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Abstract 

The safety level of masonry arches (and domes) is severely affected by 

displacements and/or rotations that may occur on its supports. When subjected 

to movements, the initial geometry of the masonry arch changes and hinges 

appear between voussoirs, following a ductile behavior and adapting to the 

new boundary conditions.  

Displacements may be either outwards or inwards, upwards or downwards, or 

even combined. This can result in an increase or decrease of the horizontal force. 

The structural safety of masonry arches (or vaults) decreases very much with 

displacements and/or rotations that may produce at the abutments. In some 

cases leading them to collapse if such movements are larger than certain 

thresholds, even if loads remain constant. 

This dissertation focuses on understanding how masonry arches are affected by 

vertical displacements on one of their supports, how their geometry changes 

and how their inner stresses evolve; in short, on how the stability and thus the 

safety level is affected. In particular, the effect of the geometry variation of an 

arch due to a change in the boundary conditions for different initial 

configurations. 

The study has focused on finding the line of thrust, a concept associated to the 

plasticity limit theorems, which allows to find a stable and safe configuration for 

each deformed geometry of the arch. To conclude, results are validated through 

lab tests in other institutions or specifically developed for this dissertation. 
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Notation 
f: rise 

L: span 

t: thickness 

R: radius 

Fy: vertical force 

Fx: horizontal force 

M0: moments taken from point 0 

H0: horizontal force in an arch. It remains constant for a given geometry 

y0: in the vertical voussoir analysis for arches on spreading supports, it represents 

the vertical distance at which the line of thrust intersects with the first voussoir joint 

ri: radius from the origin to the point where the line of thrust goes through the i 

voussoir joint 

rw,i: radius from the origin to the barycenter of the voussoir i 

R0: percentage of the total weight of the arch on the left support 

VL: voussoir joint 

Z: resultant force of the line of thrust 
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1.  INTRODUCTION 

Masonry arches seem to be the forgotten field in structural analysis. Structural 

engineers usually do not know how to deal with them, especially if they are 

submitted to imposed displacements, even if they can be considered ‘purer’ 

structures. May ‘purer’ be understood in the sense that they work only through 

axial forces and generally do not have to bear bending moments, thus taking 

more advantage of the material and being more efficient. 

There is no evidence that treatises on construction methods describe any rule on 

how to tackle imposed displacements. 

Whereas in the literature on spreading supports, without being too extensive, 

there are at least some examples, the study of vertical displacement on arches 

has almost no related literature. 

Horizontal displacements usually happen on cathedrals, as sometimes buttresses 

cannot cope with the horizontal thrust of the dome. On the other hand, vertical 

displacements tend to occur in bridges, as a problem derived from settlements. 

This does not mean vertical displacements cannot occur in cathedrals or 

horizontal displacements in bridges. They can actually happen: a settlement in a 

cathedral and the scouring phenomenon in a bridge will provide sufficient proof 

(see pages 12 to 15).  

1.1.  Motivation 

Arches are one of the oldest structural forms employed by Mankind, dating back 

more than a thousand years before the Roman Empire. Some of them are still 

standing nowadays. 

It is astonishing to see how much this shape influences us in our everyday lives 

(when children draw a bridge in the countryside, it is usually a masonry arch 

bridge) and yet how little effort we do to understand them. It is not particularly 

difficult, as a deep mathematical analysis is generally not required, but 

technicians, architects and engineers do not often know how to deal with these 

structures. 

The load an arch can withstand is not usually what makes it collapse: 

displacements are the biggest issue in this kind of structures. It is thus important to 

get to know this problem, since around 60% of bridges in Spain and a large 

percentage of the bridges in Europe are made of masonry, as well as countless 

palaces, houses, cathedrals and churches. 

While it is true that these buildings have been so thoroughly studied all over the 

world (this department [2] [3] [4], Ochsendorf [5] , Heyman [6], Smars [7], Huerta 

[8]…) that there is an accepted literature of knowledge and even software to 

analyze it, it is also surprising how so few studies on imposed displacements on 

arches have been carried out: both horizontal and vertical. The latter represents 

a clear gap of knowledge and this thesis aims to tackle this issue. 
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1.2.  Research statement 

Whereas most of the research studies have been developed in the field of 

horizontal displacement, as mentioned in the previous chapter, this thesis focuses 

on vertical displacements and how they affect an arch, how these incremental 

displacements change its starting geometry by the formation of hinges, that can 

also “jump” between voussoirs, and what implications it has in order to find a new 

state of equilibrium. 

In short, the aim of this thesis is to understand how arches are affected by vertical 

displacements on one of their supports: how their geometry changes and how 

their inner stresses evolve. 

These vertical displacements can be downwards or upwards, but only 

downwards displacements are analyzed. A new approach must also be taken, 

as the one used on spreading supports is not entirely valid for vertical 

displacements. 

This is not a simple problem, as is evidenced by the fact that there is barely any 

literature in this regard and it is necessary, as it will be shown later on, to take 

geometric, computational and equilibrium-related factors into account that will 

give way to other fields of interest. Therefore, the use of reduced-scale physical 

models helped us get a closer look to the problem and analyze how 

displacements affect the structural safety of an arch. These reduced-scale 

models have been at the same time a means and an end: a means to 

understand the various processes and an end because analytic tools are only 

valid when they reproduce what is irrefutable in the observed reality. 

The followed process has focused on determining the line of thrust of the different 

geometries an arch presents as it is being deformed. It is an incremental and 

iterative process, since if the line of thrust does not touch the arch at a certain 

point but rather at another, it means the hinge has jumped from one voussoir to 

the other; in this case, the whole geometry must be re-drawn and the 

calculations performed once again. As the literature is very limited, the only 

possible validation is through the reduced-scale physical models.  

 

1.3.  Organization 

This dissertation is divided in 3 main parts: 

Chapter 2: State of the Art 

This part focuses on a revision of the literature, in order to see how structural 

analysis on masonry structures have been carried out and how displacements 

on masonry structures have been dealt with. The few dissertations on the latter 

field only go back 18 years and the approach has not always been one that 

enriches technicians so that they can use it in practice, as most have focused on 

mathematical criteria. In short, they have been critically reviewed and some 

gaps have been identified. This dissertation tries its best to shed light on some of 

them. 
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Chapter 3: Vertical limit displacements on masonry arches 

Firstly, it will be demonstrated that the approach taken for spreading supports is 

not valid for vertical, imposed displacements. This will be done through reduced-

scale models. They help to understand the involved phenomena and set out the 

almost unavoidable need of tackling this topic from a new and somewhat 

different point of view. They are also helpful in the way that they themselves are 

the validation tool. Secondly, it will be shown a more realistic yet complex way 

to deal with this issue and thirdly, the procedure will be used to analyze how both 

masonry arches behave when submitted to vertical displacements. A semi-

circular and a Gothic arch will be analyzed in an incremental, iterative and non-

linear process. 

Chapter 4: Conclusion and future research 

All the knowledge drawn from chapter 3 is summarized here, and future studies 

are proposed. 

On the one hand, some new gaps of knowledge were identified in the previous 

chapter and have been added to the ones highlighted in the State of the Art. 

On the other hand, some of these have been also answered, as we can see in 

this ending chapter. These new gaps are useful to determine what the future lines 

of research are. The intention of this work is that what has been analyzed 

becomes useful to technicians and professionals that deal with this kind of 

problems. 
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2.  STATE OF THE ART 

2.1.  Structural analysis of masonry structures 

In this section, a synthesis of those aspects related to this study are shown. Luckily, 

other authors (Heyman [6] , Huerta [8], Ochsendorf [5], Smars [7]…) have 

developed similar works and have laid the foundations for the analysis of this kind 

of structures. Nevertheless, most of them focused on structures under loads, and 

not under imposed displacements. 

2.1.1.  Line of thrust 
As mentioned above, arches (and cables) usually work mainly through axial 

forces and whereas it does not necessarily imply that bending moments do not 

appear, an arch with the proper shape can indeed render these bending 

moment (almost) non-existent. This shape is called funicular and it is important to 

understand it through the concept of line of thrust. There are 3 types of funicular 

shapes: 

- Catenary (e.g. a cable supporting only its own weight). 

- Parabola (e.g. a cable supporting a load along its horizontal axis). 

- Circle (e.g. the thrust on the walls of a well). [1] 

Before the mathematical analysis was used, graphic statics methods were used 

to define the geometry of axial-only shapes during the XVIII and XIX centuries, 

something hardly used these days. This method is based on the concept of 

funicularity, a concept that Hooke [9] describes fairly well: 

“Ut pendet continuum flexile, sic stabit contiguum rigidum inversum” 

or 

“As hangs the flexible line, so but inverted will stand the rigid arch”. 

Poleni, who during the XVIII century was asked to check on the stability of Saint 

Peter’s Dome in Rome, applies this method (Figure 1) for the first time (ever 

recorded, at least) an analysis on masonry structures, even though this method 

was being used, probably without much thinking about it, many centuries before 

that. 
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Figure 1. Poleni's drawing of Hooke's hanging and inverted chain and his analysis of Saint Peter's 

Dome. 

He came to the conclusion that if any stable position for the thrust line can be 

found to lie within the masonry structure, the structure is stable [1]. 

Pippard realized that pins or hinges in the abutment and between voussoirs can 

be created [10] and he proposed the middle – third rule for arches of rectangular 

cross-section, which says: 

“If the applied load stays within a certain core of the section, stresses across the 

whole section will be compressive” 

Later on, he would add a less restricted criterion than the middle third rule: the 

middle half rule, allowing limited tensile stress of the mortar with following 

assumptions: 

- The arch is parabolic, with 1:4 span to rise ratio and pinned at the 

abutments 

- Load distribution occurs at 45º angle in the transverse direction 

- The effective width of the arch is taken as twice the backfill thickness at 

the crown. 

- The backfill has no structural strength, imposing only vertical loads on the 

arch. As will be seen later, he was wrong in this assumption, since the 

backfill does have an important structural role on the stability of a masonry 

arch. 

In this Master Thesis the graphic statics will not be used, but it was the beginning 

of the study on masonry structures and therefore worth mentioning. 
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2.1.2.  Three hypothesis and an equilibrium approach 
Since Heyman wrote his “The Stone Skeleton” in 1966, masonry arches have been 

studied based upon 3 simplified hypothesis: 

- Masonry blocks do not resist any tension stress. 

- Masonry blocks resist infinite compression. 

- No collapse mechanism will be produced because of sliding. [11] 

These statements render the elastic strains negligible and allow the structure to 

be working just through axial forces (conspicuously compression) within its plane, 

which makes them highly effective as no bending moment is needed to be 

resisted (wind and other horizontal forces such as water currents are not being 

considered). 

And whereas none of these 3 hypothesis is a universal truth (a masonry block 

does resist some tension, does not resist infinite compression and a collapse 

mechanism may occur), as they are hypothesis after all, practice and 

experience have proven that it is very unlikely that a mechanism of collapse may 

occur due to any of these statements. In other words, these hypothesis are valid 

in a very wide range of cases; however, they are wrong in some other rare 

situations and would have to be considered in some of the imposed 

displacement cases Heyman did not study. 

It is worth noting that voussoirs are considered rigid, non-deformable blocks, 

which once more implies that it is not possible to find an elastic solution for the 

behavior of the arch. This also means that cracks will take place between the 

voussoirs, and they are called hinges (even though in real life, they can also 

occur within them). 

Heyman goes even further and states that with a centered load (at the crown), 

4 hinges will never form and therefore there will be no collapse this way (though 

it can be if the strength of the material is surpassed). 

Sliding has also been studying to occur (Figure 2), but it is not a common collapse 

mechanism. It happens more often in models, as we are constantly building them 

and taking them to collapse. This makes voussoirs lose some friction and thus a 

sliding mechanism is more likely to occur here than in a real structure. 



Limit vertical displacements in masonry structures – José Barba Ortega 

 

[10] 

 

 

Figure 2. Rare sliding of a voussoir when granular backfill is as high as the rise. 

One of the reasons it is not currently recommended to use a Finite Element 

Method (FEM) for the structural analysis of a masonry structure is the difficulty of 

determining the proper discretization and the input data. The elastic theory is 

also not so useful when we have to describe a solid that is heterogeneous, 

presents anisotropy (Figure 3), is possibly subjected to large deformations and 

can present cracks. We can however use a FEM as a more sophisticated way of 

analysis, used only after an experimental contrast and to take more variables into 

account, in order to see how the structure can behave, but these data should 

be taken with caution. 

Masonry structures are not a continuum: precisely when submitted to imposed 

displacements, as will be seen, and considering its geometrical and mechanical 

non-linearity, it is very challenging to create a model with such mechanical 

properties that represent the reality of the case. It also requires much effort to 

reproduce its construction process in order to take into account its history load 

and deformations, variables unbeknownst to the professional when they must 

deal with these kind of structures. The fact that it is also anisotropic makes its 

mechanic behavior change as the load changes in relation to how the blocks 

are laid out. 
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Figure 3. Anisotropic behavior: Page tests. We can see how the mechanic behavior changes in 

relation of how the load direction is compared to the brick layout. Source: lecture notes. 

That is why an equilibrium-based approach seems to be appropriate, as it does 

not depend on material properties, but rather on geometry and boundary 

conditions. They do not take into account, as will be seen later, other variables 

that are in hindsight not so important, such as the Young modulus or the 

compressive strength of the block. This is why we use Heyman’s approach [11]. 

He proposed the use of the method of the thrust line to determine the level of 

safety against the formation of a mechanism, thus satisfying the equilibrium 

condition. This line of thrust has been the guiding thread of this whole dissertation: 

the existence or absence of equilibrium depends on how this line behaves.  

The line of thrust can be defined as the locus of the points, through which forces 

pass in an arch. It is a theoretical line that represents the path of the resultants of 

the compressive forces within an arch. 

 

2.1.3.   Lower and upper bound theorems of plasticity 
Upper bound or Drucker’s Theorem for corresponding standard materials: if an 

unstable mechanism can be found for an identical structure, the structure is 

unstable. 

This means that if a structure with a given number of voussoirs (or similar kinematic 

mechanisms) is in equilibrium with external loads, for some precise imposed 

deformation, this structure will be exactly in the collapse configuration. 

Lower bound or Radenković’s Theorem: if a stable mechanism can be found for 

a model with the same dissipation power as the analyzed structure, then such 

structure is safe. [7] 

That is to say that if a structure [4] has a line of thrust within its geometry, and this 

geometry has been altered through imposed displacements, then the structure 

is safe (which means it is not about to collapse). 
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2.2.  Limit displacements of masonry structures 

2.2.1.  Causes of deformation 
Masonry arches are often prone to small displacements that may alter their 

original geometry. These are due to 3 factors or a combination of them. These 

will be further elaborated with illustrative examples: 

2.2.1.1.  Differential settlement of the foundation system 
Some insects had gotten to the wooden foundations of the Deba bridge, 

located in the North of Spain, and had started to eat them away, thus reducing 

its bearing capacity until a sudden vertical displacement on the pier took place 

one summer night. This displacement has turned the structure into a living ruin, as 

shown in Figure 4. 

 

Figure 4. The Deba bridge, whose deck used to be flat, now suffers the consequences of a 

differential settlement due to wood-eating agents. This example took place after the author 

started working on this Master Thesis. Source: Technical University of Madrid. 

2.2.1.2.  Viscous phenomena affecting the mortars 
The Fitero Bridge and the Ejea de los Caballeros Bridge are real life examples of 

imposed displacements due to masonry creep. There is however, many more 

examples in civil and religious constructions. Clara Lamarca [12] wrote her Master 

Thesis about this phenomenon in the Hormigón Estructural group. Figure 5 shows, 

on the left arch, how its shape changed. This is the origin of the cracks showed in 

Figure 6 that took place without any kind of displacements on the supports. The 

risk associated to this fissure induced by differential creep is what can be seen in 

Figure 7, where the intrados masonry layer of the vault has collapsed. 
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Figure 5. Elevation of the Fitero Bridge [12]. 

 

Figure 6. Cracks in the arch of the Fitero Bridge [12]. 
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Figure 7. The intrados layer is gone due to creep [12]. 

2.2.1.3.  Movement of underlying structures  
This kind of movement can occur due to viscous (such as creep) or mechanical 

(instantaneous, related to local deformations) problems. 

An example of this can be seen in San Isidoro de León (Figure 8), a church in 

Spain. The horizontal thrust of the arch is so strong it pushes the upper part of the 

columns and walls outwards and they are not able to cope with this force any 

more. As this happens, one can come to the conclusion that walls and columns 

are rigid enough not to collapse for an inner mechanism. In order to tackle this 

issue, tension braces were required to stabilize the building. 

 

Figure 8. San Isidoro, León, Spain. The horizontal thrust of the arch is so large, braces were 

required to keep the building stable. Source: 
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Unfortunately, the few studies carried out by the even fewer authors on this topic, 

do not even take all these 3 causes into account. 

2.2.2.  Studies on imposed displacements 
Smars [7] studied arches and domes, but, as most studies, he did not take creep 

or the origin or history, in terms of imposed displacements of the arch, into 

account. He studied the domain of kinetically admissible movements for a 

chosen arch taking into account horizontal and vertical displacements 

combined, being able to draw the domain that can be seen in Figure 9. It is very 

interesting, as he combines mathematics with reduced physical models and 

tackles this issue in terms of potential energy. He gives an overview in which he 

takes horizontal, vertical and combination of both movements into account. 

Finally, he concludes with a domain of potential statically admissible domains. 

Nevertheless, he also acknowledged that the arch could not be moved freely 

within such “domain”, as moving from one point to another, within such domain, 

may require more potential energy than the arch is able to put up with. 

He focused mainly on semicircular arches, but he also analyzed domes. His work 

does not take into account any t/L or f/L ratio, or the existence of some backfill 

or backing either. 

Another issue he did not take into account is the possibility of the hinges 

changing location as the supports spread apart, as Ochsendorf [5] and the 

author of the present dissertation did. The fact that hinges “jump” from one 

voussoir to another renders his methodology and results not valid. 
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Figure 9. Movement of an arch in a statically admissible domain [7] 

2.2.3.  Collapse mechanism in free-standing arches on 

spreading supports 
In most study cases an arch is subjected to a horizontal, outwards displacement 

in one (or two) of the abutments, making the rise shorter and the span longer, 

which is associated with an increase on the horizontal force, pushing the 

abutment(s) even further outwards. The vertical force, however, will remain 

constant. 

Ochsendorf predicted that if there is an arch at a height of 10m over a pier (or 

abutment), a horizontal displacement of 34 cm will be caused just by an 

inclination of 1º at the base of the pier [5]. He also carried out studies that related 

minimum t/R ratios and hinge locations for various arches (Figure 10). 
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Figure 10. Minimum thickness ratios and hinge locations for varying angles of embrace [5]. 

Most of the studies made so far have been based on horizontal displacements 

(Figure 11), the line of thrust and finding a collapse mechanism. 

 

Figure 11. Collapse displacement for the alignment of the hinges [5]. 

Ochsendorf became aware as well of voussoirs changing location (Figure 12), 

something that happens when the span becomes increasingly longer, as the 

new hinges become closer to the crown of the arch [5]. 

 

Figure 12. Mechanism corresponding to the movement of the hinge [5]. 

The position of the new hinges is restrained by the line of maximum and minimum 

thrust (Figure 13). 
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Ochsendorf complements his PhD thesis with two figures, where he presents the 

horizontal thrusts increase (Figure 14) and span increase (Figure 15) for various t/R 

ratios, so that the safety of a certain arch can be assessed. It is important to 

mention that Ochsendorf considers collapse when a 5th hinge is formed in the 

arch and Heyman when a 4th hinge is formed: this is because Ochsendorf 

analyzes arches with an even number of voussoirs and Heyman analyzes arches 

with a keystone, that is, with an odd number of voussoirs [6]. 

 

Figure 14. Horizontal thrust value at five-hinge collapse for circular arches of different t/R ratios [5]. 

Figure 13. Comparison between experimental and theoretical tests. On the right, we can see the line 

of maximum and minimum thrust. Sources: Technical University of Madrid and [8] 
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Figure 15. Maximum span increase before collapsing for circular arches [5]. 

Ochsendorf and Rinaldi [12], [13] created an algorithm (Figure 16) that helps us 

know the exact moment of collapse, based on: the thickness to radius (t/R) ratio, 

the value of the imposed displacement and final value of the thrust magnitude. 

It is as follows: 

- Definition of the geometry, that is, the arch thickness and its angle. 

- For an infinitesimal horizontal displacement, Hmin and β0 of the first hinges 

at the intrados are determined. 

- The line of thrust is determined, knowing that it must be contained within 

the deformed geometry, that is, passing through the hinges. 

- A small displacement is imposed so that the arch is cinematically 

deformed. 

- A new line of thrust is obtained: if this new line is tangent to the arch on 

the extrados at the abutments, the arch will collapse due to a 5-hinge 

mechanism. If it does not, an iterative process will be carried out until the 

5-hinge mechanism is found. 

- It the line of thrust is tangent to another point of the intrados (closer to the 

crown), the hinges between voussoirs will be displaced up to this point, 

“jumping” between voussoirs. 

This procedure allows us to control the geometry and thrust (both horizontal 

and vertical) of the arch at any given point and moment. 
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Figure 16. Algorithm to determine the collapse state of an arch on spreading supports [5]. 

2.2.3.1.  Parametrical tool 
Mutiloa [3], continuing Ochsendorf’s methodology, wrote her thesis on the effect 

of horizontal displacements on one of the abutments for several kinds of arches, 

also taking into account the effect of the backfill and the backing. In order to do 

that, she developed a parametrical tool, using Grasshopper, a plugin developed 

for the Rhinoceros 3D program.  
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Figure 17. Mutiloa [3] parametrically designed a program to get the line of 

thrust for several kinds of arches and any voussoir discretization 

This tool allows the user to input some parameters describing a specific arch and 

then finds the line of thrust for each incremental displacement (Figure 17) until no 

line of thrust within the structure can be found, meaning that the collapse occurs 

between that displacement and the previous one. She backed up all her results 

and now this tool is available to assess the safety of the most usual types of 

arches. Her study allowed her to come up with the following figures, comparing 

how the limit displacements between different typologies of arches are related 

(Figure 18 and Figure 19). 

 

Figure 18. Comparative analysis of limit horizontal displacements between different arch 

typologies. 
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Figure 19. Summary table of limit displacements for several arch typologies. 

Commercial software analysis tools, such as RING [14] and ARCHIE [15] warn in 

their manuals, that their software does not tackle this kind of imposed vertical or 

horizontal deformations. 

2.2.4.  Collapses in more complex structures 
The case of bridges with several arches gives way to a more complex collapse 

mechanism, the so-called a “multi-arch” mechanism (Figure 20), a process by 

which deformations cause the horizontal force to increase, making one of the 

piers rotate. This pier will have the opposite effect in the following arch. This 

means that at least seven hinges will open: one of them in the bottom part of the 

pier and the rest in the two adjacent arches. Unfortunately, multi-arch 

mechanisms are not studied in this dissertation. 

 

Figure 20. Multi-arch mechanism [16]  

An example of this kind of mechanism can be found in the case of the Astiñene 

Bridge. This bridge is located in San Sebastián, Spain, and it is composed of seven 

arches, being the middle one the longer and the one to look to recognize how 

arches usually work. [11] 
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As it is clearly seen the deck of the central span is what we could consider 

“saggy” (Figure 21): this is due to the fact that a central hinge must have 

developed and also one more on each pier. This makes this continuous, statically 

indeterminate bridge to have a middle, statically determinate arch (Figure 22). 

 

Figure 22. Kinematic configuration of the central arch of the Clare Bridge. Source: designed by 

the author. 

  

Figure 21. Astiñene bridge, San Sebastián. Source: technical University of Madrid. 



Limit vertical displacements in masonry structures – José Barba Ortega 

 

[24] 

 

2.3.  The importance of the backfill 

Ramos made a major contribution in PhD Thesis [2] when he analyzed the backfill. 

He stated that: 

- The backfill acts as a “prestressing” force, centering the line of thrust. Due 

to this, the collapse load on a bridge can be as much as 6 times higher if 

there is a granular backfill on the bridge vault higher than the rise of the 

arch. 

- Depending on the height of the backing, the collapse mechanism will be 

different, as the voussoirs can only rotate when not under the influence of 

the backfill, unless its height is such that the extra weight on the extrados 

turns around the collapse mechanism (Figure 23). 

 

Figure 23. Collapse load for an arch with rigid filling and granular filling, both defined and 

undefined and with different heights [2]. 

León carries out a comprehensive analysis on the importance of the filling and 

the spandrel wall for masonry bridges [17], where not only are the stress fields 

within the backfill, in a transversal cross-section, due to point loads (cars and 

other vehicles) shown (Figure 24), but also how this kind of loads interacts with 

masonry arches in a longitudinal cross-section (Figure 25). 



 

[25] 

 

 

Figure 24. Stress distribution of live loads on the deck towards the extrados of the vault through 

the backfill [17]. 

 

Figure 25. Kinematics of a masonry arch, interaction with the backfill and line of thrust due to two 

point loads. Should these be considerably high, it is possible that the granular fill becomes part of 

the bearing structure [17]. 
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3.  VERTICAL LIMIT DISPLACEMENTS OF MASONRY 

ARCHES 
This section offers two parts: firstly, reduced-scale physical models and secondly, 

an analysis of the arches. Physical models are useful to understand the problem 

to assess and the analysis will provide a useful tool when they reproduce what 

was observed in the physical models. 

3.1.  Reduced-scale physical models 

This Master Thesis could have not been written without the extremely helpful asset 

physical models represent. Thanks to the means in the Department of Continuum 

Mechanics and Theory of Structures, lecture notes and dissertations such as the 

present work, they provide the dose of reality a thought experiment needs to be 

further developed into a mathematical model and render possible a deeper 

understanding of the true nature of arches. 

3.1.1.  On Spreading Supports 
Many experiments on imposed movements on both semicircular and Gothic 

arches where performed (Figure 26). As seen in the previous chapter, horizontal 

movements on arches were analyzed in order to check the analyses carried out 

by Mutiloa [3] in her Master Thesis, where she developed a useful tool to 

parametrically obtain the line of thrust in arches on spreading supports, for 

several types of arches. She did however use vertical voussoirs, perfectly valid for 

horizontal displacements (more on this on page 33): 
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Figure 26. Horizontal displacement experiments on reduced-scale models for semicircular (top 

image) and Gothic (bottom image) arches. Source: photographed by the author. 

3.1.1.1.  … on Spreading Support with Backfill 
After many experiments in some of which the backfill was also modelled, it was 

realized that there is the possibility of the backfill slipping between the voussoirs 

(Figure 27). This I have named the extra or virtual voussoir, as it becomes part of 

the arch. It helps the arch maintain its stability and allows the line of thrust not to 

necessarily remain within the “arch” [19]. 

Figure 27. The backfill can "widen" the thickness of the arch. Source: photographed by the 

author. 
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3.1.2.  On Vertical Displacements 
The real innovation of this thesis is on the analysis on vertical displacements. 

Standard concrete blocks were used as backing: an unavoidable component 

of this sort of structures and especially of experiments, since the aim is to assess 

the influence of imposed vertical displacements. The backing is crucial in this kind 

of structures, as they bear the horizontal loads on the springs of the arch. It must 

be said that these concrete blocks did not completely reflect a real case study, 

for the backing usually takes the shape of the extrados of the arch. 

A table jack from the Department’s laboratory was used in order to analyze the 

vertical displacement. The same institution also provided the concrete blocks. 

For the arch, pine wood voussoirs from previous experiments were used. These 

blocks have all a similar density and their dimensions are 8 cm tall, 5 cm and 7.2 

cm wide and 12 thick (see Figure 28). They had to be roughened as they were 

too smooth and quickly slipped away from each other, without maintaining the 

overall equilibrium. 

 

Figure 28. Reduced-scale voussoir for the model. Source: designed by the author. 

Experiments on both semi-circular (Figure 29) and Gothic (Figure 30) arches were 

performed by making one of the supports descend incrementally until they 

collapse. The speed was not constant and the displacements were measured 

with a ruler or a meter ruler. Every new increment of vertical displacement was 

analyzed on how it affected the overall geometry. The followed process for both 

arches are shown in the in the following images: 
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Figure 29. Collapse mechanism due to vertical displacement on support. Semi-circular arch. 

Source: photographed by the author. 
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Figure 30. Collapse mechanism due to vertical displacement on support. Gothic arch. Source: 

photographed by the author. 
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3.1.3.  Conclusions obtained from the experiments 

3.1.3.1.  Hinge position 
The very first thing one can see from the experiments is that in vertical 

displacement cases, a hinge also jump from one voussoir to another (Figure 31). 

As mentioned above, the imposed displacements were incremental, at a non-

constant speed. 

 

Figure 31. This figure shows how a hinge jumps from one voussoir to the next. Source: 

photographed by the author. 

 

The second thing to see here is the difference between this collapse mechanism 

and that of the case on spreading supports: whereas hinges are formed following 

an alternating order in the latter (intrados-extrados-intrados or I-E-I), a different 

order takes place in the former (I-E-E) (Figure 32). 
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Figure 32. Comparison between hinge formation in arches due to vertical and horizontal 

displacements. Source: photographed by the author. 

3.1.3.2.  Collapse mechanism 
The second thing one can draw from the experiments is the collapse mechanism: 

it follows what was said by Heyman [6]: a 4th hinge implies the collapse of the 

structure (Figure 33). 

 

Figure 33. All you need is a 4th hinge to get a mechanism from a statically determined structure. 

Source: photographed by the author. 

 

Figure 34. The gothic arch collapsed due to the sliding of one of the voussoirs. Source: 

photographed by the author. 

The mechanism of collapse of the Gothic arch (Figure 34) – due to sliding - is of 

highly importance, since sliding is one of the 3 statements by which an arch is 

said not to collapse, as mentioned in the previous chapter (see page 9). 
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3.2.  Structural analysis 

In order to study these collapse mechanism, a thorough analysis followed: the 

methodology consisted in drawing an arch in the Autodesk Autocad software 

and then using Excel to find the line of thrust. 

Finding the line of thrust consists of solving the equilibrium equations: 

ΣFx = 0 

ΣFy = 0 

ΣMo = 0 

On the first attempt, and following the aforementioned several dissertations by 

other authors [3] [12] [2], vertical voussoirs were used to try to describe the 

problem: this means that every time a displacement is imposed, all lines between 

voussoirs –and thus all voussoirs- must be re-drawn, to keep their verticality. Being 

as we are in a Cartesian coordinate system (CCS), this allows one of the variables 

(the X variable) to be known (Figure 35). 

In this method, the variables V0, y0 and H0 are used in an iterative process to find 

out the line of thrust in every span increase. The equations for ΣMo = 0 are, 

respectively for the left and right side of the arch: 

xi·Vi + H0·yi+1 = bw,i·Wi + Vi+1·xi+1 + y1·H0 

xj+1·Vj+1 + H0·yj+1’ = xj·Vj + bw,j·Wj + y1’·H0 

The unknown variables are yi+1 e yi+1’ and both will become yi and yi+1’ in the 

following voussoir. 

 

Figure 35. If voussoir faces remain vertical, the line of thrust must go through xi and xi+1, given that 

we are in a CCS. Source: designed by the author. 
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The line of thrust is not independent from the discretization, but it has been more 

than enough to find a general validation in the results drawn from the 

experiments of Ramos [2], Mutiloa [3]… 

Although simple, it was clear that this method was not appropriate for the case 

of vertical displacement, since hinges are almost horizontal on the descending 

side, as shown in Figure 36: 

 

Figure 36. The hinge on the right support seems to be a tad "too horizontal" to make a vertical 

voussoir discretization. Source: photographed by the author. 

Therefore a more realistic yet complex method had to be developed in order to 

analyze the problem; the solution, as the reader might guess, involves a polar 

coordinate system. Figure 37 shows a random voussoir of a random arch and 

how a random line of thrust goes through it. 

 



 

[35] 

 

 

Figure 37. As in CCS, we know that the line of thrust must go through αi and αi+1. Given an R0 for 

the voussoir #0, Ri+1 will be the unknown variable. Source: designed by the author . 

The key of this approach is, as shown in Figure 38, to project the resultant Z force 

on both CCS (V, H0 are its projection on this coordinate system, as in the case of 

spreading support) and, at the same time, on the voussoir joint. So can we obtain 

2 new forces 𝑛 and τ (named like that due to the fact that they are the normal 

and the tangential vector of the force on the voussoir face, respectively). τ will 

be ignored, as it is parallel to the line used to take moments (therefore, only 𝑛 will 

be used). 
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Figure 38. Projection of vector forces on both CCS(V, Ho) and on the voussoir (n,τ). Source: 

designed by the author. 

After doing this, some trigonometric transformations will get us the required 

angles so that we can take moments from the origin (Figure 39). 

 

Figure 39. ν = 180 – β – θ. Source: designed by the author. 

Finally, µ is obtained in order to later analyze the sliding phenomenon. 

In the same way, the projection of the weight of each voussoir on rw is obtained, 

as shown in Figure 40. 
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Figure 40. Жi = 90 - γi. Source: designed by the author. 

With these calculations and transformations in mind, a non-linear, kinematic, 

incremental-iterative analysis can be carried out. 

In order to do this, the following assumptions must be taken into account: 

a) The previous concept of y0 makes no sense now, as a vertical measure is 

not taken into account. Therefore, the initial hypothesis will be: V0, H0 and 

r0. 

b) A randomly given weight of 20 kN was assigned to each voussoir. 

c) As voussoirs start to “tilt” towards the lower part, the vertical reactions at 

the supports will also change. This does not affect the first iteration, the 

undeformed configuration, but it will have a substantial influence from 

then on. R1 represents the percentage of the total weight at the left 

support. 

Thus, the equilibrium equations are: 

ΣFx = 0  

𝐻0 = 𝐻0 

ΣFy = 0  

𝑉𝑖 = 𝑊𝑖 + 𝑉𝑖+1  (left side of the arch) 

𝑉𝑖+1 = 𝑊𝑖 + 𝑉𝑖  (right side of the arch) 

ΣMo = 0 

𝑛1 · 𝑟1 = 𝑛𝑤 · 𝑟𝑤 + 𝑛2 · 𝑟2  (left side of the arch) 

𝑛2 · 𝑟2 = 𝑛𝑤 · 𝑟𝑤 + 𝑛1 · 𝑟1  (right side of the arch) 
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3.2.1.  Input data 
In order to reflect the reality of the experiment, arches of the same t/L and t/R 

ratios as in the experiments are used (dimensions are 10 larger in the computer 

models): 

 L t R 𝒕

𝑳
 

𝒕

𝑹
 

Semi-circular arch 8.00 m 0.80 m 4.00 m 0.10 0.20 

Gothic arch 4.50 m 0.80 m 4.00 m 0.1777 - 

 

There’s no 
𝑡

𝑅
 ratio in Gothic arch, as there are 2 radii. 

 

3.2.2.  Semi-circular arch 
It is an incremental and iterative process: if the line of thrust does not touch the 

hinges, we have to start over. 

It is important to point out that the collapse of the free standing arch (meaning 

with no backfill) would have taken place as soon as the line of thrust leaves the 

structure (at one of the voussoir joints, as we will see later on). 

3.2.2.1.  Step one: undeformed geometry 
First off we draw the undeformed configuration of the arch and find the line of 

minimum thrust (Figure 41), so that we can have an idea where the hinges will 

open: 

 

Figure 41. Minimum line of thrust. V0 = 210 kN, H0= 69 kN, r0= 4,35 m. Source: designed by the 

author. 

In order to know how the rigid bodies behave, we have to use a procedure 

similar to that used by Ochsendorf in his PhD thesis [5] (Figure 16). 

-4,80 -3,80 -2,80 -1,80 -0,80 0,20 1,20 2,20 3,20 4,20
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Figure 42. Given a certain vertical displacement, 4 rigid bodies will form, each with a different 

center. Source: designed by the author. 

Once we get the rigid bodies (Figure 42), we should be able to easily locate their 

centers, once this is done, it helps if we make all centers coincide in the same 

point, so that we can measure all angles in the same way. Thus, the bottom 

image in Figure 42 is the one where the analysis is actually conducted on. Then 
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the points obtained are simply transposing them to the place that allows an only 

glimpse of just one arch and one line of thrust (the distance between the actual 

center point of each rigid body and the chosen center). 

 

3.2.2.2.  Step 2: 5%-span vertical displacement 
This is an iterative process: since we have previously obtained the line of thrust for 

the undeformed geometry (Figure 41), we know that at least the hinge on the 

left side (the opposite side of where displacements are imposed) will open at 

that very place. The other two hinges are not that clear: 

- Central hinge: We know the central hinge will form more or less in the 

middle, since given that it is an arch with an odd number of voussoirs a 

hinge cannot be opened right at the middle. 

 

That is also true for arches with an even number of voussoirs, as while trying 

to do this experiment, the author found out that a hinge cannot be 

opened at the central voussoir joint, since it violates the principle of 

impenetrability of bodies. 

 

Going through the experiment many times, we can see that the hinge has 

opened on the side of where displacements are imposed. This was first 

tried (second rigid, 7-voussoir body) and it did not meet the expectations 

that the hinge would form on the 8th voussoir (in this 7-voussoir rigid body). 

A more careful analysis of the experiment followed and it could be seen 

(Figure 43) that, in fact, a first hinge is formed here and quickly closes to 

give way to the one on the 7th voussoir (see below image for a better 

understanding of hinges “jumping” from one voussoir to another). In the 

case study, the central hinge is between voussoirs 12 and 13, but very 

close to 11 and 12. On the following iteration, the hinge will lie here. 
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Figure 43. Top image: undeformed configuration, with no associated hinge. Central image: hinge 

between 11 and 12. Bottom image: hinge between 10 and 11. Source: designed by the author. 

 

- Hinge next to the displacement: we agreed that the first voussoir joint will 

host the first hinge; in the Gothic arch experiment we can see that 

afterwards another hinge will form right on top of that one (Figure 59). 
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Therefore we can conclude that a hinge will form on the first voussoir joint 

and subsequent hinges will develop on top of this one, thus making this 

process discretization-dependent. 

As we can see (Figure 44), the line of thrust touches the arch between the last 2 

voussoirs (on the right) and then goes out of the arch. That means that from now 

on, the voussoir below this hinge will only support vertical loads. The horizontal 

force will be absorbed by the backing. 

The fact that the reaction at the left support is larger than the reaction at the 

right support seems counterintuitive and unfortunately a sound reason for that 

has yet to be found. However, after some minor displacements it corrects itself 

and the vertical reaction starts to be larger at the support without displacement. 

It may be an issue related to the number of voussoirs and the model, but further 

analysis should be carried out in the future.  

 

Figure 44. 40 cm displacement or 5% span vertical displacement. H0= 92 kN, r0= 4.60 m, R1 = 

51,19%. Source: designed by the author. 

 

3.2.2.3.  Step 3: 10%-span vertical displacement 
Figure 45 shows that the central hinge “jumped” and is now between voussoirs 

11 and 12. The line of thrust exists now the structure in the middle of the second-

to-last voussoir (on the right). 

 

-4,80 -3,80 -2,80 -1,80 -0,80 0,20 1,20 2,20 3,20 4,20
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Figure 45. 80 cm displacement or 10% span vertical displacement. H0= 94 kN, r0= 4.63 m, R1 = 

49.52%. Source: designed by the author. 

 

3.2.2.4.  Step 4: 15%-span vertical displacement 
It must be said that one could expect the point at the central hinge to be slightly 

higher than it is (Figure 46). This is some minor error and may be due to the fact 

that the actual change in the direction of the line of thrust happens when it 

passes through the center of the voussoir, as this point is where the line of thrust is 

actually “hit” by the weight of each voussoir. This has not been taken into 

account, as it does not seem to be of much effect, but it is worth mentioning. 

Figure 46. 120 cm displacement or 15% span vertical displacement. H0= 94 kN, r0= 4.67 m, R1 = 

47.48%. Source: designed by the author. 

-4,80 -3,80 -2,80 -1,80 -0,80 0,20 1,20 2,20 3,20 4,20
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Figure 47. Colored in pink, we can see what has been drawn in the analysis, in blue is what a 

more accurate representation would look like and red is a curve that could be an actual line of 

thrust. Source: designed by the author. 

 

3.2.2.5.  Step 5: 20%-span vertical displacement 
In Figure 48, we can clearly see how little does the horizontal force varies as the 

vertical displacement increases. The reader should remember that in the 

undeformed geometry, in Figure 41 , it was shown that the horizontal force was 

H0 = 69 kN. The largest increment was in Step 2, as shown in Figure 44, where H0 = 

92 kN. Now, in a vertical displacement of 20 % the span, we see that it has only 

increased to H0 = 98 kN. 

Notice that the vertical reaction at the left support is now of 45.24 %, whereas the 

right support withstands 54.76 % of the total weight of the structure. 

 



 

[45] 

 

 

Figure 48. 160 cm or 20% span vertical displacement. H0= 98 kN, r0= 4.80 m, R1 = 45.24%. Source: 

designed by the author. 

 

3.2.2.6.  Step 6: 22.5%-span vertical displacement 
At this point the physical model collapses, as another hinge is open in the first 

voussoir (Figure 49). It has not being possible to find a line of thrust that makes this 

model collapse the way it does in the experiments, as Figure 50 shows. 

As mentioned before, it is important to remind the reader again that the backing 

does not accurately represent the backing of a real arch, since there is a small 

gap between the former and the latter. Real-life backings follow the curvature 

of the arch and have no gap in between. 

A new hinge is however opened on top of the hinge on the right. It is also present 

in the arch experiment as one can see it moving and relocating into a new stress 

state, but the physical hinge cannot be seen. It must be due to the fact that 

these voussoirs are not exactly on top of each other and these little changes of 

geometry may be the cause of this phenomenon. It is possible to see some kind 

of re-arrangement due to the moving arch, but they are hard to perceive in 

images, as it is very subtle, so it would be best to watch the following video (01:55 

– 01:59):  

https://vimeo.com/user91192380/review/297996760/6230e9ba20 

 

-4,80 -3,80 -2,80 -1,80 -0,80 0,20 1,20 2,20 3,20 4,20
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Figure 49. 180 cm or 22.5% span vertical displacement. H0= 105 kN, r0= 4.90 m, R1 = 45.00%. Source: 

designed by the author. 

 

 

Figure 50. Collapse mechanism of the experiment due to a 4th hinge between the first and the 

second voussoir on the left. Source: designed by the author. 
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3.2.2.7.  Step 7: 26.25%-span vertical displacement; collapse 
At this point (Figure 51), the line of thrust is 5 cm away from the left hinge and 8 

cm away from the central hinge. Whereas we could consider these numbers as 

valid (as in the experiment we’re talking of only 5 mm and 8 mm), it is not the 

reason for which this configuration is considered unstable: the mechanism that 

produces the collapse of the structure is achieved (a hinge is open between the 

first and second voussoir, on the left), as the line of thrust exits the structure 

precisely through this point and so a hinge is created. This could be seen as the 

4th hinge descripted by Heyman [6]. 

The line of thrust also exits the structure on the right (Figure 51). At this point, there 

is not backfill and therefore the horizontal thrust cannot be counteracted and 

thus the arch will collapse.  

 

 

Figure 51. 210 cm or 26.25% span vertical displacement. H0= 105 kN, r0= 5.10 m, R1 = 44.14%. 

Source: designed by the author. 
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Figure 52 shows both the collapse configuration for the physical model and the 

one brought up by the analysis. 

Figure 52. Collapsing configuration in the physical model. Note that the backfill is also two 

voussoirs high. Source: designed by the author. 

This is clearly a non-linear geometric behavior, as the imposed displacement 

represents an extraordinary 22 % (reduced-scale model) and 26 % (computer 

simulation) of the initial span. This iterative procedure can itself be then 

considered a non-linear analysis. 

Again, note how little the horizontal force varies, as it is H0 = 105 kN at collapse 

(Figure 51), whereas it was H0 = 98 kN, with a vertical displacement of 20 % of the 

span (see page 44). 

 

3.2.3.  Gothic arch 
The same process is followed for the Gothic arch. However, this being a more 

complex geometry (as there is no center of a radius, but rather two centers. See 

Figure 53 for a visual representation), the process is also more complex. 

-4,80 -2,80 -0,80 1,20 3,20
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Figure 53. Undeformed configuration for the Gothic arch and the process followed to get this 

geometry in polar coordinates. Source: designed by the author. 

Once more, when we get the rigid bodies, their centers are located and we 

make all centers coincide in the same point, so that it is easier to manage. Figure 

54 shows how this process is made (compare this to the easier, semi-circular arch 

process) and then again the points are transposed so that a unique arch with a 

unique line of thrust can be drawn.  

Figure 54. Given a certain vertical displacement, 5 rigid bodies will form, each with a different 

center. The voussoir at the crown is divided in two and each half is forced to belong to a different 

rigid body. Source: designed by the author. 



Limit vertical displacements in masonry structures – José Barba Ortega 

 

[50] 

 

The difference with the semicircular arch, apart from its complexity is that, as 

there is a smaller number of voussoirs, the line of thrust will also appear to be 

somehow “rougher”. This does not happen in the undeformed configuration, as 

the point of the line of thrust at the middle of the keystone was drawn. In the rest 

of the configurations it was not, as it made the analysis even more complex and 

thus more prone to error. The voussoir at the crown has been considered to weigh 

exactly the same as the other voussoirs, in order to simplify the analysis.. 

3.2.3.1.  Step one: undeformed geometry 
First off we draw the undeformed configuration of the arch and find the line of 

minimum thrust (Figure 55) so that we can have an idea where the hinges will 

open: 

 

Figure 55. Minimum line of thrust. V0 = 150 kN, H0= 21 kN, r0= 4,13 m. Source: designed by the 

author. 

 

 

 

 

-3,10 -2,10 -1,10 -0,10 0,90 1,90 2,90



 

[51] 

 

3.2.3.2.  Step 2: 10%-span vertical displacement 
A lot of possible hinges are closed to be opened at this stage (Figure 56¡Error! No 

se encuentra el origen de la referencia.), as it is the only line of thrust that has 

been found that can remain within the structure, passing through the hinges. 

 

 

Figure 56. 45 cm displacement or 10% span vertical displacement. H0= 44 kN, r1= 4.30 m, R1 = 51,67 

%. Source: designed by the author. 
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3.2.3.3.  Step 3: 20 %-span vertical displacement 
In Figure 57, on the right, the line of thrust has already left the structure: once 

more the backfill will support the horizontal reaction and the last voussoir only 

bears vertical loads. 

 

 

Figure 57. 90 cm displacement or 10% span vertical displacement. H0= 41 kN, r1= 4.26 m, R1 = 

50.00%. Source: designed by the author. 

 

 

 

 

3.2.3.4.  Step 4: 30 %-span vertical displacement 
From the previous configuration to this one (Figure 58), a major change can be 

seen, as the hinge has jumped from one part of the arch to the other. Not only 

that, a new hinge is also being formed in the previous voussoir. 

-3,10 -2,10 -1,10 -0,10 0,90 1,90 2,90
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On the right support, we can see that those 2 voussoirs only support vertical loads: 

the horizontal part of the resultant force is supported by the backing. One could 

say that this one new hinge is Heyman’s 4th hinge [6]: it is not completely true, as 

the voussoir on the right part only supports vertical loads, meaning that is “not 

part” of the arch anymore. 

 

 

Figure 58. 90 cm displacement or 30% span vertical displacement. H0= 40  kN, r1= 4.31 m, R1 = 

46.13 %. Source: designed by the author. 

 

In fact, reality is not being 100 % reproduced here, because the starting criterion 

was to reproduce a vertical, imposed displacement. However, as we can see in 

the Gothic arch pictures (such as Figure 59), voussoir 14 rotates independently 

from the 2 adjacent rigid bodies. That means a horizontal displacement related 

to the rotation of this voussoir takes place. This does not usually happen in real 

life structures, as backings are not usually like this (they are tangent to the arch’s 

haunches throughout its height). However, it is also possible to combine the 

vertical displacement with its related rotation and horizontal displacement in this 

incremental procedure. 

-3,10 -2,10 -1,10 -0,10 0,90 1,90 2,90
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Figure 59. Voussoir 14 rotates independently from the contiguous rigid bodies. Source: 

photographed by the author. 

 

3.2.3.5.  Step 5: 40%-span vertical displacement 
The point located on the left side of the central voussoir seems to be a bit off 

(Figure 60), as both lines on the left and on the right seem to target a point slightly 

higher than the one. This probably has to do with the central voussoir and its 

barycenter. The reader must not take the line of thrust as the line that joins the 

entry and exit points in a voussoir: the point where the line of thrust is dragged 

down by the voussoir’s own weight is not drawn. Should this point have been 

drawn, a smoother line of thrust would be represented and this would be a shape 

closer to the funicular shape. 



 

[55] 

 

This issue should be tackled from a parametrical point of view about the 

influence of the discretization, as the one done by Mutiloa [3], that could not be 

developed in this dissertation, as this study focuses on discretizations more typical 

of stone blocks. There is no doubt that the larger the number of voussoirs, the 

smoother and closer to the theoretical value the line of thrust will result. 

Here, voussoir 14 has been forced to be parallel to the backing as a way to better 

reflect the observed reality. 

 

Figure 60. 135 cm displacement or 40% span vertical displacement. H0= 44.50 kN, r1= 4.38 m, R1 = 

43.67 %. Source: designed by the author. 

3.2.3.6.  Step 6: 50%-span vertical displacement; collapse 
The collapse mechanism occurs for a vertical displacement equal to 50 % of the 

span, as shown in Figure 61 (remember that this figure was “only” 26.25 %, or only 

half of it, of the span in the case of the semi-circular arch, Figure 51). 

The vertical reaction at the left support is now only 41% of the total weight of the 

arch, meaning that the right support is bearing a 59 % of the structure. In fact, 

vertical weight a support can withstand varies in the range [0, WT], WT being the 

total weight of the structure: in the undeformed configuration of an arch, each 

-3,10 -2,10 -1,10 -0,10 0,90 1,90 2,90
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support carries half of the total weight 
𝑊𝑇

2
. The extreme is an arc-boutant or flying 

buttress (Figure 62), where one of the supports carries all the weight of the self-

weight of the structure WT and the other just receives horizontal forces and 

supports 0% of its self-weight. 

 

Figure 61. 2.25 cm displacement or 50% span vertical displacement. H0= 47.50 kN, r1= 4.45 m, R1 = 

41.00 %. Source: designed by the author. 

-2,26

-1,26

-0,26

0,74

1,74

2,74

-3,10 -2,10 -1,10 -0,10 0,90 1,90 2,90



 

[57] 

 

 

Figure 62. Flying buttresses in the León Cathedral. Source: Lecture notes 

However, the reason for this arch collapsing in the way it does is not completely 

clear; in the following video it is possible to appreciate (02:18) what seems to be 

a sliding failure next to the central voussoir.: 

https://vimeo.com/user91192380/review/298288529/840c7cb6cc 

The analysis took this into account and the incidence angle of the line of thrust 

with each voussoir was measured (see Gothic arch part in the APPENDIX), but 

when compared to the standard static friction coefficient of between two 

wooden bodies no conclusive evidence of this being the cause was found. 

It is possible that this occurred due to the fact that one of these voussoirs contact 

faces were slightly more slippery than the rest, thus inducing a collapse. 

Nevertheless, we can affirm, that this point was very close to collapse in any 

matter, as the backing could not resist another hinge. Should the backing be 

higher, more hinges could be form. 

 

https://vimeo.com/user91192380/review/298288529/840c7cb6cc
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Figure 63 shows both the physical model and the computer model side by side, 

right before collapsing. Again, we are facing a non-linear geometric behavior, 

even more so than the previous arch, as this time, the vertical displacement 

accounts for 50 % the initial span. 

Again we can see how little the horizontal force varies after the first imposed 

displacement, sometimes even decreasing, although this may be due to the 

rougher discretization: the undeformed configuration (¡Error! No se encuentra el 

origen de la referencia.) shows a H0 = 21 kN, after the first iteration (Figure 56) it 

increases to H0 = 44 kN and at collapse (Figure 61) it is H0 = 47 kN. 

  

Figure 63. Both computer and physical models instants before collapsing. Source: designed and 

photographed by the author. 
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4.  CONCLUSIONS  
From the analysis the following conclusions can be drawn: 

a) The kind of analysis performed in this thesis would have not been possible 

with the classic vertical voussoir discretization, as hinges next to the 

support are horizontal. It is however not only possible, but also more 

accurate, to use it in the spreading supports case. This does not mean that 

the conclusions of other authors, such as Ramos [2] and Mutiloa [3] are 

not true, as their results have been checked and validated. 

 

On the other hand, horizontal discretization does exist (tas-de-charge in 

Figure 64) in the case of some gothic arches. In such cases, the spreading 

of the supports is prevented from the existence of the backing. 

 

 

Figure 64. Tas-de-charge or horizontal hinges, so that the falsework span could be shorter [20]. 

 

b) Hinges can change positions under vertical imposed displacements of 

supports: whereas hinges opened on an arch on spreading supports tend 

to be symmetrical (and thus easier to study and analyze), hinges opened 

on an arch submitted to vertical displacements are not symmetrical. 

 

 

c) The larger the imposed vertical downwards displacement at one of the 

supports, the larger the reactions are at this support. This does not match 

the common belief that, in a continuous element, the descending support 

carries a smaller load as a reaction (Figure 65); not only does the opposite 

happen here, but it also turns into a loop: the more the vertical reaction 

at the descending support increases, the more it moves downwards. As 

the catenary rises, so descends the arch (its anti-funicular) and the vertical 

reaction at the support increases up to two-fold, when the other support 



Limit vertical displacements in masonry structures – José Barba Ortega 

 

[60] 

 

does not resist any vertical force (such as the flying buttresses commented 

in page 55). 

 

Figure 65. The lower the support, the larger the reaction. We cannot say the same about 

beams... Source: Technical University of Madrid. 

 

d) The importance of the backing ever since the hinges are formed: the 

hinge formed at the extrados of the arch on the support where the 

displacement is imposed transfers only vertical loads to the voussoir right 

below. Horizontal forces are transferred as a whole to the backing, thus its 

role is essential. 

 

As seen in the spreading support case, the backfill has a positive effect if 

the problem is mainly kinematic. If there is a settlement problem, the 

backfill can be a hindrance, as the vertical reaction will be higher and 

thus the settlement issue is further intensified. 

 

 

e) As opposed to the case of an arch on spreading supports, the horizontal 

force of an arch with a vertical imposed displacement does not vary so 

radically after the first displacement: it does increase but this does not 

seem to be so relevant, as the values are not large. The highest increase 

is the first increase of vertical displacement. 

 

 

f) On certain cases, such as the Gothic arch, the sliding assumption must be 

taken into account, as it is possible that it be the collapse mechanism. 

 

 

g) The assumption that “the structure is stable as long as the line of thrust 

remains within the overall section” might not always be truth, as it is 

possible that at some point the line of thrust momentarily leave the 
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structure and then go back into it. This is because whereas the arch itself 

cannot cope with moments, individual voussoirs can indeed: if a rigid 

body is compressed on one side, the following side will resist tension. Figure 

66 is an example that arches can resist at least some bending: 

 

Figure 66. Two hinges in the same voussoir can be seen in the central image. Source: 

photographed by the author. 

 

 

This is more important than it may seem, as not only does it highlight how 

relevant the discretization is, it also has a practical application in the case 
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of mass concrete arches (Figure 67): in practice, if the f/R ratio, the 

thickness and the characteristic strength of different arches are the same, 

a mass concrete arch will be more resistant to imposed displacements 

than a masonry arch (of 21 voussoirs, for instance), and this will, in turn, be 

more resistant than a brick one (as their number of voussoirs is usually very 

large). In this case, the only possible explanation for the line of thrust to exit 

the structure without collapsing is that the structure can resist some tension 

(as mass concrete does). 

 

 

Figure 67. Lumbreras bridge, October 2012. Source:  lecture notes. 

Thus, we can conclude that the more voussoirs there are, the bigger the 

probability of both sliding and kinematic collapse (small voussoirs could 

not resist bending if the line of thrust leaves the arch with several in 

between). 

 

 

h) The analysis showed that right before collapse the vertical reaction on 

the support where a downwards displacement has been imposed would 

be, compared to the other support: 

o 6 % larger in the semicircular arch 

o 9 % larger in the gothic arch 

However, both figures may vary when analyzed taking into account the 

presence of the backfill. The magnitude of the incremental reactions 

depending on the imposed vertical displacements, the f/L and t/L ratio 

and the height of both backfill and backing should be tackled by a 

parametric study. 

 

i) The formation of hinges due to imposed displacements will obviously 

negatively affect the safety of the structure under external loads: the 

maximum load a structure can resist depends on whether there have 

been displacements or not in the history of such structure. The larger the 

imposed displacement is, the smaller the load-bearing capacity of the 

structure is. 
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j) The bigger the f/L ratio, the bigger the vertical displacement that can be 

imposed on one of the supports, exactly as it happens in the case of 

spreading supports (regardless of the backfill). 

 

A Gothic arch can cope with larger imposed displacements than a semi-

circular arch. This contrasts with the fact that, given 2 arches with the same 

thickness and non-deformable supports, an arch with a small f/L ratio 

(such a segmental arch) will withstand a larger live load than an arch with 

a larger f/L ratio. 

 

5.  FUTURE RESEARCH 

The future research on imposed displacements on masonry arches should focus 

on: 

- Vertical displacements: the influence of the backfill and the height of the 

backing. 

- Combined displacements and rotations 

- The creation of a similar tool, as the one Lore Mutiloa programmed, for 

vertical and combined displacements, also for the most usual types of 

arches. 

- Friction: should be assessed and measured. It should be considered an 

extra parameter and, generalizing this idea, the M-N-V (bending moment 

– axial force – shear force) interaction should be taken into account [4]. 

- Studying how the bearing capacity of the whole structure decreases for 

every incremental imposed displacement. 

All this should be established in some graphs, such as those Ochsendorf [5] 

provided in his PhD thesis (Figure 14 and Figure 15), representing the maximum 

allowed displacement for any type of arch, with and without the backfill and for 

several t/L ratio and f/L ratio. Once this is done, studies can move from free-

standing arches to more complex topics, such as multi-arch mechanisms or 

domes. 
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APPENDIX 

In the following pages, tables containing all the Microsoft Excel calculations are 

shown. Some numbers will be highlighted: these are the numbers that had to be 

introduced manually, in order to change the line of thrust in each iteration. 

All the numbers shown in the tables are obtained through the process explained 

above and each of them has been achieved by varying the following 

parameters: 

- Undeformed geometry: 

o V0: obtained by adding the weight of each voussoir, divided by the 

number of supports. 

o H0 

o r0 

- Deformed geometry: 

o H0 

o r0 

o R0: Percentage of the central voussoir weight that each support 

bears. That is why there are some negative numbers for Vi. 

The values of these parameters are defined on the caption of each figure in its 

corresponding step. 

It has been decided not to show of the following variables, as they do not seem 

to be that important to show (although they were critical to do this thesis): 

- the voussoirs’ coordinates, since the drawings are the important part.  

- the coordinates of the barycenter of each voussoir, in order to get the rw 

parameter. 

The difference between the X and Y parameters and the Xreal and Yreal 

parameters is that the latter are the transposed geometry of the line of thrust, so 

that it could be represented on a single drawing of a single arch. In order to do 

be able to draw such drawing, each X and Y component must be added or 

subtracted to the distance from the center of each rigid body to the center of 

the arch in the undeformed configuration. No table is shown that contains these 

distances used to obtain the transposed geometry. 
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5.1.  Semi-circular arch 
Step 1: undeformed geometry 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y 

0_0 0 210 19,94   180 175,7 86           210,00 4,35 -4,35 0,00 

0_1 1 190,00 19,50 4,35 171 167,1 77 202,14 70,041 8,57 101 -11,4 198,2 4,17 -4,12 0,62 

1_2 2 170,00 18,62 4,17 163 158,6 69 183,47 67,909 17,14 95 -4,95 182,8 4,05 -3,87 1,19 

2_3 3 150,00 17,32 4,05 154 150 60 165,11 65,298 25,71 89 1,01 165,1 3,99 -3,60 1,73 

3_4 4 130,00 15,64 3,99 146 141,4 51 147,18 62,042 34,28 83,7 6,32 146,3 3,98 -3,29 2,24 

4_5 5 110,00 13,61 3,98 137 132,9 43 129,85 57,901 42,85 79,2 10,8 127,6 4,03 -2,95 2,74 

5_6 6 90,00 11,27 4,03 129 124,3 34 113,41 52,524 51,42 76,1 13,9 110,1 4,13 -2,57 3,23 

6_7 7 70,00 8,68 4,13 120 115,7 26 98,29 45,412 59,99 74,6 15,4 94,76 4,27 -2,14 3,70 

7_8 8 50,00 5,90 4,27 111 107,2 17 85,21 35,929 68,56 75,5 14,5 82,5 4,45 -1,63 4,14 

8_9 9 30,00 2,99 4,45 103 98,59 8,6 75,24 23,499 77,13 79,4 10,6 73,95 4,61 -1,03 4,50 

9_10 10 10,00 0,01 4,61 94,3 90,02 0 69,72 8,2463 85,7 86,1 3,95 69,56 4,71 -0,35 4,70 

10_11 11 10,00 2,98 4,71 85,7 81,45 8,6 69,72 8,2463 94,27 86,02 3,976 69,553 4,71 0,35 4,70 

11_12 12 30,00 5,89 4,71 77,2 72,88 17 75,24 23,5 102,84 79,3 10,7 73,94 4,61 1,02 4,50 

12_13 13 50,00 8,67 4,61 68,6 64,31 26 85,21 35,93 111,41 75,5 14,5 82,49 4,45 1,62 4,14 

13_14 14 70,00 11,26 4,45 60 55,74 34 98,29 45,41 119,98 74,6 15,4 94,75 4,27 2,14 3,70 

14-15 15 90,00 13,60 4,27 51,5 47,17 43 113,41 52,52 128,55 76 14 110,1 4,13 2,57 3,23 

15_16 16 110,00 15,63 4,13 42,9 38,6 51 129,85 57,9 137,12 79,2 10,8 127,6 4,03 2,95 2,74 

16_17 17 130,00 17,32 4,03 34,3 30,03 60 147,18 62,04 145,69 83,6 6,35 146,3 3,98 3,29 2,24 

17_18 18 150,00 18,61 3,98 25,7 21,46 69 165,11 65,3 154,26 89 1,04 165,1 3,99 3,59 1,73 

18_19 19 170,00 19,50 3,99 17,2 12,89 77 183,47 67,91 162,83 94,9 -4,92 182,8 4,05 3,87 1,20 

19_20 20 190,00 19,94 4,05 8,6 4,315 86 202,14 70,04 171,4 101 -11,4 198,2 4,17 4,12 0,62 

20_20 210,00 20,00 4,17 0,03 0,015 90 221,05 71,81 179,97 108 -18,2 210 4,35 4,35 0,00 
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Step 2: 5%-span vertical displacement 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y XREAL YREAL 

0_0 0 215,00 19,94   180,00 175,72 85,72 - - - - - 215,00 4,60 -4,60 0,00 -4,60 0,00 

0_1 1 195,00 19,50 4,60 171,43 167,15 77,15 215,61 64,74 8,57 106,69 -16,69 206,53 4,36 -4,32 0,65 -4,32 0,65 

1_2 2 175,00 18,62 4,36 162,86 158,58 68,58 197,71 62,27 17,14 100,59 -10,59 194,34 4,20 -4,01 1,24 -4,01 1,24 

2_3 3 155,00 17,01 4,20 154,29 148,24 58,24 180,25 59,31 25,71 94,98 -4,98 179,57 4,09 -3,68 1,77 -3,68 1,77 

3_4 4 135,00 14,84 4,09 142,19 137,91 47,91 163,37 55,73 37,81 86,46 3,54 163,06 4,05 -3,20 2,48 -3,33 2,27 

4_5 5 115,00 12,68 4,05 133,62 129,34 39,34 147,27 51,34 46,38 82,28 7,72 145,94 4,08 -2,81 2,95 -2,94 2,74 

5_6 6 95,00 10,23 4,08 125,05 120,77 30,77 132,25 45,92 54,95 79,13 10,87 129,87 4,16 -2,39 3,40 -2,52 3,19 

6_7 7 75,00 7,56 4,16 116,48 112,20 22,20 118,70 39,19 63,52 77,29 12,71 115,79 4,28 -1,91 3,83 -2,04 3,62 

7_8 8 55,00 4,71 4,28 107,91 103,63 13,63 107,19 30,87 72,09 77,04 12,96 104,46 4,43 -1,36 4,22 -1,50 4,01 

8_9 9 35,00 1,76 4,43 99,34 95,06 5,06 98,43 20,83 80,66 78,51 11,49 96,46 4,59 -0,75 4,53 -0,88 4,32 

9_10 10 15,00 1,23 4,59 90,77 86,49 3,51 93,21 9,26 89,23 81,51 8,49 92,19 4,73 -0,06 4,73 -0,20 4,52 

10_11 11 5,00 3,95 4,73 82,20 78,60 11,41 92,14 3,11 97,80 94,69 -4,69 91,83 4,80 0,65 4,76 0,52 4,55 

11_12 12 25,00 6,61 4,80 74,99 70,71 19,30 95,34 15,20 105,01 89,81 0,19 95,34 4,80 1,24 4,64 1,21 4,40 

12_13 13 45,00 9,35 4,80 66,42 62,14 27,87 102,42 26,06 113,58 87,52 2,48 102,32 4,74 1,90 4,35 1,86 4,11 

13_14 14 65,00 11,88 4,74 57,85 53,57 36,44 112,65 35,24 122,15 86,91 3,09 112,48 4,67 2,48 3,95 2,45 3,72 

14-15 15 85,00 14,14 4,67 49,28 45,00 45,01 125,26 42,74 130,72 87,98 2,02 125,18 4,59 3,00 3,48 2,96 3,25 

15_16 16 105,00 16,09 4,59 40,71 36,43 53,58 139,60 48,78 139,29 90,51 -0,51 139,60 4,55 3,45 2,97 3,42 2,73 

16_17 17 125,00 17,68 4,55 32,14 27,86 62,15 155,21 53,65 147,86 94,21 -4,21 154,79 4,55 3,85 2,42 3,82 2,19 

17_18 18 145,00 18,88 4,55 23,57 19,29 70,72 171,72 57,61 156,43 98,82 -8,82 169,69 4,60 4,21 1,84 4,18 1,60 

18_19 19 165,00 19,58 4,60 15,00 11,79 78,22 188,92 60,86 165,00 104,14 -14,14 183,19 4,70 4,54 1,22 4,51 0,98 

19_20 20 185,00 19,94 4,70 8,57 4,29 85,72 206,61 63,56 171,43 107,87 -17,87 196,64 4,81 4,76 0,72 4,76 0,32 

20_20 205,00 20,00 4,81 0,00 0,00 90,00 224,70 65,83 180,00 114,17 -24,17 205,00 5,04 5,04 0,00   
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Step 3: 10%-span vertical displacement 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y XREAL YREAL 

0_0 0 208,00 19,94   180,00 175,72 85,72 - - - - - 208,00 4,63 -4,63 0,00 -4,63 0,00 

0_1 1 188,00 19,50 4,63 171,43 167,15 77,15 210,19 63,44 8,57 107,99 -17,99 199,91 4,38 -4,33 0,65 -4,33 0,65 

1_2 2 168,00 18,62 4,38 162,86 158,58 68,58 192,51 60,77 17,14 102,09 -12,09 188,24 4,20 -4,01 1,24 -4,01 1,24 

2_3 3 148,00 16,63 4,20 154,29 146,26 56,26 175,33 57,58 25,71 96,71 -6,71 174,13 4,07 -3,66 1,76 -3,66 1,76 

3_4 4 128,00 13,88 4,07 138,22 133,94 43,94 158,81 53,71 41,78 84,51 5,49 158,08 4,02 -3,00 2,68 -3,32 2,27 

4_5 5 108,00 11,58 4,02 129,65 125,37 35,37 143,18 48,96 50,35 80,69 9,31 141,29 4,07 -2,60 3,13 -2,92 2,72 

5_6 6 88,00 9,02 4,07 121,08 116,80 26,80 128,76 43,11 58,92 77,97 12,03 125,93 4,16 -2,15 3,57 -2,47 3,15 

6_7 7 68,00 6,25 4,16 112,51 108,23 18,23 116,02 35,88 67,49 76,63 13,37 112,87 4,30 -1,65 3,97 -1,97 3,56 

7_8 8 48,00 3,35 4,30 103,94 99,66 9,66 105,55 27,05 76,06 76,89 13,11 102,80 4,46 -1,07 4,33 -1,40 3,92 

8_9 9 28,00 0,38 4,46 95,37 91,09 1,09 98,08 16,59 84,63 78,78 11,22 96,21 4,62 -0,43 4,60 -0,75 4,19 

9_10 10 8,00 2,01 4,62 86,80 84,23 5,77 94,34 4,86 93,20 81,94 8,06 93,41 4,74 0,26 4,73 -0,06 4,32 

10_11 11 12,00 4,37 4,74 81,66 77,38 12,63 94,76 7,28 98,34 91,06 -1,06 94,75 4,76 0,69 4,71 0,65 4,25 

11_12 12 32,00 7,23 4,76 73,09 68,81 21,20 99,30 18,80 106,91 88,11 1,89 99,24 4,73 1,38 4,53 1,34 4,07 

12_13 13 52,00 9,93 4,73 64,52 60,24 29,77 107,42 28,95 115,48 86,53 3,47 107,23 4,66 2,01 4,21 1,97 3,75 

13_14 14 72,00 12,41 4,66 55,95 51,67 38,34 118,41 37,45 124,05 86,60 3,40 118,20 4,59 2,57 3,80 2,53 3,34 

14-15 15 92,00 14,60 4,59 47,38 43,10 46,91 131,53 44,38 132,62 88,24 1,76 131,47 4,52 3,06 3,33 3,02 2,87 

15_16 16 112,00 16,48 4,52 38,81 34,53 55,48 146,22 49,99 141,19 91,20 -1,20 146,19 4,49 3,50 2,82 3,46 2,35 

16_17 17 132,00 17,98 4,49 30,24 25,96 64,05 162,05 54,54 149,76 95,22 -5,22 161,38 4,51 3,89 2,27 3,85 1,81 

17_18 18 152,00 19,09 4,51 21,67 17,39 72,62 178,72 58,27 158,33 100,06 -10,06 175,97 4,57 4,25 1,69 4,21 1,23 

18_19 19 172,00 19,76 4,57 13,10 8,82 81,19 196,01 61,34 166,90 105,56 -15,56 188,83 4,70 4,57 1,06 4,54 0,60 

19_20 20 192,00 19,98 4,70 4,53 2,27 87,74 213,78 63,91 175,47 111,56 -21,56 198,82 4,89 4,88 0,39 4,84 -0,08 

20_20 212,00 20,00 4,89 0,00 0,00 90,00 231,91 66,09 180,00 113,91 -23,91 212,00         
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Step 4: 15%-span vertical displacement 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y XREAL YREAL 

0_0 0 199,40 19,94   180,00 175,71 85,71           199,40 4,67 -4,67 0,00 -4,67 0,00 

0_1 1 179,40 19,50 4,67 171,43 167,14 77,14 202,53 62,35 8,57 109,08 -19,08 191,41 4,41 -4,36 0,66 -4,36 0,66 

1_2 2 159,40 18,62 4,41 162,86 158,57 68,57 185,05 59,47 17,14 103,39 -13,39 180,03 4,21 -4,02 1,24 -4,02 1,24 

2_3 3 139,40 16,18 4,21 154,29 143,99 53,99 168,13 56,01 25,71 98,28 -8,28 166,38 4,07 -3,66 1,76 -3,66 1,76 

3_4 4 119,40 12,70 4,07 133,69 129,41 39,41 151,96 51,79 46,31 81,90 8,10 150,45 4,02 -2,78 2,91 -3,33 2,28 

4_5 5 99,40 10,25 4,02 125,12 120,84 30,84 136,81 46,60 54,88 78,52 11,48 134,07 4,10 -2,36 3,36 -2,91 2,72 

5_6 6 79,40 7,58 4,10 116,55 112,27 22,27 123,05 40,19 63,45 76,36 13,64 119,58 4,23 -1,89 3,78 -2,44 3,15 

6_7 7 59,40 4,74 4,23 107,98 103,70 13,70 111,20 32,29 72,02 75,69 14,31 107,75 4,39 -1,35 4,17 -1,90 3,54 

7_8 8 39,40 1,79 4,39 99,41 95,13 5,13 101,92 22,74 80,59 76,67 13,33 99,18 4,56 -0,75 4,50 -1,29 3,87 

8_9 9 19,40 0,18 4,56 90,84 89,48 0,52 95,98 11,66 89,16 79,18 10,82 94,27 4,72 -0,07 4,72 -0,62 4,08 

9_10 10 -0,60 2,15 4,72 88,12 83,84 6,16 94,00 -0,37 91,88 88,49 1,51 93,97 4,73 0,15 4,72 0,11 4,04 

10_11 11 20,60 5,09 4,73 79,55 75,27 14,73 96,23 12,36 100,45 88,09 1,91 96,18 4,71 0,85 4,63 0,81 3,95 

11_12 12 40,60 7,91 4,71 70,98 66,70 23,30 102,39 23,36 109,02 85,66 4,34 102,10 4,65 1,51 4,39 1,47 3,71 

12_13 13 60,60 10,56 4,65 62,41 58,12 31,88 111,84 32,81 117,59 84,78 5,22 111,38 4,56 2,11 4,04 2,06 3,36 

13_14 14 80,60 12,98 4,56 53,84 49,55 40,45 123,82 40,61 126,16 85,55 4,45 123,45 4,48 2,64 3,61 2,59 2,93 

14-15 15 100,60 15,10 4,48 45,27 40,98 49,02 137,68 46,94 134,73 87,79 2,21 137,58 4,42 3,11 3,14 3,06 2,45 

15_16 16 120,60 16,88 4,42 36,70 32,41 57,59 152,91 52,07 143,30 91,24 -1,24 152,87 4,40 3,52 2,63 3,47 1,94 

16_17 17 140,60 18,29 4,40 28,12 23,84 66,16 169,13 56,23 151,88 95,64 -5,64 168,31 4,42 3,90 2,08 3,85 1,40 

17_18 18 160,60 19,29 4,42 19,55 15,27 74,73 186,09 59,66 160,45 100,79 -10,79 182,80 4,50 4,24 1,51 4,19 0,82 

18_19 19 180,60 19,86 4,50 10,98 6,70 83,30 203,60 62,50 169,02 106,52 -16,52 195,20 4,64 4,55 0,88 4,51 0,20 

19_20 20 200,60 20,00 4,64 2,41 1,20 88,80 221,53 64,89 177,59 112,70 -22,70 204,37 4,85 4,85 0,20 4,80 -

0,48 

20_20 220,60 20,00 4,85 0,00 0,00 90,00 239,79 66,92 180,00 113,08 -23,08 220,60   0,00 0,00   
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Step 5: 20%-span vertical displacement 

 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y XREAL YREAL 

0_0 0 190,00 19,94   180,00 175,71 85,714 - - - - - 190,00 4,80 -4,80 0,00 -4,80 0,00 

0_1 1 170,00 19,50 4,80 171,43 167,14 77,14 196,22 60,04 8,57 111,39 -21,39 182,71 4,51 -4,46 0,67 -4,46 0,67 

1_2 2 150,00 18,62 4,51 162,86 158,57 68,57 179,18 56,84 17,14 106,02 -16,02 172,22 4,29 -4,10 1,26 -4,10 1,26 

2_3 3 130,00 15,70 4,29 154,29 141,72 51,72 162,80 52,99 25,71 101,30 -11,30 159,65 4,12 -3,71 1,79 -3,71 1,79 

3_4 4 110,00 11,43 4,12 129,16 124,87 34,87 147,32 48,30 50,85 80,85 9,15 145,45 4,05 -2,55 3,14 -3,33 2,30 

4_5 5 90,00 8,86 4,05 120,59 116,30 26,30 133,06 42,56 59,42 78,02 11,98 130,16 4,14 -2,10 3,56 -2,88 2,72 

5_6 6 70,00 6,09 4,14 112,02 107,73 17,73 120,43 35,54 67,99 76,48 13,52 117,09 4,27 -1,60 3,96 -2,38 3,12 

6_7 7 50,00 3,18 4,27 103,45 99,16 9,16 110,02 27,03 76,56 76,41 13,59 106,94 4,43 -1,03 4,31 -1,81 3,47 

7_8 8 30,00 0,21 4,43 94,88 90,59 0,59 102,49 17,02 85,13 77,85 12,15 100,19 4,59 -0,39 4,57 -1,17 3,73 

8_9 9 10,00 1,26 4,59 86,31 86,40 3,60 98,51 5,83 93,70 80,48 9,52 97,15 4,73 0,30 4,72 -0,47 3,88 

9_10 10 -10,00 2,71 4,73 86,49 82,20 7,80 98,51 -5,83 93,52 99,34 -9,34 97,20 4,78 0,29 4,77 0,24 3,82 

10_11 11 30,00 5,64 4,78 77,91 73,63 16,37 102,49 17,02 102,09 85,07 4,93 102,11 4,66 0,98 4,56 0,92 3,61 

11_12 12 50,00 8,43 4,66 69,34 65,06 24,94 110,02 27,03 110,66 83,63 6,37 109,34 4,57 1,61 4,28 1,56 3,33 

12_13 13 70,00 11,04 4,57 60,77 56,48 33,52 120,43 35,54 119,23 83,69 6,31 119,70 4,47 2,18 3,90 2,13 2,95 

13_14 14 90,00 13,41 4,47 52,20 47,91 42,09 133,06 42,56 127,80 85,24 4,76 132,60 4,39 2,69 3,47 2,64 2,52 

14-15 15 110,00 15,47 4,39 43,63 39,34 50,66 147,32 48,30 136,37 88,07 1,93 147,24 4,34 3,14 2,99 3,09 2,04 

15_16 16 130,00 17,18 4,34 35,06 30,77 59,23 162,80 52,99 144,94 91,95 -1,95 162,71 4,33 3,54 2,49 3,49 1,54 

16_17 17 150,00 18,52 4,33 26,48 22,20 67,80 179,18 56,84 153,52 96,67 -6,67 177,96 4,37 3,91 1,95 3,86 1,00 

17_18 18 170,00 19,44 4,37 17,91 13,63 76,37 196,22 60,04 162,09 102,05 -12,05 191,90 4,47 4,25 1,37 4,20 0,43 

18_19 19 190,00 19,92 4,47 9,34 5,06 84,94 213,78 62,72 170,66 107,94 -17,94 203,39 4,63 4,57 0,75 4,51 -0,20 

19_20 20 210,00 20,00 4,63 0,77 0,39 89,61 231,74 64,98 179,23 114,25 -24,25 211,30 4,86 4,86 0,07 4,81 -0,88 

20_20 230,00 20,00 4,86 0,00 0,00 90,00 250,01 66,92 180,00 113,08 -23,08 230,00   0,00 0,00   
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Step 6: 22.5%-span vertical displacement 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y XREAL YREAL 

0_0 0 189,00 19,94   180,00 175,71 85,71           189,00 4,90 -4,90 0,00 -4,90 0,00 

0_1 1 169,00 19,50 4,90 171,43 167,14 77,14 198,96 58,15 8,57 113,28 -23,28 182,76 4,59 -4,54 0,68 -4,54 0,68 

1_2 2 149,00 18,62 4,59 162,86 158,57 68,57 182,28 54,83 17,14 108,03 -18,03 173,33 4,34 -4,15 1,28 -4,15 1,28 

2_3 3 129,00 15,46 4,34 154,29 140,63 50,63 166,33 50,86 25,71 103,43 -13,43 161,78 4,15 -3,74 1,80 -3,74 1,80 

3_4 4 109,00 10,78 4,15 126,97 122,63 32,63 151,35 46,07 53,03 80,90 9,10 149,44 4,04 -2,43 3,23 -3,33 2,29 

4_5 5 89,00 8,14 4,04 118,29 114,00 24,00 137,64 40,29 61,71 78,00 12,00 134,64 4,13 -1,96 3,64 -2,86 2,70 

5_6 6 69,00 5,32 4,13 109,72 105,43 15,43 125,64 33,31 70,28 76,41 13,59 122,12 4,27 -1,44 4,02 -2,34 3,08 

6_7 7 49,00 2,39 4,27 101,15 96,86 6,86 115,87 25,02 78,85 76,13 13,87 112,49 4,43 -0,86 4,34 -1,76 3,41 

7_8 8 29,00 0,60 4,43 92,58 88,29 1,71 108,93 15,44 87,42 77,14 12,86 106,20 4,59 -0,21 4,59 -1,11 3,65 

8_9 9 9,00 1,78 4,59 84,01 84,88 5,12 105,39 4,90 95,99 79,11 10,89 103,49 4,69 0,49 4,66 -0,41 3,73 

9_10 10 -11,00 2,97 4,69 85,75 81,47 8,53 105,57 -5,98 94,25 100,23 -10,23 103,90 4,74 0,35 4,73 0,30 3,64 

10_11 11 31,00 5,88 4,74 77,18 72,90 17,10 109,48 16,45 102,82 86,37 3,63 109,26 4,63 1,03 4,51 0,97 3,42 

11_12 12 51,00 8,66 4,63 68,61 64,33 25,67 116,73 25,91 111,39 85,48 4,52 116,37 4,56 1,66 4,24 1,61 3,15 

12_13 13 71,00 11,25 4,56 60,04 55,75 34,25 126,75 34,07 119,96 85,89 4,11 126,43 4,48 2,24 3,88 2,19 2,80 

13_14 14 91,00 13,59 4,48 51,47 47,18 42,82 138,95 40,91 128,53 87,62 2,38 138,83 4,42 2,76 3,46 2,70 2,37 

14-15 15 111,00 15,63 4,42 42,90 38,61 51,39 152,79 46,59 137,10 90,51 -0,51 152,79 4,40 3,22 2,99 3,17 1,90 

15_16 16 131,00 17,31 4,40 34,33 30,04 59,96 167,89 51,29 145,67 94,39 -4,39 167,40 4,41 3,64 2,49 3,59 1,40 

16_17 17 151,00 18,61 4,41 25,75 21,47 68,53 183,92 55,19 154,25 99,06 -9,06 181,62 4,47 4,03 1,94 3,98 0,86 

17_18 18 171,00 19,50 4,47 17,18 12,90 77,10 200,66 58,45 162,82 104,37 -14,37 194,39 4,59 4,38 1,36 4,33 0,27 

18_19 19 191,00 19,94 4,59 8,61 4,33 85,67 217,96 61,20 171,39 110,19 -20,19 204,57 4,77 4,72 0,71 4,67 -0,37 

19_20 20 211,00 20,00 4,77 0,04 0,02 89,98 235,68 63,54 179,96 116,42 -26,42 211,07 5,04 5,04 0,00 4,98 -1,08 

20_20 231,00 20,00 5,04 0,00 0,00 90,00 253,74 65,56 180,00 114,44 -24,44 231,00   0,00 0,00   
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Step 7: 26.25%-span vertical displacement; collapse 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y XREAL YREAL 

0_0 0 185,40 19,94   180,00 175,71 85,71           185,40 5,10 -5,10 0,00 -5,10 0,00 

0_1 1 165,40 19,50 5,10 171,43 167,14 77,14 200,88 55,42 8,57 116,00 -26,00 180,54 4,75 -4,70 0,71 -4,70 0,71 

1_2 2 145,40 18,62 4,75 162,86 158,57 68,57 184,76 51,90 17,14 110,96 -20,96 172,54 4,48 -4,28 1,32 -4,28 1,32 

2_3 3 125,40 15,05 4,48 154,29 138,81 48,81 169,47 47,73 25,71 106,56 -16,56 162,44 4,25 -3,83 1,85 -3,83 1,85 

3_4 4 105,40 9,69 4,25 123,33 118,99 28,99 155,26 42,76 56,67 80,57 9,43 153,16 4,08 -2,24 3,41 -3,35 2,32 

4_5 5 85,40 6,96 4,08 114,65 110,37 20,37 142,44 36,84 65,35 77,81 12,19 139,23 4,18 -1,74 3,80 -2,85 2,71 

5_6 6 65,40 4,09 4,18 106,08 101,80 11,80 131,43 29,84 73,92 76,24 13,76 127,65 4,33 -1,20 4,16 -2,30 3,07 

6_7 7 45,40 1,13 4,33 97,51 93,23 3,23 122,71 21,71 82,49 75,80 14,20 118,96 4,49 -0,59 4,45 -1,69 3,37 

7_8 8 25,40 1,86 4,49 88,94 84,66 5,34 116,80 12,56 91,06 76,38 13,62 113,51 4,67 0,09 4,67 -1,02 3,58 

8_9 9 5,40 2,58 4,67 80,37 82,58 7,42 114,13 2,71 99,63 77,66 12,34 111,49 4,68 0,78 4,61 -0,32 3,53 

9_10 10 -14,60 3,30 4,68 84,78 80,49 9,51 114,93 -7,30 95,22 102,52 -12,52 112,20 4,75 0,43 4,73 0,38 3,42 

10_11 11 34,60 6,21 4,75 76,21 71,92 18,08 119,14 16,88 103,79 86,91 3,09 118,96 4,60 1,10 4,46 1,04 3,16 

11_12 12 54,60 8,97 4,60 67,64 63,35 26,65 126,40 25,59 112,36 86,77 3,23 126,20 4,54 1,73 4,20 1,67 2,89 

12_13 13 74,60 11,53 4,54 59,07 54,78 35,22 136,24 33,20 120,93 87,73 2,27 136,13 4,49 2,31 3,85 2,25 2,54 

13_14 14 94,60 13,84 4,49 50,49 46,21 43,79 148,14 39,69 129,51 89,82 0,18 148,14 4,45 2,83 3,43 2,78 2,13 

14-15 15 114,60 15,84 4,45 41,92 37,64 52,36 161,65 45,15 138,08 92,93 -2,93 161,43 4,45 3,31 2,97 3,26 1,67 

15_16 16 134,60 17,48 4,45 33,35 29,07 60,93 176,39 49,74 146,65 96,91 -6,91 175,11 4,49 3,75 2,47 3,69 1,16 

16_17 17 154,60 18,73 4,49 24,78 20,49 69,51 192,09 53,60 155,22 101,62 -11,62 188,15 4,57 4,15 1,92 4,10 0,61 

17_18 18 174,60 19,57 4,57 16,21 11,92 78,08 208,52 56,86 163,79 106,93 -16,93 199,48 4,71 4,53 1,32 4,47 0,01 

18_19 19 194,60 19,97 4,71 7,64 3,35 86,65 225,53 59,64 172,36 112,73 -22,73 208,02 4,93 4,88 0,65 4,83 -0,65 

19_20 20 214,60 20,00 4,93 -0,93 -0,47 90,47 243,00 62,02 180,93 118,91 -28,91 212,71 5,23 5,22 -0,09 5,17 -1,39 

20_20 234,60 20,00 5,23 0,00 0,00 90,00 260,83 64,08 180,00 115,92 -25,92 234,60   0,00 0,00   
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5.2.  Gothic arch 
Step 1: undeformed geometry 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y XREAL YREAL tg(μ) 

0_0 0 150,00 19,94 - 180,00 175,71 85,71 - - - - - 150,00 4,13 -4,13 0,00 -2,38 0,00 - 

0_1 1 130,00 19,50 4,13 171,43 167,14 77,14 131,69 80,82 8,57 90,60 -0,60 131,68 4,04 -3,99 0,60 -2,24 0,60 0,01 

1_2 2 110,00 18,62 4,04 162,86 158,57 68,57 111,99 79,19 17,14 83,67 6,33 111,30 4,01 -3,83 1,18 -2,08 1,18 0,11 

2_3 3 90,00 17,32 4,01 154,29 150,00 60,00 92,42 76,87 25,71 77,42 12,58 90,20 4,04 -3,64 1,75 -1,89 1,75 0,22 

3_4 4 70,00 15,64 4,04 145,71 141,43 51,43 73,08 73,30 34,29 72,41 17,59 69,67 4,14 -3,42 2,33 -1,67 2,33 0,32 

4_5 5 50,00 13,60 4,14 137,14 132,86 42,86 54,23 67,22 42,86 69,93 20,07 50,94 4,32 -3,17 2,94 -1,42 2,94 0,37 

5_6 6 30,00 11,27 4,32 128,57 124,29 34,29 36,62 55,01 51,43 73,56 16,44 35,12 4,57 -2,85 3,57 -1,10 3,57 0,30 

6_7 7 10,00 5,18 4,57 120,00 105,00 15,00 23,26 25,46 60,00 94,54 -4,54 23,19 4,79 -2,39 4,15 -0,64 4,15 0,08 

7_7 7_7 0,00 5,18 4,79 90,00 75,00 15,00 21,00 0,00 90,00 90,00 0,00 21,00 4,32 0,00 4,32 0,00 4,32 0,08 

7_8 8 10,00 11,27 4,32 60,00 55,71 34,29 23,26 25,46 120,00 94,54 -4,54 23,19 4,79 2,39 4,15 0,64 4,15 0,30 

8_9 9 30,00 13,60 4,79 51,43 47,14 42,86 36,62 55,01 128,57 73,56 16,44 35,12 4,57 2,85 3,57 1,10 3,57 0,37 

9_10 10 50,00 15,64 4,57 42,86 38,57 51,43 54,23 67,22 137,14 69,93 20,07 50,94 4,32 3,17 2,94 1,42 2,94 0,32 

10_11 11 70,00 17,32 4,32 34,29 30,00 60,00 73,08 73,30 145,71 72,41 17,59 69,67 4,14 3,42 2,33 1,67 2,33 0,22 

11_12 12 90,00 18,62 4,14 25,71 21,43 68,57 92,42 76,87 154,29 77,42 12,58 90,20 4,04 3,64 1,75 1,89 1,75 0,11 

12_13 13 110,00 19,50 4,04 17,14 12,86 77,14 111,99 79,19 162,86 83,67 6,33 111,30 4,01 3,83 1,18 2,08 1,18 0,01 

13_14 14 130,00 19,94 4,01 8,57 4,29 85,71 131,69 80,82 171,43 90,60 -0,60 131,68 4,04 3,99 0,60 2,24 0,60  

14-15  150,00 - 4,04 0,00 - - 151,46 82,03 180,00 97,97 -7,97 150,00 4,13 4,13 0,00 2,38 0,00  
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Step 2: 10%-span vertical displacement 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y XREAL YREAL tg(μ) 

0_0 0 155,00 19,94 - 180,00 175,71 85,71 - - - - - 155,00 4,30 -4,30 0,00 -2,55 0,00  

0_1 1 135,00 19,26 4,30 171,43 164,36 74,36 142,30 71,57 8,57 99,86 -9,86 140,20 4,13 -4,08 0,62 -2,33 0,62 0,17 

1_2 2 115,00 17,82 4,13 157,29 153,00 63,00 123,49 68,63 22,71 88,66 1,34 123,46 4,01 -3,69 1,55 -2,07 1,18 0,02 

2_3 3 95,00 16,27 4,01 148,72 144,43 54,43 105,12 64,65 31,28 84,06 5,94 104,56 3,98 -3,40 2,07 -1,78 1,70 0,10 

3_4 4 75,00 14,35 3,98 140,15 135,86 45,86 87,46 59,04 39,85 81,11 8,89 86,41 3,99 -3,06 2,56 -1,44 2,19 0,16 

4_5 5 55,00 12,12 3,99 131,58 127,29 37,29 71,06 50,71 48,42 80,87 9,13 70,16 4,02 -2,67 3,01 -1,05 2,64 0,16 

5_6 6 35,00 9,61 4,02 123,00 118,72 28,72 57,01 37,88 57,00 85,13 4,87 56,80 4,03 -2,19 3,38 -0,57 3,01 0,09 

6_7 7 15,00 1,75 4,03 114,43 84,98 5,02 47,43 18,43 65,57 96,00 -6,00 47,17 4,05 -1,67 3,69 -0,05 3,32 0,11 

7_8 8 5,00 12,52 4,05 55,52 51,23 38,77 45,28 6,34 124,48 118,14 -28,14 39,93 4,61 2,61 3,80 0,82 3,72 0,25 

8_9 9 25,00 14,71 4,61 46,95 42,66 47,34 51,48 29,05 133,05 104,00 -14,00 49,95 4,79 3,27 3,50 1,47 3,42 0,12 

9_10 10 45,00 16,56 4,79 38,38 34,09 55,91 63,64 45,00 141,62 96,62 -6,62 63,21 4,80 3,77 2,98 1,97 2,90 0,09 

10_11 11 65,00 18,05 4,80 29,81 25,52 64,48 79,06 55,30 150,19 94,89 -4,89 78,77 4,78 4,15 2,37 2,35 2,30 0,12 

11_12 12 85,00 19,13 4,78 21,23 16,95 73,05 96,18 62,10 158,77 96,66 -6,66 95,53 4,77 4,44 1,73 2,65 1,65 0,19 

12_13 13 105,00 19,66 4,77 12,66 10,62 79,38 114,24 66,80 167,34 100,54 -10,54 112,31 4,80 4,69 1,05 2,89 0,98 0,20 

13_14 14 125,00 19,94 4,80 8,57 4,29 85,71 132,85 70,20 171,43 101,23 -11,23 130,31 4,80 4,75 0,72 3,00 0,27 0,31 

14-15  145,00 20,00 4,80 0,00 0,00 90,00 151,82 72,76 180,00 107,24 -17,24 145,00 4,92 4,92 0,00    
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Step 3: 20 %-span vertical displacement 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y XREAL YREAL tg(μ) 

0_0 0 150,00 19,94 - 180,00 175,71 85,71 - - - - - 150,00 4,26 -4,26 0,00 -2,51 0,00 - 

0_1 1 130,00 18,97 4,26 171,43 161,57 71,57 136,01 72,90 8,57 98,53 -8,53 134,51 4,10 -4,05 0,61 -2,30 0,61 0,15 

1_2 2 110,00 16,86 4,10 151,72 147,43 57,43 117,05 70,02 28,28 81,70 8,30 115,82 4,04 -3,56 1,92 -2,11 1,20 0,15 

2_3 3 90,00 15,06 4,04 143,15 138,86 48,86 98,49 66,04 36,85 77,11 12,89 96,01 4,11 -3,29 2,46 -1,83 1,75 0,23 

3_4 4 70,00 12,93 4,11 134,58 130,29 40,29 80,62 60,26 45,42 74,32 15,68 77,62 4,23 -2,97 3,01 -1,51 2,30 0,28 

4_5 5 50,00 10,52 4,23 126,01 121,72 31,72 64,03 51,34 53,99 74,67 15,33 61,75 4,40 -2,58 3,56 -1,13 2,84 0,27 

5_6 6 30,00 7,86 4,40 117,43 113,15 23,15 50,00 36,87 62,57 80,56 9,44 49,32 4,57 -2,10 4,05 -0,65 3,34 0,17 

6_7 7 10,00 3,86 4,57 108,86 78,86 11,14 41,23 14,04 71,14 94,83 -4,83 41,08 4,64 -1,50 4,39 -0,05 3,68 0,08 

7_8 8 10,00 13,85 4,64 48,86 46,19 43,82 41,23 14,04 131,14 117,10 -27,10 36,70 4,74 3,12 3,57 1,13 3,53 0,17 

8_9 9 30,00 15,49 4,74 43,51 39,22 50,78 50,00 36,87 136,49 99,62 -9,62 49,30 4,76 3,45 3,28 1,64 3,04 0,07 

9_10 10 50,00 17,21 4,76 34,94 30,65 59,35 64,03 51,34 145,06 93,72 -3,72 63,90 4,74 3,88 2,71 2,08 2,47 0,06 

10_11 11 70,00 18,53 4,74 26,37 22,08 67,92 80,62 60,26 153,63 93,38 -3,38 80,48 4,70 4,21 2,09 2,40 1,85 0,11 

11_12 12 90,00 19,45 4,70 17,80 13,51 76,49 98,49 66,04 162,20 96,17 -6,17 97,92 4,69 4,47 1,43 2,66 1,19 0,19 

12_13 13 110,00 19,93 4,69 9,22 4,94 85,06 117,05 70,02 170,78 100,76 -10,76 114,99 4,74 4,68 0,76 2,87 0,52 0,30 

13_14 14 130,00 19,96 4,74 0,65 -3,63 93,63 136,01 72,90 179,35 106,45 -16,45 130,45 4,85 4,85 0,06 3,04 -0,18 0,42 

14-15 - 150,00 19,95 4,85 -7,92 -3,96 93,96 155,24 75,07 187,92 112,85 -22,85 143,06 5,03 4,98 -0,69    
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Step 4: 30 %-span vertical displacement 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y XREAL YREAL tg(μ) 

0_0 0 138,40 19,94 - 180,00 175,71 85,71 - - - - - 138,40 4,31 -4,31 0,00 -2,56 0,00 - 

0_1 1 118,40 19,50 4,31 171,43 167,14 77,14 124,50 71,99 8,57 99,44 -9,44 122,82 4,14 -4,10 0,62 -2,35 0,62 0,17 

1_2 2 98,40 17,25 4,14 162,86 149,57 59,57 105,66 68,63 17,14 94,23 -4,23 105,38 4,02 -3,84 1,18 -2,09 1,18 0,08 

2_3 3 78,40 13,38 4,02 136,29 132,00 42,00 87,34 63,85 43,71 72,44 17,56 83,27 4,18 -3,02 2,89 -1,82 1,76 0,30 

3_4 4 58,40 11,02 4,18 127,72 123,43 33,43 69,95 56,61 52,28 71,11 18,89 66,18 4,37 -2,67 3,45 -1,47 2,33 0,34 

4_5 5 38,40 8,41 4,37 119,15 114,86 24,86 54,38 44,93 60,85 74,22 15,78 52,33 4,60 -2,24 4,02 -1,04 2,89 0,31 

5_6 6 18,40 5,61 4,60 110,58 106,29 16,29 42,67 25,54 69,42 85,03 4,97 42,51 4,79 -1,68 4,49 -0,48 3,37 0,18 

6_7 7 -1,60 5,47 4,79 102,00 74,12 15,88 38,53 -2,38 78,00 104,38 -14,38 37,33 4,80 -1,00 4,70 0,20 3,57 0,09 

7_8 8 21,60 14,88 4,80 46,23 41,94 48,06 44,15 29,29 133,77 104,48 -14,48 42,74 4,75 3,29 3,43 1,43 3,23 0,20 

8_9 9 41,60 16,70 4,75 37,66 33,37 56,63 56,68 47,22 142,34 95,13 -5,13 56,46 4,76 3,76 2,91 1,90 2,70 0,12 

9_10 10 61,60 18,16 4,76 29,09 24,80 65,20 72,64 57,99 150,91 92,92 -2,92 72,55 4,71 4,12 2,29 2,26 2,09 0,12 

10_11 11 81,60 19,20 4,71 20,52 16,23 73,77 90,23 64,74 159,48 94,74 -4,74 89,92 4,69 4,39 1,64 2,53 1,44 0,18 

11_12 12 101,60 19,82 4,69 11,94 7,66 82,34 108,65 69,25 168,06 98,81 -8,81 107,37 4,71 4,61 0,97 2,75 0,77 0,26 

12_13 13 121,60 19,89 4,71 3,37 5,97 84,03 127,55 72,43 176,63 104,20 -14,20 123,65 4,79 4,78 0,28 2,92 0,08 0,16 

13_14 14 141,60 19,94 4,79 8,57 4,29 85,71 146,74 74,79 171,43 96,64 -6,64 145,76 4,66 4,61 0,70   0,27 

14-15  161,60 20,00 4,66 0,00 0,00 90,00 166,12 76,60 180,00 103,40 -13,40 161,60 4,75 4,75 0,00    
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Step 5: 40%-span vertical displacement 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y XREAL YREAL tg(μ) 

0_0 0 131,00 19,94   180,00 175,71 85,71 - - - - - 131,00 4,38 -4,38 0,00 -2,63 0,00 - 

0_1 1 111,00 19,50 4,38 171,43 167,14 77,14 119,59 68,15 8,57 103,27 -13,27 116,39 4,18 -4,13 0,62 -2,38 0,62 0,24 

1_2 2 91,00 16,42 4,18 162,86 145,20 55,20 101,30 63,94 17,14 98,92 -8,92 100,07 4,00 -3,83 1,18 -2,08 1,18 0,16 

2_3 3 71,00 10,97 4,00 127,54 123,25 33,25 83,79 57,92 52,46 69,62 20,38 78,55 4,18 -2,55 3,32 -1,74 1,72 0,37 

3_4 4 51,00 8,35 4,18 118,97 114,68 24,68 67,68 48,89 61,03 70,07 19,93 63,63 4,41 -2,14 3,86 -1,32 2,26 0,36 

4_5 5 31,00 5,55 4,41 110,40 106,11 16,11 54,23 34,86 69,60 75,53 14,47 52,51 4,64 -1,62 4,35 -0,80 2,76 0,26 

5_6 6 11,00 4,16 4,64 101,83 102,01 12,01 45,84 13,88 78,17 87,94 2,06 45,81 4,79 -0,98 4,69 -0,17 3,10 0,04 

6_7 7 -9,00 6,12 4,79 102,19 72,19 17,81 45,40 -11,43 77,81 89,24 0,76 45,40 4,43 -0,94 4,33 0,60 2,95 0,01 

7_8 8 29,00 15,78 4,43 42,19 37,90 52,10 53,12 33,09 137,81 104,72 -14,72 51,37 4,44 3,29 2,98 1,48 2,67 0,15 

8_9 9 49,00 17,44 4,44 33,62 29,33 60,67 66,19 47,76 146,38 98,63 -8,63 65,44 4,54 3,78 2,52 1,98 2,20 0,14 

9_10 10 69,00 18,70 4,54 25,05 20,76 69,24 82,11 57,18 154,95 97,77 -7,77 81,35 4,60 4,16 1,95 2,36 1,63 0,18 

10_11 11 89,00 19,55 4,60 16,48 12,19 77,81 99,51 63,44 163,52 100,09 -10,09 97,97 4,65 4,46 1,32 2,66 1,01 0,25 

11_12 12 109,00 19,96 4,65 7,90 3,62 86,38 117,73 67,79 172,10 104,30 -14,30 114,08 4,75 4,70 0,65 2,90 0,34 0,36 

12_13 13 129,00 19,95 4,75 -0,67 3,95 86,05 136,46 70,97 180,67 109,70 -19,70 128,47 4,90 4,90 -0,06 3,09 -0,37 0,14 

13_14 14 149,00 19,94 4,90 8,57 4,29 85,71 155,50 73,37 171,43 98,06 -8,06 153,97 4,66 4,60 0,69   0,26 

14-15  169,00 20,00 4,66 0,00 0,00 90,00 174,76 75,25 180,00 104,75 -14,75 169,00 4,76 4,76 0,00    
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Step 6: 50%-span vertical displacement; collapse 

VL # Vi nw r1 α γ ж |Zi| Θ β ν μ ni r2 X Y XREAL YREAL tg(μ) 

0_0 0 123,00 19,94  180,00 175,71 85,71 - - - - - 123,00 4,45 -4,45 0,00 -2,70 0,00 - 

0_1 1 103,00 19,50 4,45 171,43 167,14 77,14 113,43 65,24 8,57 106,19 -16,19 108,93 4,22 -4,17 0,63 -2,42 0,63 0,29 

1_2 2 83,00 15,67 4,22 162,86 141,57 51,57 95,63 60,22 17,14 102,64 -12,64 93,31 4,01 -3,83 1,18 -2,08 1,18 0,224 

2_3 3 63,00 8,77 4,01 120,28 115,99 25,99 78,90 52,98 59,72 67,30 22,70 72,79 4,20 -2,12 3,63 -1,68 1,69 0,418 

3_4 4 43,00 5,99 4,20 111,71 107,42 17,42 64,07 42,15 68,29 69,56 20,44 60,04 4,45 -1,65 4,13 -1,20 2,20 0,373 

4_5 5 23,00 3,08 4,45 103,14 98,85 8,85 52,78 25,84 76,86 77,30 12,70 51,48 4,68 -1,06 4,55 -0,62 2,62 0,225 

5_6 6 3,00 2,28 4,68 94,57 96,55 6,55 47,59 3,61 85,43 90,95 -0,95 47,59 4,78 -0,38 4,76 0,06 2,83 0,017 

6_7 7 -17,00 7,32 4,78 98,54 68,54 21,46 50,45 -19,69 81,46 101,15 -11,15 49,50 4,39 -0,65 4,34 0,82 2,60 0,197 

7_8 8 37,00 16,53 4,39 38,54 34,25 55,75 60,21 37,92 141,46 103,54 -13,54 58,54 4,26 3,33 2,65 1,54 2,20 0,173 

8_9 9 57,00 18,02 4,26 29,97 25,68 64,32 74,20 50,19 150,03 99,84 -9,84 73,11 4,40 3,81 2,20 2,02 1,74 0,181 

9_10 10 77,00 19,11 4,40 21,40 17,11 72,89 90,47 58,33 158,60 100,27 -10,27 89,02 4,50 4,19 1,64 2,40 1,19 0,236 

10_11 11 97,00 19,78 4,50 12,83 8,54 81,46 108,01 63,91 167,17 103,26 -13,26 105,12 4,61 4,50 1,02 2,70 0,57 0,322 

11_12 12 117,00 20,00 4,61 4,25 -0,03 90,03 126,27 67,90 175,75 107,84 -17,84 120,20 4,76 4,74 0,35 2,95 -0,10 0,434 

12_13 13 137,00 19,99 4,76 -4,32 2,13 87,87 145,00 70,88 184,32 113,44 -23,44 133,04 4,96 4,94 -0,37 3,15 -0,83 0,145 

13_14 14 157,00 19,94 4,96 8,57 4,29 85,71 164,03 73,17 171,43 98,26 -8,26 162,33 4,60 4,55 0,69   0,268 

14-15  177,00 20,00 4,60 0,00 0,00 90,00 183,26 74,98 180,00 105,02 -15,02 177,00 4,72 4,72 0,00    

 

 

 


