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Resumen 

Se ha aplicado un modelo dimensional de radiación de ondas sísmicas a partir de una 

columna de explosivo, dividida en varios elementos para tener en cuenta la influencia de 

la velocidad de detonación (𝑉𝑂𝐷) del mismo, para analizar las vibraciones del terreno en 

el campo cercano en un caso concreto. El tratamiento se basa en la viscoelasticidad lineal, 

en la cual, la respuesta no lineal de la roca se modela con un parámetro 𝑄. La ‘full-field 

solution’ se obtiene a partir de integración numérica y mediante la aplicación de una 

transformada de Fourier inversa (𝐼𝐹𝐹𝑇). El modelo se calibra con una ley de distancia 

escalada variando la ‘pressure decay’ (𝑃𝑑), la presión de von Neumman (𝑃𝑉𝑁) y el 

parámetro 𝑄. Además, se aplica un criterio de rotura basado en la velocidad pico de 

partícula (𝑃𝑃𝑉) y en el principio de conservación del momento de una onda elástica plana 

para construir un mapa de isolíneas de 𝑃𝑃𝑉 y así obtener el radio de la ‘crush zone’. 

Abstract 

A scale-dependent model of seismic radiation from a column of explosive, which is 

divided in several charge elements to consider the influence of the explosive velocity of 

detonation (𝑉𝑂𝐷), is applied to analyse ground vibrations in the blasthole near range for 

a specific case. The treatment is based on linear viscoelasticity in which the nonlinear 

response of rock is modelled with a Q-parameter. The full-field solution is obtained by 

numerical integration and an inverse fast Fourier transform (𝐼𝐹𝐹𝑇). The model is 

calibrated with a scaled distance law by varying pressure decay (𝑃𝑑), von Neumman 

pressure (𝑃𝑉𝑁) and Q-parameter. In addition, a breakage criterion based on peak particle 

velocity (𝑃𝑃𝑉) and the momentum conservation principle of a plane elastic wave is 

applied to make a 𝑃𝑃𝑉 contour map to obtain the crush zone radius. 
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1 Purpose and scope 

Propagation of waves in rock is one of the most significant factors associated with 

blasting and is becoming increasingly important. In relation to that, seismic radiation from 

a cylindrical column of explosive has important applications in exploration and mining 

geophysics as well as extractive mining and blast vibration prediction. 

The main aim of the present work is to replicate the Blair’s full-field solution, and 

subsequently, to calibrate this model from real measurements in order to investigate the 

influence of the explosive and rock properties in the blasthole near range. In this case, the 

model is proposed in a dimensional way. All of that implemented in a MATLAB code, 

which predicts ground vibrations produced by dynamic loads. 

To reach that, the full-field solution will be reproduced for a short explosive column with 

a single element. Once this is achieved, the calculation will be extended to a long column 

of explosive and the model will be calibrated with real data varying pressure decay, 

quality parameter and von Neumman pressure values. Next, a breakage criterion based 

on 𝑃𝑃𝑉 and the momentum conservation principle for a plane elastic wave will be applied 

and a 𝑃𝑃𝑉 contour map will be constructed to obtain the crush zone radius. Finally, this 

value will be compared with the 𝐶𝑍𝐼 model. 
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2 Background 

The theoretical study of radiation from a cylindrical source of finite length based on linear 

elasticity has been treated by Heelan (1953). Three wave systems are generated, P, SV, 

and SH, and their amplitudes are calculated in terms of stresses on the walls of the 

“equivalent cavity” which was introduced by (Sharpe, 1942). This solution, although 

approximate, has been found mathematically and physically well-founded and 

computationally inexpensive. 

An exact analytical (full-field) solution was developed by Meredith (1990) for the 

axisymmetric wave radiation caused by any time-varying pressure source acting over a 

finite length borehole. 

A critical analysis of vibration damage models based on simple charge weight scaling 

laws (Blair & Michinton, 1996) was made. These scaling laws only provide a simple 

engineering solution to the problem of estimating peak surface vibration levels measured 

as a function of charge weight and distance. 

Heelan solution has also been adapted for a viscoelastic material through the introduction 

of complex wave velocities (Blair & Michinton, 2006).  

A numerical comparison between the Heelan approximation and the exact solution of 

seismic waves produced by a short cylindrical charge was made by Blair (2007). In this 

case, the influence of a finite 𝑉𝑂𝐷 is neglected. The Heelan solution was found to produce 

results closer to the numerical and the full-field solutions. It is valid in the far-field and 

only for frequencies within certain limits (Triviño et al., 2012). 

Blair published the paper "Seismic radiation of an explosive column" in 2010 (Blair, 

2010), which is the basis of this project. In this paper a scale-independent analytic model 

combined with the application of linear viscoelasticity is used to predict the displacement 

at a specific point. The full-field solution does not consider the existence of a 

discontinuity such as a free surface, hence the application of the model is restricted to 

confined media or to situations in which only the incident waves are relevant, and 

reflections from the ground surface can be neglected. This is possibly the case, as a first 

approximation, of the very close vicinity of the blasthole. 
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3 Symbols 

𝐶𝑍𝐼: Crush Zone Index. 

𝐷𝑊𝑀: Discrete Wavenumber Method. 

𝐼𝐹𝐹𝑇: Inverse Fast Fourier Transform. 

𝑃𝑃𝐷: Peak Particle Displacement. 

𝑃𝑃𝑉: Peak Particle Velocity. 

𝑃𝑃𝐴: Peak Particle Acceleration. 

𝑈𝐶𝑆: Uniaxial Compressive Strength. 

𝑉𝑂𝐷: Velocity of detonation. 

𝛼: complex compresional-wave velocity. 

𝛽: complex shear-wave velocity. 

𝛿(𝑡): Dirac delta function. 

Λ: dimensionless axial wavenumber. 

𝜆: Lame’s first parameter. 

𝜇: shear modulus (Lame’s second parameter). 

𝜈: Poisson’s ratio. 

𝜌𝑒: explosive density. 

𝜌𝑟: rock density. 

𝜏: dimensionless time. 

Ω: dimensionless angular frequency. 

Ω𝑎: dimensionless mean frequency. 

𝜔: angular frequency. 

𝜔𝑎: mean angular frequency. 

𝑎: borehole radius. 

𝑐: dimensionless constant. 

𝐶𝐿: charge length. 

𝐸: Young’s modulus. 

𝑒: Euler’s constant. 

ℱ: Fourier transform operator. 

ℱ−1: inverse Fourier transform operator. 

𝐺𝜁: 𝜁-component. 

𝐻(𝑡): Heaviside unit step function. 

𝐽: number of charge elements. 
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𝐾𝜐(𝜉): modified Bessel function of the second kind. 

𝑘𝛼: compresional wavenumber. 

𝑘𝛽: shear wavenumber. 

𝑘𝑧: axial wavenumber. 

𝐿: charge element half lenght. 

𝑙: dimensionless compresional radial wavenumber. 

𝑚: dimensionless shear radial wavenumber. 

𝑛: integer. 

𝑃: sinusoidal term. 

𝒫: parity operator. 

𝑃𝑏: borehole pressure. 

𝑃𝑑: pressure decay. 

𝑃𝐶𝐽: Chapman-Jouguet pressure. 

𝑃𝑉𝑁: von Neumann pressure. 

𝑄𝑝: attenuation Q-constant for P-wave. 

𝑄𝑠: attenuation Q-constant for S-wave. 

𝑟: radial coordinate. 

𝑆: source function. 

𝑡: time. 

𝑼𝜁: Fourier transform of the displacement resulting from the jth element. 

𝑈𝜁: wavenumber-frequency transfer function for the 𝜁-direction displacement. 

𝑢𝜁: displacement in the 𝜁-direction. 

𝑉𝑝: elastic velocity for P-wave. 

𝑉𝑠: elastic velocity for S-wave. 

𝑍: scaled distance. 

𝑧: axial coordinate. 
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4 Fundamentals 

A brief description of the wave types and their behaviour is presented before introducing 

the model. Mathematical models, both dimensionless and dimensional, viscoelastic 

attenuation, avoidance of discontinuities and limits will also be covered. 

4.1 Shockwaves 

The behaviour of a rock mass faced with dynamic loads is usually complex. Detonation 

of a certain amount of explosive confined inside a borehole generates a shock wave. This 

shock wave is characterized by a sudden rise in pressure, which acts on the walls of the 

borehole and it is transmitted to the surrounding rock. 

Energy is transmitted in the form of different waves, which travel at different velocities 

and cause distinct deformations in the rock. The wave that travels at the highest velocity 

is called the primary wave or P-wave. This is a compressional wave, and the particle 

motion is longitudinal. After the P-wave, a second wave propagates, named secondary or 

S-wave. This is a shear wave, because it causes a deformation that is perpendicular to the 

direction of propagation without modifying the volume of the rock. There are two types 

of S-waves. SV-waves: shear waves with displacement in the vertical x-z plane. SH-

waves: shear waves with displacement in the horizontal x-y plane (Rawlison, 2009) (see 

Figure 1). In this work only SV-waves are considered as the analysis is axisymmetric. 

Both waves move through the rock, so they are called body waves. When these waves 

come across discontinuities in a media with different elastic properties, other waves, 

called surface waves, are generated and they travel through the discontinuities. The most 

important are the Rayleigh wave (R-wave) and Love wave (Q-wave). Surface waves 

generally travel along the surface at slower velocities than body waves (Ainalis et al., 

2017). 

At long distance from the source, body waves, generated due to the explosive blasting 

process, only carry a small fraction of the total available energy while surface waves carry 

most of the available energy. This statement is true in the far-field whereas, in the near 

field the body waves are more important than surface waves. 

High-frequency seismic energy is damped more rapidly than low-frequency energy, so 

that as we move away from the source, low-frequency energy will predominate 

(Sanchidrián & Muñiz, 2000). 
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Figure 1: Behaviour of body waves. Modified from (Rawlison, 2009). 

The propagation velocities are elastic properties of a material: 

𝑉𝑝 = √
𝐸(1 − 𝜈)

𝜌𝑟(1 − 2𝜈)(1 + 𝜈)
= √

𝜆 + 2𝜇

𝜌𝑟
 

𝑉𝑠 = √
𝐸

2𝜌𝑟(1 + 𝜈)
= √

𝜇

𝜌𝑟
 

Where: 

• 𝐸 is the Young’s modulus (Pa). 

• 𝜈 is the Poisson’s ratio. 

• 𝜇 is the shear modulus (Pa). 

• 𝜆 is the Lame’s first parameter (Pa). 

• 𝜌𝑟 is the rock density (kg/m3). 

The ratio between P-wave and S-wave velocities is, from the above relations: 

𝑉𝑝

𝑉𝑠
= √

2(1 − 𝜈)

1 − 2𝜈
 

A typical value of the Poisson’s ratio is 0,25. With this value, 𝑉𝑝 𝑉𝑠⁄ = √3. 

Crustal and upper mantle velocities have been determined on a worldwide basis. These 

studies have often provided earth scientist with information on compressional and shear-

wave velocities at various crustal depths. Christensen & Stanley (2003) summarize 
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velocities in many lithologies believed to be important constituents of the lithosphere, 

experimental aspects of velocity measurements, and velocity-density relationships. 

4.2 Geometry 

In order to replicate the full-field solution, the objective is to calculate the displacement 

produced by a single element centred on (0,0) at the coordinate point (a,0) located on the 

wall of the blasthole with the parameters given in Blair (2010) in the radial and axial 

directions. 

A short cylindrical explosive column with length 2𝐿 and radius 𝑎, centered at the origin 

of coordinates is considered (see Figure 2). 

 

Figure 2: The geometry and elements of an explosive column. Modified from: (Blair, 2010). 

Figure 2 shows the geometry for an extended column of explosive within a blasthole 

modelled by 𝐽 elements, each of length 2𝐿. 

4.3 Mathematical model 

This subsection covers the scale-independent and scale-dependent analytic models. The 

first one is given in Blair (2010). The second one is derived from the first one replacing 

the dimensionless parameters by the dimensional parameters. 
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4.3.1 Scale-independent analytic model 

The displacement of a particle in the 𝜁-direction for the radial distances 𝑟 ≥ 𝑎 at a location 

𝑃 (𝑟, 𝑧) as a function of dimensionless time 𝜏 is expressed by the following equation 

(Blair, 2010): 

𝑢𝜁 (
𝑟

𝑎
,
𝑧

𝑎
, 𝜏) =

𝛼

4𝜋2
∫ ∫ Ω𝑈𝜁(Λ, Ω)𝑒𝑖(𝑧 𝑎⁄ )ΛΩ𝑑Λ𝑒−𝑖Ω𝜏𝑑Ω

∞

−∞

∞

−∞

 

Where: 

• 𝛼 is the complex compressional-wave velocity (m/s). 

• Ω is the dimensionless angular frequency. 

• Λ is the dimensionless wavenumber. 

• 𝑈𝜁(Λ, Ω) is the wavenumber-frequency transfer function for the 𝜁-direction 

displacement. 

• 𝑟 is the radial coordinate (m). 

• 𝑧 is the axial coordinate (m). 

The dimensionless angular frequency, dimensionless wavenumber and dimensionless 

time are defined as: 

Ω =
𝑎𝜔

𝛼
 

Λ =
𝛼𝑘𝑧

𝜔
 

𝜏 =
𝛼𝑡

𝑎
 

When 𝜏 = 1, 𝑡 is the transit time for P-waves over a distance 𝑎. 

Considering the dimensional case, the change of variables used are the following: 

Ω𝜏 =
𝑎𝜔

𝛼
·

𝛼𝑡

𝑎
= 𝜔𝑡 

(𝑧 𝑎⁄ )ΛΩ = (𝑧 𝑎⁄ ) ·
𝛼𝑘𝑧

𝜔
·

𝑎𝜔

𝛼
= 𝑧𝑘𝑧 

𝑑Λ𝑑Ω = 𝑑𝑘𝑧𝑑𝜔
𝑎2

𝛼Ω
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The transfer functions are defined by: 

𝑈𝜁(Λ, Ω) =
𝑆(Ω)

𝜇
𝑃(Λ)𝐺𝜁(Λ, Ω) 

Where: 

• 𝜇 is the shear modulus (Pa). 

The spectral function 𝑆(Ω) of the explosive source can be cast as (Blair, 2010): 

𝑆(Ω) =
𝑐𝑎𝑃𝑉𝑁(𝑒 𝑛⁄ )𝑛𝑛!

𝛼Ω𝑎
(

1 + 𝑖𝑐 Ω Ω𝐴⁄

1 + (𝑐 Ω Ω𝑎⁄ )2
)

𝑛+1

 

Where: 

• 𝑐 and 𝑛 are constants chosen to represent the source. Values of 𝑛 are in the range 

of 3 to 9. Typically, 𝑛 = 6 for which 𝑐 = 0,375 and these values are used to 

replicate the Blair’s model. 

• 𝑃𝑉𝑁 is the von Neumann pressure (Pa). 

• Ω𝑎 is the dimensionless mean frequency. 

Ω𝑎 =
𝑎𝑐𝑃𝑑

𝛼
 

The sinusoidal term is expressed by: 

𝑃(Λ) = (𝐿 𝑎⁄ ) · 𝑠𝑖𝑛𝑐{(𝐿 𝑎⁄ )ΛΩ} 

Where: 

• 𝐿 is the charge element half length (m). 

• 𝑎 is the borehole radius (m). 

for which the sinc function can be cast as 1: 

𝑠𝑖𝑛𝑐(𝑥) =
sin 𝑥

𝑥
 

The directional functions can be expressed as follows: 

                                                 
1 In Matlab the sinc(x) function is defined by sin(πx)/πx. 
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𝐺𝑟(Λ, Ω)

=

𝑙𝑎 {[2Λ2 − (
𝛼
𝛽

)
2

] 𝐾1(𝑚𝑎)𝐾1(𝑙𝑟) − 2Λ2𝐾1(𝑙𝑎)𝐾1(𝑚𝑟)}

Ω2 [2Λ2 − (
𝛼
𝛽

)
2

]

2

𝐾0(𝑙𝑎)𝐾1(𝑚𝑎) − 2 (
𝛼
𝛽

)
2

𝑙𝑎𝐾1(𝑙𝑎)𝐾1(𝑚𝑎) − 4Λ2𝑚𝑎𝐾0(𝑚𝑎)𝑙𝑎𝐾1(𝑙𝑎)

 

𝐺𝑧(Λ, Ω)

=

𝑖Λ
Ω {−Ω2 [2Λ2 − (

𝛼
𝛽

)
2

] 𝐾1(𝑚𝑎)𝐾0(𝑙𝑟) + 2𝑙𝑎𝐾1(𝑙𝑎)𝑚𝑎𝐾0(𝑚𝑟)}

Ω2 [2Λ2 − (
𝛼
𝛽

)
2

]

2

𝐾0(𝑙𝑎)𝐾1(𝑚𝑎) − 2 (
𝛼
𝛽

)
2

𝑙𝑎𝐾1(𝑙𝑎)𝐾1(𝑚𝑎) − 4Λ2𝑚𝑎𝐾0(𝑚𝑎)𝑙𝑎𝐾1(𝑙𝑎)

 

The expressions 𝐾0(𝜉) and 𝐾1(𝜉) are the modified Bessel functions of the second kind of 

dimensionless argument and of orders 0 and 1, respectively. The arguments of the Bessel 

functions are the following: 

𝑙𝑎 = √Ω2(Λ2 − 1) 

𝑚𝑎 = √Ω2(Λ2 − (𝛼 𝛽⁄ )2) 

𝑙𝑟 = 𝑙𝑎(𝑟 𝑎⁄ ) 

𝑚𝑟 = 𝑚𝑎(𝑟 𝑎⁄ ) 

For an elastic medium, these wavenumbers are either real or purely imaginary. However, 

for a viscoelastic medium they are complex. 

4.3.2 Dimensional analytic model 

If the appropriate change of variables is made, the dimensional solution has the following 

expression: 

𝑢𝜁(𝑟, 𝑧, 𝑡) =
𝑎2

4𝜋2
∫ ∫ 𝑈𝜁(𝑘𝑧, ω)𝑒𝑖𝑧𝑘𝑧𝑑𝑘𝑧𝑒−𝑖ωt𝑑ω

∞

−∞

∞

−∞

     

for which: 

𝑈𝜁(𝑘𝑧 , ω) =
𝑆(ω)

𝜇
𝑃(𝑘𝑧)𝐺𝜁(𝑘𝑧, ω) 

The source function is now: 
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𝑆(𝜔) =
𝑃𝑉𝑁(𝑒 𝑛⁄ )𝑛𝑛!

𝑃𝑑
(

1 + 𝑖(𝜔 𝑃𝑑⁄ )

1 + (𝜔 𝑃𝑑⁄ )2
)

𝑛+1

    (𝑃𝑎 · 𝑠) 

In the temporary domain the source function has the following expression2: 

𝑆(𝑡) = 𝑃𝑉𝑁(𝑒𝑃𝑑 𝑛⁄ )𝑛𝐻(𝑡)𝑡𝑛𝑒−𝑃𝑑𝑡    (𝑃𝑎) 

Where 𝐻(𝑡) is the Heaviside unit step function. 

Figure 3 shows the source term as a function of time for several values of pressure decay. 

It can be shown that the rise time of the maximum pressure load occurs at a later time as 

the pressure decay decreases. 

 

Figure 3: Source term S(t) in a log-linear space. 

The sinusoidal term is now: 

𝑃(𝑘𝑧) = 𝑠𝑖𝑛(𝐿𝑘𝑧) 𝑎𝑘𝑧⁄  

and 

{
𝑖𝑓 𝑘𝑧 ≠ 0   𝑡ℎ𝑒𝑛   𝑃(𝑘𝑧) = 𝑠𝑖𝑛(𝐿𝑘𝑧) 𝑎𝑘𝑧⁄  

𝑖𝑓 𝑘𝑧 = 0  𝑡ℎ𝑒𝑛  𝑃(0) = 𝐿/𝑎
 

The directional terms are now: 

                                                 
2 Trivino et al. (2009) criticised the use of this source function because is not representative of experimental 

data. In response, Blair (2015) modified the source function. 
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𝐺𝑟(𝑘𝑧, ω)

=
𝑙𝑎{[2𝑘𝑧

2
− 𝑘𝛽

2
]𝐾1(𝑚𝑎)𝐾1(𝑙𝑟) − 2𝑘𝑧

2
𝐾1(𝑙𝑎)𝐾1(𝑚𝑟)}

a2[2𝑘𝑧
2

− 𝑘𝛽
2

]
2

𝐾0(𝑙𝑎)𝐾1(𝑚𝑎) − 2𝑘𝛽
2

𝑙𝑎𝐾1(𝑙𝑎)𝐾1(𝑚𝑎) − 4𝑘𝑧
2

𝑚𝑎𝐾0(𝑚𝑎)𝑙𝑎𝐾1(𝑙𝑎)
  

𝐺𝑧(𝑘𝑧, ω)

=

𝑖𝑘𝑧
a {−a2[2𝑘𝑧

2
− 𝑘𝛽

2
]𝐾1(𝑚𝑎)𝐾0(𝑙𝑟) + 2𝑙𝑎𝐾1(𝑙𝑎)𝑚𝑎𝐾0(𝑚𝑟)}

a2[2𝑘𝑧
2

− 𝑘𝛽
2

]
2

𝐾0(𝑙𝑎)𝐾1(𝑚𝑎) − 2𝑘𝛽
2

𝑙𝑎𝐾1(𝑙𝑎)𝐾1(𝑚𝑎) − 4𝑘𝑧
2

𝑚𝑎𝐾0(𝑚𝑎)𝑙𝑎𝐾1(𝑙𝑎)
 

With compresional wavenumbers: 

𝑙𝑎 = 𝑎√𝑘𝑧
2

− 𝑘𝛼
2
 

𝑚𝑎 = 𝑎√𝑘𝑧
2

− 𝑘𝛽
2
 

𝑙𝑟 = 𝑟√𝑘𝑧
2

− 𝑘𝛼
2
 

𝑚𝑟 = 𝑟√𝑘𝑧
2

− 𝑘𝛽
2
 

Where: 

𝑘𝛼 = 𝜔
𝛼⁄     (𝑟𝑎𝑑 𝑚⁄ ) 

𝑘𝛽 = 𝜔
𝛽⁄     (𝑟𝑎𝑑 𝑚⁄ ) 

The dimensional full-field solution can be cast as: 

𝑢𝜁(𝑟, 𝑧, 𝑡)

=
𝑎𝑃𝑉𝑁(𝑒 𝑛⁄ )𝑛𝑛!

4𝜋2𝑃𝑑  𝜇
∫ ∫

sin(𝐿𝑘𝑧)

𝑘𝑧
(

1 + 𝑖(𝜔 𝑃𝑑⁄ )

1 + (𝜔 𝑃𝑑⁄ )2
)

𝑛+1

𝐺𝜁(𝑘𝑧, ω) 𝑒𝑖𝑧𝑘𝑧𝑑𝑘𝑧𝑒−𝑖ωt𝑑ω

∞

−∞

∞

−∞

 

4.4 Viscoelastic attenuation 

The viscoelastic attenuation model by White (1983) and Kjartansson (1979) are used: 

𝛼2(Ω) = 𝑉𝑝
2 |

Ω

Ω𝑎
|

2𝛾

𝑒−𝑖𝜋𝛾𝑠𝑔𝑛(Ω) 

𝛽2(Ω) = 𝑉𝑠
2 |

Ω

Ω𝑎
|

2𝜂

𝑒−𝑖𝜋𝜂𝑠𝑔𝑛(Ω) 
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for which: 

𝛾 =
1

𝜋
tan−1 (

1

𝑄𝑝
) 

𝜂 =
1

𝜋
tan−1 (

1

𝑄𝑠
) 

Where: 

• 𝑄𝑝 and 𝑄𝑠 are the quality parameters. 

Figure 4 shows 𝛾 and 𝜂 as a function of 𝑄. 

  

Figure 4: γ and η values for a specific Q-value. 

In this work, 𝑄𝑝 = 𝑄𝑠 = 𝑄. If these 𝑄-values are specified for a particular viscoelastic 

material, equations enable a calculation of the complex velocities. 

The treatment is based on linear viscoelasticity in which the nonlinear response of rock 

close to the blasthole is modelled as a sufficiently low-𝑄 material having an exponential 

increase in 𝑄 with distance from the source (Blair, 2010). 
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When the change of variables is made3: 

𝛼2(ω) = 𝑉𝑝
2 |

ω

ω𝑎
|

2𝛾

𝑒−𝑖𝜋𝛾sgn(ω) 

𝛽2(ω) = 𝑉𝑠
2 |

ω

ω𝑎
|

2𝜂

𝑒−𝑖𝜋𝜂𝑠𝑔𝑛(ω) 

According to the last equations, the dimensionless wavenumber Λ and dimensionless 

frequency Ω also are complex. Thus, the integration domain is complex. It is for that 

reason that the dimensional model has been chosen. Then it is not necessary to use the 

𝐷𝑊𝑀 (Discrete Wavenumber Method) (Bouchon, 2003) as is done by Blair (2010). 

4.5 Discontinuities 

In fact, all discontinuities should be removed prior to numerical integration. In any 

specific case, White (1983) claims that this can be achieved by introducing material 

attenuation, i.e., by allowing the velocities 𝛼 and 𝛽 to be complex. This statement is not 

completely true, since it is still possible to find singularities in the model. 

The sinusoidal term 𝑃 is continuous for any value of axial wavenumber and the source 

term 𝑆 is continuous for any frequency value. All discontinuities would come from the 

directional term 𝐺𝜁. 

As mentioned before, the directional term is made up of modified Bessel functions of the 

second kind. 

The modified Bessel function of the second kind 𝐾𝑣(𝑧) (see Figure 5) is one of the 

solutions to the modified Bessel differential equation (Zhang, 1996): 

𝑧2
𝑑2𝑦(𝑧)

𝑑𝑧2
+ 𝑧

𝑑𝑦(𝑧)

𝑑𝑧
− (𝑧2 + 𝑣2)𝑦(𝑧) = 0 

Where z and v can be arbitrarily complex numbers. But in this work, we only consider 

the case where v is a nonnegative integer. As shown in Figure 5 the modified Bessel 

functions of the second kind 𝐾𝑣(𝑧) diverge at z = 0, presenting a singularity. 

                                                 
3 In this case, if the change of variables is made within the sgn function, it is observed that the complex 

velocities depend on themselves. It is for that reason that the argument of sgn function has remained 

dependent on 𝜔 as it appears in (Kjartansson, 1979). 
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Figure 5: Modified Bessel Functions of the Second Kind for v = 0, 1, 2, 3, 4. From: Mathworks help. 

In this case, it occurs when 𝑘𝑧 = 0 and 𝜔 = 0 simultaneously. In addition, the model 

does not allow for calculate the displacement when 𝑟 < 𝑎, which makes all sense since 

𝑟 < 𝑎 does not belong to the rock. 

4.6 Wavenumber and frequency limits 

As mentioned above, singularities occur when 𝑘𝑧 = 0 and 𝜔 = 0 simultaneously. Thus, 

it is necessary to avoid these values of angular frequency and axial wavenumber within 

the model. 

Angular frequency can be written: 

𝜔 = 2𝜋𝑓 

Maximum and minimum frequency values have been chosen as 105 Hz and 10 Hz 

respectively. These limits are based on the frequency spectrum of Figure 6. A frequency 

interval ∆𝑓 of 10 Hz has been considered small enough. Thus: 

𝜔𝑚𝑎𝑥 = 2𝜋𝑓𝑚𝑎𝑥 = 628 318,53  𝑟𝑎𝑑/𝑠 

𝜔𝑚𝑖𝑛 = 2𝜋𝑓𝑚𝑖𝑛 = 62,832  𝑟𝑎𝑑/𝑠   

∆𝜔 = 2𝜋∆𝑓 = 62,832  𝑟𝑎𝑑/𝑠 
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Figure 6: Frequency spectrum of Blast#3. From (Natale et al., 2017) 

The axial wavenumber can be expressed as: 

𝑘𝑧 =
𝜔

𝑉𝑂𝐷
 

Keeping in mind that the angular frequency values have already been defined:  

𝑘𝑧 𝑚𝑎𝑥 =
𝜔𝑚𝑎𝑥

𝑉𝑂𝐷
 

𝑘𝑧 𝑚𝑖𝑛 =
𝜔𝑚𝑖𝑛

𝑉𝑂𝐷
   

∆𝑘𝑧 =
∆𝜔

𝑉𝑂𝐷
 

In these calculations, 𝑉𝑂𝐷 is supposed to be 5200 m/s4 in order to replicate the model so 

maximum and minimum axial wavenumber values are: 

𝑘𝑧 𝑚𝑎𝑥 = 120,83   𝑟𝑎𝑑/𝑚 

𝑘𝑧 𝑚𝑖𝑛 = 0,012083   𝑟𝑎𝑑/𝑚   

∆𝑘𝑧 = 0,012083   𝑟𝑎𝑑/𝑚   

Once the discontinuities have been avoided, the dimensional model can be replicated. 

 

  

                                                 
4 This is the 𝑉𝑂𝐷 used by Blair (2010). This value has been retained for the purpose of comparison with 

Blair’s results. The 𝑉𝑂𝐷 used to calibrate the model with field measured values is the experimental one 

(see section 6.3.2). 
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5 Displacement calculation 

In this section the displacement produced by a single element will be calculated applying 

numerical integration and the Inverse Fast Fourier Transform (𝐼𝐹𝐹𝑇) to solve the inner 

and outer integrals respectively. The solution obtained by Blair (2010) based on the 𝐷𝑊𝑀 

(Bouchon, 2003) and the solution obtained in this work will be compared. 

5.1 Inner integral 

Although Blair (2010) uses the 𝐷𝑊𝑀, which is suitable for the scale-independent model 

because the integration domain is complex, for the dimensional case numerical 

integration has been used to evaluate the inner integral for each frequency component. 

The MATLAB algorithm used to evaluate the inner integral is ’trapz’. ‘trapz’ computes 

the approximate integral of a vector via trapezoidal method where the spacing between 

data points is 1. When the spacing is constant, but not equal to 1, an alternative is to 

specify the scalar spacing value. This method approximates the integration over an 

interval by breaking the area down into trapezoids with more easily computable areas. 

For each frequency component, both the real and imaginary parts of the radial component 

have even symmetry while both the real and imaginary parts of the axial component have 

odd symmetry. However, the exponential term has Hermitian symmetry. Therefore, when 

‘trapz’ is used, the negative part of the axial wavenumbers domain must be considered. 

In that sense, the evaluation of the inner integral cannot be simplified by multiplying by 

2 the inner integrand. 

The result from the inner integral is a frequency dependent function 𝑼𝜁. As the source 

term 𝑆(𝜔) does not depend on 𝑘𝑧, there is no need to include it in the inner integral, so 

𝑼𝜁(𝑟, 𝑧, 𝜔) is defined as: 

𝑼𝜁(𝑟, 𝑧, 𝜔) = (
1 + 𝑖(𝜔 𝑃𝑑⁄ )

1 + (𝜔 𝑃𝑑⁄ )2
)

𝑛+1

∫
sin(𝐿𝑘𝑧)

𝑘𝑧
𝐺𝜁(𝑘𝑧, ω) 𝑒𝑖𝑧𝑘𝑧𝑑𝑘𝑧

∞

−∞

 

5.2 Outer integral 

Just like in Blair (2010), 𝐼𝐹𝐹𝑇 is used to evaluate the outer integral. 
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5.2.1 Fourier transform 

The Fourier transform, and the inverse Fourier transform of a continuous function 𝑓 are 

respectively: 

𝑓(𝜔) = ∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑡

∞

−∞

𝑑𝑡 

𝑓(𝑡) =
1

2𝜋
∫ 𝑓(𝜔)𝑒𝑖𝜔𝑡

∞

−∞

𝑑𝜔 

Writing the two successive transformations as a repeated integral, we obtain the usual 

statement of Fourier’s integral theorem (Bracewell, 1965): 

𝑓(𝑡) =
1

2𝜋
∫ [ ∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑡

∞

−∞

𝑑𝑡]

∞

−∞

𝑒𝑖𝜔𝑡𝑑𝜔 

The Fourier transform is sometimes denoted by the operator ℱ and its inverse by ℱ−1, so 

that: 

𝑓 =  ℱ[𝑓],              𝑓 = ℱ−1[𝑓] 

Symmetry properties play an important role in Fourier theory. Function 𝑓(𝜉) has a special 

kind of symmetry as its real part is even and its imaginary part is odd. Such a function is 

called Hermitian; it is often defined by the property: 

𝑓(𝜉) = 𝑓(−𝜉)̅̅ ̅̅ ̅̅ ̅̅  

and its inverse Fourier transform is real (see Figure 7). 

 

Figure 7: Symmetry properties of a complex function whose real and imaginary parts are even and odd respectively. 

Modified from Bracewell (1965). 
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Since the displacement waveforms 𝑢𝜁 are real, and therefore the governing transfer 

functions 𝑼𝜁 must have Hermitian symmetry (Blair, 2010). 

5.2.2 Complex conjugates 

Considering the Fourier transform of the displacement 𝑼𝜁, the displacement equation 

results: 

𝑢𝜁 =
𝑎𝑘

2𝜋
∫ 𝑼𝜁(𝑟, 𝑧, 𝜔)𝑒−𝑖ωt𝑑ω

∞

−∞

 

Where: 

𝑘 =
𝑃𝑉𝑁(𝑒 𝑛⁄ )𝑛𝑛!

𝑃𝑑𝜇
 

However, the exponent of the inverse Fourier transform has the opposite sign. Thus, the 

displacement obtained will be time-dependent but with the opposite sign which means 

that the Fourier transform is applied twice. 

𝑢𝜁(−𝑡) =
𝑎𝑘

2𝜋
∫ 𝑼𝜁(𝑟, 𝑧, 𝜔)𝑒−𝑖ωt𝑑ω

∞

−∞

 

For suitable functions, applying the Fourier transform twice simply flips the function: 

ℱ2[𝑓(𝑥)] = 𝑓(−𝑥) 

Defining the parity operator 𝒫 = ℱ2 the last equation becomes: 

𝒫[𝑓(𝑥)] = 𝑓(−𝑥) 

If Hermitian symmetry property is applied, we can write: 

𝒫[𝑓(𝑥)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ =  𝑓(𝑥) 

It means that it will be necessary to conjugate the signal to get the correct result. 

The ‘flip’ algorithm will be used to conjugate de signal. ‘flip’ returns an array, but with 

the order of the elements reversed. 

5.2.3 Inverse Fast Fourier Transform (IFFT) 

An 𝐼𝐹𝐹𝑇 is used to evaluate the outer integral. The ‘ifft’ algorithm computes the inverse 

discrete Fourier transform of a vector using a Fast Fourier transform (FFT) algorithm. In 
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this case, it is necessary to specify a symmetry type because the vector is not exactly 

conjugate symmetric due to round-off errors. ‘symmetric’ option treats the data as if it 

were conjugate symmetric. 

The Inverse Fast Fourier Transforms are defined as follows: 

𝑋(𝑗) =
1

𝑁
∑ 𝑌(𝑘)𝑊𝑛

(𝑗−1)(𝑘−1)

𝑛

𝑘=1

 

Where: 

𝑊𝑛 = 𝑒−2𝜋𝑖/𝑛 

The steps followed to reconstruct the signal are shown in Figure 8. 

 

Figure 8: Steps followed to reconstruct the signal. 

In addition, scaling the result is required to obtain the correct values of the displacement. 

Since signal is symmetric such that the magnitude of only the first half points are unique, 

the main idea is to multiply the spectrum by 2 to obtain the real amplitude of the 

displacement. Finally, the result is multiplied by the signal length 𝑁∆𝑓. 

The time interval can be cast as: 

∆𝑡 =
1

𝑁∆𝑓
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Where: 

• 𝑁 is the number of points. 

• ∆𝑓 is the interval frequency. 

The time vector starts at 0 and continues to 𝑁 − 1 so that the total number of points is 𝑁. 

5.3 Comparison 

The solution obtained by the calculation method described in the previous sections and 

implemented in a MATLAB code are compared with the solution provided by Blair 

(2010). 

Figure 9 shows the dimensionless radial displacement 𝑢𝑟/𝑎 as a function of 

dimensionless time, which is obtained from the MATLAB code, for the blasthole wall 

location (0.0445,0) in a near-elastic material given by 𝑄𝑝 = 1000, and for a single charge 

element with an infinite 𝑉𝑂𝐷. The medium is characterized by 𝑉𝑝 𝑉𝑠⁄ = √3 with 𝑉𝑝 =

5500 𝑚/𝑠 and charged with ANFO characterized by 𝑃𝑑 = 939325 𝑠−1 and 𝑃𝑉𝑁 𝜇⁄ =

0.536 with 𝑃𝑉𝑁 = 14.2 𝐺𝑃𝑎. The results are given for values of the element 

dimensionless length 𝐿 𝑎⁄  ranging from 0.02 to 10. 

 

Figure 9: Dimensionless displacement at (a,0) as function of τ. Qp = 1000. 
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Figure 10 shows the dimensionless radial displacement 𝑢𝑟/𝑎 as a function of 

dimensionless time 𝜏, as obtained by Blair (2010), for the blasthole wall location 

(0.0445,0) in the same material and the same explosive as in Figure 9. 

 

Figure 10: Dimensionless displacement at (a,0) as a function of τ, Qp = 1000. From: (Blair, 2010). 

In both cases the peak dimensionless displacement occurs when 𝐿/𝑎 =  0.5. As 𝐿/𝑎 

increases, the displacement pulse shape broadens until it approaches a fixed shape as 

given by 𝐿/𝑎 =  10. The second arrivals on the waveforms 𝐿 𝑎⁄ =  1, 2 and 5 are caused 

by the S-waves coming off the ends of each element. The S-waves overlap with the P-

wave when 𝐿 𝑎⁄ <  1. 

By considering the change in pulse shape as 𝐿/𝑎 decreases from large values, the negative 

displacement phase for small 𝐿/𝑎 is caused by the unloading waves off the element ends. 

This unloading becomes negligible only when 𝐿/𝑎 <  0.2, approximately; this is the 

maximum element size allowed to realistically mimic a finite velocity of detonation as a 

traveling ring load, with each element appropriately time delayed (Blair, 2010). 

If a value of 𝐿/𝑎 =  0.2 were chosen for the calculation of a blasthole, the simulation 

time would become too high for long charges; a sufficiently low 𝐿/𝑎 value will have to 

be used to calibrate the dimensional model (see section 6). 

As can be seen from Figure 9, when 𝐿/𝑎 = 0.02 and 0.05 the maximum dimensionless 

displacement values are lower than shown in Figure 10. This difference can probably be 
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explained by the ∆𝑓 chosen which affects the sinusoidal term. In both cases, when 𝐿/𝑎 >

 0.5, the maximum radial displacement occurs at τ = 1.8 approximately. If the dimensional 

model had been used, the dimensional time would be 14 μs. 

The radial component of the displacement tends to zero with time while the z component 

is 0 at any time. That is due to the single element with infinite 𝑉𝑂𝐷 used to replicate the 

solution shown in Blair (2010), and the point location in the radial axis. 
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6 Calibration 

In this section, the concept of finite 𝑉𝑂𝐷 will be introduced. In addition, the single-

element viscoelastic treatment is extended to cover the case of a large explosive column, 

which is modelled as a series of elemental charges, each delayed in time according to the 

𝑉𝑂𝐷. Next, the relation between radial distance, 𝑃𝑃𝐷, and 𝑉𝑂𝐷 will be covered. Finally, 

the dimensional model will be calibrated so that the results of the model are consistent 

with experimental values. 

6.1 Finite velocity of detonation 

In a long charge, the angular distribution of the velocity field is very different from the 

case of a small charge (Rosales-Vera et al, 2017). Especially when 𝐿/𝑎 ≫ 1, the 

detonation cannot be considered instantaneous and it becomes necessary to consider the 

finite 𝑉𝑂𝐷. 

Thus, the explosive column is divided in 𝐽 (odd) elements so that it is possible to add, at 

a certain point, the waves produced by the detonation of each element. If 𝑼𝜁(𝑟, 𝑧, 𝜔) is 

the Fourier transform of the displacement resultant from the jth element, assumed to 

initiate instantaneously, then the total displacement of the entire column can be evaluated 

using the shift and addition theorems (Bracewell, 1965). 

The contribution from each element is delayed according to the explosive velocity of 

detonation and added along the entire length of the explosive column. The first element 

(see Figure 1) initiates at zero time. 

In terms of a Fourier transform, the displacement equation can be expressed as: 

𝑢𝜁(𝑟, 𝑧, 𝑡) =
𝑘

2𝜋
∫ 𝑼𝜁(𝑟, 𝑧, ω)𝑒−𝑖ωt𝑑ω

∞

−∞

 

Where: 

• 𝑼𝜁 is the Fourier transform of the displacement resulting from the jth element. 

If the shift and addition theorems are applied, the last equation can be recast as: 

∑ 𝑢𝜁(𝑟, 𝑧𝑗 , 𝑡 − Δ𝑡𝑗)

𝐽

𝑗=1

=
𝑘

2𝜋
∫ {∑ 𝑼𝜁(𝑟, 𝑧, ω)𝑒𝑖𝜔Δ𝑡𝑗

𝐽

𝑗=1

} 𝑒−𝑖ωt𝑑ω

∞

−∞
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Where: 

𝑧𝑗 = 𝑧 + 𝐿(𝐽 + 1 − 2𝑗) 

Δ𝑡𝑗 = 2(𝑗 − 1)
𝐿

𝑉𝑂𝐷
 

In addition, if the displacement is evaluated for several blastholes, it will be necessary to 

consider the delay time between them. 

6.2 PPD and PPV dependence on VOD 

Assuming 𝑧 = 0 and a viscoelastic medium with 𝑄 = 100, for any fixed radial distance, 

there is a critical value of charge length below which the displacement is insensitive to 

the 𝑉𝑂𝐷 (Blair, 2010). For longer charges, the 𝑃𝑃𝐷 increases with increasing 𝑉𝑂𝐷. That 

can be seen in Figure 11. 

 

Figure 11:The peak particle displacement of the radial direction as a function of charge length CL⁄a for two values of 

r⁄a and three values of α⁄VOD. Modified from Blair (2010). 

Figure 12 shows a plot of this critical value of 𝐶𝐿 𝑎⁄  as a function of 𝑟 𝑎⁄ . These curves 

give the (𝐶𝐿 𝑎⁄ , 𝑟 𝑎⁄ ) pairs for which an increase in 𝑉𝑂𝐷 produces an increase in 𝑃𝑃𝐷 

and 𝑃𝑃𝑉; pairs located below these curves are insensitive to changes in 𝑉𝑂𝐷. 
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Figure 12: Boundary for sensitivity to VOD, Qp = 100. Modified from Blair (2010). 

Blastholes in mining usually have charge lengths in the range 5 m through 15 m. Typical 

diameters lie in the range 0.05 through 0.32 m; thus 𝐶𝐿 𝑎⁄  of approximately 100 is not 

uncommon. Furthermore, distances given by 𝑟 𝑎⁄ < 100 typify the near-field (Blair, 

2010). In this case, 𝐶𝐿 = 13 m and 𝑟 = 0,0445 m. This gives an approximate 

dimensionless charge length value of 300. In this work distances are in the range 5 - 20 

m. It represents a region in which the seismic response is dominated by 𝑉𝑂𝐷. 

6.3 Input data 

To calibrate the model, it is necessary to know the rock and explosive properties as well 

as the coordinates of boreholes, the location of the accelerometer and the delay times. 

6.3.1 Rock properties 

To describe the rock, different properties were measured in the SLIM European project 

on January 2018 Castedo et al. (2018) from samples taken in the quarry El Aljibe. The 

quarry is in central Spain near the town of Almonacid de Toledo and mines mylonite 

Segarra et al. (2018), a high-strength rock used for high speed rail track ballast. 

The following properties of the rock were measured in the laboratory: 

• Density. 

• Uniaxial Compressive Strength (𝑈𝐶𝑆). 

• Tensile strength. 

• Elastic shear modulus. 

• Poisson and Young’s modulus. 

• Internal friction and cohesion. 
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• Propagation velocities. 

For details of these values see Table 1. 

Table 1: Intact rock properties of formation. From (Castedo et al. 2018). 

Property Mean St. Deviation 

Rock density (kg/m3) 2721,2 9,44 

UCS (MPa) 182,3 66,43 

ε 2,51·10-3 1,05·10-3 

E (GPa) 74,76 14,03 

ν 0,24 0,05 

μ (GPa) 30,14 6,02 

Tensile strength (MPa) 18,58 3,98 

Vp (m/s) 5844 87,4 

Vs (m/s) 3300,4 99,51 

 

6.3.2 Blastholes and explosive properties 

The blastholes were 89 mm of diameter with an average inclination from the vertical of 

17.1 °. They were charged with emulsion explosive characterised by a density of 1155 

kg/m3 and a mean 𝑉𝑂𝐷 of 4956 m/s, and stemmed with drill cuttings. 

Acceleration signals were obtained in five of the six blasts monitored but only Blasts #3 

and #6, with 23 ms delay, could be used for the purpose of model calibration. The use of 

such long delay makes it possible to distinguish the waveform radiated by each blasthole 

from the others (Natale et al., 2017). The delay between holes in Blasts #1, #2 and #5 was 

4 ms so that the waveforms from the different holes overlap. The blast selected for 

analysis was #3. 

The von Neumann pressure 𝑃𝑉𝑁 is about 2.5 times greater than the Chapman-Jouguet 

pressure 𝑃𝐶𝐽 which can be calculated as: 

𝑃𝐶𝐽 =
𝜌𝑒𝑉𝑂𝐷

4
= 7.092 𝐺𝑃𝑎 

And so 𝑃𝑉𝑁 is: 

𝑃𝑉𝑁 = 2.5𝑃𝐶𝐽 = 17.731 𝐺𝑃𝑎 
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6.3.3 Coordinates and time delay 

To determine the radial and axial distances from the accelerometer location to the gravity 

centre of the blasthole it is necessary to know the location of the collar and the bottom of 

the borehole as well as the accelerometer coordinates and stemming length. 

In this work Blast#3 was considered to calibrate the model. Table 2 shows the UTM 

coordinates for the collar and the bottom of each borehole in Blast#3 as well as the 

stemming length: 

Table 2: Blast#3 data. 

BH 
Collar Bottom Stemming 

(m) E (m) N (m) Z (m) E (m) N (m) Z (m) 

#1 428166,5 4400165,8 654,1 428169,5 4400168,4 641 1,8 

#2 428163,9 4400167,4 654,5 428167,5 4400170,1 642,9 1,8 

#3 428161,4 4400169,4 654,7 428164,7 4400171,5 642,5 1,8 

#4 428159,3 4400171,8 654,7 428162,4 4400174,5 642,4 1,8 

#5 428157,2 4400173,9 654,8 428160 4400175,8 642,9 1,8 

#6 428155,2 4400176,1 654,8 428158,5 4400178,2 642 1,8 

#7 428153,3 4400178,8 654,8 428157,4 4400180,7 641,9 1,8 

 

Table 3 shows the UTM coordinates for the accelerometer location: 

Table 3: Accelerometer coordinates. 

E (m) N (m) Z (m) 

428142,9 440170 649,52 

 

In addition, the delay between detonations must be considered. In this case that value is 

23 ms. The first and final detonations are produced at BH#7 and BH#1, respectively. The 

times for Blast#3 are shown in Table 4: 

Table 4: Blast#3 delay times. 

BH #1 #2 #3 #4 #5 #6 #7 

Time (ms) 148 125 102 79 56 33 10 
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6.3.4 Accelerometer 

The device used to obtain the vertical component of the acceleration signal is a 353B04 

ICP® ACCELEROMETER, which has a measurement range of ±500 g and a flat 

frequency response range from 0,35 Hz to 20 kHz. In the blast, the accelerometer was 

grouted in the bottom of a 6 m hole. An image of the accelerometer is shown in Figure 

13. 

 

Figure 13: ICP® ACCELEROMETER. Model 353B04. From: http://www.pcb.com/. 

In this case, the displacement is calculated so that the borehole and the accelerometer are 

on the same plane. In that sense, wave components may be projected on the axial axis. 

That is made from director cosines of 𝑢𝑟 and 𝑢𝑧 vectors (see Figure 14). Charge lengths 

will be calculated from Table 2. The gravity centres of the blastholes were obtained by 

the midpoint of a line segment formula in a three-dimensional space. 

 

Figure 14: Diagram used to calculate axial and radial distances and direction cosines. 
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6.4 Number of elements vs PPD 

As was said in subsection 5.3, 𝐿/𝑎 =  0.2 is the maximum element size allowed to 

realistically mimic a finite velocity of detonation as a traveling ring load. However, the 

simulation time would become too high for long explosive columns. That is why a 𝐿/𝑎 

value will have to be determined to calibrate the model. In that sense, 𝑃𝑃𝐷 varies 

depending on the number of elements 𝐽. Figure 15 shows the 𝑃𝑃𝐷 as a function of 𝐿 𝑎⁄  

for the location (10,0) in a material with by 𝑄 = 20. The rest of parameters are the same 

as considered in Figure 9. 

 

Figure 15: PPD vs L/a. 

As shown in Figure 15, 𝑃𝑃𝐷 tends asyptotically to a specific value from a certain number 

of elements. In this case 𝑃𝑃𝐷 varies by less than 3.5 % for 𝐿 𝑎⁄ = 4.5, which is the chosen 

value to calibrate the model. 

6.5 PPV and PPA calculation 

Another important parameters are the velocity and the acceleration, which can be 

calculated by finding the derivative of the displacement function. In this case, the ‘diff’ 

algorithm is used to approximate partial derivatives of a vector of function values 

evaluated over a certain domain, with an appropriate step size. In this case, the step size 

is the time interval. 𝑃𝑃𝑉 and 𝑃𝑃𝐴 will be used to make the contour map and to find the 

attenuation law respectively. 
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6.6 Attenuation law of PPA 

Peak accelerations (𝑃𝑃𝐴) are plotted versus the scaled distance 𝑍.  

𝑍 =
𝐷

√𝑊
3  

Where: 

• 𝐷 is the distance between blast location and vibration monitoring point (m). 

• 𝑊 is the maximum charge per delay (kg). 

The scaled distance is a normalized factor that combines the distance with the explosive 

energy used to estimate 𝑃𝑃𝑉 and 𝑃𝑃𝐴 of the ground vibration as a function of distance 

and charge. 

In the blast considered, the distance is calculated to the gravity centre of each blasthole. 

A linear fit of 𝑃𝑃𝐴 versus the scale distance in log-log scale has been made: 

𝑃𝑃𝐴 = 𝑎1𝑍𝑎2 

The determination coefficient is 0.824, and the coefficients are both significant to a 0.05 

level with mean values of 𝑎1=3714.5 and 𝑎2=-3.106. Figure 16 shows that attenuation 

law. 

 

Figure 16: Attenuation of PPA. The bands correspond with the 95 % prediction interval. From: (Natale et al., 2017). 

In this case, an attenuation law adjusted to the values of Blast#3 will be used (see 6.8).  



33 

 

6.7 Pressure decay, quality parameter and von Neumann pressure 

adjustment 

In this subsection 𝑃𝑑, and 𝑄 will be adjusted in order to find a combination of values that 

result in a calculated attenuation law as close as possible to Figure 16. 

6.7.1 Pressure decay 

It is necessary to define a value for 𝑃𝑑. In that sense, source function will be used to 

determine this value: 

𝑆(𝑡) = 𝑃𝑉𝑁(𝑒𝑃𝑑 𝑛⁄ )𝑛𝐻(𝑡)𝑡𝑛𝑒−𝑃𝑑𝑡 

If source function is derived with respect to time and the resultant term is equalized to 0 

to find the maximum pressure (𝑃𝑉𝑁): 

𝑑𝑆(𝑡)

𝑑𝑡
= 𝑃𝑉𝑁(𝑒𝑃𝑑 𝑛⁄ )𝑛[𝛿(𝑡)𝑡𝑛𝑒−𝑃𝑑𝑡 + 𝑛𝑡𝑛−1𝐻(𝑡)𝑒−𝑃𝑑𝑡 − 𝑃𝑑𝑒−𝑃𝑑𝑡𝑡𝑛𝐻(𝑡)] = 0 

𝑃𝑉𝑁(𝑒𝑃𝑑 𝑛⁄ )𝑛𝑒−𝑃𝑑𝑡(𝛿(𝑡)𝑡𝑛 + 𝑛𝑡𝑛−1𝐻(𝑡) − 𝑃𝑑𝑒−𝑃𝑑𝑡𝑡𝑛𝐻(𝑡)) = 0 

Since 𝑒−𝑃𝑑𝑡 = 0 does not have finite solution: 

𝛿(𝑡)𝑡𝑛 + 𝑛𝑡𝑛−1𝐻(𝑡) − 𝑃𝑑𝑡𝑛𝐻(𝑡) = 0 

If the last equation is divided by 𝑡𝑛 and 𝐻(𝑡), then: 

𝛿(𝑡)/𝐻(𝑡) + 𝑛𝑡 − 𝑃𝑑 = 0 

Solving the time: 

𝑡 =
𝑛

𝑃𝑑 − 𝛿(𝑡)/𝐻(𝑡)
 

𝛿(𝑡)/𝐻(𝑡) = 1 for any time and 𝑛 = 6 so the last equation can be recast as: 

𝑃𝑑 =
6

𝑡
 

In this case, 𝑡 is the time at which the maximum occurs, and its value is t = 4·10-4 s. It is 

obtained from Figure 17. Thus 𝑃𝑑 = 15000 𝑠−1. 
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Figure 17: Arrival time. From: (Natale et al., 2017) 

6.7.2 Quality parameter 

𝑄 is a parameter that cannot be determined as the pressure decay. Since it is the 

attenuation constant, several tests were carried out with different values until the 

attenuation law had a similar slope to the slope shown in Figure 16. A value of 𝑄 = 15 

was obtained for mylonite5. 

6.7.3 Von Neumann pressure 

The 𝑎1 coefficient is a parameter that can be adjusted by increasing or decreasing 𝑃𝑉𝑁, 

but in this case 𝑃𝑉𝑁 has not been modified. 

Increasing 𝑃𝑉𝑁 will increase the seismic displacement, 𝑃𝑃𝑉 and 𝑃𝑃𝐴, which are 

proportional to 𝑃𝑉𝑁/𝜇. However, the associated higher value of 𝜔𝑎 = 𝑐𝑃𝑑 also implies 

that the signal will be attenuated more readily in a viscoelastic medium (Blair, 2010). In 

that sense, it is concluded that 𝑃𝑑 and 𝑄 are related to the slope of the attenuation law 

(𝑎2) and 𝑃𝑉𝑁 to 𝑎1. 

6.8 Results 

𝑃𝑃𝐴 values were obtained for each blasthole and for several 𝑄-values. Those values were 

used to make several regression analyses. In this case, the proposed regression model has 

the following equation: 

ln(𝑃𝑃𝐴) = 𝑎1 + 𝑎2 · ln(𝑍) 

Where: 

• 𝑍 is the scaled distance (m/kg1/3). 

                                                 
5Q has an exponential increase with distance from the source (Blair, 2010). 
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• 𝑃𝑃𝐴 is the peak particle acceleration (g). 

The coefficients obtained with 𝑄 =  15 are: 

𝑎1 = 9.604 

𝑎2 = −3.829 

And the coefficient of determination ℝ2 = 0.9847. 

The confidence interval obtained for the model with a statistical significance of 5 % are: 

𝑎1 →  [8.777 ≤ 𝑎1 ≤ 10.43] 

𝑎2 →  [−4.377 ≤ 𝑎2 ≤ −3.281] 

The results are given for several 𝑄-values in a log-log space (see Figure 18): 

  

Figure 18: PPA vs scaled distance regression analysis. Solid line: linear fit for Blast#3 data. Dashed lines: linear fit 

for several Q-values. 

Tests have been conducted calculating the slope of the attenuation law with different 

values of Q. It has been found that the slope of the attenuation is a power law of the 𝑄-

parameter (see Figure 19). 
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Figure 19: a2 vs Q regression analysis. ℝ2 = 0.9877. 

Figure 20 and Figure 21 show the acceleration signal obtained from the MATLAB code 

and the one reported by Natale et al. (2017) respectively. The difference between the two 

signals can probably be explained by the absence of reflecting and refracting 

discontinuities (e. g. joint planes) in the model. 

   

Figure 20. Blast#3 acceleration signals. 

 

Figure 21: Blast#3, filtered acceleration signals. From (Natale et al., 2017) 
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The frequency content of the stress waves is calculated through a FFT of the obtained 

signals. The spectral amplitudes obtained by FFT from Blast#3 are shown in Figure 242. 

Figure 253 shows the spectral amplitudes of the signal recorded from Blast#3 given in 

Natale et al. (2017). 

   

Figure 22. Blast#3, FFT of signal. 

 

Figure 23: Blast#3, FFT of signal after filtering. From (Natale et al., 2017). 

In order to obtain the frequency spectra for each blasthole, the signal radiated by each one 

have been used individually. The result can be seen in Figure 24. Figure 25 shows the 

frequency spectra for each blasthole as reported in Natale et al. (2017). 
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Figure 24: Blast#3, normalized frequency spectra of the signals coming from each blasthole. The distance from the 

blasthole to the accelerometer is given in the left part of each spectrum. 

 

Figure 25: Blast#3, normalized amplitude frequency spectra of the signals coming from each blasthole. The distance 

from the blasthole to the accelerometer is given in the left part of each spectrum. From (Natale et., 2017). 

It can be noted that in Figure 24 there are not significant differences in the spectral 

distribution among different blasholes since 𝑄 is independent on frequency. 
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7 Breakage criterion 

It is acknowledged that in production blasting a significant portion of the fine material 

present in a pile originates from the zone of crushing produced during blasting. Predicting 

the extent of the crushing zone is important in the modelling of the complete size 

distribution of fragments in blasting. Fines can have a negative or positive impact on the 

efficiency of downstream processes. Increased fines content in run of mine feed leads to 

higher handling and processing costs, low yields, increased product moisture content, and 

in many cases a reduced product value (Djordjevic et al., 1998). 

It is for that reason that, in this work the breakage mechanisms used to classify the fracture 

zones are covered as well as the frequency interval chosen to perform the calculations 

and the mesh used to obtain the 𝑃𝑃𝑉 contour map. From that, the extent of the crush zone 

and the tensile crack zone around a blasthole can be estimated. 

7.1 Breakage mechanisms 

After detonation of a certain amount of explosive, the whole blasthole is filled with 

gaseous detonation products at very high pressure and temperature. This pressure is 

exerted immediately on the wall of the blasthole, generating radial compressive stress, 

which is transmitted to the rock, is so much higher than the strength of the rock that a thin 

zone (Figure 26) is formed around the blasthole in which the rock has yielded and been 

extensively broken or crushed by granular cracking, microcracking, differential 

compression of the particles and matrix of the rock and other forms of plastic deformation 

(Whittaker et al., 1992). 

The behaviour of the rock can be classified into three zones depending on the magnitude 

of the shock wave pressure (Sanchidrián & Muñiz, 2000) (see Figure 26): 

• In the area closest to the borehole (crush zone), the pressure of the shock wave is 

greater than the compressive strength of the rock that is pulverized and 

consequently the shock wave is damped by the high energy consumption. The 

extension of this area is limited to some diameters around the borehole. 

• In the tensile crack zone, the pressure of the shock wave does not exceed the 

compressive strength of the rock, however, that pressure exceeds the yield point, 

resulting in permanent deformations. In addition, radial cracks are generated 

around the borehole due to tensile stresses. The extension of this area is extended 

to some diameters from the crush zone. 
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• Elastic zone, which extends indefinitely away the previous one. In this area, the 

stresses do not exceed the yield strength, which causes an elastic behaviour, 

although some radial fractures are produced because of tensile stresses. The 

energy consumption is practically zero and the damping is only due to the increase 

in surface. 

 

Figure 26: Schematic illustration of processes occurring in the rock around a blasthole, showing formation of crush 

zone, fracture zone and fragment formation zone. Modified from (Esen et al., 2003). 

Since stress and particle velocity are related, it is possible to assess the behaviour of the 

rock by the peak particle velocity. 

7.2 Heelan’s solution 

In subsection 1.2 it was said that the Heelan solution was found to produce results closer 

to numerical and full-field solutions. It has been proven in (Rosales-Vera et al., 2018). In 

that sense, the theory predicts vertically polarized SV-waves to be dominant at an angle 

of 45 ° to the blasthole axis. P-waves are dominant only for angles close to normal, with 

the maximum at 90 °. This is true for a short charge column with infinite 𝑉𝑂𝐷 (see Figure 

27). 
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Figure 27: Relative P and SV-wave amplitudes for a small cylindrical source with only radial pressure in an infinite 

elastic medium. From: (Triviño et al., 2012). 

A long charge of explosive will produce a large amplitude of SV radiation that is directed 

upward at an angle dependent on the ratio of 𝑉𝑝 and 𝑉𝑠 to the 𝑉𝑂𝐷 (see Figure 28). 

 

Figure 28: PPV diagram numerically obtained from Heelan's solution for a 6 m charge column and Pd=10000 Hz. 

From: (Rosales-Vera et al., 2018) 

However, this method is only valid in the far-field and only for frequencies within certain 

limits. 

7.3 Holmberg and Persson model 

One of the most widely used engineering methods to model the site-specific attenuation 

of blast waves in the rock mass is the Holmberg-Persson approach. This approach models 

blast wave attenuation by defining two site specific constants (Holmberg & Persson, 

1980). 
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The Holmberg-Persson approach makes the following assumptions (Onederra & Esen, 

2004): 

• A radiating blast wave obeys charge weight scaling laws. 

• The 𝑃𝑃𝑉 due to each element of charge within the blasthole is numerically 

additive. 

• The 𝑉𝑂𝐷 of the explosive is neglected. 

• The effect of free face boundaries is also neglected. 

• It assumes that 𝑃𝑃𝑉 is proportional to the dynamic strain experienced by the rock 

mass. 

This model considers a load of length 𝐿 with a linear load density 𝑙, located at a depth 𝑥𝑟. 

To calculate the particle velocity at a point P of coordinates (𝑟0, 𝑥0) it is assumed that 

𝑃𝑃𝑉 is the sum of the particle velocities originated by each element of charge. 

These assumptions allowed the derivation of a nonlinear relationship to describe 𝑃𝑃𝑉 

attenuation in the near field (Holmberg & Persson, 1980): 

𝑃𝑃𝑉 = 𝐾 [𝑙 ∫
𝑑𝑥

[𝑟0
2 + (𝑥 − 𝑥0)2]𝛽 2𝛼⁄

𝑥𝑟+𝐿

𝑥𝑟

] 

Where: 

• 𝑙 is the linear charge concentration (kg/m). 

• 𝑑𝑥 is the element of charge contributing to the 𝑃𝑃𝑉 at point P. 

• 𝑟0 and 𝑥0 are geometric parameters (see Figure 29). 

 

Figure 29: Schematic diagram of the Holmberg and Persson parameters to model PPV attenuation. Modified from 

(Sanchidrián & Muñiz, 2000). 
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The above equation is simplified by assuming 𝛽 = 2𝛼, which yields: 

𝑃𝑃𝑉 = 𝐾 [(
𝑙

𝑟0
) (tan−1 (

𝑥𝑟 + 𝐿 − 𝑥0

𝑟0
) + tan−1 (

𝑥0 − 𝑥𝑟

𝑟0
))]

𝛼

 

𝑃𝑃𝑉 = 𝐾[𝑎]𝛼 

Where: 

• 𝑎 is the Holmberg-Persson term. 

• 𝐾 and 𝛼 are the specific attenuation constants. 

Blair & Michinton (1996) criticized Holmberg-Persson’s model as it assumes that for a 

blasthole of length 𝐿, the vibrations peaks may be numerically added at point P to yield 

the total peak vibration. However, in the near-field the vibration peaks due to the elements 

cannot be numerically added since their arrivals take place at different times due to the 

different distance to the point and the delay between elements caused by the finite 𝑉𝑂𝐷. 

Thus, Holmberg and Persson model is not capable of providing the correct near field 

analysis. 

Figure 30 shows a 𝑃𝑃𝑉 contour map for a 5 m charge column obtained by the Holmberg-

Persson approach. 

 

Figure 30: Contours of ppv surrounding a 5 m charge column-Holmberg-Persson solution. From (Blair & 

Michinton, 1996). 

As opposed to Heelan’s solution, the Holmberg-Persson approach does not predict the 

dominant SV component (see Figure 28). 



44 

 

7.4 Breakage criterion based on PPV 

The stress caused by a shock wave is proportional to the particle velocity. Considering 

the momentum conservation principle (Sanchidrián & Muñiz, 2000), a breakage criterion 

can be used to determine the extension of the crush and tensile crack zones: 

𝜎 = 𝜌𝑟𝑉𝑝𝑃𝑃𝑉 

If 𝑈𝐶𝑆 and tensile strength are used: 

𝑃𝑃𝑉𝐶𝑍 =
𝑈𝐶𝑆

𝜌𝑟𝑉𝑝
 

𝑃𝑃𝑉𝑇𝐶𝑍 =
𝑇𝑆

𝜌𝑟𝑉𝑝
 

Then two values of 𝑃𝑃𝑉 can be obtained from 𝑈𝐶𝑆 and tensile strength values (Table 1), 

they are 11.46 m/s and 1.17 m/s for the crush and tensile crack zones respectively. These 

values delimit the crushed zone and the tensile crack zone. For each point considered, a 

value of 𝑃𝑃𝑉 can be evaluated using the model. If a contour map of 𝑃𝑃𝑉 is plotted, the 

crushed zone and tensile cracked zones are delimited by the loci of points with 𝑃𝑃𝑉 

values of 11.46 m/s and 1.17 m/s respectively. 

7.5 Frequency interval vs PPV 

The 𝐼𝐹𝐹𝑇 of a sequence of length 𝑁∆𝑓 provides a decomposition into Fourier 

components that are separated by ∆𝑡 = 1 𝑁∆𝑓⁄ . This means that if the signal times are 

separated by less than ∆𝑡, they cannot be distinguished in the 𝐼𝐹𝐹𝑇. Thus, 𝑃𝑃𝑉 obtained 

from the MATLAB code varies according to the ∆𝑓 chosen to run the model. However, 

a small ∆𝑓 means a high simulation time. To reduce this time, a sufficiently low ∆𝑓 value 

must be considered. That is why the influence of ∆𝑓 on 𝑃𝑃𝑉 has been studied. BH#7 of 

Blast#3 has been used to see how the 𝑃𝑃𝑉 modulus varies. 

The results are shown in Figure 31. 
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Figure 31: ∆f vs PPV for BH#7 (Blast#3). 

Figure 31 shows that for a frequency value of 15 Hz, 𝑃𝑃𝑉 varies less than 1 %. So, it is 

possible to approximate the solution taking that value as frequency interval, which 

reduces considerably the simulation time. 

7.6 Mesh 

Once the model has been calibrated and a ∆𝑓 value has been chosen, a map of 𝑃𝑃𝑉 

contours will be made, for that, an irregular and quadrangular mesh of 119 points will be 

considered for a single blasthole with a charge length of 4 m6. The parameters used to 

make that contour map are the ones obtained from the calibration. 

Figure 32 shows the distribution of the mesh and the borehole. 

                                                 
6 This short hole has been used in the calculation example, instead of the 12 m of the experimental data, in 

order to save computational time. 
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Figure 32: Mesh used to make the PPV contour map. 

7.7 Contour map 

Once the simulation has been run and the 𝑃𝑃𝑉 values have been obtained at each point 

of the mesh, which is determined in previous section, it is possible to make a contour map 

showing the 𝑃𝑃𝑉 contour lines. 

Before displaying the contour map, it is necessary to interpolate the obtained data to 

smooth the surface, this is done by refining the grid in MATLAB and applying the 

‘interp2’ algorithm for an akima interpolation (spline interpolation). The results are 

shown in Figure 33 and Figure 34. 

Figure 33 shows the 𝑃𝑃𝑉 contour map for a single blasthole with a charge length of 4 m. 

Both 1.17 m/s and 11.46 m/s contour lines are shown. The crushed zone corresponds with 

the area delimited by the 11.46 m/s contour line and the crush zone radius is 0.3 m 

approximately. The tensile crack zone corresponds with the area delimited by the 1.17 

m/s contour line. The radius of the tensile crack zone ranges from 2 to 5 m. 
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Figure 33: PPV contour map. 

 

Figure 34: PPV mesh plot. 



48 

 

Thereon a regression analysis was made. In this case, the proposed model has the 

following equation: 

ln(𝑃𝑃𝑉) = 𝑎1 + 𝑎2 · ln(𝐷) 

Where: 

• 𝐷 is the geometric distance to the gravity centre of the blasthole (m). 

• 𝑃𝑃𝑉 is the peak particle velocity value (m/s). 

The coefficients obtained from the linear fit are: 

𝑎1 = 2.272 

𝑎2 = −1.619 

And the coefficient of determination ℝ2 = 0.6823. 

The confidence interval obtained for the model with a statistical significance of 5 % are: 

𝑎1 →  [1.963 ≤ 𝑎1 ≤ 2.58] 

𝑎2 →  [−1.81 ≤ 𝑎2 ≤ −1.428] 

Taking the above to a log-log space (see Figure 35): 

  

Figure 35: PPV vs geometric distance regression analysis with the 95 % prediction bounds (dashed lines). ℝ2 = 

0.6823. 



49 

 

As goodness of this fit is too low, a regression analysis for radial distance versus 𝑃𝑃𝑉 

was made. Then the above fit model becomes: 

ln(𝑃𝑃𝑉) = 𝑎1 + 𝑎2 · ln(𝑅) 

for which: 

• 𝑅 is the radial distance from the gravity centre of the blasthole (m). 

The coefficients obtained are: 

𝑎1 = 1.106 

𝑎2 = −1.108 

And the coefficient of determination ℝ2 = 0.9555. 

The confidence interval obtained for the model with a statistical significance of 5 % are: 

𝑎1 →  [0.6288 ≤ 𝑎1 ≤ 1.583] 

𝑎2 →  [−1.383 ≤ 𝑎2 ≤ −0.8328] 

Taking the above to a log-log space (Figure 36): 

  

Figure 36: PPV vs radial distance regression analysis. ℝ2 = 0.9555. 

From the last linear regression, a 0.3 m crush zone radius is obtained. 
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7.8 Crush zone radius comparison 

In this subsection, the crush zone radius obtained from the breakage criterion applied in 

this work and the 𝐶𝑍𝐼 (Crush Zone Index) model (Esen et al., 2003) will be compared. 

7.8.1 CZI model 

The model used by (Esen et al., 2003) says that the extent or radius of crushing denoted 

as 𝑟𝑐 was assumed to be a function of explosive type, material properties and borehole 

diameter. 

As shown by Figure 37, 𝑟0 is the original borehole radius (mm), 𝑃𝑏 is the borehole 

pressure (Pa) calculated using non-ideal detonation theory, 𝐾 is the rock stiffness (Pa) 

and 𝜎𝑐 is the 𝑈𝐶𝑆 (Pa). 

 

Figure 37: Parameters influencing the extent of crushing. From: (Esen et al., 2003). 

Rock stiffness is defined assuming that the material is homogeneous and isotropic and is 

given by: 

𝐾 =
𝐸

1 + 𝜈
 

Borehole pressure can be estimated through: 

𝑃𝑏 =
𝑃𝐶𝐽

2
 

Applying dimensional analysis, two dimensionless indices are derived: 

𝜋1 =
𝑟0

 𝑟𝑐
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𝜋2 =
𝑃𝑏

3

𝐾𝜎𝑐
2
 

Where: 

• 𝜋2 is the crush zone index (𝐶𝑍𝐼) that identifies the crushing potential of a 

charged blasthole. 

The relationship between the two indices is obtained by non-linear regression: 

𝑟0

 𝑟𝑐
= 1,231(𝐶𝑍𝐼)−0,219 

or: 

𝑟𝑐 = 0,812𝑟0(𝐶𝑍𝐼)0,219 

Because it is impossible for 𝜋1 to be greater than 1, the relationship is constrained to 1 

for very small values of 𝐶𝑍𝐼. 

In this case 𝐶𝑍𝐼 = 22.2558 and 𝑟𝑐 = 0.1124 m. The difference with the value obtained in 

the previous subsection is 0.1876 m. 
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8 Conclusions 

Blair’s model has been replicated in a numerical way. The results from this work show 

that it is possible to calibrate the model from a scaled distance law in order to be applied 

to a specific case. In this case, 𝑃𝑑 and 𝑄 are calibration parameters, which are related to 

the slope of the attenuation law. Besides, the frequency spectrum of the resulting 

waveform depends solely on 𝑃𝑑. It is shown that the slope of the attenuation law and the 

𝑄-parameter follow a power law. Once the model has been calibrated, it is possible to 

obtain the displacement, velocity and acceleration signals as well as the frequency 

spectrum at a specific location. From the full-field solution, it is possible to obtain the 

crush zone and tensile crack zone radii applying a breakage criterion based on the 

momentum conservation principle and, in this way, to make use of fracturing models with 

the purpose of obtaining size distribution curves. 

There are some limitations to the model solution presented here:  

The simulation time increases with decreasing ∆𝑓 and/or 𝐿/𝑎. For the range of 

frequencies involved in the cases studied, the calculation of the damage envelops requires 

a fairly long computation time in a normal laptop (Figure 33 required about one week of 

computer time). Ways to reduce that time should be found so that the model has practical, 

engineering application. This might be solved by implementing the scale-independent 

model, which uses the DWM and the DWNS (Discrete Wavenumber Sums); by using the 

IFFT to solve the inner integral, by using a two-dimensional Fourier transform, or with 

the (FEM) Finite Element Method. 

The model does not consider discontinuities, free faces or pre-existing fracturing in the 

medium. Surface waves, which carry most of the available energy, are not present. So, 

the model would only reflect reality in the case of a confined blasthole and a continuous, 

homogeneous and isotropic medium. 

Since the attenuation parameter does not depend on frequency, the model does not 

replicate the decrease of frequency with distance. This is believed not to be a major 

problem if the model is used in a close range to the blasthole. 
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1 Economic Analysis 

This document is an economic analysis about the estimated cost of this project supposing 

that it had been carried out by research personnel. It is understood that it does make no 

sense to develop an economic analysis of data collection or blast measurements. In that 

sense, this work take advantage of them. 

Supposing that the university hires a postgraduate researcher (not a doctoral degree) in 

order to carry out the project, the Official Bulletin of the Polytechnic University of Madrid 

(B. O. U. M. P.) shows that for hired personnel that carries out investigative functions, 

the payment for a determined service, charged to projects, to perform investigative 

functions will be adjusted to the following table: 

Table 5: Gross salaries. From: (Acuerdos y resoluciones de los Órganos de Gobierno, 2015). 

Research 

personnel 

Minimum Gross 

Annual Salary (€) 

Maximum Gross 

Annual Salary (€) 

Cost according to 

Maximum Gross 

Annual Salary (€) 

Postgraduate 

researcher (not 

doctoral degree) 

12618,00 36000,00 47880,00 

Junior (doctoral 

degree) 

researcher 

23812,94 50000,00 66500,00 

Senior (doctoral 

degree) 

researcher 

28057,26 60000,00 79800,00 

 

Supposing that this researcher falls into the first category, and a gross annual salary of 

12618,00 €. If that salary were 75 % of the total annual cost, the university would assume 

a total cost of 16824,00 €. If that cost were divided into 12 months, an average monthly 

cost of 1402 €/month would be obtained (for an 8-hour workday). The duration of this 

project has been 2 months, so personnel costs amount to 2804,00 €. 

In addition, an investment of 2799,00 € in a MSI Intel Core i7-8700/32GB/1Tb+256GB 

laptop, which is specialized in treatment in large amounts of data, has been considered. 
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A breakdown of the budget is shown in Table 6. 

Table 6: Project budget. 

Project budget 

Direct Costs  

Personnel costs (€) 2804,00 

Equipment (€) 2799,00 

Total direct costs (€) 5603,00 

Indirect costs (15 %) (€) 840,45 

Total (€) 6443,45 
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ANNEX A:                                          

FLOWCHART OF THE ALGORITHM 

IMPLEMENTED IN THE MATLAB CODE 
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A.1 Flowchart of the algorithm 

The purpose of this annex is to understand more easily the code that appears in Annex B 

through Figure 38. 

 

Figure 38: Flowchart of the algorithm implemented in the MATLAB code. 
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%% Dimensional model. Blast #3. 

         
clc 
clear 

  
%% Coordinates 
Accelerometer=xlsread('Datos voladuras.xlsx',1,'A3:C3');        

%Accelerometer coordinates (m). 
Collar=xlsread('Datos voladuras.xlsx',2,'B3:D9');               

%Collar coordinates (m). 
Bottom=xlsread('Datos voladuras.xlsx',2,'E3:G9');               

%Bottom coordinates (m). 
Stemming=xlsread('Datos voladuras.xlsx',2,'I3:I9');             

%Stemming lengths (m). 

  
NHoles=length(Collar);                                          

%Number of holes. 
for ii=1:NHoles; 
   Long(ii,1)=norm(Bottom(ii,:)-Collar(ii,:));       

   %Hole lengths (m). 
end 

  
CL=Long-Stemming;                        

%Explosive charge lengths (m). 
RL=(ones(NHoles,1)-Stemming./Long)./2;   

%Segment ratio. 

  
O=Collar.*RL+Bottom.*(1-RL);      

%Central point of charge lengths (m).                                            
OC=Collar-O;                      

%OC arrays. 

                                        

for ii=1:NHoles; 
    OA(ii,:)=Accelerometer-O(ii,:);             

    %OA arrays. 
    unit_OA(ii,:)=OA(ii,:)/norm(OA(ii,:));      

    %OA unit arrays. 
    unit_OC(ii,:)=OC(ii,:)/norm(OC(ii,:));      

    %OC unit arrays (z-direction). 
    Angle(ii,1)=acos(dot(unit_OA(ii,:),unit_OC(ii,:)));          

%Angle between OC & OA. 
Dist(ii,1)=norm(OA(ii,:));                                       

%Distance from the central point to the accelerometer. 
normal(ii,:)=cross(unit_OC(ii,:),unit_OA(ii,:));            

%Normal arrays to surface. 
    unit_normal(ii,:)=normal(ii,:)/norm(normal(ii,:));           

    %Unit normal arrays to surface. 
    unit_normalOC(ii,:)=cross(unit_normal(ii,:),unit_OC(ii,:));  

    %Unit arrays (r-direction). 
end 

  
r=Dist.*sin(Angle);                  %Radial distance from O to A (m). 
z=Dist.*cos(Angle);                  %Axial distance from O to A (m). 

  
%% Delay 
Delay=xlsread('Datos voladuras.xlsx',2,'H3:H9')./1000;     %Delay (s). 
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%% Basic Properties.  
a=0.089/2;                      %Hole radius (m). 
VOD=4956;                       %Velocity of detonation (m/s). 
Densexp=1155;                   %Explosive density (kg/m3). 
PVN=(2.5*0.25*Densexp*VOD^2);   %von Newmann pressure (Pa). 
Pd=15000;                       %Pressure decay (s-1). 
Poisson=0.2657;                 %Poisson's ratio. 
Densrock=2721.2;                %Rock density (kg/m3). 
Vp=5844;                        %P-wave velocity (m/s). 
Vs=3300.4;                      %S-wave velocity (m/s). 
mu=(Vs^2)*Densrock;             %Shear modulus (Pa). 
n=6;                            %Integers. 
c=0.375;                 
cte=(PVN*((exp(1)/n)^n)*factorial(n))/(Pd*mu*2*pi); 

  
fmin=1/0.18;                    %Minimal frequency (Hz). 
fmax=fmin*18001;                %Maximal frequency (Hz). 
f=fmin:fmin:fmax;               %Range of frequency values. 
w=2*pi*f;                       %Angular frequency array (rad/s). 

  
kzmin=2*pi*fmin/VOD;            %Minimal axial wavenumber (rad/m). 
kzmax=2*pi*fmax/VOD;            %Maximal axial wavenumber (rad/m). 
dkz=2*pi*fmin/VOD;              %Wavenumber increment (rad/m). 
kz=kzmin:dkz:kzmax;             %Axial wavenumber array (rad/m). 

  
Dim=size(kz);                   %Array size. 

  
Lw=length(w);                   %w-array length. 
Lkz=length(kz);                 %Kz-array length. 

  
%% Viscoelastic Attenuation Parameters. 
Qp=15;                        %Kjartansson (1979). P-wave attenuation. 
Qs=15;                        %Kjartansson (1979). S-wave attenuation. 
gamma=(1/pi)*atan(1/Qp); 
eta=(1/pi)*atan(1/Qs); 

  
%% Number of elements. 
Lengdless=4.5;                  %L/a considered. 
LL=Lengdless*a;                 %L considered (m). 

  
for ii=1:NHoles 
    J(ii,1)=CL(ii,1)./(2*LL);   %Approximate values of J. 
end 

  
id=mod(J,2)<1;                  %Round to odd number. 
J=floor(J);                     %Round to negative infinity. 
J(id)=J(id)+1;                  %Definitive values of J. 

  
L=CL./(2*J);                    %Definitive values of L (m). 

  
%% Calculation 
for ii=1:Lw 
    %Source Function. 
    S(ii)=((1+1i*w(ii)/Pd)/(1+(w(ii)/Pd)^2))^(n+1); 

     
    %P & S wave complex velocity. Viscoelastic attenuation. 
    A2(ii)=(Vp^2)*((abs(w(ii)/(c*Pd)))^(2*gamma))*exp(-

1i*pi*gamma*sign(w(ii))); 
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    B2(ii)=(Vs^2)*((abs(w(ii)/(c*Pd)))^(2*eta))*exp(-

1i*pi*eta*sign(w(ii))); 
    AB2(ii)=A2(ii)/B2(ii); 

  
    %Wavenumbers. 
    ka(ii)=w(ii)/sqrt(A2(ii));  %Compressional wavenumber (rad/m). 
    kb(ii)=w(ii)/sqrt(B2(ii));  %Shear wavenumber (rad/m). 
end 

  
for k=1:NHoles 
    P=sin(L(k,1)*kz)./(kz);                     %Sinusoidal Term. 

  
    for j=1:J(k,1) 
        zj(j)=z(k,1)+L(k,1)*(J(k,1)+1-2*j);  

        %Relative z coordinate (m). 
        tj(j)=(2*(j-1)*L(k,1)/VOD)+Delay(k,1);   

        %Relative time (s). 

    
        for ii=1:Lw 
            %Dimensionless compressional and shear radial wavenumbers 

            (l & m). 
            la=a*sqrt(kz.^2-(ka(ii)^2)*ones(Dim)); 
            lr=la.*(r(k,:)/a); 
            ma=a*sqrt(kz.^2-(kb(ii)^2)*ones(Dim)); 
            mr=ma.*(r(k,:)/a); 

     
            %Modified Bessel fuctions of second kind. 
            K0ma=besselk(0,ma); 
            K0mr=besselk(0,mr); 
            K0la=besselk(0,la); 
            K0lr=besselk(0,lr); 

  

            K1ma=besselk(1,ma); 
            K1mr=besselk(1,mr); 
            K1la=besselk(1,la); 
            K1lr=besselk(1,lr); 

     
            %Radial component. 
            NumGr1=la.*((2*(kz.^2)-(kb(ii)^2)*ones(Dim)).*K1ma.*K1lr); 
            NumGr2=(-2*(kz.^2).*K1la.*K1mr).*la; 
            NumGr=NumGr1+NumGr2; 
            Den1=a^2*((2*(kz.^2)-kb(ii)^2)*ones(Dim)).^2).*K0la.*K1ma; 
            Den2=-2*(kb(ii)^2)*la.*K1la.*K1ma; 
            Den3=-4*(kz.^2).*ma.*K0ma.*la.*K1la; 
            Den=Den1+Den2+Den3; 

     
            Gr=NumGr./Den; 

     
            %Axial component. 
            NumGz1=(1i/a)*kz.*(-(a^2)*(2*(kz.^2)- 

            (kb(ii)^2)*ones(Dim)).*K1ma.*K0lr); 
            NumGz2=(1i/a)*kz.*(2*la.*K1la.*ma.*K0mr); 
            NumGz=NumGz1+NumGz2; 

     
            Gz=NumGz./Den; 

         
            %PGr (Integrand). 
            PGrpos=P.*Gr; 
            PGrneg=PGrpos; 
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            Urpos=PGrpos.*exp(1i*zj(j)*kz); 
            Urneg=PGrneg.*exp(-1i*zj(j)*kz); 
            

QUr(j,ii)=(trapz(kz,Urpos)+trapz(kz,Urneg))*exp(1i*w(ii)*tj(j)); 

        
            %PGz (Integrand). 
            PGzpos=P.*Gz; 
            PGzneg=-PGzpos; 
            Uzpos=PGzpos.*exp(1i*zj(j)*kz); 
            Uzneg=PGzneg.*exp(-1i*zj(j)*kz); 
               

QUz(j,ii)=(trapz(kz,Uzpos)+trapz(kz,Uzneg))*exp(1i*w(ii)*tj(j)); 

     
        end 
    end 

  
    %Displacement resulting from sum of jth elements. 
    if J(k,1)==1 
       QQUr=QUr.*S; 
       QQUz=QUz.*S; 
    else 
       QUr=sum(QUr,1); 
       QUz=sum(QUz,1); 
       QQUr=QUr.*S; 
       QQUz=QUz.*S; 
    end 

  
    %ur Radial displacement. 
    conjQQUr=conj(QQUr(end-1:-1:2)); 
    for iii=1:Lw-2 
        QQUr(Lw+iii)=conjQQUr(iii); 
    end 

  
    IFFTUr=ifft(QQUr,'symmetric');                           

  
    NUr=length(IFFTUr); 
    dt=(1/(NUr*fmin)); 
    t=(1:NUr)*dt; 
    IFFTUrk(k,:)=2*a*cte*flip(IFFTUr)/dt;       %ifft scaling. 

     
    %uz Vertical displacement. 
    conjQQUz=conj(QQUz(end-1:-1:2)); 
    for iii=1:Lw-2 
        QQUz(Lw+iii)=conjQQUz(iii); 
    end 

  
    IFFTUz=ifft(QQUz,'symmetric');              

  
    NUz=length(IFFTUz); 
    dt=(1/(NUz*fmin)); 
    t=(1:NUz)*dt; 
    IFFTUzk(k,:)=2*a*cte*flip(IFFTUz)/dt;       %ifft scaling. 

     
    %Sum wave. 
    UrV(k,:)=IFFTUrk(k,:)*unit_normalOC(k,3);    

    %Vertical projection. 
    UzV(k,:)=IFFTUzk(k,:)*unit_OC(k,3);          

    %Vertical projection. 
    UV(k,:)=UrV(k,:)+UzV(k,:);             %Total Vertical projection. 
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    %PPD (mm). 
    PPD(k,1)=max(abs(UV(k,:)))*1000;          

    %Peak Particle Displacement (mm). 

  
    %Particle Velocity and PPV (mm/s). 
    VV(k,:)=diff(UV(k,:))/dt;                    

    %Vertical velocity (m/s). First derivative. 
    PPV(k,1)=max(abs(VV(k,:)))*1000;             

    %Peak Particle Velocity (mm/s). 

  
    %Particle Acceleration and PPA (g). 
    AV(k,:)=diff(diff(UV(k,:))/dt)/dt;           

    %Vertical acceleration (m/s^2). Second derivative. 
    PPA(k,1)=max(abs(AV(k,:)))/9.81;             

    %Peak Particle Acceleration (g). 

  
end 

  
%% Full Waveform 
UUU=sum(UV,1);                                    
VVV=sum(VV,1); 
AAA=sum(AV,1); 

  
%% Scaled Distance (m/kg^(1/3)). 
Massexpl=xlsread('Datos voladuras.xlsx',2,'J3:J9');  

%Explosive mass per hole (kg). 
ScD=(sqrt(r.^2+z.^2)./Massexpl.^(1/3));              

%Scaled distance (m/kg^(1/3)). 

 

 


