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RESUMEN 

La cámara de fisión es un detector diseñado para la medida de flujos neutrónicos 

existentes en las instalaciones nucleares, así como la detección en las condiciones 

de irradiación de las mismas. Adicionalmente, permite la estimación del espectro 

neutrónico dentro del emplazamiento. El análisis de las señales eléctricas 

producidas por la cámara de fisión posibilita el cálculo de la potencia nuclear 

existente, la distribución de energía en la instalación, el nivel de daños en los 

materiales estructurales o la eficiencia de las protecciones radiológicas, en su caso. 

En el caso concreto de una instalación de fisión nuclear, además, provee 

parámetros críticos como son: El nivel de quemado del combustible, el grado de 

envenenamiento del combustible debido a los productos de fisión, así como la 

evolución en la transmutación de radioisótopos. 

El detector consiste en dos electrodos dispuestos concéntricamente, uno de los 

cuales se encuentra recubierto de un material fisionable. El espacio existente entre 

ambos se rellena con un gas inerte. Cuando un neutrón interacciona con el 

mencionado material fisionable produce una fisión, generando un par de productos 

de fisión; los cuales, debido a la alta energía con la que emergen, son emitidos en 

direcciones casi opuestas. 

Uno de los productos de fisión es atrapado en el ánodo, mientras que el segundo 

es proyectado hacia el espacio inter-electrodos ionizando el gas.  

Los productos de fisión son isótopos con carga eléctrica por lo que el fragmento 

que es proyectado hacia el gas que rellena el espacio inter-electrodos produce la 

ionización del mismo a medida que este se desplaza a través de él, produciendo la 

liberación de pares electrón-ion. 

Estos pares, bajo la acción de un campo eléctrico producido por la aplicación de 

un voltaje de polarización a los electrodos de la cámara, comienzan a desplazarse 

en direcciones opuestas, los electrones hacia el ánodo y lo iones hacia el cátodo. 

Este desplazamiento de cargas en el seno de un campo eléctrico produce un pulso 

de corriente y una caída de potencial, que pueden ser medidos por la electrónica 

conectada al detector. 

El propósito de este trabajo ha sido el desarrollo de un software llamado MCFCD, 

cuyas siglas corresponden al acrónimo inglés de Monte Carlo Fission Chambers 

Designer, que permita la simulación de cámaras de fisión tanto en condiciones fijas 

como variables. Durante la fase de definición y alcance de este trabajo se estableció 

como primer requisito el que este software había de ser capaz de simular el ciclo 

completo de operación de una cámara de fisión. MCFCD es capaz de simular desde 

el transporte de radiación hasta la señal eléctrica producida por la cámara, 

pasando por la producción de portadores eléctricos en seno del gas de relleno o el 

inventario de productos de fisión. 

MCFCD trabaja en tres dimensiones (3D) y ha sido desarrollado con la intención 

de asistir a los ingenieros y científicos en el ciclo completo de diseño de cámaras 

de fisión. MCFCD integra las condiciones de simulación necesarias para llevar a 
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cabo el estudio preliminar de diseño de estos detectores; los cuales se encuentran 

en la actualidad dispersos entre diversas aplicaciones de propósito general. 

El desarrollo de MCFCD ha precisado de un largo proceso de diseño de un modelo 

físico capaz de ser implementado en una metodología basada en eventos 

estocásticos, como es el caso del método de Monte Carlo. MCFCD ha sido concebido 

como un software modular. Esto quiere decir que MCFCD dispone de varios 

módulos de simulación de los diferentes procesos físicos que tienen lugar, así como 

una base de datos que incorpora las bibliotecas de secciones eficaces y datos 

nucleares necesarios para acometer el proceso de simulación.  

El hecho de disponer de una base de datos externa e independiente confiere a 

MCFCD una gran versatilidad, ya que permite la incorporación de nuevos datos, 

así como la actualización de los existentes. La base de datos independiente permite, 

además, la ejecución de MCFCD en entornos de computación distribuidos, como 

clusters de computadores o virtual computers. 

En la presente tesis no solamente se han realizado ciclos de simulaciones con la 

intención de validar MCFCD. También se han realizado simulaciones incluyendo 

absorbentes neutrónicos y con diferentes depósitos de material fisionable, con el 

fin de mostrar la versatilidad y capacidades del código desarrollado. Estas 

simulaciones, así como los resultados obtenidos prueban la versatilidad de MCFCD 

en el análisis de diferentes materiales, configuraciones y sensibilidad de las 

cámaras de fisión. 

La presente tesis doctoral se encuentra estructurada de la siguiente manera: El 

capítulo 1 contiene un resumen sobre el software MCFCD y sus objetivos. En el 

capítulo 2 se describe la teoría básica sobre la interacción de la radiación con la 

materia. Los  fundamentos de los detectores de radiación basados en el empleo de 

ionización de gas como medio de generación de las señales, se encuentran en el 

capítulo 3. El capítulo 4 está dedicado a describir los principios de funcionamiento 

de las cámaras de fisión, así como los últimos avances en este tipo de detectores 

de radiación. El capítulo 5 presenta el método de Monte Carlo empleado para el 

desarrollo de este trabajo, así como el modelo estocástico desarrollado para la 

simulación de cámaras de fisión. La estructura y capacidades de MCFCD se 

exponen en el capítulo 6. La exposición de los resultados obtenidos durante el 

presente trabajo, para la cualificación de MCFCD como simulador de cámaras de 

fisión, se encuentran en el capítulo 7. Finalmente, las conclusiones obtenidas a la 

vista de los resultados del trabajo realizado y las nuevas funcionalidades que se 

pretende introducir son expuestas en el capítulo 8. 
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ABSTRACT 

A fission chamber is a radiation detector devoted to estimate the neutron fluence 

rate inside a nuclear facility as well as instantaneous changes in the irradiation 

conditions. In addition, it is used to give an estimation of the neutron spectrum 

inside the installation. The analysis of the electrical signals delivered by the fission 

chamber helps to calculate the nuclear power released, the energy distribution in 

the arrangement, the level of damage in structural materials or the effectiveness of 

radiation protections. In case of fission mechanisms, they can also provide data 

about critical parameters such as: fuel burn-up, degree of poisoning in fuel and 

evolution in transmutation of radionuclides. 

The sensor consists of a pair of electrodes, one of which, is coated with a fissile 

material, and the space between the electrodes being filled with an inert gas. When 

a neutron interacts with the fissile material and produces fission, a couple of fission 

products appear, which due to their high emerging energy are released in almost 

opposite directions (see Figure 1). 

One of the fragments is trapped in the anode while the second one is projected to 

the inter-electrode gap, ionizing the filling gas (see Figure 2). Fission products are 

electrically charged particles, so they produce the ionization of the gas they are 

crossing, resulting in production of multiple pair electron-ion.  

 

Figure 1. Depiction of a neutron induced fission reaction. U235 is taken as example. 
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Figure 2. Schematic representation of the release of the two fission products in almost 
opposite directions. One of them is projected through the filling gas producing a cascade 
of pair electrons (-) and ions (+) along its flight path, while the second one is caught in the 
anode. Fission products, number of prompt neutrons and dimensions are arbitrarily 
established. 

 

A polarizing voltage is applied to the electrodes producing an electric field, 

preventing electrons and ions from recombining and forcing them to drift towards 

the anode and cathode, respectively. The movement of those charges within the 

electric field produces a pulse of current and potential. These signals can be 

measured and processed giving direct information about the irradiation field. 

The purpose of this work has been the development of a software suite, named 

Monte Carlo Fission Chamber Designer (MCFCD), for the design and simulation of 

fission chambers under steady-state and variable conditions. The base requirement 

has been the capability of performing the end-to-end design cycle of one of those 

detectors. MCFCD is capable of satisfactorily execute the most remarkable physical 

processes taking place in a fission chamber; from radiation transport simulation 

to the electrical signal delivered and chamber sensitivity. 

MCFCD works in three dimensions (3D) and it has been developed with the aim of 

assisting engineers and scientists in the complete design cycle of fission chambers. 

MCFCD integrates the computation capabilities needed to accomplish the 

preliminary design cycle of a fission chamber. Capabilities that are nowadays 

dispersed in different general purpose applications. In order to implement MCFCD, 

it has been necessary a long process for the development of a physical model 

capable of being implemented in a stochastic event-driven method such as Monte 

Carlo. MCFCD has been conceived as a modular package. It means, MCFCD 

includes simulation modules for the different physical processes, as well as a 

nuclear database. This database contains nuclear data files and the necessary 

information to allow MCFCD to perform an end-to-end simulation process. The 

implementation of a decoupled database allows MCFCD and the user to add and/or 
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update the information without having to recompile the software. The external 

database also permits the addition of new information without having to care about 

the internal information organization. Another notable benefit of this external 

database is that it permits the execution of multiple MCFCD instances in either the 

same computer or in a computer grip as a parallel processing implementation. 

In this work not only simulations with the aim of the validation of MCFCD have 

been performed; calculations with different neutron shields and with different 

fissile deposits have been developed to show the code capabilities. These 

simulations and exhibited results pursue probing the MCFCD versatility for the 

analysis of different materials, configurations and sensitivity of the fission camber. 

This thesis is organized as follows: an introductory summary about the software 

developed and the gap it tries to cover is explained in the Chapter 1. Basic theory 

about the interaction of the different types of radiation with matter is reviewed in 

Chapter 2. A presentation of the fundamentals of gas filled detectors is introduced 

in Chapter 3. Special attention is devoted to the fission chambers in Chapter 4, the 

kind of gas filled detector we model in this research. Chapter 5 presents the Monte 

Carlo method and its application to the stochastic model already developed for the 

development of fission chambers. Particular attention is paid to the transport or 

radiation, and more explicitly, to the transport of neutrons. It also underlines the 

importance of the probability in the implementation of the Monte Carlo method, 

especially thoroughly revises the concepts of random variables sampling 

(probability distribution or probability density function and cumulative distribution 

functions) and variance reduction techniques. This chapter also presents different 

methodologies of variance reduction techniques implemented in this research. The 

MCFCD software suite is described in Chapter 6. Results of the process of 

qualification of MCFCD are displayed in Chapter 7. Conclusions of this work, future 

works and open issues are introduced in Chapter 8. 
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1 INTRODUCTION 

The advent of the new generations of nuclear facilities and research centers have 

shown the absence of suitable on-line radiation detectors for the measurement of 

high neutron flux densities. Examples of those nuclear installations, already in 

place or under construction are: the International Thermonuclear Experimental 

Reactor ITER [1] (Figure 3), the nuclear waste incineration by accelerator project 

(the INCA Project [2]), the new neutron spallation target, the Megawatt Pilot 

Experiment (MEGAPIE [3], Figure 4), the new experimental accelerator-based 

neutron sources, such as the International Fusion Materials Irradiation Facility 

(IFMIF [4], Figure 5), the new research reactors as the Tehran Research Reactor 

(TRR) [5], or the fusion plasma research and development JT-60 Tokamak Facility 

(see Figure 6) in the National Institutes for Quantum and Radiological Science and 

Technology [6]. 

Those nuclear facilities have in common high neutron flux densities (up to 1E13 

n·cm-2·s-1), with a neutron fluence reaching 10E21 to 10E22 n·cm-2. They impose 

very demanding requirements, such as a maximum error in neutron fluence rate 

measurement of 10%, a time resolution of 1 msec and stable sensitivity along their 

whole operational life ( 11 months of irradiation) [7]. They must be very sensitive 

to highly energetic neutrons (1 to 55 MeV of energy range in case of IFMIF) [7, 8]. 

Fission chambers have been postulated in those scenarios as the most suitable 

devices to give an answer to these requirements. 

 

Other neutron detectors usually used for the neutron measurement are named 

activation foils. Those detectors permit the experimental quantification of the 

neutron spectrum; however these foils are passive detectors in the form of standard 

dose packets which quantify the neutron fluence and energy spectrum after a 

period of irradiation. Their main disadvantage of those activation foils is their off-

line operational mode. On the other hand, fission chambers provide on-line 

monitoring. 

Below, we analyze two other typical neutron detectors that permit on-line 

monitoring of neutron fluence rate and which are commonly called Gas-filled 

thermal-neutron detectors.  Those detectors use boron trifluoride (BF3) or He3 as 

filling gases. In the case of BF3, the gas is enriched in B10 [9]. The nuclear 

reactions that take place in these gases are the following: 

𝐻𝑒 + 𝑛 → 𝐻𝑒 + 𝐻1
1 + 765 𝑘𝑒𝑉1

3
1
3  (1) 

 

𝐵 + 𝑛 → 𝐿𝑖3
7 ∗

5
10 + 𝐻𝑒1

4 + 2310 𝑘𝑒𝑉; 𝐿𝑖3
7 ∗ → 𝐿𝑖 + 480 𝑘𝑒𝑉3

7  (2) 
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Those reactions are exothermic and release energetic charged particles into the gas. 

Those detectors are neutron counters and operate in the proportional mode; the 

ionization produced by those particles initiate the electron multiplication process 

that leads to the signal finally detected. 

The cross section for the H3 reaction in equation (1)  is about 5330 b for thermal 

neutrons, and the cross section for the B10 reaction in equation (2) is 3840 b. Both 

reaction cross sections are strongly correlated with the incident neutron energy E, 

approximately as a function of 1/E1/2. This dependence represents a serious 

obstacle for their use in some of the new generation nuclear installations, mainly 

for two reasons: 

a) Due to their geometrical dimensions [8] BF3 and He3 detectors are circa two 

orders of magnitude bigger (10 cm) than of the diameter of typical fission 

chambers.  

b) Those detectors almost exclusively respond to low energy neutrons. The 

probability that a fast neutron would be absorbed by B10 or He3 is very 

small. As an example, a tubular detector having 2.54 cm of diameter and 

filled with He3 with a pressure of 4 atm has a 77% of efficiency for thermal 

neutrons. At 100 eV the efficiency is roughly 2%; at 10keV it decreases to 

0.2% and at 1 MeV it plummets down to about 0.002%. To be able to detect 

fast neutrons, those detectors precise to be embedded in a suitable 

moderator (e.g. approximately 10 cm of polyethylene). These dimensions 

represent the same difficulty exhibit in point a) [9].  

The signal provided by a fission chamber is used as a basis for monitoring and 

calculating some of the most critical parameters, such as power, in-core energy 

distribution, fuel burn up and damage of structural materials, among others. 

So far, several works have been carried out in order to qualify fission chambers for 

the duties mentioned before. All of them have taken advantage of the existing tools 

to accomplish this task, e.g. MCNP [10], SRIM [11], GEANT4 [12], using them at 

different stages of the design process. Nevertheless, the process of coupling 

different applications introduces new uncertainties, potential human errors and 

slows down the design process. Nuclear fusion facilities, new generation nuclear 

fission reactors and high neutron fluence rate installations, are in general not yet 

in place. Therefore the signals of the detectors to be installed on them must be 

extrapolated to the expected operational conditions. 

MCFCD has been conceived as a modular suite; it has been coupled with external 

data sources, such as SRIM or JANIS [13]. As MCFCD simulates via Monte Carlo 

many intermediate data are gathered related to the physical processes taking place 

inside the chamber, e.g. fission products inventory, distance travelled by fission 

products and absorptions occurring in the different materials. These data could be 

of real interest for additional analysis in order to estimate structural damages, 
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fissile deposit burn-up or the appearance and accumulation of undesirable 

products of fission or transmutation. MCFCD produces files containing 3D 

coordinates regarding neutrons and fission fragments displacements inside the 

volume of the fission chamber. Those files can be easily coupled with third parties 

plotting software, e.g. GNUplot [14], for ulterior study. 

 
 

Figure 3. Bird’s eye view of Tokamak ITER CEA [15]. 
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Figure 4. View of the MEGAPIE Target [16]. 

 

 

 
 

Figure 5. Linear IFMIF Prototype Accelerator [17]. 
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Figure 6. Bird’s eye view of the JT project. Now JT-60SA tokamak, previously JT-60U [18]. 

 

BACKGROUND 

Nowadays, computer simulation is applied in almost all fields of science and 

technology. Some of the areas currently object of computer simulation are: 

 Manufacturing 

 Transport and Logistics 

 Military Applications 

 Network 

 Construction Operations 

 Social Science Applications 

 Environment Applications and 

 Health Care Applications 

However the list of areas of application of simulations is increasing every day as 

new generation of computers arrive. Computer simulation assists in the design and 

modeling of complex systems and help designers and engineers in a quick 

evaluation of “what-if” case analysis. Computer modeling is particularly useful 

when the application of changes to an already existing system are difficult and/or 

costly, when the development of a prototype involve high cost, it represents serious 
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risks (e.g. flight simulation or car crash modeling) also when the event we try to 

analyze is a rare one (e.g. weather forecasting). Computer simulation presents some 

immediate benefits such as: gain understanding of the process under study, 

identification of problematic areas or bottlenecks in process workflows, permits 

prior identification of actions needed upstream or downstream of the process and 

specially evaluates the impact of changes prior to their implementation. 

There are three types of simulation models: discrete, continuous and mixed models.  

a) Discrete models. Changes in the system are finite and occur in specific time 

frames (e.g. play dice or toss a coin). 

b) Continuous models. Changes in the system are infinite and the state of the 

system change continuously over time (e.g. wind direction can take infinite 

values between (0, 2] in 2D). 

c) Mixed models. Contain both discrete and continuous elements (e.g. a 24 

hours logistic process can be consider continuous as reception or delivery of 

goods can happened at any time, and discrete as those events occur at 

specific time windows of more or less amplitude). 

 

Steps to Develop a Simulation Model. 

The development of a simulation model is an iterative waterfall process, in which 

the designer first and foremost has to collect as much information as possible 

regarding the physical event he/she wants to simulate, then a series of formal steps 

have to be followed. Succinctly the formal procedure for model design is shown in 

Figure 7 and explained as follows [19]:  

1. Understand the system 

2. Set the goals 

3. Data collection 

4. Decide on the model representation 

5. Develop the model 

6. Verify the model developed 

7. Validate the model 

8. Design the experiments 

9. Run and analyze the simulation model 
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Figure 7. Formal steps and procedure to design a simulation model 

 

In this work we decided to develop a model based on stochastic events based on 

the Monte Carlo method. Monte Carlo is a numerical mechanism of solving 

mathematical problems by random sampling. As other universal numerical 

techniques, the Monte Carlo method has only succeeded with the appearance of 

computers and the fields of application and correctness of this numerical technique 

is expanding with each new computer generation. 

Despite terms as Monte Carlo method, reduction variance techniques or Crude 

Monte Carlo are is profusely explained in chapters 5, we are going to introduce 

them here as they are the base of MCFCD model. 
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Monte Carlo could be considered the most accurate method presently available for 

solving stochastic processes; one of them is radiation transport. However, due to 

its nature of simulating individual events and inferring the average behavior of the 

system from the average behavior of the individually simulated particles, it is 

extremely computationally expensive in terms of processor cycles. The previous 

statement means that not all stochastic processes can be simulated with the 

present technology. It has been only after the appearance of the new computer 

generations, having multi-parallel processing, multi-core CPU’s and large amounts 

of random access memory (RAM), when it has been possible to simulate processes 

that require a huge number of iterations, such as those appearing in radiation 

transport processes.  

In radiation transport problems the probability of a neutron to interact with matter 

is very unlikely. It is even lower, the probability of that neutron to achieve fission. 

Therefore, the implementation of what is known as Crude Monte Carlo is not 

acceptable, due to the huge number of iterations that would be needed. Hence, it 

is necessary the introduction of what is generally known as variance reduction or 

biasing techniques to increase the precision of the estimates that can be obtained 

for a given number of iterations. Implementation of biasing techniques in Monte 

Carlo is not a straightforward task, and typically requires experience and time of 

analysis. Many authors referenced in this work assert that the use of variance 

reduction techniques in Monte Carlo “is more of an art than a science". An important 

part of the time devoted to develop the MCFCD physical/mathematical model has 

been spent in selecting the most adequate biasing techniques that make it 

competitive in performance and acceptable in computation time. 

Herein, the expressions variance reduction and biasing refer to fair-game 

techniques used in Monte Carlo methods that reduce the computer time required 

to obtain results of sufficient precision. The same that would achieve an unbiased 

estimate. Although variance reduction can make the use of Monte Carlo methods 

possible for large and complex applications, it is still not sufficient, in many cases, 

to make these calculations practical. Fortunately, the Monte Carlo method is 

inherently parallel (particles are simulated independently and most of the 

simulation parameters are randomly sampled). Thus it has the potential for near 

linear speedup with respect to the number of processors. Therefore, in this work 

Monte Carlo calculations are also accelerated through the use of parallel 

processing. In this thesis a double Xeon socket, quad-core server together with 

several virtual VMware servers, has been used showing the suitability of MCFCD 

architecture for parallel processing. 
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2 INTERACTION OF RADIATION WITH MATTER 

Detection of radiation and the measure of its properties is based on letting it 

interact with matter of a measuring device. This interaction produces a signal, and 

then this signal is used to study the properties of the radiation via reverse 

engineering of the signal [20]. Therefore, the interaction of radiation with matter is 

also the cause of chemical, physical and biological changes. The radiation, with the 

exception of neutrons, primarily interacts with bound electrons. A silicon atom, for 

example, contains fourteen electrons in a sphere of 0.12 nm of radius, which 

represents a geometrical cross section of 4.5E-20 m2. The nucleus of the same atom 

has a radius of 3.6 fm, which represents a geometrical cross section of 4.1E-29 m2. 

Thus, the probability of interaction with the electrons is nine orders of magnitude 

higher than that of the interaction with the nucleus [21]. The interaction of 

radiation with matter can lead to the production of hundreds or thousands of ion-

pair that is why nuclear radiation is also known as ionizing radiation. 

The interaction of radiation with matter heavily depends on the type of radiation 

and the medium considered. For example, for liquids and gases it is acceptable to 

think about matter as a cloud of atoms randomly distributed in space. However 

solids are generally considered as having a regular crystal lattice structure, with a 

polycrystalline arrangement at large scale. 

In this research we focus on neutron interactions, nevertheless in this chapter a 

roughly explanation of all kind of radiation interaction with matter is given [20]. 

2.1 Basic Concepts 

The interaction of radiation with matter is a process in which the radiation 

provokes changes in matter it is crossing. Radiation interacts with matter by means 

of interplay with the atomic electrons, pulling them out of their respective orbits or 

by means of interrelation with atomic nuclei; through this process, radiation losses 

energy. 

2.1.1 Cross Section 

Suppose we have a flux of particles Φ defined as the number of particles divided by 

unit area and unit of time, incident on a target. After interacting with a target, some 

of those particles are scattered. Supposing now we have a detector which is able to 

measure the average number of particles dN, scattered per unit of solid angle, dΩ. 

This average number of particles scattered divided by the total flux of incident 

particles is defined as the differential cross section. 

 

𝑑𝜎

𝑑𝛺
(𝐸, 𝛺) =

1

Φ

𝑑𝑁

𝑑𝛺
 (3) 
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Equation (3) defines the cross section σ as dimensions of area, which represents 

the area exposed to radiation interaction; thus, the larger the area the bigger the 

probability of achieving interaction with target atoms. It can also be seen as the 

probability of interaction of radiation with target atoms. 

Equation (3) can be integrated to evaluate the total cross section at a certain energy 

level, as it is represented by 

𝜎(𝐸) = ∫
𝑑𝜎

𝑑Ω
𝑑Ω (4) 

 

 

2.1.2 Mean Free Path 

As radiation passes through the materia it can experiment encounters with its 

atoms, which would change the direction of motion of radiation. The average 

distance between those encounters is known as the mean free path and it measures 

the probability of interaction of radiation with an atom along its displacement. The 

mean free path is defined as inversely proportional to the cross section and density 

of the material [20], that is  

𝜆𝑚 ∝
1

𝜌𝑛𝜎
 (5) 

where ρn and σ are the number of density of the medium and the cross section of 

an specific radiation in that medium, respectively [20]. 

 

2.1.3 Stopping Power 

The rate at which charged particles lose energy as they travel through a given 

material is called the stopping power of that material. The stopping power is made 

up from two parts, the electronic stopping power due to the interaction with the 

atomic electrons of the material and the nuclear stopping power. This is 

represented as: 

−
𝑑𝐸

𝑑𝑥
= 𝑆𝐸𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑖𝑐 + 𝑆𝑁𝑢𝑐𝑙𝑒𝑎𝑟 ≈  𝑆𝐸𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑖𝑐 (6) 

Electronic stopping power is much bigger than the nuclear one. Thus, many works 

only consider the electronic component. MCFCD considers both because the 

stopping power data collected from SRIM (one of the modules it uses) includes those 

two components. 
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2.2 Types of Particle Interactions 

Radiation carries energy and whenever it interacts with matter it will deposit all or 

part of that energy in the medium producing some kind of excitation. The most 

important ways of excitation, according to their relevance in particle detection, are 

ionization and scintillation. Below the most important modes of interaction when 

considering radiation detection are described. 

2.2.1 Elastic Scattering 

Elastic scattering refers to a process in matter in which an incident particle scatters 

from a target atom in a way in which the total kinetic energy of the system remains 

constant. During elastic scattering the incident particle lose some energy, 

transferring it to the target atom. However this cession does not ends in an 

excitation of the target atom. In elastic scattering radiation particle and target 

atoms are modeled as point-like particles [20, 22]. Figure 8 shows an elastic 

scattering (n, n) reaction. A neutron collides with a nucleus, transfers some energy 

to it, and bounces off in a different direction. Target nucleus gains the energy lost 

by the neutron, and then it increases speed. 

 

Figure 8. Elastic Scattering (n, n) reaction. 

 

2.2.2 Inelastic Scattering 

In this type of reaction the kinetic energy of the system in not conserved because 

some of the energy of the incident particle goes into the excitation of the target 

atom. In inelastic scattering the incident particle lose some of its energy and this 

energy is absorbed by the target atom, resulting in an excited atom. This excitation 

promotes the atom to a higher electronic or nuclear state, which usually comes 

back to the ground state by emitting one or more particles [20, 22]. Figure 9 

exhibits an inelastic scattering (n, n γ) reaction. A neutron strikes a nucleus and is 

temporarily absorbed, forming a compound nucleus. For a short period of time it 
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will be in an excited state. It de-excites itself by emitting another neutron of lower 

energy, together with a gamma photon, which takes the remaining energy. 

 

Figure 9. Inelastic Scattering (n, n γ) reaction. 

 

2.2.3 Annihilation 

A particle and its antiparticle interacts resulting in the annihilation of both and the 

generation of another particles. For example, positron is the antiparticle of the 

electron, having exactly the same properties of the former one except for the unit 

of electrical charge, which in this case is positive. When an electron and a positron 

come close one to the other they annihilate producing other particles. From low to 

medium energies protons are produced, while at high energies other particles such 

as Z bosons appear. Annihilation can happen even if electron and positron are at 

rest. Therefore the annihilation reaction has not a threshold of energy as many 

other reactions have [20]. Figure 10 depicts an electron-positron annihilation 

process in which two photons are produced. To ensure conservation of energy and 

momentum, each of these photons must have an energy of 511 keV and they must 

travel opposite to each other. 
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Figure 10. Depiction of electron-positron annihilation process in which two photons are 
produced. 

 

2.2.4 Bremsstrahlung 

Bremsstrahlung refers to the process by which accelerating any charged particle 

emits electromagnetic radiation. In fact any kind of charged particle can emit this 

kind of radiation provided it has enough energy. Generally speaking if a charged 

particle has energy much greater than its rest energy (Erest = E0 = Em0c2, where m0 

is its rest mass) emits Bremsstrahlung if it encounters resistance while moving 

through a medium [20]. Figure 11 graphically describes the Bremsstrahlung 

process. 

 

Figure 11. Continuous (Bremsstrahlung) X-ray production. 

 

2.2.5 Cherenkov Radiation 

While no particle can exceed the speed of light in vacuum (3E8 m/s), it is possible 

for a particle to travel faster than light in certain media, such as water. 

Cherenkov radiation is emitted when a charged particle (such as an electron) 

traverses a medium with a velocity higher than the speed of light in that medium 

[22] (see Figure 12).  

When a charged particle moves in a dielectric with refraction index n, the particle 

will induce Cerenkov light if the velocity of the charged particle is faster than the 

speed of light in the corresponding medium Vparticle >Vmedium, where Vmedium = c/n. 

The electrically charged particles that make up high-energy radiation are 

surrounded by an electric field. As these charged particles move through a medium, 

the electric field moves with them. The electric field is propagated by photons, so it 

can only move at the speed of light within that medium. When a charged particle 
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travels at speeds less than the speed of light for the medium, these photons tend 

to cancel each other out and no light is seen. However, if a charged particle travels 

faster than the speed of light in that medium, it “gets ahead” of its electric field and 

photons then are emitted with a slight lag, allowing them to escape without 

interfering with each other. The shock wave is in the form of light, seen as a flash 

of blue light for a single particle, and as a faint glow for a continuous flow of 

particles [23]. Figure 12 shows a relativistic electron bunch (represented by the 

spheres in red scale) propagating in a negatively refracting material exciting 

Cherenkov radiation (represented by the magnetic field isosurfaces in blue). 

 

Figure 12. Negative Cherenkov emission from reference [24]. 

 

2.3 Heavy Charged Particles  

Heavy charged particles are understood as those who have A ≥ 1, such as protons 

and α-particles. Heavy and light particles have a different behavior regarding 

interaction with matter. Heavier particles experiment a stronger Coulomb force 

with nuclei than lighter particles. Furthermore, if they come close enough to nuclei, 

they can also be affected by the strong nuclear force, which does not affect lighter 

particles. From low to medium energies the most important interaction for heavy 

particles is the Rutherford scattering. 

Rutherford scattering is the elastic scattering of a heavy charged particle, such an 

α-particle, from a nucleus. Rutherford scattering is also referred to as Coulomb 

scattering since the Coulomb force between the incident particle and the target 

nucleus is responsible for the interaction. Rutherford bombarded a thin gold foil 

by α-particles and studied how many of them diverted from their original direction. 

He noticed that most of those α-particles passed through the foil without deflection 

while very few turned aside at very large angles. This experiment proved that most 

of the atomic space is empty and that the positive charge was concentrated into a 

small area of the inter-atomic space, which is now known as nucleus. Rutherford 
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experiment proved that there is a dependence of the number of scattered particles 

Ns with the scattering angle  [20].  

𝑁𝑆 ∝
1

𝑠𝑖𝑛4(𝜃/2)
 (7) 

The differential cross section of this process is given by the Rutherford formula, 

which taking into account quantum mechanical considerations, leads to [20]: 

𝑑𝜎

𝑑Ω
=
𝑍𝑖
2𝑍𝑡
2𝑟𝑒
2

4
[
𝑚𝑒𝑐

𝛽𝑝
]
2 1

𝑠𝑖𝑛4(𝜃/2)
 (8) 

 

𝑝 =
2 𝑍1𝑍2𝑒

2

𝛽𝑐𝑏𝜃
 

𝑏 = 𝑟𝑠𝑖𝑛𝜙 

𝛽 = (1 −
𝑣2

𝑐2
)

1
2⁄

 

(9) 

where Zi and Zt are the atomic numbers of the incident and target particles, 

respectively,  is the scattering angle and b is the impact parameter. In case the 

incident particle can be considered not relativistic (v << c) the Rutherford formula 

can be simplified as 

𝑑𝜎

𝑑Ω
= [

𝑍𝑖𝑍𝑡𝑒
2

16𝜋𝜖0𝑇
]

2
1

𝑠𝑖𝑛4(𝜃/2)
 (10) 

Where T is the kinematic energy of the incident particle. 

Figure 13 graphically shows the Rutherford scattering of a particle with charge Z1 

by a nucleus having charge Z2. The cross section of the process depends strongly 

on the impact parameter b (equation (9)). 
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Figure 13. Rutherford scattering of a particle with charge Z1 by a nucleus having charge 
Z2, from reference [20]. 

 

2.4 Interaction of Electrons with Matter 

The way in which electrons interact with matter heavily depends on their energy. 

At low and medium energies, the predominantly modes of interaction are: 

a) Ionization 

b) Moeller scattering, 

c) Bhabha scattering 

d) Electron-positron annihilation.  

At high energies, the emission of Bremsstrahlung predominates as can be seen in 

Figure 14 [20]. 
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Figure 14. Fractional energy loss of electrons and positrons per radiation length as a 
function of energy [20]. 

 

2.4.1 Ionization 

When a free electron interacts with loosely bound electron of an atom, it can pull 

out this orbital electron provided the incident electron has enough energy to do so. 

In this case, the target atom is ionized. The energy of the ejected electron depends 

on the energy of the incident one and on the binding energy of the atomic electron. 

If the ejected electron has enough energy, it can produce a secondary ionization. 

This process can continue as long as the energy of the ejected electron is bigger 

than the ionization potential of the atom. It is graphically depicted in Figure 15 

where it can be seen that at each stage of ionization, if the ejected electron has an 

energy higher than the binding energy of the atom, it can cause another ionization. 

The probability with which an electron can causes ionization depends on the cross-

section, which mostly depends on the electron’s energy and the target atom. 

Symbolically, for an atom or a molecule Xq, with total positive charge q, the electron 

ionization process can be written as [20] 

e + 𝑋𝑞 → 𝑋𝑞+1 + 2𝑒 (11) 
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Figure 15. Depiction of electron-induced ionization processes from reference [20]. 

 

2.4.2 Moeller (Møller) Scattering 

This process refers to the elastic scattering of an electron or positron from another 

one. This interaction can be symbolically described by 

𝒆 + 𝒆 → 𝒆 + 𝒆 (12) 

 

In quantum electrodynamics, Moeller scattering is said to occur due to exchange 

of virtual photons between the electrons. In classical electrodynamics it could be 

considered as a consequence of Coulomb repulsion between the two electrons or 

positrons [20]. 

2.4.3 Bhabha Scattering 

It refers to the scattering of an electron from a positron. The reaction can be written 

as 

𝒆 + 𝒆+ → 𝒆 + 𝒆+ (13) 

In terms of quantum electrodynamics, as with Moeller scattering, Bhabha 

scattering is also considered to be due to exchange of virtual photons between the 

electron and the positron. Classically, it can be thought to occur because of the 

Coulomb attraction between the two particles [20]. 
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2.4.4 Electron-Positron Annihilation 

In this process, an electron and a positron annihilate each other producing at least 

two photons. It is the example of mass converting into energy. The electron-positron 

annihilation cross section is moderate and it is almost cero at high electron 

energies. Due to this low cross section, the process does not contribute 

substantially to the total energy loss especially at medium and high energies. This 

can be explained due to the very low abundance of positrons in materials. The 

reaction can be represented as 

𝑒− + 𝑒+ → 𝛾 + 𝛾 (14) 

 

During this process, to conserve energy and momentum, at least two photons, each 

having 511 keV, are produced. The cross section for this process at low electron 

energies in a material is not very high and decreases to almost zero at high energies 

[20]. Figure 16 shows the electron–positron annihilation reaction. 

 

 

Figure 16. Diagram of electron–positron annihilation, producing 2 photons of 511 keV each 
leaving in opposite directions. 

 

2.4.5 Bremsstrahlung 

When electrons cross a material they produce Bremsstrahlung radiation. This 

radiation has a critical or cut-off wavelength below which no Bremsstrahlung 

photons can be emitted. This cut-off wavelength is given by 

𝜆𝑚𝑖𝑛 =
ℎ𝑐

𝑒𝑉
 

(15) 
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V is the potential experienced by the electron. For high Z materials and from 

medium to high electron energies, the Bremsstrahlung process is the prevalent for 

electrons to lose energy. 

 

2.4.6 Cherenkov Radiation 

When an electron is accelerated to high energies in a medium, it can emit 

Cherenkov radiation. Its energy much be so high that its velocity becomes higher 

than that of light in that medium [20, 22], see section 2.2.5. The velocity of light in 

a medium of refractive index n is given by c/n, where c is the velocity of light in 

vacuum. For Cherenkov radiation to be emitted, the velocity of the electron crossing 

the medium must be greater than this velocity such as vth ≥ c/n. Similarly, the 

threshold energy is given by Eth = γthmec2. Where me is the electron mass at rest, c 

the velocity in vacuum and γth is the relativistic factor defined as  

𝛾𝑡ℎ = [1 −
𝑣𝑡ℎ
2

𝑐2
]

−1/2

= [1 − 𝛽𝑡ℎ
2 ]−1/2 

(16) 

Here β = vth/c is referred as the Cherenkov emission. 

One important parameter of Cherenkov emission is the direction of the light 

produced. This light is emitted in the form of a cone, and the angle of Cherenkov 

light emission moving in a medium of refractive index n can be defined as 

Θc =  arcos(1/𝛽n) (17) 

Equation (17) can be used to define the maximum angle max that one should 

expect to see this phenomenon in a medium of refractive index n. The maximum 

angle will occur when  = 1, that is when the speed of the electron will be near the 

speed of light in vacuum [20]. 

Θc =  arcos(1/n) (18) 

The number of Cherenkov photons per unit length, dN/dx, emitted by a particle 

having charge ze (e is the unit electrical charge, see Annex B. Physical Constants) 

moving in a medium having refractive index n is given by 

𝑑𝑁

𝑑𝑥
= 2πα𝑧𝑒

2∫
1

𝜆2
[1 −

1

𝑛2𝛽2
] 𝑑𝜆 

(19) 

Here  is a dimensionless constant known as the fine structure constant of 

Sommerfeld, which characterize the electromagnetic interaction force [25], and  is 

the wavelength of the light emitted. 
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Cerenkov radiation is a bluish light or flash frequently seen in nuclear reactors 

where water is used as a moderator. Therefore integrating equation (19) in the 

visible region of the spectrum it yields to 

𝑑𝑁

𝑑𝑥
= 490𝑧2𝑠𝑖𝑛2(Θ) 

(20) 

For an electron with z = 1, the above equation becomes 

𝑑𝑁

𝑑𝑥
= 490𝑠𝑖𝑛2(Θ) 

(21) 

Both equations are expressed in units of cm-1 [20]. 

 

2.5 Interaction of Photons with Matter 

Photons can primarily interact with material in three different ways: photoelectric 

effect, Compton scattering, and pair production. At long wavelengths photons 

interact with bulk matter as a whole. As the wavelength decreases, individual 

photon-atom interactions dominate and photoelectric absorption, Compton 

scattering and pair production become successively the dominant processes. Since 

photons are a kind of neutral radiation, they are not constrained by Coulomb or 

nuclear forces. Thus, the intensity of the photons energy does not experiment 

interaction with matter while crossing it, therefore remaining constant. 

 

2.5.1 Photoelectric Effect 

When light shines on a material at a given frequency electrons can be emitted 

independently of the intensity of the light. Whether the frequency of the light is 

lower than a certain threshold, no electrons are emitted. 

In this process, the incident photon completely disappears, so it could be seen as 

a conversion of a photon into an electron. 

Photoelectric effect consist of a photon knocking into an inner shell electron 

removing it from the atom, and an outer shell electron decays to stabilize the atom. 

That movement will result in the emission of a photon with energy equal to the 

difference of the two energy levels. This effect is depicted in Figure 17. These 

photons are generally in the X-ray region of electromagnetic spectrum and are 

called fluorescence photons. Those X-ray photons released after a photoelectric 

effect can also remove another orbital electron, provided its energy is equal to the 

binding energy of the electron. This electron is known as Auger electron. The Auger 

process is mostly radiation less, because Auger electrons take away the atom 
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excess of energy. A graphic depiction of the Auger process can be seen in Figure 

18. 

 

Figure 17. Photoelectric effect in a free atom. 

 

The photoelectric cross section has a direct dependence of Z and an inversely 

related with the photon energy. These dependences can be expressed as 

𝜎𝑝𝑒 ∝ 
𝑍𝑛

𝐸𝛾
3.5 

(22) 

Where n lies between 4 and 5 [20]. Photoelectric effect takes place predominantly 

in the K shell atomic orbit, thus K-shell cross section is usually used to establish 

the photoelectric phenomena cross section. 

 

Figure 18. Photoelectric effect in a free atom producing an Auger electron. 
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2.5.2 Compton Scattering 

This process involves the inelastic scattering of photons from free or loosely bound 

electrons at rest. Due to the tiny liaisons of the electron, the interaction can also 

result in electron scattering. 

For orbital electrons, Compton Effect is more probable than photoelectric effect if 

the incident photon energy is higher than the binding energy of the innermost 

electron in the target atom. The wavelengths of the incoming and scattered photons 

can be established from energy and linear momentum conservation as 

𝜆 = 𝜆0 +
ℎ

𝑚𝑒𝑐
[1 − cos 𝜃] 

(23) 

λ0 and λ represent the wavelengths of incident and scattered photons, respectively. 

me is the rest mass of electron and θ is the angle between incident and scattered 

photons [20]. Figure 19 depicts the Compton Scattering of a photon taking energy 

E0 = hc/ λ0 from a bound electron. One can see in this picture that the outgoing 

electron does not take all the energy of the incoming photon because part of that 

energy is consumed in knocking out the orbital electron out of its orbit. 

Equation (72) can also be written in terms of energy as 

𝐸𝛾 = 𝐸𝛾0 [1 +
𝐸𝛾0

𝑚𝑒𝑐2
(1 − cos 𝜃)]

−1

 
(24) 

 

 

Where Eγ = hc/λ. Equation (24) shows that the energy of the scattered photon 

depends not only on the energy of the incident one, but also on the scattering angle. 

It means that Compton Scattering is not isotropic. 
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Figure 19. Depiction of Compton Scattering effect. 

 

2.5.3 Thompson Scattering 

Thompson Scattering is an elastic scattering process between a free non-relativistic 

electron and a low energy photon. In this context, low energy stands for energy 

levels at which quantum effects are not significant [20]. The electric and magnetic 

components of the incident photon accelerate the particle. As it accelerates it emits 

radiation and the photon is scattered. The main cause of acceleration of the particle 

is the electric field component of the incident wave. The differential cross section 

of Thompson Scattering can be written as 

𝑑𝜎𝑡ℎ
𝑑Ω

= 𝑟𝑒
2 sin2 𝜃 

(25) 

 

θ is the photon scattering angle with respect to the incoming direction and re is the 

electron radius. Total cross section can be written as 

𝜎𝑡ℎ =
8𝜋

3
𝑟𝑒
2 = 6.65𝐸10−29𝑚2 

(26) 

 

 

2.5.4 Rayleigh Scattering 

Rayleigh scattering is an elastic process in which there is a minimal coupling of 

photons to the internal structure of the atom. It is a coherent scattering, where the 

atom recoils. This process results in neither excitation nor ionization of the target 

atom [22]. The Rayleigh theory is applicable when the radius of the target is much 
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smaller than the wavelength of the incident photon. A Rayleigh scattered photon 

has almost the same wavelength of the incident photon, this implies a minimum 

energy exchange during the process. Rayleigh is the predominantly mode of elastic 

scattering for X-rays and γ-rays. This process is only important at very low photon 

energies. The cross section of this process is inversely proportional to the fourth 

power of the wavelength of the incident radiation [20] and can be written as 

𝜎𝑟𝑎𝑦 =
8𝜋𝑎6

3
[
2𝜋𝑛𝑚
𝜆0

]
4

[
𝑚2 − 1

𝑚2 + 1
]

2

 (27) 

Figure 20 shows the Rayleigh scattering of sunlight from air molecules, which is 

the reason for the blue color of the sky and the yellow tone of the sun itself. 

 

Figure 20. Rayleigh scattering of sunlight from air molecules. 

 

2.5.5 Pair Production 

This is the process that results in the conversion of a photon into an electron and 

a positron pair. This interaction is ruled by three laws of conservation: total energy, 

momentum, and electric charge. According to this assertion, all the energy of the 

photons is shared between the particle and its antiparticle and the recoiling 

nucleus. Since the photon has not rest mass, one could say that this process 

converts energy into mass, according to Einstein’s mass energy relation E = mc2. 

Pair production could be considered as the inverse of electron-positron 

annihilation. However, for a pair production to take place there must be another 

particle in the vicinity of the photon to ensure momentum conservation. Schematic 

diagram about the process of pair production is shown in Figure 21. 

Since energy is being converted into two particles the photon must have a minimum 

energy equivalent of, at least, the rest masses of two electrons [20]. That is 
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𝐸𝛾,𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 ≥ 2𝑚𝑒𝑐
2 ⇒ 𝐸𝛾,𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 ≥ 1.022 𝑀𝑒𝑉 (28) 

 

me is the mass of an electron or positron at rest. Equation (28) means that photons 

having energies below 1.022 MeV cannot be converted into an electron-positron 

pair. 

Equation (28) is justified as follows. The energy threshold of this process in the 

vicinity of a heavy nucleus is given by [20] 

𝐸𝛾,𝑡𝑟𝑒𝑠ℎ𝑜𝑙𝑑 ≥ 2𝑚𝑒𝑐
2 +

2𝑚𝑒
2𝑐2

𝑚𝑛𝑢𝑐𝑙𝑒𝑢𝑠
 

(29) 

mnucleus is the mass of the nucleus considered. Equation (34) can be rearranged as  

𝐸𝛾,𝑡𝑟𝑒𝑠ℎ𝑜𝑙𝑑 ≥ 2𝑚𝑒𝑐
2 [1 +

𝑚𝑒
𝑚𝑛𝑢𝑐𝑙𝑒𝑢𝑠

] (30) 

 

Assuming that the mass of a nucleus is much bigger than the mass of an electron 

(mnucleus >> me), the second term on the right side of equation (30) can be neglected 

and then one gets equation (28) again. 

 

Figure 21. Pair production process. 

 

This process is the dominant way of energy lost by photons for energies above 20 

MeV, and it is also directly proportional to Z2, being Z the atomic number of the 

atom [20]. 

𝜎𝑝𝑎𝑖𝑟 ∝ 𝑍
2 (31) 

Equation (31) indicates that the probability of pair production in heavy elements is 

much higher than in lighter elements. The cross section for the pair production 

process can be written as 

𝜎𝑝𝑎𝑖𝑟𝑠 = 4𝛼𝑟𝑒
2𝑍2 [

7

9
ln (

183

𝑍
1
3⁄
) −

1

54
] 𝑐𝑚2 𝑎𝑡𝑜𝑚⁄  

(32) 
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where  is the electron fine structure constant (2.4.6) and re is the electron radius. 

Figure 22 exhibits the dependence of pair production cross section of high energy 

photons (Eγ >> 20 MeV) on atomic number Z as calculated from equation (32). 

 

Figure 22. Dependence of pair production on atomic number Z from reference [20]. 

 

2.5.6 Passage of Photons through Matter 

Photons crossing a material suffers exponential attenuation [20]. At any point in a 

material, the decrease in intensity of a photon beam per unit of length of the 

material depends on the intensity at that point 

𝑑𝐼

𝑑𝑥
= 𝜇𝑡𝐼 

(33) 

dI is the change in intensity as the beam passes through the thickness dx and μt 

is the total linear attenuation coefficient. It depends on the type of material and the 

photon energy. The intensity of a beam of photons at a distance x from the origin 

can be obtained integrating the previous equation 

𝐼 = 𝐼0𝑒
−𝜇𝑡𝑥 (34) 

I0 is the intensity of the photon beam before it enters the material and I is the 

intensity at a depth x. Taking advantage of equation (34) we can determine the 

mean free path for photons as  
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𝜆𝑚 =
1

𝜇𝑡
 

(35) 

And a quantitative meaning of the mean free path  

1 −
1

𝑒
≈ 63% 

(36) 

It means that the mean free path, m corresponds to the distance a photon will 

travel such as its intensity will decrease to about 63% of the original one [20]. 

The total linear attenuation coefficient in the above relations determines how 

quickly or slowly a certain photons beam will be attenuated while passing through 

a particular material. This coefficient is usually modified as a function of the 

material density and defined by 

𝜇𝑚 =
𝜇𝑡
𝜌

 (37) 

 

Where  represents the density of the material. Total attenuation coefficient (t) and 

mass attenuation coefficient (m) are generally quoted in units of cm−1 and cm2/g 

respectively. 

The total linear attenuation coefficient t can also be written in terms of total 

nuclear cross section 𝜎𝑡, such as 𝜇𝑡 = 𝑁𝜎𝑡, where N is the number of atoms per unit 

of volume in the material. N can also be defined as N = NA/A. NA is the Avogadro’s 

number,  is the weight density of the material and A is the atomic weight. 

In case of mixtures or compound materials the total attenuation coefficient (t) and 

mass attenuation coefficient (m) at a certain energy can be obtained by taking the 

weighted mean of its individual components 

𝜇𝑡 =∑𝑤𝑖𝜇𝑡
𝑖

𝑖

 (38) 

  

𝜇𝑚 =∑𝑤𝑖𝜇𝑚
𝑖

𝑖

 (39) 

 

 

 

2.6 Interaction of Neutrons with Matter 

 

Neutrons are neutral particles; it stands for they do not carry any electrical charge 

and hence they are not affected by the electric field of the atoms. Neutrons interact 

with the nuclear particles predominantly through the strong nuclear force, which 
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has an extremely short range. Being neutral particles neutrons can pass close to 

the nucleus and penetrate deep into matter as they do not experiment Coulomb 

repulsion forces. However, when they pass close to the nucleus, they encounter 

strong nuclear forces. 

Neutrons crossing a material suffer exponential attenuation. The intensity of a 

beam of neutrals at a distance x from the origin can be obtained from 

𝐼 = 𝐼0𝑒
−𝜇𝑛𝑥 (40) 

n is the attenuation coefficient of neutrons. It depends on the type of material as 

well as on the neutron energy. It is usually quoted in dimensions of inverse length. 

The mean free path for neutrons can be defined as 

𝜆𝑛 =
1

𝜇𝑛
 

(41) 

By replacing x = n in (40) one can obtain 

𝐼0 − 𝐼

𝐼0
≈ 63 

(42) 

Which implies that the mean free path, n, corresponds to the depth of material 

that attenuates about 63% of the neutrons [20]. 

The attenuation coefficient can also be written in terms of total nuclear cross 

section 𝜎𝑡, such as 𝜇𝑛 = 𝑁𝜎𝑡, where N is the number density of nuclei in the 

material, which can be defined as N = NA/A, NA is the Avogadro’s number,  is 

the density of the material and A is the atomic weight. 

Neutrons are characterized by their energy, however the energy range designations 

of neutrons are not precise. Table 1 shows one generally accepted range of neutrons 

energy distribution, from reference [26]. 

 

Table 1. Neutron energy distribution ranges [26]. 

Energy Range Name 

0–0.025 eV Cold 

0.025 eV Thermal 

0.025–0.4 eV Epithermal 

0.4–0.6 eV Cadmium 

0.6–1.0 eV Epicadmium 

1–10 eV Slow 

10–300 eV Resonance 

300 eV–1 MeV Intermediate 
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1–20 MeV Fast 

>20 MeV Relativistic 

 

 

Depending on their energy, neutrons can interact with the nucleus via different 

reaction which are explained in the following: 

a) Elastic scattering 

b) Inelastic scattering 

c) Spallation reaction 

d) Transmutation 

e) Radiative capture 

 

2.6.1 Elastic Scattering 

Elastic scattering is the most important mode of interaction of neutrons with nuclei 

and this reaction can be written either as A(n, n)A or as 𝑛 + 𝑋𝑝
𝑛+𝑝 → 𝑛 + 𝑋𝑝

𝑛+𝑝
. The 

last format indicates that the atom nucleus remains in the same state after 

scattering. 

This process can occur in two different modes: potential elastic and resonance 

elastic. In potential elastic neutron scatters off from the nucleus without physically 

interacting with the particles inside, by means of the effect of short distance forces 

of the nucleus. In resonance mode, a neutron with the threshold energy is absorbed 

by the nucleus with the subsequent emission of another neutron to conserve the 

kinetic energy [20]. Elastic cross sections for U235, U238 and Pu239, as computed 

from different models, are shown in Figure 23 from [13]. 
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Figure 23. The elastic cross section for U235, U238 and Pu239 computed from ENDF-B-
VII-1 [13].  

 

2.6.2 Inelastic Scattering 

In this case a compound nucleus is formed by the absorption of a neutron. Unlike 

elastic scattering, inelastic scattering leaves the nucleus in an excited state. This 

unstable nucleus decays by the emission of a neutron and subsequent -emissions 

until it reaches the ground state again. As the nucleus is left in an excited state, it 

is considered that the energy of the emitted neutron has a lower kinetic energy 

than the one of the incident neutron. This reaction can be represented by the 

following equation  

𝑛 + 𝑋𝑝
𝑛+𝑝 → 𝑛 + [𝑋𝑝

𝑛+𝑝]
∗
 (43) 

 

If the compound nucleus decays by the emission of two or more neutrons, those 

events are denoted as n-2n, n-3n, and so on. Inelastic scattering is the most 

important neutron-related event in nuclear reactors, and especially important for 

neutrons of 1 MeV and above [27]. Elastic cross section for U235, U238 and Pu239 

as computed from different models is shown in Figure 24. 

 

Figure 24. The inelastic cross section for U235, U238 and Pu239 computed from ENDF-
B-VII-1 [13]. 
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2.6.3 Transmutation 

Transmutation is a kind of reaction by which an element changes into another one. 

Isotopic transmutation undergoes by different ways such as neutron capture or 

natural decay.  

Regarding fission chambers, the most important reaction is the former one, 

because depending on the isotope used as fissile coating (e.g. 238U, 242Pu) it can 

experiment a substantial number of neutron captures. Afterwards those captures 

lead to the transmutation of the main isotope into a new one fissionable mainly by 

thermal neutrons. As the fission chamber operation continues, the concentration 

of this new isotope increases and hence the fission chamber becomes more and 

more sensitive to different neutron energies. Whether the intention of using 

isotopes with an even number of neutrons was to measure the neutrons on the fast 

range of the neutron spectrum, it becomes a real problem. 

One example of transmutation could be the B10 neutron capture reaction. In this 

case Boron-10 captures a slow neutron and it transforms into Li7 and emits a 

particle, 𝑛 + 𝐵5
10 → 𝐿𝑖3

7 + 𝛼 [20]. Figure 25 shows one of the most interesting neutron-

induced transmutation reactions in the nuclear industry. The transmutation of 

U238 into Pu239. Fast breeder reactors take advantage of this transmutation 

reaction to produce a fissile isotope (Pu239) from a fertile one (U238). 

 

 

 

Figure 25. Schematic example of neutron–induced transmutation of U238 into Pu239. 

 

2.6.4 Radiative Capture 

In this case, a nucleus absorbs a neutron going into an excited state. To return to 

a stable state, the excited nucleus emits -rays. The isotopic form of the element 

changes due to the increase in the number of neutrons in the nucleus. One can 
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see this in the following equation 𝑛 + 𝑋𝑝
𝑛+𝑝 → 𝑋𝑝

𝑛+𝑝+1 + 𝛾 [20]. Figure 26 presents the 

radiative capture cross section for U235, U238 and Pu239 computed from ENDF-

B-VII-1. Figure 27 shows the scheme of a generic radiative neutron capture. 

As was introduced before in Chapter 2.6.3, radiative capture of neutrons on the 

fissile material constitutes a serious setback for the fission chamber sensitivity 

depending on the fissile isotope employed. 

 

Figure 26. The radiative capture cross section for U235, U238 and Pu239 computed from 
ENDF-B-VII-1 [13]. 

 

Figure 27. Scheme of the generic radiative neutron capture. 
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2.6.5 Spallation 

Spallation occurs when a high energy neutron (above 100 MeV) fragments the 

nucleus into several parts [20]. Figure 28 represents the spallation process in 

which a proton impinges upon a heavy metal atom and neutrons and protons are 

released. 

 

Figure 28. Spallation process induced by a proton upon a heavy metal atom. 

 

2.6.6 Fission 

Nuclear fission is either a nuclear reaction or a radiative decay process in which 

the nucleus of a heavy isotope splits into lighter isotopes named fission products 

or fission fragments. Additionally to the fission products, the fission process often 

produces free neutrons and gamma photons as well as releases a large amount of 

energy. Neutrons released as a result of the fission process are classified as prompt 

or delayed neutrons. 

Prompt neutrons are emitted directly from fission and within a very short period of 

time of about 1E-14 s after the fission event took place. Delayed neutrons are 

emitted by neutron rich fission fragments that are called delayed neutron 

precursors [28]. These precursors usually undergo beta decay but a small fraction 

of them are excited enough to experiment neutron emission. In fact these kind of 

neutrons are of crucial importance in numerous nuclear facilities, e.g. in the 

operation of a fission reactor [28]. Figure 29 schematically shows this process. 

Nuclear fission can be caused either by slow (thermal) neutrons and fast neutrons; 

however the probability of achieving fission of slow neutrons is higher due to the 

bigger fission cross section of most of the fissile isotopes. This is particularly true 

in the most popular fissile isotopes having an odd number of neutrons such as 

U233, U235 and Pu239. In this process a slow neutron is captured by a heavy 

nucleus, such as those mentioned before, taking it into an excited state. The 

nucleus then splits up in fragments after a brief delay [20]. 

The fission process leads to a large catalog of isotopes called fission products or 

fission fragments. The appearance on each of those fission products is based on 
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what is commonly known as fission yields. Fission yield stands for the probability 

of each of these fragments to appear as a result of the fission process and it is a 

statistical probability. 

 

Figure 29. Schematic representation of a fission reaction of a fissionable isotope. 
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3 GAS FILLED DETECTORS 

When a charged particle moves in a gas medium, it releases electron-ion pairs 

ionizing the gas atoms or molecules while passing through. In order to detect the 

charged particles the ion pairs created by ionization must be collected. A typical 

gas filled detector is based on this principle, and consists of a gas enclosure and 

two electrodes, anode and cathode. Those electrodes are raised to high potential 

difference that can rise from about 100 volts to thousand volts depending on the 

design and mode of operation of the device. 

Different gases can be used to fill in the detector, not only pure gases but also 

combination of different gases in order to improve the drift of charge carriers. 

However, pure noble gases have unique physical properties, inert gases appear in 

mono atomic form, not molecular form, and thus do not undergo degradation 

because of radiation induced dissociation reactions [29]. Additionally, they present 

other interesting properties such as high stopping power, small Fano Factor, and 

relatively low energy required for electron-ion pairs and photon production in case 

of xenon and low Doppler broadening in Compton scatter in neon, among others. 

Noble gases are relatively cheap and are massively produced [30]. 

Radiation passing through a gas can ionize its atoms or molecules, provided that 

the energy transmitted is higher than the ionization potential of the gas molecules. 

Applying an external electric field, the charge pair produced as a consequence of 

the ionization, are forced to move in opposite directions towards the electrodes. As 

a result of this charge carriers movement an electric pulse is produced. The 

movement of charges created inside the gas perturbs the externally applied electric 

field, hence producing a pulse at the electrodes. The resulting current or drop in 

potential can be measured giving information about the radiation crossing the 

detector. 

Gas filled detectors can work in different regions of the so-called Six-region Curve 

for Gas-filled Detectors [31], each of them characterized by how charges are 

collected. Those regions are show in Figure 30. 
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Figure 30. Six-region Curve for Gas-filled Detectors. Fission chambers are expected to work 
in the ‘ionization region’ or saturation plateau. 

 

The different regions depend on the polarization voltage applied to the detector, 

and can be explained as follows: 

I. Recombination region; in this region the charges produced by the passage of 

radiation quickly recombine to form neutral molecules due to the low voltage 

applied. 

II. Ionization region; the collection efficiency of electron-ion pair in the 

recombination region increases with applied voltage until all the charges that 

are being produced get collected. In this region further increasing the voltage 

does not affect the measured current since all the charges being produced 

get collected by the electrodes. This zone is also called the “saturation 

plateau”. Fission chambers work in this region. 

III. Proportional region; if a high enough polarization voltage is applied to the 

electrodes so that the charges could attain very high velocities, charges 

produced during primary ionization have enough energy that they can 

produce additional electron-ion pair in other atoms of the filling gas. This 

process is called secondary ionization. 

IV. Limited proportional region; as the polarization voltage increases, more 

charges are produced inside the detector. Since heavy positive charges move 



56 
 

much slower than electrons, a cloud of positive charges between the 

electrodes is formed. This cloud acts as a shield to the electric field and 

reduces the effective field seen by the drifting charges. As a consequence, the 

proportionality between the total number of charges produced and the initial 

number is no longer guaranteed. 

V. Geiger-Mueller region; a further increase in the polarization voltage may raise 

the local electric field to such high values that an extremely severe avalanche 

of charges occurs in the gas producing very large number of charge carriers. 

Consequently a very large pulse of several volts is seen in the readout 

electronics. 

VI. Continuous Discharge; if we continue increasing the polarization voltage a 

breakdown process can occur leading to a process of continuous discharge. 

In this region, electric arcs can be produced between the electrodes, which 

may eventually damage the detector. 

Types of gas-filled detectors. 

This work is focused on fission chamber detectors, nevertheless, there are other 

gas-filled detectors widely used that are going to be briefly introduced. Profuse 

details about those types of radiation detectors can be found in references [20] and 

[31]: 

a) Ionization chambers and fission chambers 

b) Proportional counters 

c) Geiger-Müller counters 

Ionization and fission chambers operate in the ionization region shown in Figure 

30. In this region, moderated polarization voltages are applied. Those voltages are 

strong enough to elude the recombination of electrons and ions released, and small 

enough to avoid gas multiplication. In this region the signal delivered by the 

fission/ionization chamber is independent of the polarization voltage applied. 

Fission chambers are an adaptation of ionization chamber to the detection of 

neutrons. Fission chambers are profusely explained in chapter 4. 

Proportional counters operate in the proportional region of Figure 30. They operate 

at higher voltages than ionization chambers. In the proportional counter, each 

original electron leads to an avalanche, because the energy they achieve is enough 

to pull out other electrons from their orbits. Each of these avalanches are basically 

independent of all other avalanches formed from other electrons associated with 

the original ionizing event. Due to this fact, all avalanches are nearly identical, and 

the collected charge remains proportional to the number of original electrons 

produced by the radiation [31]. 

Geiger-Müller counters comprise the third general category of gas-filled detectors. 

This type of detectors is based on ionization as well and operates in the Geiger-
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Müller region of Figure 30. In common with proportional counters they employ gas 

multiplication to greatly increase the charge released by the original ionization 

event. In the Geiger-Müller counter, substantially high electric fields are created to 

enhance the intensity of each avalanche. Under proper conditions, a situation is 

created in which one avalanche itself can trigger a second one in a different position 

within the tube. When an electric field threshold is reached, each avalanche can 

create, on the average, at least one more. This situation causes a self-propagating 

chain reaction. For higher values of the polarization voltage the process becomes 

rapidly divergent and, in principle, an exponentially growing number of avalanches 

could be created within a very short time. Geiger-Müller has one important 

singularity compared with other detectors and is that it can only function as a 

counter of radiation-induced events [31]. 

 

3.1 Production of Electron-Ion Pair 

 

Charged particles can be detected in gas filled detectors because they ionize the 

gas along the flight path. Whenever radiation interacts with gas molecules or 

atoms, it may excite, ionize or do not produce any reaction. In the absence of 

external fields, when radiation unleashes charge carriers, electrons are again 

attracted to positive ions; they recombine and there is no net effect. However when 

an external electric field is applied and it is strong enough, both carriers 

immediately begin to drift in opposite directions. Electrons drift towards the anode, 

while ions do it towards the cathode. This assertion will be explained in more detail 

later on in this chapter. 

One very important parameter for gas filled detectors is referred as W-value, and it 

corresponds to the average energy needed to create an electron-ion pair in a gas. 

For the sake of simplicity the W-value is going to be denoted as W for the rest of 

the document. It has been found that for noble gases W is always between 25 and 

45 eV per charge pair for most of the gases and types of radiation; while for organic 

vapors the typical range falls between 23 and 30 eV. Ionization potentials are 

smaller by factors that are typically between 1.5 and 3 eV. W values measured with 

photons and electrons are the same [20]. Values for α-sources and β-sources are 

very similar, where Wα/Wβ = 1 for noble gases and it could be up to 1.5 for some 

organic vapors. It is important to note that the W is significantly higher than the 

first ionization potential, implying that not all the energy goes into creating an 

electron-ion pair. This is justified by the fact that radiation can not only ionize 

atoms or molecules of a gas but also excite them. The value of W depends on the 

gas composition and density, as well as on the nature of the particle [32]. 

Table 2: Ionization potentials Ie, W, stopping powers (dE/dx), primary ionization 

yield np, and total ionization yield nt of different gases at standard atmospheric 
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conditions for minimum ionizing particles [20] (ip stands for the number of 

electron-ion pair). 

 
 

The charges created by the incident radiation are called primary charges to 

distinguish them from the ones that are indirectly created inside the volume of gas. 

The production mechanism of those additional charges is similar to those of 

primary charges, except that they are produced by primary charges and not by 

radiation [20]. 

The W represents all ionizations that occur inside the volume of control. When a 

particle deposits ∆E energy in the gas of a detector, W can be used to determine the 

total number of electron-ion pair produced. 

𝑁 =
∆𝐸

𝑊
 

(44) 

 

If the particle deposits all its energy in the gas, then ∆E would be the total energy 

of the particle. However, if the particle only deposits part of its energy, the stopping 

power parameter dE/dx is used to estimate the energy loss, ∆E, by the ionizing 

particle. Equation (44), can be written as 
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𝑁 =
1

𝑊

𝑑𝐸

𝑑𝑥
∆𝑥 

(45) 

 

∆x represents the path covered by the particle. Equation (45) can also be rearranged 

to calculate the number of electron-ion pair per unit of length on the particle 

displacement. 

𝑛 =
1

𝑊

𝑑𝐸

𝑑𝑥
 

(46) 

 

Gas filled detectors are sometimes filled with mixtures of gases, due to the 

properties those mixtures introduce, regarding drift of charge carriers, as it is going 

to be explained in Section 3.2. In case of a gas mixture, when one pretend to 

determine the total and primary charge pair, a composition law form 

𝑛𝑡 =∑𝑥𝑖
𝑖

(𝑑𝐸 𝑑𝑥⁄ )𝑖

𝑊𝑖
 

(47) 

and 

𝑛𝑝 =∑𝑥𝑖𝑛𝑝,𝑖
𝑖

 (48) 

can be used. Here the subscript i refers to the ith gas in the mixture and xi is the 

fraction of the volume of gas i [20]. 

Some gaseous mixtures traditionally used in gas-filled detectors are: Xe + C2H6, 

Kr+CO2 or Kr+CH4 [20]. 

 

3.2 Drift of Charges in Gases and in Electric Fields 

When a sufficient high bias voltage is applied to the electrodes of a fission chamber 

an electric field appears between them. When electrons and ions are released under 

the influence of an applied electric field, one of them immediately moves apart from 

the other. As these carriers move in an electric field, they induce an electric pulse 

that can be measured. Electrons released immediately begin to drift in opposite 

direction to that of the electric field, ions move much more slowly than electrons, 

usually 103 times slower, towards the cathode. The net motion consists of a 

superposition of a random thermal velocity together with a net drift velocity in a 

given direction. For this research, electron and ion mobilities (μe, μi) as well as drift 

velocities of these carriers have been compiled from reference [33]. 

The general motion of charged particles under the influence of electric and 

magnetic fields, E and B, may be understood in terms of an equation of motion:  
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𝑚
𝑑𝑢

𝑑𝑡
= 𝑒𝑬 + 𝑒[𝒖 × 𝑩] − 𝐾𝑢 

(49) 

 

where m and e are the mass and the electric charge of the particle, u is its velocity 

vector, and K describes de fictional force proportional to u that is caused by the 

interaction of the particle with the gas. Equation (49) was introduced by the French 

physicist Paul Langevin who defined the Ku force as a stochastic average over the 

random collisions of a drifting particle [32]. 

 

However, as it is explained later on, magnetic fields are not considered in the 

present work [34]. 

Both electrons and ions lose their energy by multiple collisions with gas atoms or 

molecules. The way these charges move in the gas, deeply depends on the type and 

strength of the force they experience. In the presence of an electric field, electrons 

and ions behave differently; therefore they must be studied separately. 

 

3.2.1 Drift of Ions 

In gaseous detectors electrons and ions contribute to the total electrical charge 

produced, the change in potential and the current intensity signals produced by 

the movement of charges in an electric field. In the presence of an electric field, 

ions move towards the negative electrode with a velocity known as the drift velocity, 

vd. However ions are much heavier than electrons, thus the latter move much more 

slowly than the former. Thanks to this contribution, in most gaseous detectors and 

especially in ionization chambers, the output signal can be measured from the 

positive or from the negative electrode. In both cases what actually is measured is 

the change in the electric field. 

As was mentioned before, the net motion of the electrical carriers moving in a gas 

under the effect of an external electric field, consists of a superposition of a random 

thermal velocity together with a net drift velocity in the direction of the electric field. 

The behavior of ions differs from that of the electrons due to their different masses 

and chemical reactions [32]. Electrons in an electric field are accelerated more 

rapidly than ions and because of their small mass, do not loss much energy in 

elastic collisions with the gas atoms. Thus, the momentum of electrons could be 

considered randomized by collisions with gas atoms and them defined by its 

average value. In the strength of electric fields typical of fission chambers, the 

energy gathered by electrons thanks to this field is a random value, but far in 

excess that the energy due to their thermal motion and quite often surpass the 

threshold of inelastic excitation of atoms or molecules in the gas. In those 
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circumstances the mobility of electrons becomes a function of the energy lost and 

it is associated with the gas excitation. 

Ions in the same field and on their mean-free path acquire an amount of energy 

similar to that acquired by electrons. However an important fraction of that energy 

is lost in collision with the gas atoms or molecules. Hence their momentum cannot 

be considered as a random component as that of electrons. As a consequence the 

random energy of ions comes mostly from their thermal motion and a tiny fraction 

comes from the electric field. As a result, the mobility drift velocity of ions is about 

three orders of magnitude smaller than that of the electrons [32]. 

In the presence of an externally applied electric field, the distribution of the ions 

can be accurately characterize by a Gaussian distribution 

𝑑𝑁 =
𝑁

√4𝜋𝐷𝑡
𝑒−(𝑥−𝑡𝑣𝑑)

2
4𝐷𝑡⁄ 𝑑𝑥 

(50) 

t is the drift time of ions and vd is the drift velocity of the cloud of ions moving along 

the electric field lines, which is much lower than the instantaneous velocity of ions. 

Drift velocity is a so important parameter, since it reflects how quickly ions will 

reach the negative electrode and get collected. It has been found that under steady 

gas conditions, it is proportional to the ratio of electric field and gas pressure [20]: 

𝑣𝑑 = 𝜇𝑖
𝐸

𝑃
 

(51) 

Where E is the externally applied electric field, P is the gas pressure, and i is the 

mobility coefficient of ions in that gas. Our research will take advantage of the 

equation (51) to perform ions mobility calculation. 

Mobility depends on the mean free path of the ion in the gas considered, the energy 

ions loses per impact, and the energy distribution. Therefore, in a given gas, it 

remains constant for a particular ion. 

As was mentioned before the energy lost by ions due to elastic encounters with gas 

atoms or molecules is significant. Therefore we are going to introduce a 

mathematical expression for the fractional energy loss by the ions in collisions with 

an atom or molecule of the gas. 

Assuming elastic scattering of an ion with an atom or molecule of the gas and 

neglecting the thermal motion; one can estimate the average losses of energy and 

momentum experienced by ions (see Figure 31). Considering the scattering of two 

particles with masses m (ion) and M (gas atom/molecule) in their center-of-mass 

system (c.m.) in which the incoming momenta are equal and opposite and denoted 

by p. Considering as well, that M was initially at rest in the laboratory system and 
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the incoming particle had a momentum P. The fractional energy loss  is the ratio 

of the kinetic energies [32]:   

𝜆 =
𝑝2

𝑀

2𝑚

𝑃2
=

2𝑚𝑀

(𝑀 +𝑚)2
 

(52) 

 

 

Figure 31. Momentum diagrams for the collision of the drifting particle (mass m) with a 
gas molecule (mass M) in the center of mass and in the rest frame of the molecule. From 
reference [32]. 

On the same way, we can introduce mathematical expressions for the two 

components of the mobility of ions. Consider the motion of an ion between two 

consecutive collisions. Due to its heavy mass the ion does not scatter isotropically. 

Immediately after the collision a velocity component cd appears, in the drift 

direction, superimposed on the random velocity cr. After the encounter, due to the 

acceleration imposed by the electric field, the ion is going to pick up an extra 

velocity v equal to the mentioned acceleration multiplied by the average time has 

elapsed since the last collision. Then, the drift velocity is the sum of v and cd, as 

𝑢 = 𝒗 + 𝑐𝑑 =
𝑒𝑬

𝑚
𝜏 + 𝑐𝑑 

(53) 

Where τ is the elapsed time between collisions and E the electric field component, 

while cd is given by the average momentum lost in the direction of the drift that 

takes place in the next collision [32]. Introducing now the cross-section σ and the 

number density N, an expression for the drift velocity as a function of those 

parameters can be obtained: 

𝑢 = (
1

𝑚
+
1

𝑀
)
1/2

(
1

3𝑘𝑇
)
1/2 𝑒𝐸

𝑁𝜎
 

(54) 

 

It is important to notice that equation (54) only applies for a low electric field E [32]. 
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In case of a high E, in which thermal motion can be neglected and taking advantage 

of the fractional energy loss  defined by equation (52); the drift velocity can be 

written as a function of the ratio of masses, such as 

𝑢 = (
𝑒𝐸

𝑚𝑁𝜎
)
1/2

[
𝑚

𝑀
(1 +

𝑚

𝑀
)]
1/2

 
(55) 

A detailed explanation about the calculation of equations (54) and (55) can be found 

in [32]. 

 

3.2.2 Drift of Electrons 

Electrons do not move in a straight line along the trajectory to the anode, due to 

encounters with neutral gas atoms or molecules, and therefore, its motion is 

complicated and zigzagged. However, electrons will try to move along the lines of 

force of the electric field and, as in a cylindrical geometry those lines are radial and 

the collision events are independent one from the other, the resultant motion could 

be consider as a straight line. A depiction of this assertion is shown in Figure 32. 

Electron velocities are much higher than that of the ions. Hence, the collection time 

is much shorter, typically ≈ 10-9 s. When both carriers are released, electrons 

immediately start to drift towards the anode and due to much shorter collection 

time, when they arrive to the electrode, ions have barely moved from their original 

position [32, 31]. Due to the high velocity of electrons and reduced dimensions of 

the chamber it can be considered that electrons have a constant velocity. 

 

 

Figure 32. A schematic representation of the random zigzag motion and the drift of a free 

electron with an average speed vd, due to the effect of an external electric field �⃗⃗� . 

 

As we infer after the previous paragraph, electrons scattering in a gas under the 

effects of an electric field experiment two different velocities. The first one vi which 
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can be considered as an instantaneous and randomly oriented velocity, is acquired 

by the electron just after an encounter with a gas atom or molecule. The second 

one, u, is caused by the acceleration of the electron along the electric field. The 

former velocity can be computed by multiplying the mentioned acceleration by the 

average time elapsed since the last collision [32].  

𝑢 =
𝑒𝐸

𝑚𝑒
𝜏 

(56) 

 

Where me is the mass of electron at rest and τ the average time between collisions. 

The last hypothesis is based on the small mass of electrons and considering that 

electrons scatter isotropically after encounters. Macroscopically, u is seen as the 

drift velocity. If one considers the displacement of an electron between two 

consecutive encounters, one can say that when an electron experiments a new 

collision, some energy is lost due to recoil or excitation processes. Therefore in every 

displacement electrons experiment a net balance of energy between the energy 

picked up thanks to the electric field and the energy lost in collisions. 

On a drift distance x, the number of encounters is defined as n = (x/u)(1/τ), the 

drift time divided by the average time τ between collisions. Denoting by  the 

average fractional energy loss per collision, one can write the energy balance after 

collision as 

𝑥

𝑢𝜏
𝜆𝜀𝐸 = 𝑒𝐸𝑥 

(57) 

 

The term E is known as the equilibrium energy [32].  

Another important parameter already mentioned in this chapter is the mean time 

between collisions τ. The mean time between encounters for drifting particles with 

instantaneous velocity vi, collision cross-section  and density number N, can be 

written as: 

1

𝜏
= 𝑁𝜎𝑣𝑖 

(58) 

 

Where vi is related to the total energy of the drifting electron by 

1

2
𝑚𝑣𝑖

2 = 𝜀 = 𝜀𝐸 +
3

2
𝑘𝑇 

(59) 

Where k is the Boltzmann’s constant and T the gas temperature. 

For drift particle detectors it is acceptable  = (1/2) mvi
2 ≈ E >> (3/2)kT and we can 

neglect the thermal motion [32]. Thus equations (56), (57) and (62) can combine to 

compute the two equilibrium velocities as follows 
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𝑢2 =
𝑒𝐸

𝑚𝑁𝜎
√
𝜆

2
 (60) 

  

𝑣𝑖
2 =

𝑒𝐸

𝑚𝑁𝜎
√
2

𝜆
 (61) 

 

Where u is de component electron velocity due to the electric field and vi is the 

instantaneous velocity. 
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4 FISSION CHAMBERS 

A fission chamber could be considered as an evolution of an ionization chamber 

(see Figure 41) in which one of the electrodes has been coated with a fissile 

material. 

A fission chamber consists of a pair of concentric electrodes, one of them usually 

the anode, is coated with a fissile material (see Figure 33, Figure 34 and Figure 35). 

Usually U235 is used as fissile deposit; however other isotopes, such as U238 or 

Pu242, can be used according to the neutron spectrum which is intended to be 

analyzed. The space between the electrodes is filled with inert gas, often argon, 

sometimes with a small percentage ( 4%) of nitrogen or other gases. When a 

neutron interacts with an atom of the fissile material and produces fission, a couple 

of fission products are released in almost opposite directions. Those fission 

products, produced as a result of the fission process, emerge with energies of 

several tens of MeV (90 MeV each in average for U235) and with almost opposite 

directions (see Figure 1 and Figure 2). This means that only one of them will cross 

the filling gas, while the other is going to be trapped on the anode. This fission 

product is an electrically charged particle, which is going to ionize the gas as it 

crosses it. Every ionization produced in the gas by the fission fragment releases a 

couple of charge carriers, one electron (e-) and one ion (i+). This work has been 

developed based on fission chambers having a cylindrical geometry. 

In Chapter 3 it was explained that fission chambers work in the ionization region 

(also known as saturation region, see Figure 30). Thus, a polarizing voltage applied 

to the electrodes prevents the ions and electrons from recombining. Electrons travel 

towards the anode and ions towards the cathode producing a pulse of current and 

potential. Ionization tracks at different angles produce different pulse shapes. Each 

neutron causing fission produces a pulse of current and drop in potential. All the 

individual pulses occurring randomly in time add together. As neutron flux and 

hence pulse-rate increases, pulse pile-up occurs when pulses start to coincide in 

time, and are counted as one by the electronics connected to the chamber. 

The saturation region showed in Figure 30 is characterized for having the so-called 

saturation plateau, in which the electrical signal produced by the device is directly 

proportional to the fission rate produced by neutrons and independent of the 

polarization voltage applied.  

Fission chambers can be used to measure either thermal or fast neutrons. As we 

introduced previously in this chapter, U235 is the preferred fissile material when 

the chamber is going to be used in a thermal neutron spectrum environment. 

However, when the device is intended to work in a fast neutron medium or to focus 

on the fast neutron component of a neutron spectrum, some design changes are 

needed. A couple of alternatives are available, as explained in the following. One of 

them could be the use of the appropriate of the fissile isotope. As we introduced at 
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the beginning of this chapter, U235, can be replaced by other isotopes, such as 

U238 or Pu242. Those isotopes are characterized by having a threshold of energy 

for the fission reaction [35, 36]. In this last case fission chambers are named 

threshold fission chambers. The introduction of those isotopes makes the chamber 

to become sensitive to solely neutrons above a threshold energy level. 

Other alternative could be the introduction of a different chamber configuration, 

i.e. by shielding it with a material with a high neutron radiative capture cross 

section on the energy range one intent to filter. Thus, the shield acts as a filter to 

neutrons with specific energies. These materials are technically known as neutron 

screens, neutron shields or neutron absorbers. A neutron screen is a device, a 

model, a system or a technology that provides the capability of locally tailoring the 

neutron spectrum. Those materials have the property of affecting almost 

exclusively those neutrons within a specific range of energies without almost 

affecting the rest [37]. Different neutron screener configurations can be arranged 

around the fission chambers to remove, as an example, the thermal component. 

Some solid neutron absorbers, such as Cadmium, Boron, Hafnium or Gadolinium 

can be used. In this work we are going to focus on the two most widely used isotopes 

as neutron shields for fission chambers, which are B10 and Gd157. 

Figure 33 and Figure 34 show a schematic design of a cylindrical fission chamber, 

exhibiting a longitudinal view of the main components. Figure 33 exhibits a 

configuration without having a neutron screener, while Figure 34 presents the 

same model but coated with an external neutron shield applied to outer side of the 

cathode. This neutron absorber captures thermal neutrons and prevents them to 

penetrate into the chamber. Those previous representations also exhibit the way in 

which neutrons interact with the device, one of the fission products ionize the gas 

and an electron-ion pair is produced. Figure 35 shows a front view of both 

configurations (with and without neutron shield) and how they are arranged in this 

device. 

 

Figure 33. General scheme of a cylindrical fission chamber showing a longitudinal view 
without having exterior neutron screening or shield. Dimensions are arbitrarily 
established. 
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Figure 34. General scheme of a cylindrical fission chamber showing a longitudinal view 
coated with a neutron absorbing material. Thermal neutrons get captured by the neutron 
screener and prevent them to penetrate into the chamber. Dimensions are arbitrarily 
established. 

 

 

Figure 35. General scheme of a cylindrical fission chamber showing a front view with and 
without neutron shield. Dimensions are arbitrarily established. 

 



69 
 

4.1 Previous Studies. State-of-The-Art 

Fission chambers have been developed and improved since the 1960s. Nowadays 

they are commonly used in irradiated environments, such as particle accelerators, 

nuclear reactors and medical facilities, allowing on-line detection and 

measurement of neutron fluence rates and their oscillations with time. To date, 

some notable efforts on the field have been conducted to the miniaturization of 

those devices. 

Fission chambers can have different geometries, however has been the cylindrical 

one the most extended. At the moment miniaturized fission chambers go from 8 

mm down to 1.5 mm in diameter, as those designed at The Dosimetry Command 

control and Instrumentation Laboratory (LDCI) at CEA/Cadarache [38].  

So far, several studies have been carried out in order to design, qualify and 

calibrate fission chambers for different purposes; from in-core power measurement 

to radiation dosimetry. Some examples of studies accomplished to date with fission 

chambers are the following:  

(I) In reference [4] the feasibility of fission chambers as a neutron diagnostic tool 

for IFMIF was studied. This work was performed during the IFMIF/EVEDA phase 

at the Centro de Investigaciones Energéticas, Medioambientales y Tecnológicas, 

Ciemat [39]. The International Fusion Materials Irradiation Facility, also known as 

IFMIF, is a projected facility in which candidate materials for the use in fusion 

reactors can be fully qualified. The conclusions achieved in this work are of 

outstanding importance for experimental facilities as ITER. This study finally 

concludes: “The results show that this experimental system will be capable of 

measuring and characterizing the high neutron fluxes expected for IFMIF”.  

(II) In reference [40] the design of an ITER neutron yield monitor using micro-fission 

chambers was studied. This work was developed in Japan in 1997 and authors 

studied the capacity of those detectors to satisfactorily perform the neutron yield 

measurement in the fusion experimental reactor ITER due to constraints in terms 

of space, neutron fluence rate and electromagnetic fields. As a result of this work, 

authors proposed the use of a mixed fissile deposit U234 (80%) + U235 (20%) to 

avoid the problem of detection efficiency due to the high fissile material burn-up.  

(III) Research in reference [2] studied the use of micro-fission chambers for nuclear 

waste incineration experimentation. This work was carried out in 2002 at The 

Incineration by Accelerator (INCA) project of the Directorate for Science of Matter 

of the French Atomic Energy Authority (CEA/DSM) [38]. There, authors analyzed 

the employment of micro-fission chambers to on-line measure the incineration 

rates of minor actinides of nuclear waste as a way to reduce the long-term radio 

toxicity of those deposits after being used in nuclear installations. They 

satisfactorily conclude: “… that the use of an innovative fission micro-chamber is 

possible for incineration experiments in high intensity thermal neutron fluxes”. 
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Those studies have involved different design features of the device, from geometry 

to different fissile deposits as well as different gas mixtures and operational modes. 

Regarding fissile deposits, we have already explained that U235 is very convenient 

for operations in environments with a thermal neutron spectrum of energies. 

However, when has been tried to measure fast neutron spectra, U235 is no longer 

the most appropriate fissile isotope due to its fission cross-section. It also happens 

for high neutron fluence rates, for example above 1E14 n cm-2 s-1, because fission 

rate can be so high that its operational life is reduced considerably and its 

performance decreases very quickly. For those purposes other deposits, such as 

U238, Pu239, Pu242, Np237, and Th232, have been tested in references [7, 35]. 

The reasons for this high U235 burn-up are analyzed in chapter 4.4. 

 

4.2 Operation Modes 

Fission chambers can be operated in: pulse mode, current mode, and mean square 

voltage mode (MSV mode), also called Campbelling mode [31], depending on how 

charges are collected. 

4.2.1 Pulse Mode 

Pulse mode is used for low neutron fluence levels [41] (fluence rates below 1E8 to 

1E12 n·cm-2·s-1 [31]) because each neutron interaction must be separated by 

sufficient time so that it may be resolved as an individual pulse. This mode of 

operation counts every single fission event, charge after charge. The objective is to 

record the number of pulses that occurs over a given measurement time, or 

alternatively, to indicate the rate at which these pulses are occurring. Pulsed mode 

can be used for two different purposes: radiation spectroscopy and pulse counting. 

The first case applies when detectors are intended to measure the energy of 

individual radiation quanta. The second one is implemented in circumstances 

when we are only interested on the measurement of pulses above a certain 

threshold and independent of the charge Q produced. Pulse mode can also be 

employed at higher pulse rates by adding a certain amount of nitrogen to the filling 

gas. This addition results in an increase of electron velocity and hence a shorter 

collection time of those carriers. This allows the pulse mode to be employed at 

higher pulse rates than would otherwise be possible, without excessive counting 

losses through pulse pile-up. Pulse mode operation is conventionally limited to 

rates below about lE5 events per second, although state-of-the-art techniques in 

chamber design and pulse-processing electronics can raise this limit to as high as 

lE7 events per second [31]. Figure 36 shows a schematic diagram of a fission 

chamber working in pulse mode. 
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Figure 36. Schematic diagram of a fission chamber working in pulse mode 

 

4.2.2 Current Mode 

When neutron fluence rate increases, usually beyond 1E12 n·cm-2·s-1, pulse pile-

up becomes so intense that to have an estimation of the flux we have to use the 

statistical properties of the signal, such as the variance. Beyond those fluence 

rates, pulse mode operation becomes impractical because the time interval between 

subsequent events become too short or the current pulses of those two successive 

events overlap in time. Thus that is why, under those circumstances the chamber 

has to be operated in current mode to give an indication of the neutron flux. 

Current mode sacrifices any chance of inherent -ray discrimination because all 

pulses, independently of their amplitude, add some contribution to the measured 

current [31]. 

In current mode, a current measuring circuit is placed across the electrodes of the 

chamber and average current is measured. The average current is given by the 

product of the average event rate and the charge produced per event. 

𝐼0 = 𝑟𝑄 = 𝑟
𝐸

𝑊
𝑞 (62) 

Where r represents the event rate, Q = Eq/W the charge produced per event, E is 

the average energy deposited per event, W the average energy required to produce 

an electron-ion pair and q is the unity of charge (see Annex B. Physical Constants). 

The uncertainty associated with measurements in current mode can be estimated 

as follows. For steady-state irradiation the average current can also be written as 

the sum of a constant current I0 plus a random time-dependent fluctuation 

component i(t), that occurs as a consequence of the random nature of the radiation 

events interacting with the fission chamber. This is schematically shown in Figure 

37. 
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Figure 37. Depiction of the electrical signal produced by a fission chamber in a steady-
state irradiation environment. 

 

The variance, or mean square value, gives a statistical measure of this random 

component. The variance is defined as the average time of the square of the 

difference between the fluctuating current I(t) and the average current I0, and is 

given by 

𝜎𝐼
2(𝑡)̅̅ ̅̅ ̅̅ ̅ =

1

𝑇
∫ [𝐼(𝑡′) − 𝐼0]

2𝑑𝑡′ =
1

𝑇

𝑡

𝑡−𝑇

∫ 𝜎𝑖
2(𝑡′)𝑑𝑡′

𝑡

𝑡−𝑇

 (63) 

 

Where T is the measurement time and 1/T corresponds to the frequency. Thus the 

standard deviation is defined as 

𝜎𝐼(𝑡)̅̅ ̅̅ ̅̅ ̅ = √𝜎𝐼
2(𝑡)̅̅ ̅̅ ̅̅ ̅ (64) 

 

Therefore, taking advantage of Poisson statistics [31], the standard deviation in a 

number of events n occurring at a rate r in a measurement time T is 

𝜎𝑛 = √𝑟𝑇 (65) 

 

If we assume a constant charge Q per event  

𝜎𝐼(𝑡)̅̅ ̅̅ ̅̅ ̅

𝐼0
=
𝜎𝑛
𝑛
=

1

√𝑟𝑇
 (66) 

 

Here 𝜎𝐼(𝑡)̅̅ ̅̅ ̅̅  is the time average of the standard deviation in the measured current, T 

is the response time and I0 is the average current. It is important to notice that as 

we have assumed a constant charge Q per event, equation (66) gives an estimation 
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of the fluctuations in pulse arrival time, but not for fluctuations in pulse amplitude. 

Figure 38 shows a schematic diagram of a fission chamber working in current 

mode. 

 

 

 Figure 38.Schematic diagram of a fission chamber working in current mode 

 

4.2.3 Mean Square Voltage (MSV) 

Somehow mean square voltage (MSV), also known as Campbelling mode, could be 

perceived as an evolution of the current mode. The output of the current mode 

operation is a varying current which can be regarded as a sum of a steady-state 

component and a time varying component. The MSV circuit blocks the steady-state 

component and squares the amplitude of the varying component. MSV mode 

operation can be employed to reduce the -sensitivity because it takes advantage 

of the different amplitudes of the pulses produced by different types of radiation, 

such as neutrons and -rays, resulting in a signal proportional to the square of the 

charge that is created by each incident particle of radiation, thus enhancing the 

difference between types of radiation. The concepts around the signal introduced 

by -rays are explained in chapter 4.3. 

Campbelling mode has been used by different authors in different scientific works 

to isolate and hence measure the background produced by  from signal produced 

by neutrons in fission chambers. One example of this implementation can be seen 

at reference [42]. 

Supposed one has an electronic circuit as those depicted in Figure 39 and Figure 

40, capable of isolating the average current I0 from the random fluctuating 

component i(t), and able to deliver as output the average of the squared amplitude 

of i(t). Suppose now we send the electric signal delivered by the fission chamber 

through this circuit. The result obtained corresponds to 𝜎𝐼
2(𝑡)̅̅ ̅̅ ̅̅ ̅, defined previously 

in equation (63). 

Combining equations (62) and (66), it is possible to mathematically predict the 

magnitude of the signal rendered by the fission chamber as shown below 



74 
 

𝜎𝐼
2(𝑡)̅̅ ̅̅ ̅̅ ̅ =

𝑟𝑄2

𝑇
 (67) 

 

Equation (67) shows that the mean square signal produced by the chamber is 

directly proportional to the event rate, r, and to the square of the charge, Q, 

produced in each event. It is clear it consists of three parts: quadrate i(t)2, average, 

and square root. 

Signal predicted by equation (67) can be interpreted in terms of potential or 

intensity pulses. To this end, circuit depicted in Figure 40 can switch v(t) input to 

i(t) as it is shown in equations (68) and (69). 

 

𝑉𝑀𝑆𝑉 = √
1

𝑇
∫ 𝑣(𝑡)2𝑑𝑡
𝑇

0

 (68) 

  

𝐼𝑀𝑆𝑉 = √
1

𝑇
∫ 𝑖(𝑡)2𝑑𝑡
𝑇

0

 (69) 

 

 

 

 

 

Figure 39. Simplification of an electronic circuit for operation in MSV mode. From reference 
[31]. 
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Figure 40. Detailed electronic circuit for operation in MSV mode. From reference [43]. 

 

 

 

4.3 The gamma-ray contribution to the signal of fission chambers 

In order to detect gamma rays they must interact with matter. The electromagnetic 

nature of gamma photons allows them to strongly interact with atomic electrons of 

all matter. Thus, gamma radiation is detected by the ionization of matter it 

produces when gamma photons transfer part of their energy to atomic electrons, 

releasing them from atoms. Released electrons can collide with other electrons 

transferring them part of their energy and originating an electron cascade. 

Liberated electrons, bunching together, produce an electric charge and afterwards 

an electric pulse whose voltage and amplitude is proportional to the energy 

deposited in the detecting medium. That pulse can be recorded, either directly via 

proportional counters or solid-state semiconductors or indirectly via scintillation 

detectors [44]. 

Fission chambers, as other kind of gas-filled detectors, are an evolution of 

ionization chambers (see Figure 41). Therefore they are sensitive to gamma-rays as 

to neutrons. Fissile materials used to coat those detectors emit 10 times as many 

gamma rays as neutrons, for this reason they also contribute to the background 

gamma-produced signals [9]. This gamma-rays background rise even more when a 

neutron screener is implemented to filter the thermal component of the neutron 

spectrum due to neutron capture reactions. Thus, the sensitivity to gamma-rays is 

an important parameter to consider when designing a neutron detector. As we can 

see from references [8, 45] several research projects have been concerned about 

this issue so far. 

Figure 41 exhibits the process by which gammas irradiate a detector and wrenching 

orbital electrons from atoms produces an electrical signal. When this process takes 

place in a fission chamber, the gamma signal superimposes to the one produced 

by neutrons, producing a supplementary signal. It is necessary the isolation of the 

gamma-ray component in order to measure the neutron pure one. 
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Figure 41. The equivalent circuit for an ionization chamber detector and the wrenching of 
electrons from gas atoms. 

The background gamma radiation depends on the kind of environment in which 

the neutron detector is expected to operate. For instance, for measurements of 

spent fuel [41] the signal of the detector from this kind of radiation can prevail over 

other sources of radiation [9].  

When neutron screeners are implemented, the gamma radiation they introduce, is 

due to the radiative capture reaction of the neutron by atoms in the screener. This 

process was graphically described in Figure 42. The two most widely neutron 

absorbers used for this purpose are B10 and Gd157. Those isotopes emit intense 

gamma radiation after a neutron capture. Both reactions can be seen in equation 

(70) and (71). 

𝐵5
10 + 𝑛𝑡ℎ → 𝐵5

11 ∗ → 𝛼 + 𝐿𝑖3
7 + 2.31𝑀𝑒𝑉 (70) 

Both the alpha particles and the lithium ions produce closely spaced ionizations in 

the immediate vicinity of the reaction, with a range of approximately 5-9 µm [46]. 

Gd + nth → Gd64
158 ∗ → Gd64

158 + γ + 7.9MeV64
157  (71) 

The Gd157 neutron capture reaction induces complex inner shell transitions that 

generate prompt γ-emission displacing an inner core electron, which in turn results 

in internal conversion electron emission, and finally in the Auger-Coster-Kronig 

electron radiation, together with soft X-ray and photon production. The average 

energy of the produced γ-rays is 2.2 MeV and the path length is several 

centimeters. The average energy of the internal conversion electrons is 45 eV and 

their path length is in the order of millimeters [46]. This phenomenon is depicted 

in Figure 42. 
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As was explained in chapter 2.5.2, gamma-rays can transfer energy to the electrons 

in matter by Compton scattering. In a gas-filled detector, Compton scattering can 

take place in either the detector electrodes of in the filling gas, yielding high-energy 

electrons that subsequently produce an electrons cascade and hence, ulterior 

ionizations in other atoms while they traverse the detector materials, especially 

across the gas. In some operational scenarios, the pulses produced by gamma 

radiation are comparable in magnitude or even bigger than those produced by 

neutrons [9].  

In order to isolate the gamma-produced signal from that of neutrons, several 

techniques can be used. The most obvious consists in the irradiation of two 

identical devices, one of them having fissile material and the other one not. In this 

case, one can know the signal due to neutrons by subtracting the signal delivered 

by the uncoated chamber, (i), from the one having fissile deposit (in). Thus, the net 

signal would be (ifinal) = (in) - (i). This operational procedure was applied in references 

[8, 45]. 

 

Figure 42. The ionization process due to gamma rays by both background radiation and 
by radiative capture in the neutron screener material. 

The second technique consists in operating the fission chamber in fluctuation 

mode, also known as Campbelling mode [45] or Mean Square Voltage (MSV). In 

chapter 4.2.3 we introduced this mode of operation which permits the 

discrimination of pulses of different amplitudes. It is useful for environments in 
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which the gamma-produced pulses are smaller than those produced by neutrons, 

so they can be differentiated applying MSV mode of operation. However, as said 

before, in some circumstances when gamma-produced pulses are of the same 

amplitude or bigger than those coming up from neutrons, this mode of operation 

is not valid anymore. 

Third possibility. When fission chambers are intended to measure the fast neutron 

range of the spectrum, the substitution of fissile isotopes sensitive to thermal 

neutrons (e.g. U235) by threshold ones such as U238 [8, 47, 7], Pu242 [35], Np237, 

etc. avoids the introduction additional gamma radiation background [48].  

The fourth technique consists in the isolation of the gamma-produced signal from 

that of neutrons by carefully selecting the materials being utilized in their 

construction. Four factors have to be considered during the design process of a 

neutron detector: 

a) The incorporation of gamma-ray shields to substantially reduce the 

magnitude of the gamma-produced pulses. Suppose a neutron detector 

exposed to a mixed-radiation source, being irradiated by 1 MeV neutrons and 

by a 1 MeV gamma-ray background. In this case the installation of a 5 cm of 

a lead shield absorbs approximately 0.1% of the incoming neutrons and 90% 

of the gamma rays [9]. Despite this technique is not acceptable in most of 

the scenarios due to dimensional constrains as happen with new generations 

of miniaturized fission chambers, it is used here to illustrate the importance 

of the materials selected.  

Especial attention should be paid to the materials incorporated to a neutron 

detector, if it is intended for an environment in which the gamma background is 
significant. Some structural materials offer a higher absorption cross section to 
neutrons than to gammas.  

b) Table 3 from reference [9] shows the probability of interaction of thermal and 

fast neutrons and gamma rays with several structural materials used on gas 

proportional counters. One can see that, for thermal neutrons, the 

probability of absorption of neutrons is higher than that of gamma rays in 

certain materials; however in an environment with fast neutrons the 

probability of absorption of both, neutrons and gammas are in the same 

order of magnitude. 

 

Table 3. Neutron and gamma-ray interaction probabilities in typical neutron 
detector materials.  

 Interaction Probability 

Thermal neutrons detectors Thermal neutrons 1-MeV Gamma Ray 
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3He(2.5cm diam, 4atm)  0.77 0.0001 

Ar(2.5cm diam, 2atm)  0.0 0.0005 

BF3(5.0cm diam, 0.66atm) 0.29 0.0006 

Al tube wall (0.8mm)  0.0 0.014 

   

 Interaction Probability 

Fast Detectors 1-MeV Neutron 1-MeV Gamma Ray 

4He (5.0cm diam, 18atm) 0.01 0.001 

Al tube wall(0.8mm) 0.0 0.014 

 

c) The energy deposited by neutrons or gamma-rays depends on the type of 

neutron detector. Depending on the detector, neutrons can induce a nuclear 

reaction than releases more energy than gamma-rays impart to an electron 

in a Compton scattering reaction, (the average energy deposited by a 1 MeV 

gamma ray is roughly 400 KeV) [9]. In gas-filled detectors, the typical electron 

range is longer than the one of heavy charged particles produced by 

neutrons. Thus selecting the appropriate filling-gas pressure, one can force 

those heavy particles to lose their energy within the detector boundaries, 

while electrons will escape from the detector after having deposited only a 

small fraction of their energy in the filling-gas [9]. 

d) Designing a neutron detector with an accurate time resolution. It is another 

way of discrimination between types of radiation sources. In gas-filled 

detectors, fission fragments have a shorter range than electrons produced by 

gamma-ray Compton scattering, this means they will deposit their energy 

over a longer distance; hence it will take more time to collect it. Thus if the 

electronic connected to the fission chamber has a fast differentiation 

amplifier, it will then collect less pulses produced by gamma-rays than 

produced by fission products [9]. Table 4, collected from reference [9]  lists 

the neutron detection efficiency and approximate gamma-ray radiation limit 

for various neutron detector types. 

Table 4. Typical values of efficiency and gamma-ray sensitivity for some common 

neutron detectors 

Detector 

Type Size 

Neutron 

Active 

Material 

Incident 

Neutron 

Energy 

Neutron 

Detection 

Efficiency 
a 

(%) 

Gamma-

Ray 

Sensitivity 

(R/h)b 

Plastic scintillator 5 cm thick 1H 1 MeV 78 0.01 

Liquid scintillator 5 cm thick 1H 1 MeV 78 0.1 
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Loaded scintillator 1 mm 

thick 

6Li thermal 50 1 

Hornyak button 1 mm 

thick 

1H 1 MeV 1 1 

Methane (7atm) 5 cm diam 1H 1 MeV 1 1 

4He (18 atm) 5 cm diam 4He 1 MeV 1 1 

3He (4 atm), Ar (2 

atm) 

2.5 cm 

diam 

3He thermal 77 1 

3He (4 atm), C02 

(5%) 

2.5 cm 

diam 

3He thermal 77 10 

BF3 (0.66 atm)  5 cm diam B10 thermal 29 10 

BF3 (1.18 atm) 5 cm diam B10 thermal 46 10 

B10-lined chamber 0.2 

mg/cm2 

B10 thermal 10 103 

Fission chamber 2.0 

mg/cm2 

U235 thermal 0.5 106-107 

a Interaction probability for neutrons of the specified energy striking the detector 

face at right angles. 

b Approximate upper limit of gamma-ray dose that can be present with detector 

still providing usable neutron output signals. 

 

 

4.4 Fissile Deposit Burn-up 

New generations of fission chambers have a very exigent design specifications and 

tough operational conditions. As an example, the irradiation conditions in IFMIF 

[4, 8] establishes that fission chambers must be very sensitive to a wide range of 

neutron energies (between 1 and 55 MeV), fast response time and long operational 

lifetime (around 11 months of irradiation). For spallation facilities, the requirement 

is even more exigent as they are expected to have a good sensitivity from below 1 

MeV to over 500 MeV [3]. In the case of the planned fusion reactor ITER, is expected 

from fission chambers to operate for long periods of time, equivalent to the other 

components of the reactor, under heavy irradiation conditions up to 1E13 n cm-2 

s-1 and neutron fluences of 1E21 n cm-2 without major changes in sensitivity [7]. 

Those extremely demanding conditions produce long-term changes in the 

properties of the fissile deposit of the chamber over its lifetime. Those changes are 

determined by the isotopic composition evolution of the fissile deposit due to its 

burn up and neutron transmutation. 
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In this section we study the changes in the composition of the fissile material that 

take place in an operating fission chamber and the effects they produce in the 

sensitivity of the instrument. In this work, we have assumed the hypothesis of 

using a pure U235 fissile deposit. The same proposal is made by some other works 

already published, for instance in reference [47], in which authors propose the use 

of a U238 deposit with an enrichment of at least 99.999% (roughly pure material, 

technically speaking) [47].  

During operation fission events destroy fissile isotopes producing two intermediate 

mass fission products. Fission products tend to be neutron-rich and subsequently 

they decay by beta or neutron emission and undergo neutron capture to be 

transmuted into a heavier isotope which can afterwards undergo radioactive decay 

and neutron transmutation. The fissile nuclei also undergo transmutation via 

radiative capture followed by decay or further transmutation [27]. Isotopes coming 

from fissile products can then act as contaminants of the fissile deposit. As 

irradiation time passes by and original fissile isotopes get consumed, fission rate 

is affected and hence the accuracy of the signal delivered by the fission chamber. 

To date, many works have been carried out in order to evaluate the performance of 

different fissile isotopes. U238, Th232, Np237, and Pa231 have been evaluated in 

work [7]; Th232, Pa231, U236, U238, Np237, Pu240, Pu242, Am243, Cm246 and 

Cm248 in work [35]. Nowadays, U238 and Pu242 seem to be the generally accepted 

isotopes for the measurement of the fast component of a neutron spectrum [8, 35]. 

However, those isotopes, especially U238, undergo neutron transmutation. Fission 

chambers coated with U238 and Pu242 are known as threshold chambers (see 

section 4.3) [35, 36].  

When U238 is used as fissile deposit and this isotope is bombarded by neutrons 

during normal operation; U238 transmutes into Pu239 after neutron radiative 

capture, as can be seen in equation (72). 

𝑈92
238 + 𝑛 → 𝑈92

239
23.5 𝑚𝑖𝑛 (𝛽−)
→         𝑁𝑝93

239
2.3565 𝑑 (𝛽−)
→         𝑃𝑢94

239  (72) 

Equation (72) shows that when a fission chamber is coated with U238, as the 

operation time goes by it becomes sensitive to thermal neutrons due to the 

appearance of Pu239. This problem is also present in fission chamber having 

Pu242 as fissile isotope, as exhibited in equation (73). Nevertheless, this 

phenomenon is less significant in Pu242 than in U238 [35]. 

𝑃𝑢94
242 + 𝑛 → 𝑃𝑢94

243
4.956 ℎ (𝛽−)
→        𝐴𝑚95

243 → 𝐴𝑚95
244

101.1 ℎ (𝛽−)
→        𝐶𝑚96

244  →  𝐶𝑚95
245  (73) 
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Works referenced in [8] and [35] show the feasibility of both isotopes for their use 

in fast neutron and high neutron fluence environments. 

 

4.5 Electric Signal Production 

This research is focused in fission chambers with a cylindrical geometry, which 

offers some advantages over the parallel one. One of those advantages is its 

superior charge collection efficiency due to the presence of non-uniform electric 

field strength and because cylindrical geometry has a larger collection area. Thus, 

an improvement on the charge collection is experienced. Due to the thin dimension 

of the fission chamber anode the electric lines of force are very concentrated, 

therefore, this makes electrons travel much faster toward the anode that ions drift 

toward the cathode. Thus, electrons drift velocity is increased and electron 

collection time is shorter. 

The electrical signal produced by electrical carriers can be measured in two ways, 

via a drop in potential or through a signal of intensity. 

 

4.5.1 Drop in Potential 

As soon as an electron-ion pair is produced in the inter-electrode gas, both carriers 

immediately begin to drift, under the influence of the electric field applied. This 

movement of electrical carriers within an electric field causes a change in the 

potential energy inside the chamber and hence a voltage pulse at the output 

electrode, which can be measured and which gives an estimation of the radiation 

crossing the inter-electrode gap. 

It is worth to notice that the electrical signal is not produced as a result of the 

collection of the charge at the electrodes, but it is a consequence of the movement 

of electrical carriers within the electric field. It is also important to remark that for 

a cylindrical geometry, as we assume the longitudinal dimensions of the chamber 

are much larger than the axial ones, potential varies only in the radial direction. 

Analytically one can estimate the drop in potential signal through the change in 

potential energy caused by the movement of a charge Q in the filling-gas of the 

chamber, moving a dr and situated at a distance r from the anode 

𝑑𝑈 = 𝑄
𝑑Φ(𝑟)

𝑑𝑟
𝑑𝑟 (74) 

 

For a cylindrical chamber the potential (r) can be written as 

Φ(𝑟) = −
𝐶𝑙𝑉0
2𝜋𝜀

𝑙𝑛 [
𝑟

𝑎
] (75) 
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Where  is the permeability of the gas, Cl is the capacitance per unit of length of 

the chamber, V0 is the externally-applied voltage to the electrodes, r is the radial 

distance from the center of the chamber, and a, the radius of the outer electrode; 

b, the radius of the inner electrode. This concept is schematically represented in 

figure 15. 

 

Figure 15. Production of an electron ion pair in a cylindrical fission chamber at a generic 

distance of r0 from the center of the anode wire. 

Differentiating the previous equation with respect to r gives the potential gradient 

𝑑Φ(𝑟)

𝑑𝑟
= −

𝐶𝑙𝑉0
2𝜋𝜀

1

𝑟
 (76) 

 

Substituting in equation (74), one can have the potential energy U which represents 

the electrostatic energy contained in the electric field inside the chamber. 

𝑑𝑈 = −𝑄
𝐶𝑙𝑉0
2𝜋𝜀

1

𝑟
𝑑𝑟 (77) 

 

For a cylindrical geometry of length l this electrostatic energy can be represented 

as 

𝑈 =
1

2
𝑙𝐶𝑙𝑉0

2 (78) 

 

Differentiating both sides of the equation 
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𝑑𝑈 = 𝑙𝐶𝑙𝑉0𝑑𝑉 (79) 

 

Equations (77) and (79) can be equated to give 

𝑑𝑉 = −
𝑄

2𝜋𝜀𝑙

1

𝑟
𝑑𝑟 (80) 

This equation allows the estimation of the change in potential due to the movement 

of electrical carrier within the gas. Assuming that electron-ion pairs are produced 

at a radial distance r0, the drop in potential because of the movement of electrons 

having a total charge –Q can be computed by integrating equation (80) from a+r0 

to a 

𝑉− =
𝑄

2𝜋𝜀𝑙
∫

1

𝑟

𝑎

𝑎+𝑟0

𝑑𝑟 = −
𝑄

2𝜋𝜀𝑙
𝑙𝑛 [
𝑎 + 𝑟0
𝑎

] (81) 

 

Similarly one can proceed for ions having a total charge +Q and moving from a+r0 

to b, therefore the change in potential caused by ions moving inside the gas as 

𝑉+ =
𝑄

2𝜋𝜀𝑙
∫

1

𝑟

𝑏

𝑎+𝑟0

𝑑𝑟 = −
𝑄

2𝜋𝜀𝑙
𝑙𝑛 [

𝑏

𝑎 + 𝑟0
] (82) 

 

The total change in potential expected due to the movement of electrons and ions 

in a cylindrical chamber, having a total charge Q, (Ntot·e-) can be computed by 

adding V = V- + V+  [20] 

 

𝑉 = −
𝑄

2𝜋𝜀𝑙
𝑙𝑛 [
𝑎 + 𝑟0
𝑎

] + (−
𝑄

2𝜋𝜀𝑙
𝑙𝑛 [

𝑏

𝑎 + 𝑟0
]) = −

𝑄

2𝜋𝜀𝑙
𝑙𝑛 [
𝑏

𝑎
] (83) 

 

The result obtained is very interesting because one can see that the drop in 

potential, caused be the movement of carriers within a gas, is independent of the 

position inside the chamber in which carriers were released. This property removes 

a source of uncertainty and helps us in the development of our model for the 

electrical signal calculation. 

 

4.5.2 Signal of Intensity 

Remembering what we have seen previously in chapter 4.2, now we can assert that 

the current delivered by a fission chamber is not a constant signal; it is constituted 

of sorts of pulses appearing randomly as fission events occur. For a fission chamber 
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operating in Current Mode and within the saturation region, the average current is 

the product of the event rate and the mean charge produced per event [31]: 

𝐼 = �̅��̅� = Ф𝑡ℎ �̅� (84) 

 

Where r is the event rate (1/s), �̅� is the mean charge per event. The former stands 

for the amount of electrical carriers produced per fission product, on average and 

the charge produced per carrier, Фth = thermal fluence rate (n cm-2 s-1),  = the 

fission efficiency (fissions/neutron). Thus, (84) can expanded in more detail, 

leading to 

𝐼 =  �̅� Ф𝑡ℎ 𝑆 𝑞 (85) 

 

Where �̅� represents the mean electron-ion pair produced per fission and S is the 

surface of the electrodes where charges are collected. 

Previous equation introduces a certain statistical error which can be estimated as 

we introduced at equation (65) and as we saw it decreases as 1/(n)1/2 where n 

stands for the number of neutron histories sampled. 
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5 THE MONTE CARLO METHOD 

The generally accepted birth date of the Monte Carlo method is 1949, when an 

article entitled "The Monte Carlo method", by Metropolis and Ulam, appeared [49]. 

The American mathematicians John von Neumann and Stanislav Ulam are 

considered its main originators [50]. However the theoretical foundation of the 

method had been known long before the Neumann and Ulam article was published. 

The earliest documented use of random sampling to find the solution to an integral 

is that of the Comte de Buffon [51]. In 1077 he performed an experiment where a 

needle of length L is thrown at random onto a horizontal plane ruled with straight 

lines a distance d (d > L) one from another. To estimate the probability, P, that the 

needle will intersect one of these lines, Comte de Buffon threw the needle many 

times to get an estimation of the probability of this event. He also carried out the 

mathematical analysis of the problem showing that  

𝑃 =
2𝐿

𝜋𝑑
 

The general idea of the Monte Carlo method is a numerical method of solving 

mathematical problems by the simulation of random variables [50]. 

In a Monte Carlo simulation one attempts to follow the ‘time dependence’ of a model 

for which change, or growth, does not proceed in some rigorously predefined 

fashion, (e.g. according to Newton’s equations of motion), but rather in a stochastic 

manner which depends on a sequence of random numbers which is generated 

during the simulation. With the generation of a second sequence of random 

numbers, the simulation will not give exactly the same results, however those will 

yield to a general agreement with those of the first simulation including some 

“statistical error”. This process will lead to the same results, whatever series of 

random numbers are generated [52]. 

 

5.1 Probability 

The term probability refers to the study of randomness and uncertainty. Probability 

could also be defined as the measure of the likelihood that an event will occur. This 

likelihood is a quantity comprised between 0 and 1; where 0 indicates the 

impossibility of an event to occur and 1 indicates the certainty of that event (it is 

always going to happen). In any situation in which one of a number of possible 

outcomes may occur, the probability provides methods for quantifying the chances 

associated with the various outcomes. 

The objective of probability is to assign to each event A a number, P(A), called the 

probability of the event A which will give a precise measure of the chance that A 

will occur. 
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A Monte Carlo calculation is a numerical stochastic process; that is, a sequence of 

random events [53], e.g. the physical outcome of the scattering of an electron by 

an atom or the scattering of neutrons. 

Stochastic processes are processes ruled by random events. Simulation of this kind 

of processes requires the introduction of probability in order to estimate the 

appearance or not of a specific event or to discriminate between events mutually 

exclusive. Apart from this, the simulation of stochastic processes introduces an 

inherent statistical error and uncertainties that must be analyzed. One of those 

uncertainties could be the number of events our model have to perform in order to 

ensure the average of its outcomes converge to the solution.  

This chapter covers some of the most basic properties of probability and events, 

which will help to understand more complex concepts introduced in chapters 5.2, 

5.3, 5.4 and 5.5. 

 

5.1.1 Sample Spaces and Events 

A sample space, denoted as ς, can be defined as the set of all possible outcomes of 

an experiment [53]. Therefore, we can now define what is the probabilistically 

definition of “event” and furthermore, the definition of “simple event also known as 

elementary event” and “compound events also known as composite events” [51, 

53]. 

Taking this previous definition as a base, we can define an event as any collection 

of outcomes contained in the sample space ς. Subsequently we can now define a 

simple event. An event will be considered simple if it consists of exactly one 

outcome. On the same fashion we can say that elementary events are those that 

we cannot analyze into still simpler events. An event is said compound if it consists 

of more than one outcome; it can also be defined as those defined from a number 

of elementary events [51, 53]. 

Several properties can be applied to sets of events: 

a) Complementary event. The complementary event denoted by A’ of another 

event A, is the set of all outcomes in the space ς that are not contained in A. 

b) The union of two events A and B, denoted by A ∪ B and read “A or B,” is the 

event consisting of all outcomes that are either in A or in B or in both events. 

c) The intersection of two events A and B, denoted by A ∩ B and read “A and B,” 

is the event consisting of all outcomes that are both in A and B. 

d) Events mutually exclusive. When A ∩ B = Ø, where Ø denote the null event 

(the event consisting of no outcomes whatsoever). A and B are said to be 

mutually exclusive events. 
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5.1.2 Properties of Random Events 

According to the definition of probability already introduced, the objective of 

probability is to assign to each event A of the sample space ς a number P(A). To 

ensure the consistency of that assignment they must satisfy the following axioms 

a) For any event A, P(A) ≥ 0 

b) For any event A, 0  P(A)  1 

If P(A) = 0, it is said that the outcome A never occurs. However, if P(A) = 1 it is said 

the outcome V is sure to occur. 

c) P(ς) = 1  

It means that the probability of the whole sample space is equal to 1. It can also 

be seen as P{some Ai} = Σi Pi = 1. 

d) If A1, A2, A3, … is a infinite set of mutually exclusive events, then 

𝑃(𝐴1 ∪ 𝐴2 ∪ 𝐴3 ∪ …) =∑𝑃(𝐴𝑖)

∞

𝑖=1

 
 

e) For any event A, P(A) + P(A’) = 1, thus P(A) = 1- P(A’), where A’ is the 

complementary event of A. 

Sometimes this property can be particularly useful, for instance when obtaining 

P(A’) could be easier that retrieving P(A). 

f) For any two events A and B, P(A ∪ B) = P(A) + P(B) – P(A ∩ B) 

g) For any two events A and B, P(A ∩ B) = P(A|B) · P(B). This is the 

multiplication rule. 

P(A|B) represents the conditional probability that is explained in the next chapter. 

 

5.1.3 Conditional Probability 

Sometimes the probability of an event A, P(A), depends or not on the occurrence or 

not of another event B. We will denote P(A|B) to represent the conditional probability 

of A given that the event B has occurred. B is the so-called “conditioning event” 

[53]. Taking into consideration the introduction of conditional probability here 

given, we are in a position to write a general proposition for conditional probability. 

For two events A, B with P(B) > 0, the conditional probability of A given that B has 

occurred is defined by  

𝑃(𝐴|𝐵) =
𝑃(𝐴 ∩ 𝐵)

𝑃(𝐵)
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5.1.4 Independent Events 

In probability theory, two events are independent, statistically independent, or 

stochastically independent if the occurrence of one does not affect the probability 

of the other. Similarly, two random variables are independent if the realization of 

one does not affect the probability distribution of the other. 

Two events A and B are consider independent if P(A|B) = P(A) and dependent 

otherwise. This assertion leads to an important rule for independent events [53]: 

if A and B are independent events P(A ∩ B) = P(A) · P(B). This is the multiplication 

rule for independent events. 

 

5.2 Random Variables 

In any experiment, there are numerous characteristics that can be observed or 

measured, but in most cases an experimenter will focus on some specific aspect or 

aspects of a sample. In general, each outcome of an experiment can be associated 

with a number by specifying a rule of association. Such a rule of association is 

called a random variable, a variable because different numerical values are possible 

and random because the observed value depends on which of the possible 

experimental outcomes results. At this point we can introduce a generic definition 

for a random variable. 

The definition of random variable could be: for a given sample space ς of some 

experiment, a random variable is any rule that associates a number with each 

outcome in ς. It can also be defined as: a random variable is a function whose 

domain is the sample space and whose range is the set of real numbers [51, 52, 

53]. 

Random variables can be discrete or continuous. 

 

5.2.1 Discrete Random Variables 

A discrete random variable may take on only a countable number of distinct values. 

It can also be said as, if a random variable can only take a finite number of distinct 

values, it is a discrete variable. 

The probability of a discrete random variable must satisfy the following properties. 

Suppose that a random variable X may take k different values, with the probability 

that X = xi defined to be P(X = xi) = pi [53, 54]. 

a) 0  pi  1 for each i.  

b) p1 + p2 + ... + pk = 1. 
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5.2.1.1 Probability Distribution Function of Discrete Random Variables 

The probability distribution function (pdf), also called probability mass function 

(pmf) of a discrete random variable, specifies for every possible value x of the 

random variable the probability of observing that value when the experiment is 

performed. The probability must satisfy the conditions showed, 0  p(x)  0 and Σx 

p(x) = 1 [53, 54]. 

The concepts of (pdf) and cumulative distribution function (cdf) introduced in the 

next chapter, are of paramount importance for our research and Monte Carlo 

Methods in general that it is worth to thoroughly introduce them with several 

examples that will help to understand the physical/mathematical model designed. 

Suppose a variable X can take values 1, 2, 3 or 4. The probabilities associated with 

each outcome are described as follows 

Outcome 1 2 3 4 

Probability 0.1 0.3 0.4 0.2 

 

The probability that X is equal to 2 or 3 is the sum of the probabilities P(X = 2 or X 

= 3) = P(X = 2) + P(X = 3) = 0.3 + 0.4 = 0.7. Subsequently the probability that the 

outcome of X in this example of being greater than 1 can be obtained by applying 

the rule of the complementary event, introduced before in this chapter. 

This example can be much better understood via a graphic histogram, as shown in 

Figure 43. 

 

Figure 43. Probability histogram of the probability distribution function of the previous 
example [54]. 
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5.2.1.2 Cumulative Distribution Function of Discrete Random Variables 

All random variables have a cumulative distribution function (cdf). The cdf is a 

function giving the probability that a random variable X is less than or equal to x, 

for every possible value of x [53, 54]. Mathematically it can be precisely defined as: 

The cdf F(x), of a discrete random variable X with pdf p(x) is defined for every 

number x by 

𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) =  ∑ 𝑝(𝑦)

𝑦:𝑦≤𝑥

  

It means, for any number x, F(x) is the probability that the observed value or X will 

be at most x. 

In the present work, very often we have had to deal with occurrence of certain 

events, such as U235 fission products yields, nuclear reaction yields and so on. As 

it will be explained in chapter 6, to deal with that problem we are going to take 

advantage of the properties of the cdf. Thus, in order to clarify even more this 

concept, it will be explained based on the pdf of the previous example. The cdf 

histogram of the previous example is going to be drawn as well. 

And the cumulative distribution function for the above probability distribution is 

calculated as follows: 

𝐹(𝑦) = {

0.1 𝑦 < 1
0.4 1 < 𝑦 ≤ 2
0.8 2 < 𝑦 ≤ 3
1 𝑦 > 3

 

 

Thus for any number y, F(y) will be equal to the value of F at the closest possible 

value of Y to the left of y, for example 

F(1.5) = P(Y  1.5) = P(Y  2) = F(2) = 0.4 

F(4.0) = P(Y  4.0) = P(Y > 3) = F(4) = 1 

This (cdf) can be graphically represented as in Figure 44. 
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Figure 44. The probability histogram for the cumulative distribution of the random variable 
shown before [54]. 

 

5.2.2 Continuous Random Variables 

A continuous random variable is one which takes an infinite number of possible 

values. Continuous random variables are usually measurements. Continues 

random variables are not defined as specific values, instead they are defined over 

an interval in which they can take an infinite number of values and they are 

represented as the area under de curve of the function. It is important to notice 

that the probability of observing a single value is 0 [53, 54]. 

Continuous random variables must satisfy: 

a) The curve defined by the function has no negative values, thus p(x) ≥ 0 for 

all possible values of x in its interval. 

b) The total area under the curve is equal to 1. 

 

5.2.2.1 Probability Density Functions (PDF) 

The probability density function (pdf) of a continuous random variable is a function 

that describes the relative likelihood for this random variable to take on a given 

value. 

Assuming that X is a continuous random variable. Then, the pdf of X is a function 

f(x) such that for whatever any two values a and b, where a  b, the probability a 

value X with a  X  b, is defined as [53] 
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𝑃(𝑎 ≤ 𝑋 ≤ 𝑏) = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

 (86) 

 

Equation (86) means, that the probability X takes on an interval [a, b] is the area 

under the density curve and above the x-axe, which is the area of the graph f(x) 

shown in Figure 45. 

 

Figure 45. Example of a probability density function f(x) of a random variable. 

 

A function f(x), can be considered a pdf, if and only if, it satisfies this two 

conditions 

a) f(x) ≥ 0 for all x on the interval considered 

b) ∫ 𝑓(𝑥)𝑑𝑥 = 1
∞

−∞
. It means the entire area under the curve f(x)  

 

5.2.2.2 Cumulative Distribution Function 

The cumulative distribution function F(X) for a random variable X is defined, for 

every x, by 

𝐹(𝑋) = 𝑃(𝑋 ≤ 𝑥) = ∫ 𝑓(𝑦)𝑑𝑦
𝑥

−∞

 (4.3.1) 
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For each x, F(x) is the area under the density curve to the left of x [22]. 

Figure 46 gives an example of a cumulative distribution function F(X) of a random 

variable X. 

 

Figure 46. Example of a cumulative distribution function F(X) of a random variable. 

 

5.2.2.3 Uniform Distribution 

One of the most outstanding concepts of probability, of which we are going to take 

advantage for our numerical model, is the definition of uniform distribution. It will 

be the base for the implementation of biasing techniques used in our 

physical/mathematical model, explained in chapter 5.4. Biasing techniques are an 

essential component of the Monte Carlo techniques. Its definition is as follows: 

A uniform distribution, sometimes also known as a rectangular distribution, is a 

distribution that has constant probability [55]. Therefore, the pdf of the continuous 

uniform distribution on the interval [a, b] is: 

𝑓(𝑥, 𝑎, 𝑏) = 𝑃(𝑥) = {
1

𝑏 − 𝑎
𝑎 ≤ 𝑥 ≤ 𝑏

0 𝑥 < 𝑎 𝑜𝑟 𝑥 > 𝑏

 (4.3.2) 

 

While its cumulative distribution function on the same interval is 



95 
 

𝐹(𝑥) = {

0 𝑥 < 𝑎
𝑥 − 𝑎

𝑏 − 𝑎
𝑎 ≤ 𝑥 ≤ 𝑏

1 𝑥 > 𝑏

 (4.3.3) 

 

Graphically they can be represented as depicted in Figure 47 and Figure 48. 

 

Figure 47. The probability density function of the continuous uniform distribution 
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Figure 48. The cumulative distribution function of the continuous uniform distribution 

 

At this moment, it is worth mentioning a very important difference between discrete 

random variables and continuous random variables. While for any possible value 

of a discrete random variable X it is possible to assign a positive probability, it is 

not the case of a continuous random variable, as was introduced before in this 

chapter. The reason is that the area under the density curve that lies above any 

single value is zero. This assertion can be clearly seen in Figure 49. 

From Figure 47, we have seen that the probability of finding a value x in an interval 

in continuous uniform distribution is the area of a rectangle having for base the 

distance (b – a) between the extremes of the interval considered [a, b], and 1/(d - c) 

as height. Looking at Figure 49, we can see that in case of a single value one has x 

= a = b = (b-a)/2, from the mathematical definition of a point, meaning that the 

area under the curve is zero and hence the probability P(x = (b-a)/2) =0. 
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Figure 49. The probability of a single value [x = (b - a)/2 in this case] of a continuous 
random variable is zero 

 

Mathematically it can be demonstrated by 

𝑃(𝑋 = 𝑐) = ∫ 𝑓(𝑥)𝑑𝑥 = lim
𝜀→0
∫ 𝑓(𝑥)𝑑𝑥 = 0
𝑐+𝜀

𝑐−𝜀

𝑐

𝑐

 (87) 

 

 

 

5.3 Uncertainty Estimation 

5.3.1 Expected Value 

On statistical simulation, the desired values of the simulated magnitudes are 

gathered from the expected values of the random variables. So the mean or 

expected value for a continuous random variable can be defined as follows. 

The mean or expected value  of a continuous random variable X whit pdf f(x) is 

defined as [53] 

𝜇𝑥 = 𝐸(𝑋) = ∫ 𝑥 · 𝑓(𝑥)𝑑𝑥
∞

−∞

 (88) 
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5.3.2 The Law of Large Numbers and Central Limit Theorem 

The law of large numbers states that the observed random mean from an 

increasingly large number of observations of a random variable will always 

approach the distribution mean . That is, as the number of observations 

increases, the mean of these observations will become closer and closer to the true 

mean of the random variable. 

Suppose the random variables x1, x2, …, xN are independent and retrieved from the 

same distribution, where the expected value of each x is . Thus, when N  ∞, the 

average value of the x random variables will be 

�̅�𝑁 =
1

𝑁
∑𝑥𝑖

𝑁

𝑖=1

 (89) 

 

This expression surely converge to , such as 

𝑃 { lim
𝑁→∞

�̅�𝑁 = 𝜇} = 1 (90) 

 

These previous assessments are of paramount importance for the Monte Carlo 

method, because they allow the calculus of the mean value of the random variable 

and its associated uncertainty. Bearing this in mind, the statistical simulation will 

focus on searching N random and independent values of a random variable such 

that, their mean value would be as close as possible to the true value and whose 

standard deviation will be such as b/(N)1/2. In this expression, parameter b is a 

constant value which depends on the simulation algorithm and how quickly it 

converges. This concept is depicted in Figure 50. 

Now, we are going to introduce the concepts on variance and standard deviation of 

a continuous random variable [53]. 

The variance of continuous random variable X with pdf f(x) and mean value  is 

defined by 

𝜎𝑥
2 = 𝑉(𝑋) = ∫ (𝑥 − 𝜇)2 · 𝑓(𝑥)𝑑𝑥 =

∞

−∞

𝐸[(𝑋 − 𝜇)2] (91) 

 

Subsequently, the standard deviation of X would be 

𝜎𝑥 = √𝜎𝑥2 = √𝑉(𝑋) (92) 

The variance and standard deviation give a quantitative measures of how much 

spread there is in the population of x values. Computation of 2 is less resources 

consuming if equation (92) is rearranged as 
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𝑉(𝑋)  =  𝐸(𝑋2) – [𝐸(𝑋)]2 (93) 

 

Thus the accuracy of the Monte Carlo implementation will be defined as 

𝜇𝑥 − �̅� (94) 

And it is the measure of how close the expected value �̅� is to the true physical value 

x estimated. 

The precision of the model refers to the uncertainty of the Monte Carlo estimate. 

As it is shown in Figure 50, precision of our algorithm is not necessarily equivalent 

to an accurate statistical model, since we can achieve highly precise results, but 

far away from the physical truth. This is the case in which the physical model has 

not been modeled faithfully. 

The relative error R is the measure of the statistical precision of the Monte Carlo 

result and it can be defined as [56] 

𝑅 =
𝑆𝑥
�̅�

1

√𝑁
 (95) 

 

The Figure of Merit (FOM), indicates how optimal the algorithm designed is. As it 

is shown in equation (96), the bigger the FOM parameter the fastest the 

convergence of the algorithm designed. 

𝐹𝑂𝑀 =
1

𝑅2𝑇
 (96) 

In this case T = N, being T the computer time needed to sample N histories. 
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Figure 50. Graphical representation of the parameters Accuracy, Precision, Relative Error 
& Figure of Merit for the Monte Carlo method. Idea inspired by reference [56]. 

 

The figure of merit is used in some variance reduction techniques in the aim of 

reducing the standard deviation of the variable X maintaining the computation 

time T. 

 

5.4 Variance Reduction Techniques 

The occurrence of a neutron collision with a nucleus is a rare event and, even less 

frequent, the occurrence of fissions. Thus, the simulation of radiation transport, 

following pure physical models, could be so wasteful in simulation time and 

computer cycles. The particles simulated, have a very low probability of interaction 

with matter, thus it is very likely that they can cross the volumes of control without 

interacting with the matter. Whether this could happen, it does not only represent 

a loss of time and resources, it introduces statistical fluctuations as well distorting 

statistical results. In general, simulations using real probability density functions 

take so much time to achieve the desired results. 

The reduction of uncertainty without increasing the number of histories simulated 

and hence without consuming more resources is accomplished via the use of 

probability density functions that do not completely match the real model. Thus 

we can force the collision of particles favoring certain reaction types that are of 

more interest for the statistical model simulated in this thesis. By doing this, we 

are introducing a bias. In order to isolate the effect introduced by these biases, one 

can introduce statistical weights. There are different variance reduction 

techniques; below some examples are introduced. 

 

5.4.1 Truncation Techniques 

They speed up the simulation process via truncating the life of a particle when they 

do not significantly contribute to the solution of the problem [57]. These techniques 

drastically reduces the simulation time and computer resources, being the simplest 

techniques. 

a) Geometrical truncation 

In this case, the simulation algorithm ends the particle life as soon as it escapes 

from the zone of control, assuming it is very unlikely the return of this particle to 

the cell of interest [57]. 
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b) Truncation based on energy threshold 

The simulation algorithm abandon a particle as soon as its energy comes down to 

a threshold of energy, bellow which the particle will not experiment any interesting 

reaction. For example, when a neutron after several scattering events gets a so low 

energy that the probability of being absorbed by a nucleus, is much higher than 

the probability of producing fission [57]. 

 

5.4.2 Population Control Techniques 

a) The Russian Roulette Technique 

The aim of this technique is the reduction of the number of particle whose 

contribution to outcome of the simulation is not relevant. The goal of this technique 

is to improve the FOM in spite of a slight increase on the standard deviation. 

Russian Roulette methods generate a random number RN and compare this 

number with a previously defined threshold limit, . Whether the RN <  the particle 

whose statistical weight was W0 now receives a statistical weight of W = W0/, 

otherwise its new statistical weight is W = 0. 

For example, if want to use the Russian Roulette method to reduce the number of 

particles that cross from one cell of bigger statistical value I0 of our model to 

another cell  I1 with lower statistical value for our simulation, the threshold limit 

could be established as  = I1/I0 [57]. 

 

b) Particle Splitting 

 

This technique has the aim of artificially increasing the number of particles in a 

cell of the model. This technique, if correctly applied, can improve the FOM via 

reduction of the standard deviation. 

Suppose we artificially increase the number of particles in a number N, 

subsequently the statistical weight of each particle is reduced in the same amount, 

such as W = W0/N. Suppose simulated particles cross from one cell I0 of less 

statistical importance in our model to another cell I1 of higher statistical 

importance. In this case the number of particles N could be settled as N = I1/I0. 

This is valid whether N results in an integer number, otherwise one can generate a 

random number RN, where RN  (0, 1). Provided RN < I1/I0-[I1/I0], then the number 

of particles is established as N = [I1/I0]+1; N = [I1/I0] otherwise [57]. 
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5.4.3 Biased Sampling Techniques 

a) Stratification Techniques 

Often when we want to simulate a stochastic event and a model for Monte Carlo 

Simulation is defined, we find that there are cells that barely contribute to the 

solution of the problem. Always looking for resources optimization, especially 

computer cycles and simulation time, the stratification techniques permit sampling 

those cells of the model of higher importance from a statistical point of view. How 

this technique works could be better understood with an example [57]: suppose we 

try to simulate the signal of a radiation detector placed in front of a radiation 

source. As radiation is emitted isotropically, only those particles emitted within the 

solid angle that interacts with the detector will be of interest. In this example, is 

clear that is worth to favor those particles whose trajectories are comprised in the 

incoming solid angle. 

A solid angle can be defined in spherical coordinates as [57] 

𝑑Ω = sin 𝜃 𝑑𝜃𝑑𝜑 (97) 

Thus 

Ω = ∫ ∫ sin 𝜃 𝑑𝜃𝑑𝜑

𝜃𝑚𝑎𝑥

0

2𝜋

0

 (98) 

 

Where max is the polar angle that delimits the solid angle looking from the radiation 

source and  is the azimuthal angle. Then  can be obtained as 

Ω = 2𝜋(1 − cos 𝜃𝑚𝑎𝑥) (99) 

The density functions of  and  are necessary to sample the particles following 

trajectories enclosed in the analyzed solid angle. Hence to obtain the conditional 

probability of sampling those trajectories enclosed in the solid angle are 

𝑓𝜑(𝑥) =
1

2𝜋
 (100) 

 

Where x  [0, 2], and 

𝑓𝜃(𝑥) =
sin 𝑥

1 − cos 𝜃𝑚𝑎𝑥
 (101) 

Where x  [0, max] 
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In this example the statistical weight of the particles simulated must be multiplied 

by the probability that particles have to be emitted within that precise solid angle 

. That is to say 

𝑊 = 𝑊0 · [
1 − cos 𝜃𝑚𝑎𝑥

2
] (102) 

 

 

b) Forced Collision Method 

At explained before, the probability of interaction of neutrons with the matter is 

low. An even less probable event, is the attainment of a fission. In order to improve 

the statistical process, reducing the standard deviation and improving the FOM, 

some techniques can be implemented to force the collision of the simulated neutron 

in the volume of interest. 

The Forced Collision Method is one of the variance reduction schemes that 

increases the sampling of collisions in a specified cell. When a specified particle 

enters a region defined as the Forced collision region, the incident particle splits 

into uncollided and collided particles as shown schematically in Figure 51. The 

uncollided particle passes through the current cell without experimenting any 

collision. The collided particle is forced to collide within the specified cell [58]. 

 

Figure 51. Schematic interpretation of the Forced Collision Method in a Monte Carlo 
algorithm [58]. 

 

These split particles are statistically weighted by the following collision 

probabilities: 

𝑊𝑢𝑛𝑐𝑜𝑙𝑙 = 𝑊0𝑒
(−Σ𝑡𝑑) (103) 
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Previous equation statistically weights the uncollided particles. On the same way, 

the equation below 

𝑊𝑐𝑜𝑙𝑙 = 𝑊0{1 − 𝑒
(−Σ𝑡𝑑)} (104) 

 

weights the collided particles. 

In the two previous equations W0, Wuncoll and Wcoll are the statistical weights of the 

incident particle the uncollided and the collided one, respectively. d is the cell width 

and Σt the total macroscopic cross section of the material at a given energy. 

Now, one Monte Carlo algorithm sample the collision distance x taking into account 

that the probability of a particle to collide within a distance x is given by 

𝑃(𝑥) = 1 − 1 − 𝑒(−Σ𝑡·𝑥) (105) 

Our intention is to enforce the collision of the neutron within the cell having a width 

d. Thus x should be sampled in an interval such as 0 < x < d.  According to the 

definition of conditional probability of a neutron to collide within a distance x, 

P(x)/P(d); one can equate P(x)/P(d) = RN, where RN is a random number such that 

0 < RN  1. Now, solving equation (4.3.20) with respect to x 

𝑥 = −
1

Σ𝑡
𝑙𝑛[1 − 𝑅𝑁{1 − 𝑒(−Σ𝑡·𝑑)}] (106) 

While equation (106) ensures that the neutron will collide within the cell width, it 

is expensive in resources from a computational point of view. In chapter 6.5 a 

simplified version of equation (106) will be explained. That version of equation (106) 

gives enough precision, while saving considerable number of computer cycles. 

 

5.5 Monte Carlo Simulation of Radiation Transport 

Mathematical theory and techniques introduced in chapter 5 can be used to solve 

the equation of radiation transport via Monte Carlo methods. Monte Carlo 

simulation of radiation transport is intended for situations in which the solution of 

the Boltzman equation could be difficult or costly. 

The base of any statistical simulation is the definition of a faithful stochastic model, 

approaching as much as possible to the physical problem we are willing to solve. A 

key point in this process is the definition of the probability density functions of the 

random variables defining the stochastic processes that one is going to simulate. 

The Monte Carlo simulation of radiation transport depends on the type of 

electromagnetic radiation to be sampled. In this work, we have been dealing with 
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neutrons, so at this moment, our simulation model and ulterior simulation solely 

considers this kind of radiation. 

The neutron transport process can be simulated via a stochastic or random 

process. In this random process several parameters have to be considered: 

a) Volume of control or cell. It represents the section of space that is under 

statistical analysis by the stochastic model implemented. 

b) Total cross section. It represents the probability of a neutron to undergo 

collision while crossing a cell or volume of control. This parameter is directly 

dependent of the material properties and neutron energy.  

c) Reaction cross section. This parameter represents the probability of a 

neutron to experience a certain nuclear reaction. This work solely considers 

the three most significant neutron reactions, namely fission, elastic 

scattering and radiative capture.   

d) Neutron fluence rate is the mean value or expected value of the neutrons 

distribution function. 

Recalling the probability distribution functions; assume a random variable x can 

take values in an interval [x1, x2] such that x1  x  x2. It can be said: 

a) There is a probability distribution function, f(x) such as f(x) dx represents the 

probability of the random variable that for a random sampled value of x, this 

will be contained in an interval dx centered in x.  This idea is shown in Figure 

45. This pdf can be normalized as 

∫ 𝑓(𝑥)𝑑𝑥 = 1
𝑥2

𝑥1

 (107) 

 

b) There is a cumulative distribution function, such as 

𝐹(𝑋) = ∫ 𝑓(𝑥′)𝑑𝑥′
𝑥

𝑥1

 (108) 

 

Thus the probability of finding a random value of x between x and x + dx can be 

computed as F(X + dX) – F(X) = f(x)dx 

NOTE: examples of pdf and cdf, already introduced in 5.2.2 are depicted in Figure 

45 and Figure 46. 

 

5.5.1 Neutrons Transport Simulation 

Assume there is an incoming neutron having an energy E entering a cell of interest. 

As is depicted at figure 25, it undergoes a collision at coordinates (0, 0) in the 
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reference systems showed and it is scattered to a different trajectory in space. This 

simple depiction of the neutron movement implies several important physical 

processes that should be considered and simulated accordingly. 

First of all, it is of outstanding importance to know the distance covered by the 

neutron, or flight path, prior to its collision. We asserted in previous chapters that 

the probability of a neutron to cross the interatomic space without undergoing 

collision is higher than the probability of achieving collision. Thus, the calculation 

of the flight path that neutrons are going to cover before they collide with a nuclei, 

will give us precious information about the percentage of neutrons that will cross 

our cell without producing any reaction. 

An important information that has to be sampled at the collision point is what kind 

of reaction took place. In Figure 52, we have supposed that the neutron is scattered 

through the space, however it could had been absorbed by the nucleus or had 

produced fission. 

In case the neutron is scattered, another important parameter derived from this 

scattering event has to be computed: the new energy E’ of the neutron after 

collision. In other words, how much energy the neutron deposited on the collision 

reaction. 

Assuming that the neutron was absorbed, its life ends and hence the neutron 

history is truncated. However, if it underwent fission, it is necessary to know the 

fission fragments released. 

The workflow of neutron transport simulation via Monte Carlo explained before is 

depicted in Figure 53. 



107 
 

 

Figure 52. Example of neutron scattered after suffering a collision. It shows the parameters 
needed to calculate the new neutron three dimensional trajectory after collection.  

 

 

Figure 53. Workflow for a typical neutron transport simulation 
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In Chapter 5 we have explained the complete set of neutron reactions needed for 

the computation of neutron transport. In Chapter 6 we will illustrate the practical 

implementation of the theory described before in a simulation software. 
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6 THE MONTE CARLO FISSION CHAMBER DESIGNER SOFTWARE 

A software suite, Monte Carlo Fission Chamber Designer (MCFCD), has been 

developed to give an integrated tool for the design of fission chambers operating in 

current mode, and which takes advantage of Monte Carlo methods. 

MCFCD completes design cycle, giving the electrical signal produced by the fission 

chamber under the influence of a neutron flux. It has been conceived as a modular 

suite; it has been coupled with external data sources, such as SRIM or JANIS, and 

includes an external database which contains the necessary data to perform the 

calculations for the complete design cycle and facilitate the addition and/or update 

of that data. It is important to notice that MCFCD only deals with chambers 

operating in current mode, but could be extrapolated to other regimes. Another 

important effect which is not considered is the contribution of gamma radiation to 

the electrical signal (see Chapter 4.3), so MCFCD is focused in the transport and 

interaction of neutrons with the fission chamber materials. 

MCFCD has been conceived as a decoupled software; simulator and database are 

two separate pieces of a single program. This architecture makes easier the 

integration of data from experimental tests or new theoretical formulae in the 

simulation process, saving computation time. It also permits the dynamic 

population of this database without having to rebuild the software. 

MCFCD is running on a Linux operating system. It has been developed in C/C++ 

language and compiled with the GNU Compiler Collection, GCC [59]. MCFCD also 

includes a numerical library for Monte Carlo developed ad-hoc as well as The GNU 

Scientific Library, GSL [60]. GSL is a long proven quality and efficiency numerical 

library for C and C++ languages, which has been largely developed and tested by 

the scientific community. It is used for random numbers generation and 

mathematical functions in MCFCD. 

Additionally the development of a supplementary module has been necessary to 

allow MCFCD simulation of dynamic conditions. We call this auxiliary module The 

Overseer module and it will be explained in detail in Chapter 6.11. In addition, the 

code can be consulted in Annex A It has been implemented as a shell script [61] 

and has been developed in order to run MCFCD whilst simulating variable 

conditions; typically changing the bias voltage while plotting the electrical response 

curve but also the possibility of simulation of a complete neutron flux. Figure 54 

illustrates the different shapes in neutron fluence rate depending on the nuclear 

installation analyzed (in this particular case between a thermal reactor and a fast 

breeder reactor). One can see that the distribution of neutrons varies as a function 

of their energy. For thermal neutron spectra, for example, neutron fluence rates 

vary from 1E7 n·cm-2·s-1 to 5E12 n·cm-2·s-1 and energies range between 1E-3 eV 

and 1E7 eV. Thus, the Overseer permits the simulation of the neutron distribution 

curve by discretizing it in as many neutron groups as the user needs. 
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Figure 54. Thermal and fast neutron fluence rate spectra from reference [62]. 

 

6.1 MCFCD Program Structure 

MCFCD is composed of three different modules (see Figure 55): the first one copes 

with radiation transport, the second one deals with pair production and the last 

one calculates the electrical signals. The database is the central piece of the model 

and precompiled data have been uploaded to it saving computation time and taking 

advantage of the most updated nuclear data files available. MCFCD structure 

permits the separation of the simulator itself from the database, which allows 

running them in different platforms and perform parallel processing via clusters of 

computers or virtualization. Moreover, this decoupled platform permits the 

addition of new data removing constrain of having to compile the code every time 

new libraries are added. 
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Figure 55. High level flowchart of MCFCD simulation model. 

 

6.2 Main Hypothesis Considered 

In order to simplify the calculations some hypotheses must be considered. Main 

assumptions have been taken from previous works and are listed below: 

a) MCFCD considers that neutrons are dimensionless points, neutron-neutron 

interactions are neglected and neutrons travel in straight lines [8], collisions 

are instantaneous and point-like and background material properties are 

isotropic, known and time-independent. 

b) An isotropic source of neutrons is assumed, following a trajectory 

perpendicular to the longitudinal axis of the chamber. 

c) Regarding neutrons interaction with matter, the most common reactions in 

nuclear facilities are considered in MCFCD: (n,f) fission, (n,γ) radiative 

capture and (n,n) elastic scattering.  

d) Fissions produce two products and, due to their emerging energy is very high 

compared with the energy of the incident neutron, both are assumed to be 

emitted in opposite directions [63]. Thus, one is absorbed in the anode while 

the other one crosses and ionizes the gas. 

e) Angles of emission of fission products are equally probable and, as shown in 

[64], self-absorption on fissile coating is negligible.  

f) The simulated fission chamber has a cylindrical geometry having much 

larger length than diameter, thus the electric field is assumed to be radial.  

g) Space charge effects are not considered; hence fission fragments ionize the 

gas independently of the others. 

h) The filling gas is homogeneous and does not evolve under irradiation [35].  
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i) The fission chamber is operated within the saturation region and the electric 

signal is considered to be mainly produced by neutrons; γ-rays contribution 

is neglected in this study [45].  

j) External circuits, cable and so on, are not considered. 

k) Isotopic evolution and burn-up of the fissile deposit is not considered. 

 

6.3 The MCFCD Database 

In order to improve MCFCD performance, flexibility and take advantage as much 

as possible of the most recent data released by the scientific community and 

research and governmental organizations; from the very beginning the MCFCD 

software architecture was conceived to provide access to a central piece containing 

mentioned data. Furthermore, our intention was to provide the capability of adding 

new data while MCFCD is in production mode. Hence neither database engine nor 

simulator need to shutdown to incorporate new data. 

For this reason an open-source relational database management system (RDBMS) 

has been coupled as part of the software suite (see Figure 56). This database engine 

is based on MySQL, which is one of the most widely spread relational databases in 

the World. 

Apart of the mentioned benefits, the separation of database and simulator permits 

populating the database repository with new data without having to compile the 

code again. Additionally, the use of a Structured Query Language (SQL) engine [65], 

implies that the user does not have to care neither about the order in which data 

is uploaded nor about the structure of that data. 
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Figure 56. MCFCD/RDBMS implementation. 

 

MCFCD has been populated with data coming from many different sources. From 

JANIS/NEA [13] we have collected information such as cross sections and fission 

products yields; from SRIM [11] we have uploaded data regarding stopping power 

of fission products in different gases. The stopping power data is necessary for the 

calculation of the number of electrical carriers produced by the fission products. 

MCFCD has the capability of using different nuclear data libraries, ENDF B-VII.1 

[13] has been chosen in the present work. Other important information, such as 

drift velocities of electrons and ions, has been collected from [33]. NEA evaluated 

libraries can be loaded following a straightforward procedure. Due to the fact that 

MCFCD dynamically retrieves nuclear data from the database, one could set up 

his/her own data file for composite materials, for example, and then upload them 

to the database giving an unique name inside the data structure. 

At the moment MCFCD database includes all the necessary information to perform 

a complete simulation cycle of a fission chamber. Below there are examples of the 

information included. 
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Populating the database has represented an important workload because it has 

been necessary to collect information from a wide variety of sources, adapt it to a 

common format and to the International System of Units 

Figure 57, Figure 58, Figure 59 and Figure 60, depict the ENDF_B-VII.1 U235 data 

file for elastic scattering, fission, radiative capture and total cross sections 

respectively [13]. This is an example of the information uploaded to the MCFCD 

database. This information is part of the data consumed by MCFCD for neutron 

transport simulation. Information about other isotopes, such as U238 and Pu242 

has been loaded into the database, in order to perform analyses with different 

deposits and neutron spectra of different energies. 

 

 

Figure 57. ENDF_B-VII.1 U235 data file elastic scattering cross section [13]. 
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Figure 58. ENDF_B-VII.1 U235 data file fission cross section [13]. 

 

 

Figure 59. ENDF_B-VII.1 U235 data file radiative capture cross section [13]. 

 

 

Figure 60. ENDF_B-VII.1 U235 data file total cross section [13].  

 

Table 5 shows statistical data about prompt and delayed neutrons emitted during 

the fission process of different isotopes. That statistical data has been uploaded to 

MCFCD database for its use while populating fission inventory records. 

 

Table 5. Average number of neutrons emitted per fission [66]. 
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Nuclide Type Total-neutron Yield Delayed-neutron Yield 

 νt Source νd Source 

          

90-Th-232 fast 2.456± 

0.018 

ENDF/B-VII 0.0499± 

0.0019 

ENDF/B-VII(1) 

92-U-233 thermal 2.4968± 

0.0035 

IAEA-CRP-STD 0.0067± 

0.0003 

JEFF-3.1(2) 

92-U-235 thermal 2.4355± 

0.0023 

IAEA-CRP-STD 0.0162± 

0.0005 

JEFF-3.1(3) 

92-U-238 fast 2.819± 

0.020 

ENDF/B-VII(4) 0.0465± 

0.0024 

JEFF-3.1(3) 

94-Pu-238 fast 3.00± 

0.14 

JEFF-3.1(2) 0.0047± 

0.0005 

JEFF-3.1(1) 

94-Pu-239 thermal 2.8836± 

0.0047 

IAEA-CRP-STD 0.0065± 

0.0003 

JEFF-3.1(3) 

94-Pu-240 fast 3.086± 

0.025 

JEFF-3.1(2) 0.0090± 

0.0004 

JEFF-3.1(1) 

94-Pu-241 thermal 2.9479± 

0.0055 

IAEA-CRP-STD 0.0160± 

0.0008 

JEFF-3.1(2) 

94-Pu-242 fast 3.189± 

0.035 

JEFF-3.1(2) 0.0183± 

0.0010 

JEFF-3.1(1) 

95-Am-241 thermal 3.239± 

0.024 

JEFF-3.1(2) 0.0043± 

0.0006 

JEFF-3.1(2) 

96-Cm-242 spontaneous 2.529± 

0.017 

JEFF-3.1(5) 0.0013± 

0.0003 

Mills(1995) 

96-Cm-243 thermal 3.433± 

0.047 

JEFF-3.1(2) 0.0030± 

0.0003 

JEFF-3.1(2) 

96-Cm-244 spontaneous 2.691± 

0.012 

JEFF-3.1(5) 0.0033± 

0.0010 

Mills(1995) 

96-Cm-245 thermal 3.60 ± 

0.13 

JEFF-3.1(2) 0.0064± 

0.0014 

JEFF-3.1(2) 

98-Cf-252 spontaneous 3.7692± 

0.0047 

IAEA-CRP-STD 0.0086± 

0.0010 

Tuttle(1979) 

 

For the sake of simplicity, in this work we have used the average number of prompt 

neutrons released by fissile isotopes. However the number of neutrons per fission 

depends on the energy of the incident neutron [67]. Dependence of the number of 

prompt neutrons with energy is shown in Figure 61, collected from [13], which 

shows a graphical representation of the ENDF/B-VII.1 data library regarding the 

number of prompt neutrons per fission in U235, MT=456. 
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Figure 61 . ENDF/B-VII.1 MT=456 data library representation of number of prompt 
neutrons per fission in U235 as a function of the incident neutron energy. 

 

SRIM [11] has been used for calculating the stopping power of fission products in 

gases, since it has already been qualified for this task [68]. Figure 62 displays an 

example of one of the data files produced by SRIM which subsequently were 

uploaded to MCFCD database after some necessary transformation.  

An auxiliary module has been developed in order to produce sets of stopping power 

data and their ulterior upload to the MCFCD database. The calculation covers the 

whole ENDF U235 fission yields library (1247 fission products in total) and extends 

from 10 to 110 MeV, minimum and maximum emerging energy of U235 fission 

products. The gases employed to simulate the filling up of the inter-electrode gap 

were Ne20, Ar40, Kr83, and Xe131. More than 1.2 million rows of stopping power 

data for U235 have been uploaded to the database. MCFCD database makes an 

easy task the addition of new materials and gases (pure or mixtures). Nevertheless 

in case of mixtures, especially organic gases, Penning effect must be taken into 

consideration [69, 63].  

In Figure 62, it is included the simulation of Hf72 fission product in atmosphere of 

gas argon. 
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Figure 62. SRIM simulation of the stopping power of Hf72 in an atmosphere of gas 

argon [11]. 
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6.4 MCFCD Input Parameters 

MCFCD performs simulations of variable conditions according to the parameters 

given. MCFCD reads those parameters at the beginning of each simulation cycle, 

which means they can be changed in between different simulation cycles in order 

to perform non-static environment conditions. This is usually the case when the 

user wants to plot the saturation curve, for example, changing bias voltage, 

neutrons energy or when one intents to simulate the complete neutron spectrum 

curve. 

The mentioned parameters are provided to MCFCD through a text file having the 

following structure:  

 

Parameter Description Mandatory 

Library This is a string denoting the name of the cross 

section library to be used during the simulation. 

Yes 

Neutron flux It is the neutron fluence rate expected during a 

simulation cycle as (n · cm-2 · s-1). 

Yes 

Incident 

energy 

It represents neutron's energy at the beginning 

of the history in eV. 

Yes 

Radius 5 This is the dimension (meters) of the outer most 

radius of the device when it has been covered 

with a neutron shield (Chapter 4.3). 

No 

Shield This is a string representing the name of the 

material used as neutron shield (Chapter 4.3). 

For example, B10, Gd157 and so on. 

No 

Radius 4 This is the dimension (meters) of the outer side 

of the cathode. 

Yes 

Cathode This is a string representing the name of the 

material used to build the external electrode of 

the fission chamber. For example Fe56.  

Yes 

Radius 3 This is the dimension (meters) of the inner side 

of the cathode. 

Yes 

Gas This is a string which represents the name of 

the gas used to fill up the inter electrode space 

of the fission chamber. For example Ar40. 

Yes 

Radius 2 This is the dimension (meters) of the outer side 

of the fissile layer covering the anode. 

Yes 

Fissile material This is a string symbolizing the name of the 

fissile material used to cover the external side of 

Yes 
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anode of the fission chamber. For example 

U235. 

Radius 1 It represents the dimension (meters) of the outer 

side of the anode. Hence it also represents the 

inner dimension of the layer of the fissile 

material employed to recover the anode. 

Yes 

FC length This number is the active length (meters) of the 

fission chamber (*). 

Yes 

Bias voltage It is a number which indicates the bias voltage 

externally applied to the fission chamber. 

Yes 

Temperature Parameter symbolizing the operating 

temperature of the gas filling up the inter 

electrode volume (**). 

Yes 

Gas pressure This parameter represents the pressure of the 

gas (Pa) inside the inter electrode gap. 

Yes 

Number of 

histories 

This is the number of neutron histories MCFCD 

is going to perform. For example: 103, 104, etc. 

Yes 

 

(*) Active length refers to the length of the fission chamber effectively covered by a 

fissile deposit. In some fission chamber models this dimension does not need to be 

necessarily the same of the gas length. 

(**) The temperature is an important parameter, because it has a direct impact in 

drift velocities of charge carriers and in the number of pair production through gas 

pressure. 

In the following, an example is provided about the structure of the file of parameters 

that has to be introduced, as well as its ulterior description. 

ENDF_B_VII_1;3.4E+12;2.53E-02;0;B10;1.5E-03; Fe56;1.25E-03;Ar40;1.0E-

03;U235;9.98E-04; Fe56;13.0E-3;150;293;101.325E+3;1.0E+3 

Below the structure of this file is explained. 

a) In this case we are instructing MCFCD to use ENDF B VII 1 as cross section 

data file. 

b) The neutron fluence rate during simulation will be of 3.4E+12 n · cm-2 · s-1. 

c) We are not going to use a neutron screener, because despite we have provided 

the isotope B10 in our file, as the previous dimension has been settled to 0, 

MCFCD will ignore this parameter. 

d) Fe56 has been chosen as structural material for the fission chamber, cathode 

and anode. 

e) The fissile material used will be U235. MCFCD will request the database to 

provide U235 data included in the ENDF B VII 1 library, regarding 
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parameters needed during simulation process such as cross sections, fission 

yield of fission products and so on. 

f) Simulation will be performed with a bias voltage of 150 volts. 

g) The gas temperature during simulation is established to 293 K. 

h) Gas pressure is set up to 101.325E+3 Pa, which represents 1 bar. 

i) Finally, the number of neutron histories run will be 1.0E+3. 

The other parameters are the geometrical dimensions of the fission chamber, as it 

was introduced before. 

 

6.5 Sampling Neutron Related Reactions 

6.5.1 Variance Reduction Techniques Implemented 

In chapter 5.4 the most common techniques for biasing Monte Carlo Methods were 

introduced and have been implemented in one way or another in MCFCD. We also 

explained the importance of the introduction of variance reduction techniques 

when performing Monte Carlo simulation and we saw that crude Monte Carlo 

simulation is very inefficient. It is worth to remember that rare events are those 

whose likelihood of appearance over time is very small. Neutron interaction with 

nucleus is one of those rare events, and is even rarer the fission event after 

interaction.  

An unbiased Monte Carlo involve considering a sample of n independent samplings 

of the random variable is being analyzed. After that, estimating the probability of 

appearance of the event associated to the random variable, based on the times it 

appeared over the sample. From a statistical point of view, the resulting estimator 

can be considered useless when the probability of occurrence, , is very small; 

unless the number of samplings n is much larger than 1/. Suppose that a 

probability of occurrence  of an event is  = 1E-9, which is a frequent target for 

accuracy in rare events simulations. To get an acceptable estimator it would require 

sampling n = 1E9 to observe a single occurrence of that event. This size of sample 

is not acceptable in terms of simulation time and resources consumed, especially 

if one expects a reliable estimation of the mean and variance to obtain a sufficiently 

narrow confidence interval. 

To avoid this undesirable effect the concept of importance sampling is introduced. 

Importance sampling basically means increasing the occurrence of a rare event. 

The idea behind importance sampling is to change the probability laws of the 

system under study to sample more frequently the more important events for our 

statistical estimator [70]. The use of these techniques results in a biased estimator 

if no correction is applied. Therefore this biasing effect needs to be isolated at the 

end of the simulation process translating the final outputs to the original measure. 

This is done by multiplying the outputs by the so-called likelihood ratio. 
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Bellow we are going to introduce the biasing techniques implemented in MCFCD 

and likelihood ratio employed to transform outputs to the original measure.  

Geometrical truncation 

MCFCD ends a neutron life as soon as this particle escapes the boundaries of the 

fission chamber. Thus, it has been considered that the probability that a neutron 

will re-enter the fission chambers is very low  [57, 71]. 

Truncation based on energy threshold/The Russian Roulette Technique: 

MCFCD finishes a neutron history as soon as the energy of the particle goes below 

a threshold of energy. It is considered underneath that threshold the neutron is 

absorbed by the material. It is a particular case of the Russian Roulette Technique 

in which the probability of survival after underneath the energy limit is zero [57, 

71]. 

 

Stratification Techniques 

The MCFCD source of neutrons module is responsible for initiating neutrons lives. 

This module, provides incoming neutrons following an inbound trajectory 

perpendicular to the longitudinal axis of the fission chamber. This bias is 

introduced in order to save computer cycles and maximize the probability of 

interaction; only neutrons penetrating into the fission chamber are able to produce 

desirable statistical events. In this case we consider the probability of finding 

incoming neutrons following a specific trajectory in space as it is depicted in Figure 

63, [57, 71]. 
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Figure 63. Illustration of the stratification biasing technique implemented by MCFCD. The 
neutron source produces inbound neutrons following radial trajectories to the Z axis in 
order to maximize the flight path and hence the probability of collisions and fissions. 

 

MCFCD tracks neutron trajectories in three dimensions. A linear trajectory in three 

dimensions can be established in spherical coordinates by three parameters (r, θ, 

φ), where r gives the radial distance of the points of the trajectory, θ represents the 

polar angle, and φ is the azimuthal angle. 

It is necessary to define a unique set of spherical coordinates for each point, so it 

is necessary to restrict their ranges. The international accepted intervals for those 

parameters are: 0 ≤ r ≤ ∞; 0 ≤ θ ≤ π; 0 ≤ φ ≤ 2π. 

As these previous mathematical notations denote, θ can take an infinite number of 

values between 0 and π. The same applies to φ on the interval [0, 2π]. This means 

the random variables θ and φ are continuous in their respective intervals. A 

random variable is continuous if both of the following apply [53]: 

1) Its set of possible values consists either of all numbers in a single interval on 

the number line (possibly infinite in extent, e.g., from (-∞ to ∞) or all numbers 

in a disjoint union of such intervals (e.g., [0, 10]  [20, 30]). 

2) No possible value of the variable has positive probability, that is, P(X = c) = 0 

for any possible value c. 



124 
 

Because the number of possible values of X is uncountable infinite, X has a 

distinctly different distribution from the discrete random variables [72]. 

Neutron trajectories are random events, because both θ and φ are random variables 

because they can take infinite number of possible outcomes, so can inferred that θ 

and φ are continuous random variables. 

Let X be a continuous random variable. Then the probability density function of X 

is a function f(x) such for any two numbers a and b, with a ≤ b, the probability of 

X to take a value in the interval [a, b] is the area above this interval and under the 

graph of the density function. 

Taking a subinterval [a, b] inside the interval [0, π] such that for whatever a and b, 

0 ≤ a ≤ b ≤ π, and the P(a ≤ X ≤ b) depends only on the width b – a of the interval, 

X is said to have an uniform distribution. The same apply for any subinterval [c, d] 

inside the interval [0, 2π]. 

Taking into account the definition of uniform distribution of a random variable seen 

in chapter 4.3.2.3,  

1) The probability of attaining a polar angle θ. 

Consider the reference line connecting the neutron situated on the verge of the 

fission chamber to the center point, and let X be the angle measured from the X 

axis to the location of the neutron. One possible pdf for X is 

𝑓(𝑥) = {
1

𝜋
0 ≤ 𝑥 ≤ 𝜋

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 
 

 

The pdf is graphed in Figure 64. Clearly f(x) ≥ 0. The area under the density curve 

is just the area of the rectangle: (height)  (base) = (1/) () = 1. The probability that 

the angle is between  and  + d is 

𝑃(θ ≤ X ≤ θ + dθ) = ∫
1

𝜋

𝜃+𝑑𝜃

𝜃

d𝑥 =
𝑥

𝜋
|
𝜃

𝑥=𝜃+𝑑𝜃

=
1

𝜋
𝑑𝜃 

Taking d = /180º (one degree) one can conclude that P(  X  +d ) = 1/ [24]. 

Proceeding the same way for azimuthal angle φ on the interval [0, 2π], one can see 

that P(φ  X  φ+dφ ) = 1/(2). Figure 65 represents the probability of finding a 

random event X in an interval (  X  +d ). 
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Figure 64. The pdf of the polar angle θ 

 

 

Figure 65. The probability of the polar angle θ 

 

2) The conditional probability of two independent events f2|1(φ | )   

𝑓2|1(φ | ) =
f1()f2(φ)

f1()
  

Considering the probabilities we have previously computed for the azimuthal angle 

φ and for polar angle θ, and taking advantage of equation (3), one can obtain the 

conditional probability, 

P(φ|) =

1
𝜋
1
2𝜋
1
𝜋

=
1

2𝜋
 

 

Forced Collision Method 

We have previously seen that probability of neutron to achieve a collision along its 

flight path is proportional to the total cross section [73]. 
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𝑙 = −
ln (ξ)

Σ𝑡
 (109) 

 

Thus MCFCD acts upon total cross section parameter in order to improve the 

statistical process and FOM reducing the standard deviation. Total cross section is 

artificially increased, reducing the distance to the next collision and hence forcing 

an interaction inside the cell of study. This statistical biasing is subtracted from 

the results at the end of the simulation to carry back statistical results to the real 

physical model. 

 

6.5.2 Neutron Source Generation 

MCFCD assumes that every neutron appears at the very edge of the outer chamber 

boundaries. In order to save computation cycles, it is considered that neutrons 

arrive at the chamber following perpendicular trajectories to the fission chamber 

axis; this guarantees that no neutron histories are lost because, at least in a first 

stage, all of them penetrate the boundaries of the chamber. This hypothesis 

introduces a bias which is explained below. After this first movement, dispersion 

angles are randomly calculated in spherical coordinates (φ, azimuthal angle, , 

polar angle, see Figure 66) taking into account those most probable. Considering 

single and random events, {si }, i = 1, . . . , n, each of which is equally likely to occur 

whenever the random experiment is carried out, each of them has a probability of 

1/n [74]. Taking into account that MCFCD samples one neutron at a time and φ 

and  are randomly sampled  for every neutron history, hence the probability 

density function of an incoming neutron to follow a trajectory with a specific φ 

angle is f2(φ) = 1/2. In the same fashion, the pdf for an incoming neutron to arrive 

to the fission chamber with a specific angle  is f1() = 1/. As these two are 

independent events, neutrons with trajectories perpendicular to the z-axis have a 

conditional pdf f2|1(φ | ) = f1,2(φ, )/f1() = f1()f2(φ)/f1() =1/2. This is the bias that 

MCFCD applies to the number of fissions (likelihood ratio). 
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Figure 66. MCFCD incoming neutrons are generated at the edge of the fission chamber 
and penetrate perpendicularly to its axis. 

 

The bias mentioned before does not affect the signal that the fission chamber 

produces, as it is explained later on, while heavily reduces the computation time. 

Since neutrons are neutral particles they do not carry any charge and therefore 

cannot interact with matter by means of the Coulomb force, which dominates the 

energy loss mechanisms for charged particles and electrons. This means that they 

do not produce ionization of matter for the mere fact of crossing it. When a neutron 

does undergo interaction, it is with a nucleus of the absorbing material.  

Therefore, in the production of the electrical signal of a fission chamber the 

neutrons that matter most are those who produce fissions (in this work is only 

considered the signal produced by neutrons), independently of their flight-paths. 

Figure 30 shows two neutrons, A and B, having different inbound trajectories; 

neutron B perpendicular to the longitudinal axis of the fission chamber and 

neutron A having an arbitrary incoming angle and hence a longer flight-path. As 

the emerging angle of fission products is a random event, it can be considered the 

circumstance in which the emerging angle ϑ of both fission products is the same. 

Under those premises it can be observed that the path covered by both fission 

products is the same. Hence they produce the same number of electron-ion pairs 

and therefore the same electrical signal, independently of their respective incoming 

angle. 
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6.5.3 Neutron distance to the next collision 

It is assumed that neutrons displacement follows a straight line until they collide 

[27, 73]. As it was shown in Chapter 5.5, the probability that a neutron has a 

collision at a distance l along the flight path is: 

𝑃(𝑙) = ∑𝑡(𝑙)𝑒𝑥𝑝 [−∫ ∑𝑡(𝑙
′)𝑑𝑙′

𝑙

0

] (110) 

where ∑t is the total macroscopic cross section of the material. The previous 

equation represents the probability distribution function for the collision distance 

l; which has a cumulative distribution function: 

∫ 𝑃(𝑙′)𝑑𝑙′
𝑙

0

= 1 − 𝑒−∑𝑡·𝑙 (111) 

By setting the cumulative distribution function equal to a random number ξ, on 

the interval [0, 1), and solving for the distance l, the distance to next collision can 

be sampled as: 

𝑙 = −
ln (1 − 𝜉)

∑𝑡
 (112) 

Since ξ is uniformly distributed on [0, 1), it implies that (1 - ξ) is uniformly 

distributed on [0, 1) as well. Hence, the distance to the next collision is: 

𝑙 = −
ln (𝜉)

∑𝑡
 (113) 

The occurrence of a collision is a rare event, and even less frequent is the 

occurrence of fissions, thus MCFCD applies biasing techniques in order to increase 

the probability of a collision to occur within the distance of control; which in our 

case corresponds to the thickness of the fissile material. According to equation 

(113), the distance that a neutron travels to the next collision is proportional to the 

inverse of the total cross-section t. Taking into account the properties of the 

probability, it is possible to act on this parameter artificially by increasing it to force 

neutrons to travel shorter distances inside the fissile coating and hence increasing 

the probability of experimenting collisions. Therefore, the probability of achieving 

fissions is higher. Taking an arbitrary scalar 𝑁 ∈ ℝ,Σ𝑡
′ = 𝑁Σ𝑡

′ , one can obtain: 

𝑙′ = −
ln (𝜉)

Σ𝑡
′  (114) 

Where l’ is N times smaller than the dimension retrieved from equation (113). At 

the end of the simulation process one can revert the bias introduced by N, by means 

of dividing the number of fissions and captures achieved by N. 
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In Chapter 5.5 we saw that the distance to the next collision computed by 

equation (113), which ensures that the simulated neutron will collide within the 

cell of control. However while this equation is impeccable accurate from a 

theoretical point of view, its implementation in a computer simulation makes it 

extremely consuming in terms of computer resources. Consider as well the narrow 

dimensions of fission chambers and even the narrower thickness of fissile deposits, 

which are in the order of the micrometer (1E-6 m) or less. Taking also into 

consideration the maximum precision of mathematical operations with computers, 

we have seen that the performance rendered to the simulation algorithm by 

equation (114) is sufficient, while consumes much less resources than equation 

(113). Additionally N parameter of equation (114) permits dynamic precision 

adjustment. 

 

In MCFCD cells are a concept used to define different materials and shapes that 

compose the fission chamber. Thus, Figure 67 shows the way in which MCFCD 

tracks neutron histories. It takes into account whether the neutron moves inside a 

cell or cross to another one. Figure 68 shows that MCFCD works with two kinds of 

neutron displacements, one of them is considered theoretical, and the other one is 

considered the real displacement: when a neutron arrives at the frontiers of the 

cell, it is virtually stopped and, considering the properties of the following cell, 

MCFCD retrieves new material cross sections from the database and computes the 

distance the neutron is expected to penetrate into. The real distance travelled is 

the sum of both displacements, l1 corresponds to the distance to the border of the 

current cell; l2 is the distance the neutron penetrates into the next one. 
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Figure 67. Track of neutron displacements across the cells and collision events. Cell 
dimensions are arbitrarily established. 

 

 

Figure 68. Theoretical and real distance to the next collision. Cell dimensions are 
arbitrarily established. 

 

6.5.4 Modeling Neutron Interactions 

When a collision occurs at a distance l into the cell n, it is necessary to determine 

what type of nuclide and what type of reaction occurred. The probability of a 

reaction x with a nuclide of specie i is defined by: 

𝑃𝑖𝑥 =
𝑁𝑖𝜎𝑖𝑥

∑ 𝑁𝑖𝜎𝑖𝑥𝑖,𝑥
 (115) 

Where Ni is the number density of nuclide i in region n, σix is the microscopic cross 

section for reaction x for nuclide i at the energy of the neutron. A homogeneous 

material is considered, therefore the probability of capture is determined by P(c) = 

∑c/∑t, elastic scattering P(s) = ∑s/∑t and fission P(f) = ∑f/∑t, where ∑t stands for the 

macroscopic total cross section. Hence selecting a cdf, 0  F(s)  1 [27] and setting 

the cdf equal to a random number ζ on the unit interval, capture will occur when 

ζ1  ∑c/∑t, scattering if ∑c/∑t  ζ2  ∑s/∑t and fission in case ζ3 > ∑s/∑t. 

Thus it cdf is defined as, 

𝐹(𝑋) = {

capture if ζ1  ∑c/∑t
elastic scattering if ∑c/∑t  ζ2  ∑s/∑t

fission if ζ3  >  ∑s/∑t

 (116) 

 

Which graphically can be represented as shown in Figure 69. 
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Figure 69. Graphical representation of the cumulative distribution function cdf, showing 
the probability of each neutron reaction at the sampling point. RN2, represents a random 
number. 

 

6.6 Generation of 3D Particle Trajectories 

MCFCD works in three dimensions and uses spherical coordinates to track the 

movement of particles in space. One point in space if defined in spherical 

coordinates by three parameters (r, θ, φ), where r gives the radial distance from the 

origin, θ represents the polar angle or zenith angle opening clockwise from the z-

axis viewed from the positive x-axis, and φ is the azimuth angle opening 

anticlockwise from the x-axis from the positive z-axis. The international accepted 

intervals for those parameters are: 0 ≤ r ≤ ∞; 0 ≤ θ ≤ π; 0 ≤ φ ≤ 2π. Figure 70 

graphically depicts the representation of a point in space employing spherical 

coordinates.  
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Figure 70. Graphical representation of a point P(rp, θp, φp) in space by means of spherical 
coordinates. Figure inspired by reference [75]. 

 

The Polar angle  and the azimuth angle  are uniformly distributed on the intervals 

[0, π) and [0, 2π) respectively. However, it is not correct to pick points on sphere by 

directly sampling random points in those intervals, since the area element d = sin 

 d d is a function of , and hence the points selected will be bunched near the 

poles of the sphere and not uniformly distributed along the sphere surface [76]. 

To obtain points uniformly spread along the sphere, such that any small area is 

expected to contain the same number of points, one has to choose two random 

variables u and v on the interval (0, 1) such that 

𝜃 = cos−1(2 · 𝑣 − 1) (117) 

 

𝜑 = 2 · 𝜋 · 𝑢 (118) 

 

Equations (117) and (118) give spherical coordinates uniformly distributed. This is 

possible since the differential element of a solid angle is given by  

𝑑 =  𝑠𝑖𝑛  𝑑 𝑑 =  − 𝑑 𝑑(𝑐𝑜𝑠) (119) 

Then the distribution of polar angles can be found from 

𝑃𝜃𝑑𝜃 = 𝑃𝑣 |
𝑑𝑣

𝑑𝜑
| 𝑑𝜑 (120) 
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By taking the derivative of equation (117) with respect to v to get d/dv, solving 

equation (117) for v and substituting the results into (120) with Pv = 1, one can 

obtain the distribution P = ½ sin . 

Equating u = cos  to be uniformly distributed and having du = sin  d, one can 

obtain spherical points as 

𝑥 = √1 − 𝑢2 cos𝜑 (121) 

 

𝑦 = √1 − 𝑢2 sin 𝜑 (122) 

 

𝑧 = 𝑢 (123) 

Where  [0, 2) and u [-1, 1] are uniformly distributed 

However, sampling random variables through trigonometric functions is extremely 

expensive in terms of computer resources, hence notably impoverishing the 

simulation algorithm performance. Consequently, MCFCD implements a technique 

developed by George Marsaglia [77] to pick up uniformly distributed points on the 

surface of a unit sphere. This method consists in picking two independent random 

variables x1, x2 uniformly distributed on (-1, 1) rejecting those point for which 𝑥1
2 +

𝑥2
2 ≥ 1. From the remaining points, x, y and z, is set by 

𝑥 = 2𝑥1√1 − 𝑥1
2 − 𝑥2

2 (124) 

 

𝑦 = 2𝑥2√1 − 𝑥1
2 − 𝑥2

2 (125) 

 

𝑧 = 1 − 2(𝑥1
2 + 𝑥2

2) (126) 

 

Since we have assumed that particles, whatever they are, travel following straight 

trajectories, two points are needed to define that trajectory. Consequently, MCFCD 

having the particle departing point, and sampling one of the points of its outgoing 

next movement, is able to settle the next particle’s trajectory. This concept is 

depicted in Figure 70 in which the two points of the trajectory would be: the particle 

current coordinate or departing point represented by the origin of axis and point P, 

a second point of the particle trajectory in the space. r would be the straight 

trajectory followed by the particle. 
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6.7 Neutron Energy after Scattering 

Consider a neutron moving with kinetic energy 𝐸𝐿 =
1

2
𝑚𝑣𝐿

2 in the laboratory systems 

(L) incident upon a stationary nucleus of mass M. Since only the relative masses 

are important in the kinematics, m = 1 and M = A (mass number); taking into 

consideration the velocity of the center-of-mass CM system in the L and considering 

that the speeds of the neutron and the nucleus in the CM system do not change 

during the scattering event, one can obtain a relationship between the incident and 

final energies of the neutron in the L system and the scattering angle in the CM 

system [27]: 

𝐸𝐿
′ = 𝐸𝐿

𝐴2 + 1 + 2𝐴 cos 𝜃𝑐
(𝐴 + 1)2

 (127) 

 

 

6.8 Sampling Neutron Scattering Angle 

Assuming the emission of the outgoing particle is azimuthally symmetric (emission 

is equally probably into a cone subtended by the scattering angle θc), the outcome 

of the collision is completely determined if we specify another degree of freedom; 

the particle energy EL or θc. Equation (127) determines the emerging energy of the 

neutron after collision; thus we choose the angle θc. In case of isotropic scattering, 

as it happens in CM system for high energy neutrons and heavy nucleus, 

dispersion is independent of the angle. Thus θc can be defined as: 

𝜃𝑐 = 𝑎𝑟𝑐𝑜𝑠(1 − 2 · 𝑅𝑁1) (128) 

Where RN1 is a random number of the unitary interval 0  RN1  1 and 0  c   

Generating another random number and equating it to the CDF for φ the direction 

of the scattered neutron can be determined. The calculation is repeated for the 

scattered neutron until the neutron either leaks from the system, it is absorbed or 

produces fission. Fission and absorption are considered the end of a neutron 

history. Azimuth angle is equally probable in the interval [0, 2], thus 0  φ  2; 

hence φ = RN2·2; where RN2 is another random number of the unitary interval 0 

 RN2  1. The total kinetic energy of any fission fragment can be estimated 

assuming that the initial kinetic energy of a fragment is inversely proportional to 

their masses, and using an empirically defined dependence of the average kinetic 

energy of fission fragments on the mass and the charge of a fissioning nucleus [78]. 

Recent data for the most probable total kinetic energy release in fission Ek have 

been combined with earlier results in order to reevaluate the systematic 

dependence of these values on the Coulomb parameter 
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𝑍2

𝐴
1
3

 (129) 

 

A least-squares analysis of the current data base yields to 

〈𝐸𝐾〉 = 0.1189 
𝑍2

𝐴
1
3

+ 7.3 𝑀𝑒𝑉 (130) 

 

Where the Coulomb parameter shown in equation (129) refers to the fissioning 

nucleus [78]. 

 

6.9 Fission Products Related Simulations 

Every fission event usually produces two intermediate mass nuclei products called 

fission products, or sometimes fission fragments. The type of isotopes released after 

an individual fission takes place is a random event and it cannot be predicted in 

advance. However, looking at the fission process as a whole, those fission fragments 

can be statistically predicted. The probability of finding a mass number varies over 

10 orders of magnitude [79]. The probability of having some fission products is 

recorded in nuclear file libraries called fission yields. MCFCD can deal with any 

kind of fission yield library, provided they are uploaded in the appropriate format. 

This format is established by the MCFCD database data model. This model mostly 

needs the cumulative distribution probability for each fission product to appear. 

 

Fission product masses of 92U235 are very improbable to be equal to about half 

the mass of the fissioning species, but are distributed in mass biased around mass 

numbers A  95 and A  137. This biased mass distribution of U235 fission 

products around 95 and 137 amu are clearly shown in Figure 71 and Figure 72. 

This means that the major portion of the entire fission products yield is contained 

in two relatively narrow peaks that range from about 80  A  107 and 122   A  

155. According to this information, one can see that the average mass number 

distribution is about 118. In fact, the probability of finding a fission product near 

the symmetric distribution of masses (A=118) is 600 times smaller than to find 

those located near the peaks. The first fission products have masses in the range 

66  A  172 and correspond to isotopes of the elements chromium (Z=24) through 

thulium (Z=69) [80]. 

An example of a typical fission fragment production could be: 

𝑈235 + 𝑛 → 𝑈236 ∗ → 𝑋𝑒140 + 𝑆𝑟94 + 2𝑛 (131) 
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Fission products produced by fission tend to be neutron-rich and undergo 

radioactive decay. They also undergo neutron capture, with cross sections ranging 

from a few tenths of a barn to millions of barns. This fission product inventory will 

evolve with time and, considering natural decay, the general production–

destruction equation regulating this inventory [27] is defined as 

𝑑𝑛𝑗

𝑑𝑡
= 𝛾𝑗Σ𝑓𝜙 +∑(𝜆𝑖→𝑗 + 𝜎𝑖→𝑗𝜙)𝑛𝑖 − (𝜆

𝑗 + 𝜎𝑎
𝑗
𝜙)𝑛𝑗

𝑖

 (132) 

Here j denotes the fission product produced from an isotope i, j is the fraction of 

fission events producing fission products species j, ij is the decay rate of the 

isotope i into isotope j and ij is the transmutation cross section for the production 

of isotope j by neutron capture on isotope i. Even though the fission products 

population undergo transmutation and decay, this process is usually very slow, 

thus under normal operation of a fission chamber, this inventory increases in time 

as 

𝑑𝑛𝑓𝑝

𝑑𝑡
=∑

𝑑𝑛𝑗

𝑑𝑡
𝑖

=∑𝛾𝑗
𝑗

Σ𝑓𝜙 (133) 

MCFCD writes output files containing useful information about the population of 

fission fragments produced during irradiation. Analysis of this information can give 

us interesting data about the concentration of undesirable species, such as filling 

gases pollutants as Xe, which has one of the biggest fission yields as can be seen 

in Figure 72. 

 

 

Figure 71. ENDF B-VII.1 U235 independent fission yields for thermal neutrons [13]. 
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Figure 72. Mass distribution of U235 fission fragments, showing the mass peaks in 94 and 
140 a.m.u. Picture from [80]. 

 

MCFCD implements the cumulative distribution function depicted at figure 38 in 

order to simulate the fission products that appear after a fission event takes place. 

This implementation gives information about the first isotope released, MCFCD 

also calculates the second fission product, also called complementary fission 

product. 
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Figure 73. Cumulative distribution function for ENDF B-VII.1 U235 independent fission 
yields for thermal neutrons [13]. N represents a random number used to sample the cdf. 

 

It has been described so far the production of one of the fission products through 

picking it up from a cumulative distribution function, however the inventory will 

not be complete without the second fission product. This second fission fragment 

cannot be sampled via random variables as we did with the first, because both 

isotopes have to complain with several physical laws, such as the conservation of 

the charge and mass. 

 

Mass and charge distribution between fission products. 

When the precursor isotope splits into two different fragments, releasing between 

2 and 3 neutrons on average (2.4355 ± 0.0023), those new isotopes must share 

charge and mass of the precursor. Thus the complementary calculated on the basis 

of the conservation of charge is 

Zc =  ZpL +  ZpH (134) 

Where Zc is the charge of the precursor isotope or compound nucleus, ZpL is the 

charge of the lighter fission product and ZpH the charge of the heavier one. 

The mass distribution is obtained on the basis of the conservation of mass equation 
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Ac =  ApL +  ApH +  p (135) 

Where Ac is the mass of the precursor isotope, ApL and ApH are the masses of the 

lighter and heavier fission products respectively. p is the number of prompt 

neutrons released during fission [81]. 

Table 5 in Chapter 6.3 shows the statistical data about prompt and delayed 

neutrons emitted during the fission process of different isotopes uploaded to 

MCFCD database used in equation (135). 

 

6.10 Modeling of Electric Related Processes  

6.10.1 Electron-Ion Pair Production 

MCFCD simulates fission fragments released after the fission event occurred and 

their ulterior displacement across the inter electrode volume one by one. As 

explained in Chapter 4, those fission fragments carry electrical charge that ionizes 

the gas particles or atoms along their flight path. MCFCD takes advantage of 

equation (45) to compute the number of pair produced by every single fission 

fragment. Equation (45) uses three parameters, the W-value, included for different 

gases in the MCFCD database, Δx which corresponds to the length of the fission 

product displacement within the gas and the parameter dE/dx. The former is the 

so-called stopping power. 

The stopping power data are necessary for the calculation of the number of 

electrical carriers produced by the fission products, SRIM being used for this 

purpose as seen in Chapter 3.1. 

Figure 74 plots data gathered from SRIM simulations in which one can see the 

evolution of the stopping power of Hf72, one of the typical U235 fission products, 

versus gas pressure. A linear behavior is observed with the gas pressure. 
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Figure 74. Evolution of stopping power vs gas pressure. Data gathered from SRIM 
simulations. 

 

6.10.2 Physical Model for Carriers Drift Time Calculation 

In most gaseous detectors, especially ionization chambers, the output signal can 

be measured from the positive or from the negative electrode. In both cases, 

however, what is measured is actually the change in the electric field inside the 

active volume. Hence the drift of both electrons and ions contributes to the overall 

signal. 

The ions and electrons drift time together with their drift velocities are important 

parameters, since they indicate how quickly we should expect the ions to reach the 

cathode and electrons the anode and get collected. 

As we introduced in Chapter 6 MCFCD operates in the saturation zone; hence 

solely primary ionization occurs. This means, one e- and one ion+ come out from 

every pair without having ulterior charge multiplication. In order to simplify 

calculations without losing accuracy, the idea of a “center of moving charges”, 

taken as the centroid of the fission product trajectory, is introduced (see Figure 

75). A similar argument is exposed in [32]. This hypothesis is based on two pillars: 

firstly, the reduced dimensions of a fission chamber and the high drift velocity of 

electrons and ions ensures collecting times are always going to be in the same order 

of magnitude, independently of the pair position in the inter-electrode gap [20]. 

Secondly, considering linear pair production, these are going to appear as soon as 

the fission fragment departs from the fissile deposit; the electrons will be virtually 

and instantaneously collected while the ions must cross the entire gap. The 

opposite will happen when fission fragments reach the cathode. Thus it is possible 
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to settle an average drift velocity and collection time for both carriers and hence 

estimate the contribution of each particle to the output signal. 

Taking into consideration that distances inside the inter electrode volume are so 

narrow that drift velocities of electrical carries can be considered constant it is 

possible to settle an average drift velocity and collection time for both carriers and 

hence estimate the contribution of each particle to the output signal. Thus based 

on the model shown in Figure 40, and assuming uniform and rectilinear motion of 

electrical carriers inside the fission chamber due to the tiny dimensions, one can 

estimate the drift time as ti = xi /i and te = xe /e. Electron velocities are much 

higher than those of ions and collection times much shorter, typically ≈ 10-9 s, so 

drift time of those carriers is much shorter than that of ions. Figure 75 graphically 

represents this model. 

 

Figure 75. Representation of electron and ion drift velocities and collection time 
calculation. A generic fission fragment trajectory is shown. 
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6.10.3 Charge Collection Efficiency 

The charge-collection efficiency is defined as f = Q'/Q, from Boag's Treatment of 

Mie's Theory of General or Volume Recombination [82], and corresponds to the 

effective charge collected versus total charge produced inside the chamber. This 

parameter is really important in order to evaluate the regime in which the chamber 

is operating. As suggested in [82], and taking into consideration the parameters of 

our fission chamber model, in which one have fission rates in the order of 108 or 

109 f/s what represents a pulse occurs every 10-8 or 10-9 seconds on average, which 

means many pulses occur during ion transit time, the continuous radiation theory 

of ionic recombination can be used. In that case the charge-collection efficiency 

could be represented as: 

𝑓 =
1

1 +
1
6 

2
 (136) 

Where 

2 =
𝛼

𝑒𝑘1𝑘2

𝑃

𝑃0

𝑑4𝑞

𝑉2
 (137) 

 

here   is a dimensionless parameter which depends on the chamber geometry as 

defined in [82, 83], e is the electron charge, k1 and k2 electron and ion mobilities, 

α the first Townsend recombination coefficient, q is the ionization charge density, 

P0 and P are the gas pressure at standard conditions for temperature and pressure 

(STP) respectively, V is voltage applied and d the equivalent electrode separation 

for a cylindrical geometry [82]. Equation (136) allows plotting the saturation curve 

for recombination and ionization regions. Charge-collection efficiency allows 

finding the polarization voltage representing the beginning of the saturation zone 

and hence the region in which the chamber operates in saturation. It is generally 

accepted that saturation plateau begins when f  0.96 [82]. No general bias voltage 

can be pre-established for the beginning of saturation since threshold limits 

depend on the geometry, materials and the operational conditions such as 

temperature, gas pressure and neutron fluence rate. In this case the curve for the 

charge-collection efficiency is illustrated in Figure 76. 
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Figure 76. Charge-collection efficiency curve versus polarization voltage for the fission 
chamber detailed in Table 10 and 1.1 bar of pressure. 

 

6.11 Overseer Implementation 

The Overseer is a coupling code designed to orchestrate the interaction of MCFCD 

with variable external parameters. With the aid of Overseer MCFCD can perform 

the simulation of variable external conditions; one example could be the simulation 

of a complete full neutron fluence rate. The interface of this code has been modeled 

after the Unix shell programming language Bash and Korn shells [61].  

The name of this program implies its role and purpose. Generally speaking, an 

overseer is someone who directs the work of others. In this particular case, it plays 

the role of MCFCD launcher and virtual human interface, providing dynamic input 

parameters according to the user’s criteria. 

This software provides a set of tools to simplify the transmission of data and 

parameters between the human interface and MCFCD and vice versa.  

The overseer program makes the simulation of a complete neutron spectrum curve 

a straight forward task. It dynamically supplies MCFCD with input parameters 

(described in Chapter 6) and records its outputs into the external data files that 

could be analyzed afterwards. 

Annex A shows the structure of the overseer code.  
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6.12 MCFCD Outputs 

MCFCD generates data along the whole simulation process. In addition it produces 

3D coordinates allowing to easily plot neutron and fission products trajectories in 

space. Those files of coordinates can be straightforward coupled with any plotting 

software (e.g. Gnuplot [14]). Figure 77, Figure 78, Figure 79 and Figure 80 show a 

set of neutrons trajectories irradiating a generic fission chamber. Neutron 

trajectories are produced from one of the MCFCD output files. The axis of the 

fission chamber is located at (0, 0, z). The figures above mentioned exhibit the 

capacity of coupling MCFCD with GNUplot to plot from different points of view and 

textures. In these figures we have used grids and solid surfaces to delimit the 

fission chamber boundaries. 

Some other information generated during simulation: 

a) MCFCD records data about the neutron transport. This is information is 

used by the simulator to compute the remaining physical processes, being 

recorded in a file that can subsequently been analyzed. This file includes 

information such as: fission rate (f/s), absorption rate of neutrons on the 

fissile material (a/s) and absorption rate of neutrons on the shield (a2/s), 

provided a neutron screener was used (see Chapter 4.3). 

b) A second file records information regarding fission products produced as 

results of the fission process (see Chapter 6.9). 

c) A third file contains a set of intermediate data, results of the fission fragment 

displacement within the filling gas. Those files include information such as: 

distance travelled by individual fission products, number of electron-ion pair 

produced by each fission product, distances covered by electrons and ions 

when they are released until they are collected, mean drift velocities of 

electrons and ions, electrons and ions collection time, potential and current 

pulses produced by those carriers per simulation (see Table 6). 

d) The information regarding the electrical signals produced, is recorded in a 

different file. This file is called “electrical signals” and it contains the following 

information: the total charge produced, the total drop in potential, the 

average electrons and ions collection time, the current signal induced by the 

drift of electrons and ions, the total current signal produced and the chamber 

sensitivity (see Table 7). 

The information collected from points a) to c) is very useful when one performs a 

statistical analysis of the physical processes occurring inside the fission chamber 

at different stages of its operation. Intermediate information can guide the user in 

the analysis of “what-if” scenarios (e.g. substitution of structural materials, what 

type of gas to use, comparison between different nuclear data libraries). It also 

provides statistical information that can be used outside of the simulation such as 

fission rates, absorption rates, and mean electron-ion pair production under 

specific operational conditions and materials used, for example. 
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Figure 77. 3D plot of a set of neutrons and fission chamber with grid boundaries. Viewed 
from a (x, z) = (50, 79) angle rotation. Plotted with GNUplot [14]. 

 

 

Figure 78. 3D plot of a set of neutrons and fission chamber with grid boundaries. Viewed 
from a (x, z) = (90, 20) angle rotation. Plotted with GNUplot [14]. 
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Figure 79. 3D plot of a set of neutrons and fission chamber with grid boundaries. Viewed 
from a (x, z) = (64, 96) angle rotation. Plotted with GNUplot [14]. 

 

 

Figure 80. 3D plot of a set of neutrons and fission chamber with surfaced boundaries. 
Viewed from a (x, z) = (50, 79) angle rotation. Plotted with GNUplot [14]. 

 

Table 6. Example of intermediate data. It shows the bias voltage, FP distance 

travelled, pair/s, electron and ion distance travelled, electrons and ions drift 
velocity and electrons and ions collection time. 

B.Volt FPDis.Trav. Pair/s eDis.Trav. eDri.Vel. eColl.T iDis.Trav. iDri.Vel. iColl.T 

125 3.17E-04 95318.55 1.21E-04 2.77E+03 4.36E-08 1.29E-04 3.32E+00 3.89E-05 
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125 4.32E-04 83958.95 1.23E-04 2.77E+03 4.45E-08 1.27E-04 3.32E+00 3.82E-05 

125 8.51E-03 1603616.62 6.84E-05 2.80E+03 2.44E-08 1.82E-04 3.49E+00 5.21E-05 

125 1.44E-03 271871 8.94E-05 2.79E+03 3.21E-08 1.61E-04 3.42E+00 4.70E-05 

 

Table 7. Example of electrical signal information produced by a given neutron 
fluence rate and energy. The bias voltage is increased in order to plot the saturation 

curve. It shows fission rate (f/s), bias voltage, total charge produced, electrons and 
ions drift time, as well as electrons and ions current signals and chamber 

sensitivity. 

f/s B.Volt T. Charge T.Ch.Pot. eD.T. iD.T. Curr. (e) Curr. (i) Curr. (e+i) Sensitivity 
2.75E+9 5 1.08E-4 -2.96E-7 4.06E-8 4.10E-5 1.08E-4 1.35E-4 2.44E-4 7.17E-17 
2.76E+9 10 9.32E-5 -2.54E-7 3.55E-8 2.04E-5 9.32E-5 1.17E-4 2.10E-4 6.17E-17 
2.74E+9 15 1.10E-4 -2.99E-7 3.18E-8 1.37E-5 1.10E-4 1.37E-4 2.47E-4 7.26E-17 

2.77E+9 20 9.95E-5 -2.72E-7 2.96E-8 1.02E-5 9.95E-5 1.24E-4 2.24E-4 6.59E-17 
2.76E+9 25 1.02E-4 -2.80E-7 2.79E-8 8.17E-6 1.02E-4 1.28E-4 2.31E-4 6.78E-17 
2.75E+9 30 1.06E-4 -2.90E-7 2.52E-8 6.83E-6 1.06E-4 1.33E-4 2.39E-4 7.02E-17 
 

 

 

6.13 Margin of Sampling Error in MCFCD 

Along the document we have seen that the data reported by MCFCD is generated 

based on Monte Carlo technique which is a stochastic method. As in any other 

statistical model, there is a margin of error (MOE) on the data calculated, hence, a 

confident level is needed to measure the degree of reliability of the results obtained. 

Suppose we assume one of the most frequently used confidence levels, 95% [53]. 

According to the definition of confidence interval, the desired confidence level is 

achieved by [53]: 

𝑃 (−1.96 <
�̅� − 𝜇

𝜎 √𝑛⁄
< 1.96) = .95 (138) 

Which after several manipulation inside the parentheses leads to 

𝑃 (�̅� − 1.96 ·
𝜎

√𝑛
, �̅� +  1.96 ·

𝜎

√𝑛
) = .95 (139) 

Which in interval notation becomes 

(�̅� − 1.96 ·
𝜎

√𝑛
, �̅� +  1.96 ·

𝜎

√𝑛
) (140) 

Hence, the margin of error for the sample mean, is represented by the term  
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(1.96 ·
𝜎

√𝑛
) (141) 

Where �̅� corresponds to the sample mean,  the population mean,  standard 

deviation and n is the number of samples. The complete set of operations performed 

to transform equation (138) into equation (140) can be consulted in reference [53]. 

Taking advantage of one of the data sets produced by MCFCD, exhibited in Table 

8 and used to plot Figure 81 and Figure 82, one can estimate that the margin of 

error of the sample mean is: 

𝑀𝑂𝐸 = 1.96 ·
𝜎

√𝑛
= 7.2723 × 10−8 (142) 

Nevertheless looking at Figure 81 and Figure 82 one can see that simulation of 

thousand neutron histories produce enough accurate results while saving 

significant computation resources. 

 

Table 8. MCFCD data set of simulated current values 

Sample size 

(Nº of samples) 

Standard 

deviation () 

Mean value 

(�̅�) 

Margin Of Error 

(MOE) 

3000 3.31776E-05 2.03225E-06 7.2723E-8 

 

Figure 81 plots the standard deviation of the dataset mentioned before in this 

chapter, showing that the electric signals calculated with MCFCD have a statistical 

error which decreases by 1/√𝑛º ℎ𝑖𝑠𝑡𝑜𝑟𝑖𝑒𝑠. On the other hand, Figure 82 shows that 

1E3 histories are enough for a smoothly convergence to the mean value. 
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Figure 81. Standard deviation of the current simulated with MCFCD for the fission 

chamber in Table 10 showing the evolution of the statistical error (P = 1.1 bar, th =3.4·1012 
n cm-2s-1). 

 

 

Figure 82. Convergence to the mean current signal simulated with MCFCD for the fission 

chamber in Table 10. (P = 1.1 bar, th =3.4·1012 n cm-2s-1). 
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7 RESULTS OF SIMULATIONS AND VALIDATION OF MCFCD 

In this chapter the results of the work done are detailed in order to show the 

validation of the MCFCD code for the purposes of this research, and that were 

enumerated in the introduction of this document, chapter 1. 

A wide range of simulations has been performed with MCFCD for different neutron 

spectra, with different fission chamber arrangements, with and without neutron 

shields as well as with different fissile deposit isotopes. 

 

7.1 Fission Chambers Considered for Testing MCFCD 

In order to validate the MCFCD physical model, MCFCD outcomes have been 

confronted with those available in different publications and data published by 

fission chambers manufacturers such as PHOTONIS [84]. In order to compare 

similar devices, simulations have been performed assuming the same geometrical 

shape, dimensions and input parameters as those publicly available for the 

PHOTONIS CFUR43 [85] fission chamber. 

CFUR43 is a 3mm diameter fission chamber for in-core measurements of thermal 

neutron fluxes ranging from 1E11 to 1.5E14 n·cm-2 s-1, at a maximum temperature 

of 350 °C. It has a watertight stainless steel structure and integral mineral 

insulated cable. More technical details are exhibited in Table 9, and have been 

taken from [85]. 

 

 

Table 9. CFUR43 Technical Specifications from [85]. 
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1 Values depending on the characteristics and the calibration of the measurement 

equipment. 
2 Current mode operating range: the lower limit of the current mode operating 

range depends on the electronics (especially on the input amplifier) and on the 

signal / parasitic current ratio (parasitic current = leakage current + gamma 

current + α-current). The upper limit is depending both on the detector and 

electronics (loss of linearity). 
3 Flux corresponding to a 10 % sensitivity of the detector. 
4 The insulating resistance measurement includes the α-current. 
5 The capacitance of the detector alone (10 pF) is negligible compared with the 

capacitance of the cable. 
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6 The overall length (detector + cable + connector) constitues the version code to 

be mentioned in the detector reference after the basic type number. For example 

CFUR43/15 indicates a detector with a 15 m overall length. 
7 Our "coax" cable is the 1 AcAc 10 referenced cable from Thermocoax. 
8 This is the smallest curvature radius allowing one reversible deformation. 
9 In order to avoid humidity penetration during storage, the connector is closed 

with a cap to be removed just before use. As a general rule, prevent any humidity 

penetration at the connection level (refer to "Instructions for use and handling" 

in the package). 
10 Including temperature increase due to gamma radiation (effective above 104 

Gy.h-1). Which is similar to the gamma flux within the nuclear reactors. 

 

 

Figure 83 shows the PHOTONIS CFUR43 fission chamber design as it is published 

by this manufacturer. It exhibits the complete CFUR43 arrangement, fission 

chamber dimensions (sensitive length and diameter), type of cable and cable 

connector and total arrangement length. 

Table 10 shows a comparison between the CFUR43 technical characteristics and 

the values used by MCFCD for the benchmark. In blue are highlighted quantities 

estimated via inverse engineering from PHOTONIS CFUR43 technical 

specifications, due to the fact they are not provided. 
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Figure 83. Main dimensions of the CFUR43 fission chamber, by PHOTONIS [84]. 

 

Table 10. Geometrical and physical features of the fission chamber considered for 

testing MCFCD results. In blue are highlighted quantities estimated. 

 unit MCFCD 

design 

CFUR43 

ra (anode outer radius)  m 9.93E-4 1E-3 

rx (cathode inner radius + fissile coating)  m 1E-3 - 

rb (cathode inner radius)  m 1.25E-3 1.25E-3 

rc (cathode outer radius)  m 1.50E-3 1.50E-3 

l (sensitive length)  m 13E-3 13E-3 
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Fissile layer thickness m 7E-6 - 

Fissile layer volume  m3 5.7E-10 - 

μs fissile layer (areal density) mg cm-2 0.201 0.2 

μv fissile layer (volumetric density) kg m-3 19.050E+3 - 

mass U235 μg 163.36 163.363 

Filling gas - Ar40 Ar 

Gas pressure bar 1.1 to 4 1.1 to 4 

 

Since the CFUR43 sensor was designed for being used in the core of a thermal 

reactor, an adequate neutron spectrum has to be used for a proper comparison. 

The thermal neutron flux spectrum used to perform MCFCD simulations was taken 

from reference [62] and it is depicted in Figure 54. 

 

 

7.2 Fission Rate and Fission Efficiency Simulation 

For the fission chamber characteristics depicted in Table 10 the fission rate 

spectrum has been obtained. 242 groups of neutrons energy have been simulated 

in order to represent a generic thermal neutron spectrum (Figure 54). The ENDF 

B-VII.1 library has been used for the U235 fission cross section. The result is 

showed in Figure 84. 

As theoretically expected, the fission rate is maximum in the thermal region (from 

0.025 eV to 0.1 eV) and it is reduced in the epithermal region (from 0.1 to 0.4 eV). 

A clear definition of the U235 resonance can be found in the energy range from 10 

to 300 eV, with a pick on 1 eV. Fission rate increases in the fast neutrons region (≈ 

1 MeV) because U235 fission cross section rises between approximately 1 and 8 

MeV as well as the neutron fluence rate of the spectrum chosen. Plot of MCFCD 

simulated fission efficiency (fissions /neutron) showed in Figure 85 faithfully 

reproduces the ENDF B-VII.1 fission cross section shape. 
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Figure 84. MCFCD fission rate of a fission chamber coated with U235 and within a thermal 
neutron fluence rate. 

 

 

Figure 85. MCFCD fission rate simulation vs neutron energy. 

 

MCFCD informs fission rates between 3.87·108 f/s for fluence rates of 3.4·1012 n 

cm-2 s-1 and 3.85·109 f/s for fluence rates of 3.4·1013 n cm-2 s-1 which are compared 

with data reported in [63], see Table 11. Unfortunately we do not precisely know 

the neutron fluence rate used in [63]. 

 

Table 11. Comparison between fission rates 

Neutrons cm-2 s-1 Chabod f [63] MCFCD f Diff (%) 

3.4·1012 ? 3.85·108  

3.4·1013  5·109 3.85·109  23% 
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(*) f = fission rate (f s-1) 

 

7.3 Sampling the Efficiency of Neutron Shields 

In chapter 1 it was mentioned that fission chambers have been selected as the most 

suitable neutron detectors to be used in new fusion facilities such as ITER [1, 4]; 

meanwhile those devices have been qualified to be used in IFMIF for neutron flux 

measurement [4, 8, 40]. Those nuclear facilities have in common to have, mostly, 

fast neutron spectra. Both of them will use light isotopes to accomplish their 

respective roles and hence, this will produce high energetic neutrons. ITER is 

intended to use two hydrogen isotopes, deuterium (D) and tritium (T), and has been 

conceived as the first nuclear fusion experimental reactor. IFMIF [86] is an 

accelerator-based neutron source that will use Li(d,xn) reactions to generate a 

fluence rate of neutrons with a broad peak at 14 MeV, equivalent to the conditions 

of the Deuterium-Tritium reactions in a fusion power plant like ITER. Therefore, 

U235 is not the most convenient fissile material to detect and measure the fast 

region of the spectrum in these cases.  

Neutron screens have been postulated by several authors as one of the possible 

fission chamber arrangements when they are planned to be used to measure fast 

neutron fluence rates or to preserve the sensitivity and operation life of those 

devices when they use natural uranium as fissile coating [48]. 

While authors from reference [48] propose the use of B10 as shielding material, it 

is well-known that gadolinium has the highest thermal neutron capture cross 

section of any natural element (see Figure 86) [46]. Obviating the advantage of 

Gd157 regarding absorption cross section over B10, the latter has several 

advantages over the first one. For instance B10 is intrinsically not toxic while the 

high toxicity of free, i.e., noncomplex, inorganic gadolinium salts precluded their 

use for human interactive purposes [46]. Nevertheless, studies have been 

performed having Gd157 as neutron shielding material for fission chambers, due 

to its unique neutron absorption cross section [8]. Figure 86 shows superimposed 

the radiative capture cross section of Gd157 and U235 fission cross section from 

ENDF B-VII.1. Gd157 radiative cross section is much higher than the U235 fission 

cross section up to approximately 1 eV. Thus, neutron capture reaction prevails 

over the fission one up to the epithermal region while the fission remains practically 

intact on the slow and fast neutron regions (see Table 1 for neutrons classification 

according to their energy). 

It is important to note that the use of this kind of shielding present five main 

disadvantages: 

a) Gamma production after the capture, which adds an important contribution 

to the non-desired signal [8]. 
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b) The total neutron signal delivered by the chamber can be reduced [8]. 

c) Geometrical problem due to an important increase in size [35].  

d) Local perturbation of the thermal flux [35]. 

e) Introduction of anti-reactivity [35]. 

MCFCD has been used to perform several simulations of a fission chamber coated 

with two neutron absorbers. The main goal of this simulation is probing MCFCD 

versatility to carry out analyses of different materials, sensitivity to different 

neutron shapes and so on. Those are the so-called “what-if” analysis and that is 

exactly MCFCD was intended for. Figure 87 displays the fission rate spectrum of a 

fission chamber (Table 10) irradiated with a thermal flux (Figure 54) and coated 

with different thickness of B10 and Gd157 screeners. The installation of the 

neutron screeners cut off the thermal component of the neutron spectrum, whereas 

it has practically no effect on the high fast fluence rate. 

Figure 87 shows the MCFCD simulation of the fission rate spectra of the fission 

chamber introduced in Table 10, irradiated by the thermal neutron spectrum 

shown in Figure 54. It has been superimposed the fission rate spectrum of the 

fission chamber without a neutron absorber and the one when it is covered with a 

0.5E-4m width Gd157 neutron screen. One can see the cut off of the thermal 

component of the neutron spectrum by the neutron absorber, while the slow 

neutrons region (see Table 1), intermediate and the fast components of the 

spectrum remain almost intact. The same fission rate spectrum is achieved with 

MCNP as can be seen in reference [8]. In Figure 54 the y-axis has been represented 

in logarithmic scale, for the sake of clarity. 

This is a consequence of the Gd157 neutron capture cross section, which is high 

enough to ensure that almost the whole thermal neutrons and some of the 

epithermal component of the spectrum are trapped. 

Figure 88 shows the evolution of the fission rate spectrum on an U235 fission 

chamber while irradiated by a thermal flux. 
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Figure 86. ENDF B-VII.1 Radiative capture cross section of Gd157 and U235 fission cross 
section. From reference [13]. 

 

 

Figure 87. Evolution of the fission rate spectrum on a U235 fission chamber while 
irradiated by the thermal neutron fluence rate showed in Figure 54. 
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Figure 88. Evolution of the fission rate spectrum on an U235 fission chamber while 
irradiated by a thermal flux. 

 

 

7.4 Sampling the Efficiency of Threshold Fission Chambers 

In previous section we have shown that shielding fission chambers with thermal 

neutron absorbers introduces several difficulties. 

To solve these obstacles some authors propose the use of what is called threshold 

fission chambers. Threshold fission chambers principles are based on the 

properties of several isotopes to undergo fission almost exclusively with neutrons 

having a minimum energy [67, 36]. That is, the use of the most appropriate fissile 

isotope in terms of fission and radiative capture cross sections, for the spectrum 

intended to be monitored.  

The choice of the fissile deposit presents important issues that have to be 

mentioned: 

a) The fission cross section is usually much larger for thermal neutrons than 

for fast neutrons. For the few isotopes showing an energy threshold near 1 

MeV, such as U238 and Pu242, it remains very small for fast neutrons 

(approximately 1 barn, see Figure 89). 

b) Those isotopes experiment radiative capture of mainly thermal neutrons. 

This neutron capture reaction leads either directly or after a decay process 

to the appearance of isotopes likely to undergo fission, mostly with thermal 

neutrons. Therefore, the sensitivity to thermal neutrons of a fission chamber 

coated with those isotopes increases as the device is normally operated. 
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The selection of specific isotopes for a threshold fission chamber is based on three 

main criteria [35]: 

a) Higher sensitivity, S, to fast neutrons than to thermal ones Sfast ≳ Sth. 

b) Their fission cross sections have to cover all the energy range intended to 

measure. 

c) Their half-lives must be greater than the operational lifetime of the device. 

In reference [35] authors evaluate several isotopes (Th232, Pa231, U236, U238, 

Np237, Pu240, Pu242, Am243, Cm246 and Cm248.) candidates for this type of 

deposits, and finally assert that Pu242 is the best deposit to monitor the fast 

component of a high neutron flux.  

Nevertheless, in reference [47] authors exploit the properties of U238 to monitor 

the fast-neutron fluence and fluence rate in a RBMK core using a threshold fission 

chamber which has this U238 as fissile deposit. A U238 fissile coating, is also used 

in reference [8] to evaluate the suitability of those detectors and isotopes for the 

on-line measurement of the neutron fluence rate in a mixed neutron-gamma 

environment with satisfactory results. 

Figure 89 exhibits the fission cross sections of U238 and Pu242. We can see that 

this parameter is more important at about 1 MeV and beyond that energy, if a fast 

neutron spectrum would be considered.  

In Figure 90 are depicted the fission rates obtained while simulating the irradiation 

of a fission chamber using U238 and Pu242 as fissile deposit in a LMFBR spectrum 

(see Figure 54). Figure 91 displays the evolution of the neutron absorption rate for 

the same configuration and neutron spectrum. The results shown in this figure are 

very interesting, because they inform about the energetic range in which the 

neutron capture by this isotope will be maximum, and hence the topmost zone for 

Pu239 production. We have already explained in this chapter that the production 

of isotopes fissionable mostly by thermal neutrons, such as Pu239, is a parameter 

of paramount importance during the design process, because the fission chamber 

will become more and more sensitive to thermal neutrons and hence it will turn 

into a thermal spectrum detector. Figure 91 also reveals that a deposit of Pu242 

will experiment much less neutron capture along the whole range of the neutron 

spectrum and hence the production of isotopes with an odd number neutrons will 

be less important than in an U238 one. 
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Figure 89. ENDF B-VII.1 fission and radiative capture cross section for U238 and Pu242. 
From reference [13]. 

 

 

Figure 90. MCFD simulation of the evolution of the fission rate spectrum in U238 and 
Pu242 fissile deposits when are irradiated by the Breeder Reactor spectrum shown in 
Figure 54. 
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Figure 91. MCFCD simulation of the absorption rates of a fission chamber coated with 
U238 and Pu242 fissile deposits when exposed to the irradiation of the Breeder Reactor 
neutron spectrum exhibited in Figure 54. 

 

Below, in Figure 92 and Figure 93 we can see the energetic regions of the spectrum 

in which neutron fission and neutron radiative capture prevail one over the other. 

Simulations were performed with a fissile deposit of 1.9E-7m. 

 
 

Figure 92. MCFCD U238 simulation of the neutron fission rate vs neutron radiative 
capture across the breeder reactor energy spectrum shown in Figure 54. 
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Figure 93. MCFCD Pu242 simulation of neutron fission rate vs neutron radiative capture 
across the breeder reactor energy spectrum shown in Figure 54. 

 

7.5 Fission Products Inventory  

In Chapter 6.9 we explained that MCFCD implements a Monte Carlo simulation 

module for fission products inventory. This cumulative distribution function must 

accurately match fission product distribution according to theoretical data 

provided by fission yield libraries. This is supported by Figure 94, where the 

thermal U235 ENDF B-VII.1 independent fission yields (blue circles) with MCFCD 

simulations (black cross) are confronted, showing that simulated data correctly 

match with ENDF B-VII.1 library. 
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Figure 94. ENDF B-VII.1 U235 independent fission product yields versus simulated data. 

 

Gaseous fission products are of outstanding importance, since the mixture of small 

quantities of alien products with the filling gas can strongly slope up or down pair 

formation, alter the size of the saturation plateau [87] and influence the drift 

velocity of electrical carriers. MCFCD uses Monte Carlo and fission yield libraries 

to provide fission products inventory. Those fission yields have been downloaded 

from [13] and incorporated to the MCFCD database in order to perform simulations 

with the most up-to-date statistical data available. Table 12 and Table 13 give two 

examples of fission products inventory. This intermediate information could be 

useful during the design process, since it would be interesting to analyze the 

isotopic evolution of the fissile deposit. In particular, if one would like to study the 

appearance and concentration of isotopes that can severely affect the performance 

of the fission chamber. It has been previously said that tiny quantities of gaseous 

products, such as Xe135 coming from the fission reaction, can have significant 

impact in the formation of the plateau of the saturation region. This phenomenon 

happens because those products affect drift velocities of charge carriers (electrons 

and ions). However, we have not mentioned so far the effect that the concentration 

of fission products, such as Xe135 and Sm149, can have in the fission rate. Figure 

95 plots together the ENDF B-VII.1 fission cross sections of most typical fissile 

isotopes we have already mentioned in this work: U235, U238, Pu239 and Pu242 

and the neutron radiative capture cross sections of Xe135 and 149Sm. Xenon and 

samarium are typical fission products with large thermal radiative capture cross 

sections. Thus, looking at Figure 95 one can easily see that neutron capture will 

prevail over neutron fission reaction in the thermal range of the neutron energy 
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spectrum, it is still important (especially for Sm149) in the epithermal, resonance 

and intermediate regions, while it significantly decreases at the beginning of the 

fast region. Thus, the accumulation of those isotopes can affect the fission rate, 

because neutrons have to cross the inter-electrode gas before reaching the fissile 

deposit. 

 

Table 12. Example of U235 fission products inventory reported by MCFCD. 

FP Kr89 Cs142 Zr102 Ba144 Zr97 Zr103 I135 

Complementary FP Ba144 Rb90m Te131m Kr89 Te136 Te129m Y98m 

 

Table 13. Example of U238 fission products inventory reported by MCFCD. 

FP Y97 Zr102 Sb134m Rb93 Y98m Cs139 Sr97 

Complementary FP I138 Te133m Nb101 Cs142 I137 Rb96 Xe138 

 

 

Figure 95. ENDF B-VII.1 U235, U238, Pu239 and Pu242 fission cross section and Xe135 
and 149Sm radiative capture cross sections from reference [13]. 

 

7.6 Electron-ion pair production 

According to equation (45), electron-ion pair production heavily depends in two 

parameters: the stopping power and the distance covered by the fission product 

(assuming linear loss of energy). MCFCD computes the distance covered by each 

fission product giving an average figure at the end of the simulation process. Table 

3 compares MCFCD electron-ion pairs production data with those reported in [87], 

as well as those recommended in [88]. 
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Table 14. Comparison between electron-ion pair calculated through MCFCD with 

those reported in [87] and [88], per unit of pressure and distance. 

 Chabod [87] ICRU Report 31 [88] MCFCD Simulation 

Pair·P·m-1 1.8·108 2·108 2.1·108 

 

Electron-ion pairs simulated by MCFCD are 4.8% higher than those reported by 

[88], and 14% than [87]. It is worth noting that the figures given in [87] and [88] 

are averaged figures for generic trajectories, while MCFCD simulates 3D electron 

and ion paths, one by one. Therefore, the value simulated with MCFCD should be 

more accurate. 

 

7.7 Electric Signals Produced 

We have shown in Chapter 4 that, under the effect of externally applied polarization 

voltage, charge carriers released after gas ionization by fission products begin to 

drift to the electrodes. Electrons drifting towards the anode and ions drifting 

towards the cathode produce pulses of current and drop in potential. We have also 

explained that angles of emission and hence trajectories in space of fission 

products are random events. Thus, those ionization trajectories at arbitrary angles 

within the gas produce arbitrary pulse shapes. Then, every neutron producing a 

fission in the deposit causes a unique and different pulse of current and potential. 

All those individual pulses occurring randomly in time and having random 

amplitudes add together. These pulses are detected by the signal analyzer 

connected to the fission chamber and converted to a pulse count rate. When 

neutron flux increases, pulse-rate does it as well. When those pulses begin to 

coincide in time, pulse pile-up occurs and they are counted as one by the 

electronics. 

MCFCD has the capacity of reproducing such pulses in order to estimate the total 

signal delivered by the fission chamber. As an example, Figure 96 and Figure 97 

show the shapes of those pulses of current and potential. The x-axis in Figure 96 

and Figure 97 represents the number of neutron histories simulated (for the sake 

of simplicity only a small number is represented), while the y-axis shows the 

amplitude of the pulses (in A in Figure 96 and in V in Figure 97). Those occurring 

randomly combine to give an average DC or difference in potential signal that can 

be used to estimate the neutron flux. The RMS current and RMS potential represent 

the root mean square, also known as the quadratic mean. 

A theoretical definition of the RMS, could be: the RMS is Mathematical value 

computed by taking the square root of the average (mean) of the squares of a set of 

randomly varying quantities observed at regular intervals during a cycle. RMS 

value is considered the best measure of the effective or typical value of the 
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phenomenon being observed. The RMS of a set of n randomly varying pulses {x1, 

x2, … , xn } is defined as [43]: 

𝑥𝑟𝑚𝑠 = √
1

𝑛
(𝑥1
2 + 𝑥2

2 +⋯+ 𝑥𝑛2) (143) 

 

 

Figure 96. MCFCD simulation of pulses of current and RMS current signals, (Ф = 3.4E12 

n cm-2 s-1,  = 3.87E8 f s-1). 
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Figure 97. MCFCD simulation of potential pulses and RMS potential signals, (Ф = 3.4E12 

n cm-2 s-1,  = 3.87E8 f s-1). 

 

MCFCD mathematical model treats separately drift of electrons and ions through 

the gas. As a result of this, it allows analyzing the contribution of both carriers to 

the current signal. In agreement with theory [67-68], MCFCD reports that ions 

contribution could be considered negligible in comparison with the one of electrons; 

the current signal of electrons being about 103 times higher (see Table 15). Table 

16 shows MCFCD drift velocity and collection time for each charge carrier, in 

agreement with parameters and values predicted by references [67-68], as well. 

Both tables are based on the fission chamber dimensions shown in Table 10. 

 

Table 15. Contribution of each charge carrier to the current per pulse and 

percentage of contribution, (i denotes ions and e electrons, P = 1bar,  = 3.87E8 f 

s-1). 

Current/Pulse(e) Current/Pulse(i) Current/Pulse(e+i) % Current/Pulse(e) % Current/Pulse(i) 

7.61E-07 1.78E-09 7.62E-07 99.76% 0.23% 
3.07E-07 4.83E-10 3.07E-07 99.84% 0.16% 
6.89E-07 7.95E-10 6.90E-07 99.88% 0.12% 
8.48E-07 7.04E-10 8.49E-07 99.92% 0.08% 
7.38E-07 5.27E-10 7.38E-07 99.93% 0.07% 
5.94E-07 3.13E-10 5.94E-07 99.95% 0.05% 
4.11E-07 2.15E-10 4.11E-07 99.95% 0.05% 

4.77E-07 2.16E-10 4.78E-07 99.94% 0.05% 
5.48E-07 2.23E-10 5.49E-07 99.96% 0.04% 
4.14E-07 1.43E-10 4.14E-07 99.95% 0.03% 

 

Table 16. Drift velocity and collection time of each charge carriers, (P = 1bar,  = 

3.87E8 f s-1). 

Drift Velocity 
(e) 

Drift Velocity 
(i) 

Collection Time 
(e) 

Collection Time 
(i) 

2.79E+03 3.42E+00 3.21E-08 4.69E-05 
2.78E+03 3.34E+00 4.12E-08 4.06E-05 
2.77E+03 3.32E+00 4.38E-08 3.87E-05 

2.78E+03 3.34E+00 4.14E-08 4.05E-05 
2.77E+03 3.32E+00 4.41E-08 3.85E-05 
2.78E+03 3.36E+00 3.88E-08 4.23E-05 
2.77E+03 3.31E+00 4.51E-08 3.78E-05 
2.77E+03 3.32E+00 4.40E-08 3.86E-05 
2.77E+03 3.32E+00 4.44E-08 3.83E-05 
2.77E+03 3.34E+00 4.15E-08 4.04E-05 
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The response (saturation curve) of the fission chamber shown in Table 10 has been 

calculated through MCFCD for a fixed thermal fluence rate of th = 3.4·1012 n·cm-

2·s-1. The polarization voltage covers the range between 0 and 400 V, in order to 

discriminate recombination and ionization zones. The results are presented in 

Figure 98 for different gas pressures. The theoretical onsets of the saturation 

domain (obtained from the MCFCD code) are presented by the small-doted curve. 

It represents the theoretical beginning of the saturation plateau, chosen as a 

theoretical charge-collection efficiency of f ≥ 99%. 

It is worth noting the discrepancy between f ≥ 99% considered in MCFCD and f ≥ 

96% charge-collection efficiency criteria, theoretically postulated in Chapter 6.10.3 

by [82]. The reason is that, while the charge-collection efficiency criteria f ≥ 96% is 

more realistic in terms of normal operation; MCFCD outcomes permit refining this 

criteria to the theoretical onset of the saturation domain which, strictly speaking 

should be f = 100%. However, we would like to warn that this threshold is almost 

impossible to reach in realistic conditions due to the effect of the cables, electronics, 

electric isolation, etc. Thus the threshold f ≥ 99% should be considered as a 

theoretical value. 

As expected the saturation current at 4 bars is about 4 times bigger than the one 

at 1.1 bars. One can also see that the saturation plateau begins at lower voltages 

when the pressure decreases. Thus, for a given neutron flux, saturation can be 

obtained by diminishing the gas pressure, although the current signal will be 

penalized. This behavior was also analyzed in reference [63]. MCFCD also reports 

an onset of the saturation plateau of about 125 V for a 1.1 bar fission-chamber, 

which is congruent with the 150 V that PHOTONIS [84] recommends as operation 

voltage for its CFUR43 model; fission chamber used as reference in this paper. This 

information can also be seen in Figure 98. 
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Figure 98. Mean current signal vs polarization voltage for various gas pressures, 

th =3.4·1012 n cm-2s-1, for the fission chamber depicted in Table 10. The blue 

small-doted curve represents the theoretical onsets of the saturation domain 
obtained from the MCFCD code.  

 

Figure 99 shows the output current delivered by the fission chamber exhibited in 

Table 10 when it is exposed to different neutron fluence rates and having a filling 

gas pressure of 1.1 bar. The small-doted blue line in Figure 99 indicates the 

polarization voltage to which the saturation plateau begins as a function of the 

signal delivered by the chamber and the externally-applied polarization voltage. 

Another important information that can be indirectly inferred from the data 

exposed in Figure 99 are the sensitivity of the detector and an indicator of the 

integrated neutron fluence rate to which it is exposed. Thus, in real operation one 

could estimate the existing neutron fluence rate from output signal and bias voltage 

applied, provided the gamma background signal is also measured and subtracted 

from the total signal. This technique of subtraction of the gamma signal from the 

total signal to estimate the neutron-produced signal has already been used in 

references [4, 45] and explained in section 4.3. 
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Figure 99. Current signal of a 1.1 bar fission chamber and various neutron fluence rates, 
for the fission chamber depicted in Table 10. The purple small-doted curve represents the 
theoretical onsets of the saturation domain obtained from the MCFCD code. 

 

In Figure 100, MCFCD simulated current signals have been superimposed on those 

published in literature available in reference [63] for the same CFUR43 fission 

chamber. In general, data show a good agreement except for the shape in the 

recombination zone. This discrepancy could be due to a different criterion 

computing the charge-collection efficiency parameter. In MCFCD we have selected 

f  99%; probably data published in reference [63] has been plotted with a less 

exigent charge-collection efficiency parameter.  
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Figure 100 . MCFCD simulated current signal data superimposed to the data available 
from reference [63]. 

 

Data from MCFD simulations shown in Figure 99 and in Figure 103 underline that 

for high neutron fluence rates the saturation plateau gets narrowed and the 

polarization voltage at saturation increases dangerously. Thus in order to measure 

high fluence rates special considerations for structural materials, filling gases and 

physical geometries should be taken. Due to the narrow distances between 

electrodes, increasing the polarization voltage could cause an electric arc between 

them. 

In Figure 101 simulated MCFCD current signals of the fission chamber on the basis 

of different fluxes have been superimposed to the data published in reference [63] 

for the same CFUR43 fission chamber. Data show, in general, a good agreement 

especially in the beginning of the saturation plateau. As explained in Figure 100 

the disagreement in the onset of the recombination zone could be due to a different 

criterion computing the charge-collection efficiency parameter. In Figure 101 we 

have also plotted an adjusted MCFCD charge-collection efficiency parameter (f  

98%) showing in that case an excellent agreement with the saturation curve of 

reference [63]. Unfortunately, reference [63] does not provide information about the 

three higher neutron fluence rates plotted, which would allow a more refined 

analysis.  
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Figure 101. MCFCD simulated current signal data according to the neutron fluence rate 
has been superimposed to the data available from reference [63]. 

 

MCFCD provides two ways of estimating the neutron fluence rate to which a fission 

chamber is exposed, either via current intensity or through drop in potential. 

Equation (83) probes that the drop in potential caused by the movement of 

electrical carriers within the filling gas is independent of the position inside the 

chamber in which carriers were released. This property removes a source of 

uncertainty introduced when one uses the current signal, because the former 

technique implies that the fission product trajectory, and hence the path along 

which electrons and ions are released, matter. Thus, a model has to simulate the 

signal pulse produced by a fission product, via averaging the drift times and 

distances covered by the charge carriers and hence, introducing a source of error. 

Figure 102 reproduces the mean drop in potential when the chamber operates at 

different gas pressures. The light blue small-doted curve represents the theoretical 

onsets of the saturation domain. Figure 103 on the other hand, reproduces the 

mean drop in potential as a function of the neutron flux. Here as well, the blue 

small-doted curve represents the theoretical onsets of the saturation domain. 
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Figure 102. Mean drop in potential vs polarization voltage of the fission chamber 

introduced in Table 10 for various gas pressures and a neutron fluence rate th =3.4·1012 
n cm-2s-1. The light blue small-doted curve represents the theoretical onsets of the 
saturation domain obtained from the MCFCD code. 

 

 

Figure 103. Mean drop in potential of the fission chamber introduced in Table 10 with a 
gas pressure of 1.1 bar chamber for various neutron fluence rates. The blue small-doted 

curve represents the theoretical onsets of the saturation domain obtained from the MCFCD 
code. 
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7.8 Analysis OF Fission Chamber Sensitivity 

The theoretical saturation current can be calculated using the formula [89] 

𝑆 = 2𝜋𝑒𝐿𝐼𝑝𝑎𝑟𝑃𝑁𝐴
𝜇𝑠
𝑀
𝜎𝑒𝑓𝑓ℎ𝑟1𝑟2 [𝐸 (

𝑟1
𝑟2
) −

𝑟1
𝑟2
] (144) 

 

Where E(k) the elliptic integral of the second kind 

𝐸(𝑘) = ∫ √1 − 𝑘2 sin2 𝑥𝑑𝑥

𝜋
2

0

 (145) 

e the unit of charge, L is the sensitive length, Ipar is the number of ion-pair created 

per fission fragment per unit length per unit pressure, P corresponds to the gas 

pressure, μs = mass per unit of surface, M stands for the molar mass of the isotope, 

Na is the Avogadro number, eff is the fission cross section, r2 corresponds to the 

inner radius of the cathode and r1 the anode radius. 

A comparison of the chamber sensitivity with that reported in [33] has been 

performed, in order to check the MCFCD performance. Results have been collected 

in Table 5 for different pressures and a thermal neutron fluence rate th =3.4E12 

n·cm-2·s-1. It is worth noticing that MCFCD data is in good agreement with the one 

measured in [63]. The Diff. column represents the difference between measured 

sensitivities, calculated by [63] model and simulated by MCFCD, highlighting the 

good agreement. 

 

Table 17. Comparison of measured, calculated and simulated sensitivities for 1.1 

and 4.0 bar subminiature fission chambers 

(A/n·cm-2·s-1) 1 bar 1.1 bar Diff.(%) 2 bar 3 bar 4 bar Diff.(%) 

Smeasured [63]  1.1·10-17    3.6·10-17  

Scalculated [63]  0.7·10-17 36.4%   2.8·10-17 22.2% 

SMCFCD 9.8·10-18 0.95·10-17 13.6% 1.9·10-17 2.9·10-17 3.8·10-17 5.6% 

 

Table 18 compares saturation current (that is, the signal delivered by the chamber 

within the saturation zone) from [63] with those of MCFCD for 1.1 and 4.0 fission 

chambers. Data reported by MCFCD highlight a good agreement with those 

measured by [63]. 
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Table 18. Comparison of intensities of saturation for 1.1 and 4.0 bar fission 

chambers. 

Isat (μA) 1.1 bar 4 bar 

Isat measured [63] 37 120 

Isat MCFCD 33.4 129 

Difference (%) 9.7% 7.0% 
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8 CONCLUSIONS AND FUTURE WORKS 

With the advent and development of innovative nuclear systems and new 

generation of neutron sources the nuclear instrumentation should be adapted. 

By reviewing the related literature, we perceived an important gap in the design 

and simulation of fission chambers, either in steady-state or dynamic conditions. 

This work was intended to fill up that gap as much as possible. 

With this aim an integrated software suite named Monte Carlo Fission Chamber 

Simulator (MCFCD) has been developed for the design and operational simulation 

of fission chambers working in current mode. MCFCD takes advantage of Monte 

Carlo methods to simulate the stochastic events taking place in these devices. 

MCFCD provides different simulation capabilities, such as fission rate calculation, 

fission products generated, mean free path of fission products, mean free path of 

electrons and ions, output current and drop in potential signals, saturation 

intensity and chamber sensitivity. It also produces a set of files containing 3D 

coordinates for neutrons and fission product trajectories. This information is very 

useful when are interested in performing a visual analyses of that data via a 3D 

visualization tool. 

A benchmark of the MCFCD model has been performed against different works 

available in literature. Results obtained are in good agreement with technical data 

such as those recommended by PHOTONIS [84] for CFUR43 and with experimental 

data as those informed in [63] and with other theoretical models such as [63, 87]. 

MCFCD reports the onset of the saturation voltage at 125 V for 1.1 bar fission-

chamber, which is in agreement with the 150 V that PHOTONIS [84] recommends 

as operation voltage for its CFUR43, considering a security margin. MCFCD 

simulations show that for high neutron fluence rates the saturation plateau gets 

narrowed and the polarization voltage at saturation increases dangerously. Thus, 

in order to measure high fluence rates special considerations for structural 

materials and filling gases should be taken. Chamber sensitivity has also been 

simulated with MCFCD, being very close to the information available in [63].  

MCFCD model accurately reproduces the most important parameters: fission rate, 

fission product yields, pair production, variation of current signal and voltage of 

saturation and sensitivity.  

MCFCD model also shows a correct sensitivity to fluctuation in operational 

conditions such as filling gas pressure, neutron fluence rates and bias voltages 

applied. There is a general good agreement with saturation and sensitivity curves 

reported in reference [63] for different gas pressures. 

Small percentages of deviation from experimental data show that, in some cases, 

MCFCD figures seem to be closer to measured data than the other model of 

reference [63]. 
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Those evidences shown before successfully demonstrate that MCFCD is an 

accurate software suite for the intended purposes; contributing to streamline the 

processes of design and simulation of signal sensitivity due to changes in structural 

materials, fissile isotopes, filling gases, geometrical dimensions. Its capabilities also 

streamline the assessment of different data files as well as the design and 

calibration process of new radiation detectors. MCFCD capabilities simplify the 

analysis of “what-if” scenarios, streamlining planning and modeling techniques 

used to yield various projections for some outcome based on selectively changing 

parameters. 

Therefore, from the work performed during this research it can be concluded: 

1. We have identified the different physical processes that take place inside a 

fission chamber operated in current mode. Afterwards we have proceeded 

with a complete modeling of these physical processes. Finally we have plotted 

the beginning of saturation curve for the nominal parameters studied. 

2. It has been performed a thorough process of evaluation of several scientific 

libraries. Finally, the GNU Scientific Library (GSL) has been incorporated. 

3. Biasing techniques have been implemented as part of the stochastic model, 

trying to achieve the best statistical estimators. 

4. The simulator code has been developed in C/C++ programming language. 

The simulator has be decoupled from the database allowing the acquisition 

and assimilation of new data files. 

5. Neutron fluence rates are not mono energetic. Thus, it has been necessary 

to develop one additional module which permits MCFCD simulating variable 

conditions; typically changing the bias voltage while plotting the electrical 

response curve or adapt neutron flux and energy to the neutron flux 

spectrum. 

6. The different processes of interaction of radiation with matter have been 

studied choosing those which have more significance in the transport of 

neutrons and hence in the signal of the fission chamber. For those processes, 

it has been performed a study of the stochastic model that best fits their 

computer based simulation. After that study we have chosen those which 

represent the best relation cost-benefit, in terms of computer resources 

versus accuracy gained. 

7. MCFCD model has been validated confronting its outputs with some data 

from other studies and experiments already published, with technical data 

advertised by fission chamber manufacturers and whit data provided by 

other scientific models. MCFCD simulations have been performed taking the 

PHOTONIS the CFUR43 fission chamber model [85] as a reference, 

simulations showing a good agreement with the information provided by this 

manufacturer. 

8. In order to take advantage of the most recent and available data files a 

complete database has been created and populated. This task has 
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represented an important workload because it has been necessary to collect 

information from a wide variety of sources, adapt it to a common format and 

to the International System of Units.  

At this moment we have accomplished the goals established at the beginning of the 

project, which were: 

a. Definition of a physical model based on stochastic events. 

b. Development of the software suite MCFCD which includes all the necessary 

information to accomplish a preliminary design of a fission chamber, from 

neutron transport simulation to device sensitivity. 

c. Validation of MCFCD via contrasting its outputs with the data published and 

experiments performed by other authors, as well as with the technical data 

advertised by fission chamber manufacturers. 

The end of this dissertation is not the end of the Project because many new 

functionalities have been identified and/or requested by potential users to whom 

MCFCD has been introduced to.  

The new MCFCD release will implement several new functionalities, such as: 

a) The effect of electromagnetic fields in the output signal of fission chambers, 

such as those present in space charge effect and magnetic confinement 

fields. 

b) Directional neutron fluence rates. 

c) Simulation of the background signal introduced by gamma radiation. 

d) Production of additional gamma fields due to the use of neutron absorbers. 

e) Inclusion of the Campbelling mode signal calculation module as part of the 

package. 

f) Burn up and isotopic evolution of the fissile deposit. 

g) The appearance of gaseous fission products which contaminates the filling 

gas. 
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Annex A. Overseer Code 

Below we have the structure of the overseer code. This software can be easily 

adapted to multiple configurations, such as, input and output data sources. 

#!/bin/ksh 

 

# ############################################## 

#         OVERSEER CODE IMPLEMENTATION 

# ############################################## 

# In a Korn Shell lines beginning with “#” are comments and not  

# taken into account by the shell. 

# However the first line is mandatory as it instruct the operating 

# system which shell command language to use. Ksh or bash will work. 

 

# By default debug flag disabled 

#set –x 

 

# For informational purposes it saves beginning date & time 

BEGIN_TIME=$(date +%Y-%m-%d:%H:%M:%S) 

 

# Path to the location where MCFCD is installed. Modify it according to 

# the location of the binary file. 

SIMULATOR_PATH="/usr/local/MCFCD" # Path to our MCFCD binary 

 

# Input file containing neutron flux spectrum is going be used for 

# simulation 

INPUT_FILE="/tmp/Fast_Neutron_Flux_Expectrum.csv" 

# Path and file name of the parameters file 

OUTPUT_FILE="/tmp/parameters.txt" # Parameters file dynamically written 

i=0                     # Set the counting variable to default value 

 

LIBRARY="ENDF_B_VII_1"  # Cross section library is going to be used  

#FLUX=                  # Parameter provided from an external file 

#ENERGY=                # Parameter provided from an external file 

RADIUS5=0               # Dimensions including a neutron shield 

NEUTRON_SHIELD="Gd157"  # Isotope used to shield the chamber 

RADIUS4=1.5E-03         # Cathode outer radius 

CATHODE="Al27"          # Material used for cathode 

RADIUS3=1.25E-3         # Cathode inner radius 

GAS="Ar40"              # Filling gas 

RADIUS2=1.0E-03         # Fissile deposit outer radius 

FISSILE="Pu242"         # Fissile isotope used 

RADIUS1=9.95E-4         # Anode radius 



182 
 

ANODE="Al27"            # Anode material 

LENGTH=13.0E-03         # Fission chamber active length 

VOLTAGE=50              # Polarization voltage applied 

TEMP=293                # Gas temperature 

PRESS=1.0E+5            # Gas pressure in bar 

HISTORIAS=1.0E+3 

 

# Set the Internal Field Separator parameter to (;) for  

# neutron flux spectrum file. 

# It must be changed in case another field separator is used. 

IFS=';' 

 

# Reads “energy” and “flux” parameters from the neutron flux spectrum  

# file and records them in the ENERGY and FLUX variables. 

while read -r ENERGY FLUX 

do 

   echo "Processing simulation number: $(i+1)" # Counting simulations 

   echo -e 

"$LIBRERIA;$FLUX;$ENERGY;$RADIO5;$NEUTRON_SHIELD;$RADIO4;$CATODO;$RADIO

3;$GAS;$RADIO2;$FISSIL;$RADIO1;$ANODO;$LENGTH;$VOLTAGE;$TEMP;$PRESS;$HI

STORIAS" > $PARAMETERS_FILE 

 

   $SIMULATOR_PATH/MCFCD $PARAMETERS_FILE  # Invoke MCFCD binary  

 

# Comment or uncomment lines according to your requirements 

 rm /tmp/coordenadas_neutron.txt # Cleaning files if not needed 

 rm /tmp/coordenadas_pf.txt      # Cleaning files if not needed 

END_TIME=$(date +%Y-%m-%d:%H:%M:%S)   # End of a set of simulations 

 echo "Beginning time:$BEGIN_TIME"    # Time simulation started 

 echo "Ending time: $END_TIME"         # Time simulation ended 

done < "$INPUT_FILE"                  # Reads neutron flux spectrum 

file  

END_TIME=$(date +%Y-%m-%d:%H:%M:%S)  

echo "Beginning time:$BEGIN_TIME" 

echo "Ending time: $END_TIME" 
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Annex B. Physical Constants 

Table 19. Abbreviated list of the CODATA recommended values of the fundamental 
constants of physics and chemistry based on the 2014 adjustment [90]. 
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Annex C. Neutron Spectra Used in Different Simulation Scenarios 

 

Thermal Reactor spectrum  LMFBR spectrum 

Energy 
(eV) 

Flux 
(n cm-2 s-1) 

 Energy 
(eV) 

Flux 
(n cm-2 s-1) 

1.0000E-03 6.11233E+09  1.2884E+00 2.16579E+08 

1.1168E-03 6.46167E+09  1.4385E+00 2.70089E+08 

1.2472E-03 7.63411E+09  1.5199E+00 3.18731E+08 

1.3180E-03 9.01929E+09  1.6969E+00 4.20037E+08 

1.3928E-03 1.12648E+10  1.7930E+00 5.23815E+08 

1.5554E-03 1.33088E+10  1.8946E+00 7.29481E+08 

1.7370E-03 1.66222E+10  2.1152E+00 9.09712E+08 

1.9399E-03 1.96383E+10  2.2350E+00 1.26689E+09 

2.0500E-03 2.32016E+10  2.4953E+00 1.41477E+09 

2.2894E-03 2.74114E+10  2.9437E+00 1.49506E+09 

2.5567E-03 3.06342E+10  3.4727E+00 1.57990E+09 

2.8552E-03 3.61927E+10  3.8772E+00 1.66956E+09 

3.0173E-03 4.27597E+10  4.8329E+00 1.49506E+09 

3.1886E-03 5.05182E+10  5.7014E+00 1.33879E+09 

3.5609E-03 6.30957E+10  6.3654E+00 1.26689E+09 

3.7631E-03 7.45442E+10  6.7259E+00 1.57990E+09 

3.9767E-03 8.33086E+10  7.5093E+00 1.86444E+09 

4.6931E-03 1.04050E+11  7.9345E+00 2.32508E+09 

4.9596E-03 1.22929E+11  9.3604E+00 2.89954E+09 

5.5387E-03 1.45234E+11  1.0451E+01 4.26714E+09 

6.1854E-03 1.62310E+11  1.1668E+01 5.03564E+09 

6.9076E-03 1.91760E+11  1.3027E+01 6.63617E+09 

7.7142E-03 2.26554E+11  1.3027E+01 6.63617E+09 

8.1521E-03 2.53191E+11  1.4544E+01 1.15251E+10 

9.1040E-03 2.82959E+11  1.5368E+01 1.60502E+10 

1.0167E-02 3.16228E+11  1.7157E+01 1.89408E+10 

1.0744E-02 3.73606E+11  1.8129E+01 2.49609E+10 

1.1999E-02 4.41395E+11  1.9156E+01 3.11280E+10 

1.3400E-02 4.93291E+11  2.1387E+01 3.88187E+10 

1.4964E-02 6.16106E+11  2.2598E+01 4.58099E+10 

1.6712E-02 7.27895E+11  2.3878E+01 6.03701E+10 

1.9723E-02 8.59969E+11  2.5230E+01 7.12426E+10 

2.2026E-02 9.61078E+11  2.6659E+01 9.38864E+10 

2.4597E-02 1.13546E+12  3.1449E+01 1.04845E+11 

2.7469E-02 1.26896E+12  3.7100E+01 1.23727E+11 

3.0677E-02 1.41816E+12  4.1421E+01 1.38169E+11 

3.4259E-02 1.58489E+12  4.6246E+01 1.54297E+11 

3.8259E-02 1.77123E+12  5.1632E+01 2.03338E+11 

4.2726E-02 2.09262E+12  5.7646E+01 2.67968E+11 
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4.7715E-02 2.21222E+12  6.4360E+01 3.53139E+11 

5.3287E-02 2.33865E+12  7.1855E+01 4.65381E+11 

6.2887E-02 2.47231E+12  8.4768E+01 6.48103E+11 

6.6457E-02 2.76299E+12  9.4640E+01 8.54096E+11 

7.4217E-02 2.76299E+12  1.0566E+02 1.12556E+12 

8.2883E-02 2.92090E+12  1.1165E+02 1.48331E+12 

9.7816E-02 2.92090E+12  1.3171E+02 1.95477E+12 

1.1544E-01 2.92090E+12  1.4705E+02 2.57608E+12 

1.2199E-01 2.76299E+12  1.7347E+02 3.39486E+12 

1.2892E-01 2.47231E+12  2.0465E+02 4.23362E+12 

1.4397E-01 2.21222E+12  2.4142E+02 5.89587E+12 

1.6078E-01 1.97948E+12  2.8480E+02 7.76982E+12 

1.8975E-01 1.77123E+12  3.3598E+02 1.02394E+13 

2.0052E-01 1.58489E+12  3.7511E+02 1.27692E+13 

2.2393E-01 1.41816E+12  4.6758E+02 1.68278E+13 

2.6428E-01 1.20036E+12  5.2204E+02 2.21764E+13 

2.9514E-01 1.07407E+12  6.1585E+02 2.76555E+13 

3.2960E-01 9.09119E+11  7.2651E+02 3.44883E+13 

3.8898E-01 8.13476E+11  7.6766E+02 4.30092E+13 

4.3440E-01 6.88543E+11  8.5707E+02 5.07551E+13 

5.1266E-01 6.51318E+11  9.5689E+02 5.98959E+13 

5.4177E-01 5.82797E+11  1.1288E+03 7.46943E+13 

6.3938E-01 5.82797E+11  1.3317E+03 9.31490E+13 

7.5457E-01 5.21484E+11  1.5710E+03 1.04022E+14 

8.9051E-01 5.21484E+11  1.8533E+03 9.31490E+13 

1.0510E+00 4.93291E+11  1.9582E+03 7.89333E+13 

1.3107E+00 4.93291E+11  2.0691E+03 5.36355E+13 

1.4638E+00 4.66622E+11  2.1863E+03 3.08835E+13 

1.8255E+00 4.66622E+11  2.1863E+03 3.08835E+13 

2.1544E+00 4.41395E+11  2.3101E+03 2.09854E+13 

2.6869E+00 3.94959E+11  2.3101E+03 2.09854E+13 

3.3510E+00 3.94959E+11  2.4410E+03 1.77828E+13 

3.9548E+00 3.94959E+11  2.7253E+03 8.21076E+12 

4.4166E+00 3.94959E+11  2.8796E+03 7.35256E+12 

5.2123E+00 3.94959E+11  3.2150E+03 6.58405E+12 

5.8209E+00 3.94959E+11  3.3970E+03 8.67673E+12 

6.8696E+00 3.73606E+11  3.7927E+03 1.14346E+13 

8.5675E+00 3.73606E+11  3.7927E+03 1.14346E+13 

1.0685E+01 3.94959E+11  4.2344E+03 2.21764E+13 

1.2610E+01 3.94959E+11  4.4742E+03 3.85138E+13 

1.4882E+01 4.17532E+11  4.7276E+03 4.80294E+13 

1.8560E+01 4.17532E+11  4.9953E+03 5.98959E+13 

2.0728E+01 3.94959E+11  5.2782E+03 8.34128E+13 

2.4462E+01 4.17532E+11  5.8930E+03 1.29722E+14 

3.0508E+01 4.17532E+11  6.5793E+03 1.44863E+14 
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3.8048E+01 4.17532E+11  7.7616E+03 1.70953E+14 

4.4903E+01 4.17532E+11  8.2012E+03 2.01741E+14 

5.2993E+01 4.17532E+11  9.6749E+03 2.25289E+14 

6.2541E+01 4.17532E+11  1.0802E+04 2.65863E+14 

7.3808E+01 4.17532E+11  1.1413E+04 2.96895E+14 

8.7106E+01 4.17532E+11  1.2060E+04 2.38074E+14 

1.0864E+02 4.41395E+11  1.3464E+04 2.13190E+14 

1.3549E+02 4.17532E+11  1.4227E+04 1.80655E+14 

1.5990E+02 4.41395E+11  1.5033E+04 1.70953E+14 

1.9942E+02 4.41395E+11  1.8738E+04 1.80655E+14 

2.3534E+02 4.41395E+11  2.3357E+04 2.13190E+14 

2.7774E+02 4.41395E+11  2.4680E+04 2.51585E+14 

3.2778E+02 4.41395E+11  2.7554E+04 3.13744E+14 

4.0880E+02 4.41395E+11  3.0764E+04 4.36929E+14 

4.8245E+02 4.41395E+11  3.2506E+04 4.87928E+14 

5.6937E+02 4.41395E+11  3.8347E+04 4.87928E+14 

6.7195E+02 4.41395E+11  4.7800E+04 5.44881E+14 

7.5041E+02 4.66622E+11  5.6389E+04 6.08480E+14 

8.8561E+02 4.66622E+11  7.0289E+04 6.79504E+14 

1.1045E+03 4.66622E+11  8.7616E+04 6.79504E+14 

1.3035E+03 4.66622E+11  9.7821E+04 7.58817E+14 

1.5383E+03 4.66622E+11  1.1540E+05 7.58817E+14 

1.8155E+03 4.93291E+11  1.4385E+05 7.58817E+14 

2.1426E+03 4.93291E+11  1.7930E+05 7.58817E+14 

2.6721E+03 4.93291E+11  2.2350E+05 7.58817E+14 

3.3326E+03 4.93291E+11  2.6367E+05 7.58817E+14 

3.9330E+03 4.93291E+11  3.1105E+05 7.18066E+14 

4.6416E+03 4.93291E+11  3.4727E+05 6.43012E+14 

5.4778E+03 5.21484E+11  3.6694E+05 5.44881E+14 

7.2196E+03 5.21484E+11  3.8772E+05 4.87928E+14 

9.0040E+03 5.21484E+11  4.3288E+05 4.13465E+14 

1.0626E+04 5.21484E+11  4.8329E+05 3.50365E+14 

1.3253E+04 5.21484E+11  5.7014E+05 4.36929E+14 

1.5640E+04 5.21484E+11  6.0243E+05 5.15619E+14 

1.8458E+04 5.21484E+11  7.1068E+05 6.08480E+14 

2.0613E+04 5.21484E+11  7.5093E+05 7.18066E+14 

2.5708E+04 5.82797E+11  7.9345E+05 8.01880E+14 

3.2062E+04 5.82797E+11  8.8587E+05 7.18066E+14 

3.9987E+04 5.82797E+11  1.0451E+06 6.08480E+14 

5.2701E+04 5.82797E+11  1.1042E+06 5.44881E+14 

6.2196E+04 6.88543E+11  1.3027E+06 4.87928E+14 

7.3402E+04 6.88543E+11  1.3764E+06 4.36929E+14 

9.1544E+04 7.69497E+11  1.6238E+06 4.13465E+14 

1.0804E+05 8.13476E+11  2.0240E+06 4.13465E+14 

1.3474E+05 9.09119E+11  2.2598E+06 3.50365E+14 
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1.5902E+05 9.61078E+11  2.5230E+06 2.96895E+14 

1.8766E+05 1.01601E+12  2.8168E+06 2.38074E+14 

2.3405E+05 1.20036E+12  3.3230E+06 1.90907E+14 

3.0847E+05 1.26896E+12  3.7100E+06 1.61772E+14 

3.4449E+05 1.34149E+12  4.1421E+06 1.29722E+14 

4.2963E+05 1.41816E+12  4.3767E+06 1.04022E+14 

5.0703E+05 1.49921E+12  4.8865E+06 8.81466E+13 

5.6624E+05 1.67547E+12  5.4556E+06 7.46943E+13 

6.3235E+05 1.77123E+12  5.7646E+06 5.66793E+13 

7.0619E+05 2.09262E+12  6.4360E+06 4.54500E+13 

7.8865E+05 2.21222E+12  7.1855E+06 3.44883E+13 

8.8073E+05 2.09262E+12  7.5925E+06 2.76555E+13 

9.8357E+05 1.87247E+12  8.0224E+06 2.34349E+13 

1.2267E+06 1.87247E+12  8.9568E+06 1.77828E+13 

1.6167E+06 1.87247E+12  9.4640E+06 1.27692E+13 

1.9080E+06 1.87247E+12  1.0000E+07 1.00000E+13 

2.5147E+06 1.97948E+12    

2.8083E+06 1.87247E+12    

3.3142E+06 1.67547E+12    

3.5024E+06 1.34149E+12    

3.9114E+06 1.13546E+12    

4.3681E+06 9.61078E+11    

5.4477E+06 8.59969E+11    

6.0838E+06 6.51318E+11    

6.4292E+06 4.93291E+11    

6.7941E+06 2.82959E+11    

7.1799E+06 2.14306E+11    

7.5875E+06 1.62310E+11    

8.0182E+06 1.29955E+11    

8.4734E+06 9.84246E+10    

8.9544E+06 8.80699E+10    

1.0000E+07 5.34055E+10    
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