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Madrid, on..... of ..... 2016.

President: D. Alejandro Pérez Caldentey
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Abstract

This thesis studies Rayleigh waves in a nonlinear elastic continuum.

Firstly, an explicit expression of the secular equation for

non-principal Rayleigh waves in incompressible, transversely isotropic,

pre-stressed elastic half-spaces is obtained. The free surface coincides

with one of the principal planes of the primary pure homogeneous strain,

but the surface wave is not restricted to propagate in a principal

direction. Results are given, for illustration, in respect of the so-called

reinforcing models. Furthermore, exact formulas for the Rayleigh wave

speed are given for two cases in which the propagation direction of the

wave and the fiber reinforcement direction are restricted to coincide with

a principal direction of the primary strain.

Secondly, the explicit and implicit secular equations for the speed

of a (surface) Rayleigh wave propagating in a pre-stressed, doubly fiber-

reinforced incompressible nonlinearly elastic half-space are obtained. One

of the principal planes of the primary pure homogeneous strain coincides

with the free surface while the surface wave is not restricted to propagate

in a principal direction. Results are illustrated with numerical examples.

In particular, an isotropic material reinforced with two families of fibers is

considered. Each family of fibers is characterized by defining a privileged

direction. Furthermore, the fibers of each family are located throughout

the half space and run parallel to each other and perpendicular to the

depth direction.

Finally, the propagation of small amplitude surface waves guided by

a layer with a finite thickness on an incompressible half-space is studied.

The layer and half-space are both assumed to be initially stressed. The

combined effect of initial stress and finite deformation on the speed of

Rayleigh waves is analyzed and illustrated graphically. With a suitable

simple choice of constitutive law that includes initial stress, it is shown
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that in many cases, as is to be expected, the effect of a finite deformation

(with an associated pre-stress) is very similar to that of an initial stress

(without an accompanying finite deformation). However, by contrast,

when the finite deformation and initial stress are considered together

independently with a judicious choice of material parameters different

features are found that do not appear in the separate finite deformation

or initial stress situations on their own.
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Resumen

Esta tesis estudia la propagación de ondas Rayleigh en sólidos elásticos

no lineales.

En primer lugar, se obtiene la expresión expĺıcita de la ecuación

secular para ondas de Rayleigh no principales en semiespacios elásticos

incompresibles, transversalmente isotrópicos y con una tensión inicial. La

superficie libre coincide con uno de los planos principales de la puramente

homogénea deformación principal, pero la onda de superficie puede

propagarse en direcciones diferentes a la de la dirección principal. Se

proporcionan resultados para los denominados modelos de refuerzo.

Asimismo, se proporcionan las formulas exactas de la velocidad de las

ondas de Rayleigh para dos casos en los cuales la dirección de la

propagación de la onda y la dirección de las fibras de refuerzo están

coaccionadas a coincidir con la dirección principal de la deformación

primaria.

Seguidamente, se obtienen las ecuaciones expĺıcitas e impĺıcitas para

determinar la velocidad de ondas de Rayleigh (de superficie) que se

propagan en semiespacios incompresibles no elásticos con doble fibra de

refuerzo, con tensiones iniciales. Uno de los planos principales de la

deformación primaria puramente homogénea coincide con la superficie

libre mientras que la onda de superficie puede propagarse en direcciones

diferentes a la de la dirección principal. Los resultados se ilustran con

ejemplos numéricos. En particular, se considera un material isotrópico

reforzado con dos familias de fibras. Cada familia de fibras se define

mediante una dirección particular. De igual manera, las fibras de cada

familia se consideran esparcidas a lo largo del semiespacio y son paralelas

entre śı y perpendiculares con la vertical del semiespacio. Finalmente, se

estudia la propagación de ondas de superficie de pequeñas amplitudes

guiadas por una capa con un espesor finito en un semiespacio

xi



incompresible. Se supone que tanto la capa como el semiespacio tienen

una tensión inicial. Se analiza el efecto combinado de la tensión inicial y

las deformaciones finitas en la velocidad de las ondas de Rayleigh y luego

se representa este efecto gráficamente.

Con una adecuada y simple elección de leyes constitutivas, que tienen

en cuenta la tensión inicial, se muestra que en muchos casos el efecto de

una deformación finita (con una tensión inicial asociada) es muy similar al

de una tensión inicial (sin una deformación finita asociada). Sin embargo,

en contraste, cuando la deformación finita y la tensión inicial se consideran

al mismo tiempo con una elección juiciosa de los parámetros materiales, se

observan caracteŕısticas que no pueden ser apreciadas mediante un análisis

separado de las deformaciones finitas o de las tensiones iniciales.
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Introduction C
h
a
p
t
e
r

1
This work follows previous works in the context of nonlinear elsticity

trying to extend works from linear elasticity in different contexts including

fiber reinforced failure and constituive modeling (see the references [1]-

[19]). The examples of nonlinear elasticity analysis in different areas can

also be found in [1]-[30].

Elastic surface waves, discovered by Rayleigh [31] more than 120

years ago for compressible isotropic elastic solids, have been studied

extensively and exploited in a wide range of applications including

seismology, acoustics, geophysics, telecommunications and material

science, among others. In addition, the study of surface waves traveling

along the free surface of an elastic half-space affects many aspects of

modern life, stretching from mobile phones through the study of

earthquakes, as addressed by Adams et al. [32].

The Rayleigh wave existence and uniqueness problem has been

resolved with the aid of the Stroh formalism [33; 34] even for an

anisotropic elastic half-space, see Barnett and Lothe [35–37], Chadwick

and Smith [38] and Ting [39]. Based on an identity for the

surface-impedance matrix, Fu and Mielke [40], Mielke and Fu [41] also

have given a direct uniqueness proof (free from the Stroh formalism) for

this problem.

Once the existence has been established, the surface-wave velocity

must be determined from implicit or explicit secular equations. A

number of approaches have been suggested based on the Stroh formalism

(see, for example, Barnett & Lothe [37]; Chadwick & Wilson [42]) that
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Introduction

evaluate the surface-wave velocity from implicit secular equations.

Although all of these approaches are straight-forward, their use requires

familiarity with the Stroh formalism and a considerable amount of

numerical work. Another approach, based on the surface-impedance

matrix, has been proposed recently by Fu and Mielke [40]. This method

is very practical and efficient. Nevertheless, one can also find the

surface-wave velocity by directly solving explicit secular equations. A

large number of such secular equations have been derived by employing

different methods such as the polarization vector method [43; 44], the

method of first integrals [45; 46] and the co-factor method [47]. These

methods were concisely presented by Ting in [48]. The explicit secular

equations obtained by the methods just mentioned often admit spurious

roots that have to be carefully eliminated, as opposed to the numerical

methods based on the Stroh formulation or on the surface-impedance

matrix. However, the application of explicit secular equations is not

limited to numerically determine the surface-wave velocity. They are also

convenient tools to solve the inverse problem that deals with measured

values of the wave speed and their agreement with material parameters

as well as other practical applications. Such expressions have been given

by Vinh & Ogden [49], Malischewsky [50] for isotropic solids, Ogden &

Vinh [51], Vinh & Ogden [52; 53] for orthotropic solids and Vinh [54; 55]

for pre-stressed media, among others. These investigations deal with

harmonic surface waves travelling along the traction-free flat surface of

half-spaces. Surface waves with arbitrary profile as well as surface waves

guided by topography and those traveling along forced surfaces have also

attracted attention and we refer to Kiselev and Rogerson [56], Kiselev

and Parker [57], Prikazchikov [58], Parker [59], Adams et al. [32], Fu et

al. [60], Kaplunov et al. [61] and references therein.

This thesis presents the development of implicit and explicit secular

equations corresponding to Rayleigh waves in nonlinear elastic media

considering different scenarios representative of important current

problems in engineering and biomechanics.

In chapter two of this thesis, we use the polarization vector method

to obtain the explicit secular equation of non-principal Rayleigh waves

propagating in incompressible, transversely isotropic, pre-stressed elastic

2



half-spaces.

In chapter three, we extend the analysis presented in chapter 2 [62]

dealing with Rayleigh waves for materials reinforced with one family of

fibers to obtain the explicit and implicit secular equations of non-principal

Rayleigh waves propagating in imcompressible materials reinforced with

two families of fibers in the framework of nonlinear elasticity [63].

In chapter four, we obtain the explicit secular equation of surface

waves in the situation of a layered half-space subject to finite deformation

and a pre-stress associated with it through a constitutive law, for materials

with an initial stress parallel to the half-space surface [64]. The layer is

taken to have a uniform finite thickness and material properties different

from those of the half-space, and the initial stress is assumed to be different

in the layer and half-space. In the presence of the initial stress (in the

reference configuration) the strain-energy function depends on the initial

stress as well as on the deformation from the reference configuration.

In chapters 2, 3 and 4 we confirm the quality of the analytical results

with numerical results and derive interesting conclusions.

Finally, in chapter five we summarize the most important conclusions

obtained in this thesis.

———————————————-
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Rayleigh waves in

incompressible materials

reinforced with one fiber C
h
a
p
t
e
r

2
2.1 Introduction

In this chapter we obtain the explicit secular equation of non-principal

Rayleigh waves propagating in incompressible, transversely isotropic, pre-

stressed elastic half-spaces. In order to obtain such equation, one can

apply either the polarization vector method or the co-factor method since

the method of first integrals is not applicable in this case, see Ting [48]. We

choose the polarization vector method, which seems to be simpler. The

propagation of Rayleigh under the conditions at hand was investigated

by Prikazchikov and Rogerson [65] who derived the secular equation in

implicit form.

The motivation behind this analysis can be summarized as follows.

Firstly, the explicit secular equation is a convenient tool for (among

others) the non-destructive evaluation of prestressed structures before

and during loading, see for example, Makhort [66; 67]; Hirao et al.[68];

Husson [69]; Delsanto and Clark [70]; Dyquennoy et al. [71; 72]; Hu et al.

[73]. Secondly, the use of fibre-reinforced elastic composites is common in

engineering applications because these materials have a higher

strength-to-weight ratio than classical isotropic materials used in the

past. Fibre-reinforced elastic composites with a family of parallel fibres

reinforcing a material are called transversely isotropic elastic materials.

In addition, the acoustics of incompressible soft solids is being used in

the analysis of biological soft tissues, see for instance Destrade et al. [74]
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Rayleigh waves in incompressible materials reinforced with
one fiber

as well as [75] and [76]. Soft biological tissues were generally considered

incompressible and isotropic during the early days of their analyses. In

more recent years some have been recognized as highly anisotropic due to

the presence of collagen fibers [77; 78]. The mechanical modeling of these

materials is related to the analysis of Rayleigh waves propagating in

transversely isotropic, incompressible, pre-stressed elastic half-spaces.

The chapter is organized as follows. In Section 2.2, the basic constitutive

equations for the hyperelastic material model at hand are given.

Similarly, the corresponding equations for infinitesimal waves

superimposed on a finite deformation consisting of a pure homogeneous

strain are outlined. We introduce the equations of motion in matrix form.

Surface waves are studied in Section 2.3. The Stroh formalism is derived

in Subsection 2.3.1. The implicit secular equation is presented in

Subsection 2.3.2. Then, it will be used to eliminate spurious roots arising

in the explicit secular equation. The secular equation for non-principal

Rayleigh waves in incompressible, transversely isotropic, pre-stressed

elastic half-spaces is obtained. The results are illustrated in respect of

the so-called reinforcing models and exact formulas for the Rayleigh wave

speed are given for two special cases in which the propagation direction

of the wave and the fiber reinforcement direction are restricted to be a

principal direction of the primary strain.

2.2 Material model and equations of

motion

2.2.1 Material model

First, we introduce the material model. For that purpose, it is sufficient

to consider an elastic body whose initial geometry defines a reference

configuration, which we denote by B0 and a finitely deformed equilibrium

configuration Bt. The deformation gradient tensor associated with the

deformation B0 → Bt is denoted by F.

In the literature, several composite materials (see [79] and references

therein) and also some soft tissues are modeled as incompressible

6



Material model and equations of motion

transversely isotropic elastic solid with one preferred direction associated

with a family of parallel fibers of collagen. We denote by M the unit

vector in that direction when the solid is unloaded and at rest.

The most general transversely isotropic nonlinear elastic strain-energy

function Ω depends on F through the invariants associated with M and

the right Cauchy-Green strain tensor C = FTF (see, for instance, [80]).

The invariants of C most commonly used are the principal invariants,

defined by

I1 = trC, I2 = 1
2
[(trC)2 − tr(C2)], I3 = detC. (2.1)

The (anisotropic) invariants associated with M and C are usually taken

as

I4 = M · (CM), I5 = M · (C2M). (2.2)

It follows that for incompressible materials Ω = Ω(I1, I2, I4, I5) since I3 = 1

at all times.

For the considered incompressible material the Cauchy stress is

σ = F
∂Ω

∂F
− pI =

5∑
i=1,i 6=3

ΩiF
∂Ii
∂F
− pI, (2.3)

where p is a Lagrange multiplier associated with the incompressibility

constraint and I is the 3 × 3 identity matrix. The principal values are

denoted by σi, i = 1, 2, 3. The Cauchy stress tensor can be written as

σ = 2Ω1B + 2Ω2(I1I−B)B + 2Ω4m⊗m

+ 2Ω5(m⊗Bm + Bm⊗ a)− pI, (2.4)

where m = FM. Hence, m gives the fiber direction in the deformed

configuration. It is clear that principal directions of stress and strain do

not coincide, in general.

In the biomechanics literature several strain energy functions given by an

isotropic elastic material augmented with the so-called reinforcing model
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one fiber

can be found. It is common to consider functions of the form (see [79])

Ω = µ(I1 − 3)/2 + f(I4), (2.5)

where f(I4) is the reinforcing model. There are other reinforcing models

(see [81]), in particular, some strain energy functions also have the form

Ω = µ(I1 − 3)/2 + g(I5). (2.6)

We will make use of these reinforcing models to illustrate the results.

2.2.2 Linearized equations of motion: Incremental

equations

We introduce now the precise notation that is convenient for the analysis

developed in the next sections. Let (X1, X2, X3) be a fixed rectangular

coordinate system. Consider an incompressible transversely isotropic semi-

infinite body B in its unstrained state B0 that occupies the region X2 ≥ 0.

Fibers run parallel to each other and perpendicular to the depth direction

X2, i.e. M2 = 0. The body is subjected to a finite pure homogeneous strain

with principal directions given by the Xi-axes. A finitely deformed (pre-

stressed) equilibrium state Be is obtained. A small time-dependent motion

is superimposed upon this pre-stressed equilibrium configuration to reach

a final material state Bt, called current configuration. The position vectors

of a representative particle are denoted by Xi, xi(X), x̃i(X, t) in B0, Be
and Bt, respectively (see Figure 2.1). The deformation gradient tensor

associated with the deformations B0 → Bt and B0 → Be are denoted by F

and F̄ (which is homogeneous), respectively, and are given in component

form by

FiA =
∂x̃i
∂XA

, F̄iA =
∂xi
∂XA

. (2.7)

It is clear from (2.7) that

FiA = (δij + ui,j)F̄jA, (2.8)

where δij is the Kronecker operator, ui(X, t) denotes the small

time-dependent displacement associated with the deformation Be → Bt

8



Material model and equations of motion

and a comma indicates differentiation with respect to the indicated

spatial coordinate in Be. The fibre orientation in Be is in particular

related to M by m = F̄M.

The necessary equations including the linearized equations of motion for

transversely isotropic incompressible materials are summarized below.

We write the equations of motion in matrix form. For that purpose we

introduce first the elasticity tensor.

The incremental components of the nominal stress tensor Sji are related

to the incremental displacement gradients uk,l by (see [82])

Sji = Ajilkuk,l + Puj,i − p∗δij, (2.9)

where P = p(F̄) is the value of p at Be (independent of time t), p∗ = p−P
is the time-dependent increment of p and the components of the (pushed

forward ) fourth-order elasticity tensor A for Ω = Ω(I1, I2, I4, I5) are given

by (see also formula A7 in [75] or in [83] )

Figure 2.1: A surface wave propagates in a principal plane of the pre-strain, the
plane x2 = 0, but not in a principal direction, its propagation direction makes
an angle θ with the x1-axis. The material is reinforced by parallel fibers which
make an angle α with the x1-axis.

In the absence of body forces, incremental equations of motion and

incremental version of the incompressiblility are (see [82])

Sij,i = ρüj, i, j = 1, 2, 3, (2.10)

9



Rayleigh waves in incompressible materials reinforced with
one fiber

uk,k = 0. (2.11)

where a dot indicates differentiation with respect to time t.

From Eqs. (3.10), (3.16) and (3.17) we have:

η′ =

[
Q1 Q2

Q3 QT
1

]
η, (2.12)

within which the prime denotes differentiation with respect to x2,

η = [u1 u2 u3 S21 S22 S23]T and:

Q1 =

 0 a11∂1 + a13∂3 0

−∂1 0 −∂3

0 a31∂1 + a33∂3 0

 , Q2 =

 d1 0 −d13

0 0 0

−d13 0 d3

 ,
(2.13)

Q3 =



ρ∂2
t − b111∂

2
1− 0 −b311∂

2
1 − b313∂

2
13

b113∂
2
13 − b133∂

2
3 −b333∂

2
3

0 ρ∂2
t − e11∂

2
1 − e13∂

2
13 − e33∂

2
3 0

−b311∂
2
1 − b313∂

2
13 ρ∂2

t − d311∂
2
1

−b333∂
2
3 0 −d313∂

2
13 − d333∂

2
3


,

(2.14)

10



Surface waves

in which

a11 = (A2123A1223 −A2323A∗1221)/d, a13 = (A2123A∗2332 −A2323A2132)/d,

a31 = (A2123A∗1221 −A2121A2312)/d, a33 = (A2123A2132 −A2121A∗2332)/d,

d = A2121A2323 −A2
2123, d1 = A2323/d, d3 = A2121/d, d13 = A2123/d,

b111 = (A∗1111 +A∗2222 − 2A1122), b113 = 2(A1131 −A2231), b133 = A3131,

b311 = (A1113 −A2213), b313 = (A∗2222 +A∗1331 +A1133 −A1122 −A3322),

b333 = (A3133 −A3122),

d311 = A1313, d313 = 2(A1333 −A1322), d333 = (A∗3333 +A∗2222 − 2A2233),

e11 = (A1212 + a11A∗1221 + a31A1223), e13 = (2A1232 + a11A3221 + a13A∗1221

+ a31A∗3223 + a33A1223), e33 = (A3232 + a13A3221 + a33A∗2332). (2.15)

Here the notations ∂k = ∂/∂xk, ∂
2
k = ∂2/∂x2

k, ∂
2
ij = ∂2/∂xi∂xj, ∂

2
t =

∂2/∂t2 and A∗piqj = Apiqj + P have been used. It is clear that Q2 = QT
2

and Q3 = QT
3 . Equation (2.12) in which matrices Qk are given by (2.13)

and (2.14) is called the incremental equation in matrix form.

2.3 Surface waves

The analysis is specialized to Rayleigh waves propagating in a principal

plane of the pre-strain, the plane x2 = 0, but not in a principal direction.

The incremental equation of motion in matrix form can be cast as a

homogeneous linear system of six first-order differential equations.

2.3.1 The Stroh formulation

We consider a Rayleigh wave traveling with velocity c and with its wave

vector k laying in the (x1, x3) plane. The wave makes an angle θ with the

x1-direction and decays in the x2-direction. Then, the displacements and

stresses of the Rayleigh wave are written (see [84]) as

un = Un(y)eik(x1cθ+x3sθ−ct), S2n = iktn(y)eik(x1cθ+x3sθ−ct), n = 1, 2, 3, y = kx2

(2.16)

11



Rayleigh waves in incompressible materials reinforced with
one fiber

respectively, where cθ = cos θ, sθ = sin θ, and k = |k| is the wave number.

Substituting (3.18) into Eq. (2.12) leads to

ξ′ = iNξ, 0 ≤ y < +∞ (2.17)

where the prime signifies differentiation with respect to y and

ξ =

[
u

t

]
, u =

 U1

U2

U3

 , t =

 t1

t2

t3

 , N =

[
N1 N2

K NT
1

]
, (2.18)

within which the matrices Nk and K are defined by

N1 =

 0 f1 0

−cθ 0 −sθ
0 f2 0

 , N2 =

 d1 0 −d13

0 0 0

−d13 0 d3

 , K =

 h1 0 h2

0 h3 0

h2 0 h4

 ,
(2.19)

where:

f1 = a11cθ + a13sθ, f2 = a31cθ + a33sθ,

h1 = ρc2 − b111c
2
θ − b113cθsθ − b133s

2
θ, h2 = −b311c

2
θ − b313cθsθ − b333s

2
θ,

h3 = ρc2 − e11c
2
θ − e13cθsθ − e33s

2
θ, h4 = ρc2 − d311c

2
θ − d313cθsθ − d333s

2
θ.

(2.20)

Equation (3.19) is the Stroh formulation [33; 34]. The decay condition is

expressed in the following form

ξ(+∞) = 0. (2.21)

The boundary condition of zero incremental traction using the expression

given for S2n in (3.18) means that

t(0) = 0. (2.22)

2.3.2 Implicit and explicit secular equation

The secular equation in implicit form reads

nωI − (m− ωII)ωIII = 0 (2.23)

12
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as show in [43; 84], where m, n

m =
(f 2

1

h3

− d1

)
h1 +

(f 2
2

h3

− d3

)
h4 + 2

(f1f2

h3

+ d13

)
h2,

n = (h1h4 − h2
2)
[
d1d3 −

d3f
2
1 + d1f

2
2

h3

− 2d13f1f2

h3

− d2
13

]
. (2.24)

Here,

ωI = −(s1 + s2 + s3), ωII = s1s2 + s2s3 + s3s1, ωIII = −s1s2s3, (2.25)

where si are the eigenvalues of the Stroh matrix N with positive imaginary

part.

Equation (2.23) is called the implicit secular equation (see also Destrade

et al. [84]) because the expressions for the ωI , ωII and ωIII in terms of X

are not known. Using (3.24) one obtains

ūT (0)K(n)u(0) = 0 ∀ n ∈ Z. (2.26)

Let us consider that U1(0) 6= 0, then the vector u(0) can be written as

u(0) = U1(0)[1 α β]T , where α = U2(0)/U1(0) and β = U3(0)/U1(0) are

complex numbers and α = α1 + iα2 and β = β1 + iβ2, where α1, α2, β1, β2

are real. We notice that [1, α, β]T is the so called polarization vector aTR

(see [44]). Introducing the expression of u(0) into (3.28) lead to

K
(n)
11 +K

(n)
22 (α2

1 + α2
2) +K

(n)
33 (β2

1 + β2
2) + 2K

(n)
12 α1 + 2K

(n)
13 β1

+ 2K
(n)
23 (α1β1 + α2β2) = 0.

(2.27)

Equation (2.27) for n = −1, 1, 3 can be written as

K2α
2
2 + K3β

2
1 + K4(2β1) = −K1, (2.28)

13
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Figure 2.2: The curves show the dependence of x = ρc2/µ obtained using (3.30)
on θ ∈ [0 π/2], which is the angle that the propagating wave makes with the
x1-direction. Fibers are parallel to the X1-direction, the elastic half-space is
initially under uniaxial tension along the X1-axis and the strain-energy function
is given by (2.33) (dashed line), (2.34) (dash-dot line) and (2.35) (solid line) for
γ1 = γ2 = 3/4 and λ = 1.3.

where

K1 =

K
(−1)
11

K
(1)
11

K
(3)
11

 , K2 =

K
(−1)
22

K
(1)
22

K
(3)
22

 , K3 =

K
(−1)
33

K
(1)
33

K
(3)
33

 , K4 =

K
(−1)
13

K
(1)
13

K
(3)
13

 ,
(2.29)

in which

K
(1)
11 = h1, K

(1)
13 = h2, K

(1)
22 = h3, K

(1)
33 = h4,

K
(3)
11 = d1h

2
1 + d3h

2
2 − 2d13h1h2 − 2(f1h1 + f2h2)cθ + h3c

2
θ,

K
(3)
13 = d1h1h2 − d13(h2

2 + h1h4) + d3h2h4

− (f1h1 + f2h2)sθ − (f1h2 + f2h4)cθ + h3sθcθ,

K
(3)
22 = f 2

1h1 + 2f1f2h2 − 2f1h3cθ + f 2
2h4 − 2f2h3sθ,

K
(3)
33 = d1h

2
2 + d3h

2
4 − 2d13h2h4 − 2(f1h2 + f2h4)sθ + h3s

2
θ,

K
(−1)
11 =

(
d3h3 − f 2

2

) (
h4c

2
θ − 2h2cθsθ + h1s

2
θ

)
,

K
(−1)
13 = (d13h3 + f1f2)

(
h4c

2
θ − 2h2cθsθ + h1s

2
θ

)
,

K
(−1)
22 =

[
2d13f1f2 + d1f

2
2 + d2

13h3 + d3(f 2
1 − d1h3)

]
(h1h4 − h2

2),

K
(−1)
33 =

(
d1h3 − f 2

1

) (
h4c

2
θ − 2h2cθsθ + h1s

2
θ

)

(2.30)
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Note that the elements K
(−1)
ij are determined up to a factor 1/detN.

Using (2.28) one obtains that

α2
2 = −|K1,K3,K4|

|K2,K3,K4|
, β1 =

−|K2,K3,K1|
2|K2,K3,K4|

, β2
1 = −|K2,K1,K4|

|K2,K3,K4|
.

(2.31)

Using (2.31)2 and (2.31)3 the secular equation in explicit form reads

|K2,K3,K1|2 + 4|K2,K3,K4||K2,K1,K4| = 0, (2.32)

Therefore Eq. (3.30) is an algebraic equation of order 12 in X. The

numerical resolution of (3.30) yields a priori 12 roots for X. From these,

it is easy to discard the complex roots, the negative real roots, and the

roots corresponding to supersonic surface waves. For the remaining roots,

we use (2.23) to eliminate the ones that do not correspond to a subsonic

Rayleigh wave. There is only one (subsonic) Rayleigh wave (see Fu [85]).

In order to illustrate the results further we consider some particular strain-

energy functions. Numerical resolution of the polynomial (3.30) yields the

wave velocity. The expressions are quite lengthy and not enlightening, so

we omit them and just provide some numerical results. We consider the

following strain-energy functions (see, for instance, [79; 81])

Ω1 =
µ

2
(I1 − 3) +

µγ1

2
(I4 − 1)2, (2.33)

Ω2 =
µ

2
(I1 − 3) +

µγ2

2
(I5 − 1)2, (2.34)

Ω3 =
µ

2
(I1 − 3), (2.35)

where µ, γ1 and γ2 are material constants. The last model is the well

known neo-Hookean one. The other two strain energy functions introduce

reinforcing models. First, for simplicity, we consider that the fibers are

parallel to the X1-direction and that the elastic half-space is initially under

uniaxial tension along the X1-axis (see [75; 76]), i. e.

x1 = λX1, x2 = λ−1/2X2, x3 = λ−1/2X3, λ > 0, λ = const. (2.36)

The wave makes an angle θ with the x1-direction. Figure 2.2 shows the
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Figure 2.3: Values of x = ρc2/µ obtained using (3.30) vs θ ∈ [0 π/2] when
the fibre direction makes an angle α = π/6 with the x1-axis for (2.33) (dash-
dot line), (2.34) (dashed line) and (2.35) (solid line), with γ1 = γ2 = 3/4 and
(λ1, λ2, λ3) = (3/2, 1, 2/3).

dependence of the squared dimensionless Rayleigh wave velocity x = ρc2/µ

obtained using (3.30) on θ. The anisotropy strongly influences the Rayleigh

wave velocity of the isotropic base model. Furthermore, the influence on

the wave velocity of the isotropic base model introduced by the invariant I5

is stronger than the one given by the invariant I4. As it is shown in Figure

2.2 , if the surface wave propagates in a direction perpendicular to the fiber

direction then the wave velocity is associated with the one corresponding

to the neo-Hookean material without reinforcement as given by Flavin [86].

Let us consider now that the fiber direction is not a principal direction.

The pre-strain is pure homogeneous and given by

x1 = λ1X1, x2 = λ2X2, x3 = λ3X3, (2.37)

where λk are the principal stretches of the deformation and obey that

λ1λ2λ3 = 1. We further consider that the plane x2 = 0 is free of tractions.

Under these conditions, the components of the Cauchy stress are

obtained, after some simple manipulations, using (2.4) for a given strain

energy function.

Figure 2.3 shows the dependence on θ ∈ [0 π/2] (the angle between the

wave propagation direction and the x1-axis) of x = ρc2/µ obtained using

16



Surface waves

(3.30) when the fiber direction makes an angle α = π/6 with the x1-axis

for (2.33) (dash-dot line), (2.34) (dashed line) and (2.35) (solid line). The

parameters used for the computations are γ1 = γ2 = 3/4, while λ1 = 3/2,

λ2 = 1 and λ3 = 2/3. The curve associated with the neo-hookean model

has a maximum for θ = 0. On the other hand, the other two curves have

a maximum at an angle θ ∈ (0 π/2).

Finally, we check that when Equation (3.30) is specialized to isotropic

materials (using the results of section 3.1.1) coincides with Eq. (4.5) in

[84], which is the secular equation for non-principal Rayleigh waves in

deformed isotropic incompressible materials.

In what follows we analyze for a general transversely isotropic

incompressible material two special cases where the propagation direction

of the wave and the fiber reinforcement direction are restricted to be a

principal direction of the primary strain.
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incompressible materials

reinforced with two fibers C
h
a
p
t
e
r

3
3.1 Introduction

In this chapter we extend the analysis presented in chapter 2 [62]

dealing with Rayleigh waves for materials reinforced with one family of

fibers to materials reinforced with two families of fibers in the framework

of nonlinear elasticity. This is motivated by several factors. First, the use

of doubly fiber-reinforced elastic composites is common in engineering

applications. In addition, there is a lot of interest in the acoustics of

biological soft tissues (see. for example, Destrade et al. [74]). Soft

biological tissues have been recognized as highly anisotropic due to the

presence of collagen fibers [77] and are modeled as orthotropic materials

with two families of fibers.

We establish a procedure to obtain both the explicit and implicit

secular equations of non-principal Rayleigh waves propagating in

incompressible, doubly fiber-reinforced, pre-stressed elastic half-spaces.

For transversely isotropic materials the explicit secular equation was

given in [62] while the implicit one was given in [65]. We build upon

these results and use the polarization vector method to get the secular

equation in explicit form. The implicit secular equation is obtained from

the so-called propagation condition. The latter equation is used to

eliminate the spurious roots that arise in the explicit secular equation.

In Section 3.2, the basic constitutive equations associated with this

study are presented. This includes the material model as well as the
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corresponding equations for infinitesimal waves superimposed on a finite

deformation consisting of a pure homogeneous strain. In Section 3.3, the

Stroh formalism is applied to the analysis of infinitesimal surface waves

propagating in a statically, finitely and homogeneously deformed doubly

fiber-reinforced half-space. The free surface is assumed to coincide with

one of the principal planes of the primary strain, but a propagating

surface wave is not restricted to a principal direction (see [87] for a

parallel work that enlightens this analysis). The implicit and explicit

secular equations are presented. In Section 3.4, the results are illustrated

numerically in respect of a strain-energy function used to model soft

tissue (see [77]).

3.2 Basic equations

3.2.1 Kinematics

Consider an elastic body whose reference configuration is denoted by B0

and a finitely deformed equilibrium configuration. The deformation

gradient tensor associated with the deformation is denoted by F. In

addition, let (X1, X2, X3) be a fixed rectangular coordinate system in B0.

The precise notation necessary for the analysis will be introduced later

on.

Composite materials and some soft tissues are modeled as incompressible

isotropic elastic solids reinforced with preferred directions (see [81], [88] and

references therein). Each preferred direction is associated with a family of

parallel fibers. Here, two families of fibers are considered. We denote by

M with components (M1,M2,M3) and N with components (N1, N2, N3)

the unit vectors in these directions in B0.

The invariants of the right Cauchy-Green deformation tensor, C = FTF,

where the symbol T indicates the transpose of a matrix, most commonly

used are the principal invariants (see, for instance [3]), defined by

I1 = C, I2 =
1

2
(I2

1 − (C2)), I3 = det C. (3.1)

The (anisotropic) invariants associated with M and C are usually taken
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as

I4 = M · (CM), I5 = M · (C2M). (3.2)

For N and C, the associated invariants are

I6 = N · (CN), I7 = N · (C2N). (3.3)

Finally, the invariant related to the combination of M, N, and C is

I8 = M · (CN)(M ·N). (3.4)

3.2.2 Material model

The anisotropic nonlinear elastic strain-energy function W depends on

F through the invariants of the right Cauchy-Green deformation tensor.

For incompressible materials, the strain energy function can be written as

W = W (I1, I2, I4, I5, I6, I7, I8) since I3 = 1. If M and N are perpendicular

then the number of independent invariants is six (see [89] for details). The

Cauchy stress is

σ = F
∂W

∂F
− pI =

8∑
i=1,i 6=3

WiF
∂Ii
∂F
− pI, (3.5)

where p is a Lagrange multiplier associated with the incompressibility

constraint, the shorthand notations Wi = ∂W/∂Ii, i = 1, 2, 4, 5, 6, 7, 8

have been used and I is the 3 × 3 identity tensor. The Cauchy stress

tensor can be written as

σ = 2W1B + 2W2(I1I−B)B + 2W4m⊗m + 2W5(m⊗Bm + Bm⊗m)

+2W6n⊗ n + 2W7(n⊗Bn + Bn⊗ n) +W8(m⊗ n + n⊗m)M ·N− pI,(3.6)

where B = FFT, m = FM, and n = FN. It follows that, in general, the

principal directions of stress and strain do not coincide.

In the biomechanics literature, several strain energy functions given by an

isotropic elastic material augmented with the so-called reinforcing models

can be found. We extend the reinforcing models for one family of fibers
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(see [88] for complete details) to

W =
µ

2
(I1 − 3) + f1(I4) + f2(I6) + g1(I5) + g2(I7) +G(I8) (3.7)

in order to illustrate the results. This strain energy function captures the

essential features of the analysis that follows. We want to establish results

related to the kinematical properties of the invariants I4 and I6 as well as

the invariants I5 and I7. The results allow us to distinguish the effects of

the different invariants. The invariant I8 is also considered so as to evaluate

its influence. For specific details and analysis of the reinforcing models we

refer to [81] and [88]. Here, we just mention that the energy function and

the stress must vanish in the reference configuration. In Section 3.4, we

will further make this clear since a certain strain-energy function is used.

3.2.3 Linearized incremental equations of motion

Consider an incompressible, doubly fiber-reinforced, semi-infinite body B
in its unstrained state B0 that occupies the region X2 ≥ 0. Fibers of each

family run parallel to each other and perpendicular to the depth direction

X2, i.e. M2 = 0 and N2 = 0. The body is subjected to a finite pure

homogeneous strain with principal directions given by the Xi-axes. A

finitely deformed (pre-stressed) equilibrium state Be is obtained. A small

time-dependent motion is superimposed upon this pre-stressed equilibrium

configuration to reach a final material state Bt, called current configuration.

The vector components of a representative particle are denoted by Xi,

xi(X), x̃i(X, t) in B0, Be and Bt, respectively. The deformation gradient

tensor associated with the deformations B0 → Bt and B0 → Be are denoted

by F̄ and F , respectively, and are given in component form by

F̄iA =
∂x̃i
∂XA

, FiA =
∂xi
∂XA

. (3.8)

It is clear from (3.8) that

F̄iA = (δij + ui,j)FjA, (3.9)

where δij is the Kronecker operator, ui(X, t) denotes the small

time-dependent displacement associated with the deformation Be → Bt
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and a comma indicates differentiation with respect to the indicated

spatial coordinates in Be.
The necessary equations including the linearized equations of motion for

anisotropic incompressible materials are summarized. The incremental

components of the nominal stress tensor Sji are related to the incremental

displacement gradients uk,l by (see [54; 62])

Spi = Apiqjuj,q + Pup,i − p∗δpi, i, j, p, q = 1, 2, 3, (3.10)

where P is the value of p in Be, p∗ = p−P is the time-dependent increment

of p and the components of the fourth-order elasticity tensor A for W =

W (I1, I2, I4, I5, I6, I7, I8) are given by (see also Vinh and Merodio 2013b

[75])

Apiqj = FpαFqβ
∂2W

∂Fiα∂Fjβ

= FpαFqβ
∑
r∈I

Wr
∂2Ir

∂Fiα∂Fjβ
+ FpαFqβ

∑
r,s∈I

Wrs
∂Ir
∂Fiα

⊗ ∂Is
∂Fjβ

,(3.11)

where Wr = ∂W/∂Ir, Wrs = ∂2W/∂Ir∂Is and I is the index set

{1, 2, 4, 5, 6, 7, 8}. The components of the elasticity tensor are

Apiqj = 2W1δijBpq + 2W2(2BipBjq −BiqBjp + I1δijBpq −BijBpq − δij(B2)pq)

+ 2W4δijmpmq + 2W5[δij(mpmkBkq +mqmkBkp)

+ Bijmpmq +Bpqmimj +Bqimpmj +Bpjmqmi] + 2W6δijnpnq

+ 2W7[δij(npnkBkq + nqnkBkp) +Bijnpnq +Bpqninj + 2(Bqinpnj

+ Bpjnqni)] +W8δij(mpnq +mqnp)MkNk + 4W11BpiBqj

+ 4W22(I1Bip − (B2)ip)(I1Bjq − (B2)jq) + 4W44mpmqmimj

+ 4W55(Birmpmr +Bprmimr)(Bjrmqmr +Bqrmjmr) + 4W66npnqninj

+ 4W77(Birnpnr +Bprninr)(Bjrnqnr +Bqrnjnr)

+ W88(mpni + npmi)(mqnj + nqmj)MkNkMtNt

+ 4W12

[
Bip(I1Bjq − (B2)jq) +Bjq(I1Bip − (B2)ip)

]
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+ 4W14(Bpimqmj +Bqjmpmi) + 4W15[Bpi(Bjrmqmr +Bqrmjmr)

+ Bqj(Birmpmr +Bprmimr)] + 4W16(Bpinqnj +Bqjnpni)

+ 4W17[Bpi(Bjrnqnr +Bqrnjnr) +Bqj(Birnpnr +Bprninr)]

+ 2W18[Bpi(mqnj + nqmj)MkNk +Bqj(mpni + npmi)MkNk]

+ 4W24

[
(I1Bip − (B2)ip)mjmq + (I1Bjq − (B2)jq)mimp

]
+ 4W25

[
(I1Bip − (B2)ip)[mqBjrmr

+ mjBqrmr] + (I1Bjq − (B2)jq)[miBprmr +mpBirmr]
]

+ 4W26

[
(I1Bip − (B2)ip)njnq + (I1Bjq − (B2)jq)ninp

]
+ 4W27

[
(I1Bip − (B2)ip)(nqBjrnr + njBqrnr)

+ (I1Bjq − (B2)jq)(niBprnr + npBirnr)
]

+ 2W28[BipI1(mqnj + nqmj)−BpγBγi(mqnj + nqmj)

+ BqjI1(mpmi + npmi)−BqγBγj(mpni + npmi)]MkNk

+ 4W45[mpmi(Bjrmqmr +Bqrmjmr) +mqmj(Birmpmr +Bprmimr)]

+ 4W46(mpminqnj + npnimqmj) + 4W47[mpmi(Bjrnqnr +Bqrnjnr)

+ mqmj(Birnpnr +Bprninr)] + 4W48(mpmi(mqnj + nqmj)MkNk

+ mqmj(mpni + npmi)MkNk) + 4W56[nqni(Birmpmr +Bprmimr)

+ npnj(Birmqmr +Bqrmjmr)] + 4W57(Birmpmr +Bprmimr)(Bjrnqnr

+ Bqrnjnr) + 2W58[(Birmpmr +Bprmimr)(mqnj + nqmj) + (Bjrmqmr

+ Bqrmjmr)(mpni + npmi)]MkNk + 4W67[npni(Bjrnqnr +Bqrnjnr)

+ nqnj(Birnpnr +Bprninr)] + 2W68[npni(mqnj + nqmj) + nqnj(mpni + npmi)]

+ 2W78[(Birnpnr +Bprninr)(mqnj + nqmj)

+ (Bjrnqnr +Bqrnjnr)(mpni + npmi)], (3.12)

with Bij = FikFjk and I1 = Bkk.

It is clear that Apiqj = Aqjpi. In general, the elasticity tensor A has at

most 45 non-zero components.

The fibers M and N in B0 make angles γ and δ, respectively, with OX1 and

the angles are measured in opposite senses relative to that axes. Since the

deformation gradient F is F = diag (λ1, λ2, λ3) , where λk are the principal
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Figure 3.1: The figure on the left shows at a point O in the free surface of the
pre-stressed half space: i) the principal axes of the primary pure homogeneous
strain (xi-axes) ii) the two directions in that configuration characterizing the two
families of fibers (given by ψ and φ) as well as the fibers of each family (dashed
lines) along the depth direction (x2-axis) and iii) the propagation direction of the
wave (given by θ). Fibers of each family are located throughout the whole half
space and run parallel to each other and perpendicular to the depth direction.
The figure on the right is a view from the top. It further clarifies that the angles
ψ and φ are meassured in opposite senses relative to the x1-axis.

stretches of the deformation, it follows that that the components of m and

n are

m1 = λ1 cos γ, n1 = λ1 cos δ, m2 = M2 = m2 = N2 = 0,

m3 = λ3 sin γ, n3 = −λ3 sin δ. (3.13)

The vectors m and n in Be make angles ψ and φ , respectively, with Ox1,

which, using (3.13), are given by

tanψ = λ3/λ1 tan γ, tanφ = λ3/λ1 tan δ. (3.14)

Given F, one can assume that either the set of angles ψ and φ or the set

of angles γ and δ is known (see Figure 3.1).

We further particularize the elasticity tensor to the strain-energy function
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(3.7), i.e. using (3.7) and (3.11) we write

Apiqj = µδijBpq

+ 2f ′1(I4)mpmq + 2f ′2(I6)npnq] + 4f ′′1 (I4)mimjmpmq + 4f ′′2 (I6)ninjnpnq

+ 2g′1(I5)[δij(mpBqrmr +mqBprmr) +Bijmpmq +mimjBpq +Biqmjmp +Bpjmimq]

+ 2g′2(I7)[δij(npBqrnr + nqBprnr) +Bijnpnq + ninjBpq +Biqnjnp +Bpjninq]

+ 4g′′1(I5)(mpBirmr +miBprmr)(mqBjrmr +mjBqrmr)

+ 4g′′2(I7)(npBirnr + niBprnr)(nqBjrnr + njBqrnr)

+ G′δij(mpnq +mqnp)MkNk +G′′(mpni + npmi)(mqnj + nqmj)MkNkMtNt. (3.15)

In the absence of body forces, the incremental equations of motion are (see

[82])

Sij,i = ρüj, (3.16)

where a dot indicates differentiation with respect to time t. The

incremental version of incompressibility is (see [82])

ui,i = 0. (3.17)

In what follows, we rewrite these equations for the case of a Rayleigh

wave using the Stroh formulation. In addition, using (3.11) we point out

that there are only 25 non-zero components of the elasticity tensor A,

namely Aiiii, Aiijj, Aijij, Aijji, Aii13, Aii31, A2312, A2321, A3212, A3221

(i, j = 1, 2, 3, i 6= j).

3.3 Surface waves

The analysis is particularized for Rayleigh waves propagating in a

principal plane of the pre-strain, the plane x2 = 0, but not in general in a

principal direction. The incremental equation of motion can be cast as a

homogeneous linear system of six first-order differential equations.
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3.3.1 The Stroh formulation

We consider a Rayleigh wave traveling with speed c and with its wave

vector k lying in the (x1, x3) plane. The wave makes an angle θ with the

x1-direction and decays in the x2-direction. Then, the displacements and

stresses of the Rayleigh wave are written (see [84]) as

un = Un(y)eik(x1cθ+x3sθ−ct), S2n = ikzn(y)eik(x1cθ+x3sθ−ct), n = 1, 2, 3,

(3.18)

respectively, where y = kx2, cθ = cos θ, sθ = sin θ, and k = |k| is the wave

number.

Using (3.18), together with (3.10), (3.16) and (3.17), one can write

ξ′ = iNξ, 0 ≤ y < +∞, (3.19)

where the prime now signifies differentiation with respect to y and

ξ =

[
u

z

]
, u =

 U1

U2

U3

 , z =

 z1

z2

z3

 , N =

[
N1 N2

K NT
1

]
, (3.20)

in which the matrices N1, N2, K are defined by

N1 =

 0 f1 0

−cθ 0 −sθ
0 f2 0

 , N2 =

 d1 0 −d13

0 0 0

−d13 0 d3

 , K =

 h1 0 h2

0 h3 0

h2 0 h4

 ,
(3.21)

where

d = A2121A2323 −A2
2123, d1 =

A2323

d
, d13 =

A2123

d
, d3 =

A2121

d
,

f1 = a11cθ + a13sθ, f2 = a31cθ + a33sθ,

h1 = ρc2 − b111c
2
θ − b113cθsθ − b133s

2
θ, h2 = −b311c

2
θ − b313cθsθ − b333s

2
θ,

h3 = ρc2 − e11c
2
θ − e13cθsθ − e33s

2
θ, h4 = ρc2 − d311c

2
θ − d313cθsθ − d333s

2
θ,

(3.22)
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and

a11 = (A2123A1223 −A2323A∗1221)/d, a13 = (A2123A∗2332 −A2323A2132)/d,

a31 = (A2123A∗1221 −A2121A2312)/d, a33 = (A2123A2132 −A2121A∗2332)/d,

b111 = (A∗1111 +A∗2222 − 2A1122), b113 = 2(A1131 −A2231), b133 = A3131,

b133 = (A∗2222 +A∗1331 +A1133 −A1122 −A3322),

b311 = (A1113 −A2213), b333 = (A3133 −A3122),

d311 = A1313, d313 = 2(A1333 −A1322), d333 = (A∗3333 +A∗2222 − 2A2233),

e11 = (A1212 + a11A∗1221 + a31A1223), e33 = (A3232 + a13A3221 + a33A∗2332),

e13 = (2A1232 + a11A3221 + a13A∗1221 + a31A∗3223 + a33A1223).

Here the notation A∗piqj = Apiqj + Pδijδpq has been introduced. Equation

(3.19) is the so-called Stroh formulation (see [34]). The decay condition is

expressed as

ξ(+∞) = 0. (3.23)

The boundary condition of zero incremental traction using the expression

given for S2n in (3.18) means that

z(0) = 0. (3.24)

In passing, we note that our formulation particularized for transversely

isotropic materials and isotropic materials coincides with the ones given in

[62] and [84], respectively. In particular, for instance, the matrices N1, N2

and K in (3.21) particularized for isotropic materials coincide, respectively,

with the matrices N1, N2 and N3 + XI, where X = ρc2, given by (2.9)

and (2.10) in [84].

3.3.2 Implicit secular equation

The explicit secular equation is given by (see [84] and [65] for complete

details)

vωI − (u− ωII)ωIII = 0, (3.25)

in which

ωI = −(s1 + s2 + s3), ωII = s1s2 + s2s3 + s3s1, ωIII = −s1s2s3, (3.26)
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where s1s2, s3 are the eigenvalues of the Stroh matrix N with positive

imaginary parts and u, v are defined as

u =
(f 2

1

h3

− d1

)
h1 +

(f 2
2

h3

− d3

)
h4 + 2

(f1f2

h3

+ d13

)
h2,

v = (h1h4 − h2
2)
[
d1d3 −

d3f
2
1 + d1f

2
2

h3

− 2d13f1f2

h3

− d2
13

]
. (3.27)

Equation (3.25) is called the implicit secular equation (see also [84] and

[62]) because the expressions for the ωI , ωII , ωIII in terms of X are unkown.

A Rayleigh wave exists with speed c =
√
X/ρ if and only if (3.25) is

satisfied.

3.3.3 Explicit secular equation

In this section we derive the explicit secular equation of the wave using the

method of polarization vector (see [90], [44] and [91] for instance). Using

(3.19), (3.23), (3.24) and that N2 and K are symmetric, one can write

ūT(0)K(n)u(0) = 0 ∀ n ∈ Z, (3.28)

where K(n) is defined as

Nn =

[
N

(n)
1 N

(n)
2

K(n) N
(n)
4

]
. (3.29)

From (3.28) the explicit secular equation is obtained as

|K2,K3,K1|2 + 4|K2,K3,K4||K2,K1,K4| = 0, (3.30)

where

K1 =

K
(−1)
11

K
(1)
11

K
(3)
11

 , K2 =

K
(−1)
22

K
(1)
22

K
(3)
22

 , K3 =

K
(−1)
33

K
(1)
33

K
(3)
33

 , K4 =

K
(−1)
13

K
(1)
13

K
(3)
13

 ,
(3.31)
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in which K
(n)
ij are entries of the matrix K(n)

K
(1)
11 = h1, K

(1)
13 = h2, K

(1)
22 = h3, K

(1)
33 = h4,

K
(3)
11 = d1h

2
1 + d3h

2
2 − 2d13h1h2 − 2(f1h1 + f2h2)cθ + h3c

2
θ,

K
(3)
13 = d1h1h2 − d13(h2

2 + h1h4) + d3h2h4

− (f1h1 + f2h2)sθ − (f1h2 + f2h4)cθ + h3sθcθ,

K
(3)
22 = f 2

1h1 + 2f1f2h2 − 2f1h3cθ + f 2
2h4 − 2f2h3sθ,

K
(3)
33 = d1h

2
2 + d3h

2
4 − 2d13h2h4 − 2(f1h2 + f2h4)sθ + h3s

2
θ,

K
(−1)
11 =

(
d3h3 − f 2

2

) (
h4c

2
θ − 2h2cθsθ + h1s

2
θ

)
,

K
(−1)
13 = (d13h3 + f1f2)

(
h4c

2
θ − 2h2cθsθ + h1s

2
θ

)
,

K
(−1)
22 =

[
2d13f1f2 + d1f

2
2 + d2

13h3 + d3(f 2
1 − d1h3)

]
(h1h4 − h2

2),

K
(−1)
33 =

(
d1h3 − f 2

1

) (
h4c

2
θ − 2h2cθsθ + h1s

2
θ

)
.

(3.32)

Here the notation A∗piqj = Apiqj + Pδijδpq has been introduced. Equation

(3.30) is the explicit secular equation. This is a cumbersome polynomial

of degree 12 in X = ρc2 (see [62]).

In order to illustrate the results further we consider some particular strain-

energy functions.

3.4 Numerical results

A modified version of the well known Gasser-Ogden-Holzapfel (GOH)

model (see [77]) is adopted. In particular, we consider that

W =
µ

2
(I1−3)+

k1

2k2

∑
i=4,5,6,7

{
exp

[
k2(Ii−1)2

]
−1
}

+
k3

2
(I8−I(0)

8 )2, (3.33)

where µ, k1, k2 and k3 are positive constants and I
(0)
8 = (M ·N)2 is the

value of I8 in the reference configuration. The GOH model is given by

(3.33) with no dependence on I5, I7 and I8. Furthermore, it is assumed

that the fibers contribute to the strain-energy function when these are

elongated. Here, we use (3.33) as a prototype to show the robustness of the

methodology herein regardless of this last statement. Nevertheless, and in

passing, we mention that lately there has been some discussion regarding

the tension-compression switch in these models and we refer to [92] for
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further details. It is easy to check that the strain energy is zero in the

undeformed configuration as well as the stress tensor. We specialize (3.33)

to some special models and compare the results with the ones obtained for

the neo-Hookean material, whose energy function is

W0 =
µ

2
(I1 − 3). (3.34)

Hence, we treat in turn the following cases:

i) the strain energy function (3.33) just with the invariants I1, I4, I6

W (1)(I1, I4, I6) =
µ

2
(I1 − 3) +

k1

2k2

∑
i=4,6

[ek2(Ii−1)2 − 1]; (3.35)

ii) similarly, the strain energy function (3.33) just with the invariants

I1, I5, I7

W (2)(I1, I5, I7) =
µ

2
(I1 − 3) +

k1

2k2

∑
i=5,7

[ek2(Ii−1)2 − 1]. (3.36)

In Figure 3.2, values of x = ρc2/µ vs θ ∈ [0, π/2] obtained using (3.30) are

plotted for different strain-energy functions under two conditions, namely

λ1 = 1.3, λ2 = 1 and λ3 = 1/λ1 (right-hand plot figure) and λ1 = 1.2, λ2 =

1 and λ3 = 1/λ1 (left-hand plot figure). In both cases, the dotted-dashed

curve is associated with (3.33) for γ = π/6, δ = π/3, k1 = k3 = 0.5µ and

k2 = 0.5. The values of these parameters are used accordingly in the models

(3.34), (3.35) and (3.36). The curves associated to the neo-Hookean model

have their maximum value at θ = 0, which is expected for an isotropic

model. That is not the case for the non-isotropic models since the principal

directions of stress and strain do not coincide. Other parameters could be

used as well as other angles for the fibers. Furthermore, the influence on

the wave speed of the isotropic base model introduced by the invariants I5

and I7 (the model (3.36)) is stronger than the one given by the invariants

I4 and I6 (the model (3.35)). This result was shown in chapter 2 for the

analysis of transversely isotropic materials with one family of fibers.

In Figure 3.3, the same analysis is developed for γ = δ = π/4

(perpendicular). Under these circumstances (the two families of fibers are

symmetric with respect to the OX1 axis), it follows that I4 = I6 and
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Figure 3.2: In the two plots, the curves show the dependence of x = ρc2/µ on
θ ∈ [0, π/2] obtained using (3.30) for (3.33), the dotted-dashed curve, (3.34),
the thin solid curve, as well as (3.35) and (3.36), the dashed and thick solid
curves, respectively. For the different calculations, we have taken, accordingly
for each model, γ = π/6, δ = π/3, k1 = k3 = 0.5µ, k2 = 0.5. The principal
stretches are λ1 = λ = 1.2, λ2 = 1, λ3 = 1/λ1 (left-hand plot); λ1 = 1.3, λ2 = 1
and λ3 = 1/λ1 (right-hand plot).
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Figure 3.3: The curves show in the two plots the dependence of x = ρc2/µ on θ ∈
[0, π/2] as given by (3.30) for (3.33), the dotted-dashed curve, as well as (3.35)
and (3.36), the dashed and thick solid curves, respectively. The parameters of
the different models have been taken as γ = π/4, δ = π/4, k1 = k3 = 0.5µ and
k2 = 0.5. The principal stretches are λ1 = 1.2, λ2 = 1, λ3 = 1/λ1 (left-hand
plot) and b) λ1 = 1.3, λ2 = 1, λ3 = 1/λ1 (right-hand plot). Results for the
neo-Hookean model (3.34), the thin solid curve, are also shown for comparison.

I5 = I7 and, furthermore, the principal directions of strain and stress

coincide. Hence, each curve in Figure 3.3 has its maximum value at

θ = 0.

Corresponding plots to the ones given in Figure 3.2 are shown in Figures

3.4 and 3.5 for different angles (not perpendicular) of γ and δ. In particular

γ = π/6 and δ = π/4 in Figure 3.4 and γ = π/6 and δ = π/6 in Figure

3.5. The influence of the term in (3.33) that includes the invariant I8

on the surface wave speed of the isotropic model is not as significant as

the influence of the other non-isotropic invariants. Indeed, results may be

different for other strain-energy functions and other deformations.

We consider now that the elastic half-space is initially under uniaxial
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Figure 3.4: Corresponding plots to the ones given in Figure 3.2 for γ = π/6 and
δ = π/4.
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Figure 3.5: Corresponding plots to the ones given in Figure 3.2 for γ = π/6 and
δ = π/6.
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Figure 3.6: Under uniaxial tension along the X1-axis with γ = δ = π/4 and
waves propagating along the x1-axis, the Figure shows the dependence of x =
ρc2/µ on λ as given by (3.30) for (3.35), the dotted curve, and (3.36), the dashed
curve. Results for the neo-Hookean model (3.34), the solid curve, are also shown
for comparison. The parameters for the different models are k1 = 0.5µ and
k2 = 0.5.

tension along the X1-axis

x1 = λX1, x2 = λ−1/2X2, x3 = λ−1/2X3, λ > 0, λ = const. (3.37)

In addition, the surface waves propagate in the x1−direction and the two

families of fibers are symmetrically disposed with respect to the X1-axis,

in particular, γ = δ = π/4. In Figure 3.6, values of x = ρc2/µ vs λ

obtained using (3.30) are shown for the neo-Hookean model (3.34), the

solid curve, as well as for (3.35) and (3.36), the dotted and dashed curves,

respectively. The parameters for the different models are k1 = 0.5µ and

k2 = 0.5. A simple comparison among the curves establishes that the

anisotropy influences the Rayleigh speed of the isotropic base model. The

influence of the invariants I5 and I7 on the wave speed of the isotropic base

model is stronger than the one given by I4 and I6 in agreement with the

results of Vinh et al [62]. Furthermore, under the circumstances at hand,

the influence of I4 and I6 on the speed of the isotropic base model is not

strong in the domain of λ-values shown in the figure.

For λ1 = 1.2, λ2 = 1, λ3 = 1/λ1 and waves propagating along the x1-axis,
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Figure 3.7: Under uniaxial tension along the X1-axis with λ1 = 1.2, λ2 = 1,
λ3 = 1/λ1 and waves propagating along the x1-axis, the figures shows values of
x = ρc2/µ vs γ = δ ∈ [0, π/2], (the angle that each family of fibers makes with
the X1−direction) as given by (3.30) for (3.33), (3.35) and (3.36), dotted-dashed,
dashed and thick solid curves, respectively. The values of the parameters used in
the calculations are k1 = k3 = 0.5µ and k2 = 0.5. Results for the neo-Hookean
model (3.34), the thin solid curve, are also shown for comparison.
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Figure 3.7 shows values of x = ρc2/µ vs γ = δ ∈ [0, π/2] (the angle that

each fiber family makes with the X1-axis) obtained using (3.30) for (3.33)

(dotted-dashed curve), (3.35) (dashed curve), (3.36) (thick solid curve).

The parameters used for the calculations are k1 = 0.5µ and k2 = 0.5.

The curve associated with the neo-Hookean model (3.34), thin solid one,

is horizontal since it is an isotropic model and has the value x = ρc2/µ =

1.6227.
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Surface waves in a layered

half-space with initial

stress C
h
a
p
t
e
r

4
4.1 Introduction

Guided wave propagation provides an important non-destructive

method for assessing material properties and weaknesses in many

engineering structures. In the absence of initial stress (residual stress or

pre-stress) the classical theory of linear elasticity has been applied

successfully in the analysis of such structures. One problem of special

interest is the propagation of surface waves in an isotropic linearly elastic

layered half-space, and for a treatment of this problem we refer to the

classic text [93] for detailed discussion and the papers by [94], [95], [96]

and [97].

For a layered half-space of incompressible isotropic elastic material

subject to a pure homogeneous finite deformation and an accompanying

stress (a so-called pre-stress) the propagation of Rayleigh-type surface

waves in a principal plane of the underlying deformation was examined in

detail in [98] on the basis of the linearized theory of incremental

deformations superimposed on a finite deformation. In the special case of

the Murnaghan theory of second-order elasticity [99] also examined the

effect of pre-stress on the propagation of surface waves. Surface waves for

a half-space with an elastic material boundary without bending stiffness

were studied by [100] and generalized to include bending stiffness by [101]

following the theory of intrinsic boundary elasticity developed by [102].

For a half-space without a layer subject to a pure homogeneous finite
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deformation the propagation of Rayleigh surface waves was first studied

by [103], who, with particular attention to the second-order theory of

elasticity, obtained the secular equation for the speed of surface waves

first for compressible isotropic materials and then, by specialization, for

incompressible materials. Focussing on the incompressible theory for an

isotropic material [105] analyzed the propagation of surface waves in a

principal plane of a deformed half-space and the limiting case of surface

instability for which the wave speed is zero and obtained the secular

equation in respect of a general form of strain-energy function. The

corresponding problem for a compressible material was treated in [106].

For references to the Barnett–Lothe–Stroh approach to the analysis

of surface waves in pre-stressed elastic materials we refer to [107] and [108]

in which papers compressible and incompressible materials, respectively,

were considered. In contrast to the situation of a half-space subject to

finite deformation and a pre-stress associated with it through a constitutive

law, for materials with an initial stress parallel to the half-space surface,

surface waves were analyzed recently by Shams and Ogden [109] for an

incompressible material, and it is an extension of this development to the

case of a layered half-space that is the subject of the present chapter. The

layer is taken to have a uniform finite thickness and material properties

different from those of the half-space, and the initial stress is assumed to

be different in the layer and half-space. In the presence of the initial stress

(in the reference configuration) the strain-energy function depends on the

initial stress as well as on the deformation from the reference configuration.

The basic equations required for the study are presented in Section

4.2, including development of the constitutive law for an initially stressed

elastic material in terms of invariants, as described in Shams and Ogden

[109], and its specialization to the case of a plane strain deformation.

Section 4.3 provides the incremental equations of motion based on the

theory of linearized incremental deformations superimposed on a finite

deformation, and expressions for the elasticity tensor of an initially

stressed material are given in general form and then explicitly in the case

of plane strain for a general form of strain-energy function.

Section 4.4 applies general incremental equations to the expressions

that govern two-dimensional motions in the plane of a (pure
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homogeneous) plane strain, a principal plane which is also a principal

plane of the considered uniform initial stress. In Section 4.5, these

equations are applied to the analysis of surface waves in a homogeneously

deformed half-space covered by a layer with a uniform uniaxial initial

stress that is parallel to the direction of the wave to obtain the general

dispersion equation. The complex form of the dispersion equation derived

in Section 4.5 for a general form of strain-energy function is typical for

problems involving pre-stressed media, and it is only by careful choice of

notation that it is possible to obtain meaningful information from the

equation without using an entirely numerical approach. In Section 4.6

the general dispersion equation is solved numerically in respect of a

simple form of strain-energy function which extends the basic

neo-Hookean material model to include the initial stress. The results are

illustrated graphically for several values of the parameters associated

with the underlying configuration (initial stress, stretches relative to the

reference configuration in layer and half-space, and material parameters).

As a final illustration we exemplify results corresponding to vanishing

of the surface wave speed, which corresponds to the emergence of static

incremental deformations at critical values of the parameters involved and

signals instability of the underlying homogeneous configuration, leading

to undulations of layer/half-space structure that decay with depth in the

half-space. Such undulations are also referred to as wrinkles, and we refer

to the recent paper by [110] for a discussion of wrinkling stability patterns

in a graded stiffness half-space.

4.2 Basic equations

4.2.1 Kinematics and stress

Consider an elastic material occupying some configuration in which there

is a known initial (Cauchy) stress τ which is not specified by a constitutive

law. Deformations of the material are measured from this configuration,

which is designated as the reference configuration. This is denoted by

Br and its boundary by ∂Br. The initial stress satisfies the equilibrium

equation τ = 0 in the absence of body forces, and is symmetric in the

absence of intrinsic couple stresses, being the divergence operator on Br.
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If the initial stress is a residual stress, in the sense of Hoger [111], then it

also satisfies the zero traction boundary condition τN = 0 on ∂Br, where

N is the unit outward normal to ∂Br. According to this definition residual

stresses are necessarily inhomogeneous, and they have a strong influence

on the material response relative to Br. For references to the literature

on the inclusion of residual stress in the constitutive law we refer to [112].

In this paper, however, only initial stresses that are homogeneous will be

considered. These also have a significant effect on the material response

relative to Br.

The material is deformed relative to Br so that it occupies the deformed

configuration B, with boundary ∂B. In standard notation the deformation

is described in terms of the vector function χ according to x = χ(X), X ∈
Br, where x is the position vector in B of a material point that had position

vector X in Br. The deformation gradient tensor F is defined by F = χ,

where is the gradient operator defined on Br. We note, in particular, the

polar decomposition F = VR which will be used subsequently, where the

so-called stretch tensor V is symmetric and positive definite and R is a

proper orthogonal tensor. We shall also make use of the (symmetric) left

and right Cauchy–Green deformation tensors, which are given by B = FFT

and C = FTF, respectively.

We denote by σ the Cauchy stress tensor in the configuration B and by

S the associated nominal stress tensor relative to Br, which is given by

S = JF−1σ, where J = det F. We assume that there are no couple stresses,

so that σ is symmetric. In general, however, the nominal stress tensor is

not symmetric, but it follows from the symmetry of σ that FS = STFT.

Body forces are not considered in this paper, so the equilibrium equations

to be satisfied by σ and S are ÷σ = 0 and S = 0, respectively, div being

the divergence operator on B.

4.2.2 The strain-energy function

In the presence of an initial stress τ the material response relative to Br

is strongly influenced by τ , and this is reflected in inclusion of τ in the

constitutive law. It can be regarded as a form of structure tensor similar

to, but more general than, the structure tensor associated with a preferred

direction in Br. In the present work we consider the material properties to
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be characterized by a strain-energy function W , which is defined per unit

volume in Br. In the absence of initial stress W depends on the deformation

gradient F, but here it depends also on τ and we write W = W (F, τ ).

For incompressible materials, on which we focus in this paper, the

constraint J ≡ det F = 1 must be satisfied for all deformations, and the

nominal and Cauchy stress tensors are given by

S =
∂W

∂F
(F, τ )− pF−1, σ = FS = F

∂W

∂F
(F, τ )− pI, (4.1)

where p is a Lagrange multiplier associated with the constraint and I is

the identity tensor in B.

4.2.3 Invariant formulation

For full details of the constitutive formulation based on invariants, we refer

to [113] and [109]. Here we provide a summary of the equations that are

needed in the following sections. Since the material is considered to be

incompressible there are only two independent invariants of C. We take

these to be the standard invariants I1 and I2 defined by

I1 = (C), I2 =
1

2
(I2

1 − (C2)). (4.2)

For τ three invariants are required in general. These are independent of

C and it is convenient to collect these together as I4 according to

I4 ≡ {I41, I42, I43}, I41 = τ , I42 = (τ 2), I43 = (τ 3). (4.3)

The set of invariants is completed by four independent invariants that

depend on both C and τ , which we define by

I5 = (Cτ ), I6 = (C2τ ), I7 = (Cτ 2), I8 = (C2τ 2). (4.4)

Note that in the reference configuration (4.2) and (4.4) reduce to

I1 = I2 = 3, I5 = I6 = τ , I7 = I8 = (τ 2). (4.5)

With W regarded as a function of I1, I2, I4, I5, I6, I7, I8 the Cauchy stress
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tensor given by (4.1)2 can be expanded out as

σ = 2W1B + 2W2(I1B−B2) + 2W5Σ + 2W6(ΣB + BΣ)

+ 2W7Ξ + 2W8(ΞB + BΞ)− pI,(4.6)

where Wr = ∂W/∂Ir, r ∈ {1, 2, 5, 6, 7, 8}, Σ = FτFT = VRτRTV and

Ξ = Fτ 2FT = VRτ 2RTV.

In the reference configuration, equation (4.6) reduces to

τ = (2W1 + 4W2 − p(r))Ir + 2(W5 + 2W6)τ + 2(W7 + 2W8)τ 2, (4.7)

where Ir is the identity tensor in Br, p
(r) is the value of p in Br, and all

the derivatives of W are evaluated in Br, where the invariants are given by

(4.5). Following Shams et al. [113], but in a slightly different notation, we

therefore deduce that

2W1 + 4W2 − p(r) = 0, 2(W5 + 2W6) = 1, 2(W7 + 2W8) = 0 in Br.(4.8)

Specializations of these restrictions will be used later.

Suppose that F now corresponds to a pure homogeneous strain defined by

x1 = λ1X1, x2 = λ2X2, x3 = λ3X3, (4.9)

where (X1, X2, X3) and (x1, x2, x3) are Cartesian coordinates in Br and B,

respectively, and λ1, λ2, λ3 are the (uniform) principal stretches. By

incompressibility, λ1λ2λ3 = 1. Let τij, i, j ∈ {1, 2, 3}, denote the

components of τ for the considered deformation. Then, referred to the

principal axes of the left Cauchy–Green tensor B, which coincide with

the Cartesian axes for the pure homogeneous strain, Σij = λiλjτij and

Ξij = λiλj(λ
2
i + λ2

j)
∑3

k=1 τikτjk. The component form of equation (4.6) is

then given by

σij = 2W1λ
2
i δij + 2W2(I1 − λ2

i )λ
2
i δij + 2[W5 +W6(λ2

i + λ2
j)]λiλjτij

+ 2[W7 + (λ2
i + λ2

j)W8]λiλj

3∑
k=1

τikτjk − pδij. (4.10)
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4.2.4 Plane strain specialization

Subsequently, we shall specialize to plane strain (in the 1, 2 plane with

in-plane principal stretches λ1, λ2 and λ3 = 1) and with the initial stress

confined to this plane, i.e. with τi3 = 0 for i = 1, 2, 3. Then, in addition

to the standard plane-strain connection I2 = I1, the connections

I6 = (I1 − 1)I5 − (τ11 + τ22), (4.11)

I7 = (τ11 + τ22)I5 − (τ11τ22 − τ 2
12)(I1 − 1), (4.12)

I8 = (I1 − 1)I7 − (τ 2
11 + τ 2

22 + 2τ 2
12) (4.13)

can be established. Thus, only two independent invariants that depend

on the deformation remain, and we take these to be I1 and I5. We now

write the energy function restricted to plane strain as Ŵ (I1, I5) and leave

implicit the dependence on the invariants of τ that do not depend on the

deformation.

The in-plane Cauchy stress then takes on the simple form

σ = 2Ŵ1B + 2Ŵ5Σ− p̂I, (4.14)

wherein all the tensors are two dimensional (in the 1, 2 plane) and B

satisfies the two-dimensional Cayley–Hamilton theorem

B2 − (I1 − 1)B + I = O, the zero tensor, remembering that we are

considering incompressibility. Note that p̂ is different from the p in (4.6).

The conditions (4.8) reduce to

2Ŵ1 − p̂(r) = 0, 2Ŵ5 = 1. (4.15)

4.3 Incremental equations

In terms of the nominal stress tensor S the equilibrium equation S = 0 is

now written in Cartesian component form as

Aαiβj
∂2xj

∂Xα∂Xβ

− ∂p

∂xi
= 0, (4.16)
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where Aαiβj are the components of the elasticity tensor A = A(F, τ ). The

tensor and component forms are defined by

A =
∂2W

∂F∂F
, Aαiβj =

∂2W

∂Fiα∂Fjβ
, (4.17)

with Greek and Roman indices relating to Br and B, respectively.

We now consider a small incremental deformation superimposed on the

finite deformation x = χ(X). Let this be denoted by ẋ = χ̇(X, t) and its

gradient by ẋ ≡ Ḟ. Here and in the following a superposed dot indicates

an increment in the considered quantity.

Based on the nominal stress the linearized incremental constitutive

equation and the corresponding incremental incompressibility condition

are

Ṡ = AḞ− ṗF−1 + pF−1ḞF−1, (ḞF−1) = 0. (4.18)

where ṗ is the linearized incremental form of p.

The incremental equation of motion for an initial homogeneous

deformation (with A and p constants) is then

Ṡ = (AḞ)− F−Tṗ = ρẋ,tt, (4.19)

where a subscript t following a comma indicates the material time

derivative and ρ is the mass density of the material. In components this

becomes

Aαiβj
∂2ẋj

∂Xα∂Xβ

− ∂ṗ

∂xi
= ρẋi,tt. (4.20)

Also required is the incremental form of the symmetry condition FS =

STFT, i.e.

FṠ + ḞS = ṠTFT + STḞT. (4.21)

Following [113] and [109] it is convenient to update the reference

configuration so that it coincides with the configuration corresponding to

the finite homogeneous deformation with all incremental quantities

treated as functions of x and t instead of X and t. The incremental

deformation (displacement) is denoted u and defined by

u(x, t) = χ̇(χ−1(x), t), and all other updated incremental quantities are

identified by a zero subscript. In particular, we have Ḟ0 = ḞF−1 = u and
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Ṡ0 = FṠ, where is the gradient operator in B, while A0 denotes the

updated form of A. In component form we have the connection

A0piqj = FpαFqβAαiβj (see [82]).

The updated forms of the incremental equation of motion and

incompressibility condition are then, in component form,

A0piqjuj,pq − ṗ,i = ρui,tt, up,p = 0, (4.22)

in which the notations ui,j = ∂ui/∂xj, ui,jk = ∂2ui/∂xj∂xk have been

adopted.

The updated form of equation (4.21) yields

A0ijkl + δil(σjk + pδjk) = A0jikl + δjl(σik + pδik), (4.23)

as given in [113].

At this point we record the strong ellipticity condition on the coefficients

A0piqj, which states that

A0piqjnpnqmimj > 0 (4.24)

for all non-zero m,n such that m · n = 0 (this orthogonality follows from

incompressibility), mi and ni, i = 1, 2, 3, being the components of m and

n, respectively. In terms of the acoustic tensor Q(n) defined in component

form by Qij = A0piqjnpnq, strong ellipticity ensures that [Q(n)m] ·m > 0

subject to the stated restrictions on m and n.

The updated elasticity tensor can be expanded in its component form as

A0piqj =
∑
r∈I

WrFpαFqβ
∂2Ir

∂Fiα∂Fjβ
+
∑
r,s∈I

WrsFpαFqβ
∂Ir
∂Fiα

∂Is
∂Fjβ

, (4.25)

where Wrs = ∂2W/∂Ir∂Is and I is the index set {1, 2, 5, 6, 7, 8}.
Expressions for the derivatives of the invariants which appear in (4.25)

and the resulting lengthy expression for A0piqj are given in Shams et al.

[113] and are not repeated here. We need only their plane strain

specializations, which will be provided in the following.
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4.3.1 Plane strain case

Considerable simplification arises in the plane strain specialization

considered in Section 4.2.4, for then equation (4.25) applies with the

reduced index set I = {1, 5}. Then the only derivatives of the invariants

required are simply

∂I1

∂Fiα
= 2Fiα,

∂I5

∂Fiα
= 2ταβFiβ,

∂2I1

∂Fiα∂Fjβ
= 2δαβδij,

∂2I5

∂Fiα∂Fjβ
= 2ταβδij.

(4.26)

From (4.25) we then obtain

A0piqj = 2Ŵ1Bpqδij + 2Ŵ5Σpqδij + 4Ŵ11BpiBqj

+ 4Ŵ15(BpiΣqj +BqjΣpi) + 4Ŵ55ΣpiΣqj, (4.27)

with p, i, q, j taking values 1 and 2.

When specialized to the reference configuration A0piqj is denoted Cpiqj,
which is given by

Cpiqj = 2Ŵ1δpqδij + τpqδij + 4Ŵ11δpiδqj + 4Ŵ15(δpiτqj + τpiδqj) + 4Ŵ55τpiτqj,

(4.28)

wherein Ŵ1, Ŵ11, Ŵ15 and Ŵ55 are evaluated for I1 = 3 and I5 = τ11 + τ22

and we have used (4.15)2.
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4.4 Plane incremental motions

We now illustrate the general theory by specializing the underlying

configuration to one consisting of a pure homogeneous strain and focus

attention on incremental motions in the (x1, x2) principal plane, so that

the incremental displacement u has components

u1(x1, x2, t), u2(x1, x2, t), u3 = 0. (4.29)

We also take the initial stress to be uniform and confined to the (x1, x2)

plane, so that τi3 = 0, i = 1, 2, 3. Moreover, the incremental

incompressibility condition (4.22)2 allows the components u1 and u2 to be

expressed in the form

u1 = ψ,2, u2 = −ψ,1, (4.30)

where ψ = ψ(x1, x2, t) is a scalar function. Elimination of ṗ from the two

resulting non-trivial components of the incremental equation of motion

(4.22)1, as detailed in [109], leads to an equation for ψ, namely

αψ,1111 + 2δψ,1112 + 2βψ,1122 + 2εψ,1222 + γψ,2222 = ρ(ψ,11tt + ψ,22tt),(4.31)

in which the (constant) coefficients are defined by

α = A01212, 2β = A01111 +A02222 − 2A01122 − 2A02112, γ = A02121,

δ = A01222 −A01112, ε = A01121 −A02122. (4.32)

Given that τi3 = 0, i = 1, 2, 3, we now assume additionally that τ12 = 0. It

follows that Σ12 = 0 and δ = ε = 0, and from (4.27) that the coefficients

α, β and γ are given by

α = 2Ŵ1λ
2
1 + 2Ŵ5Σ11, γ = 2Ŵ1λ

2
2 + 2Ŵ5Σ22, (4.33)

2β = α + γ + 4Ŵ11(λ2
1 − λ2

2)2

+ 8Ŵ15(λ2
1 − λ2

2)(Σ11 − Σ22) + 4Ŵ55(Σ11 − Σ22)2. (4.34)
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In the reference configuration these reduce to

α = 2Ŵ1 + 2Ŵ5τ11, γ = 2Ŵ1 + 2Ŵ5τ22,

β = 2Ŵ1 + Ŵ5(τ11 + τ22) + 2Ŵ55(τ11 − τ22)2,
(4.35)

with 2Ŵ5 = 1.

For the considered plane strain the strong ellipticity condition (4.24)

specializes to

αn4
1 + 2βn2

1n
2
2 + γn4

2 > 0, (n1, n2) 6= (0, 0), (4.36)

where m = (−n2, n1, 0), n = (n1, n2, 0). With different values of α, β and

γ necessary and sufficient conditions for (4.36) to hold were given by [105]

as

α > 0, γ > 0, β > −√αγ. (4.37)

4.5 Surface waves in a layered half-space

In this section we consider Rayleigh-type elastic surface waves guided by

a layer bonded to the surface of a half-space, the layer being of a different

material than that of the half-space. Let us consider an initially stressed

half-space that is subjected to a pure homogeneous strain with principal

stretches λ1, λ2, λ3 so that the deformed half-space is defined by x2 < 0 with

boundary x2 = 0 and we focus attention on the (x1, x2) principal plane.

The initial stress is also taken to be uniform, and we have already assumed

that τij = 0, i 6= j. The layer has uniform thickness h in the deformed

configuration and is defined by 0 ≤ x2 ≤ h. The (planar) invariants for

the material of half space are I1, I5, while the notations I∗1 and I∗5 are used

for the layer. The (plane strain) elasticity tensor for the half-space is given

by (4.27) and the corresponding elasticity tensor for the layer has a similar

form but with Ŵ , B and Σ replaced by Ŵ ∗, B∗ and Σ∗.

On specializing equation (4.14) we then obtain the only non-zero Cauchy

stress components as

σii = 2Ŵ1λ
2
i + 2Ŵ5λ

2
i τii − p, i = 1, 2, 3 (no summation) (4.38)
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for the half-space, and similarly for the layer:

σ∗ii = 2Ŵ ∗
1 λ
∗
i

2 + 2Ŵ ∗
5 λ
∗
i

2τ ∗ii − p∗, i = 1, 2, 3 (no summation). (4.39)

Now consider plane incremental motions within the half-space and layer

with incremental displacements u and u∗, respectively, having components

u1(x1, x2, t), u2(x1, x2, t), u∗1(x1, x2, t), u∗2(x1, x2, t), (4.40)

with u3 = u∗3 = 0.

We assume that the boundary x2 = h of the layer is free of incremental

traction, so that

Ṡ∗021 = 0, Ṡ∗022 = 0 on x2 = h. (4.41)

We also consider both the displacement and the incremental traction to

be continuous at the interface x2 = 0, so that

u1 = u∗1, u2 = u∗2, Ṡ∗021 = Ṡ021, Ṡ∗022 = Ṡ022 on x2 = 0. (4.42)

The non-trivial components of the incremental traction per unit area of

the surface and layer, respectively, are Ṡ02i and Ṡ∗02i, i = 1, 2, which are

given by

Ṡ02i = A02ilkuk,l + pu2,i − ṗδ2i, i = 1, 2, (4.43)

Ṡ∗02i = A∗02ilku
∗
k,l + p∗u∗2,i − ṗ∗δ2i, i = 1, 2. (4.44)

By differentiating (4.43) and (4.44) for i = 2 with respect to x1 and

eliminating ṗ,1 using the first component of the equation of motion (as in

[109] for the half-space problem), and similarly for ṗ∗,1, the incremental

traction continuity conditions (4.42)3,4 are expressed in terms of ψ and its
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counterpart ψ∗ for the layer as

(σ22 − γ)ψ,11 + γψ,22 = (σ∗22 − γ∗)ψ∗,11 + γ∗ψ∗,22, (4.45)

ρψ,2tt − (2β + γ − σ22)ψ,112 − γψ,222

= ρ∗ψ∗,2tt − (2β∗ + γ∗ − σ∗22)ψ∗,112 − γ∗ψ∗,222, (4.46)

on x2 = 0, the latter corresponding to Ṡ022,1 = Ṡ∗022,1. Note that by

continuity of the underlying configuration σ∗22 = σ22. The zero incremental

traction boundary conditions on x2 = h are

Ṡ∗021 = (σ∗22 − γ∗)ψ∗,11 + γ∗ψ∗,22 = 0, (4.47)

Ṡ∗022,1 = ρ∗ψ∗,2tt − (2β∗ + γ∗ − σ∗22)ψ∗,112 − γ∗ψ∗,222 = 0. (4.48)

Here we have used the connection

A0ijij −A0ijji = σii + p, i 6= j, (4.49)

which can be obtained from (4.23), and the corresponding one for the layer.

We now specialize the initial stress so that it has just one non-zero

component, namely τ11, τ
∗
11, in the half-space and layer, respectively. We

also assume that there is no traction on the boundary x2 = 0 associated

with the underlying configuration, so that σ22 = 0 and σ∗22 = 0.

We consider surface waves propagating along the x1 axis, which forms

with x2 a pair of principal axes of the underlying deformation so that the

displacement components are given by (4.40). We take the surface wave

to have the form

ψ = A exp[skx2 − ik(x1 − ct)], ψ∗ = A∗ exp[s∗kx2 − ik(x1 − ct)],(4.50)

in the half-space and layer, respectively, where A,A∗ are constants, k is the

wave number, c is the wave speed, and s, s∗ are to be determined. Using

equation (4.50) in the equation of motion (4.31), we obtain

γs4 − (2β − ρc2)s2 + (α− ρc2) = 0 (4.51)
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and

γ∗s∗4 − (2β∗ − ρ∗c2)s∗2 + (α∗ − ρ∗c2) = 0 (4.52)

for the half-space and layer, respectively.

For the half-space the solutions have to decay as x2 → −∞, which requires

that the relevant solutions of (4.51) for s should have positive real parts.

Let s1 and s2 be those solutions. Since −s∗ is a solution of (4.52) whenever

s∗ is, let s∗1, s∗2, −s∗1 and −s∗2 denote the roots. The general solutions for

ψ and ψ∗ of the considered type may then be written in the form

ψ = (A1es1kx2 + A2es2kx2) exp[ik(ct− x1)], (4.53)

and

ψ∗ = (A∗1es
∗
1kx2 + A∗2es

∗
2kx2 + A∗3e−s

∗
1kx2 + A∗4e−s

∗
2kx2) exp[ik(ct− x1)],(4.54)

where Ai, i = 1, 2, and A∗i , i = 1, ..., 4, are constants.

Following the arguments in Dowaikh and Ogden [105] and Ogden and

Sotiropoulos [98] we may deduce that there is an upper bound on the wave

speed according to

0 ≤ ρc2 ≤ ρc2
L =

 α if 2β ≥ α

2β − 2γ + 2
√
γ
√
α + γ − 2β if 2β ≤ α,

(4.55)

where cL (> 0) is the limiting speed. The limiting value cL for the case

when 2β ≥ α is the speed of a plane shear wave propagating in the

x1-direction with displacement in the x2-direction in an unbounded body

subjected to the same homogeneous pure strain and initial stress. It does

not correspond to a surface wave, and it is straightforward to show that

2β − 2γ + 2
√
γ
√
α + γ − 2β ≤ α, with equality if 2β = α.

At this point it is convenient to define the notation

η = [(α− ρc2)/γ]1/2, η2 = s2
1s

2
2 = (α− ρc2)/γ. (4.56)

In order to qualify as a surface wave in the half-space s2
1s

2
2 must be positive

and hence, without loss of generality, we may take η = s1s2 > 0, so that
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s1 and s2 must either both be real and positive or be complex conjugates.

If they are real

(s1+s2)2 = η2+2η+2β̄−ᾱ > 0, (s1−s2)2 = η2−2η+2β̄−ᾱ > 0, (4.57)

while if they are complex conjugates

(s1+s2)2 = η2+2η+2β̄−ᾱ > 0, (s1−s2)2 = η2−2η+2β̄−ᾱ < 0, (4.58)

within which we have defined the notation

ᾱ = α/γ, β̄ = β/γ. (4.59)

The counterpart of (4.55) in respect of η is then

√
ᾱ ≥ η ≥ ηL =

 0 if 2β ≥ α

(1 + ᾱ− 2β̄)1/2 − 1 if 2β ≤ α,
(4.60)

wherein ηL, the lower limiting value of η, is defined.

Similarly, we define

η∗ = [(α∗ − ρ∗c2)/γ∗]1/2, η∗2 = s∗21 s
∗2
2 = (α∗ − ρ∗c2)/γ∗, (4.61)

but we note that in contrast to η2, η∗2 may be either positive or negative,

and hence η∗ may be real or pure imaginary. We now consider these two

possibilities separately, with the notation

ᾱ∗ = α∗/γ∗, β̄∗ = β∗/γ∗. (4.62)

Case (a): η∗2 < 0.

In this case s∗21 and s∗22 cannot be complex conjugates and so must be real

and have opposite signs. If

s∗21 + s∗22 < 0 then ρ∗c2/γ∗ > max{ᾱ∗, 2β̄∗}, (4.63)

while if

s∗21 + s∗22 > 0 then ᾱ∗ < ρ∗c2/γ∗ < 2β̄∗. (4.64)
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On setting s∗1s
∗
2 = η∗ we also note that

(s∗1 + s∗2)2 = η∗2 + 2η∗ + 2β̄∗ − ᾱ∗ and (s∗1 − s∗2)2 = η∗2 − 2η∗ + 2β̄∗ − ᾱ∗
(4.65)

are complex conjugates.

Case (b): η∗2 > 0.

Without loss of generality we take s∗1s
∗
2 = η∗ > 0. Let us first consider the

situation in which s∗21 and s∗22 are real. Then, we have either

s∗21 > 0 and s∗22 > 0 with ρ∗c2/γ∗ < min{ᾱ∗, 2β̄∗} (4.66)

and

η∗2 ± 2η∗ + 2β̄∗ − ᾱ∗ > 0, (4.67)

or

s∗21 < 0 and s∗22 < 0 with 2β̄∗ < ρ∗c2/γ∗ < ᾱ∗ (4.68)

and

η∗2 ± 2η∗ + 2β̄∗ − ᾱ∗ < 0. (4.69)

On the other hand, if s∗21 and s∗22 are complex conjugates

η∗2 + 2η∗ + 2β̄∗ − ᾱ∗ > 0 > η∗2 − 2η∗ + 2β̄∗ − ᾱ∗, (4.70)

with 2β̄∗ − ρ∗c2/γ∗ having either sign:

2β̄∗ < ρ∗c2/γ∗ < ᾱ∗ or ρ∗c2/γ∗ < min{ᾱ∗, 2β̄∗}. (4.71)

Each of the possibilities in Case (a) and Case (b) arises within the

numerical examples illustrated in the following section.

Substituting (4.53) and (4.54) into the boundary conditions (4.41) and

(4.42), expressed through (4.45)–(4.48), with use of (4.51) and (4.52) we

obtain

(A∗1es
∗
1kh + A∗3e−s

∗
1kh)(1 + s∗21 ) + (A∗2es

∗
2kh + A∗4e−s

∗
2kh)(1 + s∗22 ) = 0,(4.72)

55



Surface waves in a layered half-space with initial stress

(A∗1es
∗
1kh − A∗3e−s

∗
1kh)s∗1(1 + s∗22 )

+(A∗2es
∗
2kh − A∗4e−s

∗
2kh)s∗2(1 + s∗21 ) = 0, (4.73)

A1 + A2 − A∗1 − A∗2 − A∗3 − A∗4 = 0, (4.74)

A1s1 + A2s2 − (A∗1 − A∗3)s∗1 − (A∗2 − A∗4)s∗2 = 0, (4.75)

[A1(s2
1 + 1) + A2(s2

2 + 1)]γ

−[(A∗1 + A∗3)(s∗21 + 1) + (A∗2 + A∗4)(s∗22 + 1)]γ∗ = 0, (4.76)

[A1s1(1 + s2
2) + A2s2(1 + s2

1)]γ

−[(A∗1 − A∗3)s∗1(1 + s∗22 )− (A∗2 − A∗4)s∗2(1 + s∗21 )]γ∗ = 0.

The set of equations (4.72)–(4.77) can be written in the matrix form

MA = 0, (4.77)

where A = (A1, A2, A
∗
1, A

∗
2, A

∗
3, A

∗
4) and M is the 6× 6 matrix

M =



1 1 −1 −1 −1 −1

s1 s2 −s∗1 −s∗2 s∗1 s∗2
γs1S2 γs2S1 −γ∗s∗1S∗2 −γ∗s∗2S∗1 γ∗s∗1S

∗
2 γ∗s∗2S

∗
1

γS1 γS2 −γ∗S∗1 −γ∗S∗2 −γ∗S∗1 −γ∗S∗2
0 0 S∗1e

s∗1kh S∗2e
s∗2kh S∗1e

−s∗1kh S∗2e
−s∗2kh

0 0 s∗1S
∗
2e
s∗1kh s∗2S

∗
1e
s∗2kh −s∗1S∗2e−s

∗
1kh −s∗2S∗1e−s

∗
2kh


(4.78)

within which we have used the notation Si = 1 + s2
i , S

∗
i = 1 + s∗2i , i = 1, 2.

For a nontrivial solution, the determinant of M must vanish. After

considerable manipulation it can be shown that detM can be written

detM = −2(s1 − s2)(s∗1 − s∗2)2(s∗1 + s∗2)2N ,
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where N has the form

N = A(η, η∗)
sinh2[1

2
kh(s∗1 + s∗2)]

(s∗1 + s∗2)2
− A(η,−η∗)sinh2[1

2
kh(s∗1 − s∗2)]

(s∗1 − s∗2)2

+ B(η, η∗)
sinh[kh(s∗1 + s∗2)]

(s∗1 + s∗2)
−B(η,−η∗)sinh[kh(s∗1 − s∗2)]

(s∗1 − s∗2)

+ C(η, η∗), (4.79)

in which, following [98], we have introduced the definitions

A(η, η∗) = 2f ∗(η∗)[γ2f(η) + γ∗2f ∗(η∗) + 2γγ∗(η − 1)(η∗ − 1)], (4.80)

B(η, η∗) = f ∗(η∗)γγ∗(η + η∗)η−1/2[f(η) + (η − 1)2]1/2, (4.81)

C(η, η∗) = 2γ2η∗f(η), (4.82)

with

f(η) = η3 + η2 + dη − 1, f(η∗) = η∗3 + η∗2 + d∗η∗ − 1. (4.83)

We have also defined

d = 2β̄ + 2− ᾱ, d∗ = 2β̄∗ + 2− ᾱ∗. (4.84)

Note that

(s1 + s2)2 = η2 + 2η + 2β̄ − ᾱ = η−1[f(η) + (η − 1)2] > 0

and

(s∗1 + s∗2)2 = η∗2 + 2η∗ + 2β̄∗ − ᾱ∗ = η∗−1[f ∗(η∗) + (η∗ − 1)2], (4.85)

the latter being complex in Case (a).

It is straightforward to show that N is real if η∗2 > 0 and pure imaginary

if η∗2 < 0. The formula (4.79) is the same as one derived in [98] [equation

(3.6) therein] apart from slight differences in notation. However, the

content is different since the values of the material parameters α, β, γ and

their starred counterparts are different. We focus first on some special

cases of N = 0 and then consider briefly the other factors in the
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expression for detM.

First, the limiting case kh → 0 corresponds to a half-space for which the

secular equation

f(η) = η3 + η2 + dη − 1 = 0 (4.86)

has been analyzed in detail in [109].

Second, kh → ∞ corresponds to the secular equation for interfacial

(Stoneley-type) waves along the boundary between two half-spaces,

having the equation

γ∗2f ∗(η∗) + γγ∗(η + η∗)η−1/2η∗−1/2[f(η) + (η − 1)2]1/2[f ∗(η∗) + (η∗ − 1)2]1/2

+ 2γγ∗(η − 1)(η∗ − 1) + γ2f(η) = 0. (4.87)

For the case in which the initial stress is a pre-stress associated with a finite

deformation this equation was derived by [106], but expressed in different

notation.

The third special case corresponds to the absence of the half-space (γ → 0),

and the dispersion equation reduces to

[f ∗(η∗)]2
sinh2[1

2
kh(s∗1 + s∗2)]

(s∗1 + s∗2)2
= [f ∗(−η∗)]2 sinh2[1

2
kh(s∗2 − s∗1)]

(s∗2 − s∗1)2
. (4.88)

This provides the dispersion equation for Lamb-type waves in a plate with

uniform thickness h and of infinite extent in the lateral directions.

The final special case corresponds to c = 0 (η =
√
ᾱ, η∗ =

√
ᾱ∗), in which

case equation (4.79) specializes accordingly and provides a criterion for the

existence of quasi-static incremental deformations.

Vanishing of either of the other factors s1 − s2, s∗1 − s∗2 or s∗1 + s∗2 may

also lead to solutions of the secular equation, but each such solution that

exists is independent of kh and arises as a special case of N = 0 for specific

ranges of values of ᾱ, β̄, ᾱ∗ and β̄∗.

4.6 Numerical illustrations

In order to illustrate the solutions of the secular equation N = 0 we now

select the simple prototype form of strain-energy function that was used
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in Shams et al. [113] and given (in slightly different notation) by

W =
1

2
µ(I1 − 3) +

1

4
µ1[I5 − (τ )]2 +

1

2
[I5 − (τ )], (4.89)

where µ > 0 is a material constant with the dimension of stress and µ1

is a material constant with dimension of stress−1. We allow µ1 to be

either positive or negative. The first term is the classical neo-Hookean

model of rubber elasticity, while the second and third terms introduce

the residual stress in a very simple form involving just the invariant I5

(and its specialization to the reference configuration) and ensuring that the

condition (4.8)2 is satisfied. For the plane strain problem considered in the

previous section we write (4.89) as Ŵ (I1, I5), the underlying deformation

corresponding to λ1 = λ, λ2 = λ−1 and λ3 = 1. In the layer quantities are

distinguished by an asterisk.

As we have already assumed the boundary x2 = h is free of traction in the

underlying configuration. Thus, σ22 = 0 and correspondingly τ22 = 0. The

Cauchy stress components are then obtained by specializing (4.14) as

σ11 = µλ2 + λ2τ + µ1(λ2 − 1)λ2τ 2 − p,
0 = σ22 = µλ−2 − p, σ33 = µ− p, (4.90)

where τ11 has been written simply as τ . Hence, on elimination of p,

σ11 = µ(λ2 − λ−2) + λ2τ + µ1(λ2 − 1)λ2τ 2, σ33 = µ(1− λ−2), (4.91)

the latter component being required to maintain the plane strain condition.

Similarly, for the layer we have

σ∗11 = µ∗(λ∗2 − λ∗−2) + λ∗2τ ∗ + µ∗1(λ∗2 − 1)λ∗2τ ∗2, σ∗33 = µ∗(1− λ∗−2).

(4.92)

At this point a comment on the effect of the term in µ1 on the material

response in the half-space is called for. In plane strain tension (λ > 1), for

example, positive µ1 increases the stiffness of the response, while negative

µ1 decreases the stiffness, the material softens on extension and the Cauchy

stress reaches a maximum. Similarly for the layer.
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For the model (4.89), the material coefficients are given by

ᾱ = λ4[1 + τ̄ + µ̄(λ2 − 1)τ̄ 2], d = 2β̄ − ᾱ + 2 = 3 + 2µ̄λ6τ̄ 2, (4.93)

ᾱ∗ = λ∗4[1 + τ̄ ∗ + µ̄∗(λ∗2 − 1)τ̄ ∗2], d∗ = 2β̄∗ − ᾱ∗ + 2 = 3 + 2µ̄∗λ∗6τ̄ ∗2,(4.94)

where we have used Σ11 = λ2τ , Σ∗11 = λ∗2τ ∗ and introduced the

dimensionless parameters τ̄ = τ/µ, τ̄ ∗ = τ ∗/µ∗, µ̄ = µµ1 and µ̄∗ = µ∗µ∗1.

We next consider the important special case kh = 0 corresponding to a

half-space without a layer that was treated by [109]. For kh = 0 the secular

equation reduces to f(η) = 0, where f(η) is given by (4.86), which is the

result obtained in [109]. Clearly f(0) = −1. Also, it is straightforward to

show that f(ηL) < 0. Hence, the requirement for the existence of a surface

wave is f(ᾱ1/2) > 0, and this gives

0 ≤ ηL < η <
√
ᾱ = λ2

√
ε, (4.95)

and

ξ ≡ λ6ε3/2 + λ4ε+ (3 + 2µ̄λ6τ̄ 2)λ2ε1/2 − 1 > 0, (4.96)

wherein we have defined ξ and introduced the notation

ε = 1 + τ̄ + µ̄(λ2 − 1)τ̄ 2 > 0. (4.97)

Note, with reference to (4.37), that f(ᾱ1/2) > 0 ensures that strong

ellipticity holds since

f(ᾱ1/2) = ᾱ + 2(β̄ + 1)ᾱ1/2 − 1 > 0

implies

(2β̄ + 2ᾱ1/2)ᾱ1/2 > (ᾱ1/2 − 1)2 ≥ 0.

As shown in [109] for a half-space, when a surface wave exists it is unique.

For the existence of a surface wave when kh = 0 we require both ε > λ−4η2
L

and ξ > 0. If µ̄ > 0 then ηL = 0, but if µ̄ < 0 then ηL is only zero for

certain ranges of values of λ and τ̄ , as discussed in [109]. [Note that there

is a typo in equation (6.26) of [109] (1/8 should be 1/4).]
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Examples of the region of (λ, τ̄) space for which ε > λ−4η2
L and ξ > 0 are

shown in Fig. 4.1 for both µ̄ > 0 and µ̄ < 0. The left-hand column of

plots is for µ̄ > 0 while the right-hand column is for µ̄ < 0, in which case

it is necessary to ensure that ηL =
√

1 + ᾱ− 2β̄ − 1 ≥ 0. In each case

the region of (λ, τ̄) space in which a surface wave exists is marked with

the + sign. In the left-hand column, Fig. 1 (a), (c), (e), the curves ε = 0

(continuous) and ξ = 0 (dashed) are shown, and in Fig. 1 (b), (d), (f) the

relevant curves are ηL = 0 (dashed) and ξ = 0 (continuous). In the latter

case ηL is positive only to the right of the curves ηL = 0. In (b) ξ is positive

between the two upper continuous curves and within the lower loop, while

in (d) and (f) it is positive in between the three continuous curves.

We now provide a range of plots based on the solution of N = 0 from

equation (4.79) in respect of the energy function (4.89) in dimensionless

form to obtain ζ = ρc2/µ as a function of kh. These are based on a

representative, but by no means exhaustive, set of values of

µ̄, µ̄∗, τ̄ , τ̄ ∗, λ, λ∗ and the ratios R = ρ∗µ/ρµ∗ and r = µ∗/µ that illustrate

the main features that can arise.

First, in Figs. 4.2 and 4.3, for the classical incompressible linearly elastic

case with no initial stress, we show how ζ changes with R and r. In Fig.

4.2 results for R ≤ 1 are shown. In this case η∗2 = 1−Rζ is positive since

ζ = 1 is the upper limit for ζ. In each of the subfigures in Figs. 4.2(a)–

(d) each of the curves passes through the classical limiting value ζ ≈
0.9126 when kh = 0 (see [105] for detailed discussion and references to the

incompressible classical theory) and there is only one propagation mode.

Except for r < 1 there is a cut-off value of kh above which waves do

not propagate, while for r < 1 the wave speed is constant over a wide

range of values of kh and tends to the interfacial wave speed between two

half-spaces as kh→∞.

In Figs. 4.2(e) there are two modes for r = 0.2 and for only the first mode

ζ ≈ 0.9126 when kh = 0, and the second mode emerges at a positive value

of kh, a mode that has a cut off value of kh for low values of kh. For each

of r = 1 and r = 5 there is only one mode. Finally, in Fig. 4.2(f), where

R = 1, there are two modes for each r 6= 1, but there is no dependence on

kh for r = 1 because the half-space and layer materials are then identical,

and the result is that for a half-space (non-dispersive). The results for
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r = 1, r < 1 and r > 1 shown in Fig. 4.2 correspond to the continuous,

thick continuous and dashed curves, respectively. No modes other than

those shown appear at larger values of kh, and the general trend is the

same for values of r other than those for which results are shown here.

In Fig. 4.3 corresponding results are illustrated for R = 1 and three values

of R > 1. In this case η∗ = 0 for ζ = 1/R and the dependence of ζ on kh

when R > 1 separates into the regions ζ < 1/R (η∗2 > 0) and ζ > 1/R

(η∗2 < 0). In each case the lower branch passes through ζ ≈ 0.9126 at

kh = 0 for each value of r but multiple other branches (modes) emerge at

finite values of kh except for R = 1 in Fig. 4.3(a), which is the same as

Fig. 4.2(f). Similar results are found for larger values of R.

Figure 4.4 serves to confirm that for the considered range of values used

the effect of an initial stress is very similar to the effect of an initial stretch.

Indeed, if the initial stress was calculated from a constitutive law for the

same stretch then the effect would be identical. In each panel curves for

three values of r, with R = 1, µ̄ = µ̄∗ = 0 are shown to illustrate the

comparative effect of the relative stiffnesses of the layer and half-space.

In Fig. 4.4(a) the stretches in the layer and half-space are set at unity

(λ = λ∗ = 1), the initial stress τ̄ ∗ = 0 in the layer and that in the half-space

negative (τ̄ = −0.2), while Fig. 4.4(c) has λ∗ = 1, τ̄ = τ̄ ∗ = 0 and λ = 0.9.

Thus, the results show that the qualitative features of compressive initial

stress and compressive stretch in the half-space are the same. Similarly, by

comparing Figs. 4.4(b) and 4.4(d) the same applies when the compressive

stretch and initial stress are in the layer instead. In particular, when there

is a compressive stretch or initial stress in the half-space only one surface

wave branch exists, but if there is a compressive stretch or initial stress in

the layer multiple modes are possible.

Figure 4.5 shows examples of corresponding results for tensile stretches

and initial stresses. If these are in the half-space then multiple modes

exist while for the layer only one mode arises.

These comparisons are limited to separate consideration of the stretches

and the initial stresses, but when both stretches and initial stresses are

included independently then the results can be significantly different. First,

we note that if the material constants µ̄ and µ̄∗ are positive then their roles

in (4.93) and (4.94) can be captured by varying τ̄ 2 and τ̄ ∗2, respectively.
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Indeed, a range of plots for µ̄ = 1 and µ̄∗ = 1 does not reveal qualitative

differences from those shown in Figs. 4.4 and 4.5, and we therefore focus on

negative values of µ̄ and/or µ̄∗, which can have a significant influence. To

illustrate the effect of a negative µ̄∗, Fig. 4.6 shows results for µ̄∗ = −1.5

with µ̄ = 0, τ̄ = τ̄ ∗ = 1, λ = λ∗ = 1 and R = 1, with r = 0.1 and r = 10 in

the left and right figures, respectively. In this case multiple modes appear,

the first corresponding to the half-space value at kh = 0, but they are

different from the multiple modes seen in Figs. 4.3–4.5. Although, for each

r, the secondary modes appear to meet, when seen on a larger scale they

are clearly completely separate.

Figure 4.7 shows two further examples, which are quite different from

those in Fig. 4.6. First, in Fig. 4.7(a) with λ = 1, λ∗ = 0.8, R = 1,

µ̄ = −1.5, τ̄ = −0.5, µ̄∗ = 0, τ̄ ∗ = −0.5, ζ is plotted against kh for three

values of r: 0.2, 1, 2. In this case there are multiple branches for each r,

the first passing through the relevant half-space surface wave value at

kh = 0 and the subsequent ones emerging at a non-zero value of kh. The

new feature exemplified here is that as r increases (i.e. the layer becomes

stiffer relative to the half-space) ζ becomes zero at two values of kh

between which surface waves do not exist. A zero value of ζ is associated

with the appearance of a static incremental mode of deformation arising

at a point when the underlying configuration of the half-space/layer

combination becomes unstable, resulting in surface undulations. The

second example is shown in Fig. 4.7(b) with λ = 1.2, λ∗ = 0.8, R = 0.8,

µ̄ = −1, τ̄ = 1, µ̄∗ = 0, τ̄ ∗ = −0.5 and for r = 0.2, 0.5, 2 and again ζ is

plotted against kh.

This leads, finally, to separate consideration of some situations in which

ζ = 0. Since the roles of λ and λ∗ are in many cases similar to those of

τ̄ and τ̄ ∗, in Fig. 4.8 we fix λ = λ∗ = 1 and µ̄ = µ̄∗ = 0, R = 1 and

plot τ̄ ∗ against kh for a series of values of r with a negative and a positive

τ̄ in the two panels. The curves in the two cases are very similar, with

relatively small numerical differences. As the value of τ̄ ∗ is reduced from

zero the uniform configuration remains stable until, for a given value of

r, the appropriate curve is met, at which point surface undulations can

appear that depend on kh. This occurs first for the larger values of r, i.e.

for the stiffest layers.
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On the other hand, in Fig. 4.9, instead of fixing λ = λ∗ = 1, we fix

τ̄ = τ̄ ∗ = 0 and plot λ against kh for four separate values of λ∗ and, in

each panel, several values of r. For the stiffest layers the results are very

sensitive to values of compressive stretch, as Figs. 4.9(b), 4.9(c) and 4.9(d)

demonstrate. In particular, a closed loop emerges for a small range of

values of kh and as the compression advances this loop merges with the rest

of the curve for r = 6 and expands upwards as the compression increases

(not shown). Thus, for any given layer thickness the structure becomes

very unstable for a range of wave numbers, and to prevent instability the

stretch λ in half-space should therefore be sufficiently large.

Note that the value of λ at kh = 0 corresponds to the classical instability

value for a compressed neo-Hookean half-space under plane strain

(≈ 0.544) due to Biot and detailed in his book [104]; see also [105] for

further discussion.

In this section we have selected particular values of the various stretch,

initial stress and material parameters in order to illustrate the different

features that can arise when considering the propagation of surface waves

and loss of stability of a layered half-space. Clearly, many other possible

combinations of these parameters could be adopted, but those we have

chosen for illustration provide a representative range of possible results.
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Figure 4.1: Plots of the curves ε = 0 (dashed curves) and ξ = 0 (continuous
curves) in (λ, τ̄) space for µ̄ = (a) 0.5, (c) 1, (e) 5. The + sign indicates the
regions of values of λ and τ̄ for which surface waves exist and where ξ > 0. Plots
of the curves ηL = 0 (dashed) and ξ = 0 (continuous) for µ̄ = (b) −0.5, (d) −1,
(f) −5. The + sign indicates the regions of values of λ and τ̄ for which surface
waves exist and where ηL > 0 and ξ > 0.
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Figure 4.2: Plots of ζ = ρc2/µ against kh with λ = λ∗ = 1, τ̄ = τ̄∗ = 0 and
r = 0.2 (thick continuous curves), r = 1 (continuous curves), r = 5 (dashed
curves): (a) R = 0.1; (b) R = 0.4; (c) R = 0.6; (d) R = 0.9; (e) R = 0.95; (f)
R = 1.
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Numerical illustrations
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Figure 4.3: Plots of ζ = ρc2/µ against kh with λ = λ∗ = 1, τ̄ = τ̄∗ = 0 and
r = 0.2 (thick continuous curves), r = 1 (continuous curves), r = 5 (dashed
curves): (a) R = 1; (b) R = 1.25; (c) R = 1.6; (d) R = 2.
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Figure 4.4: In each panel ζ = ρc2/µ is plotted against kh for R = 1 and r = 0.2
(thick continuous curves), r = 1 (continuous curves), r = 5 (dashed curves):
(a) λ = λ∗ = 1, τ̄ = −0.2, τ̄∗ = 0; (b) λ = λ∗ = 1, τ̄ = 0, τ̄∗ = −0.2; (c)
λ = 0.9, λ∗ = 1, τ̄ = 0, τ̄∗ = 0; (d) λ = 1, λ∗ = 0.9, τ̄ = 0, τ̄∗ = 0.
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Figure 4.5: In each panel ζ = ρc2/µ is plotted against kh for R = 1 and
r = 0.2 (thick continuous curves), r = 1 (continuous curves), r = 5 (dashed
curves):(a) λ = λ∗ = 1, τ̄ = 1, τ̄∗ = 0; (b) λ = λ∗ = 1, τ̄ = 0, τ̄∗ = 1; (c)
λ = 1.2, λ∗ = 1, τ̄ = 0, τ̄∗ = 0; (d) λ = 1, λ∗ = 1.4, τ̄ = 0, τ̄∗ = 0.
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Figure 4.6: Plots of ζ against kh for λ = λ∗ = 1, R = 1, µ̄ = 0, τ̄ = 1, µ̄∗ = −1.5,
τ̄∗ = 1: (a) r = 0.1; (b) r = 10.
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Figure 4.7: Plots of ζ against kh: (a) λ = 1, λ∗ = 0.8, R = 1, µ̄ = −1.5,
τ̄ = −0.5, µ̄∗ = 0, τ̄∗ = −0.5, and r = 0.2, 1, 2 corresponding to the thick
continuous, continuous and dashed curves, respectively; (b) λ = 1.2, λ∗ = 0.8,
R = 0.8, µ̄ = −1, τ̄ = 1, µ̄∗ = 0, τ̄∗ = −0.5, and r = 0.2, 0.5, 2 corresponding to
the thick continuous, continuous and dashed curves, respectively.
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Figure 4.8: Plots of τ̄∗ against kh for µ̄ = µ̄∗ = 0, λ = λ∗ = 1, ζ = 0,
R = 1: (a) τ̄ = −0.5; (b) τ̄ = 0.5. In each of (a) and (b) curves are shown
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Figure 4.9: Plots of λ vs kh for µ̄ = µ̄∗ = 0, τ̄ = τ̄∗ = 0, ζ = 0, R = 1, r =
µ∗/µ = 0.2, 1, 3.8, 6 in each plot. The panels (a), (b), (c), (d) correspond to
λ∗ = 1.4, 0.854, 0.85, 0.8, respectively.
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5
The following points briefly describe the most important contributions of

this thesis as well as its conclusions.

� The propagation of non-principal Rayleigh waves in deformed

transversely isotropic incompressible solids has been investigated in

this thesis. The explicit secular equation for Rayleigh waves is

obtained employing the method of polarization vector. This

generalizes previous analyses dealing with isotropic incompressible

pre-stressed materials. Exact formulas for the velocity of Rayleigh

waves are derived for two special cases obeying that the wave

propagation direction coincides with one of the principal direction

of the pre-strain.

� The work in this thesis has been shown that the wave velocity

depends strongly on the anisotropic character of the material

model.

� The explicit and implicit secular equations for the speed of a

(surface) Rayleigh wave propagating in a pre-stressed, doubly

fiber-reinforced incompressible nonlinearly elastic half-space have

been obtained in this thesis. The free surface coincides with one of

the principal planes of the primary pure homogeneous strain, but

the surface wave is not restricted to propagate in a principal

direction. This generalizes previous results dealing with

transversely isotropic nonlinearly elastic solids (see [62]). To
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illustrate the analysis, several strain energy functions have been

considered. In particular, the materials under consideration are

neo-Hookean models augmented with two functions, each one of

them accounting for the existence of a unidirectional reinforcement.

The functions endow the material with its anisotropic character and

each one is referred to as a reinforcing model. In this thesis we

consider two cases for the nature of the anisotropy: on the one

hand, reinforcing models that have a particular influence on the

shear response of the material (I5, I7); on the other hand,

reinforcing models that depend only on the stretch in the fiber

direction (I4, I6). The anisotropy influences the surface wave

velocity of the isotropic base model.

� The work in this thesis shows that the influence on the wave velocity

of the isotropic base model introduced by the invariants I5 and I7

is stronger than the one given by the invariants I4 and I6. models

at hand are prototypes and have to be used with caution specially

under fiber compression (see [92]).

� In this thesis we have also analyzed the combined effect of a

uniform initial stress and finite deformation on the propagation of

harmonic waves of infinitesimal amplitude in a half-space of elastic

material with an overlying layer of uniform thickness and different

material which is also subjected to a uniform initial stress and/or

finite deformation. In particular, we have confirmed that when

considered separately, not unexpectedly, the finite deformation and

initial stress have similar consequences, but when they are both

included independently the character of the waves is somewhat

different.

� The work in this thesis also considers the special circumstances in

which the wave speed vanishes, which corresponds to the emergence

of small amplitude undulations of the layer and surface at critical

values of the initial stress, deformation and material parameters.

The analysis conducted here determines the point of bifurcation (or

buckling) initiation, and we have not considered the post-bifurcation

regime, which has also attracted recent attention but is more difficult
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to analyze in the general nonlinearly elastic context.

� However, several authors have examined post-buckling using a

perturbation approach, mainly by considering the bonding of an

unstretched stiff thin film to a stretched compliant substrate, which

is then relaxed so that the film buckles. For example, [114] adopted

a beam model for the film and a compressible neo-Hookean model

for the substrate. Beyond the initiation of these so-called wrinkling

deformations, in the post-bifurcation regime, the wrinkles can

develop into different structures, including period doubling, folding,

and crease and ridge formation, as exemplified in the work of [115],

[116], [117] and references therein which involved combinations of

theoretical analysis and finite element calculations supported by

experimental observations of these characteristics.

� The results obtained in this thesis clearly show that finite

deformation, initial stress and material properties have a strong

influence on the mechanical characteristics of different types of

structure, as exemplified by the layer/half-space substrate structure

considered here. Detailed fully nonlinear analysis for other

structures is therefore desirable in order to determine critical

conditions corresponding to the onset of bifurcation and the

post-bifurcation continuation into the fascinating patterns

illustrated in the papers cited in the references.
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appendix

Appendix. Torsion and inflation of a tube

A Kinematics and geometry

Consider a material continuum which, when unstressed and unstrained,
occupies the reference configuration Br . Let a typical material point in this
configuration be identified by its position vector X. The corresponding
position vector in the deformed configuration B is denoted x, and the
deformation from Br to B is written x = χ(X), where the vector function
χ is refered to as the deformation (attention is confined to aqua-static
deformations here). The deformation gradient tensor, denoted F, is given
by

F = Gradχ(X) (A.1)

where Grad is the gradient operator with respect to X. The associated
right and left Cauchy-Green deformation tensors, denoted C and B,
respectively, are defined by

C = FTF = U2, B = FFT = V2 (A.2)

where T signifies the transpose of a second-order tensor, U and V,
respectively, are the right and left stretch tensors, which are positive
definite and symmetric and come from the polar decomposition
F = RU = VR, R being a proper orthogonal tensor. For a homogeneous
incompressible nonlinearly isotropic elastic solid, the elastic stored energy
(defined per unit volume) depends on only two invariants, which are the
principal invariants of C (equivalently of B), defined by

I1 = tr(C) = λ2
1 +λ2

2 +λ2
3, I2 =

1

2
[(trC)2− tr(C2)] = λ2

1λ
2
2 +λ2

2λ
2
3 +λ2

3λ
2
1

(A.3)
where λi > 0, i ∈ {1, 2, 3} are the principal stretches, i.e. the eigenvalues
of U and V. The incompressibility constraint may be written as

det F = 1, or λ1λ2λ3 = 1, (A.4)

equivqlently in terms of F and the principal stretches, respectively.
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A.1 Combined extension, inflation and torsion

We now consider a circular cylindrical tube, which, in terms of cylindrical
polar coordinates (R,Θ, Z), is defined by

A ≤ R ≤ B, 0 ≤ Θ ≤ 2π, 0 ≤ Z ≤ L (A.5)

in the reference configuration Br, where A and B are the internal and
external radii and L in the length of the tube. The position vector X of a
point of tube is given by

X = RER + ZEZ , (A.6)

where ER and EZ are the unit basis vectors associated with R and Z,
respectively. We also denote by EΘ the corresponding unit vector
associated with Θ.
The position vector x in the deformed tube is written

x = rer + zez, (A.7)

where we make use of cylindrical polar coordinates (r, θ, z) in B, which
are associated with unit basic vectors er, eθ, ez, respectively. The
(isochoric) deformation consisting of axial extension, radial inflations and
a superimposed torsion is defined by

r =
√
a2 + λ−1

z (R2 − A2), θ = Θ + ψλzZ, z = λzZ, (A.8)

where λz is the (uniform) axial stretch of cylinder, and ψ is the torsional
deformation per unit deformed length. Plane cross sections of the tube
remain plane, and an initial radius at axial coordinate Z turns through
an angle ψz after axial extension. The deformation geometry of the tube
defined by

a ≤ r ≤ b, 0 ≤ θ ≤ 2π, 0 ≤ z ≤ l = λzL. (A.9)

For this deformation, the deformation gradient is calculated explicitly as

F = λrer ⊗ ER + λθeθ ⊗ EΘ + λzez ⊗ EZ + λzγeθ ⊗ EZ , (A.10)

where we have defined γ as γ = ψr and λr, λθ and λz are the principal
stretches in the radial, azimuthal and axial directions prior to an
application of torsion. In particular, λθ = r/R. Nevertheless, the
incompressibility constraint (A.4)2 becomes

λrλθλz = 1. (A.11)

which is dependent of γ. The deformation tensor (A.2) are calculated as

C = λ2
rER ⊗ ER + λ2

θEΘ ⊗ EΘ + λ2
z(1 + γ2)EZ ⊗ EZ

+ γλzλθ(EΘ ⊗ EZ + EZ ⊗ EΘ),

B = λ2
rer ⊗ er + (λ2

θ + γ2λ2
z)eθ ⊗ eθ + λ2

zez ⊗ ez + γλ2
z(eθ ⊗ ez + ez ⊗ eθ).

(A.12)
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by refering to the expression for C above, the definition (A.3)1, (A.4)2 and
(A.11), it may be deduced that the principal stretches λ1, λ2, λ3, with a
suitable ordering, can be taken to satisfy

λ1 = λr, λ2λ3 = λθλz, λ2
2 + λ2

3 = λ2
θ + λ2

z. (A.13)

B Equilibrium and residual stress

Throughout this chapter, we assume that there are no body forces present.
The Cauchy stress σσσ and the nominal stress S then satisfy the equilibrium
equations

divσσσ = 0, DivS = 0, (B.1)

respectively, where div and Div are the divergence operators with respect
to x ∈ B and X ∈ Br, respectively, and are connected by σσσ = FS.
Appropriate traction boundary ∂Br of Br, but we do not specify these at
this point.
We now assume that the reference configuration Br is residually stressed,
with the residual stress tensor denoted by τττ . In this configuration, S =
σσσ = τττ ,i.e. there is no distinction between different measures of stress since
the deformation is measured from Br.
The source of τττ does not concern us here. It may associated with some
prior material processing, plastic deformation or manufacturing process,
for example, and it assumed to be known. It arises in the absence of body
forces and surface tractions on the boundary ∂Br of the material body Br.
It is also assumed that it is not accompanied by intrinsic couple stresses,
so that it is symmetric (τττT = τττ) and therefore the rotational balance
equations are satisfied in Br as well as the equilibrium equation

Divτττ = 0. (B.2)

Since there are no surface tractions, then, by definition, τττ must also satisfy
the boundary condition

τττN = 0 on ∂Br. (B.3)

Note that τττ is a residual stress and is distinguished from other types of
initial stress, which may associated with surface tractions. We emphasize
at this point that residual stresses are necessarily non-uniform and
geometry dependent, and the elastic response of a residually stressed
material body is therefore inhomogeneous.
For the considered circular cylindrical geometry, it is appropriate to
assume that only components of residual stress are τRR, τΘΘ and τZZ ,i.e.
there is no residual shear stress, an assumption that is compatible with
the boundary condition (B.3) that the residual stress must satisfy.
However, the Z component of the equilibrium equation and corresponding
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boundary condition τZZ ≡ 0. The remaining components, τRR and τΘΘ,
can then be taken to depend only on R, and the non-trivial component of
the equilibrium equation (B.2) is the radial equation

dτRR
dR

+
1

R
(τRR − τΘΘ) = 0, (B.4)

with accompanying boundary condition from (B.3)

τRR = 0 on R = A,B. (B.5)

Note that if τRR is known, then τΘΘ is determined by (B.4) as d(RτRR)/dR.

C Constitutive laws

For a homogeneous incompressible elastic solid, the strain energy is a
function only of the deformation gradient F, and we write the strain
energy function as W (F) per unit volume, although, by objectively, W
depends on F only through the right Cauchy-Green tensor C defined in
(A.2). The Cauchy and nominal stress tensors σσσ and S are given by

σσσ = F
∂W

∂F
(F, τττ)− qI, S =

∂W

∂F
− qF−1, (C.1)

where q is a Lagrange multiplier associated with the incompressible
constraint (A.4)1 and I is the identity tensor in B.
When the material is residually stressed, then it is also inhomogeneous.
We consider its response still to be elastic relative to Br, with dependence
on X through τττ(X) and we count for this by including τττ in the argument
of W . Thus, we write

W = W (F, τττ). (C.2)

Note that this is automatically objective since τττ is unaffected by rotation
in the deformed configuration B and W depends on F only via C = FTF.
We also note that if the material has no intrinsic preferred directions in
Br other than those associated with τττ (its eigenvectors), then the elastic
properties of the material relative to Br are anisotroic, i.e. τττ has an effect
on the constitutive law analogous to that of a structure tensor associated
with preferred directions. We shall elaborate on this point shortly.
The presence of τττ does not affect the formula (C.1)1 for the Cauchy stresses
except by the dependence of W on τττ . It given by

σσσ = F
∂W

∂F
(F, τττ)− qI. (C.3)

When F = I this reduces to

τττ =
∂W

∂F
(I, τττ)− q(r)I, (C.4)
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where q(r) is value of q in Br. Equation (C.4) impose restrictions on the
combination of W and τττ , that will be made more explicit in the following
subsection.
Any symetric second-order tensor can be expressed in the spectral form
in terms of its eigenvalues and eigenvectors. In particular, in terms of its
eigenvalues, τ1, τ2, τ3 and (unit) eigenvectors M1,M2,M3, say, τττ can be
written

τττ = τ1M1 ⊗M1 + τ2M2 ⊗M2 + τ3M3 ⊗M3 (C.5)

and when τττ is included in W , each Mi⊗Mi, (i = 1, 2, 3) has a role similar
to a structure tensor associated with a single preferred direction, as for a
fibre-reinforced material. However, the Mi⊗Mi are not independent since
they satisfy the identity

M1 ⊗M1 + M2 ⊗M2 + M3 ⊗M3 = I, (C.6)

where I is the identity tensor in Br. Thus, τττ generates invariants , which
contribute to the independent variables in the functional dependence of
W . In particular, by specializing τττ to a rank-one tensor, say M ⊗M, we
recover the invariants associated with transverse isotropy. We now consider
an invariant formulation for W with the invariants generated by C and τττ .

C.1 Invariant formulation

With W written explicitly as W (C, τττ), it is clear that W is automatically
objective. In the absence of any instrinsic material symmetry, W is an
isotropic function of the combination of C and τττ and must therefore satisfy
the symmetry condition

W (Q∗CQ∗T,Q∗τττQ∗T) = W (C, τττ), (C.7)

for all orthogonal Q∗ in Br. For an incompressible material, this is
equivalent to the dependence of W on nice invariants of C, τττ and their
combinations. These are typically taken to be , for C,

I1 = trC, I2 =
1

2
[(trC)2 − trC2], (C.8)

as for an isotropic material (note that the third invariant I3 = det C is
equal to 1 for an incompressible material). Similar for τττ (except that there
is no counterpart for τττ of the incompressibility constraint det C = 1),

I4 = {I41, I42, I43} ≡
{
trτττ ,

1

2
[(trτττ)2 − tr(τττ 2), detτττ ]

}
, (C.9)

which are collectively denoted I4. Then, we take the set of independent
invariants involving the combination of C and τττ to be

I5 = tr(τττC), I6 = tr(τττC2), I7 = tr(τττ 2C), I8 = tr(τττ 2C2). (C.10)
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We emphasize that the above set of nine invariants or an equivalent set of
alternative invariants, forms a complete set of invariants of C and τττ in three
dimensions. When the dimension of the considered problem is reduced
from three to two, such as for plane strain, the number of independent
invariants is reduced.
We may now regard W as a function of the above invariants. Thus, we
take W = W (I1, I2, I4, I5, I6, I7, I8), and in the following we use the
notation Wi = ∂W/∂Ii, i = 1, 2, 4, 5, 6, 7, 8. On evaluation of ∂Ii/∂F,
i = 1, 2, 4, 5, 6, 7, 8, the Cauchy stress tensor (C.3) then expands out as

σσσ =2W1BBB + 2W2(I1BBB −BBB2) + 2W5ΣΣΣ + 2W6(ΣΣΣBBB +BBBΣΣΣ)

+2W7ΣΣΣBBB
−1ΣΣΣ + 2W8(ΣΣΣBBB−1ΣΣΣBBB +BBBΣΣΣBBB−1ΣΣΣ)− qI, (C.11)

in which we have introduced the notation Σ = FτττFT for the Eulerian
tensor which is push forward of τ from Br to B. We also recall that
B = FFT is the left Cauchy-Green tensor.
The invariants of τττ are not affected by the deformation, while in the
configuration Br, the other invariants reduce to

I1 = I2 = 3, I5 = I6 = trτττ , I7 = I8 = tr(τττ 2). (C.12)

By evaluating (C.11) in Br, we obtain the specialization of (C.4) in the
form

τττ = (2W1 + 4W2 − q(r))I + 2(W5 + 2W6)τττ + 2(W7 + 2W8)τττ 2, (C.13)

where all Wii, i ∈ {1, 2, 4, 5, 6, 7, 8}, are evaluated for the invariants given
by (C.12). Thus, we obtain the residual stress-dependent restrictions

2W1 + 4W2 − q(r) = 0, 2(W5 + 2W6) = 1, W7 + 2W8 = 0, (C.14)

on the strain-energy function in Br where again the Wi are evaluated in
Br.

D Application to combined extension,

inflation, torsion

For the considered deformation, with C given by (A.12)1 and residual stress
components τRR and τΘΘ, the invariants are given by

I1 = λ2
r + λ2

θ + λ2
z(1 + γ2), I2 = λ2

θλ
2
z + λ2

rλ
2
z(1 + γ2) + λ2

rλ
2
θ,

I41 = τRR + τΘΘ, I42 = τRRτΘΘ, I43 = 0,

I5 = λ2
rτRR + λ2

θτΘΘ, I6 = λ4
rτRR + λ2

θ(λ
2
θ + γ2λ2

z)τΘΘ,

I7 = λ2
rτ

2
RR + λ2

θτ
2
ΘΘ, I8 = λ4

rτ
2
RR + λ2

θ(λ
2 + γ2λ2

z)τ
2
ΘΘ.

(D.1)
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They depend on just three independent deformation variables, which we
take as λθ, λz, and γ together with τRR and τΘΘ, λr being given by the
incompressibility condition (A.11) in terms of λθ and λz. We therefore
write the strain energy as a function of these variables, specially
Ŵ (λθ, λz, γ, τRR, τΘΘ), which is defined by

Ŵ (λθ, λz, τRR, τΘΘ) = W (I1, I2, I4, I5, I6, I7, I8), (D.2)

with I1, I2, I4, I5, I6, I7, I8 given by (D.1). Then a straightforward
calculation using the appropriate specialization of the components of the
Cauchy stress in (C.11), the expression for B in (A.12) and the
component matrix of ΣΣΣ = FτττFT , which has the diagonal form
diag[λ2

rτΘΘ, λ
2
rτRR, 0], leads to the compact formulas

σθθ − σrr = λθ
∂Ŵ

∂λθ
+ γ

∂Ŵ

γ
,

∂Ŵ

∂γ
,

σzz − σrr = λz
∂Ŵ

∂λz
− γ ∂Ŵ

∂γ
,

σθθ − σrr = λθ
∂Ŵ

∂λθ
+ γ

∂Ŵ

γ
,

∂Ŵ

∂γ
,

σzz − σrr = λz
∂Ŵ

∂λz
− γ ∂Ŵ

∂γ
,

(D.3)

with σrθ = 0 and σrz = 0. These formulas are the same as those for a fibre-
reinforced material with a single family of fibres except that in that case
σrθ and σrz are in general nonzero, although the content is different since
Ŵ is different - it involves residual stress instead of the transverse isotropy
associated with a single preferred direction. By default, the formulas also
apply in isotropic case, with a recovered by setting the residual stress to
zero.

D.1 Equilibrium and boundary load

Since λz is a constant and λθ and γ depend only on r (equivalently R)
while σrθ = σrz = 0, the equilibrium equation (B.1) − 1 reduces to one
scalar equation, namely

r
d

dr
(σrr) + σrr − σθθ = 0, (D.4)

which can be intergrated to be

σrr − σrr(a) =

∫ r

a

(σθθ − σrr)
dr

r
, (D.5)

where σrr(a) is the value of σrr on the boundary r = a.

83



We now consider the situation in which the inner surface r = a is subject
to a presure P and no traction is applied on r = b. Then σrr(a) = −P and
σrr(b) = 0 , and with the help of (D.3)1, equation (D.5) becomes

P =

∫ b

a

λθ
∂Ŵ

∂λθ

dr

r
. (D.6)

E Two simple models with residual stress

We restric attention to strain energy functions that consist of a basic
neo-Hookean isotropic energy function supplemented by a term linear in
either I5 or I6, and hence linear in τττ . Thus, we consider the strain-energy
functions defined by

W =
1

2
µ(I1 − 3) +

1

2
(I5 − trτττ) (E.1)

and

W =
1

2
µ(I1 − 3) +

1

4
(I6 − trτττ) (E.2)

where µ(> 0) is a constant, which corresponds to the shear modulus in
the undeformed configuration of a neo-Hookean (isotropic) material. The
second term is the strain energy associated with the residual stress and we
have taken account of the restriction (C.14)2. The invariants I1, I5, I6 are
given by (D.1).
The expression (C.11) for the Cauchy stress simplifies to

σσσ = µB + ΣΣΣ− qI, σσσ = µB +
1

2
(ΣΣΣB + BΣΣΣ)− qI, (E.3)

respectively, for these two energy functions, so that the residual stress in
accounted for in somewhat different ways.
In conjunction with these models, it suffices to adopt a specific form of
the residual stress component τRR that satisfies the boundary conditions
(B.5). we therefore choose the simple form

τRR = α(R− A)(R−B), (E.4)

and hence, from (B.4), τΘΘ is given by

τΘΘ = α[3R2 − 2(A+B)R + AB], (E.5)

where α is constant which defines the strength of the residual stress. Note
that τRR < 0(> 0).

84



We obtain for (E.1)

λθŴλθ = µ(λ2
θ − λ−2

θ λ−2
z ) + λ2

θ − λ−2
θ λ−2

z τRR,

λzŴλz = µ[λ2
z − λ−2

θ λ−2
z ]− λ−2

θ λ−2
z τRR,

(E.6)

and for (E.2)

λθŴλθ = µ(λ2
θ − λ−2

θ λ−2
z ) + λ4

θτΘΘ − λ−4
θ λ−4

z τRR,

λzŴλz = µ(λ2
z − λ−2

θ λ−2
2 )− λ−4

θ λ−4
z τRR,

(E.7)

F Linear stability analysis

The stability of the hollow cylinder subjected to finite torsion is
investigated using the method of incremental deformations superposed on
finite strains. First, we define a perturbation of the basic axisymmetric
solutions and, second, we solve the associated incremental problem for
calculating the critical values for the torsion rate at the onset of the
torsional instability.

F.1 Definition of the incremental deformation

Let us define an infinitesimal perturbation δx of the basic solution x as
follows:

x̄ = x + δx = χ(X)χ(1)(x) (F.1)

where x̄ is the perturbed position vector, and χ(1) : BBr is the
incremental mapping that take the spatial position vector x into the
perturbed configuration. If the displacement vector δx satisfies the
condition | δx |2�| δx |, for all x ∈ B, then we can refer to χ(1) as an
incremental deformation. The incremental displacement vector δx, can
be express as

δx = χ(1)(r, θ, z) = u(r, θ, z)er + v(r, θ, z)eθ + w(r, θ, z)ez (F.2)

where u, v, w are the incremental displacement fiends. Accordingly, the
spatial gradient associated to the incremental deformation,

Γ = gradχ(1)(x) = ∂χ(1)(x)
∂x

, reads

Γ =

u,r (u,θ − v)/r u,z
v,r (v,θ + u)/r v,z
w,r w,θ/r w,z

 (F.3)

in the ei⊗ej basis, (i, j) spanning over {r, θ, z}, where the comma denotes
the partial differentiation with respect to the argument.
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In the following, we will use barred variables in order to identify the
perturbed quantities. From (C.14), the perturbed deformation gradient F̄
reads

F̄ = F + δF = F + ΓF (F.4)

where δF is the increment of the basis deformation gradient F. The
perturbed omial stress is given by

S̄ = S + Ṡ, (F.5)

where S is the nominal stress, and Ṡ is its increment, which can calculate
by simple differentiation rules.
In particular, its push-forward of Ṡ0 in the perturbed configuration reads

Ṡ0 = FṠ = A1
0Γ + qΓ− q̇I, (F.6)

where q̇ is increment of the Lagrage multiplier q, and A1
0 is the so called

tensor of instantaneous moduli, which is given by

A1
0hklj = FhiFlβ

∂2W

∂Fki∂Fjβ
= µδkjBhl + δkjΣhl, (F.7)

corresponds to (E.1), and

A1
0hklj = FhiFlβ

∂2W

∂Fki∂Fjβ
= µδkjBhl + δkjFhiτipτpβFβl, (F.8)

corresponds to (E.2), where δkj is the Kronecker delta. The incremental
equilibrium equations in the spatial form can be written as

divṠ0 = 0 in B′,

ṠT0 .n = 0.
(F.9)

The incremental incompressibility constraint gives

trΓ = 0. (F.10)

The bulk equations of the incremental boundary value problem are given
by a system of four partial differential equations (PDEs), i.e. the three of
them are

∂(rṠ0rr)

∂r
+
∂Ṡ0θr

∂θ
+ r

∂Ṡ0zr

∂z
− Ṡ0θθ = 0,

∂(rṠ0rθ)

∂r
+
∂Ṡ0θθ

∂θ
+ r

∂Ṡ0zθ

∂z
+ Ṡ0θr = 0,

∂(rṠ0rz)

∂r
+
∂Ṡ0θz

∂θ
+ r

∂Ṡ0zz

∂z
= 0,

(F.11)

and the incremental incompressibility condition in equation (F.10)

u,r +
u+ v,θ
r

+ w,z = 0. (F.12)
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F.2 Stroh formulation

The Stroh formulation allows to transform the system of four PDEs in
equations (F.11) and (F.12) with boundary conditions (F.9) into a
system of six ordinary differential equations (ODEs) with the given initial
conditions. Assuming variable separation, we consider the following
expression of the incremental displacements:

{u, v, w, q̇} = {U, V,W,Q} exp(i(mθ + kz)) (F.13)

where m is the circumferential mode and k = 2nπ/L is the wavenumber
of the tube in the longitudinal direction, with m and n being integers,
and U, V,W,Q are four scalar functions of r. Such a helical perturbation
deforms the hollow cylinder.
From the equtions (F.6) and (F.13)the incremental stress components must
have the following form

{Ṡ0rr, Ṡ0rθ, Ṡ0rz} = {S0rr, S0rθ, S0rz} exp(i(mθ + kz)) (F.14)

where S0rr, S0rθ, S0rz are three scalar functions of r.
Now, let us define the displacement-traction vector η, as follows

η(r) =

[
U(r)
irS(r)

]
with

{
U(r) = [U(r), V (r),W (r)]T

S(r) = [S0rr(r), S0rθ(r), S0rz(r)]
T .

(F.15)
The incremental equations can be written in the form

dη(r)

dr
=
i

r
G(r)η(r), (F.16)

where is Stroh matrix, having the following block form

G =

[
G1 G2

G3 G+
1

]
, (F.17)

where

G1 =

 i −m −kr
−mσ1 iσ1 0
−krσ2 0 0

 ,G2 =

0 0 0
0 −1/α1 0
0 0 −1/α2

 ,G3 =

 κ11 iκ12 iκ13

−iκ12 κ22 κ23

−iκ13 κ23 κ33

 ,
(F.18)

in which

κ11 = m2(ν1 − α1σ
2
1) + k2r2(ν2 − α2σ

2
2) + (A1

0rrrr +A1
0θθθθ) + 2α1σ1 + krm(A1

0θrzr +A1
0zrθr),

κ12 = m{A1
0rrrr +A1

0θθθθ + ν1 − α1[(σ1 − 1)2 − 1]}+ kr(A1
0θθzθ +A1

0zrθr),

κ13 = kzr(A1
0rrrr + α1σ1),

κ22 = m2[(A1
0rrrr +A1

0θθθθ) + 2α1σ2] + krm(A1
0θθzθ +A1

0zθθθ) + k2r2ν3 + ν1 − α1σ
2
1,

κ23 = mkzr(A1
0rrrr + 2α1σ1),

κ33 = m2α3 + kr2(A1
0rrrr +A1

0zzzz + 2α3σ3) + krm(A1
0θzzz +A1

0zzθz),

(F.19)
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and

ν1 = A1
0θrθr, α1 = A1

0rθrθ, σ1 = q/α1,

ν2 = A1
0zrzr, α2 = A1

0rzrz, σ2 = q/α2,

ν3 = A1
0zθzθ, α3 = A1

0θzθz, σ3 = q/α3.

(F.20)

Next, we introduce N as fundamental matrix solution to (F.16)

N (r) = [η1|η2|...|η6]. (F.21)

It clearly satisfies
d

dr
N (r) =

i

r
G(r)N (r). (F.22)

Let M(r, a) be the matricant solution to (F.16), the matrix such that

η(r) = M(r, a)η(a), M(a, a) = I(6), (F.23)

where
M(r, a) = N (r)N−1(a). (F.24)

Suppose that M has the form

M(r, a) =

[
M1(r, a) M2(r, a)
M3(r, a) M4(r, a)

]
(F.25)

There is no traction on r = b[
U(r)
S(r)

]
=

[
M1(r, b) M2(r, b)
M3(r, b) M4(r, b)

] [
U(b)

0

]
. (F.26)

We obtain from (F.26)

U(r) = M1(r, b)U(b), S(r) = M3(r, b)U(b). (F.27)

S(r) = M3M
−1
1 = iz(r)U(r), where z(r) = −iM3M

−1
1 (F.28)

is the (Hermitian) 3× 3 surface impedance matrix.

M(b, b) =

[
I 0
0 I

]
=

[
M1(b, b) M2(b, b)
M3(b, b) M4(b, b)

]
(F.29)

Equation (F.29) gives us M3(b, b) = 0 or

z(b) = 0. (F.30)

On r = b we have condition

det

z(a)− P

G11 G12 G13

0 0 0
0 0 0

 = 0. (F.31)
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