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ABSTRACT

Plasmas are of great interest for aerospace engineering applications, such as surface

treatment for metals and composites or to electric propulsion, among others. Improve-

ments in plasma knowledge affects these and many other fields related to science and

engineering, as for example measurement processes by electric probes or plasma-wall

interaction. Numerical analyses are nowadays a fundamental tool to obtain approx-

imated solutions of plasma model equations, in both fluid and kinetic approaches.

However, available commercial software packages usually miss the required tools to

physically describe these particular phenomena. Thence, the development of specific

numerical methods, able to provide physical descriptions of these scenarios, is an impor-

tant task involving many fields of mathematics, physics and engineering. In aerospace

applications, Weakly Ionized Plasmas (WIP) are very common in astrophysical envi-

ronments and in laboratory. These plasmas are characterised by low temperatures and

low charged densities as well as non–thermal situations. In this work, the Propagator

Integral Method (PIM) is proposed as an alternative to classical numerical schemes,

to solve problems in the field of Kinetic Theory for plasmas, with a special focus on

WIP. This method is founded in advancing the solution problem by means of tran-

sition probability density functions, which are short-time approximations effectively

working as Green’s functions. Therefore, the method works as a semi–analytical pro-

cedure, since emerges form stochastic theory and numerical integration being brought

together, resulting in a stable method, not based upon finite differences. Propagators,

and in general path integral methods, have been widely applied to solve drift–diffusive

equations, also dealt in this work. Additionally, here the PIM is extended to address

purely convective and ordinary differential equations, which commonly appear in ki-

netic descriptions of plasmas. Here the PIM is proved to be highly suitable to cover

non–linear problems involving discontinuities or sharp distribution functions evolutions

that may naturally arise. A wide variety of cases is solved to illustrate the capability

of the PIM to compute cumbersome equations, finding evolutions not available with

other numerical schemes. Engaged situations, as the self–consistent resolution of a
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three-species plasma or the plasma-wall interaction, are solved and new models of in-

terest, to characterising the WIP generated in the UPM PlasmaLab, are proposed. In

these models, each species evolves under disparate time and spatial scales but they are

advanced with the same time step. The purely kinetic simulations allow the compu-

tation of fluxes that are qualitatively compared with experimental data. This opens

a new view of the analysis of transport processes, of capital importance in practical

applications and in connection to fluid dynamics. The description of the ion popula-

tion generated by an electric thruster is also studied. The results directly impact the

development of plasma thrusters and experimental measurements. Besides, the ideas

and models proposed here can be easily translated to other plasma types, since pure

kinetic resolutions allows the inclusion of a wide range of microscopic processes.
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RESUMEN

Las aplicaciones de plasmas, como por ejemplo el tratamiento de superficies en me-

tales y materiales compuestos o la propulsión eléctrica, son de gran importancia para

la ingenieŕıa aeroespacial. El avance en el conocimiento del plasma afecta a estos y

otros campos relacionados con la ciencia y la ingenieŕıa, como procesos de medición

y la interacción plasma-pared. Los análisis numéricos son hoy en d́ıa una herramien-

ta fundamental para obtener soluciones aproximadas de las ecuaciones en modelos de

plasma, tanto fluidos como cinéticos. Sin embargo, el software comercial disponible

no cuenta con las herramientas necesarias para describir f́ısicamente estos fenómenos.

Como consecuencia, el desarrollo de métodos numéricos espećıficos capaces de propor-

cionar descripciones f́ısicas de estos escenarios es una tarea importante que involucra

varios campos de la matemática, la f́ısica y la ingenieŕıa. En aplicaciones aeroespaciales,

los Plasma Débilmente Ionizados (WIP) son muy comunes en entornos astrof́ısicos y en

el laboratorio. Estos plasmas se caracterizan por una baja temperatura y densidad de

carga, aśı como de no estar en equilibrio térmico. En este trabajo, el Método Integral

de Propagadores (PIM) es propuesto, como alternativa a esquemas numéricos clásicos,

para resolver los problemas en el campo de la Teoŕıa Cinética de plasmas, con especial

atención a WIP. Este método está basado en avanzar la solución mediante funciones de

probabilidad de transición, que son aproximaciones efectivas a tiempos cortos de funcio-

nes de Green espećıficas. Por lo tanto, el método funciona como semi–anaĺıtico, ya que

emerge de la combinación de la teoŕıa estocástica y la integración numérica, resultando

en un esquema estable no basado en diferencias finitas. Propagadores, y en general

métodos de integral de camino, han sido ampliamente usados para resolver ecuaciones

de advección-difusión, también tratadas en este trabajo. Adicionalmente, el PIM es

extendido para tratar con ecuaciones puramente advectivas y ecuaciones diferenciales

ordinarias, comunes en descripciones cinéticas de plasmas. Aqúı, el PIM demuestra ser

adecuado para resolver problemas no lineales que incluyen discontinuidades o evolucio-

nes abruptas de la función de distribución. Una amplia variedad de casos son resueltos

para demostrar la capacidad del PIM para resolver ecuaciones intrincadas, encontrando
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evoluciones no disponibles con otros esquemas numéricos. Situaciones escabrosas, como

la resolución auto-consistente de un plasma de tres especies o la interacción plasma

pared, se resuelven y nuevos modelos, de interés para la caracterización del WIP ge-

nerado en el laboratorio del UPM PlasmaLab, se proponen. En estos modelos, cada

especie evoluciona en escalas temporales y espaciales dispares, pero son avanzadas con

el mismo paso temporal. Las simulaciones puramente cinéticas permiten el cálculo de

flujos que son cualitativamente comparados con datos experimentales. Esto abre una

nueva visión el cálculo de procesos de transporte, de gran importancia en aplicaciones

prácticas, y relacionados con la dinámica de fluidos. La descripción de iones generada

por un motor eléctrico es también estudiada. Los resultados afectan directamente el

desarrollo de motores de plasma y medidas experimentales. Además, las ideas y mo-

delos planteados aqúı pueden ser fácilmente trasladados a otros tipos de plasma, dado

que la resolución puramente cinética permite incluir una amplia variedad de procesos

microscópicos.
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CHAPTER 1

A BRIEF INTRODUCTION TO PLASMA PHYSICS

AND NUMERICAL COMPUTATION

The first definition of a plasma appears before 1930 in [1] and [2] by I. Langmuir and

L. Tonks to describe the electronic and ionic oscillations in an ionized gas. Since then,

the interest in plasmas has greatly grown, as has also happened with the knowledge of

the phenomena that appear in these systems. However, accurate descriptions of plasmas

either from theoretical or experimental points of view, are still of major importance to

fully understand and extend the applicability of these peculiar systems.

A wide–range of applications has been developed for plasmas over the past century

such as light sources [3], energy generation in fusion devices [4], surface treatment of

materials [5, 6], water purification [7] or electric propulsion [8] are some of the main

applications of plasmas. Also, plasmas appear naturally in the universe. Independently

of its application or origin, plasmas always present a collective response to perturbations

in the electromagnetic field. Nevertheless, due to the wide–range in which plasmas

can exist, specific descriptions are required to account (or neglect) some phenomena

depending on the case of interest. This leads to situations where, for example, a model

employed to analyse a laser inducted plasma cannot be applied to describe the plume

of an ion thruster. This obstructs the development of new models and complicates the

inter-applicability and exchange of knowledge among the different branches of Plasma

Physics. However, the similarity between some microscopic phenomena provides a

common ground between different areas of Plasma Physics. The individual study of

these phenomena from a kinetic point of view is of major importance, and results

obtained can be applied to develop new models for different plasma types. This is a

necessity to improve the knowledge of current plasma applications and develop new

ones that push the frontier of science and technology.
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1.1 Numerical methods in Plasma Physics

Due to its high complexity, plasma descriptions usually require numerical resolutions in

order to obtain functional results, either for steady state or in time-evolving situations.

Over the years, a large variety of methods and schemes have been developed to deal

with the equations that arise from the description of multi-species plasmas. Among the

multiple methods, some of them highlight due to its applicability, as the Navier–Stokes

solvers for magnetohydrodynamics (MHD) [9,10], Euler-Vlasov (EV) solvers [11], and

particle-in-cell (PIC) codes [12–17]. Specially, PIC codes have gained a large popularity

over the years and have proven an outstanding tool to analyse the dynamics of a large

variety of plasmas. These methods compute the kinematic motion of a large number of

particles, that represent the different species in the plasma, due to acceleration produced

by electromagnetic forces and calculate the particle density and other macroscopic

variables in a fixed mesh by means of a weighted interpolation.

However, actual numerical methods have some difficulties to introduce some physical

processes as collisions or to deal with the different time scales that appear in plasmas

due to disparate rates in density, mass or temperature among the different species.

Nevertheless, some progress has been performed to address this, e.g., to introduce

collisions into PIC codes through Monte Carlo Collision method [14, 17]; providing

good descriptions of the microscopic interaction among particles, as elastic collisions or

ionization–recombination processes. Nevertheless, it is an arduous task to implement

particle interactions in PIC or other codes as they are convoluted non–linear processes.

This results in these effects being ignored even when they may become relevant [18],

leading to the utilization of simplified models, to accommodate the limitations of actual

numerical tools, which can provide inaccurate results or non–physical behaviours and

may fail to explain relevant processes found in plasmas.

The search of numerical methods that improve the actual state of the art and provide

new results, accounting for more troublesome phenomena, must always be pursued.

This will allow, for example, to properly describe situations where collisions have a

relevant influence in plasma dynamics [19, 20]. In this line, new approaches to solve

involved non–linear coupled systems that allow a more accurate description of plasmas

must be always stimulated [18,21].

This dissertation proposes the use of a semi–analytical method founded on transition

probability functions to solve the kinetic equations that arise from the different descrip-

tions of plasmas and providing the complete distribution function as a solution. The

goal is to obtain physical meaningful results, accounting for all possible microscopic

phenomena, that can lead to expand the knowledge of plasmas in general, and improve

the characterization of plasmas by experimental means and the development of electric

thrusters in particular, as these two topics are of major importance for our research

group.
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1.2. THESIS SCOPE

1.2 Thesis scope

This thesis is grounded on the previous Master Final Project [21]. In that work, the

semi–analytical Propagator Integral Method (PIM) [22–27] was used to solve a two

species one-dimensional plasma (electrons and ions) close to a wall described by a

drift-diffusion fluid model and accounting for the self–consistent electric field through

the Poisson’s equation. The main goal of this thesis is to apply the PIM to solve equa-

tions that commonly appear in the study of plasmas from a Kinetic Theory perspective,

including convection-diffusion, purely convective problems or the Poisson’s equation.

The method is applied to solve arduous models, accounting for a variety of physical ef-

fects of disparate intensity, that are very difficult to implement with classical numerical

methods, specially in Weakly Ionized plasmas (WIP), were collisions play a very rele-

vant role [25,28]. Similar methods, based on propagators or other integral kernels, have

been employed to solve a wide range of problems in physics and engineering [29–33].

For example, descriptions of climate models [34], cells [35] or blood vessels [36] can be

analysed using methods founded on the same principles as the PIM.

This dissertation is divided as follows.

Chapter 2 is devoted to review the semi-analytical Propagator Integral Method to

provide a basic knowledge of its foundation and present the diverse applications de-

veloped in the recent years. The procedure to solve convective-diffusion equations is

reviewed and studied in deep, extending the application presented in previous works,

as [23,26,27]. Additionally, the method is extended for the first time to deal with new

differential problems as pure convective or ordinary equations. Boundary conditions

are added to allow the resolution of confined problems, reviewing the implementation

presented by J. M, Donoso in [27]. Also, relevant numerical results for each equation

type are presented to illustrate some test-cases, useful to understand how this method

works. These examples represent simplified cases of the more complex simulations per-

formed in the following chapters. In addition, the typical numerical hindrances found

during the development and application of the method are presented for each particular

equation kind, as well as simple comparison with classical finite difference methods. It

is relevant to analyse these topics in here as they are strongly related to the numerical

implementation of the method and the physical evolutions obtained.

Chapter 3 contains a brief introduction to Plasma Physics and specially to Kinetic

Theory, setting the grounds to understand the nomenclature employed through out

this thesis. In addition, some simulations are computed to analyse the evolution of

non–collisional plasmas under a self–consistent electric field. These examples are useful

to understand the dynamics in the phase-space composed by position and velocity, very

common in kinetic problems and to check the validity of the PIM to study this type of

plasmas never addressed before with this method.

Chapter 4 comprises a study of the different collision terms employed in this work and
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other particle interaction phenomena, as charge-exchange. Conservation properties for

self and binary collisions are analytically and numerically studied. These analyses are

relevant to identify dynamics caused by collisional processes that appear in further

chapters, specially when species of disparate energy, density and mass ratios interact.

Besides, the validity of the PIM to explore conservative problems is stressed out as it is

important for the semi-analytical method to fulfil the analytical macroscopic evolutions.

Chapter 5 focus on the analysis of Weakly Ionized Plasmas (WIP) from a kinetic point of

view. To achieve this task, a one-dimensional three species kinetic model is introduced

and numerically studied under a variety of scenarios, such as abrupt time evolving

electric field or different ionization ratios. Then, this model is employed to analyse

a discrepancy found when a Langmuir probe is biased with different sweep signals to

characterize a WIP. In addition, transport coefficients for these plasmas are computed

for a range of electric field and ionization ratio. These calculations are performed in

a velocity space defined by the directions parallel and perpendicular to the electric

field to better represent the collisional dynamics. Moreover, the complete distribution

function is computed in these cases as no linearisations are required, which allows a

representation of a wide range of situations far from equilibrium.

Chapter 6 presents the models proposed in this dissertation to deal with the emission

and collection of charged particles by a metallic wall from a kinetic point of view.

This is a very common situation in plasmas, specially in laboratory applications where

experiments are usually bounded by metallic walls. The results found are qualitatively

similar to experimental data and provide an useful first approach to understand how

electrons and ions behave close to a metallic wall.

In chapter 7, the modelisation of the plume produced by an electric thruster is carried

out. The main process that produce the distribution of ions measured in the laboratory

by means of a Retarding Potential Analyser (RPA) are examined. These numerical

simulations are useful to better understand the characterization of these systems and

the mechanisms that affect the ions produced by the thruster.

Finally, in chapter 8, a summary of the main results presented in this dissertation is

introduced as conclusions, as well as the future lines of research in which this work can

serve as a foundation for new works.

Three appendixes are added after the conclusions. Simple guidelines about the possi-

bility of employing short-time propagators to incorporate collisions in PIC codes are

presented in appendix A. In appendix B, some numerical recipes employed in the codes

developed for this thesis are presented for the sake of clarity. Finally, appendix C

contains the lists of publications, conferences, seminars, and projects delivered as a

consequence of this work.
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CHAPTER 2

PROPAGATOR INTEGRAL METHOD

Numerical methods suitable to deal with complex non–linear problems providing, at

the same time, stable and physical meaningful time–evolving solutions are of huge im-

portance in many fields of mathematics, physics and engineering. Numerical solutions

are always approximated to the analytical ones, usually unknown, and they are not free

of errors beyond the approximation order. However, these methods allow the resolu-

tion of challenging problems that are unsolvable otherwise. Thence, the search of new

procedures able to reduce or control these errors and deal with more involved problems,

keeping a stable physical solution, must be continuously stimulated.

Under this perspective, integral methods [22, 29, 31–33, 37–40] provide a robust semi-

analytical scheme to obtain a suitable time evolving solution for a great variety of

problems. The lack of discretisation that characterises these schemes allows to obtain

consistent transient and steady solutions even if abrupt or sharp parameters, initial or

boundary conditions appear. Through out this dissertation, a semi-analytical integral

method has been developed and structured to solve convoluted equations that usually

appear in the kinetic description of plasmas. However, the procedures presented here

can be extended to other fields without loosing any of the advantages and capabilities

of the integral scheme, a feature that turns it in a method of general use in fields where

similar equation types appear.

In this context, this chapter is devoted to study the advances and applications of the

Propagator Integral Method, PIM for short, developed in the recent years. Basic test-

cases are solved here to illustrate and state the methodology, paying special attention

to equations similar to those appearing in the plasma kinetic descriptions. In addition,

a systematic procedure to apply this method to any type of equation is operatively

presented. As it is shown in chapter 3, these equations are, but not restricted to drift-
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diffusion, purely convective and the Poisson’s equation. The first type of equations

has been widely dealt in the past by our research group [21–26, 41–44] and by other

authors [29, 31–33, 39, 40]. Here, a general procedure to obtain short-time solutions as

propagators, including also the possible boundary effects, is revisited and expanded.

Then, the method is applied, for the first time, to purely convective partial differential

equations, as well to ordinary differential equations. This chapter is useful to estab-

lish some common ground to understand the simulations of the following parts in this

dissertation, where the PIM is used to solve involved models. The numerical implemen-

tation and comparison with classical discretisation methods are included, since they are

of major importance to remark some of the PIM advantages.

2.1 Applications to general partial differential equations

To start with the mentioned PIM extension, let us assume a general partial differential

equation in the form of a governing equation for a problem of stochastic nature as

L(q, t) [f(q, t)] = s(f,q, t),

f(q, 0) = f0(q)
(2.1)

where q is any set of coordinates that represents the problem in a domain D, L(q, t) is

a general differential operator, s(f,q, t) is a non–homogeneous term, t represents time,

f(q, t) is the problem function at any time t > 0 and f0(q) is the initial condition re-

quired to have a complete Cauchy problem. Equation (2.1) normally includes boundary

effects symbolised as

Γ∂D [f(q, t)] = g(f,q, t) (2.2)

where Γ∂D is any integro–differential operator that acts at the domain edge ∂D. In

many instances, these problems can be solved, analytically, by using general methods

based on integral kernels resembling the form of the solution, in terms of Green’s

functions [45–50], as

f(q, t) =

∫

D

G(q, t;q′, 0)f0(q′) dq′ +

t
∫

0

∫

D

G(q, t;q′, T )s(q′, T ) dq′ dT, (2.3)

where G(q, t;q′, 0) fulfils equation (2.1) without non–homogeneous term and with the

initial condition G(q, t;q′, t) = δ(q − q′) and the same boundary conditions as the

original problem. This function represents how the value of f0 evolves from a source

point q′ into a field point q in a time t, first integral of (2.3) right hand side, and the

effect of the non–homogeneous term, second integral of (2.3) right hand side.

If an integral kernel is employed, a similar approach can be derived. Assuming that a

transition operator Ut,t′ exists in the form

f(q, t) = Ut,t′f(q′, t′) =

∫

D

f(q′, t′)Π(q, t;q′, t′) dq′ (2.4)
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and it is valid for a time t > t′ where non–homogeneous terms have been neglected

as they are introduced as an external effect, independently of the transition probabil-

ity. The integral kernel Π(q, t;q′, t′) is usually called the propagator associated to the

transition operator. This operator fulfils the initial condition Ut,t = 1 or, equivalently,

Π(q, t;q′, t) = δ(q − q′). The integral kernel can be employed in equation (2.3) by

substituting the Green’s function and modifying the time integral limits to evolve from

t′ to t instead of from 0 to t. Thence, Π, can be understood as a representation on how

a solution at q′ time t′ evolves for t > t′ to the point represented by field coordinates

q at time t. However, either the Green’s function or the integral kernel Π are, usually,

as difficult to obtain as the complete solution of the problem.

Nevertheless, a short-time approximation for Π can be usually found, called short-time

propagator, see [22] and references therein. This function provides an approximated

time evolution when it is employed in numerical integral schemes. Usually, this short-

time propagator can be computed analytically for a vast number of cases, but other

approaches may include the numerical calculation of this function, as presented in [51].

To introduce the general procedure that allows the calculation of short-time propaga-

tors, firstly we assume a solution of the problem to solve at an instant t′ and position q′

exits. Due to the operator L(q, t), f(q′, t′) in the source state, represented by primes,

propagates to the field points q at a time t > t′ + τ , where τ is a small parameter.

If we call Π(q, t;q′, t′) to the probability of f(q′, t′) to reach position q at time t, an

approximation of Π can be found solving the auxiliary problem

∂Pτ

∂τ
= L∗(q′, t′) [Pτ ] , (2.5)

where L∗(q′, t′) is the same operator as in (2.1) but evaluated at source variables [22,

23, 45, 49, 52] and Pτ = Pτ (q;q′) ≃ Π(q, t;q′, t − τ) is the short-time approximation

of the real unknown transition probability. The resolution of this problem is usually

simple since parameters involved in it are formally constant. Nevertheless, geometrical

factors or bounded domains may result in very difficult auxiliary equations, demanding

an arduous analytical analysis to be solved. Thence, this method is considered as semi–

analytical as it is founded in analytical integral scheme and calculation of propagators,

but requires a numerical integrations to advance the solution.

If the propagator is solved as in equation (2.5), no control over the boundary conditions

is possible, apart of to the natural ones of the propagator. To include boundary effects,

the condition of the general problem (2.1) must be included in the propagator calcula-

tion as Γ∂D [Pτ ] = 0, as seen in [27] for the one-dimensional Fokker—Planck equation

in the semi–open domain. Nevertheless, other approaches to account for boundary

conditions can be used, as indicated in the reference cited above. A large number

of Pτ candidates can be found in the textbook [49] by K. D. Cole stated for heat

equations. Thence, imposing boundary conditions in integral schemes is not a trivial

task [50,52–55]. In this chapter, some general procedure to include boundary effects is

presented, but the general problem is far from being solved. Nevertheless, any method

7



CHAPTER 2. PROPAGATOR INTEGRAL METHOD

to include non–homogeneous boundary conditions should add an additional term to the

advancing scheme, that includes the effect of the boundary to the advancing scheme as

f(q, t′ + τ) =

∫

D
Pτ (q;q′)f(q′, t′) dq′+

t′+τ
∫

t′

∫

D

Pτ−τ ′(q;q′)s(q′, t′ + τ ′) dq′ dτ ′ + fB,

(2.6)

where f(q, t + τ) denotes the approximation to the real solution obtained by means

of the short time approximation, τ ′ represents an intermediate time between t and

t + τ , Pτ−τ ′ accounts for the possible dependency of the propagator in short times

and fB is the boundary term [23, 52]. This term depends on the propagator and the

method chosen to incorporate boundary conditions. In a general way, fB involves a

time integral, as the one that incorporates the non–homogeneous effects and a closed

integration over the domain of some function related to the short time propagator.

Depending on the complexity of the non–homogeneous terms, the integration in time

and space may become impossible to realise even numerically without simplifying as-

sumptions. For instance, if the integral limits can be interchanged, the contribution of

the non–homogeneous term to the advancing scheme (2.21) can be rewritten as

∞
∫

−∞

s(q′, t + θτ ′)Qτ (q;q′) dq′ (2.7)

for some real value such that 0 ≤ θ ≤ 1, being the function Qτ the integral over time

of the propagator as

Qτ =

∫ τ

0
dτ ′Pτ−τ ′(q;q′), (2.8)

which has the lower and upper limits τδ(q−q′) and τPτ , respectively, as approximated

functions [27]. The final scheme results

f(q, t+ τ) =

∞
∫

−∞

Pτ (q;q′)f(q′, t) dq′ +

∞
∫

−∞

s(q′, t+ θτ ′)Qτ (q;q′) dq′ + fB, (2.9)

At this point, it is important to remark that the propagator form is not unique. Multiple

functions can be used as short-time approximations to solve the same problem reaching

very similar results. However, the advancing scheme presented here holds as it is

independently of the propagator shape.

2.2 Fokker—Planck (FP) equation

A Fokker–Planck equation is a partial differential equation which solution evolves by

two distinguishable effects: convection and diffusion. Convection, governed by a de-

terministic formal force, pushes the solution through a privileged direction; whereas
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2.2. FOKKER—PLANCK EQUATION

diffusion, understood as derived from the effect of stochastic nature, spreads the value

of one point to, theoretically, all the domain. These equations are very common in

mathematics, physics and engineering [47, 56–60], and may represent the dynamics of

fluids or the evolution of temperature in a body, among many other cases. They are

expressed in general shape as

∂f

∂t
= −







N
∑

i

∂

∂qi
Dif −

N
∑

i

N
∑

j

∂2

∂qi∂qj
Dijf







+ s = −LFPf + s, (2.10)

where f = f(q, t) is the problem function, q = q1, q2 . . . qi . . . qN is any set of coordi-

nates, N is the dimension number, Di = Di(f,q, t) is the convective parameter in the

direction i, Dij = Dij(f,q, t) are the components of the symmetric diffusion tensor D

in directions i and j, and s is the non–homogeneous term. Here, LFP refers to a general

operator in the FP form.

To obtain a generic propagator, let us assume we have an open space defined problem

with natural boundary conditions, which means that the function and its derivatives

respect to q vanish for large values of |q|. The auxiliary equation that the short-time

propagator Pτ must fulfil reads

∂Pτ

∂τ
= −L∗

FP [Pτ ] = −







N
∑

i

D′
i

∂

∂qi
Pτ −

N
∑

i

N
∑

j

D′
ij

∂2

∂qiqj
Pτ







, (2.11)

with the initial condition

lim
τ→0

Pτ (q,q′) = δ(q − q′), (2.12)

where ′ over the drift and diffusion coefficients indicates that they are evaluated in the

source variables, i.e., D′
i = Di(q

′, t′) and D′
ij = Dij(q

′, t′). The simplest shape that

solves problem (2.12) is a multi–variable Gaussian distribution as

Pτ (q,q′) =
1

√

|4πD′τ |
exp

[

−Q⊤ · D′−1 ·Q
4τ

]

. (2.13)

Here, Q = q − q′ − D′τ is a column vector, Q⊤ its transpose and | | represents the

determinant. This propagator expresses how the f value at source point q′ propagates

to all field points q in a short time τ due to convective and diffusive effects. Commonly

used approaches to finite difference methods are unable to reproduce this behaviour,

because only the grid points that appear in the discretisation scheme around q′ are

modified. In this sense, the propagator behaves like a discretisation scheme of order

equal to all the points in the mesh or as an implicit finite different method after matrix

inversion.

In the analysis of partial differential equations, it is of major importance to compute

the evolution of integral quantities. Right now, these quantities are useful to study the

dynamics of the numerical problem, but the physical meaning of them is provided in

9



CHAPTER 2. PROPAGATOR INTEGRAL METHOD

chapter 3, where the distribution function moments and fluxes are delineated. These

functions are defined as

[qmi ] =

∫

qiq
m
i f(q, t) dq (2.14)

〈qni 〉 =

∫

qni f(q, t) dq
∫

f(q, t) dq
(2.15)

where m = 0 and 1, n = 1 and 2 are usually employed. We define 〈1〉 =
∫

f(q, t) dq for

simplicity, usually referred as the norm. It is easy to see that (2.15) and (2.14) fulfil

the relation

[qm] = 〈1〉
〈

qm+1
〉

(2.16)

In drift–diffusive equations, these quantities obey the time evolving relations

˙〈1〉 = −
∫

δD

n ·
(

Df − ∂

∂q
Df

)

dq′ +

∫

D

s dq (2.17)

˙[1i] =

∫

D

Dif dq−
∫

δD

qin ·
(

Df − ∂

∂q
Df

)

dq′ +

∫

D

qis dq (2.18)

where dotted variables means time derivative and n is the outwards unit vector normal

to the boundary surface. It can be seen that the norm 〈1〉 only changes due to boundary

or non–homogeneous effects. Other values of m and n follow similar evolution laws,

computed by integrating both sides of equation (2.10).

In the following sections, propagators to solve the Fokker—Planck equation in specific

geometries and boundary conditions are presented, by significant benchmark problems

for each case.

2.2.1 Scheme for one-dimensional problems

The general Fokker–Planck equation (2.10) in a one-dimensional open space becomes

∂f

∂t
= −

{

∂

∂q
Dq(q, t)f − ∂2

∂q2
Dqq(q, t)f

}

+ s

f(q, 0) = f0(q)

, (2.19)

where natural boundary conditions have been assumed for |q| → ∞. Here, q is the

spatial coordinate and the vector D and stress tensor D turn into scalars. A propagator

that solves this problem can be extracted from (2.13), giving

Pτ (q, q′, τ) =
1

√

4πD′
qqτ

exp

[

−
(q − q′ −D′

qτ)2

4τD′
qq

]

, (2.20)

from which equation (2.9) gives rise to the iterative scheme

f(q, t+ τ) =

∞
∫

−∞

Pτ (q; q′)f(q′, t) dq′ +

∞
∫

−∞

Qτ (q; q′)s(q′, t + θτ ′) dq′. (2.21)

10



2.2. FOKKER—PLANCK EQUATION

This scheme must be translated into the selected numerical domain to allow its resolu-

tion, with the Gaussian propagator expressed as

Pτii′ =
1√

4πDi′i′τ
exp

[

−(qi − qi′ −Di′τ)2

4τDi′i′

]

. (2.22)

where subscripts i and i′ are referred to points in the numerical grid. The time advanc-

ing scheme can be solved with a simple rectangular integration method as

fn+1
i =

imax
∑

i′=0

Pτii′ f
n
i′ ∆q +

imax
∑

i′=0

sni′Qτii′ ∆q, (2.23)

where n represents the actual time step, imax is the maximum number of points in

the grid and ∆q is the grid distance between two consecutive points. Parameter θ

from equation (2.21) has been set to 0. Due to obvious limitations in the numerical

problem, an infinite grid cannot be employed. In order to correctly approximate the

numerical f , the grid edges must be far enough to ensure that no relevant value of

the solution reaches them. This procedure has proved to be highly feasible in many

problems [22,25].

To test this simple advancing scheme, a non–linear problem where convection and

diffusion parameters are given by

Dq(q, t) = −γq; Dqq(q, t) = γ

(

1 +
q2

2κ

)

(2.24)

is dealt, being γ and κ are positive constants. These terms results in a κ-like steady

solution. To ensure that the function f(q, t) has integrable quantities up to order 2, κ

must be greater than 1
2 . When κ → ∞, a steady Gaussian solution is recovered. We

take κ = 5
3 and γ = 1. An impulsive non–homogeneous term is also added

s(q, t) =

{

δ(q − 1) if 0 < t ≤ 1

0 if 1 < t
. (2.25)

where δ(x) is the Dirac delta. Starting from a zero initial condition (〈1〉 = 0), this

non–homogeneous term injects information at q = 1 at a constant rate until the norm

of the solution reaches one at t = 1. So, for t > 1, the problem evolves freely until a

κ-like steady state is reached.

From a numerical point of view, a grid of 10001 points and a length of 500 non–

dimensional units centred in q = 0 is used, with τ = 10−2. The large length of the

mesh is required due to the power behaviour of the f tails. If not enough length is

provided, non small f values may exist at the ends of the numerical domain, perturbing

the solution. For the Dirac delta function, a simple numerical representation as

δn(qi) =

{

1
∆q if qi = 0

0 elsewhere
. (2.26)
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Figure 2.1: Evolution of the one-dimensional kappa problem and its integral quantities. Black

solid line represents the Gaussian function with the same moments that the steady state.

is used keeping a numerical norm equal 1 if a simple rectangle method is used to

integrate. Moreover, this representation only acts on one channel of the numerical

grid, as it happens with the analytical Dirac delta where only one point in space has a

value different from 0. In addition, in the limit ∆q → 0, the analytical Dirac delta is

recovered.

From the results shown in figure 2.1, it can be seen how the problem evolves from the

transient initial interval, where the delta non–homogeneous term is active, without in-

troducing instabilities in the distribution function or in its moments. From figures 2.1a

and 2.1b it is clearly appreciated how the quasi-steady solution, at t = 10, does not

match a Gaussian distribution with the same mean and deviation values, pictured as

a black solid line. In the κ-like distribution, f close to q = 0 differs from an expo-

nential distribution and the solution tails do not decay exponentially, as they follow

a power-law as |v|−κ+1. This is an important result because the Gaussian propagator

from equation (2.20) is able to reproduce a non–Gaussian time evolving and steady so-

lutions, an interesting statement useful to solve non–linear problems in kinetic theory

where f may deviate from Maxwellian distributions.

If the integral quantities of f are studied, figure 2.1c, smooths evolutions are found,

even in the time period in which the Dirac delta source term acts. In addition, it is

easy to see how norm 〈1〉 follows equation (2.17), as it only changes when the non–

homogeneous term is different from zero and is conserved it afterwards.

Another important application of this integral method developed in the course of

this dissertation is the resolution of equations with discontinuous drift-diffusion co-

efficients [26]. It is based upon the fact that, from a theoretical point of view about

Green’s functions, it is only required for Pτ to be piecewise continuous. This is use-

ful, for example, to analyse situations where a plasma changes abruptly in time or

space, as studied in chapter 6 of this work, or to deal with forces of discontinuous na-

ture. A simple test-case illustrates this issue, where the parameters associated to the

12
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Figure 2.2: Evolution of the discontinuous drift–diffusion problem. Initial condition is pre-

sented as a black solid line.

one–dimensional FP equation become

Dq(q, t) =

{

1 if q ≤ 0

−q(1 − f) if 0 > q
, Dqq(q, t) =

{

0.1 if q ≤ 0

1 + q2

2κ if 0 > q
, (2.27)

the non–homogeneous term s equals 0 and κ = 5/3, resulting in a non–linear problem

that has the convective term depends on f . The solution of this problem has different

behaviours depending on the coordinate q. For q < 0, a Gaussian-like solution is

expected meanwhile for q > 0, a κ-like steady function arises. An adaptation zone

in the surroundings of q = 0 appears, where the solution passes from a Gaussian to

a κ function. The solution naturally adapts to the abrupt change in the problem

parameters, connecting both zones in a smooth and stable way [61]. For a Gaussian

initial function with 〈1〉 =
〈

q2
〉

= 1 and 〈q〉 = 0, its evolution is drawn in figure 2.2a.

A quasi-steady state is reached for t = 10, where f(q < 0) has a Gaussian shape

and f(q > 0) is a κ-like function. Close to q = 0, an abrupt connection between

both zones appears. This jump connects the two regions, but it does not introduce

numerical instabilities. Another important result relies on the the evolution of 〈1〉, [1],

and [q], figure 2.2b, being smooth and continuous in time. This means that even though

parameters change abruptly, the solution evolves properly, as the analytical fine problem

in [61]. On the other hand, the f norm is conserved through the simulation, which

means that no information is lost due to the discontinuity in the problem parameters.

In resume, the sharp solutions found in this example indicates that situations as shocks

or layers can be computed with the PIM, without introducing instabilities or requiring

numerical additional viscosity.

Another important task is to extend these results to bound value problems. As it

was presented in [21,23,27], boundary conditions can be added to the one-dimensional

time advancing scheme as a non–homogeneous term acting over the contour. Now, we

focus on the semi-open one-dimensional problem where q ∈ [0,∞). The previous kappa

problem with a reflecting boundary condition is studied. The procedure stated in [27] is

used to introduce boundary conditions into the case presented in figure 2.1, augmented
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Figure 2.3: Evolution of the bounded kappa problem. Norm varies only for two causes:

non–homogeneous term or J [f ]|q=0
6= 0.

in a semi-open domain with the boundary condition

J [f ]|q=0 =

{

1 if 6 < t ≤ 7

0 otherwise
. (2.28)

where J [f ] = Dqf −∂Dqqf/∂q is commonly known as the current operator. For a time

of 12 non–dimensional units the system reaches a quasi–steady state after the boundary

condition is modified, as shown in figure 2.3. A first relevant result states that problem

norm, i.e., 〈1〉 only changes when non–homogeneous or boundary terms are different

from zero. Otherwise, this amount is conserved and the problem evolves driven only

by the convective and diffusive parameters until a quasi–steady state is reached. The

solution f(q, t) fulfils the boundary condition at each time step and a change for t = 6.5

appears, as the f slope close to q = 0 differs from 0 due to the action of the non–zero

current. The adaptation to the boundary is smooth and its effect covers the full domain

after a few time steps as the term fB exists for all q ≥ 0 [23,27].

Another interesting boundary condition is the absorbing one in which f(0, t) = 0. The

propagator to represent this boundary condition can be calculated by standard method

giving in [49]. The resulting short-time propagator becomes

Pτ (q; q′) =
1

√

4πD′
qqτ

exp

[

−
(q − q′ − τD′

q)
2

4D′
qqτ

]

(

exp

[

qq′

D′
qqτ

]

− 1

)

, (2.29)

which is zero for any q, q′ = 0. A basic example with constant drift and diffusive

coefficients is carried out. For this problem, Dqq = 1 and the convective force Dq takes

two values of opposite sign, −1 and 1. The non–homogeneous term equals δ(q− 1) and

it is active through all the simulation. Figure 2.4 pictures the evolution of the norm and

the solution for both cases. Two clearly distinguishable dynamics arise, for negative Dq

a quasi-steady situation is reached, for which 〈1〉 remains constant, as the amount of f

introduced by the non–homogeneous term equilibrates with the norm being collected at

q = 0. However, when the force per unit mass is positive, the norm increases linearly,

since the lost of norm is not compensated by drifting effects and loses at the absorbing

boundary.
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Figure 2.4: Evolution of the bounded absorption problem. The parameter Dq determines the

system dynamics, but boundary effect always arise.

2.2.2 Extension to 1+1D problems

One important application of the drift-diffusion equation relies on the study of the

solution evolution in a two dimensional phase space where the diffusive matrix is sin-

gular, i.e., |D| = 0. This means, diffusion only acts in one lineal variety, e.g., velocity

space, while convective terms may appear in both directions. A general two dimensional

equation for this process as a particular case of (2.10) is

∂f

∂t
+

∂

∂q1
Dq1f +

∂

∂q2

[

Dq2f − ∂

∂q2
Dq2q2f

]

= s, (2.30)

where f = f(q1, q2, t), q1 and q2 are two coordinates, with their corresponding drift

parameters Dq1 and Dq2 , and Dq2q2 is the diffusion in the q2 direction given the diffusive

matrix D is

D =





0 0

0 Dq2q2



 . (2.31)

For this equation, also known as the Klein–Kramers equation [62–64], many works

have applied integral methods in an open space [35, 41, 44, 65] providing good result

and capturing dynamics that classical schemes would miss, e.g., the parasite effective

diffusion in the q1q1 and q1q2 transversal directions. In here, the PIM is used to solve

this type of equations in an open domain. The bounded problem for this equation is

still an open problem to solve even from analytical approaches, but some guidelines are

given here to exemplify the complexity of this bounded problem.

A particular application of (2.30) is given to solve the Brownian motion [61,65–67] in

a x-v open space, where x represents the position and v is the particular velocity in

the x direction. The partial differential equation that describes this motion is

∂f

∂t
+ v

∂

∂x
f +

∂

∂v

[

Dvf − ∂

∂v
Dvvf

]

= s, (2.32)

where Dv = −γv+ Fext

m is the convective parameter, γ is a constant that plays the role

of the characteristic problem frequency, Fext is the external force, m is the particle mass
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and usually Dvv = γ kT
m where T is the temperature, although the procedure presented

here can deal with drift-diffusion parameters of very different functional forms.

The easiest way to obtain a propagator for this problem, is to apply the Fourier trans-

form to the auxiliary problem as in the work by J.M. Donoso and E. del Rı́o [44]

∂Pτ

∂τ
+ v

∂Pτ

∂x
+

∂

∂v

[

D′
vPτ −

∂

∂v
D′

vvPτ

]

= δ(x − x′)δ(v − v′), (2.33)

where Pτ = Pτ (x, v;x′, v′, τ) is the short-time propagator by a double Fourier transfor-

mation as

F(Pτ ) = P̃ (ω, k, τ) =

∞
∫

−∞

∞
∫

−∞

e−iωv−ikxPτdxdv, (2.34)

reduces to
∂P̃

∂τ
+

[

iD′
v + ω2D′

vv − k
∂

∂ω

]

P̃ = e−iωv′−ikx′
, (2.35)

that can be solved by the Method of Characteristics dealing with P̃ = 1 for τ =

0 [41,44], given

P̃ = exp

[

−D
′
vv

3

(

k2τ3 + 3ωkτ2 + 3ω2τ
)

−iω
(

v′ +D′
vτ
)

− ik

(

x′ + v′τ +
1

2
D′

vτ

)]

,

(2.36)

which after Fourier inversion provides

Pτ (x, v;x′, v′, τ) =

√
3

2πτ2D′
vv

exp

[

− 1

D′
vvτ

(

3
X2

τ2
+ 3

XV

τ
+ V 2

)]

, (2.37)

where X = x−x′−v′τ− 1
2D

′
vτ

2 and V = v−v′−D′
vτ . It is clear that different diffusion

scales appear naturally in the problem. An interesting first feature is that even when the

diffusion process only appears in the direction v, the resolution of the auxiliary problem

shows that Dvv produces diffusion in the directions x and in x-v . Each diffusive effect

evolves at different time scales (τ−1, τ−3 and τ−2 respectively), a fact that is missed in

a classical difference discretisations [44], which can give rise to non–physical evolutions

of f . Thanks to the ability of the PIM to advance f as a semi-analytical approximated

solution, these scales, which really appear in an analytical Brownian motion solution,

are properly represented. If these scales are not considered, differences in the time

evolution and relaxation time of the solution can provide misleading results.

For Dvv = 1 and Dv = −v, the results are presented in figure 2.5, where contour plot

of f(x, v, t) at different time frames and the corresponding three first order fluxes are

pictured below. Starting from an histogram-like initial condition, the function evolves

up to a Gaussian one. The diffusive scales in the x-x and x-v directions appear at

much smaller rates than in the Dvv direction. The evolution of 〈1〉 reassembles a

simple diffusive process where, without external force approaches zero for t→ ∞. The

values [1] and [v] have an anti and symmetrical dynamics, respectively.
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x

v

Figure 2.6: Zones where bound-

ary conditions for the Klein–Kramers

problem can be imposed are marked in

red and blue for the [0, 1] × [−∞,∞]

1D1V domain.

The addition of boundary conditions to this prob-

lem is not straightforward. Due to the singular dif-

fusion matrix, the boundary conditions that can be

imposed in x are limited. Let us assume a bounded

domain in the region x ∈ [0, 1] and v ∈ [−∞,∞].

In typical kinetic problems, natural boundary con-

ditions are imposed for the v direction, i.e., f and

its derivatives vanished for |v| → ∞, which means

that the single boundary different from zero can

be at x = 0 and x = 1. As seen in the example

presented above, f values at v > 0 travel to the

positive x direction and vice-versa, due to the pure

convective term of equation (2.32). This means,

that the boundaries can only influence the problem

inside [0, 1] if the normal flux is positive, i.e., if n · v > 0 [62,66–68]. This is, at x = 0,

information with v > 0 can be imposed as a boundary condition while f(v < 0, 0, t)

cannot be imposed as a boundary condition, but it must be modified by the imposed

boundary for v > 0. On the other hand, at x = 1, only f values with a negative v

can be imposed as boundary condition. This situation is resumed in figure 2.6, where

the left boundary condition is represented in red and the right one is blue. Boundary

conditions cannot be imposed in the black zones. Nevertheless, some works have been

done to extend the boundary conditions that are applicable to this problem, as the one

presented in reference [35]. The construction of more general short-time propagators

suitable for this bounded problem is still a topic in research, as it is not a trivial task

even for constant coefficients.
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2.2.3 Extension to 2D problems

The resolution of two and three-dimensional problems in the velocity space is of huge

importance in the transport coefficient calculation for plasmas and gases [13, 18, 43,

69–74]. Unlike in the 1D1V case, here the diffusive matrix is usually non–singular.

The general equation that describes these problems can be obtained by setting N = 2

in (2.10) becoming

∂f

∂t
= − ∂

∂q1

[

Dq1f − ∂

∂q1
D11f − ∂

∂q2
D12

]

− ∂

∂q2

[

Dq2f − ∂

∂q2
D22f − ∂

∂q1
D12

]

+ s,

(2.38)

where qi is the velocity component in the i-direction and Di and Dij their associated

drift-diffusion coefficients.

A relevant case for this work is the kinetic evolution of a distribution function in a

parallel and perpendicular velocity space respect to a fixed force field. This space allows

the inclusion of multiple collision terms, as Fokker–Planck–Landau or Boltzmann ones,

for calculation of transport coefficients in plasmas in presence of an electromagnetic

field. Assuming a three velocity space (vx, vy and vz) in which a species of a plasma or

a gas evolves in time, with space homogeneity. We can consider the system behaviour

under the action of a external field, leading to the evolution in one privileged direction

(vz). Let us call by parallel velocity (v‖) to the one that matches this privileged direction

and by perpendicular velocity to the composition of the other two (v2⊥ = v2x + v2y),

resulting in an orthogonal change of variables. The remaining direction is identified

by the angle φ as vx = v⊥ cosφ and vy = v⊥ sinφ in usual cylindrical coordinate

system [59]. If we assume angular symmetry, the problem reduces to a two-dimensional

one as

∂F

∂t
= − ∂

∂v⊥

[

Dφφ

v⊥
+D⊥ − ∂

∂v⊥
D⊥⊥ − ∂

∂v‖
D⊥‖

]

F

− ∂

∂v‖

[

D‖ −
∂

∂D‖
D‖‖ −

∂

∂v⊥
D⊥‖

]

F

+ 2πv⊥s,

(2.39)

as it is stated in [59, Chapter 2] for general change of variables of the FP equation. Here

F (v⊥, v‖, t) = 2πv⊥f(v⊥, v‖, t) is a simplified expression for the original solution which

accounts for the geometry factor and integrated over φ direction. This equation must

be solved in a (−∞,∞) × (0,∞) domain for the parallel and perpendicular velocities,

respectively. The propagator to solve (2.39) takes the form

Pτ =
2πv⊥

(4τπ)3/2
√

D′
tD

∗
φφ

i0

(

2v⊥(D′
‖‖U +D′

⊥‖W )

4D′
tτ

)

exp

[

−
D′

‖‖(v⊥ − U)2 − 2D′
⊥‖(v⊥ − U)W +D′

⊥⊥W
2

4τD′
t

]

(2.40)
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Figure 2.7: Evolution of f = F/2πv⊥ starting from an abrupt initial condition until a

Gaussian like solution naturally arise. Black solid line represents the initial condition.
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where D′
t is the determinant of the diffusion matrix, U = v′⊥+A′

⊥τ , W = v‖−v′‖−D′
‖τ ,

A′
⊥ = D′

⊥ + (D′
φφ −D∗

φφ)/v⊥, D∗
φφ = D′

t/D
′
‖‖ and i0(q) = I0(q) exp(−q) where I0 is

the modified Bessel function of order zero appearing, that accounts for the cylindrical

geometry.

A simple test-case to check this propagator is selected for the convective parameters

proportional to its velocity as Di = −2vi where i =⊥, ‖ and D‖‖ = 1, D⊥⊥ = 0.5 and

D⊥‖ = Dφφ = 0. Once again, the initial condition for f is a histogram like function

with non–zero mean parallel direction, i.e., 〈v‖〉 6= 0 at t = 0. It can be seen, figure 2.7,

how the abrupt initial condition evolves into a Gaussian like distribution in a smooth

way from the first iteration, without generating instabilities. The initial mean velocity

〈v‖〉 vanishes for large t, as figure 2.8 shows.

2.2.4 Numerical hindrances

The main problem to apply this method to drift-diffusive equations relies in the amount

of points required to properly represent the propagator related to the intensity of the

diffusion scale. As it has been explained, this effect influences, all the problem domain,

however, in numerical problems, limitations due to machine precision and the grid width

exist. Hence, small values of Dτ can result in an incorrect representation of the Gaussian
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Figure 2.9: Evolution of the function f(q, t), divided by its maximum fmax for different values

of Dqq. Black solid line depicts Dqt.

propagator, which may become closer to a numerical Dirac delta like function, meaning

that diffusive effects are not properly represented. In resume, for small values of Dτ

the propagator becomes very narrow and if there is no enough points in the numerical

grid, the evolution of the solution is distorted. This is caused due to the numerical re-

normalisation of the propagator, required to ensure the conservation properties, as seen

in [21], resulting in the propagator becoming a very thick Gaussian. This is specially

important for the applications in multiple dimensions, where the propagator becomes

a four-dimensional array, which limits the number of points that can be employed and,

consequently, the diffusive and time scales that can be represented.

To show this difficulty, a case is presented for a one–dimensional drift–diffusive case

with Dq = 0.97 and Dqq = 10−k where k = 1, 2, 3 and 4. All cases are executed with

the same time-step τ = 10−2 and ∆q = 10−2. The drift coefficient is chosen this way

to reduce the possibility that the maximum point of the Gaussian propagator coincide

with a grid point. This way the maximum point of the propagator is not represented

and, for low values of Dqq the Gaussian shape will be distorted. The initial condition is

a Dirac delta in q = 0. In figure 2.9, the results are presented for t = 0.5 and t = 2.0. It

can be easily checked how small diffusive parameters (k = 3 and 4) move the solution’s

peak towards of the corresponding point qmax = Dqt.

This representation lays out a serious difficulty for two dimensional phase-space x-v

problems, where the diffusion scale in the x direction is Dvvτ
3. This means that

even for high values of Dvv , the propagator requires a large number of points in the x

direction to represent this small scale, as τ ≪ 1, otherwise, the evolution of the solution

may become unstable and physicalness. In addition, the values for τ suitable for these

problems get highly reduced, as small τ values result in situations where the parasite

diffusions are too small to be properly represented. To see this, the test-case of the

Brownian motion without external force starting from a Gaussian distribution as

f0(x, v) = exp

(

− x2

0.1

)

1√
2π

exp

(

−v
2

2

)

. (2.41)

is solved with two values of time step: τ = 0.1 and 0.01 and f(x, v, t) divided by their

respective maximum values is drawn in figure 2.10. It can be seen how the solution is
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Figure 2.10: Solution f(x, v, 0.5) divided by its maximum value for two values of the time

step parameter.

disrupted for the smallest τ used, creating large areas where it is not well represented.

2.2.5 Comparison with Finite Difference Methods and computational

cost

In spite of some numerical advantages and drawbacks of the PIM that have already

been mentioned, this section pays attention to compare it and Finite Difference Meth-

ods (FDM). Solving partial differential equations with these well established methods

require the discretisation of all derivative terms, a process that may cause non–physical

behaviours and instabilities. To do so, the evolution of an abrupt initial condition under

constant convective and diffusive parameters in a one-dimensional space is studied. The

solution obtained by means of the PIM is presented along with two solutions obtained

with FDM: one with an upwind and another with central discretisation schemes for the

convective part. Diffusive gradients are always computed with a central discretisation

scheme. To this aim, the simple problem

∂f

∂t
= − ∂

∂q

[

Dqf − ∂Dqqf

∂q

]

(2.42)

f(q, 0) = f0(q) =

{

1 if − 0.5 < q < 0.5

0 elsewhere
(2.43)

is solved in an unbounded space q ∈ (−∞,∞) with natural boundary conditions. The

parameters Dq and Dqq are constant and in this particular case equal 1 and 0.01

respectively. In these cases, the propagator is calculated at each time step, even though

this is not necessary, since it provides a more general comparison of the computational

cost, as drift–diffusive parameters usually evolve in time. For the three cases, a grid

with ∆q = 0.004 is employed. In FDM cases, a small time parameter of τ = 10−4 is

required to avoid numerical instabilities. Meanwhile, PIM can employ a large time step

of τ = 0.1. Even with this value of τ , same time evolving solution as in the FDM is

found, as seen in figure 2.11. In these figures, the time evolution of the solution obtained

by the three numerical schemes is presented at three time frames. The three solutions
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Figure 2.11: Evolution of an histogram-like initial condition solved by the PIM, central (CFD)

and upwind (UFD) finite difference schemes with constant convective and diffusive parameters.

Time step in PIM (τ = 0.1) is larger than FDM (τ = 10−4).
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Figure 2.12: Same problem as in figure 2.11 but with ∆q = 0.04.

agree in their evolution, providing very similar results, with the solution UFD being

a little below the other two as it introduces a small numerical viscosity. Now, if the

space between grid points is increased by a factor 10 and the previous problem is solved

again, notable differences arise. Figure 2.12 shows the function f(q, t) at the same time

frames as in figure 2.11 and significant differences among the three methods arise. For

instance, some oscillations in the edges of the initial condition in the CFD solution

appear, perturbing the evolution and giving some negative unrealistic f . These values

tend to zero after some iterations due to viscous effects, but the negative solution, in

this case, indicates a non–physical evolution for some time intervals. Furthermore, the

solution with an upwind scheme presents significant numerical viscosity, as it can be

seen for the high value tails and lower maximums. However, the solution obtained

with the PIM keeps the positiveness of f without generating oscillations or numerical

viscosities and coincide with the case of a more refined grid.

It is important to remark that numerical instabilities do not necessary come from an

insufficient number of grid points. In some situations, sharp gradients in the solu-

tion can generate numerical instabilities in FDM. Due to the lack of discretisation in

the PIM, a more stable numerical solution is found, even in abrupt or discontinuous

situations [23,26].
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Component Model

Processor Intel R© Core
TM

i7-4770K CPU @ 3.50 GHz

Memory 2× 8192 MB DDR3 1600 MHz

Motherboard ASUSTeK R© B85-PLUS

Hard disk Samsung R© SSD 840

Graphics card NVIDIA R© GeForce R© GTX 660

Power supply Thermaltake R© LT-600P

Operating System Kubuntu 14.04.4 LTS

Compiler GNU Fortran 4.8.4

Table 2.1: Specifications of the computer employed to compare computational times among

numerical methods.

Method Time

Central
Average time per iteration (ms) 0.0464

Total time (s) 0.5023

Upwind
Average time per iteration (ms) 0.0389

Total time (s) 0.4187

PIM
Average time per iteration (ms) 31.139

Total time (s) 0.3115

Table 2.2: Computational times per iteration and total time for each method employed to

solve (2.43) with ∆q = 0.004.

With respect the computation time, we have tested the different wall clock times1

required to compute the solution from the case above. The main resources consuming

task in the PIM is the calculation of the short-time propagator and its re–normalization.

The calculation of the next step solution can be usually simplified and its computational

time can be reduced by parallelisation, as explained in appendix B.1. To compare

the computation time of the different methods, the computer which specifications are

presented in table 2.1 is employed to solve all simulations. The results in table 2.2 show

how methods based on finite differences beat the PIM time per iteration. However, the

total time is lower in the PIM due to the reduced number of iterations required to

simulate the same time. Beside this, we have to be aware that more complex non–

linearities may require a lower τ for the FDM, increasing the number of iterations,

while PIM could still use a relatively large time step.

In addition to the high computational cost per iteration of the PIM, the propagator is

1Wall clock time refers to the time measured by a clock, i.e., the physical time that has passed.
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a multidimensional array 2N (where N is the problem dimension) that must be saved

in memory to integrate over the grid. Although this can be avoided by employing an

on the fly calculation of Pτ in the same loop as the advancing scheme, which will be

studied in future works.

2.3 Purely convective equations

A quite usual type of equations that appears in kinetic and fluid descriptions of plasmas

is the pure convective case of (2.10), whose general form can be cast into

∂f

∂t
+

N
∑

i

∂

∂qi
Dif = s (2.44)

f(∂D, t)g(f,q, t) (2.45)

f(q, 0)f0(q). (2.46)

where g is the function value at the boundary ∂D. Since this is a first order problem,

only Dirichlet conditions are allowed at the boundary as it happens in the Brownian

motion studied above. Moreover, to impose such a boundary condition, n · D > 0

must be fulfilled, where n is the outwards vector normal to the boundary. In classical

numerical methods, the resolution of these equations requires, usually, the addition

of numerical viscosity to avoid oscillations and instabilities, perturbing the transient

solution. In this section, the PIM is extended to solve these equations providing stable

and physically meaningful solutions that do not require any discretsation or additional

viscosity. This allows the resolution of these equations from a new point of view, which

results in new interpretations and applications to solve theoretical models.

It is expected that the PIM can be applied in the same way as for Fokker–Planck

equations to obtain a time evolving solution, although a new short-time propagator

Pτ is required. A simple way to calculate such a short-time propagator for the mul-

tidimensional open space is to calculate the limit of (2.13) when the diffusion matrix

determinant |D|, as well as each of its components Dij , goes to zero. This results in a

multidimensional Dirac delta as a degenerated Gaussian multivariable

Pτ (q,q′, τ) = δ(qi − q′i −D′
iτ), (2.47)

where qi are the components of the coordinate vector q in the direction i. The numerical

implementation of this Dirac delta function and the resolution of some general cases is

dealt in the next sections.
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2.3.1 The non–diffusive one-dimensional problem

When (2.46) is reduced to a one-dimensional space, becomes

∂f

∂t
+

∂

∂q
Dqf = s (2.48)

f(qb, t) = g(f, q, t) (2.49)

f(q, 0) = f0(q). (2.50)

where qb is the boundary point and Dq is the drift parameter. Whereas this problem

seems to be quite simple, its numerical resolution with classical methods becomes a

difficult task to avoid unstable solutions if discontinuities, high slope zones, or non–

linearities appear. To apply the PIM, the same procedure used for Fokker–Planck

equations is employed, the general propagator (2.47) is computed only in the one-

dimensional open space, as

Pτ (q; q′, τ) = δ(q − q′ −D′
qτ). (2.51)

With this, the time advancing scheme is equivalent to (2.21), because it is independent

of the propagator shape. To solve this problem numerically, an accurate representation

of the Dirac delta must be employed, in this work, the expression (2.26) is proposed.

Nevertheless, the evolution of this problem numerically presents an important issue

that must be addressed.

Figure 2.13: A situation where qi′+1

does not match qi′ +Di′τ . A new point

at qi′ +Di′τ is required to properly rep-

resent the solution motion.

In contrast with the drift-diffusion equation, where

f ′ from source coordinate q′ spreads to all the do-

main, here the f value moves from point to point

in a dynamics controlled by the convective force

Dq. Let us assume we have f ′ 6= 0 at point qi′

time t′ where i′ designates a generic source point

in the grid. Due to the convective force Di′ , this

value moves towards qi = qi′ +Di′τ in a short time

τ . Let us assume that an equally-spaced grid has

been created where qi′ and qi′+1 points are sepa-

rated by a constant distance of ∆q. If the value

of f at qi′ is advanced with the delta propagator,

the corresponding field point is only modified if ∆q = Di′τ , which is unlikely except

for some reduced values of Dq. To solve this, a displacement of the grid to follow the

evolution of Di′ is proposed. To allow the propagator to properly represent the motion

of f , a new set of coordinates qi is computed at each time step of the simulation as

qi = qi′ +Di′τ, (2.52)

which ensures that a point exists where the information from source variables moves to

the field coordinates perfectly. As figure 2.13 shows, if a fixed mesh is employed, source

f ′ does not reach a corresponding field grid point, and its value is lost. To ensure that
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Figure 2.14: Resolution of a simple convective problem with a fixed mesh (blue circles) and

the one recalculated by equation (2.52) (red squares).

points at the proper position exit, a new grid is created, using the field coordinates

based on the source coordinates as stated above. So now, numerical grid moves and

follows D′
q, meaning that each grid point has an independent evolution, representing the

local phenomena of the convective force. Differences between convective and diffusive

processes are clearly understood in this situation. When diffusion appears, the value

at a source point is transmitted, theoretically, to all the numerical domain, however,

convection is a local phenomena that moves the solution as a block. This is also a

reason of why FDM have issues dealing with this type of equations. In those methods

the derivative at point i is computed with the adjacent ones, which means that the

value in one point is polluted by the contiguous point values, whereas the PIM only

account for the local dynamics of each individual point.
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Figure 2.15: Norm of the pure con-

vective case with fixed and adaptable

meshes.

A simple convective problem with a constant force

is compared for the cases with the mesh recalcu-

lated at each time step and a fixed grid. The ini-

tial step condition, figure 2.14, is lost with the fixed

mesh until completely vanishes. Meanwhile, with

the recalculation of the grid, f(q, t) moves with the

constant drift, what is more, the solution presents

no oscillations, even in the edges of the initial con-

dition. With classical numerical methods pertur-

bations as Gibbs or numerical viscosity may pro-

duce non–physical solutions due to the inclusion of

terms that do not appear in the original problem,

as seen in section 2.3.4. In addition, the norm is

conserved for the adaptable grid case, as can be seen in figure 2.15.

Another case is shown here, the so–called Burgers’ equation [75–77]

∂f

∂t
+ f

∂f

∂q
−Dqq

∂2f

∂q2
, (2.53)

which becomes the inviscid Burgers’ equation for Dqq → 0. In the study of this problem

it is common to add a constant diffusion, usually of small value, to explore the nature
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Figure 2.16: Solution of the Burgers equation for different values of Dqq at t = 3.50 and

t = 10.0. The initial condition is represented by a black line.

of solutions, since a shock may appear in time, depending on the initial condition f0(q)

and the diffusion value Dqq. This shock is usually difficult to capture numerically with

classical methods, and two possibilities may occur: oscillations appear or a numerical

viscosity must be introduced to smooth the solution close to the shock. Both numerical

phenomena obviously perturb the final solution in a non–physical way, leading to results

that may be considerably different when this or similar equations are used, e.g., in

the Navier–Stokes set of equations, where the balance equation for momentum has

a similar shape as the viscous Burger’s one. However, if Dqq is zero, no shock should

appear and the evolution of the problem should continue unperturbed. In our numerical

problem solved with the PIM a mesh of length 20 with an initial Gaussian function

is employed. To found the different behaviours, a variety of diffusion parameters are

used, taking the values: 0.1, 0.01, 0.001, and 0. The results before the formation of

the shock (figure 2.16a) and after (figure 2.16b) are presented. It can be seen how

the shock intensity slightly increases as diffusion reduces. For the highest diffusion,

0.1, no relevant shock appears and the solution remains close to a drifting Gaussian

function. This is because viscous effect dominates over the convective one, reducing

the intensity of the shock until it is indistinguishable. If we reduce Dqq, the shock

become thinner, and the solution is dominated by the convective force. However, the

shock always appears as far as Dqq > 0 is fulfilled. Also, it can be observed how due to

the diffusive effect, the maximum point of the solution decreases respect to its initial

value as time advances. But if no diffusive term is accounted for, no shock materialises,

and a situation where a point with high value of f overcomes those with a lower value

is reached. Even if this type of solutions have no physical meaning, it is important

to stress out that small values of diffusion, used in the numerical resolution of this

equation to avoid oscillations, can perturb the evolution of the solution. Moreover, the

maximum value of the initial condition is kept constant if Dqq = 0, as no diffusion effect

reduces it. Nevertheless, evolutions before the shock for non–viscous and low viscosity

values are very similar.

Particularly for this numerical resolution of the Burgers’ equation, there is a bifurcation

in the dynamics of the system at Dqq = 0, i.e., the evolution of the inviscid case
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cannot be predicted, even inferred, with a very small viscosity. A similar behaviour

can occur when Euler equations are employed to describe the evolution of a system from

a fluid point of view (or Vlasov, in kinetic models). When a shock or a boundary layer

appears, viscosity (collisional) effects become important and are needed to describe

these phenomena so, an Euler (Vlasov) description will fail in these cases. Viscosity

(collisional) effects can become important in some instances even if their are very small.

A final illustration, involving a non–homogeneous term, is studied. To account for this

effect, an expression for the integral in time of the propagator is required. This can be

done with a simple approximation Qτ ≃ τPτ or by solving the analytical integral

Qτ (q; q′, τ) =

τ
∫

0

Pτ (q; q′, τ ′) dτ ′ (2.54)

which for the non–diffusive open-space propagator becomes

Qτ (q; q′, τ) =
1

D′
q

[

H(q − q′ −D′
qτ) −H(q − q′)

]

. (2.55)

where H is the Heaviside function. For D′
q → 0, an inconsistency appears, which

requires a recalculation of Qτ as

Qτ (q; q′, τ)
∣

∣

D′
q=0

= δ(q − q′)τ. (2.56)

A case can be extrapolated to the problem of a non–homogeneous term and a constant

force. Let us assume the following general problem

∂f

∂t
+ γ

∂f

∂v
= − (f − fGau)

f(q, 0) = f0(q) (2.57)

where γ is a constant and fGau = (2π)−
1
2 exp

[

− q2

2

]

is a Gaussian distribution. During

all the simulations, an acceleration γ = 1 moves the solution to increasing positive q at

a constant rate. An analytical solution exists for this particular problem

f(q, t) =

√
π

2γ
e

−4γq+4γ+1

4γ2

[

erf

(

γt +
1

2γ
− q + 1

)

− erf

(

1

2γ
− q + 1

)]

+ e−tf0(q − γt),

(2.58)

where erf () is the usual error function defined as

erf (x) =
1√
π

x
∫

−x

exp
(

−t2
)

dt, (2.59)

and the initial condition is, again, the drawer function

f0(q) =

{

0.5 if − 1 ≤ q ≤ 1

0 elsewhere
. (2.60)
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Figure 2.17: Evolution of f(q, t) for numerical (red squares) and analytical solutions (blue

line). Discontinuity is preserved in the numerical solution without perturbing it. Initial condi-

tion is drawn as a black solid line.

With this particular f0(q), the analytical solution of the problem keeps the initial dis-

continuity for a certain time interval, and ends up going away due to the exponential

term in front of it in (2.58). An accurate numerical resolution of this problem should

keep this discontinuity in the time evolution without introducing any viscous terms or

generating oscillations. In the solution presented in figure 2.17, it can be seen how the

numerical solution obtained by means of PIM keeps the discontinuity and agrees with

the analytical one. Classical numerical schemes would fail to represent this discontinu-

ity from the very first iteration due to the need of numerically discretise Dqf , which

generates a Gibbs phenomena or adds non–real viscosity. Another important differ-

ence between the PIM and the classical finite differences method is that the propagator

works for any sign of Dq. In finite differences, sgn (Dq) determines the right discretisa-

tion scheme, if upwind method is employed, that avoid non–physical evolutions. This

can be a problem if, for example, cases with a non–linear Dq are solved, and it can

limit the utilisation of upwind schemes, leading to problems solvable only by central

differences schemes, which usually introduce numerical oscillations and instabilities.

2.3.2 Extension to 2D problems

If the diffusive contribution is removed from (2.30), a two-dimensional purely convective

problem is obtained in the form

∂f

∂t
+

∂

∂q1
Dq1f +

∂

∂q2
Dq2f = s. (2.61)

This type of equations can be solved with the PIM as shown with the one-dimensional

case of the previous section. The elimination of the diffusion part in (2.30) leaves this

problem as a general 2D equation, so there is no difference in dealing with a 2D position

space or a x-v phase-space as no singularity of the stress tensor can appear. However,

the non–fixed grid required to properly represent the evolution of f imposes some extra

constrains. The generic propagator for the open space is the product of Dirac delta

functions

Pτ (q1, q2; q
′
1, q

′
2, τ) = δ(q1 − q′1 −D′

q1τ)δ(q2 − q′2 −D′
q2τ), (2.62)
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Figure 2.18: Grid displacement (in red) in a 1D1V x-v space for F = 0. Points corresponding

to index x = 0 at the first iteration are marked with blue filled circles.

similar to the multiplicative Gaussian probability density in the two-dimensional diffu-

sive case.

An special application for the phase-space x-v, similar to the diffusive case, is presented

here, being the convective force in the x direction its associated velocity v. As for the

one-dimensional convective problem, the mesh needs to move at each time step to

ensure that the time evolving solution is well represented numerically. But now, the

mesh moves in two directions, this means that the value of f at point (x′, v′) moves

to (x′ + v′τ, v′ + D′
vτ) in a small time τ . This adds some difficulty to compute the

macroscopic quantities of f(x, v, t).

Figure 2.18 shows that the indexes corresponding to x = 0, blue filled circles, at an

initial time move and are not valid to integrate f along v at x = 0, dashed grey line,

for t > 0. If the integration along the blue points is performed, the expected value is,

in general, different as the one obtained by an integration over the dashed grey line as

the values of f(x, v, t) are different. In this work, an auxiliary fixed grid is proposed

to interpolate the function and allow an easy calculation of its integral quantities.

The subroutine for the interpolation can be found in section B.5. This of course,

increments the computational time and reduces the accuracy of the solution, but the

results are good enough to analyse some plasma dynamics, as presented in section 3.3.1.

Nevertheless, any other method that allows the integration of the solution for all the

positions x should be valid.

The test-case of equation (2.61) solved by PIM with the interpolation of the solution in

a fixed grid is presented now. An external dimensionless force of constant magnitude

but opposite sense of displacement as − sgn (x) is applied, meaning f is slowed down

for x ≥ 0 and is accelerated positively for x > 0. For the histogram initial condition

centred at the origin the evolution of both, the function and its interpolation, appears

in figure 2.19. This diffusionless case with s = 0 shows a solution keeping its initial

value only subjected to convective motion in the v and x directions. The interpolated

function (bottom row) shows some errors close to the abrupt change that can perturb
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Figure 2.19: Evolution of f(x, vxt) (top row) and its interpolation (bottom row) for an

histogram initial condition and an external acceleration of − sgn (x).
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Figure 2.20: Norm and fluxes of order 0 and 1 of the interpolated function from figure 2.19.

the calculation of f and its integral quantities. It is expected that the use of of more

refined grids improves the solution and its interpolation, but it increases the compu-

tational cost. Nevertheless, the solution evolves smoothly by keeping discontinuities

without inducing oscillations or instabilities.

The integral quantities 〈1〉 and [v], see figure 2.20, are symmetrical whereas [1] is anti-

symmetrical. The abrupt changes of 〈1〉 around x = ±0.5 coincide with the point where

f(x, v, t) suddenly changes. Even with the small errors of the interpolated solutions,

the integrals of f are well represented, but we are not in position to assert that this

will also happen if, for example, the force or non–homogeneous term depend on these

values.

If the drift represents a friction force Dv = −x, i.e., the Hooke’s law, a periodical

dynamics around (x, v) = (0, 0) is found, figure 2.21, with an approximate period of

π/2, as theoretically given. This means that no numerical viscosity or oscillations are

spuriously introduced in the problem as the exact same solution is recovered after a
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Figure 2.21: Evolution of f(x, vxt) (top row) and its interpolation (bottom row) for an

histogram initial condition and an external acceleration of −x.
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Figure 2.22: Norm and fluxes of order 0 and 1 of the interpolated function from figure 2.21.

certain period of time.

Hence, norm and fluxes of f also evolve periodically, as seen in figure 2.22. At t =

0.785 ≃ π/4 a perfect triangle, as analytically computed, of 〈1〉 with zero [1] is obtained.

The stability of the solution indicates that the PIM and the interpolation method are

able to reproduce situations where classical numerical methods may introduce non–

physical effects.

2.3.3 Numerical hindrances

The main inconvenience to solve convective equations is the displacement of the mesh

and the interpolation process that can perturb the simulations, specially when abrupt

solutions appear. The absence of diffusive effects means that there is no need to have

a minimum of points to properly represent the Gaussian-like propagator, yet the mesh
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motion can produce inaccuracies in the solution. To analyse this, in view of figure 2.17,

where all points move at a constant rate Dqτ each time step and the initial mesh

goes from −10 to 10 units. This means that after six time units it covers the space

from −4 to 16, as seen in figure 2.23. This can be a handicap, for example, if the

integral quantities of f are calculated, because values, specially in the tails of f may

be lost as the mesh adapts to the convective force Dq. This issue could be minimised

applying some constrains to the mesh motion, however, the numerical and analytical

consequences of these corrections must be deeply studied before applying them.
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Figure 2.23: Initial and final mesh

for non–homogeneous convective 1D

problem.

Another important topic related to non–diffusive

equations is the numerical representation of Dirac

delta and Heaviside functions. The Dirac delta is

necessary to compute the propagator, meanwhile

Heaviside function appears in its time-integral,

which is necessary to include non–homogeneous

terms. For these problems, the following numerical

implementations of these functions are assumed:

for the Dirac delta

δi(qi) =

{

1 if |qi| < ǫ

0 elsewhere
, (2.63)

and for the Heaviside function

Hi(qi) =

{

1 if qi > ǫ

0 elsewhere
; (2.64)

where ǫ is a small value (usually in the order of 10−14) that ensures that the small

numerical errors that occur in the calculation of qi due to machine precision do not

distort the numerical problem. Two things must be stressed here. First, the numerical

delta is not divided by the space parameter ∆q, which means the numerical advancing

scheme becomes

fn+1
i =

∑

i′

Pτii′ f
n
i′ (2.65)

to ensure that the norm of the propagator is one. This is done to avoid numerical

errors due to the division/multiplication of the same numerical value. Secondly, the

Heaviside function is not taken as 0.5 for qi = 0 because, numerically, a value of the

argument equal zero is almost impossible to appear, and providing a value of 0.5 for

any other argument different from zero (even for a small value) produces invalid results

in our cases. Nevertheless, other numerical implementations of these functions should

be analysed to improve the purely convective solutions.
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Figure 2.24: Evolution of an histogram-like initial condition solved by the PIM, central CFD

and upwind UFD finite difference schemes. Initial condition is represented as a black solid line.

2.3.4 Comparison with Finite Difference Methods and computational

cost

A basic analysis to understand the main conceptual difference between the PIM and

classical FDM to solve pure-convective problems can be performed for the simple con-

stant convective force case, solving

∂f

∂t
+

∂

∂q
Dqf = 0, (2.66)

for Dq = 1. Two finite difference schemes are commonly employed here: upwind and

central discretisation methods, establishing.

fn+1
i = fni + τ

fni − fni−1

∆q
, (2.67)

for the upwind scheme, and

fn+1
i = fni + τ

fni+1 − fni−1

2∆q
, (2.68)

for the central scheme; in usual notation. Starting from the drawer function, as

f(q, 0) = f0(q) =

{

0.5 if − 0.1 < q < 0.2

0 elsewhere
(2.69)

the problem should evolve towards increasing q values, keeping the initial shape since

the solution in time is trivially f(q, t) = f0(q − Dqt). The results solving this simple

problem with the two finite differences methods and the PIM are presented in fig-

ure 2.24. The PIM solution shape coincide with the initial one and only a convective

motion appears. On the other hand, finite difference solutions follow the convective

evolution but their shape is highly disrupted. If the central discretisation scheme is

used, oscillations appear in almost all the solution, leading to negative or higher values

with respect to the initial condition. For the upwind scheme, a numerical viscosity

arises, which changes the abrupt initial condition into a Gaussian-like function, losing
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Method Time

Central
Average time per iteration (ms) 0.0178

Total time (s) 211.52

Upwind
Average time per iteration (ms) 0.0174

Total time (s) 207.56

PIM
Average time per iteration (ms) 22.413

Total time (s) 0.2242

Table 2.3: Computational times per iteration and total time for each method employed to

solve equation (2.66) with ∆q = 0.004. Initialisation times are neglected. These simulations

where executed in the same machine from table 2.1.

the essence of the pure-convective problem. In this particular example, all three cases

are solved with ∆q = 4 ·10−3 but different time steps: 0.1 for the PIM and 10−7 for the

FDM. This small time step, required to reduce the numerical errors, derives in a large

number of iterations. Hence, the discretisation scheme affects the numerical solution in

such a way that it does not reproduce the analytical evolution, whereas the PIM evolves

as the analytical solution without introducing numerical instabilities or non–physical

effects.

Respecting the computational cost of 2.24, table 2.3, due to the large τ that PIM can

use, the number of iterations required to solve the same time can be extremely de-

creased, reducing the total computation time. However, as it happened in the diffusive

case, the time per iteration is larger in the PIM case.
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Figure 2.25: Percentage of the iteration time

employed by each task of a 1D1V purely convec-

tive simulation for different grid sizes.

Besides the cost of computing and sav-

ing the full propagator in memory, which

in the pure convective case is reduced

because the only possible values for the

propagator are 1 or 0, the resolution of

purely convective equations with the PIM

requires the movement of the grid to rep-

resent the local convective effect and, in

some cases, the calculation of an interpo-

lated function to compute the distribution

moments and fluxes. In figure 2.25, the av-

erage time of the test-case from figure 2.19

are pictured (being New grid the calcula-

tion of the new points, Propagator the computation of Pτ , Advancing the integration

process to advance the solution, Interpolation the computation of the solution in a fixed

mesh and Others accounting for initialisations, data output and other small operations)

are presented as a percentage of the iteration time. The number of points defines the
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requisites for each task, but it is clear that the interpolation process consumes almost

all the time of the iteration. In order to reduce the time per iteration, the presented

interpolation method in appendix B.5 should be improved. Due to the similarity of this

fixed mesh with the one employed in PIC methods to obtain the macroscopic quantities,

some interpolation routines could be adapted to this case. Furthermore, the calculation

of a new mesh does not increase the computational time, which means that its simple

operation does not add extra computational cost.

2.4 Application to Ordinary Differential Equations (ODE)

In many practical problems, the partial differential equations can be reduced to ODEs,

as in the calculation of the electric field in one-dimensional problems where the Poisson’s

equation is employed to obtain the electric potential in the electrostatic approximation.

Classical resolution of these problems require discretisation and matrix inversion, which

can result in large computational efforts for accurate results.

The basic procedure to solve these problems on the basis of integral methods is found in

reference [47, Section 0.8.3]. Here, a procedure from the point of view of the Propagator

Integral Method is presented.

The general ODE problem is usually described as

Lqf = s (f, q) , (2.70)

with additional boundary conditions in the domain edge, where Lq represents any lineal

combination of derivatives of f in the q direction. Even when this problem does not

directly depend on time, a numerical iterative process can be introduced to solve it,

which intermediate states have no physical meaning and its sole propose is to find a

converged state. This may lead to situations where a fast and accurate calculation

at each step can reduce significantly the computation time, producing a better global

solution. In other words, (2.70) is the steady solution of ∂f/∂τ + Lqf = s for the

parameter τ → ∞

In this section, the PIM is expanded to deal with this type of equations in a one-

dimensional planar space as the cases shown below. Even when this approach is very

common, it is important for this work to extend the PIM methodology to these prob-

lems, to avoid the resolution by classical difference methods and unify the numerical

procedure used to solve all equations appearing in this dissertation. Here we focus in

the resolution of the Poisson’s equation, but procedure can be easily extended to deal

with other ODE types.
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Type of BC Value at qb Condition for P Function Q

Dirichlet f(qb) = g(q, f) P (qb, q
′) = 0 Q(q, q′) = −D′

qq
∂P
∂q′

Neumann ∂f
∂q

∣

∣

∣

qb
= g(q, f) ∂P

∂q

∣

∣

∣

qb
= 0 Q(q, q′) = P (q, q′)

Table 2.4: Boundary conditions for ODE problem, auxiliary conditions for P calculation, and

shape of Q. Point qb identifies the boundary.

2.4.1 One-dimensional Poisson’s equation

Here, we explore the possibility of using integral schemes to solve the Poisson’s equation,

which appear in many models and system of equations. An important application in

plasma modelisation is to compute the electrical potential when a charge separation

occurs. The form of Poisson’s equation in a one-dimensional planar space is

∂2Dqqf

∂q2
= s(q, f) (2.71)

where Dqq = Dqq(q, f) is the diffusion parameter and boundary conditions are applied

at points q0 and qf . As done previously, a propagator, which propagates pulses in q not

in time as in previous problems, is found solving the auxiliary equation

∂2DqqP

∂q2
= δ(q − q′), (2.72)

with the proper boundary conditions from table 2.4. The well-known general integral

scheme for these problems is [46,48]

f(q) =

qf
∫

q0

s′P (q, q′) dq′ − g0Q(q, q0) + gfQ(q, qf ), (2.73)

defined in [q0, qf ]. The two boundary conditions g0 and gf indicates the value of the

function (or its derivative) at the extreme points q0 and qf respectively. The form

of Q(q, q′) is in in table 2.4 for each case. Function Q transfers the value at the

boundaries to all the domain, as it happened in the one-dimensional drift–diffusion

case. In addition, the propagator is modified as it has to fulfil a homogeneous boundary

condition.

Let us try now a simple example, the double Dirichlet boundary conditions, i.e., the

value of f is imposed at q0 and qf . The propagator that fulfils (2.72) and the auxiliary

boundary conditions is

P (q, q′) = (q − q′)H(q − q′) +
1

DqqL

[

(q − qf )(q0 − q′)H(q0 − q′)

+(q − q0)(qf − q′)H(qf − q′)
]

, (2.74)
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Figure 2.26: Solution for Poisson’s equation with a source-sink term equals q, a diffusion of

the form 1 + q2 and Dirichlet boundaries equal ±1 at q = ±5. The numerical and the analytical

solutions on left axis. Difference of both solution is presented in the right axis.

where L = qf − q0 > 0 and H is the Heaviside function. Following table 2.4, the

function Q becomes

Q(q, q′) =
D′

qq

Dqq
H(q − q′) +

D′
qq

DqqL

[

(q − q′)(qf − q0)δ(q − q′)

+(q − qf )(q0 − q′)δ(q0 − q′)

−(q − q0)(qf − q′)δ(qf − q′)

+(q − qf )H(q0 − q′)

+(q0 − q)H(qf − q′)
]

. (2.75)

It is important to remark that to obtain this propagator, not short-time approximation

of the diffusive coefficient is required (the parameter Dqq is evaluated in source variables,

not in primed ones) since it does not depend on a time t, which improves the accuracy

of the numerical computations. Obviously, an approximation is still required to transfer

this analytical function into a numerical domain. From (2.73) it is deduced that only

the values of Q at q′ = q0 and q′ = qf are required, which simplifies the numerical

problem in terms of memory and computation resources required.

As a first example, a non–homogeneous term of value s = q, a non–constant diffusion

as D = 1+q2 and boundary conditions f(−5) = −1 and f(5) = 1 is solved. The results

for ∆q = 0.001, 0.01 and 0.1 are presented in figure 2.26. In this example, numerical

solutions agree almost perfectly with the analytical one, which can be easily obtained,

and only small errors due to the translation from analytical to numerical algorithm

appear.

A special application of the Poisson’s equation in a semi–open domain valid for the

problem of the interaction of a plasma and a wall is studied. The finding of this

potential is key to describe the evolution of the system as its derivative correspond

to the electric field. The Poisson’s equation as q0 = 0 and qf → ∞, with a Dirichlet

condition at 0, which represents the potential of a metallic wall, and zero derivative at

∞, which indicates that the quasi–neutrality of the plasma is recovered far from the

wall. The calculation of the new propagator follows (2.72) but with the homogeneous

boundary conditions required by the problem. One propagator valid to solve this
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Figure 2.27: Solution for the Poisson’s equation and its derivative in the semi–open domain.

The incorporation of a boundary condition at ∞ perturb the solution and increases the order of

magnitude of the error.

problem assuming Dqq = 1 is

P (q, q′) = (q − q′)H(q − q′) − q, (2.76)

where Q becomes

Q(q, q′) = H(q − q′). (2.77)

Again, we are only interested in the value of Q(q, 0), because the boundary condition

at infinity is included inside the structure of the propagator and the Q function. Hence

no extra information is required to account for the effect of +∞. For this problem,

a non–homogeneous term that vanish as q → ∞ is selected. This is a requirement

to avoid inconsistencies because we have imposed a zero derivative of the function at

q → ∞. The particular non–homogeneous term taken is s = − exp [−q] and f(0) = −1.

The analytical solution (and its derivative) for this problem are

f(q) = 1 − exp (−q) + f0, (2.78)

f ′(q) = exp (−q) . (2.79)

For the numerical problem, the derivative is computed by a simple central scheme for

the inner points and upwind forward and backwards respectively for the first and last

points. It can be observed in figure 2.27 that both, the function and its derivative

agree with the analytical solution having a maximum error of the order 10−6. The

inclusion of a boundary condition at infinity increases the error of the solution due to

the finiteness of the numerical grid. However, the analytical kernel of P allows a proper

representation of boundary conditions involving in practice ±∞ in a finite numerical

domain, as the boundary is not imposed at the end of the numerical domain.

2.4.2 Numerical hindrances

As it happened with the resolution of time depending pure convective equations, the

numerical representation of Dirac delta and the Heaviside function may present an issue.
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Figure 2.28: Resolution of Poisson’s equation with a non–homogeneous term and a diffusion

coefficient equal q and 1 + q2 respectively. Solution obtained by the PIM is presented with red

squares has an error respect to the analytical function in the order of 10−15. Both solutions are

solved with a ∆q = 0.001.

To solve these problems, same techniques as those employed in the pure convective

problems are employed.

The integral numerical scheme

fi =

qmax
∑

i′=0

si′Pii′∆q − q0Qi0 + qfQif , (2.80)

where 0 and f indicate the first and last grid points, respectively, produces a solution

valid to all the domain q, accounting for boundary conditions and non–homogeneous

effects. As in previous problems, boundary conditions in FDM only affect the ending

points, whereas the function Q(q, q′) acts over all the domain, acting as an infinite order

scheme. Also, the absence of discretisation rules means that no minimum number of

points is required to ensure the stability of the solution, unless increasing the accuracy

is desired.

2.4.3 Comparison with Finite Difference Methods and computational

cost

The resolution of ODEs by classic FDM usually requires matrix inversion, that can be

solved directly or by iterative process or complex algorithm of high computational cost.

A comparison of PIM solution from figure 2.26 with the one obtained by a direct matrix

inversion method for ∆q = 0.001 is used to compare the computational effort. In this

kind of methods, the discretisation and boundary conditions that affect function f are

included in a (qmax + 1) × (qmax + 1) matrix to be inverted, which for the Poisson’s
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Method Time

PIM Total time (s) 0.0104

Gauss Total time (s) 0.8169

Table 2.5: Computational times for the PIM and direct matrix inversion method (Gauss) to

solve Poisson’s equation.

problem with Dirichlet boundary conditions appears as
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where the first and last rows include the effect of the boundary condition (fqmax and

f0 are given). The problem can be symbolised in vector form as B ·Dqqf = s, solved

as Dqqf = B−1 · s. Here, a direct Gauss method is used to B inversion. In figure 2.28

both numerical solutions and the analytical function are compared. The error of the

integral solution remains in the order of 10−15, while for the direct matrix solution the

error is two order of magnitude higher. Moreover, this error increases close to q = 0,

where the slope of the solution increases, proving that the discretisation error depends

on the slope value. In table 2.28, the times to solve this problem by both methods

are written. It is important to notice that the Gauss method requires a large time to

invert the matrix and that this could be improved by an iterative procedure. In these

problems, no paralellisation has been set for any method.

2.5 Conclusions

In this chapter, the Propagator Integral Method (PIM) has been extended and applied

to solve a large class of usual partial and ordinary differential equations. Some guide-

lines have been given to apply the method to different geometries, boundary conditions

and equation types. In addition, a resume of the most general numerical difficulties

that can be found using this method has been presented. This is completed with the

listings presented in appendix B. These impediments include problems with bound-

ary conditions and number of points for low diffusion values, which require a deeper

analysis. Nevertheless, the method has been proven as an excellent tool to solve highly
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non–linear problems in a consistent way, providing solutions very close to the analytical

ones.

Drift-diffusion equations, dealt in previous works, have been addressed in depth. Ad-

ditionally, the method has been extended to solve purely convective problems and the

one-dimensional Poisson’s equation, both commonly appearing in plasma descriptions.

A wide variety of cases resembling those found in typical plasma kinetic models have

been solved.

The comparison with classical FDM has shown that big differences, specially for the

pure-convective equations, where solutions obtained with the PIM have no numerical

oscillations and the method does not introduce an extra viscosity. Solutions obtained

with the PIM are impossible by commonly used approaches in FDM, as the method

evolves the solution as if it is analytical for short-times.

The Propagator Integral Method opens new possibilities to solve complex non–linear

problems beyond its first application to time evolving equations as the Fokker—Planck

one. In the following chapters, this method is applied to solve kinetic problems in

Plasma Physics, but it is important to stress that the equations dealt in this chapter

appear vastly among different branches of mathematics, physics and engineering, and

many fields could benefit from the advances performed in this chapter.
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AN OPERATIVE INTRODUCTION TO PLASMA

PHYSICS
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Figure 3.1: Classification of plas-

mas by electron density and tempera-

ture. Typical examples of some com-

mon plasmas are presented.

A plasma is considered as a mixture of electrons,

positive or negative ions and neutral particles that

exhibit a collective behaviour. Due to this collec-

tive response, the electromagnetic field is used to

control or confine the plasma. Moreover, micro-

scopic processes among particles are very common

to occur, producing exchange of energy among the

species and modifying their dynamics.

Usually, plasmas are characterised attending to the

electron density and temperature. A comprehen-

sive classification is synthesised in figure 3.1, where

different types of plasmas are organised based on

these two properties. As it can be seen, plasmas

vary in a large range of density and temperature

which hinders the development of models suitable

for large ranges of configurations, because some

specific phenomena dominate each type of plasma,

leading its evolution and giving rise to disparate

scenarios. In these different regimes, a variety of

process arises with higher or lower intensities, creating very different plasma dynam-

ics. Hence, plasma models are mainly traced to a better representation of the relevant

phenomena characterising each plasma type to obtain simplified models. This emerges

from the necessity to allow the resolution of involved systems, unsolvable by other

means. Nevertheless, some basic processes and analysis can be performed in order to
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describe plasmas from a quite general perspective, allowing a better understanding of

the specific processes.

In this chapter, an introduction to general description of plasmas is given to establish

the foundation of terminology employed in the forthcoming chapters. To this end, a

general view of kinetic theory is presented. Then, a basic description of fluid equations

is given. Although no fluids models are solved through this dissertation, it is important

to analyse the behaviour of macroscopic moments and fluxes obtained from the distribu-

tion function to improve the understanding of results commonly outputted from kinetic

models. In Kinetic models, the direct analysis of the distribution function obtained may

not provide enough information to fully understand the plasma dynamics since its vari-

ations may be very small. Therefore, the analysis of integrated quantities becomes

a required procedure to extract useful information from kinetic models. Finally, the

Vlasov-Poisson system of equations, commonly used to describe non–collisional plas-

mas, is studied. Some numerical cases, including the case of two species non–collisional

plasma (ions and electrons) evolving under a self–consistent electric field, are solved

in a 1D1V planar geometry using the PIM for non–diffusive equations presented in

section 2.3.2.

3.1 Kinetic theory in plasmas

The kinetic theory is a useful tool to analyse the evolution of plasmas and gases due to

its capability to describe, from a collective point of view, the microscopic interactions

among particles. However, the resulting systems of equations derived are usually hard

to solve, even with robust numerical methods, due to the high non–linearities and

strong coupling among them. Moreover, the high-dimensional phase-space r-v involved

in these problems results in numerical models that require too much computational cost

to solve, unavailable in most cases.

The main goal of this theory is to describe the plasma by using each species distribution

function, which represents the amount of particles that exists in a differential volume

drdv at position r and velocity v at time t. It plays the role of a density in phase

space and it is denoted as fγ(r,v, t) where γ indicates the kind of particle, i.e., the

species. Moreover, fγ is positively defined and its tails usually vanishing for |v| → ∞.

The evolution of the distribution function for a generic species γ is represented by the

well-known Boltzmann equation [78, Section 5.5]

∂fγ
∂t

+ v ·∇rfγ +
F

mγ
·∇vfγ =

∑

γ′

(

∂fγ
∂t

)

γγ′

+ sγ , (3.1)

where mγ is the particle mass, F represents an external force, usually the Lorentzian

one F = qγ (E + v×B), where E and B are the electric and magnetic fields, respec-

tively, and qγ is the particle charge. The time rate of change contribution (∂fγ/∂t)γγ′

is related to the interaction of particles of kind γ with other species γ′ and sγ is a
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non–homogeneous term, that usually contains charge-exchange phenomena, ionization-

recombination processes, and sink-sources of particles. A rigorous derivation of this

equation can be found in the literature [56, 78, 79]. To our aims here, it is enough to

understand (3.1) as a continuity equation for density fγ in the phase space.

Nevertheless, a consideration must be made about the Boltzmann equation. Tradi-

tionally, elastic collision terms in (3.1) are represented by the Boltzmann collisional

operator

(

∂fγ
∂t

)

γγ′

=

∫

gσ(g,Ω)
[

fγ(r,v′, t)fγ′(r,v′
∗, t) − fγ(r,v, t)fγ′(r,v∗, t)

]

dΩ dv∗, (3.2)

where g = |v − v∗| = |v′ − v′
∗| is the module of the relative velocity, σ(g,Ω) is the

differential cross-section for the elastic interaction between γ and γ′, and Ω is the

scattering angle. Here the auxiliary velocities v′∗ and v′ are the after collision velocities,

expressed as

v′ =
v + v∗

2
+

|v − v∗|
2

σ (3.3)

v′
∗ =

v + v∗

2
− |v − v∗|

2
σ. (3.4)

However, collisional terms in (3.1) should not be limited to this specific description.

Approximations as the BGK term [80, 81], or integro-differential operators like the

Fokker–Planck–Landau, which can be obtained independently of the Boltzmann colli-

sion operator as presented by B. A Trubnikov [82], can be used without loosing the

sense of balance equation that (3.2) provides. The collection of collision operators em-

ployed in this work is investigated in chapter 4, where analytical and numerical studies

are carried out.

One of the major advantages of kinetic theory is that allows the calculation of macro-

scopic measurable variables and fluxes by directly integrating the distribution function

over the velocity space domain Dv. This means fγ(r,v, t) has a macroscopic variable

〈χγ〉, where χγ is any function of independent variables as

〈χγ〉 =
1

nγ

∫

Dv

χγ(r,v, t)fγ dv, (3.5)

where nγ is the number of particles per unit of volume and the zero order moment of

the distribution function, expressed as

nγ =

∫

Dv

fγ dv, (3.6)

also known as norm. For example, if χγ = v, the macroscopic velocity uγ , the fluid

velocity or just velocity, is obtained. The temperature from the distribution function,

kTγ/2mγ , where k is the Boltzmann constant, is obtained setting χγ = 1
2 |v− uγ |2, and

the total energy per unit of mass and density is calculated by the addition of internal

and kinetic energy per unit of mass, as Eγ = kTγ/2mγ + 1
2u

2
γ , or by calculating (3.5)
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with χγ = 1
2v

2 where uγ and v are the modules of the vectors uγ and v, respectively.

It is important to remark that these properties may depend on the position and time,

as the distribution function changes during the evolution of the problem following

equation (3.1).

Some other important macroscopic quantities obtained from the distribution function

are the fluxes [ψγ]. These fluxes express how macroscopic quantities are transported

through the problem. They are obtained directly from the distribution function as

[ψγ] =

∫

Dv

vψγ(r,v, t)fγ dv. (3.7)

For example, if ψ = mγ , the resulting flux is the mass flux jγ , also equal to ργuγ ,

which provides information on how mass density ργ = mγnγ evolves. Moreover, in

plasmas is typical to analyse the electrical current density, defined as Jγ = [qγ ] =

qγnγuγ , which is a parameter related to the electrical current measured in laboratories

by means of, for example, electrical probes [28,83–85]. In addition, total heat flux can be

computed by Qγ = [v2]/2nγ . These moments and fluxes are of huge importance for two

reasons: the calculation of transport coefficients, where they respond to perturbations

in the electromagnetic field or spatial gradients; and to obtain an observable physically

meaningful result from the distribution function, which is usually arduous to analyse

by itself.

It is well-known that when (3.1) is solved with the Boltzmann collision operator in an

absence of external forces and other effects as inelastic interactions with other species

or boundary conditions, a Maxwellian distribution is obtained as a steady solution,

described as

fγ(v) = nγ

(

mγ

2πkTγ

) 3

2

e
−mγ |v−uγ |

2

2kTγ (3.8)

where nγ , uγ and Tγ are the species steady density, mean velocity and temperature,

respectively. This solution fulfils the H-theorem [78] as it is the distribution function

of maximum entropy that can be obtained. Nevertheless, it is important to remember

that, in plasmas, it is common to have situations where, due to phenomena as boundary

conditions or interactions with other species, Maxwellian distributions are not reached

and other distribution function shapes may arise. For example, in solar wind [86, 87]

Lorentzian or κ-like distributions commonly appear, characterised by higher velocity

tails than the Maxwellian. Furthermore, when plasma-wall interaction is analysed,

the interplay of emission and collection of charged particles may disrupt the ideal

Maxwellian equilibrium [88,89].

Usually, Maxwell equations must be coupled with (3.1) to account for the self–consistent

electromagnetic field created by variations of charge and current densities. These equa-
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tions read

∇r ·E =
ρc
ǫ0

(3.9)

∇r ·B = 0 (3.10)

∇r ×E = −∂B
∂t

(3.11)

∇r ×B = µ0

(

J + ǫ0
∂E

∂t

)

, (3.12)

where ρc =
∑

qγnγ is the charge density, J =
∑

Jγ is the total electrical current density

and ǫ0 and µ0 are the permittivity and permeability of free space, respectively. These

equations provide the Lorentz force F = qγ (E + v ×B) that appears in equation (3.1)

generating the final system of coupled equations. In addition, appropriate boundary

and initial conditions for E and B must be included, as well as other forces, of different

nature, not considered here.

3.2 Fluid theory

Although no fluid models are solved in this dissertation, it is important to have a basic

understanding of how macroscopic quantities behave and evolve. Basic equations to de-

scribe plasmas as fluids, founded on time and space evolution of macroscopic quantities

are mainly affected by boundary conditions, gradients and fluxes and the electromag-

netic field solved through Maxwell equations. The resulting motion equations also

resemble the form of a FP equation and the PIM may also be applicable, although this

is out of this thesis scope. As was explained above, kinetic theory allows the calculation

of macroscopic fluxes and of the transport coefficients employed to close the set of fluid

equations hierarchy. Moreover, any kinetic description of a system should produce a

macroscopic evolution that agrees with fluid equations.

Basic equations to describe plasma as a fluid can be obtained from kinetic theory [78,90]

from the general Boltzmann equation (3.1). Thus, the mass density ργ obeys

∂

∂t

∫

mγfγ dv +

∫

mγv ·∇rfγ dv+

∫

F ·∇vfγ dv =

∫

mγ

∑

γ′

(

∂fγ
∂t

)

γγ′

dv +

∫

mγsγ dv,
(3.13)

which can be written as

∂ργ
∂t

+ ∇r · ργuγ =

∫

mγsγ dv, (3.14)

if no exchange of particles is produced by elastic collisional effects, which is a continuity

equation for the density. It is easy to check that ργ only changes due to a non–constant

flux of particles or by the source-sink terms.
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The procedure can be extended to study the conservation of higher order moments, as

for example, the evolution of mass flux [mγ] from

∂

∂t

∫

vmγfγ dv+∇r ·
∫

mγfγvv · dv +

∫

vF ·∇vfγ dv =

∫

mγv
∑

γ′

(

∂fγ
∂t

)

γγ′

dv +

∫

mγvsγ dv,
(3.15)

which after the integration of all possible terms and assuming that the external averaged

force does not depends on the microscopic velocity, becomes

∂

∂t
ργuγ + ∇r · Pγ −

F

mγ
ργ =

∫

mγv
∑

γ′ 6=γ

(

∂fγ
∂t

)

γγ′

dv +

∫

mγvsγ dv, (3.16)

where Pγ is known as the stress tensor, the term
∫

mγv
∑

(∂fγ/∂t)γγ′ dv is related to

elastic exchanges among particles, excluding self–collisions as they do not modify the

macroscopic values of fγ . This equation can be further simplified [78, Chapter 8], but

here we are only interested in the main effects that directly modify the flux of particles,

as the external force, the exchange with other species or gradients in the stress tensor.

The evolution of each species energy, i.e., the second order moment, is obtained in a

similar way, by integrating equation (3.1) with mγv
2/2. Thence, there is an infinite

hierarchy of equations that can be obtained from a distribution function, which means

that an infinite number of equations should be stated. This issue is avoided by closing

the equations up to some order of moment, usually up to second order, and making

assumptions for the remaining parameters, leaving a system of 2+N fluid equations for

each species γ where N is the dimension of the r space. This closure involves the so–

called transport coefficients, relating forces and spatial gradients with typical fluxes.

Kinetic calculations are usually employed to obtain these terms and close the fluid

equations [43,69–72,74,91–93]. The accurate and correct derivation of these transport

coefficients is of huge importance for fluid models, specially when complex systems, as

plasmas or high enthalpy gases, are solved, increasing the complexity of the fluid codes.

3.3 Collisionless plasma from a kinetic point of view

A first approach to describe the dynamics of a plasma from a kinetic point of view

consists on neglecting collisions and any other microscopic interaction among particles.

These descriptions are widely used in situations where collisions are not dominant or

the time and length scales studied are smaller than the collisional ones, meaning that its

influence is marginal. However, it is important to stress out that collisions are always

present and many situations may appear where these effects cannot be neglected and

may drive the dynamics of the system [19,25,94,95]. Hence, the action of the electro-

magnetic field, or any other force, governs the dynamics of the system. Furthermore,

non–homogeneous terms, as source-sinks of particles, or boundary conditions can also
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appear in the description of such plasmas. In this section the basic system of equations

that describes non–collisional plasmas is presented. Some cases in the 1D1V dimen-

sional planar space are studied to analyse the evolution of a plasma (or a gas) only

affected by an external force, e.g., the self–consistent electric field.

Let us begin by analysing the general balance equation that describes the evolution of

each species distribution function in a non–collisional regime. This balance is governed

by the general Vlasov equation, supplemented by sγ , recovered from (3.1)

∂fγ
∂t

+ v ·∇rfγ +
qγ (E + v ×B)

mγ
·∇vfγ = sγ . (3.17)

This expression is widely used, in conjunction with the Maxwell’s equations (3.9)–

(3.12), to describe many plasma behaviours, as the Landau dumping [96] or the non–

collisional sheath [97,98]. It is easy to see how, in absence of non–homogeneous terms

or boundary conditions, the distribution function evolution is defined by two convective

effects, the electromagnetic force and the velocity v.

Let us deal now with the 1D1V case, i.e., we constrain the evolution of the system to

one dimension in space and its associated velocity. If planar geometry is assumed, in

physical space, equation (3.17) becomes, with no magnetic effects,

∂fγ
∂t

+ v
∂fγ
∂x

+
qγE

mγ

∂fγ
∂v

= sγ , (3.18)

where x is the position and v is its associated velocity. The electric field comes from

∂φ

∂x
= −E, (3.19)

with appropriate boundary conditions, where φ is the electrostatic potential satisfying

the Poisson’s equation
∂2φ

∂x2
= −ρc

ǫ0
. (3.20)

The system of equations (3.18) and (3.20) is solved numerically by means of the PIM

for non–diffusive equations, as seen in 2.3.2, and the one for the one-dimensional Pois-

son’s equation from 2.4.1. This numerical method provides the complete time evolving

distribution function and its moments and fluxes as an output. To numerically solve

the Vlasov equation, it is advisable to write (3.18) in non–dimensional form. To do so,

each variable h is factorised as h = h0h̃, a reference h0 and non–dimensional h̃ value.

References values can be grouped as

∂f̃γ

∂t̃
+
v0t0

x0
ṽ
∂f̃γ
∂x̃

+
q0E0t0

m0v0
q̃γẼ

m̃γ

∂f̃γ
∂ṽ

=
s0t0

f0
s̃γ , (3.21)

and in the Poisson’s equation (3.20)

∂2ψ̃

∂x̃2
= −x

02q0n0

ψ0ǫ0
ρ̃c. (3.22)
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For the examples presented in this section, all scale factors equal one

v0t0

x0
= 1;

q0E0t0

m0v0
= 1;

x0
2
q0ñ

ψ0ǫ0
= 1;

s0t0

f0
= 1; ψ0 = x0E0; f0 =

n0

v0
, (3.23)

and notation ˜ is dropped for the shake of clarity. This does not limit the applicability

of the PIM to solve non–collisional plasmas but ease the implementation of numerical

problems.

3.3.1 Evolution of one species affected by a histogram-like constant

force

As a first testing case, we consider a species, of mass unity, that evolves with and

without the action of an external histogram-like force. The initial distribution function

is Maxwellian with temperature T = 1 with the density distribution

n0(x) = e−
x2

20 . (3.24)

The external force per unit of mass is defined as

F (x, t) =

{

−1 if − 0.1 ≤ x ≤ 0.1

0 elsewhere
, (3.25)

which takes the role of an electric field.

In figure 3.2 the distribution function in the phase-space is depicted. It can be seen

how f(x, v, t) evolves anti-symmetrically if no external force is applied, i.e., for particles

with v > 0 a motion to the right hand side is expected and in the opposite direction for

v < 0. Meanwhile, when the force (3.25) acts, the anti-symmetrical evolution is broken

and differences for positive and negative velocities appear. The distribution function

is modified only where F is different from 0. However, once the particles have exit

this zone, they keep the velocity they have reached as a consequence of the acceleration

process. Without collisions or other process that relax the species distribution function,

a non–Maxwellian state is produced and carried out even outside x ∈ [−0.1, 0.1].

The system has a pure convective motion from the fluid point of view, also known as an

Euler flow, due to the motion of particles at different velocities, i.e., pressure gradients,

non interpreted as other diffusive effects, as Brownian motion, where the stochastic

nature of the diffusive tensor has an influence in all the space, as seen in section 2.2.2.

Without boundary restrictions, this motion results in all the initial condition expanding

in space until density reaches a zero value at t→ ∞.

The flux of particles [1] = nu for the cases with and without external force is presented

in figure 3.3. The non–symmetrical evolution when the external force actuates is clearly

detected. The deceleration caused by F translates into a deeper zone of negative nu in
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Figure 3.2: Evolution of the distribution function in the phase-space. Top row: without

external force. Bottom row: with the external field defined in (3.25). Grey dashed lines represent

the action zone of the external force. Dashed contours represent the initial condition.
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Figure 3.3: Flux of particles with and without the external histogram-like force.

the surroundings of x ± 0.1. Moreover, as time increases, the area decelerated by the

external force grows, as more particles dynamics are modified by it.

Furthermore, differences in the fluxes indicate that this force has the power to retain

particles and increase its density for x < −0.1, as can be seen in figure 3.4, where the

norm 〈1〉 = n is pictured. The density of particles reaches a higher value for negative

positions, while is reduced for x > 0.1, respect to the case without force. This effect is

qualitatively similar to what happens in the acceleration grid of an ion thruster [99,100],

where, due to the intense electric field, generated by means of polarised grids, the ions

are exhausted at high speed to generate thrust and the electrons are slowed down to

keep them inside the discharge chamber and contribute to the ionization process.

In resume, the PIM is able to reproduce this and other cumbersome behaviours based

only on the self–consistent resolution of the complete distribution function in the phase-

space. With this simple example, the PIM for non–diffusive equations has been tested in
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Figure 3.4: Particle density with and without the external histogram-like force. A small

amount of particles is retained for x < −0.1.

an x-v phase space with an histogram-like external force. The addition of extra species

to the problem is quite simple because no microscopic exchanges among them appears,

so it is just a matter of solving the new Vlasov equation for the extra species in a similar

way, accounting for possible difference in charge, mass, density or temperature ratios.

Also, the coupled Poisson’s equation must be introduced to account for the possible

charge separation among the different species.

3.3.2 Two charged species with self–consistent electric field

After the previous test case, here the evolution of a plasma composed by two species

under the effect of the self–consisted electric field in a 1D1V phase-space is studied.

By self–consistent electric field we refer here to the one obtained through Maxwell

equations and influenced only by boundary conditions or charge-separation. Here, the

electric field is obtained by means of the Poisson’s equation with the method explained

in section 2.4.1. The two test cases solved here are representative of relevant physical

events, as for example the Landau damping [96], and allows the study from a fully

kinetic point of view, without employing perturbation methods or approximations to

solve the distribution function evolution.

In these examples, two species of opposite charges, mass ratio of 0.001 and temperature

ratio of 10 are advanced. This means that there is a light species of mass 1, charge −1

and temperature 1, representing electrons; and a heavy species of mass 1000, charge

1 and temperature 0.1, representing ions. All values are expressed in dimensionless

units. The convective evolution in the x-v space is independent for each species, due

to differences in temperature and mass, which affect the thickness of the distribution

function, and the different acceleration of both species due to the electric field, related

to each species mass. It is expected that these different dynamics generate a charge

separation, modifying the electric field. Nevertheless, the PIM allows to advance both

species with the same time step without perturbing any of the species dynamics and

providing a stable and physical meaningful evolution.
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Figure 3.5: Evolution of electrons under a self-consistent electric field between a positive

potential jump. Dashed contours represent the initial condition.

t=0.1

-4 -2 0 2 4

-2

-1

0

1

2

v
 (

×1
0-2

)

t=0.5

-4 -2 0 2 4
x (×10-1)

t=1.0

-4 -2 0 2 4
  0

 10

 20

 30

 40

Figure 3.6: Evolution of ions under a self-consistent electric field between a positive potential

jump. Dashed contours represent the initial condition.

Firstly, the case with a positive potential difference between two points, i.e., φ(−10) =

−10 and φ(10) = 10 in dimensionless units, is presented. This means a negative electric

field arise in all the domain, except if a strong charge separation appears. Therefore,

electrons are accelerated positively and ions negatively through all the simulations.

Without collisions, these acceleration processes are the dominant phenomena in the

species evolutions. A perturbation in the electrons initial density and velocity as

ne(x) = exp

[

−(x− 0.05)2

0.05

]

, ue(x) = 0.05; (3.26)

is used to start from a non–constant electric field. Ions have the same density distri-

bution but centred at x = 0 and zero mean velocity for all positions.

Figures 3.5 and 3.6 present the evolution of the distribution function of electrons and

ions, respectively. It can be seen how electrons evolve in a fast time scale and escape

from the initial condition under the negative electric field. This force produces a positive

density particle flux in the evolution of electrons in almost all the domain, figure 3.7.

Nevertheless, due to the relative large amount of particles that start with a velocity

lower than zero, electron flux is negative for a small section at x < 0. As time increases,

this area becomes less negative, because electrons drift to a positive velocity, leaving

macroscopic particle flux positive in all the domain.
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Figure 3.7: Fluxes for electrons (red squares) and ions (blue circles) on the left axis. Electric

field (green crosses) on the right axis. Ions flux multiplied by a factor of 102 to appreciate its

evolution.

Ion distribution function does not seem to change and only a small flux appears due

to the action of the electric field. The value of this flux is in the order of magnitude

of me/mi respect to the electron flux. This can lead us to assume that ion dynamics

could be neglected and only the electron evolution should be computed. However, it

is important to remember that small changes of the ion particle density influence the

resolution of the Poisson’s equation, which modify the electron motion due to their

low mass, specially in the analysis of long times [21, 101]. So, if there are enough

computational resources, it is advisable to advance both species, also with the same

time step, to not perturb the problem and to obtain a more accurate electric field.

Furthermore, if the sign of the imposed potential jump were inverted, it is expected

that evolution of ions and electrons will be very similar but with opposite acceleration.

The flux of particles nuα, being α = e, i, is now analysed, where the different evolution

of both species is easily comprehended. Figure 3.7 shows the flux of electrons and ions

in the left axis and self–consistent electric field in the right one. Here, ion evolution is

clearly identified, but in a slower time scale, due to their high mass and low temperature.

Nevertheless, this evolution is important to accurate compute the electric field through

the Poisson’s equation and to describe the dynamics in larger time scales. It can be seen

how the negative self–consistent field accelerates species in opposite directions, creating

a strong charge separation. The electric field obtained has a very abrupt change close

to the point where the charge density changes its sign. It is important to remark that

this abrupt change do not affect the stability of the solution and do not introduce any

numerical errors. Moreover, the non–linear electric field formed means that particles

are accelerated at different rates, depending on its position. For example, particles with

position lower than zero feel a more intense electric field. However, on the right hand

side of the domain, electric field is less intense and particle acceleration is reduced.

This can create an avalanche phenomena, where particles at a more negative position

are highly accelerated until they overpass particles that started at a more positive

initial position and velocity. The conditions of this avalanche to appear arise naturally

from the self–consistent resolution of the Vlasov–Poisson system. The study of this

phenomena will be left for future works, but we can point out here its importance in
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Figure 3.8: Evolution of electrons a under self-consistent electric field with no potential

difference at the boundaries. Dashed contours represent the initial condition.
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Figure 3.9: Evolution of ions under a self-consistent electric field with no potential difference

at the boundaries. Dashed contours represent the initial condition.

several phenomena, as arc formation. Nevertheless the self–consistent resolution by

means of the PIM takes a new approach to solve non–collisional plasmas, not available

before.

To continue our discussion exploring the capability of the PIM to solve non–collisional

plasmas, a case with no potential difference between the minimum and maximum points

is presented. In this case, the electric field is produced exclusively by the difference

of electron and ion densities, i.e., charge separation, and, in principle, particles should

not be accelerated at infinity as a de–compensation in the charge density generates

an electric field that tends to reduce this effect. For example, if a large amount of

electrons appears on the right hand side, a positive electric field will arise, decelerating

the electrons and reducing the charge separation. This will leave the plasma in an

oscillatory state, related to the characteristic plasma oscillations of frequency ωpe [78,

102].

Thence, figure 3.8 draws the electron distribution function at different time frames.

Same goes for ions in figure 3.9. Complete different dynamics respect to the case of

a positive potential jump presented above are found. In this situation, the electrons

evolve until an almost cyclical behaviour appears. Moreover, fe twist around x, v ≃ 0 ,

while particles keep rotating around this centre, creating a zone of higher electron den-

sity in the centre and some low density tails far from x = 0. This behaviour influences
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Figure 3.10: Electron and ion maximum distribution point trajectory.

the electric field through the self–consistent Poisson’s equation. A similar rotational

ion dynamics is expected, because the electric field also influence the evolution of this

species. However, slow ion variation, as well as the fast motion of the electrons, can give

rise situations where electric field changes its sign and ions have not reached a periodi-

cal behaviour, creating a non–circular dynamics for this heavy species, which may end

up affecting the evolution of electrons due to the changes in the charge density [101].

This is better appreciated in figure 3.10, where the trajectory of the maximum point

of fα is pictured. The evolution of the maximum distribution point depends on the

initial conditions, i.e., if the species has some initial perturbation, and on the accel-

eration, proportional to qαE(x, t)/mα. Electrons recover an almost circular dynamics

after a time of t ≃ 10, while ions have an almost periodical evolution, but not cyclical.

However, in order to relate these dynamics to the characteristic frequencies of electrons

and analyse the influence of ions dynamics, longer simulation times should be solved,

which requires computational resources unavailable at this moment. Nevertheless, re-

sults pictured here evidence a promising method, not founded on perturbation or wave

theory, to detect non–trivial plasma dynamics. Moreover, this example sets a great

test of the PIM’s capability to solve complex non–collisional self–consistent problems.

Different initial perturbations and mass ratios should be analysed too, to study their

effect in the plasma dynamics.

The particle flux for each species nuα and the electric field are pictured in figure 3.11.

It can be seen how at time t = 1, the electron’s particle flux and the electric field are

negative directed for x < 0 and positive directed for x > 0. The action of the electric

field changes this situation leading to inversion of the flux sign at t = 3. On the other

hand, the shape of ions flux remains almost unaltered and its is only slightly affected

by the electric field. As it happens with the previous case, an abrupt variation in the

electric field also appears close to x = 0, which changes the species dynamics according

to its position in x. Rather than in the previous example, here the electric field also

changes its sign for in the surroundings of x = 0, which tries to retain particles to reduce

the charge separation. This could lead to a complete sign inversion and a periodical

motion of electrons, known as Landau damping [96,103].
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Figure 3.11: Evolution of fluxes under a self-consistent electric field with no potential differ-

ence at the boundaries. Ions flux multiplied by a factor of 102 to appreciate its evolution.
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Figure 3.12: Evolution of electron flux (left) and self consistent electric field (right) for fixed

ions. Solid lines represents the case where ions are also evolved in time. Small differences

between both cases arise.

Finally, a last check is still to be performed: analyse the effect of the movable ions,

i.e., the differences found when evolution of ions is computed at each time step and

when they are fixed. In simulations and analytical models, it is commonly to assume

that heavy species, as ions, are fixed, neglecting its evolution and acting only as a

background. This affects the shape of the electric field, which influences the electrons

dynamics. Now, the problem of two charged species interacting under a self–consistent

field without a potential difference at the boundaries presented above is analysed setting

the ions to its initial condition for all the simulation. Figure 3.12 compares the electron

flux and the self–consistent electric field with and without accounting for the evolution

of ions. Note how small differences in the electron flux and electric field appear, even

when the shape of the time evolving solution holds. Nevertheless, these small differences

could lead to different transitory situations or even disparate steady states in many

systems of physical interest.

As a conclusions, it is important, if it is numerically possible, to compute the evolution

of all heavy species, because small changes in its dynamics may influence the value and

shape of the electric field and, as a consequence, the dynamics of electrons.
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3.4 Conclusions

In this chapter, the basic equations that describe the evolution of a distribution function

under the Kinetic Theory point of view have been presented. In addition, a short

summary of fluid equations is given to establish a common ground to understand the

evolution of macroscopic quantities and to provide a brief resume of the importance

of transport coefficient calculations for fluid models. Some cases of non–collisional

plasmas calculated with the Propagator Integral Method have been given.

A case of a single species evolving with and without a histogram-like force results useful

to understand the basic motion in the phase-space. In absence of collisional process,

distribution functions may reach situations far from Maxwellian equilibrium.

The case of two opposite charged species evolving under a self–consistent electric field,

determined through the coupled Poisson’s equation, was also presented. The two

species, that represent electrons and ions, have huge mass and temperature ratios,

but the PIM can use the same time step to solve both evolutions. Each species evolves

independently in the x-v space accounting for their own characteristics. The potential

difference between the boundaries determines the evolution of both species, reaching

quasi–periodical situations if no difference is imposed, which means that the problem

auto–compensate the charge differences. Physical behaviours are reproduced with this

semi–analytical method, based only on a self–consistent resolution of the distribution

function for each species. Nevertheless, numerical issues related with the interpolation

into a fixed mesh to allow the integration of macroscopic moments introduce some

instabilities into the fluid quantities, that perturb the analysis of larger time scales.

These topics require further investigation to optimise and increase the solutions accu-

racy, but the cases presented here open the possibility of analyse non–collisional plasmas

to check if some typical processes, as Landau damping, arise naturally. Hence, the non–

diffusive propagator has been tested in physical meaningful scenarios, providing some

results, arduous to obtain with other numerical methods or perturbation theory.
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DESCRIPTION OF PARTICLE COLLISIONS

Collisions among particles in a plasma are of huge importance to describe its evolution

from kinetic and fluid points of view. Moreover, they are the main cause of energy

and momentum exchange among the mixture of species as well as they are responsible

of thermalisation and transport processes. Within the scope of kinetic theory, the

collision term represents a contribution to the rate of change of fγ from a time instant

t to a time t + dt due to interaction with particles of the species γ′ , where dt is a

differential time interval. Collisional terms include a variety of process, as elastic energy

exchanges, ionization and recombination processes or charge-exchange effects. In this

chapter, analytical and numerical analysis of the exchange phenomena employed in the

forthcoming chapters are presented. Firstly, elastic collisions are studied. By elastic we

refer here to those operators that conserve the total norm, energy and momentum of all

species involved in the collisional process. Special attention is given to the conservation

of total energy and momentum, which is of major importance to ensure that trustworthy

numerical results are computed. It is important for the application of a numerical

method that the conserved properties of the collision operators are fulfilled also in

the numerical problem. All operators are studied for the self–interacting collisional

case, i.e., γ = γ′ to analyse the conservation properties. However, it is very common,

specially in Weakly Ionized Plasmas (WIP), that disparate ratios between the species

properties exist, which highly influence the collisional processes. Thence, binary elastic

collisions with large mass, temperature and density ratios among the species is studied

for the one-dimensional collisional terms.

As a relevant case, the influence of self–collisions when a neutral gas evolves from

discontinuous initial macroscopic variables in a x-v phase-space is solved. A collisionless

scenario and two collisional cases are compared to identify the differences in macroscopic

moments and distribution function evolutions. In addition, the study of the charge-
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exchange phenomena between ions and neutrals is performed. This process becomes

significant in many systems, e.g., in the analysis of an electric thruster plume presented

in chapter 7.

All the problems dealt in this chapter are solved in dimensionless units. However, this

does not limit the applicability of Propagator Integral Method but ease the numerical

implementation and results analysis.

4.1 Elastic collisions

Elastic collisions denote the exchange of energy and momentum between species with-

out loosing any of the system total energy, i.e., the sum of all species energies involved

in the collisional processes remains constant. These phenomena are the main cause of

thermalisation and transport of mass, momentum and energy in plasmas [104, Chapter

1.5]. In this section, the different collision terms employed through out this dissertation

are separately analysed. Furthermore, it is important to explore these terms to identify

some behaviours that may arise in scenarios where collisional effects are integrated into

more involved models. Moreover, the conservation properties of the collision terms for

the self–interaction situation are studied, an important attribute that helps to analyse

the numerical method validity. If macroscopic quantities are numerically conserved, as

happens in the analytical case, then the numerical method can be considered valid to

analyse collisional problems. Except for very specific systems, out of the scope of this

work, plasmas are usually composed by a mixture of species that evolve and interact

among them. To describe these interactions from the point of view of elastic collisions,

theoretical derivation by means of the binary interactions approach are usually utilised,

neglecting more complex interactions that involve a larger number of particles and are

infrequent. In these exchanges, the different properties of the species, as charge, mass

or density, modify the collisional processes, influencing the system dynamics. For these

reasons, it is important to study the binary exchange, specially if high ratios of mass,

density or temperature exist between the two species. Usually, to solve these inter-

actions, simplifications or linearisations are employed to simplify the collision terms.

For example, it is very common that, for an electron-ion elastic collision, the ratio of

masses is neglected because me/mi ≪ 1, which may introduce small differences in the

dynamic of both species and in the total conservation of energy. Nevertheless, even

these ratios are small, they are far from being zero, and they can affect the relaxation

times, transport coefficients and conservation of energy.

For our analysis, a test particle of class a interacts with a b class particle. Properties of

both species are in table 4.1 and Maxwellian distributions functions are assumed for the

initial condition. When binary interaction approximations are analysed, self–collisions

are not included, to study the isolated exchange between species.
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m n u T

a 1 10−3 1 1

b 103 1 0 0.01

Table 4.1: Mass, density, velocity and temperature for the two species studied in the binary

collision.

4.1.1 The Fokker–Planck–Landau (FPL) term

In plasmas, collisions among charges in fully ionized scenarios are usually described

by the well–known Fokker–Planck–Landau operator [43, 78, 82, 104–106]. This term

is usually assumed as an approximate to the Boltzmann collision integral operator,

but it can be derived independently by physical arguments, as presented by B. A

Trubnikov [82]. This integro–differential operator describes the drifting and scattering

of a charged particle by interparticles Coulombian interactions. The expression of this

collision term adopts the form of a Fokker–Planck equation [78,104] as

∂fγ
∂t

= −
∑

γ′

∂

∂vi

[

Dγγ′

i − ∂

∂vj
Dγγ′

ij

]

, (4.1)

where coefficients Dγγ′

i and Dγγ′

ij are the convective and diffusion parameters and i, j

represent their components axes of the velocity space.

The drift and diffusion coefficients required by (4.1) can be expressed as Dγγ′
=

∫

d(g)f ′γ′ dv′ where d are the kernels

dγγ
′

i = −
(

1 +
mγ

mγ′

)

lγγ
′

4π
g
gi

g
4

n

, dγγ
′

ij =
lγγ

′

8π
g
δijg

2 − gigj

g
4

n

, (4.2)

being g = v−v′ the relative velocity and g its module, lγγ
′

is usually a constant related

to the characteristic length of the interaction between the species and n comes from

the general interaction potential between particles V (r) = kr−n, where k is a constant

and n = 1 for Coulombian case.

As stated in section 2.2.3, an interesting case in Plasma Physics is the study in the

two velocity space composed by velocities perpendicular ⊥ and parallel ‖ to the electric

or magnetic field. Accounting for the cylindrical geometry with the velocity volume

element dv = v⊥ dv⊥ dv‖ dφ, the drift-diffusion parameters are simplified to

Dγγ′

⊥ = −
(

1 +
mγ

mγ′

)

lγγ
′

4π

∫

g⊥
g3
f ′γ′ dv′; Dγγ′

‖ = −
(

1 +
mγ

mγ′

)

lγγ
′

4π

∫

g‖

g3
f ′γ′ dv′;

Dγγ′

⊥⊥ =
lγγ

′

8π

∫

g2 − g⊥g⊥
g3

f ′γ′ dv′; Dγγ′

‖‖ =
lγγ

′

8π

∫

g2 − g‖g‖

g3
f ′γ′ dv′; (4.3)

Dγγ′

φφ =
lγγ

′

8π

∫

g2 − gφgφ
g3

f ′γ′ dv′; Dγγ′

⊥‖ = − l
γγ′

8π

∫

g⊥g‖

g3
f ′γ′ dv′;
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where f ′ = f(v′, t) and the components of the relative velocity vector g are

g⊥ = v⊥ − v′⊥ cosφ′,

g‖ = v‖ − v′‖, (4.4)

gφ = −v′⊥ sinφ′,

giving

g2 =
∣

∣v − v′
∣

∣

2
= v2⊥ − 2v⊥v

′
‖ cosφ′ + v′⊥

2
+ (v‖ − v′‖)

2. (4.5)

These integrals over dφ′ can be expressed as elliptic integrals

I(n) =
1

4π

[

m

2v⊥v
′
⊥

]
3

2

π
∫

0

cosn φ′

[1 −m cosφ′]
3

2

dφ′ (4.6)

where m =
2v⊥v′⊥

v2⊥+v′⊥
2+(v‖−v′

‖
)2

being 0 ≤ m ≤ 1 a functional parameter [43].

The conservation of momentum in the binary exchange is fulfilled if 〈mγD
γγ′

‖ 〉 =

−〈mγ′Dγ′γ
‖ 〉, where 〈〉 represents the integration over the distribution function, which

is true if lγ
′γ = m2

γ/m
2
γ′ lγγ

′
[104, Chapter 1.5]. In the same way, energy conservation is

fulfilled as mγ〈Tr(D) +v ·D〉γγ′ = −mγ′〈Tr(D) +v ·D〉γ′γ . In the case of self–collisions

γ = γ′, the conservation properties are fulfilled for any value of lγγ . The γ notation is

dropped for the self–collisional case for the shake of clarity.

To numerically analyse the problem of self–collisions, an initial histogram-like distribu-

tion function is employed as

f0(v⊥, v‖) =
n

8πT⊥/m
√

2T‖/m

[

1 −H
(

v⊥ −
√

4T⊥/m
)]

[

H
(

v‖ − u‖ +
√

3T‖/m
)

−H
(

v‖ − u‖ −
√

3T‖/m
)]

(4.7)

where H (x) is the Heaviside function

H(x) =

{

1 if x > 0

0 if x ≤ 0
, (4.8)

defined in this form to simplify its numerical evaluation, u‖, T⊥ and T‖ are the mean

transversal and parallel kinetic temperatures, being 3T = 2T⊥ + T‖ the total temper-

ature; and m is the particle mass. The initial conditions for the self–collisional case

are n = 1, T⊥ = 1.07625 , T‖ = 0.775 , u‖ = 0.5 and m = 1 is the species mass; in

dimensionless units, where lγγ equals 8π.

The two-dimensional distribution function contours evolution is pictured in figure 4.1,

with the initial condition as a black solid line. The distribution function evolves

smoothly from the histogram-like to a Maxwellian one with no numerical instabili-

ties. This occurs thanks to the global effect of the diffusive process, i.e., the value
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Figure 4.1: Distribution function f(v⊥, v‖, t) for the case of self-collisional Fokker–Planck–

Landau term.

of f in one point is distributed to all the velocity space points. Moreover, the so-

lution conserves the initial value of the macroscopic quantities, as pictured in 4.2a,

and the parallel and perpendicular temperatures evolve till the isotropic equilibrium

T = T⊥ = T‖ is reached, while T is constant in time. Nevertheless, there is a rela-

tively large variation in the species temperature, as seen in figure 4.2b. The error of

T respect to the initial value is in the order of 10−6, much higher than those found

in one-dimensional conservative collision terms presented below. This results from the

fact that fewer grid points on each direction have to be used to obtain a reasonable

computational time in two-dimensional cases. In addition, the integration becomes

more difficult as the domain employed accounts for the natural boundary condition

at v⊥ → 0. This hinders the numerical resolution of the problem, even when all the

second order corrections presented in appendix B.3 are utilised. However, additional

numerical analysis is required to further reduce this error. Nevertheless, the deviation

is still small, and simulations are useful enough to compute transport coefficients, as it

will be presented in section 5.3.
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Figure 4.2: Balance (a) of macroscopic variables and errors respect to the initial condition

(b) for the Fokker—Planck—Landau collisional term.
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4.1.2 Hard Spheres (HS) potential case

Multiple collision terms can be derived in the same way as the Fokker–Planck–Landau

one by just modifying the kernels from (4.2). A particular interesting case arise for

V (r) = kr−4, for n = 4, the so-called Maxwell’s molecule potential [42, 107,108]. This

potential reduces the kernels of the convection diffusion parameters to

dγγ
′

i = −
(

1 +
mγ

mγ′

)

µγγ
′
gi, d

γγ′

ij = −µ
γγ′

2
(δijg

2 − gigj), (4.9)

where µγγ
′

is a collisional parameter. As we did with the Fokker–Planck–Landau oper-

ator, the case in a velocity space composed by the perpendicular and parallel directions

to an electric field is studied. The resulting convective–diffusion coefficients from (4.1)

are

Dγγ′

⊥ = −
(

1 +
mγ

mγ′

)

µγγ
′

∫

g⊥f
′
γ′ dv′; Dγγ′

‖ = −
(

1 +
mγ

mγ′

)

µγγ
′

∫

g‖f
′
γ′ dv′;

Dγγ′

⊥⊥ =
µγγ

′

2

∫

(g2 − g⊥g⊥)f ′γ′ dv′; Dγγ′

‖‖ =
µγγ

′

2

∫

(g2 − g‖g‖)f ′γ′ dv′; (4.10)

Dγγ′

φφ =
µγγ

′

2

∫

(g2 − gφgφ)f ′γ′ dv′; Dγγ′

⊥‖ = −µ
γγ′

2

∫

g⊥g‖f
′
γ′ dv′;

These coefficients can be expressed in their integral form to ease their numerical im-

plementation

Dγγ′

⊥ = −
(

1 +
mγ

mγ′

)

µγγ
′
nγ′v⊥; Dγγ′

‖ = −
(

1 +
mγ

mγ′

)

µγγ
′
nγ′(v‖ − uγ

′

‖ );

Dγγ′

⊥⊥ =
µγγ

′

2
nγ′(v2‖ + Eγ′

‖ − 2v‖u
γ′

‖ + Eγ′

⊥ ); Dγγ′

‖‖ =
µγγ

′

2
nγ′(v2⊥ + 2Eγ′

⊥ ); (4.11)

Dγγ′

φφ =
µγγ

′

2
nγ′(v2⊥ + 4Eγ′

⊥ + v2‖ + Eγ′

‖ − 2v‖u
γ′

‖ ); Dγγ′

⊥‖ = −µ
γγ′

2
nγ′(v⊥v‖ − v⊥u

γ′

‖ ),

being

nγ =

∫

fγ dv, uγ‖ =

∫

v‖fγ dv, Eγ
‖ =

∫

v2‖fγ dv, Eγ
⊥ =

∫

1

2
v2⊥fγ dv, (4.12)

the norm, parallel velocity and anisotropic energy contributions per unit of mass in the

parallel and perpendicular directions, respectively.

Conservation properties can be easily checked. With respect to the momentum con-

servation, as in the FPL situation, the relation 〈mγD
γγ′

‖ 〉 = −〈mγ′Dγ′γ
‖ 〉 is verified if

µγ
′γ = m2

γ/m
2
γ′ is fulfilled, which also ensures the conservation of total energy.

The same piecewise initial function as the one employed in the case of the FPL operator,

presented in equation (4.7) is used to numerically check the conservation properties.

For this numerical case, µγγ = 1. Figure 4.3 presents the evolution of the distribution

function f(v⊥, v‖, t). The abrupt initial condition relaxes to a Maxwellian distribution,
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Figure 4.3: Distribution function f(v⊥, v‖, t) for the case of self-collisional HS term.

and becomes smooth from the first iteration. As for the Fokker–Planck–Landau op-

erator, the Maxwellian distribution arises naturally as a consequence of the drift and

diffusive effects perfectly captured by the propagator. Moreover, parallel mean velocity

is conserved as well as the temperature T . Isotropisation of f arise when perpendicular

and parallel temperatures evolve until the steady situation T = T⊥ = T‖ is reached,

with a relaxation time lower than the FPL case.
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Figure 4.4: Balance (a) of macroscopic variables and errors respect to the initial condition

(b) for the Hard Spheres collisional term.

4.1.3 Dougherty collision term

In several practical applications the Dougherty operator [91,109–111] has been used to

describe non–lineal collisional terms, as we did in [25, 28, 112] for the one-dimensional

case. This two-dimensional form can be extracted from the previous Hard Spheres

potential. A double integral over the diffusion coefficients Dγγ′

ij is performed to obtain

a Dougherty like collision operator- To keep the right physical dimensions, Dγγ′

ij must
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be divided by nγ . The resulting drift-diffusion terms take the form

Dγγ′

⊥ = −
(

1 +
mγ

mγ′

)

µγγ
′
nγ′v⊥; Dγγ′

‖ = −
(

1 +
mγ

mγ′

)

µγγ
′
nγ′(v‖ − uγ

′

‖ );

Dγγ′

⊥⊥ =
µγγ

′

2
nγ′(Eγ

‖ + Eγ′

‖ − 2uγ‖u‖γ
′ + Eγ′

⊥ ); Dγγ′

‖‖ =
µγγ

′

2
nγ′(2Eγ

⊥ + 2Eγ′

⊥ );

Dγγ′

φφ =
µγγ

′

2
nγ′(2Eγ

⊥ + 4Eγ′

⊥ +Eγ
‖ + Eγ′

‖ − 2uγ‖u
γ′

‖ );

Dγγ′

⊥‖ = −µ
γγ′

2
nγ′(

√

πEγ
⊥

2
uγ‖ − (

√

πEγ
⊥

2
uγ

′

‖ );

(4.13)

If the relation µγ
′γ = m2

γ/m
2
γ′µγγ

′
is fulfilled, the conservation of energy and momentum

is guaranteed, as in previous cases.
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Figure 4.5: Distribution function f(v⊥, v‖, t) for the case of self-collisions with a 2V

Dougherty term.
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Figure 4.6: Balance (a) of macroscopic variables and errors respect to the initial condition

(b) for the 2V Dougherty collisional term.

Now, the conservative properties of the two-dimensional Dougherty operator are tested

numerically with the PIM. As we did with previous operators, the function (4.7) is

taken as an initial condition to test the method. Even though the evolution of the

distribution function, figure 4.5, is smooth from the first time step and macroscopic

quantities are conserved, figure 4.6, the steady situation deviate from a Maxwellian

distribution function, although a higher entropy state than the initial one is reached
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when this term is employed. This results implies that the use of cylindrical geometry can

induce spurious geometrical drift-diffusion terms and the direct derivation of Dougherty

operator is not as straightforward as in Cartesian coordinates.

4.1.4 One-dimensional Dougherty term

The Dougherty collision term can be transposed into a 1D velocity space, v ∈ (−∞,∞)

without losing any of its conservation properties and the steady Maxwellian distribu-

tion. The multi-species drift-diffusion terms that represent this process can be derived

from [109,111] as

Dγγ′

v = −µγγ′

∫

(

v − v′
)

f ′γ′ dv′;Dγγ′

vv =
µγγ

′

2nγ

∫ ∫

(v′′ − v′)2

2
f ′γ′f ′′γ dv′ dv′′. (4.14)

These parameters can be expressed in a compact form, independently on the distri-

bution function, as depending only on the velocity v and mean velocity and energy,

becoming

Dγγ′

v = −νγγ′ (

v − uγ′

)

;Dγγ′

vv = νγγ
′
(Eγ + Eγ′ − 2uγuγ′), (4.15)

where νγγ
′

= nγ′µγγ
′
is the collision frequency characteristic of the momentum exchange

rate between γ and γ′. This term results useful to analyse a short action potential

interactions between particles, e.g., hard sphere collisions, when the evolution of the

system is constrained to one direction. Moreover, it is easy to see how species γ′ act as

a viscous media for γ, as in a Brownian motion.

Following the same procedure presented above for two-dimensional terms, conserva-

tion of linear moment can be analytically achieved if 〈mγD
γγ′

v 〉 = −〈mγ′Dγ′γ
v 〉, which

is always true if µγ
′γ =

mγ

mγ′
µγγ

′
. Even when this relation seems different from those

derived above, they are equivalent as in the one-dimensional Dougherty term presented

here the mass relation between both species (1 + mγ/mγ′) is included in the collision

parameter. In addition, energy conservation is fulfilled by the relation between colli-

sional parameters above, meaning that mγ〈Dγ′γ
vv + vDγ′γ

v 〉 = −mγ′〈Dγ′γ
vv + vDγ′γ

v 〉 for

the binary exchange. For the self–collisional case, as usual, conservation is fulfilled for

any value of µγγ .

The numerical analysis of the Dougherty collision operators follows the same steps as

in previous problems. The piece-wise continuous one-dimensional initial condition is

f0(q) =
n0

2
√

3T0/m

[

H
(

v − u0 +
√

3T0/m
)

−H
(

v − u0 −
√

3T0/m
)]

, (4.16)

where n0 = 1, u0 = 0.5, T0 = 1 and m = 1 are the initial density, velocity, temperature

and mass, respectively; and H(x) is the Heaviside function. For the 1D self–collisional

case, we have

Dv = n (v − u) , Dvv = n(E − 1

2
u2), (4.17)
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Figure 4.7: Evolution of the self–collisional Dougherty one-dimensional operator. Initial

condition is pictured as a black solid line.

which is a non–dimensional form of (4.15), for µ = 1. Figure 4.7a shows how the

discontinuous initial distribution function spreads and becomes continuous from the

first time step. A Maxwellian distribution is rapidly reached, in a time of order ∼ 1

keeping its form up to the end of the simulation.
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tial condition for the one-dimensional

Dougherty collision term.

The macroscopic moments, figure 4.7b are always

constant and no instabilities due to the discontin-

uous initial condition appear. Figure 4.8 presents

the error of the macroscopic momentums respect

to the initial condition. Small numerical errors ap-

pear and even when their value is orders of magni-

tude below the initial value (∼ 10−13), they should

be accounted for in larger simulations, where the

value of these errors may increase up to a level able

to perturb the conservation of macroscopic quan-

tities. However, these small errors, within the nu-

merical fluctuations, do not perturb the evolution

of this problem or the macroscopic values. Due to

the numerical nature of the method, is impossible

to have a free of error solution, but this case proves that the PIM produces a conser-

vative solutions in all the scope of problems analysed in this dissertation.

It is expected that, conservation properties of the Dougherty collision term hold in the

numerical description of the two species interaction if the relation between collision

parameters presented above is fulfilled. In this numerical analysis, a mesh of length

50 for the species a and 0.3 for the species b is employed with 10001 points for each

species, being a and b the generic ones in table 4.1. The time step is τ = 10−2 and 500

iterations are calculated.

In figure 4.9, physical magnitudes of interest such as the mass fluxes and energy for

each species and their sum are pictured. As said, total momentum and energy are
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numerically conserved, except for possible small errors. Mass fluxes evolve in completely

different ways for each species. The heavy species is softly accelerated due to the sole

effect of collisions and gains a small amount of energy. On the other hand, the light

species is slowed down and its energy is diminished. The steady fluid velocities are equal

for both species, but the huge difference in density and masses between them creates

the gap in the mass flux presented in figure 4.9a. In figure 4.9b, we can see how the

light species a loses part of its energy, which is acquired by the heavy species b, keeping

the total value constant. This evolution is found only if both species are advanced

simultaneously in time. If the heavy species is left fixed or if the collision terms are

linearised, this dynamic could be modified, leading to losses of the total energy or

different steady states. In that case, light particles would end up exchanging all of its

energy with the fixed heavy species, resulting in a scenario were the total energy is lost.

Therefore, for refined computations of involved non–linear problems, special care has

to be taken to include physical effects that ensure conservation properties are fulfilled.

Here, very different dynamics are found for each species because of the disparate ratios

used as initial conditions. In figure 4.10a, we can see a fast variation of a species, which

loses energy and momentum until it reaches a steady situation. On the other hand,
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fb seems to be unaltered during the simulation, and almost static with respect to its

initial condition. Nevertheless, the analysis of macroscopic variables presented above

shows that small but significant changes in the heavy species appears. This means that

the study of slow species requires an accurate computation of its distribution function,

in order to obtain the right macroscopic dynamics, because changes in the distribution

function are small [24]. In terms of conservation and large scale analysis, the incorrect

evolution of slow species may lead to inaccurate situations, specially in higher space

and time scales.

4.1.5 The 1D charge-charge term

The evolution of a distribution function constrained to one direction under the effect

of a Coulombian potential is still an open problem. When plasmas are approximately

described as evolving in a one-dimensional velocity space, this view comes from con-

sidering there is a dominant cause, usually a strong external electric field, that makes

the flow of particles move in one privileged direction, leaving the others unaltered. In

this case, the scattering of charged particles may be constrained, limiting the interac-

tion to the privileged direction of interest and sometimes leading to non–Maxwellian

distribution functions [86,88,113]. Here, an approach to describe this dynamics based

on the full Fokker—Planck—Landau operator is taken

This operator describing the one-dimensional motion constraint was firstly presented

in [25] by myself and others and a review and more extensive analysis is performed

now. Here, we set the motion equation of a one-dimensional velocity distribution

function, without considering it as a marginal distribution obtained after integration

on perpendicular velocity.

Here, the charge-charge collision term is constructed for the one velocity dimensional

case by taking as a reference the complete well–known Landau collisional operator [19,

58,78] in a spatially homogeneous plasma. A physical realisation of this model could be

related, for instance, to the description of a plasma between two planar infinite metal

walls, where an intense electric field appears between the plates [85, 114]. In such a

system, the planar geometry leads to plasma species distribution functions depending

only on the velocity component v, parallel to the direction perpendicular to both walls,

lying in the privileged direction established by the electric field. Since a test particle of

mass mγ and velocity v is scattered by particles of velocity v′ with distribution function

fγ′ (v′, t), a small change of the particle velocity ∆v in the preferred direction may

be considered as a result of an average Coulombian interaction force among charges.

Thence, the dynamical frictional effect experienced by mγ can be phenomenologically

modelled as an effective force of uniform intensity opposite to the relative velocity v−v′.
This contribution can be understood as a Coulomb’s like law for dry friction, a case also

studied in the theoretical frame of Brownian motion in [61]. The cumulative effect of

many interactions gives rise to the drift coefficient Dγγ′

v which is related to the change
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of the expectation value of ∆v per unit of time (〈∆v〉/∆t) as

Dγγ′

v =
〈∆v〉
∆t

=−µγγ′

(

1+
mγ

mγ′

)
∫

sgn
(

v − v′
)

f ′γ′ dv′. (4.18)

Here, sgn (·) is the sign function with sgn (0) = 0 and µγγ′ is the collisional parameter

related to plasma properties as mass and charge. Now, following similar steps presented

in [78] to derive a FPL operator, we argue to obtain a non-linear self-consistent diffu-

sion coefficient. Beside the friction force, we assume that the test charge is subjected

to random fluctuating forces of stochastic nature, responsible of the fγ spreading in

velocity space. This diffusive behaviour is computed by the coefficient Dγγ′

vv , related to

the average value of (∆v)2/2 per unit of time (〈(∆v)2〉/2∆t). Assuming that ∆v is of

order v − v′ while ∆v/∆t is proportional to the friction term sgn (v − v′), a diffusion

coefficient proportional to the average value of (v−v′) sgn (v − v′) = |v − v′| is proposed

Dγγ′

vv =
〈(∆v)2〉

2∆t
= µγγ

′

∫

∣

∣v − v′
∣

∣ f ′γ′ dv′, (4.19)

assuming that
∫

|v| fγdv remains finite.

With this selection of drift-diffusion coefficients the resulting one-dimensional collisional

term for charge–charge interaction behaves as the complete Fokker–Planck–Landau op-

erator, in fact, it can be easily checked that it provides a well posed conservative collision

operator for a one dimensional plasma, since µγγ
′

does not alter the conservation prop-

erties of the operator, as long as the relation µγ
′γ =

m2
γ

m2

γ′
µγγ

′
is fulfilled. This relation,

as previously mentioned, ensures the conservation of total momentum and energy in the

collisional process.. Moreover, similar differential relations for the drift and diffusion

coefficients fulfilled by the complete Fokker–Planck–Landau operator are also satisfied.

In particular, using of the relation ∂v sgn (v − v′) = 2δ(v − v′) the properties

Dγγ′

v = −
(

1 +
mγ

mγ′

)

∂

∂v
Dγγ′

vv (4.20)

∂

∂v
Dγγ′

v = −2µγγ
′

(

1 +
mγ

mγ′

)

fγ′ , (4.21)

hold. These are equivalent to the properties held by the divergences of the diffusion

tensor and the drift vector for the Fokker–Planck–Landau operator [43,106], where the

distribution function is also obtained by the derivative of the drift coefficient.

At this stage, the self–collisional case is numerically analysed. The distribution func-

tion from (4.16) is employed as an initial condition with 30001 points, a grid of length

300 centred at v = 0 and τ = 10−2. This long grid is required to allow the distribu-

tion’s tails, which follow a power decaying law, reach a value small enough to not affect

the conservation of macroscopic quantities. These tails behaviours have been experi-

mentally measured in solar wind plasmas, which seem to evolve in a one-dimensional

velocity space [86]. Figure 4.11 depicts the time evolution of macroscopic moments and

the distribution function. First important result is the non–Maxwellian steady state
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Figure 4.12: (a) Numerical errors of the conserved quantities respect to the initial condition

for the one-dimensional charge-charge collision term. (b) Influence in the energy conservation

for different grid lengths. Due to the power law decaying tails, long grids are required.

reached, which means that entropy in not maximised. This can be explained due to

the one-directional constraint assumed in the derivation of this term. Nevertheless,

the moments of the distribution function are constants, regardless its final shape or

evolution which means that the operator is conservative.

Small errors appears in the calculation of momentum and temperature evolutions re-

spect to the initial condition, figure 4.12a. Moreover, temperature error starts to in-

crease negatively for large simulation time due to the finiteness of the numerical grid.

Relatively large values of f reach the end of the numerical domain, meaning that

distribution tails are not properly represented. Due to the power law decay of the

distribution’s tails, conservation of macroscopic quantities, specially energy, can be vi-

olated in the numerical problem if values high enough appear at the end of the grid,

although still the solution behaves as analytical one in the inner points. This is more

evident for the computation of total energy since 1
2fv

2 may be high at the grid edges.

To reduce this issue, larger grids can be used, but this increases the computational

time and resources required to solve the problem. In figure 4.12b, the error of the
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Figure 4.13: Evolution of the conserved properties for the two-species one-dimensional charge-

charge collision operator. Values for each species and their sum are presented.
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Figure 4.14: Evolution of the distribution function for the two-species collisional one-

dimensional charge-charge operator. Initial condition is represented with a black solid line.

temperature respect to the initial value for different grid lengths is presented. It is

easily checked that for shorter meshes the temperature error increases after just a few

iterations, affecting the conservation properties.

Conservation properties considerations also hold in the two species interaction prob-

lem. To numerical analyse this case, grid lengths of 280 and 0.15 dimensionless units

are employed for species a and b respectively with 32001 points for each species. In fig-

ure 4.13, the momentum and energy flows for both species and their sum are presented.

Differences in the relaxation times with respect to the previous Dougherty operator can

be found, even when macroscopic variables are the same at the end of the simulation.

First, mass fluxes of both species take a larger time to cross each other and the small

variations in the energy found in figure 4.9b do not seem to appear here. The colli-

sion term is also responsible of energy exchanges, but its rate is lower than for other

operators, as Dougherty. This lower exchange rate appears also in the self–collisional

Fokker—Planck—Landau presented in section 4.1.1, where the time required to reach

a quasi–steady state is twice to HS or Dougherty cases.

For the distribution function for both species, appearing in figure 4.14, the heavy one
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b is almost static, whereas a changes drastically reaching a steady state with a peak of

particles around v = 0 with a power law decaying tails, quite different from it initial

Maxwellian shape.

Here, it is important to remark that the PIM captures non–Maxwellian distribution

functions and detects relaxation times properly, even when propagators employed are

Gaussian-like.

4.1.6 The Bhatnagar, Gross, and Krook (BGK)

A simplification of Boltzmann collision term was presented by Bhatnagar, Gross, and

Krook in [80] for small amplitude process in one component gases and extended later

for a binary interactions in [81] for plasmas and mixtures of gases. This popular and

widely used approximate model is the basic of many in kinetic theoretical models for

plasma. In this section, we explore the numerical and analytical evolution of this

operator, where its more general form

(

∂fγ
∂t

)

γγ′

= −
∑

γ′

νγγ
′ (

fγ − f̄γ
)

, (4.22)

is adopted, being f̄γ a Maxwellian function of the same density of species γ but velocity

and temperature of species γ′ and νγγ
′

is the collision frequency. In an absence of

external forces or other non–homogeneous terms, the time rate of change of macroscopic

quantities for the species γ becomes

ṅγ = 0 (4.23)

nu̇γ = −νγγ′ (

nγuγ − nγuγ′

)

(4.24)

nĖγ = −νγγ′ (

nγEγ − nγEγ′

)

. (4.25)

If the summation for the mass flux of species is performed, the relation

∑

i=γ,γ′

miniu̇i = −
(

νγγ
′
mγnγ − νγ

′γmγ′nγ′

)

(

uγ − uγ′

)

(4.26)

appears, which is zero for any γ, γ′ if νγ
′γ = νγγ

′
mγm

−1
γ′ nγn

−1
γ′ is fulfilled, also ensuring

the conservation of total energy. Of course, if γ′ = γ, no change in the macroscopic

momentums appears independently of the νγγ value.

This conservative operator has some issues regarding discontinuous or sharp distribu-

tion functions that may appear in the system evolution. Distribution functions are

usually smooth and continuous, but it is common to represent heavy mass low temper-

ature species (as ions and neutrals in weakly ionized plasmas) or beam of particles as

Dirac deltas or as histograms. This can perturb the effect that this operator produces

on the distribution function, specially for the first steps of the evolution.
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Figure 4.15: Evolution of the self–collisional BGK operator. Initial condition is pictured as

a black solid line.

We explore up to what extend a natural discontinuous evolution with BGK has a

physically meaning solution, being

∂f

∂t
= −ν(f − f̄), (4.27)

the problem to solve, where ν is a collision frequency set to 1 in this non–dimensional

problem, and f̄ is a Maxwellian distribution with the same density, mean velocity and

temperature as the time evolving solution. In the numerical self–consistent problem,

the distribution function from (4.16) is employed as initial condition with 10001 points,
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Figure 4.16: Numerical errors of

the conserved quantities respect to ini-

tial condition for BGK collision term.

a grid of length 20 and τ = 10−2. The distribu-

tion function of the previous time step and its nu-

merically obtained macroscopic variables are em-

ployed to calculate the non–homogeneous term, in-

cluding f̄ . However, the reference function could

be constructed taking the initial macroscopic val-

ues as they are conserved quantities in this specific

problem. Although, updating f̄ at each time step

provides a self–consistent problem that allows to

check if small numerical errors that inevitably ap-

pear have an impact in the conservation properties.

This more general test-case accounts for variations

in the reference values, as it can happen by inter-

actions with other species, non–homogeneous terms, boundary conditions or external

forces.

The balance of moments and f for the self–collisional case are presented in figure 4.15.

The discontinuous initial distribution function (black line) evolves, as expected, towards

a Maxwellian one but the discontinuities still hold in its evolution. This means that the

BGK operator does not produce a continuous distribution function as a drift-diffusive

operator does, independently of the number of points employed in the simulation.

Nevertheless, this discontinuity does not affect the stability of the numerical problem
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Figure 4.18: Evolution of the macroscopic moments for two different collision terms and its

difference (green arrows).

and the macroscopic quantities values whose errors, shown in figure 4.16, are in the

order of 10−15.

A relevant analysis to fully understand the evolution produced by BGK is the com-

parison with Dougherty term, by analysing typical relaxation times. Initial condition

is the one employed to analyse the self–collisional cases. Taking the reference state as

a Maxwellian distribution function with u = 0 and T = 2 in dimensionless units, the

collision terms behave now as if the test particles collided with a fix background of the

same mass and density, but at different temperature and mean velocity. For the BGK

term, the reference function f̄ must be constructed according to the new steady state,

while that for the Dougherty term, the macroscopic variables uγ′ and Eγ′ must be set

to the appropriate values.

Significant differences appear between both solutions, figure 4.17. First, the difference

evolution has a smooth and continuous shape from the first time step, while the BGK

one presents discontinuities that hold even after a large number of iterations. This

differentiation is important because drift-diffusive collision terms (as Fokker–Planck–

Landau or Dougherty’s) always produce a smooth solution, closer to the steady state.

Therefore, BGK can lead to f with discontinuities that has no physical meaning. This is

due to diffusion acts as a global phenomena, while the production of source-sink terms,

as BGK, is local in v space. Nevertheless, both operators provide similar evolutions of
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Figure 4.19: Evolution of the conserved properties for the two-species collisional BGK oper-

ator. Values for each species and their sum are presented.
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Figure 4.20: Evolution of the distribution function for the two-species collisional BGK oper-

ator. Initial condition is represented with a black solid line.

the f moments, figure 4.18. Surprisingly, both solutions take the same time to reach

the steady state at u = 0 and T = 2, but a relative large difference appears in the

temperature, with deviations of order of 10−3, due to the different numerical nature of

both operators.

Continuing with our reliability analysis of the BGK term, the case of two-species in-

teraction is examined. Conservative properties for the BGK collision term are also

maintained if the relation between collision frequencies stated above holds. For a mesh

of length 50 with 10001 points for each species and time step is τ = 10−2, 500 iterations

are calculated. The similar grid in both cases reduces the numerical implementation, as

non–homogeneous term has a local effect over fa. If different grids for each species are

employed, some information is lost because non–homogeneous terms extends outside

the numerical domain. This can become an important problem if collisions between

disparate species are present. The mass flux and total energy are pictured in figure 4.19

showing very similar evolutions to the one-dimensional Dougherty operator although,

again, important differences in the distribution functions profiles, figure 4.20, arise.

A clear effect is established: due to the local effect of the operator, BGK terms only
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influence those points where the distribution function is different from the reference

state. This means that not all points may feel the collisions and distribution function

may reach odd situations, as in figure 4.20, where both distribution functions are de-

picted. The time evolving and steady functions are not smooth. For the species a, a

deformation appears in the velocity space where distribution function profiles of species

b has a non–zero value. On the other hand, tails of the species b are quickly energised,

distorting fb close v = 0. As it happened in the one-dimensional case, the evolution of

macroscopic quantities in a BGK collision operator almost coincide with Dougherty’s

ones, but the distribution function evolves quite different, far from being a Maxwellian,

but but with relaxation evaluations different fro each v. Nevertheless, it is worth men-

tioning that if self–collisions where included, smother distributions functions could be

reached, as they tend to relax the distribution function into the reference state f̄ .

This non–continuous solution results in an entropy evolution not maximised at each

time step. These significant differences in f evolution strictly means that the collision

operator selected for a problem can lead to distributions functions that distort results

for higher moments of f .

4.1.7 Entropy evolution considerations

The entropy of a system is a relevant quantity to test the evolution towards a equi-

librium state on an isolated system. Its calculation in kinetic models results arduous

since its requires precise computation of the complete distribution function. Usually, a

system tends to reach a steady of maximum equilibrium, but this is not true, for ex-

ample, if an external action drives the system in some way such the entropy decreases,

the system is not isolated and the external action constraints its evolution. All colli-

sion terms studied in this chapter, except for the charge-charge one-dimensional model,

are entropically coherent, reaching a higher entropy steady state, which is usually the

Maxwellian distribution. An important question to answer is if all collision opera-

tors increase Boltzmann entropy at the same rate, because this provides information

about physically reliable the distribution function evolution towards an equilibrium

is, regardless if the macroscopic variables are conserved. The analysis of the system

entropy provides fundamental information on how self–collision terms relax the distri-

bution function, specially from anisotropic initial situations, to the steady state. The

main result of this analysis is found in figure 4.21, where the entropy evolution for the

self–collisional cases is presented. Entropy is defined in non–dimensional units in its

Boltzmann form

s = −
∫

f log f dv. (4.28)

It can be seen how the collision operators relax the species distribution function to

a Maxwellian, but time evolution do not coincide among them [19]. For the two-

dimensional terms, similar steady states appear, but in the Dougherty one, entropy is

slightly smaller. In addition, Fokker—Planck—Landau operator has a lower relaxation

time if compared with the other two cases. For the one–dimensional cases, the BGK
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Figure 4.21: Boltzmann entropy evolution for the self–collision terms studied in this chapter.

term results in an entropy evolution at a lower rate than the Dougherty’s term, as a

consequence of the discontinuous evolution of f . Dougherty operator relaxes the initial

sharp function in a short time, ∼ 1, while BGK takes up to 2 time units to reach the

steady state. This evolution is also coherent with the fact that collisions are required

to reach a thermodynamic equilibrium and that the time required to reach it is highly

influenced by the collision operators utilised to describe the species exchanges.

4.2 Influence of self–collisions in the evolution of discon-

tinuous f moments

In some situations, plasmas or neutral gases may evolve from abrupt initial or boundary

conditions or may generate thin structures, as layers or sheaths [18, 115–117], that

make difficult the numerical resolution and may lead to non–physical evolutions or

inaccurate solutions. For instance, collimated charges beam or localised emissive walls,

as well as the electric applied field may result in an abrupt plasma evolution. These

situations may also arise when two plasmas, of different characteristics, interpenetrate

each other, giving rise to spatial diffusion and a new plasma mixture of the initial ones.

In light of previous discussions, we can assume that self–collisions are the main cause to

isotropisation and thermalisation in the two regions, from a microscopic point of view.

This fact motives the analysis of the collisional effects on the evolution of a one species

neutral gas with discontinuous initial macroscopic variables. To isolate this effects, no

electromagnetic force or interaction with other species is assumed. The initial condition

has different macroscopic variables for x ≤ 0 and for x > 0 implying in practice that

three zones arise at any time t > 0: a left and right side with the initial unperturbed

properties and a central zone that connects both areas. Three scenarios are analysed:

a non–collisional case, BGK and Dougherty models for collisional effects. The non–

collisional case follows the Vlasov equation in an absence of external forces as

∂f

∂t
+ v

∂f

∂x
= 0, (4.29)
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n u T

x ≤ 0 1 1 1

x > 0 0.1 0 1

Table 4.2: Initial macroscopic values that generate a time evolving shock.

This means f(x, v, t) evolves as being constant along the characteristic curve x − vt,

as f(x, v, t) = f0(x − vt, v) where f0 is the initial distribution function. Nevertheless,

characteristics curves disappear for both collisional cases. These examples enclose a

double purpose: first, analyse the influence of collisions when initial macroscopic dis-

continuous variables are employed and second, study the possible differences due to

different collision terms in macro and microscopic views. The values of n, u and T on

each initial region are given in table 4.2. The distribution function is Maxwellian in

both zones. With these initial conditions, a front of high density and velocity at x ≤ 0

appears, that mixes with the front on the right side for t > 0. The collisional cases

evolve with a collision frequency of µ = 10 to overstate the effect of collisions. In this

scenario the convective motion in the x-v space is responsible of the system evolution

in all cases, whereas the relaxation of f depends on the collisional model.

Evolution of the macroscopic velocity for this problem is pictured at three time frames

in figure 4.22. Even when the three solutions are quite similar, collisions tend to reduce

the mean velocity. The self–collisions do not drastically influence the mean velocity

since it is conserved, as we have seen in the previous sections, and differences may

be caused by the particular numerical implementations or by gradients in the system

evolution.
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Figure 4.22: Velocity evolution after the discontinuous initial condition. Values at t = 0 are

represented with a black solid line.

If we analyse the distribution function contours obtained for the three models, fig-

ure 4.23, notable differences among them emerge. In figure 4.23a we can see how the

initial discontinuity at x = 0 holds for the non–collisional case and just evolves following

the convective motion related with v. As seen in figure 4.22, this convective evolution

makes macroscopic variables change because particles of different velocities are entering

into the new regions, i.e., particles with negative velocity component in x > 0, at t = 0,
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Figure 4.23: Distribution function at t = 0.25 for the non–collisional and the two collisional

cases. Dashed line represent the initial position of the discontinuity.

pass to x ≤ 0 zone, and vice-versa, for t > 0. If collisions are neglected, no relaxation

appears and a discontinuous distribution is function held at any time. Three regions

can be clearly identified in figure 4.23a. Close to x < −0.3, the distribution function at

the right hand side has not penetrated the initial condition as it remains constant. The

same happens for x > 0.9, where the distribution function remains constant. However,

in the intermediate area, a mixture of both zones exists and the moments vary at each

position.

When collisions are accounted for, the discontinuity in the distribution function dis-

appears giving a smoother evolution of f(x, v, t). However, for BGK collisions, fig-

ure 4.23b, a discontinuous shape holds and the solution is not as smooth as in the

Dougherty case, figure 4.23c. In fact, two characteristic curves would solve the prob-

lem of BGK collisions, and the initial f0(x, v) along these characteristics retains the

discontinuities in the solution. The division of the three zones stated above becomes

less clear when collisions are included, yet it can be identified. In the case of Dougherty

collisions, discontinuity has disappear completely due to collisional effects and a smooth

solution is found in all the domain, and the effects of constant f along the characteristic

disappears. Thence, it is expected that Dougherty collisional case has a higher entropy,

as distribution function is closer to the Maxwellian one in all the domain. Besides

the differences in both collisional cases similar profiles of the distribution function and

analogous zones can be identified.

In synthesis, collisions highly affect the shape of the distribution function, leading it

close to a Maxwellian in all the domain, with negligible effect on the two first order

moments. Nevertheless, the shape of the distribution function influence the entropy

growth, which is coherent with the fact that collision are required to reach a thermo-

dynamic equilibrium. The BGK operator shows a situation where a sharp f appears in

the system evolution as a consequence of the initial discontinuity, while the Dougherty

case produces a smooth distribution function in all the domain from the first iteration,

closer to a more realistic evolution.
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4.3 Charge-exchange

The widely considered resonant charge-exchange phenomenon [118, 119] describes the

effect of a positive ion interacting with a neutral particle with the capture of one of

its electrons. The exchange of energy may be considered small and the original ion,

that has becomes a neutral particle after the exchange, retains almost all its energy,

while the new ion moves at the velocity of the former neutral. The reaction process is

expressed as

A+ +A0 σex

−−→ A0 +A+, (4.30)

where the superscript represents the charge of the particles and A represents a generic

particle or molecule. In this process, the total charge and particle densities are con-

served, unlike in ionization or recombination processes. This process is most likely to

influence the system dynamics when energetic ions appears, e.g., those ions that have

been accelerated by intense electric field interact with slow neutral particles [120,121].

Charge-exchange terms are usually modelled, from a kinetic point of view, by a Boltz-

mann like collision term [121], as

siex(v) =

∫

σex
[

f0
∣

∣v − v′
∣

∣ f ′i − fi
∣

∣v − v′
∣

∣ f ′0
]

dv′, (4.31)

s0ex(v) =

∫

σex
[

fi
∣

∣v − v′
∣

∣ f ′0 − f0
∣

∣v − v′
∣

∣ f ′i
]

dv′, (4.32)

where 0 refers to neutral particles, i to ions, primed functions means that they are

evaluated in the primes velocity v′ and σex is the cross-section for the charge-exchange

effective collision. As done with the elastic collision terms, we study now the conser-

vation properties of the term presented here from analytical and numerical points of

view. Let us start by assuming that the ions and neutrals have a Dirac delta distribution

function as

fi = δ(v − ui); f0 = δ(v), (4.33)

where ui is the ions mean velocity, higher than the neutral one to represent energised

ions free of external force or other effects and constant cross-section. With this in mind,

equations (4.31) and (4.32) become

siex(v) = σex [f0 |v− ui| − fi |v|] , (4.34)

s0ex(v) = σex [fi |v| − f0 |v− ui|] . (4.35)

The changes in macroscopic moments for both species can be obtained by integrating

these expressions in the velocity space, resulting in

ṅi = ṅ0 = 0, (4.36)

ṅui = −ṅu0 = −σexuiui, (4.37)

˙nEi = − ˙nE0 = −σ
ex

2
u3i , (4.38)
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It can be easily checked how the total energy and momentum remain constant in this

model for charge-exchange process. Also, this conservation holds for any distribution

function, because any f can be expressed as an infinite sum of Dirac’s deltas. This

analysis can be easily extended for a general σex that depends on the particles difference

velocity |v − v′| as in [121]. Moreover, the change in macroscopic quantities is more

intense as |ui| increases.

Conservation properties stated above and evolution of both species are numerically

studied now. To do so, two species (ions and neutrals) of different densities, temper-

atures and velocities are considered. In this numerical example, both species have a

mass of 1 dimensionless units, but it is important to remark that single charged ions

and neutral masses differ in one electron mass. A density ratio of 0.001 between ions

and neutrals is chosen. In addition, a small difference in the initial temperature of both

species is assumed: T0 = 1 and Ti = 1.1. The main difference between both species

relies on the ions initial mean velocity ui = 5, while neutrals are assumed initially at

rest.

On the other hand, ion-neutral elastic collision is modelled as a Dougherty term. Self–

collisions are neglected because they do not affect the momentum and energy exchange

we are interesting on. In the test-case presented in this section, the cross section of the

charge-exchange process takes different values as 0, 0.1 and 1, while elastic collisions

have µi0 = 1. A case without ion-neutral elastic collision but with charge-exchange

is performed. Usually in low energy plasmas, charge-exchange order of magnitude is

lower than the charge-neutral elastic collision term, since ions are not energised. With

the range of values used for σex the influence of this term in the species dynamics

is analysed. An external force of 10−8 is also applied, equivalent to an electric field

∼ 0.1V/m. Firstly, let us rewrite the term presented in (4.31) and (4.32) as the one-

dimensional operator

siex(v) =

∫

σex
[

f0
∣

∣v − v′
∣

∣ f ′i − fi
∣

∣v − v′
∣

∣ f ′0
]

dv′, (4.39)

s0ex(v) =

∫

σex
[

fi
∣

∣v − v′
∣

∣ f ′0 − f0
∣

∣v − v′
∣

∣ f ′i
]

dv′. (4.40)

The integration of these terms is performed numerically at each time step by a simple

rectangle method, using the distribution functions of the previous iteration. Figure 4.24

presents the evolution of the macroscopic velocities for neutrals and ions. Charge-

exchange interaction acts as a new collision term, relaxing the macroscopic variables

and making the system to require less time to reach a quasi-steady situation1. The

higher the cross section is, the higher the exchange between species. Even when the

same steady state is reached in all cases, the time required to achieve it varies depending

on the cross–section values and the exchange terms accounted for.

The temperatures of both species are shown in figure 4.25. Neutral temperature in-

creases monotonically until it reaches a maximum value, relatively higher than the

1The small electric field prevents the system to reach a steady state.
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Figure 4.25: Temperature for both species for different constants values of σex.

initial one. Firstly, a zone of high ion temperature is reached, caused by the exchange

of velocity with neutrals. Then, ion temperature reduces until a steady state for both

species is reached. The maximum value of the peak temperature remains constant, in-

dependently of σex, but the time required to reach it and then to reach a quasi-steady

situation is highly modified by the charge-exchange operator. Again, a higher charge-

exchange intensity result in faster relaxations. In figure 4.26, the distribution function

for both species is pictured The neutrals do not experience an appreciable evolution,

but f moments exhibits a clear evolution for this species. Meanwhile, charge-exchange

highly influence the ions distribution function shape. When this interaction becomes

relevant to the system dynamics, higher σex, a two peaked distribution function arise,

while it is a Maxwellian for low values of σex. Without elastic collisions, distribution

function maxima are narrow, since elastic collisions relax faster the ion distribution

function.

We have found that charge-exchange acts as an additional collision operator, exchang-

ing energy and momentum between ions and neutrals. Nevertheless, the effect of

this exchange in the distribution function leads to transitory situations far from ideal

Maxwellian ones, as doubled peaked distribution functions arise if charge-exchange

become a relevant phenomena.
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4.4 Conclusions

Interactions among particles are of great importance in the study of plasmas and gases.

They are the main cause of thermalisation and transport phenomena and their effects

should not be neglected, except in very specific, well justified, situations or when the nu-

merical or analytical tools available to solve the models required it. Even in cases when

these interactions seem not to affect the first order macroscopic moments and fluxes,

e.g., in the self–collisional case, they are necessary to provide a smooth and physical

meaningful distribution function with the accurate entropy evolution and steady state.

In this chapter, some terms appearing in more complex models in this dissertation

have been studied from analytical and numerical points of view. Special attention has

been given to the study of conserved quantities, proving that the Propagator Integral

Method provides solutions where the energy, momentum and norm loses are very small,

in the order of the machine numerical error, and do not modify their conservative

properties. This is valid for operators in the two and one velocity spaces. A study of

the distributions functions have been performed, finding that the BGK approximation

term may provide non–continuous solutions, resulting in a evolution where entropy is

not maximised. On the other hand, the global effect of drift-diffusive operators provide

an always smooth physical meaningful solutions. This can be easily analysed through

the entropy evolution comparison, which also provides a physical foundation to select

collision operators used in the development of kinetic models. The Propagator Integral

Method can also deal with species of different temperature, mass, density and velocity

ratios, employing the same time step to advance both distribution functions and keeping

the total system energy constant thorough the simulations.

A peculiar term has been proposed to reproduce the Fokker–Planck–Landau behaviour

when the problem is constrained to one-dimensional evolution. This term evolves the

solution to a κ-like distribution function, as it can happen in some physical situations.

Another interaction phenomenon is the charge-exchange between ions and neutrals.
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This term acts as an extra collision operator from a macroscopic point of view, but f

with two, or more, maxima may arise if this term become relevant enough, e.g., if ions

have a kinetic energy respect to neutrals.
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CHAPTER 5

KINETIC DESCRIPTIONS OF WEAKLY IONIZED

PLASMAS (WIP)

Weakly Ionized Plasmas (WIP) are characterised by a low amount of charged particles

respect to neutrals [25,122–124]. The ionization ratio, i.e., the relation between charged

particle density and the total one, is usually in the range 10−8–10−2 [56], which means

that much more neutrals than charged particles exists. Usually, this kind of plasmas

are generated in a laboratory but they can also be found in nature. These plasmas

are normally cold and non–thermal, Te 6= Ti, with electron temperature in the order

of 1 to 10 eV and its total density in the range of 10−12–10−16 cm−13, which includes

many kinds, as atmospheric plasmas [125] or space plasmas (solar wind, ionosphere or

interstellar) [126]. This type of plasma is widely used for surface treatment [5,6], electric

propulsion [8] and medicine [57]. Its dynamics is of main interest in this dissertation to

develop and solve kinetic models that improve the understanding of plasmas generated

in the low temperature plasma laboratory of the UPM PlasmaLab1, along with the

improvement of the ALPHIE electric thruster [100,127].

Modelisation of these plasmas is always a difficult task due to the large time scales, in

the order of of µs and ms, that arise due the inclusion of a heavy, dense, non–charged

cold species, that represents more than the 99% of the particles in the plasma. New

collision terms to account for the interaction of charged species with the large amount of

neutrals must be included. These terms are usually neglected due to the short-distant

interaction, but they become relevant in WIP due to the high density of neutrals acting

as a viscous media [24, 28]. Also, dynamics of the heavy species, as ions, is usually

not accounted for, which may end up modifying the electron dynamics through the

self–consistent electromagnetic field [101]. Many approaches have been proposed by

1 http://plasmalab.aero.upm.es/English.html
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CHAPTER 5. WEAKLY IONIZED PLASMAS

different authors [69, 71, 120, 123] and by us [25] to describe dynamics of the charged

species in weakly ionized plasmas, but usually require simplifications or the dumping

of some dynamics and terms that may become relevant. In addition, non–linear effects

as ionization or recombination, charge-exchange or interaction with a metallic wall are

common when these cold plasmas are studied, increasing the complexity of the models

and hindering the theoretical, numerical and experimental analyses.

It is not easy to define where the limits to consider a plasma as weakly ionized are set,

as they depend on multiple factors, e.g., density of neutrals or energy of the charged

species. As a general case, we can assume that a plasma is weakly ionized when it has

enough charged particles to experience the perturbation produced by an electromag-

netic field as a whole but also has enough neutrals so that charge-neutral interactions

become relevant to the dynamics of the complete system. Of course, this property

does not only depend on the plasma densities, but also on the species temperatures,

velocities, and external forces that influence the system dynamics as a whole.
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nc/nT

n0/nT

Figure 5.1: Representation of the

charge and neutral densities respect to

the total one as a function of the ion-

ization ratio. An ionization ratio of 1

indicates a fully ionized plasma.

The ionization ratio ri defines the amount of

charged particles in a plasma respect to the total

one. This is an important parameter in WIP be-

cause the species densities influence the collisional

exchanges and the self–consistent electromagnetic

field. It is defined as

ri =

∑

nα
nT

, (5.1)

where subscript α represents charged species and

nT is the total density of particles. Many authors,

as for example U. S. Inan et al. [56], account only

for the relation between electrons and neutrals to

determine the ionization ratio, but we think that

this description is more complete as there may arise

situation when multiple charged species, as multi-charged ions, appear; as well as sce-

narios where the ion and electron densities do not coincide. If we assume a three species

plasma with neutrals, electrons and single charged ions, the densities are defined by

∑

nα = ni + ne = nc = rinT (5.2)

n0 = nT − nc, (5.3)

where subscript 0 represents the neutral species. If a quasi-neutral plasma is assumed,

ion and electron densities are equal to nc

2 . The ionization ratio can have values from 0

(no ionized, neutral gas) to 1 (fully ionized), and the charged number of particles evolves

linearly with it. In figure 5.1, the density for charges (ions and electrons) and neutrals

respect to the total one are pictured. This large amount of neutral particles has a high

influence in the plasma dynamics as it interacts with the charged species [12,25,95,117,

128]. Nevertheless, due to the strong interaction between charged species, because of
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5.1. ONE DIMENSIONAL THREE SPECIES KINETIC MODEL

the large range of Coulombian interaction and the presence of the electromagnetic field a

small amount of charges drastically changes the system dynamics. So, it is important to

analyse and understand the plasma as a whole, where all the species move and interact

at their different scales and with their peculiarities and exchange energy among them

by means fo microscopic processes. Moreover, weakly ionized plasmas are usually cold

and non–thermal, Te ∼ 1–10 eV while Ti, T0 ≪ Te, which means that characteristic

time scales vary for each species in a wide range. These time scales are similar to

those involved in experiments, which means that collisions are important and cannot

be neglected in order to obtain a proper representation of the system dynamics [28].

The peculiarities of these complex systems lead to simplifications and fluid models

that may not completely capture the microscopic dynamics of these systems failing to

describe the physical behaviour of the problem

In this chapter a three species one-dimensional kinetic description for weakly ionized

plasmas is presented, including a set of numerical resolutions and test performed to

analyse the response of the model. This model, motivated by planar geometry usually

employed to deal with simple descriptions of plasma phenomena in diagnosis, was firstly

presented in [25], and it was further studied in [28,112]. Now it is expanded and studied

in depth, including new numerical cases to better understand the WIP dynamics. In

these results, we will explore the importance of the charge-neutral interaction in the

dynamics of these plasmas, which become important due to the high density of the non–

charged species, as well as the charge-charge influence, which may affect transitory and

steady values. Also, the system response to an abrupt time changing electric field

is analysed. Moreover, different scenarios of fixed ionization ratios are examined and

changes in the plasma response is found for certain high values of ri. To finalise with

the study of this model, a discrepancy found in experimental data when a Langmuir

probe is biased with different voltages signals is analysed.

To end with this chapter, a series of calculation of transport coefficients for WIP are

presented. We propose to obtain transport coefficients by the self–consistent resolution

of the distribution function influenced by collisional effects, external forces and varia-

tions in the spatial gradients. This approach allows the study of a large variety of cases

and scenarios besides allowing an accurate computation of these coefficients, not based

on linearisations or perturbation theory.

5.1 One dimensional three species kinetic model

To properly model weakly ionized plasmas, the effect of the neutrals on the charged

species dynamics should be taken into account [12, 25, 117, 128]. The high density of

this species influences the dynamics of the plasma as a whole, modifying relaxation

times and macroscopic states reached by the charged species due to electromagnetic

forces. Also, due to their high mass and density and low temperature, neutral particles

evolve in a slower time scale with respect to electrons, close to ion characteristic scale.
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Its evolution could modify the system dynamics when large times are analysed, e.g.,

when a measurement process takes place in the order of ms. This new scale adds an

additional difficulty to numerically analyse these models, which may lead to inaccurate

behaviours due to high ratios that appear in the convection and diffusion parameters.

Therefore, the dynamics of charged species may be ultimately governed by the pres-

ence of neutrals, and charge-neutral interactions may become the relevant phenomena

to properly analyse the dynamics of these systems. On the other hand, fluid models

may fail to describe the complex interactions that appear in a WIP, leading to incom-

plete or non–physical solutions. To provide a kinetic description of WIP that accounts

for the disparate scales that naturally arise and the complex elastic exchange among

the species, a three species one-dimensional in the velocity space model is presented.

This model assumes an homogeneous space distributed plasma with an external applied

electric field, which directs the dynamic of the complete system in one privileged di-

rection. All elastic interactions among the species are accounted for. The capability of

the PIM to deal with disparate scales allows conservative resolution of different plasma

states and scenarios, advancing all species with the same time step.

The model consists on a system of three drift–diffusion equations for the evolution

of the distribution functions of each species. This models includes the evolution of

electrons, ions and neutrals, but more species could be added in a similar way without

affecting the numerical simulations consistency. In this model, interaction terms as

those presented in sections 4.1.4 and 4.1.5 are employed to represent charge-neutral

and charge-charge collisions, respectively. The choice of Dougherty operators for the

interaction with neutral particles is justified by the large amount of this species respect

to ions and electrons. Due to the one-dimensional constrain imposed in this model,

the charge-charge operator presented in section 4.1.5 provides a good approximation to

the complete Fokker–Planck–Landau term, to represent the collision between charged

species.

The equation that describes the evolution of a distribution function for a charged species

α = e, i has the form

∂fα
∂t

+
qαE(t)

mα

∂fα
∂v

=
∑

γ

(

∂fα
∂t

)

αγ

+ sα, (5.4)

where mα and qα are the mass and charge of the species α respectively, E(t) is the elec-

tric field, γ = e, i, 0 references any species in the mixture and sα is a non–homogeneous

term that represents source-sink effects. The same form also stands for neutrals by

setting qα = 0. The term (∂fα/∂t)αγ symbolizes the rate of change of the distribution

function due to collisional effects between species of kinds α and γ. Each of these

exchanges are modelled by a drift-diffusion operator, in the Fokker–Planck from (4.1),

as
(

∂fα
∂t

)

αγ

= − ∂

∂v

{

Dαγ
v − ∂

∂v
Dαγ

vv

}

fα. (5.5)

The parameters Dαγ
v = Dαγ

v (fα, fγ , v, t) and Dαγ
vv = Dαγ

vv (fα, fγ , v, t) are referred to
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the non–linear convection and diffusion coefficients, respectively. The values for Dαγ
v

and Dαγ
vv are those presented in 4.1.4 for the charge-neutral collision and in 4.1.5 for

the charge-charge interaction.

The evolution of neutrals is described by

∂f0
∂t

=
∑

γ

(

∂f0
∂t

)

0γ

+ s0. (5.6)

No external forces for this species are assumed, meaning distribution function evo-

lution, and its macroscopic values, is governed by exchange among the species and

non–homogeneous terms.

As it will be explained in section 5.1.1, charge-neutral interactions are of huge im-

portance in weakly ionized plasmas since they drive the dynamics of the plasma as a

whole. Nevertheless, all collisions terms are included in this model because some sit-

uations may appear when charge-charge collisions become important. Moreover, even

when its influence is small, different states are reached if these terms are not accounted

for. Furthermore, the model has the capability to incorporate a time variable external

electric field. This field adds energy to the charged species, which can be transferred

to neutrals through collisional effects. This means that all the species in the mixture

are affected by the electric field the perturbation, directly or indirectly [24,25].

The complete coupled system of equations describing the evolution of plasma species

is

∂fe
∂t

− eE (t)

me

∂fe
∂v

=
∑

γ

(

∂fe
∂t

)

eγ

+ se,

∂fi
∂t

+
eE (t)

mi

∂fi
∂v

=
∑

γ

(

∂fi
∂t

)

iγ

+ si,

∂f0
∂t

=
∑

γ

(

∂f0
∂t

)

0γ

+ s0.

(5.7)

where e = |qe| is the elementary charge. As a whole, nine collision terms are in-

cluded in the model. The charged species have self-collisions (α-α), interactions with

the other charged species (α-β) and interactions with neutrals (α-0). Neutrals have

three Dougherty type interaction modes including self-collisions and collisions with

both charged species.

The collisions parameters are defined as

µαβ =
4πλαβq2αq

2
β

m2
αV

α
th

2 ; µγ0 = σγ0V γ
th, (5.8)

where V γ
th =

√

kT γ

m−γ is the thermal velocity in the one-dimensional space, λαβ ∼ 10–20 is

the Coulomb’s logarithm, where approximated values can be taken from the formulary
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Mass (g) Temperature (eV) Density (cm−3)

e 9.10938356 × 10−28 1 ri
nT

2

i 72819.6 ×me 0.05 × Te ne

0 me +mi 0.03 × Te nT (1 − ri)

Table 5.1: Mass, temperature and density employed to represent an argon WIP in the three

species one-dimensional model.

of J. D. Huba [129]

λee = 23.5 − ln

(

n
1

2
e T

− 5

4
e

)

−
[

10−5 +
(lnTe − 2)2

16

]
1

2

, (5.9)

λei = 23 − ln

(

n
1

2
e T

− 3

2
e

)

, (5.10)

and σγ0 is the total cross-section of the interaction γ-0, extracted from [130, Chapter

II, Section 14]. The cross-sections for the charge-neutral exchanges are constant and

equal to σi0 = 10−14 cm2 and σe0 = 10−16 cm2. The neutral-neutral cross-section is

equivalent to the ion-neutral one given the similarity between both particles. It can be

seen how collision parameters depend on the species temperature through the thermal

velocity, the Landau length and the total cross-section. Nevertheless, other definitions

for these parameters could be employed.

The electric field is necessary to apply this model, as shown in 4.1.5, to ensure the va-

lidity of the charge-charge interaction term and also, because in an absence of boundary

conditions or non–homogeneous terms that feed the plasma to keep the quasi–neutrality,

all the initial energy will be distributed among the species, reaching situations where

electrons become cold enough to allow a high rate of recombination, driving the plasma

towards a neutral gas after some relaxation time.

For the applications presented in this work, parameters of the argon gas, table 5.1,

are used with initial Maxwellian distribution functions. For the cases presented in this

part, unless stated otherwise, the total density equals nT = 1013 cm−3 and ri = 10−6.

To properly solve this model, it is advisable to work, from a numerical point of view, in

non–dimensional units, as previously done. Due to the disparate time scales that appear

in the model, it is important to choose the correct reference values to avoid having some

terms so small that do not affect the numerical problem or, on the contrary, so big that

break the simulation. The reference parameters, labelled by superscript 0, chosen in

this work for the dimensionless problem are

n0 = n0; m0 = me; q
0 = qe; T

0 = Te;

σ0 = σe0 = 10−16 cm−2; v0 = V e
th;

µ0 = σ0v0; ν0 = n0µ0; t0 = ν0
−1

; E0 = 1V/m.

(5.11)
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The choice of the electron-neutral collision as a characteristic parameter provides a good

compromise between the high density of neutral particles and high energy of electrons.

The same procedure as with the Vlasov equation in section 3.3 is performed now,

including the rescaling of the collision frequencies as µ̃αβ = µαβ/µ0 and µ̃γ0 = µγ0/ν0.

From a numerical point of view 5001 points for each species with different grid lengths

(Le = 100, Li = 0.05 and L0 = 0.03) are employed. These different grids are chosen

to ensure that all distribution functions are properly represented. Time step equals

τ = 10−2, for a reference time of t0 = 2.384 · 10−2 ms, small enough to ensure that the

conservation properties of all collision terms are fulfilled.

5.1.1 Influence of collisions in the dynamics of WIP

When collisions are added into plasma descriptions, usually only the interaction be-

tween charges is accounted for. The interaction between charged and neutral particles

is neglected or assumed as an interaction with a static background due to the low den-

sity of neutrals and small effective cross section, i.e., low intensity of particle-particle

e

i

0

Figure 5.2: Representation of

amounts of neutrals (white circles),

ions (red circles) and electrons (blue

circles).

interaction. This is valid, for example, for high

density and temperature plasmas, where charac-

teristic collisional times are several orders of mag-

nitude below the problem scales and plasma can be

considered as instantaneously thermalised. More-

over, this approximation is also accurate when

characteristic time and length scales are order of

magnitude below those related with the collision

processes. However, in weakly ionized plasmas,

neutrals play a fundamental role and can signifi-

cantly modify the evolution of the charged species.

In this type of plasmas, charge densities are small

and electrons are relatively cold (in the order of

1–10 eV), which means that characteristic time

scales are usually in the range of micro and milliseconds, similar to the times stud-

ied in WIP.

As explained above, charged species represent only a small fraction of particles in

WIP. In figure 5.2, a scheme of a typical distribution of particles in a three species

(neutrals, single charged ions and electrons) plasma is pictured. It can be seen how

the massive presence of neutrals will make charged particles interact more with this

kind of particles than with other charged species (or themselves). Even when this

interaction has a small cross–section, because it is a short-range collision instead of a

large-range one as the Coulombian interaction, the cumulative effect of collisions acts

as a viscous media where charged particles move and exchange momentum and energy

to the neutral species. This means that neutrals become important due to their high
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Figure 5.3: Evolution of mass fluxes for (a) electrons, (b) ions and (c) neutrals. Three

types of plasmas are studied: without collisions (Wo C), collisional plasma without charge-

neutral interaction (Wo C-N) and a fully collisional plasma (FCP).

density with respect to charged species, and its evolution can be relevant to describe the

plasma as a whole, specially in large time-scales, as we presented in references [24, 25]

and was also stated by many authors in recent years [12,95,117,128].

Collision terms are highly related to the particle density and the energy of the species,

whether through the collision frequency or by the distribution functions directly, as

seen in chapter 4. Weakly ionized plasma have low ionization ratios, which means

that neutrals have a large particle density respect to the charged species. Hereby, the

interaction of charged species with neutrals become relevant, due to the high density

of the last one which act as a viscous background. Specially electron-neutral collision

may become of major importance due to the high energy of electrons, meaning that a

larger amount of energy can be exchanged between both species.

A first topic that must be addressed to understand the dynamics of weakly ionized

plasmas is the influence of the charge-neutral exchange. The effects of these terms

are numerically studied and compared with classical non–collisional descriptions. A

three species argon plasma is considered under the effect of a constant electric field of

value 0.1V/m in three cases: a non–collisional plasma, a plasma without the charge-

neutral interaction and the complete model presented in the section above. The model

employed for the non–collisional plasma is the one presented in (5.7) but with collision

and non–homogeneous terms set to zero. Even when the macroscopic moments for this

simple space homogeneous Vlasov problem can be obtained analytically for a known

electric field [25], here it will be solved with the PIM for one-dimensional non–diffusive

equations to test the numerical accuracy of the scheme. Also, solving the three cases

numerically ensures similar sources of errors, which helps the data comparison. The

resolution of both collisional models is performed with the PIM for open 1D drift-

diffusion equations.

Figure 5.3 shows the evolution of the mass flux jγ = [mγ ] for all the species. Huge

differences among the three scenarios are found. While behaviours for collisionless and
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Figure 5.4: Distribution function at t = 1 ms is presented for (a) electrons, (b) ions and (c)

neutrals. Black solid line represents the initial Maxwellian condition.

collisional plasma without charge-neutral interactions are very similar, the addition of

neutral effects to the mixture completely changes the dynamics of the system. Fluxes

for charged species are reduced because part of the energy transmitted by the electric

field is transferred to the neutrals through elastic collisions. Because of this, neutrals

evolve and gain velocity, acting as a sink of energy, a behaviour that does not occur

in the first two models. If these collisions are neglected, charged species accelerate

due to the electric field without any restriction since electron-ion interaction is not

strong enough to constrain the system evolution. The high rate of exchange between

electrons and neutrals also makes both fluid velocities of the same sign, i.e., neutrals

and electrons move in the same direction. In a first study of the this problem, it may

be expected that neutrals follow the ions evolution, due to the similar masses of both

species. However, the low thermal velocity of this heavy species produces very low

exchanges with neutrals.

Collisional terms also modify the shape of the distribution function, as seen in figure 5.4.

In the non–collisional case, distribution function does not change and just moves as a

whole due to the effect of the electric field. Only when the effect of charge-charge

interactions is introduced, an important change in the distribution function is found

becoming non–Maxwellian due to the effect of the one-dimensional interaction. For

the fully collisional plasma, we can observe how high energy tails still hold, specially

for ions, due to the action of the one-dimensional charge-charge operator, generating

a power-law tail dependence, as a κ distribution function. Electrons have an almost

Maxwellian distribution due to the high influence of the electron-neutral collisions.

This term, in addition with fast thermal velocity of electrons, produce a fast relaxation

but also means that an important amount of energy gained by the electrons due to the

action of the electric field is transferred to neutrals. Hence, in presence of an important

amount of neutrals, the acceleration of charged species requires a high electric field,

due to the viscous-like action of the neutral species.

In resume, we have established that charge-neutral interactions are important and drive

the evolution of a weakly ionized plasma for the conditions presented in table 5.1. A

final check still remains to be performed: the analysis of the charge-charge interaction
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Figure 5.5: Evolution of mass fluxes for (a) electrons, (b) ions and (c) neutrals. The

fully collisional plasma (FCP) and a simulation where all charge-charge interactions have been

disabled (Wo C-C) are presented.

in the plasma dynamics. These collisions have a huge cross-section due to the large

range Coulomb interaction, but their effect is reduced in WIP due to the low density of

electrons and ions. Figure 5.5 presents the mass fluxes for electrons, ions and neutrals

for the model studied in this section and the same model with charge-charge interactions

disabled. Almost same evolutions are reached for both examples, and only a small

difference in the fluxes are obtained. Nevertheless, these differences could be more

relevant in other situations, such as different ionization ratio or electric field. It is

important, if the computational means allows it, to include all collisional terms, but

as a first approach only charge-neutral interaction should be considered to properly

describe the evolution of weakly ionized plasmas. This provides a proper macroscopic

evolution of the system as charge-neutral interaction lead the weakly ionized plasma

dynamics.

5.1.2 Abrupt electric field

Here, the three species kinetic model is tested with a time variable abrupt electric field,

defined as

E(t) =

{

E0 if t < 2.5 ms

−E0 if t ≥ 2.5 ms
, (5.12)

where E0 = 0.1, 0.2 and 0.3V/m. This particular shape is motivated because plasma

usually evolves under abrupt changes, as for example when a sweep signal is introduced

by means of a probe to measure its properties. Firstly, this electric field accelerates the

charged species in one direction and then in the opposite one for t ≥ 2.5 ms. The study

of the evolution of a weakly ionized plasma under this abrupt change is interesting to

understand some behaviours found in the laboratory, where fast sweep voltage signals

are introduced for plasma diagnosis. Due to the abrupt electric field change, plasma

requires a certain time to adapt to the new situation. Here, relaxation time refers to

the time required by one species to reach an almost constant velocity after the electric
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In figure 5.6, the mass fluxes for the three species

are presented. It is important to remark that the

abrupt change in the electric field does not pro-

duces oscillations or instabilities in the time evolv-

ing numerical solution. In these results, different

dynamics between the fast (electrons) and the slow

(ions and neutrals) species arise naturally. First of

all, electrons only require fractions of millisecond

to recover a constant velocity. A magnified view of

figure 5.6a is presented in figure 5.7 to better rep-

resent this fast change. Even when only fractions

of ms are required by the electrons to adapt to the

new electric field, the change is not instantaneous.

An overshoot appears for high values of E0, meaning that electrons reach a maximum

of velocity which is higher than the one in the quasi–steady state. This overshoot in

the mass flux of electrons grows with the electric field, but electrons recover quickly a

constant velocity, meaning the electric field modifies the rate of exchange among par-

ticles thanks to the change in temperature [28]. On the other hand, ions and neutrals

require several milliseconds to reach a steady state.

These distinguishable behaviours are directly related to the exchange rate of energy

between charged species and neutrals. As it was indicated in table 5.1, electrons high

temperature, and therefore higher thermal velocity than ions (V e
th ≫ V i

th). The charge-

neutral collision frequency νγ0 is directly proportional to the thermal velocity, so that,

the rate of electron-neutral exchange is higher than the ion-neutral one. This results

in a faster relaxation time, even when σe0 < σi0 and mi ∼ m0. However, this fragile

balance could change if different initial conditions are employed, e.g., with different

temperatures or species masses.
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Figure 5.8: Evolution of species temperatures for different values of E0 (in V/m). Higher

temperatures are reached for more intense electric field, influencing collision frequencies and

relaxation times.

The computation of the complete distribution function allows an accurate calculation

of temperature for each species, including the possibility of high energy tails, as it may

happen for charged species. To understand the dynamics of the charge species (specially

for the electrons) as the electric field increases, it is important to remark that charge-

neutral interaction frequency νγ0 is directly related with the species thermal velocity,

i.e., more temperature means more energy is exchanged with neutrals. We present now

the time evolution of the temperature in figure 5.8. Both charged species reach a higher

temperature for a more intense electric field. A low temperature zone after the abrupt

change at t = 2.5 ms appears, reducing the charge-neutral exchanges. However, the

time for which temperature drops is completely different for each case, as it decrease

with the increment of external field. For low values of E0, charged species take a long

time to recover a constant temperature. On the other hand, relaxation times of the

electron mass flux are reduced at a higher E0. The higher temperature reached by

the charged species also allows this quickly recovery when the electric field changes. A

temperature overshoot appears for electrons when electric field increases, as it happens

in the flux. This is caused by the low temperature reached when the electric field

changes, which influence the electron-neutral exchange.

5.1.3 Temperature dependent collision frequencies

To test the influence of the non–constant collision parameters µαβ and νγ0 employed

in previous simulations, the same test case presented in section 5.1.2 is computed here

keeping the initial values of these parameters through all the evolution. This is an usual

approach to reduce the complexity of the problems and to avoid possible numerical in-

stabilities for extreme temperatures. The mass flux of electrons is studied in figure 5.9

for different values of E0 for temperature dependent ant constant collisional parame-

ters. A difference between both dynamics is appreciated. When collision parameters

depend on the species energy, an overshoot in the electrons mass flux appear due to

the decrement in temperature presented in figure 5.8a. This decrement translates into
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less exchanges with neutrals, which means the electric field has a higher influence on

the charged species dynamics until temperature increases again, allowing it to reach

higher velocities. On the contrary, with constant collision frequencies, no change or

overshoot in the dynamics of the species appears as E0 increases because, even for low

species temperatures, electrons interact with neutrals at a constant rate, which results

in a monotonic evolution until the maximum velocity is reached. Furthermore, as E0

increases, differences in the steady states growth, because the constant collisional pa-

rameters simulations do not account for the temperature variations produced by higher

electric fields.

In the same manner, the effect of the constant collision frequencies in the ion flux

can be studied. Its study is of mayor importance, e.g., to the analysis of an electric

thruster [100] and its evolution should be included in the models if the computational

resources allow it. Furthermore, its dynamics affects the evolution of a plasma as a

whole, specially the self–consistent electric field when a charge separation appears [101].

Figure 5.10 shows the behaviour of ions with constant and temperature dependent

collision parameters. Even when the change in both dynamics is small, some differences

in the steady situation reached also appear, which could affect the dynamics of this
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heavy species. Due to the small variation of ion temperature with E0, the differences

in their mass fluxes are small and do not vary as the electric field increases.

It is clear that temperature influences the transitory and quasi-steady dynamics in WIP,

specially in those situations where the electric field changes abruptly or temperature

varies. These results indicate that keeping collision parameters as their initial (or

any other constant) value could lead to inaccurate results in these or other situations.

Nevertheless, the approximation of constant collision parameters could still provide

close descriptions of the plasma dynamics if these parameters are chosen carefully.

5.1.4 Ionization ratio

As said, the ionization ratio in a WIP can vary in a range that goes up to 10−2, where

plasma can be considered as fully ionized. This ratio determinates the relation between

the density of charged particles nc and the total one nT . For the three species plasma

dealt in this section, the ionization ratio presented in equation (5.1) becomes

ri =
nc
nT

=
ne + ni

n0 + ne + ni
. (5.13)

To study the effect of this parameter in the plasma dynamics and also, to test the

limits of the model presented above, some scenarios at different ionization ratio are

studied. The electric field presented in (5.12) is employed here. Some initial results

about this parametric analysis were presented in [112], where a linear relation between

ri and the mass fluxes was found up to a specific degree of ionization. Here, the study

is extended to analyse also how the intensity of the electric field and the total plasma

density modify the dynamics and the behaviours at high degrees of ionization.

First, let us start reviewing the results obtained in the paper cited above. In that work,

a range of ri from 10−7 up to 10−4 was studied for nT = 1013 cm−3 and E0 = 0.1V/m.

A linear response of the mass fluxes was found for ri ≤ 10−5. In the analyses presented

here, additional values of ri are utilised to better understand the influence of this

parameter in the plasma dynamics and try to determine a better limit for the linear

zone. Figure 5.11 presents the mass fluxes for the three species at ri = 10−6, 10−5,

3 ·10−5 and 10−4. A first relevant result that comes up is that absolute value of the flow

increases for all the species as the ionization ratios increase. This fact is justified for

electrons and ions due to the raising of their particle densities and mean velocity, thanks

to the action of E(t), whereas the neutral mass flow is enhanced by two effects. Firstly,

as higher the electron flow is, more intense the electron-neutral interactions become,

and, secondly, as lower n0 is, the neutrals acquire the transferred energy by the charges

but sharing it in a fewer number of particles. Consequently, we can assert that a

balance exists between the decreasing neutral density, resulting in less electron-neutral

interactions, and the increment in energy of the charged species, which means that

higher momentum and energy can be exchanged between electrons and neutrals. The

interplay of both effects generates the flow of neutrals high enough even for relatively
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Figure 5.11: Mass fluxes for the three species for ri = 10−6, 10−5, 3 · 10−5 and 10−4. A

maximum value is found for ri = 3 · 10−5.
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dynamics for ri = 10−4 is clearly appreciated.

large ri. However, this balance and almost uniform behaviour dramatically changes at

high values of ri because the neutral flows at ri = 10−5 and ri = 10−4 are very similar,

specially after the abrupt change of E(t). Therefore, it is expected that for much higher

degrees of ionization the neutrals flow vanishes in the limit of a fully ionized plasma.

The ions undergo a similar tendency for the highest values of ri presented here. With

respect to the electrons, due to their low inertia, they reach an almost quasi–steady in

just fractions of millisecond, then, the electrons flow, shown in figure 5.11a, provides

no substantial information within the evolution close to 2.5 ms.

To improve the analysis of electrons dynamics, figure 5.12 presents a magnified view of

the mass electron flux immediately before the field turns off its direction. Very similar

dynamics emerge as electrons accommodate very fast and smoothly to a constant mean

velocity when E(t) changes. However, for ri = 10−4 a quite different behaviour is found

since the observed smooth adaptation of the other cases seems to disappear for this

particular degree of ionization, for which the electrons reach the steady velocity faster

than in the previous situations. For lower ri ratios, electrons take up to 0.5 ms to reach

their final quasi–steady velocity. Hence, the reduction of n0 decreases the number of

electron-neutral interactions allowing the electrons to adapt themselves faster to the

new electric field, evolving as if no interaction with the neutrals occurs. Nevertheless,
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Figure 5.13: Flux before the change in electric field as a function of the ionization ratio.

Linear regressions are represented with solid lines.

once this relative high velocity is established, the interactions with neutrals become

relevant again, a fact that favours the electrons to evolve slowly to a quasi–steady state

presented in figure 5.11a. This effect does not appears for heavy charges, since ions

reacts slowly to the electric field change showing a smooth dynamics for any analysed

ri.

On the other hand, to understand the quasi-steady state, figure 5.13 depicts the mass

fluxes just before the change of the electric field as a function of the ionization ratio.

This graph is improved by adding some extra values of ri for very low ionization ratios

and in the range between ri = 10−5 and 10−4, where plasma presents a critical change

in its behaviour. A linear zone appears for ri . 10−5 where the steady mass fluxes of

all species behave linearly with the ionization ratio. This linear behaviour is clearly dis-

torted beyond the linear zone, since the fluxes decay with a non apparently predictable

law for ri ≥ 5 · 10−5. These reduction of the charges flows indicates that an increase

of electron and ion densities does not imply an enhancement of their mass fluxes and

the plasma does not behaves as expected with a linear growth of the current density,

for instance. Accordingly, it can be assumed that for ionization ratios over ri = 10−4

the fluxes decrease and the charge-neutral collisions become less relevant to the whole

plasma dynamics. The maximum ri that defines the end of this zone may change as a

function of other plasma properties and processes, although we consider the previous

results hold partially ionized plasmas close to steady states with specified ri.

A final interesting remark comes out from the analysis of the non–linearity of the

collision parameters, µαβ and µγ0 with respect to the species kinetic temperatures, a

fact that can be significant for the dynamics, as shown in [28]. In figure 5.14, the electron

and ion transient temperatures are pictured for the more relevant ri values. The abrupt

change in E(t) reduces the charged species temperatures evolving in a very similar form

as happens for the ionization ratios corresponding to what we have named linear zone,

though some differences arise even inside this zone. In particular, an overshoot, i.e.

a higher temperature with respect the one found before E(t) variation, appears in

electron temperature for and 10−6 that vanishes for 10−5. This phenomenon appears

as a consequence of the drastic change in the electron-neutral collision parameter µe0
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Figure 5.14: Temperature of the three species for ri = 10−6, 10−5, 3 ·10−5, 7 ·10−5 and 10−4.

A drop in the electron temperature appears at high ionization degrees.

which is not significant for low neutral density since the energy exchanges become

less intense, eliminating the overshoot. The ion temperature evolves indistinguishably

for ri = 10−6 and 10−5, while it slightly increases for higher ri, specially after the

E(t) change. Surprisingly, quite different behaviours are found for ri = 10−4 in both

charged species. The electron temperature deviates form its initial order of magnitude

of 1eV decreasing up to ∼ 0.4 eV. In this state, recombination with ions is more likely,

which might produce the reduction of the ionization ratio. Neutral temperature reaches

a maximum for ri = 7 · 10−5, but an always increasing evolution is found. However,

higher electric fields could enlarge the linear zone extent, preserving the linear response

of fluxes for higher degrees of ionization.

In conclusion, starting from a WIP and increasing the ionization ratio results in a

non–linear response for certain values of ri. This response, in addition, results in a im-

portant drop of electron temperature, which may result in recombination with neutrals.

However, dynamics related with fully ionized plasmas, where charge-charge interactions

become an important phenomena, arise for certain ionization ratios and dynamics pre-

sented here are valid only for the value of E0 and nT used in the simulations. As said in

section 5.1.2, dynamics of the three species are influenced by the value of electric field,

reaching higher temperatures and different transient dynamics. It is expectable that

a higher E0 also influences the plasma dynamics at different scenarios. A variety of

ionization ratios are analysed with E0 = 0.3V/m, keeping nT = 1013 cm−3. As a result

of this increment, we conjecture that the increment of energy provided to the system

can modify the linear zone range. Figure 5.15 represents the steady mass fluxes at

different ionization ratios. It can be observed how the limit of the linear zone is shifted

to the right, meaning that a higher degree of ionization can be reached for the system

an the expected behaviour of a WIP remains. If a higher energy is given, temperature

and velocity of all the species increase, as it was presented in section 5.1.2. This high

energy allows to sustain the linear behaviour of the plasma up to ri ≃ 3 · 10−5. How-

ever, a similar behaviour that the one found for E0 = 0.1V/m is also matched for higher

ionization ratios.
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Figure 5.15: Steady fluxes versus the ionization ratio for E0 = 0.3 V/m. The range of the

linear zone has increases due to the increment in the electric field.
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Figure 5.16: Temperature of the three species for ri = 10−5, 10−4, 3 ·10−4, 7 ·10−4 and 10−3.

Ion temperature increases for high degrees of ionization, acting as an energy sink.

Figure 5.16 represents the time evolution of the species temperatures for ri = 10−5,

10−4, 3 · 10−4, 7 · 10−4 and 10−3. A first interesting result is that electron temperature

drops to ∼ 1 eV, which is far from the recombination zone. This means that, for this

electric field intensity, the weakly ionized plasma will not become a neutral gas, even if

the ionization ratio increases close to 1%. On the other hand, a relevant behaviour is

found for neutrals and ions. In previous simulations, the neutral temperature always

increases, meaning that this high density species acts as a sink, gaining part of the en-

ergy transmitted to the charges by the electric field thanks to the elastic collisions. For

a higher E0 situation firstly we see how temperatures of both heavy species drastically

augment, reaching almost ten times the values found in previous cases. Here, ion tem-

peratures increase abruptly respect to low ionization ratios, and keep a positive slope

for almost all time, and no steady state is reached. This means that, in this situation,

ions act as another sink of energy, as it may happen in fully ionized plasmas. These

non–steady situations may also indicate that the system require more time to adapt to

the new electric field, as they become more energized. Also, the large energisation of

neutrals could result in a part of it being ionized, modifying the ionization ratio.

Another parameter that is expected to modify the plasma dynamics is the total density

of particles, nT . As it happens when ri increases, the particle density of charged
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Figure 5.17: Steady mass fluxes for nT = 2 · 1013 cm−13. The maximum value of the linear

zone shifts to the left respect to the case of nT = 1013 cm−13.

0.2

0.3

0.4

0.5

2.5 2.6 2.7 2.8

T
e
 (

eV
)

Time (ms)

3.0

4.0

5.0

0 1 2 3 4 5

T
i 
(×

10
-2

 e
V

)

Time (ms)

ri=2⋅10-5

ri=5⋅10-6

ri=10-6

ri=10-7

3.0

3.1

0 1 2 3 4 5

T
0 

(×
10

-2
 e

V
)

Time (ms)

(a) Electrons (b) Ions (c) Neutrals

Figure 5.18: Temperatures for the three species with a total density of 2 ·1013 cm−13. At high

ionization ratios, electron temperature drops and ion and neutral temperatures greatly increase.

species also varies due to an increment of the total number of particles. Thence, it is

expected that that lower values of the previous linear limits are reached for higher nT .

Figure 5.17 pictures the steady fluxes for a value of total density of nT = 2 · 1013 cm−13

and E0 = 0.1V/m. It can be seen how the steady fluxes keep a linear variation with ri
up to ri ∼ 3 ·10−6. This limit is below those found in previous cases. Therefore, we can

assert that to maintain a linear behaviour in more dense plasmas, a higher electric field

is required. For this scenario of nT , temperatures are lower than in previous cases, as

shown in figure 5.18, reaching for all cases situations where a full recombination with

ions is possible. In consequence, we are in position to establish that to obtain a higher

total density plasma, more energy must be added to the system, for example, imposing

a higher electric field or using a source of hot electrons.

As it happened for nT = 1013 cm−3, a higher electric field also extends the range of

the linear zone. Let us analyse now the case with a total density of 2 · 1013 cm−3 and

E0 = 0.3V/m. In figure 5.19 it can be seen how the maximum value of validity for linear

zone moves forward to the right, as an effect of the high electric field. However, the

maximum degree of ionization for the linear case is still lower that the one presented

in figure 5.15, meaning that even a higher input of energy is required to reach a linear

zone limit close to ri = 10−4.
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Figure 5.19: Steady mass fluxes for nT = 2 · 1013 cm−13 and E0 = 0.3 V/m. In this situation,

the maximum value of the linear zone also shifts to the right.
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Figure 5.20: Fluxes at the end of the linear zone for the different cases studied in this section.

Total densities are expressed in cm−3 and electric field in V/m. Dashed lines represent the end

of the linear zone for each case.

Figure 5.20 shows the fluxes in the surroundings of the linear zone limit for the different

values of total density and electric field studied here. Dashed lines represent the degree

of ionization that marks the end of the linear zone for each scenario. As the electric

field increases, the limit of the linear zone also does, so, whereas an increment a higher

total density shift the limit to lower ri. So, to get a higher total density plasma, that

behaves as a weakly ionized one, it is required a more intense electric field to increase

the linear zone.

As results presented here prove, plasma behaves linearly up to a ionization degree, in

which a change in the plasma dynamics appears. Since this change appears as the

amount of charges increases respect to neutrals, it is reasonable to assume that the

variation is caused by the charge-charge collisions, as they are directly related with

the electron and ion densities. Figure 5.21 pictures the steady mass fluxes presented in

figure 5.13 including relevant scenarios of different ri without accounting for the charge-

charge collisions. Without charge-charge interactions the linear evolution with ri holds

for situations where mass fluxes decay if these processes were accounted for. Therefore,

as the amount of electrons and ions increases, plasma behaves closer to a fully ionize

one where exchange between charges become the dominant process. For low values of

ri charge-charge interactions have low impact in the plasma dynamics, as presented in

figure 5.5. This modification in the plasma dynamics can only be found by the self–

106



5.2. ANALYSIS OF DISCREPANCIES IN WIP CHARACTERISATION

10-2

10-1

100

101

10-6 10-5 10-4

|j
γ 
| 
(×

10
-1

0  k
g 

m
-2

 s
-1

)

ri

FCP

Wo CC

10-6 10-5 10-4

ri
10-6 10-5 10-4

ri

(a) Electrons (b) Ions (c) Neutrals

Figure 5.21: Steady fluxes with (FCP) and without (Wo CC) charge-charge collisions for

nT = 1013 cm−3 and E0 = 0.1 V/m. Without the charge-charge interactions, plasma keeps a

linear dynamics with ri.

consistent resolution of the three species model, accounting for all collisional terms.

Effects that are small for certain situations may become relevant in other scenarios

and their dumping must always be justified. As self–collisions (electron-electron and

ion-ion) do not modify macroscopic values, the variation in the plasma response can

only be caused by the electron-ion collision, which becomes the dominant exchange

that defines the plasma evolution.

We can conclude that the three-species model studied here provides steady situations

that evolve linearly with the ionization ratio up to a maximum which depends on

the electric field applied and on the total density of particles. Situations may appear

where electron temperature drops to a value were recombination with ions becomes

highly probably, meaning that the plasma may evolve to a scenario where a steady

ionization ratio, different from the initial one, is found; or even evolve to become a

neutral gas. This behaviour change is caused by electron-ion exchange becoming a

relevant phenomena, meaning that plasma behaves closer to a fully-ionized one and

that an important part of the electron energy is transferred to ions. While quasi–

steady situations inside the linear zone are easy to predict for any value of ri, transitory

evolutions may be more involved since overshoots or sharp dynamics may appear when

the electric field changes.

5.2 Analysis of certain discrepancies on the characterisa-

tion of WIP by means of Langmuir probes

As a relevant physical case, the three-species one-dimensional model presented in this

chapter is used to analyse some not well understood results found in the laboratory

when a weakly ionized plasma is characterized by means of a Langmuir probe. A

Langmuir probe consists of an electrode immersed in a plasma, which collects charged

particles depending on its bias voltage. These probes can be biased to different po-
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tentials, by means of a sweep signal, and the corresponding values of the collected

current can be measured. As it is well-known, the representation of the bias voltage

and collected current is called an I-V curve. The I-V curves of collecting probes provide

information about parameters such as the local plasma potential, the electron or ion

temperatures and the charged species density [131–133]. These probes are widely used

for the diagnostics of fully [134–136] and weakly ionized plasmas [137–139]. Theoret-

ically, the operation of Langmuir probes does not depend on the shape of the signal

used to bias the probe. Therefore, similar plasma parameters should be obtained when

different signals are employed in a stable plasma. However, the experimental results

presented in this section show that the plasma parameters provided by signals with

different symmetry or frequency do not lead to similar profiles. Consequently, this cre-

ates an open topic for discussions on which signal symmetry and frequency should be

applied to the collecting probe to obtain the correct plasma parameters. This feature

has been addressed in our paper [28], where a preliminary analysis of this problem was

presented. As it can be seen, this experimental dilemma requires a better comprehen-

sion of the biasing of Langmuir probes from the theoretical point of view. A deeper

analysis is performed here to improve the experiments and numerical simulations in

future works. To analyse the possible microscopic interaction in the probe surround-

ings that give rise an appreciable effect in the measurement process, a kinetic model

that accounts for all possible interactions among the particles must be employed. The

propose of this analysis is twofold: firstly, to obtain a similar qualitatively behaviour as

the experimental curves, and secondly, to identify the cause for the results discrepancies

without the employment of new experimental techniques.

To allow a self–consistent lecture, the experimental setup employed to obtain the I-V

curves is concisely explained. Results obtained by means of this setup are then pre-

sented. Then, the results obtained from numerical simulations are given and compared

to the experimental data. To compare both data, the experimental I-V and the nu-

merical Je-E curves, where Je = [qe], are employed in a qualitatively examination. The

causes of the discrepancies found in the experimental results are widely discussed. The

ion current is studied separately, giving some arguments about the analysis of these

heavy species with Langmuir probes and how it can influence its measurement. Due

to the high mass of this species, orders of magnitude above the electron mass, ions

require a larger time to adapt to the perturbation of the electric field, which results in

the requirement to use lower sweep frequencies.

5.2.1 A short review of the experimental setup and results

In the experimental setup employed to obtain the results presented below in this section,

the plasma was generated by means of a ring cusp ion thruster, operated with an

argon gas flow, as that described in [99, 100]. The density and temperature ranges

of the electrons in the cold plasmas involved were ne =
(

107–108
)

cm−3 and Te =

(0.75–1.25) eV, respectively. The Langmuir probe used, shown in figure 5.22a, was
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(a) Langmuir probe (b) Electric circuit

Figure 5.22: (a) Langmuir probe utilized for these measurements. (b) Electric circuit used

to bias the probe with a sweep signal. With full permission from [140].

made of a stainless steel ball with 4.39 mm of diameter, and was placed at 37 cm from

the thruster exhaust. The I-V curves were obtained by means of fast sweep signal

system, described in [141] and depicted here in figure 5.22b. This device was composed

by a signal generator, an inverter amplifier and a resistance connected in series with

the Langmuir probe. This sweep system provided a sawtooth-like signal Vsg whose

frequency and symmetry can be modified by external controls. The current is measured

by the voltage drop in the resistance Rd (Ip = ∆Vd/Rd). The probe voltage Vp is

calculated after the measuring process as

Vp = ∆Vd − VsgGF + Vref , (5.14)

where GF is the gain of the inverter amplifier and Vref is a reference voltage that

allows to move the sweep signal to capture different parts of the complete I-V curve.

This reference voltage can be easily modified before starting the measurement process.

Even when this circuit is not unique and other options exist in the literature [137], this

scheme has been tested in previous works [99,100,141], providing good results and its

verification or possible improvements are out of this thesis scope.

An analysis of the I-V curves obtained for signals with different symmetries and fre-

quencies is now performed. In figure 5.23a, the three shapes studied in this section are

shown. The rising one had a extended rising slope in time, whereas the falling one

presented a longer falling slope. For the symmetric signal, both falling and rising flanks

had the same length and therefore, this signal was divided in two edges denoted as ris-

ing SE and falling SE. In the first two cases, we should remark that the signal’s edge

employed to obtain the corresponding I-V curve is only the larger one. The remaining
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Figure 5.23: (a) Voltage shape of the signals applied to the Langmuir probe as a function of

time. (b) Theoretical representation of an I-V curve.

edge of the non–symmetrical signal should be large enough to allow the plasma recover

the initial state, obtaining a periodical behaviour. The arrows of figure 5.23a indicate

the measurement edges. Four I-V curves related to these four shapes are analysed.

To obtain an experimental I-V curve, a procedure as follows is done. First, an os-

cilloscope measures a number of cycles of the signal Vsg and the voltage drop in the

resistance ∆Vd. Then, the longest edge of each signal is extracted (eliminating the

perturbations created by the fast change of potential) and the I-V curve is obtained by

means of the formulas presented above. In figure 5.23b, a theoretical representation of

an I-V curve is drawn. It can be seen how the I-V curve separates into three zones.

The left zone, when maximum ion current is captured and all electrons are repelled; the

central zone, called retarded field; and the right zone where electron current is max-

imum and ions are repelled. In the experimental setup presented here, the reference

voltage is used to capture only a part of this curve, related with the electron saturation

zone. From this curve plasma parameters can be extracted by means of the intersection

point of the fitting lines of two regions of the curve, the electron retarded field and the

electron saturation current [131–133]. Properties of ions can also be extracted with a

similar procedure from the study of the ion saturation. One of the first results found

in the laboratory is that the obtained current is periodical, independently of the signal

biased to the probe as long as it is periodical too and the plasma is stable. This is

an important result because it allows us to choose any edge of the captured signal,

ensuring similar plasma parameters. As seen below, this periodical behaviour is only

obtained in our numerical simulations when charge-neutral interactions are accounted

for.
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Figure 5.24: Experimental I-V curves of a collecting probe for signals at fsw = 20, 55, 108

and 249 Hz.

The main results obtained by means of the setup described above are presented in

figure 5.24, where the I-V curves for four different sweep frequencies (20, 55, 108 and

249 Hz) are depicted. For the studied plasma, the electron and ion frequencies were

in the range of fpe = (30–90) MHz and fpi = (100–300) kHz, much higher than the

sweep frequencies (fsw ≪ fpi ≪ fpe). As it can be seen, the four edges are grouped

two by two. A first pair is constituted by the signals denoted as rising and rising SE,

identified by an increasing applied voltage to the probe as the time evolves. The second

pair is formed by the signals falling and falling SE, whose dependence on time shows

a decreasing applied voltage. When sweep frequency is high (fsw = 249 Hz) the two

groups are separated and they can be clearly identified. On one hand, the falling pair

is placed at more positive probe voltages (Vp) than the other group, and the falling and

falling SE signals are very close one to the other and they almost coincide. Moreoever,

the rising and rising SE signals differ when frequency increases and they are shifted to

more negative probe voltages with respect to the lowest frequency case. This behaviour

is not substantiated for low frequencies, where the four signals are close and produce

very similar plasma parameters. This separation is unlikely to be caused by a problem

in the connection between the probe and the sweep system because the length of the

lines is in the order of magnitude of meters and it is not enough to generate a capacitive

effect that affects the probe biasing.

Figure 5.24 also shows how the separation of the two groups of I-V curves increase with

the signal sweep frequency. For fsw = 20 Hz, the four I-V curves are very close one from

the others and they almost coincide, providing similar plasma parameters. However,

as the frequency increases, the curves separate from each other and for fsw = 249 Hz

the two groups of signals are clearly identified, being the falling group approximately
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Figure 5.25: Time evolution of Je for (a) a non–collisional plasma, (b) a collisional plasma

without neutrals and (c) the three species one-dimensional model.

20–30 V more positive than the rising group of signals. As stated above, the intersection

between the electron saturation current and the retarded field regression lines provides

the plasma potential. Therefore, the shifting observed in the I-V curves of figure 5.24

for the highest frequency provides different values for the plasma potential. Also, the

group formed by the rising signals moves away from the classical shape of an I-V curve,

which may hinders the right value of the regression lines, required to calculate the

plasma parameters. Hence, the selection of one symmetry and frequency to obtain

the right plasma parameters does not seem an easy task. Under ideal conditions, the

local plasma potential should be very similar, regardless the signal employed to bias

the probe. However, a strong dependency of shape and frequency was found. From

an experimental point of view, a second measurement of the plasma potential can

be alternatively obtained with the emissive probe by means of the floating potential

method [84, 142] which should be operated close to the Langmuir probe. The cross-

check of the results should provide information to decide which appropriate symmetry

of the signal should be used. Unfortunately, these results were not available during the

development of this thesis, but they should be performed in the near future to obtain

and additional source of information that helps us determine the right signal shape and

frequency.

Nevertheless, it is reasonable to assume that the falling group yields the appropriate

plasma parameters because they retain the typical shape of an I-V curve, specially for

high frequencies. However, an independent explanation of this separation, not based

on experimental techniques, to choose the right signal shape and frequency, is required.

5.2.2 Numerical results

The three species kinetic model presented in section 5.1 is solved with a time variable

electric field that simulates the one generated by the potential difference between the

probe and the quasi-neutral plasma. The limitation to only one space velocity of the

model makes impossible the resolution of the coupled Poisson’s equation and the wall
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effect. Nevertheless, the voltage signal can be translated into a time variable electric

field if an electrostatic situation is assumed. For this propose, the following equations

are used for the symmetric (Es), falling (Ef ) and rising (Er) signals

Es(t) = E0 + Ev
2

π
arcsin (sin (2πtfsw)) (5.15)

Ef (t) = E0















− Ev

0.89/2 tf if tf < 0.89/2

+ Ev

0.11/2 (tf − 0.89/2) − Ev if tf < 1.11/2

− Ev

0.89/2 (tf − 1.11/2) + Ev otherwise

(5.16)

Er(t) = E0















+ Ev

0.89/2 tf if tf < 0.89/2

− Ev

0.11/2 (tf − 0.89/2) + Ev if tf < 1.11/2

+ Ev

0.89/2 (tf − 1.11/2) − Ev otherwise

(5.17)

where tf = tfsw − ⌊tfsw⌋, fsw is the same sweep frequency used in the experimental

problems and ⌊ ⌋ represents the floor function. These particular signal shapes are a

direct translation of those employed in experiments, with the same proportion of short

and long edges than Vsg. To simulate the sweep signal, the values E0 = 0.5V/m and

Ev = 0.4V/m are employed. This sweep electric field provides energy to the plasma,

which reaches a different energy state for each value of E(t). This means that, at any

value of E(t) plasma has a different electron current density value, and a curve that

relates both values can be obtained.

As was mentioned above, plasma has a periodical behaviour under any periodic signal

biased to the probe. In this sense, the numerical simulations must also recover this

periodical dynamics under any oscillatory electric field. To check if this behaviour is

found in our model and the main reason of this behaviour, three different plasma mod-

els are analysed here under the effect of the periodical field Es(t) with fsw = 249 Hz.

As explained in section 5.1.1, charge-neutral collisions have a huge influence in weakly

ionized plasmas. Here, we explore if the collisional effects, specially charge-neutral, are

important and required to explain the dynamics found in experimental results presented

in the previous section. Figure 5.25 shows the evolution of Je under the influence of

Es(t) for the same three cases as in section 5.1.1: non–collisional plasma, a collisional

plasma without neutrals and the three species fully collisional plasma. We can see

how no periodical behaviour is found and electron current increases with the always

positive electric field if charge-neutral interactions are neglected. Moreover, charge-

charge collective effects are not strong enough to limit the evolution of the species,

but, when collisions between charge and neutrals are accounted for, a periodical be-

haviour appears, even if the electric field remains positive through the cycle. Although

a periodical dynamics could be possible with an electric field of positive and negative

values, it is not reasonable to assume that this can happen in front of a probe, as many

effects determine the electric field shape. This means that the high density of neutral

particles acts as a viscous media and sink of energy, providing a periodical behaviour

of the charged species dynamics similar to the one found in the laboratory. Even when

spatial effects can play a relevant role in the description of plasma in front of probes,
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Figure 5.26: Je-E curves obtained with temperature dependent collision frequencies. A sepa-

ration appears when fsw increases and edges group two by two.

it is clear that collision exchanges highly affect the WIP response to fast variations in

the electric field.

Now, the Je-E curves obtained with the same shape and frequency as in the experimen-

tal problem are presented in figure 5.26. For low frequencies, the four edges produce

a similar Je, but when the frequency increases, a separation between the falling and

rising groups appears. This behaviour is similar to the one found in the experimental

results, where the curves also split at higher frequencies, as seen in figure 5.24. In

both, the experimental data and numerical results, falling edges remains close to each

other and almost no change appears when the frequency increases. This indicates that

falling edge symmetry is the best choice to bias a Langmuir probe as the numerical

and experimental results agree. We saw in the experimental results how the falling

edge high frequency produces a more defined I-V curve, specially in the retarding field,

providing a more accurate interpolation of the curve’s knee. In the numerical results,

no difference among the falling edges for high frequencies seems to alter the shape of

the Je-E curve and both shapes remain close to each other. This means that there is

no reason to not use a relative high sweep frequency > 100 Hz if the falling symmetry

is employed.

One important difference between both results is found: in the experimental data the

knee of the rising edges shift to the left but in the numerical data, the rising edges

move to the right. This may occur because the imposed external electric field in the

numerical simulations does not properly reproduce the electric field generated by the

charge separation close to a collecting probe.

To better analyse the different evolutions found, a zoomed view of the Je-E curves
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Figure 5.27: Zoomed view of the results in figure 5.26 corresponding to the starting point of

the different measurement edges. Electrons reach an almost lineal velocity faster for the falling

than for the rising signals.

from 5.26 is presented in figure 5.27. The point corresponding to the maximum (for

the falling and falling SE) and minimum (for the rising and rising SE) value of the

sweep signal is defined as the starting measurement point. This point indicates the

start of the edge which is processed to obtain the Je-E or I-V curves. An important

difference in the relaxation times between the falling and rising edges is appreciated.

For the falling edges (left) only small overshoots appear when the electric field changes.

These jumps increase with the frequency but, due to the high electron temperature

caused by the high electric field, an almost constant acceleration is rapidly recovered.

On the other hand, electrons are cold when the rising signal changes and this produces a

slow relaxation time. Also, this time increases with the sweep frequency, meaning that

faster changes in the electric field create a larger perturbation in the system dynamics.

As in section 5.1.3, an analysis is performed now to check the influence of temperature

dependent collision parameters in the system evolution. As seen in section 5.1.3, energy

dependent collision parameters can modify the behaviour of a weakly ionized plasma

when abrupt or fast changes in the electric field occur. Here, the goal is to analyse

if this has some influence in the final shape of the Je-E curves, to check if this may

be the cause of the curves separation. If collisions frequencies are set to a constant

value, figure 5.28, no appreciable change appears as the sweep frequency increases and

all symmetries produce almost the exact Je-E curve. We have seen in this work how

the value of E affects directly the electrons temperature, as presented in figure 5.8a,

which influence the charge-neutral collision frequencies through the thermal velocity.

If abrupt changes in the electric field appear, electrons recover faster an almost linear

acceleration if they have a higher temperature. This dynamic is found exclusively if
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collision frequencies change with the species temperature through the simulation, i.e.,

if the model is solved in a self–consistent way, as performed in this chapter. But if

collision frequencies do not change with energy, the rate of exchange between electrons

and neutrals do not vary and a linear velocity is recovered faster, regardless the state of

the electrons. This means that, if simplifications as constant collisions frequencies are

employed, inconclusive or inadequate solutions may be reached, and no relation with

the experimental results could be extracted. In figure 5.29, the starting point of the Je-

E curves obtained with constant collision frequencies are presented for a better analysis

of the electron response to the sharp electric field change. No difference appear between

the falling and rising groups, which means that the relaxation times are identical for

high and low electric field values. Nevertheless, a small difference among the signals

when sweep frequency increases can be appreciated. This is caused because at high

frequencies, plasma has less time to adapt to the electric field change. The difference

among the curves is not big enough to produce an appreciable separation in the Je-E

curves, but fast changes in the sweep signal may perturb the measurement process

even in cases where collision parameters can be assumed as constant. The important

result here is that relaxation times between falling and rising signals do not change

with constant collision parameters, as it happens in the results presented in figure 5.26.

This is, particles coming from a stable plasma into a collecting wall feel the neutrals

through collisional process, which may vary depending on the acceleration applied to

these particles by the electric field shape, which is influenced by the probe potential.

To continue with our analysis, the evolution of ions with variable collision parameters

for the different signals presented in this section is studied. Even when this species has

a lower density current than electron it is possible to study them with a Langmuir probe

with the same procedure as electrons by just changing the reference potential until the

part of the I-V curve corresponding to the ion saturation zone is captured [131]. The

resulting ion current Ji is pictured in figure 5.30 for temperature dependent collision

parameters. It can be seen how for low frequencies, the curves keep a classical shape,

but as frequency increases, ions do not recover the typical shape of an I-V curve,

specially for the rising group. This is caused due to lower relaxation times of ions,

which does not allow them to adapt fast enough to the changes in the electric field.

This phenomena is important in the study of ion I-V curves, but can also affect the

dynamics of electrons if a coupled Poisson’s equation is solved where the ion dynamics

close to the wall become relevant.

Numerical results show that the separation of the Je-E curves cannot be explained

only with the use of different symmetries or frequencies. Energy dependent collision

frequencies are required to obtain a similar qualitatively behaviour that those found

in the experimental results. In the results presented in figure 5.24, the falling edges

seem to look similar when frequency increases and also, the typical shape of an I-V

curve is only maintained for this group. The rising signals are deformed for the highest

frequencies and they show a strange shape, not identified as a typical I-V curve of a

Langmuir probe.
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Figure 5.28: Je-E curves obtained with constant collision frequencies. No appreciable differ-

ence appear in the curves no matter the frequency or symmetry applied.
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Figure 5.30: Je-E curves obtained with constant collision frequencies. No appreciable differ-

ence appear in the curves no matter the frequency or symmetry applied.

Neither the experimental I-V or the numerical Je-E curves are conclusive enough to

choose a symmetry that provides the correct plasma parameters. Numerical data in-

dicate that differences found in the I-V curves are related with the different ratios of

exchange between electrons and neutrals. This means that electron-neutral interaction

not only leads the dynamics of the system, but also the temperature dependency of

the collision frequency is important to properly describe behaviours observed experi-

mentally. Numerical results obtained in this work indicate that the best option for the

sweep signal is the falling symmetry. This is based in the similar behaviours for the

falling edges when frequency increases as well as in the fast recovery at the starting

point due to the high electron-neutral interactions. Also, a relative high sweep fre-

quency (∼ 108 Hz) seems to improve the experimental measurement without affecting

the shape of the falling signals in the numerical and experimental results. Nevertheless,

high frequency signals may perturb the evolution of ions, which require more time to

adapt due to their high mass and low temperature and may end up influencing the

electron dynamics.

The numerical and experimental results seem to agree with the conclusions about the

correct shape of the sweep signal. However, an alternative measurement to cross-check

the results and find a conclusive experimental support is needed. For this task, an

emissive probe could be employed by means of the floating potential method. In this

method no biasing signal is involved, and a second independently measurement of the

plasma potential could be obtained. This would allow to cross-check the parameters

provided by the I-V curves of the collecting probe and find some conclusive decision

about the signal shape and frequency.
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5.3 Transport coefficients for electrons in WIP

Transport coefficients define how a mass and energy transfers evlve under to variations

in the electromagnetic field or some magnitude gradients. These are necessary, for

example, to close the hierarchy of fluid equations. Many parameters can influence

the value of transport coefficients, as density or temperature. To obtain transport

coefficients, collisional effects must be accounted for as an steady situation has to be

reached to obtain a time-independent solution.

In this section, we focus in the computation of electron temperature, density current

and heat flux as a function of the electric field and ionization ratio in an argon plasma.

As seen in section 5.1.4, the relation between charges and neutral density highly in-

fluence the plasma dynamics. Other effects commonly employed in the calculation of

transport coefficients, as the gradient of temperature, are neglected, yet they can be

easily included as non–homogeneous terms [42,43]. To obtain accurate descriptions of

transport coefficients, a space composed by the directions perpendicular and parallel

to the electric field is accounted for. To represent the collisional processes, two-velocity

terms presented in chapter 4 are used. The charge-charge interaction is described by

the Fokker—Planck—Landau operator, while charge-neutral interactions are modelised

by a Dougherty term. This last term is chosen for similitude with the one-dimensional

results presented in this chapter and by the constant value of the diffusive terms, which

simplify the numerical implementation when high ratios of mass, density and temper-

ature appear.

Mass (g) Temperature (eV) Density (cm−3)

e 9.10938356 × 10−28 1 ri
nT

2

i 72819.6 ×me 5 · 10−2 ne

0 me +mi 5 · 10−2 nT (1 − ri)

Table 5.2: Argon plasma to compute transport coefficients by a two velocity collisional model.

An argon plasma, of properties presented in table 5.2, is employed here. Due to nu-

merical constrains, only electrons are advanced in time and ions and neutrals are left

fixed, as previous result have shown that the light species is the one that reacts the

most to the electric field. The total density is nT = 10−13 cm−3 and the electric field

takes the values 0.1, 0.2 and 0.3V/m, as usual in this chapter.

The following collision operators are employed for each exchange type as

leα = 8π
4πq2eq

2
αλ

eα

m2
e

, µe0 = σe0V e
th (5.18)

where α = e, i to account for self–collisions and the interaction with ions and V e
th =

√

3kTe

me
is the thermal velocity in a three-dimensional space. The Coulomb’s Logarithm

is computed following the classical expressions from [129], presented in equations (5.9)

and (5.10). Electron neutral cross–section equals 10−16 cm2 and is constant.
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Figure 5.31: Electron temperature, density current and heat flux in the parallel direction

as a function of the electric field and ionization ratio. Simulation time after 4000 iterations

correspond to ∼ 0.9 ms

Three main parameters are analysed here, the electron temperature Te, density current

J = [qe] and heat flux Q = [v2]/2ne. We focus our analysis on the parallel direction,

as is the one in which the electric field acts. As usual, in absence of temperature and

density gradients, fluxes are assumed to obey

J‖ = KeE, Q‖ = KTE, (5.19)

where subscript ‖ determines the direction and Ke(E, ri) and KT (E, ri) are two un-

known functions that relates the electric field with the electron density current and

heat flux, respectively, in connection to the usual electrical and thermal conductivities.

Figure 5.31 pictures the main results of this analysis for the two relevant parameters

defined here. Temperature remains constant for ri . 10−5, but drops rapidly after-

wards. Moreover, an increment in the plasma temperature as a consequence of more

intense electric fields also appears. A linear behaviour is found for density current and

heat transfer up to a certain ionization ratio, as it happened in the one dimensional

case. Moreover, the linear behaviour is hold for higher ri as E increases. Heat flux has

a linear decrement with ri linearly up to a certain value of ri where its starts quickly

decreasing. The interpolation of Ke and KT is not an easy task, as many parame-

ters influence them and not always linearly. However, these simulations indicate that

weakly ionized plasmas behave linearly with the ionization ratio up to a certain point

in which charge-charge exchange become the relevant phenomena and plasma is closer

to a fully ionized description. As it happened in the one-dimensional results, the limits

of this linear zone are not easy to clarify, as many factors influence it. However, a

significant difference with the dynamics found at high ionization ratios respect to the

one-dimensional model is found. As ri increases, fluxes seems to hold or even increase.

This can be caused, e.g., by the stationary assumption employed for heavy species and

requires a further analysis.

The calculation of transport coefficients by means of self–consistent simulations ac-

counting for collisional effects is of major importance for the characterization of plas-
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mas. Dynamics found in previous simulations with the one-dimensional three species

kinetic model are recover here as well, meaning that the lost of linear response with

ri is not a numerical effect or it is caused by the model limitations, but it is a phys-

ical response of the plasma that indicates a change in its behaviour as e-i exchange

becomes a relevant phenomenon. Nevertheless, the resolution of the complete distri-

bution function in a physically meaningful way allows an easy computation of fluxes

by just integrating it in the velocity space, which ease the calculation of all transport

coefficients.

5.4 Conclusions

In this chapter, the progress performed in this dissertation to deal with the kinetic

description of Weakly Ionized Plasmas has been presented. The main output is the

one-dimensional three species kinetic model, that allows a fast computation to describe

the dynamics of three species (electrons, ions and neutrals) under the effect of an

intense electric field that leads the system evolution in one privileged direction, if space

homogeneity is assumed. Even though our focus has been the description of an argon

plasma, other types could also be described by just extending the model for the new

species and collisional terms,. This model is useful to obtain a dynamics that includes

all elastic exchanges among species and check their effect in a large variety of scenarios.

For example, differences due to the energy dependency of the collision frequencies have

been found, specially in transitory situations, e.g., the variation of the relaxation times

or overshoots appearing when the electric field rapidly changes. The effect of the

ionization ratio was also analysed, finding a non–linear plasma response that depends

on the electric field intensity and total plasma density.

Moreover, the model has been employed to analyse discrepancies found when a Lang-

muir probe is biased with different voltage signals to characterize a plasma. Simula-

tions suggest that these changes are caused by variations in the exchange rates between

charged and neutral particles. Numerical and experimental results agree on the shape

and frequency that must be employed to bias a Langmuir probe. However, further

analysis and independent data is required to provide a better understanding, as an in-

dependent measure of the plasma potential by means of the floating potential method

or a numerical simulation that accounts for the self–consistent electric field and wall

effect.

Besides this, the computation of transport coefficients for the electrons in presence of

ions and neutrals has been carried out. Although these are still preliminary results, the

capability of our model to include complex collision operators, as the Fokker—Planck—

Landau, and solve the complete distribution function far from equilibrium situations

opens a wide range of possibilities to obtain transport coefficients, e.g., in non–thermal

equilibrium scenarios, where other methods, as those based on perturbation or lin-

earisations, may fail. Nevertheless, the work performed here must be continued to
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improve these calculations. However, behaviours related with high ionization ratios

found in one-dimensional simulations appear also in here, meaning that the change in

the plasma dynamics is not related with the limitations of the one-dimensional model,

but it is a physical response. Electron-ion collisions becomes the dominant collisional

process, making electrons exchange a large amount of energy to this heavy species and

resulting in a complete different steady state, as a higher electric field is required to

extend the linear response zone. This could lead to a new path to define the limits of

WIP and study the transition towards fully ionized plasma.
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CHAPTER 6

PLASMA-WALL INTERACTION

The plasma-wall interaction is still an open problem of mayor importance in Plasma

Physics. Dynamics of light and heavy species close to a wall affects measurement

processes, service life of walls and coatings and surface treatment processes. This

interaction appears in experiments carried out involving plasmas [83,143] and also, in

vessels flying in space [86]. Many works have provided fluid models, as the those by T.

Gyergyek et al. [116, 144] or kinetic descriptions, as the works by M. D.Campanell et

al. [89,145] or J. P.Sheehan et al. [98,143], as well as many other authors [23,85,146–150].

Moreover, different approaches to describe the emission of electrons as the works by

J. L. Domenech-Garret et al. [88, 113] and references therein, can be found in the

literature, but the description of the complete processes involved in the plasma-wall

interaction are still an open topic of discussion because of the variety and peculiarities

of each plasma device.

An important case of plasma-wall interaction appears in the characterization of plas-

mas, usually carried out with emissive [84,142,151] or collecting probes [134,135,137], to

calculate plasma parameters such as temperature, density or plasma potential respon-

sible of energy transference. The modelisation of this interaction is usually established

by models that may not capture all microscopic processes involved, specially in Weakly

Ionized Plasmas (WIP) for which the inclusion of a dense heavy cold neutral species

hinders the development of models [137–139]. Our research group is interested in the

use of these probes to analyse the plasma generated in our low temperature labora-

tory [99,100,152], making this topic of main interest.

In this chapter, the progress performed through this work to analyse the evolution

of Weakly Ionized Plasmas close to emissive or collecting walls is presented. Firstly,

we focus in the electron emission into a vacuum chamber by a hot planar infinite wall,
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modelised as a discontinuous media. The influence on the emitted density current of the

self–consistent electric field and the electron-neutral interaction is analysed. Different

electric potentials are applied to the wall, to check if a saturation current is reached,

as it happens in experimental results [83,140]. Secondly, the collection of electrons and

ions coming from a quasi–neutral weakly ionized plasma is studied. Influence of the

heavy species dynamics and charge-neutral interaction are investigated.

6.1 Emissive wall as a discontinuous plasma medium

The thermionic emission of electrons is covered in this section. This is usually modelled

as a boundary value problem from both fluid [116,150] and kinetic [98,149] approaches.

By heating up a metallic wall or wire, electrons are ejected from the metal. By biasing

the emissive probe at different potentials, a curve that relates the emitted current and

the wall voltage can be obtained. The emitted current reaches a maximum when the

potential difference between the emissive element and the vacuum chamber is such that

becomes stationary. This current is also known as saturation current.

This section offers a deeper look inside the work [26], where the Propagator Integral

Method was employed in a 1D1V phase space to solve a discontinuous system. Here, a

piecewise kinetic model is presented to describe the transition between a hot metallic

wall and a vacuum chamber filled with a neutral gas. The problem is formulated as an

heterogeneous plasma in 1D1V phase space in planar geometry. The model describes

the dynamics of electrons in the metal (for x < 0) and in the vacuum chamber (for x ≥
0) from a pure kinetic point of view. Inside the metallic wall, a phenomenological drift-

diffusion operator with commonly employed quantum correction relaxes the electronic

ensemble to keep them at the wall temperature and thermal velocity corresponding to

it, whereas elastic electron-neutral collisions and the effect of the self–consistent electric

field are accounted for in the vacuum chamber. A physical interface arises naturally

to continuously connect both zones up to a specific scale. In the outer zone, electrons

are affected only by the wall or the vacuum chamber phenomena. The set of equations

that describes the electron distribution function evolution is defined as

∂fe
∂t

+ v
∂fe
∂x

+
qeE

me

∂fe
∂v

=






− ∂
∂v

{

−νw (v − V w
th ) (1 − Θfe) − νw

2 V
w
th

2 ∂
∂v

}

fe if L− ≤ x < 0

− ∂
∂v

{

−νe0 (v − u0) − νe0

2 (Ee + E0 − 2ueu0) ∂
∂v

}

fe if 0 ≤ x ≤ L+

(6.1)

∂2φ

∂x2
=

1

ǫ0
qene if 0 ≤ x ≤ L+, (6.2)

where fe = fe (x, v, t) is the electron distribution function, qe and me are the electron

charge and mass, E (x, t) = −∂φ/∂x is the electric field, φ is the potential, L± are the

edges of the numerical grid in the x direction, V w
th =

√

kTw/me is the thermal velocity

of the electrons at the wall, Tw is the wall temperature, νw and νe0 = n0µ
e0 are the
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collision frequencies for the electrons in the wall and the electron-neutral collision term

respectively and Θ = h/2mene where h is the Planck constant, is a parameter related

to gas quantum degeneracy effects [153, Section 17.5]. Here, n0 is the neutral density in

the vacuum chamber, related with the background pressure, E0 = kT0/2m0 +u2
0
/2 and

u0 are the energy and velocity of the neutral background gas in the vacuum chamber

and ǫ0 is the permittivity in vacuum. In this section, u0 = 0 to represent a fixed density

of neutrals. The Poisson’s equation for the electric potential is solved with Dirichlet

boundary conditions at x = 0 and at the end of the numerical mesh x = L+. For x < 0,

an uniform potential is assumed, i.e., no electric field inside the metal.

The evolution of the system resembles a Brownian motion in all the domain with a

quantum correction term, 1−Θfe, for the metallic wall and an external force, the electric

field, for x ≥ 0 [26]. Inside the wall the drift-diffusive operator acts over the electrons to

leave the mean velocity and temperature to the initial one, V w
th and Tw respectively. The

possible ions and neutrals in the metal are fixed and do not interact with the electrons,

i.e., they do not influence at all the electron dynamics for x < 0. When electrons jump

into the vacuum chamber, they collide with the neutral background and are affected

by the self–consistent electric field. Electron-electron interaction is neglected due to

the low density of particles, but could be included as an additional collision term [25].

Ionization of neutral particles is neglected due to the short-time scales analysed.

A widely extended mechanism to emit electrons into a vacuum chamber is by heating

up a metallic wall or wire by an external current, also known as thermionic emission.

To modelise the emission of a hot metallic wall into a vacuum chamber with the dis-

continuous model presented above, an initial amount of particles is set on the metallic

region, following the Richardson–Dushman law [154,155], which is usually expressed as

Jrd (Tw) = CT 2
w exp

(

−eWf

kTw

)

, (6.3)

where C is the Richardson constant, Wf is the work function of the metal, e = |qe|
and Jrd = eneue is the surface density current emitted by the probe, where ne and ue
are the electron norm and mean velocity. To match the material used commonly in

the emissive probes (tungsten), C = 6.02 · 105 A/m2K2 and Wf = 4.55 eV [156]. If the

thermal velocity is assumed for the electrons in the metal (ue(x < 0, t = 0) = V w
th ) [152],

its density can be extracted from equation (6.3) as

ne(x < 0, t = 0) =
Jrd(Tw)

eV w
th

, (6.4)

which only depends on the probe properties and temperature. These parameters are

cast into a drift-Maxwellian distribution function to act as initial condition in the

1D1V problem. The drift-diffusive operator for x < 0 keeps constant these macroscopic

properties through the simulation, except close to the discontinuity, where the influence

of the vacuum chamber can affect electrons inside the metal, which require time and

space length to reach the wall conditions.
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Numerically, equation (6.2) is solved at each time step with Dirichlet boundary condi-

tions at x = 0 and x = L+ as in section 2.4.1. Equation (6.1) is solved with the basic

integral advancing scheme with homogeneous boundary conditions and without non–

homogeneous term for a 1D1V phase-space, as presented in section 2.2.2. The problem

is fed at the numerical equivalent of −∞, i.e., at x = L− in the numerical problem,

to maintain a flux of electrons with the metal temperature and corresponding thermal

velocity. At x → ∞, i.e., the end of the numerical grid for the positive side, x = L+,

the solution is left free to ensure that the electrons that may reach this situation does

not perturb the distribution function close to the wall.

Due to numerical limitations required to properly represent all the disparate phenom-

ena, time and length scales employed must be very small, ∼ 10 ps and ∼ 10µm respec-

tively, which impose a high collisional rate between electrons and neutrals to ensure

that the lowest diffusive scales are properly represented. Moreover, the large peak of

electrons created close to x = 0 induces a huge charge separation, which results in

an intense electric field that can perturb the simulations where real collisional scales

are employed. This could be improved following two paths: solving the problem in a

cylindrical geometry, and accounting for a continuous description of the electric po-

tential that accounts for the electrons inside the metal. For this problem, reference

density and cross section are 1020 m−3 and 10−15 m2, respectively. The characteristic

length is the mean free path of the characteristic density and cross sections, defined

as Lc = (ncσc)
−1 = 10−5 m. The non–dimensional electron-neutral collision parameter

is chosen as µe0 = 1, to ensure that the numerical problem is stable and the x-x and

x-v diffusion are correctly represented. A similar behaviour to the one presented in the

following section is expected to be found if the computational resources to represent

the proper scales and length were available. The collisional parameter at the wall, νw is

set to 10 to represent the fast relaxation that suffers the electrons at the metallic wall

to recover the initial temperature and mean velocity. Nevertheless, a case with realistic

collisional scales and without electric field is presented in section 6.1.3 to ensure that

the background pressure influences the wall emission. The parameter Θ equals one in

non–dimensional units, yet its definition should be improved in future works.

For these computations, τ = 0.1 and a grid of ∆x = 1/30 and ∆v = 0.2 with 300 and

100 points in the x and v directions respectively are used. These values may produce

an unstable time evolution in other numerical methods, but PIM deals with this coarse

grid, providing smooth, conservative and realistic time evolving solutions. The grid

covers the distance from x = L− = −3 up to x = L+ = 7 and it is centred in v = 0.

A convergence criteria to cut-off the iterative process is utilised. In the simulation, the

evolution of the electron flux at x = 0 is studied, and computation stops when the

relative difference between two consecutive iterations is less than 0.1%. To ensure that

an almost steady situation is reached in all scenarios and that any possible perturbation

due to the discontinuous initial conditions is dumped, a minimum of 500 iterations

is computed for each case. The analysis of this convergence criteria is presented in

appendix
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6.1.1 Influence of background pressure for no potential difference sce-

nario

A first set of results is presented for the case of no potential difference between the

wall and the vacuum chambers, i.e., both φ at the boundaries are set to zero.. A

sweep is performed with two parameters: the wall temperature Tw and the neutral

background pressure p0. Wall temperature varies in the range 2000–2300 K with incre-

ments of 25 K, and neutral pressure equals 1, 2, 3, 4 and 5 Pa with a fix temperature of

300 K. Assuming a perfect argon gas model, the neutral density is obtained with these

two parameters, which influence the electron-neutral collisional process through the

frequency νe0 = n0µ
e0. The total density current, defined as JT = [e], at two positions

is shown in figure 6.1. Total density current remains small up to Tw = 2100 K, where

the exponential behaviour of equation (6.4) translates into an increment of the emitted

electrons. Density current at x = 0 increases with p0 up to 3 Pa, when it reaches a

maximum, and decreases for higher pressures. Thence, a non–monotonic behaviour

with the background pressure is found. This is caused by the interplay among rela-

tively high energy emitted electrons, the self–consistent electric field that appears and

the effect of collisions. It is important to remark that the electric field is related with

the density of electrons, equation (6.2), as emitted electrons deviate ne from 0, creating

a non–uniform electric potential. For intermediate pressures, collisions slightly reduce

the amount of electrons close to the discontinuity, which increases the electric field

nearby x = 0, resulting in a large amount of electrons constrained close to the wall.

However, as pressure increases, electron-neutral interaction gains relevance, a fact that

highly reduces the current density at x = 0.
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Figure 6.1: Emitted current at (a) x = 0 and (b) x = 0.02 mm. Non–monotonic situations

arise close to the wall.

Far from the wall, figure 6.1b, the emitted current lessens for higher pressures. This

means that a detector positioned far from the emissive wall always detects a lower

electron current as pressure increases. A similar reduction in the emitted current has

been found experimentally, for example in [140, Section 4.1], where measurements of the

current emitted by a tungsten wire into a vacuum chamber were performed. Figure 6.2

resumes some of the results presented in the work cited above. It can be seen how
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Figure 6.2: Experimental measures of the current emitted by a wire at two different background

pressures. Figure taken from [140, Section 4.1.2] with full permissions from S. P. Tierno.

the current emitted by an emissive probe reduces by the presence of a higher neutral

background pressure. In both, the experimental and numerical results, the background

pressure reduces the emitted current. These similar qualitatively behaviours indicate

that the emission of electrons into a vacuum chamber is influenced by the presence of

a neutral background gas.

For a better comprehension of the dynamics of the heterogeneous media described by

equation (6.1), the distribution function fe is analysed. It is important to be aware

that, thank to the capability of the PIM to describe drift–diffusive problems with

discontinuous piecewise coefficients, the complete distribution function is computed,

enabling the analyse of electrons dynamics without using perturbation methods or

other linear approximations.

To begin this analysis, contours of fe at 2000 K are presented in figure 6.3. The incre-

ment in background pressure has two main effects over the emitted electrons: it helps

to thermalize the distribution function in the vacuum chamber, which become closer

to a Maxwellian, and it retains electrons nearer to the wall increasing the population

in the surroundings of x = 0. This fact means an increment of the fe peak, and a

reduction of the amount of electrons able to travel far from the wall, diminishing the

emitted density current. Inside the modelled wall, x < 0, the electrons deviate from the

initial situation for a very short length scale, meaning that they are rapidly thermalized

to the wall conditions thanks to the drift-diffusive operator. The variation of electron

density caused by collisional effects also influences the electric field.

The steady contours for Tw = 2300 K are studied in figure 6.4, and a change in the

behaviour of the distribution function respect to the previous case is found. Here, a

doubled peaked distribution function is clearly identified for the low pressures presented.

This is caused by the strong electric field generated by the emitted electrons, resulting

in a large portion of them returning and being collected. This strong electric field

generates a second peak of particles with negative mean velocity. However, as pressure

increases, collisions become more relevant and the two peaks fuse into one, resulting in
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Figure 6.3: Contours of fe × 10−4 at Tw = 2000 K. The increment of pressure makes the

peak of electrons higher and closer to the wall.
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a reduction of emitted current. As seen in figure 6.2, a huge difference between p0 = 4

and 5 Pa appears, which is caused by the disappearing of the double peaked distribution

function at x = 0 for relatively high pressures. To better understand this variation,

simulations with intermediate background pressures should be performed. The balance

between the emitted electrons, self–consistent electric field and collisions with neutrals

is responsible of the increment of JT at x = 0, as presented in figure 6.1a. This

interplay of very disparate dynamics can only be found by a self–consistent resolution

of the discontinuous model. The PIM, once again, is proved to be an useful tool to this

aim.

Another topic of major importance that can be studied with this model relies on the

analysis of the self–consistent electric field far and close to the wall. The shape of E

is highly affected by two factors: the potential difference between the wall and the end

of the numerical grid and the density of electrons at x ≥ 0. For the cases presented in

this section, the first parameter has been set to zero. Figures 6.3 and 6.4 show how the

electron distribution function is affected by the neutral pressure and wall temperature,

resulting in a modification of the electron particle density. Figure 6.5 pictures the

self–consistent electric field for four high temperatures. As temperature increases, the

density of emitted electrons also does, which enlarges the electric field, specially close

to the discontinuity. The peak of JT found for intermediate pressures is caused by the

intense electric field, resulting the two peaked distribution function found in figure 6.4.
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well marked with a solid circle.

However, the electric field decays in a short distance, which indicates that the maximum

amount of electrons is constrained very close to the wall, and only a small population

of them escapes and reaches positions far from it. Due to the zero potential difference

in the vacuum chamber, the electric field remains positive close to the wall, acting as

a filter for low energy electrons. A change in the sign of E is found in all cases. This

indicates that the potential reaches a minimum point, shown in figure 6.6, where φ

is pictured for the same cases of Tw and p0 as in figure 6.5. The point of minimum

potential φm is marked as a solid circle.

The point of minimum potential tends to approach the wall by the increasing wall

temperature and the background pressure, caused by the shifting of the electrons closer

to the discontinuity. Consequently, as wall temperature increases, a deeper well is

found [149], meaning that electrons require a higher energy to reach positions far from

the wall. Nevertheless, pressure reduces this well, indicating that electrons must jump a

lower potential barrier but they have more encounters with neutrals, which also reduce

JT . However, as pressure increases potential shapes become closer to each other, and

specially for high temperatures they may become indistinguishable. In resume for

an emitted electron to reach a certain position two barriers must be overpassed: the

potential well and the collisional process with neutrals. Nevertheless, after an electron

crosses the potential well, the E makes it to increases its velocity and to overcome the

collisions with the neutral gas. This phenomena is commonly found in experimental
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and theoretical models [89, 98, 149, 150] and it is usually referred to a potential well

or virtual cathode. On the contrary, collisions affect all electrons entering the vacuum

chamber. This means, the background gas always acts as an opposite effective force that

thermalizes the emitted electrons, making a part of them return to the wall, limiting

the emitted current. This barrier is usually neglected for low background pressures,

but its real relevance depends on several factors, as the distance between the emissive

wall and the vacuum chamber walls. It also depends on the background gas properties,

as temperature, density and mass. In addition, ionization of the neutral background

gas may appear [140, Section 4.1.1], which may also influence the simulation through

variations in the self–consistent electric field.

To study the influence of the self–consistent electric field, the simulations are repeated

by setting E = 0 in all the vacuum chamber. Figure 6.7 depicts the current JT at

x = 0 with and without the self–consistent electric field. Close to the discontinu-

ity, the positive electric field retains part of the emitted electrons, which causes the

current increment for intermediate pressures. Without electric field, JT decreases an

order of magnitude and behaves monotonic with pressure and the abrupt change at

relatively high pressures disappears. As electron-neutral collisions become the relevant

phenomena that leads the dynamics of the emitted electrons, the electric field influence

decreases and both scenarios become more similar. In the same sense, figure 6.8 shows

the comparison of emitted current with and without the electric field at x = 0.02 mm.

Different dynamics respect to the case at x = 0 are found. Far from the wall, the ab-

sence of electric field increases the emitted current, meaning that without the potential

well, more electrons reach positions farther inside the vacuum chamber as a result of

suppressing one of the barriers that make electrons return to the wall. In resume, the

self–consistent electric field generated by the emitted electrons retains them close to

the wall, increasing JT , but reducing the amount of electrons able to reach positions

far from the metallic wall.

By the virtue of the previous discussion, we stress the relevance of the electric field,

specially at low background pressures. This indicates that an accurate resolution of

the Poisson’s equation is required to properly describe the electrons in the vacuum

chamber, as this field also influences the emitted current. In the model presented here,

the electric potential is solved for the electrons in the vacuum chamber, but further

improvements of the model should account also for the metal effect, as penetration

of E inside it, to obtain a continuous resolution of the electric potential. This task

will be performed in future works as this new model opens the possibility for further,

more accurate and deeper exploration. Moreover, simulations should be performed

accounting for cylindrical geometry by two main reasons: the majority of emissive

probes are shaped as wires, and the Poisson’s equation is highly affected by the space

geometry. However, this would require the development of new propagators to match

the cylindrical geometry, which is a topic still under development.
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6.1.2 Influence of the wall potential

The shape of the self–consistent electric field computed with equation (6.2) is highly

influenced by the potential difference between the wall and the vacuum chamber. In

the cases presented above, this difference was set to zero, meaning that both boundaries

were keep at the same potential. However, when emissive probes are employed as a

measurement process, it is typical to bias the probe to a potential difference from the

plasma or vacuum chamber walls to obtain a curve that relates the emitted current

with the probe potential. To examine the influence of this potential jump, different

values of the wall potential φw are used, covering a range of positive and negative

values. It is expected that positive values reduce the emitted current, due to the

more intense electric field close to the wall while negative values increase it, as the

barrier imposed by the electric field reduces. In addition, a saturation scenario is

expected to be reached when the electric field shape is such that no barrier appears for

any emitted electron, regardless its energy, and the amount of returning electrons is

minimum. The voltage difference required to reach the saturation current depends on

the wall temperature [149, 157], but it is reasonable to assume that a dependency on

the background pressure arises, since it imposes an additional barrier for the emitted

electrons.

Figure 6.9 presents the emitted current far from the wall, x = 0.02 mm, for five high wall

temperatures as a function of the potential wall. It can be seen how a saturation current

is found for certain values of φw. This potential value, determined by φsat, varies with

two parameters: the wall temperature and the background pressure. However, the value

of saturation current Jsat, drawn as solid lines, is unaltered by the background pressure,

since it is determined by the amount of electrons at the wall and they energy. Hence, the

saturation of emitted electrons only depends of the properties on the wall, not on the

dynamics inside the vacuum chamber, but the potential required to reach that current

depend on the amount of neutrals, as well as the wall temperature. This evidences

that an electron-neutral plasma is formed inside the vacuum chamber that collectively

responds to changes in the wall potential. As stated above, electron-neutral interaction
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acts as an additional barrier to the one created by the self–consistent electric field that

reduces the emitted electrons. However, when the potential difference between the

wall and the vacuum chamber is large enough, electrons energy suffices to overcome

this barrier. On the other hand, positive values of φw presented in figure 6.9, lead,

as expected, to a reduction in the emitted current. This reduction is lower for small

pressures, were collisions are not strong enough and emitted electrons have more energy

to overcome the intense positively defined electric field.

Furthermore, it is expected that different laws to compute the properties in the wall,

instead of Richardson—Dushman, produces a saturation current for a certain φw. Even

when the saturation current or the potential vary by different descriptions of the metal-

lic wall, the saturation phenomena should remain. However, certain high emission con-

ditions, as in a high density plasma discharge, or geometries could modify the plasma

dynamics at the saturation zone.

At this point, it is relevant for our analysis to focus our attention on the potential

shape for a situation when φw is different from zero. Figure 6.10 pictures the potential

for φw = −3 V. For this specific potential, emitted current at p0 = 1 Pa is saturated

for all temperatures, as pictured in figure 6.9. However, as pressure increases, such a

saturation is not found in all cases. For a situation where emitted current is saturated

or close to saturation, potential becomes linear and the minimum of the potential

appears at x = 0. On the contrary, when the current is not completely saturated, a

small well still appears, as seen for the case Tw = 2300 K and p0 = 5 Pa. This well

has the capability of retaining a small amount of electrons, meaning that part of them

return to the wall. Moreover, a potential which shape is linear results in a constant and

always negative electric field, which accelerates electrons in the whole vacuum chamber,

making their energy increase and avoids the accumulation of electrons.

Hence, to evaluate the minimum φw once the emitted current is saturated, φsat, does

not seem to be an easy task since it depends on the wall temperature and the back-

ground pressure. Due to intermediate values have not been computed in this section,

only an approximation φsat can be estimated, a more accurate φsat could rely between

two derived values. Figure 6.11a pictures the minimum potential required to reach the
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saturation current as a function of the wall temperature and the background pressure,

with values limited by the wall potential chosen from figure 6.9. The behaviour of

φsat with wall temperature is almost linear, and becomes more negative as the wall

temperature and background pressure increase. The slope of φsat with Tw depends on

the background pressure, as higher values of p0 result on larger φsat. In figure 6.11b

the current obtained at the saturation point is shown to check that this value is un-

perturbed by the background pressure. This proves that Jsat only depends on the wall

properties. Besides, Jsat increases with the wall temperature following a similar law as

equation (6.3), as described by the function

Jfit = C1T
2
w exp

(

− eC2

kTw

)

(6.5)

where C1 and C2 are parameters used to fit the function, taking the values

C1 = 7.551 · 105 A/m2K2 and C2 = 4.549 eV (6.6)

which agree with the values C and Wf from equation (6.3), respectively.

In conclusion, although the collisional scale for this problem is enlarged due to nu-

merical constrains, it is clear that the neutral background gas influences the emitted

current and that a strong coupling between the high energy emitted electrons, the self–

consistent electric field and the effect of electron-neutral collisions arise. Furthermore,

the potential shape governs the electron population reaching a given position and act-

ing as a filter due to the potential well generated between the wall and the vacuum

chamber.

For a certain value of the wall potential, a saturation density current is found, which is

only affected by the wall temperature, i.e., the amount of electrons available thanks to

the initial condition in the wall. However, the voltage difference between the metallic

wall and the vacuum chamber required to reach this scenario is influenced by the

background neutral pressure, as well as the wall temperature. Moreover, the voltage

shape also provides information about the saturation, finding a linear evolution, i.e.,
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Figure 6.12: Emitted current as a function of temperature and background pressure for

realistic collisional scales.

constant electric field, if the emitted current is saturated. If this saturation is not

reached, the emerging potential well acts as a filter of low energy electrons. This well

formation is influenced by the potential difference between the wall and the vacuum

chamber, with the interplay of the wall temperature and neutral background pressure.

Still, to specify the role of the background pressure in the emitted current, simulations

are repeated with more realistic collisional scales in the next section.

6.1.3 Realistic collisional scale without electric field

In order to have a stable numerical scheme in previous results, the collisional scales must

be artificially enlarged. This is caused by the strong electric field created as a result

of the electron emission, which, in this simple calculation through equation (6.2) does

not account for the metal and becomes sharp. Moreover, the planar geometry creates

a much larger electric field than the one generated in a curvilinear space. However,

to prove that the increment of background pressure effectively influences the electron

emission into a vacuum chamber, simulations are performed here accounting for more

realistic collisional scales but without the influence of the self–consistent electric field.

For this aim we have nc = 1020 m−3 and σc = 10−19 m2, values close to the characteristic

e-0 collision frequencies.

The emitted current close to the wall, and a position far from it, is shown in figure 6.12.

Due to the large characteristic length, the position far from the wall in which the

emitted current is analysed is 35 cm, much closer to the position of a detector or the

vacuum chamber enclosure in a real experimental setup. It can be seen that close

to the wall, figure 6.12a, emitted current increases with the background pressure p0
meaning that electrons are retained due to the increasing electron-neutral collision.

Moreover, this behaviour is linear, contrary to the one found for figure 6.1a, where

JT reached a maximum for an intermediate value of pressure. It can be assumed that

the non–monotonic behaviour results from the interplay of elastic collisions and the

self–consistent electric field.
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With respects to positions far from the wall, figure 6.12b, the emitted current decreases

for increasing p0, consistently with the results found in the previous section. It is

clear that, even when the self–consistent electric field is missing in these simulations,

collisions with the background gas influence the emission of electrons into a vacuum

chamber. In spite of the results found here, more accurate models and simulations are

still required. This model established that electron-neutral collisions play a important

role in the dynamics of emitted electrons. The description of plasma-wall interaction

as a discontinuous media opens a wide range of possibilities to describe this complex

system, accounting for physical phenomena in both, the metal and the vacuum chamber.

However it proper description requires the development of numerical tools, propagators,

and the capability to solve big demanding computational resources problems, which are

out of our reach at this point.

6.2 Collecting wall

When the plasma is bounded by a wall capable of collecting charged particles, its dy-

namics describes a very complex system, related to the rapid charge separation obtained

and the modification of the plasma dynamics caused by the collection of particles. In

this section, we present a kinetic model to describe ions and electron dynamics of a

weakly ionized plasma close to a collecting wall, with no previous assumptions about

the density or electric potential shapes. The kinetic model in the 1D1V planar phase

space employed is mathematically expressed as

∂fα
∂t

+ v
∂fα
∂x

+
qαE

mα

∂fα
∂v

=

(

∂fα
∂t

)

α0

(6.7)

∂2φ

∂x2
= − e

ǫ0
(ni − ne)

φ(0) = φw

∂φ

∂x

∣

∣

∣

∣

x→∞

= 0

(6.8)

where (∂fα/∂v)α0 is a Dougherty collision term for charged particles interactions with

neutrals and φw is the potential of the collecting wall, situated at x = 0 and α = e, i.

To solve this system, a slabbing method is employed instead of directly using the 1D1V

propagator from section 2.2.2. This approach allows a better representation of the

process in the v direction and reduces the number of points required to represent the x

direction. This slabbing method is appropriate because the dynamics in the x direction

is dominated by the convective flux of particles and not the spurious diffusive process.

This slabbing method consists on numerically evaluate the flux of particles v∂fα/∂x

and replacing it in (6.7) by a non–homogeneous term that represent the particle balance

through the slab. With this approach, it is possible to avoid some issues presented in

the description of 1D1V cases, in section 2.2.2, as boundary conditions and the large

amount of points required in the x direction. Similar approach was employed in [43],
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Mass (kg) Velocity (m/s) Temperature (eV) Density (m−3)

e 9.10938356 × 10−31
√

kTi

mi
1 ri

nT

2

i 72819.6 ×me

√

kTi

mi
0.1 ne

0 me +mi 0 0.01 nT (1 − ri)

Table 6.1: Argon plasma to analyse the collecting wall by a one-dimensional slabbing method.

where a source term was used to introduce a heat flux to compute transport coefficients

of a two-dimensional plasma in the velocity space, based on the pioneer work by J. P.

Matte and J. Virmont [158].

To analyse the behaviour in the different slabs, the flux term in the x direction is

evaluated as

− v
∂fα
∂x

≃ sflux(x, v, t) =

{

−v fα(x+∆x,v,t)−fα(x,v,t)
∆x if v < 0

−v fα(x,v,t)−fα(x−∆x,v,t)
∆x if v > 0

, (6.9)

coming from the physical sense of the divergence of vf per unit of volume. Here, ∆x

represents the separation between two consecutive slabs. This is consistent with the

explanation provided in 2.2.2 about the possible boundary conditions, where the flux

of f through a surface must be positive, i.e., n · v > 0. Applying this approximation

to equation (6.7), the resulting one-dimensional problem for each slab becomes

∂fα
∂t

+
qαE

mα

∂fα
∂v

=

(

∂fα
∂v

)

α0

+ sflux. (6.10)

As initial condition for the plasma we assume a quasi–neutral argon weakly ionized

plasma with the parameters from table 6.1 carried out into drift Maxwellian distri-

butions. This initial condition ensures that a large number of particles reach the

wall at x = 0, but there will always be an amount of returning ones to the quasi–

neutral plasma, due to collisional effects or the action of the self–consistent electric

field. To modelise the charge-neutral collisions, constant cross–sections are used as

σi0 = 10−18 m2 and σe0 = 10−20 m2 with a total density of particles nT = 1019 m−3 and

the ionization ratio ri = 10−6. Charge-neutral collisions vary their intensity through

the thermal velocity, as presented in chapter 5. Charge-charge collisions are neglected

due to their weak influence in species dynamics for this ionization ratio, as presented

in figure 5.5. Due to the upwind slabbing, a small ∆x must be employed, which con-

strains the evolution to a reduced time step τ = 2 · 10−5 to ensure that the upwind

discretisation of the flux in the x direction is stable from a numerical point of view.

This slightly perturbs the mesh-free basis of the PIM, but it is a requirement to ensure

that the transversal flux is well represented. A total of 200 slabs is utilized, covering

the space from x = 0 up to x = 40 cm. In the first slab, a total absorbing bound-

ary condition is imposed, meaning that fα(0, v > 0, t) = 0. The distribution function

for fα(0, v ≤ 0, t) = 0 is accounted as a one-dimensional semi–open problem in the
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Figure 6.13: Density current for electrons and ions at x = 0 and x = 40 cm.

ωpe(x = 0) ωpe(x→ ∞) ωpe Numerical

115.633 126.166 106.461

Table 6.2: Electron plasma frequencies close to the collecting wall. All values are expressed

in rad/µs−1.

region (−∞, 0] with the boundary condition fα(0, 0, t) = 0. At x = 40 cm, the distri-

bution function for negative velocities is kept constant to sustain the plasma while the

distribution at positive velocities is perturbed by the downstream flux and collisional

processes.

The density current, Jα(x, t) = [qα] is plotted at x = 0 and x = 40 cm in figure 6.13.

The wall acts as an initial perturbation that disrupts the quasi–neutral plasma. In

figure 6.13b it can be seen how electrons move faster, creating an oscillatory situation

that is dumped after a time of 1µs approximately. After the initial perturbation,

plasma adapts itself to the new situation, but each species make it at its own rate. The

wall effect is quickly felt by the electrons, due to their high energy and low mass, and it

can be seen how the point far from the wall is influenced as positive velocity particles

decrease, leading to a more positive electric current. Electrons behave in an oscillatory

way to adapt to the sudden perturbation of the wall. These oscillations, of unique

frequency, are related to the plasma frequency ωpe, approximated for cold plasmas as

ωpe =

√

4πnee2

me
= 2πfpe ≈ 2π 8980

√
ne rad/s, (6.11)

where ne is the electron density, with all magnitudes in cgs units. For this expression,

ion mass has been assumed to be infinite. Table 6.2 presents the plasma frequency

for three situations. First, two cases from equation (6.11) using the electron density

at x = 0 and far from the wall at a time of t ≃ 0.15µs, which correspond to the

approximated values of 4.2 ·106 and 5 ·106 cm−3 respectively. Then, the result obtained

extracting the mean frequency from the cycles in figure 6.13b is presented. It can

be seen how all frequencies are in the same order of magnitude of 100 rad/s, but the
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Figure 6.14: Contours of fe×10−7 in arbitrary units at different time frames. The relaxation

of the returning electrons is clearly appreciated for t < 1µs

numerical value is slightly lower than the analytical one for x = 0. Hence, it is assumable

to say that the electrons are evolving in the simulations close to its own frequency.

Moreover, this result arises naturally from the self–consistent resolution of the model,

without imposing any constrain. The self–consistent resolution of the electric field

is crucial to obtain this result, since small variations in it are the main reason of

the electron oscillatory state. So, our simulations produce a evolution that resembles

physical properties of the plasma. Moreover, an evolution of ions is appreciated if

figure 6.13c, meaning that this heavy species reacts to the perturbation produced by

the wall, but in a larger time scale than electrons.

Figure 6.14 pictures the contours of fe at four frame times. For short times, the effect

of the wall only reaches positions close to it, but as time increases, the influence in

the distribution function extends, and an important part of electrons is repelled by the

metallic wall. The wall highly influences the positive velocity part of the distribution

function, which perturbs the quasi–neutral plasma. Some works, as [21, 89], include a

non–homogeneous term to maintain the quasi–neutral plasma from a certain position.

In the actual model, this task is achieved only by the boundary conditions at x = 40 cm.

This means that all the domain can be affected by the presence of a metallic wall. The

use of an external source-sink of particles to maintain the plasma could perturb the

system evolution [159], forcing an specific electric potential structure. Nevertheless,

the boundary conditions at 40 cm are a difficult task to establish. To properly describe
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Figure 6.15: (a) Electric field and (b) potential close to a collecting wall. Monotonic

evolution is found for the potential, but interesting variations close to the wall arise for the

electric field.

the quasi-neutral plasma, enough space in the x direction should be provided to ensure

that the system recovers a quasi–steady state without external terms. However, the

computational time required to achieve that number of slabs is not available right now.

The boundary condition at x = 0 means that no particles are introduced into the

numerical domain. However, it can be seen how a population of electrons still holds

for v > 0. This is caused by the amount of electrons that return due to effect of the

self–consistent electric field and the collision with neutrals. To analyse the first cause,

the electric potential and field are pictured in figure 6.15. It can be seen how the

fast evolution of electrons generates a large electric field due to the charge separation

evolving to eliminate it by accelerating electrons positively and ions negatively. The

electric field reduces its intensity as time increases and the potential difference between

the wall and the end of the numerical domain is reduced drastically, as the plasma

self–consistently adapts to the boundary condition. This creates some of the returning

trajectories identified in figure 6.14.

6.2.1 Effect of ions dynamics

Although ions evolve in a slower time scale than electrons, its dynamics is relevant to

the system dynamics [21], specially for relatively large evolution times. Figure 6.13

shows the fast evolution for electrons, with an oscillatory state for short times, and

the quasi–steady state for times in the order of µs. Ions take longer time, greater

than µs, to adapt to the new situation. In the results presented here, it is not clear if

ions have reached a quasi–steady situation, as an oscillatory response in a much larger

time scale is expected. The influence of the ions dynamics for short and long time

scales is studied in figure 6.16, where the electron density current Je at x = 0 with

and without accounting for the ion evolution are compared. For small evolving times,

figure 6.16a, both evolutions agree. However, for longer times, quasi–steady electron

state differs completely. This is mainly caused because ions evolution is only relevant
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ions in time. Ion evolution reduce the electric field close to the wall as they are being collected.

for large times. Nevertheless, the time intervals analysed are in the order of µs, while in

weakly ionized plasmas measurements and evolutions may take place in scales close to

the ms. This means that to study WIP with a coupled Poisson’s equation the presence

and dynamics of ions is relevant for scales larger than the µs. Neglecting the evolution

of this species and the influence that it has in the Poisson’s equation can result in a

completely different dynamics and steady state.

Because of the only coupling between ions and electrons dynamics comes from the

Poisson’s equation, the choice of leaving the ions fixed and infinitely massive creates

a significant difference in the self–consistent electric field, specially for long times as

shown in Figure 6.17. It can be seen how the electric field found at the end of the

simulation differs close to the wall if ions evolution is accounted for. When ions are

evolved, an ion collection at x = 0 appears, its density is reduced, resulting in a small

charge separation. However, if ions are fixed at their initial condition, i.e., ion density

is uniform and static, a electric field of high intensity is found close to the collecting

wall as a result of the enlarged charge separation. It is expected that this difference

increases for larger evolution times.
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6.2.2 Influence of charge-neutral collisions

Another interesting topic is to study the effect of the charge-neutral interaction in the

plasma close to a collecting wall. To this aim, simulations with different values of σα0

are presented for the cross-sections ten times the ones employed above.

The density current at x = 0 for short times 6.18b the electrons evolve similarly.

However, as time increases, differences appears and quasi-steady states of both species

slightly differ. Nevertheless, these differences are small, ∼ 0.01A/m2 and do not signifi-

cantly modify the electrons state. A faster electron relaxation is found, meaning that

collision frequency could influence the response time when the system is perturbed.

On the other hand. ions, figure 6.18c, do not reach a quasi–steady situation as collisions

with neutrals results in a fast response of this heavy species. This indicates that ion

relaxation times are highly influenced by collisional effects and are much larger than

the total time studied here. In view of this, it is assumable that in previous simulations

ions have not reached a stationary state but their characteristic relaxation time is much

larger than the simulation time. Additional simulations should be performed to really

identify the ions dynamics, as its influence at longer times is not clarified with these

results.

6.3 Conclusions

The very involved and interesting plasma wall interaction phenomena has been mod-

elled and numerically solved by two distinguishable models. This problem is of huge

importance in the characterization of plasmas and its dynamics in bounded domains.

Many disparate and odd processes determine the dynamics of these systems, as the

distribution and energy of emitted electrons, the self–consistent electric field and the

effects appearing in the vacuum chamber in which plasma exists. Kinetic descriptions

of these phenomena are an arduous task, but they provide relevant information, helpful
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to understand the processes involved and how they influence the interaction. In our

models, no assumption about the distribution function or the potential field is assumed,

since they are obtained from a pure self–consistent kinetic resolution.

A discontinuous plasma-wall model to describe the electrons emitted and collected back

by a high temperature metallic planar wall has been presented, for the first time, in this

chapter. Influence of the background pressure created by the neutrals gas inside the

vacuum chamber has been analysed, finding that electron-neutral elastic interaction

plays a very important role in the description of the emitted particles, specially for

relatively high background pressures. Moreover, the self–consistent electric field has

been found to be of mayor importance to properly describe the electron dynamics in the

vacuum chamber. The potential difference between the metallic wall and the vacuum

chamber is therefore important as a saturation process appears for certain values of φw.

This saturation means that no barrier is imposed by the electric field and all particles

are emitted to the metal. A similar relation to the Richardson-Dushman law is found

when the saturation current Jsat is analysed as a function of the temperature. The

saturation current only depends on the wall properties, but the potential required to

reach this scenario φsat depends on both, wall properties, mainly its temperature, and

the background pressure. Although these results are a first step in the description of a

troublesome scenario and simulations must be improved to account for more realistic

scales and geometries, some dynamics are similar to those found in the laboratory,

as the decrement of emitted electrons due to the increment in neutral density or the

saturation of the emitted current for a certain wall potential.

In addition, the description of ions and electrons in the presence of a collecting wall has

been carried out. Even when mass of this species is huge compared with electron one, its

dynamics close to a collecting wall modifies the electric field, as ions are being collected

by the wall and its density is being reduced, resulting in a lower charge-separation. At

the same time, collisions between charges and neutrals are also important at kinetic

levels. This is due to electrons and ions dynamics being highly influenced by the

interaction with neutrals, specially in the case of ions where non–steady situations

are clearly identified. Larger simulation times are required to properly describe the

ions dynamics, as well as the possible variation in time of wall conditions, as electric

potential or emission of particles, to extend the applicability of this model.

Once more, the numerical stability and properties of the Propagator Integral Method

have been satisfactory tested. Physical results are obtained as a consequence of the

self–consistent resolution of involved models, including the effect of the electric field or

charge-neutral collisions. The future works to translate these models into cylindrical

and spherical geometries to match the typical probes shapes will be carried out. More

microscopic process should be included to analyse its influence, as well as a more

accurate description of the self–consistent electric field in the case of the discontinuous

wall emission model.
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CHAPTER 7

CHARACTERISATION OF A PLASMA THRUSTER

PLUME

Through out this memory, a wide class of scenarios, related to those found in experi-

ments, have been solved by means of the Propagator Integral Method (PIM). In this

chapter, a final important application of deep interest, in relation to an actual research

area of our group, is presented. Here the PIM is applied to modelise the plasma plume

generated by an electric thruster. By plume we refer here to the exhaust jet produced

by the plasma thruster. These plasmas are characterised by a mesothermal flow in the

axial direction, meaning that ion characteristic velocity is larger than the thermal one

but lower than electron thermal velocity. However, an expansion and relaxation of the

plasma jet occurs in the three-dimensional space, which is usually composed by the

radial and axial directions respect to the thruster axis. The importance of the plume

characterization resides in knowing the dispersion suffered by charged particles to avoid

interferences with other parts of the spaceship. Moreover, to have some control over the

thruster operation, it is important to analyse the main system parameters that control

the thrust obtained.

The basic procedure to generate thrust in plasma propulsion systems consists on the

acceleration of ions by means of intense electromagnetic fields [8, 160,161]. To accom-

plish this, a neutral gas is ionized inside a chamber and ions are then extracted and

accelerated while electrons are kept inside the chamber to contribute to the ionization

process. With these systems, a high specific impulse can be achieved, and thrust usually

lies in the order of ∼ mN. These characteristics provide a propulsive system suitable

for long missions where fuel payload is kept as low as possible. Orbit corrections, flight

formation, interplanetary travels, or end-of-life disposal of small satellites are missions

for which plasma propulsion is a promising durable long-lasting research field.
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The characterization of the plasma generated by these thrusters is not an easy task,

either from experimental or theoretical points of view. Fluid models and particle-in-

cell codes are usually employed for the modelisation of the plasma generated by the

thruster, which can leave behind microscopic phenomena that are of huge importance

to properly describe the ion energy distribution functions in the plume. Alongside

this, numerical resolution is specially difficult, since it is imperative to deal with non–

linear problems and proper evaluation of transport phenomena. An extensive review

of numerical methods employed to describe electric propulsion thrusters can be found

in [162] and references therein.

In this chapter, a kinetic model to describe the ions in a plasma plume is presented.

The main collisional processes that generate the ion distributions found in experimental

observations are analysed. In particular, we pay attention to the plasma plume gener-

ated by ALPHIE (Alternative Low Power Hybrid Ion Engine) [100,127] of figure 7.1, a

low power ion thruster in current development by the UPM PlasmaLab. This thruster

consists on a set of magnetic crowns that generate a field inside the chamber to trap

electrons coming from the active cathode neutraliser that ionize the neutral gas intro-

duced through the inlet. Two grids are situated at the thruster exhaust, a cathode

and an control grid. The main propose of these two grids is to retain electrons inside

the discharge chamber, to contribute with the ionization process, and to control the

exhaust of ions that provides the thrust. All the system is DC powered, and therefore

this thruster is categorized as an electrostatic one.

(a) ALPHIE plasma thruster
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Figure 7.1: (a) The ALPHIE plasma thruster chamber and magnetic crowns and (b) its

electrical scheme. All credit correspond to the experimental team of the UPM PlasmaLab.

However, the model presented in this chapter is not applicable only to describe the

ALPHIE’s plume but it is intended to be of general use for other thrusters with similar

operation modes and physical properties. The aim of this chapter is to elucidate the

basic phenomena, at microscopic scale, observed in the laboratory, and to obtain a first

kinetic description of the plasma plume.
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7.1. EXPERIMENTAL MOTIVATION

7.1 Experimental motivation

As previous said, one of the main objectives of this chapter is to describe the physi-

cal processes that generate the ion energy distribution function found in experiments.

Hence, it is useful to firstly present some of the results obtained by the experimental

team of the UPM PlasmaLab by means of a Retarding Potential Analyser (RPA) [118,

127]. Main results are summarised in figure 7.2. In these measurements, a double

peaked ion energy distribution function (IEDF), figure 7.2a, is found as being the

superposition of 2 distributions: one corresponding to the accelerated and the other

corresponding to the thermal population of ions. In this figure, Q is the mass flow in-

troduced to the inlet and pA is the vacuum chamber pressure in which the measurement

process takes place. As the control parameter VAC increases, the thermal population

of ions become more energized, while the thermal peak remains more or less constant,

figure 7.2b. A relaxation process takes places along the plume, figure 7.2c, as the ac-

celerated population of ions vanishes and only the thermal one remains. Meanwhile

fluid models could properly account for the macroscopic plume evolution, a distribu-

tion function suitable to compare with experimental results can only be achieved by

means of a kinetic description.
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Figure 7.2: Measurements of the ion energy distribution function by means of a RPA per-

formed in the low temperature plasma laboratory of the UPM PlasmaLab. (a) Effect of in-

creasing VAC . (b) Energy of the accelerated and thermal maxima as a function of VAC . (c)

Relaxation of the ion beam as axial coordinate z increases.

7.2 Ion kinetic description in the thruster plume

In this section, a kinetic model to describe the evolution of ions at different posi-

tions in the axial direction of the ALPHIE’s plume is studied. The aim of this basic

model is twofold: firstly, to study the microscopic processes that produce the double

peaked distribution function found in the experiments and, secondly, to obtain a ki-

netic description of the thruster plume capable of reproducing different realistic plasma

scenarios.

The Propagator Integral Method (PIM) is used to account for elastic collisions and
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nγ (×1018 m−3) Kγ (eV) Tγ (eV)

Neutrals (for all z) 1 − ri m0(10V 0
th)2/2 0.0431

Ions (at z = 0, v > 0) ri/2.0 K0 0.0431

Table 7.1: Initial conditions (density, kinetic energy and temperature) for neutrals and ions.

Subscript γ references ions and neutrals.

non–homogeneous terms (as charge-exchange) and obtain a time evolving 1D1V ion

distribution function. The slabbing method introduced in section 6.2 is employed to

discretise the plume parallel direction. Ions interact with a static and uniform back-

ground of neutrals by means of elastic collisions and charge-exchange, presented in

sections 4.1.4 and 4.3, respectively. Even when these two exchanges produce similar

macroscopic evolutions, the high energy ion flux coming from the thruster creates sig-

nificant variations in the distribution function that influences the system evolution.

Electrons and self–consistent electric field do not influence the dynamics of the ions. It

is reasonable to assume that the high energy of ions produced by the thruster, in the

order of ∼ 100 eV, are insignificantly affected by the interaction with the light species

or by the low electric field, in the order of ∼ 1V/m. However, their influence should be

analysed in depth for more involved descriptions. Nevertheless, the approach discussed

here provides a first kinetic description of ions and analyses the microscopic phenomena

that affect their distribution in the velocity space.

To describe the ions in the thruster plume, the motion equation

∂fi
∂t

=

(

∂fi
∂t

)

i0

+ sflux + siex, (7.1)

is solved for each slab in a 1D open velocity space, where sflux is the flux along z, the

parallel direction, described by equation (6.9), sc-e is the charge-exchange term between

ions and neutrals presented in section 4.3, (∂fi/∂t)i0 is the elastic Dougherty collisional

term from section 4.1.4 and v is the velocity associated with direction z. The properties

for ions and neutrals are in table 7.1, where K0 = miu
2
i /2 is the kinetic energy of the

ions at the first slab, ui its associated velocity, usually in the range of 40–50 km/s; ri
is the density ratio between ions and neutrals and V 0

th =
√

kT0/m0 is the thermal

velocity of neutrals. Drift-Maxwellian distributions functions are assumed as initial

conditions. It is clear that the flux of ions accelerated by the thruster is represented

here by a distribution function of high kinetic energy, i.e., high mean velocity, and low

temperature, resulting in a Dirac delta like distribution function. However, this shape

is an assumption as a more accurate ion distribution should be obtained from other

models or experimental measurements.

In the different simulations performed in this chapter, ions starts only as a single δ

shaped population in the first slab, which is fixed through the simulation because ion

extraction is assumed as uniform and stationary. As stated in section 2.2.2, boundary

conditions can only be imposed in a constrain range of v. Equally to section 6.2, some
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parts of the boundaries have a distribution function different from zero. In this problem,

the first and last slabs are used as boundary conditions to confine the system evolution.

The first plasma slab impose the drifted distribution function for ions for v ≥ 0 and

solves the ion distribution function in the domain v < 0 assuming a total absorbing

boundary condition at v = 0 to ensure a continuous f . At the last slab, a total collective

wall is assumed to represent a probe positioned far from the thruster exhaust. This

is, fi is zero for v < 0 and that the distribution function is solved for v > 0 with null

fi at v = 0. To numerically solve the problem, all variables are dimensionalised by its

reference values, represented by the superscript 0, which are

n0 = 1018 m−3; m0 = mi = 6.627 · 10−26 kg; q0 = e;

σ0 = 10−19 m2; v0 = V i
th; T 0 = Ti; (7.2)

µ0 = σ0v0; ν0 = n0µ0; t0 =
1

ν0
; E0 = 1V/m; L0 = v0t0.

A number of 20 slabs, separated a distance of 2 · 10−3 dimensionless units is employed,

with a time step τ = 2·10−6. A total of 5001 points are employed in each slab to discre-

tise the velocity space, covering a distance from ∼ −100 up to ∼ 260 non–dimensional

units, to allow the representation of high and low ion velocities. All results are pre-

sented in a quasi-steady situation reached after 1000 iterations, which corresponds to a

time of ∼ 60µs. For these simulations, ions and neutrals have the same mass as their

difference, the electron mass, is minimum when the reference scale is the ionic one.

7.2.1 Influence of charge-exchange and elastic collisions

Now, the influence of the collision processes between ions and neutrals is studied. For

all simulations presented in this section, K0 = 500 eV and ri = 10−5. Firstly, the effect

of charge-exchange is analysed. To do so, different cross-section for this process are

tested in the simulations and the distribution of ions through the slabs is analysed.

Three cases varying the charge-exchange cross-section value are presented: no charge-

exchange (σex = 0), a constant cross-section (σex = 5 · 10−19 m2), and the case with an

energy dependent cross-section as the one employed by M. Lampe et al. [121], taking

the form

σex = 5.53 · 10−19(1 − 0.0543 ln ǫ) m2, (7.3)

where ǫ is the kinetic energy, in eV corresponding to the relative velocity |v − v′|. A

cross-section of σi0 = 10−18 m2 is employed to describe elastic collisions between ions

and neutrals.

Figure 7.3 pictures the ion distribution function fi for the different cases of charge-

exchange cross-section at three positions in the axial direction. The first relevant result

extracted from this figure is that no thermal peak appears without charge-exchange.

This means that this process is the main mechanism that produces a population of

thermalised ions, i.e., ions at the energy level of neutrals. Moreover, part of the high
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ions. With charge exchange, the current density is highly reduced while a temperature orders of

magnitude higher than the initial one is reached.

energy flow is transferred to the neutral background, resulting in a macroscopic reduc-

tion of the ion energy. When no charge-exchange is accounted for, Ji = [qi] is only

slightly affected by the boundary condition at z = 40 cm, but remains almost constant

through out the plume, figure 7.4. For this case, temperature only increases as a result

of the elastic collision between ions and neutrals. On the other hand, when charge-

exchange is accounted for, similar behaviours are found, regardless if the cross section

depends on the relative velocity. As z increases, the thermal peak grows, meaning that

a determined length scale is required for this peak to appear and stabilize. Also, the ap-

pearance of the thermal peak highly increase the ion temperature, resulting in a more

intense elastic collisions as µi0, the collision parameter related with the ion-neutral

elastic exchange, is proportional to the thermal velocity. It is important to stress that

this temperature is computed using the distribution function in all the velocity space,

as usual in this dissertation. In all cases, it can be seen how ions distribution function

suffers a relaxation in a certain length, meaning that ions of a large variety of velocities

arise, which agrees with the experimental results presented in figure 7.2a.
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Figure 7.6: Influence of the elastic collision in the current density and temperature for the

ions. Elastic collisions reduce the ion density current and slightly increase temperature.

The influence of ion-neutral elastic exchange is also studied for some constant values

σi0 = 10−18, 10−19 and 10−20 m2. Figure 7.5 shows how fi varies with different collision

cross-sections along the plume axial direction. For low values of σi0, two differentiated

maxima are found, as the distribution function between them vanishes, meaning that

no relevant population of ions exists on that velocity range. As collision frequency

increases, the spread of ions also develops, increasing the probability to find an ion at

velocities between the two main peaks. However, the situation found in the experimen-

tal measurements where ions fill a wide range of velocities between both peaks is only

recovered in the case of σi0 = 10−18 m−2. It is clear that the kinetic model studied

here reproduce the relaxation of the plasma plume obtained in the experiments if the

cross-section for collisional processes have the appropriate values.

With respect to the current density and temperature for the ions in the plume, figure 7.6

shows its evolution for different σi0. Elastic collisions between ions and neutrals increase

the ion temperature and reduce the current density for all z. However, it can be seen

how small cross sections values result in an uniform evolution of the temperature for

all positions. The effect of the absorbing boundary at z = 40 cm is more significant as

elastic collision cross-section increases, as it affects fi(v < 0), relevant for high intensity

elastic exchange, easily appreciated in the temperature evolution close to the domain
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edge. So, elastic collisions are responsible of ion relaxation along the plume axis, leading

to the wide ion energy distribution functions found in experimental results.

It is important to notice that the evolution of the distribution function and, as a con-

sequence, its associated moments, is not constant along the axis direction. This means

that the collisions between ions and neutrals require a certain length scale to stabilize.

Moreover, boundary conditions at the end of the domain also seems to influence the

thruster plume, specially for high rates of ion-neutral exchange.

A substantial difference respect to the experimental case is found, as here the acceler-

ated population holds in all the plume and do not vanishes. This could be caused by

two main effects not accounted for in this preliminary model: the recombination with

electrons or the three-dimensional space in which the relaxation processes take place.

As the RPA is only capable of measuring the ions travelling parallel to z those ions that

scatter in the radial direction ar not measured, which could explain the reduction of ion

density presented in figure 7.2c. Further analysis of these two phenomena is required

in order to obtain a better description of the thruster plume.

7.2.2 Effect of the initial ion velocity

To discuss the evolution of ions in the thruster plume at different operation regimes,

some situations for a wide range of K0 are numerically studied now. This value deter-

mines the kinetic energy of the ions at the first slab, and it is directly related to the

thrust delivered by the electric thruster. With this analysis, we aim to find different

behaviours as a function of the energy provided to the ions by the thruster.
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Figure 7.7: Distribution function for different values of K0. As initial velocity of ions

increases, a more energetic ion flow is delivered by the thruster.

To complete the model, some parameters are required: the Lampe charge-exchange

cross-section from equation (7.3) and σi0 = 10−18 m2 for the elastic collisions are used,

as these parameters seem to produce evolutions close to the experimental data. Here,

several kinetic energies are employed (K0 = 200, 300, 400 and 500 eV), representing

typical values of the ALPHIE operation range. Figure 7.7 plots the ion distribution

function at three positions in the plume. The accelerated peak moves to faster velocities

as K0 increases, while the thermal peak remains at the same position as it is only
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Figure 7.9: Evolution of the ion current density and temperature as a function of K0. A

quasi-linear behaviour is found for both macroscopic values as ion initial energy increases.

affected by the neutral distribution function. It is clear that increasing the first slab

ion kinetic energy results in a more energetic ion flow, as the peak of accelerated ions

increase its velocity. Moreover, ion relaxation also seems to be highly affected by ion

energy, while thermal population remains more or less constant, but it seems slightly

higher for lower values of K0, as found in the experimental results from figure 7.2a.

The evolution of distribution peaks, the accelerated and the thermal one, is studied in

figure 7.8. The accelerated maximum, figure 7.8a, responds linearly toK0, but the peaks

velocity reduces as position increase due to elastic exchanges with neutrals. However,

the thermal peak, figure 7.8b, remains almost constant and it is weakly dependent with

the ions initial energy. Nevertheless, it can be seen how ions require some length to

form the thermal peak and achieve a velocity close to the neutral mean one pictured

at z = 0.

Furthermore, if the ion current density and temperature evolution is analysed through

the plume, figure 7.9, it can be seen how an almost linear dependence is found as

the initial kinetic energy K0 increases. For higher initial velocities, a more energetic
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flow is found, i.e., the ion current density and temperature increase. Nevertheless,

while the evolution is quite similar for all K0 studied here the increment of Ji is not

completely linear with K0, as can be seen in figure 7.10. For high kinetic energies,

ion current density deviates from the linear interpolation computed with the values of

Ji at K0 = 200 and 300 eV. This is related with the increment of ion neutral elastic

exchanges as the temperature increases, which results in an intense coupled influence

between ions and the neutral background.

7.3 Conclusions

The characterization of a thruster plume is of paramount importance to analyse the

operation regime of ion thrusters and plan future modifications for these propulsive

systems in general, and the actual ALPHIE prototype in particular. In this chapter,

a kinetic approach of the ions generated by an electric thruster has been presented

accounting for two simple collision interaction: charge-exchange and elastic collisions,

which are critical to obtain distribution functions comparable to those measured in the

ALPHIE plasma thruster, as the parametric analysis performed demonstrates.

The charge-exchange between ions and neutrals is responsible of the two-peaked dis-

tribution function. This means that this process is the main cause to produced the

thermal peak, i.e., the ions that appear at the neutral energy. Moreover, this process

reduces energy from the ion flux, transmitted to the neutral species as a significant

reduction of the current density appears as a consequence of the new thermal ion pop-

ulation. However, ion-neutral elastic exchange creates a relaxation process as wider

distributions appear along the axis, reducing the current density and increasing the ion

temperature.

If the initial velocity of ions is enhanced the plume becomes more energetic, increasing

the ion current density and temperature in an almost linear way. Despite this, for

higher values of K0, ion population exchange more energy with neutrals, resulting in a

less energetic flow. Thence, a non–monotonic response may appear, which could impact
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the thruster efficiency which has to be further analysed.

This model picks some of the basic dynamics that are found in the thruster plume

experimental characterisation. Still, this model allows the analysis of a huge variety

of scenarios, as parameters as the initial energy of ions, the ionization ratio ri among

others; can be modified to obtain a parametric analysis. Also, the capability of the

Propagator Integral Method to reproduce physical situations by just evolving a system

based on the relevant microscopic phenomena is, again, of huge importance to produce

trustworthy results able to cross-check with experiments.
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CHAPTER 8

CONCLUSIONS

In the development of this dissertation, different topics from numerical, theoretical

and experimental fields have been discussed. Special attention has been paid to their

applications in Plasma Physics.

In chapter 2, a generic procedure to apply the Propagator Integral Method (PIM) to

general differential equations has been introduced, expanding the applicability of this

method to solve a variety of equations that appears in many areas of mathematics,

physics and engineering. In addition, a series of numerical hindrances encounter during

its development have been presented, to explore the issues that may arise during the

resolution of more complex problems. The method provides a stable, accurate and

consistent time-evolving solution for all the basic examples presented, but, as all the

numerical methods, errors are always introduced. To apply the numerical method to

more involved models, it is important to be aware of these errors and try to reduce

them. In addition, the method has been applied for the first time to non–diffusive an

ordinary differential equations, providing solutions impossible to obtain with classical

methods based on finite differences. This extension allows a resolution of other problems

in Plasma Physics as the Vlasov or Poisson’s equations, without loosing generality or

any of the properties presented in the application to drift-diffusion equations. This

proves that the time advancing scheme does not relay on the propagator shape and the

arduous task is to find a propagator that fulfils the differential problem, with proper

boundary conditions.

A brief practical review of kinetic and fluid descriptions of plasmas have been presented

in chapter 3, to establish the foundation of terminology and concepts employed in this

dissertation. Some examples of evolution of non–collisional plasmas has been presented

to test the 1D1V non–diffusive propagator. Relevant dynamics that reproduce physical
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behaviours have been found, specially when a self–consistent electric field is coupled

with the charged species dynamics to account for the possible charge separation. Dif-

ferences between the heavy and light species due to the action of this electric field arise

naturally as a consequence of the self–consistent model utilised. These scenarios require

a further exploration, because they could be relevant to analyse typical phenomena of

non–collisional plasmas, as the Landau damping. Thence, a new path to the analysis of

non–collisional plasmas by means of the Propagator Integral Method has been opened.

Chapter 4 has introduced the collision terms and other particle interaction process em-

ployed through this work. Numerical conservation of norm, momentum and energy for

one and two disparate species has been tested, finding that the PIM is an excellent tool

to deal with these problems and conserve the macroscopic quantities with very small

numerical errors. In addition, a comparison between typical collisional operators has

been performed, finding that BGK term can produce non–physical transitory situations

that derive in an incorrect entropy evolution.

Chapters 5, 6 and 7 present the main applications of the PIM to the kinetic model

developed to analyse different plasma types.

Firstly, chapter 5 presents a new one-dimensional three species (electrons, ions and

neutrals) kinetic description for Weakly Ionized plasmas which include all elastic in-

teractions among the species. A huge influence of the charge-neutral interaction has

been found, meaning that neutrals have a relevant impact in the dynamics of weakly

ionized plasmas and a self–consistent model is required to describe these systems. The

model is consistent with plasma theory and accounts for relevant phenomena in the

one-dimensional velocity space. Dynamics of all species depend largely in the collision

frequencies, which change with the species energies and densities. This becomes relevant

in may situations that appears naturally, e.g., when an electric field changes abruptly.

Beside the different test performed to analyse the response of a WIP in a variety of

scenarios, this model has been used to study a discrepancy found in experiments when

a Langmuir probe was utilized to characterise a plasma. Numerical and experimental

analysis indicates that the change in plasma response to different sweep frequencies

is related to variations in the the exchange-rate between charged and neutrals due to

fast changes of the electric field that leads to variations in temperature. In addition, a

calculation of transport coefficient for electrons as a function of electric field and the

ionization ratio has been performed, finding a similar response as the one-dimensional

model. Linear evolution of electron density current and heat flux up to a certain ion-

ization ratio appears where temperature remains constant with the ionization ratio and

only depends on the electric field intensity. After a certain ionization degree, electron

temperatures drop rapidly as the electron-ion exchange gains relevance. However, the

model should be expanded to account for ion and neutral evolutions. Nevertheless, this

path of computing transport coefficients by solving the complete distribution function

opens a wide range of possibilities and its development will be continued in the future.

The chapter 6 presents two kinetic descriptions for the plasma wall interaction. First
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one deals with the electrons in the wall and in the vacuum chamber as a discontinuous

medium. Effect of the wall temperature, background pressure and electric field have

been analysed. It has been found that electron-neutral interaction is of mayor relevance

as it reduces the energy of the emitted electrons and acts as an additional barrier to the

emission process. The influence of the self–consistent electric field generated was also

analysed. The effect of this force depends on the potential difference between the wall

and the vacuum chamber, as it may create a potential well that retains a population

of emitted electrons or may saturate the emitted density current for certain values

of wall potential. The variation of the potential well and the saturation phenomena

as a function of the wall temperature and background pressure was studied. The

saturation current was proven to be constant regardless the neutral density in the

vacuum chamber. However, the potential difference required to reach it depends on

the neutrals pressure and the wall temperature. In addition, a model to describe

the collection of charged particles, electrons and ions, in front of a planar wall was

presented. Influence of the ions dynamics and the charge-neutral collision intensity

was studied, two phenomena that are usually neglected in similar models. Because

ions are also collected by the wall, which reduces its density deriving in a significant

variation in the self–consistent electric field if this species evolution is not accounted

for. This influences the electron dynamics, specially the quasi-steady value reached.

Charge-neutral collisions result relevant as electrons and ions dynamics are affected

by the intensity of this exchange, affecting transitory and steady responses. Further

analysis of both plasma-wall models are required, specially the translation of these

models to cylindrical and spherical coordinates to match the common geometries of

probes employed in the laboratory.

Finally, chapter 7, presents an analysis of a ion thruster plume by means of a pure

kinetic model. The main phenomena that generates the ion distribution functions

found by experimental means were analysed. The charge-exchange between high energy

ions and low energy neutrals is the main reason for the thermal peak to appear, while

elastic collisions result in a relaxation of the ion population, allowing them to have a

wide range of velocities between the thermal and accelerated ones. The two processes

studied are mandatory to obtain results similar to those found in the laboratory. For

increasing ion initial velocity, the resulting plume becomes more energetic, but a linear

evolution in the ion density current is not found for high velocities, meaning that an

important part of the ions initial energy is being transferred to the neutral species. In

all cases, the PIM efficiency and sensibility to detect non–linear effects has been stated

as an useful tool for the present and future works.

8.1 Future lines of research

The development of the numerical method and its application to solve involved kinetic

problems opens new possibilities to obtain pure kinetic, non–linearised, descriptions of

plasmas. Of course, this means that new research possibilities arise in numerical and
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theoretical frames to expand the applicability of the numerical method.

The main topics of the PIM that should be improved are:

• Reducing the memory required to store the propagator and the time per iteration.

As we saw, the PIM requires large amounts of memory (RAM) to store the

propagator and a long time to compute each time step. These problems should be

addressed to increase the number of points in the grids and allow longer simulation

times.

• Performing a distributed simulation to allocate resources from different nodes in a

cluster. This will allow the inclusion of more grid points in the simulations, which

would specially improve the resolution of multiple-dimensional problems. Thence

a method to separate a simulation across different nodes in a cluster machine

employing Message Passing Interface (MPI) should be developed.

• The improvement of the solution stability and stability when the diffusive tensor

is small, specially in 1D1V cases.

• Conservation for two-velocity collision terms should be improved to reach an error

in the order of 10−10, as in the one-dimensional cases.

Moreover, new revisions of the models studied in this dissertation should be developed

to account, among others, for:

• Transport coefficients computed in chapter 5 should be extended to account for

ion and neutral evolutions, as well to extend the computations to other gases

commonly employed in laboratory and commercial applications. Calculations

presented here open a new path to compute transport coefficients in a variety of

situations that should be explored in future works, to obtain a data base suitable

for fluid models.

• Discontinuous plasma-wall kinetic model presented in chapter 6 should be im-

proved to account for a more physical representation of the wall, as well as the

coupled electric field, which should penetrate into the metal. Also, the geometry

of this model and the one presented to analyse the collection of charges should be

translated into cylindrical and spherical geometries, respectively, to better match

the usual probe shapes employed in experimental setups.

• To improve the description of the thruster plume presented in chapter 7, the

effect of electrons and the self–consistent electric field should be included, as well

as account for more complex representation of interactions among particles to

better represent the wide range of energy for which ions appear.

In addition, some cross–checks with experiments are required to corroborate some of

the conclusions reached in this dissertations. A collaboration with the experimental
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team of the UPM PlasmaLab should be carried out in order to address the following

topics:

• Perform a measurement of plasma parameters by means of the floating potential

method to cross-check with I-V curves obtained by a Langmuir probe and nu-

merical results presented in section 5.2. This will helps in the election of a sweep

signal to provide the right plasma parameters.

• Improve the analysis of transitory regimes in measurements, as they may impact

the quasi-steady regimes, specially in those involving the biasing of probes.

• Explore the influence of collisional process and heavy species dynamics in the

plasma diagnosis.

• Analysis of the Retarding Potential Analyser probe by means of numerical meth-

ods to fully understand the dynamics of ions and electrons inside it and improve

its further design.

In a more general way, an effort should be make to apply the progress related with the

PIM obtained here to other branches of physics, mathematics and engineering.
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APPENDIX A

COLLISIONS IN PARTICLE-IN-CELL CODES WITH

PROPAGATOR INTEGRAL METHOD

This appendix resumes the last contribution in this dissertation, with the aim of ex-

tend the applicability of the PIM to other, well established fields. Particle-in-cell (PIC)

codes are widely employed for the simulation of plasma dynamics [12–15,163]. In these

numerical approaches, the kinematic equations of a large number of macro-particles,

which may represent a huge amount of real particles, are solved to obtain the transient

position of each particle, based on the electromagnetic force action and the possible

boundary conditions involved in the problem. The charge density, electric current and

any other mesoscopic property of the particle ensemble are placed into the vertices

of a set of fixed cells that meshes the problem position domain. The coupled self–

consistent electromagnetic field is calculated at these fixed cells and applied to the

system dynamics in the following iteration of the simulation. A major limitation in

these methods arises due to the difficulty to ascertain an appropriate inclusion of in-

teraction processes among the particles. Direct improved calculations accounting for

relevant microscopic effects held among particles require an amount of computational

resources that is unaffordable for modern computations in most cases. Under this view,

Monte Carlo Collision (MCC) methods are usually introduced in PIC simulations to

account for inter–particle collisions [12,17,164]. These models essentially compute the

probability of interaction based upon cross-sections data to analyse the scattering phe-

nomena. Hence, this approach assumes that a collision occurs, as a random process of

pure mathematical nature.

In this appendix, we present a new approach, which is not strictly related to Monte

Carlo implementations, to implicitly include collisional scattering into PIC codes. This

new method is founded on taking advantage of the theory of kinetic collisional processes.

Therefore, for each macro-particle, the scattering due to collisional effects is computed
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thanks to a short-time transition probability function Pτ in velocity space, constructed

by extracting information of theoretical drift–diffusion equations representing collisional

processes. To include collisional effects in a PIC code with Pτ , it is proposed to use

the Propagator Integral Method to construct an auxiliary distribution function for

colliding particles. As we introduced in chapter 4, this method allows the calculation

of the complete distribution function accounting for system collective effects due to

collisions. Then, the particle post–collisional velocity is randomly assigned, but the

probability of each post–collisional velocity is weighted by its corresponding distribution

function value. This procedure, in addition to the action of the electromagnetic force

over the particle, provides the macro–particle’s final velocity, employed to obtain the

position at the next time step. Consequently, with this approach, particle collisions

are treated as a result of collective effects. This physically meaningful approach allows

the incorporation of complex differo–integral terms, coming from kinetic theoretical

analysis in a self–consistent manner. This is not based, as other approaches, on the us

of Langevin equations [16,165], but on their associated probability transition functions.

A.1 The weighted random scattering based on the distri-

bution function

The basic procedure to obtain the macroscopic post–collisional velocity by means of

the PIM is presented as follows. To simplify the study and for sake of clarity, this work

focuses on the analysis of a one-dimensional motion (1D1V). However, this procedure

can be easily extended to higher dimensional problems. Hence, following the usual

theoretical techniques taken from the kinetic theory standards, a particle of velocity v′

at time t′ reaches velocity v at time t > t′ due to collisional effects. This effect can

be described using probability concepts grounded on the physical stochastic nature of

the collisional problem. In this sense, a short-time transition probability function Pτ

is constructed as

Pτ (v, v′) =
1

√

4πD′
vvτ

exp

[

−(v − v′ −D′
vτ)2

4D′
vvτ

]

, (A.1)

following the procedure show in chapter 2. This function represents the probability

that a particle with velocity v′ takes the value v in a short time τ = t− t′ > 0, based

upon the convective and diffusive parameters D′
v and D′

vv evaluated at v′ and t′. These

two parameters can be as complex as necessary to properly represent the collisional

processes felt by the macro-particle of velocity v′ due to the presence of the other

particles.

It is apparent that the width of the Gaussian transition probability function (A.1) is

related to the diffusive scale, defined by D′
vvτ , and that the function maximum value is

reached at v = v′ +D′
vτ . To represent the probability function of each macro–particle,

a self–adjustment of the numerical grid is performed as follows. First the grid length
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FUNCTION

is computed as

Lv = 2

√

−4D′
vvτ ln

(

ǫ
√

4D′
vvπτ

)

, (A.2)

where ǫ, in units of ∆v−1, is a very small number to computationally limit the exten-

sion of the Gaussian function, provided that 0 < ǫ
√

4D′
vvπτ < 1 is satisfied. In all

calculations presented in this appendix, ǫ = 10−12 to ensure that the transition prob-

ability tails are properly represented, but much larger values of this parameter have

been tested and no influence in the system dynamics has been found. Secondly, the

grid is centred at the point v′+D′
vτ , to ensure that the maximum value of the Gaussian

function is always captured, i.e., it consistently lays on one grid point.

Now, it is assumed, as a benchmark problem to introduce the method, that particle’s

velocity v′ is modified by the interaction with a fixed background of particles with

zero mean velocity and constant temperature. This dynamic corresponds to the well–

known Brownian motion [61, 64, 65], where the particle’s dynamic is subjected to two

phenomena: convection, due to the drifting force of the form D′
v = −γv′ and the

diffusive effects described by D′
vv = γT in dimensionless units, where γ is a positive

constant as a collision frequency, being T the temperature of the fixed background.

The probability function (A.1) is therefore used to obtain the auxiliary distribution

function g(v), that encloses the physics of the collisional problem thanks to D′
v and

D′
vv , as

g(v) =

∫

δ(v′ − v′′)Pτ (v, v′′) dv′′ =
1√

4πγTτ
exp

[

−(v − v′ + γv′τ)2

4γTτ

]

, (A.3)

where v′′ is a dummy variable and δ is the Dirac delta. Since each particle has different

v′, the resulting convective and diffusive parameters for each one may differ. This

means that the function g(v) and the grid to represent it must be computed for each

macro-particle. To properly depict Pτ , only a few grid points are required thanks to

the self–adaptation of the grid presented above, a fact that reduces the time required

to compute the auxiliary distribution function. This integral, in practice, acts as a

filter to provide the function g(v) from Pτ , which becomes the support to construct the

weighted probability function, used to assign the final post–collisional velocity as it is

explained below.

In an usual PIC code, a particle with velocity v′ requires a unique post–collisional

velocity to compute the position at the next time step. In this sense, it becomes

inevitable to randomly assign a unique post–collisional velocity v to each macro-particle

inspired by the function g(v) computed previously. To do this, g(v) is used to generate

the weighted probability for each post collision velocity v to occur. The procedure

takes advantage of the probabilistic meaning of g and its operates as follows: firstly,
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Figure A.1: Weighted distribution of random particles as a function of Ntotal and jmax.

Function fj is represented as a black solid line.

the cumulative sum of g(v) is computed for each point in the grid vj as

Cj =

j
∑

j=0
gj

jmax
∑

j=0
gj

(A.4)

where the subscript j represents a point in the grid, gj is the function g(v) evaluated at

vj and jmax is the maximum number of grid points employed to represent g(v). This

Cj is ranged between 0 and 1, and it represents, in fact, the cumulative probability

for each post–collisional velocity vj. Once this sum is computed, a random number

between 0 and 1 is generated. This random number is related to the closets value

of Cj . The corresponding vj is assigned to the particle as the post–collisional velocity.

In resume, this procedure replaces the usual implementation of Monte Carlo Collisions

in PIC codes by weighting the post–collisional velocity probability with a physically

meaningful distribution function, i.e., based on the collective effect of other, or the

same, species, thanks to the action of convective and diffusive phenomena.

For the case of D′
v and D′

vv presented above, the post collision distribution function

gj is now computed for different values of jmax and different number of total particles,

all with the same v′. The post–collision velocity is randomly assigned following the

procedure stated above. For this example, v′ = 1, γ = 1, T = 1 and τ = 10−2 is

employed to obtain gj . Figure A.1 shows the numerical function gj as a black solid

line and the number of particles in each after collision velocity for Ntotal = 1000, 5000,

10000 and 50000 test particles and jmax = 20, 50 and 100 grid points are pictured

with symbols. The distributions of test particles are normalized by Ntotal and by the

distance between grid points ∆v = vj+1 − vj for each case. It can be easily seen how

the parameter ǫ, used as a cut-off criteria to calculate Lv, is small enough to depict gj .

This ensures that no particle is assigned to the largest velocities, far from the Gaussian

maximum value, proving that ǫ could be much larger to improve the representation of

gj keeping the same amount of grid points. Since the maximum number of grid points

available to represent the auxiliary distribution function increases, gj becomes quite

closer to a Maxwellian distribution. However, more particles are required to represent
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the appropriate values of this function. In all cases, it can be seen how most of the

particles end around the point v′+D′
vτ and that the shape obtained by the distribution

of a large number of particles always reassembles a Maxwellian distribution.

A.2 A practical example: a 1D1V Brownian motion

In this section, a simple one-dimensional PIC code is presented to solve a forced Brown-

ian motion with and without using the procedure explained above to include collisions

with a fixed background. The basic scheme to advance the macro-particles in time

simply becomes

xn+1
i = xni + τv

n+
1
2

i (A.5)

v
n+

1
2

i = vi + Fiτ (A.6)

where Fi is the external force, per unit of mass, vi is the velocity after the collisional

process, with the pre–velocity v′i = v
n−

1
2

i , subscript i refers to each individual macro-

particle. Here, n is the current iteration and τ is the time step. The deterministic

dimensionless force in this benchmark case is Fi = −xni , which produces a periodical

evolution of the particles, regardless their initial condition. When collisions are not ac-

counted for, vi = v′i = v
n−

1
2

i is used to recover the classic non–collisional PIC advancing

scheme. At each time step, the particles are weighted inside 200 fixed cells, equally

spaced, in a grid that covers the non–dimensional distant from −1.5 to 1.5. Using this

grid, the non–dimensional particle density n(x) is obtained. This density results as an

equivalent of having integrated the distribution function f(x, v) over the velocity space

as n(x) =
∫

f(x, v) dv.

In this example, 50000 particles with random distributed initial positions and velocities,

lying between −0.1 and 0.1 are used. The maximum number of grid points to model

the auxiliary distribution function, jmax, is 50. This ensures an accurate representation

of the auxiliary distribution function gj with the selected number of particles. Three

different cases are therefore studied: a collisionless case and two collisional ones, with

T = 0.1 and T = 0.01, with γ = 1. The time step τ = 10−2 is employed in these

simulations to advance the particle motions and compute the post–collisional velocities

when required.

The position and velocity of particles at different time frames are pictured in figure A.2.

Figure A.2a presents the collissionless case. It can be seen how the initial package of

particles remain unaltered and only the rigid rotation, found in previous examples with

similar external acceleration, appears. The inclusion of collisions produce a scattering

of particles in the x-v domain, as can be seen in figure A.2b and A.2c. As temperature

increases, the velocity of particles also does as an effect of the random scattering. For

the case of T = 0.1, velocities and positions in the order of ∼ 1 are reached. The effects
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Figure A.2: Evolution of particles in the x-v domain for different scenarios: (a) Non–

collisional, (b) collisional with T = 0.01 and (c)collisional with T = 0.1. As collisional effects

increase, a more distributed particles are found, reaching higher velocities and positions.
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Figure A.3: Time evolution of density for the three solved problems. Collisions smooth the

distribution of density and also scatter particles at high values of v, which results in a wider

distribution of density. Initial condition is represented with a black solid line.

of collisions also lead the system into a homogeneous situations, where all directions in

the x-v plane has a similar amount of particles, regardless the initial condition. Also,

the effect of the collisions can be appreciated as time advance. For very short times,

top row of figure A.2, particles still retain some of the initial shape, but for t = 2.5 non–

dimensional units both collisional solutions present a particle distribution that almost

match the final state.

The distribution of density, in dimensionless units, n(x) computed at the fixed cells

is shown in Fig. A.3. At t = 0.1, all three solutions result in a similar distribution

of density. As time increases, the effect of collisions becomes more relevant because

it produces diffusive effects, giving rise to a Gaussian distribution of density. On the

other hand, for the non–collisional case, the initial sharp condition, represented as a

black solid line, is recovered at t ≃ 5. The width of the density distribution in the

collisional cases depends on the fixed background temperature, as expected. For in-

creasing temperatures, particles are scattered at higher velocities, leading to a wider

profile of distribution of density. The self-adjustment of the grid to numerically rep-

resent g(v) allows the incorporation of low and high intensity collisional effects, with

the same number of grid points. This facilitates the implementation of complex colli-

sional phenomena in a self–consistent way, that may evolve at different time scales or

intensities.

A.3 A non–linear example, the Kappa 1D1V motion

In addition, non–trivial drift–diffusive effects can be incorporated into PIC simulations

with the method presented in this appendix. For example, let us assume now that the

convection–diffusive coefficients for our one-dimensional problem are

Dv = −v; Dvv = 1 +
v2

2κ
, (A.7)
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Figure A.4: Evolution of two different drift-diffusive effects: a κ (red dots) and Brownian

(blue dots) motions. Effect of the κ-like operator allows particles to reach higher velocities,

which will translate in high energy tails in the distribution function.

which will represent the well known kappa problem presented, for example, as a test-

case in section 2.2.1. As we saw in previous examples, these terms produce a high

energy tails solution, which translated into our PIC code means that particles can

reach higher velocities that in the Brownian motion. For this example, κ = 5
3 and the

other parameters (number of particles, number of cells, time step and external force)

are leave the same as in the previous example. The evolution of particles under these

terms in the x-v plane is compared with a Brownian motion at T = 1 in figure A.4.

It can be seen how a high number of particles reach velocities two times higher that

those obtained with the Brownian motion presented above. This means that complex

non–linear drift–diffusion parameters can be incorporated into the PIC code by means

of the PIM, obtaining a physical evolution that agrees with the parameters passed to

the propagator. This will be of mayor importance when, in future works, involved

collision terms, where highly non–linear parameters can appear, are implemented.

A.4 Conclusions

The physical meaning of the short-time propagator has been applied to compute the

random scattering of particles in PIC codes due to collisional effects. The implementa-

tion of collisional effects has always been a hot topic in the development and evolution

of PIC codes. In this appendix, a new method to provide a physically meaningful way

to randomly scatter particles supported by the collective effect of collisions has been

introduced. This procedure to implement collisions has no relation to classical Monte

Carlo Collision methods, although it also introduces scattering of macro–particles by

collisional effects. In the model introduced here, this dispersion is based on physical

drift–diffusion coefficients computed accounting for the physics of the collisional pro-

cesses. Due to the physical representation provided by the transition probability Pτ , a

relative large time step can be employed, up to one percent of the characteristic relax-

ation time. A simple example, consisting of a one-dimensional Brownian motion with an

external linear force that produces a periodical motion of particles, has been presented
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to illustrate the method. Evolutions without collisions and accounting for them with a

fixed background of particles at two different temperatures have been compared. It is

observed that when the background temperature increases, particles scatter, spreading

the distribution function, as expected. Moreover, a κ-like drift–diffusion problem has

been solved, producing a higher dispersion than in a Brownian motion. The probability

transition function Pτ can be constructed by taking information of theoretical drift–

diffusion equations, as the Fokker—Planck—Landau one describing the Coulombian

interaction among charged species. Further analysis to include more complex collision

terms will be presented in future works.
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APPENDIX B

NUMERICAL LISTINGS AND SUBROUTINES

EMPLOYED IN THIS WORK

In this appendix, some of the numerical listings employed through this dissertation

to implement the Propagator Integral Method and solve the test cases and model

proposed are introduced. All codes developed in this work were written in Fortran 95,

but they can be easily extended to other programming languages. This appendix is

not intended to be a recompilation of complete codes but some guidelines to explain

how some numerical challenges that arose through the implementation of the PIM have

been solved. Its main propose is to provide some basic subroutines and justify, from a

numerical point of view, some of the decisions taken.

B.1 Computation time reduction with OpenMP

OpenMP is an API (Application Programming Interface) that supports shared memory

multiprocessing programming in a variety of architectures and languages. More infor-

mation can be found in the general references [166–169] and in the OpenMP project

site1.

Through this dissertation, OpenMP has been employed to divide long tasks among

different threads, reducing the total wall clock time required to compute the time

evolving solution. This allows a better employment of the computational resources

and the capability to calculate more iterations in less time with more points in the

numerical grid.

1 http://openmp.org/wp/about-openmp/

175

http://openmp.org/wp/about-openmp/


APPENDIX B. NUMERICAL LISTINGS AND SUBROUTINES

In this section, a basic example of time saving thanks to OpenMP is presented. This

example was executed in the High Performance Computing (HPC) centre of CeSViMa2,

where each node consist on two Power7 CPUs of eight cores each at 3.3 GHz. The

example consist on solving the evolution of a single species distribution function under

the effect of self–collisions modelised with a Dougherty term, as the one presented

in 4.1.4. An amount of 10001 points and 100 iterations was employed. The main

parallelisation performed for this case were in the calculation of the one-dimensional

propagator, presented in listing B.1. First line in this listing divides the the double loop

in the number of threads specified. The instruction REDUCTION(+:Norm) is required to

ensure that the propagator norm is correctly computed.

1 !$OMP PARALLEL DO REDUCTION(+:Norm) SHARED(Ptau)

DO jp = 0, vmax

dtau = 4.D0*tau*Dvv(jp)

DO j = 0, vmax

!Computation of the propagator

6 Ptau(j,jp) = DEXP(-(v(j)-v(jp)-tau*Av(jp)) **2/dtau) &

/DSQRT(PI*dtau)

!Norm computation

Norm(jp)=Norm(jp)+Pv(j,jp)

END DO

11 Norm(jp)=Norm(jp)*Dv

!Normalization of Ptau

IF (Norm(jp)/=0.D0) THEN

Ptau(0:vmax ,jp)=Ptau(0:vmax ,jp)/Norm(jp)

END IF

16 END DO

!$OMP END PARALLEL DO

Listing B.1: Reduction of time calculation for the propagator with OpenMP. A proper

renormalization of the propagator is performed

To advance the function, the Fortran intrisic MATMUL is employed to multiply the func-

tion at the previous time step times the two-dimensional array that contains the prop-

agator. Figure B.1 pictures the computational time required to complete 100 iterations

as a function of the number of threads compared with the no parallelisation case (only

one thread). A exponential dependency between the computational time and the num-

ber of threads is found, meaning that doubling the threads does not always translate

in an appreciable reduction of computational time. It is important to remark that the

same numerical solution is always reached, regardless the number of threads employed.

2 http://www.cesvima.upm.es/
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Figure B.1: Computational time as a function of the number of threads. An exponential

reduction is found.

B.2 Rectangle integration method

To perform numerically all the integrals presented in this work, a rectangle integration

method was employed. These integrals are mainly used to advance the solution by

means of the numerical propagator, to compute the macroscopic quantities and fluxes

of the solution and to calculate non–homogeneous terms as charge-exchange. The basic

structure of this method can be found in listing B.2. The PIM is not limited to this

integration scheme and any other valid method can be utilized, but we have found

that this one is easy to implement and always produce a solution that behaves as the

analytical one, as test-cases in this dissertation prove. It is important to remark that the

integration scheme used should not influence the system evolution as the physics of the

problem is enclosed inside the propagator, not the advancing scheme. The numerical

integration is just a tool to solve the next step solution, as analytical solutions are

impossible to obtain except for some very simple cases.

SUBROUTINE integral (f, Dq, qmax , f_total)

! qmax: Maximum number of points in the grid

3 ! Dq: distance between grid points

INTEGER , INTENT (in)::qmax , Dq

! Function to integrate

REAL(8), INTENT (in):: f(0:qmax)

! Output (integrated value)

8 REAL(8), INTENT (out):: f_Total

! Integer employed in the integration loop

INTEGER :: i

! Sets output value to zero to avoid errors

f_Total = 0.D0

13 ! Loop to obtain the integrated value

!$OMP PARALLEL DO REDUCTION(+:f_Total)

DO i = 0, qmax

f_Total = f_Total + f(i)

END DO
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18 !$OMP END PARALLEL DO

f_Total = f_Total*Dq

END SUBROUTINE

Listing B.2: Simple subroutine to compute the integral of f in a one-dimensional plannar

domain equally spaced.

B.3 Diffusion correction for conservation of energy

In kinetic problems it is very important to compute the moments of the distribution

function in an accurate way. Unfortunately, the general Gaussian propagator utilized

to solve one and two-dimensional kinetic problems has a small deviation in the conser-

vation of the second order moment of order ∼ τ2. This is acceptable as we assume that

the propagator is a first order approximation and τ ≪ 1, but we have found situations

where this second condition is not completely fulfilled, which can create a numerical

increment of the second order momentum.

To solve this, a high order propagator could be employed, but its calculation will be

laborious and not always possible. A solution was first proposed in [41], which consist

on a correction to the diffusive matrix to ensure the conservation of the three first order

moments.

Basically, this correction consists in applying a modification to the diffusive parameter

as

D∗
ij = Dij − τ

DiDj

2
, (B.1)

where Dij and Di are the diffusion and drift parameters in the direction i and j, respec-

tively. Here, τ is the time parameter and D∗
ij is the final diffusion value passed to the

propagator. An additional correction can still be used to improve the problem conser-

vation even further. The reformulation of the stress tensor presented in equation (B.1)

is redefined as

D∗
ij = Dij − τα

DiDj

2
, (B.2)

where α is a parameter that must be computed at each time step and it is order unity.

Assuming for example that the total energy is conserved in a simulation, alpha can be

defined as

αn+1 = αn + C(nE0 − nEn), (B.3)

where superscript n indicates the current iteration, C is a constant of order τ−1 and

nE is the energy of the system. This type of corrections results in an autocorrelation

to ensure that the total energy of the problem is computed. However, situations may

arise when the definition of this αn requires the analysis of the drift–diffusive problem,

as energy may not be always conserved and a rate of change must be assumed.
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Figure B.2: Effect of the different corrections in the norm, velocity and temperature. αn

represents the case where the autocorrelation function to conserve the total energy is used.

To test the different corrections, a simple one-dimensional case, based in the self–

consistent Dougherty collision operator, is presented. Three cases are compared: a

case with no correction, equivalent to set α = 0; a case with the correction from

equation (B.1), i.e., α = 1 and the case with the recalculation of α at each time

step. Figure (B.2) depicts the errors respect to the initial condition of the norm,

mean velocity and temperature. For norm and velocity, errors are small regardless

the correction utilized, whereas temperature, figure B.2c has a huge increment if no

correction of the diffusive parameter is used. Nevertheless, both corrections, the one

with constant alpha and the one recalculated at each time step, have similar errors, in

the order of 10−14.

In one-dimensional cases, where a large amount of points can be used, a correction like

α = 1 is enough for all cases presented in this dissertation. On the other hand, two-

dimensional cases, as those studied in chapter 4 for the two velocity collision operators,

require an autocorrelation, i.e., α variable, due to the low amount of points employed.

Even with this corrections, errors in those cases are in the order of 10−6. This indicates

that a more accurate correction is required in two velocity cases, which will be studied

in future works.

B.4 Adaptable mesh for two-dimensional purely convec-

tive problems

In section 2.3.2 it was presented how the 1D1V Vlasov problem requires an adaptation

of the mesh to properly represent the solution. In this section, the subroutine employed

to advance the grid is presented. The procedure proposed in this thesis is presented

in listing B.3. It can be seen how the new grid x2, v2 is founded in the previous

iterations coordinates x, v; the acceleration Dv and the velocity itself v. The subroutine

Insertion_Sort organize the new grid to ease the analysis, but it is not an obligatory

process. This process is fast to compute, as seen in figure 2.25, and does not require
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a large amount of computational resources. We remark here that the grid points are

two-dimensional arrays, since each point dynamics is completely independent.

SUBROUTINE new_grid (x,x2,v,v2,Dv,xmax ,vmax ,tau)

INTEGER , INTENT(in)::xmax ,vmax

REAL(8), INTENT(in),DIMENSION(0:xmax ,0:vmax):: x,v,Dv

REAL(8), INTENT(in):: tau

5 REAL(8), INTENT(out),DIMENSION(0:xmax ,0:vmax):: x2, v2

INTEGER :: i,j

v2 = 0.D0

x2 = 0.D0

10 DO i = 0, xmax

DO j = 0, vmax

v2(i,j) = v(i,j)+Dv(i,j)*tau

END DO

CALL Insertion_Sort(v2(i,:),vmax+1)

15 END DO

DO j = 0, vmax

DO i = 0, xmax

x2(i,j) = x(i,j) + v(i,j)*tau

20 END DO

CALL Insertion_Sort(x2(:,j),xmax+1)

END DO

END SUBROUTINE

25 SUBROUTINE Insertion_Sort(a,xmax)

INTEGER , INTENT(in):: xmax

REAL(8), INTENT(in out):: a(xmax)

REAL(8) :: temp

INTEGER :: i, j

30

DO i = 2, xmax

j = i - 1

temp = a(i)

DO WHILE (j >= 1 .AND. a(j) > temp)

35 a(j+1) = a(j)

j = j - 1

END DO

a(j+1) = temp

END DO

40 END SUBROUTINE Insertion_Sort

Listing B.3: Generation of the new grid for a 1D1V Vlasov problem
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B.5 Interpolation of a non–constant mesh

As presented in section 2.3.2, grid motion required in two-dimensional purely convec-

tive problems requires an extra fixed mesh to allow the integration of the distribution

function. In this work, we have employed a weighted interpolation algorithm to obtain

this mesh–fixed function, which Fortran subroutine is presented in listing B.4. Nev-

ertheless, other methods can be used to calculate the moments of f without loosing

generality and applicability of the PIM.

! Subroutine to interpolate a grid variable function into

! a fixed one.

SUBROUTINE Interpolate(f, x, v, fint , xmax , vmax , &

xint , vint , xmaxint , vmaxint)

5 ! Number of points of the original and interpolated meshes

INTEGER , INTENT (in):: xmax , vmax

! Number of points of the interpolated meshes

INTEGER , INTENT (in):: xmaxint , vmaxint

! Original function

10 REAL(8), INTENT(in):: f(0:xmax ,0:vmax)

! Coordinates in the original mesh

REAL(8), INTENT(in):: x(0:xmax ,0:vmax), v(0:xmax ,0:vmax)

! Interpolated function

REAL(8), INTENT(out):: fint(0:xmaxint ,0:vmaxint)

15 ! Coordinates in the interpolated mesh

REAL(8), INTENT(in):: xint(0:xmaxint), vint(0:vmaxint)

! Numerical zero

REAL(8):: eps = 1 .D- 15

! Extra vectors

20 REAL(8),ALLOCATABLE ,DIMENSION(:):: d, w, fr

! Auxiliar integers .

! p: power of the weighted interpolation.

! coinc: analyse if a point of the interpolated mesh

! coincide exactly with a point from the original

25 ! mesh to save computational time.

INTEGER :: i = 0, j = 0, ip = 0, jp = 0

INTEGER :: p = 8,r = 0, rp = 0, coinc=0

fint = 0.D0

30 r = (xmax+1)*(vmax+1)

ALLOCATE (d(0:r), w(0:r), fr(0:r))

! Double loop for all fixed function points

DO i = 0, xmaxint

35 DO j = 0, vmaxint
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! Auxiliary vectors reset

rp = 0

d = 0.D0

w = 0.D0

40 fr = 0 .D0

! Double loop for all original function

DO ip=0, xmax

DO jp = 0, vmax

! Distance between points

45 d(rp) = DSQRT((x(ip,jp) - xint(i)) **2 &

+(v(ip,jp) - vint(j)) **2)

! If distance is zero , the fixed point

! takes the value of the original solution

IF (d(rp)<eps) THEN

50 coinc = 1

EXIT

END IF

! Weitght

w(rp) = 1.D0/d(rp)**p

55 fr(rp) = f(ip,jp)

rp = rp + 1

END DO

IF (coinc == 1) THEN

EXIT

60 END IF

END DO

IF (coinc == 1) THEN

fint(i,j) = f(ip,jp)

coinc=0

65 ELSE

! Sum of all weights

fint(i,j) = SUM(fr*w)/SUM(w)

END IF

END DO

70 END DO

DEALLOCATE(d, w, fr)

END SUBROUTINE Interpolate

Listing B.4: Interpolation subroutine that provides an approximated solution in a fixed grid,

where the calculation of macroscopic moments can be computed.

To test this subroutine, an example is presented now. The solution presented in fig-

ure 2.19 is interpolated for different values of p = 4, 6, 8 at t = 0.5 in figure B.3. It can

be seen how the highest the parameter p, the closer the interpolation function is to the
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Figure B.3: Interpolation of numerical solution for problem presented in figure 2.19 at t = 0.5

for different values of p. The higher the points, the closer to the numerical unstructured solution

the interpolated function is.
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Figure B.4: Interpolation of numerical solution for problem presented in figure 2.19 but with

a double Gaussian initial function. Results are interpolated at at t = 0.5 for different values of

p.

abrupt original one. Nevertheless, a high value of p produces not so good results with

smooth functions, as can be seen in figure B.4, were the same example as in the previous

case is presented, but with a double Gaussian initial condition. Here, the highest the

parameter p, the more perturbed becomes the Gaussian function. This process is the

more time consuming task performed in the resolution of purely convective problems,

see figure 2.25, and it should be improved to reduce the computational cost.

B.6 Simple vs. double precision variables

In this section, we compare solutions from this dissertation with double and simple

precision variables. Through this work, double precision variables have been used in

all codes. The aim of this comparison is to check if simple precision variables can be

employed in the PIM without loosing accuracy, allowing to save space in RAM and

computation time.
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Figure B.5: Errors of the macroscopic quantities for the self–collisional one-dimensional

Dougherty operator with double and simple precision.
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Figure B.6: Burgers’ inviscid problem in double and simple precision. Simple precision

presents issues where various points are closer, generating an increasing f .

Lets start by recovering the self–collision Dougherty numerical problem presented in

section 4.1.4. With the same τ and grid, the double precision computed previously and

a new case with simple precision variables are compared in figure B.5, where errors of

macroscopic quantities for both cases are drawn. Due to the fewer decimals used in

simple precision representation, higher errors respect to the initial conditions are found,

which are big enough to affect the value in a simulation.

Lets analyse now a more involved problem where simple or double precision do not affect

only the conservation properties but the evolution of the solution itself. When the pure

convective propagator is employed, the mesh must be moved accorder to the convective

force, as was explained in 2.3. For some non–linear values of Dq, the movement of the

mesh may produce two points appearing really close to each other. Without enough

precision, the numerical code may assume as coincident those points In figure B.6, the

result for the inviscid Burgers’ equation is presented for the cases of double and simple

precision. It can be seen for the simple precision case, how some points highly increase

its value, because the grid points are so close that it is impossible to difference them

numerically, and are treated by the numerical integral scheme as the same point. Also,

in this particular problem, the convective force is related with the value of f , which in

this case will produce that the separated points feel a higher convective force. For this

case, the precision of the computations not only affects the conservation of macroscopic
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Figure B.7: Required number of iterations to reach convergence. (a) As a function of Tw
and p0. (b) Evolution of |∆nue| for p0 = 1 Pa and significant wall temperatures.

variables, but also the evolution of the problem itself. Hence, double precision variables

must be utilized to ensure proper dynamics in all cases.

B.7 Convergence criteria for plasma-wall discontinuous

model

To finish with the analysis of the numerical vicissitudes, let us recover the results

presented in section 6.1.1 where the influence of the background pressure in the dis-

continuous plasma wall model was studied. For this model, a convergence criteria was

defined to ensure that a quasi–state was reached for all range of wall temperatures

and background pressures employed. Here, the evolution of this criteria is analysed

from a numerical point of view. Figure B.7a shows the number of iterations required

for each case of wall temperature and background pressure. For low temperatures the

convergence criteria is fulfilled after 500 iterations, which is the minimum specified,

whereas intermediate temperatures require more iterations, meaning that a complex

interaction between the disparate phenomena in both zones arise, which hinders the

evolution of the numerical simulation. Moreover, for high wall temperatures, a lower

number of iterations is required. This hints that a stable situation is reached easily for

high energy electrons as they relax faster. If the relative error between iterations |∆nue|
is analysed, figure B.7b, the complex system dynamics can be well detected. Low wall

temperatures cases reach a stable condition faster, but as temperature increases, the

simulations require more iterations to reach a quasi-steady state as a result of the com-

plex interplay of disparate phenomena. For very high temperatures, the emission of

high energy electrons dominates the system dynamics and the convergence criteria is

rapidly fulfilled.

It is clear that a influence of the system properties in the electrons evolution arises,

which influence not only the computational time required to complete the simulation

but also the system dynamics.
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gator method as a kinetic operator to analyse discontinuities in plasmas. 6th

International Workshop & Summer School on Plasma Physics (IWSSPP), Kiten,

Bulgaria, 2014. Invited lecture.

2. L. Conde, J.L. Domenech-Garret, S.P. Tierno, E. Del Rı́o, J. Gonzalez, P.

Solano-López, P. Argente and J.M. Donoso. The Plasma Testing Facility at

the Technical University of Madrid (UPM). Electric Propulsion Innovation &

Competitiveness Workshop, Brussels, Belgium, 2014. Oral presentation.

3. L. Conde, J.L. Domenech-Garret, E. Del Rı́o, J. Gonzalez, P. Solano-López, P.
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1. A. Gonzalez. Modelización numérica con esquema PIM del plasma en un motor

iónico. Advisor: J.M. Donoso, Co-advisor: J. Gonzalez, 2016

189





BIBLIOGRAPHY

[1] I. Langmuir. Oscillations in ionized gases. Proceedings of the National Academy

of Sciences, 14(8):627–637, 1928.

[2] L. Tonks and I. Langmuir. Oscillations in Ionized Gases. Phys. Rev. D, 33:195–

210, Feb 1929.

[3] J. van Dijk. Modelling of plasma light sources: an object-oriented approach. PhD

thesis, Technische Universiteit Eindhoven, 2001.

[4] JET Team et al. Fusion energy production from a deuterium-tritium plasma in

the JET tokamak. Nucl. Fusion, 32(2):187, 1992.

[5] G. A Collins, R. Hutchings, K. T. Short, J. Tendys, and C. H. Van Der Valk.

Development of a plasma immersion ion implanter for the surface treatment of

metal components. Surf. Coat. Technol., 84(1-3):537–543, 1996.

[6] M. C. Kim, S. H. Yang, J. H. Boo, and J. G. Han. Surface treatment of metals

using an atmospheric pressure plasma jet and their surface characteristics. Surf.

Coat. Technol., 174:839–844, 2003.

[7] J. E. Foster. Plasma-based water purification: Challenges and prospects for the

future. Phys. Plasmas, 24(5):055501, 2017.

[8] D. M. Goebel and I. Katz. Fundamentals of electric propulsion: ion and Hall

thrusters, volume 1. John Wiley & Sons, 2008.
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