
Film Thickness Formula for Thermal EHL Line Contact Considering 
a New Reynolds–Carreau Equation

Eduardo de la Guerra Ochoa1 · Javier Echávarri Otero1 · Alejandro Sánchez López1 · Enrique Chacón Tanarro1 · 
Benito del Río López2

Abstract
This article presents thermal EHL calculations for line contacts using a new analytical form of the Reynolds equation for 
lubricants whose rheological behaviour follows a modified Carreau model proposed by Bair. The isothermal calculation 
process was presented in: de la Guerra (Tribol Int 82:133–141, 2015). A new parametric formula is hereby developed using 
the aforementioned Reynolds–Carreau equation and adding the thermal effects to the solving process. The accuracy of this 
formula is discussed by comparing the estimates with the experimental and numerical results available. This analytical 
formula provides a fast and easy calculation methodology with good accuracy within a reasonably wide range of operating 
conditions.
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List of symbols
a  Hertzian contact half-width (m)
cl  Specific heat of the lubricant (J/kg K)
cb  Specific heat of the bodies (J/kg K)
d1,2  Thermally affected depth of the bodies (m)
E′  Young’s reduced modulus (Pa)
G  Shear modulus (Pa)
Ḡ  Dimensionless material parameter
h  Film thickness profile (m)
hN  Newtonian central film thickness (m)
h0  Central film thickness (m)
kl  Thermal conductivity of the lubricant (W/m K)
kb  Thermal conductivity of the bodies (W/m K)
L  Contact length in flow direction (m)
LT  Thermal loading factor
n  Carreau exponent
p  Pressure (Pa)
pm  Average Hertz pressure (Pa)

p0  Maximum Hertz pressure (Pa)
Q  Flow rate per unit length  (m2/s)
R  Reduced contact radius (m)
R̄  Anuradha and Kumar factor for shear-thinning 

under pure rolling conditions
S̄  Anuradha and Kumar factor for shear-thinning 

under rolling and sliding conditions
T  Temperature of the lubricant (K)
T0  Reference temperature of the lubricant (K)
T1  Temperature of the upper body (K)
T2  Temperature of the lower body (K)
Tb  Lubricant bath temperature (K)
u  Velocity of the lubricant (m/s)
Ū  Dimensionless velocity parameter
u1,2  Velocity of the surfaces (m/s)
um  Average velocity of the contacting surfaces (m/s)
Δu  Sliding velocity of the contacting surfaces (m/s)
W  Normal load per unit length (N/m)
W̄  Dimensionless load parameter
x  Coordinate in flow direction (m)
z  Coordinate across the film thickness (m)
α  Viscosity–pressure coefficient  (Pa−1)
β  Viscosity–temperature coefficient  (K−1)
�̇�  Shear rate  (s−1)
ε  Thermal expansion coefficient  (K−1)
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η  Viscosity (Pa s)
κ  Shear-thinning parameter
μ  Low-shear viscosity (Pa s)
μ0  Low-shear viscosity at ambient pressure and refer-

ence temperature (Pa s)
ρl  Density of the lubricant (kg/m3)
ρb  Density of the bodies (kg/m3)
Σ  Δu/um, slide-to-roll ratio
τ  Shear stress (Pa)
τm  Mid-plane shear stress (Pa)
φNN  Shear-thinning factor under pure rolling conditions
φSRR  Shear-thinning factor under rolling and sliding 

conditions
φT  Thermal film thickness factor

where low-shear viscosity is assumed to vary exponentially 
with pressure and temperature [6], according to Eq. (3)

The Carreau equation incorporates the variation in the 
viscosity–temperature and the viscosity–pressure coeffi-
cients under shear-thinning conditions.

De la Guerra et al. [7] presented a new analytical form 
(4) of the one-dimensional Reynolds equation for lubri-
cants whose rheological behaviour fits the modified Carreau 
model proposed by Bair

where hypergeom denotes the Gauss hypergeometric func-
tion. Equation (4) is a function of τm (the value of the shear 
stress at the lubricant mid-plane), which is calculated with 
Eq. (5)

Other forms of Reynolds–Carreau equations have also 
been developed for line contacts [6, 8]. The formulation pro-
posed by Bair [8] is based on numerical adjustment of the 
equations for flow-rate and mid-plane shear stress through 
simulations under different operating conditions. Unlike the 
approximate expression attained in that way, the new Reyn-
olds–Carreau equation [7] was obtained in a general manner 
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1 Introduction

Generalised Reynolds equations are largely used to deter-
mine elastohydrodynamic film thickness for shear-thinning 
lubricants [1, 2]. Very often, the rheological behaviour of the 
lubricants is properly described by the Carreau model [3], 
which is formulated in Eq. (1)

When dealing with generalised Reynolds equations for 
non-Newtonian fluids, a modified version is frequently used, 
with τ being the independent variable. Bair [4, 5] proposed 
Eq. (2), valid for 0.2 < n<1, which is therefore applicable 
to most non-Newtonian fluids that follow the Carreau model
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by adding the shear-thinning influence to a procedure similar 
to that used for deducing the classic Reynolds equation.

All these approaches greatly simplify the solving pro-
cess. The use of Grubin-style calculations [9] has shown to 
provide quick and reasonably accurate results of the shear-
thinned central film thickness under isothermal conditions 
[8, 10]. In contrast, the use of full EHL solving methods 
involves a very high computational cost.

On the other hand, bearing in mind a practical use of the 
film thickness results, several formulae have been deducted 
from a regression using data from full EHL calculations. 
By the way of example, Anuradha and Kumar developed 
accurate expressions for the central film thickness [2, 10] 
shown in Eqs. (6–9), which are used as reference values in 
the present article

where

Another remarkable approach based on numerical EHL 
calculations and the ensuing regression analysis is the shear-
thinning parameter κ proposed by Bair [6] and shown in 
Eq. (10), which divides the Newtonian central film thick-
ness to obtain the corresponding value under shear-thinning 
conditions

In addition, the heat generated in the contact can cause 
a local rise in the lubricant temperature, especially for high 
slide-to-roll ratios (SRRs), leading to a reduction in film 
thickness. Based on Cheng, Gupta and other authors, Ham-
rock proposed a correction factor (11) that can be applied to 
the isothermal film thickness to take into account the thermal 
effects [11, 12]

(6)
h0

R
= 1.904093U

0.696
G

0.562
W

−0.144
RS

(7)U =
�0um

E�R
; G = �E�; W =

W

E�R

(8)R =

(
1 + 0.122459

U
0.453

W
0.27

G
0.22

(G∕E�)1.288

)−1.2(1−n)1.44

(9)S =

(
1 + 1.08

�2.22U
0.047

W
−0.03

G
0.176

(G∕E�)0.11

)−1.3(1−n)1.6

(10)� =

[
1 + 0.79

(
(1 + �)

um�0

hNG

) 1

1+0.2�

]3.6(1−n)1.7

(11)

�T =
1 − 13.2

(
p0∕E

�
)
L0.42
T

1 + 0.213

[
1 + 2.23

(
Δu

um

)0.83
]
L0.64
T

; where LT =
��0u

2
m

kl

More recently, Anuradha and Kumar [13] analysed sev-
eral cases and reported a significant influence not only of 
shear-thinning but also of thermal effects on film thickness.

Besides the existing predictions for thermal film thick-
ness based on simple formulae, the thermal influence is fre-
quently considered by means of the energy equation [14], 
solved together with generalised Reynolds equations. This 
involves an additional increase in the computational cost. 
The general expression for the energy equation in line con-
tact is as follows [14]

The thermal balance for each contacting body i (i = 1,2) 
is given by Eq. (13),

The following assumptions are frequently made:

• Couette flow, with a negligible Poiseuille component [6].
• All heat generated by fluid shear (none by compression)

[15].
• Absence of heat conduction in the x-direction within the

lubricant film and the contacting bodies [16, 17].
• Thermal properties of the lubricant and contacting bodies

constant with temperature [18].

Thus, Eqs. (12) and (13) are simplified as follows

In this article, central film thickness and temperature dis-
tribution are calculated by adding thermal considerations to 
the Reynolds–Carreau equations proposed in references [8, 
10] for line contacts.

It is generally accepted that the central film thickness is 
essentially determined by the fluid dynamics of the inlet 
zone, irrespective of the lubricant behaviour within the 
Hertz region [6, 14]. This characteristic greatly simplifies 
the solving process when compared with full thermal EHL 
simulations thanks to the Grubin inlet zone approximation 
for solving the Reynolds–Carreau equation, subsequently 
only requiring the need to solve the energy equation in the 
inlet zone.
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An advantage of the structure of these equations is that 
all the factors are completely independent. Therefore, they 
can be applied in any order.

Table 2 compares the film thickness results obtained using 
expressions (25–28) “h0,New formula”, with the equivalent 
results calculated numerically with the new Reynolds–Car-
reau equation “h0,New numerical”, showing an average error 
lower than 2%. This indicates that the fitting process fol-
lowed leads to a very good agreement between the adjusted 
formula and the numerical results.

On the other hand, analogous Eqs. (29, 30) are obtained 
for the shear-thinning factors from the Reynolds–Carreau 
equation proposed by Bair [8]. However, identical equations 
are considered to obtain the Newtonian film thickness (25) 

and the thermal correction factor (28), as they are not influ-
enced by the model in Ref. [8]

By comparing the results of this model with those of the 
model proposed in [10], average deviations of lower than 
3% are found (Table 3). The numerical results presented 
are attained by means of the calculation process described 
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Table 2  Film thickness results for the new Reynolds–Carreau model

Steel–steel contact with R = 0.1 m, μ0 = 0.08 Pa s, α = 18.9 GPa−1, 
β = 0.076 K−1, Tb = 313 K, G = 0.3 MPa, n = 0.8, kl = 0.15 W/m K, 
ρl = 975 kg/m3, cl = 2000 J/kg K

pm (GPa) um (m/s) Σ h0,New 
numerical 
(nm)

h0,New 
formula 
(nm)

Error (%)

0.8 0.13 0 191 192 0.5
0.8 0.50 0 503 500 − 0.6
0.8 1.00 0 813 806 − 0.9
0.8 1.50 0 1063 1056 − 0.7
0.8 2.00 0 1274 1271 − 0.2
0.8 2.60 0 1485 1495 0.7
1.5 0.13 0 163 164 0.6
1.5 0.50 0 425 422 − 0.7
1.5 1.00 0 681 671 − 1.5
1.5 1.50 0 884 869 − 1.7
1.5 2.00 0 1053 1035 − 1.7
1.5 2.60 0 1221 1205 − 1.3
0.8 0.13 0.25 181 187 3.2
0.8 0.50 0.25 484 485 0.2
0.8 1.00 0.25 784 779 − 0.6
0.8 1.50 0.25 1026 1018 − 0.8
0.8 2.00 0.25 1229 1222 − 0.6
0.8 2.60 0.25 1434 1434 0.0
1.5 0.13 0.25 148 159 6.9
1.5 0.50 0.25 397 405 2.0
1.5 1.00 0.25 641 641 0.0
1.5 1.50 0.25 836 827 − 1.1
1.5 2.00 0.25 996 982 − 1.4
1.5 2.60 0.25 1157 1139 − 1.6
1.5 0.13 0.75 149 147 − 1.4
1.5 0.50 0.75 384 368 − 4.3
1.5 1.00 0.75 595 575 − 3.5
1.5 1.50 0.75 693 733 5.5
1.5 2.00 0.75 862 861 − 0.1
1.5 2.60 0.75 964 987 2.3

Table 3  Film thickness results for the model proposed by Bair

Steel–steel contact with R = 0.1 m, μ0 = 0.08 Pa s, α = 18.9 GPa−1, 
β = 0.076 K−1, Tb = 313 K, G = 0.3 MPa, n = 0.8, kl = 0.15 W/m K, 
ρl = 975 kg/m3, cl = 2000 J/kg K

pm (GPa) um (m/s) Σ h0,Bair 
numerical 
(nm)

h0,Bair 
formula 
(nm)

Error (%)

0.8 0.13 0 182 187 2.7
0.8 0.50 0 479 482 0.6
0.8 1.00 0 777 772 − 0.7
0.8 1.50 0 1017 1007 − 1.0
0.8 2.00 0 1224 1207 − 1.4
0.8 2.60 0 1432 1415 − 1.2
1.5 0.13 0 155 159 2.8
1.5 0.50 0 405 403 − 0.4
1.5 1.00 0 651 635 − 2.4
1.5 1.50 0 850 816 − 4.0
1.5 2.00 0 1016 966 − 4.9
1.5 2.60 0 1182 1115 − 5.6
0.8 0.13 0.25 180 183 1.6
0.8 0.50 0.25 463 461 − 0.5
0.8 1.00 0.25 734 725 − 1.3
0.8 1.50 0.25 946 932 − 1.5
0.8 2.00 0.25 1119 1104 − 1.4
0.8 2.60 0.25 1288 1277 − 0.8
1.5 0.13 0.25 152 155 1.9
1.5 0.50 0.25 387 382 − 1.4
1.5 1.00 0.25 605 587 − 2.9
1.5 1.50 0.25 771 742 − 3.7
1.5 2.00 0.25 904 866 − 4.2
1.5 2.60 0.25 1031 985 − 4.5
1.5 0.13 0.75 148 151 1.9
1.5 0.50 0.75 366 362 − 1.0
1.5 1.00 0.75 560 546 − 2.5
1.5 1.50 0.75 704 678 − 3.7
1.5 2.00 0.75 816 779 − 4.6
1.5 2.60 0.75 919 871 − 5.2



    

 

    

in the present article in order to obtain results that can be 
compared.

5  Results of the New Formula and the New 
Factors

Having verified that the new formula provides results 
equivalent to those of the numerical simulations within the 
range specified in Table 1, the new correction factors for 
shear-thinning and thermal effects have been compared with 
results of other authors.

Table  4 compares several film thickness corrections 
due to shear-thinning under isothermal conditions for 
the model proposed by Bair (Eqs. 29, 30), Anuradha and 
Kumar (Eqs. 8, 9) and the new Eqs. (26, 27). The correla-
tion between the new formulae and those of Anuradha and 
Kumar “A&K” is shown in Fig. 5 and in the last column of 
Table 4, with percentage differences less than 20% in all 
cases (usually less than 10%). These variations are explained 
by the fact that Newtonian film thickness differs from one 
model to another, as noted in references [7, 10]. Indeed, 
Anuradha and Kumar tend to obtain a lower Newtonian film 
thickness and therefore the corresponding factors apply a 

lesser shear-thinning correction to match the numerical 
simulations, leading to negative differences in most cases.

In Table 5 and Fig. 6, the thermal factor (11) is compared 
with the new formula (28). Both expressions give similar 
results (differences lower than 9%), with values slightly 
higher for the new factor. Hence, the new model predicts a 
less significant thermal influence on film thickness.

After the analysis of the individual effect of shear-thin-
ning and thermal factors, film thickness calculations have 
been done taking into account all the factors. Figure  7 
shows the results of the formulae developed for the Bair 
model (Eqs. 25, 28, 29, 30) and the new formula (Eqs. 25, 
26, 27, 28), together with the results of Anuradha and 
Kumar (Eqs. 6, 8, 9) modified with the thermal factor of 
Eq. (11) to be able to compare the predictions [denoted by 
“A&K + Eq. (11)”].

The results of the film thickness formula developed for 
the new model present a clear agreement with those of Anu-
radha and Kumar throughout the range compared, showing 
average deviations of 12% and a similar decreasing trend 
as SRR rises. This is in line with the simulations presented 
in the article [10] for the isothermal case, where the new 
model shows a film thickness variation with SRR close to 
the results of Anuradha and Kumar, which are based on full 

Table 4  Film thickness 
corrections due to shear-
thinning under isothermal 
conditions

Steel–steel contact with R = 0.1 m, μ0 = 0.08 Pa s, α = 18.9 GPa−1, G = 1.0 MPa, n = 0.3

pm (GPa) um (m/s) Σ κ−1 φBair
NN,New × φBair

SRR,New R̄ × S̄ φNN,New × φSRR,New Difference (%)

0.8 0.13 0.75 0.835 0.990 0.866 0.830 − 4.4
0.8 0.50 0.75 0.776 0.978 0.843 0.792 − 6.4
0.8 2.00 0.75 0.700 0.951 0.806 0.742 − 8.6
0.8 2.60 0.75 0.683 0.944 0.797 0.731 − 9.0
1.0 0.13 0.75 0.826 0.989 0.865 0.811 − 6.7
1.0 0.50 0.75 0.764 0.975 0.840 0.771 − 9.0
1.0 2.00 0.75 0.685 0.946 0.800 0.717 − 11.6
1.0 2.60 0.75 0.668 0.938 0.790 0.705 − 12.0
1.5 0.13 0.75 0.807 0.986 0.861 0.772 − 11.6
1.5 0.50 0.75 0.741 0.969 0.832 0.726 − 14.7
1.5 2.00 0.75 0.656 0.934 0.786 0.666 − 18.0
1.5 2.60 0.75 0.639 0.925 0.774 0.653 − 18.6
0.8 0.13 1.5 0.746 0.988 0.629 0.704 10.6
0.8 0.50 1.5 0.675 0.974 0.603 0.656 8.0
0.8 2.00 1.5 0.591 0.943 0.568 0.596 4.7
0.8 2.60 1.5 0.573 0.935 0.560 0.584 4.0
1.0 0.13 1.5 0.734 0.987 0.630 0.673 6.5
1.0 0.50 1.5 0.661 0.971 0.603 0.622 3.2
1.0 2.00 1.5 0.575 0.937 0.566 0.560 − 0.9
1.0 2.60 1.5 0.557 0.928 0.557 0.547 − 1.8
1.5 0.13 1.5 0.712 0.983 0.630 0.613 − 2.9
1.5 0.50 1.5 0.635 0.964 0.601 0.557 − 7.9
1.5 2.00 1.5 0.546 0.924 0.559 0.490 − 13.9
1.5 2.60 1.5 0.528 0.914 0.549 0.477 − 15.2







    

 

    

the energy equation has allowed for the determination of the 
temperature distributions in the lubricant and the contacting 
surfaces in the inlet zone. In this way, the results with differ-
ent working conditions have been discussed.

As a result of the application of the model developed over 
a wide range of conditions, a new film thickness formula is 

proposed for EHL line contacts, which can be used for fast 
and easy calculations. The new formula consists of an equa-
tion for the Newtonian film thickness, a shear-thinning factor 
under pure rolling, a shear-thinning factor under rolling and 
sliding conditions and a thermal factor:

Table 6  Rheological parameters 
considered for the lubricants

Lubricant Composition Kinematic viscosity 
 (mm2/s) [24]

α  (GPa−1) [24] n [6] G (MPa) [6]

PAO Polyalphaolefin 94.1 at 40 °C 16.8 at 25 °C 0.40 6.0
14.0 at 100 °C 12.4 at 100 °C

M100 Paraffinic oil 96.0 at 40 °C 22.0 at 25 °C 0.65 3.5
10.6 at 100 °C 15.8 at 100 °C

N100 Naphthenic oil 97.9 at 40 °C 32.5 at 25 °C 0.34 5.6
8.6 at 100 °C 20.6 at 100 °C
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Fig. 8  Comparison between predicted results and experimental data from Ref. [24]. Steel–steel contact with pm  =  0.785  GPa, um  =  8  m/s, 
R = 0.02 m, kl = 0.15 W/m K, ρl = 900 kg/m3, cl = 2000 J/kg K. a PAO; b M100; c N100



    

 

    

Therefore, the complete film thickness equation can be 
expressed as follows

This expression has shown to provide reasonably good 
accuracy for predicting the film thickness when compared to 
numerical calculations using Reynolds–Carreau equations, 
to full EHL simulations and to experimental results.
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