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Abstract. Current network analysis algorithms are of seminal impor-
tance because they are able to detect patterns in networks with a variety
of classes and sizes that are of vital importance in multiple fields of re-
search. Highly connected communities whose vertices are closely related
to each other and have only a few external relations are one such key
pattern. Most community detection algorithms in graphs guarantee that
each community is relatively isolated but not highly cohesive. This can
generate many irrelevant communities for large networks. In this paper
we propose KGraph, an efficient highly connected community detection
algorithm that takes a density-based approach using the k-core of the
graph and can also establish a community hierarchy for improved visu-
alization. KGraph has been compared with Dengraph, the best-known
density-based algorithm in the literature both run on the Netscience
network.

1 Introduction

The knowledge of graphs and their properties has come a long way and, thanks
to computer science, many real networks can be represented and used by means
of graphs. One characteristic of real networks is that they are highly ordered:
many vertices with a low degree coexist with vertices with a high or very high
degree, where, besides, edges are distributed not only globally but also locally
with high concentrations within special vertex groups and low concentrations
between groups. They are the so-called communities [12], that is, groups of
vertices which share properties and play a similar role in the graph but are
different from the rest of the vertices. The community detection problem is not
new, and there have been many different attempts to solve the problem over
time in many fields of knowledge [27].

A certain hierarchical structure can be emerged in the graph, that is, differ-
ent vertex group levels can be shown, where small communities are included in
bigger communities. To detect these groups of vertices, data clustering methods
were proposed [11]. The first proposed method was hierarchical data cluster-
ing. There are two types of hierarchical data clustering: agglomerative methods
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and divisive methods [20]. Algorithms in this category are single linkage cluster-
ing, complete linkage clustering or average linkage clustering. Partitional data
clustering methods are another data clustering approach, where the number of
communities, k, is pre-assigned and data points are embedded in a metric space
where each vertex is a point, and a distance is defined between each pair of
points in this space. The best known partitional method is k-means clustering
proposed by MacQueen [18]. Spectral algorithms [7] are another group of data
clustering methods based on decomposing the dataset into groups using matrix
eigenvectors.

In recent years, a great deal of progress has been made in community detec-
tion by modularity function optimization (maximization) [23]. The first modu-
larity optimization approach was Newman’s greedy algorithm [21]. Another very
successful approach was used, simulated annealing algorithm, aimed to maximize
modularity by means of Guimera et al.’s proposal [13]. The extremal optimization
technique has also been used [6] to solve the modularity optimization problem
using Duch and Arenas’s [8] approach where modularity expression is rewritten
as a sum of all vertices in a graph, specifically, a vertex local modularity is the
corresponding term value in such sum. Then, the objective function for each
vertex is calculated by dividing vertex local modularity by its degree.

All the above methods have two drawbacks: (i) all the graph vertices should
belong to a community, and (ii) an a priori specification of the number of com-
munities k to be searched is required. Consequently, the direct visualization of
the graph is impossible or useless in most real-world cases.

A new type methods, known as density-based algorithm, is designed to avoid
these problems. These algorithms are based on density-based clustering methods
like DBSCAN [9] or DENCLUE [14]. The biggest problem with algorithms like
DBSCAN is that they cannot find overlapping groups. However, improvements
such as OPTICS [3] or HICS [1] have been developed to solve this problem.

Due to the huge advantages of density-based method, Huang et al. proposed
DenShrink [16], a parameter-free community detection algorithm that optimizes
modularity to yield hierarchical structures with several densities embedded in
complex networks. On the other hand, Falkowski et al. proposed DenGraph [10]
and Xu et al. proposed SCAN [28] as an adaptation of DBSCAN to the com-
munity detection problem. Both methods work in a very similar way except
for the similarity function they use. Later, DenGraph was further developed as
DenGraph-HO [25], an improvement enabling hierarchical community detection.

The main problem with density-based algorithms in most real cases is that
a large distance matrix should be computed previously. On the other hand,
resulting communities do not have to be highly cohesive. Therefore, when we
try to detect highly cohesive communities in large graphs, we can detect many
communities that are relatively isolated from the other graph vertices but are
not significant according our search criteria.

A community in social networks means a subgroup in which all members
are friends. In the graph domain, this meaning of community is equivalent to a
clique, that is, a maximal subgraph whose vertices are all adjacent to each other.
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The most common cliques in real networks are 3-cliques, or triangles, where
larger sizes are less frequent because the condition is overly strict, and a subgraph
in which all the edges except one are internal would be an extremely cohesive
subgroup.

Luckily, it is possible to relax the clique notion by defining clique-like ob-
jects with laxer constraints. In this respect, it is possible to find an n-clique, a
maximum subgraph such that the distance of each pair of vertices is not greater
than n [2] (note that if n = 1 the clique notion applies again). Nevertheless, an
n-clique still has some limitations, as the subgraph diameter can exceed n, even
if each subgraph vertex is a fewer steps of n from any of other vertices or graph
can be disconnected, which is not consistent with the notion of cohesion.

To solve these problems, n-clan and n-club are proposed [19]. An n-clan is
an n-clique whose diameter is not greater than n, whereas a n-club is a maximal
subgraph with diameter n. Despite their similarity, there is a big difference, an
n-clan is maximal subject to the constraint that it is an n-clique whereas an
n-club is maximal subject to the constraint imposed by the diameter length.

Another very common approach is social network analysis where the cohesion
is indicated by vertex adjacency, that is, vertex adjacency to a minimum number
of other vertices in the subgraph. In this regard, the k-plex is a maximal subgraph
in which each vertex is adjacent to all other vertices in the subgraph, except, at
most, k.

Similarly, a k-core is a maximal subgraph in which each vertex is adjacent to
at least k other vertices in subgraph. Subject to these constraints, the resulting
communities are much more cohesive than with n-cliques merely because there
are more internal edges. In any graph, there is a hierarchy of cores with different
degrees, which can be efficiently computed using the Batagelj and Zaversnik
algorithm [4].

A subgraph can be a community based on how strong the cohesion between
the subgraph and the rest of the graph is. Therefore, it is important to also
compare the subgraph internal and external cohesion. To do this we can define
a LS-set [17] or a strong community [24] as a graph whose incoming degree is
greater than its outgoing degree. Later, Hu et al. [15] proposed an alternative
strong and weak community definition, namely, a community is strong if the
indegree of any vertex in a community exceeds the number of edges whose vertex
it shares with any other community, whereas a community is weak if its total
indegree exceeds the number of edges shared by the community with any other
community.

The proposed algorithm yields isolated and highly cohesive communities from
k-core computation by removing noise, establishing a community hierarchy and
finding overlapping communities.

This paper is divided into four sections. Section 2 defines the proposed iso-
lated and highly cohesive community detection. Section 3 compares the proposed
algorithm with Dengraph on the Netscience network. Finally, Section 4 outlines
the conclusions.
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2 Highly connected community detection in graphs

The proposed algorithm is based on two interesting concepts: (i) the k-core and
(ii) the n-support. A k-core is a maximum induced subgraph such that any of
its vertices has at least k neighbors in the subgraph. Hence a k-core is a subset
of vertices in which each vertex is connected to at least, another k vertices in
that subset. Therefore, if another vertex is added to the set the condition does
not hold. Formally, let G =< V,E >, a subgraph H =< W,E′ > is a k-core of
G if ∀w ∈ W −→ degH(w) ≥ k and H is not contained in another subgraph
with this property. On other hand, an n-support is the subgraph resulting after
removing n− 1 fewer k-cores from the original graph.

A k-core has two interesting properties: 1. If i < j then j − core ⊆ i− core,
and 2. A k-core is not necessarily a connected subgraph of G.

A k-core decomposition is defined as the recursive removal of the vertex with
less than k connections with other k-cores (k = 1, 2, ...). This is done, first, by
identifying vertices whose degree is less than k for removal. After their removal,
the graph is then analyzed again to check if vertex removal has generated more
vertices with less than k connections. If so, they will be removed as well, and the
process will continue until there are no more vertices to be removed. Resulting
subgraph is the k-core decomposition.

Fig. 1: k-core decomposition

Looking at the graph shown in Figure 1 and adding a vertical component
representing k-core decomposition, the result is a surface made up of series of
plateaus with walls, as illustrated in Figure 2. Highly cohesive k-cores are posi-
tioned on top of such plateaus, and can be obtained from higher n-supports, as
is shown in Figure 2.
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The proposed algorithm for detecting isolated and highly cohesive communi-
ties is formed by two parts: the first part yields seed communities (n-supports)
for each k-cut in the k-core decomposition and selects the optimum k, and the
second part expands the seeds to guarantee isolation and cohesion.

(a) 3D k-core decomposition plot (b) k-core decomposition cutting
surface

Fig. 2: k-core decomposition

Thus, as Algorithm 1 shows, the objective of the first phase is to generate
a series of base communities (or seeds) which they are extended by Algorithm
2 in the second phase, adding new vertices to maximize both criteria: cohesion
but also isolation. After a series of seed communities (or initial solutions) have
been generated and the optimum k-cut has been selected, the procedure aims
to evolve the above communities using an expansion operation, Algorithm 3,
to maximize an isolation index (Ii) and cohesion index (Ci). Specifically, the
isolation index is defined as Ii = #edges in community/#edges in graph.

Algorithm 1 Seed generation algorithm

1: procedure seeds(G)
2: Compute the k-core decomposition of G
3: for n = 2 to maxv∈V {r : kcore[v] = r} do
4: Filter the n-support of G
5: Compute connected components

6: Save connected components to l[n]

7: Select best l[k]
8: return l

This index computes the ratio between the internal edges and the total num-
ber of edges in the community. Therefore, the more internal edges the community
has (edges connecting two vertices in the same community), the more isolated
the community will be with respect to the rest of graph. This index is in the
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[0, 1] range where 1 is the value for a fully isolated community and 0 is the value
for a community that is not isolated at all. Likewise, a cohesion index, Ci, has
been defined to measure the degree of cohesion as an average local clustering
[26]. The local clustering coefficient, ci, for a vertex, vi, is defined as

ci =
|ejk|

ki(ki − 1)
: vj , vk ∈ Ni, ejk ∈ E, (1)

where ki is the outdegree of the vertex i, and Ni = vj : eij ∈ E is the subset
of vertices whose source is i and whose target is vertex j. Thus, the clustering
coefficient for the whole community would be Ci = 1

N

∑N
i=1 ci, where N is the

total number of vertices in the community.

Algorithm 2 Hierarchical expansion algorithm

1: procedure expand(s, iv, c0)
2: sd←− computeExpansion(s, iv, ci0)
3: if length(s) = length(sd) then
4: return s
5: else
6: return expand(sd, iv, c0)

Algorithm 3 Seed expansion algorithm

1: procedure computeExpansion(s, iv, ci0)
2: for each vertex ∈ s do
3: n←− getNeighbours(vertex)
4: cands←− getCandidates(n, s, iv)
5: for each c ∈ cands do
6: Ia(t0)←− getIi(s)
7: sn ←− addCandidate(s, c)
8: Ia(t)←− getIi(sn)
9: Ic ←− getCi(sn)

10: if Ii(t) > Ii(t0) ∧ Ci ≥ λ · ci0 ∧ c 6∈ s then
11: s←− update(sn)

Therefore, the local clustering coefficient measures the extent to which the
vertex and its neighbors form a clique or complete graph. In a clique all vertices
are connected with each other leading to the maximum possible cohesion. Thus,
the clustering coefficient measures how similar the degree of the vertices in the
community is to the clique degree.

The aim of Algorithm 1 is to generate a series of highly cohesive initial
communities from an input graph G by means of a cut in a high k-core. To do
this, a k-core descomposition is first computed leading to a descomposition as
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illustrated Figure 1. Later, this decomposition is scanned from k-core k = 2 to
the maximum k-core, filtering G by k and computing connected components.
This method is repeated at each level of k leading at each level to a series of
connected components, or seed communities. After selecting the communities k
with the maximum level of cohesion and isolation, they will be used as the initial
solutions for the greedy algorithm. The aim is to start the algorithm with good
solutions in order to achieve better final solutions than starting with random
seed communities, for example.

After selecting a cutoff level k for seed communities with maximum isolation
and cohesion, Algorithm 2, searches a seed community population in order to
add to communities with vertices that are not part of a vertex in cut k. This is
designed to maximize the isolation criteria (because k-core only guarantees high
cohesion).

However, it entails foregoing some of the cohesion, albeit guaranteeing part
of the seed community cohesion. To do this it uses a greedy and recursive algo-
rithm whose stop condition is the equality in community size between consec-
utive algorithm runs which has just one operation, computeExpansion, defined
in Algorithm 3 called from the recursive function defined in Algorithm 2. This
operation computes for each vertex belonging to a community a series of candi-
dates from its neighborhood that do not belong to the vertex set of the cut k
and still have not been added to the community.

Then, for each candidate, it computes the isolation and cohesion index before
and after it is added to the community and whether these indices improve, where
improvement implies a strict improvement in the case of the isolation index, as
opposed to some margin for degradation, λ, in the cohesion index if, based on
the seed community, this leads to a possible improvement in the isolation index.

3 Comparative analysis with Dengraph in the Netscience
network

In our experiments, we used the well-known Netscience network made by Mark
Newman [22,5]. The network includes a total of 1589 scientists and some 2742
relations.

Figure 3 shows some quality measures based on the variation of parameter k.
Specifically, the bottom left plot shows the evolution of the isolation index and
cohesion index according to the variation of the parameter k, top left plot shows
the number of communities in function of the variation of the k parameter and,
lastly, the top right plot shows the average number of vertices per community
according to the variation of parameter k.

For testing purposes , we ran our algorithm on a larger connected component
with 379 vertices, 914 edges in order to remove irrelevant components in terms of
cohesion and isolation. The average results of the quality variation with respect
to k are shown in Table 1. #com is the resulting number of communities at level
k, Ii is the average isolation index in resulting communities, Ci is the average
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Fig. 3: Metric analysis in function of k parameter

cohesion index in the resulting communities and L is the average number of
vertices per community.

k #com Ia Ic L

2 1 1 0.74 379

3 2 0.87 0.87 182.5

4 3 0.82 0.87 99.3

5 5 0.87 0.83 25.8

6 5 0.83 0.84 18.4

7 3 0.79 0.86 18

8 1 0.71 0.83 26

Table 1: Community quality results according to k

Figure 3 summarizes how the quality in communities changes based on the
variation of parameter k. In a good algorithm run, there should be a balance be-
tween the number of communities and the number of vertices in each community,
as each community must have a high index of cohesion and isolation.

The top right and top left plots in Figure 3 show that the number of resulting
communities increases for lower values of k, is unchanged for medium values
of k and decreases for higher values of k, whereas the number of vertices per
community decreases (quasi)exponentially and stabilizes at higher values. For
lower values of k, there are few, albeit rather densely populated, communities,
because the lower part of the n-support plateaus includes most of the vertices.
Therefore, the connected components will be huge but not very cohesive.
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On the other hand, for higher values of k, communities would be positioned in
the higher part of the plateaus, where there are just a few vertices, which fulfill
k-core constraints. Therefore, there will be just a few, albeit quite cohesive,
components. As the results show, the best k interval based on the isolation and
cohesion index is from k = 3 to k = 6 (when both indices are closer).

However, taking into account the number of both communities and vertices
per community, the best result is when k = 5 (shaded grey in Table 1) because it
yields real communities with a high isolation and cohesion index and a sufficient
number of components.

After outputting the best value of k to yield communities in the Netscience
network, we compared the results of our algorithm with the best known density-
based community detection in the literature, Dengraph [10].

We used the adaptation for overlapping communities, with parameters ε = 1
and µ = 3. Dengraph is the natural adaptation of the DBSCAN [9] cluster-
ing algorithm to the graph domain. Therefore, it has need of a vertex distance
function. Specifically, the distance function used in Dengraph is:

d(x, y) =





0 si x = y

min{Ixy, Iyx}−1 si Ixy > 1 ∧ Iyx > 1

1 otherwise

(2)

where Ixy is the number of interactions between vertex x and vertex y. Therefore,
the number of incoming edges from x and Iyx to y is the number of interactions
between vertex y and vertex x.

Table 2 shows the results of our algorithm and the Dengraph run. #com is
the number of resulting communities, L is the average number of components
per community, Ii is the average isolation index of detected communities and Ci

is the average cohesion index of detected communities.

#com L Ia Ic
Dengraph 1 379 1 0.74

k-cores 5 25.8 0.87 0.83

Table 2: Results table

The results show that the proposed algorithm provides a remarkable im-
provement on the results for Dengraph. This is due to the Dengraph clustering
algorithm approach, specifically, the need for a vertex distance function and its
definition. Therefore, if the graph has not parallel edges, the distance between
all vertices is the same. Consequently, as of a certain threshold, it detects one
instead of no communities, albeit with all vertices inside.

Evidently, the isolation index of this community is 1 where the average co-
hesion due to the detected community is, really, the whole graph. Consequently,
no community has been detected. On the other hand, our algorithm detected
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five communities with an 87% improvement of the isolation index with respect
to Dengraph (because the community detected by Dengraph is the whole graph)
and a 9% improvement of the cohesion index with a better average number of
components than for Dengraph.

Looking at Figure 4 and Figure 5, we find that there is no need to classify
all vertices in a community in our algorithm run, where certain vertices (blue
vertices in Figure 5) can be considered as noise.

Fig. 4: Communities yielded by Dengraph

Fig. 5: Communities yielded by KGraph
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4 Conclusions and future work

We presented a hierarchical density-based algorithm based on k-core to detect
communities in a graph. It was compared with the best-known density-based
community detection algorithm, Dengraph, which works with a distance function
to compute the closeness some vertices with respect to others. This is rather
difficult taking into account how different one graph can be from another. Also,
the proposed function can be useful in graphs representing social networks where
it is quite common to have parallel edges.

However, it does not detect any community in graphs that do not have paral-
lel edges. By contrast, our algorithm is based exclusively on graph topology and
does not need any distance function. Another positive property of the proposed
algorithm compared with classical algorithms based on modularity optimization
is that our algorithm allows for noise with vertices not belonging to any commu-
nity, whereas classical algorithms have to classify all the vertices in a community.
Likewise, our approach, which optimizes isolation and cohesion, finds much more
cohesive communities than Dengraph or classical algorithms based on modular-
ity optimization.

As future work we will work on two main approaches. Firstly, we will evolve
the algorithm to use some metaheuristic to find the optimum value of k based
on isolation and cohesion indices, the number of communities and the number
of components per community without the use of any parameter. Besides, we
will work on improving the greedy and recursive method which expands seed
communities using metaheuristics that look for the vertices that maximize the
cohesion and isolation indices given a seed community. This would avoid local
maximums and returns better communities.
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C3-3-R.
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