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Resumen 

Este Trabajo Fin de Carrera tiene como objetivo la extracción de la matriz de 

acoplos en filtros de radiofrecuencia a partir de su respuesta en frecuencia, la cual se 

obtiene mediante el análisis de onda completa del circuito. 

Se estudian las distintas topologías canónicas de acoplo de estructuras resonantes 

para la síntesis de circuitos. Además, se consideran las distintas transformaciones que 

permiten describir el circuito mediante su matriz de acoplo en ciertas topologías 

canónicas. Se presta especial atención a la información circuital descrita mediante la 

matriz de acoplo. 

Finalmente, se propone un algoritmo de construcción de la matriz de acoplo de un 

filtro de radiofrecuencia en la topología de acoplo real, inducida por la máscara o layout 

del filtro, teniendo en cuenta acoplos espúreos, los cuales sólo aparecen cuando se 

describen de forma conveniente todos los fenómenos electromagnéticos. 

 

Summary 

The goal of this final project is the extraction of the coupling matrix that describes a 

microwave filter straight from its frequency response, which can be obtained by means 

of full-wave analysis of the filter. 

Multiple canonical coupling topologies of coupled resonator filters used nowadays 

in circuit synthesis are studied. Moreover, different transformations or rotations that 

allow the description of a circuit in other coupling matrix canonical topologies are 

considered. Circuital information contained inside the coupling matrix is heeded.  

Finally, an algorithm to build the coupling matrix of a microwave filter in the 

desired topology of the circuit design is presented. The given topology comes from the 

layout of the physical filter design. Residual couplings, which only appear when 

electromagnetic phenomena is properly described, may be considered in the algorithm. 

 

Palabras clave 

Análisis de circuitos, matriz de acoplo, extracción de la matriz de acoplo, problema 

de autovalores, método de perturbación de autovalores, filtros de radiofrecuencia, 

diseño de filtros, optimización, métodos de descenso con región de convergencia, 

región de convergencia, emparejamiento. 

 

Keywords 

Circuit synthesis methods, coupling matrix, coupling matrix extraction, eigenvalue 

problem, eigenvalue perturbation method, microwave filters, filter design, optimization, 

trust region descent method, trust region, pairing algorithm. 
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1. INTRODUCTION AND GOALS 

1.1 Introduction 
Early filter designing techniques began in the years preceding World War II, with 

developments of techniques such as the image parameter method, a simple method 

that requires many iterations [9]. Since then, there has been many contributions to 

filter theory and new techniques of filter design have been developed. A modern 

procedure, called the insertion loss method, very widespread nowadays starts the 

procedure with a low-pass prototype design and then transforms the filter to the 

desired frequency range and impedance level [9]. Both methods mentioned, however, 

lead to lumped element circuits (capacitor and inductors) thus only useful for 

radiofrequency. If microwave filters are to be designed, one should once again make 

the corresponding transformations to get distributed elements consisting of 

transmission line sections from the previous design.  

The insertion loss method used nowadays manages to define the layout of the 

low-pass prototype by a filtering function, and then acquires the lumped element 

values for such prototype either by recurrent algorithms or from a set of tables with 

already calculated values for some filtering function specifications. See [4] and [9] for 

more information on this method. The filtering function is nevertheless an 

approximation to the ideal filtering characteristics. Some filtering functions commonly 

used today are Chebyshev and elliptic functions. The filtering function always needs 

two rational models of the frequency response of the filter to be designed, 

corresponding to the transfer and reflection polynomials that describe the scattering 

parameters of the filter (Scattering parameters will be abbreviated as 𝑆 parameters 

throughout the text). One rational model of each will be needed at least for a two-port 

microwave filter. 

At microwave frequencies, either method discussed or any other method requires 

to transform the lumped circuit elements to realizable distributed elements by means 

of transmission line sections consisting of resonators or couplers among two or various 

resonators providing a final Coupled Resonator Filter. Transformation of lumped to 

distributed elements can be made using Kuroda’s identities, Richard’s transformation 

impedance inverters or the stepped impedance filter design, methods that will provide 

an in-line topology of the filter. 

Numbering resonators and putting the coupling values among them will provide a 

matrix of the couplings of the circuit, such matrix is called the coupling matrix. A 

transversal coupling matrix can also be obtained directly from the filtering function, [2] 

shows a method to determine the transversal coupling matrix directly from Chebyshev 

functions.  

The crowding of the available frequency spectrum increases the demanding 

characteristics of the filters as higher attenuation in the stop-band and less loss in the 

pass-band is needed, this requires advanced functions with built-in transmission zeros 
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(TZs), which can only be achieved with topologies other than the in-line one [5], hence 

needing a new way to describe filters in other configurations or topologies.  

Also the appearance and dimension requirements of new devices and 

technologies asks for changes in topology configurations meaning the in-line 

configuration may be too big for the purpose, thus developing a method for making 

changes on the filter topology is essential. Even more important is to develop a 

method able to lead directly to the coupling values given the desired topology and the 

filtering function. 

Since the coupling matrix contains useful information about the circuit model of 

the filter, we will use the coupling matrix as the basis and starting point of the 

synthesis method. Showing how to squeeze the coupling matrix in order to obtain 

every bit of information it holds about the actual circuit.  

As we have already hinted, the coupling matrix can be obtained directly from the 

filtering function in a transversal topology configuration, which is unrealizable. 

Therefore, a change of basis in the matrix is needed to change the couplings to those 

representing a realizable topology or even the exact topology that we are looking for. 

This can be achieved by similarity transformations meaning we will change only the 

appearance of the matrix but leave the main properties intact. Either by this method in 

which the extracted coupling matrix yields an unrealizable topology, or by other 

conventional methods such as the insertion loss method, a series of rotations or 

similarity transforms must be carried out if another topology of the circuit is more 

suitable to the final emplacement of the circuit. 

As we stated earlier, increasing constrains in filter requirements impel the creation 

of transmission zeroes, in order to have better cut-off response and achieve a 

minimum attenuation level, if classical element extraction methods are used the 

procedure would have to start all over again with a different classical method, such as 

those using an elliptic filtering function that yields topologies different to the in-line 

topology, a procedure that might be rather tedious. Which gives us another reason to 

find an alternative method to create and configure transmission zeros and the 

corresponding topology of the filter.  

Another problem arises after initial design. Once the prototype is designed we 

need only determine the final dimensions of the filter that will procure the calculated 

couplings and resonators, this step cannot guarantee that the final circuit with these 

dimensions will have the exact values wished and for that reason we must conduct a 

series of full-wave analysis of the filter at many frequency points which will most likely 

yield a transfer function different to the one the final filter should have. Hence, all 

filter designing procedures include a series of full-wave iteration steps and 

recalculation of the dimensions of the coupled resonator circuit. We must now identify 

the coupling matrix of the circuit and make the pertinent changes that approach the 

solution. Hopefully, knowing the exact changes that must be made will reach the final 
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solution in fewer steps meaning fewer full-wave analysis hence reducing considerably 

the time consumed by the whole process. 

The coupling matrix suggested by R. J. Cameron supplies an easy way to describe a 

circuit, by describing its characteristics and topology; furthermore, it contains all 

information on poles and zeroes of the transfer functions and most important, 

information on how these poles and zeroes can change through small changes of the 

coupling values. With an easy matrix operation, the 𝑆 parameters can be obtained and 

then evaluated for the operating frequencies.  

Considering the coupling matrix of an N-resonator filter, the system has N poles 

and N reflection zeros as did the rational models of transfer and reflection 

polynomials, nevertheless, the number of transmission zeroes varies and depends 

directly on the topology of the coupled resonator filter. For in-line topology, the 

system cannot create any, whereas for a transversal configuration (unrealizable –

hypothetical topology) there could be created a maximum of N transmission zeroes. 

A series of rotations on the initial transversal coupling matrix will eventually derive 

in other canonical topologies such as folded or arrow, the arrow configuration is largely 

used today for from it can be extracted trisections. Each trisection is able to create one 

transmission zero, making a topology with trisections very useful in the task of 

implementing transmission zeroes. 

These rotations do not change the poles and zeros of the coupling matrices, and 

so we could have two completely different matrices representing the same structure, 

representing two different circuits, nonetheless with the same frequency response. 

We need only find the rotations – also called similarity transformations – that change 

from one topology to another. Because the task may involve many rotations to be 

performed and the fact that we cannot know the rotation at each step in advance, this 

procedure is somewhat cumbersome.  

Once again, finding an algorithm able to find the final coupling matrix in the 

desired topology can be of great use and importance. We present an algorithm based 

on comparisons between eigenvalues of the transversal coupling matrix of the 

objective filter and eigenvalues of the coupling matrix with any given topology.  

The algorithm uses a quadratic approximation of the function being optimized, for 

quadratic modelling is a powerful feature to use in optimization methods [6]. A 

quadratic model could be for example a 2nd order Taylor expansion of the function, 

and thus the solution at each step is only valid when sufficiently close to the starting 

point, we shall only accept the solution when it is within a trust region.  

The quadratic approximation might be a time consuming step when finding the 

Jacobi matrices by numerical methods. The Broyden update method can be used to 

decrease numerical cost [8], however the computational costs are solved here in this 

project by extracting the Jacobi of the matrix straight from the coupling matrix using 
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the so called eigenvalue perturbation method. A very powerful strategy that leads to 

perfect and analytic calculation of the Jacobi.  

Series of similarity transforms are already known for some topologies or 

structures, but finding the series of rotations needed to get another topology might be 

difficult, the optimization problem presented avoids this task. However, rotations are 

important and may be used to get other canonical coupling matrices during the 

process to enhance the capabilities of the algorithm. 

 

1.2 Goals 
This final project tries to explain the coupling matrix generation and similarity 

transformations required to get some canonical topologies, while at the same time 

revealing the issues with this procedure.  

Once the difficulties are known, we suggest an alternative method based on 

optimization of the coupling matrix through a quadratic programming problem. This 

algorithm ideally delivers a coupling matrix of a filter with the desired topology and 

frequency response. The main objective of the algorithm will be to obtain the coupling 

matrix of a filter given its topology and frequency performance, it can also be used to 

obtain the coupling matrix of an already designed filter that does not behave as 

wanted due to residual couplings or manufacturing errors, in order to know which 

dimensions must be changed to reach the solution in fewer steps and consequently 

fewer full-wave analysis. Tuning already fabricated filters could be another application. 

The project also intends to prove the capabilities of the eigenvalue perturbation 

problem on this area and the tremendous amount of information given by the coupling 

matrix, letting the reader know that the coupling matrix is way more useful than it 

appeared to be in the first place.  

The purpose of the introduction was not getting hands on the real matters of 

concern in this project but to briefly explain how filter synthesis and design methods 

have evolved since the era of radiofrequency began and the reason for the continuing 

need of improvements and further research that has been carried on ever since.  
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2. COUPLING MATRIX SYNTHESIS TECHNIQUE 

2.1 Introduction to classical filter design  
Most early microwave filter design techniques were based on the extraction of 

lumped elements useful for low-frequency filters. As frequency ranges became higher 

the procedures kept unchanged, but there was a need to transform inductors and 

capacitors into transmission line section, easier to realize at higher frequencies.  

A very typical method is called the insertion loss method on which nearly all filter 

synthesis techniques were based before the 1970s. The procedure is still used 

nowadays and begins by obtaining the lumped element values from the polynomials 

that represent the filter’s electrical performance. The so-called insertion loss method 

builds a prototype filter from a mathematical description of the electrical response. 

Ideally, a filter has perfect transmission 

without attenuation within the passband and 

infinite attenuation outside. However, the 

mathematical functions used are 

approximations. Linear phase, Butterworth, 

Chebyshev and elliptic filtering functions are 

the most typical, depending on the kind of 

filter needed, we select which approximation 

suits best taking into account ripple in or out 

the passband, group delay or other 

specifications. The lumped element values are 

obtained by recursive methods, but we can 

also make use of predefined tables for a 

certain number of elements and limitations 

on ripple, group delay or others. The low-pass 

prototype filter is designed for normalized 

frequencies, so we then have to make the pertinent transformations into the final 

operating frequencies of the circuit and transformations into the desired electrical 

response. Finally, for microwave of high frequency filters, we transform the lump 

elements into transmission lines sections. The usual procedure: 

1. Select best filtering functions for the specifications to be accomplished 

(depending on maximum ripple or group delay allowed).  

2. Determine number of stages needed and the values of each lump element for a 

low pass prototype. Can be done using already known tables. 

3. Carry on filter transformations. Low pass prototype to low pass, high pass, 

bandpass or bandstop in the desired operating frequencies 

4. Transform from lumped elements to transmission line sections. 

 

The outcome is always a filter with elements connecting in line to each other. A 

major breakthrough in the 1970s was the development of new structures and 

Figure 1.  Low pass filtering responses. Red line, ideal 
performance. Maximally flat, binomial or Butterworth 
response. Equal ripple, Chebyshev polynomials. 
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topologies that allowed cross coupling among resonators and incorporated built-in 

transmission zeroes, which enhances out-of-band selectivity and high close-to-band 

rejection. 

Another breakthrough was the development of the coupling matrix introduced by 

Richard J. Cameron in the late 1990s. 

 

 

Figure 2.  Classical filter design procedure, starting from transfer and reflection polynomials. Acquiring values of lumped elements 
if a low-pass prototype filter. Then the network is restructured and afterwards transformed into a bandpass filter. The final step 
transforms lumped elements into transmission line sections, with less insertion loss, easier to implement and fabricate at high 
frequencies. Figure reprinted from [4]  
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2.2 Coupling matrix identification and similarity transforms 
The coupling matrix introduced by Cameron represents coupling values between 

resonators and resonators’ self-couplings. This types of matrices represent all 

resonators and their connection with each other as well as connections to each port, 

thereby having (𝑁 + 2 𝑥 𝑁 + 2) dimensions, for filters will have 2 ports. If diplexers 

are being used, then matrices will be of the form ℳ𝑁+3 𝑥 𝑁+3. Where 𝑁 is the 

number of resonators in the circuit. 𝑁 can be determined by the system performance 

specifications. 

Once Chebyshev transfer and reflection polynomials have been obtained by 

classical already known methods, 𝑆 and 𝑌 parameter can be easily calculated. Up to 

this point nothing has changed. A thorough explanation on these procedures can be 

found in [2] through [6] or some classic books such as “G. L. Matthei, L. Young & E. M. 

T. Jones, «Microwave filters, impedance-matching networks and coupling structures,» 

Artech House INC., 1980” 

An easy way to get the coupling matrix from filter parameters’ polynomials is by 

means of the relationship between 𝑌 parameters and the transversal coupling matrix. 

The transversal coupling matrix is that of a filter in a transversal topology (we stated 

earlier that some methods yielded in-line topologies, the transversal topology is 

generally a non-realizable topology but it is straightforward to get).  

Figure 1.  Transversal topology representation.  
A) 𝑁 + 2 fully canonical coupling matrix for the 
transversal array.  
B) Canonical transversal array including direct 
source-load coupling.  

C) Equivalent circuit of the 𝑘𝑡ℎ resonator in the 
transversal array.  
 
Reprinted from [3] 

 

A)  
 

B)  
 

C)  
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The 𝑌 parameters of the 𝑘𝑡ℎ resonator are as follows: 

[𝑌] = 𝑗 [
0 𝑀𝑠𝑙

𝑀𝑙𝑠 0
] + ∑

1

(𝑠𝐶𝑘 + 𝑗𝐵𝑘)
[

𝑀𝑠𝑘
2 𝑀𝑠𝑘𝑀𝑙𝑘

𝑀𝑠𝑘𝑀𝑙𝑘 𝑀𝑙𝑘
2 ] =

𝑁

𝑘=1

= 𝑗 [
0 𝐾∞

𝐾∞ 0
] + ∑

1

(𝑠 + 𝑗𝜆𝑘)
[
𝑟11𝑘 𝑟12𝑘

𝑟21𝑘 𝑟22𝑘
]

𝑁

𝑘=1

 

Where the bottom right hand side of the equation above is the 𝑌 parameter 

polynomials obtained from the specifications of the filter and the upper right hand side 

represents 𝑌 parameters of the 𝑁 resonator transversal array depicted in figure 1B. 

The imaginary number is represented by 𝑗 instead of 𝑖. 

Coupling values can be attained straight from the equation above if we know the 

𝑌 parameter polynomials of the device to be implemented. 

Since this topology is not feasible for most cases (most technologies make it 

physically impractical or impossible to realize) we need to make a series of 

transformations over the coupling matrix so that it changes its topology while keeping 

its properties and characteristics the same. This can be done by means of similarity 

transforms.  

Similarity transforms must guarantee that currents and 

voltages at the ports stay the same after the transformation 

or rotation. The equation on the right shows that the matrix 

needed must not interact with the first row and column nor 

the last row and column. By multiplying both sides of the 

previous equation by matrix 𝑇 on the left and by 𝑇−1 

on the right, we come to [1] 𝐼 = (𝑠𝑊 + 𝑗𝑇𝑀𝑇−1)𝑉  

which proves that a matrix 𝑇 of this kind changes the 

appearance of 𝑀, thereby its topology but keeps the 

system’s properties and response. Choosing 𝑇 

carefully to be orthogonal, the inversed term can be substituted by the transpose 𝑇𝑡.  

A proper selection of matrix T is that on the 

right, which is the matrix of a change of basis. 

Where 𝑠𝑟 = sin (𝜃𝑟) and 𝑐𝑟 = cos (𝜃𝑟).  

A similarity transform or rotation can be 

understood as a change in the basis from which 

electromagnetic phenomena is seen within the 

resonators. The change of basis uses two rotation axes, represented by the pivot [𝑖, 𝑗] 

of the rotation, only those elements in the rows and columns 𝑖 and 𝑗 of the pivot [𝑖, 𝑗] 

may be affected by the transform, all the others remain at their previous values [2]. 

This is so because the elements 𝑐𝑟 in 𝑇 take positions [𝑖, 𝑖] and [𝑗, 𝑗] and elements 𝑠𝑟 

and −𝑠𝑟 take positions [𝑗, 𝑖] and [𝑖, 𝑗]. 
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Taking this and other properties explained in (2) into account, we can manage to 

erase certain couplings and create others, forcing the coupling matrix to have any 

desired topology. Only non-zero values for feasible elements or those elements that 

represent the topology of the system. The rotation angle 𝜃𝑟 is determined so that 

annihilation of an undesired currently non-zero coupling is achieved. 

As similarity transforms consist on changes of basis, the poles and zeroes of the 

transversal coupling matrix stay the same after a rotation, and so on for any rotation, 

this means that any system with a specified response and frequency performance can 

be theoretically realized in any topology layout, there only needs to be found a 

coupling matrix, that represents the given layout, with those same poles and zeroes. 

Any two coupling matrices with the same poles and zeroes, describe two circuit 

layouts with the same frequency response and performance. 

A few problems arise when transforming the transversal coupling matrix into 

another topology coupling matrix: 

 New couplings that may have to be deleted afterwards might appear when 

annihilating a specific coupling. The order of annihilation should be carefully 

decided, for it must guarantee that previously annihilated couplings will not 

reappear. 

 The pivot of rotation is determined by the order of annihilation; however, the 

angle can only be obtained from current coupling values. And the 𝑇 matrices 

cannot be combined to form a global 𝑇 matrix and a series of rotations is 

required. 

𝑀1 = 𝑇𝑀0𝑇𝑡    ⋯   𝑀𝑖+1 = 𝑇𝑖𝑀𝑖𝑇𝑖
𝑡    ⋯   𝑀𝑓𝑖𝑛𝑎𝑙 = 𝑇𝑛𝑀𝑛𝑇𝑛

𝑡 

𝑇ℎ𝑖𝑝𝑜𝑡ℎ𝑒𝑡𝑖𝑐𝑎𝑙 = 𝑇𝑛𝑇𝑛−1 ⋯ 𝑇𝑖 ⋯ 𝑇0    ;    𝑀𝑓𝑖𝑛𝑎𝑙 ≠ 𝑇ℎ𝑦𝑝𝑀0𝑇ℎ𝑦𝑝
𝑡  

 The higher number of rotations, the more computing resources and time 

consumed. Furthermore, the series of rotations are only known for some 

canonical topologies and different topologies would require further examination 

and study. These two statements together lay bare the need of a new extraction 

method different to that of similarity transforms.  

Another method is presented in section 3. It is based on an optimization of a 

coupling matrix in the desired topology with random initial values which are optimized 

so that the matrix’s poles and zeroes match the transversal coupling matrix’s.  

Two famous canonical coupling matrices are the Arrow/Wheel configuration and 

the Folded form, for which the series of rotations to be carried out is already known. 

Some other topologies known as well are Cul de Sac, Pfitzenmaier, Box and Extended 

Box, Trisections and Cascaded quartets configurations. 

The Trisection configuration is widely used nowadays in filter design and it is 

attained by similarity transforms over the arrow configuration. Hence the importance 

of the arrow form, it is the starting point to obtain many configurations (trisections, 

quartets, etc.) 
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2.3 Filter performance and S parameters 
To draw and plot the electrical behavior of the circuit we shall obtain the 

Scattering parameters from the coupling matrix. The scattering parameters provide a 

representation more in accord with direct measurements, although the coupling 

matrix used were created by means of admittance parameters, the scattering 

parameters are a better way of representation of the filter´s frequency response. The 

scattering parameters provide a complete description of the network seen at its 

Source and Load ports. 𝑆11 parameters represent the reflection of power seen by the 

Source and 𝑆21 parameters the transmission of power from Source to Load.  

First, we extract the admittance matrix from the coupling matrix: 

Where 𝑊 is a diagonal matrix such that 𝑊𝑖𝑖 = 1 but 𝑊11 = 𝑊𝑁+2,𝑁+2 = 0 and the 

imaginary number is represented by 𝑗 instead of 𝑖, 𝑡he values 𝑀𝑖𝑗 are considered to be 

already imaginary so they actually are 𝑗𝑀𝑖𝑗.  

The complex variable 𝑠 = 𝜎 + 𝑗𝜔 represents the operating frequencies of the 

network. For the case of study, the networks considered are realized with short 

transmission line sections and thus have no attenuation loss, so 𝜎 = 0. For the 

frequency response, we shall have two cases, we can plot the frequency response of 

Figure 2.  Fifth-degree wheel or arrow canonical circuit.  (a) Coupling-routing diagram (wheel)  (b) 𝑁 + 2 coupling matrix (arrow). 
Reprinted from [3] 
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the filter for normalized frequencies (low pass prototype) having 𝑗𝜔 = 𝑗2𝜋𝑓. But 

usually we plot the performance of the filter using the actual operating frequencies 

given by the standard low-pass to band pass transformation: 

𝑗𝜔 = (
𝑓

𝑓0
⁄ −

𝑓0
𝑓⁄ )

𝑓0
𝐵𝑊⁄  

Where 𝑓 is the frequency range of the low-pass prototype filter, 𝑓0 is the band-

pass center of the filter and 𝐵𝑊 the desired bandwidth. 

The admittance matrix 𝑌 satisfies this equation:   𝑖𝑝𝑜𝑟𝑡𝑠 = 𝑌𝑣𝑝𝑜𝑟𝑡𝑠, rearranging (1): 

Manipulating the matrix equations given by (2), we can derive in:  

𝑖𝑝 = ( 𝑀𝑝𝑝 − 𝑀𝑝𝑐(𝑀𝑐𝑐)−1𝑀𝑝𝑐
𝑇  )𝑣𝑝 → 𝑌 =  𝑀𝑝𝑝 − 𝑀𝑝𝑐(𝑀𝑐𝑐)−1𝑀𝑝𝑐

𝑇             (3) 

Once we have the admittance matrix 𝑌 we need only transform it into a 𝑆 matrix, 

starting with the equations that define the scattering parameters and manipulating 

voltages and currents to express them by means of admittance parameters, we end up 

knowing how to get a 𝑆 matrix out of the 𝑌 matrix. For normalized transmission line 

impedance (where 𝐼 represents the identity matrix):  

𝑆 = (𝐼 − 𝑌)(𝐼 + 𝑌)−1                                                      (4)  

Equations (3) and (4) must be calculated for each of the frequencies desired. If is it 

wanted to plot the frequency response over a certain range, we must calculate the 𝑆 

parameters for as many discrete frequencies as needed for a fine resolution in the 

picture. Since 𝑆 parameters dimensions correspond to √𝑊, then to plot the magnitude 

of the frequency response we have to plot:  20 ∙ 𝑙𝑜𝑔10(𝑆)  
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3. AN ALGORITHM FOR COUPLING MATRIX IDENTIFICATION 
Optimization plays a very important role in many branches is science and 

applications [6]. There exists lots of optimization algorithms with different 

convergence properties, of course, we would like to use one with superlinear 

convergence in order to get the result in the minimum number of steps possible. We 

must nonetheless find a balanced commitment between complexity and convergence. 

In other papers such as [7] and [11] an unconstrained least squares approach was 

used, in this project we will rather use a quadratic programming model such as in [8], 

for quadratic modelling is a very important tool in the design of optimization methods. 

We shall use in our formulation a quadratic approximation of the cost function, since 

there are methods with quadratic termination, able to find the minimizer of the 

quadratic approximation in a finite number of steps [6]. We shall find the minimizer of 

the approximation with quadratic convergence, however, the approximation only fits 

our function within a sufficiently small area near the starting point, to deal with this, 

we shall find the minimizer within a trust region and repeat the process with the 

minimizer found as the new starting point. A recalculation of the quadratic 

approximation and the new trust region shall be made at each iteration. 

We have in mind two different tasks to solve, though both have the same solution. 

The extraction of the coupling matrix straight from the frequency response attained by 

the full-wave analysis of the circuit is one task, the second is the extraction of the 

coupling matrix in the desired topology starting with the transversal topology. Both 

tasks can be solved by the same procedure.  

 The algorithm here presented is based on optimization of a cost function in which 

different sets of eigenvalues are compared. The coupling matrix 𝑀 of the circuit for the 

desired topology is not known and is to be optimized so that the frequency response 

of this matrix matches the frequency response of either the transversal matrix or the 

response obtained by the full-wave analysis. To begin with, we must have an objective 

frequency response with its corresponding objective coupling matrix 𝑴𝟎. It has been 

previously explained how to obtain the frequency response of the system from the 

coupling matrix and vice versa. Note that 𝑀0 does not necessarily need to be a 

transversal coupling matrix. 

It was chosen to compare sets of eigenvalues since similarity transforms or 

rotations are able to change the coupling topology preserving eigenvalues and other 

properties as well, meaning two coupling matrices with the same sets of eigenvalues 

have the exact same frequency response whatever topology the matrices represent. 

This allows us to choose another method rather than that of rotations, cumbersome 

and not known for some non-canonical topologies in advance.  

At the end of the algorithm we must prove not only that the cost function reached 

a minimum but also that the Scattering parameters are equal. 
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3.1 Optimization problem and Cost function 
The cost function takes advantage of the fact that poles, zeroes and eigenvalues of 

the coupling matrix do not change among different topologies as long as the frequency 

responses keep unchanged, therefore, the cost function needs only be determined by 

comparison of this poles, zeroes and/or eigenvalues of the complete matrix. Since 

calculating the zeroes of the admittance parameters requires to solve a generalized 

eigenvalue problem and because some zeroes might be on the infinite, the cost 

function is based on the one suggested in [7]. We define the cost function as: 

                                          𝐶 = (�̂� − �̂�𝑜)
𝑇

(�̂� − �̂�𝑜)                                                     (1)                         

Where �̂� is a column vector created with three sets of eigenvalues, eigenvalues 

of 𝑀𝑛 𝑥 𝑛 , eigenvalues of the upper principal submatrix (𝑀 without last row and last 

column) and the eigenvalues of the lower principal submatrix (𝑀 without first row  
and column). Each of the three sets is a column vector itself. �̂�𝑜 is a 

similar column vector corresponding to 𝑀0. The first set yields 𝑛 

eigenvalues, while the other two give a number of 𝑛 − 1 

eigenvalues, consequently having: �̂�  ∈  ℳ(3𝑛−2) 𝑥 1 

The cost function compares the eigenvalues of our system to those of the 

objective system, for the comparison to reach a minimum, both vectors have to be 

ordered in a specific way, so that a given eigenvalue has its corresponding pair 

within �̂�𝑜, the minimum eigenvalue of �̂� compared to the minimum in  �̂�𝑜 and so on. If 

the pairing is not utterly well accomplished the algorithm could be trying to modify 

each coupling in a way that would increase the nth eigenvalue when it should be 

decreasing. Here it was chosen to arrange each set in ascending order.  

The cost function could have been based on the actual properties of the circuit 

rather than simple mathematical properties of the coupling matrix that represents de 

circuit. It could have been based on the actual poles, transmission and reflection 

zeroes instead of the sets of eigenvalues that somehow cover them. For this case, a 

problem arises when there are zeroes in the infinite, for those should be erased and 

there could be pairing problems in the cost function presented such that at a given 

step during the optimization, �̂� and �̂�𝑜 differ in the amount of infinite values. As a 

consequence, a cost function based on the three sets of eigenvalues is safer to use. 

The pairing algorithm becomes very complex when optimizing diplexers. 

As the vectors �̂� and �̂�𝑜 come from direct analysis of the coupling matrices, (1) is a 

function of the non-zero couplings of  𝑀, therefore: 𝑪 =  𝒇(𝑴𝒌), where the couplings 

𝑀𝑘 are those which can be realized by the given topology and not all possible 𝑀𝑖𝑗. 

Couplings not considered in the desired topology are set to zero and not taken into 

account during the optimization nor the final solution. 

To formulate the optimization as a quadratic programming problem, a quadratic 

approximation of the cost function (1) must be found. Let 𝑞(ℎ) be a quadratic 

approximation of 𝑓(𝑥), then:   
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𝑓(𝑥 + ℎ)  ≈ 𝑞(ℎ) = 𝑓(𝑥) +  ℎ𝑇∇𝑓(𝑥) +  
1

2
ℎ𝑇𝐻ℎ                             (2) 

 Where the Hessian 𝐻 = ∇2𝑓(𝑥), is a symmetric matrix. Perturbing the system by 

small values on the couplings available by the topology (all couplings but those that are 

already known to be zero) drives to small changes in the cost function, leading to: 

𝑓(𝑀𝑘 + ∆𝑚) =  (�̂� − �̂�𝑜 + ∆�̂�)
𝑇

(�̂� − �̂�𝑜 + ∆�̂�) = 𝐶 + 2(�̂� − �̂�𝑜)
𝑇

∆�̂� + ∆�̂�𝑇∆�̂�   (3) 

To finish the quadratic programming formulation, there must be a correspondence 

between ∆�̂� and 𝑀𝑖𝑗, this can be found by the Jacobi matrix of the eigenvalues with 

respect to 𝑀𝑖𝑗. A small perturbation in the couplings of our matrix 𝑀 leads to small 

variations in the eigenvalues in the form of: ∆�̂� = 𝐽∆𝑚, where ∆𝑚 is a one-column 

vector containing increases of all feasible couplings of the desired topology and  𝐽 the 

Jacobi matrix that will be explained in the next section. Substituting into (3), the model 

becomes:                     𝑓(𝑀𝑘 + ∆𝑚) =  𝐶 + 2(�̂� − �̂�𝑜)
𝑇

𝐽∆𝑚 + ∆𝑚𝑇𝐽𝑇𝐽∆𝑚                    (4) 

Which is quite similar to eq. (2), therefore eq. (4) is the quadratic approximation of 

the cost function in eq. (1) that we were looking for. To sum up: 

𝑓(𝑀𝑘 + ∆𝑚) ≈ 𝑞(∆𝑚) = 𝐶 +  ∆𝑚𝑇2𝐽𝑇(�̂� − �̂�𝑜) +  
1

2
∆𝑚𝑇2𝐽𝑇𝐽∆𝑚          (5) 

∆𝑚 = ℎ       ∇𝑓(𝑀𝑘) = 2𝐽𝑇(�̂� − �̂�𝑜)      𝐻 =  2𝐽𝑇𝐽 

Note that ∆𝑚 must be a one-column vector, it must contain all elements 𝑀𝑖𝑗 in 𝑀 

that can be modified, that is, the couplings that describe the given topology. For 

instance, an in-line topology has no coupling between resonators 2 and 5, therefore, 

the coupling 𝑀25 must not be included as a possible 𝑀𝑘 nor a possible increase for that 

coupling should be included in the ∆𝑚 vector. Besides, the coupling matrices will 

always be symmetric so during the optimization, if a proper increase  ∆𝑚𝑘 was found 

for the element 𝑀𝑖𝑗, then the same increase must be applied for 𝑀𝑗𝑖. This can be used 

to our advantage by considering just non-zero couplings in the upper triangular sub-

matrix in the previous formulation of the quadratic approximation.  

  

 

 

 

 

 

 

Figure 1. For each 𝑀𝑖𝑗  there is a possible ∆𝑚𝑖𝑗, the exact same ∆𝑚𝑖𝑗 must be 

applied to element 𝑀𝑗𝑖. The vector ∆𝑚 only has the possible ∆𝑚𝑖𝑗, since it is 

the same for 𝑀𝑖𝑗 and 𝑀𝑗𝑖, we shall only work with the upper triangular matrix. 

Note that if the element 𝑀𝑙𝑘 = 0 (and 𝑀𝑘𝑙 = 0) then ∆𝑚𝑘𝑙 is not to be 
considered nor included in the vector ∆𝑚.  
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Now that the quadratic programming problem has been formulated we need only 

find the values of  ∆𝑚 that minimize eq. (1), note that we would like to find 𝑀𝑘 such 

that  𝑓(𝑀𝑘) = 0, that would mean the coupling matrix 𝑀 has the same response as 

the objective matrix 𝑀0. Because the optimization problem uses approximations and 

Jacobi matrices, the algorithm must find the values that reach a minimum within the 

neighborhood of the starting point at each step. We cannot achieve our ultimate goal 

in just one step, we could, nonetheless, if we were at a point substantially close to the 

minimum in which the 

approximation fits an area of the 

real function that includes the 

minimum which only happens at 

final iterations. At each step, the 

algorithm must solve equation (6): 

 

3.2 Jacobi matrix through Eigenvalue perturbation 
The gradients and Jacobi matrices needed in the optimization formulation depend 

on the couplings of the circuit, thus depending on the geometrical dimensions of the 

circuit. Rather than of obtaining them by means of costly numerical methods, we shall 

acquire the Jacobi of the coupling matrix by a method based on eigenvalue 

perturbation theory [10].  

The eigenvalue perturbation theory [10] proves that it is possible to find exact 

sensitivities of eigenvalues as a function of changes in the entries of the coupling 

matrix. The Jacobi matrix represents, indeed, these sensitivities, hence: 

𝐽�̅�𝑗
𝑙 =

𝜕𝜆𝑙

𝜕𝑀𝑖𝑗
 

Where the lth eigenvalue 𝜆𝑙 has its own Jacobi 𝐽�̅�  of same dimensions as 𝑀 

Moreover, [10] proves that those sensitivities can be obtained straight from the 

solutions of a generalized eigenvalue problem. The generalized eigenvalue problem is 

defined as follows: 

As explained in [10] or [11] this can be done by considering a small perturbation in 

the coupling matrix which will produce a new set of solutions for the perturbed 

system: 

𝐴0𝑥0 = 𝜆0𝐵0𝑥0 

𝐴𝑝𝑥𝑝 = 𝜆𝑝𝐵𝑝𝑥𝑝  →  𝐴𝑝 =  𝐴0 +  𝛿𝐴   ;   𝐵𝑝 =  𝐵0 +  𝛿𝐵 

Where 𝐴0 and 𝐵0 are matrices for which we know the set of eigenvalues 𝜆0 and 

the set of eigenvectors 𝑥0. 𝐴𝑝 and 𝐵𝑝 are the same matrices perturbed by a quantity 

much smaller than 𝐴0 or 𝐵0. We want to get 𝜆𝑝 and 𝑥𝑝 without solving the eigenvalue 

problem again, this is possible because the original system contains information about 
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how eigenvalues and eigenvectors vary, that is, information about the derivative of the 

eigenvalues with respect to the elements in the matrix, which is the Jacobi we are 

looking for.  

 Providing that the matrices of the generalized eigenvalue problem are symmetric 

(were the matrices not symmetric, the procedure could still be carried on if 𝐴 and 𝐵 

are simultaneously diagonalizable; also, given this case, we should use both the right 

and left eigenvectors of the solution to the problem) and manipulating the expressions 

of both the initial equation and perturbed one we can manage to determine the 

solutions of the perturbed system as (for each eigenvalue  𝜆𝑝𝑖 and each 

eigenvector 𝑥𝑝𝑖 of the perturbed system):  

𝜆𝑝𝑖 = 𝜆0𝑖 + 𝑥0𝑖
𝑇 (𝛿𝐴 − 𝜆0𝑖𝛿𝐵)𝑥0𝑖 

𝑥𝑝𝑖 = 𝑥0𝑖 (1 −
1

2
𝑥0𝑖

𝑇 𝛿𝐵𝑥0𝑖) + ∑
𝑥0𝑗

𝑇 (𝛿𝐴 − 𝜆0𝑖𝛿𝐵)𝑥0𝑖

𝜆0𝑖 − 𝜆0𝑗

𝑁

𝑗=1
𝑗≠𝑖

𝑥0𝑗  

We can differentiate both previous equations with respect to each of the matrices 

in the system, therefore having four possible derivatives: 

𝝏𝝀𝒊

𝝏𝑨
,

𝜕𝜆𝑖

𝜕𝐵
,

𝜕𝑥𝑖

𝜕𝐴
,

𝜕𝑥𝑖

𝜕𝐵
 

In our system we are interested in the simple eigenvalues of the coupling matrix, 

matrix 𝐴 in the previous formulation corresponds to our coupling matrix 𝑀, and thus 

the bolded expression above is the one we need. The sensitivity (derivative) of the ith 

eigenvalue 𝜆𝑖 with respect the element 𝐴𝑘𝑙  is: 

𝜕𝜆𝑖

𝜕𝐴𝑘𝑙
=

𝜕

𝜕𝐴𝑘𝑙

(𝜆0𝑖 + 𝑥0𝑖
𝑇 (𝛿𝐴 − 𝜆0𝑖𝛿𝐵)𝑥0𝑖) = 𝑥0𝑖𝑘

𝑥0𝑖𝑙
(2 − 𝛿𝑘𝑙)                 (7) 

Where 𝑥0𝑖𝑘
 is 𝑥0𝑖(𝑘), the kth element of the vector 𝑥0𝑖, and 𝛿𝑘𝑙 is the Kronecker 

delta, defined as: 𝛿𝑘𝑙 = {
0, 𝑖𝑓  𝑘 ≠ 𝑙
 1,  𝑖𝑓 𝑘 = 𝑙

 

The term (2 − 𝛿𝑘𝑙) takes the symmetries into account, because it includes a factor 

of 2 when an element has a symmetric and a factor of 1 when an element does not 

have a symmetric, which are all elements in the main diagonal. 

The one we need for the purpose of our optimization problem is the derivative of 

𝜆 with respect to 𝑀𝑖𝑗. In [11] there is a shorter explanation of the procedure than the 

one given by [10], furthermore, [11] focuses on simple eigenvalues of 𝑀 rather than 

the generalized eigenvalue problem used in [10].  

If true admittance zeroes were to be used, they would be the solution to a 

generalized eigenvalue problem in which 𝐴 is not symmetric, therefore (7) should be 

modified to include left and right eigenvalues in that case. 
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The final formulation of the Jacobi matrix used in the algorithm can be defined as 

follows [7], [11]: 

𝐽�̅�𝑗
𝑙 =

𝑑𝜆𝑙

𝑑𝑀𝑖𝑗
= 𝑥𝑙

𝑇𝑃 𝑥𝑙                                                       (8) 

Where 𝑃 is a symmetric matrix, with all entries set to zero except 𝑃𝑖𝑗 =  𝑃𝑗𝑖 = 1 

if 𝑀𝑖𝑗 ≠ 0. And 𝑥𝑙  is the eigenvector that corresponds to 𝜆𝑙, the nth eigenvalue in �̂�. 

Note that that (7) shows the Jacobi matrix corresponding to 𝜆𝑙 which means that 

each eigenvalue has its own Jacobi matrix  𝐽�̅�, thus  𝐽�̅�  shows know how sensitive is the 

nth eigenvalue 𝜆𝑙 to a tiny change on each and any coupling 𝑀𝑖𝑗. There must still be 

found  𝐽 so that   ∆�̂� = 𝐽∆𝑚   is accomplished, we must rearrange all elements in 

each  �̅�𝑙 and all non-zero elements in 𝑀 to do so. 

For each eigenvalue, we have:        ∆𝜆𝑙 =  𝐽�̿�∆𝑚 

 

 

 

 

 

 

The previous figure shows the arrangement of the Jacobi values that we need for 

the algorithm, even though we could determine the sensitiveness to all posible 

elmentes in 𝑀, it is only required to know it for those feasible couplings (non-zero 

elements) and remove the symmetries.  

Still, the previous figure shows the procedure for merely one eigenvalue, the cost 

function includes many eigenvalues in a one-column vector. For each eigenvalue 𝜆𝑙 we 

have a rearranged Jacobi row 𝐽�̿�, so the final Jacobi  𝐽 matrix that matches  ∆�̂� = 𝐽∆𝑚 

will have  𝐽�̿�  in the nth row of the matrix, then: 

𝑀 ∈ ℳ𝑛 𝑥 𝑛  ⇒  �̂�  ∈  ℳ(3𝑛−2) 𝑥 1  ⇒ 𝐽 ∈  ℳ(3𝑛−2) 𝑥 𝒌 

where 𝑘 is the number of non-zero elements within the upper triangular matrix, 

which agrees with the couplings that may be perturbed given the desired topology. 

This number only depends on the topology. For instance, imagine we have a coupled 

resonator circuit with 3 resonators then we have 𝑀 ∈ ℳ5 𝑥 5 as in fig. 3a. There are 25 

Figure 2. As previously stated, 𝐽�̅� has the same 
dimensions as the coupling matrix 𝑀.  

As happened in figure 1 with the development 

of ∆𝑚, to create the one-row vector 𝐽�̿�, not only do we 
take just the values on the upper triangular matrix but 

also we obviate each element  𝐽�̿�𝑗
𝑙  for which its 

corresponding 𝑀𝑖𝑗  is 0.  
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elements in the matarix, 10 of which have an identical symmetric 

element. The upper triangular matrix has 15 elements in total 

but we have 5 non-feasible coupling for the given topology; in 

the end, the number of elements that might be perturbed are 

𝑘 = 10. 

Figure 4a shows the appearance of the Jacobi matrix needed. 

 

Notice that 𝜆𝑢𝑝𝑝𝑒𝑟 and 𝜆𝑙𝑜𝑤𝑒𝑟 both had one less eigenvalue than 𝜆, this was due to 

the fact that we had removed one column and its symmetric row for each, solving the 

eigenvalue problem for a matrix of the form ℳ(𝑛−1) 𝑥 (𝑛−1). This induces a problem 

when creating the final Jacobi matrix  𝐽 in figure 4a, because there have been a 

number of couplings 𝑀1𝑗 and 𝑀𝑗1 erased to obtain  𝜆𝑙𝑜𝑤𝑒𝑟 and the couplings 𝑀𝑖𝑛 and 

𝑀𝑛𝑗 erased to obtain  𝜆𝑢𝑝𝑝𝑒𝑟: 

 

When calculating the Jacobi matrices for each of the eigenvalues in this two sets, 

we do not find sensitivities of the eigenvalues to  elements deleted, consequently we 

must set them to zero if we want the Jacobi matrix to fit ∆𝑚. 

Figure 3 

Figure 4b. The yellow shadowed rows and columns are deleted to then obtain 𝜆𝑢𝑝𝑝𝑒𝑟  and 𝜆𝑙𝑜𝑤𝑒𝑟 .  

Figure 4a 

The encircled non-zero elements are included in the column vector ∆𝑚, however, they must not 

take part in the Jacobi submatrix that matches either 𝜆𝑢𝑝𝑝𝑒𝑟 and 𝜆𝑙𝑜𝑤𝑒𝑟  , the corresponding 𝐽�̿�𝑗
𝑙  are 

set to zero instead of being removed, or else the matrices’ dimensions would not match. 
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According to the previous line-up (of the elements 𝑀𝑖𝑗 that may be perturbed), as 

a one-column vector ∆𝑚 in which we took elements row by row, we have figure 5a 

that serves as reminder and practical 

example similar to figure 3. The structure of 

submatrix 𝐽𝑙𝑜𝑤𝑒𝑟 is very simple, for the 

elements deleted to construct 𝑀𝑙𝑜𝑤𝑒𝑟 are 

those in the first row. Imagine that our 

coupling matrix has only three non-zero 

elements in the first row and column such as 

in figure 3 or figure 5a, then the first three 

columns of submatrix 𝐽𝑙𝑜𝑤𝑒𝑟 must be set to 

zeroes. This is easily understood in figure 5b.  

 

 

 

The set up of 𝐽𝑢𝑝𝑝𝑒𝑟 is a bit more complex, but has the same 

aim as the previous, to prevent any effects over ∆𝜆𝑢𝑝𝑝𝑒𝑟 from 

undesireable derivatives. 

 

 

 

 

 

The final Jacobi matrix used in equation (6) and later in eq. (9) is the on pictured in 

figure 4a, however the latest figures, 5a through 5c let us comprehend the last 

retouches of the Jacobi matrix creation and solve the difficulties encountered when 

mixing the Jacobi matrices of each set of eigenvalues used.  

Finally, to link figures 4a through 5c, we shall take a look at the following equation 

which is the same as: ∆�̂� = 𝐽∆𝑚, but linking figures 4a through 5c: 

(

𝜆
𝜆𝑢𝑝𝑝𝑒𝑟

𝜆𝑙𝑜𝑤𝑒𝑟

)

(3𝑛−2)𝑥1

= (

𝐽
𝐽𝑢𝑝𝑝𝑒𝑟

𝐽𝑙𝑜𝑤𝑒𝑟

)

(3𝑛−2)𝑥𝑘

(∆𝑚)𝑘𝑥1 

 

Figure 5a 

Figure 5b (RIGHT). Since 𝑎, 𝑦 𝑎𝑛𝑑 𝑧 are 
withdrawn from 𝑀 when creating 𝑀𝑙𝑜𝑤𝑒𝑟 , then 
the derivatives that correspond to those 
elements must be set to zero, so that the 
multiplication with ∆𝑎, ∆𝑦 𝑎𝑛𝑑 ∆𝑧 has no effect 
over ∆𝜆𝑙𝑜𝑤𝑒𝑟  

Figure 5c 
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3.3 Trust region  
For the search of the local minimizer we must guarantee that the quadratic 

function fits the real cost function, for this reason, the steps ∆𝑚 must be small 

enough. The method produces a series of steps that lead from the starting point to the 

objective function, the length and direction of the steps are found by solving a 

quadratic programming problem with fast convergence. Here we are very interested in 

the length of these steps, several methods such as soft line search or exact line search 

try to find the length of these steps; nevertheless those methods are more suitable for 

unconstrained optimization. Similar considerations lead to the trust region model that 

suits best for us since it is an easier way to set the lower and upper bounds of the 

quadratic programming problem. 

It was shown in [6] that a quadratic function of the form of (2) with the Hessian 𝐻 

being positive definite, has a unique minimizer �̂� = −𝐻−1∇𝑓(𝑥)𝑇; but make no 

mistake, the quadratic model for which we find a minimizer here is merely an 

approximation, and for that reason the minimizer found must be bounded.  

In (5):  𝑓(𝑀𝑘 + ∆𝑚) ≈  (�̂� − �̂�𝑜)
𝑇

(�̂� − �̂�𝑜) +  ∆𝑚𝑇2𝐽𝑇(�̂� − �̂�𝑜) +  
1

2
∆𝑚𝑇2𝐽𝑇𝐽∆𝑚   

𝑓(𝑀𝑘 + ∆𝑚) is only a good approximation if ||∆𝑚|| is sufficiently small, which 

leads us to determine the new increases in the couplings as:  

Which is quite similar to (6); thus the idea of the trust region imposes both lower 

and upper bound. We could imagine the trust region as an n-dimension spherical 

region within which we must have our minimizer; the lower and upper bounds in (6) 

set the minimum and maximum possible values of the steps ∆𝑚 taken to reach the 

minimizer. For the trust region algorithm, the minimum step would be of the same 

magnitude as the maximum step but of opposite direction. 

In (9), the region Ƭ is called the trust region and ∆ is the trust region radius. The 

trust region is the neighborhood region for which the quadratic approximation is good 

enough. In order to let the algorithm have a faster convergence, we let ∆ vary after 

each iteration. In the case that the quadratic approximation is too good for the current 

cost function, the trust region radius could be bigger and be still a good approximation, 

likewise, if the error of the approximation was too high, we should decrease the trust 

region radius.  

 

 

Figure 6. The blue lines represent the function and the red ones the approximation, the orange shade establishes the 
boundaries of the current trust region, as we can see, in a) the approximation fits the function beyond the limits of the trust 
region thereby, the region of trust can be increased to match the green one. In b) the trust region must be decreased, for 
only over the red shade does the approximation fit the function. 
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In each iteration, we use ∆ as a candidate for our next trust region radius, 

calculate the solution for the quadratic problem subject to ∆ and reject the result if in 

the end the cost function has not been reduced, meaning that the radius was too big 

and the approximation was as bad as to have found a minimizer of the quadratic 

modelling that could not be taken as a minimizer of the real function. The gain in cost 

function value controls the size of the radius for the next iteration, the gain is 

compared to the gain predicted by the approximation [6], the ratio between them is 

called gain ratio and is defined as follows: 

𝜚 =
𝑓(𝑥) − 𝑓(𝑥 + ℎ)

𝑞(0) − 𝑞(ℎ)
                                                       (10) 

In our case 𝑓(𝑥) = 𝑞(0) = 𝐶. When the function is convex (a sufficient condition 
for this is that the Hessian be positive definite), the numerator in (10) is positive, so a 
negative value of 𝜚 means the cost function is being increased instead of decreased 
towards its minimum. We have large values of 𝜚 when there has been a satisfactory 
decrease in the cost function value and we can increase the trust region radius ∆ 
hoping that larger steps will induce a faster convergence [6].  

When the ratio 𝜚 is too small or even negative, the approximation 𝑞(∆𝑚) agrees 
poorly with our cost function and the trust region radius ∆ is divided by a scale of 3. In 
contrast, whenever the ratio is large, the radius ∆ is multiplied by 2. Kaj Madsen and 
Hans B. Nielsen explain in [6] how this values have been chosen from their personal 
expertise and practical experience, and they assure there that a method based on trust 
region is not very sensitive to changes in these values. How do we know whether the 
steps are being too big or too small for the current approximation at each iteration? 
Practical experience has led the two mathematicians above to determine that a gain 
ratio 𝜚 < 0.25 means a poor agreement between 𝑞(∆𝑚) and 𝐶, whereas a gain ratio 
𝜚 > 0.75 implies the trust region could be bigger in the hope to reach the minimum of 
𝐶 in fewer steps.  

 

Note that large values of 
the gain ratio 𝜚 must not 
always mean better 
agreements between the 
function and the estimation, 
but they always mean that 
the cost function was 
successfully decreased. On 
the other hand, negative 
values of 𝜚, always mean not 
only that 𝑞(ℎ) is an awful 
estimation but that the cost 
function was increased as 
well.  

 

𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝟏. 𝑈𝑝𝑑𝑎𝑡𝑒 ∆ 

𝑏𝑒𝑔𝑖𝑛:  

 𝜚 =  
𝐶𝑘−𝐶𝑘+1

𝐶𝑘−(𝐶+ ∆𝑚𝑇𝑓𝑘+ 
1

2
∆𝑚𝑇𝐻𝑘∆𝑚)

       eq. (10) 

 𝑖𝑓 𝜚 > 0.75 

  ∆𝑘+1= 2 ∙ ∆𝑘     

 𝑒𝑛𝑑 

𝑖𝑓 𝜚 < 0.25  

  ∆𝑘+1= ∆𝑘/3 

 𝑒𝑛𝑑 

𝑒𝑛𝑑  
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A question arises from this section, which value of ∆ is suitable at the very 

beginning of the process? We cannot take a random value since it would be a waste of 

time should it come to be very high or low, moreover, the starting point can be very 

different for each system or matrix thereby it is not possible to set ∆0 to a fixed value 

suitable for every case. The idea to deal with this is having an algorithm that sets the 

starting trust region radius ∆0 to a worthy value. To do so, the algorithm below tries 

different values of ∆ and calculates the resulting gain ratio until finding a value of ∆ 

that yields a gain ratio value somewhere between 0.25 and 0.75 

{1} For 𝑘 = 1, it is first tried with a very small radius, ∆= 0.2 → 𝜚 ↑↑ ; because the 

gain ratio is too big, we try again with a larger radius, until the gain ratio means neither 

bad steps (0.25) nor very good steps (0.75). 

{2}, {3}, {4}, {5}  Explained later in 𝐴𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 3 

 

 

𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝟐. 𝐴 𝑤𝑜𝑟𝑡ℎ𝑦 ∆0 

𝑏𝑒𝑔𝑖𝑛:  

[ 𝐽0, �̂�0] = 𝐽 𝑎𝑛𝑑 �̂� 𝑜𝑓 𝑀𝑖𝑛𝑖𝑡   

[𝐻0, 𝑓0, 𝐶0] → 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝐶 

𝑘 = 1    

 𝑤ℎ𝑖𝑙𝑒: 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑒 

  ∆ = 𝑘/5                                                                                                                                   {1} 

  [ 𝐽𝑘, �̂�𝑘] = 𝐽 𝑎𝑛𝑑 �̂� 𝑜𝑓 𝑀𝑘                                                                                                   {2}  

  [𝐻𝑘, 𝑓𝑘, 𝐶𝑘] → 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝐶                                                         {3} 

  ∆𝑚 = min ∆𝑚  𝑜𝑓 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑟𝑖𝑐 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑤𝑖𝑡ℎ𝑖𝑛 𝑡ℎ𝑒 𝑡𝑟𝑢𝑠𝑡 𝑟𝑒𝑔𝑖𝑜𝑛           {4}   

  𝑀 = 𝑀𝑖𝑛𝑖𝑡 + ∆𝑚                                                                                                                   {5} 

  𝑖𝑓 𝜚 < 0.5 

𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑒 = 𝑓𝑎𝑙𝑠𝑒         ,           ∆0= ∆   

𝑒𝑛𝑑  

𝑘 = 𝑘 + 1  

 𝑒𝑛𝑑 

𝑒𝑛𝑑  
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3.4 Algorithm  
Let us begin this section by explaining a crucial part in every optimization 

algorithm and most important part in any loop or iterative process, which is the 

stopping criteria. In [6] it is given some examples we can opt for, usually the stopping 

criteria of an optimization algorithm involves more than one of the following: 

1. ‖𝑥𝑘+1 − 𝑥𝑘‖ < 휀1 

2. 𝑓(𝑥𝑘) − 𝑓(𝑥𝑘+1) < 휀2         

3. ‖∇𝑓(𝑥𝑘)‖
∞

< 휀3 

4. 𝑘 > 𝑘𝑚𝑎𝑥 

Condition number four is a must have for any algorithm, we shall use it to avoid 

the strange case in which any of the others takes too much iterations to occur. This 

could happen if the algorithm is not able to find a stationary point within a reasonable 

number of repetitions.  

Some of the other criteria may be used here to stop the search of the minimum 

once the algorithm has found a stationary point. Finding the exact minimum might 

sometimes be a time consuming task, and the algorithm may slow down once the 

answer is close enough to the minimum. The slowing down of the search is visualized 

in the steps taken or the decreases in cost function, becoming smaller and smaller 

each repetition.  

When the decreases in the cost function become very small, we must be reaching 

the solution; the second stopping criteria is useful for this purpose, setting 휀2 to an 

extremely small value, then we can make the loop stop when almost at the minimum 

without farther time consumption.  

Since the cost function was created by comparing sets of eigenvalues, the 

minimum is zero, 𝐶 ≈ 0 means the eigenvalues that somehow represent poles,  

transmission and reflection zeros are as close as can be to the objective filter. However 

criteria number 2 shall be the amount of decrease in the cost function rather than the 

value of the cost function itself, lest the algorithm is not able to reduce the cost 

function under a certain value, for instance due to pairing problems. A farther 

improvement would be to perfectly pair poles and zeroes (or eigenvalues representing 

them) previous to the algorithm. Criteria number 2 occurs when reaching a stationary 

point, when problems such as wrong paired eigenvalues occur, the minimum of the 

function is still found, the problem is not within the algorithm but within the cost 

function, we can conclude that if the pairing is not correct, then the minimum of the 

cost function shall not be zero and thus the frequency responses will not match. 

Criteria number 1 is another way of knowing when the algorithm finds a stationary 

point, and makes the loop stop when the steps ∆𝑚 taken towards the minimum 

become very small. In our case, this means that the matrices change very little at each 

iteration. We shall use this criteria for our algorithm with a value of 휀1 ≈ 10−4, 

therefore stopping the search when: √∆𝑚𝑇∆𝑚 < 10−4  
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The value of 휀1is chosen from close study of coupling matrices and their frequency 

responses. Coupling values have 3 significant decimal figures, the fourth decimal digit 

means scarcely anything. Two matrices with an error difference of then-thousandths 

have the same frequency response. A similar thinking provides a proper value for 휀2, 

since the cost function has close relation to the coupling matrices and squared 

coupling values, then it is easily thought that:  휀2 ≈ 휀1
2 

These two were used in the implementation of the algorithm we have run the 

simulations with. Both are similar in a way that both could happen at the same time, 

we have used both at the same time but using only one of them would suffice.  

 

PSEUDOCODE 

Input parameters of the function are 𝑀𝑖𝑛𝑖𝑡 and �̂�𝑜, the latest can be obtained from 

any canonical coupling matrix that represents the circuit and its full-wave analysis 

frequency response. 𝑀𝑖𝑛𝑖𝑡 can be any matrix in the form of the desired topology. 

{1}  𝐴𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 2 

{2} 𝑀𝑘 = 𝑀𝑖𝑛𝑖𝑡 𝑓𝑜𝑟 𝑘 = 0; for every iteration, the Jacobi 𝐽 and the three sets of 

eigenvalues �̂� are calculated as explained in section 3.2 from the current matrix 𝑀𝑘. 

{3} Following the results of eq. (5) in section 3.1:        𝐶𝑘 = (�̂�𝑘 − �̂�𝑜)
𝑇

(�̂�𝑘 − �̂�𝑜)   

∇𝑓(𝑀𝑘) = 𝑓𝑘 = 2𝐽𝑘
𝑇(�̂�𝑘 − �̂�𝑜),           𝐻𝑘 =  2𝐽𝑘

𝑇𝐽𝑘 , the gradient was named 𝑓 here to 

agree with the notation used in Matlab to solve eq. (6) and (9) in sections 3.1 and 3.3 

𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝟑. 𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 

𝑏𝑒𝑔𝑖𝑛:  

 ∆0 =  𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑡𝑟𝑢𝑠𝑡 𝑟𝑒𝑔𝑖𝑜𝑛 𝑟𝑎𝑑𝑖𝑢𝑠                                                                                               {1} 

 𝑘 = 0 

 𝑤ℎ𝑖𝑙𝑒: 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑒  &  𝑘 < 𝑘𝑚𝑎𝑥 

  [ 𝐽𝑘, �̂�𝑘] = 𝐽 𝑎𝑛𝑑 �̂� 𝑜𝑓 𝑀𝑘                                                                                                   {2}                                

  [𝐻𝑘, 𝑓𝑘, 𝐶𝑘] → 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝐶                                                         {3} 

  ∆𝑚𝑘 = min ∆𝑚  𝑜𝑓 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑟𝑖𝑐 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑤𝑖𝑡ℎ𝑖𝑛 𝑡ℎ𝑒 𝑡𝑟𝑢𝑠𝑡 𝑟𝑒𝑔𝑖𝑜𝑛         {4}   

  𝑀𝑘+1 = 𝑀𝑘 + ∆𝑚𝑘                                                                                                              {5} 

  𝑖𝑓 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑜𝑝𝑝𝑖𝑛𝑔 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑎 𝑜𝑐𝑐𝑢𝑟𝑠 → 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑒 = 𝑓𝑎𝑙𝑠𝑒                           {6} 

  ∆𝑘+1= 𝑢𝑝𝑑𝑎𝑡𝑒 ∆                                                                                                                  {7} 

 𝑒𝑛𝑑 

𝑒𝑛𝑑  
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{4} ∆𝑘= ∆0 𝑓𝑜𝑟 𝑘 = 0. This line must solve the problem depicted in eq. (6) and (9) 

of the previous subsections. The 

implementation takes advantage of the 

Matlab function 𝑞𝑢𝑎𝑑𝑝𝑟𝑜𝑔( ) which 

solves the problem: 

According to Matlab documentation, the correct use of this function is: 

𝑞𝑢𝑎𝑑𝑝𝑟𝑜𝑔(𝐻𝑘, 𝑓𝑘, [ ], [ ], [ ], [ ], −∆𝑘, ∆𝑘) 

Where each [ ] represents a vector that imposes additional restrictions not 

considered here. See [12] for more information. Any other way to solve for the 

minimum ∆𝑚 within the trust region radius is also effective. 

{5} Each of the elements in the one-column vector of increments must be applied 

to its corresponding 𝑀𝑖𝑗 and 𝑀𝑗𝑖.  

Furthermore, 𝐶𝑘+1 must be calculated. If for any reason, the cost function was not 

decreased, then this step must be undone. 

{6} Stopping criteria 1 was defined as:   √∆𝑚𝑇∆𝑚 < 휀1 = 10−4 ; and stopping 

criteria 2 as:    𝐶𝑘 − 𝐶𝑘+1 < 휀2 = 10−8 

{7} 𝐴𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 1 

 

Because we have not included a pairing algorithm so far, it could happen that an 

ascending order in both �̂� and �̂�𝑜 is not enough. For most simulations run, this set-up 

was enough to have the three sets of eigenvalues perfectly paired, but sometimes the 

random matrix used as starting point had a disposition of eigenvalues that could not 

be paired in this order, and the algorithm found a minimizer that was not zero but 

some value of 𝐶~1 and thus the frequency responses were somewhat similar but did 

not match. The likelihood of not being able to find a proper solution and thus needing 

a pairing algorithm increases when having circuits with many coupled resonators and 

coupling matrices of very big dimensions, it also increases with highly complex circuits 

such as diplexers. The issues of the pairing algorithm will be farther discussed later and 

a method to solve the problem will be outlined. The method proposed later was not 

implemented due to time and complexity of the final project. 
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4. RESULTS 
To test the effectiveness of our algorithm we have taken a few examples from [5] 

and [8] that will be used as objective coupling matrices, in these references it is given 

the coupling matrix, frequency response and topology of the circuits. The procedure of 

the tests are as follows: first we take the matrix of the example and draw the 

frequency response of the circuit used as example and objective function. Then we 

create a brand new random matrix with the topology given by the example, this new 

matrix 𝑀𝑖𝑛𝑖𝑡 is the starting point in the algorithm. Last, we run the algorithm which will 

change the couplings in 𝑀𝑖𝑛𝑖𝑡 until the three sets of eigenvalues (and as a consequence 

the poles, transmission and reflection zeroes) are equal to those of the example, 

having the same frequency response as well. 

 

For the first example we have used a circuit in [8], with the following coupling 

matrix:  

 

The corresponding frequency response is drawn in figures 1 and 2 in red line. The 

previous matrix is transformed to a transversal coupling matrix and the three sets of 

eigenvalues are obtained, creating the vector �̂�𝑜. We then create a random matrix with 

the topology of the one above (topology of the desired circuit). The random matrix for 

the example given is below. Manu simulations were run with different random 

matrices, the matrix shown below and the pictures of the process (figures 1-2) are only 

the results to one of the simulations, most simulations achieved the purpose of the 

algorithm which is reaching a cost function value of zero. For the results here, we 

compared the final matrix obtained to the one above and proved them to be similar if 

not equal. Note that a column and row may be multiplied by a negative sign without 

having any effects on the frequency response nor the eigenvalues of poles and zeroes. 

Also note that �̂�𝑜 can be acquired from the coupling matrix in any of its equivalent 

versions, transversal, arrow or original form such as the one presented above, any of 

them produce the same vector �̂�𝑜 since the order of eigenvalues does not change.  

The starting coupling matrix is a symmetrical matrix with random coupling values 

and in the desired topology. The cost function has a value of 𝑪 = 𝟕. 𝟎𝟕𝟕𝟒 ∙ 𝟏𝟎𝟑 at the 

beginning of the process and the algorithm is able to reach a cost function value of 

𝑪 = 𝟑 ∙ 𝟏𝟎−𝟏𝟎 in 15 iterations. Figures 1 and 2 show the development of the system 

response through the process at different checkpoints. The first checkpoint is the 
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starting point, the very beginning of the process. The second is the frequency response 

of the system after iteration number 3, and has a cost function value 𝐶 = 54, the third 

and fourth checkpoints correspond to the 9th iteration and the 12th iteration with cost 

function values of 𝐶 = 2.4 and 𝐶 = 0.1107 respectively.  

Figure 1a 

Figure 1b 
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The results for the S11 parameters are equal to those of the S22 parameters (figures 

1a through 1d). It is seen how the frequency response converges and becomes more 

and more similar to the desired one as the cost function value decreases. 

Each figure includes three plots, one of them is the objective function, included in 

every figure so that we can compare the current stage to our goal. The two other plots 

are a checkpoint during the process and the next checkpoint, so we can actually 

compare the evolution happening among checkpoints. The plot of a checkpoint in one 

figure keeps its color in the next in order to help the reader identify each plot. 

Figure 1c 

Figure 1d 
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Figure 2b 

Figure 2a 

Figure 2c 
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The results for the S21 parameters are shown in figures 2a through 2d. It is seen 

how the frequency response converges and becomes more and more similar to the 

desired one as the cost function value decreases. 

In both figure 1d and 2d the optimized function matches the objective. The cost 

function was 𝐶 ≈ 0. The final matrix obtained is almost the same as the one desired. 

The following matrices show the coupling matrix obtained by the algorithm and the 

error difference between the resulting coupling matrix and the objective one used as 

example.  

 

It is important to understand that the minimizer of the cost function is zero, when 

a minimizer of zero is reached, the frequency responses are alike. In this example zero 

means around 10−10. From figures 1d and 2d we can see that the 4th checkpoint at 

iteration number 12 still has a big value of 𝐶. 𝐶 =  0.1107 relates to a frequency 

response that is yet to be improved, in figure 2d the response is similar to the goal but 

S11 parameters differ way too much to let this be a valid result. 

Figure 2d 
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The error in the matrices was calculated as |𝑀0| − |𝑀𝑟𝑒𝑠𝑢𝑙𝑡| where the absolute 

value of the matrices was used to take into account the fact that multiplying a column 

and a row by a negative sign keeps the system unchanged. We can state from the 

following matrix that the matrix obtained is exactly as we wanted. 

 

For the previous example, we created a random matrix and allowed high coupling 

values of up to 20 and over 5 most of them. This resulted in a very high initial cost 

function value of 𝐶 > 103, since coupling values are usually around 1. |𝑴𝒊𝒋 |~𝟏.  

It is obvious that the algorithm would have faster convergence if the starting point 

is somehow closer to the solution, hence we shall use random matrices with lower 

coefficients and around an absolute value of one. To prove that the algorithm needs 

fewer iterations if the starting point is a random matrix with lower values we have run 

the algorithm for 1500 high-value-random-matrices and as many for low-value-

random-matrices. Because a pairing algorithm has not been included yet, the 

probability of having a matrix out 

of the 1500 with a vector �̂� that 

was not paired to �̂�𝑜 increases, 

for this reason, we removed the 

results when the cost function at 

the end of the algorithm was: 

𝐶 < 10−6. Figure 3 shows a 

histogram of the simulations run. 

Figure 3a shows the values of 𝐶 

at the beginning, when the 

random coupling matrix is 

created, figure 3b shows the 

number of iterations needed. 

Out of the 1500 matrices used in 

each example 1320 were 

correctly paired and used for the 

histogram of the high-value-

random-matrices and 1304 for 

low-value-random-

matrices. 
Figure 3a 
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For low-value-random-

matrices the most of the 

initial cost function values are 

around 10, while for high-

value-random-matrices they 

are around values of 4 ∙ 103. 

The number of iterations 

needed in each case vary from 

9 to 22 in most cases for high 

matrices and from 18 to 30 

for low matrices. 

But why do we spend 

time creating a random 

coupling matrix? It has been 

proved that lower values in 

𝑀𝑖𝑛𝑖𝑡 find the solution faster, 

so we could just use a 

topology matrix with all 

couplings set to one (low 

enough) as 𝑀𝑖𝑛𝑖𝑡. This spares 

the time to create a random 

matrix. For the second example given in this section, used a topology matrix as the 

starting point. However, for our lack of pairing algorithm, this might not be a suitable 

option for most systems, the one used in example 2 was nonetheless suitable and a 

proper solution could be found.  If 𝑀𝑖𝑛𝑖𝑡 is a topology matrix, 𝐶𝑖𝑛𝑖𝑡 ~ 15. 

 

The second example uses a coupling matrix in [5], the system represents a dual-

band symmetric filter. The coupling matrix is given in [5. Figure 25]. We have increased 

considerably the complexity, doubling the number of coupled resonators in the circuit; 

the previous example had 7𝑥7 matrices whereas now we make use of 12𝑥12 matrices.  

Figure 3b 
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We now begin the 

process of optimization 

with the matrix on the 

right, a symmetrical 

matrix that shows the 

desired topology. The cost 

function has a value 

of 𝑪 = 𝟏𝟓. 𝟏𝟕𝟏𝟗 at the 

beginning of the process 

and the algorithm is able 

to reach a cost function value of 𝑪 = 𝟓 ∙ 𝟏𝟎−𝟖 in 15 iterations. Figures 4 and 5 show 

the development of the system response through the process at different checkpoints. 

The first checkpoint is the starting point, the very beginning of the process. The second 

is the frequency response of the system after iteration number 7, and has a cost 

function value 𝐶 = 0.0312, the third and fourth checkpoints correspond to the 10th 

and 12th iterations with cost function values of 𝐶 = 0.003 and 𝐶 = 3 ∙ 10−4 

respectively.  

Every checkpoint has small function values that could be mistaken to be near zero 

or near the minimizer, in truth those values are still large for the scope of study. Pay 

special attention to checkpoints 3 and 4, in which the frequency responses are still 

very different when compared to the objective system. Yet, despite being big values 

the frequency responses are starting to look a tad like the target, they already have a 

similar bandpass and bandstop. Also, the three last checkpoints reduce the cost 

function by one order of magnitude and it is beautifully seen how the zeroes move 

toward their final position.  

Figure 4a 
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Figure 4b 

Figure 4d 

Figure 4c 
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Figure 1d shows how close the optimization has got at checkpoint 4, and shows 

how it still needs to come closer even though 𝐶 = 3 ∙ 10−4. The same can be seen for 

S22 in figure 2d. 

The plots and colors for figures 4 and 5 are similar to those used in figures 1 and 2 

for the first example.  

Figure 5a 

Figure 5b 
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It has been proved that using a topology matrix as the starting point also leads to a 

proper solution of the problem. Final matrix obtained by this simulation is not quite 

the same as the one given in [5], which is 𝑀0in the current example. 𝑀𝑟𝑒𝑠𝑢𝑙𝑡 has some 

columns and rows changed in comparison to 𝑀0, in normal matrices this may mean a 

change of the zero positions as well, switching a zero on the left to the right of the 

Figure 5c 

Figure 5d 
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center frequency. The example given is a dual symmetric filter, so zeroes can switch 

sides without letting us know about it.  

The following matrix 𝑀𝑟𝑒𝑠𝑢𝑙𝑡 has switched rows and columns 1 through 5 with 

rows and columns 6 through 10 with respect to 𝑀0 

 

Finally, the values of the coupling vary from 𝑀𝑟𝑒𝑠𝑢𝑙𝑡 to 𝑀0 by a ten-thousandth for 

some 𝑀𝑖𝑗. This is a very useful result, for it proves that minor changes in the coupling 

values under a thousandth mean no significant changes in the circuit nor its frequency 

response. Figure 6 shows a bigger plot in which the likeness of S11 and S22 parameters 

can be more clearly perceived.  

Figure 6 
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5. PAIRING ISSUES AND SOLVING  

5.1 Issues 
At some points throughout previous sections it was stated that eigenvalues ought 

to be correctly paired. In this section, we will look at what happens when eigenvalues 

are not correctly paired and test a proposed solution.  

For the current optimization algorithm, the cost function compared the objective 

eigenvalues with the eigenvalues of a Matrix undergoing the optimization process. 

These eigenvalues were arranged in ascending order, or directly by Matlab’s outcome 

order (which is usually ascending). As seen, this usually works but can result in pairing 

issues even for few resonator filters.   

Imagine we start our optimization process with a random matrix with coupling 

values representing the desired topology. Imagine also that the resulting matrix should 

have an eigenvalue 𝜆𝑖0 = 3 that is mainly determined by the first 3 columns and rows 

of the coupling matrix (this may happen for instance when the first 3 resonators of the 

filter are in charge of creating a transmission zero). Another eigenvalue 𝜆𝑘0 = 2 is 

created by columns and rows 5 to 7. 

In �̂�0, these two eigenvalues would be ordered in ascending manner. If, the first 2 

rows and columns of the starting coupling matrix 𝑀 create an eigenvalue of 𝜆𝑖 = 2.9 

and the other an eigenvalue 𝜆𝑘 = 2.2, then the optimization process compares 2.2 to 

2 and 2.9 to 3, thus having these eigenvalues correctly paired.  

However, if 𝑀 creates an eigenvalue of 𝜆𝑖 = 2.2 and another eigenvalue 𝜆𝑘 = 2.9, 

then the comparison made would be 𝜆𝑖 with 𝜆𝑘0 and 𝜆𝑘 with 𝜆𝑖0. This might not mean 

a problem if the three resonators of the structure can create either zero, as happens 

for the symmetric case in section 4 (𝑀𝑟𝑒𝑠𝑢𝑙𝑡 in between figures 5 and 6). But it may 

happen that one zero can only be realized by some resonators within the structure in 

which case the optimization algorithm would not be able to reach a proper solution.  

The second part of the tests run in section 4 (example circuit from [5]) used a 

topology matrix as the starting point. In figure 1 it is depicted the results of the 

optimization of the example filter in [8] when using a topology matrix as the starting 

point. In this case, the solution cannot be reached. This is because the optimization 

process is forcing some eigenvalues to reach certain values that can only be reached by 

other eigenvalues. The comparison of eigenvalues is wrong and a pairing algorithm is 

needed.  

Figure 2 shows the three sets of eigenvalues of both 𝑀0 and 𝑀, the path that the 

eigenvalues take during the optimization process, the path that the proposed pairing 

algorithm (explained in subsection 5.2) has taken to correctly pair the eigenvalues, and 

finally figure 2 shows as well the correct pairing and proper comparison needed. 
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Figure 1 depicts 𝑆11 and 𝑆21 parameters, showing how the solution could not be 

reached. Pink lines represent the starting point and the blue dashed lines the outcome 

of the optimization process. The algorithm is not able to go any further since there are 

eigenvalue mispairings. The final cost function value reached is 𝐶 = 0.0753 after 17 

steps. 

 

 

Figure 1 
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As will be explained in section 5.2, the pairing algorithm uses coupling matrices 

obtained from 𝑆 parameters instead of 𝑌 parameters as has been done in previous 

sections. The optimization algorithm stays the same, but now everything can have 

complex values instead of only real values (eigenvalues, poles and zeroes are now 

presented on the complex plane ℂ). Matrices are transformed from 𝑌 to 𝑆 coupling 

matrices, but topologies and properties are always kept untouched, this is done 

because complex eigenvalues are much easier to pair with each other, since real 

eigenvalues would cross paths making it easier to mistake one another.  

The following pictures depict the evolution of the eigenvalues through the pairing 

process and through the optimization process. Red crosses represent the starting point 

(eigenvalues of the initial matrix), red squares the objective eigenvalues. Blue and 

green crosses are eigenvalues and the approximation through derivatives of the 

eigenvalues at each iteration of the pairing algorithm (𝐺𝑟𝑒𝑒𝑛 ≈ �̂� +  ∆�̂� = �̂� + 𝐽∆𝑚). 

Finally, the black crosses are the evolution of eigenvalues through the optimization 

process. Note that the optimization process for this experiment took 17 steps, 

however, black crosses sum more than 17 for each eigenvalue, crosses in between 

were interpolated so that its paths were more easily described. 

The red lines connect initial and objective eigenvalues, denoting the pairing 

achieved. 

𝑀0 eigenvalues (crosses) 

𝑀𝑖𝑛𝑖𝑡 eigenvalues (squares) 

Proper pairing between 𝑀0 

and 𝑀𝑖𝑛𝑖𝑡  

Eigenvalues at each iteration 

Approximated eigenvalues at 

each iteration 

Evolution of eigenvalues 

through optimization process 

 

 

Figure 2 a) Complete matrix eigenvalues 𝜆 
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Figure 2 b) Upper matrix eigenvalues 𝜆𝑢 

𝑀0 eigenvalues (crosses) 

𝑀𝑖𝑛𝑖𝑡 eigenvalues (squares) 

Proper pairing between 𝑀0 

and 𝑀𝑖𝑛𝑖𝑡  

Eigenvalues at each iteration 

Approximated eigenvalues at 

each iteration 

Evolution of eigenvalues 

through optimization process 

 

 

𝑀0 eigenvalues (crosses) 

𝑀𝑖𝑛𝑖𝑡 eigenvalues (squares) 

Proper pairing between 𝑀0 

and 𝑀𝑖𝑛𝑖𝑡  

Eigenvalues at each iteration 

Approximated eigenvalues at 

each iteration 

Evolution of eigenvalues 

through optimization process 

 

 

Figure 2 c) Lower matrix eigenvalues 𝜆𝑙 
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From figure 2b we can observe how the optimization process paired eigenvalues 

incorrectly, thus not being able to force some 𝜆𝑖𝑛𝑖𝑡 towards 𝜆0. By zooming into figure 

2a, or from any of the other figures, it can be proven that the mismatch at �̂�𝑢𝑝𝑝𝑒𝑟 

affects the whole structure, since other eigenvalues that were correctly paired headed 

towards its final solution but could not reach it sometimes, concluding that a single 

mispairing may enough to cause a complete failure of the optimization process. 

The bottommost eigenvalues of figures 2a and 2b are incorrectly paired, since 

those should have head upwards. Without a pairing algorithm, eigenvalues of the 

initial matrix are compared to the closest eigenvalue of the objective matrix. 

The pairing of eigenvalues does not have a unique solution, there may be many 

different pairings for which a solution can be found. Without a pairing algorithm, the 

comparison order is made at random, as seen in the results section, a proper solution 

is found for most times, this does not mean that the random pairing was the same as 

the pairing algorithm would yield, on the contrary, most times the comparison made 

was mispaired, but the pairing also allowed the optimization to converge.  

Figure 3 depicts the evolution of eigenvalues for the first example presented in 

section 4, whose S parameters are depicted in Section 4, figures 1 and 2.  

Figure 3a Complete matrix eigenvalues 

𝑀0 eigenvalues (crosses) 

𝑀𝑖𝑛𝑖𝑡 eigenvalues (squares) 

Proper pairing between 𝑀0 

and 𝑀𝑖𝑛𝑖𝑡 (straight line) 

Eigenvalues at each iteration 

Approximated eigenvalues at 

each iteration 

Evolution of eigenvalues 

through optimization process 
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In figure 3 it is depicted a proper 

pairing obtained by means of the pairing 

algorithm proposed later. It is also depicted 

the actual path that eigenvalues undertake 

until the solution is reached. As we can see, 

the cost function was created by comparing 

eigenvalues in a different manner than that 

proposed by the pairing algorithm.  

Although the optimization process 

works properly most times without 

considering the pairing problem, the 

likelihood of having problems due to mispairings increases with filter dimensions, so a 

pairing algorithm is needed to have a robust designing tool. 

 

5.2 Pairing Algorithm 
The coupling matrices used throughout the whole text were derived from 𝑌 

parameters, they had real coupling values and real eigenvalues as well as real poles 

and zeroes. However, 𝑆 parameters are widely used because they provide information 

more closely related to the performance of the filter, furthermore, 𝑆 parameters’ 

eigenvalues, poles and zeroes are complex and are represented on the complex 

plane ℂ. For this reason, the pairing algorithm proposed is based on 𝑆 parameter 

coupling matrices. 

Before running the optimization algorithm, we must transform our matrices to the 

arrow canonical form, and then run the pairing algorithm. Finally, the optimization 

process is run over 𝑆 parameter coupling matrices. The pairing algorithm sets the 

correct arrangement of 𝑀𝑖𝑛𝑖𝑡’s eigenvalues so that they are compared to the proper 

eigenvalue of 𝑀0.  

The pairing algorithm must yield the arrangement of �̂�𝑖𝑛𝑖𝑡 that allows the 

optimization process to force �̂�𝑖𝑛𝑖𝑡 into �̂�0. There may exist many valid �̂�𝑖𝑛𝑖𝑡 

arrangements, nevertheless, we are looking for a method that finds the proper 

eigenvalue disposition for any given topology. To guarantee this, we need to have 

some information on which resonators take part in creating each pole or zero, for this 

reason, we make use of the canonical arrow coupling matrix form seen in section 2.2, 

for this canonical topology can be easily obtained by means of similarity transforms 

and its in-line structure with each resonator connected to straight to the load contains 

resonator order information. By applying the pairing algorithm over these canonical 

matrices we will always obtain a correct �̂�𝑖𝑛𝑖𝑡 arrangement. The idea is to have both 

matrices 𝑀0 and 𝑀𝑖𝑛𝑖𝑡 transformed into their arrow canonical forms through already 

known similarity transforms, and then linearly change 𝑀𝑖𝑛𝑖𝑡’s couplings towards 𝑀0’s 

values (or the other way around) and observe how the eigenvalues evolve to 

determine which eigenvalue �̂�𝑖𝑛𝑖𝑡 of 𝑀𝑖𝑛𝑖𝑡 goes with each �̂�0. 

Figure 3b Upper matrix eigenvalues 
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{1} Coupling matrices are transformed into the 𝑆 parameter coupling matrices 

domain and then into their arrow form. 

{2} ∆𝑚 = (𝑀0𝑎𝑟𝑟𝑜𝑤
− 𝑀𝑖𝑛𝑖𝑡𝑎𝑟𝑟𝑜𝑤

 )/𝑛𝑠𝑡𝑒𝑝𝑠, the number of steps can be chosen in 

advanced, but here we implemented a method that determines the number of steps 

so that the maximum ∆𝑚 occurs in steps of ∆𝑚𝑚𝑎𝑥 = 0.05, which happens to be a fair 

enough trade-off between the number of steps and the distance ‖�̂�𝑘 −  �̂�𝑘−1‖ 

{3} Each iteration increases coupling values in a linear way towards 𝑁0’s coupling 

values. For the last iteration 𝑀𝑘 = 𝑀0, and for the first iteration  𝑀𝑘−1 = 𝑀𝑖𝑛𝑖𝑡 

{4} At each step, the one-column vector �̂�𝑘 is reordered to match the previous 

vector �̂�𝑘−1 so that at the end of the loop, �̂�𝑖𝑛𝑖𝑡 is paired to �̂�0. For this 

implementation, this is done by taking into account both distances ‖�̂�𝑘 −  �̂�𝑘−1‖ 

and ‖�̂�𝑘 −  �̂�𝑘𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒𝑑
‖ in each iteration. 

There are some minor improvements in the optimization algorithm now, it must 

include eigenvalue tracking, so that the new eigenvalues calculated at each iteration 

are kept in the correct order. This is done by running the pairing algorithm at small 

scale within the optimization process. Algorithm 2 in section 3.3 and algorithm 3 in 

section 3.4 must now include eigenvalue tracking mechanisms to guarantee correctly 

ordered eigenvalue sets at each iteration.  

 {𝑋} Similar to algorithm 4 at small scale to determine �̂�𝑘𝑟 with its corresponding 

reordering of 𝐽𝑘 into 𝐽𝑘𝑟.  

𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎𝒔 𝟐 𝒂𝒏𝒅 𝟑 𝑃𝑎𝑖𝑟𝑖𝑛𝑔 𝑎𝑑𝑗𝑢𝑠𝑡𝑚𝑒𝑛𝑡𝑠 

[ 𝐽𝑘, �̂�𝑘] = 𝐽 𝑎𝑛𝑑 �̂� 𝑜𝑓 𝑀𝑘                                                                                                              {2}  

[ 𝐽𝑘𝑟 , �̂�𝑘𝑟] = 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 [ 𝐽𝑘, �̂�𝑘]                                                                                   {𝑋}                               

 [𝐻𝑘𝑟 , 𝑓𝑘𝑟 , 𝐶𝑘𝑟] → 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝐶                                                                {3} 

𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝟒. 𝑃𝑎𝑖𝑟𝑖𝑛𝑔 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 

𝑏𝑒𝑔𝑖𝑛:  

𝑀0_𝑎𝑟𝑟𝑜𝑤 , 𝑀𝑖𝑛𝑖𝑡_𝑎𝑟𝑟𝑜𝑤 → 𝑀0 𝑎𝑛𝑑 𝑀𝑖𝑛𝑖𝑡 𝑡𝑜 𝑎𝑟𝑟𝑜𝑤 𝑆 𝑐𝑜𝑢𝑝𝑙𝑖𝑛𝑔 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠                            {1} 

∆𝑚, 𝑛, �̂�𝑖𝑛𝑖𝑡  → 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑡𝑒𝑝𝑠, 𝑠𝑡𝑒𝑝 𝑙𝑒𝑛𝑔𝑡ℎ 𝑎𝑛𝑑 �̂�𝑖𝑛𝑖𝑡                                                       {2}  

 𝑓𝑜𝑟 𝑛 𝑠𝑡𝑒𝑝𝑠  

  𝑀𝑘 = 𝑀𝑘−1 + ∆𝑚                                                                                                                {3} 

  𝑃𝑎𝑖𝑟𝑖𝑛𝑔 𝑜𝑓 �̂�𝑘 𝑡𝑜 �̂�𝑘−1                                                                                                       {4}  

 𝑒𝑛𝑑 

𝑒𝑛𝑑  
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6. FUTURE ADVANCES AND APPLICATIONS 

6.1 A more powerful pairing algorithm  
The implementation of a more powerful pairing algorithm, faster algorithms that 

find the solution in fewer iterations by using interpolation or trust region methods. 

Similar to what was done in the optimization process, a trust-region-like algorithm can 

be implemented to reduce the number of iterations needed to find the solution, 

increasing or decreasing the steps ∆𝑚 taken in the linear pairing algorithm procedure 

in agreement with the error of the approximated eigenvalues. Other methods for 

eigenvalue tracking within the optimization process should also be designed to speed 

up the convergence of the optimization algorithm. 

 

6.2 Diplexers 
Run the algorithm for diplexers, the complexity of the circuit increases since there 

are not only two ports anymore, two-port filtering circuits had Source and Load which 

increases the dimensions of the matrices by 2, having coupling matrices of the form 

ℳ𝑛 𝑥 𝑛 = ℳ𝑁+2 𝑥 𝑁+2 , where 𝑁 is the number of coupled resonators in the design.  

A diplexer is a multiport filter with usually one Source and more than one Load. 

They can be seen as a junction of filters that share a common source. The S parameters 

become matrices of more than four elements and the Cost function must be 

restructured to include the properties of circuits connecting each Load with the 

common Source. 

Working with diplexers increases tremendously the size of �̂� and �̂�𝑜, and they 

usually include a great number of coupled resonators, for they sum in one the number 

of resonators that each filter has separately. For this reasons, diplexers need a pairing 

algorithm that does not ever fail to succeed. 

 

6.3 Residual couplings analysis 
Some filter layouts may present residual couplings among resonators when 

electromagnetic phenomena is properly described. This is sometimes revealed when 

testing a fabricated filter. Imagine a filter has been designed and a prototype been 

manufactured, the filter is likely to present a rather different performance than that of 

the design. After much thinking, we realize that residual couplings must occur among 

resonators, couplings that had not been previously taken into account. The filter’s 

topology is now changed, since non-zero couplings are actually not zero. We can then 

use this optimization process allowing the new mentioned couplings to determine the 

new resonator and inter-resonator couplings that produce the desired performance. 

The solution in this case is very close to the starting point and thereby likely to need 

not a pairing algorithm.  
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7. CONCLUSION 
An introduction to modern filter design techniques was presented, along with the 

coupling matrix presented by Cameron in the late 90s. The limitations on design 

through similarity transforms were explained and latest an algorithm for coupling 

matrix identification by means of a quadratic programming problem presented. The 

quadratic programming problem based on optimization of a convex norm function is 

capable of finding the coupling matrix of a filter in any given topology only knowing in 

advance its desired topology and frequency performance specifications. 

While testing the optimization process presented we found an issue related to the 

eigenvalues (which somehow represent poles and both transmission and reflection 

zeroes of the structure) arrangement when creating the cost function of the 

optimization problem. This resulting in mispairings which were dealt with by proposing 

a solution to this problem.  

This is a powerful design tool that reaches the solution in around 15 to 30 

iterations, with not much computational cost due to the way in which Jacobi matrices 

are obtained. The eigenvalue perturbation method was thereby very useful for the 

implementation of this algorithm. The method can be used for many purposes, from 

filter design from scratch to filter tuning and improvement of characteristics after a 

prototype has been fabricated or even avoiding or reducing the number of long time 

consuming full-wave analyses of the filter. 

Finally, an outline of a pairing algorithm was presented which enhances the whole 

process and enables it to work on multiport systems. 
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