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A B S T R A C T. 

The impact of the current nuclear data library covariances such as in ENDF/B-VII.1, 
JEFF- 3.2, JENDL-4.0, SCALE and TENDL, for relevant current reactors is presented in this 
work. The uncertainties due to nuclear data are calculated for existing P\.VR and BWR fuel 
assemblies (with burn-up up to 40 GWd/tHM, followed by 10 years of cooling time) and for a 
simplified PWR full core model (without burn-up) for quantities such as k∞, macroscopic 
cross sections, pin power or isotope inventory. In this work, the method of propagation of 
uncertainties is based on random sampling of nuclear data, either from covariance files or 
directly from basic parameters. Additionally, possible biases on calculated quantities are 
investigated such as the self-shielding treatment. Different calculation schemes are used, 
based on CASMO, SCALE, DRAGON, MCNP or FISPACT-11, thus simulating real-life 
assignments for technical-support organizations. The outcome of such a study is a comparison 
of uncertainties with two consequences. One: although this study is not expected to lead to 
similar results between the involved calculation schemes, it provides an insight on what can 
happen when calculating uncertainties and allows to give some perspectives on the range of 
validity on these uncertainties. Two: it allows to dress a picture of the state of the 
knowledge as of today, using existing nuclear data library covariances and current methods. 
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I. INTRODUCTION

The simulation of the neutronic behavior of a reactor
core is crucial for its safety. It intervenes at each stage
of the life of a reactor: design, loading core licensing,
cycle calculations, and dismantling. It also influences
the fate of irradiated fuel: design, burn-up, transport,
eventually reprocessing and finally storage. At the start
of these simulations are the nuclear data (e.g. micro-
scopic cross sections, angular and energy distributions
for emitted particles, fission yields), and also their degree
of knowledge (uncertainties, or covariances). One of the
recurrent question is “how important are nowadays the
nuclear data ?” In other terms: are they known enough,
or do we (still) need to improve their precision with new
measurements or new theoretical models. The answer is
certainly not simple and depends on the field of applica-
tion. For instance it is widely accepted that capture cross
sections have an important impact in astrophysics (see for
instance Ref. [1]). But the isotopes involved for such cal-
culations may not exist in nuclear energy applications.
Also, specific (p,n) cross sections are of high importance
for the production of new positron emission tomography
(PET) tracers [2]; these reactions are nevertheless not
common in energy applications. As a final example out-
side nuclear energy applications, neutron-induced single
event effects in modern microelectronics can have a large
impact for planes, space shuttles and the International
Space Station, but the neutron energy range for damage
is often above 10 MeV [3].

In nuclear energy applications the question of the rel-
evance of nuclear data needs to be answered in unequiv-
ocal terms for the safety of nuclear operations: yes the
knowledge of nuclear data is enough for the usual opera-
tions of current nuclear reactors; and no it is not enough
for their simulations outside the very restrictive limits re-
lated to their normal use. This apparent contradiction is
based on the fact that the drive by experience is more
reliable than the drive by fundamental understanding for
thermal reactors. Additionally, the simulation tools have
often been adjusted to achieve good performances in their
validation limits, for instance by using adjusted nuclear
data libraries. The consequence is that it becomes diffi-
cult to predict system behaviors with enough accuracy in
the following areas:

• Outside the usual reactor operations,

• In typical fuel inventory,

• In local power distribution in the core,

• In dosimetry and neutron source predictions,

• In ex-core calculations,

• Outside neutronics code applicability (e.g. new re-
actor designs),

• Improvement of safety margins for cost reduction,



• Higher fuel burn-up.

For additional information, the following references can
be read as examples of some simulations compared to ex-
periments: [4–6]. The improvement of predictions in the
above fields does not automatically imply a nuclear data
improvement. If the propagation of nuclear data uncer-
tainty certainly indicates the need of better basic nuclear
data measurements and theories, two other aspects can
be improved: (1) better handling of nuclear data with
improved processing codes, and (2) improvement of simu-
lations by using more exact transport and solver systems.
If these two points are not the subject of this paper, they
should still be mentioned for completeness:

1. So-called “processing” of nuclear data allows to pro-
vide ready-to-use sets of data for simulations. The
fact that the vast majority (with the exception of
the AMPX code [7]) of such processing systems
rely on (parts of) a single code such as NJOY [8]
does not follow the principle of redundancy, often
mandatory in nuclear environments. There is a
very little significance for funding agencies to bet-
ter measure quantities that NJOY can not handle,
even if they can improve simulations (e.g. fission
neutron emission as a function of fragment mass).

2. Neutronics simulation codes (transport, depletion,
activation) as used as reference in the nuclear in-
dustry are often designed to compensate existing
nuclear data inaccuracy. Such codes can therefore
poorly handle “more correct” nuclear data as they
will then provide deteriorated C/E ratios (calcula-
tion over experiment ratios). But it should be no-
ticed that Monte Carlo reference calculations can
nowadays be used for the estimation of numerical
biases.

Once we are aware of the current limitations of the cal-
culation capabilities, it is however important to assess to
which degree of accuracy such important quantities as
nuclear data can provide. This is the first goal of this pa-
per: presenting in a single study calculated uncertainties
due to nuclear data for relevant systems in nuclear energy
production. To fulfill this goal, different institutes agreed
to participate, with their own method and database (see
Sec. II A for the different definitions of methods). The
only common points in these studies are (a) the systems
(see Sec. II B) and (b) the quantities to calculate (see
Sec. II C).

Such an approach is definitively different compared to
the Expert Group on Uncertainty Analysis in Modelling
(UAM [9]). Here, because the libraries (both for nominal
values and for covariances) are different, the calculated
uncertainties can not be the same (see Sec. IV for re-
sults). The use of recommended covariance libraries is
very convenient for the comparison and understanding of
the various results, but it also restricts the possible spread
of calculated responses due to the differences in the vari-
ous covariance data libraries available. This difference of

approach allows to simulate what happens in “real-life”
assignments, where systems uncertainties are provided to
another party. This is the second goal of this paper: pro-
viding a perspective on the relevance of uncertainties due
to nuclear data, because the uncertainties due to nuclear
data might not only be contained in its covariance files.

Finally, for nuclear simulations at the assembly or core
level, nuclear data are not the only source of uncertain-
ties. Even if it is not the main subject of this paper, a
few indications are provided in Sec. IV I and IVJ for the
other potential effects on calculated quantities.
In a broader overview, the question of the uncertain-

ties obtained from nuclear data with respect to specific
requirements from the industry and safety authorities is a
key issue. Such requirements might be different than the
calculated uncertainties, as presented in Ref. [10]. The
present paper does not touch on this subject, and further
information can be obtained on the cited reference. In
the case of current light water reactors, specific studies
for the uncertainties on targeted quantities would be re-
quired and are not included here.

The present paper also does not intend to present re-
sults to benchmark a specific nuclear data library, as per-
formed in Ref. [11]. For this intention, only specific and
well dedicated efforts are necessary as it was realized for
JENDL-4.0 [11]. Finally, the question of the feedback to
improve nuclear data libraries based on benchmark re-
sults and sensitivities is not discussed here.

II. METHODS

The methods to calculate reactor quantities and their
uncertainties differ because of the use of different trans-
port codes, base libraries, covariance libraries and energy
groups. A base library is a library which is used to cal-
culate the nominal values, such as JEFF, ENDF/B, or
JENDL [12–14]. It can differ from the sources of co-
variance information, for many practical reasons. Table I
summarizes the main characteristics of each method used
in this paper, depending on where the calculations are
performed.

As presented in this table, the methods to calculate
the uncertainties differ between the participants. More
details are given in the following subsections.

A. Uncertainty Propagation Methods

1. PSI-SHARKX

At PSI, a methodology for the propagation of nu-
clear data covariance information is developed since
2011 [15, 20–22]. Since then, it was applied to many dif-
ferent burn-up calculations, see for instance Refs. [23, 24].
The SHARK-X methodology is based on the covariance
files as provided in existing nuclear data libraries, and
on a modified version of the deterministic lattice code







1. Sampling (according to the provided standard de-
viations) and perturbation without any constraints
between the FYs (no constraints are respected).
These direct perturbations can result in creating
more fission products and inducing a bias on the
output (e.g. reactivity, compositions),

2. Sampling without any constraints but with a nor-
malization to 2 done after the sampling to fulfill the
first condition (Eq. (1)). Consequently, the stan-
dard deviations of the samples change with the nor-
malization process.

3. Sampling of the FYs using a constraint matrix as
correlation matrix. The building of this matrix is
explained in the next subsection.

An alternative approach is becoming nowadays possi-
ble with the help of theoretical codes such as GEF [31].
The GEF code allows to calculate among other quanti-
ties independent fission yields, which are globally in good
agreements with current evaluations and selected experi-
mental data. GEF is based on physical models and its pa-
rameters are adjusted to reproduce such data (one single
set of parameters for all considered fissioning systems).
The production of fission yield covariance files with GEF
is based on the combination with a Bayesian Monte Carlo
procedure (BMC), as presented in Ref. [32] for cross sec-
tion evaluations and in Ref. [33] for fission yields. The
succinct description is as follows and presented in Fig. 2:

1. Select models and parameter distributions from
GEF,

2. Produce a set of random calculated quantities by
sampling the parameter distributions,

3. Compare theoretical calculations and selected ref-
erence data, for instance with the χ2 quantity,

4. Use weights to update the parameter distributions,

5. Sample again to produce new calculated quantities
based on the new weighted parameter distributions,

6. Repeat (3) to (5) until convergence of the parameter
distributions.

Some details for the above steps are described below.
There is fundamentally no difference with Ref. [32], ex-
cept in the step (3) for the choice of the reference data.
The set of reference data is chosen here to be the evalu-
ated fission yields as given in the ENDF/B-VII.1 library.
A list of the 21 most-important parameters for the GEF
code is considered in this work, as obtained from Ref. [34]
(see Table 7 in this reference) and is presented in Table II.

The adjustment of parameters and their updates is per-
formed with a simplified χ2 goodness of fit-estimator. Af-
ter n iterations, the calculated GEF fission yields and

uncertainties are close to the reference data (ENDF/B-
VII.1) and a correlation matrix between all fission prod-
ucts can be obtained. Examples are presented in Ref. [33]
and an example of the correlation matrix is reproduced
here for the thermal neutron-induced fission of 235U
(Fig. 3). The fission yields are ordered by sets of fis-
sion products in increasing masses, and by complemen-
tary couples (the nuclear charges of the two fragments
sum to the nuclear charge of the fissioning system). For
instance in the case of 235U, the plotted isotopes are all
Ge, followed by Nd (presented in Fig. 3 by Ge/Nd), then
As/Pr, Se/Ce, Br/La,... up to Tc/In. In total the corre-
lation between about 250 fission yields are presented.

This defines the different possibilities in SHARK-X,
which will be used and presented in section IVF.

3. GRS-XSUSA

The XSUSA (“Cross Section Uncertainty and Sensi-
tivity Analysis”) method is based on the random sam-
pling GRS method (Gesellschaft für Anlagen- und Reak-
torsicherheit) implemented in the code package SUSA
“Software for Uncertainty and Sensitivity Analysis”) [35].
The probability distributions of the uncertain input pa-
rameters are used to generate random variations of these
input quantities. When applying this method with neu-
tron cross section uncertainties, this means that many
nuclear data libraries are generated, where all quantities
with available uncertainties, namely inelastic and elastic
scattering, (n,2n) and capture cross sections, in the case
of fissionable nuclides additionally the fission cross sec-
tion, the number of neutrons per fission, and the fission
neutron spectrum, are varied at the same time for a large
number of nuclides. As basis for generating the data vari-
ations, the SCALE 6.1 covariance data library is currently
being used. This library contains uncertainties for rele-
vant nuclides on the basis of various sources, including
high-fidelity evaluations from ENDF/B-VII, ENDF/B-
VI, and JENDL-3.3, as well as approximate uncertain-
ties obtained from a collaborative project performed by
Brookhaven National Laboratory, Los Alamos National
Laboratory, and Oak Ridge National Laboratory [36].
These covariance matrices are processed in a multi-group
structure with 44 energy groups. When performing de-
pletion calculations with the TRITON sequence from the
SCALE 6.1 package [37], the default 94 nuclides in the
fuel are taken into account. Thus, while the “traditional”
SUSA method is predominantly being applied to prob-
lems with a limited number of parameters and only few
correlations between them, the application to depletion
calculations with nuclear data uncertainties leads to a
large amount of uncertain parameters (94 nuclides, typi-
cally 2-8 reactions per nuclide, 44 energy groups per re-
action), with a large amount of correlations between the
energy group data of each nuclide/reaction combination,
and also cross correlations between data of different re-
actions or even data for different nuclides.







4. UPM-SCALE

This section describes the uncertainty analysis method-
ology applied at UPM. This analysis is based on
Monte Carlo stochastic sampling using the Sampler mod-
ule along with TRITON depletion sequence from the
SCALE6.2 code system [17].

Calculation methodology for uncertainty propagation:
SAMPLER sequence

SCALE6.2 includes Sampler super-sequence to assess
the uncertainty of a particular response (due to the
uncertain knowledge of input data) computed by any
SCALE sequence. The workflow can be summarized as
follows:

• First, Sampler produces random samples of the in-
put data,

• Then, a large number of calculations of the SCALE
sequence of interest are performed, propagating the
perturbed data to the specified response,

• Finally, the uncertainty and correlations in the re-
sponse are obtained by statistical analysis of the
output distributions.

Different input data can be perturbed (nuclear data, nu-
clide concentrations, geometrical dimensions and other
model parameters) provided that uncertainties and cor-
relations are known.

Concerning nuclear data, SCALE6.2 includes covari-
ances for multigroup neutron cross-sections, fission prod-
uct yields and radioactive decay data, so all those pa-
rameters can be perturbed, individual or simultaneously.
In order to produce the random samples of nuclear data,
Sampler uses pre-computed perturbation factors gener-
ated by XSUSA code [45] by sampling covariance infor-
mation. A master file containing perturbation factors for
1000 samples is stored and become available during the
Sampler execution. That is, nuclear data parameters are
not sampled “on the fly”.

In this work, the uncertainty analysis is performed us-
ing 200 samples where both multigroup cross-sections and
fission yields are perturbed together.

• With respect to cross-sections, perturbation fac-
tors for all groups and reactions of all materials
were pre-generated by sampling the SCALE6.2 56-
group covariance library. During Sampler execu-
tion, those perturbation factors are read for each
sample and a complete set of perturbed problem-
independent (infinitely-dilute) multigroup cross-
sections is computed as well as consistent perturbed
parameters required to perform the self-shielding.
Those values will be used by TRITON to per-
form each coupled cross-section processing, trans-
port and depletion calculation.

• With respect to fission product yields, pertur-
bation factors were pre-generated by sampling

the independent yields covariance matrix. The
yield uncertainties are taken from ENDF/B-VII.1,
which are given by fissionable nuclide and for
three energies: 0.025 eV, 0.5 MeV and 14 MeV.
Only correlations in yields from 235U are included;
correlations in yields from other fissionable nuclides
are not available. During Sampler execution, the
perturbation factors are read for each data sample,
and a complete set of perturbed independent
yields for all fissionable nuclides and energies is
computed. Those values will be read by ORIGEN.

Calculation methodology for depletion: TRITON
sequence

TRITON is the SCALE sequence to perform the
coupled cross-section processing, transport and depletion
calculations. It couples the 2-D discrete-ordinates trans-
port code NEWT and the point depletion and decay
code ORIGEN-S using a predictor-corrector approach.

In this approach, cross-section processing and trans-
port calculations are performed at the mid-point of each
depletion interval specified by the user, using the isotope
concentration computed by predictor depletion steps.
Transport results at mid-points (cross sections and
flux distribution) are used to perform the ORIGEN-S
corrector depletion calculations over the full interval,
providing isotopics at the end of the interval. Predictor
steps use cross-sections and flux at the mid-point of the
previous interval to lead to the transport calculation at
the mid-point of the actual depletion interval which will
produce updated transport values.

Using TRITON sequence, it is not possible to get both
the nuclide composition and k∞ at the same depletion
time, as requested in the benchmark. Consequently,
k∞ at the end of the time interval is obtained by linear
interpolation of the computed values at the mid-points.
Details of the different calculation steps are given as
follows.
Cross-section library
All calculations were performed using the broad-

group cross section library in 56 energy groups from
ENDF/B-VII.1 distributed with SCALE6.2 and stored
in AMPX master-format. This library, developed for
light water reactor physics calculations, was preferred to
the fine-group library in 252 energy groups also available
in SCALE6.2 based on considerations of computational
time and accuracy for current reactors applications.
Cross-section processing
Each perturbed multigroup library containing the

problem-independent cross-sections was processed into
a problem-dependent library by performing resonance
self-shielding. The CENTRM method was used for this
task as it is the most rigorous model in both energy
and geometry since it performs a continuous energy
1-D transport calculation. The required data for the
self-shielding calculations (self-shielding factors and
continuous energy cross sections) were also perturbed
by using the same perturbation factors computed for



the infinitely-dilute multigroup cross sections; that way,
“implicit effects” are treated in a consistent manner,
since all data are based on the same fundamental
ENDF/B information.

Different lattice cell calculations were specified for: i)
different U or Pu-enriched rods and ii) rods with the
same enrichment but different relative positions in the
assembly (e.g. different positions with respect to the
water channel and channel box) in order to permit a
more accurate prediction of the fuel depletion. Moreover,
for the BWR assemblies, accurate Dancoff factors were
also calculated using de SCALE/MCDancoff module.
The following number of cell calculations was performed
for the five considered assemblies: 4 for the PWR UO2

assembly, 5 for the PWR UO2+Gd, 3 for the PWR
MOX, 17 for the BWR UO2+Gd and 12 for the BWR
MOX+Gd.

Note the large number of cell calculations required
e.g. for the BWR UO2+Gd assembly. Only 8 different
rod types are found, but since rods with the same
composition have different positions with respect to the
water channel and the channel box, the corresponding
Dancoff factors differ significantly and up to 17 lattice
cells were to be specified to accurately catch the effect
of the flux distribution on the isotopics and pin-powers
along depletion.

In particular, for UO2 and MOX fuel rods, the
LATTICECELL treatment in CENTRM was used.
For Gadolinium-bearing fuel rods, a MULTIREGION
treatment with five equal-area rings to capture radial
depletion of gadolinium was used. In Ref. [46] the impact
of the subdivision of U+Gd rods was assessed, conclud-
ing that while the impact on the isotopic is minimal,
on k∞ is very high in the period when the gadolinium
is burning out, being essential the subdivision of the
U+Gd fuel for criticality calculations.
Transport calculations
In the NEWT transport calculations the order of SN

was set to 10; a fine mesh of 4 × 4 was used for the
square-pitched units and all fuel mixtures and structural
materials used P1 scattering whereas all moderator mix-
tures used P3 scattering. Coarse-mesh finite-difference
acceleration option was employed on the global grid
to activate a low order solution for homogenized cells
in the coarse spatial grid to substantially reduce the
computational time to reach convergence.
Depletion and decay calculations

Isotope transmutation and decay calculations were
performed with the ORIGEN-S code, which uses a
1-group cross section library. During depletion calcu-
lations, only cross sections for isotopes included in the
transport calculation are updated on the 1-group library.
In order to account for all nuclides having a significant
impact on flux, a total of 388 nuclides were added in
the transport calculations to update cross sections for
ORIGEN-S.

When performing the depletion calculation, materials
in the fuel assembly were depleted individually when

having different compositions or relative positions in
the assembly, to prevent TRITON from averaging the
neutron flux in regions with different flux distributions
that can impact isotopics. The following number of
materials was found adequate for an accurate depletion
prediction for the five considered assemblies: 8 for the
PWR UO2 assembly, 48 for the PWR UO2+Gd, 3 for
the PWR MOX, 68 for the BWR UO2+Gd and 50
for the BWR MOX+Gd (those numbers include the 5
different materials considered in the 5 equal-area radial
rings per Gd-bearing absorber rod).

A simplification was applied for depletion calculations
with a large number of fuel materials to be depleted. In
order to decrease calculation run-time in cross-section
processing, some materials were grouped together so
that a common set of microscopic cross sections were
used for all of them, although each material was tracked
independently in the depletion calculation.

Normalization was performed using total full assembly
power for non-gadolinium rods, and flux for Gd rods.
The length of depletion intervals was set to match the
burn-up steps requested in the benchmark. Cross-section
updates are required more often when properties change
rapidly, that is, during poisoning and Gd depletion.
Consequently, finer steps were set at the beginning
of the burnup for all assembly types and maintained
for larger burnups for assemblies containing Gd rods.
Decay calculations were performed by independent
ORIGEN-S calculations after the assembly burnup using
the requested benchmark steps.

In summary, to propagate uncertainties in nuclear
data along depletion, the applied calculation scheme used
random pre-computed perturbation factors to generate,
for each sample, a perturbed infinitely-dilute multigroup
cross-section library, perturbed self-shielding factors and
a perturbed yield library for TRITON sequence. Those
data were used in an individual coupled cross-section pro-
cessing, transport and depletion calculation to obtain a
sample of the output quantities of interest along burnup.
A total of 200 samples were obtained, and it is worth
noting that all samples were independent, being the set
of perturbed data propagated to downstream codes inde-
pendently on other runs.

5. NRG-Fast TMC

The Fast TMC method can be applied in the case of
Monte Carlo transport calculations [19]. It can be ex-
plained by a careful examination of how one should com-
bine results of several Monte Carlo runs. This method,
although not new, is detailed in the next subsection, to
introduce the notation, and to prepare the ground for
an explanation of the Fast TMC method. After that, in
Subsection IIA 5 b, it will be argued that a clever book-
keeping of the individual run results can yield an estimate
of the variance due to the differences between these indi-



vidual runs.
a. Combination of Monte Carlo runs. A Monte

Carlo program generates random realizations of a quan-
tity of interest. If the quantity of interest is x, the pro-
gram produces N random realizations xi. Using these xi,
the program does some internal bookkeeping along the
way. The program keeps track of the average of the xi,
and of the average of x2

i

S1 =
1

N

N∑
i=1

xi, (6)

S2 =
1

N

N∑
i=1

x2
i .

At the end of the run, the program uses the standard
Monte Carlo estimators for the average of x, which is
denoted by x̄ here, and for the standard deviation σ that
goes with it, as defined by

x̄ = S1, (7)

σ2 =
1

N − 1

(
S2 − S2

1

)
.

The expectation value for σ2 is the variance of the vari-
able x divided by N

E(σ2) = V (x̄2) =
V (x)

N
. (8)

It should be noted that internally the program works
with the three variables N,S1, S2, but on output it writes
the three variables N, x̄, σ. It is, however, trivial to re-
construct the internal variables, based on the output vari-
ables

S1 = x̄, (9)

S2 = (N − 1)σ2 + x̄2.

Now suppose one has performed M statistically inde-
pendent runs of the program, each giving output vari-
ables N, x̄j , σj , with j = 1, . . . ,M . For the sake of sim-
plicity, it is assumed here that all runs were performed
with an equal number (N) of independent realizations
of x. The generalization of Eq. (9) then reads

S1 =
1

M

M∑
j=1

x̄j , (10)

S2 =
N − 1

M

M∑
j=1

σ2
j +

1

M

M∑
j=1

x̄2
j .

In other words, if one would have performed one large
Monte Carlo run with N × M independent realizations
of x, the program would have calculated exactly the same
S1 and S2. For this one run, the program would have

done it as S1 = (1/NM)
∑NM

i=1 xi, and similarly for S2.
Having reconstructed the variables S1 and S2, one can

use Eq. (7) once more. The final Monte Carlo estimator

for the combination of M runs of N random realizations
is therefore

x̄=
1

M

M∑
j=1

x̄j , (11)

σ2=
1

M2

M∑
j=1

σ2
j +

1

NM

⎧⎪⎨
⎪⎩

1

M

M∑
j=1

x̄2
j −

⎛
⎝1

M

M∑
j=1

x̄j

⎞
⎠
2
⎫⎪⎬
⎪⎭.

Here we have assumed N>>1 and M>>1. The result
(11) is a special case (viz. the same N for all runs) of the
more general situation described in Ref. [47]. Eq. (11)
tells us that it is possible, based on run results x̄j and σj ,
to construct the correct Monte Carlo estimator for the
total number (N ×M) of random realizations.

b. The variance of the run results. There is, how-
ever, more that can be done with the set of M Monte
Carlo runs. The expression between curly brackets in
the equation for σ2 in Eq. (11) is in fact the defini-
tion of the variance of the M Monte Carlo estimators
x̄j (j = 1, . . . ,M) denoted as V (x̄)

E

⎛
⎜⎝ 1

M

M∑
j=1

x̄2
j −

⎛
⎝1

M

M∑
j=1

x̄j

⎞
⎠
2
⎞
⎟⎠ = V (x̄). (12)

So far, we have assumed that the M Monte Carlo runs
were statistically independent, but otherwise equal. In
that case the expectation value for the variance of x̄j is
given by Eq. (8), i.e. V (x̄j) = V (x)/N for all j. This is
the classical Monte Carlo convergence rate.

The situation changes when the M runs are not iden-
tical. When one changes, from one run to the next, not
only the random number seed, but also one of the input
parameters, the variance of x̄ will increase. The variance
will reflect the statistical variance as well as the variance
due to input parameters variations. A Monte Carlo es-
timator for this variance, including both statistical and
input parameter effects, is

σ2
tot =

1

M

M∑
j=1

x̄2
j −

⎛
⎝ 1

M

M∑
j=1

x̄j

⎞
⎠

2

. (13)

This estimator can be calculated based on the output
parameters of the M individual Monte Carlo runs. More-
over, one can also combine the individual Monte Carlo
results according to Eq. (11).

The final question is then which part of this total vari-
ance is due to statistics, and which part is due to the input
parameter variation? This question can be answered by
estimating the statistical variance. Eq. (11) is no longer
a good estimator for that, because the input parameter
variation also influences its results. Instead one can look
at the variance of the individual runs, σ2

j . For each indi-
vidual run, the input parameters are of course fixed, and
therefore the variance is due to statistics only. This vari-
ance is estimated by the usual Monte Carlo estimator σ2

j .



A proposal for an estimator of the statistical variance of
the combined set of Monte Carlo is then

σ2
st =

1

M

M∑
j=1

σ2
j . (14)

The expectation value of this estimator is equal to the
expectation value of each of the σ2

j

E
(
σ2
st

)
=

V (x)

N
= V (x̄), (15)

and is therefore suitable as an estimator of the statistical
part of the total variance.

Another way to calculate the statistical variance is to
repeat the set of M Monte Carlo calculations, this time
without input parameter variation. This method doubles
the amount of necessary calculation time, though, and
one would only like to do this when really necessary. In
general, however, it is difficult to know whether this is
necessary without performing these calculations explic-
itly. One could of course use very high numbers of his-
tories (high N), to get low values for σ2

st. If these values
are much lower than σ2

tot, than the precise estimate of σ2
st

is less important for the end result σ2
ip.

On the other hand, there is always the problem with
Monte Carlo eigenvalue calculations, that the Monte
Carlo estimator for the standard deviation is not entirely
correct: the estimator is based on the assumption that
there is no correlation between successive neutron batches
(’generations’), but in actual fact such correlations do ex-
ist. Therefore, the method to repeat the set of Monte
Carlo calculations with statistical variation only will be
used here as a check on Eq. (15). Further details are
given in Subsection IVH1 b.

Finally, having calculated the total variance using
Eq. (13), and the statistical variance using Eq. (15), one
can calculate the variance due to the input parameter
variation. Here it is necessary to assume that the vari-
ance due to statistics and the one due to input parameter
variation are independent. This assumption was checked
implicitly in the work reported in Ref. [19], through a
comparison of several methods, for both high and low
values of M . The variance due to input parameter vari-
ation is then

σ2
ip = σ2

tot − σ2
st. (16)

This idea can be applied to any and all input parame-
ters in a Monte Carlo simulation. One can vary one pa-
rameter at a time, or many parameters at the same time.
The beauty of Monte Carlo is that many parameters can
be varied at the same time, while preserving the same
convergence rate: in this case, the variance converges as
1/M (the standard deviation as 1/

√
M), irrespective of

the number of input parameters varied.
Since the amount of nuclear data used in a reactor

simulation is very large, the Fast TMC method is well
suited for this situation: each nuclear data file contains

many parameters that are needed for simulations, such as
cross section for various reaction channels, energies and
angular distributions of outgoing particles, etc. Therefore
this method is applied here to the calculation of local
power densities in a full core reactor simulation: with
the amount of computer time needed to calculate local
power densities in the Martin-Hoogenboom benchmark,
it is possible to simultaneously calculate the uncertainties
in these local power densities due to the uncertainties in
nuclear data.

6. UU-TMC

This section describes the method used at the Uppsala
University with DRAGON. The deterministic modeling
of the transport of neutrons in a fuel assembly utilizes
as material parameters the so-called multi-group micro-
scopic cross-sections as presented earlier. The term multi-
group refers to the discretization of the energy variable
of such cross-sections and therefore, they are presented
as being averaged along different energy bins. One of the
most utilized code to compute multi-group microscopic
cross-sections is NJOY. It will not only process point-wise
information from the different nuclear databases that ex-
ist around the world in order to obtain energy averaged
parameters, but it also has the capability of arranging
the information in different multi-group library formats
that can be read by different lattice codes (e.g. WIMS,
DRAGON, APOLLO, etc).
The NJOY code, developed at Los Alamos National

Laboratory, is modular and sequential. The module that
averages the cross-sections in energy and represents them
in ENDF format is known as “GROUPR”. The ENDF
format allows understanding in an easy way the different
multi-group information required for an assembly lattice
calculation (i.e. microscopic cross-sections, different Leg-
endre orders of the scattering matrices, energy spectrum,
released neutrons per fission, etc.). Afterwards, other
NJOY modules, such as WIMSR, processes the multi-
group ENDF file and arrange it into an ASCII library
that some lattice codes understand and may utilize for
transport calculations. This final library format is known
as WIMS library, and codes such as DRAGON and the
ones belonging to the WIMS-family are able to run with
the WIMS library format.

As uncertainty analysis has become nowadays part
of any physical modeling and code development en-
deavor, methodologies to propagate (in this particular
study) cross-sections uncertainties through lattice codes
are needed to be developed in accordance to the library
format that a certain code utilizes. Due to the fact that
the ENDF multi-group format given by GROUPR is easy
to read, understand and manipulate, a new methodol-
ogy was developed to statistically perturb the GROUPR
ASCII file in order to create posterior perturbed WIMS
libraries. Thus, as many different WIMS libraries are cre-
ated, as many times the lattice code will be run in order



to create a deterministic output into a stochastic one.
This is exemplified in Fig. 4.

The module WIMSR reads and manipulates only cer-
tain information contained on the ENDF file. Therefore,
such information is the one that is required to be statis-
tically perturbed. The information that WIMSR reads
from the output of GROUPR is as follows:

1. From the MF=3 data, it reads only the fis-
sion (MT=18) and the capture (MT=102) cross-
sections. These will be used to form the total cross-
section of the final WIMS library.

2. From the MF=6 data, it would read only the scat-
tering matrix given by MT=2 correspondent to the
fast energy spectrum region. For the resonance and
thermal regions, scattering matrices are given by
MT=221 (which is computed by the NJOY free-gas
model for thermal scattering). It should be noted
that the WIMS library format only utilizes P1 and
P0 terms for moderator nuclides. For other nuclides
such as actinides, etc., only the P0 matrix is con-
sidered. The energy-integration of both MT=2 and
MT=221 will be used to compute the elastic scat-
tering part of the total cross-section.

3. From the MF=6 and MT=50-91, WIMSR will add
them per energy group in order to form inelastic
scattering and thus, after energy integration, up-
date the total cross-section.

4. From MF=6 and MT=18, the Nu-Fission cross-
section is taken.

5. Even though the MF=5 data contained in the
ENDF file gives the fission spectrum, the WIMS li-
brary format fixes the fission spectrum and thus,
does not take into account these info from the
ENDF file.

Now, the uncertainty analysis would perturb ALL terms
of the parameters that are required for the transport
calculation. This is how the perturbation methodology
works in order to conserve any further transport calcula-
tion:

1. Covariance data is given to the total energy in-
tegrated terms of the multi-group cross-sections.
From this information (which can be obtained from
the ERRORJ module of NJOY) the fission and cap-
ture cross-sections can be perturbed. It was realized
that if the fission cross-section (MF=3, MT=18)
is perturbed in the ENDF ASCII file, the module
WIMSR will change not only the total cross-section
but also Nu-fission. This is a good thing since per-
turbations to the fission cross-section are being con-
served by WIMSR. Also, any perturbation to the
capture cross-section will immediately update the
total cross-section as well.

2. MF=6, MT=2 and 221 should be statistically per-
turbed in order to change the elastic scattering ma-
trices and also the total cross-section. Since only
the P0 covariances are given, then only the P0 ma-
trix can be perturbed.

3. For the inelastic scattering term, the perturbation
was done only at the MT=91 data. This is good
enough since WIMSR adds up all the MT=51-91
terms and thus, the propagation of the perturbation
is carried out correctly.

4. The Nu-fission term (MF=6, MT=18) was modi-
fied in a way that only the ν uncertainty was prop-
agated, since the fission perturbation is carried out
at the MF=3, MT=18 data.

5. For the WIMS library, even if MF=5 data could be
perturbed in order to change the fission spectrum,
no effect whatsoever would have on the spectrum of
the final WIMS library. This is the only term that
cannot be perturbed in the ENDF file and thus,
such perturbation should be carried out at the final
WIMS library.

7. UKAEA-FISPACT-II

Provided with the reactor burn-up simulation data
from the lattice code CASMO-5, FISPACT-II [18] was
modified to also accommodate the fine 586-group neutron
spectrum data with newly ENDF/B-VII.1 processed
data and CALENDF-generated [48] probability tables for
self-shielding corrections. FISPACT-II possesses a new
POWER keyword which causes re-normalisation of the
total flux to match a specified W/cc volumetric power
to a defined set of fissile isotopes. The normalisation
uses isotopic KERMA values provided by collapsing
of the neutron spectrum with KERMA data from the
nuclear data files, which can be specified using any
appropriate mt values (for example the total mt=301,
non-elastic mt=303, inelastic mt=304, fission mt=318,
disappearance mt=401, photons mt=442, total kinematic
mt=443 or any combination thereof). To best match
the self-shielding factors (SSF) for fission and 238U
capture from CASMO-5, the probability tables were
applied as energy-dependent SSF for each group based
on total cross-section dilution self-shielding (rather than
using macro-partial SSF, a more sophisticated approach
available to FISPACT-II).

As shown in Fig. 5, the energy-dependent reaction
rates for BOL SF97 require virtually no self-shielding
factors for energies below 10 eV (due to the fine group
resolution). Above 10 eV, the 235U(n,f) has some SSF
correction which is not significant for the overall reaction
rate. The 238U capture is quite different, with significant
resonances contributing to the reaction rate up to the
keV energy region. Group SSF range down to 0.02, and
average to an effective SSF around 0.1-0.2, which evolves



FIG. 4. (Color online) Processing steps for the Uppsala methodology to propagate DRAGON libraries.

through burn-up. The plutonium production rate is
extremely sensitive to these SSFs, which dictate the
fission 235U/239Pu ratio and composition throughout the
fuel lifetime. For this analysis, SSFs are updated for each
change in spectrum, as reaction rates are re-calculated
for each of these steps.

For this uncertainty quantification exercise, the Total-
Monte Carlo fission yield uncertainties on the thermal
235U, 239Pu and 241Pu, as well as 400 keV 238U are
quantified through use of random fission yield files. 500
neutron-induced fission yield files, which are generated by
input parameter variation using the GEF-4.2 fission sim-
ulation code (as presented in section II A 2), were used
for multiple simulations. Simulations for each case are
performed in parallel and code outputs are statistically
collapsed to determine moments for nuclide inventories,
heat outputs, activity, etc. The tremendous advantage
of this approach is that all covariances are effectively
treated through sampling of physically-consistent input
physics, without the need for complex covariance meth-
ods or pathway analyzes. An example of these simula-
tions is shown in Fig. 6. A correlated uncertainty has
also been calculated, using the variation in collapsed co-
variance uncertainty with variation in nFY files. This
coupled contribution is typically less than 10 % of the
reaction rate collapsed-covariance uncertainties.

Uncertainty in an integral quantity such as decay heat
hides a tremendous amount of information, since dozens
or hundreds of nuclides each contribute similar fractions
of the total quantity for most cooling times - particu-
larly for times not long after irradiation. Since FISPACT-
II also handles all independent fission yields, decays and

reaction channels [49–51], the inventory is handled in full.
The use of cross section uncertainties, as provided by co-
variance files, requires identification of each combination
of parents, reactions, decays and loops which result in the
production of every nuclide of interest. TMC analyses
can be performed without these combinatorially complex
tasks, providing uncertainties on all nuclides simultane-
ously as shown in Fig. 7.

Note the exceptionally low uncertainties for nuclides
within the fission yield peaks, which are not realistic for
many. This feature is a direct consequence of the effect
of limited range of values generated by default parameter
variation within GEF, which must be modified to gener-
ate experimentally-faithful yield variation. Nuclides with
relatively small yields, approximately those below 1 per
105 fissions, have an increased uncertainty which is an ar-
tifact due to statistical variation inherent to the Monte-
Carlo GEF method.

FISPACT-II employs a sophisticated reaction rate un-
certainty quantification method using available cross sec-
tion covariances and deep reaction/decay pathway anal-
ysis [52]. All independent fission yields, open reaction
channels and decays are considered, following from hun-
dreds to a few thousand nuclides. FISPACT-II can pro-
cess ENDF-6 NI-type covariance data with LB=1, 5 or
6, using a projection operation to match covariance and
cross-section energy grids, which are stored in multi-
group format (586-group for CASMO-5 based simula-
tion). Once individual reaction rate uncertainties are cal-
culated for a given incident particle spectrum, the reac-
tion/decay production pathway for each nuclide must be
determined. In the Takahama case a typical production
route for 137Xe, a precursor to 137Cs, the path is broken
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FIG. 5. (Color online) FISPACT-II collapsed energy-dependent unshielded reaction rates for 235U(n,f) [top] and 238U(n,γ)
[bottom], with probability table self-shielding factors superimposed. The ultra-fine energy resolution with the CASMO-5 586
group eliminates the need for self-shielding below 10 eV, but for 238U capture the factors above 10 eV are significant, resulting
in an effective SSF around 0.1-0.2.

down through fission of 29 % 235U, 46 % 239Pu, 14 %
241Pu and 8 % 238U, with varying contributions through
137I, 137Te, isomeric and direct production. Some minor
contributions from other fission and paths including re-
actions are also analyzed in FISPACT-II. Uncertainties
for each reaction are then calculated and weighted to de-
termine a final nuclide inventory uncertainty.

For fission scenarios, this can be extremely complex due
to combinatorial growth, requiring intelligent path ‘prun-
ing’. This employs minimum path/loop values for inclu-
sion and maximum path depth values, which have been
set to defaults except where proven insufficient. Both the
fission yield and reaction rate uncertainties are calculated
together, so that the uncertainties are propagated to-
gether. For each simulation with varied fission yield files,
the reaction rate uncertainty is also calculated. While
the uncertainty in the effective cross section for each re-
action channel in each time step does not vary in each
of these simulations, the fraction of each pathway does.
Difference uncertainties between, say, the 235U or 241Pu
fission rates and yields are coupled, so that the reaction
rate uncertainty will vary as the ratio is changed. Exam-

ples are shown in Fig. 8, with varied dominant nuclide
sets, TMC-based nFY uncertainty, covariance reaction
rate uncertainty and their correlated contributions.
Note that the uncertainty files mf=33 for the major nu-
clear data libraries do not contain uncertainties within
the resolved resonances or below, which completely dis-
cards any uncertainty quantification for reactions where
those energies are significant. This is precisely the case for
neutron capture and non-threshold fission, which plays a
central role in thermal reactor physics. Without these
data all uncertainties are guaranteed to be underesti-
mates.

8. SCK Fission Yields

SANDY [53, 54] is a new NJOY-wrapping numerical
code developed at SCK-CEN to perform the sensitivity
analysis (SA) and uncertainty propagation (UQ) of nu-
clear data. Amongst its capabilities, such code generates
covariance matrices for independent fission yields using a
generalized least-square (GLS) approach. After collecting






