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ABSTRACT
The problem of determining the maximum forced response

vibration amplification that can be produced just by the addition
of a small mistuning to a perfectly cyclical bladed disk still re-
mains not completely clear. In this paper we apply a recently
introduced perturbation methodology, the Asymptotic Mistuning
Model (AMM), to determine which are the key ingredients of
this amplification process, and to evaluate the maximum mistun-
ing amplification factor that a given modal family with a partic-
ular distribution of tuned frequencies can exhibit. A more accu-
rate upper bound for the maximum forced response amplification
of a mistuned bladed disk is obtained from this description, and
the results of the AMM are validated numerically using a simple
mass-spring model.

INTRODUCTION
The term mistuning refers to the small differences among

the (nominally designed to be identical) rotor blades in turbo-
machinery bladed disks. These small unavoidable imperfections
typically result from the manufacturing process and wear, and
break the cyclic symmetry of the structure, splitting the tuned
eigenvalue pairs and preventing the existence of pure travelling-
waves as natural vibration modes of the mistuned structure. This
loss of cyclic symmetry has a dramatic effect in the forced re-
sponse of the bladed disk: the resulting mistuned blade vibra-
tion patterns are no longer uniformly distributed circumferen-
∗Also Associate Professor at E.T.S.I. Aeronáuticos, Universidad Politécnica
de Madrid, 28040 Madrid, Spain.
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tially and can exhibit localized vibration amplitudes significantly
higher than those of the tuned case. The amplification of the re-
sponse levels may lead to a severe reduction of the fatigue life of
the blades, and thus mistuning has a strong negative impact on
safety, operability and readiness. It is therefore very important
to understand the basic mechanisms behind mistuning amplifica-
tion in order to be able to produce new technological solutions
that can predict and control its effect, and that can result in an
enhancement of overall aircraft readiness and a substantial re-
duction of maintenance costs.

Numerous studies have been conducted to understand mis-
tuning effects on the dynamics of bladed disc assemblies, see, e.
g., the survey paper of Slater et al. [1] and the more recent re-
view by Castanier and Pierre [2], and the exhaustive references
therein.

Despite of the great research activity developed in this sub-
ject since the 1970s, there are basic questions of critical tech-
nological importance such as the determination of the maximum
vibration amplification factor of forced response due to mistun-
ing that still remain without a clear answer. Since the seminal
work of Whitehead [3] in maximum mistuning amplification to
the recent presentations by Han et al. [4, 5], there not appears to
be a solid consensus about the maximum mistuning amplification
factor.

The problem of directly computing the maximum amplifica-
tion factor is a formidable task because: (i) mistuning breaks the
cyclic symmetry of the problem and the whole bladed disk (in-
stead of a single sector) has to be considered, and (ii) the random
nature of the mistuning requires the evaluation of the response of
Copyright c© 2008 by ASME
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Figure 1. Tuned natural vibration frequencies vs. number of nodal diam-
eters for a bladed-disk. IM: isolated mode, CM: clustered modes.

the system for a large number of different mistuning patterns to
somehow statistically explore all possible configurations. Petrov
and Ewins [6] formulated the problem of finding the mistuning
pattern that gives the maximum amplification factor as an opti-
mization problem. They were able to locate the worst mistuning
pattern in a realistic bladed disk configuration that was quite CPU
costly, but this direct approach did not provide much insight into
the basic mechanisms of mistuning amplification.

In order to overcome these difficulties several types of sim-
plified models have been developed to reduce the required com-
putational time. Simple lumped models with the structure mod-
eled by 1 DOF mass-spring systems (see [7] and the more re-
cent work by [8–10]) and more detailed reduced order models
(ROMs) [11–14] yield good results once its coefficients have
been appropriately tuned, but do not provide much insight in the
basic physical mechanisms involved in the amplification of the
forced response due to mistuning.

Recently, a simpler model, known as the Fundamental Mis-
tuning Model (FMM), that reduces the set of nominal modes to
a single modal family has been developed [15–17]. This method
only requires to know the natural frequencies of the tuned sys-
tem, but its applicability is limited to a modal family with nearly
equal frequencies (see Fig. 1).

This paper presents a further reduction of the FMM for the
very frequent case in which all modes of the family do not share
the same frequency (see Fig. 1). This new model is derived by
means of a fully consistent asymptotic analysis starting from the
complete problem of the mistuned bladed disk. The small pa-
rameters in the asymptotic expansion are the small frequency
corrections induced by mistuning and the small damping of the
2

tuned modes. The resulting model, referred to hereafter as the
Asymptotic Mistuning Model (AMM), is not significantly faster
than the FMM but allows us to uncover the basic physical mecha-
nisms of mistuning since it accounts only for the minimum subset
of degrees of freedom that play a relevant role in the mistuning
process. The AMM also provides a more accurate upper bound
for the maximum mistuned response amplification that a forced
bladed disk can experience.

The AMM has been already used by the authors [18] for the
study of the optimal intentional mistuning patterns for the sta-
bilization of aerodynamically unstable rotors. In this paper we
describe in detail the derivation of the AMM for the forced re-
sponse of a general realistic mistuned bladed disk. And we apply
this methodology to two frequent modal configurations not cov-
ered by the FMM: isolated mode and clustered modes (labeled
IM and CM, respectively, in Fig. 1), obtaining the maximum am-
plification factor and the associated mistuning distribution, and
comparing the AMM results with those from the numerical sim-
ulation of a mistuned mass-spring model.

NOMENCLATURE
M Mass matrix.
K Stiffness matrix.
F External forces.
X DOF displacements vector.
TW Travelling wave.
N,m Number of sectors, number of DOF per sector.
Zk j In-sector tuned eigenmode.
P Change of basis matrix from TW to displacements.
A Travelling wave mode amplitude vector.
∆M Mass mistuning matrix.
∆K Stiffness mistuning matrix.
r,ω Engine order and frequency of the forcing.
ω0 Tuned natural frequency of the excited TW (r nodal

diameters).
d Damping of the tuned natural TW modes.
Na Number of active modes.
ωa Active mode tuned natural frequency.
∆ Mistuning matrix in the TW basis.
D,Di j Mistuning coefficients in the TW basis.
ωp,ωc Spring frequencies of the model in Fig. 2.
ε Mistuning size of the model in Fig. 2.
δ j Mistuning distribution of model in Fig. 2.
c Damping of the model in Fig. 2.
f Forcing amplitude of the model in Fig. 2.

ASYMPTOTIC MISTUNING MODEL
This methodology is based on the fact that the mistuned

bladed disk constitutes just a small distortion of the tuned one,
and uses asymptotic perturbation techniques to evaluate the ef-
Copyright c© 2008 by ASME



fect of the small mistuning in the magnitude of the forced vibra-
tion amplitude. The resulting simplified description includes the
main physical mechanisms involved in the mistuning amplifica-
tion process.

Tuned System
The tuned system can be regarded as the background state

on top of which we compute the mistuning correction. In this
section we give a rather detailed description of the forced re-
sponse problem for a general tuned bladed disk. These are all
well known results, but we believe it is important to briefly col-
lect them here to clarify the notation before proceeding with the
evaluation of the corrections.

The equations of motion for the forced oscillations of a per-
fectly tuned bladed disk with N identical sectors take the form

Mẍ+Kx = f(t), (1)

where the independent bladed disk degrees of freedom (after an
appropriate FEM discretization of the structure) are stored in
x(t), M and K are the mass and stiffness matrices (both sym-
metric and positive definite), and f(t) accounts for the time de-
pendent external forces acting on the blades. Note that damping
has not been included in the above formulation since it is typi-
cally a small effect and it will be added later on together with the
mistuning corrections.

The natural vibration modes of the system are obtained from
Eqn. (1) with f(t) set to zero, and can be written using complex
notation as

x = Xeiωt + c.c., (2)

where the complex vibration mode shape X and the mode oscil-
lation frequency ω (c.c. stands for the complex conjugate) are
given by the following symmetric generalized eigenvalue prob-
lem

(K−ω
2M)X = 0. (3)

If we now divide the response vector as

X =


X1
...

X j
...

XN

 , (4)
3

with the vector X j containing the displacements of the m degrees
of freedom associated with sector j, then the eigenvalue problem
takes the form

(


K Kc 0 · · · KT

c
KT

c K Kc · · · 0
. . .

. . .
Kc 0 · · · KT

c K

−ω
2


M Mc 0 · · · MT

c
MT

c M Mc · · · 0
. . .

. . .
Mc 0 · · · MT

c M

)


X1
X2
...

XN

=


0
0
...
0

 ,

(5)
where the m×m sector stiffness and mass matrices K and M are
symmetric and the coupling between adjacent sectors is repre-
sented by the coupling stiffness and mass matrices Kc and Mc.

The cyclic symmetry of the bladed disk (that is composed
of a sector repeated N times and arranged periodically) is now
evident in the matrices in Eqn. (5) that exhibit a block circulant
structure, i.e., each row can be obtained from the previous one
after a wrap-around forward block shift. The associated complex
eigenvectors are of the form


X1
...

X j
...

XN

=



Zkei( 2πk
N )1

...
Zkei( 2πk

N ) j

...
Zkei( 2πk

N )N


for k = 1 . . .N, (6)

and correspond to travelling waves (TW) with wavenumber k
(and min(|k|, |N− k|) nodal diameters) that, taking into account
Eqn. (2), rotate with constant angular velocity ωk

k . The complex
vector Zk of size m contains the mode shape details and the only
eigenvector variation from sector to sector is just a phase shift of
amount 2πk

N (the so-called “interblade phase angle”).
Note that the modes X of the undamped problem in Eqn. (2)

can be taken to be real but instead we take them complex (see
Eqn. (6)) in order to use the much simpler sector-to-sector TW
formulation.

If we now insert expression (6) into Eqn. (5), N decoupled
eigenvalue problems of size m are obtained

((Kc−ω2Mc)ei( 2πk
N ) +(Kc−ω2Mc)Te−i( 2πk

N ) +K−ω2M)Zk = 0,

for k = 1 . . .N, (7)

which, for each k, have m real eigenvalues, ω2
k1, . . . ,ω

2
km ≥ 0, that

give the oscillation frequencies of the structure. The associated
eigenvectors, Zk1, . . . ,Zkm, are, in general, complex and can be
normalized in such a way that the square matrix

Pk = [Zk1|Zk2|...|Zkm] (8)
Copyright c© 2008 by ASME



verifies

PH
k (Mc ei( 2πk

N ) +MT
c e−i( 2πk

N ) +M)Pk = I and (9)

PH
k (Kc ei( 2πk

N ) +KT
c e−i( 2πk

N ) +K)Pk = Ω2
k =

ω2
k1 0

. . .
0 ω2

km

 ,(10)

for k = 1 . . .N,

that is, the eigenvectors are orthonormal with respect to the mass
matrix and turn into diagonal form the sector stiffness matrix
(the superindex H stands for the conjugate transpose matrix), see
e.g. [19].

The eigenvalue equation Eqn. (7) remains invariant under
the changes

k→ N− k, ω
2
k → ω

2
N−k and Zk→ Z̄N−k, (11)

and thus, for every travelling wave rotating in one direction, there
is also another identical one that rotates in the opposite direction
with the same velocity.

In summary, the natural vibration modes of the tuned sys-
tem are travelling wave modes that come in counter-propagating
pairs, except for those associated with k = 0 and k = N

2 (present
only for N even), which have real Zk and can be seen as non-
propagative standing waves. Property (11) implies that the plot
of the natural frequencies versus the number of nodal diameters,
k, is symmetric (i.e., ωk = ωN−k), and, typically, only its first half
(interblade phase angle from 0 to π) is normally represented, as
in Fig. 1.

We now go back to the forced problem (1) and consider a
travelling wave excitation with frequency ω and engine order r

f(t) = Feiωt + c.c. =



Fei(ωt+( 2πr
N )1)

...
Fei(ωt+( 2πr

N ) j)

...
Fei(ωt+( 2πr

N )N)


+ c.c., (12)

which is of particular relevance in this context. The response of
the system is much more clearly analyzed if we use the basis of
the natural travelling wave modes of the system

X = PA, (13)
4

with

P=
1√
N



P1ei( 2π1
N )1 . . . PNei( 2πN

N )1

...
...

P1ei( 2π1
N ) j . . . PNei( 2πN

N ) j

...
...

P1ei( 2π1
N )N . . . PNei( 2πN

N )N


and A=

√
N


A1
...

A j
...

AN

,

(14)
where the travelling wave modes are the columns of P (see
Eqs. (6) and (8)) and A contains their amplitudes. In the TW
basis, the forced problem takes now the diagonal form

Ω2
1−ω2I . . . 0

...
. . .

...
0 . . . Ω2

N−ω2I


 A1

...
AN

=


0
...

PH
r F
...
0

 , (15)

and its solution is very simple:

Ai = 0 for i 6= r and

Ar =

 Ar1
...

Arm

=

 ZH
r1F/(ω2

r1−ω2)
...

ZH
rmF/(ω2

rm−ω2)

 (16)

that is, the response of the tuned undamped system is a travel-
ling wave similar to the forcing, with frequency ω and r nodal
diameters, that peaks when the forcing frequency ω is equal to
any of the natural frequencies ωr1, . . . ,ωrm corresponding to r
nodal diameters. Finally, if we also take into account a small
damping d (small as compared with the vibration frequency) in
the description, then the peak amplitude of each of the travelling
waves becomes finite

Ark = ZH
rkF/(ω2

rk−ω
2 +2idωrk), and |Ark|max = |ZH

rkF |/(2dωrk),
(17)

where the damping d has been appropriately included in the
above expression in order to have a temporal behavior for the un-
forced damped natural mode of the form e(−d+iωrk)t (note that we
make use of the fact that the damping is small as compared with
the frequency to neglect second order corrections). The forced
response problem is a linear problem, and therefore we can con-
veniently normalize the magnitude of the maximum tuned re-
sponse of a given mode to be 1 simply by setting the amplitude
of the forcing to be ZH

rkF = 2idωrk.
Copyright c© 2008 by ASME



Mistuning effects.
The forced response for a mistuned bladed disk is given by

((K+∆K)−ω
2(M+∆M))X = F, (18)

which are simply the tuned equations (3) with the forcing (12)
and the mistuning stiffness, ∆K, and mass, ∆M, matrices added.
∆K and ∆M are block diagonal matrices that contain the devia-
tions from the mean stiffness K and mass M sector matrices (see
Eqn. (5)), that is,

∆K=


∆K1 0 · · · 0

0 ∆K2 · · · 0
. . .

0 0 0 ∆KN

,∆M=


∆M1 0 · · · 0

0 ∆M2 · · · 0
. . .

0 0 0 ∆MN

, (19)

with ∑
N
j=1 ∆K j = 0, ∑

N
j=1 ∆M j = 0, (20)

and ∆K j = ∆KT
j , ∆M j = ∆MT

j for j = 1 . . .N. (21)

Mistuning of the sector coupling block matrices has not been in-
cluded in the model above: the coupling matrices involve only a
very small subset of the DOF of the sector and, thus, its mistun-
ing is negligible as compared with that of the main sector.

As we did in the previous section, we rewrite Eqn. (18) us-
ing the tuned travelling wave mode basis, Eqs. (13) and (14), to
obtain

(

Ω2
1−ω2I . . . 0

...
. . .

...
0 . . . Ω2

N−ω2I

+∆)

 A1
...

AN

=


0
...

PH
r F
...
0

 . (22)

The structure of the mistuning correction matrix in the travelling
wave basis

∆ = PH(∆K−ω
2
∆M)P (23)

can be more easily analyzed if we make use of the Fourier modes
of the sector distribution of the mistuning mass and stiffness ma-
trices, ∆KF

k and ∆MF
k ,

∆K j =
N

∑
k=1

∆KF
k ei( 2πk

N ) j and (24)

∆M j =
N

∑
k=1

∆MF
k ei( 2πk

N ) j for j = 1 . . .N, (25)
5

which verify (see Eqs. (20) and (21))

∆KF
N = 0, ∆MF

N = 0 and ∆KF
k = ∆KF

−k, ∆MF
k = ∆MF

−k,

∆KF
k = (∆KF

k )T, ∆MF
k = (∆MF

k )T, for k = 1 . . .N. (26)

After inserting the above expressions into Eqn. (23), the mistun-
ing matrix takes the form

∆ =


0 ∆12 . . . ∆1N

∆21 0 . . . ∆2N
...

...
. . .

...
∆N1 ∆N2 . . . 0

 , (27)

where each block is related to the Fourier components of the mis-
tuning by

∆k j = PH
k (∆KF

k− j−ω
2
∆MF

k− j)Pj. (28)

Note that the mistuning matrix exhibits off diagonal blocks
and, thus, mistuning couples tuned travelling waves with dif-
ferent number of nodal diameters. Moreover, according to
Eqn. (28), the coupling between the travelling waves with k and
j nodal diameters takes place precisely through the (k− j) har-
monic of the mistuning.

The effect of small mistuning (and damping) in the response
of the system can be computed, in first approximation, as fol-
lows. When the forcing frequency (with engine order r) is close
to a resonant tuned frequency ω0 (corresponding to a TW with
r nodal diameters), we can distinguish two essentially different
types of travelling wave modes:

1. Modes with frequencies that are not close to ω0 , that is,
modes whose frequency ωk j is such that |ω0−ωk j| is large
as compared with the small mistuning and damping terms.
The corresponding equation for this kind of modes in system
(22) is of the form

(ω2
k j−ω

2)Ak j =
m

∑
i,h=1

(small terms) Aih + (small forcing)(29)

where the coefficient in the left hand side is large as com-
pared with the small mistuning, damping and forcing terms
in the right hand side because ω is close to ω0 and thus away
from ωk j. After neglecting the small terms, the equation
above yields

Ak j = 0, (30)
Copyright c© 2008 by ASME



that is, all travelling wave modes with frequencies well apart
from ω0 do not contribute in first approximation to the mis-
tuning correction.

2. And modes with frequencies close to ω0 , i.e., with frequen-
cies that are at a small distance from ω0, of the order of
the small damping and mistuning frequency corrections. We
will hereafter refer to these modes as “active” modes be-
cause they are, in first approximation, the only ones that take
part in the mistuned forced response near the resonant fre-
quency ω0. After removing the not active modes of the pre-
vious item from Eqn. (22), the resulting equation for an ac-
tive mode with amplitude Aa and tuned structural frequency
ωa reads

(ω2
a −ω

2 +2idω0)Aa + ∑
a′ 6=a

δaa′Aa′ = Fa, (31)

where the sum goes over the rest of active modes and Fa =
2idω0 for the active mode with r nodal diameters (the one
that is being directly forced) and Fa = 0 for the rest. Note
that the frequency in the damping and forcing expression can
be set, in first approximation, to ω0 for all active modes be-
cause the neglected frequency variations just produce higher
order corrections. All coefficients in the above equation are
small, and, according to Eqn. (28), the mistuning coupling
coefficients can be written as

δaa′ = ZH
a (∆KF

a−a′ −ω
2
0 ∆MF

a−a′)Za′ , (32)

where Za, Za′ , a and a′ are, respectively, the mode shapes
and the number of nodal diameters of the active modes Aa
and Aa′ , and the frequency ω has been approximated by
ω0. The mistuning coupling terms verify δaa′ = δa′a because
mistuning constitutes a purely structural, conservative per-
turbation.

In a general situation, we have as many equations like Eqn. (31)
as active modes, which form a simplified model for computing
the mistuning effect on the forced response. We call this reduced
problem the Asymptotic Mistuning Model (AMM) because the
above described procedure can be regarded as an asymptotic per-
turbation method that gives the main (first order) effects of mis-
tuning. The small parameters in this asymptotic expansion are
the damping, the mistuning, and the small variation among the
natural frequencies of the active modes.

The AMM description retains only the minimal set of trav-
elling wave modes that are involved in the mistuning correction.
The simplicity of the AMM reveals that the only TW modes that
are relevant are those with frequency close to the natural fre-
quency of the mode that is being forced (i.e. the active modes),
6
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Figure 2. Top: sketch of the simple 1-DOF per sector system. Bottom:
tuned frequencies vs. number of nodal diameters (IM: forcing engine or-
der 7, CM: forcing engine order 21).

and that the effect of mistuning is to couple these modes. More-
over, the AMM indicates precisely how this coupling among
TWs takes place: it comes from the Fourier mode of the mis-
tuning distribution with wavenumber equal to the difference of
the number of nodal diameters of the two TW (see Eqn. (32)).

APPLICATIONS
In this section we apply the AMM to analyze the mistuning

effect on the amplitude of the forced response in the two very
frequent modal configurations shown in Fig. 1: isolated modes
(IM) and clustered modes (CM).

The results are compared with those obtained from the nu-
merical solution of the simple 1-DOF per sector system sketched
in Fig. 2, which is given (in non-dimensional form) by the system
of equations

ẍ j +ω
2
a (1+ εδ j)x j +ω

2
c (2x j− x j+1− x j−1)+ cẋ j =

= f ei(ωt+2π(r/N) j) + c.c., j = 1 . . .N, (33)

where ω2
a = ω2

c = 1, ε = c = .001, δ j is the mistuning distribu-
tion, f is scaled in order to have tuned response equal to 1, and
N = 50 (see the bottom plot in Fig. 2 for representation of the
tuned vibration frequencies of this system).
Copyright c© 2008 by ASME



Isolated modes
The TW with r nodal diameters and vibration frequency ω0

labeled IM in Fig. 1 is well apart from the rest, i.e., its distance to
the rest of the frequencies is large as compared with the damping
and mistuning frequency corrections. In this case, in order to
take into account the effect of the mistuning in the response of
the system to a forcing with engine order r and frequency close
to ω0 it is enough to consider the two counter-rotating TW with
frequency ω0 and nodal diameters ±r. In other words, these two
modes are the only active modes in the AMM description, which
now takes its simplest form

(ω2
0 −ω2 +2idω0)A+r + δ̄A−r = 2idω0

δA+r +(ω2
0 −ω2 +2idω0)A−r = 0

(34)

We can further simplify this system introducing the variable
∆ω = ω−ω0 and neglecting all second order terms to obtain

[
−∆ω + id D

D̄ −∆ω + id

][
A+r
A−r

]
=
[

id
0

]
, (35)

where the effect of mistuning is contained in the off-diagonal
coefficient (see Eqn. (32))

D = δ/(2ω0) = ZH
+r(∆KF

2r−ω
2
0 ∆MF

2r)Z+r/(2ω0), (36)

which involves only the 2r Fourier coefficient of the mistuning
distribution.

The response of the system is, in first approximation, just a
combination of the two active modes,

X j =(Z+rA+rei(2πr/N) j +Z−rA−re-i(2πr/N) j), for j = 1, . . . ,N,
(37)

and the amplitude of the displacements is proportional to

Amplitude ∝ |A+r +A−r|. (38)

This amplitude is equal to 1 for the tuned case and, when mis-
tuning is present, it is given by

Amplitude =
|(−∆ω + id)−D|
|(−∆ω + id)2−|D|2|

. (39)

The maximum amplitude of the forced response for each mis-
tuned size |D| is plotted in Fig. 3. As expected, the maximum
amplitude first grows and then decays when the mistuning size is
7
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Figure 3. Isolated mode case: maximum attainable amplitude vs. mis-
tuning amplitude |D|.

increased. The global maximum attainable mistuned amplitude
can be explicitly computed from the above expression to be

Amplitudemax =
1+
√

2
2

= 1.207 . . . (40)

Dmax =−d(
√

2−1)i (41)
∆ωmax = 0. (42)

These same results were already obtained by Macbain and Wha-
ley [20], which used a formulation for the forced response that
included just two forced oscillators with close frequencies and
small damping.

In order to check the above results several simulations of the
full mass-spring system given by Eqn. (33) have been performed
with engine order r = 7 and with frequency close to the isolated
mode frequency labeled IM in Fig. 2. This situation corresponds
to an isolated mode since the frequency corresponding to r = 7
is at a distance from the rest of the frequencies that is large as
compared with the damping (more precisely, the distance to its
closest neighbours measured in terms of the damping is given by
|ωr=7−ωr=8|/d ∼ 150 and |ωr=7−ωr=6|/d ∼ 143).

In Fig. 4 the mistuning distribution is harmonic with
wavenumber k = 2r = 14 (see Fig. 4 middle and bottom left
plots) and the precise size predicted by the AMM for the
maximum amplification. The resulting maximum amplitude,
1.2066 . . . (see Fig. 4 top left plot), is approximately that pre-
dicted by the AMM, and, as it can be appreciated from the right
plot in Fig. 4, the only TW modes involved in the mistuned re-
sponse are those with wavenumber 7 and −7. As predicted by
the AMM, the response of the system remains almost unchanged
if we add more harmonics with random amplitude to the mis-
tuning distribution (see Fig. 5). And finally, if we remove from
the mistuning the harmonic component with wavenumber 14 and
keep the others, then there is no appreciable amplification of the
response and the system behaves as if tuned, generating only the
directly forced TW with wavenumber 7 (see Fig. 6) and again
confirming the AMM results and assumptions.
Copyright c© 2008 by ASME
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Figure 4. Response of the system in fig. 2 to a forcing with engine order
7 (tuned TW frequency ω0 = 1.3135 . . .) and mistuning pattern com-
posed of a single harmonic with wavenumber 14 (AMM prediction for
maximum response). Top left: displacements |x j| vs. forcing frequency
(max |x j| = 1.2066...). Middle left: mistuning distribution δ j . Bottom
left: amplitude of the fourier modes of the mistuning distribution. Right:
amplitude of the TW components of the response vs. forcing frequency
(wavenumber in the vertical axis).

In summary, the mistuning effect in the forcing of a TW with
frequency well apart form its neighbors (i.e. with a frequency gap
large as compared with the damping) can produce a maximum
amplification of up to 20% approximately, which takes place for
a very small mistuning size (of the order of the damping) and
through the mistuning harmonic with wavenumber equal to twice
the engine order of the forcing. This particular forced response
sensitivity to the mistuning harmonics was already noticed by
Kenyon and Griffin [21] in their numerical simulations using a
simplified ring system, and the maximum factor 1+

√
2

2 can be ob-
viously guessed from some of the amplification curves presented
in their paper. The systematic approach provided by the AMM
goes further than those previous results, giving more precise in-
formation and allowing to quantitatively evaluate the maximum
attainable amplification factor and the associated mistuning pat-
tern in a general bladed disk configuration.
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Figure 5. Same as in Fig. 4 but with the rest of the harmonics added to
the mistuning pattern with random amplitude (max |x j|= 1.2085...).
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Figure 6. Same as in Fig. 4 but for a mistuning pattern with zero
harmonic with wavenumber 14 and the rest with random amplitudes
(max |x j|= 1.0069...).
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Clustered modes
If we now force the system with an engine order r such that

the corresponding tuned TW has a frequency ω0 on the hori-
zontal part of the frequency distribution of the modal family
(see the encircled modes labeled CM in Fig. 1), then we have
more that two active modes. The AMM description, according
to Eqn. (31), can now be written as


dk

dk+1
. . .

D

DH d−(k+1)
d−k




Ak

Ak+1
...

A−(k+1)
A−k

=


0
...

id
...
0

 , (43)

where we have ordered the active modes consecutively in the
number of nodal diameters (recall that it has to be considered
only modulo N). The group of active modes are those with k or
more nodal diameters (see Fig. 1), and we thus have a total of
Na = N−2k +1 active modes, where N is the number of sectors
of the bladed disk. The diagonal elements of the above matrix
are of the form

d j = ∆ω j−∆ω + id, (44)

where ∆ω j = ω j −ω0, ∆ω = ω −ω0, and we have again ne-
glected higher order corrections. Making use of Eqn. (32), the
sub and super-diagonal mistuning terms (D in the matrix above)
are readily seen to be

D j j′ = ZH
j (∆KF

j− j′ −ω
2
0 ∆MF

j− j′)Z j′/(2ω0), (45)

and the forcing terms are all zero except that associated with the
TW with r nodal diameters.

If one takes into account that, in the almost constant fre-
quency region that we are describing, the different mode shapes
are approximately equal except for the different interblade phase
angle, then Z j = Z (independent of j and real, see Eqn. (11)), and
the above expression can be further simplified to

D j j′ = ZH(∆KF
j− j′ −ω

2
0 ∆MF

j− j′)Z/(2ω0) = D j− j′ , (46)

which depends only on the difference ( j− j′) and allows us to
9

rewrite the AMM as


dk D1 D2 . . . DNa−1
D1 dk+1 D1 . . . DNa−2

. . .
DNa−2 . . . d−(k+1) D1
DNa−1 . . . D1 d−k




Ak

Ak+1
...

A−(k+1)
A−k

=


0
...

id
...
0

 . (47)

Note that the only harmonics of the mistuning distribu-
tion that play a role in the mistuned forced response are
D1,D2, . . . ,DNa−1, which couple different active modes.

The AMM is in this case a Na×Na linear system, and in or-
der to compute the maximum mistuned forced response we have
to locate the mistuning coefficients D1,D2, . . . ,DNa−1 that maxi-
mize the amplitude of the displacement

Amplitude ∝ |Ak +Ak+1 + · · ·+A−(k+1) +A−k|. (48)

In this case we have not been able to solve explicitly this
problem, but an upper bound for the maximum response can
be obtained just by using the same argument as in White-
head [3, 22]. If we premultiply Eqn. (47) by the row vector
[Āk, Āk+1, . . . , Ā−(k+1), Ā−k] and substract the complex conjugate,
we arrive to the following equation

|Ak|2 + |Ak+1|2 + · · ·+ |A−(k+1)|2 + |A−k|2 = Re(Ar), (49)

which simply states that the work of the external forcing is equal
to the energy dissipated by the damping. Now we can maxi-
mize the amplitude in Eqn. (48) subjected only to the work equa-
tion (49) constrain. This problem is completely similar to that
solved in Whitehead [3, 22] but with N chaged by Na, and there-
fore the resulting response amplitude is at most

Amplitudemax =
1+
√

Na

2
. (50)

Now, in order to locate the mistuning distribution that pro-
duces the maximum amplitude, we have to numerically solve the
optimization problem given by the simplified AMM formulation,
which, due to its reduced size, does not require large scale com-
putational resources. Note that the number of variables in the
optimization in the worst case when all family modes are ac-
tive (Na = N) is N: the number of harmonics of the mistuning
distribution (which is real and with average 0) plus the forcing
frequency.

The AMM formulation has been used to describe the mis-
tuned forced response of the mass-spring system given by
Copyright c© 2008 by ASME



Eqn. (33) with a forcing engine order r = 21 and with a fre-
quency close to the frequency of the clustered modes labeled
CM in Fig. 2. We have to take into account also the sym-
metric TW with negative wavenumber and thus the cluster
in Fig. 2 actually contains 9 TW modes, with wavenumbers:
21,22,23,24,25,−24,−23,−22,−21.

The AMM indicates that the only relevant harmonics are
those that couple the 9 active modes, that is D1, . . . ,D8 (recall
that Di = D̄−i because the mistuning is a real pattern). We have
solved numerically the AMM optimization problem with a num-
ber of active modes Na = 9 and the corresponding tuned frequen-
cies from the clustered modes in Fig. 2. The resulting mistuning
pattern (with only the harmonics D1, . . . ,D8) has been then in-
serted in the full mass-spring model given by Eqn. (33) and
the response is shown in Fig. 7. The maximum amplitude re-
sponse is 1.991 . . ., in close agreement with the AMM predicted
value 1+

√
9

2 = 2, and the only TW modes of the response that are
nonzero are those with wavenumbers 21,22, . . . ,−22,−21 (the
AMM active modes). In order to confirm that the only harmon-
ics of the mistuning distribution that affect the response are those
with wavenumbers 1,2, . . . ,8, we add to the mistuning the rest
of the harmonics with random amplitude and, as it can be seen
in Fig. 8, the response of the system is practically unaltered. Fi-
nally, the response shown in Fig. 9 corresponds to removing only
the mistuning harmonics with wavenumber 1,2, . . . ,8 and, again
as predicted by the AMM, the system simply does not feel the
effect of the remaining mistuning harmonics. There is almost no
amplification with respect to the tuned system, and no coupling
among the TW: the only TW mode of the response that is nonzero
is that with wavenumber 21 (the one that is being directly excited
by the external forcing).

It is also interesting to mention that expression (50) can
be also validated with the numerical optimization results pre-
sented by Petrov and Ewins [6] for a realistic high pressure tur-
bine bladed disk with N = 92 sectors. They obtained a maxi-
mum amplification factor of 5.02, and that resulting from White-
head [3, 22] expression is (1 +

√
N)/2 = 5.30. From Fig. 10

of Petrov and Ewins [6] it can be estimated that for a sixth en-
gine order excitation the number of active modes is Na = 83 (all
modes in the family with 5 or more nodal diameters), and using
(50) the resulting amplification factor is (1 +

√
Na)/2 = 5.06,

which gives a much better agreement with the full bladed disk
numerical computations.

CONCLUDING REMARKS
We have derived a new reduced order model, the AMM

(Asymptotic Mistuning Model), for the description of the forced
response of a mistuned bladed disk. The AMM has been previ-
ously applied to study the stabilizing effect of intentional mistun-
ing on the stability characteristics of aerodynamically unstable
rotors [18].
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Figure 7. Response of the system in Fig. 2 to a forcing with engine order
21 (tuned TW frequency ω0 = 2.1830 . . .) and mistuning pattern com-
posed of only harmonics with wavenumber 1 to 8 (AMM prediction for
maximum response). Top left: displacements |x j| vs. forcing frequency
(max |x j| = 1.991...). Middle left: mistuning distribution δ j . Bottom
left: amplitude of the fourier modes of the mistuning distribution. Right:
amplitude of the TW components of the response vs. forcing frequency
(wavenumber in the vertical axis).

The AMM captures the essential ingredients that are in-
volved in the mechanism of mistuned response amplification,
and can be regarded as an extension of the FMM [15–17] that
allows to describe the dynamics associated with more general
modal families (the FMM can only account for modal families
with nearly identical frequencies, see Ref. [16])).

The AMM has been systematically derived from the general
equations for the forced response of a mistuned rotor under the
only assumption of small mistuning and damping. The AMM
has been applied to describe the effect of mistuning in two fre-
quent situations: forced response of a pair of isolated modes, and
forced response of a group of modes with close frequencies. In
the first case the AMM can be completely analyzed and closed
form expressions have been derived for the maximum amplifi-
cation factor and for its associated mistuning distribution. In
the second case the problem has to be solved numerically, but
the size of the AMM is much smaller than that of the original
problem (N variables at most). In both cases we have found
excellent quantitative agreement between the AMM results and
the numerical simulation of the forced response of the mistuned
mass-spring system given by Eqn. (33).
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Figure 8. Same as in Fig. 7 but with the rest of the harmonics added to
the mistuning pattern with random amplitude (max |x j|= 1.9851...).
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Figure 9. Same as in fig. 7 but for a mistuning pattern with zero har-
monics with wavenumber 1 to 8 and the rest with random amplitudes
(max |x j|= 1.0141...).
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The application of the AMM allows us to draw the following
final remarks about the role of mistuning in the near resonance
forced response of a bladed disk:

1. The mistuned forced response of the system is composed of
only those tuned TW modes that have a frequency that is
close the resonant one (the active modes).

2. The effect of the small mistuning is to couple these active
TW modes. The coupling between the TWs with wavenum-
bers k and k′ takes place through the harmonic of the mis-
tuning distribution with wavenumber (k− k′). The harmon-
ics of the mistuning distribution that have an effect upon
the response of the system are only those that couple active
modes.

3. The maximum amplification is bounded by

Amplitudemax =
1+
√

Na

2
, (51)

where Na is the number of active modes. This constitutes
a further refinement of the upper bound obtained by White-
head [3, 22], and it is valid for modal families exhibiting a
substantial variation of the natural frequencies. The typical
size of the mistuning distribution that gives the maximum
amplification is small, of the order of the damping, and de-
pends on the details of the frequency distribution of the ac-
tive modes.

4. The AMM requires to assume a frequency difference among
the active modes of the order of the damping or smaller, and
a frequency difference between the rest of the tuned modes
and the active modes large as compared with the damping. If
separation between the frequencies of the active modes and
the rest of the modes is not clear but gradual (in the scale of
the damping), then the maximum amplification curve does
not exhibit a nice isolated maximum like that in Fig. 3, but
the AMM still can be applied to determine the slope and the
beginning of the amplification curve if enough modes are
retained as active modes.
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