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A B S T R A C T

A numerical procedure to analyze bifurcation and post-bifurcation of a finite deformation boundary-value prob-
lem for a residually-stressed elastic body is studied. In particular, the problem is the combined extension and
inflation of a circular cylindrical tube subject to radial and circumferential residual stresses. The material model,
given by a residual-stress dependent nonlinear elastic constitutive law in terms of invariants, is implemented
in a finite element code. A numerical procedure to analyze the bifurcation and post-bifurcation of the finite
deformation boundary-value problem at hand is developed based on the modified Riks method. The dependence
of bifurcation and post-bifurcation behavior of tubes under the loading at hand on residual stresses is shown
and compared with results when there is no residual stress. The finite deformation boundary-value problem is
described mainly in terms of the inflation pressure, as well as the axial and azimuthal stretches of the tube. The
dependence of these quantities on bifurcation is illustrated graphically for different values of the parameters (in
dimensionless form) involved, in particular, the strength of the residual stress. It is found that bulging bifur-
cation is expected for sufficiently large values of the axial stretch. On the other hand, for small values of the
axial stretch (close to the non-extended configuration), the onset of bifurcation is found to be the bending mode.
Furthermore, for the latter case in subsequent motion, i.e. post-bifurcation, it is shown that bending triggers
bulging as opposed to the situation in which bending is not allowed and the onset of bifurcation is associated
with bulging. In addition, the bulge, or the abnormal enlargement, that is formed during post-bifurcation after
the onset of bending bifurcation appears on one side of the tube showing an irregular shape which is consistent
with the development of abdominal aortic aneurysms (AAA).

1. Introduction

Bifurcation and post-bifurcation of different instability modes in thin-
walled as well as thick-walled cylinders subject to several bound-ary 
conditions in the context of large deformation stability theory have 
attracted the attention of many researchers in the last few years (see 
Refs. [1–12]). An important application of this analysis is its relation 
with aneurysms formation and propagation in arterial wall tissue (see 
Refs. [1–4,6–11], for instance, and references therein). Many factors are 
involved in the formation and propagation of this pathology. These 
include among others geometry, nonhomogeneous material, anisotropy, 
growth, remodeling, age, etc. In addition, the evolution and forma-

tion of an aneurysm is certainly based on biochemical processes. But 
a previous step to undertake that analysis is to understand the mechan-
ical modulation of this process. We dedicate our effort to this aspect 
dealing with residual stress. Indeed, arteries are subjected to significant 
mechanical stresses that play important roles in regulating vascular cell 
biology, vascular function, and pathological development of vascular 
diseases (see Refs. [15–17]).

Bifurcation analysis involves, from a mathematical point of view, 
a complicated and rigorous machinery. Analytical solutions provide 
great insight into the physical interpretation of the problem at hand. 
Nevertheless, analytical approaches deal with specific material models, 
loading conditions and a perfect geometry and are only practical for
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relatively simple cases. It is important to supply alternatives to these 
difficult formulations. Here we approach this problem using the finite 
element method which is nowadays a basic tool in engineering as well 
as pure and applied sciences. A numerical method that can be used in 
these cases is the modified Riks method. This method considers the arc 
length of the load-displacement path as the constraint equation. That 
is the reason to also denote this method as the arc-length method. For 
the purpose of this communication, we specifically focus on the finite 
element code Abaqus/Standard which has implemented this procedure. 
Whence, an area of emphasis within this work following previous ones 
such as [4,5,12], for instance, is also the development and use of numer-
ical procedures to solve such bifurcation and post-bifurcation problems. 
This framework opens new possibilities and perspectives in both sci-
entific and professional practice. It will clearly furnish an important 
source of expansion and progress to engineering analysis and design.

In recent years, a big effort has been made to investigate boundary 
value problems in the context of stability theory to address the sta-
bility of solutions of differential equations under small perturbations 
of initial conditions. This involves a variety of different geometries 
and loading conditions for different materials including arteries (see 
[3,8]). To model the evolution of aortic aneurysms the analysis needs 
to account for some thickness of the artery, which opens the possibil-
ity to include residual stresses (see Refs. [13,14]). Residual stresses are 
produced during the process of growth, development, and remodeling. 
They have an important influence on the mechanical behavior of arter-
ies and hence may affect aneurysm formation and propagation. An aor-
tic aneurysm is an abnormal enlargement or bulging of the wall of the 
aorta. An aneurysm can occur anywhere in the vascular tree. The bulge 
or ballooning is defined as a fusiform one when it is uniform in shape, 
appearing equally along an extended section and edges of the aorta. 
On the other hand, saccular aneurysms are related to a small, lop-sided 
blister on one side of the aorta. In the former case, and due to the sym-
metry of the geometrical solution, the bulging mode of bifurcation is 
exploited. The context of aneurysm formation with cylindrical geome-
try in cardiovascular diseases seems an appropriate framework for such 
aneurysms. From an analytical point of view, Fu and co-workers have 
made the most important contributions obtaining a bifurcation condi-
tion for localized bulging [11]. This localized bulging solution makes 
contact with a previous analysis that dealt with sinusoidal solutions 
when infinitely long tubes or tubes whose length is much greater than 
its radius [3] are considered. From a numerical point of view, Merodio 
and co-workers have analyzed these instabilities in a series of papers 
with the goal also to promote this (nonlinear) bifurcation analysis in 
engineering applications. In particular, the finite element method seems 
the appropriate tool to study post-bifurcation analysis [4]  as well as to  
guide and validate analytical formulations [5].

The aforementioned papers dealing with bulging did not include 
residual stresses and we dedicate our effort to this endeavor. The resid-
ual stress formulation at hand can be reviewed in Refs. [13,14]. It has 
been considered in the context of bifurcation analysis in Ref. [12], 
which deals with torsion and the associated helical buckling bifurca-
tion, and in Ref. [22] in the context of mixture theory for a particular 
case associated with bulging. The range of instability solutions for the 
particular problem at hand within its bifurcation spectrum is provided 
here.

The paper is organized as follows. In Section 2, the deformation 
produced in a circular cylindrical tube subjected to a uniform axial 
loading combined with a uniform internal pressure is described, along 
with the residually stressed elastic material model (constitutive law) 
of the structure. Both ends of the tube are open. Bifurcation from the 
deformed circular cylindrical geometry of the tube is analyzed. Three 
modes of bifurcation are possible: a prismatic mode in which the tube 
becomes noncircular with uniform cross-section; a bulging mode, which 
is axisymmetric; and a composite mode also known as bending bifurca-
tion. In Section 3, a numerical methodology to analyze bifurcation and 
post-bifurcation of an inflated and extended residually stressed circular

cylindrical tube subject to radial and circumferential residual stresses is
provided. Numerical results are presented in Section 4. The dependence
of bifurcation behavior of tubes under the loading at hand on residual
stresses is illustrated and compared with results when there is no resid-
ual stress. Bending and bulging modes are captured. Bulging bifurca-
tion is expected for sufficiently large values of the axial stretch. On the
other hand for small values of the axial stretch, the onset of bifurcation
is found to be the bending mode. Post-bifurcation is also studied. In the
case of bending the structure in subsequent motion after the onset of
bifurcation can support higher pressures until bulging is obtained. The
bulge, or the abnormal enlargement, appears on one side of the tube
showing an irregular shape which is consistent with the development
of abdominal aortic aneurysm (AAA). Furthermore, it is shown that
bending triggers bulging as opposed to the situation in which bending
is not allowed and the onset of bifurcation is associated with bulging.
This means that delayed aneurysm formation is possible if bending is
not permitted. Nevertheless, in all cases for the material model at hand
bulging instability propagates radially which would be associated with
an aneurysm rupture because it cannot sustain more pressure. Some
final remarks and conclusions are provided in Section 5.

2. Mathematical description of the problem

In this section, the mathematical description of the problem at hand
is given. This includes geometry, material model, equilibrium equations
and bifurcation of a thick-walled tube subjected to combined axial load-
ing and internal pressure. Detailed equations of the finite deformation
boundary-value problem for the residually-stressed elastic body at hand
can be found in Ref. [13].

2.1. Geometry

We consider a circular tube of diameter D, thickness H, and length L
which, in terms of cylindrical polar coordinates, (R,Θ,Z), is defined by

A ≤ R ≤ B , 0 ≤ Θ ≤ 2𝜋, −L∕2 ≤ Z ≤ L∕2,

in the reference configuration r, where A and B are the internal and
external radii. The position vector of a material point can then be writ-
ten

X = RER(Θ) + ZEZ (1)

where ER, EΘ and EZ are unit vectors in the indicated directions.
The cylinder is inflated and extended so that it remains a circular

tube. The inflating pressure is denoted by p and the axial load by N. In
the deformed configuration x ∈  the cylinder is described by

x = rer(𝜃) + zez, a ≤ r ≤ b, 0 ≤ 𝜃 ≤ 2𝜋, −𝓁∕2 ≤ z ≤ 𝓁∕2 (2)

where (r, 𝜃, z), are cylindrical polar coordinates in this configuration.
The deformed length of the cylinder is 𝓁. Referred to cylindrical coordi-
nates, the associated deformation gradient tensor F for an incompress-
ible material has components diag(𝜆r , 𝜆𝜃 , 𝜆z), where 𝜆𝜃 = r∕R > 0
is the azimuthal principal stretch and 𝜆z is the axial stretch, so that
𝓁 = 𝜆zL. Because of the assumed incompressibility, the principal radial
stretch is 𝜆r = 𝜆−1

𝜃
𝜆−1

z . The displacement is u = x − X.

2.2. Equilibrium equations including residual stress

Throughout this paper, we assume that there are no body forces
present. The Cauchy stress 𝝈 and the nominal stress S then satisfy the
equilibrium equations

div𝝈 = 0, DivS = 0, (3)

respectively, where div and Div are the divergence operators with
respect to x ∈  and X ∈ r, respectively, and are connected by



𝝈 = FS for the considered incompressible material. In the absence of
intrinsic couple stresses, 𝝈 is symmetric and hence (FS)T = FS.

We now assume that the reference configuration r is residually
stressed, with the residual stress tensor denoted by 𝝈0. In this configu-
ration S = 𝝈 = 𝝈0, i.e. there is no distinction between different mea-
sures of stress since the deformation is measured from r.

Residual stress arises in the absence of body forces and surface trac-
tions on the boundary 𝜕r of the material body r. It is also assumed
that it is not accompanied by intrinsic couple stresses, so that it is sym-
metric (𝝈T

0 = 𝝈0) and therefore the rotational balance equations are sat-
isfied in r as well as the equilibrium equation

div𝝈0 = 0. (4)

Since there are no surface tractions, then, by definition, 𝝈0 must also
satisfy the boundary condition

𝝈0N = 0 on 𝜕r. (5)

It follows that residual stresses are necessarily non-uniform and geom-
etry dependent, therefore, the elastic response of a residually-stressed
material body is inhomogeneous [21]. For the considered circular cylin-
drical geometry it is assumed that the only components of residual
stress are 𝜎0RR, 𝜎0ΘΘ and 𝜎0ZZ , i.e. there is no residual shear stress, an
assumption that is compatible with the boundary condition (5) that the
residual stress must satisfy. However, the Z component of the equilib-
rium equation and corresponding boundary conditions 𝜎0ZZ = 0 on the
ends of the (finite length) tube then ensure that 𝜎0ZZ ≡ 0. The remain-
ing components, 𝜎0RR and 𝜎0ΘΘ, can then be taken to depend only on
R, and the non-trivial component of the equilibrium Eq. (4) is the radial
equation

d𝜎0RR
dR

+ 1
R
(𝜎0RR − 𝜎0ΘΘ) = 0, (6)

with accompanying boundary conditions from (5):

𝜎0RR = 0 on R = A,B. (7)

Note that if 𝜎0RR is known then 𝜎0ΘΘ is determined by (6) as
d(R𝜎0RR)∕dR.

2.3. Material model

The cylinder is made of an incompressible hyperelastic material with
a constitutive equation given by a strain energy function W. For an
isotropic material, the independent invariants are, in the case of an
incompressible material,

I1 = trC, I2 = tr
(
C−1) (8)

where C = FTF is the right Cauchy-Green deformation tensor, F is
the deformation gradient, and tr denotes the trace of a second-order
tensor. When the material is residually stressed, then it is also inhomo-
geneous. We consider its response still to be elastic relative to r, with
dependence on X through 𝝈0(X), and we account for this by including
𝝈0 in the argument of W. Thus, we write

W = W(F,𝝈0). (9)

Note that this is automatically objective since 𝝈0 is unaffected by rota-
tions in the deformed configuration  and W depends on F only via
C = FTF. For an incompressible residually stressed material W depends
on nine invariants of C, 𝝈0 and their combination. The particular strain
energy function we consider here is

W ≔
𝜇
2
(I1 − 3) + f

2
(I5 − tr𝝈0) +

1 − f
4

(I6 − tr𝝈0), (10)

where I5 ≔ tr(𝝈0C), I6 ≔ tr(𝝈0C2) and 𝜇 is a material constant. The
value f ∈ {0,1}. If f = 0, then (10) does not include the invariant I5
while if f = 1 it follows that (10) does not include the invariant I6. If
there is no residual stress(𝝈0 = 0) then the material model is just the

well known neo-Hookean one. Here, the initial stresses that we impose
in the strain energy function are (see Ref. [13])

𝜎0RR = 𝛽(R − A)(R − B) and (11)

𝜎0ΘΘ = 𝛽[3R2 − 2(A + B)R + AB], (12)

where 𝛽 is the strength of the residual stress with units of stress per
square length. It can be non-dimensional taking 𝛽 = 𝜇𝛽∕(2BT). This is
an axisymmetric stress field with 𝜎0zz = 0.

There are no reliable data on residual stresses in AAA. Never-
theless, as pointed out in Ref. [22], these expressions are consistent
residual stresses arising from the opening angle method. We will non-
dimensionalize our results so there is no need to specify values for the
material constants. We refer to Ref. [23] for specific values of the resid-
ual stress.

We may now regard W as a function of the above invari-
ants. Thus, we take W = W(I1, I5, I6), and use the notation
Wi = ∂W∕∂Ii, i = 1,5,6 to write the Cauchy stress tensor as

𝝈 = 2W1B + 2W5𝚺+ 2W6(𝚺B + B𝚺) − qI, (13)

in which we have introduced the notation 𝚺 = F𝝈0FT for the Eule-
rian tensor which is the push forward of 𝝈0 from r to  and q is the
Lagrange multiplier due to the incompressibility constraint. We also
recall that B = FFT is the left Cauchy–Green tensor.

2.4. Bifurcation of thick-walled tubes

The equilibrium equations for models with no residual stress can
be obtained, for instance, by minimizing the energy functional of this
purely mechanical analysis. Results show that curves giving the applied
pressure against the azimuthal stretch (in a more general sense load-
displacement curves) reach instability points which are close to maxi-
mum points of these curves. In the case of thick-walled tubes, this anal-
ysis has been given in Ref. [3].

To investigate the possible bifurcation modes of the tube one should
consider incremental displacements with respect to the deformed con-
figuration (under equilibrium), of the general form

𝛿u = 𝛿ur(r, 𝜃, z)er + 𝛿u𝜃(r, 𝜃, z)e𝜃 + 𝛿uz(r, 𝜃, z)ez. (14)

There are essentially three distinct possible bifurcation modes. A
prismatic mode where the incremental displacement is assumed to be
independent of z. One may take 𝛿uz to be zero without any loss of
generality but the length dimension of the cylinder is lost. Secondly, a
bulging mode where the incremental displacements are assumed to be
independent of 𝜃 and one may take 𝛿u𝜃 to be zero. Thirdly the more
general case, the composite mode, where no assumptions of the form
of 𝛿u are made. In general, we just note that the solution procedure
requires the solution of different homogeneous (fourth or higher) order
ordinary differential equations with four second-order boundary condi-
tions. This analysis involves a complicated mathematical machinery. In
the next section, we develop a methodology that can be used easily in
engineering analysis and design. The finite element method is a help-
ful tool to handle and tackle this problem. In what follows we provide
more information about the bulging and bending modes, which are the
ones captured in our numerical analysis.

2.4.1. Bulging mode
Bulging mode is a bifurcation mode of an inflated tube in which

it remains a circular one. To obtain the mathematical formulation, an
axisymmetric displacement field (𝛿u𝜃 = 0) of the form

𝛿u = 𝛿ur(r, z)er + 𝛿uz(r, z)ez (15)

needs to be considered.
Among the instability modes of stretched pressurized cylinders

bulging is likely to be the first that appears. Our effort here is to analyze



the dependence of bifurcation on the behavior of residually stressed 
tubes under the loading at hand. Results show qualitative changes 
for the onset of bifurcation when residual stresses are considered as 
opposed to the situation in which residual stresses are not considered. 
Post-bifurcation, i.e. bulging motion, also attracts our attention. It has 
been shown that bulging instability propagates either axially or radi-
ally and that it depends on the material model. For axial propagation 
of bulging pressure of inflation must be increased and the structure in 
this subsequent motion can support higher pressures than the one asso-
ciated with bulging nucleation. This is in agreement with the possible 
propagation of aneurysms in arterial wall tissue. On the other hand, 
radial expansion of bulging is related to a decrease of pressure beyond 
the onset of bulging and it is related to aneurysm rupture. Propagation 
of the instability mode for the residually stressed materials will also be 
analyzed. For further details on post-bifurcation we refer to Ref. [6].

2.4.2. Bending mode: combination of prismatic mode and bulging mode
Blood vessels, such as retinal arteries and veins, often become tor-

tuous along their paths. This could be associated with hypertension, 
diabetes, and retinopathy (see Refs. [18,19]). It has been shown that 
reducing axial extension in arteries can lead to the development of tor-
tuous shape [20]. These are factors that modify the artery as a per-
fect circular cylindrical geometry. In addition, there are arteries that 
undergo significant bending, such as the superficial femoral artery. Spe-
cialized stent designs are needed in these arteries due to the large bend-
ing deformations [28]. When the artery shows significant bending sac-
cular aneurysms seem to appear [28]. But even AAA shows that the 
bulge (abnormal enlargement) develops in one side of the tube and this 
is not captured just with the axisymmetric bulging instability analysis. 
It is important to study different factors associated with the bending 
of an artery. In our analysis, great insight will be given in the next 
section with the bending instability and it is important to describe here 
its mathematical formulation.

We consider the bending instability of a perfect circular cylindrical 
membrane under internal pressure and axial loading. The combination 
of prismatic and bulging mode may be interpreted in terms of bending. 
Fig. 1 shows the post-bifurcation shape of the bending instability.

We summarize the equations for a cylindrical membrane (i.e.
𝜎rr = 0 and no residual stress) since in the next sections we plot
together, accordingly, results for a membrane with our numerical
results for a thick-walled tube to simultaneously guide and validate our
numerical results. For further details, we refer to Ref. [2]. For this par-
ticular problem, one can write

𝜎𝜃𝜃 = 𝜆𝜃
𝜕Ŵ
𝜕𝜆𝜃

and 𝜎zz = 𝜆z
𝜕Ŵ
𝜕𝜆z

, (16)

Fig. 1. Post-bifurcation shape of the bending mode for 𝜆z = 1, 𝛽 = 0.5, and
f = 0.

where we have introduced the notation Ŵ(𝜆𝜃, 𝜆z) =
W(𝜆−1

𝜃
𝜆−1

z , 𝜆𝜃, 𝜆z). The equilibrium equations for a membrane
give the inflating pressure in the form

p =
HŴ𝜆𝜃

R𝜆𝜃𝜆z
, (17)

where Ŵ𝜆𝜃
denotes 𝜕Ŵ

𝜕𝜆𝜃
. The onset of bending instability can be written

𝜎𝜃𝜃 − 2𝜎zz = 0 (18)

It follows that unstable configurations obey 𝜎𝜃𝜃 − 2𝜎zz > 0 as given
in Ref. [2]. This criterion is used for thick-walled tubes to guide the
numerical analysis. There is no analytical solution for bending bifurca-
tion under those circumstances.

3. Finite element analysis

Finite element analyses are developed from the so-called weak for-
mulations of the problem, i.e. energy functionals. The problem at hand
is transformed into a system of algebraic equations in which the dis-
placements are involved. This is a well-established procedure and we
will not develop the formulation. Here we describe the numerical tech-
nique developed, and, for the purpose of this communication, we focus
on the commercial code Abaqus [25]. We use a software package for
professional purposes since one of the main objectives of this work is
to disseminate and promote nonlinear computational modeling tech-
niques.

3.1. Model data: geometry and material model

We have modeled the constitutive law introduced previously and
our goal is to analyze the combined extension and inflation of a circular
cylindrical tube subject to radial and circumferential residual stresses.
The computational methodology developed in Ref. [4] paid attention to
the onset of bifurcation with no residual stress. Residual stress was the
subject of [12] in the context of torsion and helical buckling.

We consider a cylinder with L∕D = 20 and H∕D = 0.05. In par-
ticular, the model is a cylinder with the length of 200 mm, diameter
of 10 mm and thickness of 0.5 mm. The geometry has been meshed
with three-dimensional hybrid linear solid elements (C3D8RH in the
Abaqus notation). In general, the solution to a problem that deals with
incompressible material behavior cannot be obtained in terms of the
displacement history only, since a purely hydrostatic pressure can be
added without changing the displacements. The hybrid formulation
available in Abaqus solves this problem removing this behavior of the
system. More in particular, the hybrid formulation treats the pressure
as an independent interpolated basic solution variable which is cou-
pled, using a Lagrange multiplier, to the displacement solution through
the constitutive theory and the compatibility condition. In addition,
this formulation avoids the problem of volume (strain) locking, which
occurs when the finite element mesh cannot properly represent incom-
pressible deformations. Five elements are taken in the thickness of the
tube to capture the residual stress field. In the azimuthal direction,
two situations are distinguished: for bending instability, 80 elements
are taken while 32 elements are considered when bulging instability is
expected. In the axial direction, different numbers of elements varying
from 200 to 800 are considered for the different simulations according
to the different axial stretches. A detailed view of the mesh is shown in
Fig. 2.

The material model has been implemented in Abaqus as a subrou-
tine (UMAT) to be used for incompressible hybrid elements. The user
must provide the Cauchy stress tensor 𝝈. In particular, the deviatoric
stress must be provided for a fully incompressible user material (see Ref.
[25]). The incompressibility condition is then imposed by the finite ele-
ment code using a Lagrange multiplier. For further details, we refer to
Ref. [12].



Fig. 2. Detailed finite element mesh of the tube.

3.2. Numerical procedure

The numerical procedure developed is just summarized. Each simu-
lation requires three basic steps. Residual stresses are generated during
a first step. Numerically some iterations might be needed to establish
the initial equilibrium of the residually stressed tube. To enhance con-
vergence decreasing the time step the strength of the residual stress
𝛽 is linearly increased from zero to its actual value. In our case, only
one increment with two iterations were necessary to establish the equi-
librium. The von Mises residual stress at the end of the first step is
plotted in Fig. 3. The radial and hoop residual stresses along the thick-
ness direction are shown in Fig. 4. Second, we stretch the cylinder
by imposing relative axial displacements. Hoop displacements along
the tube are prevented in a nodal local cylindrical system during the
first and second step. A circular cylindrical tube is obtained. In the
third step, we apply internal pressure in a modified Riks analysis (arc
length procedure [24]). In this step, the load is the inner pressure
with a magnitude of p = 10 ∗ 𝜇 ∗ H∕D. We distinguish two situa-
tions with respect to displacement restrictions. To capture just bulging
hoop displacements should be prevented as it has been done during
the first and second step. On the other hand, to capture other insta-
bility modes just hoop and axial displacements should be restricted
at the ends of the tube. Any other movement is allowed along the
tube.

The modified Riks method introduces two concepts: the load pro-
portional factor (LPF) and the arc length, for details see Ref. [24]. The
arc length is a quantity related to the evolution of the structure that

Fig. 3. Contour plots of the von Mises stress are presented to show the formation
of the residual stress distribution at the last increment of the first step. Values
are normalized with respect to the material constant 𝜇

2 .

Fig. 4. Normalized radial and hoop residual stresses (normalized with respect to
the material constant 𝜇

2
) along the normalized thickness of the tube. The numer-

ical values are the ones given by the numerical computations using abaqus. The
analytical ones are given by Eqs. (11) and (12). The curves show that corre-
sponding numerical and analytical values coincide.

combines displacements and loads. The load proportional factor deter-
mines the load applied and it may decrease. In fact, Riks method is not
very useful when the load proportional factor is monotonically increas-
ing. Unlike the Newton-Method, the Arc Length (modified Riks) method
postulates a simultaneous variation in both the displacements and the
load vector coefficient.

In Fig. 5 a typical curve of the load proportional factor vs the arc
length is shown. In this curve, there is a maximum which is an indica-
tor that the system exhibits an instability. The way to understand this
curve is the following. LPF is related to the load applied. As loading
is applied the structure will reach the maximum point shown in the
curve in a sequence of states under static equilibrium. It is not possible
to increase the load above the maximum LPF under static equilibrium.
Furthermore, a sudden and new catastrophic rearrangement could be
obtained by the structure for loads close to the maximum LPF. This is an
indicator of an instability but it should not be understood as a bifurca-
tion point. To capture bifurcation, an imperfection has to be introduced
in the geometry of the problem. That way, the structure will behave
smoothly as loading approaches the instability point.

Fig. 5. Values of the LPF vs. arc length showing a maximum, which is associated
with an instability.
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The onset of bulging bifurcation is determined in the following way.
To capture bulging, one can follow the evolution (with deformation)
of the hoop stretch of two points which are located in the middle of
the thickness of the cylinder at two different cross sections (at two dif-
ferent altitudes). One point is outside the bulge and we refer to it as
out, and the other point is inside the bulge, and we refer to it as in.
As loading is applied, bulging bifurcation is identified when the hoop
stretches of these two points differ. In particular, we take the bifur-
cation point when the deviation of the hoop stretches of these two
points is a small fraction of the hoop stretch average of both points (for
instance, 1%). This procedure also allows us to follow post-bifurcation.
To capture bending, in general, two conditions help to capture the
onset of the bending mode. First, in analogy with the membrane analy-
sis in which unstable configurations obey 𝜎𝜃𝜃 − 2𝜎zz > 0 we study
that particular condition along the length of the tube as loading is
applied. In our case, with a thick-walled tube, the values of stresses
considered in that condition are average stresses at the cross sections
of the tube. Second, the (radial) displacement analysis of the cylin-
der also helps to establish the onset of bending, which is associated
with a particular mode of this instability. Our numerical results in
the next section show that the onset of bending is associated with the
mode m = 1 case  (see Ref. [3] for  details). Fig. 1 shows this mode of 
bifurcation.

4. Numerical results

The values of stress (the components of 𝝈) presented in this section
are normalized with respect to the material constant 𝜇 and we avoid
repetition indicating this now. To avoid a strict numerical bifurcation,
we introduced a small imperfection at the center of the tube with a max-
imum deviation of 0.001B with respect to the perfect circular cylinder
(see for further details [5]). We consider 5 different cases in terms of
residual stresses: one with no residual stress (𝛽 = 0), and four with
residual stresses corresponding to the combination of the values of
f ∈ {0,1} and 𝛽 ∈ {−0.5,0.5}. A positive (negative) value of 𝛽 is asso-
ciated with tensile (compressive) residual hoop stress in the outer wall
of the tube.

Each simulation has a particular value of 𝛽, f and 𝜆z. Our numerical
results show that the onset of bifurcation is either bulging or bend-
ing. Furthermore, the onset of bending is associated with the mode
m = 1. The following description distinguishes the two bifurcation sce-
narios. Consider the simulations (i) 𝜆z = 1, 𝛽 = 0.5 and f = 0 and
(ii) 𝜆z = 1.4, 𝛽 = 0.5, and f = 0. To get a first approximation to
the bifurcation scenario in each case values of 𝜎𝜃𝜃 − 2𝜎zz vs arc length
are plotted in Fig. 6. The values 𝜎𝜃𝜃 − 2𝜎zz are average stresses of the
tube middle cross-section. For case (ii), i.e. 𝜆z = 1.4, Fig. 6 shows
that 𝜎𝜃𝜃 − 2𝜎zz < 0 (dashed line), which can be taken as a sign that
bending is not expected to give the onset of bifurcation. In fact, our
numerical solution gives bulging. On the other hand, in Fig. 6 there
are values obeying 𝜎𝜃𝜃 − 2𝜎zz = 0 for case (i), solid line. This indi-
cates that bending may give the onset of bifurcation although this
is not enough to establish the bifurcation scenario. Attention is paid
to the following. Values of LPF vs arc length for case (i) are shown
in Fig. 7, dashed line. As it is explained in the previous section one
can restrict the analysis to capture just bulging and we consider case
(i) under those circumstances. The corresponding values of LPF vs
arc length for this simulation are also shown in Fig. 7, solid line. A
simple observation of the two curves given in Fig. 7 shows that as
loading is applied when the dashed line (bending) reaches its maxi-
mum the solid line (bulging) still increases monotonically. This indi-
cates that bending is associated with initial bifurcation for case (i)
and therefore that the onset of bifurcation is not bulging. Further-
more, bending bifurcation occurs when the two lines of the Figure sep-
arate. The maximum point of the dashed line is associated with the
formation of a bulge (after bending), which will be explained later in
detail.

Fig. 6. Values of 𝜎𝜃𝜃 − 2𝜎zz (average stresses of the tube middle cross section)
vs arc length for the models 𝜆z = 1, 𝛽 = 0.5, f = 0, solid line, and 𝜆z = 1.4,
𝛽 = 0.5, f = 0, dashed line. For the former case, the curve shows values obey-
ing 𝜎𝜃𝜃 − 2𝜎zz > 0, which indicates that the onset of bifurcation may be asso-
ciated with bending. On the other hand, for the latter case the curve shows that
𝜎𝜃𝜃 − 2𝜎zz < 0, which indicates that bending is not a bifurcation mode under
these conditions.

Fig. 7. Values of LPF vs arc length for the model 𝜆z = 1, 𝛽 = 0.5 and f = 0
when a) the simulation is restricted to capture just bulging, solid line, and b)
the simulation is not restricted, dashed line. As loading is applied the dashed
line (bending) reaches its maximum while the solid line (bulging) still increases
monotonically. This indicates that bulging is not the onset of bifurcation. Fur-
thermore, bending bifurcation occurs when the two lines separate. The maxi-
mum point of the dashed line is associated with the formation of a bulge (after
bending).

To further illustrate the numerical solutions for (i) 𝜆z = 1,
𝛽 = 0.5, and f = 0 and (ii) 𝜆z = 1.4, 𝛽 = 0.5, and f = 0 we focus
now on the stresses prior to the onset of bifurcation in each case. Fig. 8
shows values of azimuthal and axial average stresses on each cross-
section along the tube length for the case (i) prior to the bifurcation,
which is bending. Fig. 9 shows values of azimuthal and axial average
stresses on each cross-section along the tube length for the case (ii)
prior to the bifurcation, which is bulging. These two Figures are repre-
sentative of other simulations for other values of 𝛽 and f.

Let us generalize the initial findings of this study. To investigate fur-
ther the effect of residual stress, let us consider first for illustrative pur-



Fig. 8. Values of azimuthal and axial average stresses on each cross-section
along the tube length for 𝛽 = 0.5, f = 0 and 𝜆z = 1 prior to the bifurcation,
which is bending.

Fig. 9. Values of azimuthal and axial average stresses on each cross-section
along the tube length for 𝛽 = 0.5, f = 0 and 𝜆z = 1.4 prior to the bifurcation,
which is bulging.

poses simulations that only capture bulging (as it has been explained
previously) for the five models at hand. Results of these analyses are
given in Fig. 10, which gives values of pressure vs axial stretch at the
onset of (bulging) bifurcation. On the other hand, corresponding results
for simulations that are not restricted to capture just bulging are shown
in Fig. 11. In both Figures, values for the case with no residual stress,
𝛽 = 0, are the same, as it is expected. On the other hand, the differ-
ence between Figs. 11 and 10 for the other cases reveal the effect of
residual stress on the initiation of bifurcation. For all these four cases, a
comparison between the curves in Fig. 11 and their corresponding ones
in Fig. 10 indicates that the onset of bifurcation for sufficiently small
values of 𝜆z is not bulging. It can be observed in Fig. 11 that this domain
of values obeys approximately 1.2 > 𝜆z ≥ 1. Numerical calculations
show that the onset of bifurcation for this domain is bending and, fur-
thermore, that this bending mode is m = 1. For values outside of that
particular domain in 𝜆z, both figures are identical, which indicates that
bifurcation is associated with bulging. There are no quantitative differ-
ences at the onset of bending for the models with residual stress as it

Fig. 10. Values of normalized inflation pressure vs axial stretch at the onset of
bulging mode for the five material models at hand: one with no residual stress
(𝛽 = 0), and four with residual stresses corresponding to the combination of
the values of f ∈ {0,1} and 𝛽 ∈ {−0.5,0.5}. For a particular value of 𝜆z, there
are quantitative differences among the four cases that include residual stresses.
It follows that the values of pressure at bulging bifurcation for the models with
tensile residual hoop stress in the outer wall of the tube (positive value of 𝛽)
are lower than the values of pressure at bulging initiation for the models with
compressive residual hoop stress in the outer wall of the tube (negative value of
𝛽). A similar effect that depends on the sign of 𝛽 occurs when the models f = 0
and f = 1 are compared. If 𝛽 is positive the values of pressure at bifurcation for
the model with the invariant I6 (f = 0) are lower than the values of pressure
at bifurcation for the model with the invariant I5 (f = 0). Conversely, if 𝛽 is
negative the values of pressure at bifurcation for the model with the invariant
I6 (f = 0) are higher than the values of pressure at bulging for the model with
the invariant I5 (f = 0).

is shown in Fig. 11 where the curves of all these four cases are very
close to each other. On the other hand, for a particular value of 𝜆z,
there are quantitative differences among these four cases when bifur-
cation is associated with bulging. It follows that the values of pressure
at bulging bifurcation for the models with tensile residual hoop stress
in the outer wall of the tube (positive value of 𝛽) are lower than the
values of pressure at bulging initiation for the models with compressive
residual hoop stress in the outer wall of the tube (negative value of 𝛽).
A similar effect that depends on the sign of 𝛽 occurs when the models
f = 0 and f = 1 are compared. If 𝛽 is positive the values of pressure
at bulging bifurcation for the model with the invariant I6 (f = 0) are
lower than the values of pressure at bulging bifurcation for the model
with the invariant I5 (f = 0). Conversely, if 𝛽 is negative the values
of pressure at bulging bifurcation for the model with the invariant I6
(f = 0) are higher than the values of pressure at bulging bifurcation
for the model with the invariant I5 (f = 0).

More insight can be gained into the application of this work to
aneurysm formation and propagation by analyzing post-bifurcation.
First, let us consider post-bifurcation of bulging. In all cases for the
material models at hand, once the bulge appears, it propagates radially
which would be associated with an aneurysm rupture since it cannot
sustain more pressure. This is illustrated in Fig. 12 in which values of
pressure vs hoop stretch when 𝜆z = 1.2 for different material models
are shown. The membrane analytical solution given by (17) prior to
bifurcation is shown (solid line) for both comparison and guidance of
the results. More in particular, the Figure shows for each case the evo-
lution (with deformation) of the hoop stretch of two points which are
located in the middle of the thickness of the cylinder at two different
cross sections (at two different altitudes). One point is outside the bulge
and we refer to it as out, and the other point is inside the bulge, and we



Fig. 11. Values of normalized inflation pressure vs axial stretch at bifurcation
for the different models shown in Fig. 10, which gives only values associated
with bulging. Figs. 10 and 11 show the same values for the case with no residual
stress, 𝛽 = 0. This means that under these conditions the onset of bifurcation is
bulging. With respect to the other four cases, a comparison between correspond-
ing curves (same material model) in Figs. 11 and 10 indicates that all these four
curves are different for values that obey approximately 𝜆z < 1.2, while for
𝜆z > 1.2 corresponding curves are identical. The latter assertion means that
under those circumstances, the onset of bifurcation is bulging while the former
one means that the onset of bifurcation is not bulging. Numerical calculations
show that the onset of bifurcation is bending and, furthermore, that the bending
mode is m = 1.

Fig. 12. For 𝜆z = 1.2 and a particular model, i.e. fixing 𝛽 and f, the plot gives
values of normalized pressure of inflation vs values of hoop stretch of two points
which are located in the middle of the thickness of the cylinder at two differ-
ent cross sections (at two different altitudes). As loading is applied, bulging
bifurcation is identified when the hoop stretches of these two points differ.
One point is outside the bulge and we refer to it as “out”, and the other one
is inside the bulge, and we refer to it as “in”. When bifurcation occurs (close
to maximum points in each curve), the structure is not able to support higher
values of pressure. Furthermore, as pressure decreases, the point “out” of the
bulge reverses the original path decreasing its hoop stretch while the one “in”
the bulge increases its hoop stretch. When bifurcation occurs (close to maxi-
mum points in each curve), the structure is not able to support higher values
of pressure. Furthermore, as the pressure decreases, the point out of the bulge
reverses the original path decreasing its hoop stretch while the one in the bulge
increases its hoop stretch. The membrane analytical solution is given by (17)
prior to bifurcation is also shown (solid line).

Fig. 13. Normalized inflation pressure at bifurcation against axial stretch for
the case 𝛽 = 0.5 and f = 0. In this Figure for sufficiently small values of 𝜆z
there are three curves. The solid line (bending) is the one given in Fig. 10. The
dot-dashed line (bending is not allowed) is the one given in Fig. 11. The other
line (dashed) in the Figure gives the formation of a bulge, which is triggered
by the initial bending bifurcation. This bulge, or the abnormal enlargement,
appears on one side of the tube showing an irregular shape which is consistent
with the development of abdominal aortic aneurysm (AAA).

refer to it as in. As loading is applied, bulging bifurcation is identified
when the hoop stretches of these two points differ. Prior to bifurcation,
both points have a non-distinguishing hoop stretch difference. Under
these conditions, the Figure shows in each numerical simulation (each
cylinder) two lines that are very close. When bifurcation occurs (close
to maximum points in each curve), the structure is not able to support
higher values of pressure. Furthermore, as pressure decreases, point out
of the bulge reverses the original path decreasing its hoop stretch while
the point in the bulge increases its hoop stretch. The bulge is not able
to support higher pressures than the one associated with the onset of
bulging. It follows that the bulge propagates radially, which would be
associated with an aneurysm rupturing.

Let us focus now on post-bifurcation for bending. Initiation of bend-
ing bifurcation is always associated with the mode m = 1. The struc-
ture in subsequent motion can support higher pressures until bulging
is obtained. The bulge, or the abnormal enlargement, appears on one
side of the tube showing an irregular shape which is consistent with the
development of abdominal aortic aneurysm (AAA). Furthermore, it is
shown that bending triggers bulging, i.e. the values of pressure associ-
ated with the formation of a bulge are lower than the values of pressure
associated with the simulation in which bending is not allowed and
the onset of bifurcation is bulging. This is illustrated in Fig. 13 for the
case 𝛽 = 0.5 and f = 0. In this Figure for sufficiently small values of
𝜆z there are three curves. The solid line (bending) is the one given in
Fig. 10. The dot-dashed line (bending is not allowed) is the one given
in Fig. 11. The other line (dashed) in the Figure gives the formation of a
bulge, which is triggered by the initial bending bifurcation. Under these
circumstances, the bulge, or the abnormal enlargement, appears on one
side of the tube showing an irregular shape which is consistent with the
development of abdominal aortic aneurysm (AAA). It follows that for
sufficiently small values of 𝜆z delayed aneurysm formation is possible if
bending is not permitted. Nevertheless, for the material models at hand
the bulge propagates radially.

For completeness, several representative histories of configurations
showing bifurcation onset as well as bifurcation motion are given in
the following Figures. In particular, Fig. 14 shows a graphic representa-
tion of the bulging onset and motion. The material model of this Figure
is just the well known neo-Hookean one, i.e. with no residual stress.



Fig. 14. History of configurations, (1) is the beginning and (5) is the ending,
associated with bulging bifurcation for the material 𝛽 = 0 and f = 0 with
𝜆z = 1. This case is a graphic representation of the bulging motion.

Fig. 15. History of configurations associated with bending for 𝛽 = 0.5, f = 0
and 𝜆z = 1. (1) is the beginning of inflation and (5) is the ending of it. (6) is a
magnification of the one-sided bulge, which propagates radially.

Nevertheless, as it has been explained previously, bifurcation onset and
motion for models with residual stresses under sufficiently large val-
ues of 𝜆z follow the same qualitative description. Now, let us consider
residual stresses. We take the material model illustrated in Fig. 13, i.e.
𝛽 = 0.5 and f = 0, and some (representative) values of 𝜆z increasing
from 𝜆z = 1 (Fig. 15) to 𝜆z = 1.18 (Fig. 18), which is close to the
value 𝜆z = 1.2, associated with bulging. As it is shown in Fig. 13, in
all cases, bending gives the onset of bifurcation, with bending mode
m = 1, and in subsequent motion a one-sided bulge that propagates
radially forms. Figs. 15–18 reveal the transition from the onset of bend-

Fig. 16. History of configurations associated with bending for 𝛽 = 0.5, f = 0
and 𝜆z = 1.04. (1) is the beginning of inflation and (5) is the ending of it. (6)
is a magnification of the one-sided bulge, which is propagating radially.

Fig. 17. History of configurations associated with bending for 𝛽 = 0.5, f = 0
and 𝜆z = 1.12. (1) is the beginning of inflation and (5) is the ending of it. (6)
is a magnification of the one-sided bulge, which is propagating radially.

Fig. 18. History of configurations associated with bending for 𝛽 = 0.5, f = 0
and 𝜆z = 1.18. (1) is the beginning of inflation and (5) is the ending of it.
(6) is a magnification of the one-sided bulge, which is propagating radially.
Fig. 15–18 reveal that the deflection of the tube due to the onset of bending
decreases as 𝜆z increases. Furthermore, for sufficiently large values of 𝜆z the
tube does not deflect and an axisymmetric bulge develops.

ing to the onset of bulging as well as the formation of the one-sided
bulge. Indeed, the deflection of the tube due to the onset of bending
decreases as 𝜆z increases. It follows that for sufficiently large values of
𝜆z the tube does not deflect and an axisymmetric bulge develops.

5. Conclusions

A numerical methodology able to capture bifurcation and post-
bifurcation of residually stressed tubes subjected to a uniform axial
loading combined with a uniform internal pressure has been given. The
analytical approach to this problem involves a complicated mathemat-
ical machinery. Our approach based on the finite element method is
an alternative tool to solve it without that complexity. Furthermore,
the methodology constructed has been developed in a commercial code
widely available to engineering designers, which provides an important
source of expansion to engineering analysis and design.

The mechanical modeling of veins has been studied in several previ-
ous experimental and biomechanical works in particular in the context
of venous tortuosity (see Refs. [26,27]), which in turn is an impor-
tant instability associated with various pathologies such as varicose
veins. Bending bifurcation has been analyzed in that framework, see
for instance Ref. [26]. Several factors affect the critical pressure and
axial stretch associated with mechanical buckling. Here, the depen-



dence of bifurcation behavior of tubes under the loading at hand on 
residual stresses has been illustrated and compared with results when 
there is no residual stress. Bending and bulging modes are captured. 
Bulging bifurcation is expected for sufficiently large values of the axial 
stretch. On the other hand for small values of the axial stretch, the 
onset of bifurcation is found to be the bending mode. Post-bifurcation is 
also studied. In the case of bending the structure in subsequent motion 
after the onset of bifurcation can support higher pressures until bulging 
is obtained. The bulge, or the abnormal enlargement, appears on one 
side of the tube showing an irregular shape which is consistent with 
the development of abdominal aortic aneurysm (AAA). Furthermore, it 
is shown that bending triggers bulging as opposed to the situation in 
which bending is not allowed and the onset of bifurcation is associated 
with bulging. This means that delayed aneurysm formation is possible 
if bending is not permitted. Nevertheless, in all cases for the material 
model at hand bulging instability propagates radially which would be 
associated with an aneurysm rupturing because it cannot sustain more 
pressure.

A general methodology to deal with residual stresses that are in 
equilibrium in the absence of external loads has been implemented in 
a commercial finite element code. Residual stresses have been shown 
to modify qualitatively the results obtained when there is no residual 
stress. Therefore, it seems of great importance to consider residual 
stresses to model arteries and associated cardiovascular diseases such 
as aneurysms. It is clear that other boundary conditions, as well as 
other residual stress fields, may give rise to other modes of bifurcation. 
The developed procedure here can be easily applied to these other 
conditions.
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