model dynamics,
including Coriolis and centripetal forces and nonlinear damping,
and results in a semi-globally uniformly stable closed loop system.
Other recent approaches are optimal control (Prasanth Kumar et al.,
2005), robust trajectory control based on direct estimation of
system dynamics (Prasanth Kumar et al., 2007) or backstepping
techniques (Repoulias and Papadopoulos, 2007), among others.

The hovercraft model used here is based on the work of Fantoni
et al. (2000), where the vessel's dynamics are derived on the basis
of the under-actuated ship model extensively studied in Fossen
(1994). Planning and control of hovercraft systems can be con-
siderably simplified by using the differential flatness property
(Sira-Ramírez and Aguilar, 2000; Sira-Ramírez, 2002), obtained
by specific design conditions. Differential flatness was proposed
and developed in Fliess et al. (1995) (see also the book by
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Sira-Ramírez and Agrawal, 2004 for diverse engineering applica-
tions of this concept). In this paper, we propose a linearizing,
global, approach to the robust output feedback controller design
for output trajectory tracking tasks in the earth coordinate posi-
tion variables of a hovercraft vessel. The solution is carried out
with position and orientation measurements alone. The linear
observer-based controller design approach, presented here, is
most suitable for the ubiquitous class of differentially flat systems.
The proposed observer based control approach, called Generalized
Proportional Integral (GPI) observer-based control (Fliess et al.,
2002), rests on using highly simplified models (defined in Fliess
and Join, 2009), on the input-to-flat output models derived from
the flatness property. The perturbation input lumps both external
disturbance inputs and state-dependent nonlinear terms, into a
single uniformly absolutely bounded disturbance function that
need to be on-line estimated, and canceled, from the controller.
After input gain matrix cancelation, the resulting system is con-
stituted by pure integration (linear) perturbed systems with time-
varying additive disturbances. The effects of the unknown dis-
turbance input on the output reconstruction error dynamics (at
the observer stage) may be attenuated via a suitable linear
combination of iterated injections of the output estimation errors.
A set of linear extended observers, here called GPI observers, are
subsequently specified which internally model the state depen-
dent additive nonlinearities as time-polynomials of reasonable
low orders. The observers’ state estimation errors are shown to
satisfy a set of decoupled, perturbed, linear differential equations
with assignable constant coefficients. The designed observers
estimate each individual flat output's associated string of phase
variables as well as the time-varying perturbation, or disturbance,
input components. Reported results for other applications, such as
control of wheeled mobile manipulators (Morales et al., 2014c),
control of induction motors (Sira-Ramírez et al., 2013), or the
control of combinations of electrical machines and dc-to-dc power
converters (Sira-Ramírez and Oliver-Salazar, 2013) encourage the
use of GPI control schemes as an alternative of improvement in
relation to classic control schemes.

The paper is structured as follows: Section 2 presents the
hovercraft model and establishes their flatness property. Addi-
tionally, a simplified model is proposed which radically simplifies
the disturbance observer and feedback controller design tasks and
the problem to be solved is formulated. Section 3 presents the
fundamental background results under which the proposed con-
trol methodology is established and the generalities about GPI
observers. The results obtained are applied to the stabilization and
trajectory tracking problem of the hovercraft vessel model. In this
section, the state dependent disturbance estimation-disturbance
elimination linear output feedback strategy is also developed.
Section 4 is devoted to digital computer simulations depicting
the performance of the proposed GPI observer-based linear con-
trollers on the hovercraft system under large initial errors, un-
modeled unmatched perturbations and model parametric uncer-
tainties. Finally, Section 5 presents the conclusions of the work.

2. Problem formulation

2.1. The hovercraft model and its flatness property

The equations of motion for a rather general surface vessel
dynamics can be written in the following form (Fossen, 1994):

M _νþCðνÞνþDν¼ τ

_η ¼ JðηÞν ð1Þ

where

CðνÞ ¼
0 0 �m22v

0 0 m11u

m22v �m11u 0

2
64

3
75; JðηÞ ¼

Cψ �Sψ 0
Sψ Cψ 0
0 0 1

2
64

3
75 ð2Þ

with M being the inertia matrix, CðνÞν is the vector of Coriolis and
centripetal terms and Dν is the vector of friction and hydrody-
namic damping terms. The vector ν¼ ½u; v; r�T denotes the vehicle
linear velocities in surge, sway and angular velocity in yaw expr-
essed in the vehicle-fixed reference frame. The vector η¼ ½x; y;ψ �T
expresses the position and orientation in a earth-fixed reference
frame and Cψ � cosψ and Sψ � sinψ . The vector τ ¼ ½τ1; τ2; τ3�T
defines the vector of forces acting on the vehicle in surge and sway
and the torque on the vehicle acting on the yaw. The matrices M
and D are, both, diagonal and given by

M¼ diagfm11;m22;m33g; D¼ diagfd11; d22; d33g ð3Þ
In this work, we consider the model of the underactuated hover-
craft vessel system illustrated in Fig. 1. A mathematical model for
such vessel system was derived in Fantoni et al. (2000) taking into
consideration the following assumptions:

Assumption 1. The vessel system is assumed to be symmetric
with regard to the axes u and v, i.e. m11 ¼m22.

Assumption 2. The control force acting in sway is zero, i.e. τ2¼0.

Assumption 3. The hydrodynamic damping coefficients d11 and
d33 are both zero, i.e. d11 ¼ d33 ¼ 0. In the case that these damping
terms were actually present, they could be compensated by partial
state feedback though the control terms τ1 and τ3.

Finally, the following mathematical model is proposed for the
underactuated hovercraft vessel system:

_x ¼ uCψ �vSψ
_y ¼ uSψ þvCψ
_ψ ¼ r
_u ¼ vrþτu
_v ¼ �ur�βv
_r ¼ τr ð4Þ
where τ1 ¼m11τu, τ3 ¼m33τr and β¼ d22=m22.

The hovercraft model given in (4) is differentially flat, with flat
outputs given by the position in earth fixed reference frame (½x; y�),
i.e. all system variables in (4) can be differentially parameterized
solely in terms of x and y, and a finite number of their time
derivatives. Their expressions are as follows:

ψ ¼ arctan
€yþβ _y
€xþβ _x

� �

u¼ _xð €xþβ _xÞþ _yð €yþβ _yÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð €xþβ _xÞ2þð €yþβ _yÞ2

q
v¼ _y €x� _x €yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð €xþβ _xÞ2þð €yþβ _yÞ2
q
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Fig. 1. Simplified hovercraft system.



r¼ yð3Þð €xþβ _xÞ�xð3Þð €yþβ _yÞ�β2ð €x _y� €y _xÞ
ð €xþβ _xÞ2þð €yþβ _yÞ2

τu ¼
€xð €xþβ _xÞþ €yð €yþβ _yÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð €xþβ _xÞ2þð €yþβ _yÞ2

q

τr ¼
yð4Þð €xþβ _xÞ�xð4Þð €yþβ _yÞ
ð €xþβ _xÞ2þð €yþβ _yÞ2

þβðyð3Þ €x�xð3Þ €yÞ�β2ðxð3Þ _y�yð3Þ _xÞ
ð €xþβ _xÞ2þð €yþβ _yÞ2

�2
yð3Þð €xþβ _xÞ�xð3Þð €yþβ _yÞ�β2ð €x _y� €y _xÞ

½ð €xþβ _xÞ2þð €yþβ _yÞ2�2
�½ð €xþβ _xÞðxð3Þ þβ €xÞþð €yþβ _yÞðyð3Þ þβ €yÞ� ð5Þ

Proof. Operating with the first two expressions of (4) the follow-
ing is obtained:

u¼ _xCψ þ _ySψ
v¼ _yCψ � _xSψ ð6Þ
Differentiating now the first two expressions and using (6) gives

€x ¼ _uCψ �u _ψ Sψ � _vSψ �v _ψ Cψ ¼ τuCψ þβvSψ
€y ¼ _uSψ þu _ψCψ þ _vCψ �v _ψ Sψ ¼ τuSψ �βvCψ ð7Þ
Now, manipulating expressions (7) yielded

βv¼ €xSψ � €yCψ
τu ¼ €xCψ þ €ySψ ð8Þ
Using (6) and (8) and after some algebraic manipulations the
following result is achieved:

ψ ¼ arctan
€yþβ _y
€xþβ _x

� �
ð9Þ

Substituting (9) in (6) yields

u¼ _xð €xþβ _xÞþ _yð €yþβ _yÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð €xþβ _xÞ2þð €yþβ _yÞ2

q
v¼ _yð €xþβ _xÞ� _xð €yþβ _yÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð €xþβ _xÞ2þð €yþβ _yÞ2
q ¼ _y €x� _x €yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð €xþβ _xÞ2þð €yþβ _yÞ2
q ð10Þ

Finally, the proof is completed after substituting (9) in the
expression of the force input, τu obtained in (8) and using the fact
that r¼ _ψ and τr ¼ €ψ . □

The lack of invertibility of the relation between the control
input vector ½τu; τr � and the flat outputs highest derivative depicts
that the hovercraft dynamics requires a second-order dynamic
extension of the input variable τu. The following result is achieved:

τr ¼
�xð4Þ sinψþyð4Þ cosψ�βrτu

βuþτu

þ�2r _τu�2βr2vþβ2urþβ3v
βuþτu

€τu ¼ xð4Þ cosψþyð4Þ sinψþ2βur2þ2β2rv�βvτrþr2τu ð11Þ
Additionally, after comparing (5) and (11), the following result

is obtained:

βuþτu ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð €xþβ _xÞ2þð €yþβ _yÞ2

q
ð12Þ

Clearly, we are interested in maneuvers for which this quantity is
bounded (which is physically reasonable and natural) and it is also
bounded away from zero (which somehow limits the class of
desired trajectories).

Assumption 4. We assume that the positive quantity,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð €xþβ _xÞ2þð €yþβ _yÞ2

q
, is uniformly bounded by a constant for all

times, and it is nowhere identically zero along the evolution of the
system.

2.2. Simplified model and problem formulation

From expressions (5) and (11), it is observed that the highly
nonlinear, coupled, nature of the system precludes any practical
implementation of an exactly linearizing feedback control appr-
oach. The key step in our developments is based on the fact that
the flat output dynamics of the hovercraft vessel model may be
significantly simplified to the following perturbed, phenomenolo-
gical, system:

xð4Þ

yð4Þ

" #
¼

�ðβuþτuÞ sinψþβv cosψ cosψ
ðβuþτuÞ cosψþβv sinψ sinψ

" #
τr
€τu

" #
þ

φxðtÞ
φyðtÞ

" #

ð13Þ

where φðtÞ ¼ ½φxðtÞ;φy�T ðtÞ involves all the nonlinearities affecting
the system behavior regarded here as an unknown but uniformly
absolutely bounded disturbance input that needs to be on-line
estimated by means of an observer and, subsequently, canceled
from the simplified system dynamics via feedback in order to
regulate the flat output vector, ½x; y�T , towards the desired refer-
ence trajectories ½xnðtÞ; ynðtÞ�T .

A key property of the flat output vector ½x; y�T is that it vastly
eases the off-line trajectory planning aspects for the system and
provides a direct way, which involves no need for solutions of
differential equations, to establish the open-loop trajectories of all
system variables on the basis of the nominal trajectories for the
flat outputs. The flat output vector is devoid of any zero dynamics
and completely guarantee total internal stability of the system
states and outputs including those outputs which are non-
minimum phase (Isidori, 2002). These properties facilitate a
unified treatment for both stabilization and tracking tasks, within
a common framework. Finally, the formulation of the problem is
stated as follows:

Given a desired flat output vector of reference trajectories ½xnðtÞ;
ynðtÞ�T , devise a linear multi-input output feedback controller for
system (13) so that regardless of the vector of unknown disturbances
and coupling nonlinearities, represented by φðtÞ ¼ ½φxðtÞ;φyðtÞ�T , the
flat output vector ½xðtÞ; yðtÞ�T tracks the desired reference flat output
vector ½xnðtÞ; ynðtÞ�T ðtÞ even if in an approximate fashion. This approx-
imate character specifically means that the flat output tracking error
vector dynamics, e¼ ½ex; ey�T ¼ ½x�xnðtÞ; y�ynðtÞ�T , exhibits a closed
loop, predominantly linear, asymptotically stable convergent behavior
so that the tracking error trajectories are ultimately confined to a small
as desired neighborhood on the origin of the tracking error phase
space.

3. GPI observer based linear controller with disturbance
estimation-rejection of the hovercraft vessel system

3.1. Background results

An important difference (and a new type of equivalence)
between nonlinear differential equations and the corresponding
linear differential equations with injected exogenous time-varying
signals is established.

Consider the following system of time-varying nonlinear differ-
ential equations:

_y ¼ Ayþϕðt; yÞ; yðt0Þ ¼ y0; yARn ð14Þ

where A is an n� n Hurwitz matrix, and ϕðt; yÞ is a vector of
nonlinearities possibly including exogenous signals. Let z be an
n-dimensional vector and consider the following linear system



with an exogenous, time-varying, injection:

_z ¼ Azþϕðt; yðt; y0ÞÞ; zð0Þ ¼ y0þb ð15Þ
where b is a constant. The following remarks are proposed.

Remark 1. The time-varying vector yðt; y0Þ trivially satisfies the
identity (see Pontryagrin, 1962, Chapter 1, pp. 19):

_yðtÞ ¼ AyðtÞþϕðt; yðtÞÞ; yðt0Þ ¼ y0 ð16Þ

Remark 2. The linear differential equation for z includes a copy of
the term ϕðt; yÞ particularized for the solution y¼ yðt; y0Þ of the
nonlinear differential equation. In itself, for every fixed initial
condition, y0, the term ϕðt; yðt; y0ÞÞ, is a time function expressed as
ξðtÞ ¼ϕðt; yðt; y0ÞÞ.

The error eðtÞ ¼ yðtÞ�zðtÞ evolves which is governed by

_e ¼ Ae; eð0Þ ¼ �b ð17Þ
since A is a Hurwitz matrix then limt-1eðtÞ ¼ 0 8bARn. Further-
more, if b is set to zero, and the initial conditions for y and z
coincide, then y� z 8 tZ0. The consequence of this simple fact is
that the nonlinear system (14) is now viewed as a linear system
with an exogenous time-varying injection term, ξðtÞ ¼ϕðt; yðtÞÞ,
_z ¼ AzþξðtÞ; zðt0Þ ¼ y0 ð18Þ
Then, the systems defined in (14) and (18) are identical in the
precise sense that their trajectories are the same over any time
interval. Consequently, the distinction between z and y becomes
irrelevant. Any pertinent consideration of the system (14) may be
examined on the linear trajectory equivalent system (18), viewed
now without any ambiguity as

_y ¼ AyþξðtÞ; yð0Þ ¼ y0 ð19Þ
which is devoid of the state-dependent nonlinear structure.

Frequently, in practice, the nonlinear function ϕðt; yÞ is unk-
nown due to the unknown parameter values or due to the complex
nonlinearities, or simply due to the presence of unknown exogen-
ous time signals affecting ϕðt; yÞ. Define ξ̂ðtÞ as the estimate of the
unknown time function ξðtÞ such that the difference ξ̂ðtÞ�ξðtÞ is
guaranteed to be uniformly absolutely bounded, in norm, by a
small positive constant ϵ, i.e.

sup
t

JξðtÞ� ξ̂ðtÞJrϵ ð20Þ

then it can be observed that the error vector, eðtÞ ¼ yðtÞ�zðtÞ, is
ultimately uniformly absolutely bounded in norm by a small
positive constant δðϵÞ that depends on the eigenvalue λ of A with
the largest (negative) real part, i.e. that which is closest to the
imaginary axis in the complex plane. The Hurwitzian character of
A implies that for every constant, ðnþmÞ � ðnþmÞ, symmetric,
positive definite, matrix Q ¼ QT 40, there exists a symmetric,
positive definite ðnþmÞ � ðnþmÞ matrix P ¼ PT 40 such that
ATPþPA¼ �Q . The Lyapunov function candidate, V ðeÞ ¼ 1

2e
TPe,

exhibits a time derivative, along, the solutions of the perturbed
error system, _e ¼ AeþðξðtÞ� ξ̂ðtÞÞ, given by

_V ¼ 1
2 e

T ðATPþPAÞeþeTPðξðtÞ� ξ̂ðtÞÞ
¼ �1

2 e
TQeþ JP J JeJϵ

r�1
2 ‖e‖

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λminðQQT Þ

q
þ JP J JeJϵ

r�ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λminðAAT Þ

q
ÞJP J‖e‖2þ JP J JeJϵ: ð21Þ

_V ðeÞ is negative outside the ball B defined by

B¼ eARn JeJrδðϵÞ ¼ ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λminðAAT Þ

q
�������

9>=
>;

8><
>: ð22Þ

and, consequently, all the solution trajectories e(t) approach the
ball B from the outside. Otherwise, they evolve uniformly bounded
inside B. Obviously, the more negative the eigenvalues of A, the
smaller radius of the ball B. The implications of the previous result
on the observation, or control, of the nonlinear scalar system are

yðnÞ ¼ψ ðt; yÞuþϕðt; y; _y;…; yðn�1ÞÞ ð23Þ
where the drift function ϕðt; y; _y;…; yðn�1ÞÞ is completely unknown
while the control input gain ψ ðt; yÞ is assumed to be known.
Indeed, an active disturbance rejection control designed on the
basis of the equivalent system yðnÞ ¼ vþξðtÞ which is of the form

ψ ðt; yÞu¼ v¼ ½ynðtÞ�ðnÞ � ξ̂ðtÞ�
Xn�1

i ¼ 0

kn� ieðiÞy ð24Þ

for suitably selected constant parameters k yields a tracking error
system governed by the perturbed vector equation

_χ ¼ FχþgðξðtÞ� ξ̂ðtÞÞ ð25Þ
with χ ¼ ½ey; _ey;…; eðn�1Þ

y � and F in companion form, with, g,
defined as a column vector of zeros with a 1 in the last entry.

3.2. GPI observers

The unknown perturbation vector of time signals, ξðtÞ ¼ϕðt; y;
_y;…; yðn�1ÞÞ, needs to be online estimated and then canceled at the
controller stage. This function is observable in the sense of Diop
and Fliess (see Isidori and Fliess, 1991 for details). This means, in
particular, that if ξðtÞ is bestowed with an exact linear model, an
exact asymptotic estimation of ξðtÞ can be asymptotically esti-
mated with the help of a linear observer subject to nonlinear input
injection through the known gain. The linear observer design
strategy consist of estimating the perturbation input ξðtÞ using an,
instantaneous, internal time polynomial model, realized in the
form of a chain of integrators of length p�1 at the observer stage
for a fixed, sufficiently large integer p. When forcing the dom-
inantly linear, perturbed output estimation error dynamics to
exhibit an asymptotically convergent behavior, the internal model
for ξðtÞ is automatically and continuously self-updated. As a
consequence of this, we may safely assume that ξðtÞ and a finite
number of its time derivatives, ξðkÞðtÞ, for k¼ 1;2;…; p are uni-
formly absolutely bounded for some sufficiently large integer p. In
order to state this precisely, let us use yj to denote an estimate of
yðj�1Þ for j¼ 1;…;n. The following general result is obtained:

Theorem 1. The GPI observer-based dynamical feedback controller:

u¼ 1
ψ ðt; yÞ ½ynðtÞ�ðnÞ �

Xn�1

j ¼ 0

ðkj½yj�ðynðtÞÞðjÞ�Þ� ξ̂ðtÞ
2
4

3
5

ξ̂ðtÞ ¼ z1 ð26Þ

_y1 ¼ y2þλpþn�1ðy�y1Þ
_y2 ¼ y3þλpþn�2ðy�y1Þ
⋮
_yn ¼ νþz1þλpðy�y1Þ
_z1 ¼ z2þλp�1ðy�y1Þ
⋮
_zp�1 ¼ zpþλ1ðy�y1Þ
_zp ¼ λ0ðy�y1Þ ð27Þ
asymptotically exponentially drives the tracking error phase variables
eðkÞy ¼ yðkÞ �½yn�ðkÞ, k¼ 0;1;…;n�1 to an arbitrary small neighbor-
hood of the origin, of the tracking error phase space, which can be
made as small as desired from the appropriate choice of the controller
gain parameters fk0;…; kn�1g. Furthermore, the estimation errors,
defined as ~eðiÞ ¼ yðiÞ �yi, i¼ 0;…;n�1, and the perturbation



estimation error, defined as zm�ξðm�1ÞðtÞ, m¼ 1;…; p, asymptoti-
cally exponentially converge towards a small as desired neighborhood
of the origin of the reconstruction error space, which can be made as
small as desired with the appropriate choice of the controller gain
parameters fλ0;…; λpþn�1g (see the proof in Sira-Ramírez et al.,
2009; Morales et al., 2014c).

Remark 3. The integer m, depicting the order of approximation of
the lumped disturbance signal ξðtÞ, is typically chosen as m¼3 or,
at most, m¼51(see Sira-Ramírez et al., 2010 for experimental
details).

Remark 4. Finally, in order to avoid, possible, large initial peaking
of the observer variables responses, we use a clutch function to
smooth these transient peaking responses in all the observer
variables that need to be used in the controller. The “clutch” is
defined as a time function smoothly increasing from 0 to 1, during
a small time interval ½0; εÞ. We set, for instance, the smoothing
function, sf ðtÞA ½0;1� and define it in the following (non-unique)
way:

sf ðtÞ ¼
1 for t4ε

sin q πt
2ε

� �
for trε

8<
: ð28Þ

where q is a suitably large positive even integer. Then, the
“smoothing” of the observer variables may be carried out accord-
ing with

FjsðtÞ ¼ FjðtÞsf ðtÞ ð29Þ

3.3. GPI observer based linear controller with disturbance
estimation-rejection of the hovercraft vessel system

The fundamental idea in regulating the hovercraft vessel
model, or accomplishing a given suitable flat output vector
reference trajectory tracking, is to use the simplified, phenomen-
ological model (13). To accomplish this, we primarily estimate,
even if in an approximately as desired fashion, the unknown
disturbance vector φðtÞ and, after that, to include a cancelation
term of such disturbance effects in the designed input control
vector, τðtÞ ¼ ½τr ; τu�, and then asymptotically impose a linear
stable closed loop dynamics by appropriately feeding back the
estimated time derivatives of the measured flat output vector
½xðtÞ; yðtÞ�T .

A GPI observer is considered including a reasonable, self-
updating, instantaneous time-polynomial model2 for each unkn-
own component, state dependent, disturbance input vector φðtÞ.
For this internal model, we use for each component of φðtÞ an
unspecified element of a third degree family of time-polynomials,
denoted by φð4Þ

1 ðtÞ ¼ ½φð4Þ
1x ;φ

ð4Þ
1y �T ¼ 0. Then, the GPI observer based

flat output feedback controller is conceived as follows:

τr
€τu

" #
¼

� sinψ
βuþτu

cosψ
βuþτu

βv sinψ
βuþτu

þ cosψ �βv cosψ
βuþτu

þ sinψ

2
6664

3
7775

νx
νy

" #
ð30Þ

with

νx ¼ �φ̂1xsþ½xnðtÞ�ð4Þ �
X3
i ¼ 0

kxi ðx̂ðiÞs �½xnðtÞ�ðiÞÞ

νy ¼ �φ̂1ysþ½ynðtÞ�ð4Þ �
X3
i ¼ 0

kyi ðŷ
ðiÞ
s �½ynðtÞ�ðiÞÞ ð31Þ

where the quantities φ̂1s ¼ ½φ̂1xs; φ̂1ys�T , x̂ðiÞs , and ŷðiÞ
s are smoothing

clutch functions to smoothing transient peaking responses in the
observer variables used in the control algorithm. Furthermore, the
variables x̂ðjÞ ¼ xj and ŷðjÞ ¼ yj, j¼ 0;1;2;3, are generated by

_x0 ¼ x1þλx6ðx�x0Þ
_x1 ¼ x2þλx5ðx�x0Þ
_x2 ¼ x3þλx4ðx�x0Þ
_x3 ¼ τr ½�ðβuþτuÞ sinψþβv cosψ �þ €τu cosψþφ1xþλx3ðx�x0Þ
_φ1x ¼φ2xþλx2ðx�x0Þ
_φ2x ¼φ3xþλx1ðx�x0Þ
_φ3x ¼ λx0ðx�x0Þ ð32Þ

_y0 ¼ y1þλy6ðy�y0Þ
_y1 ¼ y2þλy5ðy�y0Þ
_y2 ¼ y3þλy4ðy�y0Þ
_y3 ¼ τr½ðβuþτuÞ cosψþβv sinψ �þ €τu sinψþφ1yþλy3ðy�y0Þ
_φ1y ¼φ2yþλy2ðy�y0Þ
_φ2y ¼φ3yþλy1ðy�y0Þ
_φ3y ¼ λy0ðy�y0Þ ð33Þ

The estimation error vector, ~e ¼ ½ ~ex; ~ey�T , with ~ex ¼ x�x0 and
~ey ¼ y�y0, evolves according with the following linear perturbed
dynamics:

~eð7Þx þλx6 ~e
ð6Þ
x þ⋯þλx1 _~exþλx0 ~ex ¼φð4Þ

x ðtÞ
~eð7Þy þλy6 ~e

ð6Þ
y þ⋯þλy1 _~eyþλy0 ~ey ¼φð4Þ

y ðtÞ ð34Þ

Clearly, if φð4Þ
x ðtÞ and φð4Þ

y ðtÞ are uniformly absolutely bounded,
and if the choice of the coefficients fλx6;…; λx0g and fλy6;…; λy0g is
made in such a way that the roots of the dominant characteristic
polynomials

p̂xðsÞ ¼ s7þλx6s
6þ⋯þλx1sþλx0

p̂yðsÞ ¼ s7þλy6s
6þ⋯þλy1sþλy0 ð35Þ

have all their roots sufficiently far from the imaginary axis, in the
left half of the complex plane. The observer parameters were
chosen so as to obtain the following desired closed-loop char-
acteristic polynomial:

pobsðsÞ ¼ ðs2þ2ζoωnosþω2
noÞ3ðsþpoÞ ð36Þ

where ωno, ζo and po are positive quantities. Therefore, the
coefficients fλx6;…; λx0g and fλy6;…; λy0g are given by

λx6 ¼ λy6 ¼ poþ6ζoωno

λx5 ¼ λy5 ¼ 12ζ2oω
2
noþ6ζoωnopoþ3ω2

no

λx4 ¼ λy4 ¼ 12ζoω
3
noþ12ζ2oω

2
nopoþ8ζ3oω

3
noþ3ω2

nopo

λx3 ¼ λy3 ¼ 8ζ3oω
3
nopoþ12ζ2oω

4
noþ12ζoω

3
nopoþ3ω4

no

λx2 ¼ λy2 ¼ 6ζoω
5
noþ12ζ2oω

4
nopoþ3ω4

nopo
λx1 ¼ λy1 ¼ 6ζoω

5
nopoþω6

no

λx0 ¼ λy0 ¼ω6
nopo ð37Þ

Then, the trajectories of the estimation errors, ~ex and ~ey, and of
their time derivatives, converge to a small neighborhood of the
origin of the phase space of the observer estimation error. The
further away the roots are located into the left half of the complex
plane, the smaller the radius of the disk representing the neigh-
borhood around the origin of the estimation error phase space.

On the other hand, the closed loop tracking error vector
e¼ ½ex; ey�T , with ex ¼ x�xnðtÞ, and ey ¼ y�yn, satisfies the

1 As a justification for such a low degree, recall John von Neumann's statement:
“With four parameters I can fit an elephant, and with five I can make him wiggle
his trunk!”

2 Also known as Taylor Polynomial Model.



following predominantly linear dynamics:

eð4Þx þkx3e
ð3Þ
x þkx2 €exþkx1 _exþkx0ex ¼φxðtÞ�φ̂xðtÞþϱxðtÞ

eð4Þy þky3e
ð3Þ
y þky2 €eyþky1 _eyþky0ey ¼φyðtÞ�φ̂yðtÞþϱyðtÞ ð38Þ

where ϱðtÞ ¼ ½ϱxðtÞ;ϱyðtÞ�T in expression (38), depicts the effect of
the small flat output phase variables estimation errors, generated
by the observer, and the effects of the disturbance signal, on-line,
estimation errors and the differences φxðtÞ�φ̂x and φyðtÞ�φ̂y,
produce reference trajectory tracking errors ex ¼ x�xnðtÞ and
ey ¼ y�ynðtÞ, that also asymptotically exponentially converges
towards a small vicinity of the origin of the tracking error space.
The design coefficients kxi and kyi are chosen so as to render the
closed loop characteristic polynomials:

pxðsÞ ¼ s4þkx3s
3þkx2s

2þkx1sþkx0
pyðsÞ ¼ s4þky3s

2þky2s
2þky1sþky0 ð39Þ

into the Hurwitz polynomials with desirable roots. The gains
fkx3;…; kx0g and fky3;…; ky0g of the closed loop characteristic poly-
nomial were determined by a term by term comparison with the
following desired Hurwitz polynomial:

pdcðsÞ ¼ ðs2þ2ζcωncsþω2
ncÞ3 ð40Þ

where ωnc and ζc are positive quantities. The gains fkx3;…; kx0g and
fky3;…; ky0g of the GPI controllers were then set to be

kx3 ¼ ky3 ¼ 4ζcωnc

kx2 ¼ ky2 ¼ 4ζ2cω
2
ncþ2ω2

nc

kx1 ¼ ky1 ¼ 4ζcω
3
nc

kx0 ¼ ky0 ¼ω4
nc ð41Þ

It is intuitively clear that the closed loop dynamics in expression
(39) is less severely affected by the uncertainties than the
corresponding dynamics of the observer estimation errors. This
fact results in smaller magnitudes of the feedback gains kxi and kyi ,
than those used for the design of the GPI observers. Finally, we
have the following result:

Proposition 1. Given a smooth vector of desired reference trajec-
tories for the components of the flat output vector, ½xnðtÞ; ynðtÞ�T , and
provided the observers and the controllers constant gains appearing
in (35) and (39), are chosen so that the roots of the corresponding
closed loop characteristic polynomials are chosen deep into the left
half of the complex plane (according to expressions (37) and (41)),
then the GPI observer based linear feedback controllers given by
Eqs. (32)–(33), produce a set of perturbed closed loop flat outputs
tracking error dynamics whose trajectories converge, in an asympto-
tically exponentially dominated manner, to a small as desired
neighborhood of the origins of the flat outputs tracking error phase
spaces. Moreover, the flat output phase variables estimation errors
satisfy linear perturbed dynamics whose trajectories also dominantly
converge in an asymptotically exponentially dominated manner to
small as desired neighborhoods of the origins of the reconstruction
errors phase spaces. As a result, the disturbance vector components of
φðtÞ ¼ ½φxðtÞ;φyðtÞ�T are closely estimated with an error bounded by a
small as desired neighborhood of zero. As the location of the roots of
the dominating characteristic polynomials are further pushed into the
left half of the complex plane, the tighter around the origin are all
these tracking, or estimation, bounding neighborhoods.

4. Simulation results

Numerical simulations were carried out in order to verify that
the above designed controller performs very well in terms of quick
convergence of the tracking errors to a small neighborhood of
zero, smooth transient responses, low control effort, and robust-
ness in the following cases: (i) large initial errors, (ii) un-modeled
unmatched perturbations, and (iii) model parametric uncertain-
ties. In all of the following simulations, the trajectory proposed is a
“four-folium” trajectory, defined in the earth fixed coordinate
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Fig. 2. Four-folium trajectory tracking. Hovercraft reference and simulation paths.
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Fig. 3. Four-folium trajectory tracking. Feedback controlled angular orientation, velocity variables and applied inputs.



frame, and centered around the origin. Under these assumptions,
the nominal trajectories of the flat outputs are specified as

xnðtÞ ¼ ρð sin ðA1tÞþ sin ðA2tÞÞ
ynðtÞ ¼ ρð cos ðA1tÞ� cos ðA2tÞÞ ð42Þ
In the simulations, the only system parameter β was set to be
β¼1.2 and the parameters which define the “four-folium” path
were selected as ρ¼ 10 m, A1 ¼ 0:05 rad=s and A2 ¼ 0:15 rad=s.
The hovercraft starts in position and orientation in the earth fixed
coordinates of xð0Þ ¼ �5 m, yð0Þ ¼ 0 m, ψ ð0Þ ¼ 0 rad, with veloci-
ties ½uð0Þ; vð0Þ; rð0Þ� ¼ ½0:5;0;0�. The gains of the GPI observers were
designed with the help of the following dominating Hurwitz
characteristic polynomial ðs2þ2ζoωnosþω2

noÞ3ðsþpoÞ with ζo ¼ 1,
ωno ¼ 10 and po ¼ 10, while the gains of the feedback controllers
were set according to the polynomial ðs2þ2ζcωncsþω2

ncÞ2 with
ζc ¼ 1, ωnc ¼ 0:7. The time ε where the clutching functions are
applied was set to ε¼ 2 s. The time sampling used in the simula-
tions is set as 1� 10�3 s.

4.1. Tracking a four-folium trajectory

In this section, the computer simulation is carried out under
ideal conditions, which implies that there is no un-modeled
external perturbation force and the only system parameter is
perfectly known. Fig. 2 depicts the controlled evolution of the

hovercraft position coordinates when the vessel motions are
started significantly far away from the desired trajectory. Fig. 3
illustrates the closed loop trajectories for the state and control
input variables of the hovercraft system.

4.2. Robustness with respect to un-modeled unmatched
perturbations

We present some results concerning the robustness properties
of the proposed controller. Specifically, we introduced in the non-
actuated dynamics (i.e. in the sway acceleration equation) an un-
modeled external perturbation force, simulating a “wave field”
effect of the form

_v ¼ �ur�βvþλðxðtÞÞ

λðxðtÞÞ ¼ L½ sin ðfxðtÞÞþ1
5 cosπfxðtÞ� ð43Þ

with L¼0.1 and f¼1. Figs. 4 and 5 show the path tracking and the
closed loop trajectories for the state and control variables under
the un-modeled sustained perturbations. In spite of the
unmatched nature of the perturbation signal, the proposed GPI
observer based linear controller, with the same controller para-
meters used in the previous section, efficiently corrects the
undesirable effects of the perturbation input forces.
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Fig. 4. Four-folium trajectory tracking under unmodeled unmatched perturbations.
Hovercraft reference and simulation paths.
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4.3. Robustness with respect to controller gain mismatches

We simulated the behavior of the closed loop system when the
parameter β is not precisely known and the controller is implemen-
ted with an estimated value βc. Specifically, we conducted simula-
tions in which an error of the order of 20% of the parameter β is
assumed (i.e. βc ¼ 1:2β). Figs. 6 and 7 illustrate the results of the
simulation performed. As one may observe, although there are
modeling errors, the feedback controller corrects the motion of the
hovercraft, guides the errors of the states to a small neighborhood of
zero and compensates for the errors in the model parameters as well.

Additionally, in order to investigate the robustness of the
proposed control system, we carried out a study on the effects of
the range of variation of the estimated value βc in the controller,
set as βc ¼ κβ with κ defined as a real positive constant. We
developed a series of simulations where the value of βc, was made
to vary from βc ¼ 0:36 (i.e. 30% of the actual β value (κ ¼ 0:3)) to
βc ¼ 4:8 (i.e. 400% of the actual β value (κ¼4)). A normalized
criteria was included to evaluate the performance of the proposed
controller which is defined as

JðκÞ ¼ 1
μ

Z 1

0
ðe2x ðκÞþe2yðκÞÞ dt ð44Þ

where exðκÞ and eyðκÞ denote the trajectory tracking errors of the
earth coordinate position variables for a particular value of κ and μ
is defined by the following expression:

μ¼ lim
t-1

Z t

0
ðe2x þe2y Þ dt with κ ¼ 1 ð45Þ

The performance of the proposed controller for different values of κ is
depicted in Fig. 8. For κ¼0.3 the controller produces an unstable
response of the system. For 0:4rκr3 the value of (44) became
constant when the time grows up. This implies that the controller is
working successfully, the tracking errors of the states evolute to small
neighborhoods of zero and, consequently, the hovercraft vessel system
tracks the path accurately. Finally, when κ43 the behavior of the
controller starts deteriorating, giving a value of (44) that is not
constant when the time grows up. In conclusion, these results
demonstrate that the proposed output feedback control method is
robust with respect to a wide range of uncertainty on the only model
parameter, βc, to be specified in the controller.

5. Conclusions

In this paper, we have illustrated, within the context of the
trajectory tracking problem in the highly nonlinear, multi-variable,
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hovercraft vessel system, the use of approximate, yet accurate,
state-dependent disturbance estimation, and simultaneous state
estimation, via linear Generalized Proportional (GPI) observers
aided by a linear output controller. The direct cancelation of the
unknown perturbation inputs, via the linearizing feedback law,
considerably simplifies the ultimate feedback controller design to
a linear feedback scheme for each flat output evolution. Finally,
simulations were provided where the robustness of the proposed
control method is assessed with respect to large initial errors, un-
modeled unmatched perturbations and parametric uncertainties
in the model.

In future work, different experimental branches are the focus or
our attention. They are detailed as follows: (a) development a real
hovercraft laboratory prototype and (b) synthesization of the
proposed robust controller in a real platform. In this case, several
algorithms based on the GPI philosophy have been carried out in
electronic applications such as the control of Buck converters
(Zurita-Bustamante et al., 2011) or the control of single-phase
multilevel cascade inverters (Juárez-Abad et al., 2014). Taking into
consideration the slow dynamics of the hovercraft vessel model in
comparison with the electronic applications described above, the
synthesization of the robust controller designed on a field pro-
grammable gate array (FPGA) (Juárez-Abad et al., 2014; Morales
et al., 2014a, 2013; Zurita-Bustamante et al., 2011) or low-cost
architectures based on reconfigurable logic (Morales et al., 2014b)
does not present any problem regarding computation time
requirements.
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