
ON THE ATTITUDE PROPAGATION OF 
AN AXISYMMETRIC SATELLITE 
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This paper describes the method developed in the Group of Tether Dynamics of the 
UPM to gain accuracy in the numerical propagation of the attitude dynamics of a 
rigid axisymmetric spacecraft. We use a perturbation method which takes as unper
turbed problem the Euler-Poinsot case (torque free). The perturbed problem provides 
the motion forced by non-vanishing external torques. Some numerical comparisons 
have been carried out to check the kindness of the procedure taking as forced motion 
some particular case of the Lagrange top, whose analytical solution permits an easy 
determination of the errors made in the numerical description of the motion. 

INTRODUCTION 

IN RECENT years a considerable amount of effort has been devoted to the development of a com
prehensive theory that it provides a deeper insight into the complex dynamic behavior involved in 

the motion of rotating rigid bodies. Some of these efforts have been focused on alternatives ways of 
describing the kinematics of this motion (see for instance the complete survey1 by M.D. Shuster); 
some other have been focused on the dynamics. From the kinematic point of view, one has a certain 
degree of freedom, since the rotation matrix which determines the relative orientation between two 
reference frames can be parameterized in more than one way. By having available several differ
ent approach for viewing the kinematics, more insight can be gained into a specific problem. In 
general, the best approach is clearly problem dependent. The most commonly used parametereriza-
tions for the attitude kinematics are the Eulerian angles, the Euler-Rodrigues parameters (quaternion 
formulation), the Cayley-Klein parameters and the Cayley-Rodrigues parameters (see1'2'3'4). 

The dynamics of the rotational motion may be deduced from the angular momentum equation 
which describes the influence of the external torques on the attitude of the rigid body, through the 
angular rate. Basically, the rotational dynamics of a rigid body is an initial value problem: for 
a given orientation and its change rate with respect to an inertial frame at an initial time and the 
force acting on it, find its attitude at any instant. From this point of view, Euler equations of motion 
provide a complete and well-defined framework. Special cases for which solutions have been found 
include the torque-free motion (Euler-Poinsot case) and the motion of the symmetric top forced by 
gravitation (Lagrange case). The existence of analytical solutions for such special cases cherished 
hopes about the existence of a general analytical solution which should be discovered some day. 
However, deeper analysis shown later that this hope it was just wishful thinking. In fact, a complete 
description of the rotational motion of a rigid body turned out to be a formidable task; many of the 
most prominent mathematicians of our time failed in their attempt to solve this problem (see8). 

*EADS CASA-Espacio, Av. Aragon 404, Madrid, E-28022, Spain. 
E-mail address: Alberto.Pizarro@casa-espacio.es 

tTechnical University of Madrid (UPM), ETSI Aeronauticos, Madrid, E-28040, Spain. 
E-mail address: j.pelaez@upm.es 

mailto:Alberto.Pizarro@casa-espacio.es
mailto:j.pelaez@upm.es


The attitude motion of a rigid spacecraft reduces to the Euler-Poinsot case when all the pertur
bations torques are neglected. This torque-free motion will be considered as the unperturbed case 
and its analytical solution is very well known. The idea of this paper entails taking advantage of 
the knowledge of the analytical solution of this unperturbed problem in order to solve with more 
accuracy the perturbed problem. 

We found that the triaxial case involves a greater complexity due to the nature of the solution of 
the unperturbed problem, that is, the Euler-Poinsot case. The time evolution of the coordinates, in 
the body frame, of the angular velocity is given by the Jacobi elliptical functions. As a consequence 
we decided to face a similar problem but with a simpler underneath mathematics: the axisymmetric 
spacecraft, for which the coordinates, in the body frame, of the angular velocity of the unperturbed 
problem are given by harmonic functions. On the other hand, the axisymmetric case has interest 
by itself because there are many satellites approaching closely such model. For us, there is another 
reason for this selection: the attitude dynamic of a dumbbell satellite, a first approximation in the 
dynamics of two tethered satellites (see11), corresponds to the axisymmetric case. 

ANGULAR MOMENTUM EQUATION 

In our model one point, O, of the spacecraft will be considered fixed in an inertial frame; such a 
point coincides with the center of mass of the satellite in the great majority of cases. The equation 
that governs the attitude dynamics of the satellite is the angular momentum equation, that takes the 
following form: 

Where H is the angular momentum of the satellite in the fixed point O and M is the resultant of 
all the external torques produced, in O, by the external forces applied over the satellite. 

References frames 

Three reference frames are defined with origin at 
the fixed point O: 

• Ox\y\z\, is an inertial and fixed frame whose 
axes are determined from the start. The unit 
vectors of this reference are [i\, j 1 ; k\\. 

• Oxyz, is a reference frame attached to the 
satellite (body axes). Its axes coincide with 
three principal directions of inertia of the 
satellite at O. The unit vectors of this refer
ence are [i, j , k]. 

• Oxoyozo, is another inertial and fixed frame, 
that will be used as an auxiliary reference. 
Further on, this reference frame will be de
fined in an accurately way. The unit vectors 
of this reference are [io, j 0 , ko\- Figure 1 Reference frames and Euler angles 



The angular momentum H takes the form 

H = l0o u> (2) 

where To is the tensor of inertia at O of the satellite; u> is the angular rate of the satellite relative to 
the inertial frame Ox\y\z\. Since the reference Oxoyozo is also fixed, u> is also the angular rate of 
the satellite with respect to this reference. 

The tensorial expression (2) is independent of the reference frame that could be used to manage 
the mathematical objects involved. Thus, if the tensor of inertia To and the angular rate u> are 
expressed in terms of their components in a particular frame, the result of the inner product gives 
the components of the vector H in the same frame. The most used reference to manage the angular 
momentum is the body frame (Oxyz), because in this reference the tensor of inertia To has constant 
components. In fact, the matrix associated with the tensor of inertia in the body frame is 

(A, 0, 0 \ 
Io = 0, A, 0 

\ 0 , 0, C) 

And as a consequence, the components in the body frame of the angular momentum H are 

H = Apl + Aqj +Crk (3) 

where (p, q, r) are the components in the body frame of the angular rate w of the spacecraft: 

u> = pi + qj+r k (4) 

Unknown Quantities 

The unit vectors of the body frame Oxyz are linked to the unit vectors of the fixed frame Ox\y\ z\ 
by means of the equation* 

[*, J, M = [*i, J1 ; fei] S(t) (5) 

where S(t) is a rotation matrix (orthogonal and with determinant +1) which evolves with time when 
the satellite is moving. From a dynamic point of view the equation (1) supplies the tools needed to 
obtain the time evolution of the matrix S(t). 

The numeric integration of the differential equations governing the attitude dynamics requires the 
knowledge of the initial conditions to start the process. In the movement of a solid with a fixed point 
the initial conditions are: 

• the initial position of the body, that is fixed once the matrix S(t) is known in the initial instant. 
So it will be supposed that the matrix So = <S(0) is known. 

• the initial angular rate of the solid wo = w(0). It will be supposed that the components 
(P0; %,ro) of wo in body reference are also known in the initial instant. 

* The notation uses some matrices, such as [ i i j 1 k i ], which are no true matrices (matrix elements are scalars but not 
vectors). In algebraic operations these pseudo-matrices obey the same algebra rales, mutatis mutandi, than true matrices. 
This notation is easy to use and causes no error if everyone is forewarned. 



To sum up, the equations to be integrated have the matrix S(t) as main unknown quantity. 

The time derivative of the equation (5) provides 

since the unit vectors ( i\, j 1 ; k\) of the Ox\y\z\ reference are fixed. Here, S(t) is a matrix whose 
components are the time derivatives of the corresponding components of the matrix S(t). 

In equation (6) the derivatives of the unit vectors (i, j , k) are expressed as vectors in the fixed 
frame ( i\, j 1 ; k\). It is usually preferred to express these vectors in the body frame Oxyz. To do 
that, the inverse of the relation (5) is used. It leads to the following relations 

0, -r, q \ 
where W = | r, 0, — p\ (7) 

-1, V, 0 / 

di dj dk 
dt1 dt1 dt 

} = [i,j,k]ST(t)S(t)=[i,j,k]W, 

which express the derivatives of the unit vectors (i, j , k) in the body frame Oxyz with the help of 
the skew-symmetric matrix W that is determined by the angular velocity of the satellite. Thus, the 
equation that the rotation matrix S must verify is 

f = 5 W , (8, 

This relation can be expressed in a more convenient way if quaternions are introduced to describe 
the kinetics of the problem. There is a quaternion s associated to the matrix S, and the components 
of the angular rate vector in body axes w are associated with the quaternion 20o, being Oo = ss . 
Therefore the resulting equation (9) turns out to be the relation equivalent to (8) rewritten in terms 
of quaternions. In any case, the integration of the governing equations requires the knowledge of 
the time evolution of the the components (p, q, r) in the body frame of u>. 

| 4 s ( 2 O 0 ) (9) 

UNPERTURBED PROBLEM 

The auxiliary Reference Oxoyozo 

Perturbation methods can be applied in many 
different situations. However, they are really 
powerful when the analytical solution of the un
perturbed problem is known. In this section we 
analyze the Euler-Poinsot problem; such a free-
torque motion (the resultant of the externally 
applied torque is null M = 0) is taken as the 
unperturbed case for the attitude dynamics of 
a rigid satellite. The analytical solution of this 
problem is well known and here we describe its 
more appropriate form with a view to the inte
gration scheme that we propose in this pages. 
Equation (1) can be integrated to provide 
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Thus, the angular momentum vector remains constant in the inertial frame and equal to its initial 
value: 

H0 = Ap0 i + Aq0 j + Cr0 k 

Most of the theoretical analysis take the inertial frame Ox\y\z\ in the following way: the axis Oz\ 
coincides with the constant direction of the vector H. This assumption has no advantages when the 
main aim is the numerical integration of the governing equations since the integration scheme must 
be able to tackle any kind of initial conditions. For this reason we consider that the inertial frame 
Ox\y\z\ is preassigned and we introduce an auxiliary reference frame Oxoyozo which is also fixed 
in the inertial space, i.e., is another inertial frame. 

The unit vectors [io, j 0 , ko] are associated with this new frame. The axis Ozo of the auxiliary 
frame Oxoyozo coincides with the constant direction of the angular momentum Ho (in fact ko = 
Ho/\ Ho\). To describe more in detail the other axes of the frame Oxoyozo we introduce the 
following orthonormal base [v\, v2, v3 = ko] formed with constant vectors of the inertial frame: 

v1 

qo^-poJ 

VPT 12o 
v2 

bppro i + bqpro j - (pjj + q%) k 

Vp2o + lWP2o + 1o+b2ro 
1>3 

Poi + qoj + br0 k 

VPT 12o - 527 
(10) 

Here the non-dimensional coefficient b = C/A is the ratio of the principal moments of inertia in O. 
This basis has been chosen arbitrarily and it verifies the following properties: i) the unit vector v3 

is V3 = Ho/\ Ho\ and, ii) if (po, qo) ^ (0,0) the unit vectors ( v \ , V2) are well defined. 

However, when (po, qo) = (0,0) the unit vectors ( v \ , v2) are not defined. But this is a trivial 
case in which the initial angular momentum lies along the body axis Oz. The motion is quite simple: 
a permanent rotation with constant angular velocity ro around the principal axis of inertia Oz which 
remains fixed in the inertial frame. In this case we take as auxiliary frame Oxoyozo, the fixed inertial 
frame that coincides with the initial position of the body frame Oxyz. In that follows we assume 
that (po,qo) ^ ( 0 , 0 ) . 

Just in order to improve the notation the following parameters are defined 

Po ql nr = Po 12o 

and the base [ v\, v2, vs] can be expressed in the following form 

/ qo 

[v1,v2,v3] = [i,j,k]M, M 

UJC 

Po 

0, 

- 527 

bporp 

bqorp 

uic\lc 

Po_\ 
nc 
qo_ 

brp 

( i i ) 

(12) 

In order to reach the auxiliary frame Ox0y0z0, we introduce as the last step a rotation a0 of the basis 
[vi, V2, v3] around the vector v3 = ko (see figure 2). The particular value of «o is irrelevant, i.e., 
any value would be useful; later on we show that the particular value «o = 0 is associated with 
a natural choice of the frame Oxoyozo- In summary, the unit vectors [io, j 0 , ko] of the auxiliary 
frame Oxoyozo are given by 

[*o, Jo, ^0 [i, j , k]MB, where B 
cosao, 
s inao , 

0, 

— sin 0.0, 

cos «o, 

0, 

0 
0 
1 

(13) 



It must be noted that all the operations have been done in the initial instant t = 0; the three 
vectors [io, j 0 , ko] point out three straight lines in the inertial space which are the axes of the 
auxiliary frame Oxoyozo- The relations (11) provide the coordinates of the unit vectors in the body 
frame. Their coordinates in the fixed frame Ox\y\z\ are given by 

[i0, j 0 , k0] = [ii, j 1 ; fci] SoMB (14) 

The unit vectors of the body frame Oxyz are linked to the unit vector of the fixed reference 
Oxoyozo by means of the following equations 

[*, J, M = [*o, Jo, ^o] Q(t) (15) 

where Q(t) is a special orthogonal matrix that changes with time if the satellite is moving. Accord
ing to the relation (14) in the initial instant the following relation must be satisfied 

Qo = Q(0) = BTMT (16) 

A relation between matrices S and Q is obtained combining the equations (14) and (15). 

[*, J, M = [*i, J i , fei] SoMBQ = [ii, j 1 ? fci] SoQlQ (17) 

And if this last relation is compared to (5) the following identification arise. 

S = SoQToQ (18) 

The matrices S0 and Qo are fixed by the initial conditions; as a consequence, once the time evolution 
of Q is known, the time evolution of S is immediately obtained. 

From now on, the motion of the rigid satellite relative to the auxiliary reference Oxoyozo 
will be studied. It must be reminded that this auxiliary reference Oxoyozo belongs to the same 
fixed inertial solid as the reference Ox\y\z\. 

The expression (18) takes the following form in case quaternions are used 

s = s0q0q 

where the quaternions s and q are functions of time. If this relation of the quaternion s is substituted 
in the equation (9), this relation takes the form 

_ dc\ 1 _ 
soqo-r- = - s 0 qoq(20 0 ) 

and this leads to the next relation 

§4q(2O0) (19) 

that is exactly the same as (9). Then, the quaternion q associated to the matrix Q satisfies the same 
differential equations as the quaternion s, that is, is a solution of equations (9). To describe the 



matrix Q the Euler angles will be used (see figure 3 and, simultaneously, the quaternion associated 
to the Euler parameters (77, £1, £2, £3). Both sets of parameters are linked by the relations: 

9 ip + tp} 
77 = cos — cos — - — 

. 9 ip — tp 
£1 = sm - cos 

2 2 
. 9 . r<\> — tp 

£2 = sm - sin 
2 2 
9 . i^ + tp 

£3 = cos - sm — - — 

tan-*/) : 
£ l £ 3 +??£2 ^ 

V£i ~ £2£3 

^ < tan — = 
I ej + el 

t&ntp 

2 \] r]2+4 

£ i £ 3 - r/e2 

7?£i + £2£3 

(20) 

Euler Equations 

The angular momentum equation (1) when projected onto the body axes, gives place to three 
scalar equations: Euler equations. 

For an 

equations 

and they 

axisymmetric body (A = 

take the form 

dp n -, \ 
- + (b-l)qr-
dq ,-, ,N 

- + (l-b)pr = 
dr 

~dt " 

= 0 

= 0 

= 0 

= B) such 

(21) 

(22) 

(23) 

must be integrated from the initial 
conditions: 

at t = 0 : p = po, q = qo, r = r0 

(24) 
The analytical solution of the equations (21-
24) is 

p = UJC sm(ujbt + 4>o), (25) 

q = UJC cos(ujbt + (po), (26) 

r = r0 (27) 

where u)b is the following constant value 

cub = (1 - b)r0 

u)c is given by (11) and the initial phase 4>o is provided by the initial conditions as follows 

Figure 3 Euler Angles 
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(29) 

The relation between the angular rate u> and the time derivatives of Euler angles is given by the 
following set of equations: 

p= 9 cos tp + ip sin 9 sin tp (30) 

q = — 9 simp + %j) sin 6 cos tp (31) 

r = tp + ip cos 9 (32) 



Thus, once the time evolution of (p, q, r) is known, the kinetics relations (30-32) can be used to 
determine the time evolution of Euler angles. The integration is simplified by an appropriate choice 
of the inertial reference frame Oxoyozo. By definition, the angular momentum H, which is constant 
in the inertial frame, points in the direction of the OZQ axis; as a consequence, it can be written as 
H = AVLC ko. In the body frame this vector takes the form 

H = AQc{sin6sin(p i + sin 6 cos (pj + cos6 k} (33) 

This way we obtained two expressions for the components of H in Oxyz: (33) and (3). Identifying 
the corresponding components 

p = Qc sin 6 sin tp (34) 

q = Qc sin 6 cos tp (35) 

br = Qccos8. (36) 

Therefore, the nutation angle is obtained directly from the last relation and turns out to be con
stant. The spin angle is obtained dividing the first and second equations and as 6 = 0, comparing 
equations (30-31) with equations (34-35), the precession angle is immediately inferred: 

• a UJc a br° tii\ 
s\nO = —, cos 6'=—— (37) 

ip = ujbt + ip0 (38) 

^ = ilct + ^o (39) 

Initial Conditions 

In order to obtain the initial values of Euler parameters, it must be reminded that the matrix Q 
expressed in terms of Euler parameters takes the following form 

/ l - 2 ( e 2 + e 2 ) 2£le2-2r]e3 2£le3 + 2r]e2\ 
Q = 2eie2 + 2J7£3 1 - 2(£2 + ef> 2e2e3 - 2r1e1 

\2el£3-2r/e2 2e3e2 + 2r/£l 1 - 2(ej + e2
2) J 

Euler parameters corresponding to the initial value of the quaternion q0 = q(0) can be obtained 
as a function of the initial angular rate (po, qopro)- Note that from the identity of Qo = MT these 
parameters can be calculated. 

We can, in fact, obtain all four magnitudes using sums and square roots, and choose consistent 
signs using the skew-symmetric part of the off-diagonal entries. 

Vo = 

£"01 = 

£"02 = 

£"03 = 

go+^c 
go+^c 

¥oT 

\bporo+poftc\ 

L + q0+ bq0r0 + br0 

1 LUc wcS2c ilc 

L qo bq0r0 br0 

1 tVc w c i2 c ilc 

L qo bq0r0 br0 

1 tVc w c i2 c ilc 

L qo bq0r0 br-0 

I UJC UJ(Alc i £ c 



It must be noted that the above relations that provides the Euler parameters from the rotation 
matrix, although correct, are not the best equations to implement in a software code, due to the 
use of four square roots that may be sources of severe errors when the inner is very close to zero. 
Alternatively, it is possible to use a single square root and division 

c< = - + bJYT + bi? cr = V^Tct cs = ^- (40) 

= -C e = (— + —^]c e = (-—^]c e = (bp°r° \ Po\c 
2 r \ilc Q,c)

 s \ Q,c)
 s \ucftc ucJ 

This is numerically stable so long as the trace, Ct, is not negative; otherwise, we risk dividing 
by (nearly) zero. In that case, suppose Qo(l, 1) is the largest diagonal entry, so eoi will have the 
largest magnitude (the other cases are similar); then the following is safe 

cn = ^ - * g - ^ cr = VTTc-n cs = -L (4i) 

= [So_ + ^ A c £ = -C £ = (bq°r° Po\ C £ = f—^]c 
ync Q.C) s 2 \uiMc uc)

 s \^cj 

Time Evolution of Euler Parameters 

According to the relations between Euler angles and parameters, the following relations provide 
the parameters once the angles are known by means of Eqs. (37- 39). 

9 ip + ip 9 , , , ^o + ¥>(K 
n = cos — cos = cos - COS Ullt -\ 
' 2 2 2 V 1 2 ' 

.9 ->P-<P • 9 , . . ipo-(fiOs 
£i = sin - cos —-— = sin - cos(w2t H ) 

. 0 . ip-tp . 9 . , . . ipo ~ <fio s 
£2 = sin - sin —-— = sin - sin(w2t H ) 

9 . ip + ip 9 -(po + ipo 
£3 = cos - sin —-— = cos - sin(wit H ) 

These equations shows that there are two characteristic frecuencies that appear in the problem: 

The evolution equations obtained before, can be rewritten by means of the initial values of Euler 
parameters (770, £10, £20, £30) instead of initial values of Euler angles, that leads to: 

77 = r/o cosujit — £30 sinc^it 

£1 = £10 cosc^t — £20 sinci^t 

£2 = £10 sinw2t + £20 cos w2t 

£3 = Vo sin wit + £30 cos wit 

file:///uiMc


This solution is summarized in the next matrix equation. 

fv\ /»7o\ 
£ l 

t 2 

W 
= *(*) 

£10 

£20 

vW 
con $ ( t ) 

/cos Wit, 

0, 
0, 

\ s inwi t , 

0, 
+ COSW2t, 

sinw2t, 

0, 

0, 
— sinw2t, 

COSW2t, 

0, 

— sin w i t \ 
0 
0 

+ COS W i t / 

(42) 

It must be noted that the frecuencies w\ and W2 that appear in the solution depend only on the 
initial conditions (po, qo,fo) and mass characteristics of the solid b: 

"1 = ^{\]pl + (& + Vrl + {l - b)r0} 

^2 = ^{\]pl + ql + b2rl- (1 - 6)r0} 

(43) 

(44) 

The computation of the quaternion q( t ) is just a function of the initial conditions (po, qo, ?*o) and 
mass characteristics of the solid b as the initial value of the quaternion qo is also a function of that 
magnitudes (40-41). 

P E R T U R B E D P R O B L E M 

Euler Equations 

Adding the perturbation torques to the Euler equations become the following: 

Adp 

dt 

A dq 

+ (C- A)qr = L 

dt 
(A - C)pr = M 

..dr 
C-

dt 
N 

(45) 

(46) 

(47) 

where (L, M, N) are the components of the resulting perturbation torque, M, in body axes. 

In order to solve the previous set of equations, the solution obtained in the unperturbed problem 
will be essayed 

P(t) = po(t)cos(ujb(t)t)+ q0(t)siii(ujb(t)t) 

q(t) = -p0(t) sm(ujb(t)t) + q0(t) cos(ujb(t)t) 

r(t) = r 0 ( t ) 

(48) 

(49) 

(50) 

It must be noted that the parameters (po, qo > ro) that are constants during the unperturbed problem, 
now are functions of time. The substitution of the solution (48-50), in the Euler equations, leads to 
a set of relations that provides the evolution of (po, qo,fo) as a function of time. In order to achieve 
that, it is needed to obtain first the following derivatives: 

dijjbt 

dt 
(1 - b)r0t + ujb 

d(siri(ujbt)) 
dt 

<i(cos(w5t)) 

= cos(wfet) ((1 - 5)f0t + U)b) 

dt 
= - sin(wfet) ((1 - b)r0t + ujb) 

file:///sinwit


The derivatives of the angular rate components are calculated using the previous auxiliary deriva-
t j v e s d(sm(ubt)) d(cos(ubt)) ^ dubt 

dp 

~dt 

dq 

~dt 

dr 

~dt 

[cos(wfct)] po + [- sin(wbt) ((1 - b)r0t + iob)} p0 -+ 

[sin(wfet)] q0 + [cos(ujbt) ((1 - b)r0t + ujb)] q0 

- [sm(ujbt)]p0 - [cos(ujbt) ((1 - b)r0t + ujb)]p0 -+ 

[cos(ujbt)] q0 + [- sin(ujbt) ((1 - b)r0t + cub)] q0 

Substituting the derivative, Jr , in the first Euler equation (45) and using (49-50) 

[cos(ujbt)] po + [- sin(wfct) ((1 - b)r0t + ujb)] p0 + 

[sm(ujbt)] q0 + [cos(ujbt) ((1 - b)r0t + ub)] q0 + p0 sm(ujbt)ujc - q0 cos(ujbt)ujc = L/A 

The following equation is obtained when grouping the factors that multiply the derivatives of the 
angular rate 

[cos(ujbt)]p0 + [- sin(ujbt) ((1 - b)r0t)]p0 + [sin(ujbt)] q0 + [cos(ujbt) ((1 - b)r0t)] q0 = L/A 

[cos(ujbt)]p0 + [sin(ujbt)] q0 + [(1 - b)t (cos(ujbt)q0 - sm(ujbt)p0)] r0 = L/A 

The next set of equations arise when performing the same kind of computations for the second 
and third Euler equations (46-47) 

[cos(ujbt)] po + [sin(ujbt)] q0 + [(1 - b)t (cos(ujbt)qo - sm(ujbt)po)] r0 = L/A 

[- sm(ujbt)] po + [cos(ujbt)] q0 - [(1 - b)t (sin(w;,t)qo + cos(ujbt)po)] r0 = M/A 

[b]r0 =N/A 

The same set of equations expressed in a matrix way takes the form 

cos(ujbt) sin(ujbt) (1 - b)t (cos(ujbt)qo - sin(ujbt)po) \ /po\ /L/A\ 
-sm(ujbt) cos(ujbt) -(1 - b)t (sm(ujbt)qo + cos(ujbt)po) \ qo = M/A 

0 0 b J \roJ \N/AJ 

The derivatives of the angular rate components in body axes (po, (jo, ^o) are obtained, inverting 
the first matrix of the last matrix equation. 

fpo\ /bcos(ujbt) —bsin(ujbt) —qo(^ — b)t\ / L/C\ 

qo = lbsm(ujbt) bcos(ujbt) p0(l - b)t \M/c\ (51) 
yro) V 0 0 1 / \N/C) 

These equations must be integrated in order to obtain the time evolution of the angular rate com
ponents. It must be noted that u)b that was constant in the unperturbed problem now is a function of 
time because ro is also time-dependant. So to integrate (po, (jo, ro) the relation (28) must be taken 
into account. 



Once these components are known, the time evolution of the quaternion qo(t) is also known 
by means of relations (40-41). Note that the variables Qc and UJC that appear as constants in the 
unperturbed problem, now are functions of time as (po, qo, ro) depends on time. The relations (11) 
determine the values ofQc(t) and wc(t) once (po(t), qo(t), ro(tj) are known. 

Besides the quaternion q(t) can be also easily computed by means of equation (42). It must be 
noted that the frequencies u\ and LOI that were constant in the unperturbed solution, now are also 
functions of time as they depend on the angular rate components (po, qo,ro) by means of equations 
(43-44). 

As a consequence of this, in order to obtain the system evolution it is only needed to obtain the 
relations that the components (soo(t), sio(i), «2o(i), «3o(i)) of the quaternion so must verify. This 
components that were constant, from now on in the perturbed problem will be functions of time. 

Attitude Equations 

The time evolution of the s quaternion is given from the equation (9) that is shown hereafter for 
convenience. 

ds 1 ,„„ N 

The next solution will be essayed 
s(t)=s0(t)qo(t)q(t) 

where the evolution of the quaternions q(t) and qo(i) are already known ((40)-(42)). The substitu
tion of this solution in (9) equation leads to 

So(t)qo(t)q(t) = s0(t){iq0(t)q(t)(2Oo) - q0(t)q(t) - qo(*)q(*)} 

that can be rewritten in the following way 

s0(t) = s0(t){q0(t)[^q(t)(2Oo) - q(*)]q(*)qo(t) - 4)(*)qD(*)} 

The quaternion 20o is associated to the components (p, q, r) of the angular rate vector w in body 
axes (in the perturbed problem). And as q(t) = $(t)qo(t) the following relation is satisfied 

q(«) = ^ q o ( t ) + [ c i i — + u2—]q0(t) + $(t)qo(t) 

Due to the fact that the components (p, q, r) of w owns the same structure as in the unperturbed 
problem, the following relation must be satisfied 

i $ ( t ) q 0 ( t ) ( 2 0 0 ) - ^ q o ( t ) = 0 

because in the unperturbed problem the quaternion q(t) satisfies the differential equation 



As a consequence of this, the quaternion so(t) verifies the equation 

0$ . 0$ 
s0(t) = s 0 ( t ) { q 0 ( t ) [ - $qo(t ) - ( w i — +cia —)q 0 ( t ) ]* ( t )qD(*)qo(*) - qo(*)qo(*)j 

that can be rewritten in the following way: 

dS° X / O O A 
-g = ^ o (20P) 

siendo el cuaternio O p , definido por 

^ P = - | q o ( t ) [ $ q o ( t ) + ( ^ i — + c L ; 2 — ) q 0 ( t ) ] $ ( t ) q o ( t ) q o ( t ) + q 0 ( t ) q o ( t ) ) 

It must be noted that the derivative qo, that need to be computed in order to calculate the O p 
quaternion, can be obtained as a function of (po, qo,ro) and (po, (jo, ^o)- This relation is obtained 
deriving from equations 40, and taking into account thatpo, qo, ro, Slc and u)c are function of time. 

/»7o\ 

£10 
^20 

A l «12 

VW 

feis\ 
fc2l &22 &23 
hi &32 ^33 

\k4 «42 ^ 4 3 / 

where K is a matrix that depends only on the vector (po, qo, ro) and on the inertia constant b. 

In order to achieve these relations, the derivatives Slc and Cuc are computed as a preliminary step. 
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The elements of K matrix are shown hereafter 
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Thus, rewriting Op as a function of qo quaternion and a0 = (p0, q0, r0) vector 

tip = - \ qo(t) 
(9$ (9$ 

q(t)q0(t) + K(t)ao(t)qo(t) 

the derivatives ui\ and u>2 are: 

wi = - [iic + ujb) = 

^2 = 2 (^ c ~ ^b) = 

2 

2 
fpo . , qo . 
[ii-c

PO+ii-c
qo 

It must be noted that when the perturbation is null the quaternion Op vanishes, as it was foreseen. 

PERFORMANCES OF THE METHOD 

To evaluate the goodness of this propagation method, a numerical example has been performed. 
The example is based in a particular case of the Lagrange top that has an analytical solution: the 
unstable sleeping top. This way we can deduce the goodness of the numerical solution from the 
comparison with such analytical solution. 

In what follows we present a short summary of the Lagrange top by using a classical treatment. 

Lagrange Top 

Let us consider a rigid body of mass m with a fixed point O acted upon a constant gravitational 
field (g). If two principal inertia moment in O are equals and the center of mass G is on the 
other principal inertia axis, we have a Lagrange top. We use the classical Euler angles (ip, 9, <p) in 
sequence 3-1-3 (see figure 3) to describe the attitude of the body. Let ( be the distance C = \OG\. 

For the Lagrange top three quantities are conserved: i) the total energy E, ii) the vertical com
ponent k of the angular momentum Ho, and Hi) the third component, in the body frame, of the 
angular velocity of the solid: T-Q. As a consequence, the problem can be reduced to quadratures. 



Although it is not trivial, it is not difficult to show 
that the evolution of the Euler angles is given by 

I * - ± X du 

< = ± 
11 (/? — bcu0u) 

du 

± 

"0 (1 -U2)Vf(U) 
(uj0(b- i)u2 - f]u + uj0) 

( 1 - 1 * 2 ) 7 / ^ ) 

In this solution f{u) is a third grade polynomial 
in the variable u = cos 9 given by 

f(u) = (/i - 2M)(1 - u2) -{13- buj0uf 

and the parameters involved are: 

Figure 4 Lagrange top (OZQ is vertical). 
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From a qualitative point of view, the time evolu
tion of u coincides with the one-dimensional motion of a mass point with zero total energy in a 
conservative field whose potential energy is V(u) = —f(u) (see eq. (54)). There are different kind 
of motions depending on the values of the parameters involved in the problem. 

For the particular set of values 

V{u) 
[i LUO = /3/b, and |/3| < 2 

the polynomial f(u) becomes 

f(u) = (l-u)2(2[l+u]-fj2) 

and the graphic of the potential V(u) exhibits a 
double root in u = 1 (9 = 0) and a simple root 
in u = u\ = {(32 — 2)/2 (see figure 5). If the 
initial condition for 9 is 9$ = 0 (u$ = 1) the 
motion of the top is quite simple: a permanent 
rotation with a constant angular velocity around 
the Oz axis, which remains vertical. This is the 
sleeping top which, in this particular case (|/3| < 2), turns out to be unstable because any pertur
bation introduced on the system remove the Oz axis from the vertical and a nutation appears that 
destabilizes the dynamics. 

However, if the initial condition for 9 is not zero (9Q ^ 0), the motion is quite different and, in 
one special case, when t —• oo the dynamics tends asymptotically to a permanent rotation around 
the Oz axis which, for its part, tends asymptotically to the vertical OZQ. In particular, this kind of 
motion including an asymptotic phase takes place when the initial condition is wo = u\, wo = 0. In 
this case the motion starts in the leftward turning point of figure 5. 

Figure 5 Potential of unstable sleeping top 



The solution which arises from this initial conditions is: 

u{t) = cos#i + (1 — cos#i )x 

4>(t) = 4>o + ̂  I n t -

LJ0 

9 " l r i— " l I 

1 + t a r r — a rc tan [yx tan —J 

y>(£) = fo + - ^ I (2 - 6)Q t + 6W 1 + tan 2 — arctan[ i /x tan —] 

X(t) = t a n h 2 ( s i n ^ Q t ) 

(60) 

(61) 

(62) 

(63) 

The time evolution of the Euler parameters can be obtained through relations (20), once the time 
evolution of the Euler angles is known. The components of the angular velocity of the body can be 
obtained from equations (30-32). 

Figure 6 shows the evolution of the Euler angles in the motion given by (60-63) for the particular 
case in which: 

6 = 3, Q = l /20 , /? = 0.1 («i = - O . 9 9 5 , 0 i « 174.268°), V>o = 0, fo = 0 

In summary, to use this motion in order 
to check the goodness of a given numer
ical procedure the following steps should 
be cover: i) to fix the mass geometry 
and related parameters of the rigid body 
(A, C, m, C, 6); ii) to chose arbitrarily the 
value of (3 that satisfies (|/?| < 2); that 
fixes the value of 0\ 

01 = 2arccos(/3/2), 0X G [0, TT] 

and Hi) to take the following initial condi
tions: 

fo — f 1 

V'O = V'O ^ 0 = 

0 = 0 

29, 

T 
(po = ipo, fo = Q 

for the Euler angles and 

1 - 6 

(64) 

(65) 
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(66) 

180 

160 

140 

120 

100 

80 

60 

40 

20 

0 

\ — e 

\ - '<l> 
- \ f 

50 100 150 

t (in s) 

Figure 6 Evolution of the Euler angles 

Po 2Q\ /1 /32 

• sin (fo (67) 

/32 

qo = 2Q\jl - — cos<^o (68) 

r0 = Qp/b (69) 

for the components of the angular velocity. Here (V>o, fo) are arbitrary (for instance, tpo = fo = 0). 
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Figure 7 Analytical solution in terms of Euler parameters 

Hamiltonian Method 

A classical attitude propagation method based on hamiltonian formulation has been used to com
pare to the proposed method based on a perturbation scheme (see7 by H.S. Morton). This formula
tion for a rigid-body dynamics is based on generalized angular momentum variables corresponding 
to the Euler parameters. This corresponding set of four generalized angular momentum variables 
replaces the usual three component angular velocity vector in specifying the rate of change of orien
tation of the body with respect to inertial space. This leads naturally to a formulation of rigid-body 
rotational dynamics in terms of a system of eight first-order coupled differential equations involving 
the four Euler parameters and the four conjugate angular momenta. 

1 Q(e)NQT(e)p 

p = --Q{p)NQ1{p)e + 2Q{e)M 

(70) 

(71) 

where e = (?y,£i,£2,£3)T are Euler parameters, p = (po,Pi,P2,P3)T are the conjugated gener
alized momentum variables, M is the net torque due to externally applied forces, the matrix N is 
the inverse of the inertia matrix and the matrix Q(a) is defined as 

Q(a) = 

/a0 

a\ 
o2 

\ a 3 

—a\ 
o0 

- 0 3 

o2 

- o 2 

- 0 3 

o0 

CL\ 

-az\ 
o2 

—a\ 

a0 J 



Numerical Example 

The initial values used in the numerical example where chosen in order to achieve the movement 
of the asleep top. Besides, in order to compare the kindness of both methods, the initial conditions 
and the body properties were chosen in order to obtain a solution with two different time scales that 
becomes a difficult problem when using numerical integrations. It must be noted that the values 
used do not correspond to a real case of a real satellite and have been chosen just to perform a good 
comparison of both numerical methods. So, the principal moments of inertia of the body and the 
cocient of inertia, b are: 

A = B = 100000 (kgm2) C = 250.0 (kgm2) b = — 

The gravity acceleration has been set to 9.8 m/S while the top characteristics, weight and dis
tance between the fixed point and the center of mass have been fixed as 

m = 100.0 (kg) ( = 1.0 (m) 

Once these parameters have been set, Q is set to the next value according to equation 57: 

Q = 0.098995 (1/s) 

The adimensional parameter (3 of the Lagrange top must be set to a value less than 2 in order to 
obtain the sleeping top, so without anymore restrictions that parameter has been set to 0.1. The 
initial attitude of the top is determined by the initial Euler angles (radians): 

9(0) = 2 arccos(|) V(0) = 0.5 V(0) = 0.5 

That corresponds to the following Euler parameters 

r?(0) = 0.05 ei(0) = 0.99874921777 e2(0) = 0.0 e3(0) = 0.0 

The initial derivatives of Euler angles are computed using equations (64-66), are the following 

(radians/ s) 

(9(0) = 0 ip(0) = 1.9799 iP(0) = 0.587021 

and finally, the components of angular rate in body axes 

p(0) = 2Q\j 1 - ^-sin(<j>(0)) = 0.09480268782 ( — ) 

(3 VQJQJ 

q(0) = 2Q\ll - '~-cos(4>(0)) = 0.17353515604 ( ) 
V T : O 

(3 VQJQJ 

r(0) = £IT = 3.95979797464 ( ) 
6 s 

The exact solution of problem has been obtained using the analytical solution, equations. The 
solution in terms of Euler angles has been transformed in terms of Euler parameters by means of 
Eqs. (37- 39). As it was intended, this solution shows that there are two time scales that are very 
easy to discern. 



Besides, Hamiltonian and the proposed perturbation methods have been used to solve the pro
posed problem. Both methods have been implemented in FORTRAN programs. The same integra
tor has been used to solve the different set of diferential equations, an 8 order Runge-Kutta method 
proposed by E.B.Shanks. (MATH.COMP. 20 (1966) PP. 21 - 38). Both programs use quadruple 
precision in order to achieve the best possible performances. In order to compare both methods 
three sets of propagations have been performed. In each one of these sets of propagation both meth
ods have been run using different integration steps. The first set propagates the attitude from initial 
values for 100 seconds, the second set propagates the attitude for 200 seconds and the third for 300 
seconds. 

The results are presented in terms of the time of computation and the error of the method. In 
order to compute properly the time of computation, both programs were run in the same conditions. 
The error of each Euler parameter is defined as the absolute value of the difference between that 
Euler parameter, e^4, and the corresponding of the analytical solution, eA. Total error is defined as 
the squared root of the quadratic sum of the components. 

Xn — L M ^A\ Xc- — \aM aA\ Xc- — \aM aA\ Xc- — I aM aA\ 

or] — m — r] \ oe\ — ê  — ê  oe^ — £2 — e2 "£3 ~~ e3 — e3 
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Figure 8 Differences between methods 

Red lines in figure 8 shows the comparison of both methods when the final time of propagation 
is set to 100 seconds. Dotted line correspond to the hamiltonian method while the perturbation 
method results are shown with a solid line. It must be noted that at this time, while the error for 



the method based in the hamiltonian is about 10 for a computation time of 3 seconds, the error 
for the perturbation method is about 10~14 for the same computation time. Moreover, the highest 
accuracy obtained with the perturbation method is about one value higher than the respective value 
obtained with the method based in the hamiltonian. 

Figure 8 also shows the comparison of both methods when the final time of propagation is set to 
200 seconds in purple lines and 300 seconds in blue lines. It must be taken into account that as the 
propagation time is greater, the errors increase as the 6 angle is closer to zero. At these propaga
tion times the comparison between both methods show the better performances of the perturbation 
method. For example note that when propagation 200 seconds to achieve a 9 accuracy the hamil
tonian method takes around 35 seconds while the perturbation method takes less than 5 seconds. 
Moreover, as it happened when propagating 100 seconds, the highest accuracy obtained with the 
perturbation method for these two cases is also about one value higher than the respective value 
obtained with the method based in the hamiltonian. 
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