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Abstract:
Cyber-physical systems (cps) are engineered systems which integrate computer-
based algorithms and physical components. One of the main features of cps is
the interaction between the discrete algorithmic behaviour and the continuous
physical behaviour, which results in a more intricate performance. This mixed
behaviour can be modelled by hybrid systems.

A critical property in hybrid systems design is stability, which ensures robustness
of the system with respect to small perturbations of the input to the system. The
state-of-the-art methodology for providing stability proofs lies on searching for
Lyapunov functions. This thesis proposes an alternative and novel algorithmic
approach to stability verification of hybrid systems, which uses formal methods.

The aim of formal verification is to automatically provide strong guarantees
of correctness. This thesis introduces the development and implementation of
a formal verification method for analysing stability of hybrid systems. Such
a stability verification approach consists of an automated proof which relies
on abstraction and model checking techniques. The abstraction technique is a
modified predicate abstraction that constructs a finite weighted graph from a
hybrid system by preserving stability. The evaluation of an abstract weighted
graph, which is a finite state system, is more efficient than evaluating a hybrid
system with infinite states. Therefore, the abstract weighted graph is model
checked to either infer stability of the former system or output a potential
instability reason namely counterexample.

The counterexample obtained through model checking can either correspond to
an unstable behaviour of the hybrid system or be spurious. This thesis includes
a validation algorithm to differentiate between the two possibilities by solving
a non-bounded model checking problem, and it also introduces two refinement
techniques for the case that the counterexample is spurious. These refinement
techniques provide additional predicates, deducted from the counterexample, to
construct a more accurate abstract weighted graph.

All the developed techniques (abstraction, model checking, validation and refine-
ment) are articulated to obtain a counterexample guided refinement abstraction
(cegar) framework. This cegar framework allows to iterate over the ab-
stract systems, returns a counterexample if the abstraction fails and uses such a
counterexample for guiding the choice of the next abstraction.

The introduced cegar algorithm is illustrated by verifying stability of an
automatic gearbox and implemented in a software tool called Averist. Such an
implementation provides empirical evidence of the correctness of the theoretical
techniques. Some advantages of using Averist are that the input data can
be easily defined by people with no experience in hybrid systems and running
Averist does not require a formal knowledge on stability analysis.



Resumen:
Los sistemas ciberfísicos son sistemas tecnológicos interconectados que integran
componentes de índole física y elementos software. Los elementos software
evolucionan de forma discreta, mientras las características físicas son de nat-
uraleza continua; la interacción entre ambos comportamientos da lugar a un
comportamiento mucho más complejo, que es característico de los sistemas
ciberfísicos. Una herramienta clave para modelar este tipo de comportamientos
son los sistemas híbridos.

Una propiedad relevante en el diseño de sistemas híbridos es la estabilidad,
puesto que garantiza solidez en el estado del sistema a pesar de posibles pequeñas
modificaciones en las condiciones iniciales del sistema. El estado del arte en
cuanto a la metodología que se emplea en el análisis de estabilidad radica
en la búsqueda de funciones de Lyapunov, puesto que la existencia de dicha
función supone una demostración de estabilidad. Esta tesis propone un método
alternativo y novedoso en el análisis de estabilidad de sistemas híbridos, que
consiste en una técnica algorítmica que hace uso de métodos formales.

El objetivo de las técnicas de verificación formal es proporcionar de forma
automática garantías sólidas del correcto funcionamiento de un sistema. En esta
tesis se desarrolla e implementa un método de verificación formal que analiza la
estabilidad en sistemas híbridos. Este método analítico consiste en un proceso
automático basado en técnicas de abstracción y verificación de modelos (o model
checking). El método de abstracción es una modificación de las abstracciones
basadas en predicados, que a partir de un sistema híbrido construye un grafo
ponderado finito que conserva la estabilidad. El análisis sobre el grafo ponderado
resulta más eficiente que el que se realizaría directamente sobre el sistema
híbrido, puesto que este último contiene infinitos posibles estados. Por lo tanto,
el grafo abstracto ponderado se analiza para inferir estabilidad del sistema
híbrido u obtener una causa potencial de inestabilidad del sistema, denominada
contraejemplo.

El contraejemplo, obtenido mediante el análisis aplicado al grafo ponderado,
se corresponde a un comportamiento inestable del sistema híbrido o es falso.
Esta tesis incluye un algoritmo de validación que distingue entre estas dos
posibilidades y que implica verificar una ejecución del modelo con infinitas
posiciones. También se incluyen dos técnicas de refinamiento de la abstracción,
para el caso en que el contraejemplo sea falso. Las técnicas de refinamiento
proveen nuevos predicados, que se añaden en la construcción del grafo ponderado
para que este resulte más preciso.

La articulación de todas las técnicas desarrolladas en esta tesis (abstracción,
verificación de modelos, validación y refinamiento) conforman una técnica algo-
rítmica conocida como refinamiento de abstracción guiado por contraejemplo
(cegar). Este enfoque cegar permite iterar sistemáticamente sobre el sistema



abstracto, devolviendo un contraejemplo en caso de que la abstracción no resulte
informativa, y usando este contraejemplo como guía para la elección de la
siguiente abstracción.

También se presenta el desarrollo de una herramienta software, llamada Averist,
que incluye la implementación del algoritmo cegar y proporciona evidencia
empírica de los resultados teóricos. Los datos de entrada de este software se
pueden definir fácilmente sin necesidad de experiencia en sistemas híbridos,
y su ejecución no requiere conocimientos formales en cuanto al análisis de
estabilidad.
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Introduction

This chapter introduces cyber-physical systems, the challenges related to their
design and analysis, and highlights the motivation of the research conducted in
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2 1. Introduction

1.1 Motivation

Cyber-physical systems (cps) are a generation of innovative systems which
are controlled by computer-based algorithms while integrated in a physical
environment. The interaction of software components with physical processes is
one of the main features of this kind of systems. The software exhibits discrete
behaviour while the physical component behaves in a continuous manner.

Cyber-physical systems appear widely in the fields of automotive systems, en-
ergy, assisted living, robotics and avionics. A cruise control interacting with an
automatic gearbox [PL00], a smart energy grid [KM13], a pacemaker [BJM13],
a healthcare monitoring system [HGY+14] and a brain-controlled prosthe-
sis [ZLL14] are some of the examples which surround us. For instance, a
pacemaker is required to control the continuous heart rate in order to keep the
ratio of venous oxygen under a predefined value. This is achieved by applying
discrete electrical impulses to the heart. Another example is a cruise control
in a vehicle which consists of software that measures the vehicle velocity and
appropriately sets the engine throttle and the corresponding gear position.

Critical aspects to be considered in the cps design are security, reliability
and safety. In the case of a pacemaker, a missed electrical impulse can result
in the body not getting oxygenated blood in time. A failure in the speed
regulation of an autonomous car could provoke a car crash. The prevention
of such incidents requires the use of a rigorous methodology to validate and
verify pivotal properties in the cps.

The state of the art for verifying and validating software and systems relies
on testing and simulation. These solutions are not in general cost-efficient
and they do not provide a proof of correctness for the system performance.
In order to build high-confidence systems, solid modelling formalisms along
with verification and validation algorithms have been developed in the area of
computer science. These techniques fall into the discipline known as “formal
methods”, which has its foundations in rigorous mathematical modelling and
analysis.
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1.2 Formal methods

Formal methods are mathematical techniques applied to the specification and
verification of hardware and software systems. The goal of formal methods
consists of providing rigorous guarantees about the correctness of a system.
The use of formal methods in the early stages of system design can provide
either earlier detection of failures or a certificate of correct performance. The
latter will provide strong guarantees of reliability of the system. More pre-
cisely, given a mathematical model of the system and a specification, formal
verification techniques demonstrate correctness of the system behaviour with
respect to its specification. A general framework for verification is shown in
Figure 1.1, where the input is a model of the system and a formal specification
of correctness, and it outputs either that the system is correct with respect
to the specification along with a correctness certificate or that it is incorrect
along with a counterexample.

Figure 1.1: Formal verification

Many approaches in industrial environments rely on simulation and testing to
analyse the correctness of the performance of the systems. Both techniques
consist of observing the behaviour of the system with different inputs and
checking if this behaviour satisfies the specified requirements. Even though
these techniques are useful for bug detection, they cannot consider every
potential input to the system. This shortcoming renders it impossible to
provide a certificate of correctness. In addition, considering every input that
should be tested leads to an unaffordable cost.

Trying to overcome the cost-inefficiency and lack of reliability guarantees of
simulation and testing, alternative and complementary verification methods
have been proposed in the area of formal methods for the last forty years [BH14].
These approaches have gained attention from the industrial sectors in the
last decade as evidenced in the following examples: The development of a
smartcard product for electronic commerce by the National Westminster Bank
(NatWest) [SCW00], the development of Tokeneer system for controlling the
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physical access to a domain by the NSA (National Security Agency) [RL98]
and the fully formally verified general-purpose operating system micro kernel
seL4 [KAE+14].

Two extensively studied techniques in formal verification are theorem prov-
ing [Rob01, NPW02] and model checking [BK08, CGP99]. Theorem proving is
a deductive verification technique where the system and the design specification,
are expressed as formulas in a logic. These formulas are then derived using the
axioms and inference rules of the formal logic in order to obtain a proof of the
property. This technique has the advantage of tackling complex system designs,
but often requires manual intervention. On the contrary, model checking is an
algorithmic technique which consists of an exhaustive state space exploration
to infer the correctness of the system. While model checking is fully automated,
it is restricted in the class of systems to which it can be directed applied, such
as finite state systems. To apply to more general class of systems, symbolic
state space exploration and abstraction methods have been developed.

1.3 CPS modelling and stability specifications

The goal of this thesis is to develop model checking techniques for the stability
verification of cps. Stability verification refers to analyse whether the behaviour
of a system approaches to a predefined behaviour. This section provides a brief
overview of hybrid systems as a model for capturing the intricate behaviours
of cps and discusses formal specifications for stability.

System model: hybrid system Hybrid systems are systems exhibiting mixed
discrete and continuous behaviours. This feature manifests naturally in cps as
the result of the interaction between software components, which execute in
discrete steps, and the physical components, which evolve continuously in real
time. Discrete systems have been investigated in depth in computer science
to model software and hardware systems, while continuous dynamical systems
have been studied in modelling and analysing engineering applications, in
particular in the domain of control systems. Hence, a challenging issue in the
analysis of hybrid systems is to develop novel techniques which borrow insights
from the existing techniques in the two areas.

Example 1. An illustrative example of a hybrid system is a cruise controller
which interacts with an automatic gearbox to set the velocity of a vehicle to a
desired velocity [PL00]. The gearbox receives the torque from the engine and
appropriately sets the velocity depending on the current gear position, while
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the cruise control receives the current velocity and, depending on the difference
between the specified velocity and the current velocity, sets the gear.The auto-
matic gearbox has four positions and at each position, the velocity of the vehicle
evolves according to different continuous dynamics. When some constraint over
the velocity is satisfied, a change in the gear position occurs, which corresponds
to the discrete behaviour of the system.

Figure 1.2: Model of the gearbox

The cruise controller and automatic gearbox is modelled as a hybrid automaton,
as shown in Figure 1.2. Here, the locations/modes (circles) represent the set
of gear positions, Q = {1, 2, 3, 4}. The continuous dynamics of the system
describes the behaviour of two variables over time, E and TI , where E is the
difference between the desired velocity vd and the current velocity v of the vehicle
and TI is the integral part of the torque from the engine. The dynamics are
determined by the vector field function, which in this case corresponds to a
linear differential equation of the form ẋ = Aqx (where ẋ refers to dx

dt ), for
each gear position q and with x = (E,TI)>. A mode switching corresponds to
a change of gear position (edges), either to the next position, from q to q + 1,
or to the previous position, from q to q − 1, for q ∈ Q, when some constraint
over the velocity is satisfied.

Figure 1.3 shows some sample executions of the automatic gearbox for a par-
ticular choice of vd. The horizontal axis represents the velocity difference E
and the vertical axis represents the integrator torque TI . Since the value TI
is set to 0 every time the driver inputs a new desired velocity, every execution
starts at the horizontal axis. The origin corresponds to vd = v, that is, the state
where the target velocity is achieved. Vertical red and blue lines correspond
respectively to upward and downward gear position changes.

The characteristic behaviour of hybrid systems is clearly shown in the gearbox
example, where the continuous evolution is defined by the linear dynamics
over E and TI , and the discrete evolution corresponds to the gear position
switchings. Further details about this gearbox model will be introduced in
Chapter 6.
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Figure 1.3: Gearbox sample executions

Design specification: stability A specification describes operational and
performance requirements of a system. The target of this dissertation is stability
verification of hybrid systems, where stability is a fundamental performance
property required in control system design. This property captures the notion
that small perturbations in the initial state or input to the system will result
only in small variations of the behaviour of the system. This leads to the
system executions starting at any state to remain close or to converge to a
desired behaviour.

This thesis considers three classical notions of stability, known as Lyapunov
stability, asymptotic stability and global asymptotic stability. A system is
Lyapunov stable if the executions of the system starting close to a predefined
state, remain close to this state. More strongly, if the executions starting close
to a predefined state not only remain close to the predefined state but also
converge to it, the system is asymptotically stable. Lastly, an even stronger
notion of stability is global asymptotic stability, which states that the system
is Lyapunov stable and every execution of the system, starting from any state,
converges to a predefined state.

Consider the previous hybrid system example, namely, the cruise control
interacting with an automatic gearbox which appears in Figure 1.2. The
desired behaviour of the system consists of achieving a velocity set by the
user starting from any possible initial velocity of the vehicle and despite small
velocity perturbations due to, for instance, uphill or downhill motions of the
vehicle. This implies that every execution of the system converges to E = 0,
that is v = vd. Therefore, establishing that the system satisfies the desired
behaviour is equivalent to verifying that it is globally asymptotically stable
with respect to the origin.
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The next section will provide an overview of the state of the art for stability
verification and the novel approach developed in this thesis with ideas from
formal methods.

1.4 Stability verification

The classical approach to stability analysis in control theory is based on
Lyapunov functions [Kha02]. A Lyapunov function for an n-dimensional
dynamical system ẋ = f(x), is a continuously differentiable function of the
form V : Rn → R, such that it is positive definite, V (x) > 0, and its value
along any solution of the dynamical system is decreasing, which is captured
by the algebraic expression ∇V (x) · f(x) < 0 where ∇V (x) = ∂V (x)

∂x ; for every
x ∈ Rn \ {0̄}.

For the case of a continuous dynamical system, the existence of a Lyapunov
function corresponds to a stability certificate. The approach has been ex-
tended to hybrid systems in the form of common and multiple Lyapunov
functions [Son06, GST09, LA09, GC06, Hes04, MBC06]. Automated analy-
sis involves starting with a template which serves as a candidate Lyapunov
function and then encoding the conditions of the Lyapunov function in form
of a sum-of-squares programming problem over the template. The sum-of-
squares programming problem can be efficiently solved using tools such as
sostools [Par00, PP02, MT13].

Example 2. Consider for instance a two dimensional linear dynamical system
of the form ẋ = Ax, where x = (x1, x2) ∈ R2 and the dynamics is defined by
the matrix

A =
(
−1 −1
1 −1

)
.

A candidate Lyapunov function is instantiated as V (x1, x2) = ax2
1 +bx1x2 +cx2

2
where a, b, c ∈ R are unknown parameters. The candidate function needs to
satisfy two conditions to be a Lyapunov function, which are to be positive definite,
V (x) > 0, and to decrease along the solutions of the system, ∇V (x) ·Ax < 0, for
every x ∈ R2 \{(0, 0)}. These two conditions result in the following inequalities:

ax2
1 + bx1x2 + cx2

2 > 0 and (2ax1 + bx2, bx1 + 2cx2)
(
−x1 − x2
x1 − x2

)
< 0 for

x1, x2 6= 0. A successful triple of parameter values as a = 1, b = 0 and c = 1
can be obtained by means of a sum-of-squares software tool. The existence



8 1. Introduction

of such parameters ensures the existence of a Lyapunov function, which in
addition ensures stability of the original linear dynamical system.

The major difficulty with this approach is to determine the right template for the
candidate Lyapunov function. Furthermore, with the exception of [KDSA14],
automatically learning the templates is a problem which has not been adequately
addressed. In summary, the main drawbacks in this template-based search
methodology are that the success of the approach depends on a smart choice
of the template, and that a template failure does not provide insights into the
reason for the failure or into the next choice of a template.

Motivated by these issues, this dissertation introduces an algorithmic approach,
not based on Lyapunov functions search,which iterates over abstractions of the
original hybrid system, in a guided and automatic fashion. In particular, the
algorithmic approach is a novel instantiation of the so-called Counterexample
Guided Abstraction Refinement (cegar) [CGJ+00] method, oriented to obtain
a stability certificate.

1.4.1 CEGAR

In general, a direct analysis of the correctness of a system is not cost efficient
due to the complexity of the system. A standard procedure to facilitate the
analysis involves constructing a simplification, also known as abstraction, of the
system and evaluating over it correctness conditions. A too coarse simplification
leads to obtain an inconclusive analysis result, while a too tight simplification
causes a cost inefficient analysis, as in the case of the original system. The
difficulty here lies on constructing an enough accurate simplification of the
system which results in an affordable cost for analysis. The cegar method
consists of an algorithmic approach which searches for this accurate simplified
system by iteratively refining an initial abstract system such that the refinement
procedure is based on the property analysis output.

Formally, a cegar approach is a verification algorithm which integrates ab-
straction and model checking techniques as shown in Figure 1.4. The input
to the algorithm is a concrete system and a property, and it outputs if the
system either satisfies or does not satisfy the property. The concrete system
is simplified into a finite system which over-approximates the behaviour of
the former one. This finite system is obtained by an abstraction procedure,
and it is explored by a model checking algorithm which establishes correctness
of the concrete system with respect to the property, or outputs an abstract
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Figure 1.4: cegar architecture

counterexample. The abstract counterexample is a potential reason for viola-
tion of the property and a validation function evaluates if it corresponds to a
concrete counterexample or not. In case of existence of a concrete counterex-
ample, the cegar approach outputs that the property is violated, while if
the abstract counterexample is spurious, the validation result will be input
to a refinement procedure. The refinement procedure evaluates the abstract
counterexample and provides additional constraints to the abstraction process,
resulting in the construction of a more accurate abstract system, where the
abstract counterexample is eliminated.

Initially, the cegar paradigm was proposed for discrete systems in the con-
text of hardware systems [CGJ+00, Kur94], and applied to software sys-
tems [BPR02]. Subsequently, several cegar approaches have been extended
to more complex systems such as hybrid systems. These particular approaches
attack mainly safety verification problems [ADI03, CFH+03, PDMV13], but
not stability verification problems, except for the attempt proposed in [DM11],
which considers a cegar application to region stability.

The application of the cegar algorithm to the classical notions of stability
that this thesis considers is not straightforward, unlike for the case of region
stability. Bisimulation relations [Mil89] are the foundational basis for the
abstraction procedure in the case of region stability, since these relations
preserve properties expressible in linear temporal logics and region stability is
one of those. The considered notions of stability cannot be expressed in linear
temporal logics, hence standard abstractions are not useful for them. Results
in [Cui07, PDV12, PLM13] show that stability is not bisimulation invariant
and that bisimulation relations need to be reinforced with continuity conditions
in order to define abstractions preserving the stability property.
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1.5 Contributions and thesis outline

This dissertation provides the first cegar framework to apply abstraction and
model checking algorithms for the verification of Lyapunov and asymptotic
stability of hybrid systems.

1.5.1 CEGAR for stability

The cegar approach for stability introduces a novel quantitative predicate
abstraction which outputs a weighted graph, and provides a set of verifiable
conditions over the abstract weighted graph for evaluating stability satisfaction.
The stability analysis returns either a sound stability certificate or an abstract
counterexample. In case of a counterexample detection, this will provide
insights about the reason for instability or to select a better abstraction.

The cegar approach systematically iterates over the abstract systems, returns
a counterexample in the case that the abstraction fails and the counterexample
is used to guide the choice of the next abstraction; in contrast to the template-
based search illustrated in Example 2, where the success of the methodology
requires the ingenuity of the user in the choice of the initial template, and the
failure of the template does not provide insights in either the reason for the
violation of the property or the choice of the next template.

The contributions of this thesis are the development and implementation of
the building blocks involved in the cegar algorithm. They are are listed and
detailed in the following paragraphs.

Quantitative predicate abstraction The core contribution is the development
of a quantitative predicate abstraction (qpa) technique over hybrid systems
with polyhedral inclusion dynamics. Various methods include predicate and hy-
brid abstractions [DKL07, PDMV13, ADI03, CFH+03] for computing abstract
models oriented to safety verification. These standard methods do not suffice
for stability analysis, so a novel predicate abstraction technique is introduced
for stability preservation.

The novel abstraction technique is a modified predicate abstraction which
constructs a finite weighted graph from a polyhedral hybrid system and from a
finite partition of the state space. The output weighted graph is a conservative
approximation.
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Figure 1.5: Local quantitative predicate abstraction of gearbox

A graph refers to a collection of nodes and a collection of edges connecting the
nodes. The nodes of the abstract graph correspond to a pair of a mode and an
element. The mode belongs to the hybrid system and the element belongs to
the state space partition. An edge between two mode-element pairs indicates
the existence of an execution starting from a state in the first element to a
state in the second element such that it remains in a single element at all the
intermediate states. The initial and final states belong to the first and the
second modes, respectively. Therefore, existence of an edge corresponds to
satisfiability of a non trivial reachability predicate.

The additional element of the qpa with respect to standard predicate abstrac-
tions is the quantization over the edges. The weight on the edges traces the
distance of the executions from the origin, and its computation is a crucial part
of the approach. Weight computation corresponds to solving an optimization
problem over the reachability predicate. A formula equivalent to the predicate
is constructed. This formula is a boolean combination of linear constraints.
Hence, the weight is computed by solving a bunch of linear programming
problems.

In the abstracted polyhedral hybrid system from the gearbox in Example 1.3,
the behaviour close to the origin, so the one illustrated by the executions in the
most left region, is abstracted into a weighted graph as shown in Figure 1.5,
after hybridization.

The qpa provides a finite weighted graph, preserving stability, from a poly-
hedral hybrid system. The theoretical foundations and results related to the
abstraction technique are presented in Chapter 3. Next, efficiently verifiable
conditions on the graph are presented such that their satisfaction implies Lya-
punov and/or asymptotic stability. Hence, the verification problem is efficient
when reduced to that over a finite state system as compared to that over an
infinite state system corresponding to the original hybrid system.
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Model checking technique The weighted graph is analysed for the absence
of cycles with weight greater than 1, which can be solved by dynamic pro-
gramming. The absence of these cycles corresponds to a stability certificate
for the polyhedral hybrid system. While the existence of a cycle of this kind
corresponds to a potential reason for instability, and it is referred to as ab-
stract counterexample. The theoretical foundations and results related to the
conditions for stability over the weighted graph are presented in Chapter 3.

Figure 1.5 shows a weighted graph in the right hand side with a single cycle
where the weight of the cycle, that is the product of the weights, is 0.04
approximately. Hence, stability of the system in the left hand side of Figure 1.5
is established.

The existence of an abstract counterexample is due to two different reasons.
One reason is the existence of an infinite divergent execution in the hybrid
system, which hence refutes stability of this system and is abstracted by the
counterexample. The other reason is the fact that the finite weighted graph
abstracted from the hybrid system is too coarse. In this second case the abstract
counterexample is spurious. A validation algorithm identifies the reason for
the presence of a counterexample.

Validation The validation procedure consists of checking the existence of a
stability-refuting execution which is expressed in the weighted graph by follow-
ing the abstract counterexample. In the context of safety analysis [CGJ+00],
validation corresponds to checking if there exists a finite execution of the
system which follows a sequence of abstract states. However, the validation
problem in the context of stability analysis is not a bounded model checking
problem as in safety analysis. Instead, it consists of checking if there exists an
infinite diverging trajectory that follows the counterexample cycle infinitely
many times. This property cannot, as is, be encoded as the satisfiability of
a formula in a finitary logic. This thesis introduces a novel characterization
for the existence of an infinite diverging execution in terms of the satisfaction
of a first order logic formula, which can be efficiently solved by means of smt
solvers. The validation technique based on such characterization is presented
in Chapter 4.

Refinement The validation procedure can determine that an infinite diverging
execution does not exist in the polyhedral hybrid system. In this case, the
finite abstract graph is too coarse. Hence, a tighter abstraction needs to be
constructed such that the abstract counterexample is eliminated. A finer
abstraction comes out by adding new predicates to the state space partition.
This addition can be either an automatic random process or a counterexample
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based approach. Both approaches are refinement strategies. The automatic
random process creates predicates which partition uniformly the state space. A
contribution in this thesis is the other refinement strategy that is an algorithmic
technique which constructs predicates based on the counterexample. The extra
predicates are added in the quantitative predicate abstraction process to refine
the state space partition in order to obtain a more accurate weighted graph.
The theoretical foundations and results related to the refinement techniques
are presented in Chapter 4.

The qpa, validation and refinement algorithms are integrated to describe the
cegar framework for stability analysis of polyhedral hybrid systems.

The previous results are further developed in two directions. On one side, a
more complex class of hybrid systems is considered, and on the other side, a
new stability property is introduced. The stability notions considered in the
previous framework are Lyapunov and asymptotic stability, which are local
properties. Local properties refer to a particular region in the state space,
unlike the new one, global asymptotic stability (gas), which refers to the full
state space. An extension of the previous algorithms is introduced in this thesis
to obtain gas verification of linear hybrid systems.

1.5.2 Hybridization

The continuous behaviour of linear hybrid systems is determined by linear
dynamics, and the computation of the weights in the qpa procedure for this
kind of dynamics is of high complexity. An efficient approach to overcome
such drawback consists of defining a simpler system based on a linear hybrid
system and that is sound with respect to stability satisfaction (stability of the
simpler system implies stability of the linear hybrid system). The contribution
to this end is to define an abstraction technique for over approximating the
behaviour of a linear hybrid system by a polyhedral hybrid system. The
abstraction technique is called hybridization and consists of splitting the
state space into a finite number of regions and approximating the linear
dynamics in each region by a polyhedral inclusion dynamics. Hybridization
approaches for safety analysis already exist [ADG07, DMT10], but they are not
appropriate for stability purposes. We have introduced a novel hybridization
procedure, where the state space splitting is specifically tuned for stability
verification. The computed polyhedral hybrid system enables to define scalable
stability verification techniques in order to verify stability of the linear hybrid
system. The theoretical foundations and the results related to this hybridization
technique are presented in Chapter 5.
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Figure 1.6: Averist flowchart

For instance, the gearbox introduced in Example 1 is modelled as a linear hybrid
systemfor stability analysis, the specific hybridization needs to be applied in
order to construct a polyhedral hybrid system.

Algorithmic verifier of stability A software tool called Averist has been
built to implement the cegar approach for Lyapunov stability verification
of linear hybrid systems. Its flowchart is shown in Figure 1.6. Details on the
architecture and the implementation of Averist are presented in Chapter 7.

1.5.3 Global asymptotic stability verification

The gas verification is built up in the above-mentioned algorithmic approaches.
The main result consists of a decomposition theorem that reduces the gas
verification problem into a region stability (rs) analysis problem and an asymp-
totic stability (as) analysis problem. The developed qpa technique is used for
as analysis and also for extracting a stability zone required for the rs analysis.
In addition to the decomposition result, the fundamental contributions of the
extended procedure are the algorithmic computation of the stability zone and
the model checking algorithm for rs verification.

These results are presented in Chapter 6 along with a semi-automated proof of
gas for the cruise controller interacting with the automatic gearbox presented
in Example 1. This proof shows in detail the local as stated by evaluating the
quantitative predicate abstraction illustrated in Figure 1.5, in addition to the
rs verification problem.
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This chapter provides fundamental definitions and preliminary results to be
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Numbers Let R, R≥0, and N denote the set of reals, non-negative reals and
natural numbers, respectively.

Functions Given a function F , we use dom(F ) to denote the domain of F ,
and img(F ) to denote the image of F . Given a set A ⊆ dom(F ), we denote by
F�A, the restriction of F to the domain A.

Sequences A sequence domain is a either a finite subset of N of the form
{0, 1, . . . , n} for some n ∈ N or the infinite set N. A sequence over a set A is a
function S : D → A, where D is a sequence domain. The length of a sequence
S, denoted len(S), is n + 1 if D = {0, 1, . . . , n} and ∞ if D = N. S is also
represented by enumerating its elements as in S(0)S(1) . . ..

Euclidean space The n-dimensional Euclidean space is given by Rn. A point
in the continuous space Rn is represented by x which is of the form (x1, . . . , xn).
The addition of two points, x + y, is defined as (x1 + y1, . . . , xn + yn), and
the product of a constant c ∈ R and x ∈ Rn, denoted cx, is equal to the
point (cx1, . . . , cxn). We use |x| to denote the infinity norm of x ∈ Rn, and
x · y to denote the dot product of x, y ∈ Rn. Given ε ∈ R≥0, we use Bε(x) to
denote an open ball around x of radius ε, that is, Bε(x) = {y : |x − y| < ε}.
A set X ⊆ Rn is open if for every x ∈ X, there exists a δ > 0 such that
Bδ(x) ⊆ S; a set X ⊆ Rn is closed if Rn\X is open; and a set X ⊆ Rn is
convex if for every pair of points x, y ∈ Rn and every value α ∈ [0, 1], the
point αx + (1 − α)y belongs to X. A set X is closed under positive scaling
if for every x ∈ X and α > 0, αx ∈ X. Note that open sets are closed
under arbitrary union and closed sets are closed under arbitrary intersection.
Hence, given any set X ⊆ Rn, the interior of X, denoted X̊, is the largest
open subset of X; the closure of X, denoted X is the smallest closed set
containing X, and the boundary of X, denoted ∂(X), is the set X \ X̊. Given
sets X,Y ⊆ Rn, X × Y denotes the Cartesian product {(x, y) : x ∈ X, y ∈ Y }
and X + Y denotes the Minkowski sum {x+ y : x ∈ X, y ∈ Y }. Given a set
X ⊆ Rn, we use chull(X) to denote the smallest convex set containing X.
The Hausdorff distance between two sets X,Y ⊆ Rn is defined as dH(P,Q) =
max{supx∈X infy∈Y |x− y|, supy∈Y infx∈X |x− y|}.

Intervals, time domain and interval domain An interval is a closed convex
subset of R. Given an interval I, first(I) denotes the greatest lower bound
of I and last(I) denotes the least upper bound of I. A time domain is an
interval I such that first(I) = 0. The concatenation of a time domain I2
to a finite time domain I1 is the time domain I, denoted I1 ◦ I2, given by
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I1 ∪ (I2 + {last(I1)}). An interval domain is a finite or infinite sequence of
intervals ι = I0I1 · · · such that first(I0) = 0, last(Ii) = first(Ii+1) for
0 ≤ i < len(ι), and if dom(ι) is infinite, then for every n ∈ N, there exists
m ∈ N such that n ∈ Im. We denote by [[ι]] the interval ∪i∈dom(ι)ι(i). The
concatenation of an interval domain ι2 to a finite interval domain ι1, denoted
ι1 ◦ ι2, is the interval domain ι whose domain is dom(ι1) ∪ (dom(ι2) + len(ι1)),
and ι(i) = ι1(i) if i ∈ dom(ι1), and is ι2(i − len(ι1)) + {last(ι1(len(ι1)))},
otherwise.

Splitting of sequences, intervals and interval domains Sequences S1 and
S2 form a splitting of a sequence S, denoted S = S1 ◦ S2, if S1(len(S1)) =
S2(0), len(S) = len(S1) + len(S2), and S(i) = S1(i) if i ∈ dom(S1), and
S2(i− len(S1)), otherwise. Note that for a given index of S, there is a unique
way to split it into two sequences.

Intervals I1 and I2 form a splitting of an interval I, denoted I = I1 ◦ I2, if
last(I1) = first(I2), and I = I1 ∪ I2. Interval domains ι1 and ι2 form a
splitting of an interval domain ι, denoted ι = ι1◦ι2, if len(ι) = len(ι1)+len(ι2),
and ι(i) = ι1(i) if i < len(ι1) and ι(i) = ι2(i− len(ι1)) + {last(ι1(len(ι1)))}
otherwise.

Convex polyhedral sets A linear expression over Rn is a function p : Rn → R
where p(x) = a ·x + b with a ∈ Rn and b ∈ R being constant values, and
x = (x1, · · · , xn) being a tuple of variables. A linear constraint is an expression
of the form p(x) ∼ 0, where the relation ∼ belongs to {<,≤,=}. It is called
homogeneous if b = 0. The set defined by a linear constraint c ≡ a ·x+ b ∼ 0,
denoted [[c]], is the set of valuations v = (v1, . . . , vn) ∈ Rn, such that a · v+b ∼ 0
holds. A half-space is a set defined by a linear constraint with inequality relation
and a hyperplane is a set defined by a linear constraint with equality, so it has
dimension n− 1. Note that a half-space is either of the two parts into which a
hyperplane divides the space. We denote the set of all hyperplanes of space Rn

by hyper(n). Given a set P ⊆ Rn of dimension lower than n, plane(P ) is the
intersection of all hyperplanes which contain P ,

plane(P ) =
⋂

h∈hyper(n)
P⊆h

h,

while in case of dimension equal to n, plane(P ) = Rn. A convex polyhedral set
is an intersection of finitely many half-spaces and hyperplanes; it is said to be
pointed if the half-spaces and hyperplanes are defined by homogeneous linear
constraints and elementary if the linear constraints defining the half-spaces only
use the relation {<}. A minimal set of linear constrains that define a convex
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polyhedral set P is denoted as lc(P ). A cone generated by a polyhedral set P
is defined as cone(P) = {αx ∈ Rn : x ∈ P, α ∈ R≥0}. We will use polysets(X)
to denote the set of all convex polyhedral subsets of X, and cpolysets(X)
to denote the set of compact convex polyhedral sets. In case of X = Rn we
denote polysets(n) and cpolysets(n).

A polyhedral partition P of X ⊆ Rn is a finite set of closed convex polyhedral
sets, {P1, . . . , Pk}, such that X = ∪ki=1Pi and P̊i ∩ P̊j = ∅ for 1 6 i, j 6 k.
The elements of a polyhedral partition are indistinctly referred to as regions
or elements. An elementary partition is a partition in which all the convex
polyhedral sets are elementary.

Linear, piecewise-linear and differentiable functions A trajectory η is a
function from a time domain D to Rn for some n. A trajectory η is said to be
linear if there exist a, b ∈ Rn, such that for every t ∈ dom(η), η(t) = at+ b; and
piecewise-linear if there exists an interval domain ι such that [[ι]] = dom(η) and
η�ι(i) is linear for every i ∈ dom(ι). A trajectory η is said to be differentiable
if its derivative exists at all points of the domain, and the derivative of η is
denoted by η̇.

Graphs and weighted graphs A graph G is a pair (V,E), where V is a finite
set of vertices and E ⊆ V × V is a finite set of edges. Cardinality of the graph
is denoted as |G| and corresponds to the number of nodes. A path of a graph is
a finite or infinite sequence of vertices π = v0v1 . . . such that (vi, vi+1) is an
edge for each i < len(π). Let paths(G) denote the set of paths of G. A cycle is
a finite path where the first and the last vertices are the same; and it is simple
if all the vertices except the last are distinct.

A weighted graph G = (V,E, w) where (V,E) is a graph and w : E → R≥0 ∪
{+∞} is a weighting function on the edges. The weight of a finite path π is
Πi∈dom(π)w(π(i)). Given a set of vertices V ′ ⊆ V , we use G[V ′] to represent
(V ′, E ∩ V ′ × V ′, w�V ′×V ′).

A strongly connected component scc of a graph G is a set of vertices V ′ of G
such that for every v1, v2 ∈ V ′, there is a path in G[V ′] from v1 to v2. Let
scc(G) denote the set of maximal strongly connected components of G. Note
that scc(G) is a partition of the vertices of G. The quotient graph G/scc is a
graph where the set of vertices is scc(G) and the edges correspond to pairs
(C1, C2) ∈ scc(G) with C1 6= C2 such that there exist c1 ∈ C1 and c2 ∈ C2
with (c1, c2) being an edge of G. Note that the quotient graph is an acyclic
graph.
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Satisfiability Modulo Theory (SMT) An SMT formula ϕ(x) over linear real
arithmetic is a boolean combination of linear constraints over the variable in x.
We will refer to it simply as an SMT formula from now on. A valuation v ∈ Rn

is said to satisfy an SMT formula ϕ(x), denoted v |= ϕ(x), over variables
x = (x1, . . . , xn), if the constraint obtained by substituting vi to xi is true. An
SMT formula ϕ(x) is satisfiable if there exists a valuation which satisfies it.
Checking satisfiability of an SMT formula over linear arithmetic is decidable
and there exist efficient tools to compute the same [MB08].

2.1 Hybrid automaton: syntax and semantics

A hybrid automaton [Hen00, ACHH92] is a popular formalism to model mixed
discrete and continuous behaviours, and hence hybrid systems. It extends the
finite state automaton model for discrete dynamics by annotating the modes
with differential equations or differential inclusions for modelling the physical
systems. In addition, invariants on the modes and guards on the edges provide
constraints that need to be satisfied during evolution and mode switching,
respectively.

Definition 1. A n-dimensional hybrid automaton (ha) is a tuple H =
(Q,E,X,F, I,G), where:

• Q is a finite set of control modes or locations;

• E ⊆ Q×Q is a finite set of edges;

• X = Rn, for some n, is the continuous state space;

• F : Q→ (Rn 7→ 2Rn) is the vector field function;

• I : Q→ polysets(n) is the invariant function; and

• G : E→ polysets(n) is the guard function.

Notation. We will denote each of the elements in a ha H with H as a subscript
to avoid confusion when necessary. For instance, the invariant function will be
referred to as IH.

A polyhedral partition P is said to respect a ha H if for every P ∈ P , q ∈ QH
and e ∈ EH, either P ⊆ IH(q) or P ∩ IH(q) = ∅ and either P ⊆ GH(e) or
P ∩GH(e) = ∅.

The hybrid automaton evolves continuously by following the vector field function
at each location. It executes starting in a mode q and a continuous state x.
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(a) ẋ = Ax

x

y

y

Wednesday, May 15, 2013

(b) ẋ = Bx
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Figure 2.1: Phase portraits and sample executions

For every location q ∈ Q the state follows the vector field F(q) while being
inside the invariant I(q). The continuous state switches from one location to
other when it satisfies the guard between these locations. The vector field
function is typically represented as a differential inclusion ẋ ∈ F (x) or a linear
differential equation ẋ = Ax, where F (x) represents a polyhedron and A is a
real matrix.

A hybrid automaton is linear if in every mode q the behaviour of the system
is determined by a linear dynamical system of the form ẋ = Aqx. Hence,
for every q ∈ Q and x ∈ I(q), the flow in the hybrid automaton is given by
F(q)(x) = {Aqx}. And we say that a hybrid automaton is polyhedral, when, for
every mode q, the dynamics is defined by a polyhedral inclusion of the form
ẋ ∈ Pq where Pq ∈ cpolysets(n). Here, the flow is specified as F(q)(x) = Pq
for every q ∈ Q and x ∈ I(q).

In particular, the system model to consider in the dissertation is the switched
hybrid system [Lib03], a special kind of hybrid automaton in which the contin-
uous state does not change during a mode switch. Concretely, the focus is on
polyhedral switched systems (pss) and linear switched systems (lss).

Example 3. Figure 2.1 shows an example oflinear switched systems. The
continuous evolution of these systems is determined by linear dynamical systems.
Let us consider two linear dynamical systems defined by matrices A and B.
The phase portraits for both systems are shown in Figure 2.1a and Figure 2.1b
respectively. We define two linear switched systems H1 and H2, by switching
between these linear dynamical systems. H1 follows the dynamics determined
by matrix B in the first and third quadrants while follows A in the other two
quadrants. H2 follows A in the first and third quadrants and follows B in the
second and fourth quadrants. Sample executions for both systems are shown
in Figure 2.1c and Figure 2.1d. These executions capture the evolution of the
system in a particular quadrant, and the switching transitions, that occur at
the boundaries of the quadrants. A formal definition of executions is introduced
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(a) Hybrid automaton H1 (b) Hybrid automaton H2

Figure 2.2: Linear switched systems

right after this example.

The two linear switched systems in Figure 2.1c and Figure 2.1d are represented
as the hybrid automata shown in Figure 2.2a and in Figure 2.2b, respectively.
Every location corresponds to a quadrant, namely q1, q2, q3 and q4 for the first,
second, third and fourth quadrant, respectively. The vector field function at
each location is determined by the matrices A or B, such that, for instance,
F(qi)(x) = Bx for i = 2, 4 and F(qi)(x) = Ax for i = 1, 3 for the hybrid
automaton in Figure 2.2a. The invariants are the polyhedral sets which describe
the quadrants, and the invariant function is defined as I(qi) = Ii for i = 1, 2, 3, 4,
where Ii corresponds to the i-th quadrant. The switching between dynamics
is represented by the edge connections between locations, and the switching
conditions are expressed as linear constraints tagged on the edges.

Definition 2. An execution σ of a hybrid automaton H = (Q,E,X,F, I,G) of
dimension n is a triple (ι, η, γ), such that:

• ι is an interval domain;

• η : [[ι]] → Rn such that for each i ∈ dom(ι), η �ι(i) is a differentiable
function;

• γ : dom(ι)→ Q such that:

– for all i ∈ dom(ι), for all t ∈ ι(i), η(t) ∈ I(γ(i)) and η̇(t) ∈ F(γ(i));

– for all 0 ≤ i < len(ι), (γ(i), γ(i + 1)) ∈ E and η(last(ι(i))) ∈
G((γ(i), γ(i+ 1))).

Definition 3. An execution σ = (ι, η, γ) of H is said to be complete if
dom(η) = [0,∞); otherwise, it is called finite.

The set of all executions of H will be denoted by exec(H), and the set of all
complete executions by cexec(H). The restriction of a set of executions Σ to a



22 2. Preliminaries

set X ∈ Rn, denoted Σ�X , corresponds to the executions σ ∈ Σ such that for
all i ∈ dom(ι) and for all t ∈ ι(i), η(t) ∈ X.

Notation. It is used fs(σ) to refer to the first state (γ(0), η(0)). If σ is finite,
it is used ls(σ) to refer to the last state (γ(len(γ)), η(last([[ι]]))). Given an
execution σi, its components will be referred to using appropriate subscripts,
for example, the components of σi are denoted using ιi, ηi, and γi, respectively.

Definition 4. An execution σ′ = (ι′, η′, γ′) is said to extend σ = (ι, η, γ) if

• dom(ι) is a strict subset of dom(ι′),

• dom(η) is a strict subset of dom(η′),

• for all i ∈ dom(ι), ι(i) = ι′(i) and γ(i) = γ′(i), and

• for all t ∈ dom(η), η(t) = η′(t).

An execution σ is maximal if it cannot be extended.

Note that complete executions are maximal.

We define the scaling of an execution by a positive real number.

Definition 5. Given an execution σ = (ι, η, γ) of H and a real number α > 0,
ασ is the entity (ι′, η′, γ′), where:

• dom(ι′) = dom(ι) and if ι(i) = [t, t′], then ι′(i) = [αt, αt′];

• η′(t) = αη(t/α) and

• γ′ = γ.

Note that ασ may not in general be an execution, since, it may not satisfy
the invariant and guard conditions in the definition of an execution. Note,
however, that it satisfies the flow conditions, since, d

dtη
′(t) = d

dt [αη(t/α)] =
α d
dt [η(t/α)] = α( ddtη)(t/α) 1

α = ( ddtη)(t/α) ∈ F(γ(i)), where t/α ∈ [ti, ti+1].
Then t ∈ [αti, αti+1] and d

dtη
′(t) ∈ F(γ(i)).

2.2 Stability notions

In this section, classical notions of stability in control theory are defined, and
preliminary results about the stability of polyhedral switched systems are
stated. The notions of stability are considered with respect to an equilibrium
point.
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Definition 6. A point x ∈ Rn is an equilibrium point of an n-dimensional
hybrid system H, if every execution σ = (ι, η, γ) ∈ exec(H) with η(0) = x

satisfies η(t) = x for all t ∈ dom(η).

Without loss of generality, the origin 0̄ is assumed to be the equilibrium point.

Remark. The stability verification algorithms described in this dissertation
do not require the input system to have 0̄ as an equilibrium point. However, if
the algorithms deduce that the system is stable, then it also implies that 0̄ is an
equilibrium point.

Lyapunov stability Intuitively, Lyapunov stability captures the notion that
the executions of the system starting close to the equilibrium point remain
close to it. Asymptotic stability, in addition, requires that executions starting
in a small enough neighbourhood around the equilibrium point converge to
it.

Given ε, δ ∈ R≥0 and a set of executions Σ, let the predicate lyap(Σ, ε, δ)
denote the fact that for every execution σ ∈ Σ with η(0) ∈ Bδ(0̄), η(t) ∈ Bε(0̄)
for every t ∈ dom(η).

Definition 7. A set of executions Σ of a hybrid system H is said to be
Lyapunov stable (ls) with respect to 0̄, if for every real ε > 0, there exists a
real δ > 0 such that lyap(Σ, ε, δ).

Asymptotic stability Given an execution σ, it is said to converge to 0̄, denoted
conv(σ, 0̄), if for every real ε > 0, there exists a T ∈ dom(η), such that
η(t) ∈ Bε(0̄) for every t ≥ T . Further, asymp(Σ, δ) denotes the fact that every
complete execution σ = (ι, η, γ) ∈ Σ with η(0) ∈ Bδ(0̄) satisfies conv(σ, 0̄).

Definition 8. A set of executions Σ of a hybrid system H is said to be
asymptotically stable (as) with respect to 0̄, if it is Lyapunov stable with respect
to 0̄ and there exists a δ > 0 such that asymp(Σ, δ).

A hybrid system H is said to be Lyapunov (asymptotically) stable if exec(H)
is Lyapunov (asymptotically) stable with respect to 0̄.

Example 4. Observe in Figures 2.1a and 2.1b that the executions of these
linear dynamical systems remain close to the origin, which implies Lyapunov
stability of both systems. In the case of Figure 2.1c, the execution from system
H1 converges to the origin, implying, therefore, asymptotic stability; while in
the case of system H2, the execution of Figure 2.1d diverges, hence the system
is unstable.
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Global asymptotic stability Lyapunov and asymptotic stability are local
notions of stability. An universal and stronger notion is global asymptotic
stability. It assures that all the executions of the system converge to a desired
equilibrium state and any perturbations to this state do not drive the system
too far wherever the system execution starts from.

Definition 9. A set of executions Σ of a hybrid system H is said to be globally
asymptotically stable (gas) with respect to 0̄ if it is Lyapunov stable and every
execution σ = (ι, η, γ) ∈ cexec(H) satisfies conv(σ, 0̄).

A hybrid system H is said to be globally asymptotically stable if exec(H) is
globally asymptotically stable with respect to 0̄.

Region stability Here, it is formalized the notion that captures the fact that
all executions of a predefined set of executions reach a region.

Definition 10. A set of executions Σ of a hybrid system H is said to be
region stable (rs) with respect to a set R ⊆ X if for every maximal execution
σ = (ι, η, γ) ∈ exec(H) there exists a value T ≥ 0 such that η(T ) ∈ R.

A hybrid system H is said to be region stable with respect to R if exec(H) is
region stable with respect to R. Often, region stability not only requires that
the executions reach R, but also requires the executions to remain within R
always after some time [PW07]. Note that considering a weaker notion than
the standard region stability suffices for this thesis purpose.

2.2.1 Preliminary properties of stability

Next, some properties about stability are proved. The first property states
that the Lyapunov stability of a system depends on the executions in a small
neighborhood around 0̄ of the system.

Proposition 1. A set of executions Σ is Lyapunov stable if and only if there
exists an ε′ > 0 such that for every 0 < ε < ε′, there exists a δ > 0 for which
lyap(Σ, ε, δ) holds.

Proof. Suppose Σ is Lyapunov stable. Then, by definition of Lyapunov stability,
it is known that for every ε > 0, lyap(Σ, ε, δ) holds. Therefore, it is clear that
for a subset of values 0 < ε < ε′, with a fixed ε′ > 0, lyap(Σ, ε, δ) will hold.

In the other direction, suppose that there exists ε′ > 0 such that ∀ 0 < ε < ε′

there exists δε > 0 such that lyap(Σ, ε, δε) holds. Consider ε > ε′ and choose
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the value δε′/2. Since 0 < ε′/2 < ε′, it is clear that lyap(Σ, ε, δε′/2) holds.
Therefore Σ is Lyapunov stable. �

In a small enough neighbourhood around 0̄, the executions of a switched system
are determined by the homogeneous linear constraints of the guards and the
invariants that contains 0̄ in their closures. Hence, one can reduce the system
to a system capturing only the behaviours close to the origin, for the case of
the local stability analysis.

Definition 11. A polyhedral switched system is in normal form if the invariants
and the guards of the system are pointed.

Given a polyhedral switched system H, we construct a polyhedral switched
system H′ in normal form based on H. First, remove from H the modes and
edges whose invariant and guard closures do not contain the equilibrium. Then,
replace every guard and invariant, say P , with P ′ := {αx : x ∈ P, α > 0}.
Observe that the local behaviour close to 0̄ of both systems is analogous, that
is the same as the behaviour of H restricted to Bε(0̄) for a small enough ε

value.

Proposition 2. Let H be a polyhedral switched system and H′ be the polyhedral
switched system in normal form based on H. Then, there exists a value ε > 0
such that

exec(H)�Bε(0̄)= exec(H′)�Bε(0̄) .

Proof. It is enough to fix an ε−ball around the origin such that the invariants
and guards of the pss H not containing 0̄ are out of the ball. Fix ε > 0
such that Bε(0̄) ∩ IH(q) = ∅ for every q ∈ QH with IH(q) not pointed and
Bε(0̄) ∩ GH(q1, q2) = ∅ for every pair (q1, q2) ∈ EH such that GH(q1, q2) not
pointed. Consider σ ∈ exec(H)�Bε(0̄). Then, σ = (ι, η, γ) where ι is an interval
domain; η : [[ι]] → Rn such that for each i ∈ dom(ι), η�ι(i) is a differentiable
function. γ : dom(ι)→ QH is such that for all i ∈ dom(ι), IH(γ(i)) is pointed.
Then, γ : dom(ι) → QH′ . For all i ∈ dom(ι), for all t ∈ ι(i), η(t) ∈ IH(γ(i)) ∩
Bε(0̄) and η̇(t) ∈ FH(γ(i)). By construction of the normal pss H′ based on
H and definition of ε, IH(γ(i)) ∩ Bε(0̄) = IH′(γ(i)) ∩ Bε(0̄). By construction
of H′, FH(γ(i)) = FH′(γ(i)). For all 0 ≤ i < len(ι), (γ(i), γ(i + 1)) ∈ EH
and η(last(ι(i))) ∈ GH((γ(i), γ(i+ 1))) ∩ Bε(0̄), where GH((γ(i), γ(i+ 1))) is
pointed. Then, GH((γ(i), γ(i+ 1))) ∩Bε(0̄) = GH′((γ(i), γ(i+ 1))) ∩Bε(0̄), by
construction of the normal pss H′ based on H. Hence, σ ∈ exec(H′)�Bε(0̄). On
the other hand, consider σ ∈ exec(H′)∩Bε(0̄), then by an analogous reasoning,
σ ∈ exec(H) ∩ Bε(0̄) is obtained. �

Proposition 3. Given a polyhedral switched system H, the polyhedral switched
system H′ in normal form based on H is such that:
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• H is Lyapunov stable if and only if H′ is Lyapunov stable.

• H is asymptotically stable if and only if H′ is asymptotically stable.

Proof. For a system in normal form it is enough to prove stability in a small
neighbourhood to the origin [PV13]. Suppose H is Lyapunov stable. By Propo-
sition 2, it is fixed ε > 0 such that exec(H) ∩ Bε(0̄) ⊆ exec(H′). It is known
that there exists δ > 0 such that lyap(exec(H), ε, δ). Then, by construction
of H′, it is clear that lyap(exec(H′), ε, δ) and that for every ε′ = wε > 0
with w ∈ R≥0 it can be chosen δ′ = wδ, which satisfies lyap(exec(H′), ε′, δ′).
Therefore, it is inferred that H′ is Lyapunov stable. Now, suppose H′ is Lya-
punov stable. Choose ε′ > 0 such that exec(H) ∩ Bε′(0̄) ⊆ exec(H′). For
every ε < ε′ it is known that there exists δ > 0 such that lyap(exec(H′), ε, δ).
Since exec(H)∩Bε′(0̄) ⊆ exec(H′), for every ε < ε′, lyap(exec(H), ε, δ) holds.
Then, by Proposition 1, exec(H) is Lyapunov stable.

Next, it is needed to prove the second point, about asymptotic stability. Suppose
first H′ is asymptotically stable. Then, by definition, there exists δ > 0 such
that asymp(exec(H′), δ) is satisfied. Also, by Proposition 2, there exists ε > 0
such that exec(H) ∩ Bε(0̄) ⊆ exec(H′). In addition, since Lyapunov stability
of H′ implies Lyapunov stability of H, it is known that there exists δε > 0 such
that lyap(exec(H), ε, δε). Therefore, every execution σ ∈ exec(H) starting
from Bδε(0̄) remains in Bε(0̄), which implies that σ ∈ exec(H′). Therefore, in
the case of δε 6 δ, σ satisfies conv(σ, 0̄) since Bε(0̄) ⊆ Bε(0̄), which implies that
asymp(exec(H), δε). While in the case of δε > δ, σ does not satisfy conv(σ, 0̄).
Then, consider σ that, in addition, starts from Bδ(0̄). These kind of executions
satisfy conv(σ, 0̄) and consequently asymp(exec(H), δ). Now, for the case of H
is asymptotically stable, the proof is analogous. �

From now on, assume that the polyhedral switched system is in normal form.
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Quantitative Predicate

Abstraction
This chapter introduces a modified predicate abstraction technique suitable for
stability verification, which is published in “Abstraction Based Model-Checking
of Stability of Hybrid Systems”, CAV’13 [PS13] and in “An algorithmic approach
to stability verification of polyhedral switched systems”, ACC’14 [PS14]
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In this chapter, we focus on the class of polyhedral switched systems (pss).
These are hybrid automata in which the invariants for the modes and the
guards on the switching are convex polyhedral sets. Further, the dynamics in
each mode is specified as a polyhedral differential inclusion ẋ ∈ P , where P is
a compact convex polyhedral set.

The quantitative predicate abstraction approach consists of constructing a
finite weighted graph which represents a conservative approximation of the
switched system in order to infer stability by analysing certain properties of
the graph. The algorithm takes as input a pss H and a finite partition of the
state space into convex polyhedral sets P , and outputs a finite weighted graph
G. The vertices of the graph correspond to pairs consisting of a mode of the
system and an element of the partition. An edge between two mode-element
pairs indicates the existence of an execution starting from the first mode and
a point on the first element to the second mode and a point on the second
element such that it remains in a single element at all the intermediate time
instances. The weight on an edge corresponds to the maximum scaling between
the starting and the ending continuous states over all such executions, that
is, an upper bound on the ratio of the distance to the equilibrium point at
the end of the execution to that at the beginning. Hence, corresponding to
every execution of the system, there exists a path in the graph which tracks
the scalings associated with various time points in the execution. In particular,
the existence of an edge with weight +∞ implies a possibility of a diverging
execution. Similarly, existence of a cycle in the graph such that the product
of the weights is strictly greater than 1, implies the possibility of a diverging
execution obtained by traversing the cycle infinitely many times. Absence of
the above entities in the graph implies Lyapunov stability. Criteria based on
graph analysis is provided, which ensure sufficient conditions for Lyapunov and
asymptotic stability.

One interesting feature of this analysis is a potential counterexample in the
event of a failure to prove stability. For example, a cycle such that the
product of the weights on the edges > 1 is a potential counterexample for
Lyapunov stability. Another interesting feature is the ability to construct a
less conservative abstraction, by considering a finer partition. A finer partition
can be obtained, for example, by splitting each element in the current partition
based on a linear constraint.

Construction of the finite weighted graph involves computing a non trivial
reachability predicate which captures all pairs of states of the system for
which there is an execution from the first state to second while remaining
within a single element of the partition. Existence of an edge then corresponds
to satisfiability of the predicate and the weight corresponds to solving an
optimization problem over the predicate. It is shown that a formula equivalent
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to the reachability predicate can be constructed. It is a boolean combination
of linear constraints and hence the weight is computed by solving a finite set
of linear programming problems. The construction of the formula is involved
owing to the fact that the number of mode switches that can occur during an
execution within an element of the partition is unbounded due to the presence
of cycles in the underlying switching graph. The graph analysis is reduced to
that of an acyclic graph using the notion of strongly connected components
which bounds the number of switches for the purpose of analysis.

The algorithm has been implemented in the software tool Averist (Algorithmic
VERIfier for STability) [PS15]. The merits of the algorithmic approach are
illustrated on an example using the tool. The performance of the tool is
evaluated by employing variations of the example. Averist returns either a
stability proof or a counterexample. The counterexample either leads to an
instability answer or can be used to construct new constraints in order to refine
the partition and obtain a more accurate weighted graph.

At this point, the choice of appropriate predicates is carried out mainly through
manual examination of the counterexample. In a later chapter we present
work focused on automating this process through a counterexample guided
abstraction refinement approach.

The choice of polyhedral switched systems is motivated by the fact that certain
computations involved in the analysis are simple for this class, such as the
representation of reachability predicates. However, several classes of hybrid
systems can be efficiently abstracted to this class [PV94, ADG07].

3.1 Polyhedral switched systems

A polyhedral switched system is an n-dimensional hybrid automaton H (remind
Definition 1) where the vector field function is F : Q → cpolysets(n) and
in which the continuous state is not modified when the mode switches. Here,
cpolysets(n) is interpreted as a constant function mapping every x ∈ Rn to a
polyhedron belonging to cpolysets(n).

Example 5. Figure 3.1 shows an automaton which represents a 2-dimensional
polyhedral switched system with 5 modes, q1, q2, q3, q4 and q5. The continuous
state space corresponds to X = R2 and (x, y) represents the continuous state
of the system. Every mode qi is related to a convex polyhedral set Ii which is
the invariant, that is I(qi) = Ii. The continuous state belongs to Ii in mode
qi. Also every mode qi is related to a compact convex polyhedral set Fi which
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Figure 3.1: Polyhedral switched system automaton

specifies the flow function, F(qi) = Fi. The derivative with respect to time of
the continuous state, (ẋ, ẏ) belongs to Fi when in mode qi. The edges of the
system correspond to the arrows between the modes. These edges are tagged
with predicates of the form (x, y) ∈ Gi where Gi are convex polyhedral sets
determined by the guard function. The predicates determine the condition when
a switch between modes can be committed. Figure 3.2a and Figure 3.2b are two
graphical instances of the pss in Figure 3.1. The invariants are determined
as follows, I1 = {(x, y) ∈ X : x > 0, y > 0}, I2 = {(x, y) ∈ X : x < 0, y > 0},
I3 = {(x, y) ∈ X : x < 0, y < 0}, I4 = {(x, y) ∈ X : x > 0, y < 0} and
I5 = {(x, y) ∈ X : x − 2y > 0, y > 0}. The polyhedra Fi are determined
by the convex combination of the vectors depicted in Figure 3.2. Observe
that in Figure 3.2 the difference between the stable and unstable instances
arises from the description of F5. This corresponds to the flow of the system
in the wedge-shaped region I5. The 3 different guards tagging the edges are
determined by the following predicates in both instances, G1 = {(x, y) : x = 0},
G2 = {(x, y) : y = 0}, and G3 = {(x, y) : x− 2y > 0}.

Every execution of the pss in Figure 3.1 evolves inside Ii when located in control
mode qi by following some of the vectors in Fi. Notice that the invariants of
locations q1 and q5 overlap and in the overlapped region, which coincides with
the wedge-shaped region, the polyhedral set determining the dynamics consists
of the convex hull of the polyhedra F1 and F5. In Figure 3.2, two sample finite
executions are shown. They correspond to the dotted lines.
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(a) Stable (b) Unstable

Figure 3.2: Instances of polyhedral switched system in Figure 3.1

3.1.1 Functions on switched systems

Let us fix a pss H = (Q,E,X,F, I,G) of dimension n. The underlying graph of
a hybrid system H, denoted UG(H), is the pair of the set of locations and the
set of edges (Q,E).

Given a set P ⊆ Rn, define H ∩ P to be the pss (QP ,EP ,XP ,FP , IP ,GP ),
where:

• QP = {q ∈ Q |P ⊆ I(q)},

• EP = {(q1, q2) ∈ (QP ×QP ) ∩ E |P ⊆ G((q1, q2))},

• FP (q) = F(q) ∩ plane(P ) for each q ∈ QP ,

• IP (q) = P for each q ∈ QP and

• GP (e) = P , for each e ∈ EP .

Let reach(H, P ) denote the set of pairs (q1, q2) ∈ QP × QP such that there
exists a path in UG(H ∩ P ) from q1 to q2.

By considering the polyhedral switched system in Figure 3.1, H, and the
polyhedral set P2 = {(x, y) : y > 0, x − 2y > 0}, observe the pss H ∩ P2
enclosed by a dotted line.

The stability verification of pss’s do not require an analysis over all the possible
executions of these systems but only over a class of executions, called piecewise
linear executions. Next, this particular class of executions for polyhedral
switched systems and the basis for reducing the stability verification to this
class of executions, are introduced.



32 3. Quantitative Predicate Abstraction

3.1.2 Piecewise linear executions and splitting

Definition 12. An execution σ = (ι, η, γ) is said to be piecewise linear if η is
piecewise linear.

We denote the set of all piecewise linear executions of H by pwexec(H). The
next proposition states that if there exists an execution of H between two
states, then there also exists a piecewise linear execution between the states.

Proposition 4. Let H be a polyhedral switched system. Given any finite
execution σ ∈ exec(H), there exists a piecewise linear execution σ′ ∈ pwexec(H)
such that fs(σ) = fs(σ′) and ls(σ) = ls(σ′).

Proof. Let σ = (ι, η, γ) be an execution in exec(H). We define σ′ = (ι′, η′, γ′)
where ι′ = ι, γ′ = γ and

η′�ι(i) (t) = η(first(ι(i))) + η(last(ι(i)))− η(first(ι(i)))
len(ι(i)) t

for every i ∈ dom(ι) and t ∈ ι(i). Next, we prove that σ′ is a piecewise linear
execution of H. By definition, it is clear that σ′ is piecewise linear, that its
first state fs(σ′) and last state ls(σ′) coincide with the first state fs(σ) and
last state ls(σ), respectively, that ι′ is an interval domain and that η′ is a
differentiable function. Recall that γ : dom(ι)→ Q, by definition of execution.
For every i ∈ dom(ι), we know I(γ(i)) ∈ polysets(n), so it is a convex set. Since
η(first(ι(i))) and η(last(ι(i))) belong to the convex set I(γ(i)), we obtain
η′(t) ∈ I(γ(i)) for all t ∈ ι(i). We also know that F(γ(i)) ∈ cpolysets(n), so
it is determined by a finite set of linear constraints of the form a ·x+ b ∼ 0,
where x ∈ Rn is a variable, a ∈ Rn and b ∈ R are the constant coefficients and
relation ∼ refers to ≤ or =. Since η̇(t) ∈ F(γ(i)) for every t ∈ ι(i), it satisfies
all the linear constraints, which means that a · η̇(t) + b ∼ 0. This implies∫ last(ι(i))

first(ι(i))
a · η̇(t) + b dt ∼ 0,

and dividing by last(ι(i))− first(ι(i)),

a · η(last(ι(i)))− η(first(ι(i)))
last(ι(i))− first(ι(i)) + b ∼ 0

is obtained. Therefore

η(last(ι(i)))− η(first(ι(i)))
last(ι(i))− first(ι(i))
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satisfies every linear constraint. Since

η̇′(t) = η(last(ι(i)))− η(first(ι(i)))
last(ι(i))− first(ι(i))

we conclude that η̇′(t) ∈ F(γ(i)). Therefore, all the terms in (ι′, η′, γ′) are well
defined and determine a piecewise linear execution σ′. �

Definition 13. Executions σ1 = (ι1, η1, γ1) and σ2 = (ι2, η2, γ2) form a split-
ting of an execution σ = (ι, η, γ), denoted σ = σ1 ◦ σ2, if the following hold:

• ι = ι1 ◦ ι2;

• η1(t) = η(t) for all t ∈ dom(η1), and η2(t) = η(t+ last(dom(η1))) for all
t ∈ dom(η2).

• γ1(i) = γ(i) for all i ∈ dom(γ1), and γ2(i) = γ(i + len(γ1)) for all
i ∈ dom(γ2).

Note that the splitting predicate is associative, that is, if σ = (σ1◦σ2)◦σ3 holds,
then so does σ = σ1 ◦(σ2 ◦σ3). Hence, we will denote a splitting of an execution
σ into a finite sequence of executions σ1σ2 . . . σk as σ = σ1◦σ2◦ . . .◦σk, without
the parentheses.

An infinite sequence σ1σ2 · · · is a splitting of a complete execution σ, denoted
σ = σ1 ◦ σ2 ◦ . . ., if there exists an infinite sequence of complete executions
σ′2, σ

′
3, . . . such that σ = σ1 ◦ σ′2, σ′i = σi ◦ σ′i+1 for i ≥ 2.

The next lemma states that the stability of a polyhedral switched system is
determined completely by the stability of the set of piecewise linear executions
of the system.

Lemma 1. Let H be a polyhedral switched system. Then:

• exec(H) is Lyapunov stable if and only if pwexec(H) is Lyapunov stable.

• exec(H) is asymptotically stable if and only if pwexec(H) is asymptoti-
cally stable.

Proof. Suppose exec(H) is Lyapunov (asymptotically) stable, it is clear that
pwexec(H) is Lyapunov (asymptotically) stable since pwexec(H) ⊆ exec(H).

Next, suppose that pwexec(H) is Lyapunov stable. We prove that this implies
exec(H) is Lyapunov stable. Suppose that exec(H) is not Lyapunov stable,
then there exists an ε > 0 such that for every value δ > 0 there exists an
execution σ ∈ exec(H) starting from Bδ(0̄) which at some time T > 0 goes out
from Bε(0̄), that is, it is such η(0) ∈ Bδ(0̄) and η(T ) /∈ Bε(0̄). The restriction of
σ to the time interval [0, T ] is a finite execution inH. By applying Proposition 4,



34 3. Quantitative Predicate Abstraction

construct a piecewise linear execution σ′ ∈ pwexec(H) such that fs(σ) = fs(σ′)
and ls(σ) = ls(σ′). This means that for every δ > 0, there exists a piecewise
linear execution σ′ ∈ pwexec(H) starting from Bδ(0̄) and at time T > 0 goes
out of Bε(0̄), which contradicts the fact that pwexec(H) is Lyapunov stable.

Finally, we prove that pwexec(H) is asymptotically stable implies exec(H) is
asymptotically stable. Suppose that asymp(pwexec(H), δ) holds. We will show
that asymp(exec(H), δ) holds. Let σ be an execution in H with η(0) ∈ Bδ(0̄).
Suppose that conv(σ, 0̄) does not hold. Then there exists δ′ > 0, such that
the trajectory η does not eventually remain inside Bδ′(0̄). Choose an infinite
sequence of diverging times t0 = 0 < t1 < t2 < · · · such that η(ti) 6∈ Bδ′(0̄).
Construct a piecewise linear execution σ′ of H using Proposition 4 by replacing
σ in each of the intervals [ti, ti+1] by a piecewise linear execution. Then
conv(σ′, 0̄) does not hold, which contradicts asymp(pwexec(H), δ). �

3.2 Stability verification procedure

In this section, we present an algorithmic approach for verifying stability of
polyhedral switched systems. This is an extension of our algorithms in [PS13]
for piecewise constant derivative systems and in [PV13] for two dimensional
rectangular switched systems. The verification procedure consists of two
parts:

1. Extracting a finite weighted graph from the pss using an elementary
partition of the state space.

2. Analysing the graph for deducing stability.

We discuss the two parts in detail in the following. However, we will defer the
computational aspects to the next section.

3.2.1 Formal definition of the graph

The graph construction takes as input an elementary partition of the state
space and a polyhedral switched system, and outputs a finite weighted graph.
The graph captures the sequence of elements the executions of the system
traverse. Hence, we define element execution which corresponds to an execution
evolving inside a particular element except at the end points.
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Definition 14. Let H be a pss and P an elementary partition of its state
space. Given an element P of P, a P -execution is an execution σ such that
η(t) ∈ P for every 0 < t < last(dom(η)). An element execution is an execution
which is a P -execution for some element P of P.

The set of all element executions of H is denoted by elemexec(H), and the set
of all P -executions for a particular element P ∈ P by P -exec(H).

Proposition 5. σ is a P -execution of H if and only if σ is an execution of
H ∩ P .

Proof. If σ is an execution of H∩P , then it is an execution of H which always
remains within P except possibly at end times. Hence, it is a P -execution of
H.

Suppose σ is a P -execution of H. Then it always remains within P except
possibly at end times. We need to show that the derivative at all times belongs
to plane(P ). We observe that each of the hyper-planes containing P are defined
by homogenous linear constraints, since, P itself is defined by homogeneous
linear constraints. Suppose that the derivative of σ does not belong to plane(P )
at some point t, then σ necessarily goes out of plane(P ) at t for sometime.
Since P ⊆ plane(P ), this implies that σ is not a P -execution. Hence, the
derivative belongs to plane(P ). �

The weights in the graph correspond to scalings of executions which measure
the relative distance of the end points of the executions to the origin. Given a
finite execution σ, its scaling, denoted scaling(σ) is given by:

scaling(σ) = |η(last(dom(η)))|
|η(0)| .

The vertices of the graph correspond to location-element pairs, edges between
two location-element pairs correspond to the presence of an element execution
from the first location-element pair to the second, and weights on edges corre-
spond to an upper bound on the scaling of the executions corresponding to the
edge.

Let us fix a pss H = (Q,E,X,F, I,G) in normal form, and an element partition
P of the state space. We will assume that every element P of the partition
P is such that for each invariant or guard R, P is either contained in R or is
disjoint from R.

The weighted graph G = (V,E, w) is determined by H and P, denoted as
abs(H,P) and it is defined as follows:
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(a) Planar polyhedral partition (b) Weighted graph

Figure 3.3

• The set of vertices V is given by Q× P;

• The set of edges E ⊆ V × V is given by {((q1, P1), (q2, P2)) | ∃σ ∈
elemexec(H), fs(σ) ∈ q1 × P1, ls(σ) ∈ q2 × P2};

• The weighting function w is given by the supremum of a set of scal-
ing values as follows, w(((q1, P1), (q2, P2))) = sup{scaling(σ) | ∃σ ∈
elemexec(H), fs(σ) ∈ q1 × P1, ls(σ) ∈ q2 × P2}.

A weighted graph is represented in Figure 3.3b. It is constructed by con-
sidering the pss H in Figure 3.2a and an element partition P. The ele-
ment partition, depicted in Figure 3.3a, consists of the following polyhedral
sets, P1 = {(x, y) : x > 0, y = 0}, P2 = {(x, y) : x − 2y > 0, y > 0},
P3 = {(x, y) : x − 2y = 0, y > 0}, P4 = {(x, y) : x − 2y < 0, x > 0},
P5 = {(x, y) : x = 0, y > 0}, P6 = {(x, y) : x < 0, y > 0}, P7 = {(x, y) :
x < 0, y = 0}, P8 = {(x, y) : x < 0, y < 0}, P9 = {(x, y) : x = 0, y < 0}
and P10 = {(x, y) : x > 0, y < 0}. For clarity, the weighted graph is depicted
only for the elements P1, P3, P5, P7 and P9, since they are enough to abstract
the pss. The set of vertices for abs(H,P) corresponds to the pairs (q1, P1),
(q5, P1), (q1, P3), (q5, P3), (q1, P5), (q2, P5), (q2, P7), (q3, P7), (q3, P9), (q4, P9),
and the edges are ((q1, P1), (q5, P1)), ((q5, P1), (q1, P1)), ((q5, P1), (q5, P3)),
((q1, P1), (q5, P3)), ((q5, P1), (q1, P3)), ((q1, P1), (q1, P3)), ((q5, P3), (q1, P3)),
((q1, P3), (q5, P3)), ((q5, P3), (q1, P5)), ((q1, P3), (q1, P5)), ((q1, P3), (q2, P5)),
((q1, P5), (q2, P5)), ((q2, P5), (q3, P7)), ((q2, P5), (q2, P7)), ((q2, P7), (q3, P7)),
((q3, P7), (q3, P9)), ((q3, P7), (q4, P9)), ((q3, P9), (q4, P9)), ((q4, P9), (q1, P1)) and
((q4, P9), (q5, P1)). The computation of the weights associated with the edges
will be presented later.
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3.2.2 Stability Criteria

The weighted graph G = (V,E, w) is analysed for the satisfaction of the following
properties:

P1 For every edge e ∈ E, w(e) ∈ R≥0.

P2 Every simple cycle π of G is such that w(π) 6 1.

P3 Every simple cycle π of G is such that w(π) < 1.

In addition, we need to verify the following property:

P4 For every element P ∈ P , every complete execution σ such that η(t) ∈ P
for all t ∈ [0,∞), satisfies conv(σ, 0̄).

The following theorems characterize the criteria for stability in terms of the
above properties.

Theorem 1. (Lyapunov stability) If Conditions [P1] and [P2] hold for G, then
H is Lyapunov stable.

Theorem 2. (Asymptotic stability) If Conditions [P1], [P3] and [P4] hold for
G, then H is asymptotically stable.

3.2.3 Correctness of the stability criteria

Below, insights into the correctness of the theorems are provided. It relies
crucially on the following decomposition of the executions into element execu-
tions.

Lemma 2. Let H be a polyhedral switched system and P an elementary
partition. For every execution σ ∈ exec(H), there exists a finite or infinite
sequence σ0σ1 . . . of executions in exec(H) such that for each i, σi is a P -
execution for some P ∈ P, and σ = σ0 ◦ σ1 ◦ . . ..

Proof. Consider σ ∈ exec(H). We know σ = (ι, η, γ) and ∀i ∈ dom(ι) and
∀t ∈ ι(i), η(t) ∈ I(γ(i)). The polyhedral set I(γ(i)) is divided into ki finite parts
by partition P , {I(γ(i)) ∩ P1, . . . , I(γ(i)) ∩ Pki}. Then, the interval ι(i) can be
separated into ki time intervals, {ι(i)1, . . . , ι(i)ki}such that η(t) ∈ Pj for every
t ∈ ι(i)j and 1 ≤ j ≤ ki. Let us denote last(dom(ι)) as l and assign to the
interval set {ι(1)1, . . . , ι(1)k1 , ι(2)1, . . . , ι(2)k2 , . . . , ι(l)1, . . . , ι(l)kl} the indexes
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from 1 to k =
∑

1≤j≤l kj . We define the set of executions σj = (ιj , ηj , γj) for
1 ≤ j ≤ k such that:

• ιj = ι(1)j if 1 ≤ j ≤ k1, ιj = ι(2)j if k1 < j ≤ k1 + k2, . . . and ιj = ι(l)j
if kl−1 < j ≤ kl,

• ηj(t) = η(t) for all t ∈ dom(ηj), and ηj+1(t) = η(t + last(dom(ηj))) for
all t ∈ dom(ηj+1).

• γj(1) is equal to γ(1) if 1 ≤ j ≤ k1, γ(2) if k1 < j ≤ k1 + k2, and so on,
till being equal to γ(dom(ι)) if kl−1 < j ≤ kl.

Hence, the execution σ is split into a set of P -executions in exec(H), σ =
σ1 ◦ . . . ◦ σk. �

Proof of Theorem 1 A sufficient condition for proving Lyapunov stability is
to establish a global bound on the scaling of all executions of the system. This
is precisely what conditions [P1] and [P2] capture. Consider a P -execution
σ ∈ execP (H). Hence, there exist q1, q2 ∈ Q such that fs(σ) ∈ q1 × P and
ls(σ) ∈ q2×P with scaling(σ) 6 w((q1, P ), (q2, P )). w((q1, P ), (q2, P )) ∈ R≥0
because of condition [P1], and corresponds to an edge in G which is finite;
therefore we can define

b1 = max
e∈E

w(e)

as the bound on the scalings of all P -executions. Consider σ ∈ exec(H) such
that σ = σ0 ◦ σ1 ◦ . . . where for every i, σi is Pi-execution for some Pi ∈ P.
Then there exists qi ∈ Q for all i such that fs(σ) ∈ qi × Pi and ls(σ) ∈
qi+1 × Pi+1 with scaling(σi) 6 w((qi, Pi), (qi+1, Pi+1)). Now we distinguish
between σ finite or complete. Let us consider σ finite of length k, which

implies w(σ) =
k∏
i=0

w((qi, Pi), (qi+1, Pi+1)). Since condition [P1] establishes that

w((qi, Pi), (qi+1, Pi+1)) ∈ R≥0 and the number of simple paths in G is bounded
we define

b2 = max
σ∈exec(H)
σ finite

w(σ).

In case of σ complete, w(σ) =
∞∏
i=0

w((qi, Pi), (qi+1, Pi+1)) and due to the fact of

G is finite, σ is abstracted by a finite number of simple paths and a finite set
of cycles, getting w(σ) =

∏
π cycle

w(π) ·
∏

π simple path
w(π) where the first term in

the product is less than or equal to 1 because of condition [P2] and the second
one belongs to R≥0 because of condition [P1]. Then, we define

b3 = max
σ∈exec(H)
σ infinite

w(σ) ∈ R≥0.
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Finally, by choosing B = max{b1, b2, b3}, we claim that for every σ ∈ exec(H),
w(σ) 6 B, it means that |η(t)| 6 B · |η(0)| for all t ∈ dom(η), hence ∀ε ≥ 0,
lyap(exec(H), ε, εB ) holds.

Proof of Theorem 2 First, note that Condition [P3] implies Condition [P2],
hence, [P1] and [P3] together imply Lyapunov stability. It remains to show that
every complete execution converges to 0̄. If the execution eventually enters an
element P and remains within it, then Condition [P4] guarantees convergence.
Hence, let us consider the case where the execution, say σ, can be split into an
infinite sequence of element executions, that is, corresponds to an infinite path
π in the graph. An infinite path π corresponds to a splitting of a finite set
of finite paths, π1, . . . , πk, and an infinite set of simple cycles, πk+1, πk+2, . . ..
Note that the indices do not represent the order of the splitting and k varies
from 0 to the total number of simple paths in the graph G. Let b be an upper
bound on the weight of all simple paths, it is

b = max
π∈paths(G)
len(π)<∞

w(σ).

From Condition [P3], we know that the weight of each simple cycle is < 1.
Since the number of simple cycles in the graph G is finite, there exists ε > 0
such that the weight of each simple cycle is < 1− ε. Every prefix of the infinite
path π is conformed by the finite paths, π1, . . . , πk, πk+1, . . . , πk+m for some
m ∈ N, which has weight less than or equal to bk(1− ε)m. The weight goes to 0
as m increases. Hence, the scaling of σ converges to 0. Therefore, σ converges
to 0̄.

3.2.4 Verifying Conditions [P1-P4]

Given the graph G, conditions [P1-P3] can be efficiently verified in O(|V ||E|)
complexity where |V | and |E| are the number of vertices and edges in G,
respectively. Verifying Condition [P1] consists of iterating over the edges and
checking if the values of the weights is < +∞. Conditions [P2] and [P3]
can be transformed into checking for cycles whose sum of weights is negative
by replacing the weight in an edge e by − log(w(e)). Negative cycles can be
detected, for example, by Bellman-Ford algorithm.

Note that any complete execution which remains within P will eventually enter
a strongly connected component of H ∩ P and stay there. It will not converge
if 0̄ is in the convex hull of the flows associated with the locations in that
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Algorithm 1 Weighted graph construction
Require: A pss H and an elementary partition P
Ensure: The weighted graph G
1: for each location q in Q and element P in P do
2: if p ⊆ I(q) then
3: AddNode((q, P ),G)
4: for element P in P do
5: G′ := QuotientGraph(H, P )
6: for (q1, P1) and (q2, P2) in G do
7: if Adjacent(P1, P ) and Adjacent(P2, P ) then
8: w := −∞
9: for each pair of nodes C1, C2 in G′ do
10: Π := SimplePaths(C1, C2,G′)
11: for π in Π do
12: wπ := Scaling(P1, P2, P, π,H)
13: w := Max(w,wπ)
14: if q1 in Enter(P1, C1) and q2 in Exit(P2, C2) then
15: AddEdge(((q1, P1), (q2, P2), P, w),G)

component or there exists a vector in the convex hull which points into P from
the origin (and hence diverges). Hence, Condition [P4] is equivalent to check:

P4’ ∀C ∈ scc(H ∩ P ), 0̄ 6∈ chull(
⋃
q∈C

F(q)) and chull(
⋃
q∈C

F(q)) ∩ P = ∅.

3.3 Weighted graph construction

Here, the weighted graph construction is presented in detail. Algorithm 1
and Algorithm 2 describe the full procedure. The main part of the graph
construction involves determining the existence of edges between vertices and
computing the weights associated with them. These computations are captured
in Algorithm 2.

3.3.1 Algorithm 1 - Abstraction construction

Given a pss H and an elementary partition P , Algorithm 1 computes the graph
abs(H,P), defined in Subsection 3.2.1. The functions involved in Algorithm 1
are enumerated.
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1. AddNode((q, P ),G) adds the node (q, P ) to the graph G.

2. QuotientGraph(H, P ) constructs the quotient graph UG(H ∩ P )/scc,
where UG(H ∩ P ) corresponds to the underlying graph of the pss H ∩ P
as defined in Subsection 3.1.1.

3. Adjacent(P ′, P ) takes as inputs two elements P ′, P ∈ P and returns
True if they are adjacent and False otherwise. An element P ′ is adjacent
to P if P ′ ⊂ P and P ′ ∩ P̊ = ∅.

4. SimplePaths(C1, C2,G′) provides all the simple paths in the graph G′
starting from the node C1 and ending at the node C2.

5. Scaling(P1, P2, P, π,H) will be explained further on.

6. Max(w,wπ) computes the maximum of the two rational values w and
wπ.

7. Enter(P1, C1) takes as input an element P1 and a strongly connected
component C2 of UG(H∩ P )/scc. It consists of three subfunctions. The
first one proceeds to search the locations q in the strongly connected
component C1 such that P1 is contained in the closure of I(q). These
locations are stored into a list l1. The second function lists into l2 the set
of locations q ∈ l1 such that the vector field F(q) can define an execution
which enters in P . Finally, the third function outputs the locations in l2
such that there exists an edge in the subgraph H ∩ P1 to them.

8. Exit(P2, C2) takes as input an element P and a strongly connected
component C of UG(H ∩ P )/scc. It requires three steps. The first one
identifies the locations q in the strongly connected component C2 such
that P2 ⊆ I(q). They are stored into a list l1. The second step lists into
l2 the locations q ∈ l1 such that the dynamics determined by the vector
field F(q) can exit from the element P . Then, the third step selects from
l2 the locations which form an edge in the subgraph H ∩ P2 from them.

The input to Algorithm 1 is a pss H and an elementary partition P, and the
output is a weighted graph. The nodes of the weighted graph are pairs of
a location and an element. Hence, the algorithm iterates over locations and
elements. If a pair of a location q and an element P is such that the element
is contained in the invariant I(q) of the location, this pair is added as a node
to the graph. Next, the edges and the weights associated with them will be
computed by iterating over the elements of the elementary partition. For the
element P , the quotient graph over the strongly connected components of H∩P
is constructed. Then, for every pair of nodes C1 and C2 in the quotient graph,
all the simple paths connecting them are added into Π (line 10 in Algorithm 1).
For each simple path in Π, the scaling is computed. Such computation is
performed by the function Scaling, whose inputs are a pair of elements P1
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Algorithm 2 Scaling function
Require: Three elements P1, P2, P , a sequence of sets of locations π =

(C0, . . . , Ck) and a pss H
Ensure: Scaling wπ
1: C := CollectDynamics(C0,H)
2: D := ConvexHull(C)
3: R := ReachRelation(P1, P,D)
4: for i = 1, . . . , k − 1 do
5: C := CollectDynamics(Ci,H)
6: D := ConvexHull(C)
7: Q := ReachRelation(P, P,D)
8: R := Compose(R,Q)
9: C := CollectDynamics(Ck,H)
10: D := ConvexHull(C)
11: Q := ReachRelation(P, P2, D)
12: R := Compose(R,Q)
13: wπ := Optimization(R)

and P2 (both adjacent to P ), the element P , the selected simple path and the
initial pss H. Observe that the edges are to be between nodes determined
by a pair of location in H and element in P. Therefore, one step is to set
the enter and exit locations in order to pair the locations with the elements
P1 and P2 respectively. The enter locations correspond to the locations in
the strongly connected component of H ∩ P associated with C1 such that an
execution can travel from P1 to the invariants in C1, while exit locations are
those in the strongly connected component of H ∩ P associated with C2 such
that there exists an execution evolving from each of the location invariants to
the adjacent element P2. Therefore, for each enter location q1 and exit location
q2 there exists an edge of the form ((q1, P1), (q2, P2)) in the weighted graph G.
It remains to compute the weight. Each edge of the form ((q1, P1), (q2, P2)) has
the same weight for the same triple of elements P1, P2 and P , irrespective of
the locations q1 and q2. The maximum of the scaling over all the simple paths
will be the weight linked to an edge of the form ((q1, P1), (q2, P2)) in case of
q1 is a location which allows to enter the component C1 and q2 is a location
which allows to exit from the component C2.

3.3.2 Algorithm 2 - Scaling computation

Next, given three elements P1, P2, P ∈ P and the polyhedral switched systemH,
the function Scaling(P1, P2, P, π,H), described in Algorithm 2, is explained in
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detail. This function computes the relation between points in P1 and P2 such
that there exists a P -execution evolving by following the dynamics involved in
the path π. It consists of five functions:

1. CollectDynamics(C,H) takes as input the pss H and a component C
and outputs the collection of polyhedral images of vector fields img(F(q))
such that q ∈ C.

2. ConvexHull(C) takes as input a list of polyhedra, say C, and computes
the convex hull polyhedron of these polyhedra, chull(

⋃
C∈C

C).

3. ReachRelation(P1, P,D) returns a reach relation polyhedron which
represents the relation between points from element P1 travelling to
points in element P by following any vector dynamics contained in the
polyhedron D. A detailed description on the reach relation polyhedron
construction is explained later.

4. Compose(R,Q) composes two given reach relations, R and Q by return-
ing a new reach relation, which contains all pairs and only those pairs of
the form (x, z) such that there exist (x, y) ∈ R and (y, z) ∈ Q.

5. Optimization(R) returns the pair element in R which maximizes the
scaling, that is the pair (x, y) ∈ R with maximum value |y|/|x|.

The input to the Algorithm 2, that is the scaling function, is three elements,
P1, P2 and P , a pss H and a sequence of sets of locations or components in
H, π = (C0, . . . , Ck). The output is a rational value. It constructs a composed
reach relation polyhedral set by iterating over the sets of locations. For each
set of locations Ci, the flows determined by them are collected into a list C.
After, the convex hull of the collected flows is computed and called D. Then
the reach relation polyhedral set is constructed for the pair of corresponding
elements, P1, p for C0, p, P2 for Ck and p, p for the rest of components. All
the computed reach relation polyhedra are composed into the polyhedron R.
Finally, an optimization is performed over the composed relation polyhedron
R in order to obtain the maximum scaling between an initial point in P1 and
a final point in P2 for a P -execution. This is the scaling value returned by
Scaling(P1, P2, P, π,H).

We illustrate the main steps of Algorithm 1. Consider the polyhedral switched
system H depicted in Figure 3.1, and the partition P defined at the end of
Section 3.2.1. The weighted graph G(H,P) is represented in Figure 3.3b. Pick
one of the elements in the partition, for instance P2 = {(x, y) ∈ R2 : x− 2y >
0, y > 0}. The element P2 is contained in the invariant of two different modes
of the pss. The function QuotientGraph(H, P2) constructs first UG(H∩ P2)
as defined in subsection 3.1.1. This subgraph is circled by a dotted line in
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Figure 3.1. Then, the quotient graph obtained from UG(H ∩ P2) returns just
one strongly connected component, which consists of the locations q1 and q5.
The adjacent elements to P2 contained in the partition P , defined in Subsection
3.2.1, are P1 and P3. Let us consider P1 as initial adjacent element and P3
as the final adjacent element. We explain in the following subsection how to
construct the polyhedral set which represents the relation between points in P1
and P3 such that there exists an execution starting at a point in P1, ending in
P3 and evolving through the element P2.

3.3.3 Reach Relation polyhedron

ReachRelation(P1, P2, D) constructs a polyhedron which represents the
relation between points from the element P1 travelling to points in the element
P2 by following some of the vector dynamics contained in the polyhedron D.
Consider d1 and d2 the affine dimensions of elements P1 and P2 respectively.
To perform such construction, three different sets are defined:

1. A polyhedral set which duplicates the initial polyhedron P1. It consists
of a polyhedron of affine dimension 2d1 where the new variables are
constrained in the same fashion as the old ones and are equal to them.
The new polyhedral set for an element defined as {x ∈ Rn : a1 ·x ∼
0, . . . , am ·x ∼ 0} is {(x, y) ∈ R2n : a1 ·x ∼ 0, . . . , am ·x ∼ 0, a1 · y ∼
0, . . . , am · y ∼ 0, x = y}.

2. A new dynamical polyhedron duplicates the dimension of the initial
dynamic polyhedron, D, preserving the coefficients of the constraints
in the second half part of the new coefficients and adding constraints
that the first half variables are zero. Each dynamical polyhedron of the
form {x ∈ R : a1 ·x ∼ 0, . . . , am ·x ∼ 0} becomes {(x, y) ∈ R2n : a1 · y ∼
0, . . . , am · y ∼ 0, x = 0̄}.

3. A polyhedral set based on the final polyhedron P2. It will be one with
affine dimension 2d2, where the first half part of the coefficients in the new
constraints are whatever value and the second half part of the coefficients
correspond to the ones in the old constraints. Consider a final polyhedron
P2 of the form {x ∈ Rn : a1 ·x ∼ 0, . . . , am ·x ∼ 0}, then the new
polyhedral set is defined as follows, {(x, y) ∈ R2n : a1 · y ∼ 0, . . . , am · y ∼
0}.

Let us consider the polyhedral partition in Figure 3.3a. We construct a reach
relation polyhedron for the elements P1 and P3, and the dynamics determining
P2-executions. The P2 element is contained in the invariants of locations q1 and
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q5, then a P2-execution evolves following any of the dynamics in the strongly
connected component formed by locations q1 and q5 in the pss of Figure 3.1.
The involved dynamics are determined by the sets F1 and F5. These sets are
defined for the stable system in Figure 3.2a, F1 = {(x, y) : x+y < 0, x+2y > 0}
and F5 = {(x, y) : x < 0, x+2y > 0}, so d = {F1, F5}. Then, all the ingredients
for constructing the relation polyhedron ReachRelation(P1, P3, D) are here.
First, the duplicated polyhedron for P1 is constructed. It is defined as

D1 = {(x, y, z, t) : x > 0, y = 0, z > 0, t = 0, z = x, t = y}.

Then, the duplicated polyhedron for the final element P3 is

D2 = {(x, y, z, t) : z − 2t = 0, t > 0}.

For the polyhedra F1 and F5 representing the dynamics, the following duplicated
sets are computed, {(x, y, z, t) : x = 0, y = 0, z + t < 0, z + 2t > 0} and
{(x, y, z, t) : x = 0, y = 0, z < 0, z + 2t > 0} respectively. The convex hull
generated by them is determined as

D = {(x, y, z, t) : x = 0, y = 0, z + 2t > 0, z < 0}.

Finally, the relation polyhedron returned by ReachRelation(P1, P3, D) will
be the one constructed by considering the initial polyhedron D1, the final
polyhedron D2 and the dynamics polyhedron {(x, y, z, t) : z − 2t = 0, y = 0,
x− z >= 0, z > 0,−x+ 2z >= 0}.

3.4 Implementation and experimental results

The stability verification procedure for polyhedral switched systems has been
integrated in the software tool Averist [PS15] (Chapter 7). The experimental
results have been performed on Mac OS X 10.10 with processor 2.8 GHz Intel
Core i5 and 8GB 1600 MHz DDR3 memory. They are performed, first, to
demonstrate the feasibility of the approach and, second, to evaluate the running
times.

The algorithm is illustrated on an example which has been verified using
Averist. The switched system is shown in Figure 3.4a and a pictorial illustra-
tion of the system when the value of the variable z = 1 is shown in Figure 3.4b.
The system executions do not diverge while remaining in any single cell, and
as seen from the proof of stability given by the tool, the system does not have
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(a) Switched System Example
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(b) Abstraction and refinement

Figure 3.4

any infinite executions. Hence, the scaling associated with any execution is
bounded and the system is both Lyapunov and asymptotically stable.

Part of the graph constructed by the algorithm is shown in Figure 3.4b. It has
a cycle with weight > 1. The same is returned by the tool. However, observe
that the path e1 to e2 to e3 is infeasible even if both the edges e1 to e2 and e2
to e3 are feasible. Add the constraint x+ y = 0 shown by the dotted line in
Figure 3.4b to the partition to create a finer partition. This breaks the cycle
and Averist returns that the system is stable.

We have experimented with variations of the example described in Figure 3.4a,
by considering different vector fields and by extending the state space to 4
and 5 dimensions. Averist has been run for every pss many times until
obtaining a conclusive answer while increasing the number of facets involved in
the qpa procedure. The results are summarized in Table 4.1. Stability refers
to Lyapunov stability. Here, Exp-Dim refers to the experiment number along
with the state space dimension of the concrete pss. Answer is the verification
answer, which can be stable (S), unstable (NS) or inconclusive (IN ). Elements
refers to the number of elements in the state space partition. G size refers to
the number of nodes of the abstract weighted graph. The time for constructing
the weighted graph G time and the time for verifying stability conditions Ver
time are shown along with the total verification time Ver time. All the times
are in seconds.

Observe that most of the verification time is devoted to construct the abstract
weighted graph. This time overhead is because the weighted graph construction
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requires solving a bunch of linear programming problems in order to compute
weights. Observe also that there is a time overhead with respect to the number
of elements when fixing the dimension of the pss. Both observations points to
the need of considering as less number of elements as possible while obtaining
an enough accurate weighted graph. In Chapter 4, we will develop heuristics
to address this.

3.5 Summary

This chapter has introduced results related to a novel algorithmic approach for
verifying stability of polyhedral switched systems. The innovation relies on the
use of formal methods for inferring stability, unlike the traditional approach,
which is based on Lyapunov function search. The introduced approach relies
on constructing a finite weighted graph abstracting the polyhedral hybrid
system, which is model checked in order to deduce stability. In the event of
a failure to infer stability from the graph, the algorithm provides an abstract
counterexample.

Next chapter exploits the output counterexample in order to either state
instability of the polyhedral switched system or use it to construct a qualitatively
better weighted graph. This enables the development of a counterexample
guided abstraction refinement framework.
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Exp-Dim Answer Elements G size G time Ver time Total time
1− 3D S 135 60 5, 56 0, 001 6, 02
2− 3D IN 135 60 5, 09 0, 006 5, 58

S 163 83 9, 19 0, 001 9, 74
3− 3D IN 135 60 5, 04 0, 005 5, 46

S 163 75 7, 43 0, 001 7, 81
4− 3D IN 135 60 6, 18 0, 006 6, 95

IN 163 82 8, 41 0, 012 8, 97
IN 191 100 13, 13 0, 017 13, 80
S 223 115 28, 62 0, 003 29, 35

5− 3D IN 135 60 4, 88 0, 015 5, 50
IN 171 81 8, 19 0, 012 8, 73
IN 199 98 14, 33 0, 019 15, 08
IN 227 116 22, 11 0, 026 22, 84
S 259 131 24, 83 0, 003 25, 46

6− 3D IN 135 60 6, 66 0, 029 7, 77
IN 171 78 7, 78 0, 011 8, 32
IN 199 99 12, 63 0, 016 13, 35
IN 227 118 21, 62 0, 026 22, 35
IN 255 139 26, 84 0, 035 27, 78
S 287 153 37, 45 0, 009 39, 85

7− 3D NS 135 − 0 0 0, 21
8− 3D IN 135 60 5, 67 0, 008 6, 85

IN 163 82 11, 02 0, 018 12, 24
IN 191 104 15, 54 0, 032 17, 06
IN 231 128 29, 43 0, 056 31, 77
S 259 143 32, 27 0, 006 35, 14

9− 4D IN 405 250 76, 31 0, 114 78, 81
S 537 341 132, 09 0, 008 134, 49

10− 4D IN 405 240 78, 21 0, 100 80, 88
IN 473 307 108, 09 0, 175 111, 20
IN 533 355 163, 52 0, 278 169, 39
IN 593 399 219, 06 0, 393 223, 93
IN 677 477 269, 44 0, 603 275, 11
IN 745 537 329, 25 0, 688 336, 16
S 865 601 441, 87 0, 018 447, 96

11− 5D IN 1215 960 1079, 93 1, 745 1096, 58
IN 1403 1147 5268, 03 5, 600 5310, 95
S 1707 1365 4288, 72 0, 147 4322, 27

Table 3.1: Experimental results for stability verification of pss
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Counterexample Guided
Abstraction Refinement

This chapter introduces a counterexample guided abstraction refinement (cegar)
algorithm for stability analysis of polyhedral hybrid systems, which is published
in “Counterexample Guided Abstraction Refinement for Stability Analysis”,
CAV’16 [PS16b]
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In this chapter, we present a counterexample guided abstraction refinement
(cegar) algorithm for stability analysis of polyhedral switched systems. The
results are built upon the quantitative predicate abstraction and model checking
algorithm for stability analysis introduced in Chapter 3. The model checking
algorithm returns a counterexample indicating a potential reason for instability.
The main contributions include the validation of the counterexample and the
refinement of the abstraction based on the analysis of the counterexample. The
counterexample returned by the quantitative predicate abstraction analysis is
a cycle such that the product of the weights on its edges is greater than 1.

Validation consists of checking if an abstract counterexample actually corre-
sponds to a concrete counterexample. In the context of safety verification, it
consists of checking if there exists a finite execution of the system which follows
the sequence of abstract states in the abstract counterexample. However, the
validation problem we encounter is not a bounded model checking problem
as for the case of safety validation. Instead, it consists of checking if there
exists an infinite diverging trajectory that follows the cycle infinitely many
times. This property cannot, as is, be encoded as the satisfiability of a formula
in a finitary logic. Using novel insights, we present a simple characterization
of the existence of an infinite diverging execution in terms of the existence
of a finite execution that follows the cycle once from a continuous state x to
a continuous state y such that y = mx for some m > 1. This provides an
algorithmic procedure to perform validation, since, the latter can be encoded as
the satisfiability problem of a first order logic formula, and efficiently solved.

Similarly, the refinement is more involved, since, there is a priori no bound on
the number of predecessor computation steps that need to be performed to
invalidate the abstract counterexample. Two refinement strategies are proposed,
both based on the insights from the validation step. One of them is applicable
always, however, does not eliminate a large fraction of counterexamples. The
other is applicable only in certain cases, but it eliminates a large fraction of
counterexamples. If the validation procedure infers that the counterexample
not only does not have an infinite diverging execution corresponding to it,
but also does not have any infinite executions corresponding to it then the
refinement algorithm ignores the edge weights and aims to “eliminate” the
cycle. Otherwise, the refinement algorithm considers the weights and only aims
to reduce the weights on the cycle.

The validation and refinement algorithms are integrated into Averist to
implement the cegar algorithm. An experimental comparison between the
cegar algorithm and the previous abstraction and model checking algorithms
is reported. For the latter algorithms, the refinement is based on the naive
strategy of uniformly adding new predicates. Such comparison demonstrates
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the benefits of cegar algorithm both in terms of reduced computation time and
smaller abstractions that result from the careful refinement in each iteration.

There is some work on automated verification of stability of linear systems by
iteratively refining partitions [OBT07, MT13, YS04], however, it is not an ab-
straction based approach and the refinements are not guided by counterexample
analyses. Counterexample guided abstraction refinement technique has been
explored for safety verification of hybrid systems [ADI03, CFH+03, PDMV13]
and for region stability analysis [DM11].

4.1 Reachability relations

Certain predicates related to reachability, necessary in this chapter, are intro-
duced. Initially, fix an n-dimensional pss H, two locations q1 and q2 in QH
and three polyhedral sets P1, P2 and P over Rn for the rest of the section.

reachrelH((q1, P1), P, (q2, P2)) = {(x, y) ∈ Rn × Rn | ∃ finite P -execution

σ = (ι, η, γ) ∈ P -exec(H), [[ι]] = [0, T ], x = η(0) ∈ P1, y = η(T ) ∈ P2,

γ(0) = q1 and γ(last(dom(ι))) = q2}

It captures the set of points (x, y) ∈ P1×P2 such that there exists an execution
which starts at (q1, x) and ends at (q2, y) and remains in P at all intermediate
time points. It is shown in Section 3.3.3 that the reachrelH is computable and
can be represented as a 2n-dimensional polyhedral set. Next, the predecessor
and successor operators denoted by preH and postH, and their weighted
counterparts wpreH and wpostH, respectively, are defined.

• preH((q1, P1), P, (q2, P2)) =
= {x ∈ P1 | ∃y ∈ P2 : (x, y) ∈ reachrelH((q1, P1), P, (q2, P2))}

• postH((q1, P1), P, (q2, P2)) =
= {y ∈ P2 | ∃x ∈ P1 : (x, y) ∈ reachrelH((q1, P1), P, (q2, P2))}

• wpreH((q1, P1), P, w, (q2, P2)) =
= {x ∈ P1|∃y ∈ P2, (x, y) ∈ reachrelH((q1, P1), P, (q2, P2)), |y||x| = w}

• wpostH((q1, P1), P, w, (q2, P2)) =
= {y ∈ P2|∃x ∈ P1, (x, y) ∈ reachrelH((q1, P1), P, (q2, P2)), |y||x| = w}

Here, w is a positive real number and | · | denotes the infinity norm of an
element in Rn.
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Algorithm 3 cegar for stability analysis
Require: H,P,F
Ensure: Stable/Unstable
1: if Check-explosion(H,P) then
2: return Unstable
3: G := Abstraction(H,P,F)
4: while true do
5: π := Model-checking(G)
6: if π not counterexample then
7: return Stable
8: ψ := Encode-ψπ(m > 1)
9: if Check-satisfiability(ψ) then
10: return Unstable
11: else
12: ψ := Encode-ψπ(m 6 1)
13: if Check-satisfiability(ψ) then
14: G :=Weighted-refinement(G, π)
15: else
16: G :=Refinement(G, π)

4.2 cegar algorithm

In this section, we present the cegar framework for Lyapunov stability verifica-
tion. The algorithm is summarized in Algorithm 3. First, minor modifications
in the abstraction and model checking algorithms from Chapter 3 are introduced.
Then, the new validation and refinement algorithms are presented.

Abstraction The abstraction procedure is the quantitative predicate abstrac-
tion introduced in Chapter 3 which constructs a finite state system using a
finite set of predicates. This finite state system simulates the concrete system.
The abstraction procedure constructs a finite weighted graph as illustrated in
Figure 4.1b. A small modification to simplify the output weighted graph is
applied. Precisely, this modification is that the vertices of the graph correspond
to pairs of location and facet of the partition, instead to pairs of location and
element of the partition as previously considered. An edge exists between
two vertices if there exists an execution from one pair of location and facet
to the other by remaining in the common element of the facets. A facet is an
element with affine dimension smaller than the space dimension. Next, the
formal construction of this modified abstract system is presented, for which
some auxiliary definitions need to be introduced.
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Fig. 2. (Left) Polyhedral switched system (Right) Abstract counterexample

2.1 Reachability relations

We introduce a reachability relation predicate to visually simplify some prede-
cessor and sucessor operators defined next.

Definition 3. Consider a PSS H. Let P1, P2 and P be polyhedral sets. Let be
q1 and q2 locations in LocH. A rechability relation on these three polyhedral sets
is a polyhedral set defined as

ReachRelH((q1, P1), P, (q2, P2)) = {(x, y) ∈ R2n | ∃ finite execution σ = (ι, η, γ)

∈ Exec(H), I(ι) = [0, T ], η(0) ∈ P1, η(T ) ∈ P2, η(t) ∈ P ∀t ∈ (0, T ), γ(0) = q1

and γ(Last(dom(ι))) = q2}
The computation of those rechability relations can be performed by following

the process explained in [21].
Next, we define the predecessor and successor operators denoted by preH and

postH, respectively.

Definition 4. Given three polyhedral sets P1,P2 and P , we define:

– preH((q1, P1), P, (q2, P2)) = {x ∈ P1 | ∃y ∈ P2 : (x, y) ∈ ReachRelH((q1, P1),
P, (q2, P2))}

– postH((q1, P1), P, (q2, P2)) = {y ∈ P2 | ∃x ∈ P1 : (x, y) ∈ ReachRelH((q1, P1),
P, (q2, P2))}
We associate a scaling with each execution which is the factor by which an

execution moves away from the origin with respect to where it started. We define
the predecessor and successor operators with respect to certain scalings, denoted
by wpreH and wpostH, respectively.

Definition 5. Given three polyhedral sets P1, P2, P and a scaling w > 0, we
define:

(a) Execution (b) Abstract counterexample

Figure 4.1: Polyhedral switched system

Definition 15. A facet partition F of a polyhedral partition P is a polyhedral
partition of ∪P∈P∂(P ), where ∂(P ) is the boundary of P .

Definition 16. Let H be a pss, P be a polyhedral partition of X and F
be a facet partition of P. The abstract system is the finite weighted graph
abs(H,P,F) = (V,E, w) defined as follows.

• V = Q×F .

• E ⊆ V ×P × V is {((q1, f1), P, (q2, f2)) | reachrel((q1, f1), P, (q2, f2)) 6=
∅}.

• w : E → R≥0 ∪ {∞}, such that for e = ((q1, f1), P, (q2, f2)) ∈ E,

w(e) = sup{|y|/|x| | (x, y) ∈ reachrel((q1, f1), P, (q2, f2))}

The weight computation on the edges of the abstract graph is performed by
solving an optimization problem over the reachability relation polyhedral as
explained in 3.3.2.

Model checking and counterexample generation For every execution of the
concrete system, there is a path in the weighted graph such that the product
of the weights of its edges is an upper bound on the scaling of the execution.
Therefore, Theorem 1 provides sufficient conditions on the finite weighted graph
which imply Lyapunov stability of the concrete system. We say that a region
is exploding in H if there exists an execution which always remains in the
region and diverges (goes arbitrarily far from the origin). Consider a partition
P which respects H, then for every region P ∈ P there exists q ∈ QH such
that P ⊆ IH(q). The region P is exploding in H in the case of P ∩ FH(q) 6= ∅.
Given a path π, let w(π) denote the product of the weights on the edges of π.



54 4. Counterexample Guided Abstraction Refinement

According to Theorem 1, stability can be verified by checking Conditions
[P1] and [P2]. These conditions can be efficiently checked as explained in
Subsection 3.2.4. Such an evaluation corresponds to the model checking
procedure for Lyapunov stability of polyhedral switched systems. The model
checking procedure analyses if the abstract system satisfies Condition [P1] and
Condition [P2]. In case of both conditions hold the procedure returns that H
is stable. In case of Condition [P1] does not hold, the concrete system has
an exploding element, hence the model checking procedure returns instability.
And in case of Condition [P2] does not hold, the procedure returns an abstract
counterexample in the form of a simple cycle with weight > 1. For this last
case, the cegar algorithm proceeds to the validation phase.

Example 6. Consider the 3-dimensional pss shown in Figure 4.1. The Fig-
ure 4.1b shows part of the abstract system. The nodes are superimposed over
the facets they represent, and the edges show the existence of an execution
between such facets evolving through the common polyhedral set. For instance,
observe that there exists an execution from facet f1 to f2 evolving through the
polyhedron C. The cycle shown is an abstract counterexample since the weight
associated with it is greater than 1. Validation will check if there exists an
actual execution along the cycle which can witness instability.

Remark. The conditions in Theorem 1 are, in fact, both necessary and suffi-
cient in the case of 2-dimensional pss’s [PV13], however, they are only sufficient
in 3 or more dimensions. There are two reasons for the conservativeness. First,
the edges are not transitively closed, because they are existential with respect to
the executions in the concrete system. More precisely, existence of an execution
from a facet f1 to f2 and an execution from f2 to f3 does not imply that
there is a single execution which goes from f1 to f2 to f3. Secondly, a similar
transitivity may not hold on the weights. Suppose that the weight on the edge
from f1 to f2 is w1 and from f2 to f3 is w2. There exists an execution from
some point in f1 to some point in f2 with scaling w1 and an execution from
some point in f2 to a point in f3 with weight w2. However, there may not be a
single execution from f1 to f3 through f2 such that the scaling corresponding to
the prefix from f1 to f2 is w1, while that from f2 to f3 is w2.

Validation is the technique to analyse the abstract counterexample in case of
being output by the model checking procedure. The analysis will determine
if the abstract counterexample corresponds to a violation of stability in the
input polyhedral switched system or is a spurious counterexample.

Refinement is the technique applied in case the abstract counterexample is
spurious. It consists of adding new predicates for the state space partition in
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order to obtain a more accurate weighted abstract graph. The refinement can
be chosen as uniform or selected one. In case of uniform refinement, the added
predicates will divide the state space uniformly; while in the case of selected
refinement the new predicates are constructed by considering the abstract
counterexample. The selected refinement can be of two types – one only based
on the abstract counterexample or one based also on the weights associated to
the abstract counterexample.

The validation and refinement procedures and their theoretical basis are pre-
sented in detail in subsequent sections. Therefore, some of the functions
integrated in Algorithm 3 are also explained in these sections.

4.3 Validation

Some preliminaries are presented and the validation problem is defined. Next,
the validation procedure and its theoretical basis are presented.

Definition 17. A simple cycle π in abs(H,P,F) is an abstract counterexam-
ple if w(π) > 1.

4.3.1 Validation Problem

Validation consists of checking if the abstract counterexample corresponds to a
violation of stability in the concrete system. Fix a counterexample π = (q0, f0),
P0, (q1, f1), P1, . . ., (qk−1, fk−1), Pk−1, (q0, f0) of G = abs(H,P,F). The
following definition states a connection between the abstract counterexample
and executions in the concrete system.

Definition 18. An execution σ = (ι, η, γ) of H is said to follow the abstract
counterexample π of G = abs(H,P,F), denoted σ ; π, if there exists a
non-decreasing sequence of times 0 = t0, t1, t2, . . . such that:

• η(ti) ∈ fi mod k,

• η(t) ∈ Pi for t ∈ [tj , tl] where j mod k = i, l mod k = i+ 1 and

• (η(ti), η(ti+1)) ∈ reachrel((qi, fi), Pi, (qi+1,fi+1)).
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Further, σ is said to follow π respecting the weights, denoted σ w
; π, if in

addition

|η(ti+1)|
|η(ti)|

= W ((qi mod k, fi mod k), Pi mod k, (q(i+1) mod k, f(i+1) mod k)).

The following notion captures the violation of Lyapunov stability along π. The
abstract counterexample π is a witness to the violation of Lyapunov stability
by the concrete system H if there exist executions with arbitrary scaling which
follow the cycle respecting the weights.

(C1)∃ε > 0,∀δ > 0,∃σ ∈ exec(H) such that

σ
w
; π, η(0) ∈ Bδ(0̄),∃t ∈ [[ι]], η(t) 6∈ Bε(0̄).

The next propositions state that the above condition in fact implies that there
is a complete execution along π.

Previously, some definitions need to be introduced. Let prereachi(S0), for
some S0 ⊆ f0, denote the set of points from which there is a sequence of length i
following π which starts at S0. Similarly, let wprereachi(S0) denote the points
from which the executions also respect the weights. The formal definitions are
introduced below.

• prereach0(S0) = S0.

• For i > 0, prereachi(S0) = preH((qj , fj), Pj , (qj+1, prereachi−1(S0))),
where j = k − (i mod k).

In addition to wprereach, wpostreach is also defined.

• wprereach0(S0) = S0.

• wprereachi(S0) = wpreH((qj , fj), Pj , wj , (qj+1, wprereachi−1(S0))),
where wj = W ((qj−1, fj−1)(qj , fj)), i > 0 and j = k − (i mod k).

• wpostreach0(S0) = S0.

• wpostreachi(S0) = wpostH((qj , fj), Pj , wj , (qj+1, wpostreachi−1(S0))),
where wj = W ((qj−1, fj−1)(qj , fj)), i > 0 and j = i mod k

Proposition 6. If S0 ⊆ f0 is a closed set, then prereachi(S0) is a closed set.

Proof. It follows from the fact that the mapping from a facet f(i+1) mod k to the
facet fi is following the polyhedral set −chullF(Pi). Since −chullF(Pi) is a
closed set, the image of the mapping is closed. By induction on i, one can
deduce that prereachi(S0) is a closed set. �



4.3. Validation 57

Proposition 7. Condition (C1) is equivalent to the existence of a complete
execution σ of H such that σ w

; π.

Proof. Note that for every ε > 0, there is an execution following π through
the weights whose scaling is > ε, and it reaches one of the facets. Define
Si as the set of points in fi mod k such that there exist executions with i it-
erations starting at the points and following π̂ through the weights. Then
S0 = f0 and Si = wprereachi(S0), which are closed sets. We know by
Proposition 6 that S = ∩i>0Si is not empty. Therefore, there exists x ∈ S
such that there exists executions following π starting from x with i iterations
for every i > 0. Without loss of generality, assume x = x0 ∈ f0. Hence,
wpostH((q0, f0), P0, w0, (q1, x)) 6= ∅ and it is a subset of f1. In this successor
reach set there exists at least one point x1 with executions with i iterations for
every i > 0 starting from it. By iterating, construct an infinite sequence of points
{x0, x1, x2, . . .} and with them construct easily an infinite execution following π
respecting the weights since (xi, xi+1) ∈ reachrel((qi, fi), Pi, (qi+1,fi+1)) and
|xi+1|
|xi| = W ((qi, fi), Pi, (qi+1,fi+1)). �

While (C1) can be validated exactly, a refinement corresponding to (C1) tries
to eliminate just the executions which follow the weights on the edges of π
exactly. In order to accelerate the progress in the cegar iterations, a stronger
validation problem is considered, where the execution is not required to follow
the weights, but still be diverging.

Definition 19. An abstract counterexample π is said to be spurious if there
does not exist a divergent complete execution σ such that σ ; π.

Validation problem Given an abstract counterexample π, is π spurious?

4.3.2 Validation procedure

The crux of the validation procedure is to reduce the problem of checking the
existence of infinite executions to that of finite executions. Hence, for m ∈ R≥0
we define a predicate ψπ(m), which captures the set of points x0, . . . , xk such
that xk can be reached from x0 by following the cycle once, and xk = mx0.

ψπ(m) := ∃x0, x1, . . . , xk ∈ Rn : xk = mx0,∀0 ≤ i < k,

xi ∈ fi, (xi, xi+1) ∈ reachrel((qi, fi), Pi, (qi+1,fi+1)).
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Next, the main theorem for validation is stated.

Theorem 3. The following holds for the abstract counterexample π:

V1 ∃m > 1 : ψπ(m) ⇒ ∃σ ∈ cexec(H) : σ ; π ∧ σ diverges.

V2 @m : ψπ(m) ⇒ @σ ∈ cexec(H) : σ ; π.

V3 ∃m : ψπ(m) ∧ @m > 1 : ψπ(m) ⇒
∃σ ∈ cexec(H) : σ ; π ∧ @σ ∈ cexec(H) : σ w

; π.

Remark. Condition [V1] implies that when there exists m > 1 such that ψπ(m)
holds, the system is unstable. Condition [V2] states that when there exist no
m at all such that ψπ(m) is true, then the counterexample has no complete
executions following it, and hence, is spurious. Condition [V3] implies that
there is no complete execution following π which respects the weight, however,
there is some complete execution (diverging or not).

Before proving the above result, some definitions and a fixpoint theorem are
required to establish an intermediate result. Let π = (q0, f0), P0, (q1, f1), P1,
. . ., (qk−1, fk−1), Pk−1, (q0, f0) be an abstract counterexample of G.

Theorem 4 (Kakutani’s fixed point theorem). Let S ⊆ Rn be a non empty,
compact and convex set. Let H : S → 2S be a set-valued function whose graph
{(s, s′) : s′ ∈ H(s)} is a closed set, and for all s ∈ S, H(s) 6= ∅ and convex.
Then H has a fixed point, which means ∃s∗ ∈ S : s∗ ∈ H(s∗).

The existence of such kind of fixed point provides a strategy for proving the
next result.

Proposition 8. If there exists σ ∈ cexec(H) such that σ w
; π, then there

exists a value m greater than 1 such that ψπ(m) holds.

Proof. Suppose σ ∈ cexec(H) such that σ w
; π. Define a set of starting points

for divergent executions following π respecting the weights. kernel(π) = {x ∈
f0 | ∃σ = (ι, η, γ) ∈ cexec(H) : η(0) = x, σ

w
; π}.

kernel(π) is a closed convex set which is positive scaling closed. This follows
from the following facts. Firstly, the facet f0 is closed, convex and positive
scaling closed, since it is a facet from a polyhedral partition respecting a pss H
in normal form. Next, the set kernel(π) is the intersection of wprereachi(f0)
for i > 0 which is a multiple of k, the length of the counterexample π. (This
depends on the fact that the set Z =

⋂
i mod k=0 wprereach

i(f0) has the property
that Z ⊆ prereachk(Z)). Finally, the wprereach and intersection operation
preserve closedness, convexity and the positive scaling property.
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Consider a set-valued function G from f0 to f0 which maps x0 ∈ f0 to the set
wpostreachk(x0). Define S = {x | |x| ≤ 1, x ∈ kernel(π)}. Since kernel(π) is
non-empty, convex, closed and closed under positive scaling, we can conclude
that S is non-empty, compact and convex. Compactness follows from the
assumption that kernel(π) is closed and the set |x| ≤ 1 is compact, and hence,
their intersection S is compact. The convexity of S follows from the fact that
it is the intersection of the set kernel(π) and the set |x| ≤ 1, both of which
are convex.

Define K as an upper bound for the scaling of executions following π for one
iteration and respecting the weights, so the executions starting from f0 and
reaching to wpostreachk(f0), being k the length of π. Define the set valued
function H from S to 2S , which maps x ∈ S to the set { yK | y ∈ G(x)}.

Note that the graph {(x, y) | y ∈ G(x)} is a closed set. Consider a sequence of
points (x0, y0), (xi, yi), . . . which belong to the graph and converge to (x, y).
Then x will be in the domain of the graph because of closedness of f0. And
y ∈ G(x) because of compactness and linearity of every polyhedral set F(q) for
q ∈ Q which represents the dynamics.

Next, it is shown that H has a fixed point. For this, the Kakutani’s fixed
point theorem is applied. Since H defined above satisfies the hypothesis of
Kakutani’s theorem, there exists s∗ ∈ S such that s∗ ∈ H(s∗). Then, Note that
s∗ ∈ G(s∗)

K , it is Ks∗ ∈ G(s∗). Then the sequence of points s∗,Ks∗,K2s∗, . . .

holds ψπ(K), and K > 1 because it is an upper bound on the W (π) and π is a
counterexample, and Kj+1s∗ ∈ wpostreachk(Kjs∗) for every j > 0. �

Next, Theorem 3 is proven. Suppose π is an abstract counterexample.

V1 Suppose there exists m > 1 and x0, . . . , xk ∈ Rn such
that for all 0 ≤ i < k, xi ∈ fi and (xi, xi+1) ∈
reachrel((qi, fi), Pi, (qi+1,fi+1)), and xk = mx0. Then consider the infi-
nite execution ν = x0, . . . , xk−1,mx0, . . . ,mxk−1,m

2x0, . . . ,m
2xk−1, . . .

such that (mjxi,m
jxi+1) ∈ reachrel((qi, fi), Pi, (qi+1,fi+1)) for every

j > 0 because of linearity of the flows. Construct with such points and π
an execution σ such that σ ; π. Note that σ diverges, since m > 1.

V2 It can be shown by using a similar argument to that in the proof of Propo-
sition 8 but defining kernel(π) as {x ∈ f0 | ∃σ = (ι, η, γ) ∈ cexec(H) :
η(0) = x, σ ; π}.

V3 Suppose there exists 0 < m 6 1 and x0, . . . , xk ∈ Rn such that for all
0 ≤ i < k, xi ∈ fi and (xi, xi+1) ∈ reachrel((qi, fi), Pi, (qi+1,fi+1)),
and xk = mx0. Then consider the infinite execution ν =
x0, . . . , xk−1,mx0, . . . ,mxk−1,m

2x0, . . . ,m
2xk−1, . . .. Construct with
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such points and π an execution σ such that σ ; π. Note that there
does not exist σ respecting the weights in π because existence of σ would
contradict Proposition 8. �

4.4 Refinement

First, the refinement problem is formalized. Then, different strategies for
refinement are presented by considering the reason for the spuriousness of the
abstract counterexample.

4.4.1 Refinement problem

The formal notion of refinement is introduced.

Definition 20. Given two abstract systems for a pss H, G = abs(H,P,F) =
(V,E, w) and G′ = abs(H,P,F ′) = (V ′, E′, w′), G′ is said to be a refinement of
G, if there exists a mapping α : V ′ → V such that:

• if (v1, P, v2) ∈ E′, then (α(v1), P, α(v2)) ∈ E and

• w′(v1, P, v2) ≤ w(α(v1), P, α(v2)).

Next a set of triples is associated with an abstract system which captures the
potential executions and scalings along the edges.

Definition 21. Given an abstract system G = (V,E, w) of H,

pot(G) = {((q1, x), w, (q2, y)) | ∃((q1, f1), P, (q2, f2)) ∈ E, x ∈ f1, y ∈ f2,

|y|/|x| = w ≤ w((q1, f1), P, (q2, f2))}.

Definition 22. An abstract system G′ of H is a strict refinement of an abstract
system G of H, if G′ is a refinement of G and pot(G′) is a strict subset of
pot(G).
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Refinement problem Given the concrete system H and an abstract system
G of H, find a strict refinement G′ of G.

We propose a solution to the refinement problem which depends on a given
spurious abstract counterexample π of G. Consider α to be the mapping
associated with the strict refinement G′ of G. Then, we construct the strict
refinement G′ in such a way that it will have no cycle whose nodes will be
mapped by α to the cycle π in G.

Remark. Observe that if F ′ is a facet partition which is strictly finer than F ,
then abs(H,P,F ′) is a refinement of abs(H,P,F), however, it may not be a
strict refinement of abs(H,P,F). Hence, it is crucial to exploit the spuriousness
of the abstract counterexample π to construct a finer facet partition F′ such
that G′ = abs(H,P,F ′) is a strict refinement of G.

4.4.2 Refinement procedure

Two different strategies for refinement are presented based on the reason for the
spuriousness. First, it is shown that non-existence of a complete execution along
π (respecting the weights) implies that the prereach (wprereach) computation
terminates.

Theorem 5. Consider a pss H, an abstract system G of H and a counterex-
ample π. Then

R1 If @σ ∈ cexec(H) such that σ ; π ⇒ prereachi(f0) = ∅ for some i.

R2 If @σ ∈ cexec(H) such that σ w
; π ⇒ wprereachi(f0) = ∅ for some i.

From Theorem 3, there are two reasons for spuriousness corresponding to
Conditions [V2] and [V3]. Statements [R1] and [R2] suggest the refinement
strategies corresponding to [V2] and [V3].

Refinement strategy when the premise of [V2] holds. Let ι be the small-
est index such that prereachι(f0) empty. Note that S1 = prereachι−1(f0)
is not empty. Let the value k̂ = k − (ι mod k). Also, (k̂ + 1) mod k is
the index of the facet which contains S1. It also implies that the set
S2 = postH((qk̂, fk̂), Pk̂, (q(k̂+1) mod k, f(k̂+1) mod k)) which is also a subset of
f(k̂+1) mod k has an empty intersection with S1. Refinement corresponds to
refining the facet f(k̂+1) mod k into {f1, f2} such that it separates S1 and S2,
that is, S1 ⊆ f1 and S2 ⊆ f2, and S1 ∩ f2 = 0̄ and S2 ∩ f1 = 0̄. Such a
splitting is always possible since S1 and S2 are two closed convex polyhedral
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Figure 4.2: Refinement

sets whose intersection contains only 0̄ and hence, there exists a hyperplane
which separates them.

An illustration of the refinement is shown in Figure 4.2. The system is par-
titioned by the two polyhedral sets C and E, in which the flow direction is
determined by the dashed lines, pointing from facet f1 to facet f2 and from
f2 to facet f3. Observe that after performing predecessor operation on f3,
we obtain S2, which is a subset of f2, and predecessor reach set of S2 has
empty intersection with f1. From f1 the successor reach set is computed and
intersected with f2, obtaining S1. The two sets S1 and S2 are almost disjoint
but for 0̄ so they can be separated by a hyperplane. A choice of a separating
hyperplane is 3x+ 2z = 0.

Proposition 9. The abstract system abs(H,P,F ′) is a strict refinement of
the abstract system abs(H,P,F), where F ′ = (F\{f(k̂+1) mod k}) ∪ {f1, f2}.

Proof. It follows from the fact that there is an edge from (qk̂, fk̂) to (q(k̂+1) mod k,

f2), but no edge from (qk̂, fk̂) to (q(k̂+1) mod k, f
1). �

Refinement strategy when the premise of [V3] holds The refinement is
similar to the previous case, except that all the operators are replaced by their
weighted counterparts, that is, prereach is replaced by wprereach and post
by wpost. The following proposition implying progress is similar to Proposition
9, however, the proof relies on the reduction of the weight rather than the
removal of an edge.

Proposition 10. The abstract system abs(H,P,F ′) is a strict refinement of
the abstract system abs(H,P,F), where F ′ = (F\{f(k̂+1) mod k}) ∪ {f1, f2}.

Proof. Note that the weight of the edge ((qk̂, fk̂), Pk̂, (q(k̂+1) mod k, f
1)), if it ex-

ists, is less than the weight wk̂, the weight of the edge ((qk̂, fk̂), Pk̂, (q(k̂+1) mod k,

f(k̂+1) mod k)). �
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Algorithm 3 summarizes the validation and refinement procedures. Line 8
checks if there exists an infinite diverging trajectory by constructing the formula
ψπ(m > 1). If it is satisfiable, then a counterexample is found. If not, a
refinement is required. However, to determine the type of refinement, the
satisfiability of the formula ψπ(m ≤ 1) is checked. If it is not satisfiable, then
no infinite execution corresponding to the abstract counterexample exists, and
therefore a non-weighted refinement is performed. However, if ψπ(m ≤ 1) is
satisfiable, an infinite execution exists, but it is not possible to conclude that it
is diverging, hence, Line 14 proceeds with a weighted refinement.

4.5 Implementation and experimental results

The validation procedure and the refinement strategies have been integrated
into Averist, together with the abstraction and model checking algorithms.
This integration provides a cegar algorithm for polyhedral switched systems.
Performance of cegar algorithm is tested and also compared with iterating
over the abstraction and model checking techniques while adding uniformly
new predicates to refine the abstract system.

The experiments are inspired by the example described in Figure 3.4b. The
3-dimensional experiments consist of the same locations as the one in the
example where the configurations of the flow function F are modified. The 4
and 5-dimensional experiments are obtained by extending every element of the
example to higher dimensions.

Exp-dim Stab Ans Elem IT Ref Size Abs MC Val Ref Total
time time time time time

1− 3D Y S 163 3 Pre 75 18.75 0.01 0.03 0.03 20.02
2− 3D Y S 287 11 Pre 153 196 0.23 0.84 0.30 204.50
3− 3D N NS 135 1 − − 0 0 0 0 0.15
4− 3D Y NA 59 11 WPre 123 119.32 0.25 0.94 2.44 130.91
5− 3D N NS 9 1 − 16 0.30 ε 0.13 0 0.55
6− 3D Y S 151 2 WPre 74 12.55 ε 0.17 0.07 5.72
7− 3D Y S 179 4 Pre 87 31.63 0.02 0.03 0.04 33.62
8− 3D Y S 291 11 Pre 157 249.40 0.38 0.57 0.39 269.11
9− 4D Y S 537 3 Pre 341 312 0.32 0.32 0.10 319.42
10− 4D Y S 865 7 Pre 601 1543 2.13 1.18 0.28 1582.33
11− 5D Y S 1706 3 Pre 1365 4208 4.32 0.51 0.12 4252

Table 4.1: Experimental results for cegar algorithm

Some of the results are summarized in Table 4.1. Here, Exp-dim refers to the
experiment number and to the dimension of the concrete system (number of
continuous variables) and Stab states whether the concrete system is Lyapunov
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Averist + uniform refinement cegar technique
Exp-dim Stab Ans Elem Runs Time Ans Elem IT Time
2− 3D Y NA 85250 6 10658.26 S 287 11 204.50
2− 3D Y NA 4034 4 857.23 NA 59 11 130.91
3− 3D Y NA 4035 4 181.32 S 151 2 5.72
4− 3D Y NA 4035 4 187.24 S 179 4 33.62
5− 4D Y NA 27201 3 4728.61 S 537 3 319.42

Table 4.2: Comparison of Averist and cegar technique

stable (Y ) or not (N ). Ans is the output of the cegar algorithm, which can
be stable (S) (when the model-checking succeed), unstable (NS) (when the
validation succeeds) or no answer (NA) (if the system does not terminate in a
pre-set time). Elem is the number of elements in the polyhedral partition. IT
refers to the number of iterations of the cegar loop before termination, Ref
indicates if weighted refinement strategy has been applied for some iteration, Pre
states only predecessor reach computation and WPre indicates some weighted
predecessor reach computation has been performed. Size refers to the number
of nodes in the final weighted graph. The time for abstraction, Abs time,
model-checking, MC time, validation, Val time and refinement, Ref time, are
shown along with the total time Total time. All the times are in seconds, and
ε indicates a value smaller than 0.001.

A limit on the number of cegar iterations has been set to 11, but it can be
set to any arbitrary value. The cegar procedure terminates on most of the
examples that are reported. In the case of experiment 4, no answer is obtained,
while in the case of experiments 3 and 5 instability is obtained as answer.
In experiment 3, instability is due to an exploding region, therefore all the
times are zero. In experiment 5, the refinement is not performed because the
validation algorithm returns the existence of a concrete counterexample. The
experiments illustrate that the cegar framework is practically feasible, since
validation and refinement overheads are low compared to the total time.

Next, the cegar algorithm is compared with Averist applying an uniform
refinement. Averist allows specification of predicates as well as built-in
automated methods for generating uniform predicates based on an input
granularity value. In the comparison, the examples on Averist are run by
iteratively increasing the number of predicates using this feature. The presented
cegar algorithm on the other hand applies the new refinement strategies
based on the returned counterexamples for adding the predicates. The chosen
termination criterion for cegar is a bound of 11 on the number of iterations,
and for Averist, the process is stopped when the running time is more than
5 times the total time taken by the cegar algorithm. All the examples in
Table 4.1 are compared with Averist plus uniform refinement, however, only a
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representative subset of them in Table 4.2 are presented. In Table 4.2, most of
the headers refer to the same values that those in Table 4.1. In addition, Runs
refers to the number of times Averist is run with an incremented number
of uniform predicates. As you can observe from the experiments, Averist
does not terminate on any of the examples within time 5 times that of the
cegar algorithm. It shows that uniformly partitioning may be slower since
the new predicates added are not necessarily useful towards constructing the
right abstractions that are successful in stability analysis.

4.6 Summary

This chapter has developed a counterexample guided abstraction refinement
framework for the stability analysis of polyhedral switched systems. The
developed approach explores the search space systematically by using coun-
terexamples. To the best of our knowledge, this is the first cegar framework
for stability analysis. Instantiating the cegar algorithm for stability analysis
is non-trivial, since the notion of a counterexample is more involved, and the
refinement is more expensive than in the case of safety analysis.

Next chapter extends the presented results to linear hybrid systems by using
a hybridization technique specialized for stability. This technique abstracts a
polyhedral hybrid system from a linear hybrid system.





5
Hybridization

This chapter introduces a dynamic simplification technique, namely hybridiza-
tion, to abstract a linear hybrid system to a switched system with polyhedral
inclusion dynamics, and proves completeness of the hybridization technique for
a subclass of linear hybrid systems, which is published in “Hybridization for
Stability Analysis of Switched Linear Systems”, HSCC’17 [PS16c]
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The main goal in this chapter is to extend the quantitative predicate abstraction
from Chapter 3 to linear hybrid systems. One of the difficulties in extending
qpa to linear hybrid systems is the computation of the edges and their weights.
This computation requires the construction of a reachability relation in the
context of linear hybrid systems, which becomes especially challenging when the
number of mode switches is not bounded. A way of tackling the problem consists
of abstracting the linear hybrid system (lhs) to a polyhedral hybrid system
(phs), where reachability relations can be efficiently computed as explained in
Chapter 3.

The main result is a novel application of the hybridization approach [ADG07,
DMT10] for stability analysis. Broadly, hybridization consists of splitting the
state space into a finite number of regions and approximating the dynamics in
each of the regions by a simpler dynamics. Our hybridization is specialized for
stability analysis, and differs from those used for safety analysis, in the class of
partitions. We use partitions that split the state space into conic polyhedral
sets. The linear dynamics in each of the regions is over approximated by a
polyhedral inclusion dynamics. The conic partitioning is fine tuned for stability
analysis, since, it guarantees a bound on the “scaling” in a region. The scaling
refers to an execution, and is the ratio of the distance between the origin and the
end of the execution to the distance between the origin and the beginning of the
execution. The scaling in a region is an upper bound of the scalings for all the
executions in such region. Hybridization techniques for safety analysis instead
seek a bound on the approximation error in the reach set [ADG07, DMT10].

The main theoretical result in this chapter is the completeness of the hybridiza-
tion technique for the class of asymptotically stable switched linear systems
that are uniformly converging in time and Lipschitz continuous. For this
class of systems, a determined increment of the granularity for the element
partition guarantees obtaining an abstract polyhedral switched system that is
asymptotically stable.

On the practical side, this hybridization approach is integrated in the software
tool Averist. Then, the new version of Averist is experimentally compared
with Stabhyli. Stabhyli is a state-of-the-art tool for stability analysis of hybrid
systems which is based on Lyapunov functions. The experimental results
illustrate that the presented method is less prone to numerical errors and
scales better than the traditional approaches. In addition, Averist returns a
counterexample in the event that it fails to prove stability, providing feedback
regarding the potential reason for instability. This chapter also investigates
some heuristics for partitioning the state space in a more efficient manner.
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5.1 Hybridization for stability analysis

This section formally presents the hybridization procedure for constructing a
polyhedral hybrid automaton from a linear hybrid automaton, and provides
soundness and completeness results.

5.1.1 Hybridization construction for linear hybrid automata

The basic construct in the hybridization procedure is the abstraction of the
linear vector field in a region by a polyhedron. This is done by the function
cpoly, which given F : Rn → 2Rn and P ⊆ Rn is defined as

cpoly(F, P ) = ∪x∈PF (x).

Next, we present the formal definition of hybridizing a system H with respect
to a partition P and an auxiliary definition.

Definition 23. Two polyhedra P,Q ⊆ Rn are adjacent in case of P ∩Q has
affine dimension n− 1, and we denote as PadjQ.

Definition 24 (Hybridization). Given an n-dimensional linear hybrid system
H = (Q,E,X,F, I,G) and a polyhedral partition of Rn, P = {R1, . . . , Rk},
the hybridization of H with respect to P is polyh(H,P) = (Q̂, Ê,X, F̂, Î, Ĝ),
where:

• Q̂ = {(q,R) : q ∈ Q, R ∈ P and R ⊆ I(q)}

• Ê = {((qi, Ri), (qj , Rj)) ∈ Q̂× Q̂ : qi = qj or (qi, qj) ∈ E and RiadjRj}

• F̂((q,R))(x) = cpoly(F(q), R).

• Î(q,R) = I(q) ∩R.

• Ĝ((qi, Ri), (qj , Rj)) = Rn if qi = qj and G((qi, qj)), otherwise.

Note that for every q ∈ Q and R ∈ P, cpoly(F(q), R) is a polyhedral
set. Hence, the polyhedral differential inclusion ẋ ∈ cpoly(F(q), R) over
approximates the dynamical system ẋ ∈ F(q)(x) in the polyhedral region R.
Then, it follows that polyh(H,P) is a polyhedral hybrid automaton.
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(b) ẋ = A2x

Figure 5.1: Linear systems

Remark. Assume from now on that the partition P used in the hybridization
only consists of conic polyhedral sets, that is, those that are positive scaling
closed. The proposed hybridization is similar to that in the literature [PBV95,
DHR05], where rectangular/polyhedral abstractions are considered, except that
the partition of the state space is specific to stability analysis.

5.1.1.1 Illustration

Here, we explain in detail the hybridization process for a particular 2-
dimensional linear hybrid system example. The dynamical behaviour of the
example is described below.

The evolution of a linear dynamical system is determined by the equation
ẋ = Ax where A is a real square matrix. Consider two linear dynamical
systems of the form ẋ = A1x and ẋ = A2x, where the matrices are given as
follows

A1 =
(

0 1
−4 0

)
A2 =

(
0 1
−0.1 0

)

The phase portraits showing the solutions for each of these systems are depicted
in Figure 5.1. A linear dynamical system defines the evolution of a linear hybrid
automaton at each location. A linear hybrid automaton model is depicted in
Figure 5.2a. Observe that this system consists of four modes, q1, q2, q3 and q4,
with associated invariants R1, R2, R3 and R4, which correspond to the first,
second, third and fourth quadrants of the two dimensional plane, respectively.
Hence, the system evolves in the first and third quadrants following a solution
of the dynamical system ẋ = A1x and in the other two quadrants following one
of ẋ = A2x. The switching condition is along the common boundaries, and is
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specified by the guard annotations on the edges. A sample execution of the
linear hybrid system is given in Figure 5.2b.

x ∈ R1x ∈ R2

x ∈ R3 x ∈ R4

q1q2

q3 q4

ẋ = A1x

ẋ = A1x

ẋ = A2x

ẋ = A2x

x = 0

y = 0 y = 0

x = 0

Thursday, February 6, 2014

(a) Hybrid automaton H

x

y

Thursday, February 6, 2014

(b) Sample execution

Figure 5.2: Linear hybrid automaton H

The first step to perform hybridization is to choose a polyhedral partition of the
continuous state space. Consider the polyhedral partition P = {R1, R2, R3, R4},
formed by the planar quadrants, where Ri corresponds to the i-th one. This
choice determines a polyhedral hybrid system with the same number of modes
as in the linear automaton, with the same associated invariants, and the
same edges labelled with the same guards. The polyhedral dynamics in the
four modes are given by ẋ ∈ P1, ẋ ∈ P2, ẋ ∈ P3 and ẋ ∈ P4, respectively,
where P1 = cpoly(A1, R1), P2 = cpoly(A2, R2), P3 = cpoly(A1, R3) and
P4 = cpoly(A2, R4). For instance, in the first quadrant all the flow vectors
of the linear hybrid system are between (1, 0) and (0,−1), therefore P1 is
determined by the constraints x > 0 and y < 0, as observed in Figure 5.3b.
The polyhedral hybrid system is shown in Figure 5.3a and it is analogous to the
linear one but with dynamics determined by the differential inclusion ẋ ∈ Pi for
each mode qi. A sample execution of the polyhedral hybrid system is depicted
in Figure 5.3b. However, this polyhedral hybrid automaton is not stable. To
obtain a stable one, we need to use a finer partition.

5.1.2 Stability preservation theorem

The proposed hybridization procedure is sound; the stability of the polyhedral
hybrid system output by the hybridization procedure implies the stability of
the linear hybrid system. This principle is formalized below.

Theorem 6. Given a linear hybrid automaton H and a polyhedral partition
P, the following hold:

1. polyh(H,P) is Lyapunov stable implies H is Lyapunov stable.
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Figure 5.3: Polyhedral hybrid automaton Ĥ

2. polyh(H,P) is asymptotically stable implies H is asymptotically stable.

Proof. This follows from the fact that exec(H) ⊆ exec(polyh(H,P)), which
in turn follows from the fact that the polyhedral differential inclusion ẋ ∈
cpoly(F,R) over approximates the dynamical system ẋ = F (x) in the polyhe-
dral region R. �

Remark. It has been observed in [PDV12] that simulations do not preserve
stability and the stronger notion of uniformly continuous simulations is required.
Note that in Theorem 6, the simulation relation between the two systems is the
identity relation which trivially satisfies the additional constraints of uniform
continuity imposed by [PDV12].

5.1.3 Completeness results for hybridization

This section identifies a subclass of switched linear hybrid systems for which
the hybridization procedure is complete, that is, for every asymptotically stable
system in this class, by iteratively choosing finer and finer partitions for the
hybridization, the procedure will provide an abstract polyhedral hybrid system
that is asymptotically stable.

Before identifying the subclass of systems referred above, we will provide a
detailed proof for the class of linear dynamical systems. Then, this proof will
be extended for the defined subclass of switched linear hybrid systems. Let
HA denote the linear hybrid automaton (with one mode) corresponding to the
dynamical system ẋ = Ax.

Theorem 7. Let HA be a linear hybrid automaton corresponding to the dy-
namical system ẋ = Ax which is asymptotically stable. Then, there exists a
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polyhedral partition P such that the polyhedral hybrid system polyh(HA,P) is
asymptotically stable with respect to 0̄.

The hybridization techniques for safety analysis ensure a bounded error in the
executions of the original and approximate systems over a bounded time. They
rely on the fact that error between the concrete and the abstract vector fields
is bounded. However, this is no longer true in our setting. More precisely, the
Hausdorff distance between Ax (the value of the concrete vector field) and
P = {Ax |x ∈ R}, the abstract vector field in a region R (positively closed) is
infinity. Hence, our proof of completeness is bit more involved. We construct
an intermediate system which is equivalent to the abstract system. In this new
system, though we cannot bound the distance between the vector fields of the
concrete system and that of the intermediate system at state x by some ε, we
can bound it by ε|x|.

Observe that the scaling in a region R is determined by the vector field restricted
to the state space with norm 1. Let cupoly(A,R) = {Ax : x ∈ R, |x| = 1}.

Definition 25. Given a polyhedral set P and a scalar a, let Pa = {xa : x ∈ P}.
The norm of a polyhedral set P is |P | = max{|p| : p ∈ P}.

Definition 26. The scaled hybridization of H with respect to P is defined as
spolyh(H,P) = (Q̂, Ê,X, F̂, Î, Ĝ), where all the elements in the tuple are the
same as for the hybrid system polyh(H,P) but for the vector field function,
which for every (q,R) ∈ Q̂, F̂((q,R))(x) = cupoly(F(q), R)|x|.

The following lemmas comprise the proof for Theorem 7.

Lemma 3. spolyh(H,P) is asymptotically stable if and only if polyh(H,P)
is asymptotically stable.

Lemma 4. Let A be an n×n matrix and let HA be the hybrid system associated
with the matrix. Let HA be asymptotically stable with respect to 0̄. Then,
there exists a partition P such that the polyhedral system spolyh(HA,P) is
asymptotically stable with respect to 0̄.

The Lemma 4 depends on the following two propositions.

Proposition 11. Consider a polyhedral partition P = {R1, . . . , Rk} and a
finite set of bounded polyhedral sets {P1, . . . , Pk}. Consider two differential
inclusions,

ẋ ∈ {Ax} (5.1)

ẋ ∈ F (x) (5.2)
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where F (x) = Pi|x| for x ∈ Ri and for every 0 6 i 6 k. Let dH(Ax, F (x)) 6
ε|x| for every x. Let x and y be solutions of 5.1 and 5.2 respectively, such that
x(0) = y(0). Then,

|x(t)− y(t)| 6 ε|y(0)|
m− |A| (e

mt − e|A|t)

for every t > 0 with m = max06i6k |Pi|.

Proof. Consider x and y be solutions of 5.1 and 5.2 respectively, such that
x(0) = y(0). Define the error function z(t) = |x(t)− y(t)| for t ∈ [0,∞). For
infinity norm it is known that d

dt |f(t)| 6 | ddtf(t)|. Then, ż ≤ |ẋ − ẏ|, which
is equal to |Ax− ẏ| = |Ax−Ay +Ay − ẏ| 6 |Ax−Ay|+ |Ay − ẏ|, and since
ẏ ∈ F (y),|Ay − ẏ| 6 ε|y|. Then, the following differential system is obtained{

ż(t) 6 |A|z(t) + ε|y|
ẏ ∈ F (y)

Let us first solve the inclusion in the system. Consider y ∈ Ri, then ẏ ∈ Pi|y|.
Therefore |ẏ| ∈ |Pi|y| | = |Pi| |y|. Define m = max06i6k |Pi|. Therefore,
|ẏ| 6 m|y|. Denote |y(t)| = r(t). Since d

dt |y| 6 |ẏ|, the following inequality
holds ṙ(t) 6 mr(t). Since infinity norm is differentiable everywhere except at
the origin, and there is no time such that zero norm is obtained, Grönwall’s
lemma is applied and states that the inequality solution is bounded by the
correspondent differential equation. The solution is r(t) 6 r(0)emt. Plug the
solution to the first equation in the system, ż(t) 6 |A|z(t) + εemtr(0) where
z(t) is differentiable everywhere but in the origin and by applying also the
Grönwall’s lemma and solving the differential equation, we obtain

z(t) 6 e|A|tz(0) + εr(0)
m− |A| (e

mt − e|A|t) (5.3)

Since z(0) = 0, the inequality is just

z(t) 6 εr(0)
m− |A| (e

mt − e|A|t) (5.4)

�

Proposition 12. Let A be an n × n matrix and HA be the hybrid system
associated with the matrix. Consider ε > 0. Then, there exists a partition
P = {R1, . . . , Rk} such that dH(Ax, Pi|x|) 6 ε|x| for every x ∈ Ri where
Pi = cupoly(A,Ri).

Proof. Ax is a continuous function and the state space with norm 1 is compact.
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Hence, Ax restricted to the state space of norm 1 is a uniformly continuous
function. Therefore, given any ε, there exists a δ, such that for every x, y

with |x − y| 6 δ, |Ax − Ay| 6 ε. Choose a polyhedral partition such that
each of the elements restricted to norm 1 is contained in a δ ball. Consider
an element Ri, one wants to prove that dH(Ax, Pi|x|) 6 ε|x|. It is known
dH(Ax, Pi|x|) = |Ax − Ay|x| | for some y ∈ Ri such that |y| = 1. Then,
|Ax−Ay|x| | = |Ax−Ay′| where y′ ∈ Ri and |y′| = |x|, so it can be rewritten
as |(A x

|x| − A
y′

|y′| )|x| |. Since |
x
|x| −

y′

|y′| | 6 δ by the partition construction, we
get |A x

|x| −A
y′

|y′| | 6 ε and finally, by substituting, dH(Ax, Pi|x|) 6 ε|x|. �

Theorem 6 states that our hybridization based analysis approach is sound in that
if the polyhedral abstraction is stable, then so is the linear hybrid system. Here,
we show that our analysis method is complete for linear dynamical systems
with respect to asymptotic stability, that is, given a linear dynamical system
which is aymptotically stable, one can construct a polyhedral abstraction which
is stable.

Proposition 13. Let ẋ = Ax be a dynamical system in Rn which is asymp-
totically stable. Then, for every γ > 0 there exists a value Tγ > 0 such that for
every solution x(t) with |x(0)| = γ, |x(t)| 6 γ

2 holds for every t > Tγ .

Proof. Let ẋ = Ax be asymptotically stable. Then A can be written as PJP−1,
where P is a real invertible matrix and J is the real Jordan matrix [HSD12].
A solution x(t) of the system can be expressed as eAtx(0) = ePAP

−1tx(0),
which is equal to P eJtP−1x(0) by definition of matrix exponential. Because
of norm matrix properties, we get |x(t)| 6 |P | |eJt| |P−1|γ. The asymptotic
stability implies that A is Hurwitz, and therefore the matrix eJt is also Hurwitz,
which means that every term in it is of the form eλtp(t) where λ < 0 and
p(t) is a polynomial function. Then, every term in P eJtP−1x(0) is equal to
eλtp′(t) where p′(t) is a different polynomial and the values will be dominated
by the exponentials. Hence, for every row, xi(t), there exists T iγ > 0 such that
|xi(t)| 6 γ

2 for every t > T iγ . So it is enough to choose Tγ = max06i<n(T iγ). �

Proof of Lemma 4 Suppose HA is asymptotically stable. Fix γ > 0. Propo-
sition 13 states that there exists Tγ > 0 such that for every σ ∈ exec(HA) with
|σ(0)| = γ, |σ(t)| 6 γ

2 for every t > Tγ . Fix

ε = γ(m− |A|)
4|σ′(0)|(emTγ − e|A|Tγ )

By Proposition 12, there exists a partition P such that dH(Ax, cupoly(A,P)) 6
ε|x|. Consider σ ∈ exec(HA) and σ′ ∈ exec(spolyh(HA,P)) with σ(0) = σ′(0).
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Then, by Proposition 11 |σ(t) − σ′(t)| 6 γ
4 . Since it is also known that

|σ(Tγ)| 6 γ
2 , we get σ′(Tγ) 6 3γ

4 . It is possible to iterate such construction for
values of γ smaller and smaller, obtaining σ′ ∈ spolyh(HA,P) closer and closer
to zero for some time values.

Definition 27. A linear hybrid system H is Lipschitz continuous if there
exists a constant L such that for every x, y ∈ XH with x ∈ I(q1) and y ∈ I(q2)
the following holds |Aq1x − Aq2y| 6 L|x − y|. We say that H is uniformly
converging if for every γ > 0, there exists Tγ ≥ 0 such that for every execution
σ of H, |σ(0)| = γ implies |σ(t)| ≤ γ/2 for all t ≥ Tγ .

Theorem 8. Let H be a linear hybrid system that is Lipschitz continuous and
uniformly converging. Then, there exists a polyhedral partition P such that the
polyhedral hybrid system polyh(H,P) is asymptotically stable with respect to 0̄.

Proof. Here, the proof of the theorem is sketched and is similar to that of the
proof of Theorem 7. Proposition 11 can be extended to linear switched systems
which are Lipschitz continuous. The error between the solution of H and some
approximation whose vector field is at most ε far from H can be analyzed as
follows. ż ≤ |ẋ−ẏ| = |Aix−y′| = |Aix−Ajy+Ajy−y′| 6 |Aix−Ajy|+|Ajy−y′|
for some y′ ∈ Fj(y). Then, a new differential system comes out{

ż(t) 6 Lz(t) + ε|y′|
ẏ ∈ Fj(y)

The rest of the proof is similar to that of Proposition 11. Propostion 12 requires
to choose a partition such that the difference in the vector fields between H
and the polyhedral inclusion induced by it is bounded by ε. This can be
done by choosing a partition which ensures the ε bound for every Ai in H.
Propositon 13 is in fact captured using the uniformly converging condition in
the theorem. �

5.2 Heuristics for non uniform predicates

Next, this section explores certain heuristics to construct the polyhedral parti-
tion for the hybridization procedure. A naive algorithm is to uniformly partition
the state space and increase the granularity of the partitions. This partitioning
approach ignores the dynamics of the system in the selection of the partition.
Instead, a new heuristic to refine the partition is proposed, such that the size
of the resulting polyhedral inclusions are similar.
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The contribution in this section is to explain heuristics for defining a non uniform
predicate construction. Consider a polyhedral switched system polyh(H,P),
obtained by hybridization of the linear switched system H with an initial set
of predicates. The state space will be partitioned in order to obtain a more
accurate polyhedral hybrid system. For constructing a finer partition, choose
a location, (q,R), in polyh(H, R) and the polyhedral inclusion associated to
such location, P = cpoly(F(q), R). The target is to split region R. To split
this region, first compute the diameter of P , dP , which corresponds to the
maximum of |x − y| while x, y ∈ P and |x| = |y| = 1. The solution to the
optimization problem returns the diameter value dP and the two points xP , yP .
Then, construct a vector vP starting at xP and finishing at yP . This vector
determines the direction in the dynamical polyhedron P where the longest
error on approximating the linear dynamics arises. To overcome this problem,
a hyperplane is constructed, which splits the dynamical polyhedron and it is
perpendicular to that direction. The hyperplane is the set {x ∈ Rn : vP ·x =
0}. Observe that this hyperplane is not partitioning the state space but the
polyhedral dynamics. Then, the hyperplane is transformed into a hyperplane
in region R which will result in the polyhedral dynamics splitting. This last
hyperplane is the set {x ∈ R : vPAx = 0}, where A is the matrix for the linear
dynamical system defining the vector field of location q in the initial linear
hybrid system.

One needs to split just regions that generate a coarse polyhedral inclusion dy-
namics. For choosing such regions we compare the diameter of each dynamical
polyhedra with a diameter bound. This diameter bound is computed by consid-
ering every location (q,R) in polyh(H, R) and the polyhedra cupoly(F(q), R),
and it is defined as

D = max
(q,R)∈Q̂

dcupoly(F(q),R)

The regions chosen are those with polyhedral inclusion dynamics whose poly-
hedral diameter is greater or equal to D or to some percentage of D. The
higher the percentage, the less predicates will be added for partitioning the
state space.

Example 7. A 2-dimensional linear hybrid system H illustrates the hybridiza-
tion process. The dynamical behaviour of the system is determined by two linear
dynamical systems, ẋ = A1x and ẋ = A2x, defined by the following matrices:

A1 =
(

0 1
−4 2

)
A2 =

(
0 1
−3 2

)

The goal is to evaluate the difference between uniform and non uniform predicate
construction methods. In the case of the uniform method, 64 predicates are
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(a) Uniform (b) Non uniform

Figure 5.4: Predicate construction

needed to decide stability of the polyhedral hybrid system polyh(H), while with
the non uniform method, stability is verified by considering 40 predicates for the
polyhedral hybrid system construction. We observe that the non uniform method
provides a less number of predicates for verifying stability. The reduction in
number of predicates when compared with the uniform predicate construction
is because the choice for new predicates in the non uniform methods implies a
homogeneous division of the dynamical polyhedra.

Consider the linear dynamical system defined by the matrix A1 and restrict it
to the polyhedral region R = {(x, y) ∈ R : x ≥ 0, y ≥ 0} which coincides with
the first quadrant. Observe in Figure 5.4 a sample execution in R of the linear
system ẋ = A1x, and the dynamical polyhedron defined for such region and
linear dynamics, denoted as P . In the case of uniform predicate construction,
observe in Figure 5.4a the addition of the hyperplane {(x, y) ∈ R : x− y = 0},
which results in a new partition with two regions, P ∩{(x, y) ∈ R : x− y <= 0}
and P ∩ {(x, y) ∈ R : x− y >= 0}. In the first region we add a new dynamical
polyhedron P1 with diameter 2 while in the second region the new dynamical
polyhedron P2 has diameter 0.05. In the case of applying the heuristics explained
above, the hyperplane {(x, y) ∈ R : 2x − y = 0} partitions R into two new
subregions in an analogous manner to the uniform case. These subregions
determine two new dynamical polyhedra, P1 and P2 with 1 as diameter for both
as shown in Figure 5.4b. Observe that the case of non uniform partition results
in a more homogeneous distribution of the error between linear and polyhedral
dynamics.
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Averist Stabhyli
Dimension/name Iterations Expressions Region Time Degree LF found Time
2D AS_1 5 32 129 31 6 Y 8

SS4_1 1 2 9 < 1 8 − 452
SS8_1 1 4 17 < 1 6 − 443
SS16_1 1 8 33 1 4 − 177
AS_2 5 32 129 34 6 Y 9
SS4_2 1 2 9 < 1 8 − 418
SS8_2 1 4 17 < 1 6 − 451
AS_3 4 16 65 16 2 Y < 1
SS4_3 1 2 9 < 1 4 Y 7
SS8_3 1 4 17 1 6 − 417

3D AS_4 2 9 147 194 6 − 410
SS4_4 3 21 771 484 2 Y 75
SS8_4 3 21 771 470 2 Y 15
SS16_4 3 21 771 568 2 Y 138
AS_5 2 9 147 235 6 − 1254
SS4_5 3 21 771 418 2 Y 2
SS8_5 3 21 771 484 2 Y 18
AS_6 2 9 147 220 6 − 1237
SS4_6 3 21 771 463 2 Y 2
SS8_6 3 21 771 489 2 Y 17

4D AS_7 1 4 81 625 2 − 12
SS4_7 1 4 81 119 2 − 101
SS8_7 1 6 153 234 2 − 1071
SS16_7 1 10 297 533 2 − 339
AS_8 1 4 81 591 4 − 34
SS4_8 1 4 81 117 4 − 397
SS8_8 1 6 153 234 2 − 17
AS_9 1 − − out 4 Y 34
SS4_9 1 4 81 125 4 − 105
SS8_9 1 6 153 247 2 − 16

Table 5.1: Comparison of Averist and Stabhyli

5.3 Experimental results

This section provides details regarding the implementation of the presented
hybridization method, its integration into an abstraction based stability analysis
approach for polyhedral hybrid systems, experimental set up, experimental
evaluation and comparison with another stability verification tool based on
Lyapunov function proofs.

The hybridization procedure is implemented in Averist. The experiments
have been performed on a virtual machine with OS Ubuntu 14.04, processor
equivalent to 4 virtual CPUs and 4.68 GB of memory, installed on Mac OS
X 10.10 with processor 2.8 GHz Intel Core i5 and 8GB 1600 MHz DDR3
memory.

These experiments are performed, first, to evaluate the scalability of Averist,
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in terms of state space dimension, number of modes in the input hybrid
automaton and predicates involved in hybridization, and second, to compare
the implemented approach with a stability verification tool based on searching
for Lyapunov functions.

5.3.1 Averist evaluation

The evaluation is performed over two kinds of input linear hybrid systems,
those with arbitrary switching represented as AS_i and those with state based
switching represented as SSi_j. The AS_i examples are chosen from [PP03]
(Example 2) and the SSj_i examples are constructed from AS_i examples
by restricting the switchings to happen at the boundaries of a partition with
j regions. In particular, the set of executions of SS8_i is a subset of the
executions of SS4_i which is a subset of the executions of AS_i. The 4 and 8
refer to the number of locations in the hybrid system.

The initial linear predicates used in partitioning the state space for hybridization
are taken to be the linear expressions extracted from the input system definition,
the ones delimiting the invariants and guards. Averist runs iteratively with
increasing number of linear predicates. We have implemented a function to
choose the subsequent predicates, such that these new predicates split the state
space into uniform-sized chunks. For instance, for a two dimensional system,
in addition to the constraints in the hybrid system, after the first iteration the
predicates x = 0 and y = 0 are added, after the second iteration x = y and
x = −y are added and so on.

A summary of experimental results is presented in Table 5.1. Every experiment
has been run with time-out of 25 minutes. The first 6 columns consist of the
Averist experiments. In addition to the dimension (number of continuous
variables) and the experiment name, the table reports the number of iterations of
the hybridization procedure that were run until stability was proven or the tool
timed out, the number of linear expressions and the regions in the corresponding
partition in the final hybridization, and the total time taken to infer Lyapunov
stability. The total time includes the time taken by the underlying quantitative
predicate abstraction technique to analyse the polyhedral hybrid system as
well.

The experimental results in Table 5.1 demonstrate the feasibility of our approach
for stability analysis of linear hybrid systems. Note that Averist was able
to prove stability on almost all the 2D, 3D and 4D considered examples. The
time for analysis increases reasonably slowly with the increase in the number of
modes, for instance, consider the 4D systems SS4_7 and SS8_7 with 4 and 8
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modes and with similar dynamics. However, the time increase with respect to
increase in dimensions is steeper. This is expected because of the large number
of regions in the partition as the dimension increases. Compositional analysis
methods need to be explored for dealing with the curse of dimensionality.

Also, note that since the running time depends on the number of regions, which
in turn depends in an exponential manner on the number of linear expressions
used in the partitioning, it is crucial to develop methods which are clever in the
choice of the linear expressions. We will explore techniques which dynamically
partition the state space in a non-uniform manner to circumvent this problem.
Some ideas are presented in Section 5.2.

5.3.2 Comparison with Stabhyli

This section compares the method in Averist with Stabhyli [MT13], which is
a tool for global stability verification based on Lyapunov function search that
can handle the class of switched linear systems. Broadly, it searches iteratively
with increasing degree of polynomial templates until it finds a solution. It
only iterates over even degree polynomials, since the Lyapunov functions are
required to be non-negative everywhere. In addition, it has the option for
finding either common or multiple Lyapunov functions. We ran Stabhyli on our
example set with both common or piecewise Lyapunov function options, in turn,
and set a time out of 25 minutes as before. The experimental results of Stabhyli
are summarized in the last three columns of Table 5.1. The second column
from the end indicates whether the system proved stability (Y) or that it timed
out (-) with the common Lyapunov function option. The third column from
the end shows the maximum degree of the Lyapunov function in the common
Lyapunov function case that Stabhyli successfully analyzed before the time out
in the case of (-), or the degree of the polynomial Lyapunov function returned
in the case of (Y). The last column shows the total time taken for solving the
templates up to the degree indicated in the first column. Averist was not able
to prove stability on any of the examples with the multiple Lyapunov function
option, hence, the table does not report the details.

First, note that Stabhyli fails to prove stability on several examples, on which
Averist succeeded. On AS_9, Stabhyli succeeded, where as Averist timed
out. While we do not claim that the set of benchmarks here is representative,
we observed several numerical issues with Stabhyli with respect to which we
claim that our method and tool are well behaved. For instance, in AS_1,
Stabhyli returned with a 6th degree Lyapunov function. We ran Stabhyli
again with the same example by fixing the degree of the polynomial to be 8,
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and it returned with an answer that stability could not be proved. This is
surprising, and we expect it to be a result of numerical issues which cannot
set the coefficient of degree 8 term in the polynomial to 0 exactly. Note that
this implies that the iteration over the templates needs to be done in a linear
fashion. Next, while it found a common Lyapunov function, it did not succeed
in finding a multiple Lyapunov function (note that the same Lyapunov function
in each mode is a multiple Lyapunov function). In addition, on the systems
SS4_1 and SS8_1, Stabhyli did not succeed in proving stability which consist
of fewer executions than AS_1.

On the examples, where Stabhyli finds a Lyapunov function, it does so quickly.
On all examples, except SS4_3, Stabhyli performs better. However, the time
required in checking whether a template is a Lyapunov function, increases
much faster with the increase in the degree, as compared to, for instance, with
the increase in the number of predicates for Averist. For instance, in the 4D
example AS_7, it took 12 seconds to check the polynomial of degree 2, but
timed out for the polynomial with degree 4.

5.4 Summary

This chapter has proposed a new hybridization approach for stability verification
of linear hybrid automata. The main theoretical result refers to completeness
of the hybridization technique for the class of asymptotically stable switched
linear systems that are uniformly converging in time and Lipschitz continuous.
Furthermore, the experimental results show the practical feasibility of such an
approach and exhibit the merits in comparison to existing approaches.

Next chapter extends the cegar and hybridization approaches to a stronger
notion of stability, global asymptotic stability, which states that every execution
of a system starting at any state will converge to an equilibrium point.
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Global Asymptotic

Stability
This chapter extends the algorithmic approach presented in previous chapters
to a stronger notion of stability, namely global asymptotic stability (gas), and
illustrates the gas verification for a cruise control interacting with an automatic
gearbox. These results are published in “An algorithmic approach to global
asymptotic stability verification of hybrid systems”, EMSOFT’16 [PS16a]
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This chapter presents a novel algorithmic approach to global asymptotic stability
(gas) verification of hybrid systems. The broad approach consists of reducing
the gas verification to the verification of a region stability (rs) analysis problem
and an asymptotic stability (as) analysis problem. The chapter develops the
theory for polyhedral hybrid systems but the broad approach of decomposing
gas analysis to rs and as analysis can be applied to more general class of
systems including linear hybrid systems.

Global asymptotic stability captures the property that a system behaviour
starting at any state of the system will converge to a desired state and can be
maintained there under small perturbations. For instance, one expects a cruise
control to drive the vehicle velocity to a set velocity and also to maintain the
velocity at the set velocity in the presence of disturbances that arise due to
uphills and downhills on the road.

We build up on the algorithmic approaches presented in the previous chapters,
to obtain a new algorithmic method for gas verification. The main contribution
consists of a decomposition theorem that reduces the gas verification problem
into a as verification problem and a rs verification problem. More precisely,
the gas verification of a polyhedral hybrid system H, is reduced to checking

• the asymptotic stability of a system H′ that captures the dynamics of H
close to the origin, and

• the region stability of H with respect to a zone Z which ensures that the
execution starting from Z remains within the centre of H.

The first step is verified using the qpa method introduced in Chapter 3. The
weighted graph which exhibits the proof of AS of H′ is used to compute the
stability zone Z. A new algorithm for rs verification is provided. Except
for the use of qpa for as verification, all the other algorithms in the chapter
are new including the computation of Z and the integration of rs and as
verification procedures. As a proof of concept, we apply the gas verification
algorithm to a linear hybrid system model of a cruise control for an automatic
gearbox to analyse the convergence of the vehicle velocity to a set velocity.

6.1 GAS verification

This section presents the algorithm for global asymptotic stability verification,
where the main result is a decomposition theorem that states that global
asymptotic stability verification can be reduced to an asymptotic stability
verification problem and a region stability verification problem.
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(a) Sample execution (b) Stability zone

Figure 6.1: Polyhedral switched system

Figure 6.2: Hybrid automaton

We cannot conclude the gas of the system in Figure 6.1a by showing that it is
asymptotically stable and it is region stable with respect to the region R. This
is because asymptotic stability only ensures convergence of executions starting
close to the origin, and the executions that enter the region R from outside
may not reach the points close to the origin, and hence, again leave the region.
For instance, in Figure 6.1a, if we start at (3M/2, 0), we reach (M,M/2) by
following F3, and further, reach (3M/4,M) by following F8, then potentially
switch to q2 and reach q1 outside of R.

However, if it is possible to construct a zone Z within R from which all
the executions are guaranteed to remain within R, and to have previously
established asymptotic stability, then one can conclude that the executions
starting from Z also converge to the origin. Here, we use downward closedness
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of the executions of the polyhedral switched systems. The intuition is that
every execution starting at point z in Z is similar to an execution that starts
at z/α, for any α ≥ 1. Note that it is crucial that the execution from z remains
within Z. The zone Z is called a stability zone. Global asymptotic stability
can then be deduced by showing region stability with respect to Z. Theorem 9
captures this intuition. Below, we formalize the concepts required in stating
the theorem. Let us fix a polyhedral switched system H = (Q,E, X,F, I,G) for
the rest of the section.

A centre zone consists of a set of states of the system adjacent to the origin which
contain downward closed subsets of invariants and guards. A set S ⊆ Q×X is
downward closed if for every (q, x) ∈ S, (q, αx) ∈ S for every 0 < α < 1.

Definition 28. A centre zone of H is a downward closed set R such that

R ⊆ {(q, x) ∈ Q×X : x ∈ I(q), 0̄ ∈ I(q)}

and for every (q, x), (q′, x′) ∈ R with (q, q′) ∈ E, G(q, q′) is downward closed.

Note that if 0̄ ∈ I(q), then I(q) is necessarily a downward closed set. In Figure
6.1a, the region R given by q7, q8, q9 and q10 is a centre zone. In the sequel,
we use the symbol R to always refer to the centre zone.

Definition 29. Given a centre zone R, a set Z ⊆ R is called a stability zone
of H with respect to R if for every σ ∈ cexec(H) such that η(0) ∈ Z, η(t) ∈ R
for every t ≥ 0.

Theorem 9. Let H be a pss, R be a centre zone of H and Z be a corresponding
stability zone of H. If H is asymptotically stable with respect to 0̄ and H is
region stable with respect to Z, then H is globally asymptotically stable with
respect to 0̄.

Proof. Since H is asymptotically stable, to show that H is gas, we need to
show that every complete execution of H converges to the origin. However,
since, all complete executions are maximal, by region stability with respect
to Z, they reach Z. Hence, it remains to show that all complete executions
that start from Z converge to the origin. From asymptotic stability of H, it is
known that there is some δ > 0, such that all executions that start in Bδ(0̄)
converge to the origin. Consider an execution σ that starts in Z, which implies
that σ always remains in R. There is some 0 < α < 1 such that ασ starts in
Bδ(0̄). Note that ασ is an execution of H, since, it satisfies the corresponding
invariants and guards, which follows from the fact that the invariants and
guards restricted to R are downward closed sets. Since ασ converges to the
origin, σ also converges to the origin. �
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Algorithm 4 Global asymptotic stability verification
Require: H
Ensure: gas
1: as,G := as-verification(H)
2: if as then
3: R := Centre(H)
4: Z := Stability-zone(G,R)
5: return rs-verification(H,Z)
6: else
7: return as

The technique to analyse gas of H with respect to the origin is described in
Algorithm 4. Given a pss H the gas verification process returns either a “yes”,
“no” or “non-established” answer. A “yes” answer implies gas of the system H,
a “no” answer implies instability and a “non-established” answer means that
the system H could not be deduced to be either gas or otherwise, and hence,
may or may not be stable. This verification process consists of the following
main steps.

First, the asymptotic stability of H is analysed by calling the function as-
verification(H). It returns a “yes”, “no” or “non-established” answer. A ‘’yes”
answer means that as was deduced, and in this case a weighted graph G
that serves as the proof of as is returned. A “no” answer states that H is
not asymptotically stable and “non-established” answer implies that as or
otherwise could not be deduced for the system H. These two last answers are
accompanied by an empty graph G. In the case that the asymptotic stability
of the system H is deduced, the algorithm proceeds to construct the centre
zone R, a stability zone Z and to verify the region stability of H with respect
to the stability zone Z. A “no” or “non-established” answer to as verification
of H results in the same answer for gas of H, since global asymptotic stability
requires asymptotic stability.

The centre zone of H is computed by the function Centre(H) based on Defini-
tion 28. Our stability zone computation algorithm takes as input the centre
zone R as well as the graph G returned from the asymptotic stability analysis.

Region stability verification is performed by the function rs-verification(H,Z)
over the system H by considering the stability zone Z. Again it returns either
“yes”, “no” or “non-established”. If region stability of H is established, then
H is concluded to be gas in accordance with Theorem 9. If the output to
region stability analysis is either “no” or “non-established”, then in general we
cannot conclude that gas cannot hold. Firstly, we do not have a converse of
Theorem 9, and secondly, the region stability could be violated by the existence
of maximal finite executions that do not reach the zone, but which can be
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safely ignored for gas deduction. Next, we explain the different procedures in
detail.

6.2 AS verification

This section describes the asymptotic stability verification method for polyhe-
dral switched systems based on the qpa. It is important to understand this
construction, since the implementation of our integration algorithm (Theorem 9)
relies crucially on the foundations of this construction.

Observe that since asymptotic stability is a local property, it suffices to restrict
the system to a small neighbourhood around the origin for the purpose of
asymptotic stability analysis. Hence, we define a pss extracted from H that
uses the dynamics in a small neighbourhood for the whole state space.

Definition 30. Given a pss H and a centre zone R of H, the extracted pss
from H is a hybrid automaton He = (Loc e,Edges e,X,Flow e, Inv e,Guard e)
such that

• Loc e = {q ∈ Q : R∩ (q × I(q)) 6= ∅},

• Edges e = {(q1, q2) ∈ E : q1, q2 ∈ Loc e},

• Flow e = F�Loc e ,

• Inv e : Loc e → polysets(X) with Inv e(q) = cone(I(q)),

• Guard e = G�Edges e .

Note that the extracted pss He does not depend on the centre zone R, since
the set Loc e will be the same for every centre zone R of H.

Proposition 14. Given a pss H and the extracted pss He from H, H is
asymptotically stable if and only if He is asymptotically stable.

Proposition 14 states that it is enough to analyse as of the extracted pss He.
The full process for as analysis of system H is described in Algorithm 5. First,
the extracted pss from H based on Definition 30 is constructed by the function
Extract(H). It requires the computation of cone(P) for a polyhedral set P . It
is computed as follows:

cone(P) =


⋂

pi(x)∼0∈ lc(P )
pi(0̄)=0

{x ∈ Rn : pi(x) ∼ 0} if 0̄ ∈ ∂(P )

Rn if 0̄ ∈ P̊
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Algorithm 5 Asymptotic stability verification
Require: H
Ensure: as
1: H′ := Extract(H)
2: P := Generate-partition(H′)
3: G := Abstraction(H′,P)
4: return as-satisfaction(G)

Essentially, cone(P) is represented by the constraints in lc(P ) that contain 0̄
in their closure. Note that every P corresponds to an invariant whose closure
contains the origin by Definition 30.

Next, it is required to analyse the asymptotic stability of pss He. The broad
approach is to construct an abstraction (a simplification) such that certain
analysis on the abstract system yields stability of He. However, standard finite
state abstractions do not preserve stability and hence, the qpa that construct
finite weighted graphs has been proposed in Chapter 3. The system is deduced
to be asymptotically stable, if the following two properties hold for the weighted
graph G abstracting the pss He:

A1 w(e) < +∞ for every edge e in G.

A2 Every simple cycle π of G satisfies w(π) < 1.

Condition A2 ensures that the executions that cross infinitely many facets
converge to the origin, since, the scalings associated with such executions is
provided by the corresponding paths in the graph. Condition A1 ensures that
the executions do not diverge while remaining within a single region of the
partition.

In particular, the product of the weights on a path provide an upper bound on
the ratio of the norm of the end to that of the starting point of all executions
that follow the sequence of facets specified by the path, as seen in Chapter 3.

Hence, the algorithm proceeds with the generation of the partition using the
function Generate-partition(H′). The function either automatically generates
the partition from the pss H′ or seeks the user’s input in computing the partition.
The user’s input can be taken in the form of a set of linear expressions that
are then used to construct the partition. A useful set of linear expressions to
add either automatically or manually are those that define the invariants and
the guards in H′. The pss H′ and the state space partition P are the input to
the function Abstraction(H′,P), which outputs the weighted graph abstraction
G. The function as-satisfaction(G) verifies that the Conditions A1 and A2
hold. The function as-satisfaction(G) returns as of H′ if both A1 and A2 are
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(a) Extracted pss (b) Weighted graph

Figure 6.3: Quantitative predicate abstraction

satisfied. If A1 is violated, the algorithm will output instability, and if A1 is
satisfied but A2 is not satisfied, the output will be a “do not know” answer.

Figure 6.3 shows the quantitative predicate abstraction over the extracted pss
from the one in Figure 6.3a. It is a simplified version, just to give a flavour
of the construction procedure. Observe that every execution starting from f4
reaching f1 by following the vector associated with q8 has as maximum scaling
2/1, that is, 2. The other weights are computed in an analogous manner.

6.3 Stability zone

This section introduces the technique to construct a stability zone when given
a weighted graph G abstracting the system He, and a centre zone R. Let R be
a ball of radius M for some M (note that when we use the infinity norm, a ball
provides a rectangular set). The detailed algorithm is given in Algorithm 6, in
which the stability zone is defined as a scaled version of the centre zone R.

Algorithm 6 Stability zone construction
Require: G,R
Ensure: Z
1: m := Maximum-scaling(G,R)
2: m′ := 2 ·m
3: return 1

m′R

First, the maximum weight of a path in G is computed with the function
Maximum-scaling(G,R), which returns max{1,max{w(π) : π is a path in G}}.
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This value represents an upper bound on the variation between the distances to
the origin of a pair of states belonging to the same execution of the system He
whose abstraction is represented by G. Denote this bound as m and observe
that an execution in He starting at a distance d from 0̄ can only reach as far
as md from 0̄. The stability zone Z is taken to be 1

m′R for some m′ > m.
Algorithm 6 considers m′ to be 2m. Observe that in Figure 6.1 the stability
zone Z coincides with a scaled version of R.

6.4 RS verification

This section introduces the novel abstraction based algorithm for region stability
analysis. Given a pss H and a stability zone Z, region stability of H with
respect to Z is verified. An algorithmic procedure for rs verification is shown
in Algorithm 7. It consists of the following steps.

Initially, a state partition P is generated as explained in the previous section, by
the function Generate-partition(H). This partition P is refined into a partition
Partition(P,Z) using the stability zone Z. If P = {P1, . . . , Pk}, then P ′=
Partition(P,Z) is defined as {P1 \Z, . . . , Pk \Z, P1∩Z, . . . , Pk ∩Z}. The new
partition ensures that the zone Z is a union of certain regions of the partition,
and hence, the boundary of Z can be captured by the facets of the partition.
Let us call these facets FZ .

The pss H and the state space partition P ′ are input to Abstraction(H,P ′),
which constructs a weighted graph G1 by applying the abstraction over the
system H explained in Section 6.2. This is slightly modified to capture those
executions which remain within a region (may not necessarily diverge), such
executions are captured using infinite weight edges as well. In order to establish
region stability, we need to show that all executions that start outside the
zone Z will eventually reach its boundary. Hence, we can ignore the subgraph
that corresponds to the interior of Z. This is achieved by the function Delete-
inner-nodes(G1,Z) that deletes all nodes that correspond to the interior of
Z and the edges out of them, and outputs G2. Then we remove all nodes
that are not reachable from the initial nodes which capture all the points
from which we want to reach Z. Delete-non-reachable-nodes(G2,N1) removes
all non-reachable nodes resulting in the graph G3. From the modified graph
construction, this also detects any executions that remain in a region and do
not move to the next facet. Next, we ensure that there are no executions that
diverge while remaining in a single region, this is ensured by checking that
there are no edges with infinite weight in G3. Note that a cycle can represent
an infinite execution that follows the cycle infinitely many times and hence,
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Algorithm 7 Region stability verification
Require: H,Z
Ensure: rs
1: P := Generate-partition(H)
2: P ′ := Partition(P,Z)
3: G1 := Abstraction(H,P ′)
4: G2 := Delete-inner-nodes(G1)
5: G3 := Delete-non-reachable-nodes(G2)
6: if edge in G3 with w(edge) =∞ then
7: return false
8: C := Cycles(G3)
9: if C not empty then
10: return non-established
11: N2 := Not-outgoing-edges(G3)
12: N3 := Nodes(G3,Facets(Z))
13: if node in N2 and not in N3 then
14: return non-established
15: return true

does not reach Z. The function Cycles(G3) returns the simple cycles in the
graph; if it is empty, the analysis will proceed. Finally, it is needed to ensure
that none of the executions get stuck (terminate) at any of facets. The function
Not-outgoing-edges(G) computes all the nodes which have outgoing edges. The
only nodes that are allowed not to be in this set are those corresponding to
ZF .

6.5 Extension to other dynamics

This chapter is focused on the analysis of global asymptotic stability of polyhe-
dral switched systems. Theorem 9 provides a decomposition theorem for gas
verification in terms of asymptotic stability and region stability verification.
It uses certain properties about the polyhedral inclusion dynamics, namely,
that the solutions are scaling invariant in the sense that if σ is a solution of
a polyhedral inclusion dynamics specified by the polyhedron P , then ασ is a
solution as well. A similar property can be established for linear dynamics,
however, here, in the definition of ασ we do not need to scale the time. More
precisely, if x(t) is a solution of ẋ = Ax, then y(t) given by αx(t) is also
its solution. Hence, the decomposition theorem can be extended to linear
hybrid systems. However, such properties do not hold for general non-linear
dynamics.
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An alternate approach to deal with the general class of hybrid systems is to use
hybridization to reduce them to polyhedral hybrid systems [PBV95, ADG07,
DMT10]. Hybridization constructs a partition of the state space into a finite
number of regions and over-approximates a given dynamics by a simpler one.
Hybridization results in an over-approximate system and hence, it suffices to
establish the gas of the over-approximate system to deduce the same for the
given system. The hybridization approach is used in the sequel to analyse a
linear hybrid system modelling an automatic gearbox. It will be constructed a
polyhedral switched system that over-approximates the linear hybrid system
and analysed the pss for gas.

6.6 An automatic gearbox

This section presents an automatic gearbox example and analyses global asymp-
totic stability. The gearbox example is a linear hybrid automaton. We construct
a polyhedral hybrid automaton and then apply the developed gas verification
algorithm on that. The overall process is illustrated through the automatic
gearbox model presented in [PL00].

6.6.1 Model

An automatic gearbox is a device for controlling the gear changes in a vehicle.
It consists of four different positions and at each position the dynamics is
governed by a linear system. The dynamics describe the evolution of two
variables, v and TI , where v is the difference between the desired velocity vd
and the current velocity v and TI corresponds to the integrator torque state
∆TI . Every switching is performed when some constraint over the velocity
is satisfied. The target is to achieve a desired velocity vd, for which we need
to verify global asymptotic stability of the system with respect to v = 0 and
TI = 0. The value TI is set to 0 every time the driver inputs a new desired
velocity.

The linear switched system modelling the system is shown in Figure 6.4,
where the state is defined by x = (v,TI)> and the closed-loop dynamics are
determined at each gear by the matrix

Aq =
(
−pqkq/M −pq/M
kq/T 0

)
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Figure 6.4: Model of the gearbox

with q referring to each of the modes q1, q2, q3 and q4. The invariant intervals are
I1 = [vd− 1

p1
ωhigh,∞), I2 = [vd− 1

p2
ωlow, vd− 1

p2
ωhigh], I3 = [vd− 1

p3
ωlow, vd−

1
p3
ωhigh] and I4 = (−∞, vd − 1

p4
ωlow]. The values for each parameter in the

linear switched system definition appear in Table 6.1.

M = 1500 T = 40
ωlow = 500 ωhigh = 230
p1 = 50 p2 = 32 p3 = 20 p4 = 14
k1 = 15/4 k2 = 375/64 k3 = 75/8 k4 = 375/28

Table 6.1: Parameter values

Figure 6.5 shows some representative sample executions of the automatic
gearbox for vd = 30. The horizontal axis represents the velocity difference v
and the vertical axis represents the integrator torque TI . Since the value TI is
set to 0 every time the driver inputs a new desired velocity, every execution
starts at the horizontal axis. The initial state depends on the current velocity
of the vehicle. The origin is the state such that vd = v, that is, the state where
the target velocity is achieved. An execution starting from the negative side
of the axis, that is v < 0, means that the vehicle needs to slow down, because
the current velocity is higher than vd. The gear is in the 4th position, which
corresponds to mode q4. Observe that the execution evolves continuously in
location q4 until reaching the origin. In case of starting from a positive value
of v, the current velocity is lower than vd and the gear position will depend on
this value. We depicted two different executions, one starting from location
q1 and another one starting from location q2. The execution starting from q1
switches three times. The current velocity increases continuously in q1 until
reaching the value 1

p1
ωhigh (involved in the guard constraint from q1 to q2 in

Figure 6.4), represented by the rightmost solid red line. Then, it switches from
location q1 to location q2. The switching implies a dynamics change but no
jump on the state. The execution evolves by following the new dynamics until
reaching a new value 1

p2
ωhigh for the current velocity and it switches from

location q2 to location q3. The next switching is from location q3 to q4, where
the execution converges to the origin. An analogous behaviour is observed in
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the case of the execution starting from location q2.

6.6.2 Analysis

Consider the gearbox hybrid automaton in Figure 6.4 where the cruise controller
sets the desired velocity vd to be 30. Let the corresponding linear switched
system be Hgb. Next, this section enumerates the different gas verification
steps performed for the linear switched system Hgb.

Step 1.- All the constants in the system description of Hgb are transformed into
integers while maintaining the system behaviour. This is necessary since the
different used tools require such property. Every polyhedral set in ppl needs
to be defined by linear expressions with integer parameters. Therefore, all the
constant values in Hgb are expressed as rational numbers and after multiplied
by 1344000, which is the least common multiple of all the denominator values.

Step 2.- A polyhedral switched system H1 is constructed by applying the
hybridization technique in Chapter 5 over the linear switched system Hgb.
The hybridization technique returns in addition to H1, the polyhedral state
space partition used for construction. Denote the state space partition as P.
It is the one shown in Figure 6.5, where the state space is divided by the
linear constraints which describe the invariants of the original gearbox, the
linear constraint TI = 0 which defines the initial states and the linear equation
375E + 28TI = 0 which equalizes to zero the velocity coordinate of the flow
vectors defining executions close to the origin.

Step 3.- From the pss H1 is extracted a pss H2 which consists of only one
location, where the invariant is the full planar continuous space and the flow
is defined by the polyhedral approximation of the linear dynamics in the q4
mode of the original system. Then asymptotic stability proof reduces to that
of a single mode system.

Step 4.- Asymptotic stability of H2 is analysed by using the tool Averist. The
hybrid system H2 and the state space partition P are the inputs to the software,
which returns an answer and a weighted abstract graph G. It is obtained a
positive answer about asymptotic stability. The abstraction process results in
the weighted graph shown in Figure 6.6, where the weights appear truncated
for simplicity.

Since the asymptotic stability proof consists of a proof for a single mode system,
the asymptotic stability could have been verified by eigenvalue analysis over
the linear dynamics in q4, so over a linear version of the extracted H2 shown
in the left side of Figure 6.6, but we require extra information for the stability
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Figure 6.5: Partition and sample executions

Figure 6.6: Asymptotic stability verification

zone construction which is provided by the abstract weighted graph G, shown
on the right in Figure 6.6

Step 5.- The stability zone Z is computed. The centre zone is q4 ×
((−∞, 18, 240, 000]×R) that is shown in Figure 6.5. The extracted system that
is used in the asymptotic stability analysis and subsequently in the computation
of Z, is depicted on the left in Figure 6.6. The abstract weighted graph G is
shown on the right in Figure 6.6. Observe that in Figure 6.6 the maximum
value of any path in the graph is in fact the value of the edge with weight
2.678. Denote this maximum value as m. Then, the stability zone defined as in
Algorithm 6 corresponds to α((−∞, 18, 240, 000]× R) where α ' 0.1867. We
are going to be more restrictive and instead of considering such stability region,
we construct a smaller one, contained in the previous one. This new region is a
ball centred on the origin with radius 1, 250, 000 (this is a not automatic choice),
which is less than α · 18, 240, 000 = 3, 405, 408. Let us denote this ball as Z.
The predicates defining the ball Z are added manually in the implementation.

Step 6.- A weighted graph is automatically constructed to verify region stability.
A new partition P ′ is automatically constructed by intersecting the polyhedral
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elements in P with Z. Then, the new state space partition P ′ is input to
perform a predicate abstraction over the H1 as explained in Section 6.2. A
weighted graph G′ is returned. Note that we do not use the weight of the graph
G′ except to deduce that all the executions move to the next facet. If there exists
an infinite weight, then H1 is not region stable with respect to Z. The nodes
in G′ corresponding to the interior of the ball Z are automatically removed
from the graph G′, since we just need to check that every path reaches some of
the nodes referring to the facets of Z. Recall that we restrict ourselves, in the
system H, to executions with initial value of TI = 0. Therefore we consider
the nodes (q, f) in G′ such that f ∩ {TI = 0} 6= ∅ as initial nodes, which are
selected automatically. All the non reachable nodes are automatically removed
from the initial nodes in G′, since they are not necessary for the analysis and
the simpler the graph becomes the less the operational time required.

Finally, the graph G′ is analysed for termination. First, a search for cycles
in G′ is performed and it returns negative. Finally, the nodes in G′ with no
outgoing edges is computed, and it is verified that these correspond only to the
nodes representing Facets(Z). Hence, the implementation outputs that H is
region stable with respect to Z, and therefore, gas is stated for the considered
automatic gearbox instance.

6.7 Summary

This chapter presented an algorithmic approach to global asymptotic stability
verification that relies on a decomposition result. This principle reduces the
global asymptotic stability problem into a local asymptotic stability problem
and a region stability problem. The algorithm has been applied to a case study
involving a cruise control which interacts with an automatic gearbox.

Next chapter presents a software tool which implements the theoretical re-
sults developed in previous chapters and integrates the stability verification
techniques presented so far.





7
Averist

This chapter introduces the software tool Averist which implements the algorith-
mic approach for stability verification of linear hybrid systems and the details of
its implementation, which are partially published in “Averist: An Algorithmic
Verifier for Stability”, Electr. Notes Theor. Comput. Sci.’15 [PS15]
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This chapter presents the architecture and implementation of the tool Averist
that performs stability verification for linear hybrid systems. The tool im-
plements the hybridization method for approximating linear hybrid systems
by polyhedral hybrid systems, introduced in Chapter 5. It also implements
the novel cegar framework in Chapter 4 for analysing the polyhedral hybrid
systems that are generated as a result of the hybridization. The main features
of the tool are as follows:

• it is based on algorithmic techniques that do not rely on the computation
of Lyapunov functions,

• it returns a counterexample when it fails to establish stability and

• it is less prone to numerical instability issues as compared to Lyapunov
function based tools as is demonstrated by the experimental results in
Section 5.3.2.

The next sections present a general description of Averist and describe how
to use it.

7.1 Averist architecture and data structures

This section explains some of the main building blocks of the tool, which are
shown in the software architecture diagram of Averist in Figure 7.1a. These
blocks correspond to the hybridization, quantitative predicate abstraction,
model checking, validation and refinement techniques. They are implemented
in Python 2.7. A short overview provides the functionalities of these blocks
along with some details of their implementation and the software packages
they depend on. In particular, the software dependencies of Averist are the
following:

• Parma Polyhedra Library (ppl) [BHZ08] provides routines for repre-
sentation and manipulation of convex polyhedra as well as a solver for
mixed integer linear programming problem, which are required for the
hybridization, abstraction and refinement procedures.

• NetworkX [nx] is a Python package intended to create and manipu-
late graphs, which is required in the abstraction and model checking
procedures. The ppl and NetworkX packages are included in the free
open-source mathematics software system sage [S+16].
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(a) Software architecture (b) General flowchart

Figure 7.1: Averist diagrams (1)

• The glpk (GNU Linear Programming Kit) [glp] package contains func-
tionalities for solving large-scale linear programming, mixed integer pro-
gramming and other related problems, which are required in the abstrac-
tion construction.

• The z3 software [MB08] is a high-performance theorem prover required
in the validation procedure.

The main data structures are the base class DiGraph defined in the NetworkX
package and the class NNC_Polyhedron in ppl which represent respectively a
directed weighted graph and a not necessarily closed (nnc) convex polyhedron
in the state space.

The next paragraphs provide a brief reminder of the main implemented blocks
in the tool and highlight the use of the software dependencies.

Hybridization The hybridization module over-approximates the linear dynam-
ics in every mode of a linear hybrid automaton by a set of polyhedral inclusion
dynamics, as detailed in Chapter 5. More precisely, given a linear dynamics
ẋ = Ax, the continuous state space is divided into a set of polyhedral regions
and an (over-approximated) polyhedral inclusion dynamics ẋ ∈ P is constructed
for each region R, where P is a polyhedral set obtained by collecting the vectors
in the vector field restricted to R, that is, P = {Ax : x ∈ R}. The state space
partition is constructed using a set of linear predicates. An edge is added
between the adjacent regions of the partition, however, some of these edges are
not necessary if the vector fields at the boundaries of these regions are such
that they do not allow the continuous trajectory to evolve from one to the
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other. The hybridization block uses the software package ppl to represent and
manipulate polyhedral sets that arise in the state space partition, as well as, in
the over-approximated polyhedral inclusion dynamics. The pruning of edges
based on vector fields is done by solving some constraints using the z3 smt
solver. This module essentially constructs a hybrid system with polyhedral
inclusion dynamics (phs) from a linear hybrid system (lhs).

Abstraction Quantitative predicate abstraction (qpa) module takes as input
a phs and outputs a weighted graph that over-approximates the behavior of
the phs. It is a modified version of the standard predicate abstraction [GS97,
ADI06], wherein the nodes in the graphs correspond to certain facets of the
boundaries of the regions in a state space partition, and the edges correspond
to the existence of an execution between the facets corresponding to the nodes.
In addition, each edge is associated with a weight that provides an upper
bound on the scaling factor associated with the executions between the facets,
where the scaling corresponds to the ratio of the distance to a fixed equilibrium
point (typically the origin) at the end of the execution as compared to that
at the beginning of the execution. The solutions of the polyhedral inclusion
dynamics are linear trajectories, hence, the existence of an edge between two
nodes (which correspond to polyhedral facets), can be encoded as a set of
satisfiability problems with linear constraints. The computation of the scaling
factor corresponds to solving an optimization over these linear constraints.
Again, this block uses ppl to represent polyhedral sets and the NetworkX
package to represent the graphs that arise in the description of the phs as well
as in the weighted graph constructed using qpa. The user has the choice of
using either the glpk linear programming solver or the mip_problem class in
ppl for the computation of edges and their weights. In addition, a method to
prune redundant nodes and edges in the graph has been implemented. This
method removes self-cycles in the graph as well as nodes v such that paths
through v are covered by alternate edges.

Model checking The model checking module takes a weighted graph corre-
sponding to a qpa as input and checks structural conditions corresponding to
the existence of certain kinds of cycles to either deduce stability, or output a
counterexample showing a potential reason for instability. The model checking
algorithm uses the NetworkX package and consists of a modification of the
Bellman-Ford algorithm [Bel58] for shortest path computation. In particular,
the weight of a path in our problem is the product of all the weights on the
edges in the path rather than their sum, as is the case in the standard setting
of shortest path computation. In particular, if there is no cycle π with weight
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w(π) greater than one, then the concrete system is stable. On the contrary, a
cycle with weight greater than one represents an abstract counterexample.

Validation The validation module takes as input an abstract counterexample
from the weighted graph analysis of a qpa, and checks if it corresponds to an
actual execution that exhibits instability. In particular, the analysis determines
if the abstract counterexample π is spurious or on the contrary corresponds to an
infinite divergent execution in the concrete hybrid system. The counterexample
π consists of a finite set of nodes connected by edges in the abstract weighted
graph, namely, R0, R1, . . . , Rk. The algorithm in Chapter 4 reduces the problem
of checking the existence of a infinite execution that cycles through the facets
R0, R1, · · · , Rk infinitely and diverges, to just checking a condition ψπ(m) that
encodes the existence of an execution which cycles through the k regions only
once, that is, it encodes a sequence of states s0, . . . , sk such that sk can be
reached from s0 by following the cycle π once, and sk = ms0.

ψπ(m) := ∃x0, x1, . . . , xk ∈ Rn : sk = ms0,∀0 ≤ i < k,

si ∈ Ri, (si, si+1) ∈ reachrelRi,R,Ri+1 for some R.

In particular, if there is no m ≥ 0 such that ψπ(m) is satisfied, then we
deduce that in fact there is no infinite execution corresponding to π (not
even a converging one). If there exists some m such that ψπ(m) is satisfied,
but no m > 1 such that ψπ(m) is satisfied, then we deduce that there is no
infinite diverging execution corresponding to π, but there could be a non-
diverging execution. The above two cases correspond to a spurious abstract
counterexample. If there is an m > 1 such that ψπ(m) is satisfied, then we
deduce that there is an infinite diverging execution corresponding to π, and
hence, the phs which is being analysed is unstable. The formulae corresponding
to ψπ(m) are linear except for the condition sk = ms0, which contains the
multiplication of two variables, m and s0. We use the z3 smt solver to check
for satisfiability of these formulae, since, it supports non-linear arithmetic.

Refinement The refinement module takes as input an abstract counterexam-
ple of a qpa that has been determined spurious in the validation module and
identifies predicates to be added to the state space partition of the qpa which
will eliminate the abstract counterexample. We refer to these as “separation
predicates”. Depending on the reason for spuriousness, namely, if there exists
no infinite execution or if there exists infinite execution, but no diverging ones,
Averist performs a regular refinement or a weighted refinement, respectively.
The regular refinement attempts to reduce the potential infinite executions
along the cycle, where as the weighted refinement attempts to reduce the
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(a) cegar for phs flowchart (b) cegar for lhs flowchart

Figure 7.2: Averist diagrams (2)

potential infinite executions whose weights follow those of the edges in the cycle.
The determination of a separation predicate requires computing either forward
reachability or a weighted version of it along the facets of the cycle, until an
empty set is reached for some facet f . The tool needs to compute a predicate
that separates the last non empty reach set, say, P1 in this computation and
the one step backward reach set of f , say, P2. Both P1 and P2 are polyhedral
sets, and the hyperplanes defining the boundaries of these sets are considered
as potential separating planes, which is then verified by checking inclusions
of P1 and P2 in the two half spaces corresponding to this hyperplane. This
computation involves using the ppl library for computing the reachable sets
and checking for polyhedral containment.

7.2 Detailed flowchart

The general workflow of Averist is shown in Figure 7.1b. The input to
Averist is a polyhedral hybrid system (phs) or a linear hybrid system (lhs),
which will be analysed for stability. In addition, the user needs to set several
parameters and provide a set of predicates, which will be used for state space
partition during the abstraction construction. The Create predicates module
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extracts predicates from the input hybrid automaton description as well as
additional predicates provided as input, depending on parameters set by the
user. Depending on whether the input is a phs or a lhs, the flow charts in
Figure 7.2a or Figure 7.2b, are called, respectively. The tool returns three
possible outputs, (1) the input system is stable, (2) the input system is unstable
or (3) the stability of the input system could not be concluded, inconclusive.

7.2.1 CEGAR for phs

The algorithm first checks if the input phs exhibits unstable behavior in any
individual mode of the system using the procedure Explosion. If it can, then it
outputs that the system is unstable. Otherwise, it uses the predicates computed
in the Create predicates module to construct a weighted graph using the
qpa procedure of Section 7.1, which is model checked using the model checking
algorithm in Section 7.1. The model checking algorithm either returns that the
phs is stable or returns an abstract counterexample. The counterexample is
validated using the validation algorithm in Section 7.1 and it either concludes
that the system is unstable or proceeds to the refinement step. Depending on
the reason for spuriousness concluded by the validation module, the appropriate
refinement algorithm is called. The refinement algorithm outputs a separation
predicate. This concludes one iteration of the cegar loop for phs. The next
iteration starts with a weighted graph construction using predicates that include
the separation predicate computed in the previous iteration. In fact, in the
implementation, if the counterexample is determined to be spurious, the tool
proceeds in two ways. It proceeds with the refinement step and determines a
separating predicate to be added to the set of predicates for the next iteration,
or it uses a set of uniform predicates to be added that is independent of the
counterexample analysis. Uniform predicates split symmetrically the state
space and are generated by setting a granularity factor (0, 1, 2, etc).

7.2.2 CEGAR for lhs

In the first iteration, the predicates from the Create predicates procedure
are used to perform hybridization on the input lhs and output a phs. One
iteration of the cegar for phs from Section 7.2.1 is run on the phs. The
output of this is either stable (because the model checking succeeds), unstable
(because either the explosion succeeds or the validation succeeds) or a separation
predicate (as a result of the refinement algorithms). If the output of cegar
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for phs is stable, then we conclude that the lhs is also stable (because the
phs over-approximates the lhs). If the output is a set of separation predicates,
Averist uses them to compute the hybridization in the next iteration (this is
reflected by setting the refinement type to selected). If the output is unstable,
it only indicates an unstable behaviour in the abstract phs, which might not
be realizable in the original lhs. Hence, it is needed to refine and the tool
uses uniform predicates to construct the next state space partition for the
refinement (this is achieved by setting the refinement type to uniform).

7.3 Summary

This chapter has presented Averist, a software tool for the verification of
stability of hybrid systems. Averist implements the hybridization and cegar
techniques presented in Chapter 5 and Chapter 4 respectively.

Additionally, this chapter has presented the main features of Averist, its
integration with additional software packages and the user instructions. The
modular design of Averist facilitates the integration of new implemented
extensions for the treatment of new classes of systems and the development of
more intricate techniques.



8
Conclusions

This chapter summarizes the work in the thesis and discusses future research
directions in stability verification of hybrid systems
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8.1 Summary

In this thesis, we presented a novel algorithmic technique for the verification of
stability of hybrid systems. The novelty of the algorithmic approach is that it is
based on abstraction and model checking techniques, unlike the state-of-the-art
approaches. The overall process is automated for the classes of linear and
polyhedral hybrid systems, but the framework can be extended to support a
more complex class of hybrid systems.

The state-of-the-art approaches for stability verification are based on searching
for Lyapunov functions. This search relies on the user expertise to obtain good
templates for the Lyapunov function. Further, an unsuccessful attempt at
instantiating the templates does not provide insights into the choice of better
templates. Therefore, the advantages of the cegar approach rely on the fact
that the abstraction refinement framework systematically searches for a proof
and provides insights to prove stability in the case of a failure.

The abstraction procedure constructs a finite weighted graph which over-
approximates the initial hybrid system, by using a finite partition of the state
space as a parameter. Then, the obtained weighted graph is model checked
to determine whether the hybrid system is stable. In the event of a failure to
infer stability from the graph, the novel algorithm provides insights into the
reasons for the failure in terms of an abstract counterexample.

The abstract counterexample is validated to check if it corresponds to a concrete
counterexample. Hence, the validation technique either returns a concrete
counterexample or infers that the abstract counterexample is spurious. The
concrete counterexample refutes stability of the hybrid system, while the
spurious abstract counterexample highlights the need of a tighter abstract
weighted graph. In the second case, the counterexample provides information
that can be used to construct a qualitatively better approximation of the
hybrid system by considering a finer partition as input to the abstraction
procedure. The validation technique is restricted to the polyhedral hybrid
systems. Therefore, an useful research direction would be to study validation
techniques for the class of linear hybrid systems.

Despite the lack of a validation technique for linear hybrid systems in this
work, these systems can be analysed by the cegar approach. In Chapter 5, we
presented a new hybridization technique specialized for stability verification,
which constructs a polyhedral hybrid system over-approximating the linear
system behaviour. In case of the existence of an abstract counterexample, a
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finer partition will be fed to the abstract procedure, which for the class of
linear hybrid systems is unrelated to the counterexample.

In addition to the local stability notions, Lyapunov and asymptotic stability,
we have considered a stronger notion of stability, global asymptotic stability.
The verification problem for gas has been attacked in Chapter 6 by reducing it
to an as verification problem and an rs verification problem. Also, Chapter 6
presents a semi-automated proof for proving gas of an automatic gearbox.
However, the steps requiring manual intervention are easy to implement, so
the overall gas procedure can be automated.

In order to show the feasibility of the proposed cegar technique and the
integrated procedures, Chapter 7 presented Averist, a software tool which
implements the different algorithms explained throughout this thesis. The
tool was used to verify stability for several polyhedral and linear hybrid input
systems, obtaining promising results, as shown in Section 3.4, Section 4.5 and
Section 5.3.

8.2 Future work

8.2.1 Short term research

Throughout this thesis, several challenges with respect to automating the
stability analysis of hybrid systems have been answered, but open questions
still remain.

Non-linear hybrid systems An immediate direction for future research is to
extend the algorithmic framework to non-linear hybrid systems, which are more
apt for modelling realistic behaviours. The challenge for this kind of systems,
as for linear hybrid systems, relies on computing reachability predicates. These
predicates are involved in deducing the existence of edges and in computing
the weights associated with them for the weighted graph construction in the
qpa procedure. In the case of linear and non-linear dynamics, the reachability
predicates cannot be computed exactly, however, over-approximations using
tools such as SpaceEx [FGD+11] can be computed. As was discussed in
Chapter 5, these approximation techniques also fall short, especially, when the
number of discrete switches is unbounded. Hence, hybridization was introduced.
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We will explore extensions of the hybridization technique for abstracting non-
linear dynamics to linear or polyhedral inclusion dynamics.

Validation and refinement for linear hybrid systems In Chapter 5, linear
hybrid systems are abstracted into polyhedral hybrid systems by a hybridization
technique appropriate for stability. The abstract polyhedral system can be
processed by the qpa and model checking algorithms, but when these algorithms
output an abstract counterexample, there is no technique to validate the
counterexample, that is, to evaluate if it corresponds to an explanation for
instability of the linear hybrid system. This lack of validation method shows
the need to develop validation and refinement techniques specific to linear
hybrid systems.

Completeness of hybridization Chapter 5 proved completeness of the hy-
bridization technique for the class of asymptotically stable switched linear
systems that are uniformly converging in time and Lipschitz continuous. One
interesting direction for future research is to perform an in-depth analysis of the
class of systems for which the method is complete, that is, will eventually prove
stability if the system is stable. While theoretically, extending the approach to
the general class of hybrid systems is straightforward, the practical challenge is
in finding the right class of partitions to consider for hybridization.

Averist The implemented software tool is under continuous development, so
there are numerous possible extensions. For instance, a tool improvement is to
apply memoisation, which consists of storing solutions for the input instances
in order to avoid recomputation when the input instances repeat.

8.2.2 Long term research

Considering stability verification of hybrid systems, there are two lines of work
that naturally arise. One is the use of compositional analysis to tackle the
state space explosion problem, which is an essential issue with model checking
techniques in practice. The other research line points to the development of
techniques for automatically designing stable hybrid systems.
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Compositional analysis A fundamental approach successfully applied to verifi-
cation of large-scale hybrid systems is compositional reasoning. A compositional
analysis of a system consists of decomposing the system into subsystems and
independently analysing the subsystems in such a way that a specified property
of the system is proven to be either correct or not. This approach reduces the
complexity of the original verification problem, making therefore feasible to
verify large-scale hybrid systems.

Hybrid systems have complex dynamics, so in general, formal verification of
them relies on constructing abstractions of the systems and analysing such
abstractions to deduce correctness of the hybrid systems. The abstraction
techniques can be integrated into a compositional analysis framework for
hybrid systems to reduce the analysis complexity. The resulting compositional
approach analyses separately the abstracted subsystems to infer correctness of
the hybrid system.

In particular, for stability verification of hybrid systems, we can investigate
rules for decomposing a given hybrid system into constitutive hybrid systems
that can be stability-analysed by applying techniques inspired by the qpa and
model checking techniques explained in this thesis. Moreover, the composi-
tional framework requires defining interacting constraints on the systems and
formalising modified stability specifications.

Synthesis Stability verification consists of checking if an input hybrid system
is stable. An alternate approach to verification is to automatically synthesise
the design of a stable hybrid system. In this regard, a research direction is
to investigate construction algorithms that output stable hybrid systems by
considering behavioural constraints on the hybrid systems.

In terms of computational cost, synthesis approaches are usually more expensive
than verification techniques. Therefore, synthesis is useful when focused on
partial aspects of the design. Inspired by the algorithmic approach to stability
verification in this thesis, an algorithmic technique for the synthesis of stable
hybrid systems is presented in [PS17]. Concretely, this technique synthesizes a
state-based switching control for stabilizing a family of linear dynamical systems.
Considering the family of linear dynamical systems and a set of polyhedral
switching surfaces, an abstract weighted graph is constructed, in such a way
that the stability synthesis problem is reduced to a strategy synthesis for an
energy game.

This research has been partially supported by BES-2013-065076 grant from the Spanish
Ministry of Economy and Competitiveness.
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