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Direct and Adjoint Methods for
Highly Detached Flows

by

Alejandro Mart́ınez-Cava Aguilar

Aeronautical Engineer

Advisors:

Eusebio Valero Sánchez

Ph.D. in Aeronautical Engineering

Javier de Vicente Buend́ıa

Ph.D. in Aeronautical Engineering

Madrid, July 2019



This thesis has received funding from the European Union’s
Horizon 2020 Research and Innovation Program under the
Marie Sk lodowska-Curie grant agreement No 675008.

Esta tesis ha recibido financiación del programa Horizon
2020 de investigación e innovavión de la Unión Europea
bajo el acuerdo de beca número 675008 del programa Marie
Sk lodowska-Curie.



El tribunal nombrado por el Sr. Rector Magńıfico de la Universidad Politécnica
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Direct and Adjoint Methods for Highly Detached Flows

Abstract
The scope of this work is to approach the study of highly detached flows us-

ing hydrodynamic stability theory. In either simple laminar wake flows or complex
scenarios, where a turbulent wake is immersed in a system of expansion and compres-
sion waves systems, different flow phenomena may arise and generate detrimental
aerodynamic effects on the performance of a system. The results of this research
aim to extend the physical understanding of detached flows flow instabilities, and
to propose possible flow control techniques.

The asymptotic behavior of a flow system is defined by the stability charac-
teristics of the non-linear operator of the Navier-Stokes equations. A combination
of CFD calculations to obtain a steady or a periodic state and the use of Modal
Stability Theory, permits the linearization of the system and the calculation of the
associated large eigenvalue problem. Bifurcation scenarios and the onset of global
instabilities are addressed using a Finite Volumes discrete framework for the calcula-
tion of the Jacobian matrix of the Navier-Stokes equations. The leading eigenvalues
of the matrix and their associated direct and left eigenvectors, the direct and adjoint
modes, are recovered and used to address and describe the physical characteristics
of the flow system.

The aforementioned procedure for the analysis of the stability has been applied
to several complex flows. Among others, the analysis of turbine blades operating at
high speed flows. At these conditions the flow develops a complex shock wave system
at the trailing edge that can interact with downstream turbine stages. Moreover,
colder flow, bled from the high-pressure compressor, is often purged at the trailing
edge base region to cool the thin blade edges, affecting the flow behavior and mod-
ulating the intensity and angle of the shock waves system. Base pressure control
is often employed on drag reduction design, but the interaction of the jet with the
base region flow topology can generate undesired or uncontrolled flow configura-
tions. The ejected flow can drive pressure bifurcations at the trailing edge, that
without a correct optimization can affect the aerodynamic performance of the sys-
tem. In this work, a combination of URANS simulations, global stability analysis
and adjoint methodologies is employed to fully understand the physical mechanisms
related with the use of injected base bleed. Moreover, the results of the sensitivity
analysis are used to identify the regions more receptive to passive and active flow
control methodologies.

On the study of the sensitivity of the eigenvalues to perturbations, the target
of the analysis is normally the least stable global mode, whose amplification rate or
associated frequency we aim to reduce or increase. The information contained in the
adjoint global modes may be exploited to compute the sensitivity of the eigenvalue
to normal displacements of the surface mesh nodes. If this information is used to
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predict surface deformations, it is possible to develop an optimization process with
excellent performance on the stabilization/excitation and frequency control of the
global mode.

Keywords: Hydrodynamic stability, Bifurcation, Sensitivity analy-
sis, Adjoint methods, Flow control, Compressible Navier-Stokes, Aerospace,
Turbine flows, Turbomachinery



Direct and Adjoint Methods for Highly Detached Flows

Resumen
El objetivo de este trabajo es el estudio de flujos altamente desprendidos desde

la teoŕıa de estabilidad hidrodinámica. Tanto en estelas laminares como en escenar-
ios más complejos, donde una estela turbulenta está inmersa en un sistema de ondas
de compresión y expansión, diferentes fenómenos fluidodinámicos pueden aparecer
y generar efectos aerodinámicos adversos en el rendimiento del sistema. Los resul-
tados de este trabajo buscan extender el conocimiento relativo a las inestabilidades
presentes en flujos desprendidos y proponer posibles técnicas de control de flujo para
paliar sus efectos.

El comportamiento asintótico de un sistema fluido queda definido por las
propiedades de estabilidad del operador no lineal de las ecuaciones de Navier-Stokes.
Para estudiar dichas propiedades se sigue un esquema que consta de dos partes: En
una primera etapa, una combinación de cálculos CFD permiten obtener un estado
estacionario o periódico del fluido para a continuación mediante el uso de Teoŕıa
de Estabilidad modal, se linealiza el sistema de ecuaciones obteniendo el problema
asociado de autovalores. Este análisis permite la identificación de escenarios de bi-
furcación y la aparición de inestabilidades globales. Los autovalores dominantes de
la matriz y sus autovectores asociados por la izquierda o por la derecha -los modos
directos y adjuntos, respectivamente- nos permiten identificar e incluso actuar sobre
las caracteŕısticas f́ısicas del sistema fluido.

Como ya se ha mencionado, este análisis ha permitido estudiar diferentes flujos
complejos de naturaleza que hasta ahora estaban vetados a la aplicación más clásica
de los análisis de estabilidad lineal. Entre otros el estudio de álabes de turbinas en
régimen de operación a altas velocidades. Éstos desarrollan un sistema complejo de
ondas de choque en el borde de salida que puede interactuar con otras etapas de la
turbina situadas aguas abajo. Al mismo tiempo, un flujo de aire fŕıo extráıdo del
compresor de alta presión es eyectado en la región base del borde de salida para
refrigerar los delgados álabes, alterando el fluido aguas abajo y modulando la inten-
sidad y el ángulo del sistema de ondas de choque. El control de presión de base es
habitualmente empleado en diseño en la reducción de la resistencia aerodinámica,
pero la interacción del chorro de salida con la topoloǵıa fluida en la región base
puede generar configuraciones fluidas no deseadas o controladas. El flujo eyectado
puede provocar bifurcaciones de presión en el borde de salida, que sin la correcta op-
timización pueden afectar el rendimiento aerodinámico del sistema. En este trabajo
se ha empleado una combinación de simulaciones no estacionarias (URANS), análisis
de estabilidad global y el uso del problema adjunto para comprender los mecanis-
mos f́ısicos relacionados con la inyección de flujo en la región base. Además, los
resultados correspondientes del análisis de sensibilidad permiten identificar aquellas
regiones más receptivas a técnicas de control de flujo pasivas o activas.

vii



viii

En el estudio de la sensibilidad de los autovalores a perturbaciones el ob-
jetivo del análisis es normalmente el modo global menos estable, cuyo factor de
amplificación o frecuencia asociada deseamos incrementar o reducir. La información
contenida en los modos globales adjuntos puede ser utilizada para calcular la sensi-
bilidad del autovalor a desplazamientos de los nodos de la malla en dirección normal
a la superficie del cuerpo. Si esta información es usada para predecir deforma-
ciones superficiales, es posible desarrollar un proceso de optimización para la esta-
bilización/excitación de un modo global o el control de su frecuencia asociada.

Keywords: Estabilidad hidrodinámica, Bifurcación, Análisis de sen-
sibilidad, Métodos adjuntos, Control de Flujo, Navier-Stokes compresi-
ble, Aeroespacial, Flujos de turbinas, Turbomaquinaria
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Preface

Like many doctorate studies, the main direction of this research “drifted” a couple
of times in these three years. While the main topic, direct and adjoint methods on
hydrodynamic stability, was established under the European project to which this
PhD belongs, the final outcome was alive and open to modifications until the half
term of the second year of the PhD itself. Being part of the International Training
Network SSeMID (Stability and Sensitivity Methods for Industrial Design) also
provided me with continuous courses and resources that contributed on the progress
of the PhD and gave me the tools (with both technical and transversal skills) to
properly address those “drifts”.

The initial research line was the extension of two-dimensional stability analysis
on a discrete framework, to a real BiGlobal analysis, where the spanwise periodicity
of the perturbations is taken into account. A combination of lack of success on this
point, and the apparition of a collaboration research with Purdue University (West
Lafayette, Indiana, USA), led to pause this research topic for some time. Interest-
ingly, only a couple of months after this research pause, Schmid et al.[127] published
an article on the stability analysis of periodic systems, where this topic was further
extended and developed. I could say we were in the right direction, but unfortunately
without reaching port in time. The started collaboration with Purdue University
did, however, lead this PhD research towards more specific aerospace related scenar-
ios. Indeed, two indexed publications were published in 2018 from that initial point
of contact[81, 82]. At the end of 2018, I completed a three-months PhD second-
ment at Purdue University, within the Purdue Experimental Turbine Aerothermal
Laboratory group (PETAL). In those months, the initial collaboration started in
2017 became a larger and long term project involving numerical and experimental
analysis. In the time I spent there, a numerical preliminary study was completed
and finally submitted for publication and presentation at the AIAA SciTech Forum
2019[79]. The continuation of this project has so far given another publication[80],
stepping into the flow control field using stability analysis as a starting point.

A publication of Wang et al.[153] (another SSeMID fellow and co-worker at
UPM) in 2018, on the capabilities of stability analysis on geometry optimization
problems using genetic algorithm techniques, suggested the need of further investi-
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gation on the sensitivity of the Navier-Stokes stability problem to geometry modifi-
cations. This research line was opened and, at the beginning of 2019, I was able to
submit a publication on this topic for journal publication. Right after the submis-
sion, I had the opportunity of spending 6 weeks collaborating at ONERA (Meudon,
France), evaluating and sharing my research on sensitivity analysis.

For readability, this thesis is therefore not written in chronological order, but
divided in topics by chapters to provide a better contents structure. I decided to
group the three publications related with the Purdue University collaboration in
a long chapter of the thesis, where it is easier to follow the development of the
research line. The results and theory on the research of sensitivity algorithms for
stability analysis are also located in an individual part, with further description of
the theoretical part and a specific section where the optimization algorithm is shown
and evaluated.

There are other publications in which I participated on their elaboration on
these three years[74, 146, 152], but are not included in this thesis as I am not the
main author and they will appear on the corresponding PhD thesis or Journals.
There were, however, excellent collaborations from which I could greatly expand my
knowledge thanks to both, the main authors and the interesting topics.



Chapter 1
Introduction

It is not the process of
linearization that limits insight.
It is the nature of the state we
choose to linearize about.

E.T. Eady (attributed)

1.1 Motivation

Human kind has always been intrigued by complex flow phenomena. The behaviour
of storms and their changing winds, the variable rhythm and direction of sea waves,
the calm but complex flow of water on rivers and channels, or the convective currents
generated on a wild fire are phenomena that, despite the differences, have something
in common. Among others, those are events where slight variations of the flow
temperature, density or pressure can have a great effect. Without falling into the
beauty and simplicity of the so well-known (and so over-used)“butterfly effect”,
truth is that small perturbations on a fluid system may propagate in time and
space, eventually driving the behaviour of the affected flow. If this is the case, we
will be in the presence of a hydrodynamic instability.

We can find hydrodynamic instabilities in Nature, like the Rayleigh-Bénard
convection[76], where buoyancy and gravity effects are responsible for the apparition
of convection cells (Fig. 1.1-(a)), the Kelvin-Helmholtz shear instability, where the
shear between two streams with different velocities destabilizes the flow generating
a roll-up effect that creates a sequence of crests (Fig. 1.1-(b)), or the contact line
fingering instabilities[59], occurring when the interface of a liquid mass flowing down
an inclined plate breaks into “fingers” (Fig. 1.1-(c)), among many others. All of
them are easily observed and even related with the formation of solid patterns[43].
Hydrodynamic instabilities are also responsible of the laminar to turbulent flow
transition, the phenomena involved on the evolution from an almost-unidirectional
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(a) (b) (c)

Figure 1.1: Sketch of common flow instabilities. Rayleigh-Bénard convection (a),
Kelvin-Helmholtz shear instability (b) and contact line fingering instability (c).

Figure 1.2: Da Vinci drawings on his studies of flow turbulence (left, centre). Figures
from Reynolds on his analysis of turbulence transition (right).

flow brakes into multi-scale eddies with chaotic behaviour, enhancing the mixing
and the dissipation. This particular behaviour was early observed by Leonardo da
Vinci, with his impressive drawings and descriptions, and systematically studied and
characterized by Osborne Reynolds[109] (Fig. 1.1). His work on the identification
of the transition point on a pipe flow led to the definition of the Reynolds number, a
dimensionless parameter that relates the viscosity of the fluid with its inertial forces,
and that currently is one of the main parameters to classify the flow regime.

Nowadays, the analysis of the stability of a dynamic system permits to predict
what kind of perturbations will trigger the apparition of undesired flow configu-
rations, or even controlling them. Local stability analysis was first introduced for
parallel flows, investigating simple boundary layer flows in the streamwise direction.
In this type of analysis, only a portion of the flow configuration was investigated,
extrapolating the results to model the stability behaviour of the whole flow field.



1.2 Historical review and state of the art 5

Hence, its application was initially limited to parallel flows, but its results served
to develop turbulence transition models as extended as the eN method[150]. Later
on, local stability analysis found its way through the analysis of wake and shear
flows[108, 111], where an assumption of weakly non-parallelism permits the use of
this approach. The evolution of the computational resources enabled the possibility
of obtaining a global stability analysis with no particular assumption of the flow
configuration, opening the door to complex scenarios.

However, to recover the spatial structure of driving perturbations and their
associated frequency/periodicity, a large eigenvalue problem has to be solved. The
matrix forming and the analysis process require large amounts of memory, that can
make the analysis not feasible, or at least not interesting outside of the academic
world. The investigation of different methodologies to reduce these requirements,
and the development of the numerical techniques to analyse industrial cases is there-
fore a rough but profitable path to take.

1.2 Historical review and state of the art

The flow behind a moving body is normally characterized by having low momen-
tum and low pressure, due to the great separation and recirculation area created
by viscous effects. The interaction among boundary layer, shear layer and wake
makes these flows complex and difficult to investigate. Due to these difficulties, the
wake behind a cylinder is often taken as a model of free shear wakes to study their
dynamics and related instabilities[44, 137, 156]. The first and secondary instabilities
of the cylinder wake were early investigated[12, 54, 97], and since then hundreds of
publications have covered the different aspects of this particular flow. Currently,
the analysis of the secondary instability of a three-dimensional sphere[130] and its
control[45] involve a feasible numerical computation, while only 20 years ago it was
only a remote possibility. But global analysis has not only given insight of the in-
stability mechanisms of bluff body wakes, with wing wake flows also taking benefit
from it. The analysis of a two-dimensional aerofoils of the NACA family serves to
identify instabilities related with massive separation at high angles of attack[67],
the vortex shedding phenomena that develops behind a lifting body at high angles
of attack[151], or the receptivity characteristics of laminar separation bubbles on
aerofoils[64]. A recent contribution between experimental, numerical and stability
analysis results on the analysis of trailing vortices of finite aspect ratio wings[53]
is establishing global stability analysis as the third pillar on complex flows charac-
terization, together with Computational Fluid Dynamics (CFD) and experimental
analyses.

On the aerospace field, the study of hydrodynamic instabilities is growing
roots as a tool to explain and control complex flow phenomena. For high speed
flows, the instability related with the shock-wave boundary layer interaction has
been widely studied in recent years. From the modelling of the impingement of
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shock waves on boundary layer flows[50, 110, 124], the study of non-steady sepa-
rations related with the buffet phenomenon[26, 27, 61, 123] (event recent contri-
butions for 3D configurations[147]) is of great interest due to, non only the limits
on aircraft performance that buffet phenomenon imposes, but the oscillating loads
generated by buffeting that can be very detrimental to the aircraft lifespan[63, 70].
Also of interest is the investigation of global instabilities on axisymmetric wakes,
due to its direct relation with the flow behind slender bodies. On this area, it is
remarkable the research on supersonic turbulent wakes[117, 118] and the advances
in flow control of afterbody flows[87]. Global analysis has been used so far in a
wide range of applications, and it is still expanding[139, 144]. The extension of
stability analysis goes far beyond, including heat-transfer phenomena[84], acoustic
resonance in cavities[28, 40, 145], mixing of fuel and air in jet combustors or swirling
flows[98, 142], among many other examples[7, 23, 65].

Of particular interest is the study of the adjoint eigenvalue problem (the orig-
inal being named as direct problem), which applications are currently far beyond
those originally imagined. On the study of linear systems, sometimes is interesting
to know their response to a change of specific input variables. If the number of
output variables is greater to the number of inputs, solving again the linear system
for those changes is effective. However, if the number of inputs increase, it might
be more effective to reformulate the system computing the adjoint problem of the
system, allowing to obtain also the sensitivities of the output to input changes. The
stability analysis of the adjoint linear operator of the Navier-Stokes provides its sen-
sitivity to changes in the initial and boundary conditions[126], volume forces or mass
injection rate[46]. Moreover, the adjoint field is also a powerful tool to investigate
the receptivity or the transient growth of the system[125], also being effective on
the application of flow control[75]. The adjoint global modes can be interpreted as
the initial condition that has maximum projection along the direction of the corre-
sponding direct eigenmode[36]. They contain information about the instability that
cannot be inferred from a simple analysis of the results of the direct problem. Fur-
thermore, the combination of the two, adjoint and direct eigenmodes, provides the
so-called structural sensitivity, a gradient that quantifies the drift of the associated
eigenvalue when a structural change is introduced in the base flow, and identifies the
wavemaker areas, core of the instability[46]. The beauty of this formulation is that,
the identification of the flow regions more sensitive to hydrodynamic instability, can
be applied to any kind of flow regime and complexity, from incompressible bounded
flows[37] to high supersonic flows[96]. The use of adjoint methods has also proven
effective to obtain the sensitivity of the eigenvalue to certain inputs, as changes in
the base flow[16] or the introduction of a steady forcing[77]. First calculated for the
leading instability of the laminar cylinder wake flow[77, 89], this methodology was
quickly extended to more complex configurations[3, 39, 40, 86, 123], and even applied
to secondary instabilities[24, 45]. The further development of adjoint methodologies
has been extended to flow actuation[18, 141] and wall deformation[17, 140]. It is rare
nowadays the stability analysis that does not contemplate an adjoint approach[75].
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Figure 1.3: Types of asymptotic instability

Moreover, the study of the adjoint problem associated to the stability analysis
can be used to obtain relevant information related to the hydrodynamic instability.
Optimal forcing, receptivity, or stabilizing/destabilizing a certain flow configuration
are, among others, properties that can be extracted from and adjoint analysis. A
combination of global stability analysis, adjoint methods and sensitivity studies can
provide useful information to design and flow control engineers.

1.3 Linear stability analysis

To identify the critical conditions for which the instability develops is of major
interest, as a better understanding of the phenomenon will avoid undesirable transi-
tions. These conditions are normally marked by a “tipping” point, when qualitative
changes appear and a new flow configuration develops. Using bifurcation theory
we can track and identify the critical conditions, while studying the asymptotic be-
haviour of the flow. For this, we briefly revisit the concept of stability, normally
explained through the concept of Lyapunov stability. Starting from an equilibrium
state G(x, 0) (fixed point of our non-linear dynamical system, namely the Navier-
Stokes equations), the system is perturbed around it. If the system is stable, the
perturbation decays in time and small variations at the starting point will alter only
the system at some future time.

||G(x, 0)−G∗(x, 0)||< δ → ||G(x, t)−G∗(x, t)||< ε (1.1)

In the concept of Lyapunov stability we consider asymptotic instability, with an
infinite time horizon. So, a system will be stable if, after perturbed, it eventually
recovers its initial state:

||G(x, 0)−G∗(x, 0)||→ 0, as t→∞. (1.2)

If the perturbation decays in time and in every direction, the flow is stable. If the
perturbation grows downstream but decays at its origin, the flow is convectively
unstable. Finally, if the perturbation grows at the point of impulse the flow is
classified as absolutely unstable (Fig. 1.3)

Our interest lies on the time evolution of small disturbances from the equilib-
rium state, and how they affect the asymptotic behaviour and the states reached
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by the system, the so-called attractors of the model. The simplest attractors of a
model are fixed points, also called steady states of the flow (base flows), followed by
periodic orbits (oscillators), quasi-periodic behaviours and chaotic attractors (the
last two not covered on this thesis). Of main interest for us are then the Pitchfork
bifurcations, where the stability of the system is transferred from a symmetric solu-
tion to a pair of steady conjugated solutions coexisting two stable and one unstable
attractors (i.e. a channel flow passing through a sudden expansion/contraction[34],
where the flow losses its symmetry with respect to the mid plane), and Hopf bifur-
cations, where the system transfers from a steady state solution to a limit cycle (i.e.
the onset of the vortex shedding of the cylinder wake[137]). Shear and parallel flows
can act as a filter (also called noise amplifier) where perturbations are amplified/-
damped in space, or show a characteristic dynamic where the behaviour of the flow
is led by specific frequencies[58]. In the same way as an oscillator, they may show
internal self-excited resonance when the absolute instability develops, being defined
by a characteristic frequency. Our interest is on spatially developing flows, where the
perturbations (or oscillations in case of time periodic flows) extend over large regions
of the flow. The spatial structure of the perturbations is then referred as “global
mode”. These modes can be obtained and analysed from a linear perspective, using
Modal Stability Theory[65, 144]. Modal analysis relies on the decomposition of any
flow quantity into a steady part q̄ (referred as base flow) and an unsteady part q̃,
namely the small perturbations of the flow:

q(x, t) = q(x) + εq̃(x, t) (1.3)

The perturbations are assumed to be of the form q̃ = q̂ exp{iΦ}, where q̂ and
Φ are the spatial structure and phase functions of the perturbation, respectively.
Introducing these solutions into the linearised version of the Navier-Stokes equations,
and considering Φ = σt, gives rise to an eigenvalue problem with eigenvalues {σi}.
The eigenvectors q̂, solutions of the eigenvalue problem, are the global modes of the
system, which for an unstable σ will impose their dynamics to the flow.

1.4 Thesis objectives and organization

The eigenvalue problem associated to the Linear Navier-Stokes (LNS) problem is
not trivial to solve. The condition number of the associated matrices (ratio between
the smallest ant the largest eigenvalues) is normally very high, and the dimensions
of the linear operator are very large due to the high spatial resolution needed to
obtain an accurate flow solution. The use of Krylov subspace methods to reduce
the dimension of the problem allows to recover only the part of the eigenvalue
spectrum of interest, but a calculation of the inverse of the operator is still required.
Widely extended, a Lower-Upper (LU) decomposition is normally applied to the
sparse operator for an easier computation of the Krylov subspace. However, the
resulting Lower (L) and Upper (U) matrices of the decomposition can be less sparse
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than the initial operator, making this type of analysis difficult to afford due to the
associated memory requirements. This problem becomes more important as the
Reynolds number increases, or non-linearities appear in the flow domain. Hence, we
propose the use of simplified physical models, combined with the calculation of the
stability characteristics of only part of the domain (still from a global approach, but
neglecting the influence of regions far from the perturbations) for the evaluation of
high Reynolds and turbulent flows. Our interest is therefore in developing optimal
strategies for conducting stability analysis of turbulent and complex flows with a
high Mach number.

To evaluate the influence on the global instability of external factors, such
as base flow modifications or the presence of forcing, it is possible to calculate
the sensitivity of the eigenvalue to these changes. When the instability is related
with the presence of a body (or affected by it), the modification of the body shape
could alter the onset of the instability or the associated frequency of its oscillations.
However, the information gathered from the existent methodologies to compute the
eigenvalue sensitivity analysis may be incomplete to guide a shape optimisation
process. It would be of interest then to develop the mathematical formulation to
evaluate the sensitivity to changes in a specific geometrical parameter, or the body
surface shape.

The present thesis is organized in the following chapters as follows:

• Chapter 2 presents the mathematical formulation upon which the stability and
sensitivity analysis are performed. The non-linear compressible Navier-Stokes
equations are linearised around a point of equilibrium, and modal solutions of
the obtained linearised problem are proposed. The properties of the resultant
linear operator, the Jacobian of the flow solution, govern the stability of the
system. The linearised problem can be recasted into a generalised eigenvalue
problem, which eigenvectors are the “global modes” of the system, with its
stability properties controlled by their associated eigenvalues. An introduc-
tion to adjoint methods in hydrodynamic stability is included, to present the
concept of the eigenvalue sensitivity. A Lagrangian approach is considered to
extract the sensitivity of the eigenvalue associated to a global mode of interest
to different perturbations, such as base flow modifications or steady forcing.

• Chapter 3 describes the numerical implementation of the theoretical approach.
An introduction to the flow solver used on the calculation of the states of
equilibrium of the Navier-Stokes equation is included, together with the de-
scription of the construction of the Jacobian matrix of the flow solution. A
discrete approach is used, where the flow solution is first discretised and then
linearised. This methodology permits the reduction of the size of the associ-
ated eigenvalue problem using a subspace projection where only part of the
linear operator is used on the final eigenvalue problem, without having trou-
bles with artificial boundary conditions. The implementation of the sensitivity
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calculation is discussed, as the discrete approach demands some manipulation
of the linear operators to extract the different eigenvalue sensitivities. Finite
differences are used to compute the second derivatives of the flow solution, by
perturbing the Jacobian matrix on the regions of interest.

• Chapter 4 is dedicated to the validation of the theory and methodology pre-
sented in Chapters 1 and 2. Two laminar and two turbulent flows are con-
sidered, with their results being compared with similar cases in the literature.
The low speed flow over an infinite circular cylinder is revisited to extract
the characteristic global mode related with the cylinder wake first instability.
A Hopf bifurcation that breaks the symmetry of the wake, generating down-
stream vortices and increasing the aerodynamic drag of the cylinder. The
evaluating the eigenvalue sensitivity complex fields reports not only those re-
gion more sensitive to steady forcing, but also where the placement of a small
control body can delay the vortex shedding phenomenon apparition. A chan-
nel sudden expansion is used as a second laminar flow validation example,
where a Pitchfork bifurcation generates two possible steady fixed points on
which the flow is no longer symmetric with respect to the mid plane. Turbu-
lent scenarios are examined via the D-shaped cylinder, whose turbulent wake
has a dominant global mode. This last case acts as a benchmark configuration
for mean flow and turbulent analyses, proving the validity of the methodology
that will be later applied in Chapter 6.

• Chapter 5, containing the extensive parts of the results of this thesis, focuses
on the application on direct and adjoint methods to an industrial case: a base
bleed actuation over a turbine blade trailing edge. Unexpected non-symmetric
flow configurations may appear at the base region of the aerofoil when cooling
flow used to refrigerate the blade is ejected at the trailing edge. In this Chapter,
we demonstrate that the break of symmetry comes from the destabilization
of a global mode related with the base bleed injection channel. First, the
instability is explored on supersonic regime, explaining literature results by
means of stability analysis. These results are then expanded to subsonic,
transonic and higher supersonic regimes in the following section, identifying
the instability and exploring the influence of the trailing edge geometry on its
development. The analyses are completed with the extraction of the sensitivity
gradients of the leading global mode for each of the sonic regimes.

• Chapter 6 contains the application of the eigenvalue sensitivity to geometrical
changes to a shape optimization case. The methodology to obtain the sensi-
tivity of the eigenvalue to geometry changes for each singular mesh node is
introduced in a non-expensive way, easing the calculation of the gradients by
just one single extra computation. The gradients are obtained for a laminar
flow around an infinite two dimensional cylinder, at Reynolds number value
of 60. Information for each mesh node is extracted, showing a direct relation
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between the expected changes on the amplification rate or the frequency of the
eigenvalue when deformations are applied. As a test case, the first instability
of the cylinder wake is controlled by surface deformation, using the informa-
tion relative to each mesh node to guide mesh node displacements towards the
minimization of the cost function. Two different scenarios are shown, consid-
ering as the cost function either the eigenvalue amplification rate (real part)
or the associated frequency (imaginary part).

1.5 Novelty of the work and main contributions

During this thesis, several analyses of high-speed complex flow configurations us-
ing linear stability are completed, identifying the physical mechanisms that drive a
global instability occurring due to the ejection of cooling flow at the trailing edge
of a turbine blade, and correlating the results with CFD calculations. A complete
sensitivity analysis of the unstable eigenvalue provides information with respect to
how changes in the flow configuration or the presence of forcing would affect the
behaviour of the instability. The study is then expanded to further sonic regimes,
as part of a combined numerical and experimental campaign, confirming the pres-
ence of the global mode in different base bleed configurations. The stability analysis
detected the onset and decay of physical phenomena on a supersonic flow configu-
ration, that had been previously documented in the literature by experimental and
numerical means.

In addition, a simple and with negligible computational cost framework to ex-
tract the eigenvalue sensitivity to changes in a body surface has been developed.
The methodology appears as an additional step after the calculation of the sensi-
tivity to steady forcing, which is easily evaluated in the discrete framework here
contemplated. Moreover, the obtained gradients have shown excellent performance
on the control of a well known global instability, as the onset of the vortex shedding
of a cylinder wake.
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Chapter 2
Mathematical Development
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2.1 Global Stability Analysis . . . . . . . . . . . . . . . . . . . 15

2.1.1 Definition of an adjoint eigenvalue problem . . . . . . . . 16

2.1.2 Turbulence analysis validity and mean flow analysis . . . 19
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2.2.1 Sensitivity to base flow modifications . . . . . . . . . . . . 21

2.2.2 Sensitivity to external forcing . . . . . . . . . . . . . . . . 23

2.1 Global Stability Analysis

We consider the non-linear system of PDEs defined by the compressible version of
the Reynolds Averaged Navier-Stokes (RANS) equations and the imposed boundary
conditions, written in conservative form:

∂q

∂t
= R(q), (2.1)

where vector1 q is the state vector that comprises the conservative flow variables,
and R(q) is the discrete spatial non-linear operator, comprising the inviscid and
viscous terms. Without loss of generality, we decompose the solutions of Equation
(2.1) into a steady component upon which a small perturbation is superimposed:

q(x, t) = q̄(x) + εq̃(x, t), (2.2)

where ε� 1 and q̄ is the so called base flow, steady point of equilibrium of Equation
(2.1).

1Bold variables are used to refer vectors.
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This decomposition is introduced into System (2.1) and a Taylor series expan-
sion is performed around the point of equilibrium q̄. Neglecting terms of order ε2

and assembling all the unknowns in vector/matrix notation, we obtain:

εM
∂q̃

∂t
= R(q̄ + εq̃) ≈ R(q̄) + ε

[
∂R(q)

∂q

]
q=q̄

q̃, (2.3)

where M is the mass matrix resulting from the spatial discretisation and [∂R(q)/∂q ]q̄
represents the Jacobian matrix of the fluxes evaluated for the base flow, which prop-
erties govern the stability of the system. On a finite volume approximation (see
Section 3.1), the mass matrix M is diagonal with leading dimension Nv × N and
contains the volumes associated to each cell.

In this thesis, perturbations are assumed to be two dimensional and of the
form

q̃(x, t) = q̂(x, z)exp{σt}+ c.c. (2.4)

where σ is a complex scalar, q̂ describes the complex disturbance function of x and
z, and c.c. stands for complex conjugate. Complex conjugation is included since the
pair (q̂(x, z)) and its complex conjugate are both solutions of the linearised Navier-
Stokes equations, while q̃ is real, and the phase function of the normal modes has
been rotated for simplicity as −iσ → σ. Introducing Equation (2.4) in (2.3), and
considering R(q̄) = 0, the last is recasted into the generalized eigenvalue problem
(GEVP):

J(q̄)q̂ = σMq̂, (2.5)

with the linear operator J(q̄) = [∂R(q)/∂q ]q̄ being the Jacobian matrix with lead-
ing dimension N ×Nv, and σ = σr + iσi the complex eigenvalue of the generalized
eigenvalue problem. The real part of the eigenvalue, σr, refers to the amplification
rate of the corresponding eigenmode, with the imaginary part σi being the pulsation,
related to the associated Strouhal number as St = σi/2π. For simplicity, system
(2.5) is rewritten as a standard eigenvalue problem (EVP) through the operator
A = M−1J:

A(q̄)q̂ = σq̂, (2.6)

2.1.1 Definition of an adjoint eigenvalue problem

Adjoint approaches are a common topic on optimization and stability analysis but,
before extending into the associated adjoint formulation of our stability problem,
let us introduce the need of an adjoint approach.

If a discrete linear system is considered, with finite number of variables that
depend linearly on a finite number of others in an instantaneous way, the vector of
state can be defined by its explicit relation with an input by

x = Cu, (2.7)
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with x being a real or complex array of size M , u a vector of size N and the operator
C a M ×N matrix. If one is interested in a linear function of x, W , expressed as

W = yx, (2.8)

with y a vector of size M , it would be necessary to evaluate Equation (2.7) followed
by (2.8) for each input u. However, introducing (2.7) into (2.8) one recovers yx =
yCu = pu, with p = yC, which can also be written as

v = CTy. (2.9)

Writing our linear function Ω in terms of vector v, it remains

W = vu. (2.10)

Despite its simplicity, this formulation permits to calculate vector v from y just
once, and then evaluate W for different values of u. Vector v, here defined as the
derivative of our objective linear function W , is the sensitivity of the objective to
the input. Equation 2.9 is the so-called adjoint problem of Equation 2.7. If the
number of outputs of interest, namely our linear function W , is higher than the
number of inputs, the standard approach of solving Equation (2.7) followed by (2.8)
can be followed. In contrast, if the number of inputs exceeds the number of outputs,
the formulation of the adjoint problem results more efficient. Moreover, evaluating
the sensitivity of the objective linear function to different inputs can be an asset on
evaluating/optimizing the system.

Extending this formulation to a system of linear algebraic equations, where
vectors x and u are implicitly related by a non-singular operator:

Hx = u, (2.11)

where H is a non-singular square matrix of size M ×M . The shortest way to obtain
the adjoint problem will be transforming Equation 2.11 into 2.8 and then proceed as
described above. However, calculating the inverse of H might not be possible, and
a more efficient alternative will be to write the objective function W as in Equation
(2.10):

W = vu = vHx = yx. (2.12)

This becomes an identity of any input u if

HTv = y, (2.13)

namely the adjoint system of (2.11).
On a Navier-Stokes context, the linear operator A(q) is normally ill-conditioned

and non-normal, which induces a large sensitivity of the spectrum to perturbations
or forcing[23]. Therefore, an adjoint approach plays a major role on the definition
and identification of these sensitivities.
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The adjoint problem of (2.5) is hence defined as

A+q̂+ = σ+q̂+, (2.14)

with q̂+ as the adjoint eigenvectors and σ+ the eigenvalues of the adjoint problem.
The eigenvalues of the adjoint problem are complex conjugate of those of the original
system[57]. To relate it with the eigenvalue problem (EVP) obtained in (2.6) in the
discrete framework of the finite volume discretisation, the following discrete inner
product of a pair of arbitrary vectors, c and d, is defined as

< c,d >=

∫
Ω

cHd dΩ = cHMd, (2.15)

where the superindex H denotes the conjugate transpose and M is the volumes
matrix previously defined.

System (2.14) allows to obtain the adjoint eigenvalues and eigenmodes of the
formulated eigenvalue problem. However, for the calculation of further analyses,
which imply the multiplication of the eigenmodes with the linearised Jacobian matrix
(among other operators), one would like to recover the adjoint eigenmodes associated
to the weighted inner product to preserve the integrity of the solution. With this
aim, we redefine here the adjoint operator using the defined inner product and relate
the adjoint eigenmodes of the system with those obtained with the new operator.

The previously defined inner product also provides a definition of the adjoint
operator A+ as < c,Ad >=< A+c,d >. From this definition, it can be derived:

< c,Ad >= cHMAd = cHMAM−1Md = (2.16)(
M−1AHM

)H
cHMd =<

(
M−1AHM−1

)
c,d >

arriving to

M−1AHM = A+. (2.17)

Expression (2.17) relates the conjugate transpose of the Jacobian matrix to
its adjoint operator, allowing to obtain the associated adjoint eigenvalues, σ+, and
eigenmodes, q̂+. Substituting the value of A+ on Equation (2.14) we arrive to the
definition of the discrete adjoint eigenvalue problem:

M−1AHMq̂+ = σ+q̂+, (2.18)

which can be solved as AHp = σ+p, recovering the adjoint eigenmodes with q̂+ =
M−1p.

To conclude, if we consider the eigenpairs (σj, q̂j) and (σ+
i , q̂

+
i ) of matrix A and

its adjoint, starting with the identity defined by multiplying the adjoint problem,
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(σ+
i −A+)q̂+

i = 0, by the eigenvector q̂ we can write:

< (σ+
i −A+)q̂+

i , q̂j > = 0 (2.19)

< q̂+
i , (σi −A)q̂j > = 0 (2.20)

< q̂+
i , (σi −A− σj + A)q̂j > = 0 (2.21)

< q̂+
i , (σi − σj)q̂j > = 0 (2.22)

(σi − σj) < q̂+
i , q̂j > = 0, (2.23)

where in Equation (2.22) we have added the equality of the direct problem (σj −
A)q̂j = 0. Expression (2.23) is the so-called bi-orthogonality condition, relating the
eigenvectors of the direct and adjoint matrix as orthogonal to each other, if they are
not associated with the same eigenvalue.

2.1.2 Turbulence analysis validity and mean flow analysis

The stability analysis requires the consideration of a base flow, which is taken as ref-
erence for the linearisation. Standard stability analysis normally considers a “steady
base flow” and, in fact, “pure” linearisation theory requires this base flow to be so-
lution of the steady or unsteady Navier-Stokes equations. In order to obtain steady
base flows, different approaches can be followed. The most usual is finding a steady
(not necessarily stable) solution of the Navier-Stokes equations. If the solution is
unstable, continuation, Newton-Raphson or frequency damping methods are neces-
sary to artificially obtain the desired base flow. When RANS (steady) simulations
are considered on the calculation of the base flow, being these used as a reference
for the linearisation of the non-linear operator, these steady solutions satisfy the
Navier-Stokes equations and the considered turbulence model.

It may not be immediately obvious that a linear decomposition can be used to
analyse a base flow obtained by a RANS calculation. The approximation is based
on the classic triple-decomposition of Hussain and Reynolds[60]. Namely, the flow
is decomposed into a time-mean part, an unsteady/periodic part, and a randomly
fluctuating (turbulent) part. The mean is obtained from time-averaging, following
usual RANS approach. Small-scale turbulent fluctuations are modelled using a
turbulence model. A non-steady or coherent part of the flow can also be present
and could be solved using URANS computations. This separation of scales allows
for the treatment of the large coherent structures independently from the random
turbulent fluctuations.

The stability analysis of unsteady base flows may requires the use of Floquet
theory, which is not in the scope of this work. The use of mean flows, obtained
by time averaging of a URANS solution (the turbulent fluctuations are already
modelled), despite the differences, permits to obtain useful information from their
analysis, sometimes with better accuracy than other approaches[11]. In fact, mean
flow analysis can be very useful on the analysis of experimental data[98].
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Going back to our system of non-linear PDEs, Equation (2.1), we had con-
sidered so far that the flow solutions belonged to a steady point of equilibrium
of the system, R(q̄) = 0, with q̄ being denoted as the already mentioned base
flow. However, if the flow solution is non-stationary and periodic, with q(x, t) =
q(x, t + T ), a mean flow q̄m can be obtained by averaging the unsteady RANS
(URANS) solution[11]. It has been proved by several authors that a linear criterion
applied to the mean flow provides good results for the prediction of the frequency of
the unsteadiness[11, 66, 98, 105]. The conditions of validity for this analysis are well
described in [132], where it was shown that the mean flow has to be approximately
marginally stable, and the frequency of the limit cycle equal (or very close) to the
frequency of the mean flow. These conditions are normally well satisfied on wake
flows, but cannot be fulfilled by certain enclosed or semi-enclosed flows. This is also
well related in Ref.[142]:

“(...) the approach of mean flow stability (...) relies on the following
three assumptions:

(i) the harmonics have a much smaller amplitude than the fundamental
mode(s) under investigation;

(ii) no other modes or their products are harmonically related to the
dominant mode(s) under investigation (or, if they are harmonically
related, the total amplitude of such modes remains an order of mag-
nitude weaker than the dominant mode(s));

(iii) the eddy-viscosity hypothesis is appropriate for modelling of the re-
maining turbulent fluctuations.”

However, both analyses (base flow and mean flow) coincide at the bifurcation point
so, for solutions near critical flow values, both cases are equally valid[132].

Respect to the non-linear effects present in non-steady flows, Ref.[142] also
establishes:

“The mean flow stability analysis does not assume that nonlinear in-
teractions between different eigenmodes and their harmonics have never
happened in this flow (...). What we do assume is that the amplitudes
of such nonlinear interactions are weak in the final flow field; they are
of much lower amplitude than the dominant eigenmode and the chaotic
turbulent fluctuations. If this holds true for the dominant limit cycle(s),
then mean flow stability will approximate the frequency and mode shape
of that limit cycle(s).”

In both considered cases, base flow and mean flow, the flow solution can be
decomposed into a non-time-dependant term (steady or averaged) and small fluc-
tuations fields as done in (2.2), computing the stability of the flow via the linear
operator as described in section 2.1.
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During this thesis, a base flow approach was mainly used. However, the cal-
culation of complex flows sometimes required the use of a mean flow approach to
obtain the physical eigenmodes of the system, as it will be shown in Section 4.2.1.

2.2 Eigenvalue Sensitivity Analysis

As already mentioned, stability analysis studies the growth or decay of perturba-
tions superimposed onto a usually steady solution of the Navier-Stokes equations.
The analysis can identify which particular features are prone to evolve under slight
modifications of the flow conditions, either by introducing a perturbation or caused
by a modification of some physical or geometrical parameters. The growth of these
features would give rise to a completely different flow configuration. The stability
of the system can be analysed solving the derived eigenvalue problem (Eq. 2.5),
obtaining the relevant (physical) eigenmodes that would drive the system towards
an unstable configuration.

Sensitivity analysis focuses instead on the response of the system to variations
of certain parameters, either physical, geometrical or external perturbations, nor-
mally evaluated through the variation of an target functional. In our case, we are
interested in the sensitivity of the eigenvalue associated to the particular eigenmode,
normally unstable, and to assess how it will respond to the modification of chosen
parameters or conditions of the flow configuration.

In this Section we revisit in detail the formulation given by Browne et al.[20]
and Mettot et al.[89] for the calculation in a discrete framework of the sensitivity of
the eigenvalue to changes in the base flow or steady forcing, formulated accordingly
to the approach planteated in this thesis.

2.2.1 Sensitivity to base flow modifications

Once the eigenpair of eigenvalue and eigenvector related with the global mode are
recovered, the calculation of the gradients is considered as an optimization problem,
where the cost function is the eigenvalue itself. We need to impose our eigenvalue
problem, together with other conditions, as the main constraints of the optimization.
To do so, the problem is solved using the Lagrange Multipliers method. We therefore
define the Lagrangian functional as

L(q̄, σ, q̂,λ1) = σ + < λ1, A(q̄)q̂ − σq̂ >, (2.24)

where it will be later confirmed that the Lagrange multiplier λ1 represents the
adjoint eigenmode, q̂+.

The calculation of the gradient of the Lagrangian gives rise to four different
terms:

∇L = <
∂L
∂q̄

, δq̄ > + <
∂L
∂σ

, δσ > + <
∂L
∂q̂

, δq̂ > + <
∂L
∂λ1

, δλ1 >, (2.25)
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from which we would only want to retain the first term, as we are interested in the
influence of the base flow on the eigenvalue.

Cancelling the gradient of the Lagrangian with respect to the Lagrange mul-
tiplier λ1 we recover the generalised eigenvalue problem:

<
∂L
∂λ1

, δλ1 > = < δλ1, A(q̄)q̂ − σq̂ > = 0 (2.26)

A(q̄)q̂ − σq̂ = 0. (2.27)

The derivation of the Lagrangian with respect to the eigenmode, q̂, provides the
adjoint eigenvalue problem:

<
∂L
∂q̂

, δq̂ > =< λ1, (A(q̄)− σ)δq̂ > (2.28)

=< (A(q̄)− σ)+λ1, δq̂ > = 0

A+(q̄)λ1 = σ+λ1, (2.29)

from which we can confirm that λ1 = q̂+. The derivation of the Lagrangian respect
to the eigenvalue, σ, yields a normalization for the adjoint perturbation variables:

<
∂L
∂σ

, δσ > = δσ+ < λ1,−δσq̂ > (2.30)

= δσ − δσ < λ1, q̂ > = 0

< λ1, q̂ > = < q̂+, q̂ >= (q̂+)HMq̂ = 1. (2.31)

Finally, the gradient of the Lagrangian with respect to the base flow leads to

<
∂L
∂q̄

, δq̄ > = < λ1,
∂A(q̄)q̂

∂q̄
δq̄ > (2.32)

= <

(
∂A(q̄)q̂

∂q̄

)+

λ1, δq̄ > .

Assuming that the gradient of the Lagrangian and the gradient of σ with
respect to modifications in the base flow are equal, then:

∆σ = <∇q̄σ, δq̄ >=<
∂L
∂q̄

, δq̄ > . (2.33)

Therefore, taking λ1 = q̂+, B(q̄, q̂) = ∂(A(q̄)q̂)/∂q̄ (from now on referred
as the sensitivity matrix ), expanding the inner products, and applying the adjoint
operator previously defined, Equation (2.32) becomes:

∇q̄σ = M−1BH (q̄, q̂) M q̂+. (2.34)

Matrix B(q̄, q̂) is the Hessian matrix, derivative of the Jacobian with respect to the
state vector, q, or second derivative of the base flow. The solution of Equation 2.34
recovers the complex fields of the eigenvalue sensitivity with respect to changes in
the base flow.
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2.2.2 Sensitivity to external forcing

External perturbations, modelled as volume source terms, can also be considered
as constraints on the optimisation process. In this way, flow control techniques can
be exploited and combined with the results of the stability analysis. To do so, we
consider the application of a external force to the system in the form:

R(q̄) = qf . (2.35)

This imposes an additional constraint in the Lagrangian form:

L(q̄, σ, q̂,qf ,λ1,λ2) = σ+ < λ1,A(q̄)q̂− σq̂ > + < λ2,R(q̄)− qf >, (2.36)

where it will be later confirmed that the chosen multipliers, λ1 and λ2, relate to the
adjoint eigenmode and the adjoint operator of the base flow, q̂+ and q̄+, respectively.

The gradient of the Lagrangian can be expressed then as:

∇L = <
∂L
∂q̄

, δq̄ > + <
∂L
∂σ

, δσ > + <
∂L
∂q̂

, δq̂ > + (2.37)

+ <
∂L
∂qf

, δqf > + <
∂L
∂λ1

, δλ1 ><
∂L
∂λ1

, δλ2 > .

In this analysis, we would like to retain only the fourth component of the
Lagrangian, ∂L/∂qf . Cancelling the gradient of the Lagrangian with respect to
the first multiplier, λ1, leads again to the original eigenvalue problem, and the
cancellation with respect to the second multiplier, λ2, leads to the Navier-Stokes
equations modified with the forcing term.

Playing with the third term of the Lagrangian, derivative with respect to
the eigenmode, we arrive to the adjoint eigenvalue problem, confirming again that
λ1 = q̂+.

<
∂L
∂q̂

, δq̂ > = < λ1, (A(q̄)− σ)δq̂ > (2.38)

= < (A(q̄)− σ)+λ1, δq̂ >= 0

A+(q̄)λ1 = σ+λ1. (2.39)

The derivative of the Lagrangian with respect to the target eigenvalue leads to the
already known normalization for the adjoint perturbation variables:

<
∂L
∂σ

, δσ > = δσ+ < λ1,−δσq̂ > (2.40)

= δσ − δσ < λ1, q̂ >= 0

< q̂+, q̂ >= 1. (2.41)
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This time, the derivative with respect the base flow needs to be cancelled as well:

<
∂L
∂q̄

, δq̄ > = < λ1,
∂A(q̄)q̂

∂q̄
δq̄ > + < λ2,

∂R(q̄)

∂q̄
δq̄ > (2.42)

= < λ1, B(q̄, q̂)δq̄ > + < λ2, A(q̄)δq̄ >

= < B+(q̄, q̂)λ1, δq̄ > + < A(q̄)+λ2, δq̄ >

= < B+(q̄, q̂)λ1 + A(q̄)+λ2, δq̄ > = 0.

Replacing λ1 with q̂+ and inserting Equation (2.34) into the expression above, we
retrieve a linear system to obtain λ2:

A(q̄)+λ2 = −B+ (q̄, q̂) q̂+ = −∇q̄σ, (2.43)

with the product of B+(q̄, q̂) and q̂+ (∇q̄σ) as a vector, and the adjoint matrix of
the Jacobian of the system already defined. The gradient of the Lagrangian with
respect to a the steady force source term qf is:

<
∂L
∂qf

, δqf > = < λ2, δqf > . (2.44)

Hereby, assuming that the gradient of the Lagrangian and the gradient of σ with
respect to the steady force source term are equal:

∆σ = <∇qf
σ, δq̄ > = <

∂L
∂qf

, δqf >, (2.45)

we can write:
∇qf

σ = λ2. (2.46)

Introducing Equation (2.46) into (2.43), the final expression for the eigenvalue sen-
sitivity to steady forcing arises:

∇qf
σ = −

[
A(q̄)+

]−1 ∇q̄σ. (2.47)

To give physical sense to the Lagrangian multiplier λ2, we apply the rule of
chain to the derivation of the eigenvalue σ(q̄, p) with respect to a flow parameter, p

dσ

dp
=
∂σ

∂q̄

H ∂q̄

∂p
+
∂σ

∂p
. (2.48)

Computing ∂σ/∂q̄ and ∂σ/∂p may be straight-forward (at least for the first term,
already calculated), but the term ∂q̄/∂p might not be that easy to obtain. In-
troducing an adjoint approach, we calculate the derivative of the residual vector
R(q̄, p) = 0 with respect to changes in p, that yields:

dR

dp
=
∂R

∂q̄

∂q̄

∂p
+
∂R

∂p
= 0, (2.49)
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from where we extract
∂q̄

∂p
= −

(
∂R

∂q̄

)−1
∂R

∂p
. (2.50)

Introducing Equation (2.50) into (2.48), yields:

dσ

dp
= −∂σ

∂q̄

H (∂R

∂q̄

)−1
∂R

∂p
+
∂σ

∂p
. (2.51)

To solve this equation through an adjoint approach, we introduce the adjoint oper-
ator of the base flow by solving the equation:(

∂R

∂q̄

)H
q̄+ = −

(
∂σ

∂q̄

)
, (2.52)

to finally obtain:
dσ

dp
= (q̄+)H

∂R

∂p
+
∂σ

∂p
. (2.53)

This last equation will be recovered on next section. We can hence correlate Equa-
tion (2.52) with Equation (2.47), and affirm that the second Lagrangian multiplier,
λ2, is the adjoint operator of the base flow, q̄+.
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3.1 Flow Solver - DLR-TAU Code

All the flow calculations on this thesis have been done with the Finite Volume
DLR-TAU Code[129] (TAU). The solver is a state-of-the-art commercial software,
developed for the prediction of viscous and inviscid flows around complex geometries
from the low subsonic to the hypersonic flow regime, employing hybrid unstructured
grids. While TAU is mainly used for complex aircraft-type configurations, being one
of the main CFD solvers in the aerospace industry, its extension and capabilities
permit the calculation of low-speed (near the incompressible regime) and confined
or wall-bounded flows.

The flow solver is a three-dimensional, parallel, multigrid code, that employs
a finite volume scheme to solve the compressible flow Reynolds-averaged Navier-
Stokes (RANS) equations. The inviscid terms are computed either with a central or
with a second-order upwind scheme, whereas the viscous terms are computed with
a second-order central scheme. For accelerating the convergence to steady state,
which is of particular interest for the stability analysis of the flow configuration,
a local time-stepping concept, a residual smoothing algorithm and a geometrical

27
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multigrid method are implemented. For time-accurate solutions, global and dual
time-stepping schemes are implemented.

The compressible version of the RANS equations are used to model the flow,
which set of equations can be written in integral form as:

∂

∂t

∫
Ω

qdΩ = −
∫
∂Ω

¯̄F · ndS (3.1)

where vector q comprises the conservative variables (density, momentum and energy)
and turbulent quantities, while Ω is a control volume with boundary ∂Ω and outer
normal n. The specific heat capacities of the gas at constant volume and pressure
are both assumed constant, so, consequently, it can be also defined the constant
adiabatic coefficient of the ideal gas. The flux density tensor ¯̄F can be decomposed
along the three Cartesian coordinate directions and comprises the inviscid, viscous
(and turbulent fluxes if any) terms in the three cordinate directions (x, y, z):

Fc
x =


ρu

ρuu+ p
ρuv
ρuw
ρHu

 ,

Fc
y =


ρv
ρvu

ρvv + p
ρvw
ρHv

 ,

Fc
z =


ρw
ρwu
ρwv

ρww + p
ρHw

 ,

Fv
x =


0
τxx
τxy
τxz

τyiUi + φx

 ,

Fv
y =


0
τyx
τyy
τyz

τyiUi + φy

 ,

Fv
z =


0
τzx
τzy
τzz

τziUi + φz

 ,

(3.2)

where U = (u, v, w)T is the velocity vector, τ is the viscous shear stress tensor and
φ is the heat flux vector. A calorically perfect gas is assumed, defining pressure by
the state equation

p = (γ − 1)ρ

{
E − 1

2
U2

}
, (3.3)

where E is the specific total energy per unit mass and γ is the heat capacity ratio.
In addition, total enthalpy is defined as

H = E +
p

ρ
(3.4)

The heat fluxes are given by the differential form of Fourier’s law for thermal con-
duction,

φ = κl∇TT =
p

ρ<
(3.5)
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being κl the flow thermal conductivity. The temperature is finally recovered as a
function of the pressure and density, and the universal gas constant as T = p/ρ<.
The laminar viscosity, µl, is calculated with the Sutherland law:

µl = µl,∞ ·
(
T

T∞

)1.5

· T∞ + S

T + S
, (3.6)

being S the Sutherland reference temperature of the gas of analysis.
The addition of turbulence models is done through linear eddy-viscosity mod-

els, which contribution to the momentum equations is modelled by an increased vis-
cosity given by the Boussinesq assumption[19, 128], being the difference between the
models the way how the eddy viscosity µt is calculated. One-equation models (typ-
ically in external aerodynamic flows, Spalart-Allmaras type[136] models are used)
use one extra transport equation to obtain the modified eddy viscosity, whereas on
two-equation models (k−ω type[155]) two extra transport are solved for the specific
kinetic turbulence energy, k and dissipation rate, ω.

The flow domain, Ω, is spatially discretised using a dual mesh into a finite
number N of subdomains Ωi (i = 1, .., N), where each subdomain contains Nf faces,

using a Finite Volume Methodology. Hence, tensors ¯̄F c + ¯̄F v are approximated by
numerical fluxes. Namely, the change of the flow conditions in a control volume
is given by the normal component of the flux through the control volume Ωi, with
normal direction n. For example, given a hexahedral mesh element:

¯̄F · n = {Fx,Fy,Fz} · {nx,ny,nz} = Fxnx + Fyny + Fznz. (3.7)

This is schematically represented on Fig. 3.1, being equivalent for other type or
deformed mesh elements using the proper direction projections.

(a) X-direction fluxes (b) Y-direction fluxes (c) Z-direction
fluxes

Figure 3.1: Example of numerical fluxes balance in each direction for a three-
dimensional hexahedral mesh element.

Thus, following the method of lines, the spatial discretisation of system (2.1)
gives rise to a system of ordinary differential equations, that can be written in general
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form for a subdomain Ωi as

|Ω|i
∂qi
∂t

+ Ri = 0 , Ri =

Nf∑
j=1

¯̄Fjnj, i = 1 . . . N (3.8)

where Ri is the residual in a subdomain Ωi, equivalent to the flux contributions on
this subdomain, and qi represents a discretised vector state solution. Vectors Ri

and qi have dimensions that depend on the number of fluid variables Nv considered.
Namely, in a two-dimensional flow, N will be 4 for a laminar solution, 5 for a one-
equation turbulent flow solution and 6 for a two-equation turbulent flow solution.
In case of a three-dimensional flows, and additional equation would be considered
for the spanwise velocity. The number of subdomains depends on the number of
elements of the computational mesh.

The time-accurate three-dimensional Navier-Stokes equations are then marched
in time towards steady state by a backward Euler implicit scheme, solved approxi-
mately by a LU-SGS (Lower-Upper Symmetric-Gauss-Seidel Method) iterations pro-
cedure.

3.1.1 Dimensionalisation of the flow conditions

Before the calculation of the flow solution starts, the initial free stream flow con-
ditions that serve to initialize the flow variables are normally determined from the
reference values, depending on the input for the inflow angle of incidence, α, and
the slip angle, β:

ρ∞ = ρref

p∞ = pref

u∞ = cos(α) · cos(β) ·M∞ ·
√
γ ·
√
p∞/ρ∞

v∞ = sin(β) ·M∞ ·
√
γ ·
√
p∞/ρ∞

w∞ = sin(α) · cos(β) ·M∞ ·
√
γ ·
√
p∞/ρ∞,

(3.9)

together with the ideal gas law,

p∞ = ρ∞RT∞, (3.10)

and the definition of the Reynolds number, based on a characteristic length lref ,

Re =
ρ∞u∞lc
µl

. (3.11)

The laminar viscosity, µl, is calculated with the Sutherland law:

µl = µl,ref ·
(
T∞
Tref

)1.5

· Tref + S

T∞ + S
, (3.12)
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being S and Tref the Sutherland and the reference temperatures of the gas of anal-
ysis, with the turbulent viscosity, µt being defined by the turbulent viscosity ratio
as:

µt,init = µl,init · µt,ratio. (3.13)

The primitive variables (dimensional values are denoted by a bar) are later non-
dimensionalised for a better internal performance of the code:

ρ = ρ̄/ρ∞

p = p̄/p∞

u = ū ·
√
ρ∞/p∞

v = v̄ ·
√
ρ∞/p∞

w = w̄ ·
√
ρ∞/p∞

T = T̄ /T∞,

(3.14)

with the reference time, defined at the initialization of the calculation, is defined as:

t̄ = l̄c/ū. (3.15)

This relation between the initial flow parameters and the non-dimensionalisation is
of particular interest for the later calculation of the global mode frequencies. For
the streamwise velocity, u, this relation at the moment of the flow initialization is:

u∞ = cos(α) · cos(β) ·M∞ ·
√
γ ·
√
p∞/ρ∞ (3.16)

= cos(α) · cos(β) ·M∞ ·
√
γ · ū (3.17)

From a physical point of view, we are interested in the time defined as

t = lc/u∞, (3.18)

which when it is compared with the reference time of TAU, the following relation
appears:

t

t̄
=

(
ū

u∞

)(
lc
l̄c

)
=

1

M∞
√
γ

(3.19)

Therefore, to recover the physical sense on the time domain for the analysis of our
linear operator (the Jacobian matrix), the elements of it have to be scaled with the
factor defined on (3.19)

3.1.2 Construction of the Jacobian matrix

One of the main advantages of the TAU solver is the presence of an analytic imple-
mentation of the Jacobian matrix, ∂R/∂q , which serves both the implicit version of
the flow solver and the Linear Frequency Domain solver (which is not contemplated
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Figure 3.2: Compact second-order stencil. Grey cells correspond to the immediate
neighbours, and light grey cells are the immediate next-neighbours. Images modified
from [35].

on this thesis). The linear version of the Jacobian relies on the first-discretise-then-
linearise philosophy, and includes the implementation of many boundary conditions
and turbulence models of one and two equations. Details of the calculation and
implementation of the analytic Jacobian matrix can be consulted in the work of
Dwight[35], so only a brief description is given here.

The Residual and the state vector, R and q, are vectors of size N ×Nv, where
N is the number of nodes in the grid and Nv corresponds to the number of equations
per node. Then, ∂R/∂q is a matrix with dimensions (N × Nv) × (N × Nv), with
its structure dependent on the ordering of the degrees of freedom. If the ordering of
the vectors is considered in the form

(ρ0, u0, v0, p0, ρ1, u1, · · · , ρn−1, un−1, vn−1, pn−1) , (3.20)

we can consider the Jacobian as an N × Nv matrix of N × Nv blocks. With this
assumption, each block matrix can be expressed as ∂Ri/∂qj , obtained by differen-
tiating the components of Ri with respect to the Nv components of qj. However,
Ri is a function of only a small number of qj in the vicinity of node i, namely its
first-order or second-order neighbours. An example of the affected discretised nodes
is shown on Figure 3.2. If a point j is not in the stencil of Rj, its corresponding
entry on the Jacobian will be zero.

For a better handling of the Jacobian, the TAU code was modified to store the
full sparse matrix in memory using a Compressed Sparse Row (CSR) distribution,
written in NetCDF format[148].
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3.1.3 Construction of the Hessian matrix

Since the TAU solver only provides the Jacobian matrix, we consider the following
procedure to compute the second derivatives for the Hessian matrices, required to
compute Equation (2.34). From its definition, it follows that B(q̄, q̂) is a linear
function of q̂ = q̂Re + iq̂Im and a non-linear function of q̄ through the Jacobian of
R(q̄). Thus, it can be decomposed into its real and imaginary parts:

B(q̄, q̂) = B(q̄, q̂)Re + iB(q̄, q̂)Im =
∂A(q̄)q̂Re

∂q̄
+ i

∂A(q̄)q̂Im
∂q̄

. (3.21)

Additionally, one can define (for either the real or imaginary part of q̂) the directional
derivative of A(q̄) along q̂ as:

∂A(q̄)q̂

∂q

∣∣∣∣∣
q=q̄

=
A(q̄ + ε1q̂)−A(q̄)

ε1
+O

(
ε21
)
. (3.22)

Therefore, neglecting order O(ε21) terms, one can apply this definition to the calcu-
lation of the sensitivity matrix:

B(q̄, q̂) =
∂A(q̄)q̂

∂q̄
=

1

ε1
{[A(q̄ + ε1q̂Re)−A(q̄)] + i[A(q̄ + ε1q̂Im)−A(q̄)]}.

(3.23)
For a detailed analysis on the influence of ε1, the reader is referred to [20].

Having computed the Jacobian and Hessian matrices, it is possible to obtain
the sensitivity to base flow and external forcing following equations (2.34) and (2.47),
as described in Section 2.2.

3.2 Stability Analysis - Large Eigenvalue Problem

Solver

The stability behaviour of a hydrodynamic system can be obtained through the anal-
ysis of a linearised operator of the non-linear flow solution. The eigenvalues of the
operator, namely the Jacobian matrix of the flow solution, describe the asymptotic
behaviour of the flow system. For each eigenvalue there is an associate eigenvector
that represents the underlying physical feature (density, momentum in the spatial
directions (x, y, z), energy and turbulent viscosity), which will eventually decay or
grow depending on the sign of the real part of the eigenvalue. The resources for
solving those large eigenvalue problems have quickly evolved in last decades, with
an increasing number of efficient methodologies an numerical methods to tackle the
problem[113, 114, 116, 157]. Of particular interest are the iterative methods based
on a Krylov subspace projection[112], where only a small portion Nev of the total
number of eigenvalues of the matrix are obtained. These methods normally involve
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the solution of Nev linear systems, a number at least equal to the size of the desired
Krylov subspace, that in turn could be solved directly (computing the inverse of the
operator, i.e. by means of a Lower-Upper decomposition[57]) or iteratively (using a
preconditioned subspace approximation, i.e. GMRES[115].

Krylov subspace methods are based on the projection of the square matrix
A (n × n) into a subspace of lower dimension, normally based on a Rayleigh-Ritz
projection:

H = VTAV, (3.24)

with V (n×m, with m << n) containing the vectors of an orthonormal basis of a
subspace, with VTV = I. H is a square matrix (m ×m), projection of A into the
subspace V, whose eigenvalues of system

Hp = αp (3.25)

approximate a portion of the total spectra of A. The eigenpair (αi,pi) correlate
with the approximation (σ̃i, q̃i) of the eigenpair of the original matrix (σi,qi) as

σ̃i = αi, (3.26)

q̃i = Vpi. (3.27)

σ̃i and q̃i are the Ritz values and Ritz vectors, respectively. Starting from an initial
(usually random) vector, q1, the Arnoldi algorithm builds the Krylov subspace by
means of repetitive matrix-vector product in the form of a power method (q, Aq,
A2q,...,Am−1q). At each iteration the new vector is orthonormalised, resulting in a
final Hessenberg matrix H. However, the m eigenvalues of the matrix H obtained
through the Arnoldi algorithm converge to the m largest eigenvalues of A. To cap-
ture the region of the complex plane where the eigenvalues of interest lay (normally
the least stable, or “rightmost”), a shift-and-invert spectral transformation[114] is
used. It converts the eigenvalue problem Aq = σq into

(A− νI)−1q = θq. (3.28)

This transformation is used to find the eigenvalues near ν (complex shift parame-
ter, pointing the are of interest of the complex plane), since the eigenvalues of the
modified operator, θ, with largest magnitude, correspond to the eigenvalues of the
original problem, σ, that are closest to the shift ν value. The eigenvectors remain
unchanged, and the eigenvalues are recovered by rescaling them as σ = ν + 1/θ.

However, this spectral transformation requires the inversion of the matrix A
at each iteration on the generation of the Krylov subspace, now fed with the matrix
vector product (A−λI)−1q, which makes this procedure computationally expensive.
Moreover, due to the stiffness associated to the underlying compressible Navier-
Stokes equations and turbulence models, matrix A is badly conditioned, so iterative
methods to solve the linear system fail to reach a proper convergence. In this
work, a full Lower-Upper (LU) factorization is performed for the Jacobian matrix
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A. This strategy, used here in a compressible finite volume context, has also been
followed in stability analysis of incompressible flows in finite elements discretisations
and in the context of spectral methods [20, 29, 40] and highly compressible flows
with turbulence modelling[61]. Unfortunately, the full LU decomposition scales as
the cube of the number of unknowns ((Nv × N)3), becoming the bottleneck of the
overall process and consuming a large amount of computational resources[61]. To
partially alleviate this requirement, sparse matrix format and parallel algorithms
are used. This is done through the PETSc package[8, 9, 10], combining an OpenMP
and MPI implementation of the algorithms. The MUMPS library[5] is used for the
LU decomposition, combined with the Implicitly Restarted Arnoldi Method (IRAM)
algorithm implemented in the ARPACK library[72] to obtain the eigenvalues of A
and A+

3.2.1 Domain reduction methodology

As seen on Section 3.1.2, the use of a discrete approach on the calculation of the
Jacobian matrix implies that the information contained at each grid node affects
only to itself and to its first and second neighbours in each spatial direction. A
proper management of the Jacobian data permits to exploit this distribution to, for
example, avoid the interference of certain boundary conditions, or to analyse the
stability behaviour of only a certain region of the flow. This is of particular interest
to reduce the size of the large operator used on the eigenvalue problem, as those
generated on high Reynolds number simulations or 3D flows calculations.

If the relevant information of the Jacobian matrix is extracted, the large eigen-
value solver has to be solved for only a reduced portion of the domain used on the
calculation of the flow solution. For completeness of exposition, we shortly repro-
duce here the mathematical foundation of this method, additional information can
be found in the work of Sanvido[120].

Arnoldi method belongs to the broad category of projection methods which
aim to obtain the part of the spectrum of matrix A where the dominant eigenpairs
lay. The domain reduction (DR) strategy can be considered, somehow, a projection
technique where the original matrix is reduced to a computationally affordable one.
The projection in the domain reduction procedure is a purely geometrical technique;
starting from a domain of reference Ωn, defined from the computational mesh, and
a vector of unknowns qn, comprising the variables involved in the Linear Navier-
Stokes equations, we consider a subdomain of the computational mesh Ωm, a region
of interest, which contains m < n degrees of freedom. For simplicity, we order the
unknowns related to the subdomain in the first positions, in the global vector of
unknowns qn. Namely,

qn = {q1 · · · qn}T = {q{1···m}|q{(m+1)···n}}T ,
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under this assumption, the projection of the unknowns from Ωn to Ωm is easily
performed through the projection operator, P defined as:

qm = Pqn with P =


1 0 0 · · · 0
0 1 0 · · · 0

0
...

...
. . . 1

0 0 · · · 0 0
0 0 · · · 0 0


(n,m)

, (3.29)

where the first m rows of P form an identity matrix of order m and the remaining
(n − m) rows are identically zero. It is easily checked that P is a orthonormal
projector and its columns form a orthonormal basis on the subdomain defined by
Ωm, so the projection of the Jacobian An onto this subspace is easily computed as:

Am = PTAnP, (3.30)

where the superscript T stands for the transpose and Am the orthonormal projection
of An in the subspace of dimension m.

Hence, the original Jacobian (in Ωn) can be replaced by its projection (in
Ωm) and the ”reduced” eigenpairs computed. Sanvido et al.[119] showed that DR
technique permits to recover the most relevant disturbances related to the specific
region of interest, with the added value of filtering part of the spectra that is not
relevant for that particular region. The authors proved that the approximation will
be valid as long as the reduced domain contains the structural sensitivity region of
the dominant eigenmodes, fact that was also suggested by Giannetti and Luchini[46].

3.2.2 Explicit storage justification

One of the main discussions nowadays, is related with the way the Jacobian matrix
should be managed. The dimension of the matrix grows with both the number of
mesh elements and the number of variables present in the flow solution (N × Nv).
Hence, the analysis of complex geometries (even for two-dimensional flows) or with
the presence of turbulence variables will rapidly increase the size of the linear op-
erator. This issue has led to the apparition of the so-called “Matrix-Free” method-
ologies, where the Jacobian matrix is never explicitly stored. The matrix is only
managed to evaluate a matrix-vector product that can be used on a Krylov-Schur
method to recover the least-damped direct and adjoint global modes[41]. However,
the evaluation of the eigenvalue sensitivities require some matrix manipulation (in-
cluding the calculation of the Hessian matrix of the flow solution), that can result
in large computational costs. On the contrary, the use of an explicit storage of the
matrix makes these evaluations easier and more efficient, with an adjoint operator
that is obtained by just transposing the matrix.

All the cases of study considered in this Thesis are two-dimensional, with the
computational costs for the stability analysis managed by the DR technique (Sec.
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3.2.1), and our main interest is on the evaluation of the adjoint operators and the
extraction of eigenvalue sensitivities. Therefore, an explicit storage of the Jacobian
matrix was chosen to perform the analyses here gathered.
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Chapter 4
Numerical Validation
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In this Chapter the numerical methods and theoretical approach proposed on
Chapters 2 and 3 are tested against laminar and turbulent flow benchmark cases.
The stability analysis of laminar flows is evaluated by revisiting the wake first in-
stability of the cylinder flow and the channel sudden expansion flow. These are two
examples of low-speed flows analysis, that also serve to evaluate the methodology
for both open and wall-bounded flows. The turbulent regime is explored by a shear
flow, the D-cylinder wake instability. For the laminar cases a steady solution of the
flow is obtained, together with the eigenvalues and eigenvectors of the linearised
system, recovering the hydrodynamic global modes responsible of the instability.
For the turbulent case, a base flow approach is no longer accurate, so a mean flow
approach is employed. In addition, the sensitivity of the least stable eigenvalue to
base flow modifications and steady forcing are recovered, together with the eigen-
value structural sensitivity.
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Figure 4.1: Streamwise velocity contours of the symmetric base flow solution, at
Re = 45. The streamline of the recirculation area is depicted with a black line.
Only part of the computational domain is shown in the image.

4.1 Laminar Flows

4.1.1 Cylinder wake first instability

4.1.1.1 Introduction

The steady wake flow existing behind a cylinder body immersed in a laminar flow
presents a symmetry with respect to its mid plane until the Reynolds number is
increased beyond a critical value, Rec ≈ 47[106]. The symmetry breaking occurs via
a Hopf bifurcation[97, 137], forming the characteristic Von-Karman street behind the
body. This is probably one of the most studied flow cases in hydrodynamic stability,
and it works as perfect example of bluff body wakes. For a complete description
of the cylinder wake dynamics, the reader is referred to the work of Williamson et
al.[156]. We reproduce in what follows the results obtained by Mettot et al.[89] and
Browne et al.[20] on the calculation of the sensitivity fields for the eigenvalue related
with the cylinder wake global instability using a discrete framework.

A laminar viscous flow around an infinite circular cylinder is considered, with
the Reynolds number is fixed to Re = 45, and a Mach number of M = 0.2. The
flow solution is time-marched towards a two-dimensional steady state, ensuring flow
convergence with density residuals values lower than 10−8. To ensure a symmetric
wake with respect to the XY plane, only the upper half of the cylinder geometry
and the control volume are simulated, imposing a symmetry boundary condition on
the mid plane. The flow solution and mesh nodes are later mirrored to obtain the
linear Jacobian matrix from the complete configuration (Fig. 4.1.)

4.1.1.2 Results

The eigenvalue problem is solved using a direct method based on a LU decomposi-
tion and a Shift-and-Invert spectral transformation, with a shift value close to the
expected imaginary value of the eigenvalue (based on the Strouhal number obtained
on the non-steady simulations). A pair of complex eigenvalues associated with the
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Eigenvalue reduced frequency, σi/2π

Crouch et al.[25], Re = 50 0.117
Giannetti and Luchini[46], Re = 45 0.117
Marquet et al.[77], Re = 46.8 0.116
Present study, Re = 45 0.115

Table 4.1: Eigenvalue associated frequency literature revision.

Figure 4.2: Leading global mode at Re = 45. Real part of the streamwise velocity
(upper image) and vertical velocity (lower image) perturbations.

global mode responsible of the symmetry breaking of the cylinder wake are recov-
ered. The imaginary value of the eigenvalue is compared with different references in
Table 4.1.

The shape of the global mode is defined by the antisymmetric distribution
of density, energy and streamwise velocity perturbations, with the vertical velocity
perturbations having alternating direction as they develop downstream the cylinder
body. The adjoint global modes have a stronger intensity around the detachment
areas of the cylinder, highlighting the receptivity to momentum forcing of those
regions. Their spatial structures extend upstream, as they represent the influence of
the incoming flow conditions. Both, direct and global modes, are shown in Figures
4.2 and 4.3

The overlapping of the two global modes, direct and adjoint, recovers the
structural sensitivity field. A comparison with the results of Ref.[46] is shown in
Figure 4.4. The eigenvalue sensitivity to base flow modifications and steady forcing
are easily computed using Equations 2.34 and 2.47, through the Hessian and adjoint
operators of the Jacobian matrix. A complex field is recovered, with sensitivities
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Figure 4.3: Leading adjoint global mode at Re = 45. Real part of the streamwise
velocity (upper image) and vertical velocity (lower image) perturbations.

Figure 4.4: Structural sensitivity of the cylinder wake first instability. Left: Results
of the present study. Right: Results from Giannetti and Luchini[46], reprinted under
the permission of Cambridge University Press.

for the real (amplification rate) and imaginary part (pulsation) of the eigenvalue,
named respectively as ∇q̄σr and ∇q̄σi. As a vector field, both the modulus and
the direction of the gradients (both based on its momentum components) can be
extracted to evaluate the sensitivity regions. It was observed on the works of Browne
et al.[20] and Mettot et al.[88] that the eigenvalue sensitivity with respect to base flow
modifications differs from the results from Marquet et al.[77]. Mettot et al. argument
that the differences were due to the compressibility effects of their approach, as the
results of Marquet et al. used incompressible equations on their formulation. These
differences are not surprising, as a comparison of the two physical gradients based on
base flow dynamic changes would have no sense due to the different dynamics used
on the two approaches (incompressible vs compressible). However, the tendencies
observed in the sensitivities are similar, with the orientation of the gradients having
similar orientation inside the recirculation bubble.
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Figure 4.5: Sensitivity to the application of a steady forcing of the least stable
eigenvalue at Re = 45. Results of present study of the growth rate sensitivity ∇q̄σr
(upper right) and for the associated frequency ∇q̄σi (lower right), and reprinted
from Marquet et al.[77](upper and lower left) with the permission of Cambridge
University Press.

The sensitivity of the eigenvalue with respect to the application of steady
forcing is obtained solving the linear system (2.47) using the adjoint operator A+. In
this case the perturbation takes into account the inherent physics of the problem[88],
and the results for different formulations can be compared. The gradients are plotted
in Figure 4.5, and compared with the results of Marquet et al.[77], showing excellent
agreement. The depicted streamlines indicate the direction in which a steady forcing
would have a positive effect on the respective gradient. Hence, a perturbation in the
opposite direction to the flow inside the recirculation bubble or near the detachment
points will increase the amplification rate of the eigenvalue proportionally to the local
value of the sensitivity gradient ∇qf

σr. In the same way, the same perturbation will
reduce the associated frequency of the eigenvalue proportionally to the local value
of ∇qf

σi. These effects are further explored in Chapter 6.

4.1.2 Channel sudden expansion instability

4.1.2.1 Introduction

The two-dimensional channel flow in a sudden expansion (a schematic representa-
tion is shown in Figure 4.6) is characterised by the apparition of non-symmetrical
flow configurations after a critical Reynolds number[1, 22]. This bifurcation oc-
curs via a Pitchfork bifurcation[4, 13, 52], without any time-dependent variations
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Figure 4.6: Channel sudden expansion geometry.

in two-dimensional configurations[38]. Experimental analysis suggested that the bi-
furcation was also influenced by the expansion ratio (ER = d/D) and the aspect
ratio (d/Lz, with Lz as the spanwise dimension) of the the channel[4, 33, 38]. On
flow configurations with Re < Rec (being Rec the critical Reynolds number for a
particular ER), the flow presents two symmetric recirculation regions at the cor-
ners of the expansion, its size influenced by the ER and the Reynolds number. On
the tipping point, Re ≈ Rec, one of the recirculation regions starts to grow at the
expense of the other and a lift-up mechanism ends up deflecting the flow towards
the side of the smaller recirculation area in a Coanda effect style. The stability
analysis of a two-dimensional channel sudden expansion was carried out by most of
the mentioned references, showing a single eigenvalue that becomes unstable at the
critical Reynolds number. For higher expansion ratios, the flow becomes unstable at
lower Reynolds numbers, recovering the free jet flow for D >> 1[4]. The transition
to an oscillatory behaviour occurs via three-dimensional mechanisms[30, 38, 49],
and cannot be replicated on a two-dimensional numerical or experimental analysis.
The symmetry break prolongs to the turbulent regime, where the critical Reynolds
number is no longer the critical parameter but the expansion ratio of the expansion,
with a critical value of ER = 1.5[1, 135].

On a laminar regime, Fani et al.[37] obtained the sensitivity gradients using
the mathematical approach developed by Marquet et al.[77]. In a continuous and
incompressible framework, they obtained the eigenvalue sensitivity fields for an un-
stable regime, completing the analysis with the extraction of the optimal regions to
passive control, that were validated via DNS computation on the same publication.
As a validating example of wall-bounded flows and steady global instabilities, their
results are here reproduced.

We consider the two-dimensional channel expansion depicted in Figure 4.6
with a expansion ratio ER = 3. A low speed regime (M = 0.05) is set for the
incoming flow conditions, leading to the utilization of a preconditioner1 to avoid
loosing accuracy with the compressible solver TAU. For a ER = 3 the flow becomes
unstable (steady, non-symmetric) for a Reynolds number Rec ≈ 81. For the sake

1Details of the implementation and accuracy of the TAU preconditioning can be consulted on
Melber et al.[83].
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Figure 4.7: Streamwise velocity contours for the symmetric (left) and non-symmetric
(right) flow configurations, at Re = 90.

of validation, we replicate the results of Fani et al.[37] for a Reynolds number of
Re = 90. To ensure a symmetric flow with respect to the mid-plane, only half of
the domain is considered for the flow simulation, and mirrored into the XY plane
after the solution is converged. For completeness, an additional simulation with a
non-symmetric flow configuration is also obtained. For both half and full domains
simulations, a fully developed channel flow obtained from a previous two dimensional
straight channel simulation was imposed at the inlet, setting up the Reynolds number
as Re = Ucd/ν with Uc being the maximum velocity of the incoming flow.

4.1.2.2 Results

Contours of the flow solutions are shown in Figure 4.7. The lengths of the recircu-
lation bubbles for Re = 90, measured by the farthest coordinate of the zero velocity
streamlines of the bubbles, are gathered in Table 4.2. DLR-TAU seems to over-
predict the length of the main recirculating bubble compared to the results in the
literature, with a difference of approximately 3%, that is considered valid for the
sake of the validation of the methodology.

The stability analysis of the symmetric configuration allows to recover the
global modes of the unstable (rightmost) eigenvalue. To avoid the interference of
the inlet/outlet boundary conditions on the stability analysis, the domain reduction
methodology (see Section 3.2.1) is used to crop the domain of the stability analysis.
This technique permits not only to reduce the size of the analysed matrix, but to ex-
ploit the discrete approach formulation of the Jacobian matrix, as the omission of the
boundary nodes and their second-order stencil neighbours eliminates the presence
of the contribution of these nodes without creating artificial boundary conditions.

Symmetric flow (xr) Asymmetric flow (xrup/xrlow)

Fani et al.[37], Re ≈ 90 6.308 7.584
Alleborn et al.[4], Re ≈ 85 6.024 7.315
Battaglia et al.[14], Re ≈ 90 [-] 7.047
Present study, Re=90 6.547 7.839

Table 4.2: Recirculation bubble length literature revision. Units non-
dimensionalised with the inlet height.
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Figure 4.8: Direct (left) and adjoint(right) global modes of the sudden expansion
global instability.

Figure 4.9: Sensitivity of the eigenvalue with respect to a structural perturbation.
Left: current analysis. Right: results from Ref.[37], Reprinted from Fani et al.[37],
with the permission of AIP Publishing.

Figure 4.10: Sensitivity of the eigenvalue with respect to the application of a steady
forcing. Left: current analysis. Right: results from Ref.[37], Reprinted from Fani et
al.[37], with the permission of AIP Publishing.

Global and adjoint modes momentum contours are shown in Figure 4.8, where
the anti-symmetric spatial distribution of the perturbations is visible. The adjoint
mode presents maximum values at the corners of the expansion and within the
recirculation regions. The overlapping of both, direct and adjoint global modes,
results on the structural sensitivity field, from where the location of the core of
the instability is recovered (Fig.4.9). The sensitivity to base flow modifications
and steady forcing are calculated applying Equations (2.34) and (2.47). Note that,
due to the null imaginary part of the unstable eigenvalue, only the real part of
the sensitivity gradients are non-zero. A comparison with the results of Fani et
al.[37] is shown in Figure 4.10. The resultant spatial distribution of the gradients is
symmetric, with maximum local value around the expansion corners and decaying
downstream.
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4.2 Turbulent Flows

4.2.1 D-Cylinder turbulent wake

4.2.1.1 Introduction

This validation case serves to present an introduction to the analysis of mean flows,
were the stability analysis of a steady state of the flow is no longer valid. Far
from the bifurcation point, we are no longer interested in the growth rate of the
eigenvalue (already unstable), but on the associated frequency of the leading global
mode. Due to an increment in the flow oscillations frequency as the oscillations
amplitude grow, there is an underprediction of the associated Strouhal number of
the flow phenomenon obtained via a base flow approximation[11]. In fully developed
flows, that comply with limit cycle conditions mentioned in Section 2.1.2, a mean
flow analysis is hence recommended.

An example of the application of the methodology considered in this thesis to
turbulent flows is given here by the analysis of the D-shaped cylinder, immersed in
a turbulent crossed flow at a moderate Reynolds number. This sensitivity of the
wake on a D-shaped cylinder was first experimentally investigated by Parezanovic
and Cadot[101], and numerically correlated by Meliga et al.[86] and Mettot et al.[88,
90]. Meliga et al. considered a 2D mean flow analysis, where a Spalart-Allmaras
turbulence model was used to compute an unsteady RANS simulation that was later
averaged in time. Their stability analysis therefore considered the linearisation of
the turbulence terms of the Spalart-Allmaras model, obtaining a good agreement
with the experimental results of Parezanovic and Cadot. Mettot et al. explored
two different approaches, to evaluate the influence of the eddy viscosity on the
analysis. First, they computed a turbulent 3D simulation of the D-shaped cylinder,
and obtained a mean flow from the averaging of the solution both in time and
the spanwise direction. Their linear operator (the linearised Jacobian of the flow
solution) did not contain turbulence terms, and was based solely on the molecular
viscosity µ (a “laminar Jacobian”). To complement it, they also evaluated the
stability of the flow considering a Jacobian matrix in which the turbulence model
was considered in the linearisation (“turbulent Jacobian”), but using a frozen-eddy
viscosity approach, in which the eddy viscosity (obtained from the time-averaging
of a SAS k − ω model) remains constant when linearising the equations. The two
analysis showed excellent agreement with the experimental results.

In this section we reproduce a two-dimensional analysis of the turbulent flow
around a D-shaped cylinder, using the standard version of the Spalart-Allmaras
turbulence model[136] to calculate the eddy viscosity. A structured D-type mesh
of approximately 200000 elements is used to discretise the flow region around a D-
shaped cylinder, with a circular leading edge of diameter D (Fig. 4.11). Behind
the leading edge, the body is extended with a rectangular region of length 1.5D,
ending in a blunt base region. The boundary layer mesh resolution is refined to
keep y+ values lower than 1 over the body surface. Special attention is put on the
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Figure 4.11: Domain distribution and close-up of the structured mesh used on the
calculation of the turbulent flow around the D-shaped cylinder.

Figure 4.12: Unsteady RANS results for Re = 13000. Streamwise velocity contours
are collected for an aleatory time snapshot (left) and for the time-averaged solution
(right).

refinement of the base region and wake area, and in the frontal stagnation area. A
turbulent mean flow is calculated by averaging 200 periodic wake oscillation cycles,
and used to extract the linear operator for the stability analysis. The frequency
predicted by the analysis is correlated with the results of the URANS simulation.
Finally, the eigenvalue sensitivity to a steady forcing is obtained and compared with
the numerical results of Mettot[90].

4.2.1.2 Results

The dual time-stepping flow solver is set for a Reynolds number of Re = ρU∞D/µ =
13000, fixing the free stream Mach number to M = 0.2. The unsteady flow is
dominated by self-sustained oscillations of the body wake, with alternating eddies
detaching from the base region (Fig. 4.12). The wake periodicity has a frequency
of 14.28Hz, corresponding to a Strouhal number of St = 0.21, in good agreement
with experimental value of St = 0.22 measured by Parezanovic and Cadot[101]. The
averaging of the URANS solution permits the extraction of the turbulent Jacobian,
based on the linearisation of the eddy viscosity modelled by the Spalart-Allmaras
turbulence model. As described on Section 3.2, we calculate a reduced set of eigen-
pairs of the generalized eigenvalue problem using a Krylov iterative solver, imposing
a shift value on the spectral transformation close to the expected associated fre-
quency, σi = 2πSt. A moderately unstable global mode is recovered (Fig. 4.14-(a)),
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Figure 4.13: Flow oscillator main frequency obtained from the URANS simulation
(left) and the Linear Stability Analysis (right).

(a) Direct global mode, present study. (b) Adjoint global mode, present study.

(c) Direct global mode, reference. (d) Adjoint global mode, reference.

Figure 4.14: Global direct (left) and adjoint (right) modes. Figures show the spatial
distribution of the real part of the stream-wise velocity components. Reference
figures extracted from Mettot[88].

which structured resembles the Kevin-Helmholtz spatial distribution of the pertur-
bations, characteristic of oscillating wake flows. The adjoint global mode intensity
appears concentrated within the recirculating area (Fig. 4.14-(b)), with its maxi-
mum values near the shear layers area, but also extending upstream through the
boundary layers and in the direction of the incoming flow. The results are compared
with those of Mettot[88], showing excellent agreement.

Table 4.3 offers a comparison of the Strouhal values obtained by previous
studies and in the present analysis. Differences between URANS solutions are small
and can be assumed to be caused by the different flow solvers. The frequency
predicted by the stability analysis differs from the experimental and numerical data
for all the cases in the literature. This has been explained by the strong resonance



52 4. Numerical Validation

StURANS/EXP StLSA

Meliga et al.[86] 0.23 0.25
Mettot et al.[88] 0.23 0.26
Parezanovic and Cadot[101] 0.22 [-]
Present study 0.21 0.23

Table 4.3: Characteristic frequency of the oscillating wake of the D-shaped cylinder,
Re = 13000. Data from URANS or experimental analysis are compared against
Linear Stability Analysis results.

that occurs with the harmonics of the global mode[86], also responsible for the non-
neutral value of the real part of the eigenvalue on the mean flow analysis. For
the present study, these has been reflected in Figure 4.13, where the frequency
spectrum obtained from the URANS simulation highlights the frequency of the
vortex shedding and its harmonics.

The sensitivity analysis provides the proportional drift of the eigenvalue when
changes in the base flow or a steady forcing are applied. The combination of direct
and adjoint modes recovers the structural sensitivity of the global mode, depicted
in Figure 4.15 together with sensitivity to base flow modifications. The global mode
appears as most sensitive to base flow changes near the base region wall, and at the
dowstream limit of the recirculation area, the most sensitive area forming an arc
shape. The results of the sensitivity analysis of the imaginary part of the eigenvalue
to steady forcing are compared with those of Mettot et al.[90], but however we
observe different sign on our sensitivity gradients in the near wake area. The flow
appears most sensitive inside the cylinder wake, but it can be also observed that
perturbations upstream the cylinder will have a positive effect on the frequency of
the global mode. The differences may come from a different spatial distribution of
the adjoint mode due to different numerics and implementation. Also, we argue that
Mettot et al. show the real part of the sensitivity gradient when referring to the
sensitivity of the imaginary part of the eigenvalue, and our results are still close to
the sensitivity obtained by Parezanovic and Cadot[101], where it was shown that a
force in opposite direction to the incoming flow would lower the associated frequency
of the wake oscillations. To confirm this fact, we calculate the impact of a control
cylinder into the flow frequency, following the approach of Meliga et al.[86]. To do
so, a local force at the coordinates (x, z) is modeled as the drag exerted by a small
cylinder:

fxz = −1

2
dCdUxz||Uxz||/Ωxz (4.1)

with d and Cd being the diameter and associated drag coefficient of the modeled
control cylinder, Uxz the mean flow velocity vector at the coordinates (x, z) and Ωxz

the associated cell volume. The sensitivity map is calculated by the inner product
of the imaginary part of the sensitivity to steady forcing and the modeled forcing,
∇fxzσ =< ∇qf

σi, fxz >, which result indicates the variation of the frequency of
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(a) Structural sensitivity. (b) Sensitivity to base flow modifications,
streamwise component.

Figure 4.15: Sensitivity analysis of the leading global mode.

Figure 4.16: Streamwise component of the imaginary part of the eigenvalue sensi-
tivity to a steady force. Comparison of the present results (left) with the obtained
by Mettot et al.[90], reprinted with the permission of AIP Publishing.

Figure 4.17: Sensitivity of the leading global mode to passive flow control. Compar-
ison of the present results (left) with the numerical solution obtained by Meliga et
al.[86] (upper half) and the experimental data of Parezanovic and Cadot[101] (lower
half), reprinted with the permission of AIP Publishing.

the associated global mode generated by the presence of a control cylinder. The
results are compared with both the numerical results of Meliga et al.[86] and the
experimental results of Parezanovic and Cadot[101], in Figure 4.17, showing an
excellent agreement. Variations predicted upstream the body and near the wall are
well captured, with few variations in the wake area, where even the effects in the
shear layers are well defined.
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Chapter 5
Global Stability of a Base Bleed Turbine
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In this chapter, the direct and adjoint methods for stability analyses are applied
to a realistic aerospace configuration, a turbine blade trailing edge. The chapter has
been divided in three sections, corresponding to three different indexed publications.
The first section, where the global instability is first detected and characterized, was
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published on the AIAA Journal under the title ”Pressure Bifurcation Phenomenon
on Supersonic Blowing Trailing Edges”[82], and later expanded on the Proceedings
of 7th European Conference on Computational Fluid Dynamics (ECFD 7) under the
title ”Sensitivity analysis of supersonic turbine trailing edges”[81]. The second and
last section of the chapter was carried out in collaboration with the PETAL group,
of Purdue University, as the numerical analysis of a wind tunnel model where the
effects of base bleed will be studied. The results of the analysis were presented at
the AIAA SciTech Forum 2019, under the Conference Proceedings entitled ”Coanda
Flow Characterization on Base Bleed Configurations Using Global Stability Analy-
sis”[79].

5.1 Instability detection and characterisation

5.1.1 Introduction

Figure 5.1: Schematic represen-
tation of supersonic flow on a
blunt trailing edge. Image modi-
fied from Saracoglu et al.[122]

Air transport has experienced a very large
growth in last decades, with a significant
socio-economic relevance for integration and
development at regional and international
level. From a technological point of view, the
aerospace industry is constantly at the cut-
ting edge of scientific development. Continu-
ous improvements in aerodynamics, material
sciences, manufacturing processes, avionics,
control and navigation systems make aircraft
more efficient and safer every day. In par-
ticular, aircraft engines tend towards more
compact architectures, the structural safety
limits are tighter and aero-structural cou-
plings may lead to low and high cycle fatigue
issues. Such aero-structural interactions are
significantly detrimental when the internal flow velocities approach the speed of
sound. Engine turbine blades can operate in transonic or supersonic flow regime,
specially over high pressure turbine passages where the flow expand to supersonic ve-
locities experiencing complex shock wave systems at the trailing edge. These waves
can interact with downstream stages of the turbine affecting the aerodynamic effi-
ciency of the blades and reducing the life-span of the engine component[100]. Up to
30% of the total loses on transonic turbines are due to these shock interactions[32].
Part of the aero-structural forces coupling have their origin on the flow fluctuations
that take place at the area adjacent to the trailing edge, known as the base re-
gion. This zone is characterized by low momentum and constant pressure, having a
strong influence on several features of the surrounding flow field. The evaluation of
the parameters driving the compression and expansion waves, shear layers and vor-
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Figure 5.2: Base pressure correlation at the trailing edge as a function of the density
ratio of the bleeding rate. Image reprinted from Saracoglu et al.[122].

tex shedding phenomenon should then allow us to mitigate their unsteady couplings
with the turbine blades.

Figure 5.1 summarizes the flow topology of a supersonic trailing edge of a
turbine blade, where the main flow features are schematically represented. The up-
stream boundary layers from suction and pressure sides remain attached at the trail-
ing edge corner and separate in an alternate manner, characterized by the Strouhal
number, developing a pair of shear layers that lead to the formation of two (or more,
depending on the Reynolds number) families of vortices, while, simultaneously, the
main flow accelerates through a Prandtl-Meyer expansion fan. This unsteady flow
separation is a source of tonal noise, also causing mechanical and thermal fatigue
not only on the body of origin but on the ones situated downstream, affected by
the travelling vortices and unsteady shock waves. The upper and lower shear layers
propagate downstream and eventually merge at the wake on a point of confluence,
creating a dead air zone limited by both shear layers and the blunt trailing edge,
namely the base region. At the confluence point, the flow changes its direction
notably, being forced to compress through a system of strong trailing edge shocks.
The degree of compression, hence the strength of the shock waves, highly depends
on the base region properties. Furthermore, a weak compression wave, called sep-
aration or lip shock, is formed at the point of flow detachment in order to adapt
the pressure gradient between the shearing and the downstream flow. The base
region has been an object of study for long time [51, 93, 94, 95], and its influence
and characteristic topology on turbine cascades[32, 131] or the supersonic turbulent
wake of axisymmetric bodies[55, 117, 118] repetitively revisited.

The thin trailing edge of turbine blades cannot be protected using internal
cooling passages, so cooler flow bled from the high pressure compressor is purged
through slots or orifices to avoid the melting of the turbine components. As it
has been shown by several authors[107, 121], this cooling could be exploited to
modulate the base region properties. Different studies[15, 68, 154] have been devoted
to examine the effects of trailing edge bleeding on the base region. Of particular
importance, Saracoglu et al.[122] investigated the flow topology for a supersonic
blunt trailing edge as a function of the cooling flow intensity, showing the dependence
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of the base pressure with the blowing magnitude. A relevant result of the study
was the presence of non-symmetric configurations at the base flow (shock intensity
and angle of the shock wave) for a specific range of blowing rates (Figure 5.2).
Two different bifurcations from symmetric to non-symmetric configurations were
observed, the first one arising when the base pressure is close to reach its maximum
value, and a second one appearing for higher blowing ratios, close to a local minimum
value for the base pressure.

In this chapter we combine RANS simulations and linear stability theory to
explain the mechanisms that generate the described non-symmetric configuration.
Only the first pressure bifurcation is analysed in detail, focusing on the area where
the purge flow provokes an important increment on the base pressure, reducing the
intensity of the shock waves and the base pressure losses. A thorough analysis of
the flow topology of a supersonic blowing trailing edge is carried, focusing on the
recirculation areas of the base region, showing how those areas interact generat-
ing changes on the injected flow and therefore in the complex wave system. Those
changes are then also identified using global stability analysis. Stability analysis
studies the growth or decay of perturbations superimposed upon a steady base flow,
and has proven to be effective in the analysis of incompressible and compressible
flows, either in laminar or turbulent configurations. The analysis aims to identify
which features can naturally appear in the flow and become dominant for some
particular value of the parameters. Depending on the nature of the phenomenon,
the analysis can be performed over a steady base flow solution[61, 62, 123], over an
averaged mean flow [11, 98, 132], or using time-stepping or DMD techniques for the
study of transient phenomena[48, 69]. On this work, steady base flows were consid-
ered to characterize the stability behaviour of the system. The results of this study
shed some light on the pressure bifurcation detected by Saracoglu et al.[122], iden-
tifying the physical global mode responsible of the non-symmetrical conditions as a
function of the cooling flow purge intensity. We anticipate that results of the sta-
bility analysis match the bifurcation predicted by RANS simulations, adding extra
information about the underlying physical mechanisms. The unstable configuration
seems to be related to the sudden geometrical expansion of the flow at the end of the
cooling slot. The associated instability forces the purge flow direction to deflect and
impact one of the shear layers, generating an additional shock wave system. Such
changes on the vicinity of the trailing edge would have a great effect on the loads
affecting adjacent blades and turbine stages. The identified global mode changes its
shape with the blowing rate intensity, as does the flow topology of the base region,
giving the stability analysis valuable information about where the perturbations are
located.

The rest of this section is organized as follows. Section 5.1.2 summarizes the
numerical procedures to obtain the base flow and stability solutions. In section 5.1.3
the main results are described, to finish in Section 5.1.4 with the main conclusions
of this study.
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5.1.2 Numerical procedure

5.1.2.1 Base flow solver

The domain of reference of the problem (see Figure 5.3) had been previously stud-
ied by Saracoglu et al.[122] and Gorbachova et al.[47]. The former used extensive
URANS simulation to give a comprehensive analysis of the effects of the trailing
edge purge flow on the flow topology, and the latter did a first approach to the
problem throughout global stability analysis. The geometrical approximation was
a simplification of the industrial problem, where only the details of the flow in the
vicinity of the trailing edge of a turbine blade were studied. The geometry also in-
cluded the internal cooling passages, composed by a cavity plenum, where the purge
flow was ejected, and the injector pipe, directly communicating the plenum with the
base region.

The computational domain was limited by straight boundaries, with a length
of 21.75×d (with d as the trailing edge thickness, equal to 0.02 m) and a width of
20×d. The injector pipe had a length and width of 2.5×d and 0.3×d, respectively.
To keep subsonic conditions inside the cavity plenum, its width was kept three times
larger than the injector pipe. The characteristic geometrical lengths of the analysis
are shown in Table 5.1.

Boundary conditions of the control volume were defined as follows: Supersonic
inflow and output, Euler wall and symmetry plane were set at left, right, upper
and lower limits respectively; non-slip wall was used for all internal surfaces and a
reservoir-pressure inflow boundary condition was set to simulate the input of the
cooling in the cavity plenum area (Fig. 5.3).

The Mach number at the inflow boundary was set to 1.5, keeping a total
temperature of 365 K and a Reynolds number of 9.4 × 106, based on the trailing
edge length (11.65×d). The flow rate at the cooling flow exit, from now on referred
as the blowing rate, was defined by the cooling flow static temperature, kept to 300
K, and its total pressure, expressed as a percentage of the free stream flow total
pressure.

Table 5.1: Fluid domain dimensions
Boundary Length (m)

Domain length 0.4346
Domain height 0.4
Trailing edge length 0.233
Trailing edge height 0.02
Cavity plenum length 0.05
Cavity plenum height 0.018
Injector channel length 0.05
Injector channel height 0.006
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Figure 5.3: Geometry definition (solid) and grid topology (dashed-lines) used on the
mesh generation. Only half domain is shown for simplification.

Since the study aimed to understand the different flow features present in the
flow and, in particular, the nature of the non-symmetry behaviour, a global stability
analysis over the steady symmetric base flow was performed. Thus, only half of the
domain was simulated using a RANS approach, imposing a symmetry boundary
condition on the plane of symmetry to obtain a steady solution. After obtaining a
“half” base flow, mesh and solution were mirrored into the symmetry plane and the
stability analysis of the two-dimensional full domain was carried out. The global
analysis of the mirrored-full domain around this symmetric flow at different blowing
ratios will show non-symmetric modes in the analysis, which could eventually grow
and generate a new non-symmetric flow configuration. To clarify the exposition,
when the term half-domain is used on this text, will refer to the mesh of Figure 5.4,
with a symmetry plane on its lower boundary; on the contrary, when full-domain
is called, it will refer to simulations done on a mirrored mesh, considering upper
and lower surfaces of the trailing edge. Similar methodology on the detection of
flow bifurcation can be found on the literature on the detection of global modes of
symmetric sudden expansions[37] or X-junction flow configurations[69].

The domain was discretised using a quad-structured mesh, generated using an
O-Grid topology and dividing the geometry into regions of interest. Wall normal grid
distances were set small enough so values of y+ lower than 1 were kept on the body
surfaces, and all the scales of the boundary layer were fully resolved without the use
of any wall model. Grid topology and mesh details are pictured on Figures 5.3 and
5.4. The mesh spatial resolution was concentrated at the contraction-expansion and
on the shock wave areas.

To ensure mesh independent results, a mesh convergence study was performed
for a blowing rate of 18% for a half-domain configuration. Six different meshes of
increasing number of elements were defined, named from M1 to M6. A systematic
refinement was performed to evaluate the flow sensitivity to the mesh density. At
each step the mesh was refined increasing n times the number of nodes, taking the
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(a) Computational mesh (b) Details of the mesh in the of the cavity
and channel area

Figure 5.4: Computational mesh. Only a quarter of total nodes are represented for
clarity.

Table 5.2: Mesh Convergence Analysis performed for a blowing rate of 18% for
a half-domain configuration. Pb/P

∗
b represented the relation between the pressure

with and without purge flow applied, and ρpurge/ρf was the relation between the
density values at the cavity plenum and at the base region.

Mesh Number of nodes Pb/P
∗
b ρpurge/ρf

M1 12010 1.26932202 1.03157676
M2 48260 1.29883128 1.03038449
M3 104630 1.30545566 1.02675552
M4 207106 1.31826117 1.01727924
M5 321090 1.31929642 1.01407829
M6 424640 1.31858961 1.01426252

mesh M1 as the reference. This refinement law preserved the topology of the mesh
and guaranteed that Richardson extrapolation formulas were applicable to obtain
an accurate rate of convergence[42]. The convergence criteria, evaluated through the
global density residual resnρ , was set up to values lower than 10−6. It was defined
as:

‖resnρ‖=

√√√√ N∑
j=1

[resnρ(j)]2

N
(5.1)

where N denoted the number of grid points.

Detailed results from the mesh convergence study are shown in Table 5.2.
At each mesh the pressure and density values at the trailing edge were monitored.
According to these results, the mesh M4 was selected as a good compromise between
accuracy and computational efficiency.
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5.1.2.2 Domain Reduction analysis

The use of a reduced domain on the linear stability analysis can avoid boundary
condition interactions, reduce the size of the considered linear operator and improve
the convergence of the iterative method to the desired eigenvalues. On the case of
study, the region of interest was concentrated around the base region and the cavity-
injector area (Fig. 5.5-(b)), representing a small section of the whole computational
domain. To eliminate part of the contribution of the large expansion and compres-
sion regions and to reduce the size of the linear operator considered for the stability
analyses, an evaluation of the effects of reducing the domain size is performed.

In order to illustrate the influence of the domain used on the stability analysis,
part of the eigenspectrum for a blowing rate of 18% is shown in Figure 5.5-(a). The
abscissa represents the number of requested eigenvalues (NEV), set up as a third of
the projected Krylov subspace size (NCV), and the ordinate shows the real part of
the least stable eigenvalue, ωr. Three different domains, denoted as DR1 to DR3,
were considered and compared to the results obtained without any domain reduction
technique (Fig. 5.5-(b)). The tendency of the results are in good agreement with the
one predicted by Sanvido et al.[119], where the eigenvalue showed a strong sensitivity
to the domain extension. It is not the aim of this work to explain the reason of these
differences but only the applicability of the methodology. A complete description of
the sources and estimation of the errors is given in Sanvido et al.[119]. According to
these results, DR3 was used for the stability computations on the rest of this work.

The number of degrees of freedom of the reduced domain DR3 was 436320,
which meant a total of ' 1011 elements of the Jacobian matrix, and a number of
non-zero elements of approximately 3.3×107, almost a third of the non-zero elements
of the original matrix. To highlight the advantages of the use of a reduced domain,
statistics calculated on a local workstation equipped with 8 IntelCoreTM i7−6700K
CPUs and 32 GB of available RAM memory were collected. Prior to the application
of the DR technique, the solve of the eigenvalue problem would take a total of 700
seconds to finalize, consuming more than 25 GB of RAM memory and with a number
of non-zero elements of 8.7 × 108 for the factorized matrix. After the application
of the domain reduction, the time to solve the eigenvalue problem was reduced to
210 seconds, demanding only 8 GB of RAM memory and with a number of non-zero
elements of 2.8× 108 for the factorized matrix.

5.1.3 Results

5.1.3.1 Flow topology analysis

The results shown here are expressed as a function of the blowing rate intensity,
defined as mentioned by its static temperature and total pressure, the last defined
as a percentage of the free stream total pressure. Due to its widespread use in
the literature related to turbomachinery trailing edge cooling, free stream to purge
density ratio (ρpurge/ρf ) was also calculated to facilitate possible comparisons. The



5.1 Instability detection and characterisation 65

5 10 15 20
Number of Eigenvalues (NEV)

0.070

0.075

0.080

0.085

0.090

0.095

0.100

E
ig
en

m
od
e
a
m
p
li
fi
ca
ti
on

ra
te

(ω
r
)

No DR
DR1
DR2
DR3

(a) Influence of the domain reduction technique
on the eigenvalue analysis.

0.10 0.15 0.20 0.25 0.30 0.35 0.40
X

−0.15

−0.10

−0.05

0.00

0.05

0.10

0.15

Z

DR1
DR3
DR3

(b) Illustration of the different reduced domains
used for the analysis.

Figure 5.5: Domain reduction technique convergence analysis.

free stream density value is defined as the mean density on the trailing edge faces,
and the density of the purge flow as the one in the cavity plenum. The relation
between these two, obtained in the direct computations of the full domain, is shown
in Figure 5.6-(a). The results agreed with those obtained by Saracoglu et al.[122]
and Gorbachova et al.[47]. Additionally, in Figure 5.6-(b) the ratio between the
computed base pressure at both sides of the trailing edge (Pb) and the base pressure
for a non-blowing configuration (P ∗b ) is shown as a function of the blowing rate.
Pressure values bifurcated for a blowing rate of 17.8%, going back to the symmetric
flow state for a blowing rate of 42% and reaching a maximum value of a 3.6% of
pressure difference at 28% of blowing intensity. The value of the blowing rate for
the maximum pressure difference did not match the maximum value for the base
pressure, which took place at a blowing rate of 24%. As it will be shown, the
reason of this behaviour is the appearance of a non-symmetric global mode which
eventually becomes unstable and dominates the flow configuration. With the aim
of capturing the instability related with the onset of this bifurcation and identifying
the sources of the non-symmetry, cases where a blowing rate went from 10% to 45%
were analysed.

For illustration, the base flow pressure and velocity fields for some of the
test cases obtained with the mesh M4, including the solution for a non-blowing
configuration, are displayed in Figures 5.7 and 5.8. These figures reveal how the
shock waves decrease its intensity for low purge intensities, which combined with
the filling effect of the purge jet increases the pressure of the base region. For blowing
rates values higher than 24%, the flow on the dead area starts to evacuate and the
pressure at the base region decays, recovering the shock part of its original strength.

The analysis of the solutions obtained with the full-mesh allowed to understand
the mechanisms of the non-symmetry. A detailed evolution of the recirculation areas
is shown on Figure 5.9, where only negatives velocities are plotted. As the jet is
applied at the base region, the recirculation area is pushed downstream, splitting
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Figure 5.6: Density and Pressure values measured at the base region.

(a) No bleeding (b) 17 % blowing rate

(c) 31 % blowing rate (d) 43 % blowing rate

Figure 5.7: Base flow computations for different test cases and no bleeding configu-
ration. Pressure contours.

the recirculation region in three main areas, two at the trailing edge tips and a third
one downstream. However, for blowing ratios above the bifurcation point one of the
recirculation bubbles of the trailing edge joins the recirculation area downstream,
increasing the pressure on that side and forcing the flow to change its direction in
a Coanda effect style. This change alters the wake structure, affecting the shocks
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(a) No blowing (b) 17 % blowing rate

(c) 31 % blowing rate (d) 43 % blowing rate

Figure 5.8: Base flow computations for different test cases and no bleeding configu-
ration. Streamwise velocity contours.

angles and intensity. Larger blowing rates, however, stabilize the flow pushing the
dead air zones towards the symmetry plane as more flow is entrained into the main
jet, until the symmetric state is achieved again. The non-symmetric effect can also
be appreciated from shadow-graph contour fields shown in Figure 5.10, where it is
easier to identify the weakening of the trailing edge shock wave and the appearance
of a secondary upstream shock only in one side of the domain. The secondary
upstream shock has its foot near the region where the purging flow contacts the
trailing edge shear layers, so if the flow changes its direction and deflects to the
contrary side, the secondary shock would swap side as well.

5.1.3.2 Stability analysis

On Saracoglu et al.[122], the pressure measurements were done over a URANS sim-
ulation, showing an asymmetrical state that was constant in time, suggesting that
the difference on pressure had not a periodic oscillation behaviour but a steady one.
As shown on the flow topology analysis (Sec 5.1.3.1), the cooling flow experiments a
contraction at the plenum area, followed by a sudden expansion at the base region,
limited on the upper and lower sides by the shear layers. According to the type of
perturbation observed on the base flow (Fig. 5.6-(a)), the geometry configuration
and the results of Saracoglu[122], it would be expected to find the physical eigenval-
ues on the imaginary axis, having a null pulsation. This kind of instability, known
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(a) No blowing (b) 10 % blowing rate

(c) 15 % blowing rate (d) 17 % blowing rate

(e) 18 % blowing rate (f) 22 % blowing rate

(g) 33 % blowing rate (h) 42 % blowing rate

Figure 5.9: Dead air regions for different test cases and no bleeding configuration.
Only negative velocities values are plotted.

as a pitchfork bifurcation, would led to a steady asymmetric behaviour of the recir-
culation regions at the trailing edge. Therefore, the focus was set on the region of
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Figure 5.10: Shadowgraph contours for non-symmetric (a) and symmetric (b) flow
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the spectrum close to the origin and a zero value for the shift parameter was used
on the preconditioning of the Jacobian matrix.

As previously described, the base flows were computed using the half-domain
mesh whereas for the stability analysis the full-domain mesh was used. All the
simulations were performed using M4 mesh of the convergence study and the reduced
domain DR3 for the stability analysis.
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Figure 5.11: Evolution of the
eigenvalue spectrum for a stable
(17.5%) and an unstable (18.5%)
configuration.

For blowing rates below 18%, all the
eigenvalues of the spectrum remain on the
stable region. When the blowing rate is in-
creased, however, a single anti-symmetrical
mode becomes unstable and its amplification
rate evolves as a function of this parameter
(Fig. 5.11). This mode is directly related to
the pressure bifurcation, its associate eigen-
value crossing the real axis when the purge
intensity is above 18.1%, and becoming sta-
ble again for a blowing rate of 38% (Fig.
5.12). When the eigenvalue evolution is re-
lated to the base flow results, it can be ob-
served that as the base region experiments
changes on its flow topology, enlarging the
recirculation bubbles of the trailing edge and
showing an increment of the pressure drop at the wake (as shown in Figures 5.7 and
5.9), the amplification rate of the unstable eigenvalue reaches its maximum value.
After this point, the eigenvalue starts its damping until a blowing rate value of 38%,
where it becomes stable again at the same time the base flow recovers its symmetric
state.
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Figure 5.12: Relation between the global mode and the flow topology.

The eigenmode structure consists in two symmetrical lobe-shaped regions with
anti-symmetrical streamwise perturbation components, and it changes its structure
as long as the blowing rate increased, in consonance with the flow topology of the
base flow (Fig. 5.13). At lower purge intensity cases, the mode appears concentrated
at the exit of the purge channel and associated to the weak shear layers that occurred
on the mixing of the base region and the purge flow. Subsequently, for larger blowing
rates the mode changes its shape becoming more similar to the structures observed
in common channel expansions[37, 91], where it adopts the shape of two enlarged
lobes bounded by the strong shear layers of the upper and lower tips of the trailing
edge .

The behaviour of the instability amplification rate is different at low and high
blowing intensities. For a weak trailing edge blowing the rate of change of the
amplification rate of the mode is high, and small variations of blowing rates would
produce a rapid change of the global mode behaviour from stable to unstable; at
higher blowing rates the tendency is smoother and the changes in stability behaviour
are less abrupt. This fact can also explain the small differences between the RANS
results and the stability analysis. Namely, according to RANS computations, the
flow remains non-symmetric until a blowing rate of around 42%, compared to a
value of 38% for the stability analysis. However, it is normally observed that, when
the amplification rate of the instability is not large enough, the flow can remain in a
“unstable” situation for a long time, unless a perturbation is introduced in the flow
triggering the new flow configuration[149].

5.1.3.3 Sensitivity analysis

The overlapping of direct and adjoint modes permits the calculation of the structural
sensitivity, associated to the regions where structural modifications of the flow would
have a major drift on the eigenvalue associated to the global mode. These regions,
depicted in Figure 5.14 help to localize the instability core, here symmetric with
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Figure 5.13: Evolution of the streamwise component of the eigenmode with the
blowing rate.

Figure 5.14: Sensitivity gradients of the leading eigenvalue. Structural sensitivity
(left) and sensitivity to steady forcing (right), ∇qf

σ. here shown as the module of
the momentum components.

respect to the mid plane and close to the end of the purge channel, coincident with
the weak shear layers formed from the mixing of the cooling jet and the trailing
edge recirculation areas. Small differences were found for changes in the blowing
rate intensity. These results also corroborate the choice for the reduced domain
limits, as the structural sensitivity is completely confined inside the bounds of the
domain.

The sensitivity to changes in the base flow and to a steady force, normally
represented by a complex vector field, are here constructed only by its real part due
to the stationary nature of the unstable global mode, with null imaginary part. The
information provided by the vector field indicates where an arbitrary modification
(δq̄ or δqf ) applied in the direction of the gradients will have a greater destabiliza-
tion impact on the behaviour of the eigenmode. Figure 5.14 shows the sensitivity
to steady forcing classic contour field, expressed as the module of the momentum
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Figure 5.15: Breakdown by primitive variables of the sensitivity gradients of the
leading eigenvalue to changes in the base flow.

components. Additional streamlines have been drawn to indicate the direction in
which the application of a force will generate a positive drift on the real part of
the eigenvalue. The global mode related with the pressure bifurcation seems to be
more sensitive in the mixing region, and downstream the end of the channel (Fig.
5.14-right). Except on the small area limited by the shear layers, the presence of
a steady force applied with a reverse direction to the discharging flow will have
a destabilizing effect on the eigenvalue. Perturbations with a vertical component
applied close to the trailing edge surface could have a stabilizing effect if they are
directed from the trailing edge tip towards the discharging channel. To complement
this information, a breakdown by components of the sensitivity fields is gathered in
Figures 5.15 and 5.16. Both figures confirm the sensitivity of the global modes to
perturbations inside the base region and the influence of changes in the trailing edge
shear layers. The evaluation of the sensitivity to steady forcing reveals that changes
inside the injection plenum may have an effect in the base region global instability.
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Figure 5.16: Breakdown by primitive variables of the sensitivity gradients of the
leading eigenvalue to the application of a steady forcing.

5.1.4 Conclusions

The phenomenon of the sudden expansion related instability is replicated in this
context for the supersonic blowing trailing edge problem, a simplified version of the
flow configuration close to the trailing edge of a turbomachinery turbine blade. The
presence of a bifurcation from symmetric to non-symmetric flow configuration as
a function of the jet blowing rate had been observed but not explained. Previous
analysis of this geometrical model suggested that the bifurcation was generated by
a sudden expansion mechanism[122]. This fact was confirmed on this work with the
use of Global Stability Theory.

The presented results link the non-symmetrical configuration with an unstable
anti-symmetric eigenmode for a range of blowing rates, matching the start and
end points of the pressure bifurcation with small error when compared with RANS
results. Comparing the free stream to purge density ratio (ρpurge/ρf ) of RANS
solutions and stability analysis, an error value of 0.5% was found for low blowing
rates, with an error of about 5% for higher blowing rates. The eigenmode flow
structures appeared to extend downstream in space as the purge intensity increased,
revealing itself as a clear sudden expansion mode for higher blowing rates (having
the same structure as those seen in Fani et al.[37]), but more concentrated at the
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end of the cooling channel for lower blowing rates. It is on this range of blowing
rates where the mode takes an structure more opened to the lower and upper sides,
in a shear layer shape, and where it is more sensitive to changes in the blowing rate.

When compared with a global mode related with a geometrical flow sudden
expansion, its similarity in structure seemed clear despite the absence of viscous
walls on the upper and lower sides aft the expansion that would bound the blow.
In the configuration analysed here, however, the flow was confined due the the
strong pressure gradients generated by the shear layers present on the trailing edge
that limit the base region. This shear layers changed its shape with the blowing
rate intensity, modifying this way the boundaries of the sudden expansion and thus
affecting the eigenmode structure.

As observed, base pressure magnitude inversely correlated with trailing edge
shock intensity. The variation of the cooling flow purge initially resulted in an in-
crement of the base pressure and thus a decrease on the shock strength; for blowing
rates higher than 25% this tendency reversed, the base pressure decayed resulting
in stronger shock waves (Fig. 5.7). Due to the destabilizing effect of the pressure
bifurcation, the region of maximum base pressure was affected by a variation on the
pressure values of upper and lower sides at the trailing edge, which could further-
more abruptly change from one branch of the bifurcation to the contrary, generating
strong loads on the turbine blades because of the change of the“polarity” of the
pressure difference. Despite the apparently low difference between upper and lower
pressure sides (only about a 3%, as shown in Figure 5.6), the pressure bifurcation
could had a strong effect on the surrounding flow topology and adjacent blades of
the turbine. For blowing rates comprised between 18 and 38%, the global instability
forced the flow to deflect towards one of the shear layers (Fig. 5.12-(b)) generating
a secondary shock wave upstream of the trailing edge shock in only one side (Fig.
5.10). This additional shock system, placed in only one side of the blade, would
change to the opposite side when the deflected purge flow changed its direction due
to a bifurcation branch change, therefore generating additional and non-symmetrical
loads on the turbine cascade. If this intermittent non symmetric shock system is
replicated all over the turbine blades, considering independent changes and inter-
actions with upstream and downstream stages of the turbine, the consequences in
the aerodynamic loads can be very important. In order to avoid these risks, one
should increase the blowing rate up to an state of no variation (symmetry), im-
plying an important increment on base pressure losses and intensity of the trailing
edge shock wave system. The non time dependent nature of the instability would
made it difficult to be controlled by frequency modulated systems (as those pro-
posed by Saracoglu et al.[121]), but may be suitable for passive control or upstream
flow modulation. The possibility of controlling the pressure bifurcation avoiding
the mentioned problems would allow to exploit lower blowing rates for base region
modulation, without undesired consequences.

The sensitivity analysis of the leading global mode indicated that the core of
the instability is confined in the base region, without extending inside the cooling
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jet channel. The most sensitive areas appear to be the pair of mixing layers by
the ejected flow, together with the trailing edge main shear layers. High sensitivity
values near the wall suggest that flow actuation or surface modification in this area
would have a great effect on the instability behaviour. Furthermore, it has been
revealed that local actuation inside the injection chamber might have a downstream
effect in the global instability, opening the door to enforce flow control by cooling
flow modulation.

Understanding the mechanisms of the non-symmetric flow configurations present
on a supersonic trailing edge, using a simplified model as the one described in this
work, is the first step on preventing unwanted loads on turbine blades by Global
Stability Analysis. The methodology here explained can be applied without changes
to more realistic cases, where the pressure gradient between both sides of the aero-
foil can play an important role on damping/exciting the sudden expansion mode. A
closer approximation to the problem could allow to damp its sources (the unstable
eigenmode) and even develop optimization techniques with direct feedback from the
eigenvalue analysis.

5.2 Further Investigation

5.2.1 Introduction

This study aims to fully characterize the transient flow topology around a base bleed
configuration on a trailing edge, and the benefits that flow injected at the base re-
gion can have on flow control and aerodynamic performance. In particular, the
main goal is to take advantage and promote the observed Coanda effect, analyzing
its capabilities and the physical mechanisms responsible of its generation. Despite of
the abundance of literature on the study of flow bifurcation on a sudden expansion
geometry[4, 13, 38], and on the influence of base bleed effect on a turbine blade
flow[92, 107, 122, 143], non of the references above mentioned covered the appari-
tion of a non-symmetrical configuration on a base bleed configuration. One of the
objectives of this research is therefore extend the available resources to identify this
phenomenon and propose different ways to control and exploit it. To achieve this,
a simplified body with a blunt trailing edge and a dedicated injection chamber for
base bleed is considered, exploring a wide range of parameters to investigate their
influence on the physical global modes responsible of the Coanda effect. The sen-
sitivity to changes with the Mach number, the base bleed intensity, and the shape
of the trailing edge tip are explored, identifying those configurations with optimal
characteristics for base flow control.

Flow solutions are obtained solving the compressible Navier-Stokes equations
using an unsteady RANS approach, whereas the stability and sensitivity analysis are
be computed using in house numerical libraries for large-scale eigenvalue problems.
Furthermore, using the information gathered in the numerical analysis, passive and
active flow control most sensitive regions are identified and characterized. Although
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it is not contemplated in this paper, this study goes beyond the numerical approach,
using the same geometrical body to experimentally investigate the apparition of the
Coanda effect and correlate it with the numerical experiments. State-of-the-art flow
visualization and measurement techniques are employed to analyze the flow around
the body in a trisonic wind tunnel facility. The numerical campaign is therefore
designed to be validated by experimental means.

The rest of this section is organized as follows. Section 5.2.2 summarizes the
experimental setup and the description of the geometrical model, while in Section
5.2.3 the numerical procedures to obtain the base flow and stability solutions are
reviewed. In Section 5.2.4 and 5.2.5 the main results of the flow characterization
and flow control are described, finishing in Section 5.2.6 with the main conclusions
of this study.

5.2.2 Experimental methodology and model description

Although no experimental results are provided in this paper, the experimental analy-
sis is a crucial part of this research. For illustration, and for a better understanding
of the numerical experiments design, the experimental set up is briefly described
here.

The Purdue Experimental Turbine Aerothermal Lab (PETAL) facility has a
linear wind tunnel conceived for low Technology Readiness Level (TRL 1-2) studies,
which perfectly matches the requirements for the experiments to be carried in this
research. It is a trisonic facility, covering from low subsonic to supersonic conditions,
together with a wide envelope of Reynolds number conditions. This is accomplished
through the independent control of inlet total pressure and temperature with a
heat exchanger, as well as the control of the downstream pressure from atmospheric
to vacuum conditions. The test section has a prismatic shape with dimensions
540x230x170 mm (length x width x height), and its unique visual access from the
4 fully transparent windows allow to combine different flow visualization techniques
to characterize the aerothermal phenomena involved in the problem treated in this
research. The PETAL facilities allow to use optical measurement techniques such
as high frequency particle image velocimetry (PIV) and Schlieren flow visualization,
that will be combined with pressure and heat flux measurements to provide an ex-
tended dataset of the experimental analysis. An extended description of the PETAL
facilities can be consulted on [99].

The geometry of the model was therefore designed to be used in the trisonic
range, with a blockage ratio with respect to the tunnel height lower than 8 to avoid
excessive interference of the wind tunnel walls with the flow topology. The body
consisted on a zero-camber airfoil of 160 mm chord (c), with a fitness ratio of 8,
where a Haack Series[103] nose shape was chosen to adapt the flow without any
detachments or very strong gradients for the three investigated flow regimes. The
base bleed injection system was defined by a plenum area where the cooling flow is
injected in subsonic conditions, and a straight channel into which the flow passes
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Figure 5.17: Comparison of trailing edge shapes used on the analysis. Left image
shows the “straight” (super ellipse) shape, with the “rounded” (ellipse) shape on
the right image.

through a contraction that is finally discharged at the base region. The aspect
ratio of the contraction was kept to 3, to ensure subsonic conditions at the plenum
area, ending on a base bleed slot of 6 mm height. Two trailing edge tips were
considered for the analysis, to study the variability of the Coanda effect with the
geometry shape. An almost straight shape, defined by a supper-ellipse with an
exponential parameter of 5, was used as a reference case, and will be referred as
“straight” trailing edge along this paper. This geometry was similar to the one
studied in previous works[79, 81, 122], where a mild-Coanda effect (where the flow
was deflected by a pressure difference and will follow the shape of a recirculation
area, but without been attached to a surface) was observed to appear at the base
region, due to the first instability of the sudden expansion of the base bleed channel.
The second trailing edge considered for analysis was designed with an ellipsoidal
shape, where its curvature was expected to produce a full Coanda effect (with a
flow deflection related to the attached flow following the curvature of just one of the
surfaces). This shape will be referred as “rounded” along this paper. Both trailing
geometries are shown on Figure 5.17.

5.2.3 Numerical experiments

To predict the behavior of the model and to perform a design of experiments, the
geometry of the two-dimensional model and the wind tunnel walls were reproduced
on a set of numerical simulations. To avoid non-physical boundaries on the com-
putational domain, further inflow and outflow boundaries were imposed on those
simulations were subsonic conditions were present.

Three different sonic regimes were investigated, with an optimized mesh topol-
ogy for each configuration (Fig. 5.18). A Mach number at the inflow of 0.4 was taken
to analyze the behavior of the cooling flow at subsonic conditions; an inflow Mach
number of 0.7, that produced a flow speed of Mach=1.1 at the trailing edge of the
model, was chosen to evaluate transonic conditions; and a third configuration with
flow speed inflow of Mach=2 was used for supersonic flows analysis.

Grid spatial convergence was evaluated for a particular time step of the URANS
simulations, with five different meshes (M0, M1, M2, M3, and M4, with each follow-
ing mesh having double the points of the previous one) being used for the analysis.
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Figure 5.18: Mesh topology used for the different sonic regimes: Subsonic (left),
transonic (centre), supersonic (right).

Figure 5.19: FFT analysis (left) of the lift coefficient sampling from an unsteady
subsonic simulation (right).

The Grid Convergence Index (GCI)[158] was evaluated for three meshes, keeping the
coarsest mesh (M0) as the stencil for the convergence analysis. The density values
of each mesh were interpolated into M0, and the GCI was calculated using the Root
Mean Square values. The results of the analysis are not included here for concise-
ness. Temporal discretization was done ensuring that each period of the dominant
temporal fluctuations was covered with at least 40 timesteps. Due to this criteria,
different time steps were used for each regime, varying from 10−5 s for subsonic
conditions, to 10−6 s for supersonic flow conditions. The values of the monitored
flow variables were extracted or averaged in a window of at least 100 periods, after
the flow was already developed into a periodic state (Fig. 5.19).

On the subsonic and transonic meshes, total pressure and total temperature
were imposed at the inlet, with an ambient pressure at the outlet boundary. On
the mesh used for supersonic conditions, constant values were imposed at the inlet
using a supersonic inflow boundary condition, with an exit-pressure condition at the
outlet, were a differentiation of direct extrapolation or back pressure condition was
done depending on the flow Mach number at the outlet cells. For all the meshes,
adiabatic viscous walls were considered for the upper and lower walls, and for the
blade model. Finally, a reservoir-pressure inflow was used to provide the cooling
flow through the plenum area, imposing total pressure and temperature values. For
the sake of readability, the coefficient Cb = p0purge/p0∞, relating the total pressure
of the reservoir pressure boundary condition with the total free stream pressure, was
chosen to describe the pressure ratio of the base bleed flow.

The real non-symmetric operator A (Eq. 2.6) was extracted using the first-
discretize-then-linearize technique implemented in the DLR TAU-code solver from
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either base or mean flows, and saved using a compressed sparse row format. The
generalized eigenvalue problem was solved exploiting the capabilities of external
libraries (as PETSc[10], MUMPS[5] or ARPACK[71]) to perform a complete Lower-
Upper (LU) decomposition of the input matrix and obtain the eigenvalues of inter-
ests, being these only a small range of the eigenvalues of the total spectra, using
the Implicitly Restarted Arnoldi Method (IRAM) algorithm. Likewise, direct and
adjoint eigenmodes of the system were extracted and processed afterwards to obtain
the sensitivity maps.

Since the study aims to understand the apparition of the Coanda effect for
different flow configurations, the nature and development of the non-symmetrical
behavior of the injected flow needs to be analyzed from its onset, this implying the
need of doing a global stability analysis around a symmetric base flow. To enforce
this symmetry, only half of the domain was considered for the numerical simulations
performed for stability analysis, imposing a symmetry boundary condition on the
plane of symmetry (xy). After obtaining a “half” domain flow solution, mesh and
solution were mirrored into the symmetry plane and the stability analysis of the full
domain was carried out. The global analysis of the mirrored-full domain around
this symmetric flow at different flow conditions will show non-symmetric modes in
the analysis, which could eventually grow and generate a new non-symmetric flow
configuration.

5.2.4 Flow characterization

5.2.4.1 Subsonic flow

Subsonic analysis was designed for an inflow condition of Mach=0.4, Rec = 9.5×105,
total free stream temperature of 430K, and with a static temperature for the base
bleed of 300K. The flow behind the body is characterized by the classic Von-Karman
vortex street, with a characteristic Strouhal number of 0.264. Vortices separate from
the upper and lower sides in an alternate manner, producing an oscillating behavior
of the wake and the base region (Fig. 5.20-left). The two shapes of the tested trailing
edge have little influence on the flow topology when no cooling flow is applied at
the base region, showing differences on the order of 0.1 KHz on the frequency of the
vortex shedding.

The dimensionless pressure relations for straight and rounded trailing edges
when base bleed is applied can be seen in Figure 5.21, where the base pressure of
upper and lower sides of the trailing edge are plotted against the base bleed intensity.
The effects produced by the base bleed flow on a straight trailing edge can be divided
in four different phases, denoted on the figure from phase I to phase IV. First, when
cooling flow is ejected with low intensity at the base region, an initial filling effect
is produced and the base pressure increases. After that, the bleed flow introduces
a source of symmetry on the wake downstream, and the vortex shedding is actually
neutralized for a certain range of blowing rates. It is at these rates when the first
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Figure 5.20: Temporal snapshot of static pressure contours for subsonic (left), tran-
sonic (center), and supersonic (right) regimes. Base bleed not active.

presence of the non-symmetrical flow can be detected, as the first instability of the
sudden expansion appears. Named as phase II, is at this stage when the base bleed
flow is deflected towards either the upper or lower side of the trailing edge in a mild
Coanda effect style, as the flow is attached to the recirculation areas at the base
region. However, when the pressure ratio Cb > 0.95, the presence of the vortex
shedding reappears with a frequency that is twice the one present with no blowing.
This increment in frequency has been previosly related in the literature[92], and
the authors believe that this happens due to the onset of the secondary instability
of the geometrical sudden expansion of the base bleed jet channel. Base pressure
decays at these blowing rates, reaching values similar to those without blowing, and
with constant asymmetries on the pressure averaged values of upper and lower sides,
showing an change in direction of the ejected flow that is not periodic, but strongly
affected by the secondary vortices separated from the injection channel. Finally, at
phase IV, for base bleed values with Cb > 1.4 the flow inside the injection channel
becomes supersonic and the momentum of the ejected flow keeps the flow symmetric,
weakening any oscillation and increasing the base pressure towards a final plateau
of pb/p∞ ≈ 0.94.

If the rounded trailing edge geometry is considered, the effects of the base
bleed are milder, as the geometrical sudden expansion is not present. First, an
increment on the base pressure is observed as the base region is filled with cooler
flow. For values of Cb as low as 0.87, the non-symmetrical flow configuration of
phase II already appears, as a full Coanda effect can be observed at the end of
the injection channel. However, the effect quickly disappears, and for base bleed
intensities higher than Cb ≈ 0.92 the base pressure remains constant, without any
vortex presence or flow oscillation downstream the trailing edge. Phase III, related
with reapparition of the shedding with higher frequency, is not present in this case.

Whereas the non-symmetrical configurations with a straight trailing edge are
related with a difference in pressure between the upper and lower sides, as the
mild-Coanda effect takes place at the base region when one of the recirculation
areas (upper/lower) grows at the expense of the contrary, the apparition of a non-
symmetrical configuration on a rounded trailing edge is not linked with a pressure
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Figure 5.21: Base pressure evolution with the base bleed intensity in subsonic regime.
Results for straight (upper) and rounded (lower) trailing edge geometries.

Figure 5.22: Temporal snapthot of streamwise velocity contours for base bleed non-
symmetrical flow configurations (phase II), caused by the global instability of the
sudden expansion. Upper row shows straight trailing edge flow solutions (subsonic
to supersonic, from left to right), and bottom row shows the rounded trailing edge
flow solutions.

bifurcation. The identification of this phenomenon is therefore linked to flow visual-
ization or velocity components monitoring. Velocity contours are shown on Figure
5.22, for a better illustration.
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Figure 5.23: Global mode related with the geometrical sudden expansion, subsonic
regime. Streamwise (u) and vertical (w) velocity perturbations are shown for both
trailing edge configurations.

The stability analysis of configurations from phase II (non-symmetrical flow
condition) allows to recover the global mode related with the sudden expansion of
the channel, for both trailing edge geometries. For only few configurations a con-
verged steady RANS solution (base region approach) could be obtained. As the
sources of unsteadiness in the flow are multiple, a mean flow analysis was therefore
performed. 300 periods of oscillations from a URANS simulation over half domain
(cropped in the xy plane) were averaged to extract the mean flow. Streamwise and
vertical velocity perturbations contours of the global mode related with the instabil-
ity are shown in Figure 5.23. The shape of the eigenmode is similar to the identified
in a sudden expansion phenomena, with the main non-symmetrical streamwise per-
turbations located at the base region in the form of two anti-symmetrical lobes.
This global mode becomes unstable for a certain range of blowing rates and drives
the change of direction of the ejected flow[79]. The eigenvalue associated with the
sudden expansion global mode has no associated frequency, despite the pressence of
oscillations in the flow, these related with the vortex shedding. The instability is
stable in time, and the flow will remain attached the side it initially contacted, even
if an oscillating vortex shedding co-exists downstream.

5.2.4.2 Transonic flow

Inflow total temperature was kept constant at 430K, with a Reynolds number of
approximately Rec=1.8 × 106, and a Mach number of 0.7. The static temperature
for the base bleed was again set constant to 300K. The flow accelerates over the
model, reaching the trailing edge at a speed of Mach=1.1. Two symmetric shock
waves develop at the inflection point of the geometry, at the end of the nose ogive,
which position will remain almost constant, slightly varying for each base bleed
intensity. The blockage effect of the tunnel walls produces an “unstart” effect on
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Figure 5.24: Base pressure evolution with the base bleed intensity in transonic
regime. Results for straight (upper) and rounded (lower) trailing edge geometries.

the downstream shock waves, as the oscillation of the wake behind the body limits
the mass flow that passes through the trailing edge section (Fig. 5.20-center). The
trailing edge shock waves appear downstream the body and travel downstream with
the separated vortices in an alternate manner with an associated Strouhal number
of 0.324.

Interestingly, for this regime the shape of the trailing edge shows to have a ma-
jor impact on the base region flow behavior (Fig. 5.24). If the straight trailing edge
tip is used, the application of base bleed on this configuration produces again an ini-
tial increase in base pressure (phase I), followed by an apparition of a non-symmetric
condition for those blowing rates related with maximum base pressure (phase II).
This stage is linked with a strong reduction in the vortex shedding frequency, which
eventually increases again with the final decay in base pressure as the base bleed
flow speeds reach supersonic regime (phase III). However, a rounded trailing edge
shape shows a delay on the later decay in pressure, at the same time that the Coanda
effect prevails over the symmetric condition for larger blowing rates.

The stability analysis to recover the global mode related with the Pitchfork
bifurcation of these configurations could however not be completed with the current
methodology. Due to the nature of the flow topology, the solutions of a simulation
of a mirrored half domain (to ensure symmetric conditions) will not match the
complementary flow solution of a full domain simulation, an essential requirement
for the methodology here presented. Other methodologies (continuation methods,
for example) will be applied in the future to tackle this problem.

5.2.4.3 Supersonic flow

Due to the isentropic expansion of the flow that occurs through the convergent-
divergent geometry that would be installed at the wind tunnel to analyze supersonic
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conditions, the total temperature at the inflow boundary considered for the super-
sonic flow simulations was decreased to 300K. To still provide cooler flow at the base
bleed, the temperature of the injected flow was corrected to 120K. Inflow speed was
set at Mach=2.0 at the boundary. The flow around the body is purely supersonic,
except for the base region area where a subsonic recirculation section takes place,
confined by the strong shear layers of upper and lower sides of the trailing edge.
Two oblique shock waves depart from the sharp leading edge, being reflected at the
upper and lower walls and impacting downstream the base region with the trailing
edge shock system (Fig. 5.20-right). This flow system has been carefully studied in
the past[79, 122], so it is briefly described here. As the boundary layers of upper
and lower sides approach the trailing edge, they separate forming two symmetric
shear layers that confine a subsonic recirculation area, the base region. The main
flow first expands and accelerates through a Prandtl-Meyer expansion fan, just to
later compress and adapt through a strong trailing edge shock wave. When no base
bleed is applied, and there is no pressure difference between the upper and lower
sides of the trailing edge, the flow downstream remains symmetric and steady, with
no vortex shedding present.

The effects of base bleed on supersonic flow were described in detail by Saracoglu
et al.[122] for an inflow Mach number of 1.5 and a straight trailing edge, and few
changes from what was described in that scenario were found here. We again di-
vide the flow topology changes in four phases, as the blowing rate increases. Low
intensities are gathered in phase I, where base pressure increases keeping the sym-
metry of the flow. At a bleed intensity of Cb = 0.1, a pressure difference appears
between upper and lower sides, indicating the appearance of the sudden expansion
first bifurcation. We marked this stage as phase II, that lasts up to Cb = 0.16 and
covers the maximum values of base pressure that are produced by the flow injection.
Higher mass flows produce a decrement on the base pressure as the wake is pushed
downstream by the jet and the base region flow is entrained into the base bleed
flow. For values of Cb higher than 0.20, strong frequency fluctuations of the order
of St = 0.388 appears, showing a non-symmetrical configuration with strong wake
oscillations for Cb = 0.25. This is linked with an increase in base pressure, that
again drops when the symmetric state is recovered. Finally, phase IV arrives for Cb
values of 0.28 and higher, where the intensity of the base bleed flow keeps the flow
symmetric with base pressure values similar to those without base bleed.

When a rounded trailing edge is considered, the Coanda effect appears early,
as the flow is rapidly attached to one of the sides of the base bleed channel. A
jet flow deflection can be observed for values of Cb between 0.08 and 0.22, with a
maximum base pressure for a mass flow of Cb = 0.14. At higher blowing rates it
starts to decay. The strength of the jet eventually recovers the symmetric state,
but without the appearance of high frequency oscillations, as it was shown for the
straight trailing edge. Flow solutions for non-symmetrical configurations are shown
on Figure 5.22.
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Figure 5.25: Base pressure evolution with the base bleed intensity in supersonic
regime. Results for straight (upper) and rounded (lower) trailing edge geometries.

The flow topology, with few sources of unsteadiness, allows the calculation of
RANS solutions for the half domain simulations, obtaining steady base flows for
the stability analysis. The analysis was performed for chosen mass flows, within
the blowing rates related with the non-symmetric configuration, revealing again the
presence of the expansion mode, in the form of a Pitchfork bifurcation. However, the
shape of the global mode is different from what could be observed for the subsonic
case, as the perturbations will affect the shear layers and the trailing edge shock
waves (Fig. 5.26). For this regime, it is also clear the influence of the trailing edge
geometry on the shape of the eigenmode, that for a rounded shape it abandons the
classic perturbation distribution of sudden expansion geometries of anti-symmetrical
lobes to a more stylized and line shaped distribution.

5.2.5 Base region flow sensitivity

Controlling the flow downstream a turbine blade is one of the major challenges nowa-
days, as secondary flows drive most of the losses in this area. With the information
extracted from this numerical analysis, we aim to identify those regions that would
be more appropriate for flow control applications, reducing the time on a real design
process.

For this we propose two ways of action, looking forward to passive and active
flow control. The first is based on the modification or addition of geometry to the
existent one in order to mitigate the instability, in this case to force a symmetric
base bleed flow regardless the intensity of the jet. The second is however more
complex, as we will be looking at the control of the flow at the base region by direct
actuation on it. As the non-symmetrical phenomena has been linked to an unstable
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Figure 5.26: Global mode related with the geometrical sudden expansion, supersonic
regime. Streamwise (u) and vertical (w) velocity perturbations are shown for both
trailing edge configurations.

global mode, the sensitivity analysis of the related eigenvalue will provide valuable
information on this topic.

The wavemaker regions (core of the instability) are first calculated as the struc-
tural sensitivity maps (contours shown on Figure 5.27), showing a strong difference
between the straight and the rounded trailing edge shape. For the latest, the core
of the instability is always close to the wall, near the flow detachment point in the
inner side of the ellipse, with a very different distribution for the supersonic regime
where a secondary region appears at the foot of the Prantdtl-Meyer expansion fan.
The straight trailing edge presents however the core of the instability downstream
the expansion, for both subsonic and supersonic cases, with a secondary sensitive
area at the end of the injection channel wall. The structural sensitivity follows the
shape of the global modes, being the main core of the instability mainly located at
the base region, outside the injection channel.

As the global modes were obtained for a forced-symmetrical configuration, the
sensitivity fields appear symmetric respect to the mid-plane, and they are effective
regardless the direction of deflection of the flow. For all the cases, the core of the
instability is contained within the recirculation area of the base region. This informa-
tion is valuable not only to understand where are located the principal mechanisms
of the instability, but to consider future stability analysis where a more expensive
computational domain is required. Giannetti and Luchini[46] and Sanvido et al.[120]
showed that to ensure a good accuracy on the calculation of the eigenvalues, the
computational domain for the stability analysis should confine the complete insta-
bility core.

One of the most interesting results that can be extracted from the sensitivity
analysis, are the vector field maps related to the sensitivity of the global mode (and
its related eigenvalue) to the application of a localized steady forcing. Due to the
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Figure 5.27: Structural sensitivity of the global mode responsible of the non-
symmetrical flow configurations. Left two figures (upper and lower) correspond
to subsonic conditions, with the right two figures obtained for supersonic flow.

nature of the instability (with no associated non-frequency), this information could
be very valuable in terms of active flow control. Both maps for the subsonic and
supersonic configurations are plotted on Fig. 5.28, with the depicted streamlines
indicating the direction in which a steady force would have a destabilizing effect on
the global mode. For a straight trailing edge the most sensitive areas remain inside
the cooling flow injection channel, very close to the walls and located near the exit.
The subsonic regime appears to have a secondary area of sensitivity at the end of
the trailing edge, where the main shear layers of the base region are formed. For
a rounded trailing edge, however, the most sensitive regions to steady forcing are
more elongated, with its core located on the area behind the separation point on
the opposite side where the Coanda effect is taking place. In supersonic regime, an
additional region in the center of the channel appears, related with the expansion
of the injected flow.

As shown in Section 4.2.1, it is possible to calculate the sensitivity of the
eigenvalue to the addition of a small control body to the flow field to control the
instability. This is done by assuming a steady force fxz in the direction of the
flow, namely the drag force of a small cylinder with diameter d∗. If this analysis
is performed near the bifurcation point, without loose of generality one can say
that the sensitivity of the eigenvalue to the placement of a control cylinder at the
coordinates (x, z) would be[77]:

∇fxzσ =< ∇qf
σ, fxz > (5.2)

with fxz = −α q̄(x, z)||q̄(x, z)||/Ωxz. Coefficient α, constrained as 0 < α � 1,
normally takes the form α = 1

2
d∗CD(Red∗). If this analysis is conducted for the

global modes responsible of the change of direction of the flow, the results are
similar to those obtained by Fani et al.[37], where it was shown that a small cylinder
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Figure 5.28: Sensitivity to the application of a steady force. Perturbations in the
direction of the streamlines would have a destabilizing effect on the eigenvalue. Left
two figures (upper and lower) correspond to subsonic conditions, with the right two
figures obtained for supersonic flow.

placed at the “sweet spot” at the end of the channel before a geometrical sudden
expansion can mitigate or neutralize the apparition of the instability. Sensitivity
maps are shown on Fig. 5.29, where both flow regimes and trailing edge shapes are
represented. Interestingly, the rounded trailing edge seems to be far more sensitive
to passive control than its reciprocal configuration. For subsonic conditions, the
presence of an additional body (or modification of the surface to generate additional
drag) at the end of the base bleed channel will have a stabilizing effect on the
eigenvalue. Inside a supersonic flow, this area extends upstream the channel, with
two additional lobes downstream where a control cylinder could be placed. The
analysis for passive control on the straight configurations, show that only specific
locations will be suitable for the suppression of the instability by adding a control
body.

5.2.6 Conclusions and way forward

The non-symmetrical flow configurations shown here can appear at the base region
of a base bleed trailing edge, and are related to a fundamental phenomenon that
is normally ignored on the big picture of turbine blade design. This phenomenon
has an effect on the development and behaviour of secondary flows, and with the
correct information could be exploited for better performance, or cancelled to avoid
any undesired interferences.

With the aim of extending the available information in the literature regarding
base region flow modulation by trailing edge blowing using coolant flow, a range of
subsonic, transonic and supersonic cases have been analyzed. A combination of
unsteady RANS simulations and stability analysis has been used to identify those
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Figure 5.29: Localization of regions where the location of a small control cylinder
will generate a major drift on the eigenvalue. Left two figures (upper and lower)
correspond to subsonic conditions, with the right two figures obtained for supersonic
flow.

blowing rate intensities for which base pressure presents a maximum value, and also
which of these values are related with the apparition of a mild or full Coanda effect
at the cooling injection channel. The global stability analysis revealed the presence
of a global mode connected to the geometrical sudden expansion, that eventually
drives and control the direction of the base bleed jet flow. It has been shown that a
rounded trailing edge tip provides a less abrupt behavior on the base region pressure
changes, accompanied by a higher flow deflection when the first instability of the
expansion geometry becomes unstable. The use of rounded edges, moreover, seemed
to neutralize the decay in base pressure that was observed for subsonic and transonic
flows, as well as the related high frequency vortices that were identified for subsonic
and supersonic regimes for the studied configurations.

The information extracted on the study, combined with the results of the
sensitivity analysis based on the unstable global modes, will open the door to active
and passive flow control techniques to modulate or neutralize the global instability
present at the cooling channel, that is directly related with the apparition of a
Coanda effect at this region. The addition of a small control body at the calculated
“sweet spot” will keep the flow symmetric for a large range of base bleed flow
intensities.
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6.1 Introduction

On the pursue of better aerodynamic performance, optimization algorithms are the
last and most time consuming steps of the design process. Typically, the tar-
geted functional is directly related to the aerodynamic performance of the body
(i.e. lift, drag or moment coefficients)[73] or to other flow parameters of interest
(pressure drop[31], associated frequency[78], shear stress[2], etc.). Shape optimiza-
tion problems have enabled great achievements with the development of optimal
control and optimization algorithms based on adjoint methods, sensitivity and gra-
dient calculations[104], and gradient-free methodologies[159]. For a detailed review,
the interested reader is referred to the recent contribution of Skinner and Zare-
Behtash[134].

However, optimization does not have to be associated only to specific (aero-
dynamic) targets. Nowadays, in the search of more stable flow configurations, links
between flow control, stability analysis and optimization loops are emerging, pro-
viding new and more efficient methodologies to address the underlying physics of
the problem. Recent studies have pointed towards the optimization and control of
flow configurations using global stability analysis as a source for the gradient cal-
culations. Stability analysis studies how small perturbations that appear on the
flow (naturally or by external agents) may evolve, either weakening or growing and
becoming dominant as time evolves, depending on the characteristics of the dy-
namical system. From a mathematical point of view, stability analysis demands
the resolution of an eigenvalue problem, whose eigenvalues determine the temporal
evolution of the spatial perturbations, the associated eigenvectors (or modes). The
combination of the obtained eigenpairs with those of the related adjoint eigenvalue
problem provides relevant information of the response of the system to external
modifications or variations of the intrinsic flow parameters or initial conditions[126].
Knowing the influence to variations of additional parameters, such as the turbulent
viscosity, Mach or Reynolds number, or the angle of incidence of the incoming flow,
would be an asset on understanding the phenomena. On this regard, much efforts
are being addressed to obtain the regions of the flow where the global modes are
most sensitive, namely, where small modifications of the flow could provide the max-
imum variations on the mode behavior. Of particular importance is the sensitivity
to surface modifications, which may be efficiently considered in the optimization
loop through local deformations of the nodes defining the surface, or using control
parameters for the surface shape.

Along these lines, Gianetti and Luchini[46] revisited the concept of the ‘wave-
maker’ area in the benchmark problem of the flow around a circular cylinder using
global stability analysis. The authors identified the structural sensitivity regions,
the first step to predict where passive control could be more effective on the delay of
the onset of the vortex shedding on the cylinder wake. This phenomenon is widely
known to be dominated by a global (absolute) instability. Gianetti and Luchini
analytically obtained the optimal areas for the positioning of a small control device,
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matching the experimental results of Strykowsky and Sreenisavan[138]. Latter on,
Marquet et al.[77] revisited the same flow problem and developed the sensitivity
to baseflow modifications and steady forcing from a continuous approach, that was
later replicated by Mettot[89] and Browne[20] for the discrete approach. Additional
examples can be found in the work of Meliga et al.[87], who used the sensitivity
and adjoint analysis on the study of axisymmetric bodies, optimizing the position
of a heated ring behind an axisymmetric body on the control of the wake. The
same authors studied the sensitivities to boundary forcing on the wake of disks and
spheres[85]. Ferrer et al.[39] evaluated the influence of a control cylinder on the wake
of an actuator disk, representing a simplified wind turbine, showing relevant changes
on the behavior of the unstable mode. More recently, Tammissola et al.[140, 141]
used a second-order perturbation analysis on the optimization of spanwise shaping
and spanwise actuation of a cylindrical body to passively stabilize the vortex shed-
ding. On a planar X-junction, Lashgari et al.[69] optimized the distribution of wall
suction/blowing for the first flow bifurcation, giving also physical explanation to
the second bifurcation using the results of the sensitivity analysis. As an example
of eigenvalue-based and gradient-free optimization problem, Wang et al.[153] stabi-
lized the global instability present on channel contraction using a genetic-algorithm
optimization approach combined with structural sensitivity analysis, increasing the
critical Reynolds number for the outbreak of the flow asymmetries by a 750 percent.
This list probably omits many relevant works on flow control based on global sta-
bility, so the reader is encouraged to follow the reviews of Luchini[75] and Sipp[133]
on adjoint analysis and global stability analysis of open flow configurations. For an
extended review on modal analysis, the recent work of Taira et al.[139] illustrates
different applications and scopes of this type of analysis.

In Section 2.2, we developed a general framework to compute the gradients
(or sensitivities) of a selected global mode (both amplitude and frequency) obtained
from the stability analysis of the linearized Navier-Stokes equations, under surface
or parameter modifications. To do so, the mathematical approach necessary to per-
form gradient-based optimization loops oriented to flow control on hydrodynamic
stability has been revisited to keep it under a limited and affordable computational
cost. A discrete Lagrangian approach is introduced to calculate the sensitivity to
baseflow modifications and to steady forcing, which is finally used to obtain the gra-
dients related with a change in a set of flow parameters. The methodology is then
extended to geometrical variations, implementing the surface mesh deformation as
a control parameter on the Lagrangian formulation. By evaluating the residuals
and the linearized Jacobian matrix of the flow with a modification in the surface
mesh coordinates, we are able to obtain the gradients related with the surface mesh
deformation. Similar work was done by Heuveline and Strauß[56], who implemented
an SQP (Sequential Quadratic Programming) methodology for the optimization of
the flow over a circular cylinder using finite differences in a continuous approach.
However, due to the nature of their analysis, they required one evaluation per design
variable (geometrical parameters in their case, each node in the surface mesh in our
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analysis). A major improvement of the present approach is that the methodology
proposed here obtains, in only one evaluation, the information related to the sensitiv-
ity of every single mesh node in the surface. The gradients, containing independent
information for each mesh node, are introduced into a steepest-descent algorithm[6]
to control the behavior of the eigenvalue of interest. The steepest-descent algorithm
aims to obtain the nearest local minimum of the desired functional, the amplifica-
tion rate or frequency of the associated eigenvector. The methodology is checked on
the well-known problem of the flow over a circular cylinder, where unsteady vortex
shedding appears at Reynolds numbers (based on the cylinder diameter and the free
stream velocity) beyond Re = 46. Employing the proposed methodology, in a flow
configuration of Re = 60, the amplification rate of the most unstable eigenvalue is
damped in a few iterations, stabilizing the wake with maximum local surface defor-
mations of only 4% of the cylinder diameter. Larger deformations delay the onset
of the instability in more than a 60% of the critical Reynolds number.

The rest of the Chapter is divided as follows. Section 6.2 reviews the math-
ematical modeling of the eigenvalue sensitivity to geometry changes, continuing in
Section 6.3 with the implementation and validation of the algorithm with an analytic
test case. Section 6.4 describes the case of study and contains the main contributions
of this chapter, the sensitivity of the eigenvalue to geometrical changes. In Section
6.5 an optimization algorithm integrating the eigenvalue sensitivity is described.
From Section 6.6 to 6.8 the results of the optimization are discussed, concluding on
Section 6.10 with the main conclusions of this Chapter.

6.2 Sensitivity of the eigenvalue to geometry changes

As already remarked, stability analyses study the growth or decay of perturbations
superimposed onto a usually steady solution of the Navier-Stokes equations. The
analysis can identify which particular features are prone to evolve under slight mod-
ifications of the flow conditions, either by introducing a perturbation or caused by
a modification of some physical or geometrical parameters. The growth of these
features would give rise to a completely different flow configuration. The stability
of the system can be analyzed solving the derived eigenvalue problem (Eq. 2.6),
obtaining the relevant (physical) eigenmodes that would drive the system towards
an unstable configuration.

Sensitivity analysis focuses on the response of the system to variations of cer-
tain parameters, either physical, geometrical or external perturbations, normally
evaluated through the variation of an target functional. In our case, we are inter-
ested in the sensitivity of the eigenvalue associated to the particular eigenmode,
normally unstable, and to assess how it will respond to the modification of chosen
parameters or conditions of the flow configuration. The use of the foreseen sensi-
tivities could be used on gradient-based optimization algorithms, but however the
key-piece of the algorithm is to be described. Here we introduce the sensitivity of
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the eigenvalue with respect to changes in the surface geometry, which would allow to
perform surface shape optimization based on the treatment of the global instability.

Our analysis is first focused on how the eigenvalues of the system, σ ≡ σ(q̄(p),p),
will respond to variations of p, the parameter (or parameters) of interest. We as-
sume that our system of PDEs has a unique solution for each value of p, and every
variable is at least continuously differentiable.

The method of Lagrangian multipliers is used to calculate ∇pσ for a range of
parameters, considering as well the different physical constraints of the problem. In
the most general framework, the Lagrangian functional is defined as:

L(q̄, σ, q̂,p,λ1,λ2) = σ + < λ1, A(q̄,p)q̂− σq̂ > + < λ2, R(q̄,p) >, (6.1)

where, as it is shown in Section 2.2, λ1 and λ2 are the Lagrange multipliers that
represents the adjoint eigenmode q̂+ and adjoint base flow q̄+, respectively. Vector
p, of dimension Np contains those parameters of interest on the sensitivity analysis.

The gradient of the Lagrangian can be expressed as:

∇L = <
∂L
∂q̄

, δq̄ > + <
∂L
∂σ

, δσ > + <
∂L
∂q̂

, δq̂ > + (6.2)

<
∂L
∂p
, δp > + <

∂L
∂λ1

, δλ1 > + <
∂L
∂λ1

, δλ2 > .

The derivation with respect to the Lagrangian multipliers recovers the two
constraints of the problem (base flow computation and eigenvalue problem), and the
derivation with respect to the eigenmode leads to the adjoint eigenvalue problem,
respectively. In addition, the derivation with respect to the eigenvalue leads to the
dimensionalisation condition of the adjoint eigenmode < q̂+, q̂ >= 1.

Cancelling the derivative with respect to the base flow, we recover the linear
system

A(q̄,p)+q̄+ = −∇q̄σ, (6.3)

with

∇q̄σ = B+(q̄, q̂,p)q̂+, (6.4)

∇qf
σ = q̄+, (6.5)

as exposed in Section 2.2.2.
Finally, the derivative of the Lagrangian with respect to a change in the pa-

rameters is obtained via the expression:

<
∂L
∂p

, δp > = < q̂+,
∂A(q̄,p)q̂

∂p
δp > + < q̄+,

∂R(q̄,p)

∂p
δp > (6.6)

= < q̂+, Bp(q̄, q̂,p) δp > + < q̄+, Ap(q̄,p) δp >

= < Bp
+(q̄, q̂,p)q̂+ + Ap

+(q̄,p) q̄+, δp > .
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As p is a vector of dimensionNp, Bp(q̄, q̂,p) = ∂(A(q̄,p)q̂)/∂p and Ap(q̄,p) =
∂R(q̄,p)/∂p will be complex and real matrices, respectively, of dimension (Nv ×
N)×Np, once the problem is discretised. With the term q̄+ present in the right hand
side of (6.6), the calculation of the sensitivity to base flow modifications and forcing
term are a necessary step to obtain the sensitivity to a change in the parameters.

Since the two last two constraints in the right hand side terms of Equation
(6.1) are identically zero, the gradient of σ with respect to variations of vector p
can thus be obtained from:

∆σ = <∇pσ, δp >=<
∂L
∂p

, δp > (6.7)

Expanding the inner products of Equations (6.6) and (6.7), and applying the
adjoint operator definition, we finally arrive at:

∇pσ = M−1Bp
H(q̄, q̂,p)M q̂+ + M−1Ap

H(q̄,p)M q̄+. (6.8)

To offer a comparison, the response of the eigenvalue respect to changes of the
parameters of interest could be easily defined using the chain rule as:

dσ

dp
=
∂σ

∂q̄

∂q̄

∂p
+
∂σ

∂p
. (6.9)

This equation is equivalent to (6.8), where the first term represents the variation
induced by p on the base flow, and the second one the explicit dependence of the
eigenvalue σ with p. Obviously, for a small number of parameters, it is possible
and cheaper to apply the chain rule expression, Equation (6.9), to compute the
sensitivity. However, for a large number of parameters (e.g. mesh nodes on a surface
geometry), it can be easily checked that Equation (6.8) becomes more efficient as
the number of parameters increases.

Figure 6.1: Compact second-order stencil used on the calculation of the Jacobian
and the residuals. The dark grey cell indicates the wall cell that is deformed, grey
cells correspond to the immediate neighbours, and light grey cells are the immediate
next-neighbours.

In particular, we are interested in the effect that a displacement of a set of
surface mesh nodes would have on a particular eigenvalue. To do that, we propose
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to substitute δp by the vector δX, which contains the perturbation produced by the
infinitesimal displacement of a set of surface mesh nodes. Vector δX has a leading
dimension NX = Nv ×N , but its only non-zero elements are those related with the
displaced mesh nodes and those affected by the second order stencil of the numerical
method (Fig. 6.1). ∇pσ, now renamed as ∇Xσ, will then be a vector with the same
dimension, NX , containing information relative to the sensitivity of the eigenvalue
to the displacement of a set of mesh nodes. Equation (6.8) is finally reformulated
for simplicity as:

∇Xσ = M−1Bp(q̄, q̂,X)HM q̂+ + M−1Ap(q̄,X)HM q̄+. (6.10)

6.3 Implementation and validation

For the calculation of Ap(q̄,X) and Bp(q̄, q̂,X), relative to the perturbations due
to geometrical changes, δX, a mesh deformation of value ε2 is applied to the surface
nodes of interest in their corresponding surface normal direction. The new residual
vector and Jacobian matrix can be calculated using the new mesh (but keeping the
old flow solution, q̄), such as R(q̄,X + ε2d) and A(q̄,X + ε2d), being d a vector of
dimension Nv ×N with the rows corresponding to the surface nodes set to 1, and 0
in the other entries. The extension of this modification will only generate an effect
on neighbor nodes affected by the second-order stencil of the code (Fig. 6.1). The
value of ε2 should be small enough to not provoke a collapse of the first layer of the
volume mesh, whose cells are characterized by having high aspect ratio. A detailed
sensitivity study to the value of ε2 is presented on Section 6.3.1.

The calculation of the matrix Ap(q̄,X) is then performed as:

Ap(q̄,X) =
R(q̄,X + ε2d)−R(q̄,X)

ε2
, (6.11)

while for the matrix Bp(q̄, q̂,X) is taken:

Bp(q̄, q̂,X) =
(A(q̄,X + ε2d)−A(q̄,X))q̂

ε2
. (6.12)

The resulting vectors, of Equations (6.11) and (6.12), only comprise non-zero
elements in those positions related with the surface mesh nodes of interest and their
stencil. In the cases where only one mesh node is considered for the sensitivity
analysis, Equation (6.10) will give the sensitivity of the examined eigenvalue to
normal displacement of this particular mesh node. Repeating this process for every
single mesh node would give singular information for each surface point, but this
process would be extremely expensive in computational terms. The ideal case is
to obtain all that information in one single evaluation. To this aim, we propose
the following. If more than one mesh node is displaced at a time, and Ap(q̄,X)
and Bp(q̄, q̂,X) are input vectors in Equation (6.10), the final result will be a
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q̄(X),
A(q̄,X),
R(q̄,X)

σ, q̂

σ+, q̂+

Aq̂ = σMq̂

A+q̂+ = σ+Mq̂+

B(q̄, q̂,X) ∇q̄σ, q̄
+

∇q̄σ = B+(q̄, q̂,X)q̂+

A(q̄,X)+q̄+ = −∇q̄σ

R(q̄,X + ε2d),
A(q̄,X + ε2d)

δX

∇Xσ
∇Xσ = M−1Bp(q̄, q̂,X)HMq̂+ + M−1Ap(q̄,X)HMq̄+

Figure 6.2: Mathematical procedure for the calculation of the sensitivity to mesh
nodes displacements.

scalar, obtaining only a “general” sensitivity of the eigenvalue to the displacement
of that set of nodes. In order to preserve the information relative to every single
mesh node, each vector is stored in the diagonal of a square matrix with leading
dimension Nv×N . This mathematical strategy allows to recover a matrix structure
for Ap(q̄,X) and Bp(q̄, q̂,X), and eventually obtain a sensitivity vector ∇Xσ with
information relative to all the displaced mesh nodes, in just one evaluation.

To sum up, the procedure to obtain the sensitivity gradients to geometrical
changes is depicted in Figure 6.2, which can be itemized in the following steps:

1. Calculate the base flow, q̄, using the Navier-Stokes solver;

2. Compute the direct global modes, q̂, based on the discrete linearized Jacobian,
A(q̄,X);

3. Compute the adjoint global modes, q̂+, based on the discrete adjoint operator
of the Jacobian, A+(q̄,X) = M−1A(q̄,X)M;

4. Calculate the sensitivity to base flow modifications, ∇q̄σ = B+(q̄, q̂,X)q̂+;

5. Solve the linear system A(q̄,X)+q̄+ = −∇q̄σ to obtain the sensitivity to
steady forcing, q̄+;

6. Extract the residuals vector of the flow solution, R(q̄,X);

7. Displace the surface mesh nodes in normal direction by a small distance ε2 � 1;

8. Compute the new residuals vector and Jacobian matrix, R(q̄,X + ε2d) and
A(q̄,X + ε2d), followed by the matrix Bp(q̄, q̂,X) and the vector Ap(q̄,X),
using Equations (6.11) and (6.12);

9. Calculate the sensitivity to geometrical changes, ∇Xσ, using Equation 6.10.
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6.3.1 Analytic test case

To check the validity of our expressions, we consider here a simplified analytic test
case with two flow variables, u and v, and one parameter p. Therefore, q = (u, v, p) is
the state vector, and the corresponding flux vector defined by the non-linear system:

R(q, p) =

[
epuv − 1

up2 + v + 1

]
, (6.13)

and the system mass matrix arbitrarily defined as:

M =

[
0.25 0.0
0.0 0.5

]
. (6.14)

System (6.13) has a point of equilibrium (base flow) q̄ = (ū, v̄, p) = (−1/p2, 0, p),
for which R(q̄, p) = 0, upon which the stability analysis is computed. The analytic
Jacobian matrix with respect to that base flow (ū, v̄) can be easily calculated:

A(q̄, p) =
[

dR(q̄,p)
dq

]
q=q̄

=

[
pvepuv puepuv

p2 1

]
q=q̄

=

[
0 −1/p
p2 1

]
. (6.15)

When we consider the generalized eigenvalue problem A(q̄, p)q̂ = σMq̂, the eigen-
values are σ1,2 =

(
1±
√

1− 8p
)
. After some calculations, the direct and adjoint

global modes, q̂+, q̄+ and matrices Bp(q, q̂, p), Ap(q, p) are obtained:

B(q, q̂, p) =

[
epuvp2[q̂1v

2 + q̂2(uv + 1/p)] epuvp2[q̂2u
2 + q̂1(uv + 1/p)]

0 0

]
q=q̄

=

[
p [2 + p(1 +

√
1− 8p)]/2p

0 0

]
, (6.16)

Bp(q, q̂, p) =

[
epuv(vq̂1 + uq̂2)(puv + 1)

2pq̂1

]
q=q̄

=

[
−1/p2

−8
/

(1−
√

1− 8p)

]
, (6.17)

Ap(q, p) =

[
uvepuv

2pu

]
q=q̄

=

[
0
−2/p

]
, (6.18)

where q̂ = (q̂1, q̂2) is the associated eigenvector. Finally, to compute the sensitiv-
ity of the eigenvalue σ1 to changes in p (in this case, it can either be computed
analytically using the chain rule, or the Lagrangian approach), we use:

∇pσAnalytic =
dσ1

dp
=
∂σ1

∂q̄

∂q̄

∂p
+
∂σ1

∂p
= − 4√

1− 8p
. (6.19)

At this point, we select a range for p > 1/8 such that the resulting eigenvalues
are always complex. We evaluate the sensitivity of the numerical methodology
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Figure 6.3: Comparison between the analytic and numerical sensitivity of the eigen-
value to changes in ε2 and the parameter p.

described on this Section to the values chosen for the ε2 parameter. To do so, the
relative error is calculated as

E =

∣∣∣∣∇pσAnalytic −∇pσNumerical
∇pσAnalytic

∣∣∣∣, (6.20)

where ∇pσNumerical has been calculated with the numerical version of matrices
Bp(q, q̂, p), Ap(q, p) using Equations (6.11) and (6.12). Results are shown in Figure
6.3, where it can be observed that optimal accuracy is reached for values of ε2 of
order O(10−7), and that slight variations of ε2 will still keep the error low.

6.4 Numerical experiment. The cylinder wake in-

stability

The first instability of the cylinder wake has been widely investigated using global
stability analysis[12, 21, 46, 77, 97]. For a critical Reynolds number (Re≈47), an
anti-symmetrical global mode becomes unstable, increasing the intensity of the per-
turbations inside the recirculation region of the wake until its symmetry breakes,
developing the wide-known ’Von-Kármán’ vortex street. We revisit this case as a
two-dimensional laminar flow numerical experiment, aiming to evaluate the behav-
ior of the cylinder wake global mode, when the body surface is modified, using the
global mode sensitivity gradients approach proposed.

A rectangular domain was considered for the generation of an H-grid (Fig.
6.4-(a)). A mesh convergence analysis for the baseflow calculation was performed,
showing a mesh independent drag coefficient (up to four digits) when used the
retained mesh, but it is not included here by conciseness. A reference Reynolds
number equal to 60, with a developed unsteady vortex shedding, was considered
for the test. To obtain a symmetrical steady base flow, only the upper half of the
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(a) (b)

Figure 6.4: (a): Unstructured H-Grid used for the simulations, overlapped with
vorticity magnitude contours (Re = 60). Only half of the mesh nodes are shown.
(b): Eigenvalue distribution for the laminar flow over a cylinder, Re = 60.

XZ plane is considered on the numerical simulation to ensure a symmetrical flow
condition.

The linearized Jacobian matrix was extracted from the solution using a discrete
approach and fed into the eigenvalue solver. The spectra of this matrix (Fig. 6.4-
(b)) shows a pair of complex eigenvalues with positive real part. This unstable pair
of eigenvalues is associated to a Hopf bifurcation, characteristic of the Von-Karman
street that can be observed if the flow solution is integrated over time using a
transient solver (Fig. 6.10-(a)).

The sensitivity of the unstable eigenvalue to base flow modifications and steady
forcing (q̄+) are calculated for a Reynolds number of Re = 60 using the derived
expressions[77]:

∇q̄σ = B+(q̄, q̂,X)q̂+, (6.21)

∇qf
σ = q̄+. (6.22)

Finally, as the main contribution of this chapter, the sensitivity to normal
displacement of the surface nodes can be calculated, as stated in Equation (6.10).
We plot the values of the sensitivity against the azimuth coordinate on Figure 6.5,
together with a geometrical representation of the sensitivity gradients over the cylin-
der circular shape. The real part of the gradient is directly related with the real
part of the eigenvalue, meaning that normal displacements of the nodes following
the positive direction of the sensitivity have a destabilizing impact on the eigen-
value. In addition, the information related to the imaginary part of the gradient is
linked to the associated frequency of the eigenvalue (its pulsation, σi = 2πSt), where
normal displacements will have an increment or decrement effect on the pulsation,
depending on the sign of the gradient. As can be observed in the figure, the regions
located close to 90◦ (considering 0◦ as the stagnation point) are the most sensitive
in the amplification rate to surface deformations, where a deformation in the out-
ward normal direction implies a further destabilization of the global mode, together
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with a decrement on the associated frequency. On the contrary, modifications at
the frontal and rear stagnation areas (0◦ and 180◦, respectively) have minor effect
on the eigenvalue.

The value of the gradient at each surface node shows the contribution to the
real/imaginary part of the eigenvalue if that node has a displacement in the normal
direction. The real part of the sensitivity gradients, Figure 6.5-(b), shows mainly
positive values so, from the integration of the area behind the curve of Figure 6.5-
(a), it can be inferred that an increment in the radius of the cylinder will have a
destabilizing effect, as it was expected, since this can be associated to an increment
of the Reynolds number. The imaginary part of the sensitivity, Figure 6.5-(c), shows
however positive and negative values. Modifications following this gradient would
led to a more slender body, either in the direction of the flow, or perpendicular to
it, and with higher or lower associated frequencies, respectively.

In the following sections, we propose an algorithm in which we use these sen-
sitivities to drive a shape optimization process to control the cylinder wake first
instability. Following this procedure, deformations of the surface of the body follow-
ing the normal direction of the surface nodes are applied at each optimization step
according to the normalized sensitivity gradients, with the maximum deformation
controlled by the α parameter, Equation (6.23), proportional to a percentage of the
cylinder original diameter. At each iteration, the computational mesh is deformed
and a new base flow, stability analysis and sensitivity gradients are computed. Due
to the nature of this study, the only geometrical restriction imposed to the mesh
deformation is to keep the symmetry of the body with respect to the XY plane.
The process is limited to a maximum number of 25 iterations, to avoid larger mesh
deformations that would result in the divergence of the flow solver due to the de-
cay on the mesh quality. The purpose of the following sections is therefore not an
optimal optimization of the cylinder shape, but a validation of the eigenvalue sen-
sitivity gradients, showing its potential to control the leading instability by surface
deformations.

6.5 Optimization process

The calculated surface gradients allow to perform a gradient-based optimization,
using the least stable eigenvalue as the cost functional. For the sake of simplic-
ity, a steepest-descent algorithm[6] is used to guide the process, where each new
configuration is defined as:

Xn+1 = Xn + α ·Re(∇Xσ) or Xn+1 = Xn + α · Im(∇Xσ) (6.23)

with the use of the real or imaginary part of the gradient, depending on which part
of the complex eigenvalue is considered as the cost function, and where α is a user-
defined parameter, that allows to damp the gradients and control the optimization
process. To have a better control of the damping parameter α, the gradients were
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Figure 6.5: Sensitivity of the eigenvalue to outward normal displacements of the
surface nodes, as a function of the circular cylinder azimuth (left). Node distribution
of the sensitivity of the amplification rate (center) and the sensitivity of the pulsation
(right) of the eigenvalue.

normalized with their maximum absolute value. The deformation of the mesh was
performed through the deformation module present in the DLR TAU-code, which
uses Radial Basis Function techniques to preserve the integrity of the mesh while
accomplishing the requested surface mesh node displacements.

At each stage of the optimization, the base flow and its corresponding eigen-
values and eigenvectors are recalculated, obtaining the new spectra and to select the
global mode of interest. As a relatively large number of eigenvalues is calculated
during each iteration, it is necessary to “track” the least stable eigenvalue that is
defined as the cost functional for the optimization process. This is done using a
Modal Assurance Criterion (MAC)[102], in which a “seed” is defined at the begin-
ning of the process, and used to evaluate the orthogonality of the newly calculated
eigenmode, q̂i with the reference one, q̂j:

MAC(q̂i, q̂j) =

(
|q̂i · q̂j|
‖q̂i‖ ‖q̂j‖

)2

. (6.24)

In the MAC indicator index approach, a value of 1 is found when the pair of eigen-
modes are linearly dependent (or identical), and is zero for orthogonal eigenmodes
(not similar shapes).

To sum up, starting from a converged base flow and a selected eigenvalue (the
least stable or more stable) as the cost function, the optimization process (depicted
in Figure 6.6) can be summarized as:

1. Calculate the sensitivity to geometrical changes;

2. Deform the surface mesh according to the gradients, as Xn+1 = Xn + α ·
Re(∇Xσ) or Xn+1 = Xn + α · Im(∇Xσ);
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3. Calculate the new base flow and its corresponding eigenvalues and eigenmodes
from the linearized Navier-Stokes solution;

4. Identify and evaluate the new eigenvalue. If the maximum number of iterations
has been reached, stop the process. If not, loop again.

6.6 Control of the growth rate of the instability

Calculate
q̄(X)
and σ

Calculate
∇Xσ

Calculate
new q̄(X)

and σ

Xn+1 = Xn + α∇Xσ

Number of
iterations
reached ?

STOP

no

yes

Figure 6.6: Optimization loop.

The control of the vortex shedding global insta-
bility is typically of major interest. To probe
the capability of the sensitivity gradients de-
veloped in this work, we aim at modifying the
growth rate of the instability associated eigen-
value and with it the onset of the cylinder wake
breakdown, by means of local modifications of
the circular surface.

To stabilize the eigenvalue (making its
real part negative), the deformations at each it-
eration of the optimization process are guided
in the reverse direction of the real part of the
sensitivity gradients. For the particular case of
taking deformations of 1% of the cylinder di-
ameter for each iteration, the pair of complex
eigenvalues become stable after only 5 defor-
mation steps (Fig. 6.7-(a)). The amplification
rate is damped from an initial value of 0.0412
to -0.0182. A consequence of the deformation
is also an increment on the pulsation, as sug-
gested by Figure 6.5-(c). Its final value is 0.933,
compared to an initial pulsation of 0.725. The
final shape, is tested with non-steady simula-
tions, showing a non-oscillating wake behavior
for a Reynolds number value of 60 (Fig. 6.10-(b)). Indeed, the appearance of the
instability has been delayed up to a Reynolds number of Re = 65 (Fig. 6.7-(a)).

However, if the optimization process is guided towards a more unstable eigen-
value (larger positive real part), deformations in the direction of the gradients should
be included. The optimization process can only complete 11 iterations before the
solver is not able to converge to a steady solution (essential requirement for the sta-
bility analysis approach followed here). For this final configuration, the onset of the
instability is pushed down to an early Reynolds number of 36, with an amplification
rate of 0.0685 and an associated pulsation of 0.590 at Re=60.

The final shapes obtained after the optimization are shown in Figure 6.7-(b).
It can be seen that when pursuing a more stable wake, the body is transformed into
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(a) (b) (c)

Figure 6.7: Eigenvalue real and imaginary parts for the reference and optimized
geometries (left and center images), and final shapes of the body after the opti-
mization (right). −∗: reference; − I: minimum amplification rate; −•: maximum
amplification rate.

a more slender body, whereas the destabilization of the wake leads to an increment
on the frontal area of the body.

6.7 Control of the vortex shedding associated fre-

quency

In this section we apply the methodology to control the oscillation frequency. This
implies the control the imaginary part of the eigenvalue, and therefore the associated
frequency of the physical phenomenon, using the imaginary part of the sensitivity
gradients.

After 25 iterations, the imaginary part of the eigenvalue is increased to a value
of 0.946 (Fig. 6.8-(b)). The final shape achieved is similar to a reversed water
droplet, with a smaller frontal area. The rear part of the cylinder is only slightly
modified, but the node-by-node surface deformation followed on this approach led
to a visible decrement on the quality on the mesh in this area.

Interestingly, the algorithm used for this gradient-based optimization did not
work well when seeking a minimum associated frequency. The pulsation stacked
in a local minimum of the design space, and the mesh deformations quickly led to
a divergence of the solver without a further improvement on the increment of the
eigenvalue pulsation. To reduce this interference, we constrained the deformations
of the rear part of the body, keeping some surface nodes without displacement.
With this constraint the optimization could be completed. A local minimum was
reached after 12 iterations, with a final pulsation of 0.682. The related frequency
evolution with the Reynolds number for the optimized configurations, and the final
body shapes, are plotted in Figure 6.8.
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(a) (b) (c)

Figure 6.8: Eigenvalue real and imaginary parts for the reference and optimized ge-
ometries (left and center images), and final shapes of the body after the optimization
(right). −∗: reference; − I: minimum pulsation; −•: maximum pulsation.

6.8 Discussion on the influence of the deforma-

tion control parameter, ε

The consistency of the methodology was tested using different deformation parame-
ters to ensure a convergence of the optimization method. Deformations in each node
of 0.25, 0.5, 1.0, 1.5 and 2.0% of the cylinder diameter are tested when seeking a
more stable eigenvalue. As in Section 6.6, the real part of the geometrical sensitivity
gradient is used to guide the local deformations.

The stopping criterion is based on the rate of change of the real part of the
eigenvalue during the process:

∣∣σ(n)
r − σ(n−1)

r

∣∣ ≤
∣∣∣σ(n−1)
r − σ(n−2)

r

∣∣∣
4

, (6.25)

which allows to have a low rate of change for few iterations, detecting the apparition
of a local minimum. If the rate of change of the eigenvalue changed sign (pushing
the eigenvalue to a less stable value), the optimization process would also stop.

Results of the convergence study are shown in Figure 6.9, where it can be
seen that the final amplification rate is similar for all the cases. In every case, the
eigenvalue crosses the imaginary axis after a maximum deformation in any node of
less than 5% of the original cylinder diameter. In the same figure, we also plot the
final shape after the optimization process for each deformation α. All the shapes
fall within a confidence interval defined as three times the standard deviation of the
results (3stdev) of the final shape.

6.9 Analysis and discussion

The final geometries reached during the optimization process are plotted on Figures
6.7-(c) and 6.8-(c). Besides, Table 6.1 shows the different values of the eigenvalue
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(a) (b)

Figure 6.9: Convergence study for difference deformation ratios. (a) Behavior of
the real part of the eigenvalue with respect to the number of iterations depending
on the deformation ratio, and (b) final shape after the optimization process. 3stdev
denotes three standard deviations.

(a) (b) (c)

Figure 6.10: Non-steady solutions for a Re = 60 laminar flow configuration. Lift
coefficient monitors for (a) reference cylinder, (b) optimized shape for minimum
amplification rate and (c) optimized shape for minimum frequency.

related with the cylinder wake global mode at Re = 60 for the different configu-
rations. This outlines the relation of the amplification rate and the pulsation with
the geometrical shape for the wake instability. For illustration, a comparison of the
flow solutions at Re = 60 has also been included in Figures 6.11 and 6.12, where
streamwise velocity contours of a symmetric flow solution are shown.

It was observed that the optimization process when seeking minimum amplifi-
cation rate or maximum associated frequencies reduces the frontal area of the cylin-
der, decreasing the radius of curvature of the frontal part of the body and creating
more slender shape. On the contrary, reduced frequencies and larger amplification
rates are associated with large frontal areas.

In Figure 6.7-(a), the new critical Reynolds values for the two deformed config-
urations obtained in the search for a minimum/maximum amplification rate can be
quantified and compared with the reference eigenvalue curve. The critical values for
the modified geometries are Re = 65 and Re = 36, respectively. This is a delay/an-
ticipation on the apparition of the vortex instability of approximately 41%/22% on
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Table 6.1: Summary of amplification rate and pulsation values for Re = 60.
Methodology Gradient used σr σi St
Reference 0.041 0.725 0.115
Min. Amp. rate −Re(∇Xσ) -0.018 0.933 0.148
Max. Amp. rate Re(∇Xσ) 0.069 0.590 0.094
Min. Frequency −Im(∇Xσ)modified 0.051 0.682 0.109

Max. Frequency Im(∇Xσ) -0.036 0.946 0.150

Figure 6.11: Streamwise velocity contours for a symmetrical steady flow. Final
optimized surface shapes for a minimum(center)/maximum(right) eigenvalue ampli-
fication rate, at Re = 60. Contours for the reference geometry are plotted on the
left picture.

Figure 6.12: Streamwise velocity contours for a symmetrical steady flow. Final opti-
mized surface shapes for a minimum(center)/maximum(right) eigenvalue pulsation,
at Re = 60. Contours for the reference geometry are plotted on the left picture.

the Reynolds number. From Figure 6.8-(a), similar data can be extracted for the
associated Strouhal number of the instability when seeking minimum/maximum
eigenvalue associated frequency, which has been calculated from the imaginary part
of the eigenvalue (St = σi/2π). For a Reynolds number of 70, unstable regime for
the three cases, an decrement/increment of 6%/33% was registered. This difference
in frequency can be related to the constrained deformations.

6.10 Conclusions

Global stability analysis recovers the eigenvalues and eigenmodes that can drive the
behavior of the hydrodynamic system. Using a Lagrangian methodology, and a dis-
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crete formulation approach, a sensitivity gradient to geometrical changes has been
developed, and used to drive a shape optimization process. This eigenvalue-based
gradient can be used with the goal of controlling global instabilities. This novel and
simple approximation results in accurate gradients that predict the behavior of the
eigenvalue related with a global eigenmode. Moreover, the proposed methodology
allows to obtain the gradient of each surface mesh node in just one single computa-
tion step, providing valuable and singular information with minimal computational
cost. At each surface point, the obtained gradients contain information about the
growth rate and the frequency parameters of the global instability. The modification
of the geometry according to these gradients enables the control of such instabilities,
either promoting or damping them, or altering its related frequency. The discrete
nature of the gradient, with information relative to each node, allows to perform
local deformations on the surface mesh. The combination of local deformations
with Radial Basis Functions mesh deformation techniques drives the aerodynamic
optimization of a geometry with the eigenvalue of the dominant global mode (Hopf
bifurcation) as the cost function.

The proposed methodology has been tested with the well-known global insta-
bility of the cylinder wake. Despite the simplicity of the optimizing algorithm used
in this work, an excellent behavior on the suppression of the oscillating behavior of
the wake has been shown, delaying the onset of the instability up to a 41% of the ini-
tial critical value for the Reynolds number for a fixed number of optimization steps.
In a similar way, the cylinder shape has been altered to promote the apparition of
vortex shedding, anticipating the onset by 22%. In addition, frequency control for
the instability was also tested, for situations where the flow oscillation does not need
to be suppressed, but controlled. The methodology proposed here looks forward to
establish the basis of an eigenvalue-based surface optimization at an affordable cost.
Furthermore, the use of a compressible code for the analysis shows the potential of
the algorithm to be used in more complex and realistic scenarios.
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Chapter 7
Final Discussion and Work Perspectives

Discussion

The objective of this thesis was the application of linear stability analysis by means
of direct and adjoint methods to turbulent complex scenarios with highly detached
flows, improving and extending the capabilities of an associated sensitivity analysis.

Flow solutions were obtained using a Finite Volume approximation through
an industrial CFD solver, the DLR-TAU Code. Only minor modifications had to
be done to the flow solver, mainly related with input-output formats. On the cur-
rent trend of using High-Order methodologies (based on Discontinuous-Galerkin
approaches, for example), using a Finite Volume solver may seem behind the state
of the art. However, on the analysis of high-speed and compressible flows, and
related to complex geometries, having a robust pipeline for the mesh generation,
preprocessing and solving steps is an asset. Moreover, the extraction of the Jaco-
bian matrix of the calculated flow solution is not trivial in those cases, leaving the
choices of using a finite-difference approach (with the associated numerical cost and
truncation error) or a continuous framework (with the difficulties on the incorpora-
tion of turbulence and compressibility models) as the only affordable ones. Using a
Finite-Volume flow solver, that is widely validated on the calculation of aerospace
configurations and incorporates a large variety of turbulence models, is therefore
justified. In addition, the availability of an analytic version of the Jacobian matrix
(including turbulence models) eliminates the barriers mentioned above, as a discrete
framework can be employed to evaluate the stability of the dynamic system.

The calculation of steady/time averaged solutions was coupled with the solving
of the associated eigenvalue problem of the discrete Navier-Stokes linear operator. A
complete description and validation of the methodolody can be found in Chapters
2 to 4. The use of a explicit storage for the large Jacobian matrices of the flow
solutions was justified by the advantages on extracting the adjoint eigenvalues and
eigenvectors, and the cross-platform possibilities that permitted the reproducibility
of the stability analysis results using different eigenvalue problem solvers. The size
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of the eigenvalue problem, hence the total memory requirements, were reduced by
subspace projection into a smaller computational domain. This reduction could be
evaluated for convergence, but it has been proved that the minimum size is the one
that totally contains the core of the instability, namely the structural sensitivity
region. An in-house stability solver was developed for a better control of the core of
the Krylov iterative process on the solving of the eigenvalue problem, together with a
tailored input-output system, as described in Section 3.2. This particular choice was
made to have a better insight of the iterative process itself, but the methodology
could be easily reproduced with black-box software packages, nowadays available
and of common use.

The three validation cases presented in this thesis were chosen to cover the
different scenarios normally encountered on stability analysis of complex flows: the
sudden geometry expansion of a channel flow and the cylinder wake first instability,
examples of a Pitchfork and Hopf bifurcations, where the first is defined by the
stationary symmetry breaking of the flow configuration, and the last is characterised
by the apparition of unsteady flow oscillations with a limit cycle; and the analysis
of steady (base) or time-averaged (mean) flows through the study of the turbulent
wake behind a D-shaped cylinder. A stability analysis of the linearised mean flow is
a resourceful tool on the analysis of non-steady flows, but restricted to those cases
where the limit cycle of the associated instability is close to the frequency of the
mean flow.

One of the main contributions of this thesis is the analysis of turbine blade
configurations on which base bleed is present, that is covered in Chapter 5. The
cooling of the trailing edge of the blade can be done by the ejection of cooler flow
through an internal passage, that keeps the thin parts of the blade under the melt-
ing point. The ejection of cooling flow at the base region has a great impact in the
downstream flow topology, that strongly depends on the intensity of the base bleed
and its interaction with the present flow structures. In this work a global mode
responsible of a stationary change of direction of the base bleed jet was identified
and characterized for a wide range of blowing intensities. The flow configuration was
supersonic, hence compressibility effects drived the downstream changes generated
by the change in direction of the base bleed jet. This symmetry breaking appears at
low jet intensities, with a quick change in the flow topology as the mass flow of the
base bleed increases, to finally disappear when the strength of the jet enforces the
flow symmetry again. The results were correlated with RANS solutions, that where
previously validated with available data on the literature. The unstable eigenvalue
was tracked to detect the bifurcation at low and high jet intensities. Despite the
two-dimensionality of the problem, the presence of strong compression and expan-
sion waves and a large separated region require a very fine spatial discretisation,
that, together with the use of a two-equation turbulence model, generate a large
linear operator. In this scenario, the use of domain reduction techniques on the
stability analysis was an asset. The initial computational domain was big enough to
contain the developing upstream boundary layers and the downstream complex flow
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topology, but the actual size of the domain required to obtain the leading global
mode of the instability was much smaller. A proper evaluation of the domain size
permitted the solving of the eigenvalue problem in a modest workstation, avoiding
the memory issues encountered when analysing the whole computational domain.
The results of the analysis showed that the instability was related with the sudden
expansion of the cooling slot geometry, reproducing the effects of a confined channel
expansion. The characteristics of the flow, namely the strong shear layers and the
topology of the recirculation area at the base region, gave the instability a unique
and characteristic behaviour, related with its destabilization and re-stabilization. A
sensitivity analysis of the global mode provided information that was in line with
the bifurcation analyses, also confirming that the core of the instability was located
inside the base region. The strong trailing edge shear layers and the cooling jet
mixing layers appeared as the most sensitive areas, with the sensitivity gradients to
base flow modifications having its greatest values in the base region area. However,
the analysis of the sensitivity of the eigenvalue to the application of a steady force
suggested that local changes inside the injection chamber may have an effect down-
stream, and hence possible flow control techniques can arise from local actuation
and cooling jet flow modulation.

The analysis was later expanded to different sonic regimes, to cover subsonic,
transonic and higher supersonic configurations. To do so, an experimental config-
uration to be tested in a state-of-the-art wind tunnel was designed, with the aim
of validating the numerical data and identifying the global instability with experi-
mental data. A turbine blade was modelled as a no-camber slender body with an
ejection slot at the trailing edge, with a leading edge designed to avoid interferences
at the three sonic regimes. The model and the wind tunnel walls were reproduced
in a numerical simulation, and evaluated for a set of different base bleed intensi-
ties. Furthermore, to analyse the influence of the geometry on the apparition of
the instability, two different trailing edge shapes were considered. The results of
the study served to identify the presence of the instability in the six analysed con-
figurations, which was more prone to appear in trailing edges with rounded edges.
These differences between the results for the two geometries were explained by the
different formation of a Coanda effect, depending on the shape of the trailing edge.
For blunt configurations, the change in direction of the flow was generated by the
difference in pressure between upper and lower sides of the turbine blade, but with-
out any further attachment of the flow to a downstream wall. This was called a
“mild” Coanda effect. On the contrary, a rounded exit of the cooling slot propi-
tiated the re-attachment of the jet flow downstream, generating the characteristic
flow distribution of the Coanda. In addition, “full” Coanda deflections were related
with a smoother behaviour of the base region flow, with less abrupt changes and
more predictable flow topologies. The sensitivity analysis of these configuration
served to identify regions where flow control could be more effective on the control
of the instability, exciting or damping it, or even controlling its direction. For the
rounded case, the position of the areas of maximum receptivity to steady forcing
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was placed near the wall, suggesting that the placement of local flow control devices
(suction/blowing or synthetic jets) could exploit the changes in direction of the flow.
However, the thickness of the turbine blades put these options far from a possible
experimental validation, and even further from its industrial application. But this
information can regardless be very valuable on the prediction and prevention of
these effects.

The last part of the thesis was dedicated to the development of eigenvalue
sensitivity algorithms to predict the effects of changes in the shape of the body of
analysis on the global mode of interest. A theoretical revision of the eigenvalue
sensitivity was carried out, which results are also evaluated in Chapter 6. A further
development was taken to evaluate the influence of a change in a flow parameter
in the eigenvalue of interest. These methodology was later applied to changes in
the surface mesh, considering the position of each surface node as an independent
parameter of the flow system. An innovative approach was proposed to reduce the
calculation of the sensitivity to one single evaluation, despite the number of nodes
considered on the analysis, only requiring the calculation of an additional Jacobian
matrix and the previous evaluation of the eigenvalue sensitivity to steady forcing.
The results of the analysis provide individual information for each surface mesh
node, highlighting the effect that a movement of a particular node would have on the
eigenvalue. These gradients were evaluated for the cylinder first instability, where
the predicted direction for the deformations agreed with what would be physically
expected, but also with results of similar studies where the cylinder shape was
optimized using different techniques. To prove so, a relatively simple gradient-based
optimization process was carried out to evaluate the application of the methodology
on an optimization loop, with excellent results. It was possible not only to anticipate
or delay the apparition of the first instability of the cylinder wake, but also to control
the associated frequency of the vortex shedding. The results, however, highlighted
the considerations to be taken in further optimizations, as just simply following the
directions of the obtained gradients could generate non-feasible geometries, or reduce
the quality of the spatial discretisation up to a point where it was not reusable.
Additional work is needed on this regard, if the gradients are to be used in more
complex scenarios.

Future perspectives

All the work completed in this Thesis was constrained by the two-dimensionality of
the analysis. The first move towards the tackle of more complex scenarios would be
the development of a pure BiGlobal approach on the discrete framework, in which the
sensitivity analysis and the global analysis of turbulent flows could be implemented.

The analysis on the base bleed trailing edge is currently undergoing its exper-
imental part, where the flow topology is being characterised and compared with the
numerical results. This will serve to evaluate the accuracy of the RANS simulations,
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and eventually correlate the apparition of the global instability with the presented
results.

The eigenvalue sensitivity to surface shape modifications is applied in this
Thesis through a simple optimization algorithm, that works efficiently in the rounded
and smooth surface of a cylindrical body. For its application on abrupt geometries
(with concave shapes and straight corners), both the gradients distribution and the
optimization algorithm would require additional work. The use of a H1 norm for
the gradients calculation, instead of the used L2 norm, would take into account the
geometrical distribution of the surface nodes, smoothing and adapting the gradients
accordingly. In a parallel way, the steepest-descent algorithm could be replaced by
a more complex and refined gradient-based optimization process, including mesh
adaptation or generation to overcome possible mesh deformation issues.

In addition, two main contributions on this thesis, the global stability analysis
of a base bleed configuration and the calculation of the sensitivity of the eigen-
value to geometrical changes, have not been combined yet. A detailed surface-shape
optimization on a thin trailing edge looks, however, not feasible from a product pro-
duction point of view. But the evaluation of those regions that are most sensitive to
geometrical modifications can indeed serve on the final production line. Moreover,
the use of PIV techniques will allow to collect valuable data that could be post-
processed later by means of DMD analysis, with the aim of generating low-order
methods to predict flow behaviour on base bleed configurations. The information
from the stability and sensitivity analyses can extend the capabilities of the models,
generating a promising tool on the prediction of secondary flows in turbine design.
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