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A B S T R A C T

The Space Surveillance Network detects and registers Earth-orbiting man-made
objects of a size larger than 10 cm, currently accounting for over 24, 000 objects,
including nearly 2, 000 active satellites and 3, 000 non-operational satellites, with
these numbers going up as new sensing capabilities become available in the com-
ing years. The knowledge of their orbits is of paramount importance for two basic
types of problems, namely the propagation and the determination of their orbits. In
orbit propagation, the dynamical state of the satellite is known a priori at a given
instant, and the aim is to compute the dynamical state at later instants. On the
contrary, orbit determination is about estimating the dynamical state of the satel-
lite at a given instant, making use of observation data from one or more tracking
stations. Propagation and orbit determination are thus inverse processes and com-
plementary to each other, since the determination process requires the propagation
of the orbit, and vice versa. The application of these techniques naturally arises as a
fundamental element in the field of space situational awareness, where automated
computer systems routinely perform the precise orbit determination of both opera-
tional and inactive artificial satellites. Also, operational satellites require the precise
knowledge of their orbits to predict the moment they fly over tracking stations, as
well as to safely operate active satellites and plan collision avoidance maneuvers.
Consequently, these automated systems not only need to be robust and reliable, but
due the large amounts of data that need to be processed daily, they also need to be
computationally efficient.

The aim of this thesis is to develop robust and efficient numerical methods to be
applied in both orbit determination and orbit propagation problems.

The primary input for orbit determination are observations. For the determina-
tion of a Keplerian orbit six independent observations are required, although often
many more are available. Thus, preliminary orbit determination is devoted to the es-
timation of a Keplerian orbit using only six observations. Observational data can be
of a varied nature (angles only, range and range-rate, ...), leading to a wealth of well-
known classical techniques, e.g. Gibbs, Herrick-Gibbs, Laplace and Gauss methods.
Solving Kepler’s equation is a commonplace to all of them. As a consequence, fast,
accurate, robust and reliable methods for solving Kepler’s equation are of a vital
importance in preliminary orbit determination. This dissertation proposes one such
algorithm that, based on an improved initial guess, succeeds to solve the elliptic
and hyperbolic Kepler’s equation more efficiently.

Another recurring element in many preliminary orbit determination methods is
solving the two-body Lambert’s problem. This dissertation revisits this problem
from a new viewpoint, providing an innovative, insightful approach that enables a
robust and efficient solution to the problem.

Real satellite orbits, however, are not Keplerian due to the many perturbing forces
acting upon them, and thus six observations are not enough to realistically capture
the dynamical state of the satellite. If more observations are available, a better es-
timate is possible; this is the focus of statistical orbit determination, that aims to
determine the initial state of a satellite from multiple observations and under a re-
alistic, non-Keplerian dynamical model. The corresponding techniques are usually
based on a linearization around the outcomes of preliminary orbit determination,
leading to a succession of values converging to the sought solution, so that the prop-
agation with the complete dynamical model yields an orbital solution that provides
the best possible fit to the actual observations. Consequently, these methods rely
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on robust, accurate and efficient orbit propagation methods, so the choice of an
appropriate propagation technique is fundamental. In this regard, classical meth-
ods (e.g. Cowell’s method) are commonly used; these methods, although effective
and simple to implement, have the drawback of an exponential error growth and
singular equations of motion. Conversely, regularized orbital formulations, such as
DROMO, Kustaanheimo-Stiefel, or Sperling-Bürdet, allow to reformulate the equa-
tions of motion so that the orbital dynamics is described by a system of non-singular
equations, which facilitates the numerical integration and reduces the negative ef-
fects of the Lyapunov instability associated to Keplerian motion, thus providing
far more accurate and efficient propagation routines. With this vision in mind, the
second part of this dissertation is devoted to orbit propagation with regularized
formulations, and makes new contributions to this field by developing a new refor-
mulation of DROMO, which is specifically tailored for highly-perturbed dynamical
environments.

This dissertation is organized as follows:

• The first part covers the research contributions to orbit determination. Chap-
ter 1 introduces the basics on orbit determination and describes the classical
methods; Chapters 2 and 3 present novel methods for solving the elliptic and
hyperbolic Kepler’s equation, respectively; Chapter 4 presents a new formula-
tion, valid for any type of orbit, to solve the two-body Lambert’s problem.

• The second part of the dissertation focuses on orbit propagation with reg-
ularized formulations. Chapter 5 introduces the basics on regularized spe-
cial perturbation methods; Chapters 6 and 7 describe in detail the DROMO
and ElliDROMO regularized formulations, respectively; Chapter 8 extends the
two formulations to enhance their performance in strongly perturbed environ-
ments, leading to new methods referred to as DROMO-SPE and ElliDROMO-
SPE; these propagators are tested in different scenarios and their performance
is shown; Chapter 9 explores the application of DROMO and DROMO-SPE
to the propagation of meteor trajectories and presents a sensitivity analysis
of the parameters considered in the physical modeling. Finally, Chapter 10
summarizes the main conclusion of the thesis and traces potential avenues for
future work.
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1P R E L I M I N A RY A N D S TAT I S T I C A L O R B I T D E T E R M I N AT I O N

The preliminary orbit determination is used for the direct computation of six el-
ements from six observations with no a priori knowledge of the spacecraft orbit.
Preliminary orbit determination is of great importance for solar system bodies like
comets and minor planets immediately following their detection. However, its signif-
icance for satellite orbits is limited by regular tracking campaigns for most satellites
and orbital-element databases of reasonable accuracy. Nevertheless, a preliminary
orbit determination is still required in the case of launcher injection errors or for the
identification of an uncatalogued spacecraft (Montenbruck and Gill [56]).

We begin by considering the solution of the problem in a simple case, that is,
when the observations provided by a single tracking station on the Earth’s surface
are available. To be more precise, the tracking station has a radar that is equipped
with a device capable for measuring, in addition to the distance ρ to the object, its
radial velocity ρ̇ by means of the frequency offset associated with the Doppler effect.
Besides, the antennas by which the object is followed, which we will callM, provide
the angles (Â, â), azimuth and elevation, associated with the horizontal coordinates
attached to the tracking station, as well as their temporal derivatives ( ˙̂A, ˙̂a).

1.1 determination from complete data

We start from two reference systems (Urban and Kenneth Seidelmann [90]):

• The inertial system Ex1y1z1 (Fig. 1.1), which matches with the so called Earth-
Centered Inertial (ECI). Its origin (E) is the center of mass of the Earth, and
the plane Ex1y1 is the equatorial plane with the axis Ex1 pointing to the
vernal equinox Υ. Although it is not an inertial reference, since its center is
accelerated following an elliptical trajectory around the Sun, in short periods
of time it can be assumed that it follows a straight line with constant velocity
and, therefore, that it is inertial.

• The horizontal system Oxyz (Fig. 1.1). Its origin (O) represents the position of
the tracking station on the Earth’s surface, with Ox pointing to the East and
Oy to the North.

This way, the Earth is assumed to rotate with angular velocity ~ω0 around the
axis Ez1, that is, precession, nutation and pole movement are neglected. Likewise,
the geographic coordinates (λ, ϕ) of the tracking station are assumed to be known,
which provides observations that allow to determine the values of the position on
the Earth’s surface ~ρ and its derivative ~̇ρ in a given instant t. However, the goal is to
obtain the components of the state vector (~r, ~v) of the satellite in that instant. Thus,
the observations allow to determine the dynamical state detected from the tracking
station Oxyz, but it is desired to determine the dynamical state of the object in
its motion with respect to the inertial reference Ex1y1z1. If (x, y, z) are the local
coordinates of M, that is, the coordinates of the vector ~ρ on the axes Oxyz, their
relation with the elevation and azimuth turns out to be:

x = ρcos(â)sin(Â) (1.1a)

y = ρcos(â)cos(Â) (1.1b)

z = ρsin(â). (1.1c)

3
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Figure 1.1: Reference systems.

Depending on the considered shape model of the Earth, the estimation of the
dynamical state of the satellite may present variations.

1.1.1 Spherical Earth

If the Earth is considered as a sphere with radius RE, the relation between the two
references is [~i,~j, ~k] = [~i1,~j1, ~k1]Q, where the orthogonal matrix Q is given by:

Q =

 − sin(θ) − sin(ϕ) cos(θ) cos(ϕ) cos(θ)

cos(θ) − sin(ϕ) sin(θ) cos(ϕ) sin(θ)

0 cos(ϕ) sin(ϕ)

 , (1.2)

where the angle ϕ coincides with the geocentric latitude of the station O. However,
the angle θ is the local sidereal time, i.e., θ(t) = θG(t) + λ, being t the instant when
the station provides the observables of the satellite (in UT1), λ the geographic lon-
gitude of the station O and θG the sidereal time of Greenwich that can be obtained
from the formula of Newcomb (Vallado [91]) and the angular velocity of the Earth
ω0 = 7.2921158553 ∗ 10−5 rad/s:

θG(t) = θG(t0) +ω0(t− t0) (1.3)

θG(t0) = 100.4606184◦ + 36000.77005361TUT1 + 0.00038793T2UT1 − 2.6
.10−8T3UT1,

(1.4)
where TUT1 is the number of Julian centuries elapsed since the Julian date 2451545.0
JD (12h 0’ 0” UT1 January 1, 2000) until the instant t0 (referred to 0h 0’ 0” UT1, for
the same date as t):

TUT1 =
JD− 2451545

36525
, (1.5)

such that JD is the Julian date referred to t0.
Although in a strict sense the formula of Newcomb provides the Greenwich mean

sidereal time of Greenwich, since we are neglecting the precession, we can use it
without major problem. Thus, we shall define the position vectors ~r and ~ρ as:

~r = x1~i1 + y1~j1 + z1~k1 (1.6)

~ρ = x~i+ y~j+ z~k, (1.7)
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where ~r is geocentric and ~ρ is measured from the station. They are linked by the
equation: ~r = RE~k + ~ρ. Therefore, the relation between the two sets of coordinates of
the body M will be:  x1

y1

z1

 = Q

 x

y

RE + z

 . (1.8)

The inertial velocity ~v of the body is the sum of the relative to Oxyz plus the drag
velocity of this reference: ~v = ~̇ρ+ ~ω0 ×~r, where:

~v = ẋ1~i1 + ẏ1~j1 + ż1~k1 (1.9)

~̇ρ = ẋ~i+ ẏ~j+ ż~k. (1.10)

Since the Oxyz axes, attached to the Earth, rotate with respect to the inertial
reference, and ~ω0 = ω0~k1, we have ~ω0 ×~r = ω0(−y1~i1 + x1~j1). This allows to
express the inertial velocity as: ẋ1

ẏ1

ż1

 = Q

 ẋ

ẏ

ż

+ω0

 0 −1 0

1 0 0

0 0 0


 x1

y1

z1

 , (1.11)

where the values of (ẋ, ẏ, ż) are obtained by differentiating Eqs. (1.1a), (1.1b) and
(1.1c) with respect to time.

In summary, the longitude λ and the latitude φ of the tracking station, and the
Earth radius RE are assumed to be known. The determination of the orbit is carried
out by the following procedure:

1. At a known instant of time t the tracking station provides the values of t, ρ, ρ̇,
â, ˙̂a, Â, and ˙̂A.

2. From t and λ the angle θ is determined.

3. With θ and ϕ known, the matrix Q is obtained.

4. From ρ, â and Â the values of (x, y, z) are calculated by Eqs. (1.1a), (1.1b) and
(1.1c).

5. From ρ, ρ̇, â, ˙̂a, Â and ˙̂A the values of (ẋ, ẏ, ż) are estimated by their expres-
sions derived from Eqs. (1.1a), (1.1b) and (1.1c).

6. Finally, the matrix equations (1.8) and (1.11), allow to determine the dynamical
state of the system in the inertial reference.

1.1.2 Ellipsoidal Earth

A more realistic model considers the Earth as an ellipsoid of revolution around the
line of poles. This is defined by the equatorial radius (a) and the eccentricity (e) of
the meridian ellipse or the flattening (f). In this case we assume that the tracking
station is located at a point O of the Earth whose geodetic coordinates (λ, φg, h) are
known. These coordinates assume that a specific reference ellipsoid is being used
(WGS841, GRS802, ED503 etc).

1 https://earth-info.nga.mil/GandG/publications/tr8350.2/tr8350_2.html
2 http://geoweb.mit.edu/∼tah/12.221_2005/grs80_corr.pdf
3 https://georepository.com/datum_6230/European-Datum-1950.html
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The coordinates (xs1, ys1, zs1) of the tracking station in the reference Ex1y1z1 (Fig.
1.2) are given by:

xs1 =

(
ln

1− e2
+ h

)
cos(φg) cos(θ) (1.12a)

ys1 =

(
ln

1− e2
+ h

)
cos(φg) sin(θ) (1.12b)

zs1 = (ln + h) sin(φg), (1.12c)

where ln, distance between the point O and the axis Ex1 measured over the normal
in O to the ellipsoid, is known and is given by:

ln =
a(1− e2)√

1− e2 sin2(φg)
. (1.13)

If the Earth is considered as an ellipsoid of revolution, the relation between the
two references turns out to be [~i, ~j, ~k] = [~i1, ~j1, ~k1]Q, where the orthogonal matrix
Q is now given by:

Q =

 − sin(θ) − sin(φg) cos(θ) cos(φg) cos(θ)

cos(θ) − sin(φg) sin(θ) cos(φg) sin(θ)

0 cos(φg) sin(φg)

 . (1.14)

The change of coordinates between the two references is governed by the relation:
~r = ~EO+ ~ρ, which in matrix form takes the following expression: x1

y1

z1

 =

 xs1

ys1

zs1

+Q

 x

y

z

 . (1.15)

The inertial velocity ~v of the body is the sum of the velocity relative to Oxyz plus
the drag velocity of this reference: ~v = ~̇ρ+ω0 ×~r.

The analysis is identical to the one developed in the previous section, because the
Oxyz axes, linked to the Earth, rotate with respect to the inertial reference. Therefore,
taking into account that ~ω0 = ω0 ~k1, we get: ~ω0 ×~r = ω0(−y1~i1 + x1~j1). This
relation leads to the matrix equation (1.11) but now the matrix Q is the given by
Eq. (1.14). The values of (ẋ, ẏ, ż) are given by the same relations as in the previous
section.

In summary, the longitude λ and the geodetic latitude φg of the tracking station
are assumed to be known, as well as the semi-major axis and eccentricity of the
reference ellipsoid of the Earth. The determination of the orbit is carried out with
the following procedure:

1. In a given and known instant of time t, the tracking station provides the values
of t, ρ, ρ̇, â, ˙̂a, Â y ˙̂A.

2. From the geodetic coordinates of the station, the values of (xs1, ys1, zs1) are
determined by the relations (1.12a), (1.12b) and (1.12c).

3. From t and λ the angle θ is determined.

4. With θ and φg known, the matrix Q is determined from Eq. (1.14).

5. Starting from ρ, â and Â the values of (x, y, z) are determined by the Eqs.
(1.1a), (1.1b) and (1.1c).
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Figure 1.2: Reference systems for an ellipsoidal Earth.

6. With ρ, ρ̇, â, ˙̂a, Â and ˙̂A the values of (ẋ, ẏ, ż) are determined by its expressions
derived from Eqs. (1.1a), (1.1b) and (1.1c).

7. The matrix equation (1.15) allows to determine the inertial coordinates of the
position vector ~r.

8. Finally, the matrix equation (1.11) provides the inertial coordinates of the ve-
locity vector ~v.

1.2 gibbs method

Frequently, tracking stations do not have devices that can measure the radial velocity
ρ̇ by using the Doppler effect. In this case, only position measurements are available
but not speed measurements. In this section the following problem is addressed:
given three observations that allow to obtain the position vectors ~r1, ~r2 and ~r3, in the
inertial reference Ex1y1z1, identify the orbit they determine. For this it is assumed
that the three vectors are coplanar and independent, that is, the points they define
are not aligned with each other, nor any two of them are aligned with E. These three
vectors constitute the starting data of the process that is illustrated in this section. To
determine the orbit, the semilatus rectum (p), the eccentricity (e) and the unit vectors
~u1, ~u2 and ~u3 of the perifocal trihedral will be found. The eccentricity vector ~e,

which defines the unit vector ~u1, is unknown. From its definition:

~e = −
~r

r
−
1

µ
(~h×~v), (1.16)

in which the velocity vector ~v appears, which is not included in the observations,
we can obtain the expression ~e ·~r = p− r, with p=h

2

µ to be used throughout the
development.

The starting data allows to determine two orbits that are different only in the
direction of the angular momentum vector ~h = ~r×~v. Therefore, additional data is
needed to determine the direction of motion. The eccentricity vector ~e is constant
upon changes in direction.
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1.2.1 Calculation of the semilatus rectum p

The position vectors ~r1, ~r2, ~r3 are coplanar, and consequently they can be written
as:

~r1 ×~r2 = α~u3 ⇒ α = (~r1 ×~r2)~u3 (1.17)

~r1 ×~r3 = β~u3 ⇒ β = (~r1 ×~r3)~u3 (1.18)

~r2 ×~r3 = γ~u3 ⇒ γ = (~r2 ×~r3)~u3, (1.19)

where the scalars (α, β, γ) are known as they can be calculated in terms of known
data. The unit vector ~u3 is chosen arbitrarily as:

~u3 =
~r1 ×~r2
‖~r1 ×~r2‖

, (1.20)

so that it will always be α = ‖~r1 ×~r2‖ > 0. It is assumed that the direction of motion
is such that the angular momentum vector has the same direction as the unit vector
~u3. From the independence of the three vectors it is deduced that there are non-zero
scalars (λ1, λ2, λ3) which verify:

λ1~r1 + λ2~r2 + λ2~r2 = ~0. (1.21)

Taking the dot product with the vector ~e, and making use of the expression ~e ·~r =
p− r brings:

p(λ1 + λ2 + λ3) = λ1r1 + λ2r2 + λ3r3. (1.22)

If the cross product of Eq. (1.21) is taken with each of the position vectors ~r1, ~r2,
~r3, successively, three relations are obtained, which can be expressed in terms of λ,
β, γ by Eqs. (1.17), (1.18) and (1.19), as:

λ2α+ λ3β = 0 (1.23a)

λ1α− λ3γ = 0 (1.23b)

λ1β+ λ2γ = 0. (1.23c)

These equations constitute an indeterminate homogeneous system of order one,
whose solution turns out to be: λ1 = γΛ, λ2 = −βΛ, λ3 = αΛ, where Λ 6= 0 is
not determined. If this solution is introduced in Eq. (1.22), and after dividing by Λ
(Λ 6= 0), the value of the semilatus rectum p is obtained:

p =
r1γ− r2β+ r3α

α−β+ γ
,

in terms of known data, where ri = ‖~ri‖ for i=1, 2, 3.

1.2.2 Calculation of the eccentricity e

To determine the eccentricity e it is observed that, if ~n is any vector parallel to ~u3
(i.e., perpendicular to the orbital plane) the cross product ~n×~e has the direction of
the unit vector ~u2; therefore:

~u2 = ± ~n×~e

‖~n×~e‖ . (1.24)

The sign (+) is taken if ~n has the same direction as the angular momentum ~h.
Otherwise, the minus sign (-) is taken. If it is chosen as vector ~n in the form ~n =

(~r1x~r2−~r1×~r3+~r2×~r3 = (α−β+γ)~u3, the sign (+) is taken when (α−β+γ) > 0.
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The calculation of the product ~n× ~e leads to double dot products, which through
the relation ~e ·~r = p− r, leads to:

( ~r1 ×~r2)×~e = p(~r2 −~r1) + r2~r1 − r1~r2 (1.25a)

−(~r1 ×~r3)×~e = p(~r1 −~r3) + r1~r3 − r3~r1 (1.25b)

(~r2 ×~r3)×~e = p(~r3 −~r2) + r3~r2 − r2~r3. (1.25c)

Consequently the vector ~s = ~n×~e:

~s = ~r1(r2 − r3) +~r2(r3 − r1) +~r3(r1 − r2), (1.26)

is known in terms of data of the problem. Its magnitude s = ‖~s‖ is known and
non-null, otherwise the vectors ~r1, ~r2 y ~r3 would be dependent. Nevertheless, like
s = ‖~s‖ = ‖~n× ~e‖ = ‖~n‖e = ‖α− β + γ‖e, the eccentricity e can be solved as a
function of known quantities, obtaining:

e =
s

‖α−β+ γ‖ . (1.27)

1.2.3 Calculation of the perifocal trihedral

From the previous calculations, the estimation of the unit vectors of the perifocal
trihedral is trivial. Thus, the unit vector ~u3 can be deduced from any of the rela-
tions (1.17), (1.18) or (1.19). The unit vector ~u2 is deduced from Eq. (1.24), taking
into account that ~s = ~n× ~e, so that the sign is chosen according to the indications
previously presented. Finally ~u1 is obtained from the orthogonality of the trihedral:
~u1 = ~u2 × ~u3, and with it, the eccentricity vector: ~e = e ~u1. The remaining elements
of the orbit can be easily calculated. In particular, the velocities of the body at the
observation points are interesting. They can be deduced from the eccentricity vector
by the following expression:

~vi =
µ

h

(
e ~u2 + ~u3 ×

~ri
ri

)
, i = 1, 2, 3. (1.28)

1.2.4 Observations

There are different ways to implement the Gibbs method. The one that has been fol-
lowed in these lines has been adapted from Fundamentals of Astrodynamics (Bate,
Mueller, and White [8]), and it differs from it in the choice of vector ~n. It has the
advantage, compared to other formulations, such as the one described in Funda-
mentals of Astrodynamics and Applications (Vallado [91]), that it is not necessary
to assume that the vectors ~r1, ~r2 and ~r3 are temporarily ordered and no additional
quadrant selection is required, neither prior nor later, to reach the solution. This is
an important advantage because it facilitates the implementation of the code when
making calculations. As indicated above, the problem proposed is purely geomet-
ric and the time evolution of the orbital motion does not intervene. Apparently in
the Gibbs method there are nine conditions (three coordinates for each of the three
vectors); since one orbit is determined by six independent conditions, it seems that
there is an excess of conditions. Actually, this is not the case, since by forcing the
three vectors to be coplanar, there are fewer conditions (three vectors contained in
z = 0 imply six conditions). If the three vectors ~r1, ~r2 and ~r3 are close to each other

(−̂→ri−→rj < 1◦), the Gibbs method provides less accurate results; in fact, the accuracy
gets worse the closer the vectors are to each other. In such cases it is better to use
the Herrick-Gibbs method, which is explained below. This method, which is based
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on the appropriate use of Taylor series, is the one that must be used when any of
the angles between the vectors is less than ≈ 5◦. In the development of the method
it has been assumed that the three vectors ~r1, ~r2 and ~r3 are coplanar. When the
method is applied to real cases, this condition is never satisfied with accuracy, since
the observations inevitably present errors; when implementing the code, this con-
dition must be checked, to avoid big errors or to determine orbits that do not exist.
However, some margin must be allowed so that one of the vectors can exit the or-
bital plane by a small amount, on the order of ≈ 1◦− 2◦. Finally, we must underline
that if only two vectors~r1 and~r2 are given, for example, an orbit can be determined
if an additional data is specified: the flight time between the two positions. It is thus
treated in contour problems closely related to Lambert’s theorem.

1.3 herrick-gibbs method

When the vectors ~r1, ~r2 and ~r3 are close, the Gibbs method loses precision and it
is necessary to resort to another procedure. The Herrick-Gibbs method differs from
the Gibbs method in the fact that it includes as observation data not only the vectors
~r1,~r2 and~r3, but also the times t1, t2 and t3 corresponding to the observations. The
idea of the method is to obtain the velocity vector ~v2 corresponding to the vector ~r2,
which occupies the intermediate place in the series, so that once known (~r2, ~v2), the
details and characteristics of the orbit are calculated.

If we consider points of the orbit in the neighborhood ~r2, the Taylor series expan-
sion allows to express the position vector ~r(t) of a neighboring point as:

~r(t) = ~r2 +~v2τ+
1

2!
~̈r2τ

2 +
1

3!
~r
(3
2 τ

3 +
1

4!
~r
(4
2 τ

4 + ..., (1.29)

where the temporary variable τ = t− t2 is introduced and the following notation is
used:

~r
(i
2 =

di~r2
dτi

∣∣∣∣
τ=0

, i = 3, 4, .... (1.30)

By differentiating twice with respect to t, another expansion is obtained which
provides the second derivative:

~̈r(t) = ~̈r2 +~r
(3
2 τ+

1

2
~r
(4
2 τ

2 + .... (1.31)

If the vectors ~r1, ~r2 and ~r3 are close, the values of ~r1 and ~r3 can be expressed by
using the Taylor series expansion, thus yielding:

~r1 = ~r2 +~v2τ1 +
1

2!
~̈r2τ

2
1 +

1

3!
~r
(3
2 τ

3
1 +

1

4!
~r
(4
2 τ

4
1 + ... (1.32)

~r3 = ~r2 +~v2τ3 +
1

2!
~̈r2τ

2
3 +

1

3!
~r
(3
2 τ

3
3 +

1

4!
~r
(4
2 τ

4
3 + .... (1.33)

In the same way the Taylor series expansion can be used for the second derivatives
which provides:

~̈r1 = ~̈r2 +~r
(3
2 τ1 +

1

2
~r
(4
2 τ

2
1 + ... (1.34)

~̈r3 = ~̈r2 +~r
(3
2 τ3 +

1

2
~r
(4
2 τ

2
3 + .... (1.35)

In these expressions the values of τ1 = t1 − t2 < 0 and τ3 = t3 − t2 > 0 are
known. In Eqs. (1.32), (1.33), (1.34) and (1.35) there are two types of values:

• Known data: ~r1, ~r2, ~r3, τ1 and τ3.
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• Unknown data: ~v2, ~̈r1, ~̈r2, ~̈r3, ~r(32 and ~r
(4
2 .

Nevertheless, since the sought orbit is supposed to be a Keplerian orbit, the next
relations are verified:

~̈r1 = −
µ

r31
~r1, ~̈r3 = −

µ

r33
~r3, (1.36)

that allow to express such second derivatives in terms of known data. Consequently,
in Eqs. (1.32), (1.33), (1.34) and (1.35) there are only four unknowns vectors, namely:
~v2, ~̈r2, ~r(32 and ~r

(4
2 . Of the four unknowns, only the velocity ~v2 is of interest. There-

fore, it is necessary to eliminate the remaining unknowns (~̈r2, ~r(32 and ~r
(4
2 ) among

the four equations. Thus, only one equation is obtained which is free of the un-
knowns eliminated and from which the value of ~v2 can be isolated. The elimination
process is carried out in two steps:

• The derivatives ~r(32 and ~r
(4
2 are solved from the Eqs. 1.34 and 1.35:

~r
(3
2 = −

τ1 + τ3
τ1τ3

~̈r2 +
µτ3

τ1(τ1 − τ3)

~r1
r31

−
µτ1

τ3(τ1 − τ3)

~r3
r33

(1.37)

~r
(4
2 =

2

τ1τ3
~̈r2 −

2µ

τ1(τ1 − τ3)

~r1
r31

+
2µ

τ3(τ1 − τ3)

~r3
r33

. (1.38)

• The derivatives ~r
(3
2 and ~r

(4
2 are replaced in Eqs. 1.32 and 1.33, so that after

simplifying we obtain:

~r1 = ~r2 +~v2τ1 −
1

12

τ21(τ1 − 4τ3)

τ3
~̈r2 −

1

12

µτ21(τ1 − 2τ3)

τ1 − τ3

~r1
r31

−
1

12

µτ41
τ3(τ1 − τ3)

~r3
r33

(1.39)

~r3 = ~r2 +~v2τ3 +
1

12

τ23(4τ1 − τ3)

τ1
~̈r2 +

1

12

µτ43
τ1(τ1 − τ3)

~r1
r31

−
1

12

µτ23(2τ1 − τ3)

τ1 − τ3

~r3
r33

.

(1.40)

Then ~̈r2 is eliminated between Eqs. 1.39 and 1.40 by the following combination:

τ21(τ1 − 4τ3)

τ3
(1.40) +

τ23(4τ1 − τ3)

τ1
(1.39), (1.41)

obtaining an equation that only contains the velocity ~v2, where once solved it is:

~v2 = −A~r2 +

(
B+C

µ

r31

)
~r1 +

(
D+ E

µ

r33

)
~r3, (1.42)

where the coefficients A, B, C, D and E are functions of τ1 and τ3 given by:

χ = τ21 − 3τ1τ3 + τ
2
3 (1.43a)

A =
τ1 + τ3
τ1τ3

τ21 − 4τ1τ3+ τ
2
3

χ
(1.43b)

B =
τ23(4τ1 − τ3)

τ1(τ1 − τ3)χ
(1.43c)

C =
1

6

τ1τ
2
3(2τ1 − 3τ3)

(τ1 − τ3)χ
(1.43d)

D =
τ21(τ1 − 4τ3)

τ3(τ1 − τ3)χ
(1.43e)

E =
1

6

τ3τ
2
1(3τ1 − 2τ3)

(τ1 − τ3)χ
. (1.43f)
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1.3.1 Observations

The term χ, which appears in the denominators of the coefficients A, B, C, D and
E, only cancels when the two values τ1 and τ3 are zero, situation that should not
occur in a real case. The same situation happens with the difference (τ1 − τ3). The
solution provided by this method is approximate and it is better the closer the
position vectors ~r1, ~r2 and ~r3 are. According to the angle between these vectors
(Vallado [91]), we conclude that:

• If ~̂ri~rj < 1◦ ⇒ the Herrick-Gibbs method is better than the Gibbs method.

• If ~̂ri~rj > 5◦ ⇒ The Gibbs method is better than the Herrick-Gibbs method.

• If ~̂ri~rj ∈ [1◦, 5◦]⇒ both methods provide comparable results.

This method is normally applied when the observations are obtained in the same
monitoring station and in the same pass of the satellite.

1.4 laplace method

In a tracking station, devices are not always available to determine the radial veloc-
ity ρ̇ of the observed satellite. In those cases, the observations only provide angular
measurements. Depending on the season, different situations may arise. Thus, when
observations are made with optical instruments, they usually provide the right as-
cension and declination with respect to the equatorial geocentric system: (α, δ).
However, the antennas usually provide the azimuth and elevation relative to the lo-
cal horizontal system: (Â, â). In any case, since knowing an orbit requires knowing
the six orbital elements, a minimum of three independent observations are needed
to be able to carry out the determination process. The method of determining orbits
that only makes use of angular measurements was developed by Laplace in 1780.
In what follows, a version of it is developed in a slightly different way from the
classical one. Without loss of generality, it is assumed that the starting observations
are the right ascension and declination with respect to the equatorial geocentric sys-
tem, (α, δ), of three different positions along the orbit. If the original observations
were not these, a previous treatment would be necessary to identify such coordi-
nates. Indeed, they constitute the starting point of the analysis and allow to unify
the treatment in the cases when the observations may have originated in different
tracking stations.

Thus, in this section the following problem is considered: let Ex1y1z1 (Fig. 1.3) an
inertial frame coincident with the ECI. Given three observations in the correspond-
ing instants t1, t2 and t3 it is possible to obtain the unit vectors

~ui = cos(δi) cos(αi)~i1 + cos(δi) sin(αi)~j1 + sin(δi)~k1, i = 1, 2, 3, (1.44)

by their coordinates in the reference Ex1y1z1. Therefore, if the inertial position
vector of the station from where the satellite ~Rs is observed is known for the central
observation, locate the orbit that they determine.

In order to apply the Laplace method, it is necessary to previously calculate a
series of parameters at the time t of interest, namely: ~u, ~̇u, ~̈u, ~Rs, ~̇Rs and ~̈Rs. To
make this calculation we use the known data: (ti, ~ui), i = 1, 2, 3 and ~Rs. We begin by
remembering that given a function f(x), of which the values (f(x1), f(x2), f(x3)) are
known in three points (x1, x2, x3) of an interval [a,b], it is possible to approximate
the value of this function through a second degree polynomial, known as Lagrange
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Figure 1.3: Reference systems and observation scenario.

interpolating polynomial. The expression of the Lagrange interpolating polynomial
is:

Pf(x) =
(x− x1)(x− x2)

(x3 − x1)(x3 − x2)
f(x3)+

(x− x1)(x− x3)

(x2 − x1)(x2 − x3)
f(x2)+

(x− x2)(x− x3)

(x1 − x2)(x1 − x3)
f(x1).

(1.45)
The Laplace method obtains approximate values of the variables of interest at any

instant t of the interval [t1, t3] by using the Lagrange interpolating polynomials.
Thus, the values of (~u, ~̇u, ~̈u) are obtained from the following expressions:

~u(t) =
(t− t2)(t− t3)

(t1 − t2)(t1 − t3)
~u1 +

(t− t1)(t− t3)

(t2 − t1)(t2 − t3)
~u2 +

(t− t1)(t− t2)

(t3 − t1)(t3 − t2)
~u3 (1.46)

~̇u(t) =
2t− t2 − t3

(t1 − t2)(t1 − t3)
~u1 +

2t− t1 − t3
(t2 − t1)(t2 − t3)

~u2 +
2t− t1 − t3

(t3 − t1)(t3 − t2)
~u3 (1.47)

~̈u(t) =
2

(t1 − t2)(t1 − t3)
~u1 +

2

(t2 − t1)(t2 − t3)
~u2 +

2

(t3 − t1)(t3 − t2)
~u3. (1.48)

On the other hand, to calculate the derivatives (~̇Rs, ~̈Rs), it can be assumed without
major problems that the Earth spins with constant angular velocity ~ω0 = ω0~k1
around the pole line. It will therefore be:

~̇Rs = ~ω0 × ~Rs (1.49)

~̈Rs = ~ω0 × (~ω0 × ~Rs). (1.50)

Once all the required values have been determined, we apply the Laplace method.
The basic equation that provides the position vector of the observed satellite ~r is:

~r = ~Rs + ρ~u, (1.51)

being ~u the unit vector of the visual that links the station with the observed satellite.
Since a Keplerian orbit is being determined, the following relation is satisfied:

~̈r = −
µ

r3
~r, (1.52)
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where µ = 3.986004418 · 105 km3/s2 is the gravitational parameter as defined by
the reference ellipsoid WGS84. Differentiating the Eq. (1.51) with respect to time,
we have:

~̇r = ~̇Rs + ρ̇~u+ ρ~̇u. (1.53)

To determine the orbit of the satellite (~r, ~̇r) we must calculate the values of ρ y ρ̇.
This is done in two steps:

• ρ and ρ̇ are calculated based on r = ‖~r‖.

• r is calculated by an algebraic equation of eighth degree known as the La-
grange equation.

1.4.1 Determination of ρ

If Eq. (1.53) is differentiated with respect to time, the relation obtained is:

~̈r = ~̈Rs + ρ̈~u+ 2ρ̇~̇u+ ρ~̈u. (1.54)

If the second derivative ~̈r is removed using the relation (1.52) and, afterwards, the
value of ~r using the relation (1.51), the expression reached is:

−
[
~̈Rs +

µ

r3
~Rs

]
= ρ~̈u+ 2ρ̇~̇u+

(
ρ̈+

µ

r3
ρ
)
~u. (1.55)

From this equation the value of ρ can be solved if the following operations are
done:

• Take the cross product of the equation by ~̇u.

• Take de dot product by ~u.

The resulting expression is:

−−→u (~̇u× ~̈Rs) −
µ

r3
~u(~̇u× ~Rs) = ρ~u(~̇u× ~̈u), (1.56)

and the expression obtained when solving for ρ is:

ρ = A+B
µ

r3
, (1.57)

where the coefficients A and B turn out to be:

A = −
~u(~̇u× ~̈Rs)

D0
(1.58a)

B = −
−→u (~̇u× ~Rs)

D0
(1.58b)

D0 = ~u(~̇u× ~̈u). (1.58c)

1.4.2 Determination of ρ̇

From the relation (1.55) the value of ρ̇ can be solved by the following operations:

• Take the cross product of the equation by ~̈u.

• Take the dot product by ~u.
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The resulting expression is:

~u(~̈u× ~̈Rs) +
µ

r3
~u(~̈u× ~Rs) = 2ρ̇~u(~̇u× ~̈u), (1.59)

and the expression obtained when solving ρ̇ is:

ρ̇ = C+ E
µ

r3
, (1.60)

where the coefficients C and E turn out to be:

C =
~u(~̈u× ~̈Rs)

2D0
(1.61)

E =
~u(~̈u× ~Rs)

2D0
. (1.62)

In these expressions the value of D0 is the collected in Eq. (1.58c). It can be shown
that the coefficient D0 is proportional to the curvature of the satellite trajectory
with respect to the tracking station. If this trajectory is very straight, the coefficient
D0 becomes small and the solutions found for ρ and ρ̇ become unreliable. If the
tracking station were permanently contained in the orbital plane, the coefficient D0
would be permanently zero. Actually the tracking station cannot be permanently in
the orbital plane (except exceptional cases such as a station in the north pole and a
polar orbit), but if it is inside the plane at time t, then the value of D0 is again small
and the procedure loses validity.

1.4.3 Lagrange equation

In Eqs. (1.57) and (1.60) the values of (ρ, ρ̇) depend on known data, through the
coefficients A, B, C and E and the distance r, unknown. To identify the value of r
we start squaring Eq. (1.51) to provide:

r2 − R2s − ρ
2 − 2ρ~u~Rs = 0. (1.63)

In this relation the value of ρ given by Eq. (1.57) is substituted such that if it is
multiplied by r6, yielding a polynomial like this:

f(r) = r8 + ar6 + br3 + c = 0, (1.64)

where the coefficients a, b, c are given by:

a = −(A2 + R2s + 2A ~u · ~Rs) (1.65a)

b = −2µB(A+ ~u · ~Rs) (1.65b)

c = −µ2B2. (1.65c)

The relation of Eq. (1.64), (f(r) = 0), is the so-called Lagrange equation that must
be solved numerically, since there is no analytical solution for polynomials of eighth
degree. Since it is a polynomial, the Descartes rule says that, at most, there are
three positive roots (the coefficient c is always negative and the number of sign
changes is three). When there are three positive roots, usually two of them can
be easily discarded, because the roots that are not a solution to the problem are
usually too small or too large and do not correspond to real solutions. However,
this is not always the case and, sometimes, more than one valid solution can be
obtained. In this case, some additional data is needed to be able to discard one
of them. If additional data is not available, it should be accepted that there are
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multiple candidate solutions. One of the most used techniques to solve the Lagrange
equation is the Newton-Raphson method that can be easily implemented, because
the derivative f

′
(r) is simple:

f
′
(r) = 8r7 + 6ar5 + 3br2. (1.66)

The determination of the orbit is carried out by the following procedure:

1. In an instant of time t known we have as starting data the following values: t,
~u, ~̇u, ~̈u, ~Rs, ~̇Rs y ~̈Rs.

2. The coefficients A, B, C, D0 and E are calculated from Eqs. (1.58a), (1.58b),
(1.58c), (1.61) and (1.62).

3. The coefficients a, b and c are calculated from Eqs. (1.65a), (1.65b) and (1.65c).

4. r is determined by solving the Lagrange equation, for example, with the
Newton-Rhapson method.

5. ρ and ρ̇ are determined respectively through Eqs. (1.57) and (1.60).

6. (~r, ~v) are estimated through the relations (1.51) and (1.53).

Once the dynamical state (~r, ~v) has been calculated, the determination of the rest
of characteristics of the orbit is immediate.

1.4.4 Observations

The relations (1.46), (1.47), (1.48), (1.49) and (1.50) provide the data from which to
begin the process of determining the orbit by the Laplace method. The only thing
left to decide is the time t in which the determination should be made. It seems
reasonable to use a value that belongs to the interval [t1, t3] where the interpolating
polynomials should provide minor errors. A classic value is the midpoint t2, but it
is not essential.

Equations (1.46), (1.47) and (1.48) lead to null derivatives when the order is greater
than two. More than three observations are frequently available. In that case, it is
possible to use a Lagrange interpolating polynomial of degree greater than two,
which would allow to obtain the starting data with greater precision.

1.5 gauss method

The basis of the Gauss method is to locate, given the unit vectors ~u1, ~u2 and ~u3
associated with three observations of the satellite in the corresponding instants t1,
t2 and t3, as well as the associated inertial position vectors ~Rs1, ~Rs2 and ~Rs3 of the
station from where the satellite is observed, the orbit they determine.

The basic equation that gives the position vector of the satellite in the correspond-
ing instants is:

~ri = ~Rsi + ρi~ui, i = 1, 2, 3, (1.67)

while for the velocity vector, since a Keplerian orbit is being determined, the relation
satisfied for each instant is:

~̈ri = −
µ

r3i
~ri. (1.68)

To estimate the relations given by Eq. (1.67), the calculation of ρ is required, which
is a priori unknown. To do this, the time intervals are calculated first by subtracting
the observation times:

τ1 = t1 − t2, τ3 = t3 − t2, τ = τ3 − τ1. (1.69)
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Then we calculate the cross products of the unit vectors:

~n1 = ~u2 × ~u3, ~n2 = ~u1 × ~u3, ~n3 = ~u1 × ~u2, (1.70)

and we determine the parameterD0 = ~u1 · ~n1. Similarly, we estimate the nine scalar
quantities defined by Dij = ~Rsi · ~nj, i, j = 1, 2, 3 to calculate the coefficients of the
scalar position given by:

A =
1

D0

(
−D12

τ3
τ

+D22 +D32
τ1
τ

)
(1.71a)

B =
1

6D0

[
D12(τ

2
3 − τ

2)
τ3
τ

+D32(τ
2 − τ21)

τ1
τ

]
(1.71b)

E = ~Rs2 · ~u2. (1.71c)

The next step is to calculate the coefficients of the scalar distance polynomial for
the second observation made to the satellite, so that:

a = −(A2 + 2AE+ R2s2) (1.72a)

b = −2µB(A+ E) (1.72b)

c = −µ2B2, (1.72c)

where R2s2 = ~Rs2 ·~Rs2 and µ = 3.986004418 · 105 km3/s2 the gravitational parameter
defined in the reference ellipsoid WGS84. The scalar distance polynomial, for the
second observation, will be analogous to the polynomial obtained in the Laplace
method:

0 = r82 + ar
6
2 + br

3
2 + c, (1.73)

and therefore, it can be solved, for example, by the Newton-Raphson method.
Once r2 is determined, we estimate ρi, i = 1, 2, 3, that is, the distances between

the station and the satellite at the respective instants:

ρ1 =
1

D0

6
(
D31

τ1
τ3

+D21
τ
τ3

)
r32 + µD31(τ

2 − τ21)
τ1
τ3

6r32 + µ(τ
2 − τ23)

−D11

 (1.74a)

ρ2 = A+
µB

r32
(1.74b)

ρ3 =
1

D0

6
(
D13

τ3
τ1

+D23
τ
τ1

)
r32 + µD13(τ

2 − τ23)
τ3
τ1

6r32 + µ(τ
2 − τ21)

−D33

 , (1.74c)

those with which the relations in Eq. (1.67) are determined:

~r1 = ~Rs1 + ρ1~u1 (1.75a)

~r2 = ~Rs2 + ρ2~u2 (1.75b)

~r3 = ~Rs3 + ρ3~u3. (1.75c)

Equation (1.68) can be solved, for each instant, by a power series of τi (i = 1, 3,
depending on the instant), being its coefficients functions of the constants µ, ~r2 =

~r|t=t2 and ~̇r2 = ~̇r
∣∣
t=t2

(Roy [75]) such that:

~ri = fi~r2 + gi~̇r2, i = 1, 3, (1.76)

with the coefficients fi and gi given by:

fi = 1−
1

2

µ

r32
τ2i + ... (1.77a)

gi = τi −
1

6

µ

r32
τ2i + .... (1.77b)
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To determine the velocity vector of the satellite, referred to the second observation,
we take the approximations of second order of the series f1, f3, g1 and g3 and we
substitute in the expression:

~v2 =
1

f1g3 − f3g1
(−f3~r1 + f1~r3), (1.78)

having finally determined the state vector, so that the determination of the rest of
the characteristics of the orbit is immediate.

1.5.1 Observations

The approximation by the series fi, gi and the limitations of the required observa-
tion conditions cause inaccuracies in the method. One way to improve the precision
is by increasing the precision of fi, gi by taking more elements from the series or
by using more observations.

1.6 the differential correction method

When a measurement of a given magnitude x is made, the following distinction can
always be established between the different values that are handled in the estima-
tion processes and which should be known:

xobs = xv + ε (1.79a)

xobs = xe + σ, (1.79b)

where:

• xobs is the observed value, result of the measurement.

• xv is the true value that we intend to measure.

• ε is the true error that is committed in the measure.

• xe is the estimated value, that is, the closest value to the true value.

• σ is the residual.

The true value xv cannot be known, and neither the true error ε. In the estimation
processes the estimated value xe and the residual σ are handled instead of xv and
ε. If the estimation technique is correct, the estimated value xe will be very close to
the true value xv and the residual σ very close to the true error ε. In an estimation
problem the main objective is to find the estimated value xe by applying estimation
techniques usually based on minimizing the value of the residual σ.

The preliminary determination provides a Keplerian orbit. The knowledge of this
orbit allows to know which tracking stations are going to be visited by the satellite
and the instants of passage over each station. This information is essential so that,
from any of the stations that are downstream from the satellite, the satellite can be
acquired, that is, to enter in communication with it through some of the devices
usually used for this purpose. Once a tracking station locates the satellite, it is pos-
sible to obtain new sets of observations to improve the knowledge of the orbit. The
result of a preliminary determination is always approximate, since the observation
data have built-in errors associated with the quality of the instruments used, the op-
erating techniques, etc. In addition, the real orbits are not purely Keplerian, as there
are perturbations that alter the dynamics of the satellite. Therefore, it is convenient
to improve the data of the orbit with more observations and this can be done in
different ways.
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Suppose that from an additional tracking station a new set of six independent
observations is obtained, for example, the values of ρ, ρ̇, Â, â, ˙̂A and ˙̂a are located
at another time and for another tracking station. In this case it is possible to make
a second determination of the orbit, independent of the first one. The mean values
of the two determinations would provide more accurate results. This technique can
be developed with any of the usual methods of orbit determination that have been
described above. Imagine, however, that the tracking station that makes the new
observations has limited capabilities and can only provide the value of χ, where
χ is one of the parameters, for example χ = ρ. In this case, it is also possible to
improve the estimation of the orbit if the station provides six independent values
of the parameter, that is, if it provides the value of χ in six different times instants:
ti, i = 1, ..., 6. The process that provides a better estimate is called differential
correction and consists on:

• Start from an initial estimate of the orbit.

• Have a new set of observations.

• Improve the initial estimate by making use of the new observations and the
previous estimate.

Suppose, then, that the determination of an orbit has been made and, as a result
of it, the values of (t0, ~r0, ~v0) which define the dynamical state of the satellite are
known. If the satellite’s orbit were really Keplerian and the observations used were
perfect (without errors) and the calculations did not introduce any error, the value
of the parameter χ could be predicted with absolute precision at any subsequent
time:

χ(t) = χ(t,~r0,~v0). (1.80)

If the value of t is set to t1, the relation (1.80) particularized to t1 would provide
as a prediction the value χ1 = χ(t1). If everything were perfect and there were
no perturbations nor errors of any kind, this prediction would coincide with the
observed value: χ1 = χobs(t1). In reality this will not happen, which implies that
the estimated initial values (~r0, ~v0) are not correct and in order to accurately predict
the value of χ, these values have to be corrected and instead of working with (~r0,
~v0), we have to work with the values (~r0 + δ~r0, ~v0 + δ~v0). For this we must identify
the corrections (δ~r0, δ~v0), choosing them so that once the initial values are corrected,
there will not be discrepancies between the observed value and the prediction:

χobs(t) = χ(t,~r0 + δ~r0,~v0 + δ~v0). (1.81)

Normally the function (1.80) that provides χ in terms of the initial values is
strongly non-linear and imposing the condition (1.81) is not simple. However, if the
initial estimate (~r0, ~v0) is not of very low quality, the corrections (δ~r0, δ~v0) sought
must be small. Thus, these corrections will be considered infinitesimal and we will
call ε to their order of magnitude. Consequently, the relation (1.81) can be expanded
in powers of ε to provide:

χobs(t) = χ(t,~r0,~v0) +∇~r0χδ~r0 +∇~v0χδ~v0 + ϑ(ε
2), (1.82)

where the gradients:

∇~r0χ =
∂∇
∂x10

~i1 +
∂∇
∂y10

~j1 +
∂∇
∂z10

~k1 (1.83a)

∇~v0χ =
∂∇
∂ẋ10

~i1 +
∂∇
∂ẏ10

~j1 +
∂∇
∂ż10

~k1, (1.83b)
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are particularized for ε = 0, that is, for the initially estimated orbit. Now, since the
difference σ(t) = χobs(t) − χ(t,~r0,~v0) is known (by definition it is the residual), if
terms of order O(ε2) are neglected the equation obtained is:

σ(t) ≈ ∇~r0χδ~r0 +∇~v0χδ~v0, (1.84)

that relates, directly, the residual with the sought corrections. If six independent ob-
servation data are available at the times ti, i = 1, ..., 6, then six equations deduced
from Eq. (1.84) are available to set out the matrix equation [~σ]6x1 = M6x6[~z]6x1,
where M, [~σ] and [~z] are the matrices given by:

[−→σ ] =



σ1

σ2

σ3

σ4

σ5

σ6


, [−→z ] =



δx10

δy10

δz10

δẋ10

δẏ10

δż10


(1.85)

M =



∂χ
∂x10

(t1)
∂χ
∂y10

(t1)
∂χ
∂z10

(t1)
∂χ
∂ẋ10

(t1)
∂χ
∂ẏ10

(t1)
∂χ
∂ż10

(t1)
∂χ
∂x1o

(t2)
∂χ
∂y10

(t2)
∂χ
∂z1o

(t2)
∂χ
∂ẋ10

(t2)
∂χ
∂ẏ10

(t2)
∂χ
∂ż10

(t2)
∂χ
∂x10

(t3)
∂χ
∂y10

(t3)
∂χ
∂z10

(t3)
∂χ
∂ẋ10

(t3)
∂χ
∂ẏ10

(t3)
∂χ
∂ż10

(t3)
∂χ
∂x10

(t4)
∂χ
∂y10

(t4)
∂χ
∂z10

(t4)
∂χ
∂ẋ10

(t4)
∂χ
∂ẏ10

(t4)
∂χ
∂ż10

(t4)
∂χ
∂x10

(t5)
∂χ
∂y10

(t5)
∂χ
∂z10

(t5)
∂χ
∂ẋ10

(t5)
∂χ
∂ẏ10

(t5)
∂χ
∂ż10

(t5)
∂χ
∂x10

(t6)
∂χ
∂y10

(t6)
∂χ
∂z10

(t6)
∂χ
∂ẋ10

(t6)
∂χ
∂ẏ10

(t6)
∂χ
∂ż10

(t6)


.

(1.86)
The matrix M is formed by the partial derivatives of the element χ particularized

in the six observation instants ti, i = 1, ..., 6. Its calculation has to be addressed,
most of the time, numerically. If the matrix M is regular, it has an inverse and the
solution to the problem is obtained as:

[~z]6x1 =M−1
6x6[~σ]6x1. (1.87)

Once the correction (δ~r0, δ~v0) of the initial conditions has been determined, the
process can be repeated using the same set of observations, but now taking as its
starting orbit the one provided by the corrected initial values. Thus, an iterative pro-
cess is developed, which is continued as long as the residuals are, in each iteration,
lower than those obtained in the previous step. When the residuals stops decreas-
ing, the process stops. The matrix M plays a fundamental role in the differential
correction. Its calculation has to be developed, most of the time, numerically, be-
cause depending on the nature of the parameter χ the analytical solution may not
be available. However, its numerical calculation is not problematic. In effect, since
the function (1.80) is available, if you want to calculate the partial derivative with
respect to, for example, x10, the definition of partial derivative is used:

∂χ

∂x10
(t) =

χ(t,~r0 +∆x10~i1,~v0) − χ(t,~r0,~v0)
∆x10

. (1.88)

Thus, taking a reasonably small value for ∆x10, of the order of 0.1 x10, the differ-
ence of the numerator can be calculated numerically and the quotient provides a
good approximation of the partial derivative sought. A similar calculation is made
for the rest of the derivatives.
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1.6.1 Observations

In the development of the method it has been assumed that all available obser-
vations are of the same parameter χ in different instants of time. However, this
hypothesis can be eliminated, because the method is extended without essential
modifications to the case in which observations of different elements are available,
that is, if observations of the distance ρ and azimuth Â are available, a similar dif-
ferential correction process can be devised with minor changes. In fact, the most
important change is in obtaining the matrix M whose rows will contain partial
derivatives of two different elements. However, the philosophy of the procedure re-
mains unchanged. If we consider the function (1.80), which provides the value of
the element χ, in practice, this function is available numerically, that is, by means
of calculation routines which provide the value of χ numerically. Consequently, the
differential correction process can also be used for the determination of perturbed
orbits, that is, it is not essential that the orbit to be determined be Keplerian. The
only requirement is that the function (1.80), which provides the value of χ, incor-
porates the effects of the perturbation that needs to be taken into account. Finally,
it is common to have many more observations available instead of six observations.
In that case the differential correction is modified because the equation reached is
of the type [~σ]Nx1 = MNx6[~z]6x1, where N is the total number of available ob-
servations. Now the matrix M is not square and it can not be inverted. However,
this equation allows to obtain an optimal solution, in the sense of minimizing the
sum of the squares of the residuals of all the observations. But the technique used,
based on the method of least squares adjustment, is directly related to the statistical
determination of orbits.

1.7 statistical orbit determination

The orbit estimation, or differential correction, is used for the improvement of a
priori orbital elements from a large set of tracking data. The complex mathematical
formulation of orbit prediction and measurement modeling does not allow a direct
determination of orbital elements and model parameters from a given set of ob-
servations of the satellite. This is only possible for the simplified case of Keplerian
orbits and a coarse measurement model. Besides, the measurements employed for
an orbit determination cannot be expected to be exact quantities due to inevitable
measurement and model errors. In order to achieve a reliable reconstruction of a
satellite orbit from actual measurements, a larger amount of tracking data than re-
quired for an initial orbit determination is necessary to smooth out these errors
(Montenbruck and Gill [56]).

Two main techniques can be distinguished for the improvement of a priori orbit in-
formation from an arbitrary set of tracking data: the batch or least squares estimator,
and the sequential estimator or filter. The first one improves an epoch state estimate
by processing a whole set of observations in each run. The second one processes
one measurements at a time and yields subsequent estimates of the state vector at
the time of each measurement. Both batch and sequential estimators are powerful
estimation methods that have successfully been applied to various types of orbit de-
termination problems in the past. While the method of weighted least squares dates
back to the end of the 18th century, where it was developed for the improvement of
minor planet orbits by Gauss, the Kalman filter (Kalman [47]) was introduced dur-
ing the mid 20th century. Nevertheless, it was immediately recognized as a fast and
efficient method that is particularly suited for on-board and real-time applications
and provides a unique way of considering process noise (Leondes [51]).
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Let M be a celestial body observed from the Earth; the aim is to determine its
orbit from a set of observational data. By considering the following notation:

~x = (x1, x2, . . . , xn)T → state vector ∈ Rn

~f = (f1, f2, . . . , fn)T → vector field (dynamic) ∈ Rn

~b = (b1,b2, . . . ,bp)T → observations vector ∈ Rp

~g = (g1,g2, . . . ,gp)T → relation observations–state vector ∈ Rp

the system of equations describing the motion is:

d~x
dt

= ~f(~x, t) (1.89a)

~bi = ~g(~xi, ti) +~εi, i = 1, ..., l, (1.89b)

where the unknown is the state vector ~x at a known instant ts such that

~xs = ~x(ts). (1.90)

The state vector includes not only the variables defining the dynamical state of
the body (x,y, z, ẋ, ẏ, ż), but all the coefficients taken as unknowns that are required
to be determined. Consequently, the dimension of ~x is at least six. Equations (1.89a)
govern the dynamics and contain the perturbations acting upon the orbit. There are
l observations and for each observation p quantities are measured and included in
a vector ~b ∈ Rp. The observations are done at known instants of time t1, t2, ..., tl
such that the number of observations p in the vector ~b is smaller than the dimension
n of the state vector. However, the total number of observations m = p l is far larger
than n. If the observations would not have errors, that is, if they were done in ideal
conditions, the relation (1.89b) would became ~b = ~g(~x, t). However, this does not
happen in reality and the relation between the observed magnitudes and the state
vector ~g is in general strongly nonlinear.

The problem of determining the trajectory of the body taking into account all
these factors is known as the problem of nonlinear estimation, or problem of orbit
determination.

As a result of the preliminary orbit determination, explained in the previous chap-
ter, a reference orbit described by the functions ~xref(t) is known. If it is admitted
that the orbit to be determined ~x(t) and the nominal orbit ~xref(t) keep close during
the time interval in which the orbit is estimated, then Eqs. (1.89a), (1.89b) and (1.90)
can be linearized. The following deviations are introduced

~χ(t) = ~x(t) −~xref(t), ~B(t) = ~b(t) − ~bref(t), (1.91)

where ~bref(t) = ~g(~xref(t), t) are the observations simulated through the reference
orbit.

Applying Eq. (1.89a), referred to the true orbit, to the reference orbit and subtract-
ing, the derivative of ~χ is obtained:

d~χ
dt

= ~f(~x, t) − ~f(~xref, t) = ~f(~xref + ~χ, t) − ~f(~xref, t). (1.92)

The right-hand side of this equation, which is exact, can be represented by a
Taylor series around the reference orbit by

~f(~xref + ~χ, t) − ~f(~xref, t) =

(
∂~f

∂~x

)∣∣∣∣∣
ref

~χ+O(|~χ|). (1.93)
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Neglecting the second order terms of ~χ, considering |~χ|� |~xref|, the final equation
is:

d~χ
dt

= A(t)~χ, A(t) =

(
∂~f

∂~x

)∣∣∣∣∣
ref

, (1.94)

where the square matrix A(t) of order n coincides with the Jacobian matrix of the
function ~f particularized at the reference orbit ~xref(t).

Applying Eq. (1.89b), referred to the true orbit, to the reference orbit and subtract-
ing, the expression of ~ξ is obtained:

~Bi = ~g(~xi, ti) − ~g(~xrefi , ti) +~εi, i = 1, ..., l. (1.95)

The right-hand side of this equation, which is exact, can be represented by a
Taylor series around the reference orbit by

~g(~xrefi + ~χi, ti) − ~g(~xrefi , ti) =
(
∂~g

∂~x

)∣∣∣∣
refi

~χi +O(|~χi|). (1.96)

Neglecting again the second order terms of ~χ, considering |~χ| � |~xref|, the final
equation is:

~Bi = H(ti)~χi +~εi, H(ti) =

(
∂~g

∂~x

)∣∣∣∣
refi

, (1.97)

where the rectangular matrix H(ti) of dimension p×n coincides with the Jacobian
matrix of the function ~g particularized at the reference orbit ~xref(t).

Equations (1.94) and (1.97) should be integrated from the initial conditions

t = ts : ~χ = ~χs = ~x(ts) −~xref(ts). (1.98)

Once the solution is obtained for ~χ(t), an improved estimation of the orbit is
obtained:

~xe(t) = ~xref(t) + ~χ(t), (1.99)

such that this solution is adopted as reference a solution in order to repeat the algo-
rithm and get a new estimation which is, in principle, a better approximation. This
process is done while the ~χ deviations are progressively smaller.

Equations (1.94) constitute a system of n linear equations with n unknowns
whose associated matrix A depends on time. In general the solution will be given
by numerical integration taking into account the time dependence of the matrix A,
which makes impossible the estimation of analytical solution. However, the struc-
ture of the solution is known and satisfies the initial conditions

~χ(t) = Φ(t, ts)~χs, (1.100)

where Φ(t, ts) is a square matrix of order n named state-transition matrix or funda-
mental matrix. The properties of this matrix are:

• Φ(ts, ts) = I where I is the identity matrix of order n.

• Φ(ti, ts) = Φ(ti, tj)Φ(tj, ts).

• Φ−1(ti, ts) = Φ(ts, ti).

The n independent solutions of the system (1.94) correspond to the n independent
solutions associated to the n columns of Φ(t, ts). By differentiating Eq. (1.100) and
relating with Eq. (1.94) we obtain the relation

A~χ = Φ̇(t, ts)~χs. (1.101)
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If Eq. (1.100) is replaced in the previous expression, the following equation is
deduced:

Φ̇(t, ts) = AΦ(t, ts), (1.102)

which is the differential equation that satisfies the fundamental matrix. Consequently,
the matrix Φ(t, ts) is obtained by integrating Eqs. (1.102) from the initial conditions

t = ts : Φ(ts, ts) = I. (1.103)

The next step is to establish the relations between the observed quantities and the
state vector given by Eq. (1.97) at the instant of interest t = ts. If the fundamental
matrix is assumed to be known, by replacing Eq. (1.100) into Eq. (1.97) the following
system is obtained:

~B1 = H(t1)Φ(t1, ts)~χs +~ε1 (1.104a)
~B2 = H(t2)Φ(t2, ts)~χs +~ε2 (1.104b)
~B3 = H(t3)Φ(t3, ts)~χs +~ε3 (1.104c)

...
~Bl = H(tl)Φ(tl, ts)~χs +~εl, (1.104d)

where there are m = p l elements. By introducing the vectors

~B = (~B1, ~B2, . . . , ~Bl)T = (B11, . . . ,B1p,B21, . . . ,B2p, . . . ,Bl1, . . . ,Blp)T (1.105)

~ε = (~ε1,~ε2, . . . ,~εl)T = (ε11, . . . , ε1p, ε21, . . . , ε2p, . . . , εl1, . . . , εlp)T , (1.106)

and the matrix

Q =


H(t1)Φ(t1, ts)

H(t2)Φ(t2, ts)
...

H(tl)Φ(tl, ts)

 , (1.107)

the system becomes:
~B = Q~χs +~ε, (1.108)

with m equations and m+n unknowns. The n components of the deviations of the
state vector are unknown, as well as the m values of the error vector. Accordingly,
n conditions still need to be introduced.

1.7.1 The least squares adjustment

The least squares adjustment is a model which provides the missing n equations of
system (1.108) to make the problem solvable. This procedure is based on minimizing
the sum of the squares of the errors, that is:

min[V(~χs)] = min[~εT~ε] = min[(~B−Q~χs)
T (~B−Q~χs)]. (1.109)

Taking into account that the function V(~χs) is a quadratic function of ~χs, it reaches
a minimum value if the following relations are satisfied:

∂V

∂~χs
= ~0,

∂2V

∂~χ2s
≡ positive definite. (1.110)

By differentiating the expression of V with respect to ~χs the first condition is
obtained

∂V

∂~χs
=

[
∂~εT

∂~χs
~ε+~εT

∂~ε

∂~χs

]
= 2

∂~εT

∂~χs
~ε = ~0, (1.111)
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and making use of Eq. (1.108), it is verified if

−QT (~B−Q~χs) = ~0. (1.112)

The ~χs value satisfying this equation is the best estimation given by the so called
normal equation

QT ~B = N~χs, (1.113)

with N = QTQ the normal matrix of dimension n× n which is characterized to be
regular. Consequently, the solution is

~χs = N
−1QT ~B. (1.114)

In some cases the observations may be weighted if they are not equally reliable.
Consequently, the function to be minimized becomes

min[V(~χs)] = min[~εTW~ε], (1.115)

with W the weight matrix of dimension m×m. The normal equation is now

QTW~B = N~χs, (1.116)

with N = QTWQ the normal matrix of dimension n×n. Consequently, the solution
is

~χs = N
−1QTW~B. (1.117)

1.7.2 Kalman filtering

The Kalman filtering is a recursive algorithm which provides real-time estimates of
the orbital states ~xi and the error covariances based on sequential observations. The
iterative process divides each iteration in two steps: prediction and correction.

The results provided by the prediction, that is, the differential of the state vector
and the covariance matrix, will be defined with the notation ~̃χ and P̃ respectively.
These are the variables of the previous equations. The same variables after the cor-
rection will be defined with the notation ~̂χ and P̂, corresponding to the variables of
the equations obtained.

By considering the reference solution good enough to not have to change it in
each time (~̃xi = ~xref(ti)), the algorithm is, for each time t = ti, as follows:

Prediction

• ~̃χi = Φ(ti, ti−1)~̂χi−1 with ~̂χ0 = ~0

• P̃i = Φ(ti, ti−1)P̂i−1ΦT (ti, ti−1) +Q

Correction

• Ki = P̃iH
T
i (HiP̃iH

T
i + Ri)

−1

• ~̂χi = ~̃χi +Ki(~Bi −Hi~̃χi)

• P̂i = P̃i −KiHiP̃i

with Ri the covariance matrix of the observations.

In some cases the Kalman filter can be extended such that the reference trajectory
is updated in each step with the information provided by the differential of the state
vector.





2T H E E L L I P T I C K E P L E R ’ S E Q U AT I O N

The preliminary orbit determination of terrestrial satellites constitutes the first step
of the orbit determination process. Starting from the observations to the satellite,
the Keplerian orbit of the body is determined by neglecting the perturbations acting
upon it.

In what follows an improved preliminary orbit determination is developed. The
approach is assessed by solving the elliptic and hyperbolic Kepler’s equation as test
cases. This chapter contains the resolution for the elliptic Kepler’s equation.

2.1 introduction

The basic goal of Kepler’s equation is to provide the value of the eccentric anomaly
E in terms of the mean anomaly M and the eccentricity e of the orbit:

M = E− e sin(E). (2.1)

Over the centuries the resolution of Kepler’s equation has been studied by a wide
variety of scientists such that in virtually every decade from 1650 to the present
papers devoted to Kepler’s problem and its solution have been published (Colwell
[19]). Although there exists a unique solution to Kepler’s equation, there are many
methods to describe or approximate it. Basically it depends on the solvers’ motiva-
tions and the mathematical tools available in the epoch of study.

Before 1860 the work was motivated directly by celestial mechanics, but it showed
results less sensitive to the needs of astronomers. After 1860 the development and re-
finement of what we now call special functions of applied mathematics became the
involvement of mathematicians in solving Kepler’s equation more outstanding. In
the case of astronomers, they were generally more interested in being able to solve
Kepler’s equation quickly and repeatedly, but with only modest accuracy (Rambaut
[67]). From 1860 to some time after 1890, the work on Kepler’s equation was mostly
derivative and computational (Colwell [19]). We can highlight the work developed
by Cassini (1719) providing a nonanalytic solution, the infinite series solution devel-
oped by Levi-Civita (1904) or the iterative methods based on the Newton’s Principia
(1686).

From mid-20th century, the classic and more recent methods focused on the de-
velopment of optimal procedures where the accuracy of the algorithm and the com-
putational effort become the main aspects to consider. Most of the algorithms are
iterative and they depend on how the starting estimate for E is determined. Nev-
ertheless, nowadays it is possible to find analytical algorithms as the method de-
scribed in Pál [59] to solve Kepler’s problem. In what follows we briefly describe
some of the approaches currently used to solve Eq. (2.6):

• The Serafin [78] approach: the bounds for E are chosen through several in-
equalities to successively divide the root interval and improve the lower and
upper bounds. To do that, two linear methods based on elementary properties
of convex functions are used.

• The Gooding and Odell [36] approach: the starting value for E is provided
by solving a cubic equation. After that, a corrected value is given through
Halley’s method which is used as input to approximate the evaluation of Eq.
(2.6) and its derivative by their Taylor series. The final value is computed with

27
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the Newton-Raphson method. It is an iterative method which requires several
transcendental function evaluations.

• The Nijenhuis [58] approach: the starting for E is computed depending on
four different regions of the (M, e)-space. In three of these regions the starting
value is defined with a Halley step based on a version of Kepler’s equation in
which the sine function is replaced by a simple approximation. In the remain-
ing region, which contains the singular point, the starting value is given by
the solution of Mikkola’s cubic equation and refined through a Newton step
applied to a quintic equation. An m-th order generalized Newton method is
applied thereafter to obtain the final solution, where m depends on the ac-
curacy required. It is an iterative method which requires two trigonometric
evaluations.

• The Markley [53] approach: the starter point for E is the root of a cubic equa-
tion, whose expression is derived through the Padé approximation for sin(E),
which is replaced in Eq. (2.6). After that, a fifth-order refinement of the solu-
tion is applied only once. It is a non-iterative method which requires four tran-
scendental function evaluations (a square root, a cube root and two trigono-
metric functions).

• The Fukushima [32] approach: the starting value for E is a trivial upper bound
of the solution: π. The approximate solution is determined by transforming
the Newton-Raphson method from the continuous x-space to a discretized j-
space, where x represents E and j the solution index. The corrected value for E
is another approximation of the Newton-Raphson method by approximating
the evaluation of Eq. (2.6) and the derivative by their truncated Taylor series
around the approximate solution. It is an iterative method which does not
require transcendental functions.

• The Mortari and Elipe [57] approach: two ranges of the mean anomaly are de-
fined to select where the solution should be determined. The lower bound for
E is obtained from two implicit functions, which are non-rational Bézier func-
tions, linear or quadratic, depending on the derivatives of the initial bound
values. The upper bound for E is estimated by applying the Newton-Raphson
method with the lower bound as the starting value. After that, if the machine
error accuracy is not reached, the lower and upper bounds define a new range
of searching. It is an iterative method which requires several transcenden-
tal function evaluations (one quadratic iteration requires nineteen additions,
twenty products and one square root, while one linear iteration requires seven
additions and five products).

In the last century, with the advent of calculators and computers, there is no
impediment to achieving quick solutions of great accuracy. In particular, symbolic
manipulators like Maple or Mathematica are very powerful calculators which are
easy to use and have a very intuitive syntax. Besides, they can be directed to provide
the corresponding code in some of the standard programming languages such as
C, C++ or Fortran, which are specially adapted for numerical calculus. In this chap-
ter a procedure to solve Kepler’s equation for elliptic orbits is developed taking
advantage of the full potential of symbolic manipulators. The code is called Ellip-
tic Kepler Equation-Space Dynamics Group (EKE-SDG) (Raposo-Pulido and Peláez
[68]). We focus the study on the determination of an appropriate seed to initialize
the numerical method for solving Kepler’s equation, considering the already tested
optimization of the well known Newton-Raphson method.
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2.2 the equation

Kepler’s equation (KE) for the elliptical case

x = y− e sin(y), (2.2)

determines a nonlinear function y = y(x, e) where y = E is the unknown eccentric
anomaly, M = x the mean anomaly which is known and e < 1 the eccentricity. For
given values of e ∈ [0, 1[ and M ∈ [0, 2π] the function y = y(x, e) is univocally
defined by Eq. (2.2) and this property can be deduced from the Banach fixed-point
theorem.

The function g(y) is contractive if there is a nonnegative real number k ∈]0, 1[
such that ∀y1,y2 ∈ [0, 2 π]:

|g(y1) − g(y2)| 6 k|y1 − y2|. (2.3)

The smallest value for k is the Lipschitz constant of g. If we consider the equation
g(y) = x + e sin(y), the function g(y) is a contractive mapping for every value
of x, since its derivative g ′(y) = e cos(y) satisfies the condition |g ′(y)| < 1 when
e ∈ [0, 1[. In fact, applying the mean value theorem to the function g(y), there exists
an intermediate value y∗ ∈ [y1,y2] which verifies:

g(y2) − g(y1) = g
′(y∗)(y2 − y1). (2.4)

Taking into account that g ′(y) = e cos(y), we have

|g(y2) − g(y1)| = |e cos(y∗)| |y2 − y1| 6 e|y2 − y1|, (2.5)

that is, k, the Lipschitz constant of g, verifies k < e, proving the property.
Finally, applying the Banach fixed-point theorem for contractive functions, it can

be concluded that there is a fixed point which verifies y = g(y) and this fixed point
is the sought for as the solution of Kepler’s equation. Starting from a given value
y0, for example y0 = x, the sequence yn+1 = g(yn) turns out to be convergent and
its limit is the fixed point. However, this sequence is slowly convergent —specially
when e is close to unity— and this way to solve KE is not effective from a numerical
point of view. Thus, the interest of this procedure is much more theoretical than
practical.

The solution of KE can be seen as a root finding problem of the function

f(y) ≡ y− e sin(y) − x = 0, (2.6)

for given values of e and x. Due to the transcendental character of the equation its
solution is non-trivial. Nevertheless, by introducing the function

F(y) = y−
f(y)

f ′(y)
=
e(sin(y) − y cos(y)) + x

1− e cos(y)
, (2.7)

where f ′(y) is the derivative of f(y), the solution of the KE reduces to the search
of the fixed point of F(y); note that y = F(y) ⇔ f(y) = 0. Again, we can form a
convergent sequence yn+1 = F(yn) whose limit is the root of the function f(y); the
convergence of this new sequence is faster than the previous one (Stumpf [85]) but
still insufficient from a practical point of view.

There are several analytical solutions given by expansions in terms of Bessel func-
tions of first kind like:

E =M+ 2

∞∑
1

Jk(k e)
sin(kM)

k
(2.8a)

Jk(k e) =
1

π

∫π
0

cos(ku− k e sin(u))du. (2.8b)
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More analytical solutions can be found in Battin [11], Colwell [19], and Siewert
and Burniston [80]. However, these expansions are not competitive among the nu-
merical methods, as it is commented in the book Danby [21].

2.2.1 Domain of the equation

Initially, x and y range in the interval [0, 2π]; however, the transformation

y = 2π− η, x = 2π− ξ, (2.9)

converts Eq. (2.2) into:
ξ = η− e sin(η). (2.10)

As a consequence, if x,y ∈]π, 2 π], then ξ,η ∈ [0,π] and the mapping (2.9) reduces
the problem to the interval [0,π].

2.3 newton-raphson algorithms

The root sought is the solution Eq. (2.6) and we wish to establish a successive approx-
imation method starting from a seed y0. In the classical Newton-Raphson (CNR)
algorithm a sequence is formed whose elements become arbitrarily close to each
other as the sequence progresses:

yn+1 = yn −
f(yn)

f ′(yn)
. (2.11)

This Cauchy sequence converges to the solution and it is very well known that the
convergence rate of this algorithm is quadratic; thus the number of correct figures
is doubled, approximately, in each iteration of the sequence.

A better convergence rate is obtained with the modified Newton-Raphson (MNR)
algorithm which is used in the EKE-SDG code to solve the Kepler equation. If yn
in one of the terms of the sequence, the next term will be yn+1 = yn +∆yn, where
∆yn should verify

f(yn+1) = f(yn +∆yn) = 0, (2.12)

with f given by Eq. (2.6). By approximating f(yn+1) by its second order Taylor
expansion about yn it is obtained

f(yn+1) ≈ f(yn) + f ′(yn)∆yn +
1

2
f ′′(yn)∆

2yn, (2.13)

and the condition f(yn+1) = 0 provides the value of ∆yn:

∆yn =
−f ′(yn)±

√
f ′2(yn) − 2f(yn)f ′′(yn)

f ′′(yn)
. (2.14)

Then, we multiply numerator and denominator by

− f ′(yn)∓
√
f ′2(yn) − 2f(yn)f ′′(yn), (2.15)

to obtain:

∆yn =
−2f(yn)

f ′(yn)±
√

|f ′2(yn) − 2f(yn)f ′′(yn)|
, (2.16)

where we have to select the sign (+) when f ′(yn) is positive; if f ′(yn) < 0 the sign
(−) must be taken.
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Table 1: The right answer is y = 2.78172231.

Sequences for M = 2.5 and e = 0.8

Seed y0 = 0.1 Seed y0 = 0.3

CNR MNR CNR MNR

12.25640804 5.82975453 10.6355865 3.95106621

-29.74030805 1.97868144 3.70452359 2.86354381

0.74394754 2.76120459 2.73142300 2.78176216

6.32984624 2.78172169 2.78194606 2.78172231

-12.55060918 2.78172231 2.78172231 2.78172231

62.72807874 2.78172231 2.78172231 2.78172231

The use of absolute value in Eq. (2.16) does not affect the convergence of the
algorithm. It is introduced to prevent the algorithm from failing during the series
generation when the square root is a complex number. The first and second deriva-
tives of Eq. (2.6) are given by the relations

f ′(yn) = 1− e cos(yn) (2.17)

f ′′(yn) = e sin(yn). (2.18)

Equation (2.16) summarizes the MNR algorithm. It should be noticed that the
algorithm becomes the CNR method, in which the function is approximated by its
first order Taylor expansion, when f ′′(yn) = 0. In general, the convergence rate of
the MNR algorithm is cubic.

The MNR algorithm is a particular case of the algorithm used in the Conway’s
method. Bruce A. Conway applied a root-finding method of Laguerre (1834-1886) to
the solution of Kepler’s equation (Conway [20]). Although the method is intended
for finding the roots of a polynomial, it works equally well for Kepler’s equation.
The algorithm associated to that method is summarized by the equation

∆yn =
−(1+ p)f(yn)

f ′(yn)±
√

|p[p f ′2(yn) − (1+ p)f(yn)f ′′(yn)]|
, (2.19)

with p = m − 1 and m is the degree of the polynomial. The convergence of the
algorithm is almost independent of m; Conway opts for m = 5. As we can see, the
MNR method is a particular case of Conway’s method for m = 2.

The main difference between the CNR and the Conway or the MNR methods is
associated to its reliability. The three methods need an initial seed from which start
the generation of the convergent sequence. The CNR method is much more affected
by the quality of the initial seed than the Conway’s method or the MNR method.
If the quality of the initial seed is poor the CNR method could not converge to the
solution.

Table 1 shows the different sequences generated by the CNR and MNR algorithms
when trying to solve Kepler’s equation with values M = 2.5 and e = 0.8 and two
different seeds: the bad one, y0 = 0.1, and another less bad, y0 = 0.3. Only the first
six terms of the sequence have been calculated. For the bad seed the CNR does not
converge to the real solution; on the contrary, the MNR always converges to the real
answer even though we start from a very poor seed. However, the behavior of the
algorithms is quite different if we use a very good seed as starting point. Table 2

shows the first six terms of the sequences generated for the same values M = 2.5,
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Table 2: The right answer is y = 2.781722308989884.

Sequences for M = 2.5 and e = 0.8

Seed y0 = 2.8

CNR MNR

2.781748270190563 2.781722746897827

2.781722309044170 2.781722308989884

2.781722308989884 2.781722308989884

2.781722308989884 2.781722308989884

2.781722308989884 2.781722308989884

2.781722308989884 2.781722308989884

e = 0.8 when the initial seed is very good: y0 = 2.8. Both algorithms converge
quickly to the real answer.

The accuracy of the Newton-Raphson algorithms is jeopardized when M � 1

and 1− e � 1; we call this region of the plane (e,M), the singular corner. In such
a region y is also small, and the expansion of the equation for small values of y
provides

y ≈ x

1− e
, (2.20)

that is, the solution is ill-conditioned from a numerical point of view since it is the
ratio of two infinitesimals.

The central idea, and also the goal of this work, is to generate a very good ini-
tial seed in all possible cases, also in the singular corner. Then we will use one of
the Newton-Raphson algorithms to find the right solution of Kepler’s equation.
Roughly, we exploit the very good characteristics of the Newton-Raphson algo-
rithms (CNR, MNR or Conway) because they assure the convergence and provide
the solution with accuracy and velocity if the quality of the initial seed is hight. It
is much more cost-effective, from a computational point of view, to improve the
initial seed and then use it to feed a Newton-Raphson algorithm than to look for
new algorithms which would be able to beat the simplicity and performance of
Newton-Raphson algorithms.

Moreover, the solution of KE is an issue with more than three centuries (Colwell
[19]); along such a long period of time, several methods have been proposed, most
of them associated with mathematical tools or techniques of its epoch. At present,
one important mathematical tool which characterizes this epoch is the symbolic ma-
nipulator (Macsyma, Maxima, Derive, Maple, Mathematica, etc). We try to exploit
these tools to their full usefulness, in order to generate a C or FORTRAN code that
is robust, reliable, exact and fast.

2.4 the seed value

The approach starts by discretizing the eccentric anomaly domain [0,π] in twelve
intervals of 15

◦ in width, where the corresponding Mi ≡ xi is obtained from Eq.
(2.2) (see Table 3). This way, we define twelve intervals [xi, xi+1], i = 1, ..., 12.

In each of these intervals we introduce a fifth degree polynomial pi(x, e), i =

1, ..., 12 to interpolate the eccentric anomaly

pi(x, e) = a(i)0 (e) + a
(i)
1 (e)x+ a

(i)
2 (e)x2 + a

(i)
3 x3(e) + a

(i)
4 (e)x4 + a

(i)
5 (e)x5. (2.21)
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Notice that the polynomials used in the method have coefficients that depend on
the eccentricity (see Appendix A). In order to simplify the equation, we make an
abuse of notation by writing the coefficients only as a function of i, that is

pi(x) = a
(i)
0 + a

(i)
1 x+ a

(i)
2 x2 + a

(i)
3 x3 + a

(i)
4 x4 + a

(i)
5 x5. (2.22)

The polynomial pi(x) is only valid inside the interval [xi, xi+1], i = 1, ..., 12, where
we approximate the function by the polynomial: y(x) ≈ pi(x).

In order to determine the six coefficients of pi(x) the following six boundary
conditions should be imposed

pi(xi) = y(xi), pi(xi+1) = y(xi+1), (2.23a)

p ′i(xi) = y
′(xi), p ′i(xi+1) = y

′(xi+1), (2.23b)

p ′′i (xi) = y
′′(xi), p ′′i (xi+1) = y

′′(xi+1), (2.23c)

where the two first derivatives of y are given by:

y ′ =
dy
dx

=
1

1− e cos(y)
(2.24)

y ′′ =
d2y
dx2

=
−e sin(y)

(1− e cos(y))3
, (2.25)

and they can be easily calculated at the ends of the interval. These conditions assure
that the function y(x) and the polynomial pi(x) share the same values and the same
first and second derivatives at the boundaries of the interval [xi, xi+1].

The polynomials pi(x), i = 1, ..., 12, can be generated easily with the aid of a sym-
bolic manipulator once and for all; moreover, the symbolic manipulator provides
the FORTRAN or C code of the polynomials that can be appropriately stored in one
module to be used later. We used the version 18.02 of Maple.

Consequently, given e and M, we determine the starting value y0 from the fol-
lowing procedure:

1. First, given e the ends xi, xi+1 of the intervals described in Table 3 are calcu-
lated.

2. The interval [xi, xi+1] should be selected in such a way that M ∈ [xi, xi+1].
Note that the corresponding values [yi,yi+1] are known and the seed y0 sat-
isfies: y0 ∈ [yi,yi+1].

3. Use the corresponding polynomial pi(x) to obtain the seed to be used with
the Newton-Raphson algorithm:

y0 = pi(M). (2.26)

Most of the times, this initial seed is a very good approximation to the solution of
KE; specially when M is close to the ends of the interval [xi, xi+1] since this seed is
practically the solution of Kepler’s equation. However, the singular behavior of KE
near the singular corner is well known. In this zone the approximation of y(x) by
means of the polynomials pi(x) is not very effective and a special analysis should
be performed.

2.5 analysis in the singular corner

To describe the solution close to the singular corner we introduce the value ε = 1− e

assuming that ε� 1:

x = y− (1− ε) sin(y) = y− sin(y) + ε sin(y). (2.27)
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Table 3: Important values for the polynomial approach, where γis = sin((i − 1)π/12) and
γic = cos((i− 1)π/12).

Intervals defined in the solution

i xi = yi − e sinyi yi = (i− 1)
π

12

dy
dx

∣∣∣
xi

d2y
dx2

∣∣∣
xi

1 0 0

1

1− e
0

2

π

12
− γ2se

π

12

1

1− γ2ce

−γ2se

(1− γ2ce)3

3

π

6
−
1

2
e

π

6

1

1− γ3ce

−e

2(1− γ3ce)3

4

π

4
− γ4se

π

4

1

1− γ4ce

−γ4se

(1− γ4ce)3

5

π

3
− γ5se

π

3

2

2− e

−8γ5se

(2− e)3

6

5π

12
− γ6se

5π

12

1

1− γ6ce

−γ6se

(1− γ6ce)3

7

π

2
− e

π

2
1 −e

8

7π

12
− γ6se

7π

12

1

1+ γ6ce

−γ6se

(1+ γ6ce)3

9

2π

3
− γ5se

2π

3

2

2+ e

−8γ5se

(2+ e)3

10

3π

4
− γ4se

3π

4

1

1+ γ4ce

−γ4se

(1+ γ4ce)3

11

5π

6
−
1

2
e

5π

6

1

1+ γ3ce

−e

2(1+ γ3ce)3

12

11π

12
− γ2se

11π

12

1

1+ γ2ce

−γ2se

(1+ γ2ce)3

13 π π
1

1+ e
0
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The goal is to describe numerically the exact solution yv(x) of Eq. (2.27) with
sufficient accuracy to be part of the seed used to start the Newton-Raphson conver-
gent process. In order to do that, an asymptotic expansion in power of the small
parameter ε will be obtained.

In the singular corner, when x is small, y is also small. However, it is possible to
distinguish several regimes inside this region:

• The inner region, where x ≈ O(ε2) and y ≈ O(ε). In this inner region the most
important term on the right-hand side of Eq. (2.27) is: ε sin(y).

• The intermediate region, where x ≈ O(ε
3
2 ) and y ≈ O(ε

1
2 ). In this intermediate

region both terms on the right-hand side of Eq. (2.27) are of the same order:
y− sin(y) ≈ ε sin(y).

• The outer region, where x ≈ O(ε
3
4 ) and y ≈ O(ε

1
4 ). In this outer region the

most important term on the right-hand side of Eq. (2.27) is: y− sin(y).

In each one of these regions it is possible to obtain an asymptotic expansion of
the exact solution yv(x) of Eq. (2.27) in terms of powers of the small parameter
ε. During the study we assessed the boundaries of the regions, obtaining the best
accuracy when

• The inner region is defined, approximately, for (x, e) satisfying x < 0.001 ε
3
2 .

• The intermediate and outer region are defined in the same region for (x, e)
satisfying x > 0.001 ε

3
2 .

As a consequence, only two regions in the singular corner are considered at the
end: inner and intermediate-outer; these approximate solutions permit to generate
a very good seed to feed the Newton-Raphson convergent process (Fig. 2.1).

2.5.1 Inner region

In the inner region we introduce the following change of variables:

x = ε2 ξ, y = ε η, with ξ,η ≈ O(1). (2.28)

Note that (ξ,η) are both positive amounts. We look for a solution to Eq. (2.27)
given by:

ξ = η+ a1ε+ a2ε
2 + a3ε

3 + . . . , (2.29)

where the coefficients ai, i = 1, 2, ... can be obtained expanding appropriately the
right-hand side of Eq. (2.27). The solution is:

ξ = η+
1

6
η3 ε−

1

6
η3 ε2 −

1

120
η5 ε3 +

1

120
η5 ε4 + . . . . (2.30)

The next step is to invert this solution to obtain η as a function of ξ; to do that we
introduce the expansion

η = ξ+ b1ε+ b2ε
2 + b3ε

3 + . . . , (2.31)

where the coefficients bi, i = 1, 2, ... are functions of ξ that must be calculated.
Introducing this expansion in Eq. (2.30) and requiring that the different coefficients
of each order match, it is possible to obtain the values of bi, i = 1, 2, .... The result
is:

η = ξ−
1

6
ξ3 ε+

1

12
ξ3 (ξ2 + 2) ε2 −

1

360
ξ5 (20ξ2 + 57) ε3 + . . . . (2.32)
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2.5.2 Intermediate-outer region

In the intermediate region we introduce the following change of variables:

x = ε
3
2 χ, y = ε

1
2 σ, with χ,σ ≈ O(1). (2.33)

Note that (χ,σ) are both positive amounts. We look for a solution to Eq. (2.27)
given by:

χ = a0 + a1ε+ a2ε
2 + a3ε

3 + . . . , (2.34)

where the coefficients ai, i = 1, 2, ... can be obtained expanding appropriately the
right-hand side of Eq. (2.27). The solution is:

χ =
1

6
σ3 + σ−

1

120
σ3 (σ2 + 20) ε+

1

5040
σ5(σ2 + 42) ε2 + . . . . (2.35)

Let σ0 > 0 be the real and positive solution of the cubic equation

f(σ) =
1

6
σ3 + σ− χ = 0⇔ f(σ) = σ3 + 6 σ− 6 χ = 0. (2.36)

This root always exists; in fact, the function f(σ) verifies:

f(0) = −6 χ < 0 (2.37a)

f(χ) = χ3 > 0, (2.37b)

therefore in the interval [0,χ] there is a root of f(σ) = 0 at least. But in fact there is
only one root, because the derivative

f ′(σ) = 3 σ2 + 6 > 0, (2.38)

is always positive in that interval. That root is given by:

σ0 = S−
2

S
, (2.39)

where S = (Λ + 3χ)
1
3 and Λ =

√
8+ 9χ2. It should be noted that Eq. (2.39) can

exhibit a rounding-error defect when S ≈
√
2 (σ0 � 1). In order to minimize this

error, we develop an alternative procedure to provide σ0. We rewrite the cubic
equation (2.36) as

σ(σ2 + 6) − 6 χ = 0⇔ σ =
6χ

σ2 + 6
, (2.40)

such that σ is replaced by Eq. (2.39) on the right-hand side of the equation, obtaining

σ0 =
6χ

2+ S2 + 4
S2

, (2.41)

which provides a smaller rounding-error when χ� 1, that is, when Λ ≈ 2
√
2.

Once the value of σ0 is known it is possible to invert the solution (2.35) to obtain
σ as a function of χ; to do that we introduce the expansion

σ = σ0 + b1ε+ b2ε
2 + b3ε

3 + . . . , (2.42)

where the coefficients bi, i = 1, 2, ... are functions of σ0 that must be calculated.
Introducing this expansion in (2.35) and requiring that the different coefficients of
each order match, it is possible to obtain the values of bi, i = 1, 2, .... The result is:

σ = σ0 +
σ30 (σ

2
0 + 20)

60(σ20 + 2)
ε+

σ50 (σ
6
0 + 25σ

4
0 + 340σ

2
0 + 840)

1400(σ20 + 2)
3

ε2 + . . . . (2.43)



2.6 the eke-sdg algorithm 37

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.05  0.1  0.15  0.2

M

E

exact
asymptotic

Figure 2.1: The exact solution to Kepler’s equation and the asymptotic solution —up to third
order— obtained in the singular corner. The agreement is excellent. Here five
values of ε have been considered: ε = 0.001, 0.051, 0.101, 0.151, 0.201.

2.6 the eke-sdg algorithm

Given the values of M and e, in order to solve the elliptic Kepler’s equation we use
the following algorithm:

Seed estimation:

• Inside the singular corner (M < 0.15 and e > 0.75)

1. If x < 0.001 ε
3
2 , use the sequence associated with Eq. (2.32) to esti-

mate the starting value y0.

2. If (x, e) satisfying x > 0.001 ε
3
2 , use the sequence associated with Eq.

(2.43) to estimate the starter value y0.

• Outside the singular corner (M > 0.15 or e 6 0.75)

1. The ends xk, xk+1 of the intervals described in Table 3 are calculated.
The interval [xk, xk+1] should be selected in such a way that M ∈
[xk, xk+1]. Note that the corresponding values [yk,yk+1] are known
and the seed y0 satisfies: y0 ∈ [yk,yk+1].

2. The seed y0 is given by the corresponding polynomial (2.22).

Root estimation:

• The seed y0 = E0 is used to solve the equation

y− e sin(y) − x = 0, (2.44)

by using the Newton-Raphson algorithm.

• The output of this algorithm provides the desired value of the eccentric
anomaly y(x) = E.

The EKE-SDG code is detailed in Appendix B.

2.7 analysis of results

We performed an exhaustive numerical analysis of the algorithm that we propose
in these pages. Two main aspects have been considered: 1) accuracy and 2) speed.
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M

e

Figure 2.2: Results with the SDG-code (12 polynomials) using a modified Newton-Raphson
(MNR) iteration scheme.

There are additional considerations that must be taken into account like, for exam-
ple, the reliability of the procedure, the ease of implementation and so on. We start
analyzing the speed.

2.7.1 Speed of the process

Kepler’s equation for the elliptical case has been solved with the method proposed
in this study by using the modified Newton-Raphson (MNR) algorithm. Kepler’s
equation has been solved roughly 4 · 106 times, using double and quadruple preci-
sion and a tolerance equal to εtol = 1.11 · 10−15 and εtol = 1.0 · 10−24 respectively.
It should be noted that when working with tolerances close to machine accuracy,
any numerical procedure based on successive approximations could be affected by
artificial numerical chaos. By using an appropriate tolerance it is possible to escape
from such a numerical chaos. In each run we count the number of iterations needed
to reach a solution with a residual ρ = |y− e sin(y) − x| lower than the tolerance
εtol. This number is taken as a measure of the speed of the procedure.

Figure 2.2 shows, in the plane (e,M) the number of iterations needed to reach
a residual ρ lower than the tolerance εtol; this number is always less or equal to
unity. Note that in the color code of the figure, white color corresponds to one
iteration and black color to zero iterations. The green color (2 iterations) and red
color (3 iterations) do not appear in the figure. The averaged value obtained in the
calculations is 0.9843 iterations. The reliability of this code is remarkable because
after many millions of runs, the algorithm never enters in dead loops or other kind
of non-convergent phases.

Two different calculations have been carried out: 1) using standard double preci-
sion and 2) using quadruple precision. In both cases the results can be summarized
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Figure 2.3: The maximum total absolute error εmax versus the eccentricity e, for different
number of iterations. Calculations in double precision and using 12 polynomials.

in Figure 2.2 because from the point of view of the number of iterations there are
no differences in both calculations.

2.7.2 Accuracy analysis

In this section the analysis is focused on the EKE-SDG code with the iteration
scheme provided by the MNR algorithm. In this code the iteration ends when
the residual ρ = |y − e sin(y) − x| is lower that the zero of the machine εtol =

2.22 · 10−16.
Let us consider the true solution yv(x, e) for given values of e and the mean

anomaly M = x. Let yc(x, e) be the numerical solution provided by the EKE-SDG
code for these particular values. Obviously, due to truncation and round-off errors
it is possible to write

yc = yv + εabs, (2.45)

where εabs is the total absolute error associated with the numerical solution yc(x, e).
If the numerical solution yc(x, e) is a good approximation to the true solution, the
value of εabs is an infinitesimal: εabs � 1. In such a case, this absolute error
is closely related to the residual ρ. In fact, for the numerical solution yc(x, e) the
residual is given by:

ρ = |yv + εabs − e sin(yv + εabs) − x|. (2.46)

Taking into account that the true solution verifies

yv − e sin(yv) − x = 0, (2.47)

the residual takes the form

ρ = |εabs||1− e cos(yv)|+O(ε2abs). (2.48)

As a consequence the total absolute error is given by:

|εabs| =
ρ

|1− e cos(yv)|
. (2.49)
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Figure 2.4: The maximum total absolute error εmax versus the eccentricity e, for different
number of iterations. Calculations in quadruple precision and using 12 polynomi-
als.

Basically, it depends on the residual ρ, just like the total relative error

|εrel| =
|yc − yv|

|yv|
=

ρ

|yv (1− e cos(yv))|
. (2.50)

Let us fix the value of the eccentricity e; then we scan the whole intervalM ∈ [0,π]
calculating the residual ρ prior to any iteration (the residual provided by the start-
ing seed), after one iteration, two iterations and so on. Let ρmax be the maximum
residual that we found while scanning the whole interval M ∈ [0,π] for each itera-
tion number. These maximum residuals permit to calculate the maximum values of
the absolute error εmax for different number of iterations, and these absolute errors
can be associated with the value of the eccentricity e.

By plotting the values of such maximum absolute errors versus the eccentricity
e, the accuracy involved in the calculations after zero, one, two,... iterations can
be assessed. Note that these values indicate the lowest accuracy of the numerical
solution yc(x, e) provided by the EKE-SDG code; in fact, for each value of e there
are hundred of values of M where the accuracy is much better than the indicated
by εmax.

Figure 2.3 shows the decimal logarithm of the maximum absolute error versus the
eccentricity e. The initial seed —0 iterations— provides an error which, in the worst
case, ranges from 10−4 to 10−12. Since the calculations associated with Figure 2.3
have been carried out in double precision, the residual obtained after one iteration
practically saturates the capacity of the machine to provide the solution with 15
or 16 significant figures. It should be underlined that one additional iteration does
not improve the accuracy of the numerical solution; Figure 2.3 shows that the lines
corresponding to 1 and 2 iterations are, practically, the same.

Figure 2.4 is the same as Fig. 2.3 but with the calculations carried out in quadruple
precision. It is clear that with one single iteration we obtain more than 20 significant
figures except for values of e close to unity, where the number of significant digits is
about 17 to 20. Two iterations the EKE-SDG code saturates the precision capacities
of the machine, providing 34 significant figures.
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M

e

Figure 2.5: Results with the EKE-SDG code (23 polynomials) using the modified Newton-
Raphson (MNR) iteration scheme.

2.7.3 Improving the code

The number of polynomials used for the discretization of the interval [0,π] of the
mean anomaly M = x does not affect the speed of the algorithm but it has an im-
portant impact on the accuracy. Instead of twelve, the code is modified to use more
polynomials in order to obtain a better initial seed. However, the number of poly-
nomial can not be increased arbitrarily because the intervals [xi, xi+1] becomes too
small and the polynomials becomes numerically unstable. Thus, when 24 polyno-
mials are used the two first polynomials p1(x) and p2(x) associated with the two
first intervals [x1, x2] and [x2, x3] become numerically unstable for some values of
the eccentricity e. If these two polynomials are replaced by the first polynomial of
the twelve family, the EKE-SDG code runs without problems and the accuracy of
the algorithm is improved in a significant way.

Figure 2.5 is the same as Fig. 2.2 but now the calculations have been carried out
using 23 polynomials. The figure does not change if quadruple precision is used
instead of double precision. The speed of the code is not affected by the increase
of polynomials. Obviously, by using double precision the code is faster than using
quadruple precision.

Figure 2.6 is the same as Fig. 2.3 but now 23 polynomials have been used to
provide the initial seed. The initial seed —0 iterations— provides an error which,
in the worst case, ranges from 10−7 to 10−15. Since the calculations associated with
Fig. 2.6 have been carried out in double precision, the residual obtained after one
iteration practically saturates the capacity of the machine to provide the solution
with 15 or 16 significant figures. It should be underlined that one additional iteration
does not improve the accuracy of the numerical solution; the figure shows that the
lines corresponding to 1 and 2 iterations are, practically, the same. By comparing
Figs. 2.3 and 2.6 a clear increase in the accuracy of the initial seed is detected when
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Figure 2.6: The maximum total absolute error εmax versus the eccentricity e, for different
number of iterations. Calculations in double precision and using 23 polynomials.
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Figure 2.7: The maximum total absolute error εmax versus the eccentricity e, for different
number of iterations. Calculations in quadruple precision and using 23 polynomi-
als.
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the 23-polynomials family is used. However, there are no differences in the accuracy
of the results after one iteration.

Figure 2.7 is the same as Fig. 2.4 but now 23 polynomials have been used. Since the
calculations associated with Fig. 2.7 have been carried out in quadruple precision,
the residual obtained after one iteration practically saturates the capacity of the
machine to provide the solution with 34 significant figures except in the region
0.75 < e < 1 where the number of significant digits ranges from 27 to 34. One
additional iteration improves the accuracy of the numerical solution for all values
of e.

2.8 comparison of results

In the calculations, 23 approximating polynomials are used instead of 12. In fact,
after checking out the behavior of the algorithm by using several number of poly-
nomials we came to the conclusion that: 1) the differences are not important when
using 12, 16, 18 or 23 polynomials, and 2) by using 23 the algorithm behavior is
slightly smoother from a global point of view. All the calculations have been carried
out in a workstation with Intel(R) Core(TM) i7 CPU 860 @ 2.80GHz 2.79GHz micro-
processor in a Windows 7 64 bits operative system and with the same Intel C/C++
compiler.

Kepler’s equation for the elliptical case has been solved with the method de-
scribed previously —EKE-SDG— by using different Newton-Raphson algorithms.
Moreover, the same analysis has been performed with typical solvers of Kepler’s
equation, namely:

• The modified Newton-Raphson (MNR).

• The Conway method.

• The classical Newton-Raphson method (CNR).

• The method described in Gooding and Odell [36].

• The method described in Nijenhuis [58].

• The method described in Fukushima [32].

• The method described in Mortari and Elipe [57].

In each case, Kepler’s equation has been solved as described in Sec. 2.7.
Figure 2.5 shows, in the plane (e,M), the number of iterations associated with

the EKE-SDG when using the modified Newton-Raphson (MNR) iteration scheme.
Notice that in the 98.737 % of cases we reach the solution with the prescribed tol-
erance with only 1 iteration and in the 1.263 % no iteration is necessary (see Table
4). These results justify the option of working with quadruple precision which does
not slow the calculations due to the very small number of iterations required. The
CPU time invested in the nearly 4 · 106 times that we solved Kepler’s equation was
41.012 seconds and the averaged number of iterations was 0.987. In the figure the
zero iterations cases are localized in lines that, approximately, indicate the extremes
of the intervals associated with the approximating polynomials.

Table 4 shows also the number of iterations associated with the EKE-SDG when
using the Conway and classical Newton-Raphson (CNR) methods. Note that in a
small number of cases located close to the singular corner —the 0.106% and 0.138%
respectively— two iterations are required. The CPU time invested was 40.779 sec-
onds with Conway and 40.591 seconds with CNR, while the averaged number of
iterations was 0.988 and 0.989 respectively.
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Figure 2.8: Number of significant figures, approximately, obtained with the code of Gooding
and Odell [36] (upper), Nijenhuis [58] (medium) and Fukushima [32] (lower). On
the left double precision; on the right quadruple precision.
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Table 4: Number of iteration (percentage) obtained with the different Newton-Raphson algo-
rithms checked in double (upper) and quadruple (lower) precision.

Scheme i = 0 i = 1 i = 2 i = 3 i > 4

MNR
1.263 98.737 0 0 0

0.161 99.839 0 0 0

Conway
1.263 98.631 0.106 0 0

0.161 34.865 64.974 0 0

CNR
1.263 98.599 0.138 0 0

0.161 35.588 66.251 0 0

Gooding
0.499 0 98.144 0 1.357

0.499 0 98.144 0 1.357

Nijenhuis
0 0 0 50.024 49.976

0 0 0 50.024 49.976

Fukushima
0.099 0 1 52.605 46.296

0.099 0 1 52.605 46.296

Mortari
0.099 0.050 71.162 28.686 0.003

0.099 0.049 0.00015 87.036 12.815

Moreover, Table 4 shows the number of iterations associated with the approaches
described in Gooding and Odell [36], Nijenhuis [58], Fukushima [32] and Mortari
and Elipe [57] when using double precision. Note that all of them require more than
3 iterations for some particular cases, reaching a maximum value of 18, 6, 9 and 4
iterations respectively. The CPU time invested was 41.2 seconds with Gooding’s
code, 42.136 seconds with Nijenhuis’ code, 59.872 seconds with Fukushima’s code
and 44.173 seconds with Mortari’s code. The averaged number of iterations was
2.205, 4.5, 3.495 and 2.284 respectively.

In quadruple precision (see Table 4) the EKE-SDG keeps again the smallest num-
ber of iterations. The methods described in Gooding and Odell [36], Nijenhuis [58]
and Fukushima [32] do not experiment any change, keeping the same percent-
ages as in double precision. The maximum number of iterations reached was the
same as in double precision except for Gooding’s code with 25 iterations and Mor-
tari’s code with 17 iterations. The CPU time invested was 83.190 seconds (MNR),
87.840 seconds (Conway) and 81.840 seconds (CNR) with EKE-SDG, 64.335 seconds
with Gooding’s code, 63.071 seconds with Nijenhuis’ code, 260.926 seconds with
Fukushima’s code and 129.824 seconds with Mortari’s code. When quadruple preci-
sion is applied, the SDG-code does not become the fastest algorithm, but provides
the most precise solution with more than 30 significant digits in practically the
whole plane (e,M). Indeed, Figures 2.8 and 2.9 show the number of significant dig-
its obtained with the different codes when using the MNR method in double and
quadruple precision. As it is shown, only the EKE-SDG exhibits an improvement
of 20 significant figures for almost the complete plane when changing from dou-
ble to quadruple precision. However, the results obtained with the remaining codes
highlight the fact that they were developed to work in double precision but not
in quadruple precision, specially in the case of Gooding, Nijenhuis and Fukushima
codes. As a consequence, the results justify again the option to work with quadruple
precision when using the EKE-SDG.
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Figure 2.9: Number of significant figures, approximately, obtained with the Mortari and Elipe
[57] (upper) and EKE-SDG (lower). On the left double precision; on the right
quadruple precision.
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2.9 applications of the eke-sdg code

In the introduction of the article by Wisdom and Holman [95] we can read: Long-
term integrations are playing an increasingly important role in investigations in dynamical
astronomy. The reason is twofold. First, numerical exploration is an essential tool in the
study of complex dynamical systems which can exhibit chaotic behavior, and there has been
a growing realization of the importance of chaotic behavior in dynamical astronomy.

In this sense, the code developed in this study is very useful in many situations,
especially in the numerical integration of perturbed problems which appears in
dynamical astronomy. In particular, when the integration requires to solve Kepler’s
equation at every step, that implies a large number of times. Not only in Keplerian
perturbed problems, but in more involved situations like in N-body problems.

We must underline that this method works regardless of whether or not the ec-
centricity maintains a constant value. In some cases, the eccentricity is constat as for
example in the traditional Encke’s method (Encke and Schäfli [30]) where the refer-
ence orbit is a Keplerian one. Encke’s method is used in some long-term integration
codes, like the LONGSTOP project (Milani et al. [55]).

In other cases, the value of the eccentricity changes with time. This situation ap-
pears, for example, when the integration is performed with Deprit’s regularized
propagation method, based on a Hansen ideal frame (Deprit [27, 28]). This integra-
tion scheme is valid for elliptical orbits and requires solving Kepler’s equation in
every integration step.

Kepler’s equation must be solved as well in symplectic integration codes as for
example in the Wisdom-Holman method (Wisdom and Holman [95]), where the
orbital elements exhibit small changes at every step.

To avoid the propagation of any kind of error involved in these numerical pro-
cedures it becomes necessary to solve Kepler’s equation with the highest possible
accuracy. The EKE-SDG algorithm, which can be used in double or quadruple pre-
cision, satisfies this condition assessing the convergence regardless of the numerical
method selected.

Finally, it is important to highlight that in strongly perturbed problems it is quite
easy to enter in the singular corner. Thanks to the asymptotic expansion, the EKE-
SDG code is very reliable and accurate and avoids some chaotic behavior of numer-
ical nature that appears in that region with other solvers.





3T H E H Y P E R B O L I C K E P L E R ’ S E Q U AT I O N

The following chapter is focused on the resolution of the hyperbolic Kepler’s equa-
tion continuing the work developed in the previous chapter. The procedure is ex-
tended to a new family of conics.

3.1 introduction

The hyperbolic Kepler’s equation (HKE) is

M = e sinh(H) −H, (3.1)

and it must be solved to obtain the value of the hyperbolic anomaly H in terms of
the mean anomaly M and the eccentricity e of the orbit: H = H(M, e) or y = y(x, e).
In this study we use the following notation: the hyperbolic anomaly is denoted by
H or y without distinction. Equally, the mean anomaly is denoted by M or x.

Solving Kepler’s equation —in its elliptic or hyperbolic version— is not a new
problem. For approximately the last three centuries many scientists have been inter-
ested in this resolution and many papers related to this topic have been published
in each decade from the mid-seventeenth century. By 1960 problems of celestial me-
chanics and orbit determination were being reformulated, and indeed new fields,
including astronautics and astrodynamics, were being built to study them (Colwell
[19]). The introduction of rocket thrusters for space flight presented possibilities
of encountering trajectories with osculating orbits whose character changes signifi-
cantly during the period of interest. In that sense, a low-acceleration escape trajec-
tory might start in a nearly circular orbit and finish on a hyperbolic path. This aspect
motivated researchers to employ a formulation free from the possibilities of indeter-
mination, no matter what form the orbit takes, be it elliptic, parabolic, hyperbolic,
or possibly a circular or linear limit (Pitkin [64]).

As a consequence, during that time there were efforts in several directions to
reformulate the laws of orbital motion, and in particular Kepler’s equation, into
universal variables which incorporated all eccentricities and allow rapid, accurate
computation of positions and velocities. Some of these approaches can been found
in Battin [10], Goodyear [37], Stumpff [86], Herrick [43], Gooding [34], Sarnecki
[77], Sharaf and Sharaf [79], Beust et al. [15], or Wisdom and Hernandez [94]. Even
analytical solutions have been found using universal variables.

However, the interest for the hyperbolic version of Kepler’s equation is founded
on many different reasons. First of all, the solution of any highly transcendental
equation is interesting, in itself, from the point of view of applied mathematics.
In the field of numerical analysis some powerful techniques have been devoted to
solving transcendental equations; for example, the homotopy continuation methods
(Alhindi and Sharaf [2]).

Obviously HKE is most important in the fields of astronomy, celestial mechanics,
and astrodynamics. In their paper, Wisdom and Holman [95] strongly underlined
the important role that long-term integrations play in investigations on dynamical
astronomy. A clear example is the LONGSTOP project (Milani et al. [55]), an in-
ternational cooperative program with the purpose of investigating the stability of
our solar system. In this kind of integrations, it is of paramount importance to take
care of the errors involved (Milani and Nobili [54]). The imperfect convergence of
an iterative algorithm —especially when we solve transcendental equations such as

49
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Kepler’s equation— is a well known source of error. Minimizing such errors is al-
ways an interesting issue that helps to achieve the main objective of the research. Ke-
pler’s equation must be solved in symplectic integration codes as for example in the
Wisdom-Holman method (Wisdom and Holman [95]), where the orbital elements
experience small changes at every step. It can be used for long-term gravitational
simulations (Rein and Tamayo [71]), or for the collisional gravitational N-body prob-
lem (Dehnen and Hernandez [26] and Hernandez and Bertschinger [42]). Beyond
this, the correct determination of the position and velocity in perturbed cometary
orbits, which depends on the fast and accurate solution of the HKE, became an
important issue. The introduction of computing machines gave impetus to the gen-
eration of algorithms that help in tasks of this kind from the very beginning. One
example can be found in Davidson [22, 23] and Smiley [82] where a method is intro-
duced in order to calculate the true anomaly and the time of perihelion passage for
hyperbolic orbits. The authors gave an approximate solution of the HKE without
explicitly mentioning it. Another example of algorithms designed to be used in a
computing machine can be found in Sitarski [81].

Some comets are originated outside of the solar system. Such comets enter the
solar system coming from the interstellar space and may exit the solar system fol-
lowing hyperbolic trajectories. Recently the object 1I/2017 U1 reached its perihelion
(0.2483 ua) following one of these hyperbolic trajectories. Frequently, the HKE is
used to describe the hyperbolic anomaly of the comet. The determination of the
radial distance —or the Cartesian coordinates— of such a comet requires some-
what accurate knowledge of the hyperbolic anomaly. Faintich [31] shows how a
near-parabolic comet in the Oort cloud can be perturbed by a passing star. The de-
scription of the perturbed comet orbit requires us to consider the hyperbolic motion
of both stars around its common center of mass and the time evolution of the whole
system leads to a solution of the HKE.

There are, however, other fields in which the HKE plays a significant role. For
example, Rauh and Parisi [70] faced the problem of deriving macroscopic proper-
ties from the Hamiltonian of the hydrogen atom considering possible hyperbolic
orbits. By using the Kustaanheimo-Stiefel (KS) transformation, a pseudo-time σ is
introduced into the problem. However, the relation between σ and the real time
t is given by a particular version of the HKE. Thus in some quantum mechanics
problems the HKE appears naturally.

Stellar dynamics is another field where the HKE also appears (see, for example,
Kurth [49]). In Yabushita [96] an investigation is exposed on the possibility of a cap-
ture process in which a planet of negligible mass, initially in Keplerian orbit about
a star, is perturbed by a passing star with hyperbolic velocity at great distance and
becomes a planet of the star escaping to infinity with it. In order to integrate the gov-
erning equations, the HKE needs to be solved for each integration step. Since they
did not have a fast and reliable solver the authors opted to integrate an additional
differential equation.

Thus in many integration processes the solution of Kepler’s equation —elliptic
or hyperbolic— could jeopardize the procedure as indicated in Balaraman and
Vrinceanu [7]. It follows, from here, the need for an efficient, fast and accurate
calculation method to solve the HKE.

The HKE has been studied by several authors seeking to develop optimal meth-
ods. In this regard, the main aspects to take into account are the accuracy and the
computational performance, which are related to the method for determining a start-
ing estimate for H. The next approaches summarize some of the current methods
used to solve the HKE as in Eq. (3.2):

• The Gooding and Odell [36] approach: the starting value is based on La-
grange’s theorem, where the equation is rewritten as a function of S = sinhH
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instead of H. First, Halley’s method is applied to obtain the corrector of S
as well as of the function and its derivative. With these values, the Newton-
Rhapson method is applied to determine the solution of the equation. It is an
iterative method which requires several transcendental function evaluations.

• The Fukushima [33] approach: several intervals of L = M/e are defined to
select where the solution should be determined. The different methods and
approximations chosen for each interval depend on the expected magnitude
of the solution. First, four cases in which the solution is large are selected. For
these cases an asymptotic form of the main equation is considered and an ap-
proximate solution is found. Next, four other cases are selected for which the
solution is small. In these latter cases an iterative procedure is applied to solve
the approximate forms of Kepler’s equation. In the remaining case, for which
the solution interval becomes finite, a discretized Newton method is applied
as well as a Newton method in which the functions are evaluated by Taylor se-
ries expansions. In that case, the starting value is the minimum of some upper
bound of the solution prepared by using the Newton correction formula. This
approach, depending on the case, uses or does not use an iterative method
that requires several transcendental function evaluations.

• The Avendano, Martín-Molina, and Ortigas-Galindo [5] and Avendano, Martín-
Molina, and Ortigas-Galindo [6] approach: the equation is rewritten as a func-
tion of S = sinh(H) instead ofH, such that the starting value of S is a piecewise-
defined function involving several linear expressions and one with cubic and
square roots. Once the seed is estimated, a Newton’s method is applied, by
using Smale’s α-theory to decide whether the starting value gives the claimed
convergence rate. It is an iterative method which requires several transcenden-
tal function evaluations.

The goal of the present study is the determination of a suitable seed to initial-
ize the numerical method for solving the hyperbolic Kepler’s equation. For that we
consider the already tested and optimized Newton-Raphson method and extend the
method described in Raposo-Pulido and Peláez [68] for the elliptical Kepler’s equa-
tion to the HKE. As in the aforementioned work, the Maple symbolic manipulator
is chosen to obtain the code in the C programming language. The code developed
is called Hyperbolic Kepler Equation-Space Dynamics Group (HKE-SDG) (Raposo-
Pulido and Peláez [69]). As a result we obtain a simple way to provide fast and
accurate solutions.

3.2 the equation

Kepler’s equation for the hyperbolic case

x = e sinh(y) − y, x ∈] −∞,∞[, y ∈] −∞,∞[, e > 1, (3.2)

determines a nonlinear function y = y(x, e) where y is the hyperbolic anomaly
related to the true anomaly θ by means of

cos θ =
e− cosh(y)
e cosh(y) − 1

, cosh(y) =
e+ cos(θ)
e cos(θ) + 1

, (3.3a)

sin(θ) =

√
e2 − 1 sinh(y)
e cosh(y) − 1

, sinh(y) =

√
e2 − 1 sin(θ)
e cos(θ) + 1

, (3.3b)

and x is equivalent to the mean anomaly in the elliptic motion:

x =

√
µ

a3
(t− τ). (3.4)
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The eccentricity is larger than one. As a consequence x and y have the same sign,
that is, y > 0 ⇔ x > 0. Since the right-hand side of Eq. (3.2) is an odd function, for
negative values of x the following change of variables leads to

x = −x, y = −y ⇒ x = e sinh(y) − y, (3.5)

where x and y are positive. Therefore, we focus the analysis in the resolution of Eq.
(3.2) for positive values: (x,y) ∈ [0,∞[×[0,∞[.

The solution of Kepler’s equation can be seen as a root finder problem for the
function

f(y) ≡ e sinh(y) − y− x = 0, (3.6)

for given values of e and x. In such a case, Kepler’s equation univocally determines a
bijective function y = y(x, e) which is defined on R+. This property can be deduced
from Bolzano’s theorem and the fact that function f(y) in Eq. (3.6) is monotonically
increasing. Indeed, f(y) is a continuous function on the closed interval [y1,y2] =[
0, x
e−1

]
and it takes values of the opposite sign at the extremes

f(0) = −x < 0 (3.7)

f

(
x

e− 1

)
= e sinh

(
x

e− 1

)
−

x

e− 1
− x =

e

(
1

3!

(
x

e− 1

)3
+
1

5!

(
x

e− 1

)5
+ . . .

)
> 0. (3.8)

Applying Bolzano’s theorem to the function f(y), it exists an intermediate value
y∗ ∈ [y1,y2] which verifies f(y∗) = 0. Therefore f(y) vanishes at least once in the
stated interval. However, the derivative of f(y), f ′(y), is always positive

df
dy

= e cosh(y) − 1 > e− 1 > 0, (3.9)

that is, ∀y2 > y1 with y1,y2 ∈ [0,∞[, f(y2) > f(y1) and f(y) is strictly increasing.
Consequently, f(y) is zero for only one value of y ∈ [y1,y2]. In summary, for given
x, ∃ ! y such that f(y) = 0.

3.3 newton-raphson algorithms

Following the procedure developed and validated by Raposo-Pulido and Peláez
[68], we use Newton-Raphson algorithms to solve the HKE. The root sought is the
solution to Eq. (3.6). To find this root we wish to establish a successive approxima-
tions method starting from a seed y0. If yn is one of the terms of the sequence, the
next term will be yn+1 = yn+∆yn, where ∆yn is given by applying a root-finding
method of Laguerre (1834-1886) to the solution of the HKE (Conway [20])

∆yn =
−mf(yn)

f ′(yn)±
√
|(m− 1)[(m− 1)f ′2(yn) −mf(yn)f ′′(yn)]|

, (3.10)

in which the sign (+) is selected when f ′(yn) is positive; if f ′(yn) < 0 the sign
(−) must be chosen. The introduction of the absolute value in Eq. (3.10) is useful
to avoid failures when the square root is a complex number. It does not affect the
convergence of the algorithm which is practically independent from m, the degree
of the polynomial.

Three different algorithms are considered in this study: the classical Newton-
Raphson (CNR) algorithm (m = 1); the modified Newton-Raphson (MNR) algo-
rithm (m = 2); and the Conway algorithm (m = 5).
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All of the aforementioned three algorithms use an initial seed to initialize the
convergent sequence. However, its behavior, related to the reliability, is going to
mark the difference. While the MNR method always converges to the real solution
regardless of the quality of the seed, the CNR is less stable. Therefore CNR method
is more correlated with the initial value than the Conway or the MNR methods.
A way to escape from this disadvantage and assure the reliability of the method
is by using a very good seed as initial point. In that case the CNR and the MNR
algorithms converge quickly to the real solution, as it is shown in Raposo-Pulido
and Peláez [68] for the elliptic Kepler’s equation.

3.4 the seed value

As we briefly explained in the introduction, the core of this work is to generate a
very good initial seed in all possible cases. If this is satisfied, then we can benefit
from the convergence properties of Newton-Raphson algorithms (CNR, MNR, or
Conway) to determine the right solution to Kepler’s equation. This approach has
been used with success in the elliptic case (see Raposo-Pulido and Peláez [68]). In
this work, we show that in the hyperbolic case too (see Raposo-Pulido and Peláez
[69]), improving the initial seed to feed a Newton-Raphson algorithm is much more
cost-effective than searching for new algorithms better than the classic Newton-
Raphson algorithms.

We must take into account that the accuracy of Newton-Raphson algorithms is
jeopardized when x = M � 1 and e− 1 � 1; This region of the plane (e,M) is
called the singular corner. In such a region y is also small, and the expansion of the
equation for small values of y provides

y ≈ x

e− 1
, (3.11)

that is, the solution is ill-determined from a numerical point of view since it is the
ratio of two infinitesimals.

In order to determine the optimal seed, we need to introduce two different sce-
narios, depending on whether we are inside or outside of the singular corner. From
a practical point of view we define the singular corner as the region in which
x = M < 0.25 and e < 1.5. These values have been chosen arbitrarily: firstly inside
the singular corner (x = M < 0.25 and e < 1.5) three regions (inner, intermediate
and outer) are defined in terms of the magnitude of x and y. In these regions we
estimate the starting value through an asymptotic expansion. And secondly outside
the singular corner (x = M > 0.25 or e > 1.5) two regions are defined in terms
of the infinite y-domain [0,∞[ to estimate the starting value. In the finite interval
[0, 5[ the seed is determined through a fifth degree polynomial, while in the infinite
interval [5,∞[ the seed is estimated through an asymptotic approximation.

As we see below, the polynomial approximation works very well in most cases,
especially when x =M is close to the boundaries of the interval where the polyno-
mial is defined. In such a case the seed practically leads to the solution of Kepler’s
equation. However, the singular behavior of Kepler’s equation makes the approxi-
mation of y(x) through this procedure ineffective and a special analysis should be
implemented.

3.4.1 Analysis in the singular corner

To describe the solution inside the singular corner we introduce the value ε = e− 1

assuming that ε� 1:

x = (1+ ε) sinh(y) − y = (sinh(y) − y) + ε sinh(y). (3.12)
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The objective is to obtain an approximation to the exact solution yv(x) of Eq. (3.12)
with sufficient accuracy to be the seed used to start the Newton-Raphson process. To
this end, an asymptotic expansion in powers of the small parameter ε is introduced.

However we must distinguish between several regimes inside the singular corner:

• The inner region, where x ≈ O(ε2) and y ≈ O(ε). In this inner region the most
important term on the right-hand side of Eq. (3.12) is ε sinh(y).

• The intermediate region, where x ≈ O(ε
3
2 ) and y ≈ O(ε

1
2 ). In this intermediate

region both terms on the right-hand side of Eq. (3.12) are of the same order:
sinh(y) − y ≈ ε sinh(y).

• The outer region, where x ≈ O(ε
3
4 ) and y ≈ O(ε

1
4 ). In this outer region the

most important term on the right-hand side of Eq. (3.12) is sinh(y) − y.

In each of these regions we obtain an asymptotic expansion of the exact solution
yv(x) of Eq. (3.12) in terms of powers of the small parameter ε; the change of vari-
able defined in Eq. (3.42) provides a very good seed S0 to feed the Newton-Raphson
process.

3.4.2 Inner region

In the inner region we use new variables given by the following relations:

x = ε2 ξ, y = εη, with ξ,η ≈ O(1), (3.13)

where (ξ,η) are both positive quantities. In Eq. (3.12) we introduce the expansion

ξ = η+ a1ε+ a2ε
2 + a3ε

3 + . . . . (3.14)

The coefficients ai, i = 1, 2, ... can be obtained expanding appropriately the right-
hand side of Eq. (3.12). The solution is

ξ = η+
1

6
η3 ε+

1

6
η3 ε2 +

1

120
η5 ε3 +

1

120
η5 ε4 + . . . . (3.15)

We must invert this solution to obtain η as a function of ξ; to this end we introduce
the expansion

η = ξ+ b1ε+ b2ε
2 + b3ε

3 + . . . . (3.16)

To calculate the coefficients bi, i = 1, 2, ..., which are functions of ξ, we introduce
this expansion in Eq. (3.15) and require that the different coefficients of each order
match. The result is

η = ξ−
1

6
ξ3 ε+

1

12
ξ3 (ξ2 − 2) ε2 −

1

360
ξ5 (20ξ2 − 57) ε3 + . . . . (3.17)

Figure 3.1 shows the behavior of the asymptotic solution (Eqs. (3.13)-(3.17)) in
the inner region. The agreement with the exact solution is excellent for very small
values of x.

3.4.3 Outer region

In the outer region we introduce the following change of variables:

x = ε
3
4 ν, y = ε

1
4 µ, with ν,µ ≈ O(1), (3.18)
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Figure 3.1: Exact solution to Kepler’s equation and the asymptotic solution —up to sixth
order— obtained in the inner region of the singular corner. The agreement is
excellent for very small values of x. Here four values of ε have been considered:
ε = 0.001, 0.101, 0.201, 0.301.

where (ν,µ) are both positive quantities. We look for a solution to Eq. (3.12) given
by

ν = a0 + a1ε
1
2 + a2ε+ a3ε

3
2 + . . . , (3.19)

where the coefficients ai, i = 1, 2, ... can be obtained by appropriately expanding the
right-hand side of Eq. (3.12). The solution is

ν =
1

6
µ3 +

1

120
µ (µ4 + 120) ε

1
2 +

1

5040
µ3(µ4 + 840) ε+ . . . . (3.20)

Let µ0 > 0 be the real and positive solution of the cubic equation

1

6
µ3 − ν = 0, (3.21)

this root always exists and is univocally defined because ν is always positive. It
takes the value

µ0 = (6 ν)
1
3 . (3.22)

Once the value of µ0 is known it is possible to invert the solution given in Eq.
(3.20) to obtain µ as a function of ν; to do that we introduce the expansion

µ = µ0 + b1ε
1
2 + b2ε+ b3ε

3
2 + . . . , (3.23)

where the coefficients bi, i = 1, 2, ... are functions of µ0 that must be calculated. In-
troducing this expansion into Eq. (3.20) and enforcing that the different coefficients
of each order match it is possible to obtain the values of bi, i = 1, 2, .... The result is

µ = µ0 −
µ40 + 120

60µ0
ε
1
2 +

µ0 (µ
4
0 − 280)

1400
ε

−
µ120 − 162µ80 − 25200µ

4
0 − 67200

25200µ50
ε
3
2 + . . . . (3.24)
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3.4.4 Intermediate region

In the intermediate region we introduce the following change of variables:

x = ε
3
2 χ, y = ε

1
2 σ, with χ,σ ≈ O(1), (3.25)

where (χ,σ) are both positive quantities. We look for a solution to Eq. (3.12) given
by

χ = a0 + a1ε+ a2ε
2 + a3ε

3 + . . . , (3.26)

where the coefficients ai, i = 1, 2, . . . can be obtained expanding appropriately the
right-hand side of Eq. (3.12). The solution is

χ =
1

6
σ3 + σ+

1

120
σ3 (σ2 + 20) ε+

1

5040
σ5(σ2 + 42) ε2 + . . . . (3.27)

The next step is to invert this solution to obtain σ as a function of χ. Let σ0 > 0
be the real and positive solution of the cubic equation

f(σ) =
1

6
σ3 + σ− χ = 0, (3.28)

this root always exists; in fact, the function f(σ) verifies

f(0) = −χ < 0 (3.29)

f(χ) =
χ3

6
> 0. (3.30)

Therefore in the interval [0,χ] there is a root of f(σ) = 0 at least. But in fact there
is only one single root, because the derivative

f ′(σ) =
σ2

2
+ 1 > 0, (3.31)

is always positive within that interval. That root is given by

σ0 = T −
2

T
, (3.32)

where T = (Λ+ 3χ)
1
3 and Λ =

√
8+ 9χ2. It should be noted that the expression in

Eq. (3.32) can exhibit a rounding-error defect when T ≈
√
2 (σ0 � 1). In order to

minimize this error, we develop an alternative procedure to provide σ0. We rewrite
the cubic equation (3.28) as

σ

(
σ2

6
+ 1

)
− χ = 0⇔ σ =

6χ

σ2 + 6
, (3.33)

such that σ is replaced by Eq. (3.32) on the right-hand side of the equation, yielding

σ0 =
6χ

2+ T2 + 4
T2

, (3.34)

which provides a smaller rounding-error when χ� 1, that is, when Λ ≈ 2
√
2.

Once the value of σ0 is known, it is possible to invert the solution of Eq. (3.27) to
obtain σ as a function of χ; to do that we introduce the expansion

σ = σ0 + b1ε+ b2ε
2 + b3ε

3 + . . . , (3.35)

where the coefficients bi, i = 1, 2, ... are functions of σ0 that must be calculated. In-
troducing this expansion into Eq. (3.27) and enforcing that the different coefficients
of each order match it is possible to obtain the values of bi, i = 1, 2, .... The result is

σ = σ0 −
σ30 (σ

2
0 + 20)

60(σ20 + 2)
ε+

σ50 (σ
6
0 + 25σ

4
0 + 340σ

2
0 + 840)

1400(σ20 + 2)
3

ε2 + . . . . (3.36)
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Figure 3.2: Exact solution to Kepler’s equation and the asymptotic solution —up to the fourth
order— obtained in the intermediate region of the singular corner. The agreement
is excellent for whole range. Here four values of ε have been considered: ε =

0.001, 0.101, 0.201, 0.301.

3.4.4.1 Matching with the inner region

A detailed insight of the solution in this region shows that when (χ,σ) take small
values the asymptotic solution tends to the inner solution obtained previously. In
fact, when

χ ≈ ε 12 ξ, σ ≈ ε 12 η, (3.37)

the solution enters in the domain of the inner solution. For those values the param-
eter σ0 given by Eq. (3.34) takes the value

σ0 ≈ ε
1
2

(
ξ−

1

6
ξ3ε+

1

12
ξ5ε2 −

1

18
ξ7ε3 + . . .

)
. (3.38)

If this value is introduced into Eq. (3.36) this yields

σ = ε
1
2 η = ε

1
2

(
ξ−

1

6
ξ3ε+

1

12
ξ3(ξ2 − 2)ε2 + . . .

)
, (3.39)

and this expression coincides with Eq. (3.17) corresponding to the inner solution.
This is the reason why the asymptotic solution given by Eq. (3.36) also provides the
solution in the inner region where x is in the domain of the inner solution.

3.4.4.2 Matching with the outer region

When (χ,σ) take large values the asymptotic solution tends to the outer solution
obtained previously. In fact, when

χ ≈ ν

ε
3
4

, σ ≈ µ

ε
1
4

, (3.40)

the solution enters in the domain of the outer solution. For those values the param-
eter σ given by Eq. (3.36) takes the value

σ =
µ

ε
1
4

=
1

ε
1
4

{
µ0 −

µ40 + 120

60µ0
ε
1
2 +

µ0 (µ
4
0 − 280)

1400
ε

−
µ120 − 162µ80 − 25200µ

4
0 − 67200

25200µ50
ε
3
2 + . . .

}
, (3.41)
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and this expression coincides with Eq. (3.24) corresponding to the outer solution.
This is the reason why the asymptotic solution given by Eq. (3.36) also provides the
solution in the outer region where x is in the domain of the outer solution.

3.4.5 Summary of the singular corner

The analysis carried out above shows that the asymptotic expansion of Eq. (3.36)
corresponding to the intermediate region also describes the solution in the inner and
outer regions of the singular corner. Figure 3.2 shows the exact solution of the HKE
and the asymptotic solution —up to the fourth order— obtained in the intermediate
region of the singular corner. The agreement is remarkable in the whole range of
values of x =M. These numerical results confirm the theoretical analysis. The main
consequence is that, from a practical point of view, the asymptotic expansion of Eq.
(3.36) can be used in the whole domain of the singular corner.

Therefore, only one asymptotic expansion is considered in HKE-SDG, i.e. that
corresponding to the intermediate region. This approximate solution permits us to
generate a very good seed to feed the Newton-Raphson process for values of (e,M)

inside the singular corner.

3.5 analysis outside the singular corner

We begin by performing the following change of variable

S = sinh(y) ⇔ y = ln|S+
√
1+ S2|, (3.42)

which transforms the hyperbolic Kepler’s equation into the relation

x = e S− ln|S+
√
1+ S2|, (3.43)

with the variable S defined in the interval [0,∞[. Due to the infinite domains of both
variables (x,y), the range of y is divided in two intervals: [0, 5[ and [5,∞[ such that
for each interval a different treatment will be applied. The limit value of five has
been chosen arbitrarily; we note that the corresponding value of S ≈ 74.2 is large
compared with unity. In the interval [0, 5[ the seed is generated with polynomials.
In the interval [5,∞[ the seed is generated with the help of an asymptotic solution
of Eq. (3.43) for large values of S � 1 which correspond, basically, to large values
of M.

3.5.1 Polynomial approximation

If y ∈ [0, 5[, the interval is divided into 25 evenly spaced intervals; the lower bounds
of such intervals are given by

yi =
i− 1

5
, i = 1, . . . , 26, (3.44)

where the corresponding Si are obtained from Eq. (3.42) and Mi ≡ xi are obtained
from Eq. (3.43) (see Table 5). This way, we define twenty five intervals [xi, xi+1],
i = 1, ..., 25. In each of these intervals we introduce a fifth degree polynomial pi(x, e),
i = 1, ..., 25 to interpolate the hyperbolic sine of the hyperbolic anomaly, that is, S.

The coefficients of the polynomials considered in the method depend on the ec-
centricity. In order to simplify the reading of the equation, we make an abuse of
notation by writing the coefficients only as a function of i

pi(x) = a
(i)
0 + a

(i)
1 x+ a

(i)
2 x2 + a

(i)
3 x3 + a

(i)
4 x4 + a

(i)
5 x5. (3.45)
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Table 5: Important values for the polynomial approach —pi(x)— (columns 1-5) and for the
polynomial approach —qj(x)—- (columns 6-10). In real calculations the ends on
these intervals are determined with more significant figures.

Intervals defined in the solution - pi(x) Intervals defined in the solution - qj(x)

i Si Si+1 xi xi+1 j Sj Sj+1 xj xj+1

1 0 0.201 0 −0.200+ 0.201e 1 0.100 0.305 0.100e− 0.100 0.305e− 0.300

2 0.201 0.411 −0.200+ 0.201e −0.400+ 0.411e 2 0.305 0.521 0.305e− 0.300 0.521e− 0.500

3 0.411 0.637 −0.400+ 0.411e −0.600+ 0.637e 3 0.521 0.759 0.521e− 0.500 0.759e− 0.700

4 0.637 0.888 −0.600+ 0.637e −0.800+ 0.888e 4 0.759 1.027 0.759e− 0.700 1.027e− 0.900

5 0.888 1.175 −0.800+ 0.888e −1.000+ 1.175e 5 1.027 1.336 1.027e− 0.900 1.336e− 1.100

6 1.175 1.509 −1.000+ 1.175e −1.200+ 1.509e 6 1.336 1.698 1.336e− 1.100 1.698e− 1.300

7 1.509 1.904 −1.200+ 1.509e −1.400+ 1.904e 7 1.698 2.129 1.698e− 1.300 2.129e− 1.500

8 1.904 2.376 −1.400+ 1.904e −1.600+ 2.376e 8 2.129 2.646 2.129e− 1.500 2.646e− 1.700

9 2.376 2.942 −1.600+ 2.376e −1.800+ 2.942e 9 2.646 3.268 2.646e− 1.700 3.268e− 1.900

10 2.942 3.627 −1.800+ 2.942e −2.000+ 3.627e 10 3.268 4.022 3.268e− 1.900 4.022e− 2.100

11 3.627 4.457 −2.000+ 3.627e −2.200+ 4.457e 11 4.022 4.937 4.022e− 2.100 4.937e− 2.300

12 4.457 5.467 −2.200+ 4.457e −2.400+ 5.467e 12 4.937 6.050 4.937e− 2.300 6.050e− 2.500

13 5.467 6.695 −2.400+ 5.467e −2.600+ 6.695e 13 6.050 7.406 6.050e− 2.500 7.406e− 2.700

14 6.695 8.192 −2.600+ 6.695e −2.800+ 8.192e 14 7.406 9.060 7.406e− 2.700 9.060e− 2.900

15 8.192 10.018 −2.800+ 8.192e −3.000+ 10.018e 15 9.060 11.077 9.060e− 2.900 11.076e− 3.100

16 10.018 12.246 −3.000+ 10.018e −3.200+ 12.246e 16 11.077 13.538 11.076e− 3.100 13.538e− 3.300

17 12.246 14.965 −3.200+ 12.246e −3.400+ 14.965e 17 13.538 16.543 13.538e− 3.300 16.543e− 3.500

18 14.965 18.285 −3.400+ 14.965e −3.600+ 18.285e 18 16.543 20.211 16.543e− 3.500 20.211e− 3.700

19 18.285 22.339 −3.600+ 18.285e −3.800+ 22.339e 19 20.211 24.691 20.211e− 3.700 24.691e− 3.900

20 22.339 27.290 −3.800+ 22.339e −4.000+ 27.290e 20 24.691 30.162 24.691e− 3.900 30.162e− 4.100

21 27.290 33.336 −4.000+ 27.290e −4.200+ 33.336e 21 30.162 36.843 30.162e− 4.100 36.843e− 4.300

22 33.336 40.719 −4.200+ 33.336e −4.400+ 40.719e 22 36.843 45.003 36.843e− 4.300 45.003e− 4.500

23 40.719 49.737 −4.400+ 40.719e −4.600+ 49.737e 23 45.003 54.969 45.003e− 4.500 54.969e− 4.700

24 49.737 60.751 −4.600+ 49.737e −4.800+ 60.751e 24 54.969 67.141 54.969e− 4.700 67.141e− 4.900

25 60.751 74.203 −4.800+ 60.751e −5.00+ 74.203e

26 74.203 ∞ −5.00+ 74.203e ∞
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The polynomial pi(x) is only valid inside the interval [xi, xi+1], i = 1, ..., 25, where
the function is approximated by the polynomial: S(x) ≈ pi(x). To do that we follow
the procedure developed in Raposo-Pulido and Peláez [68] by imposing six bound-
ary conditions to determine the six coefficients of pi(x)

pi(xi) = S(xi), pi(xi+1) = S(xi+1), (3.46a)

p ′i(xi) = S
′(xi), p ′i(xi+1) = S

′(xi+1), (3.46b)

p ′′i (xi) = S
′′(xi), p ′′i (xi+1) = S

′′(xi+1), (3.46c)

where two first derivatives of S are given by:

S ′ =
dS
dx

= 1−
1

e
√
S2 + 1

(3.47)

S ′′ =
d2S
dx2

=
S

e
√

(S2 + 1)3
, (3.48)

and they can be easily calculated at the boundaries of each interval. These conditions
assure that the function S(x) and the polynomial pi(x) share the same values and
the same first and second derivatives at the ends of the interval [xi, xi+1].

Modern symbolic manipulators such as Maple or Mathematica allow us to obtain
the polynomials pi(x), i = 1, ..., 25 easily once and for all. Moreover, they provide
the FORTRAN or C code of the polynomials that can be appropriately stored in a
module to be used later. In HKE-SDG we use the version 18.02 of Maple (Raposo-
Pulido and Peláez [68]) to perform this task.

3.5.2 Asymptotic approximation

We note that the HKE defined in Eq. (3.43) can be expressed as follows:

S = f(S, x, e), f(S, x, e) =
1

e
ln(S+

√
1+ S2) +

x

e
, (3.49)

where f is a function of the variable S; the values of (x, e) appear as parameters. The
derivative of f turns out to be

df
dS

=
1

e

1√
1+ S2

. (3.50)

If y = H ∈ [5,∞[, the corresponding interval for S is given by [74.203,∞[, where
the value of x could be very large. In this range x and S tend to infinite, in a first
approximation.

The derivative given by Eq. (3.50) is, obviously, lower than unity, when y = H ∈
[5,∞[ because S >> 1 and e > 1. As a consequence the function f(S, x, e) given by
Eq. (3.49) is a contraction mapping. The Banach fixed-point theorem can be applied
and f(S, x, e) admits a unique fixed-point S∗ which verifies S∗ = f(S∗, x, e). This
fixed-point is the root we are looking for.

The mathematical analysis shows that the following sequence Sn defined by

Sn+1 = f(Sn, x, e), (3.51)

which starts in the value S0 = x
e , is convergent and it tends to the limit S∗, that is,

to the unique fixed-point.
The speed of convergence of this sequence is larger than usual because of the

large values of S in the interval y ∈ [5,∞[. However, a detailed analysis shows
that there are faster algorithms which are also reliable. In fact, the second term
of the right-hand side of Eq. (3.43) becomes, with respect to the first term, very



3.5 analysis outside the singular corner 61

small. As a consequence we can consider the logarithm as a small parameter ε =

ln|S+
√
1+ S2|/x, obtaining S by applying an asymptotic expansion in power of ε.

Equation (3.43) takes now the expression

x = e S− ε x. (3.52)

In the case ε = 0 the solution to Eq. (3.52) is s0 = x
e . This function is known by

the a priori data and therefore it is possible to obtain an asymptotic solution to Eq.
(3.52) in the limit when ε tends to zero but for ε 6= 0

S = s0 + s1ε+ s2ε
2 + . . . , (3.53)

where the remaining coefficients si, i = 1, 2, ... can be easily obtained by introducing
this expansion into Eq. (3.52) and enforcing that the resulting series vanishes for
every order in ε. The asymptotic solution obtained is

S =
x

e
(1+ϕ), ϕ =

ε

x
� 1. (3.54)

We have now to obtain ϕ as a function of the known parameters x and e. Replac-
ing Eq. (3.54) into Eq. (3.43)

x = e
(x
e
(1+ϕ)

)
− ln

(
x

e
(1+ϕ) +

√
1+

x2

e2
(1+ϕ)2

)
, (3.55)

and taking into account that ϕ � 1 when x tends to infinite, we compute the first
order series expansion of the previous expression with respect to the variable ϕ

0 = − ln
(
x+

√
e2 + x2

)
+ ln(e) +

(√
e2 + x2 − 1

)
xϕ

√
e2 + x2

, (3.56)

such that

ϕ =

√
e2 + x2

(
ln
(
x+
√
e2 + x2

)
− ln(e)

)
(√
e2 + x2 − 1

)
x

. (3.57)

Replacing Eq. (3.57) into Eq. (3.54) we obtain S as a function of x and e

S =

√
e2 + x2

(
ln
(
x+
√
e2 + x2

)
− ln(e) + x

)
− x(√

e2 + x2 − 1
)
e

. (3.58)

In order to increase the accuracy of S, we can expand Eq. (3.54) by

S =
x

e
(1+ϕ+ ξ) , ξ� 1, ξ� ϕ, (3.59)

where ξ should now be determined as a function of the known parameters x, e and
ϕ. Replacing Eq. (3.59) into Eq. (3.43)

x = e
(x
e
(1+ϕ+ ξ)

)
− ln

(
x

e
(1+ϕ+ ξ) +

√
1+

x2

e2
(1+ϕ+ ξ)2

)
, (3.60)

and repeating the process for ϕ, we obtain

ξ = −
1

2 x3

[
ln
( e
2x

)]2
. (3.61)
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Table 6: Order of magnitude of ϕ and ξ as a function of M when e = 1.

M 50 75 100 200 500

ϕ · 102 9.40 6.77 5.35 3.01 1.38

ξ · 105 -8.48 -2.98 -1.40 -0.224 -0.0191
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Figure 3.3: Residual ρ versus the hyperbolic anomaly y, when the solution is determined by
the polynomials p16(x), p17(x) and q16(x).

The final expression for S, replacing Eq. (3.61), is given by

S =
1

2 e x2
(√
e2 + x2 − 1

) [√e2 + x2 (2 x2 ln
(
x+

√
e2 + x2

)
−2 x2 ln(e)

)
+
(√

e2 + x2 − 1
)(
2 x3 − (ln(e) − ln(x))2

+ ln(2) (2 ln(e) − 2 ln(x) − ln(2)))] . (3.62)

Now we can assess the accuracy of this asymptotic solution just studying the
order of magnitude of the variables we have approximated. We note that ϕ and
ξ decrease when e increases. Therefore e = 1 marks the lowest accuracy of the
solution in Eq. (3.62), being better when e > 1 (see Table 6). If M > 50, then ϕ is
smaller than 10−1 and ξ is smaller in absolute value than 10−4. If y > 5, we obtain
M > 69.2 when e = 1, which assures small values for ϕ and ξ.

3.5.3 Improving the code

The interval [0, 5[ of the hyperbolic anomaly H ≡ y has been discretized in 25

intervals. However, this number, related with the number of polynomials, can be
modified having a significant impact on the accuracy of the algorithm but not jeop-
ardizing the speed of the code. By plotting the residual ρ caused by the polynomial
pi(x) associated to the interval [yi,yi+1], we observe that it follows a Gaussian-like
function reaching the maximum, approximately, at the center of the interval (see Fig.
3.3). One option, to decrease the residual and obtain a better initial seed, is to in-
crease the number of polynomials. However, by decreasing the size of the intervals
they become too small and the polynomials, which depend on the eccentricity e,
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can become numerically unstable. An alternative is to define a new group of poly-
nomials qj(x) whose ends are defined by the mean points of the initial intervals
[yi,yi+1], i = 1, ..., 25, by keeping the same size (see Fig. 3.3), that is

yj =
2 j− 1

10
, j = 1, . . . , 25, (3.63)

where the corresponding Sj is obtained from Eq. (3.42) and Mj ≡ xj is obtained
from Eq. (3.43) (see Table 5). This way, we define 24 intervals [xj, xj+1], j = 1, ..., 24
and in each one of these intervals we introduce a fifth-degree polynomial qj(x),
j = 1, ..., 24 to interpolate the hyperbolic sine of the hyperbolic anomaly

qj(x) = a
(j)
0 + a

(j)
1 x+ a

(j)
2 x

2 + a
(j)
3 x

3 + a
(j)
4 x

4 + a
(j)
5 x

5. (3.64)

The introduction of these new polynomials qj(x) is not necessary, that is, the
algorithm works normally with the original polynomials pi(x). However, the tools
elaborated to create the polynomial pi(x) permit to generate the new polynomial
qj(x) without additional effort. The benefit is that the accuracy and reliability of the
code is increased.

3.6 the hke-sdg algorithm

Given the values of M and e, to solve the hyperbolic Kepler equation we use the
following algorithm:

Seed estimation:

• Inside the singular corner (M < 0.25 and e < 1.5)

1. Use the sequence associated with Eq. (3.36) to estimate the starting
value y0.

2. The seed S0 is obtained from the relation: S0 = sinh(y0).

• Outside the singular corner (M > 0.25 or e > 1.5)

1. The value of M permits to detect the ends xk, xk+1 of the right inter-
val —one of the intervals related to the polynomials pi(x)— which
contains M, that is, M ∈ [xk, xk+1]. Note that the corresponding val-
ues [Sk,Sk+1] are known and the seed S0 satisfies: S0 ∈ [Sk,Sk+1].

2. If the right interval is the last one: [x26, x27], the algorithm uses the
sequence associated with Eq. (3.62) to estimate the starting value S0
(asymptotic approximation).

3. If the right interval is not the last one, the algorithm identifies a new
interval from the intervals related to the polynomials qj(x) contain-
ing M. Then it chooses the interval that has M closest to one of their
ends. The seed S0 is given by the corresponding polynomial (3.45) or
(3.64) (polynomial approximation).

Root estimation:

• The seed S0 is used to solve the equation

S−
1

e
ln|S+

√
1+ S2|−

1

e
x = 0, (3.65)

by using the Newton-Raphson algorithm.

• The output of this algorithm provides, through the change in variable
defined in Eq. (3.42), the desired value of the hyperbolic anomaly y(x) =
H.

The HKE-SDG code is detailed in Appendix C.
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M

e

Figure 3.4: Results with HKE-SDG using the MNR iteration scheme in double precision.

3.7 analysis of results

A full analysis of the algorithm was performed by considering two main aspects:
speed and accuracy. The numerical analysis of HKE-SDG takes into account the
ease of implementation and the robustness of the procedure too. All these consid-
erations are detailed below. The calculations have been carried out in a computer
with an Intel(R) Xeon(R) E3-1535M v6 @ 3.10Ghz microprocessor and the executa-
bles have been prepared with the version 17.0 of the Intelr C++ Compiler, under
the Windows 10 operative system 64 bits.

3.7.1 Speed of the process

Kepler’s equation for the hyperbolic case has been solved roughly 4 · 106 times
with the algorithm previously explained by using a tolerance εtol. The eccentricity
ranges in the interval e ∈]1, 10] and the values of M ≡ x range in the interval M ∈
[0, 100] (rad). By applying the MNR algorithm we have carried out the calculations
in standard double precision and quadruple precision with a tolerance equal to:
εtol = 2.22 · 10−16 and εtol = 10−32 respectively. The method used in this study
is a numerical procedure based on successive approximations. It means that, if the
tolerance considered is close to the machine round-off, the method could experience
artificial numerical chaos. A way to avoid this problem is by using an appropriate
tolerance.

In each run we count the number of iterations needed to reach a solution with a
residual ρ = |e sinh(y) − y− x| lower than the tolerance εtol. This number is taken
as a gross measure of the speed of the procedure. Figures 3.4 and 3.5 show, in the
plane (e,M), the number of iterations associated with HKE-SDG when using the
MNR scheme for double and quadruple precision. Note that, in the color code of the
figures, green color corresponds to two iterations, white color to one iteration and
black color to zero iterations. The averaged value of iterations is 1.582 and 1.010 for
double and quadruple precision respectively. The red color (three iterations) does



3.7 analysis of results 65

M

e

Figure 3.5: Results with HKE-SDG using the MNR iteration scheme in quadruple precision.

not appear in the figures. The algorithm never enters dead loops or any other kind
of nonconvergent phase after many millions of runs.

3.7.2 Accuracy analysis

This section focuses the analysis in the HKE-SDG code with the MNR algorithm,
such that the iteration ends when: i) the residual ρ = |e sinh(y) − y − x| is lower
that the tolerance εtol, or ii) the increment ∆Sn/Sn in the n iteration of the MNR
algorithm is lower than machine round-off.

Let yv(x, e) be the true solution for given values of e and the mean anomaly
M ≡ x. Let yc(x, e) be the numerical solution provided by HKE-SDG for these
particular values. Due to truncation and round-off errors, both solutions are related
by the equation

yc = yv + εabs, (3.66)

where εabs is the total absolute error associated with the numerical solution yc(x, e).
This absolute error is closely related with the residual ρ. In fact, for the numerical
solution yc(x, e) the residual is given by

ρ = |e sinh(yv + εabs) − (yv + εabs) − x|. (3.67)

Since εabs is small and taking into account that the true solution verifies

e sinh(yv) − yv − x = 0, (3.68)

the residual takes the form

ρ = |εabs||e cosh(yv) − 1|+O(ε2abs). (3.69)

Therefore the absolute error can be approximated by

|εabs| =
ρ

|e cosh(yv) − 1|
, (3.70)
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Figure 3.6: Maximum total absolute error εmax versus the eccentricity e, for different number
of iterations. Calculations in double precision.
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Figure 3.7: Maximum total absolute error εmax versus the eccentricity e, for different number
of iterations. Calculations in quadruple precision.

and depends on the residual ρ. Something similar happens with the total relative
error:

|εrel| =
|yc − yv|

|yv|
=

ρ

|yv(e cosh(yv) − 1)|
. (3.71)

Let us fix the value of the eccentricity e, in the interval e ∈]1, 10]; then we scan
the whole interval M ∈ [0, 100] calculating the residual ρ without iteration (the
residual provided by the starting seed), after one iteration, after two iterations and
so on. Let ρmax be the maximum residual that we find in the scanning of the
whole interval M ∈ [0, 100] for each iteration number. These maximum residuals
allow us to calculate the maximum values of the absolute error εmax for different
number of iterations, and these absolute errors can be associated with the value of
the eccentricity e.

The values of such maximum absolute errors can be plotted versus the eccentricity
e. This picture provides a very good idea of the accuracy involved in the calculations
after zero, one, two, . . . iterations. Note that the values plotted indicate the worst
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accuracy of the numerical solution yc(x, e); in fact, for each value of e there are
hundreds of values of M where the accuracy is much better than the indicated by
εmax.

Figure 3.6 shows the decimal logarithm of the maximum absolute error versus
the eccentricity e. The initial seed —0 iterations— provides an error which, in the
worst case, ranges from 10−5 to 10−8. Since the calculations associated to Figure 3.6
have been carried out in double precision, the residual obtained after one iteration
practically saturates the capacity of the machine to provide the solution with 14 or 15
significant figures. We emphasize that one additional iteration does not improve the
accuracy of the numerical solution; this figure shows that the lines corresponding
to one, two, and three iterations are, practically, the same.

Figure 3.7 is similar to Fig. 3.6 but with the calculations carried out in quadruple
precision. It is clear that with one iteration we obtain more than 31 significant figures
except for values of e close to unity, where the number of significant digits is about
24 to 31. With two iterations HKE-SDG saturates the precision capacities of the
machine, providing more than 31 significant figures. It should be underlined that
one additional iteration does not improve the accuracy of the numerical solution;
figure shows that the lines corresponding to two and three iterations are, practically,
the same.

3.8 comparison of results

Kepler’s equation for the hyperbolic case has been solved with the method pro-
posed in this study —HKE-SDG— by using different Newton-Raphson algorithms.
Besides, the same analysis has been performed with typical solvers of Kepler’s equa-
tion which have been compared with HKE-SDG when using the MNR method:

• The modified Newton-Raphson (MNR).

• The Conway method.

• The classical Newton-Raphson method (CNR).

• The method described in Gooding and Odell [36].

• The method described in Fukushima [33].

• The method described in Avendano, Martín-Molina, and Ortigas-Galindo [5].

In each case, Kepler’s equation has been solved as described in Sec. 3.7.
Figure 3.4 shows, in the plane (e,M), the number of iterations associated with the

SDG-code when using the modified Newton-Raphson (MNR) scheme and double
precision. Table 7 summarizes the behavior of the HKE-SDG using different Newton-
Raphson algorithms. When the MNR was used, in the 99.874 % of cases we reach
the solution with only 1 (white color) or 2 iterations (green color) and in the 0.126 %
no iteration is necessary. The averaged number of iterations was 1.582. The main
result from Table 7 is to confirm that the HKE-SDG is almost insensitive to the
Newton-Raphson algorithm. With the Conway or the CNR in a very small number
of cases 3 iterations are needed; the averaged number of iterations was 1.583 for both
methods. The robustness of the HKE-SDG is due to the strong optimization of the
initial seed performed in the algorithm; this optimization avoids the convergence
problems which could appear in the Newton-Raphson iteration when the initial
seeds is far from the real root.

Table 7 also shows the number of iterations associated with the approaches de-
scribed in Gooding and Odell [36], Fukushima [33] and Avendano, Martín-Molina,
and Ortigas-Galindo [5] when using double precision. Note that all of them require
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Table 7: Number of iteration (percentage) and computational time obtained with HKE-SDG
by using different Newton-Raphson methods and different algorithms checked in
double (upper) and quadruple (lower) precision.

Scheme i = 0 i = 1 i = 2 i > 3 CPU time

MNR
0.126 41.597 58.277 0 1.398

0.050 98.899 1.051 0 34.267

Conway
0.126 41.498 58.370 0.006 1.297

0.050 0.455 99.416 0.079 38.677

CNR
0.126 41.481 58.385 0.008 1.145

0.050 0.430 99.427 0.093 35.733

Gooding
0.050 0 99.862 0.088 1.808

0.050 0 99.862 0.088 24.684

Fukushima
0 0 2 · 10−4 100 28.669

Avendaño
0 0.058 36.799 63.143 1.657

0 0 7.163 92.837 31.422

more than 3 iterations for some particular cases, reaching a maximum value of 43, 20
and 19 iterations the Gooding, Fukushima and Avendaño codes respectively. Table
7 shows the computational time invested by the approaches described in Gooding
and Odell [36], Fukushima [33] and Avendano, Martín-Molina, and Ortigas-Galindo
[5] when using double precision. Gooding’s code requires 1.808 seconds, 28.669 sec-
onds with Fukushima’s code and 1.657 seconds with Avendaño’s code. The aver-
aged number of iterations was 2.014, 6.117 and 2.672 for Gooding, Fukushima and
Avendaño respectively. With any of the Newton-Raphson algorithms and using dou-
ble precision, the HKE-SDG took 1.3 seconds approximately to solve the whole set.
The CPU time was 1.398 seconds when using the most reliable scheme: the MNR
(see Table 7). The reason why the Fukushima’s code takes much more time than
the rest of the codes is the very strict tolerance that we use: the machine round-off.
Fukushima’s algorithm has been developed to work in double precision by evaluat-
ing Kepler’s equation by a Taylor series expansion with the appropriate number of
terms. Due to that truncation, to reach the precision associated to the εtol turns out
to be difficult and it requires more time than usual. With not-so-strict tolerances the
differences are much smaller.

Table 7 provides as well the number of iterations and computational time in
quadruple precision. Note that Fukushima’s code does not include quadruple pre-
cision. The use of quadruple precision would imply to extend the original series
included in Fukushima [33]. When using the MNR iteration scheme the HKE-SDG
reaches the solution with only 1 or 2 iterations in the 99.950 % of cases and in the
0.050% no iteration is necessary (Fig. 3.5). Notice that the HKE-SDG keeps again the
smallest number of iterations. The CPU time invested was 34.267 seconds (MNR),
38.677 seconds (Conway) and 35.733 seconds (CNR), while the averaged number of
iterations was 1.010, 1.995 and 1.996 respectively. In quadruple precision the HKE-
SDG reaches a maximum number of 2 iterations when applying the MNR method
and 3 iterations (6 0.1 %) when working with the Conway and CNR methods. The
method described in [36] does not exhibit almost any change, keeping the same
percentages as in double precision. In quadruple precision Gooding’s code reaches
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Figure 3.8: Number of significant figures, approximately, obtained with the code of Good-
ing and Odell [36] (upper left), Fukushima [33] (upper right), Avendano, Martín-
Molina, and Ortigas-Galindo [5] (lower left) and HKE-SDG (lower right) in double
precision.

a maximum number of 94 iterations, while Avendaño’s code reaches a maximum of
21 iterations. The CPU time invested was 24.684 seconds Gooding’s code and 31.422
seconds Avendaño’s code. The averaged number of iterations was 2.035 and 2.976
for Gooding and Avendaño respectively.

Figure 3.8 shows the number of significant digits obtained with the different codes
when using the MNR method in double precision. Darker colors are associated with
less precision, whereas lighter colors represent a better precision. At first sight the
four pictures are quite similar and only small differences can be appreciated. If we
compare HKE-SDG to the other approaches, the results obtained with Gooding’s
code show a lower precision in a small region inside the singular corner, while in
the case of Avendaño this happens for large values of eccentricity (e > 8) and small
values of mean anomaly (M 6 5)). The number of digits in Fukushima is very
similar to the HKE-SDG, however, for some specific points in the yellow region
(M 6 5) Fukushima’s code reaches less precision.

Figures 3.9 and 3.10 show the number of significant digits when quadruple pre-
cision is used in calculations. Note that Gooding’s approach displays again a sig-
nificant deterioration in the singular corner, while Avendaño shows radial beams
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Figure 3.9: Number of significant figures, approximately, obtained with the code of Aven-
dano, Martín-Molina, and Ortigas-Galindo [5] (left) and HKE-SDG (right) in
quadruple precision.
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Figure 3.10: Number of significant figures, approximately, obtained with the code of Gooding
and Odell [36] in quadruple precision.
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with less precision than the HKE-SDG. In fact, the HKE-SDG provides the most pre-
cise solution with more than 33 significant digits in the whole plane (e,M) when
quadruple precision is applied. As it is shown, HKE-SDG exhibits an improvement
of 20 significant figures for almost the complete plane when changing from double
to quadruple precision.

The results obtained with the SDG-code when using different numerical meth-
ods are very similar and all of them assure the reliability and quality of the solu-
tion. In summary, when double precision is used, HKE-SDG turns out to be the
fastest method and it provides the most precise results. When quadruple precision
is needed, HKE-SDG is the most accurate, stable and reliable even if it turns out
to be a little slower. Gooding’s method, in quadruple precision, should be tuned to
eliminate the lack of precision in the neighborhood of the singular corner.

3.9 applications of the hke-sdg code

The code developed in this study could be very useful in many different situations.
Some of them have been described in the Introduction. It is especially appropriate
in the numerical integration of perturbed problems which appears in dynamical as-
tronomy and stellar dynamics. In particular, when the integration requires to solve
Kepler’s equation at every step, i.e., a large number of times. Not only in Keplerian
perturbed problems, but in more involved situations like in N-body problems.

The HKE-SDG method, as it happens with the EKE-SDG method, works regard-
less of whether or not the eccentricity maintains constant. In some cases, the eccen-
tricity will keep a constat value like for example in the traditional Encke’s method
(Encke and Schäfli [30]). In other cases, the value of the eccentricity changes with
time like in Keplerian perturbed problems because the perturbations change the
value of the eccentricity. The analysis of perturbed Keplerian motion is most often
formulated in terms of classical orbit elements. There are many different sets of co-
ordinates that have been used in the numerical integration of perturbed problems.
Reference Hintz [44] summarizes many of them.

With a certain frequency we find articles that devote some pages to describe how
to solve Kepler’s equation in particular situations. The solution of the HKE turns
out to be an important step in the course of the research described in the study (see,
for example, Roy and Moran [76]). In those cases, and in other situations, having a
good solver for the HKE at our disposal could improve drastically the results of the
work we are doing.

In the work by Wisdom and Holman [95] it is strongly underlined the important
role that long-term integrations are playing in investigations in dynamical astron-
omy. A clear example is the LONGSTOP project (Milani et al. [55]), an interna-
tional cooperative program with the purpose of investigating the stability of our
Solar System. In this kind of integrations to take care of the errors involved is of
paramount importance (see Milani and Nobili [54]). The imperfect convergence of
an iterative algorithm —especially when we solve trascendental equations like Ke-
pler’s equation— is a well known source of error. Minimizing these kind of errors
is always an interesting issue that aids to reach the main objective of the research.

In Yabushita [96], for example, the integration of the governing equations requires
to solve the HKE in each integration step. With a fast solver for the HKE, like the
one presented in this study, it would not have been necessary to integrate one more
equation.

Kepler’s equation must be solved as well in symplectic integration codes, as for
example in the Wisdom-Holman method (Wisdom and Holman [95]), where the
orbital elements exhibit small changes at every step. It can be used for long-term
gravitational simulations (Rein and Tamayo [71]), or for the collisional gravitational
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N-body problem (Dehnen and Hernandez [26] and Hernandez and Bertschinger
[42]).

Another example is the work by Wahde [93], where the orbital parameters of
interacting galaxies are determined by using a genetic algorithm. In this case, when
the orbital parameters have been decoded from the chromosome, the positions of
the two galaxies are integrated backwards in time. Kepler’s equation is solved at
each step during the backwards integration, where the galaxies are represented by
mass-point particles moving on a two-body orbit.

Finally, it is important to highlight, as with the EKE-SDG method, that in strongly
perturbed problems it is quite easy to enter in the singular corner. Thanks to the
asymptotic expansion, the HKE-SDG code is very reliable and accurate and it avoids
some chaotic behavior of numerical nature that appears in that region with other
solvers.
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The validation of the SDG code allows us to consider more complex orbit determi-
nation problems, as for example Lambert’s problem. To do that, Lambert’s problem
is reformulated by describing the family of orbits with a new free parameter. This
parameter identifies univocally the different families of orbits providing additional
information of the orbits in a very simple way.

4.1 introduction

Lambert’s orbital boundary-value problem can be stated as follows: determine the
Keplerian orbit passing through two known points - given by their position vectors ~r1 and
~r2 - knowing the time of flight needed to go from one to the other is preassigned and its value
is tf.

Euler, in 1744, approached a previous version when determining the time em-
ployed for a comet to describe an arc of its orbit; he showed that the time is a
function of the sum r1 + r2 and the cord λc = |~r1 −~r2|, that is, the distance between
both positions. It was Lambert (1728-1777) who extended Euler’s results to the re-
maining genders of conics. His studies can be summarized in Lambert’s theorem,
which states that: the time of flight tf needed for going from ~r1 to ~r2 is only function of
the sum r1 + r2, the cord λc and the semi-major axis a of the conic defining the transfer:
tf = tf(r1 + r2, λc,a).

Due to the development of Astronautics, Lambert’s problem, initially associated
to orbit determination, has acquired a great importance in fields like rendezvous of
satellites, guidance and navigation. In fact, it arises naturally in rendezvous maneu-
vers between spaceborn objects. In that case, ~r1 represents the starting position of
the spacecraft performing the maneuver; ~r2 represents the coordinates of the point
where the encounter will happen. It is said that an ’orbital transfer’ has been made,
or simply ’transfer’, form the initial position~r1 to the final position~r2. It also shows
up in interplanetary missions, when it is required to reach a certain planet at a cer-
tain time. If in the contact only the matching of the spacecraft vector position is
required, the we speak of “interception”; if, in addition, requires that the speeds are
the same, we speak of “rendezvous” or “space encounter”.

In the present analysis we suppose that the first point ~r1 is before the second
point ~r2, i.e., if the angle between ~r2 and ~r1 is denoted by ν, it follows that ν < π.
Under this hypothesis the unit vector ~k, normal to the orbital plane and defined by

~k =
~r1 x~r2
|~r1 x~r2|

, (4.1)

would take the direction of the angular momentum: ~h = h~k. If this condition is not
satisfied, the roles of ~r1 and ~r2 would have to be interchanged.

Let P1 and P2 be the positions represented by the vectors ~r1 and ~r2 respectively.
There is a uni-parametric family of Keplerian orbits verifying the geometric restric-
tions of the problem, that is: 1) the conics pass through P1 and P2 (two conditions)
and, 2) the conics have their focus in the origin 0 (two conditions). In order to se-
lect a particular conic of this family, an additional condition has to be imposed. In
Lambert’s problem this condition is given by the time of flight tf. Consequently, the
orbits of the family whose time of flight from P1 to P2 is the same than the prefixed
time tf, will verify the kinematic condition and will become the aim of the analysis.

73
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The procedure is based on expressing all Keplerian orbits passing through P1
and P2 as a function of a single parameter and then selecting those which verify the
kinetic condition. There are different options to choose this parameter based on the
geometric properties involved in Lambert’s problem Arora and Russell [3], Avanzini
[4], Battin and Vaughan [9], Battin [11], Gooding [35], and Izzo [46]. The most direct
way is to consider the semi-major axis or the eccentricity. In what follows a new
parameter χ is defined, presenting similarity with the parameter taken by Avanzini
[4].

4.2 basic elements

We start by introducing the unit vectors ~u1 and ~u2 defined as:

~u1 =
~r1
r1

, ~u2 =
~r2
r2

. (4.2)

The angle ν, called transfer angle, is a known parameter given by the relations:

cos(ν) =
~r1 ·~r2
r1 r2

= ~u1 · ~u2, sin(ν) =
|~r1 ×~r2|
r1 r2

= |~u1 × ~u2|. (4.3)

We admit that ν ∈]0,π], although the situation ν = π presents singularities that
will be studied later. The auxiliary axesOx0y0 are introduced, based on the bisectrix
of the vectors ~u1 and ~u2 and the perpendicular direction. The unit basis vectors
(~i0,~j0) of the reference Ox0y0 are related with (~u1, ~u2) through the equations:

~i0 =
~u1 − ~u2
|~u1 − ~u2|

, ~j0 =
~u1 + ~u2
|~u1 + ~u2|

. (4.4)

Taking into account that |~u1 + ~u2|
2 = 4 cos2

(
ν
2

)
and |~u1 − ~u2|

2 = 4 sin2
(
ν
2

)
, it

follows:
~i0 =

~u1 − ~u2
2 sin

(
ν
2

) , ~j0 =
~u1 + ~u2
2 cos

(
ν
2

) , (4.5)

or equivalently:

~u1 = sin
(ν
2

)
~i0 + cos

(ν
2

)
~j0 (4.6a)

~u2 = − sin
(ν
2

)
~i0 + cos

(ν
2

)
~j0. (4.6b)

The eccentricity vector ~e is provided by the unit vector pointing to the pericenter
such that:

~e = e~ip. (4.7)

4.3 geometric aspects of the analysis

The family of conics passing through ~r1 and ~r2 depends on a single parameter; we
could choose the semi-major axis a, so that changing the value of a, all the conics
of the family are obtained. If we consider ellipses, the attractive center O is one of
the foci: the occupied focus. The other focus O ′, called empty focus, is involved in
the metric definition of an ellipse: the locus of points whose sum of distances to two fixed
points, the foci, remains constant and equal to 2a. If the semi-major axis value is fixed,
the relations

|
−−→
OP1|+ |

−−→
O ′ P1| = r1 + |

−−→
O ′ P1| = 2 a (4.8a)

|
−−→
OP2|+ |

−−→
O ′ P2| = r2 + |

−−→
O ′ P2| = 2 a, (4.8b)
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determine the position of O ′ such that: |
−−→
O ′ P1| = 2 a − r1 and |

−−→
O ′ P2| = 2 a − r2.

This means that the empty focus belongs to two circumferences with centers P1 and
P2 and radii 2 a− r1 and 2 a− r2 respectively. As a consequence, O ′ will be one of
the intersection points of both circumferences. In general there are two symmetric
solutions with respect to the cord λc, although there can be just one or none. When
the solution is double, the intersection points of the two circumferences will define
the empty foci of two ellipses passing through P1 and P2 with the same semi-major
axis. These are called conjugate orbits or conjugate ellipses. By decreasing the semi-
major axis, the mechanical energy of the ellipse decreases, since:

E = −
µ

2a
. (4.9)

The successive foci obtained by changing the parameter a describe a locus which
corresponds to a hyperbola with foci P1 and P2. The metric definition of a hyper-
bola is the locus of points whose distance difference to two fixed points, the foci, remains
constant. If this is applied member by member to the equations |

−−→
O ′ P1| and |

−−→
O ′ P2|,

the constant value obtained is r2 − r1.

4.3.1 Minimum-energy ellipse

As it has been previously mentioned, the minimum-energy ellipse is the ellipse
with minimum semi-major axis. When decreasing a, the two solutions given by the
empty focus approach until they coincide. This double root corresponds to the min-
imum of a, such that below this value there is no solution to the problem. Indeed,
in the presence of an attractive center the position P2 is never reached from the po-
sition P1 if the energy applied to the satellite is smaller than the minimum-energy.

The double root is located on the cord connecting P1 and P2, that is:

2 a∗ − r1 + 2 a∗ − r2 = λc, (4.10)

which implies:
a∗ =

s

2
, (4.11)

being s the semiperimeter of the spatial triangle OP1 P2 defined by

s =
1

2
(r1 + r2 + λc). (4.12)

An elliptic orbit verifies the condition p = a(1− e2) and consequently the follow-
ing expression holds:

4 a2e2 = 4 a(a− p). (4.13)

Let p∗ be the semilatus rectum of the minimum-energy orbit, by introducing the
semiperimeter s, the previous equation becomes

d2 = 4 a2∗e
2
∗ = s

2 − 2 s p∗. (4.14)

Consider again the spatial triangle OP1 P2 of the transfer (Fig. 4.1). In the orbit of
minimum-energy the empty focus O ′ is located on the cord P1 P2, separated from
P1 and P2 the distances:

|
−−→
O ′ P1| = 2 a∗ − r1 = s− r1, |

−−→
O ′ P2| = s− r2. (4.15)

Let ÔQO ′ be the rectangular triangle and α the angle defined by ~r2 and the cord
P1 P2. The parameter d is defined as

d2 = |
−−→
OQ|+ |

−−−→
O ′Q| = (r2 − (s− r2) cos(α))2 + (s− r2)

2 sin2(α), (4.16)
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Figure 4.1: Spatial triangle and ellipse of minimum-energy.

that is:
d2 = s2 − 2 r2(s− r2)(1+ cos(α)). (4.17)

Applying the cosine theorem to the spatial triangle OP1 P2 it follows

r21 = λ2c + r
2
2 − 2 λc r2 cos(α)⇒ cos(α) =

λ2c + r
2
2 − r

2
1

2 λc r2
, (4.18)

such that replacing this expression into Eq. (4.17):

d2 = s2 − 2 r2(s− r2)
2 s(s− r1)

λc r2
= s2 −

4 s

λc
(s− r1)(s− r2). (4.19)

Matching this expression with Eq. (4.14), and taking into account the value of the
semiperimeter s, the following expression for p∗ is obtained:

p∗ =
r1 r2
λc

(1− cos(ν)). (4.20)

The eccentricity of the minimum-energy orbit is directly derived from the condi-
tion p = a(1− e2), yielding

e∗ =

√
1−

2 p∗
s

. (4.21)

Equation (4.21) bears out the fact that the minimum-energy orbit can only be an
ellipse. On the one hand an hyperbolic orbit is not possible because neither p∗ nor
s can be negative and on the other hand a parabolic orbit would require p∗ = 0

which can not happen.

4.3.2 Fundamental ellipse

There is another remarkable ellipse inside the family of ellipses associated to the
spatial triangle OP1 P2. It is called the fundamental ellipse and it is characterized
for having the minimum eccentricity.

The hodograph of the eccentricity vector ~e, that is, the locus of the space deter-
mined by the end of the eccentricity vector of the family of orbits from the common
origin O, describes a straight line (Fig. 4.2). This property can be deduced from the
focal equation:

r =
p

1+ e cos(θ)
⇒ e cos(θ) =

p− r

r
. (4.22)
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Figure 4.2: Locus of the end points of the eccentricity vector.

Considering the true anomalies θ1 and θ2 of the radio vectors, we have respec-
tively:

~e ·~r1 = r1 e cos(θ1) = p− r1 (4.23a)

~e ·~r2 = r2 e cos(θ2) = p− r2, (4.23b)

and subtracting both equations:

~e · (~r2 −~r1) = r1 − r2. (4.24)

The constant vector ~r2 −~r1 is expressed in the form:

~r2 −~r1 = λc σ ~uc ⇔ ~uc =
1

σ

~P1 ~P2

|~P1 ~P2|
, (4.25)

being ~uc a unit vector in the direction of the cord and σ = ±1 a factor to fix the
sense of ~uc. This factor is chosen as follows:

• If b = r2
r1
< 1⇒ σ = 1.

• If b = r2
r1
> 1⇒ σ = −1.

The value of σ agrees with the sign of 1− b, that is:

σ =
1− b

|1− b|
. (4.26)

The vector ~uc chosen in that way always points from the farthest position Pi of
the attractive center O to the nearest.

From Eqs. (4.24) and (4.25) we obtain the relation:

~e ~uc =
r1 − r2
σλc

=
|r2 − r1|

λc
, (4.27)

which shows that the end of the eccentricity vector describes a straight line perpen-
dicular to the cord. Because ~uc has a norm equal to unity, the eccentricity reaches a
minimum value given by:

~e⊙ = ~emin =
|r2 − r1|

λc
, (4.28)
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Figure 4.3: Fundamental ellipse.

when the vector ~e has the direction and sense of ~uc, that is, parallel to the cord and
a sense from the farthest point to the nearest with respect to the occupied focus O.
In this case the eccentricity is named as fundamental eccentricity.

Among all the orbits of the family associated with the spatial triangle OP1 P2,
there is one of them characterized with the minimum eccentricity (4.28) and it is
named fundamental ellipse. In this orbit the semi-major axis is parallel to the cord
because ~e⊙ has the direction of ~uc. As a consequence, and taking into account that
P1 and P2 are points of the ellipse, P1 and P2 should be symmetric with respect to

the semi-minor axis (Fig. 4.3). This symmetry implies that |
−→
OP1| = |

−−→
O ′P2| = r1 and

|
−→
OP2| = |

−−→
O ′P1| = r2, which together with Eq. (4.8a) lead to:

−→
OP1 +

−−→
O ′P1 = 2 a⇒ −→OP1 +

−→
OP2 = 2 a⇒ r1 + r2 = 2 a, (4.29)

and the fundamental semi-major axis is expressed as:

a⊙ =
1

2
(r1 + r2). (4.30)

Once Eqs. (4.28) and (4.30) are defined, the fundamental semilatus rectum is pro-
vided just by applying its classic expression and the equation λ2c = r21 + r

2
2 −

2 r1 r2 cos(ν):

p⊙ = a⊙(1− e2⊙) =
r1 r2
λ2c

(r1 + r2)(1− cos(ν)). (4.31)

4.4 the free parameter χ

In order to describe and parameterize the family of orbits passing through P1 and
P2, a free parameter should be chosen. The selection of the semi-major axis is not
recommended due to the existence of conjugate orbits for the same value of a,
which implies duplicity in the results. The analysis described in the following lines
introduces a new parameter χ which presents important advantages. It is defined
as the true anomaly of the bisectrix determined by the unit vectors ~u1 and ~u2. The
true anomalies of the points are related with χ as follows (see Fig. 4.4):

θ1 = χ−
ν

2
, θ2 = χ+

ν

2
. (4.32)

The fundamental parameters described in the previous section are all known.
Thus, the goal is to express the orbit elements of the conic we are looking for as
a function of the paramater χ. To do that we have to define first an additional
parameter, the fundamental parameter χ⊙.
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Figure 4.4: Geometric meaning of χ and true anomalies.

The unit vector pointing to the pericenter ~ip, which provides the direction of the
eccentricity, has components in the auxiliary axes:

~ip = sin(χ)~i0 + cos(χ)~j0. (4.33)

If we are in the fundamental ellipse, χ = χ⊙ and Eq. (4.33) coincides with ~uc. The
unit vector in the direction of the cord is:

~uc = sin(χ⊙)~i0 + cos(χ⊙)~j0. (4.34)

Taking into account Eqs. (4.7), (4.27) and (4.28) it follows that:

~e = e~ip ⇒ ~e · ~uc = e~ip · ~uc ⇒ e⊙ = e~ip · ~uc, (4.35)

and since~ip · ~uc = cos(χ− χ⊙) we get:

e =
e⊙

cos(χ− χ⊙)
, (4.36)

which provides the eccentricity as a function of the fundamental eccentricity and
χ⊙.

The following step is to express the difference ~r2 −~r1 in the base (~i0,~j0). It is
done by a change of base given by the Eqs. (4.6), such that:

~r2 −~r1 = −(r2 + r1) sin
(ν
2

)
~i0 + (r2 − r1) cos

(ν
2

)
~j0. (4.37)

Introducing this expression into Eq. (4.25) for ~uc:

~uc = −
r2 + r1
λc σ

sin
(ν
2

)
~i0 +

r2 − r1
λc σ

cos
(ν
2

)
~j0. (4.38)

In order to obtain χ⊙, we relate Eqs. (4.34) and (4.38) obtaining:

sin(χ⊙) = −
r2 + r1
λc σ

sin
(ν
2

)
= −κ

1+ b

1− b
sin
(ν
2

)
(4.39a)

cos(χ⊙) =
r2 − r1
λc σ

cos
(ν
2

)
= −κ cos

(ν
2

)
, (4.39b)

with κ = |1− b| r1λc > 0. Dividing both expressions in Eqs. (4.39) we finally get:

tan(χ⊙) = tan
(ν
2

) 1+ b
1− b

= ζ1, (4.40)
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Figure 4.5: ~e⊙ has the sense ~r1 −~r2 when b > 1 (left) and ~r2 −~r1 when b < 1 (right).

which provides the value of χ⊙ = χ⊙(ν,b), that is, the direction of the semi-major
axis of the fundamental ellipse.

Instead of using the parameter χ, Eq. (4.40) can be rewritten in terms of the pa-
rameter φ defined by

χ+φ = π⇒ tan(χ) = − tan(φ), (4.41)

such that it adopts the form:

tan(φ⊙) = tan
(ν
2

) b+ 1
b− 1

= ζ2. (4.42)

The two angles, χ and φ, can be employed to identify the eccentricity vector and
any of them can be selected as the parameter of the family of Keplerian conics
passing through P1 and P2. Both angles are measured from the bisectrix of vectors
~r1 and~r2, but from different rays. The angle χ is measured from the inner ray to the
triangle of the transfer and in clockwise direction. The angle φ is measured from
the opposite ray and in counterclockwise direction.

4.4.1 Eccentricity of the orbits

Once the parameters χ⊙ and φ⊙ are defined, the fundamental eccentricity (4.28)
can be expressed as a function of these parameters (see Fig. 4.5). We start by cal-
culating the quotient between r1 and r2 through the focal equation to obtain an
expression for the eccentricity:

e =
r2 − r1

r1 cos(θ1) − r2 cos(θ2)
. (4.43)

Then, by introducing the values of the true anomalies given by Eq. (4.32) and
removing the parameter b through Eq. (4.40) it is obtained:

e = −
cos(χ⊙)

cos
(
ν
2

)
cos(χ− χ⊙)

=
cos(φ⊙)

cos
(
ν
2

)
cos(φ−φ⊙)

, (4.44)

whose minimum is reached when cos(χ− χ⊙) = 1 such that:

e⊙ = −
cos(χ⊙)

cos
(
ν
2

) =
cos(φ⊙)

cos
(
ν
2

) . (4.45)
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Taking into account that Eq. (4.45) should be necessarily positive and smaller than
one (e⊙ = 1 implies χ⊙ = ν

2 + π and b = 0 in Eq. (4.40), which is not possible), it
requires the study of the domain of Eq. (4.40) depending on the sign of b.

If b 6= 1, Eq. (4.40) has two roots which differ from each other by π radians, but
only one of them provides a positive eccentricity:

• If b < 1⇒ tan(χ⊙) > 0

– χ⊙ ∈ [0, π2 [⇒ cos(χ⊙) > 0⇒ e⊙ < 0.

– χ⊙ ∈ [π, 3π2 [⇒ cos(χ⊙) < 0⇒ e⊙ > 0.

• If b > 1⇒ tan(χ⊙) < 0

– χ⊙ ∈]3π2 , 2 π]⇒ cos(χ⊙) > 0⇒ e⊙ < 0.

– χ⊙ ∈]π2 ,π]⇒ cos(χ⊙) < 0⇒ e⊙ > 0.

The correct solution is obtained when the root of Eq. (4.40) is in the interval
]π2 , 3π2 [, that is, when cos(χ⊙) < 0 and thus, e⊙ > 0. Taking into account how
the direction and sense of the fundamental eccentricity have been defined, we can
conclude that:

• If b < 1⇒ r2 < r1 ⇒
~e⊙
|~e⊙|

=
−−−→
P1 P2

|
−−−→
P1 P2|

.

• If b > 1⇒ r2 > r1 ⇒
~e⊙
|~e⊙|

=
−−−→
P2 P1

|
−−−→
P2 P1|

.

If b = 1 then Eq. (4.28) is zero and the fundamental ellipse is a circumference. In
this case χ⊙ can be π2 or 3π2 and e⊙ = 0.

Summarizing, only the root belonging to the interval [π2 , 3π2 ] provides the correct
solution. The root χ⊙ ∈ [π2 , 3π2 ] has an associated root φ⊙ ∈ [−π2 , π2 ] such that
when χ⊙ 6 π then φ⊙ < 0 (Fig. 4.6).

4.4.2 The plane (b,ν)

Two parameters, e⊙ and χ⊙, have been introduced. Both are related with the funda-
mental ellipse and only dependent on the transfer angle ν and the quotient b = r2

r1
.

These functions are given by Eqs. (4.40) and (4.28) where the last equation can be
rewritten in terms of (b,ν) as:

e⊙ =
|1− b|√

1+ b2 − 2 b cos(ν)
. (4.46)

The equations of the inverse bijective correspondence between the parameters
(ν,b) and (e⊙,χ⊙) are:

ν = 2 arc cos

(
−

cos(χ⊙)

e⊙
)

(4.47a)

b =
sin(χ⊙) +

√
e2⊙ − cos2(χ⊙)

sin(χ⊙) −
√
e2⊙ − cos2(χ⊙)

. (4.47b)

The parameters (e⊙,χ⊙) are independent. However, they can not take arbitrary
values. In the first equation of (4.47) the values of χ⊙ and e⊙ should be chosen such
that cos

(
ν
2

)
is smaller than one. In the second equation cos(χ⊙) should be smaller

than e⊙ to obtain a positive value of b. As a consequence, the relations (4.47) work
as restrictions that should verify (e⊙,χ⊙).
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Figure 4.6: Domain of the free parameters χ⊙ (upper) and φ⊙ (lower).
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4.4.3 Semi-major axis and semilatus rectum of the orbits

In what follows the semi-major axis and semilatus rectum are described as a function
of the fundamental parameters and the free parameter χ. The focal equation allows
to obtain the expressions:

p

r1
= 1+ e cos(θ1),

p

r2
= 1+ e cos(θ2), (4.48)

and adding up both equations:

p
r1 + r2
r1 r2

= 2+ e (cos(θ1) + cos(θ2)). (4.49)

The expressions (4.32) are replaced into (4.44) and this one in the previous expres-
sion:

p =
2 r1 r2
r1 + r2

sin(χ) sin(χ⊙)

cos(χ− χ⊙)
. (4.50)

From this equation the fundamental semilatus rectum is derived just taking χ =

χ⊙:

p⊙ =
2 r1 r2
r1 + r2

sin2(χ⊙), (4.51)

and the semilatus rectum can be expressed as a function of Eqs. (4.51), (4.44) and
(4.45):

p =
sin(χ)

sin(χ⊙)

p⊙
cos(χ− χ⊙)

= p⊙ e sin(χ)
e⊙ sin(χ⊙)

. (4.52)

The semi-major axis is obtained from the classic relation: p = ±a(1− e2) such
that:

e < 1⇒ a(χ) =
p(χ)

1− e2(χ)
(4.53a)

e > 1⇒ a(χ) =
p(χ)

e2(χ) − 1
. (4.53b)

4.4.4 The conjugate ellipse

Let χ be the value of the parameter associated to one of the ellipses of the family,
and χ̃ the parameter related to the conjugate ellipse. The definition of conjugate
orbit consists in imposing the same semi-major axis on the two ellipses:

a(χ) =
p(χ)

1− e2(χ)
=

p(χ̃)

1− e2(χ̃)
= a(χ̃). (4.54)

Taking into account the value of p(χ) in Eq. (4.52):

e(χ) sin(χ)
1− e2(χ)

=
e(χ̃) sin(χ̃)
1− e2(χ̃)

, (4.55)

and introducing Eq. (4.36) in the equation we get:

sin(χ) cos(χ− χ⊙)

cos2(χ− χ⊙) − e2⊙ =
sin(χ̃) cos(χ̃− χ⊙)

cos2(χ̃− χ⊙) − e2⊙ . (4.56)

Since (χ,χ⊙, e⊙) are known, the quotient of the first member of the equation
is known, while in the second member is found the unknown χ̃. If we name the
following quantity as ρ:

ρ(χ) =
sin(χ) cos(χ− χ⊙)

cos2(χ− χ⊙) − e2⊙ , (4.57)
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the equation we have to solve is:

sin(χ̃) cos(χ̃− χ⊙) − ρ(cos2(χ̃− χ⊙) − e2⊙) = 0. (4.58)

Doing a change of variable: χ̃ = χ⊙ + ζ, the equation takes the form:

(ρ− sin(χ⊙)) cos2(ζ) − cos(χ⊙) sin(ζ) cos(ζ) − ρ e2⊙ = 0. (4.59)

Dividing by cos2(ζ) and applying the change of variable u = tan(ζ) we obtain
the following second order equation to be solved:

ρ e2⊙ u2 + cos(χ⊙)u+ sin(χ⊙) − ρ(1− e2⊙) = 0, (4.60)

that, in general, has two real roots: one of them u1 belongs to χ and the other, u2
belongs to χ̃. Applying the Cardano relation:

u1 + u2 = −
cos(χ⊙)

ρ e2⊙ , (4.61)

we finally arrive at the solution:

tan(χ̃− χ⊙) = −
cos(χ⊙)

ρ(χ) e2⊙ − tan(χ− χ⊙), (4.62)

which provides the value χ̃ with ρ(χ) given by Eq. (4.57).
The ellipse of minimum-energy is the conjugate of itself and consequently the

value of the parameter χ corresponding to that ellipse verifies the condition:

χ∗ = χ = χ̃. (4.63)

In this case Eq. (4.62) provides the relation

2 tan(χ∗ − χ⊙) = −
cos(χ⊙)

ρ(χ∗) e2⊙ , (4.64)

and by introducing Eq. (4.57) for the value of ρ(χ∗) it becomes

2 sin(χ∗) sin(χ∗ − χ⊙) +
cos(χ⊙)

e2⊙ cos2(χ∗ − χ⊙) = cos(χ⊙). (4.65)

The change of variable χ∗ = χ⊙ + ζ provides the expression

cos(χ⊙) sin2(ζ) + sin(χ⊙) sin(ζ) cos(ζ) +
cos(χ⊙)

2 e2⊙ (cos2(ζ) − 1) = 0, (4.66)

and the change of variable u = tan(ζ) gives the second degree equation

cos(χ⊙)u2 + 2 sin(χ⊙)u+ cos(χ⊙)
1− e2⊙
e2⊙ = 0, (4.67)

with roots

tan(χ∗ − χ⊙) = − tan(χ⊙)±

√
e2⊙ − cos2(χ⊙)

e⊙ cos(
⊙

)
. (4.68)

One of the roots of Eq. (4.68) is the one sought while the remaining is a spurious
solution, that is, it does not correspond to an elliptic orbit. As it will be explained
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later, it is spurious because does not verify the condition χ∗ ∈]χ⊙ − δ,χ⊙ + δ] with
δ defined by cos(δ) = e⊙.

If δ is now introduced into Eq. (4.67), it adopts the form

u2 + 2 tan(χ⊙)u+ tan2(δ) = 0, (4.69)

and the roots, defined in Eq. (4.68), are:

tan(χ∗ − χ⊙) = − tan(χ⊙)±
√

tan2(χ⊙) − tan2(δ). (4.70)

The condition χ∗ ∈]χ⊙−δ,χ⊙+δ] becomes χ∗−χ⊙ ∈]−δ, δ] such that if tan(χ⊙) >

0 (b < 1) the root defined with the sign (+) is in the interval and provides the value
of χ∗. If tan(χ⊙) < 0 (b > 1) then the remaining root provides the value of χ∗.

4.4.5 The conjugate hyperbola

Let χ be the value of the parameter associated to one of the hyperbolas of the family
with semi-major axis a. There is another hyperbola with the same semi-major axis
and parameter χ̃ referred to as conjugate hyperbola. By imposing the same semi-
major axis on the two hyperbolas the equation obtained is:

a(χ) =
p(χ)

e2(χ) − 1
=

p(χ̃)

e2(χ̃− 1)
= a(χ̃). (4.71)

The procedure followed for the conjugate ellipse is applied to finally obtain the
same expressions as in Eqs. (4.57) and (4.62) for ρ(χ) and χ̃ respectively. Similarly to
the family of ellipses, where a minimum-energy ellipse exists which is the conjugate
of itself, the question arising is the existence or not of a self-conjugate hyperbola. Let
χ = χ? be value characterizing this orbit; it should verify the equation

2 tan(χ? − χ⊙) = −
cos(χ⊙)

ρ(χ?) e2⊙ . (4.72)

The solution is obtained by following the same procedure as in the elliptic case:
the two changes of variables χ? = χ⊙+ ζ and u = tan(ζ) as well as the introduction
of the parameter δ. The final expression of the second degree equation is that of Eq.
(4.69) and the roots are:

tan(χ? − χ⊙) = − tan(χ⊙)±
√

tan2(χ⊙) − tan2(δ). (4.73)

The sought solution, valid for the self-conjugate hyperbola, is the root defined
out of the interval, that is: |χ? − χ⊙| > δ. However, as it will be shown later, there
are not roots providing hyperbolas of the family and consequently there are no
self-conjugate hyperbolas.

4.5 parametric analysis

In what follows the evolution of the orbits of the family as a function of the param-
eter χ is analyzed. As it was deduced, the fundamental parameter χ⊙ is defined in
the interval [π2 , 3π2 ] which imposes χ ∈]χ⊙ − π

2 ,χ⊙ + π
2 [ (see Fig. 4.7).

As it is known, the eccentricity vector describes a straight line. Plotting this line
in the plane Oxoyo and the circumference with center the origin and unit radius
(see Fig. 4.8), a diagram with the different subfamilies of orbits inside the family is
obtained. Inside the circumference there are elliptic obits, on the circumference there
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Figure 4.7: Evolution of the eccentricity as a function of χ for the orbits of the family (χ⊙ =

100◦ and e⊙ = 0.5).

are parabolic orbits, and outside the circumference there are hyperbolic orbits. The
domain of these subfamilies will be different depending on whether b is greater
or smaller than unity (see Fig. 4.8). Consequently, by defining the parameter δ =

arc cos(e⊙) ∈ [0, π2 ], the situation when b > 1 is:

• If χ ∈]χ⊙ − π
2 ,χ⊙ − δ[⇒ Subfamily of hyperbolas I (e > 1).

• If χ = χP1
= χ⊙ − δ⇒ Parabola P1 (e = 1).

• If χ ∈]χ⊙ − δ,χ⊙ + δ[⇒ Subfamily of ellipses (e < 1).

• If χ = χP2
= χ⊙ + δ⇒ Parabola P2 (e = 1).

• If χ ∈]χ⊙ + δ,π[⇒ Subfamily of hyperbolas II (e > 1).

The domain for hyperbolas II is initially defined by χ ∈]χ⊙ + δ,χ⊙ + π
2 [ but not

the entire interval is valid. Indeed, the semilatus rectum p given by Eq. (4.52) is
zero when χ = π (the solution χ = 0 is never reached for the conics of this family).
When b > 1 then χ⊙ > π

2 and the value χ = π is in the interval ]χ⊙ + δ,χ⊙ + π
2 [

corresponding to the subfamily of hyperbolas II. The family of conics finishes in
χ = π and in the remaining interval ]π,χ⊙ + π

2 [ the expressions previously derived
result in negative values for p and a. These are spurious solutions where the origin
O is the empty focus of the hyperbola and not the occupied focus.

The situation when b < 1 is:

• If χ ∈]χ⊙ + δ,χ⊙ − π
2 [⇒ Subfamily of hyperbolas I (e > 1).

• If χ = χP1
= χ⊙ + δ⇒ Parabola P1 (e = 1).

• If χ ∈]χ⊙ − δ,χ⊙ + δ[⇒ Subfamily of ellipses (e < 1).

• If χ = χP2
= χ⊙ − δ⇒ Parabola P2 (e = 1).

• If χ ∈]π,χ⊙ − δ[⇒ Subfamily of hyperbolas II (e > 1).

The domain for hyperbolas II is initially defined by χ ∈]χ⊙ − π
2 ,χ⊙ − δ[ but not

the entire interval is valid. Indeed, when b < 1 then χ⊙ > π and the value χ = π

is in the interval ]χ⊙ − π
2 ,χ⊙ − δ[ corresponding to the subfamily of hyperbolas

II. The family of conics finishes in χ = π and in the remaining interval ]χ⊙ − π
2 ,π
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Figure 4.8: Evolution of the hodograph of the eccentricity vector as a function of χ for the
orbits of the family. Upper b > 1, lower b < 1.

the expressions previously derived result in negative values for p and a, and conse-
quently spurious solutions where the origin O is the empty focus of the hyperbola.

This explains the lack of self-conjugate hyperbolas. The domain where they are
defined is |χ? − χ⊙| > δ and taking into account the domain of both subfamilies of
hyperbolas, it is only satisfied within the spurious domain.

The next examples describe the parametric evolution of different subfamilies in-
volved in a family of conics. For this issue, dimensionless variables are used by
introducing characteristic values for longitude and time such that the gravitational
parameter µ is unitary.

4.5.1 Family of conics with b > 1

Let ~r1 = 1
2
~i1 and ~r2 = 2~j1 be the position vectors,such that the transfer angle is

ν = 90◦ and the parameter b = 4 > 1. The value of χ⊙, which only depends on ν
and b, takes the value χ⊙ ≈ 120.96◦. The fundamental eccentricity is e⊙ ≈ 0.72761
and the parameter characterizing the parabolic orbits is given by δ ≈ 43.31◦. A
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scanning of the variable χ, starting in the lower end of its interval of existence, is
developed and presented in the plane Ox0y0.

• Subfamily of hyperbolas I: when χ changes within the interval χ ∈]χ⊙ −
π
2 ,χ⊙ − δ[ the hyperbolas obtained are shown in Fig. 4.9. At the lower end
of the interval, χ = χ⊙ − π

2 , it has a degenerate hyperbola given by a double
straight line (the line connecting the extreme positions P1 and P2 of the space
triangle). This degenerate hyperbola is a singularity with a = 0 and e = ∞.
When the value of χ increases, the semi-major axis a increases and the eccen-
tricity decreases. This subfamily ends in the parabola P1 when χ ⇒ χ⊙ − δ,
such that e = 1 and a = ∞. The transfers done with the orbits of this family
are prograde or direct, that is, they have positive angular momentum (accord-
ing to ~k0). They are the fastest to go from P1 to P2 with a prograde transfer.
Indeed, close to the degenerate hyperbola the velocity tends to infinity, while
it decreases when approaching to the limit parabola P1. The conjugate hy-
perbola associated to each of the hyperbolas of this subfamily belongs to the
subfamily of hyperbolas II and vice versa.

• Subfamily of parabolas: there are only two parabolas in the family (see Fig.
4.10). In this case the parameter χ takes the values χ = χP1

= χ⊙−δ (parabola
P1) and χ = χP2

= χ⊙+δ (parabola P2). For the parabolas (see Fig. 4.10) the
angular momentum has to be pointed according to ~k0; as a consequence, in
the parabola P1 the transfer from ~r1 to ~r2 is direct. However, in the parabola
P2 the prograde transfer from~r1 to~r2 is done through the infinite point of the
parabola and consequently requires an infinite time. However, it is possible to
pass from P1 to P2 through a retrograde transfer with a finite time of flight.
The χ values of both parabolas verify Eq. (4.62). Indeed, when χ⇒ χ⊙± δ the
variable ρ ⇒ ∞ and the equation is reduced to the identity tan(δ) ≡ tan(δ).
This means that the parabola P2 is the conjugate parabola of P1 and vice
versa. The parabola P1 is the limit orbit where the subfamily of hyperbolas I
tends when χ⇒ χ⊙ − δ. From this parabola arises the subfamily of ellipses.

• Subfamily of ellipses: when χ varies within the interval ]χ⊙ − δ,χ⊙ + δ[, the
subfamily of ellipses is obtained (see Fig. 4.11). This subfamily starts from
the parabola P1 plotted in Fig. 4.10, while the parabola P2 is the limit orbit
where the ellipses of the subfamily tend when χ ⇒ χ⊙ + δ. The ellipses can
be divided in two subfamilies:
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Figure 4.11: Family of elliptic orbits when b > 1.

– If χ ∈]χ⊙ − δ,χ∗[⇒ Subfamily of ellipses I.

– If χ ∈]χ∗,χ⊙ + δ[⇒ Subfamily of ellipses II.

By increasing the value of χ from the lower end χ⊙ − δ the semi-major axis
a(χ) monotonically decreases until it reaches the minimum value a∗ corre-
sponding to the self-conjugate ellipse. From the value χ∗ it enters in the
subfamily of ellipses II, such that the semi-major axis a(χ) monotonically in-
creases when increasing the value of χ. Both subfamilies are separated by the
ellipse of minimum-energy (self-conjugate ellipse), corresponding to the min-
imum value of a in the family. Consequently, the parabola P1 separates the
subfamily I of hyperbolas and ellipses and the parabola P2 separates the sub-
family II of hyperbolas and ellipses. Besides, every ellipse of the subfamily I
has its conjugate in the subfamily II and vice versa.

• Subfamily of hyperbolas II: this subfamily starts from the parabola P2. The
parameter χ takes values within the interval χ ∈]χ⊙+ δ,π[ (see Fig. 4.12). This
subfamily corresponds to transfers through the infinite right line (considering
the hypothesis that the angular momentum has the sense of ~k0). Thus, to go
from ~r1 to ~r2 the infinite point of the hyperbola should be visited. As it was
explained before, the upper limit of the parameter χ for this family is the min-
imum of the values (χ⊙ + π

2 ,π); when χ = π a degenerate hyperbola, given
by the product of the straight lines of the radio vectors ~r1 and ~r2, is obtained.
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Table 8: Transfers allowed depending on the family of orbits considered.

Transfers

Prograde Retrograde

Subfamily of hyperbolas I Yes No

Parabola P1 Yes No

Subfamily of ellipses Yes Yes

Parabola P2 No Yes

Subfamily of hyperbolas II No Yes

If the value of χ increases above π the solutions computed are spurious due to
the origin O, the attractive center, would be the empty focus of these spurious
solutions.

Summarizing, the prograde transfer can be made with the subfamily of hyperbo-
las I, the parabola P1 and the subfamily of ellipses. The retrograde transfer can be
made with the subfamily of ellipses, the parabola P2 and the subfamily of hyper-
bolas II (see Table 8). The knowledge of the parameter χ related to the prograde
transfer allows to locate the value of χ̃ related to the conjugate orbit through Eq.
(4.62) and the flight times of both transfers. Indeed, if one hyperbola is selected
from the subfamily of hyperbolas I, the conjugate hyperbola defined in the subfam-
ily of hyperbolas II provides at the same time the retrograde transfer. The same
conclusion is obtained for the transfer through the parabolas, a particular case of
the transfer through the hyperbolas of the subfamily I (P1 is the limit case when
χ ⇒ χ⊙ − δ). In the subfamily of ellipses, the location of χ related to the prograde
transfer (χ < χ∗) allows to obtain not only the value of χ̃ related to the conjugate
ellipse (χ̃ > χ∗), but the flight times of the four possible transfers: the arcs (1) and (3)
corresponding to the prograde and retrograde transfers respectively in the ellipse of
subfamily I, and the arcs (2) and (4) related to the prograde and retrograde transfers
respectively in the conjugate ellipse belonging to the subfamily II.

Figure 4.13 shows the time of flight related to direct transfers from P1 to P2
and b > 1 as a function of the parameter χ of the conic. Later it will be shown
how the flight times Tf are determined. From the lowest time Tf = 0 the transfer is
done through the straight line P1P2 (degenerate hyperbola) which implies a transfer
with an infinite velocity. Increasing the value of χ the subfamily of hyperbolas I is
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traveled and the value of Tf monotonically increases while the velocities involved
in the transfer decreases. This region of the curve finishes when the time of flight
reaches the value TP1

f , related to the parabola P1. After that, the transfer takes
place through an ellipse of the subfamily I (χ 6 χ∗) until the ellipse of minimum-
energy is reached (χ = χ∗). The time T∗f , associated to the parameter χ∗, is maximum
in this subfamily (arc (1)) while the velocity is minimum. Values of Tf larger than
T∗f do not allow transfers through the arc (1) but through the arc (2) related to the
conjugate ellipse in the subfamily II. In this region Tf increases without limits due
to Tf ⇒ ∞ when approaching the parabola P2 (χ ⇒ χP2

). Figure 1.25 reflects
the monotonically increasing behavior of the function tf = Tf(χ) for all the regions.
The variations in eccentricity and semi-major axis of the orbits of the family are
described in Figure 4.14.

4.5.2 Family of conics with b < 1

Let ~r1 = 4~i1 and ~r2 = 2~j1 be the position vectors, which the transfer angle is
ν = 90◦ and the parameter b = 1

2 > 1. The value of χ⊙, which only depends on ν
and b, takes the value χ⊙ ≈ 251.57◦. The fundamental eccentricity is e⊙ ≈ 0.4472
and the parameter characterizing the parabolic orbits is given by δ ≈ 63.43◦. A
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scanning of the variable χ, starting in the upper end of its interval of existence, is
developed and presented in the plane Ox0y0.

• Subfamily of hyperbolas I: when χ changes in the interval χ ∈]χ⊙+ δ,χ⊙+ π
2 [

the hyperbolas obtained are shown in Fig. 4.15. At the upper end of the inter-
val, χ = χ⊙ + π

2 , it has a degenerate hyperbola given by a double straight
line (the line connecting the extreme positions P1 and P2 of the space trian-
gle). This degenerate hyperbola is a singularity with a = 0 and e = ∞. When
the value of χ decreases, the semi-major axis a increases and the eccentricity
decreases. This subfamily ends in the parabola P1 when χ ⇒ χ⊙ + δ, such
that e = 1 and a = ∞. The transfers done with the orbits of this family are
prograde, that is, they have positive angular momentum (according to ~k0).
They are the fastest to go from P1 to P2. Indeed, close to the degenerate hyper-
bola the velocity tends to infinity, while it decreases approaching to the limit
parabola P1. The conjugate hyperbola associated to each of the hyperbolas of
this subfamily belongs to the subfamily of hyperbolas II and vice versa.

• Subfamily of parabolas: there are only two parabolas in the family (see Fig.
4.16). In this case the parameter χ takes the values χ = χP1

= χ⊙+δ (parabola
P1) and χ = χP2

= χ⊙−δ (parabola P2). For the parabolas (see Fig. 4.10) the
angular momentum has to be pointed according to ~k0; as a consequence, in
the parabola P1 the transfer from ~r1 to ~r2 is direct. However, in the parabola
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P2 the transfer from ~r1 to ~r2 is retrograde. The parabola P2 is the conjugate
parabola of P1 and vice versa. Both parabolas define the endings of the region
where the subfamily of ellipses is.

• Subfamily of ellipses: when χ varies within the interval ]χ⊙ − δ,χ⊙ + δ[, the
subfamily of ellipses is obtained (see Fig. 4.17). This subfamily starts from the
upper end of the interval with the parabola P1 (see Fig. 4.16). The parabola
P2 is the limit orbit where the ellipses of the subfamily tend when approach-
ing to the lower end, that is χ ⇒ χ⊙ − δ. The ellipses can be divided in two
subfamilies:

– If χ ∈]χ∗,χ⊙ + δ[⇒ Subfamily of ellipses I.

– If χ ∈]χ⊙ − δ,χ∗[⇒ Subfamily of ellipses II.

By decreasing the value of χ from the upper end χ⊙ + δ the semi-major axis
a(χ) monotonically decreases until it reaches the minimum value a∗ corre-
sponding to the self-conjugate ellipse. From the value χ∗ it enters in the
subfamily of ellipses II, such that the semi-major axis a(χ) monotonically in-
creases when decreasing the value of χ. Both subfamilies are separated by the
ellipse of minimum-energy (self-conjugate ellipse), corresponding to the min-
imum value of a in the family. Consequently, the parabola P1 separates the
subfamily I of hyperbolas and ellipses and the parabola P2 separates the sub-
family II of hyperbolas and ellipses. Besides, every ellipse of the subfamily I
has its conjugate in the subfamily II and vice versa.

• Subfamily of hyperbolas II: this subfamily starts from the parabola P2. The
parameter χ takes values in the interval χ ∈]π,χ⊙ − δ[ (see Fig. 4.18). This
subfamily corresponds to transfers through the infinite right line (considering
the hypothesis that the angular momentum has the sense of ~k0). Thus, to pass
from ~r1 to ~r2 the infinite point of the hyperbola should be visited. As it was
explained before, the lower limit of the parameter χ for this family is the max-
imum of the values (χ⊙ − π

2 ,π); when χ = π a degenerate hyperbola, given
by the product of the straight lines of the radio vectors ~r1 and ~r2, is obtained.
If the value of χ decreases below π the solutions computed are spurious due
to the origin O, and the attractive center, would be the empty focus of these
spurious solutions.

The prograde transfer from P1 to P2 can be done along different conics: the hy-
perbola of the subfamily I, the parabola P1 and the ellipse of the subfamily I or
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II. As it was explained for the family of conics with b > 1, the flight times of the
transfers from P1 to P2 can be obtained just locating the time of flight of the direct
transfers because the remaining are estimated from them.

Figure 4.19 shows the time of flight related to direct transfers from P1 to P2 and
b < 1 as a function of the parameter χ of the conic. From the lowest time Tf = 0

the transfer is done through the straight line P1P2 (degenerate hyperbola) which
implies a transfer with an infinite velocity. Decreasing the value of χ the subfamily
of hyperbolas I is traveled and the value of Tf monotonically increases while the
velocities involved in the transfer decreases. This region of the curve finishes when
the time of flight reaches the value TP1

f , related to the parabola P1. After that, the
transfer takes place through an ellipse of the subfamily I (χ 6 χ∗) until the ellipse
of minimum-energy is reached (χ = χ∗). The time T∗f , associated to the parameter
χ∗, is maximum in this subfamily (arc (1)) while the velocity is minimum. Values of
Tf larger than T∗f do not allow transfers through the arc (1) but through the arc (2)
related to the conjugate ellipse in the subfamily II. In this region Tf increases without
limits due to Tf ⇒ ∞ when approaching the parabola P2 (χ ⇒ χP2

). Figure 1.33

reflects the monotonically decreasing behavior of the function tf = Tf(χ) for all the
regions. The variations in eccentricity and semi-major axis of the orbits of the family
are described in Figure 4.20.
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4.6 the time of flight equation

The next step is to determine, as a function of the free parameter χ, the time of
flight needed to pass from P1 to P2. Notice that the equations described below are
the ones corresponding to direct transfers for the elliptic, parabolic and hyperbolic
cases.

4.6.1 Elliptic case

Kepler’s equation for the elliptic case

n (t− τ) = u− e sin(u), (4.74)

governs the time law. Therefore, if the orbit is elliptic (e < 1), the time of flight is
given by the equation

Tf =
1

n
(u2 − u1 − e[sin(u2) − sin(u1)]), (4.75)

where n =
√
µ
a3

and the eccentric anomaly u is related with the true anomaly θ
through the relations

sin(θ) =

√
1− e2 sin(u)
1− e cos(u)

, cos(θ) =
cos(u) − e
1− e cos(u)

, (4.76)

or by the inverse relations

sin(u) =

√
1− e2 sin(θ)
1+ e cos(θ)

, cos(u) =
cos(θ) + e
1+ e cos(θ)

. (4.77)

Equation (4.75) describes the time of flight for a transfer of one revolution. In the
case of a transfer requiring more than one revolution it implies that the time of flight
is not going to be minimum but Tf = Tfmin + k T such that T = 2π

n . Consequently,
the general problem for solving the multiple-revolution Lambert’s problem becomes

Tfmin =
1

n
(u2 − u1 − e[sin(u2) − sin(u1)] − 2 π k). (4.78)

The difference with respect to the initial problem is the introduction of a new pa-
rameter k such that for each set of values (~r1,~r2, Tfmin ,k) a solution of χ is obtained.
The selection of k determines the number of revolutions.
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4.6.2 Parabolic case

The time law is governed by Barker’s equation

2

√
µ

p3
(t− τ) = tan

(
θ

2

)
+
1

3
tan3

(
θ

2

)
. (4.79)

Thus, if the orbit is parabolic (e = 1), the time of flight is given by the equation

Tf =
1

2

√
p3

µ

([
tan
(
θ2
2

)
− tan

(
θ1
2

)]
+
1

3

[
tan3

(
θ2
2

)
− tan3

(
θ1
2

)])
. (4.80)

4.6.3 Hyperbolic case

The time law is governed by the equation√
µ

|a|3
(t− τ) = e sinh(u) − u. (4.81)

Therefore, if the orbit is hyperbolic (e > 1), the time of flight is given by the
equation

Tf =
1

n
(e[sinh(u2) − sinh(u1)] − (u2 − u1)), (4.82)

where n =
√

µ
|a|3

and the hyperbolic anomaly u is related with the true anomaly θ

through the relations

sin(θ) =

√
e2 − 1 sinh(u)
e cosh(u) − 1

, cos(θ) =
e− cosh(u)
e cosh(u) − 1

, (4.83)

or by the inverse relations

sinh(u) =

√
e2 − 1 sin(θ)
1+ e cos(θ)

, cosh(u) =
cos(θ) + e
1+ e cos(θ)

. (4.84)

4.7 alternative formulation

Lambert’s theorem states that: the time of flight tf needed for going from ~r1 to ~r2 is only
a function of the sum r1+ r2, the cord λc and the semi-major axis a of the conic connecting
the two points: tf = tf(r1 + r2, λc,a).

It was Lagrange who first demonstrated it for the case of elliptic orbits. The pro-
cedure, in broad strokes, is explained in the next lines.

4.7.1 Elliptic case

Let u1 and u2 be the values of the eccentric anomaly related to the points P1 and
P2 respectively. Kepler’s equation is given by

n(t2 − τ) = u2 − e sin(u2) (4.85a)

n(t1 − τ) = u1 − e sin(u1), (4.85b)
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and subtracting both equations yields

n tf = u2 − u1 − e(sin(u2) − sin(u1)), (4.86)

where tf = t2 − t1 is the time employed in the transfer and n =
√
µ
a3

is the mean
angular velocity of the motion.

By introducing the values

Ψs =
1

2
(u1 + u2) (4.87a)

Ψr =
1

2
(u2 − u1), (4.87b)

the eccentric anomalies become u1 = Ψs −Ψr and u2 = Ψs +Ψr such that Eq. (4.86)
is replaced by

n tf = 2 (Ψr − e cos(Ψs) sin(Ψr). (4.88)

Taking into account that |e cos(Ψs)| < 1 for elliptic orbits, we define

cos(ξ) = e cos(Ψs) (4.89a)

α = ξ+Ψr (4.89b)

β = ξ−Ψr, (4.89c)

with ξ = 1
2 (α+ β) and Ψr = 1

2 (α− β). If they are introduced into Eq. (4.88), then
the following expression is obtained

n tf = α−β− (sin(α) − sin(β)). (4.90)

This relation is termed as Lambert’s equation and the angles α and β depend on
r1 + r2, λc and a. Indeed, the relation r = a(1− e cos(u)) allows to express

r1 + r2 = 2 a− a e(cos(u1) + cos(u2)), (4.91)

which in terms of Ψs and Ψr becomes

r1 + r2 = 2 a(1− cos(ξ) cos(Ψr)). (4.92)

In the axes of the ellipse the positions of P1 and P2 are given by

x1 = a cos(u1), y1 = b sin(u1) (4.93a)

x2 = a cos(u2), y2 = b sin(u2), (4.93b)

which introduced in the expression of the cord results in λ2c = (x2 − x1)
2 + (y2 −

y1)
2 = 4 a2 sin2(ξ) sin2(Ψr) such that

λc = 2 a sin(ξ) sin(Ψr). (4.94)

Let s be the semiperimeter of the spatial triangle, in terms of Eqs. (4.92) and (4.94)
it turns out to be 2 s = (r1+ r2+λc) = 2 a(1− cos(α)). That is, the following relation
is obtained:

sin
(α
2

)
= ±

√
s

2 a
. (4.95)

Likewise it has 2(s− λc) = 2 a(1− cos(β)) and consequently

sin
(
β

2

)
= ±

√
s− λc
2 a

. (4.96)

In summary, the values α and β only depend on r1 + r2, λc and a. Taking into
account this, the time of flight tf provided by Eq. (4.90), only depends on r1 + r2,
λc and a. This demonstrates Lambert’s theorem.



98 lambert’s problem

F

P1

P2

~r2

~r1

ν

(1)

(2)

(3)

(4)

Figure 4.21: Conjugate elliptic orbits.

4.7.2 Geometric aspects of α and β

Once the value of a is fixed, and greater than the minimum value a∗ given by Eq.
(4.11), the solution of Eqs. (4.95) and (4.96) is not univocal. Indeed, depending on
the signs ± of α and β four different possibilities are present, which are associated
to the four possible transfers to go from P1 to P2 through two conjugate orbits with
the same value of a: the arcs (1) and (2) describing the prograde transfers the arcs
(3) and (4) describing the retrograde transfers (see Fig. 4.21).

It starts considering the case where α and β are positive:

α = α0 = 2 arc sin
(√

s

2 a

)
, α0 ∈ [0,π] (4.97a)

β = β0 = 2 arc sin

(√
s− λc
2 a

)
, β0 ∈ [0,π]. (4.97b)

According to Lambert’s theorem, the time of flight tf does not depend on the
eccentricity of the transfer orbit. Consequently, Lambert’s equation (4.90) is still true
if the eccentricity of the ellipse is modified without changing the values of r1 + r2,
λc and a. This can be done by changing the foci f and f∗ of the ellipse until the
value e = 1 when a degenerate ellipse (rectilinear) is obtained. A rectilinear ellipse
with semi-major axis a is a line segment of longitude 2 a with ends the foci f and
f∗ of the ellipse (see Fig. 4.22). In this scenario r1 = q1 and r2 = q1 + λc and since
their sum remains constant, it yields:

r1 + r2 = 2 q1 + λc ⇒ q1 = s− λc, (4.98)

and considering the relation |f f∗| = 2 a it follows

q2 + λc + q1 = 2 a⇒ q2 = 2 a− s. (4.99)

The center C of the ellipse is located at a distance d from P2 given by d = a−q2 =

s− a.
Equations (4.86) and (4.90) have the same structure. If the time of flight tf is the

same for both, the second equation corresponds to a rectilinear orbit with e = 1

such that α and β become the eccentric anomalies of the departure and arrival
points of an orbital transfer. By considering the auxiliary circumference associated
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Figure 4.22: Rectilinear ellipse.
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Figure 4.23: Prograde transfer (1) (upper left), prograde transfer (2) (upper right), retrograde
transfer (3) (lower left) and retrograde transfer (4) (lower right).

to the rectilinear ellipse, the values α0 and β0 are the eccentric anomalies of the
points Q2 and Q1 respectively (see Fig. 4.23). Therefore, the transfer from P1 to P2
in the rectilinear orbit is associated to Lambert’s equation (4.90). Indeed, from the
figure the following is deduced:

cos(β0) =
a− q1
a

⇒ sin2
(
β0
2

)
=
s− λc
2 a

(4.100)

cos(π−α0) =
a− q2
a

⇒ sin2
(α0
2

)
=

s

2 a
. (4.101)

The difference α− β is always u2 − u1 regardless of where the angles α and β
are placed. In what follows the time of flight for the arcs (1), (2), (3) and (4) is
determined.

• Prograde transfer (1): the transfer angle ν is smaller than π. The values α
and β are α0 and β0 respectively given by Eqs. (4.97). Figure 4.23 shows the
situation of the points Q1 and Q2 of the rectilinear ellipse. The time of flight
turns out to be:

n t
(1)
f = α0 −β0 − sin(α0) + sin(β0). (4.102)
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• Prograde transfer (2): the transfer angle ν is smaller than π. The angle β is
given by the solution (4.96) with sign (+) and consequently β = β0. In the case
of α the sign (-) is taken in Eq. (4.95). Taking into account that α−β = u2−u1
is positive, the value of α can not be negative and α = 2 π− α0. Figure 4.23

shows the situation of the points Q1 and Q2 of the rectilinear ellipse. The time
of flight turns out to be:

n t
(2)
f = 2 π−α0 −β0 + sin(α0) + sin(β0). (4.103)

• Retrograde transfer (3): the transfer angle ν is larger than π. The angle β is
given by the solution (4.96) with sign (-) and consequently β = −β0. In the
case of α the sign (-) is taken in Eq. (4.95) and α = 2 π−α0. Figure 4.23 shows
the situation of the points Q1 and Q2 of the rectilinear ellipse. The time of
flight turns out to be:

n t
(3)
f = 2 π−α0 +β0 + sin(α0) − sin(β0). (4.104)

• Retrograde transfer (4): the transfer angle ν is larger than π. The angle β is
given by the solution (4.96) with sign (-) and consequently β = −β0. In the
case of α the sign (+) is taken in Eq. (4.95) and α = α0. Figure 4.23 shows the
situation of the points Q1 and Q2 of the rectilinear ellipse. The time of flight
turns out to be:

n t
(4)
f = α0 +β0 − sin(α0) − sin(β0). (4.105)

4.7.3 Hyperbolic case

Let u1 and u2 be the values of the hyperbolic anomaly related to the points P1 and
P2 respectively. Kepler’s equation for hyperbolic orbits is given by

n(t2 − τ) = e sinh(u2) − u2 (4.106a)

n(t1 − τ) = e sinh(u1) − u1, (4.106b)

and subtracting both equations yields

n tf = e(sinh(u2) − sinh(u1)) − (u2 − u1), (4.107)

where tf = t2 − t1 is the time employed in the transfer and n =
√
µ
a3

is the mean
angular velocity of the motion.

By introducing the values

Ψs =
1

2
(u1 + u2) (4.108a)

Ψr =
1

2
(u2 − u1), (4.108b)

the hyperbolic anomalies become u1 = Ψs − Ψr and u2 = Ψs + Ψr such that Eq.
(4.107) is replaced by

n tf = 2 (e cosh(Ψs) sinh(Ψr) −Ψr). (4.109)

Taking into account that |e cosh(Ψs)| > 1 for hyperbolic orbits, cosh(ξ) = e cosh(Ψs)
is defined and the values

α = ξ+Ψr (4.110a)

β = ξ−Ψr, (4.110b)
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Figure 4.24: Conjugate hyperbolic orbits.

with ξ = 1
2 (α+β) and Ψr = 1

2 (α−β) are introduced into Eq. (4.109). This yields

n tf = (sinh(α) − sinh(β)) − (α−β). (4.111)

This relation is termed as Lambert’s equation and the angles α and β depend on
r1 + r2, λc and a. Indeed, the relation r = a(e cosh(u) − 1 allows to express

r1 + r2 = a e(cosh(u1) + cosh(u2)) − 2 a, (4.112)

which in terms of Ψs and Ψr becomes

r1 + r2 = 2 a(cosh(ξ) cosh(Ψr) − 1). (4.113)

In the axes of the hyperbola the positions of P1 and P2 are given by

x1 = a cosh(u1), y1 = b sinh(u1), (4.114a)

x2 = a cosh(u2), y2 = b sinh(u2), (4.114b)

which introduced in the expression of the cord results in λ2c = (x2 − x1)
2 + (y2 −

y1)
2. By operating to obtain in terms of α and β it becomes

λc = 2 a(cosh(α) − cosh(β), (4.115)

where it is admitted that α > β because λc > 0.
Let s be the semiperimeter of the spatial triangle, in terms of α and β it turns out

to be s = a(cosh(α) − 1). That is, the following relation is obtained:

cosh
(α
2

)
=

√
s+ 2 a

2a
. (4.116)

Likewise it has s− λc = a(cosh(β) − 1) and consequently

cosh
(
β

2

)
=

√
s+ 2 a− λc

2 a
. (4.117)

Equation (4.116) has two roots: α0 > 0 and the opposite. The same happens for
Eq. (4.117). This provides four possible solutions:

(α0,β0), (α0,−β0), (−α0,β0), (−α0,−β0). (4.118)
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Only the first two solutions verify the condition α > β, which provide two flight
times

n tf1 = sinh(α0) − sinh(β0) − (α0 −β0) (4.119a)

n tf2 = sinh(α0) + sinh(β0) − (α0 +β0). (4.119b)

The time tf1 is smaller than tf2 and corresponds to the time of flight needed to
go from P1 to P2 with a prograde transfer through the arc (1) of an hyperbola of
the subfamily I. The time tf2 is the time of flight needed to go from P1 to P2 with
a retrograde transfer through the arc (4) of the conjugate hyperbola of the previ-
ous hyperbola and defined in the subfamily II. Figure 4.24 shows these transfers.
The second transfer is slower than the first because the trajectory should circle the
attractive center.
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In Astrodynamics, the typical scenario for the basic perturbed problem is the fol-
lowing: a particle M with mass m moves with respect to an inertial frame Ox1y1z1
with O the center of mass of a solar system body (the Earth, the Sun, a planet, etc)
and such that the particle M is acted upon by: 1) the main term of the gravitational
attraction of that body; and 2) the remaining forces, which are accounted for as
a perturbing force ~Fp. Instead of the resulting perturbing force ~Fp the perturbing

acceleration ~ap =
~Fp
m is usually used. The motion is then governed by the vector

differential equation:
d2~x
dt2

= −
µ

|~x|3
~x+ ~ap, (5.1)

that should be integrated from known initial conditions:

at t = t0 : ~x(t0) = ~x0,
d~x
dt

(t0) = ~v0, (5.2)

where t0 is the date when the propagation starts, ~x0 is the initial position in inertial
frame coordinates and ~v0 is the initial velocity in inertial frame coordinates.

The integration of the perturbed problem can be carried out by three different
techniques:

• Analytical integration: it seeks to obtain an analytical solution of the problem;
the solution is general and therefore is valid regardless of the given initial
conditions. It is the least frequent, as often problems are not analytically inte-
grable and thus need to be approximated in series expansions. Usually, addi-
tional procedures are used to obtain approximate analytical solutions such as
asymptotic techniques, the averaging technique etc.

• Numerical integration: it approaches the problem from a pure numerical point
of view, such that the equations of motions are numerically integrated from
the prescribed initial conditions and accounting for given perturbing acceler-
ations. The obtained solution is particular to the given initial conditions, and
therefore changing the initial conditions requires that a new numerical solu-
tion must be computed.

• Semianalytical integration: it combines a partial analytical integration with
a numerical integration of those equations that could not be analytical inte-
grated.

In the field of orbital dynamics and celestial mechanics, the procedures employed
to numerically integrate the equations of a perturbed problem are called special per-
turbation methods while the procedures used in the analytical and semianalytical
integration are called general perturbation methods. The advantage of the general
methods is the possibility to draw conclusions of general validity. However, some
of the hypothesis used to simplify the equations are not rigorous and the accuracy
is deteriorated. In general it is limited in time. In the case of the special methods
the main advantage is the the precision they are able to achieve. However, they do
not allow to draw conclusions of general validity. If the perturbing acceleration is
a complicated function, the analytical integration of the Eqs. (5.1) becomes impossi-
ble and consequently, the numerical integration from the known initial conditions
should be applied.
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The variety of special perturbation methods is abundant and the choice of the
appropriate method to be used in each case depends on the following factors:

• The type of orbit to integrate: circular, low eccentricity, high eccentricity, parabolic
or hyperbolic, weakly perturbed or perturbed.

• The operational requirements of the mission: depending on the mission the
precision and accuracy involved in the calculation can vary as well as the
extension of the integration.

• The formulation of the equations of the motion: the order of the system can
vary from sixth order to a higher order system.

• The routines and algorithms employed in the integration process: if all the
equations are first order differential equations, an extensive number of fixed
or variable stepsize/order routines and single-step or multi-step routines can
be used. However, for second order equations it can be more appropriate to
use specific routines like Runge-Kutta-Nyström or Störmer-Cowell.

• The benefits of the computer equipment where the simulation is going to be
performed.

5.1 numerical integration

The numerical integration looks for a numerical solution to a physical-mathematical
problem where the error involved needs to be known in order to accept the solu-
tion. The area of numerical calculus is continually moving forwards thanks to the
advances in computers and the increase of computing power.

5.1.1 Errors and integration methods

Lets us assume, without loss of generality, that the dynamical problem is described
by a second order differential equation:

d2~x
dt2

= ~f(~x, t), ~x(0) = ~x0,
d~x
dt

(0) = ~v0, (5.3)

where ~x is the state vector and ~v0 the initial velocity. Any numerical integration
algorithm can be expressed by a sequence of values ~xn of the state vector approx-
imating the solution given by Eq. (5.3) at the times tn with tn = tn−1 + hn. The
term hn is the integration stepsize which can be fixed or variable. For each step the
numerical integration algorithm is a difference scheme:

~xn+1 = F(~xn,~xn−1,~xn−1, · · · ,~xn−m, tn), (5.4)

where m is an integer defined in [0,n] and F is the characteristic function of the
algorithm.

The numerical integration requires to repeat Eq. (5.4) iteratively until the end.
However, this procedure is affected by a set of integration errors (Milani and Nobili
[54]) whose sources are the following:

• Truncation error: this error is the difference between the exact solution ~x(tn+1)

of Eq. (5.3) and the approximate value ~xn+1 as computed by Eq. (5.4). The
local truncation error is the error resulting from the use of Eq. (5.4) even in the
assumption that the previous values used are exact, i.e. ~xj = ~x(tj) for j 6 n.
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• Round-off error: it is the error done by the computer in computing the function
F of Eq. (5.4). Conceptually, a numerical integration works with real numbers,
i.e. with infinite decimal figures. However, a computer approximate a real
number by a rational number with a finite number of decimal digits. The
round-off error is of the order of the machine accuracy in relative terms for
each floating point operation.

• Coefficient error: this error arises because the function F of Eq. (5.4) has an
analytic expression containing not only the previous values ~xn−s, the function
f of Eq. (5.3) and the stepsize h, but also some constant coefficients which
have to be chosen in such a way that the local truncation error is minimized
for a given h. This amounts to a form of round-off but its effect is more like
truncation due to the use of wrong coefficients making the truncation error
not minimal.

• Time advance error: the time t must be updated after each step. If it is con-
sidered by a sum, the operation tn+1 = tn + h may introduce a relative error
because of round-off. If ε is the machine accuracy, after N steps the accumu-
lated error is

∆tN =

N∑
n=1

−ε tn
2

= −
εh

4
N(N+ 1). (5.5)

• Errors by coordinate changes: in order to reduce other sources of error the
integration can be performed in a different way than Eq. (5.4). The set of
variables to be propagated from one step to the next does not include only
the state vector ~x and the time t, but also additional hidden variables ~y. If
the transformation between both have to be computed at each step, then the
computation contains errors. This errors come from the round-off or imperfect
convergence effects, or both.

• Errors in the initial conditions: if the accumulated effect of the error in the
initial conditions is larger than the accuracy sought, then the prediction of the
real position of the body becomes useless. However, in most of the cases the
aim is to investigate the stability of the system by a very long integration. In
this case, unless the stability domains are very small, a stable orbit remains
stable even after a small change in initial conditions.

• Errors in the physical model: the equation of motion (5.3) are only an approx-
imation to the real physical system. The reason may be due to the existence
of further conservative perturbations which have been neglected, to the poor
knowledge of some system parameters or to true non-conservative perturba-
tions which have been discounted.

The optimal integration stepsize h0 should be chosen taking into account that the
truncation error usually decreases with the integration stepsize h, while the round-
off error increases with the number of evaluations, that is, when h decreases. Accord-
ingly, h0 will be the stepsize where the sum of these errors is minimal. Numerical
integration methods can be traditionally divided into single-step and multi-step cat-
egories. The multi-step methods usually require a single-step method to initialize
them at the beginning. Some of these methods are Milne, Adams-Moulton, Gauss-
Jackson, Obrechkoff and Adams-Bashforth. In the case of single-step methods we
can highlight Runge-Kutta, Gill, Euler-Cauchy and Bowie among others.

There is no a general rule to deduce h0, however, there are good procedures that
enable to select an appropriate integration stepsize. The basic formulation of the
equations of motion is going to play an important role in this point.
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5.1.2 Instabilities in the Keplerian motion

The errors committed in the determination of the future position of a satellite de-
pend on the truncation and round-off errors, that is, the errors produced in the deter-
mination of the initial position. As a consequence, the errors follow a monotonous
growth with time in the direction tangent to the orbit. Thus, although the numeri-
cal integration process is stable, the determination of the position of the satellite is
affected.

The Keplerian motion is unstable in the sense of Lyapunov, that is, small differ-
ences in the semi-major axis of two orbits result in a separation that grows in time
because of having different periods (Roa [72]). However, if the Keplerian orbit is
slightly perturbed, the resulting orbit is a Keplerian orbit close to the given, that
is, it shows orbital stability. It follows that the instability in the sense of Lyapunov
is time-varying but does not affect the trajectory. Nevertheless, depending on the
equations to be integrated, the instability can also affect the orbit.

5.2 classical methods

5.2.1 Cowell’s method

This method was developed by P. H. Cowell (Bate, Mueller, and White [8]) in the
early 20th century to estimate the orbit of the known eight satellites of Jupiter as
well as the Halley comet. It performs the numerical integration of the perturbed
equations by using cartesian coordinates, usually referred to an inertial frame. To do
that, the second order equation (5.1) is reduced to first order differential equations:

d~x
dt

= ~v,
d~v
dt

= −
µ

|~x|3
~x+ ~ap, (5.6)

where ~x = (x1,y1, z1) and ~v = (vx1 , vy1 , vz1) are the position and the velocity of a
satellite with respect to the central body.

This vector system is now broken down into the scalar components

dx1
dt

= vx1 ,
dvx1

dt
= −

µ

r3
x1 + apx1 , (5.7a)

dy1
dt

= vy1 ,
dvy1

dt
= −

µ

r3
y1 + apy1 , (5.7b)

dz1
dt

= vz1 ,
dvz1

dt
= −

µ

r3
z1 + apz1 , (5.7c)

where r =
√
x21 + y

2
1 + z

2
1 and ~ap = (apx1 ,apy1 ,apz1 ) is the perturbing accelera-

tion. Applying one of the available numerical integration schemes to the system of
equations (5.7a), (5.7b) and (5.7c), the state vector is obtained.

Nowadays, the Störmer-Cowell method, a combination of the Cowell formulation
with a Störmer-Cowell integration routine, is employed to integrate second order
equations. In this case the equation system is the following

d2x1
dt2

= −
µ

r3
x1 + apx1 (5.8a)

d2y1
dt2

= −
µ

r3
y1 + apy1 (5.8b)

d2z1
dt2

= −
µ

r3
z1 + apz1 . (5.8c)

This algorithm reduces the number of function calls which is very convenient
when we have massive propagations.
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Figure 5.1: Osculating orbit of the Encke method.

5.2.2 Encke’s method

This method was introduced by J. F. Encke (Bate, Mueller, and White [8]) at the
beginning of the 21st century to calculate orbits of comets with eccentricity close to
unit.

Let M be the body whose trajectory we want to calculate. If the perturbing ac-
celeration ~ap is eliminated at t0, M will follow the osculating orbit Γ0 determined
by the values (t0,~x0,~v0) (see Fig. 5.1). The position of the particle on the osculat-
ing orbit is analytically determined at t > t0 without truncation errors. From that
instant two particles are distinguished: the particle B, moving along the osculating
orbit Γ0 and located by the position vector ~xb, and the particle M, moving along the
real trajectory which is intended to be obtained and located by the position vector ~x
(see Fig. 5.1). Encke’s method is based on the numerical integration of the equation
governing the time evolution of ~ρ, that is, the vector placing M with respect to B:
~ρ = ~x−~xb.

The evolution of the particles M and B is governed, respectively, by the equations:

d2~x
dt2

= −
µ

|~x|3
~x+ ~ap (5.9a)

d2~xb
dt2

= −
µ

|~xb|3
~xb. (5.9b)

Therefore, the time evolution of ~ρ is given by

d2~ρ
dt2

= −
µ

r3b
[~ρ+ f(Λ)~x] + ~ap(t,~x,~v), (5.10)

where rb = |~xb|, r = |~x| and f(Λ) =
(
r3b/r

3 − 1
)
. To minimize numerical errors that

can appear when calculating f(Λ), it is rewritten as follows

f(Λ) = Λ
3+ 3Λ+Λ2

(1+Λ)
3
2 + 1

, Λ =
~ρ(~ρ− 2~x)

~x ·~x . (5.11)

The integration scheme consists in the following steps:

1. The values (~xb,~vb) are estimated at the instant t with the analytic solution
and the known initial conditions (t0,~x0,~v0).
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2. Equation (5.10) is numerically integrated from t = t0 with the initial condi-
tions ~ρ = ~0, ~̇ρ = ~0.

3. The rectification process is applied when |~ρ|� |~ap|. In this case the integration
is stopped and the osculating orbit is rectified, such that the reference orbit Λ0
is replaced by the new orbit Λ1.

4. The scheme is repeated as many times as necessary to finish the simulation.

5.2.3 Error propagation

Lets us consider a known orbit ~x = ~xR(t) and we are going to assume that we make
a small error in the initial conditions (t = t0) given by:

~x = ~x0 + δ~x0, ~v = ~v0 + δ~v0. (5.12)

The trajectory corresponding to these new initial conditions will be close to the
Keplerian orbit. It means, the solution can be considered like

~x = ~xR(t) + δ~x, (5.13)

where δ~x is a small value compared with ~xR(t).
The variational equations that govern the time volution of δ~x are rewritten as a

system of first order differential equations by introducing the state vector

~y = (δx1, δy1, δz1, δẋ1, δẏ1, δż1)T , (5.14)

such that its time evolution is given by

d~y
dt

= A(t)~y, (5.15)

where A is a square matrix 6× 6.
The solution of the linear variational equations for small period of time is:

~y(∆t) = eA∆t ~y(0). (5.16)

As a result of this, the eigenvalues of the matrix A govern the time evolution of
the errors. In the case of Cowell’s method this propagation error is exponential and
it is related to the unstable character in the Lyapunov sense which appears not only
in Keplerian orbits but also in the propagation of perturbed problems. A similar
situation arises in Encke’s method.

5.3 the regularized propagators

The regularization process is fundamental for the precise integration of the equa-
tions of orbital motion. Indeed, if we consider the Eq. (5.1), it has a singularity in
the origin ~x = ~0. The problem is not in the solution itself, but in the equation it-
self. This situation jeopardizes the numerical integration of the perturbed problem,
which can be avoided by introducing a regularization.

The regularization of the equations is a process that consists in changing the de-
pendent and independent variables such that the dynamics analyzed is described by
a set of equations free of singularities. The advantages of regularization are twofold:
the numerical integration of the equations is facilitated; and the negative effects of
the instability related to Keplerian orbits decrease. The linearization, a particular
case of regularization, is a process to describe the dynamics through exact linear
equations by a change of dependent and independent variables.
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The first regularization method was Sundman’s transformation (Sundman [87]),
introduced by Karl F. Sundman in 1912. It was developed to attempt to solve the
three-body problem by applying a time transformation of the type

dt = r ds (5.17)

by means of introducing a new independent variable s, or fictitious time, replacing
the physical time t. This transformation converts the Eq. (5.1) into

d2~x
ds2

=
1

|~x|

d|~x|
ds

d~x
ds

−
µ

r
~x+ |~x|2 ~ap, (5.18)

which, although is still singular when r = |~x| tends to zero, the order of such sin-
gularity is now reduced from three to one, improving the numerical performance.
With time new regularizations were developed to provide equations completely free
of singularities where more than one change of variable was considered. In the next
lines some of them are described.

5.3.1 The Sperling-Bürdet (SB) regularization

In 1961 Sperling carried out, for the first time, a joint regularization and lineariza-
tion of the equations by means of a Sundman transformation and the use of first
integrals of the two-body problem, such as the integral of the energy and the eccen-
tricity vector (Sperling [83]). In 1968 Bürdet, following the developments of Sperling,
published a theory of perturbations based on the regularized and linearized equa-
tions of Sperling (Bürdet [18]). By using the variation of constants method Bürdet
developed perturbation equations for the elements involved in the Sperling equa-
tions.

5.3.1.1 Sperling regularization

Let ~e be the eccentricity vector

~e = −
~x

r
−
1

µ
(~h×~v). (5.19)

If the dot product of right-hand side is expanded:

~e =
~x

µ

(
v2 −

µ

r

)
−
1

µ
~v(~v ·~x) (5.20)

and we consider the integral of the energy:

v2 −
2µ

r
= −

µ

a
, (5.21)

the term v2 can be replaced in Eq. (5.19) obtaining the following expression:

~e = ~x

(
~1

r
−

~1

a

)
−
1

µ
~v (~v ·~x), (5.22)

where a is supposed to be negative for hyperbolic orbits. If the term
~x

r
is replaced

in Eq. (5.1), it adopts the form:

d2~x
dt2

= −
1

r

dr
dt

d~x
dt

−
µ

a

~x

r2
− µ

~e

r3
+ ~ap. (5.23)
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The Sundman transformation:

ds =

√
µ

r
dt, t− t0 =

∫s
s0

r√
µ

ds (5.24)

is now applied to establish s as independent variable of the Eq. (5.23):

d2~x
ds2

= −
1

a
~x−~e+

r2

µ
ap, (5.25)

where a and ~e are constants in the unperturbed motion. However, in the perturbed
motion they are functions of s.

The next step is to obtain a similar relation to Eq. (5.25) for the variable r = |~x|.
We start defining the eccentricity vector ~e in terms of s. Note that:

~x · d~x
ds

=
1

2

d(~x ·~x)
ds

= r
dr
ds

(5.26)

and consequently

~v(~v ·~x) = µ

r2
d~x
ds

(
~x · d~x
ds

)
=
µ

r

dr
ds

d~x
ds

. (5.27)

Thus, the expression (5.22) takes the form:

~e = ~x

(
1

r
−
1

a

)
−
1

r

dr
ds

d~x
ds

(5.28)

and

~e ·~x = r
(
1−

1

a

)
−

(
dr
ds

)2
. (5.29)

If we differentiate the expression (5.26) with respect s, it becomes

d~x
ds
· d~x

ds
+~x · d2~x

ds2
=

(
dr
ds

)2
+ r

d2r
ds2

. (5.30)

Furthermore, by using the integral of the energy the value of the first term of Eq.
(5.30) can be deduced:

d~x
ds
· d~x

ds
=
r2

µ
v2 = r

(
2−

r

a

)
(5.31)

and Eq. (5.30) becomes, by isolating its second term of the left-hand side:

~x · d2~x
ds2

=

(
dr
ds

)2
+ r

d2r
ds2

− r
(
2−

r

a

)
. (5.32)

If the dot product is applied to both sides of Eq. (5.25) with ~x, by using Eq. (5.29)
and Eq. (5.32) the following relation is obtained:

d2r
ds2

= −
1

a
r+ 1+

r

µ
~x · ~ap (5.33)

with an identical structure to Eq. (5.25).

5.3.1.2 The unperturbed motion

We study the unperturbed motion for the elliptic case. If there is no perturbation
the equations governing the dynamics take the form:

t− t0 =

∫s
s0

r√
µ

ds (5.34a)

d2~x
ds2

= −
1

a
~x−~e (5.34b)

d2r
ds2

= −
1

a
r+ 1, (5.34c)
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where the values of a and ~e are constants. Obviously, these equations should be
integrated from known initial conditions at s = s0:

~x(s0) = ~x0,
d~x
ds

(s0) =
r0√
µ
~v0. (5.35)

Note that Eqs. (5.34a), (5.34b) and (5.34c) (Sperling equations) are linear and com-
pletely regular such that the singularity r = 0 no longer appears. In the elliptic
motion 0 6 a < ∞ and the Eq. (5.34b) corresponds to a three-dimensional oscilla-
tor of frequency 1/

√
a, in the variable s, vibrating around the stationary solution

~xe = −a~e. This frequency of oscillation is determined by the initial conditions
and is, therefore, perfectly known before starting the integration process. Thus, the
calculation of the frequency is not affected by the truncation and roundoff errors
committed in the numerical integration process.

Equation (5.34c) can be analytically integrated providing the following solution:

r = a+C1 cos
(
s√
a

)
+C2 sin

(
s√
a

)
, (5.36)

where C1 and C2 are integration constants. Introducing this solution in Eq. (5.34a)
the next solution is obtained:

t =
a√
µ
s+

√
a

µ

[
C1 sin

(
s√
a

)
−C2 cos

(
s√
a

)]
+C3, (5.37)

where the time t grows linearly with the fictitious time s. The constant a should
be determined with the maximum precision because any error in its determination
will produce and increasing error in the time t and consequently in the position of
the particle in the trajectory. The dynamical instability of the equations has been
removed, however, it reappears in the time expression. This is logical taking into
account that it is not possible to change the reality of a physical nature. Neverthe-
less, the advantage of the regularization carried out is the absence of problems of
dynamic stability during the numerical integration in terms of the variable s and,
consequently, the numerical errors accumulated during the process are minimal.

5.3.1.3 The perturbed motion

If the particle is perturbed by the acceleration ~ap, the equations governing the mo-
tion are:

t− t0 =

∫s
s0

r√
µ

ds (5.38a)

d2~x
ds2

= −
1

a
~x−~e+

r2

µ
~ap (5.38b)

d2r
ds2

= −
1

a
r+ 1+

r

µ
~x · ~ap, (5.38c)

where the values of a and ~e are no longer constants but changing with s. Obviously,
these equations should be integrated from known initial conditions (5.35).

If the perturbing acceleration ~ap does not present any singularity, these equations
are completely regular. In order to integrate them numerically, the a(s) and ~e(s)

values, whose evolution is determined by the perturbation ~ap, should be provided.
We start by determining the eccentricity vector. Its time derivative is given by:

d~e
dt

=
1

µ
[~ap × ~h+~v× (~x× ~ap)]. (5.39)
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If the terms of the right-hand side are developed we get the expression

d~e
dt

=
1

µ
[2~x(~v · ~ap) −~v(~ap ·~x) − ~ap(~x ·~v)], (5.40)

that in terms of the variable s it becomes:

d~e
ds

=
1

µ

[
2~x

(
d~x
ds
· ~ap

)
−

d~x
ds

(~ap ·~x) − ~ap

(
~x · d~x

ds

)]
. (5.41)

The energy equation adopts the form:

dE
dt

= ~v · ~ap, (5.42)

where E is the total Keplerian energy of the particle. In terms of the variable s it
turns out to be

dE
ds

=
d~x
ds
· ~ap. (5.43)

Taking into account that
E = −

µ

2a
, (5.44)

the following equation is obtained

d
ds

(
1

a

)
= −

2

µ

d~x
ds
· ~ap, (5.45)

which completes the set of equations to integrate.
In summary, the equations that govern the motion of the particle are Eqs. (5.38a),

(5.38b) and (5.38c) such that the order of the system is thirteen. This regularization
procedure gives rise to seven redundant variables when it is compared to the orig-
inal equations. It is the price that must be paid to obtain a system of equations
that allows a numerical integration practically free of dynamic instabilities and min-
imizing the calculation errors. The necessity to obtain numerically the value of 1/a
makes the characteristic dynamic instability of the Keplerian motion still present
in the integration process, but its negative effects are much smaller in the regular
scheme than in the original Eq. (5.1) of the problem.

5.3.2 The Stiefel regularization for planar motions

The regularized method described here emerges from the analysis of Tullio Levi-
Civita about the regularization of the planar two-body problem. It was later gener-
alized to the three dimensional case by Stiefel and Scheifele [84].

Let the fictitious time s given by a Sundman transformation

dt = rds, (5.46)

the relations between the time derivatives and the derivatives with respect to s for
a certain quantity ψ are given by the equations

dψ
dt

=
1

r

dψ
ds

(5.47a)

d2ψ
dt2

=
1

r3

(
r

d2ψ
ds2

−
dr
ds

dψ
ds

)
. (5.47b)

By applying the change of independent variable to the Eq. (5.1) it adopts the form:

d2~x
ds2

−
1

r

dr
ds

d~x
ds

+
µ

r
~x = r2 ~ap, (5.48)

which still preserves the singularity in the origin r = 0.
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Figure 5.2: Transformation in the complex plane.

5.3.2.1 The Levi-Civita transformation

If we fix the semi-major axis of an ellipse and make the eccentricity tend to one, the
ellipse becomes a line segment described by an oscillatory motion in the limit, that
is, a degenerated ellipse. In this scenario each time the particle reaches the origin
(collision) it is done with infinite velocity, whereas an infinite velocity of opposite
sign is necessary if the particle leaves the origin. The argument of the position vector
increments 2π for each passing in the origin where the singularity resides.

In order to avoid this singularity, Levi Civita proposed a transformation of the
inertial plane Ox1y1, where the motion takes place, to a plane with parameters
Ou1u2 (see Fig. 5.2) such that for each collision the particle crosses the singularity
instead of bouncing. For that he considered the complex plane and established a
conformal transformation governed by the following relation:

u1 + i u2 =
√
x1 + i y1, (5.49)

where i represents the imaginary unit i =
√
−1.

By taking the square of Eq. (5.49) and decomposing in its real and imaginary part,
the next equations are obtained:

x1 = u21 − u
2
2 (5.50a)

y1 = 2u1 u2. (5.50b)

We denote ~x = (x1,y1) = x1+ i y1 and ~u = (u1,u2) = u1+ i u2. Equations (5.50a)
and (5.50b) adopt the matrix form:(

x1

y1

)
=

(
u1 −u2

u2 u1

)(
u1

u2

)
, (5.51)

which can be expressed in compact form:

~x = L(~u)~u, (5.52)

where the Levi-Civita matrix is given by:

L(~u) =

(
u1 −u2

u2 u1

)
. (5.53)
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If Eqs. (5.50a) and (5.50b) are derived with respect to the variable s we obtain:

dx1
ds

= 2u1
du1
ds

− 2u2
du2
ds

(5.54a)

dy1
ds

= 2u2
du1
ds

+ 2u1
du2
ds

, (5.54b)

which can be written as follows

d~x
ds

= 2L(~u)
du
ds

. (5.55)

5.3.2.2 Regularized equations

The aim is to express the equations governing the dynamics in terms of the (u1,u2)
parameters. We start by differentiating the expression (5.55) with respect to s:

d2~x
ds2

= 2L(~u)
d2~u
ds2

+ 2L

(
d~u
ds

)
d~u
ds

, (5.56)

where the homogeneity property of the Levi-Civita matrix has been considered, that
is

d
ds

L(~u) = L

(
d~u
ds

)
. (5.57)

Then, the expression (5.56) is replaced in Eq. (5.48) which is multiplied by r and
divided by 2. By making use of the relations (5.52) and (5.55) it adopts the form:

L(~u)

(
r

d2~u
ds2

−
dr
ds

d~u
ds

+
µ

ds
~u

)
+ rL

(
d~u
ds

)
d~u
ds

=
r3

2
~ap. (5.58)

Taking into account that

r = ~u · ~u, ~v =
d~u
ds

, (5.59)

and by making use of the interchangeability property of the Levi-Civita matrix:

(~u · ~u)L(~v)~v+ (~v ·~v)L(~u)~u = 2 (~u ·~v)L(~u)~v, (5.60)

if we premultiply by the inverse of L(~u) we obtain the equation governing the
evolution of ~u with respect to the fictitious time s:

d2~u
ds2

+

µ

2
−

(
d~u
ds
· d~u

ds

)
(~u · ~u) ~u =

(~u · ~u)
2

LT (~u)~ap, (5.61)

where the perturbing acceleration ~ap should be expressed in terms of s, ~u and its
derivatives.

However, Eq. (5.61) is still singular because the second term becomes infinite
when r = 0. In order to avoid this singularity, the Keplerian energy needs to be
introduced through the semi-major axis a which is defined by

−µ

2a
=
1

2
v2 −

µ

r
, (5.62)

or in terms of the (u1,u2) parameters by

µ

2a
= 2

µ

2
−

(
d~u
ds
· d~u

ds

)
(~u · ~u) . (5.63)
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Consequently, Eq.(5.61) can be written as follows

d2~u
ds2

+
µ

4a
~u =

(~u · ~u)
2

LT (~u)~ap, (5.64)

which is regular.
While in the unperturbed motion the value of a remains constant, in the per-

turbed motion a is a function of s which should be determined numerically. There-
fore, Eq. (5.64) needs to be complemented with an additional equation providing the
value of a. In order to determine the evolution equation of awe have to consider the
energy equation (5.42) as we did in the Sperling-Bürdet regularization. Accordingly
the equation is the given by (5.45), which in terms of the (u1,u2) parameters adopts
the form:

d
ds

(
1

a

)
= −

4

µ

[
L(~u)

d~u
ds

]
~ap. (5.65)

In summary, the equations that govern the motion of the particle are

dt
ds

= ~u · ~u (5.66a)

d2~u
ds2

+
µ

4a
~u =

(~u · ~u)
2

LT (~u)~ap (5.66b)

d
ds

(
1

a

)
= −

4

µ

[
L(~u)

d~u
ds

]
~ap, (5.66c)

which should be integrated from appropriate initial conditions

s = s0 : ~u(s0) = ~u0,
d~u
ds

(s0) =
d~u
ds

∣∣∣∣∣
(0)

, a(s0) = a0. (5.67)

The order of the resulting system is six. This regularization procedure increases
the order of the system in two units. This is the price to obtain a regular integration
scheme that minimizes the effects of the dynamics instabilities.

5.3.2.3 Determination of the initial conditions

The numerical integration should start from known initial values. It is admitted that
at the initial instant the dynamical state of the system is known:

t = t0 : ~x = ~x0, ~v = ~v0. (5.68)

From the initial state (~x0,~v0) the initial conditions in the Stiefel varibles (s, ~u)
have to be obtained. Although the Eqs. (5.50a) and (5.50b) univocally determine
(x1,y1), the inverse transformation provides two solutions for (u1,u2) satisfying
the Eq. (5.49). One option is to consider the next procedure:

x1 > 0 : u1 =

√
1

2
(r+ x1), u2 =

y1√
2 (r+ x1)

(5.69a)

x1 < 0 : u1 =
y1√

2 (r− x1)
, u2 =

√
1

2
(r− x1), (5.69b)

where r =
√
x21 + y

2
1.

Once the vector u0 = (u1(0),u2(0)) is known by Eqs. (5.69a) or (5.69b), the initial
condition for the derivative in given by inverting the Eq. (5.55):

d~u
ds

(0) =
1

2 r
LT (~u0)

d~x
ds

=
1

2
LT (~u0)~v0. (5.70)
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5.3.3 The Kustaanheimo-Stiefel (KS) regularization

The Stiefel regularization previously described is referred to planar motions. By
considering again the fictitious time s given by Eq. (5.46), the idea arising now is if
it can be extended to the three-dimensional case. In 1933 A. Hurwitz proved that
the generalization of Levi-Civita transformation to three dimensions is not possi-
ble (Hurwitz [45]), but it can be extended to four dimensions. Following this idea,
Kustaanheimo proposed to generalize the Levi-Civita transformation to the four-
dimensional space by introducing two complex numbers (Kustaanheimo et al. [50])
and showed how it is possible to use that generalization to regularize the equations
of orbital motion. This procedure is known as Kustaanheimo-Stiefel regularization,
or KS method for short.

The method starts by introducing the extension to the Levi-Civita matrix:

K(~u) =


u1 −u2 −u3 u4

u2 u1 −u4 −u3

u3 u4 u1 u2

u4 −u3 u2 −u1

 . (5.71)

Then, a transformation between two spaces of four dimensions is introduced by
the equation

~x = K(~u)~u, (5.72)

where ~u = (u1,u2,u3,u4) and ~x = (x1, x2, x3, x4).
If we develop the Eq. (5.72) we obtain a system where the fourth component is

null, that is:

x1 = u21 − u
2
2 − u

2
3 + u

2
4 (5.73a)

x2 = 2(u1 u2 − u3 u4) (5.73b)

x3 = 2(u1 u3 + u2 u4) (5.73c)

x4 = 0, (5.73d)

such that r = |x|

The transformation governed by Eq. (5.72) is defined as the KS transformation and
the image of R4 by this transformation is a three-dimensional subspace immersed
in R4. In the KS transformation the first three components of ~x are identified with
the inertial coordinates of the position vector of the particle.

Some of the properties of the Levi-Civita matrix L are extended to the matrix K.
This matrix is r-orthogonal, linear and homogeneous, that is, the following proper-
ties hold:

KT (~u)K(~u) = r I (5.74a)

K(~u+~v) = K(~u) +K(~v) (5.74b)

d
ds

[K(~u)] = K

(
d~u
ds

)
. (5.74c)

However, the rest of properties of the Levi-Civita matrix are not directly trans-
ferred to the K matrix unless additional conditions are introduced. This is the case
of the interchangeability property:

K(~u)~v = K(~v)~u, (5.75)

which requires the next bilinear relation to be satisfied:

ρ(~u,~v) = u1 v4 − u2 v3 + u3 v2 − u4 v1 = 0. (5.76)
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If the relations (5.73a), (5.73b), (5.73c) and (5.73d) are differentiated with respect
to the variable s, we obtain:

d~x
ds

= K

(
d~u
ds

)
~u+K(~u)

d~u
ds

, (5.77)

which becomes, if the vectors ~u and
d~u
ds

verify the bilinear relation (5.76), the equa-
tion:

d~x
ds

= 2K(~u)
d~u
ds

. (5.78)

Equation (5.78) is the extension to the three-dimensional case of the planar case
(5.55). Consequently, this relation is true when ~u and its derivative verify the bilinear
relation, which ensures that the fourth component of the left-hand side of Eq. (5.78)
is canceled.

5.3.3.1 The regularized equations

The aim is to express the equations governing the dynamics in terms of the (u1,u2,u3,u4)
parameters. We start by differentiating the expression (5.78) with respect to s by us-
ing the homogeneity property:

d2~x
ds2

= 2K(~u)
d2~u
ds2

+ 2K

(
d~u
ds

)
d~u
ds

. (5.79)

Then, the second derivative given by Eq. (5.79) is replaced in Eq. (5.48) by taking
into account that

dr
ds

= 2 ~u · d~u
ds

(5.80)

and it is multiplied by r = (~u · ~u).
By applying the interchangeability property by taking as vector ~v the derivative

of ~u in
(~u · ~u)K(~v)~v+ (~v ·~v)K(~u)~u = 2 (~u ·~v)K(~u)~v, (5.81)

if we multiply both sides of the equation by K−1(~u) and the inverse of (~u · ~u), we
obtain the equation governing the evolution of ~u as a function of the fictitious time
s:

d2~u
ds2

+

µ

2

(
d~u
ds
· d~u

ds

)
(~u · ~u) ~u =

(~u · ~u)
2

KT (~u)~ap. (5.82)

However, Eq. (5.82) is still singular because the second term becomes infinite
when r = 0. In order to avoid this singularity, the Keplerian energy is introduced as
we did in the two-dimensional problem. Consequently, Eq. (5.82) can be written as
follows

d2~u
ds2

+
µ

4a
~u =

(~u · ~u)
2

KT (~u)~ap, (5.83)

which is regular.
In summary, the equations that govern the motion of the particle are

dt
ds

= ~u · ~u (5.84a)

d2~u
ds2

+
µ

4a
~u =

(~u · ~u)
2

KT (~u)~ap (5.84b)

d
ds

(
1

a

)
= −

4

µ

[
K(~u)

d~u
ds

]
~ap, (5.84c)
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which should be integrated from appropriate initial conditions

s = s0 : ~u(s0) = ~u0,
d~u
ds

(s0) =
d~u
ds

∣∣∣∣∣
(0)

, a(s0) = a0. (5.85)

The order of the resulting system is ten. This regularization procedure increases
the order of the system in four units. This is the price to obtain a regular integration
scheme that minimizes the effects of the dynamics instabilities.

5.3.3.2 Determination of the initial conditions

The main idea of Stiefel’s scheme for planar motions is to describe the dynamics
in terms of the variables (~u, s) instead of (~x, t). The same idea is considered in the
KS method but with a consideration. In both the two-dimensional case and three-
dimensional case the transformation involved is univocal when considering the esti-
mation of ~x from ~u. That is, given a value of ~u the Eqs. (5.52) (two dimensions) and
(5.72) (three dimensions) provide a unique value for ~x. However, it does not happen
with the inverse transformation. For the two-dimensional case the transformation
from ~x to ~u has two possible solutions because it derives from the square root of
a complex number. In the three-dimensional case the transformation from ~x to ~u

is more complex because for a given value of ~x there is a curve in the parameter
space and all the values of ~u in that curve are transformed into ~x by means of the
KS transformation (5.72).

It can be proved that if r+ x1 6= 0 then all the points of the circumference of R4

given by

u1 =

√
2

2

√
r+ x1 sin(θ) (5.86a)

u2 =

√
2

2

1√
r+ x1

(x2 sin(θ) − x3 cos(θ)) (5.86b)

u3 =

√
2

2

1√
r+ x1

(x2 cos(θ) + x3 sin(θ)) (5.86c)

u4 = −

√
2

2

√
r+ x1 cos(θ), (5.86d)

being r = |~x| =
√
x21 + x

2
2 + x

2
3 and θ ∈ [0, 2π], transform into ~x. Analogously, if

r− x1 6= 0 then all the points of the circumference of R4 given by

u1 =

√
2

2

1√
r− x1

(x2 sin(θ) − x3 cos(θ)) (5.87a)

u2 =

√
2

2

√
r− x1 sin(θ) (5.87b)

u3 = −

√
2

2

√
r− x1 cos(θ) (5.87c)

u4 =

√
2

2

1√
r− x1

(x2 cos(θ) + x3 sin(θ)), (5.87d)

transform into ~x.
The numerical integration should start from known initial values. It is admitted

that at the initial instant the dynamical state of the system is known:

t = t0 : ~x = ~x0, ~v = ~v0. (5.88)

From the initial state (~x0,~v0) the initial conditions in the KS variables (s, ~u) have
to be obtained (Roa, Urrutxua, and Peláez [74]). First, s = 0 is usually chosen as



5.3 the regularized propagators 121

starting value for the integration process. The critical value to be determined is
the vector ~u(0) from which the process starts. For simplicity we call (x0,y0, z0) the
inertial coordinates of the vector ~x0, that is, x0 ≡ x0(0).

If x0 > 0 the vector ~u(0) is usually chosen from the values defined in Eqs. (5.86a),
(5.86b), (5.86c) and (5.86d). Any value of θ would be possible, but it seems reason-
able to choose a simple value like θ = 0◦. In that case the initial condition would be:

u1(0) = 0, u2(0) = −

√
2

2

z0√
r+ x0

, (5.89a)

u3(0) =

√
2

2

y0√
r+ x0

, u4(0) = −

√
2

2

√
r+ x0. (5.89b)

If x0 < 0 the vector ~u(0) is usually chosen from the values defined in Eqs. (5.87a),
(5.87b), (5.87c) and (5.87d). Any value of θ would be possible, but it seems reason-
able to choose a simple value like θ = 0. In that case the initial condition would be:

u1(0) = −

√
2

2

z0√
r− x0

, u2(0) = 0, (5.90a)

u3(0) = −

√
2

2

√
r− x0, u4(0) =

√
2

2

y0√
r− x0

. (5.90b)

In this way, the initial condition ~u(0) is obtained in every situation except in the
singular limit case in which initially ~x = ~0 (r = 0). However, this situation is very
unrealistic and is not considered. In addition, the value of ~u(0) selected in this way
becomes, under the KS transformation, in the vector ~x0.

Once the initial value of ~u has been determined, the value of its derivative should
be determined. To do this, the relation (5.78) is inverted obtaining:

d~u
ds

(0) =
1

2 r
KT (~u0)

d~x
ds

=
1

2
KT (~u0)~v0. (5.91)

With this selection the vector ~u and its derivative satisfy, at the initial instant, the
bilinear relation:

ρ

(
~u0,

d~u
ds

(0)

)
= 0. (5.92)

5.3.4 The Palacios regularization

The Palacios regularized formulation, based on Hansen’s ideal frame (Hansen [40])
and quaternions for rotation, makes use of the true anomaly as a time-like variable
and a constant stepsize for the numerical integration (Palacios and Calvo [60]).

Let S be the space frame defined by three fixed orthonormal vectors (~s1,~s2,~s3),
the selection of the frames and the set of variables is done by following Deprit [27].
Let O(~u,~v, ~n) be the orbital plane, the orthonormal basis is given by

~u =
~x

‖~x‖ =
~x

r
(5.93a)

~n =
~x× ~X

‖~x× ~X‖
=

~G

G
(5.93b)

~v = ~n× ~u, (5.93c)

where ~x and ~X stand for radial and velocity vectors, respectively, and ~G for the
angular momentum vector.
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In particular, at an initial instant t0, the orbital frame defines a fixed orthonormal
reference system (~u0,~v0, ~n0), named as the departure frame and denoted by D. The
motion of the orbital frame with respect to the fixed frame may be viewed as the
rotation given by

~̇u = ~ω× ~u ~̇v = ~ω×~v ~̇n = ~ω× ~n, (5.94)

where the angular velocity vector is

~ω =
G

r2
~n+

r

G
(~F · ~n)~u. (5.95)

Since the inclination of the orbit of an artificial satellite experiences small varia-
tions, the equations of motion are formulated in a frame that keeps the inclination
always near zero avoiding thereby the loss of significant digits.

The ideal frame I(~uI,~vI, ~nI) is defined by the second term of the angular velocity

~ωI =
r

G
(~F · ~n)~u (5.96)

as the departure frame rotated by the rotation defined by vector ~ωI. This frame
is called ideal because it has the same velocity than the departure frame (Hansen
[40]). When the perturbation magnitude is small or nearly along the orbital plane,
the vector ~ωI is also small, which means a slow rotation. In this case the motion
may be composed of two parts: 1) a slow rotation of the orbital (or ideal) plane and
2) the motion in this plane which is a two degrees of freedom problem. Since the
departure frame D (and ideal frame too) may be regarded as the image of the space
frame S by some rotation, the relation between both systems may be given either in
matrix form or by using the corresponding quaternion. The quaternions present the
advantage of having no inherent geometrical singularities, and consequently, they
are chosen to express the relation.

5.3.4.1 Formulation of the method

Several formulations of the equations of motion of orbital propagation are now
introduced (see Fig. 5.3). The first consists in the classical model using Cartesian
coordinates in the inertial space frame. The other four are introduced with the idea
of improving the efficiency of the numerical integration. They all use more variables
than degrees of freedom, and the corresponding constraints are used to control the
numerical performance. Besides, projective coordinates are employed in order to
represent in a better form the dynamical behavior of the problem.

Cartesian coordinates referred to the space frame: in the space frame S, a particle
with position vector ~x and velocity vector ~X (rectangular coordinates) is acted upon
by a perturbing force ~F. The motion is described by the first order differential system

~̇x = ~X (5.97a)

~̇X = −
µ

r3
~x+~F, (5.97b)

with the initial conditions ~x(t0) = ~x0 and ~X(t0) = ~X0. The dynamical model de-
scribed by Eqs. (5.97a) and (5.97b) is denoted as cs.

Projective coordinates in the departure frame: the departure frame D, coincides,
by definition, with the orbital frame O(~u(t),~v(t), ~n(t)) at the initial instant t0 and co-
incides with the rotated space frame by a fixed rotation defined by (~u(t0),~v(t0), ~n(t0)).
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Figure 5.3: Scheme of Palacios formulations.

From Eqs. (5.97a) and (5.97b) and the definition of angular momentum the corre-
sponding expression and the derivatives with respect to the independent variable t
are obtained:

~G = ~x× ~X, ~̇G = ~x×~F, Ġ = r~F ·~v. (5.98)

The remaining orbital parameters that define the orbit are given by the following
equation:

r̈ =
G2

r3
−
µ

r2
+~F · ~u. (5.99)

The Newtonian equations (5.97a) and (5.97b) are equivalent to the system of di-
mension 12made of the nine equations given in (5.94) defining the orbital frame and
Eq. (5.99) where the unknowns ~u, ~v and ~n have to satisfy the invariant orthonormal-
ity relations. By considering the departure frame, the following initial conditions
are taken:

~u(t0) = (1, 0, 0), ~v(t0) = (0, 1, 0), ~n(t0) = (0, 0, 1), (5.100a)

r(t0) = r0, ṙ(t0) = ṙ0, Ġ(t0) = Ġ0. (5.100b)

The dynamical model described by the equations above is denoted as pd.

Projective coordinates in the ideal frame: the ideal frame, referred to the depar-
ture frame, may be viewed as the rotation

~̇uI = ~ωI × ~uI, ~̇vI = ~ωI ×~vI, ~̇nI = ~ωI × ~nI, (5.101)

with the initial conditions

~uI(t0) = (1, 0, 0), ~vI(t0) = (0, 1, 0), ~nI(t0) = (0, 0, 1). (5.102)

Notice that the vector ~n is an integral of the motion and the ideal frame plane is
fixed in time when the perturbation is in the orbital plane. Considering the accelera-
tion relative to the ideal frame and taking into account the equality of the velocities
in both frames, the following equation is deduced

∂~̇x

∂t
= −

µ

r3
~x+ (~F · ~u)~u+ (~F ·~v)~v, (5.103)



124 special perturbation methods

where vectors are referred to the ideal frame and ∂
∂t stands for the time deriva-

tive in the ideal frame. Equations (5.101) and (5.103) define the ideal frame (or the
instantaneous orbital plane) and the motion in the ideal plane, respectively. But
Eqs. (5.101) may be substituted equivalently by the equations for the corresponding
quaternion defining the rotation from the departure frame to the ideal frame. Tak-
ing into account the equation governing the temporal variation of a quaternion, for
~ωI it becomes:

˙̄q =
1

2
~ωI q̄, (5.104)

or, equivalently, in components once the value os ~ωI has been substituted:

q̇0 = −
1

2

r

G
(~F · ~n)(q1 cos(θ) + q2 sin(θ)) (5.105a)

q̇1 = −
1

2

r

G
(~F · ~n)(−q0 cos(θ) − q3 sin(θ)) (5.105b)

q̇2 = −
1

2

r

G
(~F · ~n)(q3 cos(θ) − q0 sin(θ)) (5.105c)

q̇3 = −
1

2

r

G
(~F · ~n)(−q2 cos(θ) + q1 sin(θ)), (5.105d)

where θ is the angle between ~uI of the ideal plane and the radial direction ~u of
the departure frame. The angle θ varies with time. Since ~u and its instantaneous
variation in the ideal frame are given by

~u = (cos(θ), sin(θ), 0) (5.106a)
∂~uI
∂t

= ~ωI × ~uI =
G

r2
~vI =

∂~uI
∂θ

dθ
dt

, (5.106b)

the variation of theta is given by
dθ
dt

=
G

r2
. (5.107)

The vectorial equation (5.103) may be substituted equivalently by Eqs. (5.99) and
(5.107). Therefore, we have an initial value problem composed by a system of eight
equations (5.105a), (5.105b), (5.105c), (5.105d), (5.99) and (5.107) with eight unknowns
and the initial conditions

q0(t0) = 1, q1(t0) = 0, q2(t0) = 0, q3(t0) = 0, (5.108)

r(t0) = r0, ṙ(t0) = ṙ0, G(t0) = G0, θ(t0) = θ0, (5.109)

However, the system is redundant since the unknowns should satisfy the con-
straint of normalization for the quaternion, |q̄| = 1, which will be employed to
monitor the propagation and truncation errors during the numerical integration.
The dynamical model described by the equations above is denoted as piq.

Projective coordinates and regularization in the departure frame: taking into
account the Eqs. (5.99) and (5.107), the independent variable t and the distance r are
replaced, respectively, by the dimensionless variable θ and the quantity ρ such that

r2dθ = Gdt, ρ =
1

r
. (5.110)

Rescaling the force and the angular velocity to

~F∗ =
r3

G2
~F, ~ω∗ =

r2

G
~ω = ~n+ (~F∗ · ~n)~u, (5.111)
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the orbital equations adopt the following form:

~u ′ = ω∗ × ~u (5.112a)

~v ′ = ω∗ ×~v (5.112b)

~n ′ = ω∗ × ~n (5.112c)

G ′ = G(~F∗ ·~v) (5.112d)

ρ ′′ + ρ = −ρ(~F∗ · ~u) − ρ ′(~F∗ ·~v). (5.112e)

The Newtonian equations (5.97a) and (5.97b) are equivalent to the system of di-
mension 13 comprised by Eqs. (5.112a), (5.112b), (5.112c), (5.112d) and (5.112e) along
with Eq. (5.110) for θ, where the unknowns ~u, ~v and ~n satisfy the invariant orthonor-
mality relations. The dynamical model described by the equations above is denoted
as pdr.

Projective coordinates and regularization in the ideal frame: the preceding for-
mulation can be posed as for the piq formulation. Thus, considering ~F∗ and ~ω∗ and
the angle θ as independent variable, the following equations are obtained:

q ′0 = −
1

2
(~F∗ · ~n)(q1 cos(θ) + q2 sin(θ)) (5.113a)

q ′1 = −
1

2
(~F∗ · ~n)(−q0 cos(θ) − q3 sin(θ)) (5.113b)

q ′2 = −
1

2
(~F∗ · ~n)(q3 cos(θ) − q0 sin(θ)) (5.113c)

q ′3 = −
1

2
(~F∗ · ~n)(−q2 cos(θ) + q1 sin(θ)) (5.113d)

G ′ = G(~F∗ ·~v) (5.113e)

ρ ′′ + ρ = −(~F∗ · ~u)ρ− (~F∗ · ρ ′~v) (5.113f)

t ′ =
1

Gρ2
. (5.113g)

The Newtonian equations (5.97a) and (5.97b) are equivalent to the system of di-
mension eight made of Eqs. (5.113a), (5.113b), (5.113c), (5.113d), (5.113e), (5.113f)
and (5.113g), where the unknowns should satisfy the constraint of normalization
for the quaternion, |q̄| = 1. From a theoretical point of view, this last formulation
has a simple physical interpretation because of its inherent linearity. The dynamical
model described by the equations above is denoted as pirq.

5.3.4.2 Characteristics of the formulations

Formulation piq has the property that singularities in inclination have been removed
from the equations. Besides, the orbital frame defining the position and velocity
vectors is determined by means of the quaternion defining the ideal frame, which
in orbital problems varies very slowly, such that the quaternion is nearly constant
in time near unity.

Formulations pdr and pirq use projective coordinates and include regularization,
allowing thereby the use of constant stepsize for numerical integration. Further-
more, in formulation pirq quaternions and the ideal frame have been considered,
thereby removing all singularities.
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DROMO is an orbital propagator developed in 2000 by the Space Dynamics Group
at the Technical University of Madrid (Peláez, Hedo, and Andres [62]). This special
perturbation method, based on the Hansen’s ideal frame concept (Hansen [40]), is
characterized by eight ordinary differential equations. In the next lines the classic
theory of DROMO is developed, the fundamentals of the method are explained and
its equations are derived.

6.1 basic elements of the theory

A particle M with mass m moves with respect to the inertial frame Ox1y1z1. The
reference Ox1y1z1 is defined as rigid body (1). It is assumed that O is the center of
mass of a solar system body (the Earth, the Sun, a planet, etc) and the particle M
is acted upon by: 1) the main term of the gravitational attraction of that body and,
2) the remaining forces, which are considered as a perturbation whose net result is
~Fp; this force includes all orbital perturbations that may be acting on the particle
(gravitational perturbations, solar radiation pressure, perturbation of a third body,
propulsive systems, etc).

The motion is governed by the equation:

m
d2~x
dt2

= −
mµ

|~x|3
~x+~Fp. (6.1)

The integration of (6.1) should be carried out from known initial conditions

at t = 0 : ~x(0) = ~x0, ~v(0) = ~v0, (6.2)

where ~x is the position vector, ~v =
d~x
dt

the velocity vector and µ the standard gravi-
tational parameter.

Let Mxyz the reference frame which accompanies the particle in its motion; it is
called orbital frame and it is defined as follows:

• The axis Mx is the prolongation of the radius vector ~x of the particle.

• The plane Mxy is defined by the velocity vector ~̇x = ~v of the particle and it is
oriented such that ~v ·~j > 0.

• The axis Mz is orthogonal to the previous ones and it is chosen to define a
right-handed frame.

The plane Mxy is the orbital plane; in the pure Keplerian motion (~Fp = ~0) it is
fixed to the inertial frame Ox1y1z1 and it contains the trajectory of M which is a
planar curve. However, if due to the existence of perturbations the motion of the
particle M is not Keplerian, the trajectory will not be flat; in general, it will be a
warped curve.

For several reasons it is more convenient to use, instead of the orbital frameMxyz
the frame Oxyz (see Fig. 6.1) such that the only difference between both is the
origin of coordinates. Obviously, the plane Oxy matches geometrically with Mxy
and, thus, we can also call it orbital plane; however, kinematically, they are different
planes because there is a relative motion between them.
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Figure 6.1: Oxyz frame.

6.2 two-body problem

The two-body problem serves as the base for the DROMO formulation; it is pre-
sented when there are no perturbations, that is, when ~Fp = ~0. The motion, then, is
governed by the equation

d2~x
dt2

= −
µ

|~x|3
~x, (6.3)

which admits an analytical solution.
In the classic formulation of DROMO, the orbital frame at the initial instant plays

an important role. However, the reference system Ox0y0z0, defined as the rigid
body (0), is more useful; its axes have the same directions and senses than the
axes of the initial orbital frame. In the two-body problem, the axes Ox0y0z0 are also
inertial, since the orbital plane Oxy is fixed. In fact, some authors choose the inertial
frame Ox1y1z1 so that it coincides with the axes Ox0y0z0 since some advantages
are derived from it. In this analysis, however, and due to its intent for numerical
propagation of orbits, the two references are distinguished, that is, it is assumed
that the references Ox1y1z1 and Ox0y0z0 are different. This is convenient because
it is often necessary to study the behavior of the orbit when changing the initial
conditions and it is essential, in such a case, to refer the results to the same inertial
frame.

6.2.1 Position of the orbital plane

In the two-body problem the orbital plane has a fixed position in the inertial space.
Traditionally, the orbital plane is placed by the classic elements of the orbit: incli-
nation i, longitude of the ascending node Ω and argument of pericenter ω, which
adopt constant values in the two-body problem; nevertheless, if a perturbation acts
upon M, the classic elements (i,Ω,ω) will evolve with time. Consequently, these
angles are related to the frame Ox0y0z0 at the initial instant.

Alternatively, the position of the frame Ox0y0z0 can be fixed by a unit quaternion
q0 of coordinates

q0 = ε04 + (ε01, ε02, ε03). (6.4)
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Figure 6.2: Perifocal frame.

The matrix Q0, expressed in terms of the quaternion q0, fixes the position of
the frame Ox0y0z0 linked to the orbital plane with respect to the inertial frame
Ox1y1z1. It is given by:

Q0 =

1− 2((ε
0
2)
2 + (ε03)

2) 2ε01 ε
0
2 − 2ε

0
4 ε
0
3 2ε01 ε

0
3 + 2ε

0
4 ε
0
2

2ε01 ε
0
2 + 2ε

0
4 ε
0
3 1− 2((ε01)

2 + (ε03)
2) 2ε02 ε

0
3 − 2ε

0
4 ε
0
1

2ε01ε
0
3 − 2ε

0
4ε
0
2 2ε03ε

0
2 + 2ε

0
4 ε
0
1 1− 2((ε01)

2 + (ε02)
2)

 , (6.5)

which in terms of the classical elements is defined by:

Q0 =

+ cosΩ cos(θ0 +ω) − cos i sinΩ sin(θ0 +ω) − cosΩ sin(θ0 +ω) − cos i sinΩ cos(θ0 +ω) + sin i sinΩ

+ sinΩ cos(θ0 +ω) + cos i cosΩ sin(θ0 +ω) − sinΩ sin(θ0 +ω) + cos i cosΩ cos(θ0 +ω) − sin i cosΩ

+ sin i sin(θ0 +ω) + sin i cos(θ0 +ω) cos i

 ,

(6.6)
where θ0 is the initial true anomaly. This matrix relates the bases of the frames
Ox0y0z0 and Ox1y1z1 by means of

[~i0,~j0,~k] = [~i1,~j1,~k1]Q0. (6.7)

Besides, it is possible to change from one formulation to another just taking into
account the relations:

ε01 = sin
(
i

2

)
cos
(
Ω− θ0 −ω

2

)
(6.8a)

ε02 = sin
(
i

2

)
sin
(
Ω− θ0 −ω

2

)
(6.8b)

ε03 = cos
(
i

2

)
sin
(
Ω+ θ0 +ω

2

)
(6.8c)

ε04 = cos
(
i

2

)
cos
(
Ω+ θ0 +ω

2

)
. (6.8d)

Another reference system that naturally intervenes in the problem is the perifo-
cal frame Oxpypzp whose unit vectors are denoted by (~u1, ~u2,~k) and defined as
follows:

~u1 =
~e

e
, ~k =

~h

h
, ~u2 = ~k× ~u1, (6.9)
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where ~e is the eccentricity vector and ~h the angular momentum vector.
In the unperturbed two-body problem the perifocal frame is fixed in the inertial

space and it is very useful because the first axis points to the perigee of the orbit
(see Fig. 6.2). Alternatively, the position of the perifocal frame Oxpypzp can be fixed
by a unit quaternion n of coordinates

n = η4 + (η1,η2,η3). (6.10)

The matrix P0 expressed in terms of the quaternion n, fixes the position of the
perifocal frame Oxpypzp linked to the orbital plane with respect to the inertial
frame Ox1y1z1. It is given by:

P0 =

 1− 2(η22 + η
2
3) 2η1 η2 − 2η4 η3 2η1 η3 + 2η4 η2

2η1 η2 + 2η4 η3 1− 2(η21 + η
2
3) 2η2 η3 − 2η4 η1

2η1η3 − 2η4η2 2η3η2 + 2η4 η1 1− 2(η21 + η
2
2)

 , (6.11)

which in terms of the classical elements is defined by:

P0 =

+ cosΩ cosω− cos i sinΩ sinω − cosΩ sinω− cos i sinΩ cosω + sin i sinΩ

+ sinΩ cosω+ cos i cosΩ sinω − sinΩ sinω+ cos i cosΩ cosω − sin i cosΩ

+ sin i sinω + sin i cosω cos i

 .

(6.12)

In this case, their elements only depend on the classic elements of the orbit
(i,Ω,ω). This matrix relates the bases of the frames Oxpypzp and Ox1y1z1 by
means of

[~u1, ~u2,~k] = [~i1,~j1,~k1]P0. (6.13)

Besides, it is possible to change from one formulation to another just taking into
account the relations:

η1 = sin
(
i

2

)
cos
(
Ω−ω

2

)
(6.14a)

η2 = sin
(
i

2

)
sin
(
Ω−ω

2

)
(6.14b)

η3 = cos
(
i

2

)
sin
(
Ω+ω

2

)
(6.14c)

η4 = cos
(
i

2

)
cos
(
Ω+ω

2

)
. (6.14d)

Note that the matrix P0 matches with the matrix that results from substituting
θ0 = 0 in the matrix Q0. In other words, if the perifocal axes Oxpypzp are rotated
an angle θ0 around the axis Ozp ≡ Oz0 we make them coincide with the axes
Ox0y0z0; thus, it turns out to be:

[~i0,~j0,~k] = [~u1, ~u2,~k]R3(θ0) (6.15)

with

R3(θ0) =

+ cos(θ0) − sin(θ0) 0

+ sin(θ0) + cos(θ0) 0

0 0 1

 . (6.16)

Therefore, the relation between the matrix Q0 that fixes the position of the axes
Ox0y0z0 and the matrix P0 that fixes the position of the axes Oxpypzp is:

Q0 = P0 R3(θ0). (6.17)
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Figure 6.3: Kinematic elements of the orbital plane.

6.3 kinematics of the orbital plane

We consider again the perturbed motion, where an additional perturbing force
~Fp 6= ~0 is considered to act upon M. Its presence has a fundamental consequence:
the orbital plane begins to move, whereas in the two-body problem it occupied an
immobile position in the inertial frame. The way it evolves depends on ~Fp such that
two different situations can arise:

• ~Fp contained in the orbital plane (~Fp · ~k = 0). In this case, the orbital plane
remains motionless in the inertial space. The trajectory of M is flat, although
it will not be Keplerian.

• ~Fp with a component normal to the orbital plane (~Fp · ~k 6= 0). In this case, the
orbital plane will rotate in the inertial space.

The basic kinematic elements (see Fig. 8.2) to highlight in the problem are:

• The inertial frame Ox1y1z1; it is defined as rigid body (1).

• The frame Ox0y0z0 linked to the orbital plane and fixed by the initial condi-
tions; it is defined as rigid body (0) and referred to as departure frame.

• The perifocal frame Oxpypzp linked to the orbital frame and fixed by the
initial conditions; it is also rigid body (0). It is also called perifocal departure
frame. Its first vector ~u1 points to the direction of ~e0.

• The frame Oxyz that follows the particle M in its motion and whose plane
Oxy matches with the orbital plane Ox0y0; It is denoted as rigid body (3).

The particle M is defined as rigid body (2). Note that the motion of interest is the
2/1 motion, that is, the motion of the particle M with respect to the inertial frame.

6.3.1 Definition of the orbital plane

When the orbital plane moves and occupies different positions in the inertial space, a
difficulty arises in the very definition of the orbital plane itself. From a geometrical
point of view, the definition of the orbital plane does not cause problems and is
uniquely determined. However, from a kinematic point of view a small difficulty
arises.
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For instance, consider N sheets of paper, all of them contained in the orbital plane
but sliding relative to each other; geometrically they all define a single plane and are,
therefore, equivalent. However, from a kinematic point of view, each of the sheets
is a different rigid body with a different motion from the others. To distinguish one
sheet from another, what is done is to number the sheets with an index i = 1, ...,N
and to link to each of them a reference system Cixiyizi, i = 1, ...,N; thus, there
will be N different reference systems. The relative motion between the sheets would
be the composition of: 1) one translation parallel to the orbital plane; and 2) one
rotation within the orbital plane.

Let us think that all the reference systems have in common the origin O, such that
the relative motion between the sheets would only be a planar rotation within the
orbital plane. We would have, in this case,N reference systemsOxiyizi, i = 1, . . . ,N
whose planes Oxiyi would coincide with the orbital plane; all of them would have
the same unit vector along the axis Ozi, namely the unit vector ~k.

As a consequence, if ~ωi is the angular velocity of the reference Oxiyizi, i =

1, ...,N it is verified that:

d~k
dt

= ~ωi ×~k, ∀i = 1, . . . ,N. (6.18)

Applying the cross product with ~k yields:

~ωi = ~k× ~̇k︸ ︷︷ ︸
‖ to the orbital plane

+ ~k (~ωi ·~k).︸ ︷︷ ︸
⊥ to the orbital plane

(6.19)

That is, all angular velocities ~ωi, i = 1, ...,N have the same component parallel to
the plane and differ only in the component perpendicular to the orbital plane. To
identify, from a kinematic point of view, the sheet that coincides with the orbital
plane, we choose the one whose angular velocity is contained in the orbital plane
itself. This reference system is the rigid body (0) that can be described through the
axes Ox0y0z0, or through the axes Oxpypzp. Usually, the departure frame is used;
Hansen referred to this reference system as ideal frame. Thus, the orbital plane is
the plane Ox0y0 linked to the axes Ox0y0z0. But since the axes of the perifocal
reference Oxpypzp, fixed by the initial conditions, are also rigidly linked to the
rigid body (0), these axes can also used instead of the Ox0y0z0.

Regardless of the axes that are chosen, the angular velocity of the rigid body (0)

is:
~ω01 = ~k× ~̇k (6.20)

and as we will see, it depends on the perturbation force ~Fp.

6.3.2 Composition of motions

The theory of composition of motions allows to write:

~vM21 = ~vM20 +~vM01, (6.21)

where ~vM20 is the velocity of M relative to the orbital plane and ~vM01 the drag velocity
of such plane.

Note that the motion of the orbital plane is a pure rotation, since the origin O
is fixed. In this rotation the essential element is the angular velocity ~ω01, which
always points along the axis Ox, that is

~ω01 = ω01~i (6.22)

and its intensity ω01 depends on the perturbing force ~Fp.
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Therefore, the instantaneous axis of the drag motion 0/1 is the axis Ox and the
drag velocity ~vM01 of the point M turns out to be null. Consequently, for the particle
M it is verified that:

~vM21 = ~vM20. (6.23)

In Fig. 8.2 the angle that the axis Ox forms with the vector ~e0 (initial eccentricity
vector) is denoted as σ, and is different from the true anomaly θ. The true anomaly
is the angle that the axis Ox forms with the eccentricity vector ~e, which changes
with time due to the perturbation ~Fp. Nevertheless, the value σ0 matches with the
true anomaly at the initial instant:

σ0 = θ0. (6.24)

Note that σ0 and θ0 values are determined by the initial conditions regardless
of whether or not there is a perturbation. However, the values of σ(t) and θ(t)

depend on the existence of the perturbation. If there is no perturbation then σ(t) ≡
θ(t), ∀t > 0, that is, σ(t) matches the true anomaly during the motion . If there is
perturbation, however, σ(t) and θ(t) evolve differently.

The axes Oxyz share with the Ox0y0z0 the origin O and the plane Oxy ≡ Ox0y0.
The motion 3/0 consists of a rotation around the common normal (axis Oz) with
angular velocity and angular acceleration given by:

~ω30 = σ̇~k, ~α30 = σ̈~k. (6.25)

Obviously, the theory of composition of motions allows to determine the inertial
angular velocity of the axes Oxyz:

~ω31 = ~ω30 + ~ω01 = σ̇~k+ω01~i. (6.26)

At the initial instant t = 0 the initial values ~x0 and ~v0 define the classical elements
of the orbit and the reference systems Ox0y0z0 and Oxpypzp. For later instants,
t > 0, the reference systems Ox0y0z0 and Oxpypzp will move with a pure rotation
~ω01 around the axis Ox and the particle M will move through the orbital plane due
to all the forces acting upon it. Following the particle, the axes Oxyz rotate with
respect to the orbital plane with an angular velocity ~ω30 = σ̇~k. The eccentricity
vector ~e evolves within the orbital plane. As a consequence, the perifocal reference
at time t > 0 has the first axis pointing in the direction of ~e, while the initial perifocal
reference Oxpypzp has the first axis pointing in the direction of ~e0.

6.3.3 Dimensionless quantities

For the subsequent analysis, the characteristic variables Lc and ωc are introduced
as follows:

longitudes → dimensionless with Lc

times → dimensionless with 1/ωc

velocities → dimensionless with ωc Lc

angular momentum → dimensionless with ωc L
2
c

accelerations → dimensionless with ω2cLc

In the original version of DROMO the following characteristic values are used

Lc = |~x0|, ωc =

√
µ

L3c
(6.27)

and the dimensionless time τ = ωc t is introduced.
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From this moment the variables used will be dimensionless variables, unless oth-
erwise indicated. Thus, (~x,~v) will be the dimensionless quantities fixing the position
and velocity of M in the inertial frame.

Once the dimensionless variables are introduced, the Eq. (6.1) governing the mo-
tion takes the form

d2~x
dτ2

= −
1

r3
~x+ ~ap(~x,~v, τ), (6.28)

where r = |~x|, and ~ap =
~Fp

mLcω2c
. The vector ~ap represents the perturbing accelera-

tion acting upon M (in dimensionless form) and, in the most general possible case,
it is a function of the dynamical state of the system: ~ap(~x,~v, τ).

The equation governing the time evolution of the angular momentum, per unit of
mass, of the particle must be added to Eq. (6.28):

d~h
dτ

= ~x× ~ap. (6.29)

6.3.4 Calculation of the angular velocities ~ω01 and ~ω31

We start by estimating the angular velocity of the rigid body (3), that is, of the axes
Oxyz moving with M. Note that the unit vectors (~i,~j,~k) of these axes are defined
by:

~i =
~x

|~x|
=

~x

r
, ~k =

~x×~v

|~x×~v|
=

~h

h
, ~j = ~k×~i. (6.30)

Differentiating the unit vectors (~i,~k) of this frame with respect to the time, we
obtain:

d~i
dτ

=
1

r

[
~v−

dr
dτ

~i

]
,

d~k
dτ

=
1

h

[
d~h
dτ

−
dh
dτ

~k

]
. (6.31)

However, if (ω1,ω2,ω3) are the components of ~ω31 in the body (3) frame coor-
dinates

~ω31 = ω1~i+ω2~j+ω3 ~k (6.32)

and taking into account thatOxyz is a rigid body, the following relations are verified:

d~i
dτ

= ~ω31 ×~i =

∣∣∣∣∣∣∣∣
~i ~j ~k

ω1 ω2 ω3

1 0 0

∣∣∣∣∣∣∣∣ = ω3~j−ω2~k (6.33a)

d~k
dτ

= ~ω31 ×~k =

∣∣∣∣∣∣∣∣
~i ~j ~k

ω1 ω2 ω3

0 0 1

∣∣∣∣∣∣∣∣ = ω2~i−ω1~j. (6.33b)

Identifying terms with the previously obtained derivatives of (~i,~k), the compo-
nents of ~ω31 are deduced:

1

r

[
~v−

dr
dτ

~i

]
= ω3~j−ω2~k ⇒

ω3 =
1

r
(~v ·~j)

ω2 = 0
(6.34a)

1

h

[
d~h
dτ

−
dh
dτ

~k

]
= ω2~i−ω1~j ⇒


ω2 =

1

h

(
d~h
dτ
·~i
)

= 0

ω1 = −
1

h

(
~j · d~h

dτ

)
.

(6.34b)
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With the help of the Eq. (6.29), the ω1 and ω3 components of the angular velocity
can be rewritten as follows:

ω1 = −
1

h

(
~j · d~h

dτ

)
= −

1

h
~j · (~x× ~ap) =

r

h
(~ap ·~k) (6.35a)

ω3 =
1

r
(~v ·~j) = −

1

r
~v · (~i×~k) =

1

r2
(~k · ~h) = h

r2
. (6.35b)

The derivatives of the unit vectors turn out to be:

d~i
dτ

= ω3~j (6.36a)

d~j
dτ

= −ω3~i+ω1 ~k (6.36b)

d~k
dτ

= −ω1~j, (6.36c)

where ω3 =
h

r2
and ω1 =

r

h
(~ap ·~k).

The calculations made provide the following expression for ~ω31:

~ω31 =
r

h
(~ap ·~k)~i+

h

r2
~k. (6.37)

If it is compared with the relation

~ω31 = ~ω30 + ~ω01 = σ̇~k+ω01~i, (6.38)

the following relations are deduced:

dσ

dτ
=
h

r2
, ~ω01 =

r

h
(~ap ·~k)~i, (6.39)

which provide the time derivative of the angle σ and the angular velocity ~ω01
of the orbital plane. As already mentioned, the orbital plane remains fixed if the
perturbation ~ap is parallel to the orbital plane.

6.3.5 Position of the axes Oxyz

The study of the evolution of the particle M implies the study of the evolution of
the axes Oxyz that follow it. The axes Oxyz are easily located with respect to the
axes Ox0y0z0:

b~i,~j,~ke = b~i0,~j0,~k0eR3(σ− σ0), (6.40)

where the matrix R3(σ− σ0) is given by:

R3(σ− σ0) =

cos(σ− σ0) − sin(σ− σ0) 0

sin(σ− σ0) cos(σ− σ0) 0

0 0 1

 . (6.41)

Since the axes Ox0y0z0 are located, with respect to the inertial frame Ox1y1z1,
through the matrix Q0 defined in Eq. (6.6) and (6.5):

b~i0,~j0,~k0e = b~i1,~j1,~k1eQ0, (6.42)

the axes Oxyz are located, with respect to the inertial frame Ox1y1z1, through the
matrix Q = Q0 R3(σ− σ0):

b~i,~j,~ke = b~i1,~j1,~k1eQ. (6.43)
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Therefore, since q0 is the quaternion associated to the matrix Q0 defined in Eq.
(6.5) and r3 the quaternion associated to the matrix R3(σ− σ0):

r3 = cos
(
σ− σ0
2

)
+

(
0, 0, sin

(
σ− σ0
2

))
, (6.44)

the matrix Q = Q0 R3(σ− σ0) is related to the quaternion product q = q0 · r3.
If:

q = ε4 + (ε1, ε2, ε3) (6.45)

are the components of such quaternion, once the product is made, we get:

ε4 = ε04 cos
(
σ− σ0
2

)
− ε03 sin

(
σ− σ0
2

)
(6.46a)

ε1 = ε01 cos
(
σ− σ0
2

)
+ ε02 sin

(
σ− σ0
2

)
(6.46b)

ε2 = ε02 cos
(
σ− σ0
2

)
− ε01 sin

(
σ− σ0
2

)
(6.46c)

ε3 = ε03 cos
(
σ− σ0
2

)
+ ε04 sin

(
σ− σ0
2

)
. (6.46d)

The process followed to place the axes Oxyz has been based on the axes Ox0y0z0.
A similar scheme is obtained if the axes Oxpypzp are used instead of Ox0y0z0. The
axes Oxyz are obtained from the axesOxpypzp through a turn of an angle σ around
Oz; as the axes Oxpypzp are located, with respect to the inertial frame Ox1y1z1, by
means of the matrix P0 collected in Eqs. (6.11) and (6.12), in this case it has:

b~i,~j,~ke = b~u1, ~u2,~keR3(σ) (6.47a)

b~u1, ~u2,~ke = b~i1,~j1,~k1eP0, (6.47b)

where the matrix R3(σ) is given by:

R3(σ) =

cos(σ) − sin(σ) 0

sin(σ) cos(σ) 0

0 0 1

 . (6.48)

Consequently, the axesOxyz are placed, with respect to the inertial frameOx1y1z1,
through the matrix Q = P0 R3(σ):

b~i,~j,~ke = b~i1,~j1,~k1eQ. (6.49)

Therefore, since n is the quaternion associated to the matrix P0 of Eq. (6.11), if we
define v3 as the quaternion related to the matrix R3(σ):

v3 = cos
(σ
2

)
+
(
0, 0, sin

(σ
2

))
, (6.50)

the matrix Q = P0 R3(σ) is associated to the product quaternion q = n · v3.
If (6.45) are the components of such quaternion q, once the product is made, we

obtain:

ε4 = η4 cos
(σ
2

)
− η3 sin

(σ
2

)
(6.51a)

ε1 = η1 cos
(σ
2

)
+ η2 sin

(σ
2

)
(6.51b)

ε2 = η2 cos
(σ
2

)
− η1 sin

(σ
2

)
(6.51c)

ε3 = η3 cos
(σ
2

)
+ η4 sin

(σ
2

)
. (6.51d)
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6.3.6 Time evolution of the axes Oxyz

The time evolution of the axes Oxyz (rigid body (3)) can be proposed directly. If
2Ω31 is the vector quaternion associated to the angular velocity ~ω31, and q the
quaternion that fixes the position of the axes Oxyz with respect to the inertial axes,
the time evolution of q is given by:

dq
dτ

=
1

2
q(2Ω31), (6.52)

which developed it leads to:

dε1
dτ

=
1

2

{
ε4ω01 + ε2

dσ
dτ

}
(6.53a)

dε2
dτ

=
1

2

{
ε3ω01 − ε1

dσ
dτ

}
(6.53b)

dε3
dτ

=
1

2

{
−ε2ω01 + ε4

dσ
dτ

}
(6.53c)

dε4
dτ

=
1

2

{
−ε1ω01 − ε3

dσ
dτ

}
. (6.53d)

6.4 dynamics of the orbital plane

The goal is to determine the time evolution of the particle M with respect to the
inertial frame Ox1y1z1. The motion of interest is, then, what we call 2/1 with the
numbering of rigid bodies introduced previously. To obtain this motion in DROMO
we decompose the motion in:

2/1 → 2/0+ 0/1

taking advantage of the fact that each of these motions (2/0 and 0/1) are simpler
than the original absolute motion.

6.4.1 Drag motion 0/1

The motion 0/1 is the motion of the orbital plane. The goal is to locate the position
of the orbital plane in a generic instant and to place the axes Oxyz that follow the
particle M along its trajectory.

For the description of the motion 0/1 there are two alternatives available: use the
axes Ox0y0z0, or use the axes Oxpypzp as axes rigidly attached to the rigid body
(0).

Using the axesOx0y0z0: in this case the position of the axesOx0y0z0 with respect
to the inertial frame is described by the quaternion q0 whose time evolution is
governed by the equations:

dε01
dτ

=
1

2
ω01 { ε04 cos(σ− σ0) − ε03 sin(σ− σ0)} (6.54a)

dε02
dτ

=
1

2
ω01 { ε03 cos(σ− σ0) + ε04 sin(σ− σ0)} (6.54b)

dε03
dτ

=
1

2
ω01 {−ε

0
2 cos(σ− σ0) + ε01 sin(σ− σ0)} (6.54c)

dε04
dτ

=
1

2
ω01 {−ε

0
1 cos(σ− σ0) − ε02 sin(σ− σ0)} (6.54d)
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and should be integrated from the initial conditions determined by the initial dy-
namic state (in τ = 0) of the particle M: ~x0 and ~v0. In them the angular velocity ω01
is:

ω01 =
r

h
(~ap ·~k). (6.55)

The components of the quaternion q0 verify the following useful relations to
control the quality of the integration:

ε01
dε01
dτ

+ ε02
dε01
dτ

+ ε03
dε03
dτ

+ ε04
dε04
dτ

= 0 (6.56a)

−ε03
dε04
dτ

+ ε02
dε01
dτ

− ε01
dε02
dτ

+ ε04
dε03
dτ

= 0. (6.56b)

Once the quaternion q0 is known, the axes Oxyz are placed, with respect to the
inertial frame, by means of the quaternion q = q0 · r3 according to the Eqs. (6.46a),
(6.46b), (6.46c) and (6.46d).

Using the axes Oxpypzp: in this case the position of the axes Oxpypzp with
respect to the inertial frame is described by the quaternion n whose time evolution
is governed by the equations:

dη1
dτ

=
1

2
ω01 { η4 cos(σ) − η3 sin(σ)} (6.57a)

dη2
dτ

=
1

2
ω01 { η3 cos(σ) + η4 sin(σ)} (6.57b)

dη3
dτ

=
1

2
ω01 {−η2 cos(σ) + η1 sin(σ)} (6.57c)

dη4
dτ

=
1

2
ω01 {−η1 cos(σ) − η2 sin(σ)}, (6.57d)

where ω01 is the given by Eq. (6.55). These equations should be integrated from the
initial conditions determined by the initial dynamic state (in τ = 0) of the particle
M: ~x0 and ~v0.

The components of the quaternion n verify the following useful relations to con-
trol the quality of the integration:

η1
dη1
dτ

+ η2
dη1
dτ

+ η3
dη3
dτ

+ η4
dη4
dτ

= 0 (6.58a)

η2
dη1
dτ

− η1
dη2
dτ

+ η4
dη3
dτ

− η3
dη4
dτ

= 0 (6.58b)

Once the quaternion n is known, the axes Oxyz are placed, with respect to the in-
ertial frame, through the quaternion q = n · v3 according to the Eqs. (6.51a), (6.51b),
(6.51c) and (6.51d).

The initial conditions for the quaternions q0 and n are different. The initial value
of n is obtained from the matrix P0(0) where only the classical elements (i,Ω,ω) of
the initial osculating orbit, determined by ~x0 and ~v0, intervene. However, the initial
value of q0 is obtained from the matrix Q0(0) where the classical elements of the
initial osculating orbit and θ0 = σ0 intervene.

6.4.2 Relative motion 2/0

In the relative motion 2/0 the forces acting upon the particle are: 1) the main gravi-
tational term; 2) the acceleration of perturbation ~ap; and 3) the inertial accelerations
−~γM01 and −2~ω01 ×~vM20. The momentum equation takes the form:

~γM20 = −
1

r2
~i+ ~ap + {−~γM01 − 2~ω01 ×~vM20}. (6.59)
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The drag acceleration ~γ01 takes the value:

~γM01 =�
��>

~0
~γO01 + ~α01 ×~x+

���
���

��:
~0

~ω01 × (~ω01 ×~x). (6.60)

Besides, since ~ω01 = ω01~i, the angular acceleration ~α01 is:

~α01 = ω̇01~i+ω01ω3~j. (6.61)

Consequently, taking into account that:

ω01 = ω1 =
r

h
(~ap ·~k), ω3 =

dσ
dτ

=
h

r2
, (6.62)

the value obtained for the drag acceleration is:

~γM01 = −rω01ω3 ~k = −(~ap ·~k) ~k. (6.63)

The Coriolis acceleration takes the value:

2~ω01 ×~vM20 = 2ω01~i×
{

dr
dτ

~i+
h

r
~j

}
, (6.64)

this is:
2~ω01 ×~vM20 = 2(~ap ·~k) ~k. (6.65)

In summary, the resultant of the inertial accelerations is:

− ~γM01 − 2~ω01 ×~vM20 = −(~ap ·~k) ~k. (6.66)

The momentum equation turns out to be:

~γM20 = −
1

r2
~i+ ~ap − (~ap ·~k) ~k, (6.67)

this is
~γM20 = −

1

r2
~i+ ~a‖p, (6.68)

where the perturbing acceleration parallel to the orbital plane has been introduced:

~a‖p = ~ap − (~ap ·~k) ~k = (~ap ·~i)~i+ (~ap ·~j)~j. (6.69)

In Eq. (6.68) the normal components of the orbital plane have disappeared. That
is, the relative motion 2/0 is a planar motion. Thus, the normal component of the
perturbing acceleration governs the evolution of the orbital plane, but in the relative
motion the orbital plane plays no role.

Finally, taking into account that within the orbital plane (r,σ) are polar coordi-
nates of M with origin of angles in ~u1, the relative acceleration ~γM20 takes the value:

~γM20 =

[
d2r
dτ2

− r

(
dσ
dτ

)2]
~i+

1

r

d
dτ

(
r2

dσ
dτ

)
~j. (6.70)

The developed momentum equation takes the form:[
d2r
dτ2

− r

(
dσ
dτ

)2]
~i+

1

r

d
dτ

(
r2

dσ
dτ

)
~j = −

1

r2
~i+ (~ap ·~i)~i+ (~ap ·~j)~j (6.71)

and provides the relations:

d2r
dτ2

= −
1

r2
+
h2

r3
+ (~ap ·~i) (6.72a)

dh
dτ

= r (~ap ·~j). (6.72b)
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The integration of the Eqs. 6.72a and 6.72b from the initial conditions determines
the relative motion. However, the formulation of DROMO is based on a more so-
phisticated approach that will be discussed in the following sections. To do this, the
time evolution of some of the important vector magnitudes of the problem will be
studied.

6.4.2.1 Evolution of the vector ~h

The angular momentum evolves according to the equation:

d~h
dτ

= ~x× ~ap (6.73)

expressed in dimensionless variables. Taking into account that ~h = h~k, this equation
adopts the following form:

dh
dτ

~k+ h
d~k
dτ

=
dh
dτ

~k− hω1~j = r(~i× ~ap). (6.74)

Applying the dot product to Eq. (6.74) and ~i we obtain a triviality; if it is done
with~j we recover the value of ω1 calculated previously. Finally, if we multiply with
respect to ~k we get the equation

dh
dτ

= r(~ap ·~j) (6.75)

which takes the form
dh
dτ

= r(~a‖p ·~j), (6.76)

that shows that there is only a change in the modulus of the angular momentum if
the perturbation force has a non-zero transversal component.

Equation (6.73) of the angular momentum reflects the time variation of ~h in the
inertial space. If we are interested in obtaining the time evolution of the motion
relative to the orbital plane, the Coriolis theorem should be used. If ~A is a time
varying vector according to this theorem we have:

d~A
dτ

∣∣∣∣∣
(1)

=
d~A
dτ

∣∣∣∣∣
(0)

+ ~ω01 × ~A. (6.77)

Applied to the angular momentum it yields:

d~h
dτ

∣∣∣∣∣
(0)

=
d~h
dτ

∣∣∣∣∣
(1)

− ~ω01 × ~h. (6.78)

The term ~ω01 × ~h adopts the form:

ω01h~i×~k = r(~ap ·~k)~i×~k = ~x× [(~ap ·~k)~k] (6.79)

and consequently:
d~h
dτ

∣∣∣∣∣
(0)

= ~x× ~ap −~x× [(~ap ·~k)~k], (6.80)

that is
d~h
dτ

∣∣∣∣∣
(0)

= ~x× ~a‖p. (6.81)

This equation again shows that in the motion relative to the orbital plane only the
perturbing acceleration ~a‖p influences.



6.4 dynamics of the orbital plane 141

6.4.2.2 Evolution of the vector ~e

By definition the eccentricity vector ~e is given by:

~e = −
~x

|~x|
−
1

µ
(~h×~v). (6.82)

A simple calculation shows that its time derivative is:

d~e
dt

=
1

µ

(
~ap × ~h+~v× (~x× ~ap)

)
(6.83)

and, as expected, it is canceled when the perturbing acceleration ~ap vanishes.
If dimensionless variables are used, the eccentricity vector ~e turns out to be:

~e = −~i− ~h×~v. (6.84)

From this relation, applying the cross product with ~k, the following equation is
obtained:

~v =
1

h
(~j+~k×~e), (6.85)

which is known as the equation of the hodograph and provides the velocity vector
~v.

Equation (6.83) rewritten in dimensionless variables turns out to be

d~e
dτ

= ~ap × ~h+~v× (~x× ~ap). (6.86)

The components of the eccentricity vector in the axes Oxyz are easy to obtain.
From the definition of Eq. (6.84), if the next relations are taken into account

~x = r~i, ~v =
dr
dτ

~i+
h

r
~j, (6.87)

it is obtained:

~e =

(
h2

r
− 1

)
~i− h

dr
dτ

~j. (6.88)

However, to handle the eccentricity vector different coordinates are used:

~e = ζ1~u1 + ζ2~u2. (6.89)

The unit vectors (~u1, ~u2) are rigidly attached to the orbital plane Ox0y0; in fact,
the vector ~u1 points in the direction of the initial eccentricity vector ~e0. Note that
the axis Ox forms an angle σ (variable with time) with ~u1 while the axis Ox0 forms
an angle σ0 (constant) with ~u1 (see Fig. 6.4).

The relation between (~i,~j) and the unit vectors (~u1, ~u2) is:

~i = cos(σ) ~u1 + sin(σ) ~u2 (6.90a)
~j = − sin(σ) ~u1 + cos(σ) ~u2. (6.90b)

A simple change of coordinates allows to obtain the following relations:

ζ1 =

(
h2

r
− 1

)
cos(σ) + h

dr
dτ

sin(σ) (6.91a)

ζ2 =

(
h2

r
− 1

)
sin(σ) − h

dr
dτ

cos(σ), (6.91b)
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Figure 6.4: Basis (~u1, ~u2).

that can be inverted to obtain

h2

r
= 1+ ζ1 cos(σ) + ζ2 sin(σ) (6.92a)

dr
dτ

=
1

h
[ζ1 sin(σ) − ζ2 cos(σ)]. (6.92b)

Obviously, from Eq. (6.89) and taking into account that the vectors (~u1, ~u2) are
unit vectors, it is deduced

e =
√
ζ21 + ζ

2
2. (6.93)

If θ is the true anomaly, i.e. the angle that the position vector ~x forms with the
eccentricity vector, it is easy to obtain the following expressions:

cos(θ) =
~e ·~i
e

=
1

e
{ζ1 cos(σ) + ζ2 sin(σ)} (6.94a)

sin(θ) = ~k · ~e×
~i

e
=
1

e
{ζ1 sin(σ) − ζ2 cos(σ)}. (6.94b)

Introducing the angle β through the relations

cos(β) =
ζ1
e

, sin(β) =
ζ2
e

, (6.95)

equations 6.94a and 6.94b can be written as:

cos(θ) = cos(σ−β)

sin(θ) = sin(σ−β)

}
⇒ θ = σ−β. (6.96)

Note that in the unperturbed motion the angles θ and σ coincide and β = 0 at all
times. Accordingly, ζ1(τ) ≡ e0 and ζ2(τ) ≡ 0. In other words, the quantities ζ1 and
ζ2 are first integrals of the motion in the unperturbed two-body problem. However,
in the perturbed motion the angle σ does not match the true anomaly θ and the
difference σ− θ = β is non-zero and changes over time. The angle β (see Fig. 6.5)
is the one formed by the eccentricity vector ~e at a generic time with the eccentricity
vector ~e0 determined by the initial conditions; the latter is a fixed vector in the axes
Ox0y0z0 while the first moves with respect to them.
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Figure 6.5: Angle β.

6.4.3 Basic formulation of DROMO

In the motion relative to the orbital plane the dynamical state is described by the
variables: (

r,
dr
dτ

,σ,
dσ
dτ

, τ
)

(6.97)

and, since r2σ̇ = h, the angular momentum h can be used instead of the last deriva-
tive: (

r,
dr
dτ

,σ,h, τ
)

. (6.98)

The basic formulation of DROMO consists in using as state variables the follow-
ing quantities: (

ζ1, ζ2, ζ3 =
1

h
,σ, τ

)
(6.99)

to describe the motion relative to the orbital plane; (ζ1, ζ2) are the components of
the eccentricity vector defined in Eq. (6.89) and σ is the independent variable in lieu
of the physical time τ which is now considered as dependent variable.

The next step is to determine the derivatives with respect to the parameter σ of
the unit vectors (~i,~j,~k, ~u1, ~u2); the derivative of the unit vector~i is:

d~i
dσ

=
d~i
dτ

dτ
dσ

= ω3~j
r2

h
=
h

r2
~j
r2

h
=~j. (6.100)

A similar procedure leads to the following results:

d~i
dσ

=~j,
d~u1
dσ

= −Λ sin(σ)~k,
d~k
dσ

= −Λ~j, (6.101a)

d~j
dσ

= −~i+Λ~k,
d~u2
dσ

= Λ cos(σ)~k, Λ =
r3

h2
(~ap ·~k). (6.101b)

The process starts from the equation of the hodograph (6.85); taking into account
the definition of Eq. (6.89) we obtain the following expression for the hodograph:

ζ1~u2 − ζ2~u1 = −~j+ h~v, (6.102)

that provides the following components of the velocity vector in the basis (~u1, ~u2):

~v · ~u1 = −
1

h
(ζ2 + sin(σ)) (6.103a)

~v · ~u2 =
1

h
(ζ1 + cos(σ)). (6.103b)
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Differentiating the two members of Eq. (6.102) with respect to σ and taking into
account the previously calculated derivatives of the unit vectors, we get:

−
dζ2
dσ

~u1 +
dζ1
dσ

~u2 +Λs = r
2 ~ap +

dh
dσ

~v, (6.104)

where s is the quantity:
s = 1+ ζ1 cosσ+ ζ2 sinσ. (6.105)

The dot product is applied to Eq. (6.104) with respect to the unit vectors (~u1, ~u2,~k0)
to obtain:

dζ2
dσ

= −r2(~ap · ~u1) −
dh
dσ

(~v · ~u1) (6.106a)

dζ1
dσ

= r2(~ap · ~u2) +
dh
dσ

(~v · ~u2) (6.106b)

Λs = r2(~ap ·~k). (6.106c)

The derivative:

dh
dσ

=
dh
dτ
r2

h
=
r3

h
(~ap ·~j) ⇒

dζ3
dσ

= −
1

s3 ζ33
(~ap ·~j) (6.107)

provides the following equations for (ζ1, ζ2):

dζ1
dσ

=
1

s3 ζ43
[s sin(σ)(~ap ·~i) + (ζ1 + (1+ s) cos(σ))(~ap ·~j)] (6.108a)

dζ2
dσ

=
1

s3 ζ43
[−s cos(σ)(~ap ·~i) + (ζ2 + (1+ s) sin(σ))(~ap ·~j)]. (6.108b)

6.4.4 A compact formulation

In this section a more elegant and compact formulation of DROMO is presented.
It is based on the analysis of the motion relative to the orbital plane. For this, the
Coriolis theorem is used. If ~A is a variable vector with time according to this theorem
,we have:

d~A
dτ

∣∣∣∣∣
(1)

=
d~A
dτ

∣∣∣∣∣
(0)

+ ~ω01 × ~A. (6.109)

If the time of DROMO σ is used instead of the real time τ, the following relation
between time derivatives holds:

d~A
dσ

∣∣∣∣∣
(1)

=
d~A
dσ

∣∣∣∣∣
(0)

+ ~Ω01 × ~A, (6.110)

where ~Ω01 is the vector:

~Ω01 = ~ω01
r2

h
=
r3

h2
apz~i. (6.111)

The derivative calculated in the rigid body (0) assumes that the unit vectors
(~i0,~j0,~k0) do not change with time. Note that the unit vectors (~u1, ~u2) are fixed
to the rigid body (0) and, therefore these do not change either if (~i0,~j0,~k0) do not
evolve over time.

In the following, time derivatives, made in the rigid body (0) of different vectors
of interest, are calculated.
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6.4.4.1 Velocity vector ~v

It is known that:

d~v
dτ

∣∣∣∣∣
(1)

= −
~i

r2
+ ~ap ⇒ d~v

dσ

∣∣∣∣∣
(1)

=
1

h
(−~i+ r2 ~ap). (6.112)

On the other hand we have:

~Ω01 ×~v = Ω01~i×~v =
Ω01
r

~h =
r2

h
apz ~k. (6.113)

From these expressions and the Coriolis theorem given by :

d~v
dσ

∣∣∣∣∣
(0)

=
d~v
dσ

∣∣∣∣∣
(1)

− ~Ω01 ×~v, (6.114)

the following value of the derivative in the rigid body (0) is deduced:

d~v
dσ

∣∣∣∣∣
(0)

=
1

h
(−~i+ r2 ~ap‖), (6.115)

where ~ap‖ refers to the component of perturbing acceleration parallel to the orbital
plane:

~ap‖ = ~ap − apz~k. (6.116)

6.4.4.2 Angular momentum vector ~h

Regarding the angular momentum ~h we know:

d~h
dσ

∣∣∣∣∣
(1)

=
r2

h
~x× ~ap =

r3

h
~i× ~ap (6.117)

and since:
~Ω01 × ~h = Ω01 h~i×~k = −

r3

h
apz~j, (6.118)

applying the Coriolis theorem, yields:

d~h
dσ

∣∣∣∣∣
(0)

=
r3

h
apy~k =

r3

h
~i× ~ap‖. (6.119)

6.4.4.3 Eccentricity vector ~e

The eccentricity vector is given by:

~e = −~i− ~h×~v. (6.120)

Therefore, it has:

d~e
dσ

∣∣∣∣∣
(0)

= −
d~i
dσ

∣∣∣∣∣
(0)

−
d~h
dσ

∣∣∣∣∣
(0)

×~v− ~h× d~v
dσ

∣∣∣∣∣
(0)

. (6.121)
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The equation of the hodograph (6.85) allows to calculate the terms of the second
member of the Eq. (6.121), being:

d~i
dσ

∣∣∣∣∣
(0)

=~j (6.122a)

d~h
dσ

∣∣∣∣∣
(0)

×~v = −
r3

h2
apy(~i+~e) (6.122b)

~h× d~v
dσ

∣∣∣∣∣
(0)

= −~j+ r2 ~k× ~ap‖. (6.122c)

Thus, the evolution of the eccentricity vector is described as follows:

d~e
dσ

∣∣∣∣∣
(0)

=
r3

h2

(
apy[~i+~e] −

h2

r
~k× ~ap‖

)
. (6.123)

By introducing the vector ~bp‖:

~bp‖ =
r3

h2
~ap‖, (6.124)

which has the direction and sense of the perturbing acceleration ~ap‖ but different
module, and defining ~af by the quantity

~af = s~bp‖ + bpy~j, (6.125)

the notation of the Eq. (6.123) is simplified and takes the form:

d~e
dσ

∣∣∣∣∣
(0)

= ~af ×~k+ bpy~e. (6.126)

Note that the term apy~i can be expressed as −~k× (apy~j).

6.4.4.4 Governing equations

The vector equation (6.126) can be decomposed into coordinates in different bases.
If the following relations are taken into account:

~i = + cos(σ)~u1 + sin(σ)~u2 (6.127a)
~j = − sin(σ)~u1 + cos(σ)~u2 (6.127b)

~e = ζ1 ~u1 + ζ2 ~u2 (6.127c)

and it is projected on the basis (~u1, ~u2), fixed to rigid body (0), it has:

d~e
dσ

∣∣∣∣∣
(0)

=
dζ1
dσ

~u1 +
dζ2
dσ

~u2. (6.128)

From Eq. (6.126), and applying the dot product to the unit vectors (~u1, ~u2), the
following equations are obtained:

dζ1
dσ

= +~af · ~u2 + bpyζ1 (6.129a)

dζ2
dσ

= −~af · ~u1 + bpyζ2, (6.129b)
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which determine the evolution of the coordinates (ζ1, ζ2) of the eccentricity vector.
Once developed they adopt the form:

dζ1
dσ

=
r3

h2

{[
ζ1 + cos(σ)

(
1+

h2

r

)]
apy +

h2

r
sin(σ)apx

}
(6.130a)

dζ2
dσ

=
r3

h2

{[
ζ2 + sin(σ)

(
1+

h2

r

)]
apy −

h2

r
cos(σ)apx

}
. (6.130b)

Taking into account that ζ3 = 1/h and h2 = r s, these equations coincide with
two of the equations of the formulation.

6.5 summary of equations

6.5.1 Using the quaternion linked to Ox0y0z0

Using the quaternion q0 linked to the axes Ox0y0z0 to describe the motion of the
orbital plane and defining the following auxiliary variables:

apx = ~ap ·~i, apy = ~ap ·~j, apz = ~ap ·~k, (6.131)

the governing equations take the form:

dτ
dσ

=
1

ζ33 s
2

(6.132a)

dζ1
dσ

=
1

ζ43 s
3
{s sin(σ)apx + [ζ1 + (1+ s) cos(σ)]apy} (6.132b)

dζ2
dσ

=
1

ζ43 s
3
{−s cos(σ)apx + [ζ2 + (1+ s) sin(σ)]apy} (6.132c)

dζ3
dσ

= −
1

ζ33 s
3
apy (6.132d)

dε01
dσ

=
1

2
ω̃01 { ε04 cos(σ− σ0) − ε03 sin(σ− σ0)} (6.132e)

dε02
dσ

=
1

2
ω̃01 { ε03 cos(σ− σ0) + ε04 sin(σ− σ0)} (6.132f)

dε03
dσ

=
1

2
ω̃01 {−ε

0
2 cos(σ− σ0) + ε01 sin(σ− σ0)} (6.132g)

dε04
dσ

=
1

2
ω̃01 {−ε

0
1 cos(σ− σ0) − ε02 sin(σ− σ0)} (6.132h)

and in them the angular velocity ω̃01 is:

ω̃01 =
1

ζ43 s
3
apz. (6.133)
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Besides, the following relations are satisfied:

s = 1+ ζ1 cos(σ) + ζ2 sin(σ) (6.134a)
1

r
= ζ23 s (6.134b)

dr
dτ

= ζ3 (ζ1 sin(σ) − ζ2 cos(σ)) (6.134c)

ε1 = ε01 cos
(
σ− σ0
2

)
+ ε02 sin

(
σ− σ0
2

)
(6.134d)

ε2 = ε02 cos
(
σ− σ0
2

)
− ε01 sin

(
σ− σ0
2

)
(6.134e)

ε3 = ε03 cos
(
σ− σ0
2

)
+ ε04 sin

(
σ− σ0
2

)
(6.134f)

ε4 = ε04 cos
(
σ− σ0
2

)
− ε03 sin

(
σ− σ0
2

)
. (6.134g)

Actually, the perturbing acceleration always appears accompanied by a factor. If
the following values are introduced for convenience:

ãpx =
apx

ζ43 s
3

, ãpy =
apy

ζ43 s
3

, ãpz =
apz

ζ43 s
3

, (6.135)

the equations take a more compact form:

dτ
dσ

=
1

ζ33 s
2

(6.136a)

dζ1
dσ

= s sin(σ)ãpx + [ζ1 + (1+ s) cos(σ)]ãpy (6.136b)

dζ2
dσ

= −s cos(σ)ãpx + [ζ2 + (1+ s) sin(σ)]ãpy (6.136c)

dζ3
dσ

= −ζ3ãpy (6.136d)

dε01
dσ

=
1

2
ω̃01 { ε04 cos(σ− σ0) − ε03 sin(σ− σ0)} (6.136e)

dε02
dσ

=
1

2
ω̃01 { ε03 cos(σ− σ0) + ε04 sin(σ− σ0)} (6.136f)

dε03
dσ

=
1

2
ω̃01 {−ε

0
2 cos(σ− σ0) + ε01 sin(σ− σ0)} (6.136g)

dε04
dσ

=
1

2
ω̃01 {−ε

0
1 cos(σ− σ0) − ε02 sin(σ− σ0)}, (6.136h)

where the angular velocity ω̃01 is:

ω̃01 = ãpz. (6.137)

The initial conditions are given by:

σ = σ0 : ζ1(σ0) = e0, ζ2(σ0) = 0, ζ3(σ0) =
1√

r0(1+ e0 cos(σ0))
. (6.138)

6.5.2 Using the quaternion linked to Oxpypzp

If instead of the quaternion q0 linked to the axes Ox0y0z0 we use the quaternion
n linked to the axes Oxpypzp to describe the drag motion 0/1, we obtain a sim-
ilar system of equations but slightly easier because now the value σ0 no longer
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appears. This improves the speed by saving the calculation of a sine and a cosine,
and improves the accuracy for long times. In addition, it introduces an important
simplification in all those asymptotic schemes that are based on DROMO and also
in the schemes that are based on averaging techniques. The system of equations is:

dτ
dσ

=
1

ζ33 s
2

(6.139a)

dζ1
dσ

= s sin(σ)ãpx + [ζ1 + (1+ s) cos(σ)]ãpy (6.139b)

dζ2
dσ

= −s cos(σ)ãpx + [ζ2 + (1+ s) sin(σ)]ãpy (6.139c)

dζ3
dσ

= −ζ3ãpy (6.139d)

dη1
dσ

=
1

2
ω̃01 { η4 cos(σ) − η3 sin(σ)} (6.139e)

dη2
dσ

=
1

2
ω̃01 { η3 cos(σ) + η4 sin(σ)} (6.139f)

dη3
dσ

=
1

2
ω̃01 {−η2 cos(σ) + η1 sin(σ)} (6.139g)

dη4
dσ

=
1

2
ω̃01 {−η1 cos(σ) − η2 sin(σ)}, (6.139h)

where the angular velocity ω̃01 is:

ω̃01 = ãpz. (6.140)

Besides, the following relations hold:

s = 1+ ζ1 cos(σ) + ζ2 sin(σ) (6.141a)
1

r
= ζ23 s (6.141b)

dr
dτ

= ζ3 (ζ1 sin(σ) − ζ2 cos(σ)) (6.141c)

ε1 = η1 cos
(σ
2

)
+ η2 sin

(σ
2

)
(6.141d)

ε2 = η2 cos
(σ
2

)
− η1 sin

(σ
2

)
(6.141e)

ε3 = η3 cos
(σ
2

)
+ η4 sin

(σ
2

)
(6.141f)

ε4 = η4 cos
(σ
2

)
− η3 sin

(σ
2

)
. (6.141g)

The initial conditions are given by:

σ = σ0 : ζ1(σ0) = e0, ζ2(σ0) = 0, ζ3(σ0) =
1√

r0(1+ e0 cos(σ0))
. (6.142)

6.6 singularities

The presence of singularities is determined by the kind of perturbing force acting
upon the satellite. At first sight, there would be a singularity when the denominator
(ζ43 s

3) that intervenes in the definitions of (ãpx, ãpy, ãpz) vanishes.
Note that the quantity s can be written as follows:

s = 1+ ζ1 cos(σ) + ζ2 sin(σ) = 1+ e cos(σ−β) = 1+ e cos(θ), (6.143)

being θ the true anomaly. Considering the previous equation, s can vanish if we
have
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• Parabolic orbit, e = 1, when θ → π. The parabolic orbit has associated a Ke-
plerian energy Ek = 0. Consequently, this situation is never reached, because
for a parabolic orbit it would be needed an infinite time to reach θ = π.

• Rectilinear conics (degenerated conics such that e = 1 and h = 0) when θ→ π.
In a degenerated orbit the Keplerian energy Ek 6= 0. This situation is merely
theoretical but it does not occur in reality.

• Hyperbolic orbit, e > 1, when θ → θa, where θa = arccos(−1e ), that is, when
we approach to the asymptote of the osculating orbit. This is the only one of
the three situations that can appear in reality.

We start with the second case with the intention to know how the quotient

1

ζ43 s
3
=
h4

s3
=

a2 (1− e2)2

(1+ e cos(θ))3
(6.144)

behaves when we approach a rectilinear conic. If we think that θ = π, when e→ 1:

1

ζ43 s
3
→ a2 (1+ e)2

(1− e)
→∞. (6.145)

As a consequence, there is a singularity associated with the rectilinear conics
(s = 0,h = 0,a 6= 0) that can not be avoided with this formulation. The situation
is different for the parabolic orbits and the hyperbolic orbits. In both cases, the
singularity s = 0 happens when the satellite approaches the infinity point of the
conic, that is, when r → ∞. In this situation, the existence or not of singularity
depends on the perturbing forces acting upon the satellite.

6.7 useful relations

The state vector and eccentricity vector of the orbit are expressed here as a function
of the DROMO variables.

6.7.1 Position vector

The position vector of the particle can be expressed in different bases. The values
provided are dimensionless, such that to recover the dimensional values only a
multiplication by the characteristic length Lc should be applied.

• In the frame Oxyz:

~x = r~i =
1

ζ23 s
~i. (6.146)

• In the frame Ox0y0z0:

~x =
1

ζ23 s
[cos(σ− σ0)~i0 + sin(σ− σ0)~j0]. (6.147)

• In the frame Oxpypzp:

~x =
1

ζ23 s
[cos(σ)~u1 + sin(σ)~u2]. (6.148)
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• In the frame Ox1y1z1:

~x =
1

ζ23 s
b~i1,~j1,~k1eQ0

cos(σ− σ0)

sin(σ− σ0)

0

 , (6.149)

where the rotation matrix Q0 is the one defined in Eqs. (6.6) and (6.5). Intro-
ducing the rectangular matrix N (3× 2):

N =

1− 2((ε
0
2)
2 + (ε03)

2) 2ε01 ε
0
2 − 2ε

0
4 ε
0
3

2ε01 ε
0
2 + 2ε

0
4 ε
0
3 1− 2((ε01)

2 + (ε03)
2)

2ε01ε
0
3 − 2ε

0
4ε
0
2 2ε03ε

0
2 + 2ε

0
4 ε
0
1

 , (6.150)

it becomes:

~x =
1

ζ23 s
b~i1,~j1,~k1eN

(
cos(σ− σ0)

sin(σ− σ0)

)
. (6.151)

6.7.2 Velocity vector

The velocity vector of the particle can be expressed in different bases. The values
provided are dimensionless, such that to recover the dimensional values only a
multiplication by the characteristic value ωc · Lc should be applied.

• In the frame Oxyz:

~v =
dr
dτ

~i+
h

r
~j = ζ3 [(ζ1 sin(σ) − ζ2 cos(σ))~i+ s~j]. (6.152)

• In the frame Ox0y0z0:

~v = ζ3 b~i0,~j0,~keR3(σ− σ0)

 ζ1 sin(σ) − ζ2 cos(σ)

1+ ζ1 cos(σ) + ζ2 sin(σ)

0



= ζ3 b~i0,~j0,~ke

− sin(σ− σ0) + ζ1 sin(σ0) − ζ2 cos(σ0)

cos(σ− σ0) + ζ1 cos(σ0) + ζ2 sin(σ0)

0

 . (6.153)

• In the frame Oxpypzp:

~v = ζ3 [−(sinσ+ ζ2)~u1 + (cos(σ) + ζ1)~u2]. (6.154)

• In the frame Ox1y1z1:

~v = ζ3 b~i1,~j1,~k1eQ0

− sin(σ− σ0) + ζ1 sin(σ0) − ζ2 cos(σ0)

cos(σ− σ0) + ζ1 cos(σ0) + ζ2 sin(σ0)

0

 , (6.155)

where Q0 is the matrix defined in Eqs. (6.6) and (6.5). By using the matrix N
defined in Eq. (6.150) it turns out

~v = b~i1,~j1,~k1eN

− sin(σ− σ0) + ζ1 sin(σ0) − ζ2 cos(σ0)

cos(σ− σ0) + ζ1 cos(σ0) + ζ2 sin(σ0)

0

 . (6.156)
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6.7.3 Eccentricity vector

The eccentricity vector of the particle can be expressed in different bases.

• In the frame Oxyz:

~e = b~i,~j,~keRT3 (σ)

ζ1ζ2
0

 = b~i,~j,~ke

 ζ1 cos(σ) + ζ2 sin(σ)

−ζ1 sin(σ) + ζ2 cos(σ)

0

 . (6.157)

• In the frame Ox0y0z0:

~e = b~i0,~j0,~keRT3 (σ0)

ζ1ζ2
0

 = b~i0,~j0,~ke

 ζ1 cos(σ0) + ζ2 sin(σ0)

−ζ1 sin(σ0) + ζ2 cos(σ0)

0

 .

(6.158)

• In the frame Oxpypzp:
~e = ζ1~u1 + ζ2~u2. (6.159)

• In the frame Ox1y1z1:

~e = ζ3 b~i1,~j1,~k1eQ0

 ζ1 cos(σ0) + ζ2 sin(σ0)

−ζ1 sin(σ0) + ζ2 cos(σ0)

0

 , (6.160)

whereQ0 is the matrix defined in Eqs. (6.6) and (6.5). Making use of the matrix
N defined in Eq. (6.150) it becomes

~e = ζ3 b~i1,~j1,~k1eN
(
ζ1 cos(σ0) + ζ2 sin(σ0)

−ζ1 sin(σ0) + ζ2 cos(σ0)

)
. (6.161)
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The theory of DROMO for elliptic orbits (Baú, Urrutxua, and Peláez [12] and Baù
et al. [14]) is presented in the next lines. This special perturbation method is charac-
terized by eight ordinary differential equations.

7.1 basic elements of the theory

In the first place we should remember the solution of Kepler’s equation by using
the eccentric anomaly æ as a variable. The solution found for the trajectory is:

R =
h2/µ

1+ e cos(θ)
, (7.1)

where θ is the true anomaly. Using dimensionless variables we get:

r =
h2

1+ e cos(θ)
. (7.2)

Figure 7.1 shows the basic elements of elliptical Keplerian motion and shows the
principal axes Cxpyp of the ellipse constituted by the orbit of the particle M. The
eccentric anomaly is introduced through the relations:

sin(θ) =

√
1− e2 sin(æ)

1− e cos(æ)
(7.3a)

cos(θ) =
cos(æ) − e

1− e cos(æ)
, (7.3b)

or through the inverse relations:

sin(æ) =

√
1− e2 sin(θ)
1+ e cos(θ)

(7.4a)

cos(æ) =
cos(θ) + e
1+ e cos(θ)

. (7.4b)

The dimensional velocity is given by:

~v = ωcLC

(
dr
dτ

~i+
h

r
~k

)
, (7.5)

and the dimensional total energy turns out to be:

Ẽ =
1

2
mv2 −

mµ

r
=
1

2
mω2cL

2
c

[(
dr
dτ

)2
+
h2

r2
−
2

r

]
. (7.6)

In the elliptic case this is
Ẽ = −

mµ

2ã
, (7.7)

such that, the semi-major axis, in dimensionless form, is:

1

a
= −

[(
dr
dτ

)2
+
h2

r2
−
2

r

]
. (7.8)
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Figure 7.1: Elliptic motion.

The total energy is not independent of the eccentricity; both are linked by means
of:

e2 − 1 =
2 Ẽ h2

mµ2
, (7.9)

relation that, when it is passed to dimensionless variables, adopts the form:

h2 = a(1− e2). (7.10)

The classical form to obtain the time equations consists in: 1) expressing the polar
coordinates (r, θ) as a function of the eccentric anomaly æ; 2) getting the existing
relation between the physical time τ and the eccentric anomaly æ. Consequently,
the famous Kepler’s equation is obtained:

τ− τp = a
3
2 (æ − e sin(æ)), (7.11)

where the constant τp, the time of perigee passage, has to be estimated from the
initial conditions in τ = 0.

7.2 the ellidromo formulation

We start with the equations of the perturbed problem, rewritten in dimensionless
variables, which adopt the following form:

d2r
dτ2

=
h2

r3
−
1

r2
+ (~ap ·~i) (7.12a)

dh
dτ

= r (~ap ·~j). (7.12b)

Note that the dimensionless components of the angular velocity can be expressed
as a function of the state variables by means of the relations:

ω1 =
r

h
(~ap ·~k) (7.13a)

ω3 =
h

r2
. (7.13b)
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A change of the independent variable is introduced such that the variable u is
taken as independent variable in lieu of τ; the relation between τ and u is given by
the following expression:

dτ
du

= r
√
a, ⇒ τ = kp +

∫u
0
r(u)

√
a(u)du, (7.14)

where the magnitude a is defined by:

1

a
= −

[(
dr
dτ

)2
+
h2

r2
−
2

r

]
. (7.15)

To rewrite the equations in terms of the new independent variable u the following
relations should be taken into account:

dr
dτ

=
1

r
√
a

dr
du

(7.16a)

d2r
dτ2

=
1

r
√
a

d
du

(
1

r
√
a

dr
du

)
. (7.16b)

Once developed, the second derivative turns out to be

d2r
dτ2

=
1

r2 a

d2r
du2

−
1

r3 a

(
dr
du

)2
−

1

2r2 a2
dr
du

da
du

. (7.17)

Equation (7.15) can be written as follows:(
dr
dτ

)2
=
2

r
−
1

a
−
h2

r2
, (7.18)

and in terms of the variable u turns out to be:(
dr
du

)2
= 2r a− r2 − h2 a. (7.19)

Introducing this value into the second derivative, it takes the form:

d2r
dτ2

=
1

r2 a

d2r
du2

−
2

r2
+
1

r a
+
h2

r3
−

1

2r2 a2
dr
du

da
du

. (7.20)

The equations governing the dynamics take the form:

d2r
du2

+ r− a = a r2(~ap ·~i) +
1

2a

dr
du

da
du

(7.21a)

dh
du

= r2
√
a(~ap ·~j). (7.21b)

Note that the derivative of a is governed by the perturbing accelerations; in fact,
its value is

da
du

= 2a2
[

dr
du

(~ap ·~i) +
√
ah(~ap ·~j)

]
. (7.22)

Consequently, the right-hand side of Eq. (7.21a) vanishes when the unperturbed
problem is solved, since ~ap = ~0. Obviously, like h, a is constant in the unperturbed
problem, but changes over time (or with u) in the perturbed problem.
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7.2.1 Solution of the unperturbed problem

Equation (7.21a), when applied to the unperturbed problem, is reduced to

d2r
du2

+ r− a = 0, (7.23)

with a constant. The solution to this equation turns out to be:

r = a (1−A1 cos(u) −A2 sin(u)), (7.24)

where a, A1 y A2 are integration constants.

7.2.2 Solution of the perturbed problem

In order to solve the perturbed problem, we look for a solution like:

r = λ3 (1− λ1 cos(u) − λ2 sin(u)), (7.25)

where (λ1, λ2, λ3) are the new dependent variables; in particular λ3 coincides with
the semi-major axis a of the osculating orbit.

We introduce the following notation:

r̂ = 1− λ1 cos(u) − λ2 sin(u). (7.26)

To set out the equations that govern the motion in terms of the new variables, we
start by calculating the derivative:

dr
du

=
dλ3
du

r̂− λ3

(
dλ1
du

cos(u) +
dλ2
du

sin(u)
)
+

+ λ3 (λ1 sin(u) − λ2 cos(u)). (7.27)

The method of variation of constants requires the verification of the condition:

dλ3
du

r̂− λ3

(
dλ1
du

cos(u) +
dλ2
du

sin(u)
)

= 0, (7.28)

so that the osculating orbit is, effectively, osculating of the real trajectory. This way
the radial velocity turns out to be:

dr
du

= λ3 (λ1 sin(u) − λ2 cos(u)), (7.29)

and from it, the second derivative intervening in Eq. (7.21a) can be estimated. This
equation takes the form:

dλ1
du

sin(u) −
dλ2
du

cos(u) =

= λ23 r̂
2(~ap ·~i) −

1

2

1

λ3

dλ3
du

[λ1 sin(u) − λ2 cos(u)]. (7.30)

Equations (7.28-7.30) constitute a system of two equations with two unknowns,

namely the derivatives:
dλ1
du

and
dλ2
du

. The derivative of λ3, which is directly de-
duced from the relation (7.22), intervenes in the system. This leads to the following
system of equations:

dτ
du

= λ323 r̂ (7.31a)

dλ1
du

= λ23

{
(`2 sinu− 2r̂λ2) (~ap ·~i) + `[(1+ r̂) cosu− λ1](~ap ·~j)

}
(7.31b)

dλ2
du

= λ23

{
(−`2 cosu+ 2r̂λ1) (~ap ·~i) + `[(1+ r̂) sinu− λ2](~ap ·~j)

}
(7.31c)

dλ3
du

= 2λ33

{
(λ1 sinu− λ2 cosu) (~ap ·~i) + `(~ap ·~j)

}
, (7.31d)



7.2 the ellidromo formulation 157

e

a1

O

x

M

α

ν

θ

M′

Figure 7.2: Eccentricity vector.

where ` is the quantity:
` =

√
1− e2. (7.32)

7.2.3 The independent variable u

The variable u is not the eccentric anomaly, although both are related. In fact, if you
consider the equation of the osculating orbit:

r = a(1− e cos(æ)), (7.33)

and since in this formulation

r = a (1− λ1 cos(u) − λ2 sin(u)), (7.34)

it is immediate to see that the quantities (λ1, λ2) should be:

λ1 = e cos(α), λ2 = e sin(α), with α = u− æ, (7.35)

where the r of this formulation corresponds to the r of the osculating orbit.
Consequently, since the eccentricity vector is in the orbital plane, there is a basis

(~a1, ~a2) inside that plane that allows to express the eccentricity vector as:

~e = λ1 ~a1 + λ2 ~a2, (7.36)

i.e., the quantities (λ1, λ2) are the coordinates of the eccentricity vector ~e in such
basis.

The initial condition of the independent variable u is chosen such as:

u0 = æ0 that is α0 = 0, (7.37)

where the initial conditions for the quantities (λ1, λ2) in τ = 0 are:

λ10 = e0, λ20 = 0. (7.38)

The axis Ox, which forms an angle θ (true anomaly) with the vector ~e, will form
an angle ν with the unit vector ~a1 (see Fig. 7.2). Therefore, it is necessary to find
the relation between ν and the independent variable u. The advantage of the basic
formulation of DROMO is that the angle σ between the axis Ox and the unit vector
~u1 coincides with the independent variable. However, the situation here is different.
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According to the definition of eccentricity vector:

~e = −~i− h(~k×~v), (7.39)

taking the cross product of the latter relation and the unit vector ~k:

~k×~e = −~j+ h~v, (7.40)

and taking into account the value of the eccentricity vector, we get:

λ1~a2 − λ2~a1 = −~j+ h~v. (7.41)

The procedure consists in differentiating Eq. (??) with respect to the variable u.
This yields the expression:

dλ1
du

~a2 −
dλ2
du

~a1 + λ1
d~a2
du

− λ2
d~a1
du

= −
d~j
du

+
dh
du

~v+ h
d~v
du

. (7.42)

The next step is to estimate the derivatives of the unit vectors involved with
respect to u.

• Orbital frame (~i,~j,~k): because

d
du

(·) = d
dτ

(·) λ
3
2
3 r̂, (7.43)

the derivatives of (~i,~j,~k), made in the inertial frame, turn out to be:

d~i
du

=
`

r̂
~j (7.44a)

d~j
du

= −
`

r̂
~i+

λ23 r̂
2

`
(~ap ·~k)~k (7.44b)

d~k
du

= −
λ23 r̂

2

`
(~ap ·~k)~j. (7.44c)

• Oxayaza frame (~a1, ~a2,~k): starting from the relation:⌊
~a1, ~a2,~k

⌉
=
⌊
~i,~j,~k

⌉
M, (7.45)

where the matrix M is:

M =

 cos(ν) sin(ν) 0

− sin(ν) cos(ν) 0

0 0 1

 . (7.46)

Therefore: ⌊
d~a1
du

,
d~a2
du

,
d~k
du

⌉
=

⌊
d~i
du

,
d~j
du

,
d~k
du

⌉
M+

⌊
~i,~j,~k

⌉ dM
du

. (7.47)

Taking into account that ⌊
d~i
du

,
d~j
du

,
d~k
du

⌉
=
⌊
~i,~j,~k

⌉
A, (7.48)

with

A =

 0 −ω̂3 0

ω̂3 0 −ω̂1

0 ω̂1 0

 ,


ω̂1 =

λ23 r̂
2

`
(~ap ·~k)

ω̂3 =
`

r̂
,

(7.49)
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and

dM
du

=
dν
du

N with N =

− sin(ν) cos(ν) 0

− cos(ν) − sin(ν) 0

0 0 0

 , (7.50)

we get the relation:⌊
d~a1
du

,
d~a2
du

,
d~k
du

⌉
= b~a1, ~a2,~ke

(
MTAM+

dν
du

MTN

)
. (7.51)

The matrix B:
B =MTAM+

dν
du

MTN, (7.52)

turns out to be

B =



0
dν
du

− ω̂3 ω̂1 sin(ν)

ω̂3 −
dν
du

0 −ω̂1 cos(ν)

−ω̂1 sin(ν) ω̂1 cos(ν) 0


, (7.53)

where the following relations are deduced:

d~a1
du

= +

(
ω̂3 −

dν
du

)
~a2 − ω̂1 sin(ν)~k (7.54a)

d~a2
du

= −

(
ω̂3 −

dν
du

)
~a1 + ω̂1 cos(ν)~k (7.54b)

d~k
du

= −ω̂1(− sin(ν) ~a1 + cos(ν) ~a2). (7.54c)

Finally, taking the dot product between Eq. (7.42) and unit vectors (~a1, ~a2,~k),
keeping in mind the derivatives calculated and the expressions:

~a1 = cos(ν)~i− sin(ν)~j (7.55a)

~a2 = sin(ν)~i+ cos(ν)~j (7.55b)

~v =
1

h
[−(λ2 + sin(ν))~a1 + (λ1 + cos(ν))~a2] (7.55c)

d~v
du

=
d~v
dτ

dτ
du

=

(
−

~i

r2
+ ~ap

)
λ
3
2
3 r̂, (7.55d)

such that ~v is deduced from Eq. (7.41), we arrive at the following set of equations
after simplification:

dλ2
du

−

(
dν
du

− ω̂3

)
λ1 = +

λ23r̂
2

`

[
(λ2 + sin(ν))apy −

`2

r̂
(~ap · ~a1)

]
(7.56a)

dλ1
du

+ (
dν
du

− ω̂3)λ2 = +
λ23r̂

2

`

[
(λ1 + cos(ν))apy +

`2

r̂
(~ap · ~a2)

]
(7.56b)

`2

r̂
= 1+ λ1 cosν+ λ2 sinν. (7.56c)

If we introduce the values of the derivatives of (λ1, λ2) given by Eqs. ((7.31b)-
(7.31c)) the value of ω̂3, which is necessary to estimate the time evolution of the
orbital plane, can be solved.
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7.3 relative motion

In this section we will analyze the orbital motion within the orbital plane. Unlike in
previous chapters, where the orbital plane was linked to the axes Ox0y0z0 (or to the
axes Oxpypzp), in this section the orbital plane will be linked to new axes Oxayaza
which are defined by the unit vectors (~a1, ~a2,~k); these axes will be numbered as
rigid body (5). The particleMwill remain the rigid body (2), the axesOxyz the rigid
body (3) and the inertial axes Ox1y1z1 the rigid body (1). The Coriolis theorem
will be used for this purpose. If ~A is a variable vector with time, according to this
theorem it will be:

d~A
du

∣∣∣∣∣
(1)

=
d~A
du

∣∣∣∣∣
(5)

+ ~Ω51 × ~A, (7.57)

where ~Ω51 is the vector defined by

~Ω51 = ŵ1 cos(ν)~a1 + ŵ1 sin(ν)~a2 + ŵ3 ~k, with


ŵ1 = λ23

r̂2

`
(~ap ·~k)

ŵ3 =
`

r̂
−

dν
du

(7.58)

when applying the theory of composition of motions and the relation

dτ
du

= λ
3
2
3 r̂ (7.59)

to the angular velocities ~ω53 and ~ω31. The derivative made in the rigid body (5)

assumes that the unit vectors (~a1, ~a2,~k) do not change with time.
In the following we calculate the time derivatives, made in the rigid body (5) for

different vectors of interest.

7.3.1 Velocity vector ~v

It is known that:
d~v
dτ

∣∣∣∣∣
(1)

= −
~i

r2
+ ~ap, (7.60)

therefore
d~v
du

∣∣∣∣∣
(1)

=
1

λ
1
2
3 r̂

(−~i+ λ33r̂
2 ~ap). (7.61)

On the other hand:

~Ω51 ×~v = −
`

λ
1
2
3 r̂

ŵ3~i+ ŵ3
dr
dτ

~j+
`

λ
1
2
3 r̂

ŵ1~k. (7.62)

From these expressions and the Coriolis theorem:

d~v
du

∣∣∣∣∣
(5)

=
d~v
du

∣∣∣∣∣
(1)

− ~Ω51 ×~v (7.63)

the following value of the derivative in the rigid body (5) is deduced:

d~v
du

∣∣∣∣∣
(5)

=
1

λ
1
2
3 r̂

(`ŵ3 − 1)~i− ŵ3
dr
dτ

~j−
`

λ
1
2
3 r̂

ŵ1~k+ λ
3
2
3 r̂~ap. (7.64)
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Note that, taking into account the value of ŵ1, the last two terms of the right-hand
side of Eq. (7.64) provides:

−
`

λ
1
2
3 r̂

ŵ1~k+ λ
3
2
3 r̂~ap = λ

3
2
3 r̂~a‖p, (7.65)

and, consequently, it is:

d~v
du

∣∣∣∣∣
(5)

=
1

λ
1
2
3 r̂

(`ŵ3 − 1)~i− ŵ3
dr
dτ

~j+ λ
3
2
3 r̂~a‖p, (7.66)

because, as expected, the normal components to the orbital plane do not intervene
in the motion relative to the rigid body (5).

7.3.2 Angular momentum vector ~h

From the angular momentum ~h it is known:

d~h
du

∣∣∣∣∣
(1)

= λ
5
2
3 r̂
2~i× ~ap, (7.67)

and because:
~Ω51 × ~h = −λ

1
2
3 `ŵ1

~j = −λ
5
2
3 r̂
2apz~j, (7.68)

applying the Coriolis theorem it follows:

d~h
du

∣∣∣∣∣
(5)

= λ
5
2
3 r̂
2 (~i× ~ap‖). (7.69)

From this equation the following derivative can be deduced:

dh
du

= λ
5
2
3 r̂
2 apy. (7.70)

7.3.3 Eccentricity vector ~e

The eccentricity vector is given by:

~e = −~i− ~h×~v, (7.71)

therefore, it is:

d~e
du

∣∣∣∣∣
(5)

= −
d~i
du

∣∣∣∣∣
(5)

−
d~h
du

∣∣∣∣∣
(5)

×~v− ~h× d~v
du

∣∣∣∣∣
(5)

. (7.72)

The equation of the hodograph:

~v =
1

h
(~j+~k×~e) (7.73)
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allows to estimate the terms of the right-hand side of Eq. (7.72); these turn out to
be:

d~i
du

∣∣∣∣∣
(5)

=
dν
du

~j (7.74a)

d~j
du

∣∣∣∣∣
(5)

= −
dν
du

~i (7.74b)

d~h
du

∣∣∣∣∣
(5)

×~v = −
λ23 r̂

2

`
apy(~i+~e) (7.74c)

~h× d~v
du

∣∣∣∣∣
(5)

= λ
1
2
3 `ŵ3

dr
dτ

~i+
`

r̂
(` ŵ3 − 1)~j+ λ

2
3`r̂

~k× ~a‖p, (7.74d)

which finally provide the desired expression:

d~e
du

∣∣∣∣∣
(5)

=
λ23 r̂

2

`

(
apy[~i+~e] −

`2

r̂
~k× ~ap‖

)
− ŵ3~k×~e. (7.75)

7.3.4 Governing equations

The vector equation (7.75) can be projected into its coordinates in different bases. If
the following relations are taken into account:

~e = λ1 ~a1 + λ2 ~a2 (7.76a)
~j = − sin(ν)~a1 + cos(ν)~a2 (7.76b)

d~e
du

∣∣∣∣∣
(5)

=
dλ1
du

~a1 +
dλ2
du

~a2, (7.76c)

from the hodograph equation it is deduced:

~v =
1

λ
1/2
3 `

[−(λ2 + sin(ν))~a1 + (λ1 + cos(ν))~a2]. (7.77)

All these elements allow to develop the evolution equations of (λ1, λ2) defined
by:

dλ1
du

=
d~e
du

∣∣∣∣∣
(5)

· ~a1 (7.78a)

dλ2
du

=
d~e
du

∣∣∣∣∣
(5)

· ~a2. (7.78b)

However, these equations involve the derivative of ν with respect to u, that is,
the component ŵ3 of the angular velocity ~Ω51 that is unknown; nevertheless, this
derivative can be calculated from Eq. (7.75) which yields:

dν
du

=
`

r̂
+

λ23
1+ `

{[2r̂− `(`− r̂)]apx+

+(`− r̂)(λ1 sin(u) − λ2 cos(u))apy} . (7.79)
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7.4 position of the axes Oxyz

As previously mentioned, in this formulation the orbital plane is linked to the rigid
body (5), that is, to the axes Oxayaza whose unit vectors are (~a1, ~a2,~k). The axes
Oxyz are obtained from the axes Oxayaza by means of a rotation of an angle ν
around Oz. The position of the axes Oxayaza is given, with respect to the inertial
frame Ox1y1z1, by an orthogonal matrix N. In this case we have:

b~i,~j,~ke = b~a1, ~a2,~keR3(ν) (7.80a)

b~a1, ~a2,~ke = b~i1,~j1,~k1eN, (7.80b)

where the matrix R3(ν) is given by:

R3(ν) =

cos(ν) − sin(ν) 0

sin(ν) cos(ν) 0

0 0 1

 . (7.81)

Consequently, the axesOxyz are located, with respect to the inertial frameOx1y1z1:

b~i,~j,~ke = b~i1,~j1,~k1eQ, Q = NR3(ν). (7.82)

If we define n as the quaternion associated to the matrix N with components:

n = χ4 + (χ1,χ2,χ3), (7.83)

and v3 as the quaternion associated to the matrix R3(ν):

v3 = cos
(ν
2

)
+
(
0, 0, sin

(ν
2

))
, (7.84)

the matrix Q = NR3(ν) is related with the product quaternion q = n · v3.
If:

q = ε4 + (ε1, ε2, ε3) (7.85)

are the components of this quaternion q, once the product is made, it yields:

ε1 = χ1 cos
(ν
2

)
+ χ2 sin

(ν
2

)
(7.86a)

ε2 = χ2 cos
(ν
2

)
− χ1 sin

(ν
2

)
(7.86b)

ε3 = χ3 cos
(ν
2

)
+ χ4 sin

(ν
2

)
(7.86c)

ε4 = χ4 cos
(ν
2

)
− χ3 sin

(ν
2

)
. (7.86d)

7.4.1 Determination of ν

The determination of the value of ν is needed for the evolution of the axes Oxyz.
This is accomplished in the following way:

1. Starting from the value of u known in the integration process.

2. Estimation of the angle α by using the values (λ1, λ2): α = arctan 2(λ2, λ1).

3. Calculation of the eccentric anomaly: æ = u−α.
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4. Estimation of the eccentricity and true anomaly:

e =
√
λ21 + λ

2
2 (7.87a)

sin(θ) =

√
1− e2 sin(æ)

1− e cos(æ)
(7.87b)

cos(θ) =
cos(æ) − e

1− e cos(æ)
(7.87c)

θ = arctan 2(sin(θ), cos(θ)). (7.87d)

5. Finally, the value of ν is determined as ν = θ+α.

7.4.2 Initial conditions

The starting initial conditions are the dimensionless initial values of the Cartesian
position and velocity vectors in inertial frame coordinates, namely (~x0,~v0). The ini-
tial values, at t = 0, of the variables involved in the integration are chosen as follows:

• The unit vector ~a1 is fixed by the initial eccentricity vector ~a1 = 1
e0
~e0. Later

we will see how it should be chosen in the case of circular orbit. Therefore, the
angle α0 = 0.

• Because ν = θ + α, the value of ν0 coincides with the initial true anomaly:
ν0 = θ0.

• Taking into account that α0 = 0, the values of (λ1, λ2) are λ1(0) = e0 and
λ2(0) = 0.

• Because u = æ + α, the initial value u0 coincides with the initial eccentric
anomaly: u0 = æ0.

• The coordinate λ3 coincides with the value of the semi-major axis at t = 0:
λ3(0) = a0.

• To find the initial values of the Euler-Rodrigues parameters (χ1,χ2,χ3,χ4)
the basis (~a1, ~a2,~k) should be located in the initial instant; this basis coincides
with the perifocal frame. From the matrix N, which in the initial instant coin-
cides with the matrix Q, the initial values of the Euler-Rodrigues parameters
are obtained.
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7.5 summary of equations

The equations that have to be integrated are:

dτ
du

= λ
3
2
3 r̂ (7.88a)

dλ1
du

= λ23{(`
2 sin(u) − 2r̂λ2)apx + `[(1+ r̂) cos(u) − λ1]apy} (7.88b)

dλ2
du

= λ23{(−`
2 cos(u) + 2r̂λ1)apx + `[(1+ r̂) sin(u) − λ2]apy} (7.88c)

dλ3
du

= 2λ33 [(λ1 sin(u) − λ2 cos(u))apx + `apy] (7.88d)

dχ1
du

=
1

2
{ χ4 ŵ1 cos(ν) − χ3 ŵ1 sin(ν) + χ2 ŵ3} (7.88e)

dχ2
du

=
1

2
{ χ3 ŵ1 cos(ν) + χ4 ŵ1 sin(ν) − χ1 ŵ3} (7.88f)

dχ3
du

=
1

2
{−χ2 ŵ1 cos(ν) + χ1 ŵ1 sin(ν) + χ4 ŵ3} (7.88g)

dχ4
du

=
1

2
{−χ1 ŵ1 cos(ν) − χ2 ŵ1 sin(ν) − χ3 ŵ3}. (7.88h)

In the integration process, the following relations should be taken into account:

` =
√
1− e2 =

√
1− λ21 − λ

2
2 (7.89a)

r̂ = 1− λ1 cos(u) − λ2 sin(u) (7.89b)

r = λ3 r̂ (7.89c)
dr
du

= λ3 (λ1 sin(u) − λ2 cos(u)) (7.89d)

ŵ1 = λ23
r̂2

`
apz (7.89e)

ŵ3 = −
λ23
1+ `

{[2r̂− `(`− r̂)]apx + (`− r̂)(λ1 sin(u) − λ2 cos(u))apy} (7.89f)

ε1 = χ1 cos
(ν
2

)
+ χ2 sin

(ν
2

)
(7.89g)

ε2 = χ2 cos
(ν
2

)
− χ1 sin

(ν
2

)
(7.89h)

ε3 = χ3 cos
(ν
2

)
+ χ4 sin

(ν
2

)
(7.89i)

ε4 = χ4 cos
(ν
2

)
− χ3 sin

(ν
2

)
. (7.89j)

Note that the value of ν should be calculated as indicated in Section 7.4.1. These
equations should be integrated from the initial conditions indicated in Section 7.4.2.

7.5.1 Time Element

The equation of time (7.88a), in its right-hand side, has terms that do not cancel
when the perturbation tends to zero. To improve the performances of the system,
we can introduce a time element that allows to have a homogeneous set of equations,
all of them with the same characteristics. A solution for the time τ is sought with
the form:

τ = τnp + τte, (7.90)
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where τnp is based on a solution of the unperturbed problem. This solution is:

τnp = λ
3/2
3 (u− λ1 sin(u) + λ2 cos(u)) + k, (7.91)

where the constant k is adjusted so that the initial conditions are verified, that is, at
the initial instant τnp = 0. Since at the initial instant:

λ1(0) = e0, λ2(0) = 0, λ3(0) = a0, u0 = æ0, (7.92)

we get the solution:

τnp = λ
3/2
3 (u− λ1 sin(u) + λ2 cos(u)) − a3/20 (æ0 − e0 sin(æ0)). (7.93)

Equation (7.88a) for the time τ, if it is taken into account the decomposition given
by Eq. (7.90), adopts the form:

dτte
du

= λ
3/2
3 r̂−

dτnp
du

. (7.94)

If the solution given by Eq. (7.93) is introduced in the right-hand side of Eq. (7.94),
taking into account that the value k = −a

3/2
0 (æ0 − e0 sin(æ0)) is constant and has

a null derivative, the following equation is reached:

dτte
du

= λ
7/2
3

{
− (`2 − q2 + 3uq− 2 r̂) (apx) + `(2 q− 3u) (apy)

}
, (7.95)

where q is defined as:
q = λ1 sin(u) − λ2 cos(u). (7.96)

Equation (7.95) has the same structure as the rest of the equations of the system,
that is, when the perturbation ~ap tends to zero the right-hand side tends to zero.
If the time element is introduced in the system, an additional relation should be
considered in the integration process:

τ = λ
3/2
3 (u− q) − a

3/2
0 (æ0 − e0 sin(æ0)) + τte. (7.97)

7.6 useful relations

The state vector and eccentricity vector of the orbit are expressed here as a function
of the ElliDROMO variables.

7.6.1 Position vector

The position vector of the particle can be expressed in different bases. The values
provided are dimensionless, such that to recover dimensional values only a multi-
plication by the characteristic length Lc should be applied.

• In the frame Oxyz:

~x = r~i = λ3 (1− λ1 cos(u) − λ2 sin(u))~i. (7.98)

• In the frame Oxayaza:

~x = λ3 (1− λ1 cos(u) − λ2 sin(u)) [cos(ν)~a1 + sin(ν)~a2]. (7.99)
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• In the frame Ox1y1z1:

~x = λ3 (1− λ1 cos(u) − λ2 sin(u)) b~i1,~j1,~k1eN0

cos(ν)

sin(ν)

0

 , (7.100)

where the rotation matrix N0 is the matrix defined by:

N0 =

 1− 2(χ
2
2 + χ

2
3) 2χ1 χ2 − 2χ4 χ3 2χ1 χ3 + 2χ4 χ2

2χ1 χ2 + 2χ4 χ3 1− 2(χ21 + χ
2
3) 2χ2 χ3 − 2χ4 χ1

2χ1χ3 − 2χ4χ2 2χ3χ2 + 2χ4 χ1 1− 2(χ21 + χ
2
2)

 . (7.101)

Introducing the rectangular matrix N (3× 2):

N =

1− 2(χ
2
2 + χ

2
3) 2χ1χ2 − 2χ4χ3

2χ1χ2 + 2χ4χ3 1− 2(χ21 + χ
2
3)

2χ1χ3 − 2χ4χ2 2χ3χ2 + 2χ4 χ1

 , (7.102)

it becomes:

~x = λ3 (1− λ1 cos(u) − λ2 sin(u)) b~i1,~j1,~k1eN
(

cos(ν)

sin(ν)

)
. (7.103)

7.6.2 Velocity vector

The velocity vector of the particle can be expressed in different bases. The values
provided are dimensionless, such that to recover dimensional values only a multi-
plication by the characteristic value ωc · Lc should be applied.

• In the frame Oxyz:

~v = λ3 b~i,~je
(

λ1 sin(ν) − λ2 cos(ν)

λ1 cos(ν) + λ2 sin(ν) + 1

)
. (7.104)

• In the frame Oxayaza:

~v = λ3 b~a1, ~a2,~keR3(ν)

 λ1 sin(ν) − λ2 cos(ν)

λ1 cos(ν) + λ2 sin(ν) + 1

0



= λ3 b~a1, ~a2,~ke

−λ2 − sin(ν)

λ1 + cos(ν)

0

 . (7.105)

• In the frame Ox1y1z1:

~v = λ3 b~i1,~j1,~k1eN0 R3(ν)

 λ1 sin(ν) − λ2 cos(ν)

λ1 cos(ν) + λ2 sin(ν) + 1

0



= λ3 b~i1,~j1,~k1eN0

−λ2 − sin(ν)

λ1 + cos(ν)

0

 , (7.106)

where N0 is the matrix defined in Eq. (7.101).
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7.6.3 Eccentricity vector

The eccentricity vector of the particle can be expressed in different bases.

• In the frame Oxyz:

~e = b~i,~j,~keRT3 (ν)

λ1λ2
0

 = b~i,~j,~ke

 λ1 cos(ν) + λ2 sin(ν)

−λ1 sin(ν) + λ2 cos(ν)

0

 . (7.107)

• In the frame Oxayaza:
~e = λ1~a1 + λ2~a2. (7.108)

• In the frame Ox1y1z1:

~e = b~i1,~j1,~k1eN
(
λ1

λ2

)
, (7.109)

where N is the matrix defined in Eq. (7.102).



8S T R O N G LY P E RT U R B E D E N V I R O N M E N T S

DROMO propagator was conceived as a high-performance propagator to integrate
slightly perturbed environments. However, when the perturbation is significant, as
for example in deep flybys, the performance of DROMO deteriorates due to singu-
larity problems in the evolution equations (Roa, Sanjurjo-Rivo, and Peláez [73]).

The following formulation, intended to extend the DROMO performance for
Strongly Perturbed Environments (SPE), is based on the definition of new axes to
describe the motion of the particle in the orbital plane. It is determined not only for
DROMO propagator, but for ElliDROMO as well.

8.1 the dromo-spe formulation

The relative motion of the particle M was described in Chapter 6 with respect to
the axes Oxpypzp through the variables (ζ1, ζ2, ζ3). This parameterization can be
reformulated by considering the variables (ξ1, ξ2, ξ3), that is, the variables related
to the orbital frame Oxyz (Fig. 8.1). The drag motion is again described with the
quaternion n related to the axes Oxpypzp.

8.1.1 Summary of equations

The motion of the particle M in the orbital frame is described by the variables:

ξ1 = ζ1 cos(σ) + ζ2 sin(σ) (8.1a)

ξ2 = −ζ1 sin(σ) + ζ2 cos(σ) (8.1b)

ξ3 = ζ3, (8.1c)

where σ is the angle defined by the axes Oxp and Ox (Fig. 8.1). Therefore, there
is a bijective correspondence between (ζ1, ζ2, ζ3) and (ξ1, ξ2, ξ3). If the latter are
known, the first can be obtained by the change of variable:

ζ1 = ξ1 cos(σ) − ξ2 sin(σ) (8.2a)

ζ2 = ξ1 sin(σ) + ξ2 cos(σ) (8.2b)

ζ3 = ξ3. (8.2c)

169
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Figure 8.1: Kinematic elements in DROMO-SPE.

8.1.1.1 Using the quaternion linked to Oxpypzp

In terms of the new variables, the governing equations take the form:

dτ
dσ

=
1

ξ33 (1+ ξ1)
2

(8.3a)

dξ1
dσ

= ξ2 + 2 (1+ ξ1) ãpy (8.3b)

dξ2
dσ

= −ξ1 − (1+ ξ1) ãpx + ξ2 ãpy (8.3c)

dξ3
dσ

= −ξ3 ãpy (8.3d)

dη1
dσ

=
1

2
ω̃01 { η4 cos(σ) − η3 sin(σ)} (8.3e)

dη2
dσ

=
1

2
ω̃01 { η3 cos(σ) + η4 sin(σ)} (8.3f)

dη3
dσ

=
1

2
ω̃01 {−η2 cos(σ) + η1 sin(σ)} (8.3g)

dη4
dσ

=
1

2
ω̃01 {−η1 cos(σ) − η2 sin(σ)}, (8.3h)

where the angular velocity ω̃01 is:

ω̃01 = ãpz. (8.4)

Besides:

1

r
= ξ23 (1+ ξ1) (8.5a)

dr
dτ

= −ξ2 ξ3 (8.5b)

ε1 = η1 cos
(σ
2

)
+ η2 sin

(σ
2

)
(8.5c)

ε2 = η2 cos
(σ
2

)
− η1 sin

(σ
2

)
(8.5d)

ε3 = η3 cos
(σ
2

)
+ η4 sin

(σ
2

)
(8.5e)

ε4 = η4 cos
(σ
2

)
− η3 sin

(σ
2

)
. (8.5f)
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The initial conditions are given by:

σ = σ0 ⇒


ξ1(σ0) = e0 cos(σ0)

ξ2(σ0) = −e0 sin(σ0)

ξ3(σ0) =
1√

r0(1+ e0 cos(σ0))
.

(8.6)

The structure of the equations is simpler, but an important characteristic is lost;
indeed, the coordinates (ζ1, ζ2) are integrals of the unperturbed problem and, there-
fore, maintain a constant value in that problem. However, the variables (ξ1, ξ2) are
not integrals of the unperturbed problem, and unlike the coordinates (ζ1, ζ2), they
do not maintain constant values in the problem. Consequently, the goodness of the
equations should be checked numerically to know if there is any problem with the
accuracy of the solution.

This change of variables provides a simpler system of equations to describe the
relative motion where two sines and two cosines do not explicitly appear in the
equations. This improves the precision of the calculations by reducing the truncation
error with less degradation in the propagation of the error. In addition, when the
magnitude of the perturbing acceleration is close to unity, the terms on the right-
hand side of Eqs. (8.3b), (8.3c) and (8.3d), related with the partial derivatives of
(ξ1, ξ2, ξ3), become of the same order of magnitude. As it will be shown later, it
improves the performance of the propagator giving more stability.

8.1.2 Useful relations

The state vector and eccentricity vector of the orbit are expressed here as a function
of the DROMO-SPE variables in different bases and with dimensionless values. The
dimensional values can be easily obtained by following the same procedure as in
the classical DROMO.

8.1.2.1 Position vector

• In the frame Oxyz:

~x = r~i =
1

ξ23 (1+ ξ1)
~i. (8.7)

• In the frame Oxpypzp:

~x =
1

ξ23 (1+ ξ1)
[cos(σ)~u1 + sin(σ)~u2]. (8.8)

• In the frame Ox1y1z1:

~x =
1

ξ23 (1+ ξ1)
b~i1,~j1,~k1eP0

cos(σ)

sin(σ)

0

 , (8.9)

where the rotation matrix P0 is the defined in Eqs. (6.12) and (6.11). Introduc-
ing the rectangular matrix N (3× 2):

N =

1− 2(η
2
2 + η

2
3) 2η1η2 − 2η4η3

2η1η2 + 2η4η3 1− 2(η21 + η
2
3)

2η1η3 − 2η4η2 2η3η2 + 2η4 η1

 , (8.10)

it becomes:

~x =
1

ξ23 (1+ ξ1)
b~i1,~j1,~k1eN

(
cos(σ)

sin(σ)

)
. (8.11)



172 strongly perturbed environments

8.1.2.2 Velocity vector

• In the frame Oxyz:

~v =
dr
dτ

~i+
h

r
~j = ξ3 [−ξ2~i+ (1+ ξ1)~j]. (8.12)

• In the frame Oxpypzp:

~v = ξ3 [(− sin(σ)−ξ1 sin(σ)−ξ2 cos(σ))~u1+(cos(σ)+ξ1 cos(σ)−ξ2 sin(σ))~u2].
(8.13)

• In the frame Ox1y1z1:

~v = ξ3b~i1,~j1,~k1eP0

− sin(σ) − ξ1 sin(σ) − ξ2 cos(σ)

cos(σ) + ξ1 cos(σ) − ξ2 sin(σ)

0

 , (8.14)

where P0 is the matrix defined in Eqs. (6.12) and (6.11). By using the matrix N
defined in Eq. (8.10) it turns out

~v = ξ3b~i1,~j1,~k1eN
(
− sin(σ) − ξ1 sin(σ) − ξ2 cos(σ)

cos(σ) + ξ1 cos(σ) − ξ2 sin(σ)

)
. (8.15)

8.1.2.3 Eccentricity vector

• In the frame Oxyz:
~e = ξ1~i+ ξ2~j. (8.16)

• In the frame Oxpypzp:

~e = b~u1, ~u2,~keR3(σ)

ξ1ξ2
0

 = b~u1, ~u2,~ke

ξ1 cos(σ) − ξ2 sin(σ)

ξ1 sin(σ) + ξ2 cos(σ)

0

 . (8.17)

• In the frame Ox1y1z1:

~e = b~i1,~j1,~k1eP0

ξ1 cos(σ) − ξ2 sin(σ)

ξ1 sin(σ) + ξ2 cos(σ)

0

 , (8.18)

where P0 is the matrix defined in Eqs. (6.12) and (6.11). Making use of the
matrix N defined in Eq. (8.10) it becomes

~e = b~i1,~j1,~k1eN
(
ξ1 cos(σ) − ξ2 sin(σ)

ξ1 sin(σ) + ξ2 cos(σ)

)
. (8.19)

8.2 the ellidromo-spe formulation

The relative motion of the particle M particle was described in Chapter 7 with re-
spect to the axes Oxayaza through the variables (λ1, λ2, λ3). This parameterization
can be reformulated by considering the variables (ϕ1,ϕ2,ϕ3), that is, the variables
related to the frame Ox4y4z4 (see Fig. 8.2). These axes are chosen so that they do
not depend on the angle ν, but on the independent variable u, defining the axis
Ox4 the eccentric anomaly. The drag motion is again described with the quaternion
n associated with the axes Oxayaza.
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Figure 8.2: Kinematic elements in ElliDROMO-SPE.

8.2.1 Summary of equations

The motion of the particle M in the frame Ox4y4z4 is described by the variables:

ϕ1 = λ1 cos(u) + λ2 sin(u) (8.20a)

ϕ2 = −λ1 sin(u) + λ2 cos(u) (8.20b)

ϕ3 = λ3, (8.20c)

where u is the angle defined by the axes Oxa and Ox4 (Fig. 8.2). There is a bijective
correspondence between (λ1, λ2, λ3) and (ϕ1,ϕ2,ϕ3). If the latter are known, the
first can be obtained by the change of variable:

λ1 = ϕ1 cos(u) −ϕ2 sin(u) (8.21a)

λ2 = ϕ1 sin(u) +ϕ2 cos(u) (8.21b)

λ3 = ϕ3. (8.21c)

8.2.1.1 Using the quaternion linked to Oxayaza

In terms of the new variables, the governing equations take the form:

dτ
du

= ϕ
3
2
3 r̂ (8.22a)

dϕ1
du

= ϕ2 +ϕ
2
3[−2 r̂ϕ2 apx + `(1+ r̂−ϕ1)apy] (8.22b)

dϕ2
du

= −ϕ1 +ϕ
2
3[(−`

2 + 2r̂ϕ1)apx − `ϕ2 apy] (8.22c)

dϕ3
du

= 2ϕ33[−ϕ2 apx + ` apy] (8.22d)

dχ1
du

=
1

2
{ χ4 ŵ1 cos(ν) − χ3 ŵ1 sin(ν) + χ2 ŵ3} (8.22e)

dχ2
du

=
1

2
{ χ3 ŵ1 cos(ν) + χ4 ŵ1 sin(ν) − χ1 ŵ3} (8.22f)

dχ3
du

=
1

2
{−χ2 ŵ1 cos(ν) + χ1 ŵ1 sin(ν) + χ4 ŵ3} (8.22g)

dχ4
du

=
1

2
{−χ1 ŵ1 cos(ν) − χ2 ŵ1 sin(ν) − χ3 ŵ3}. (8.22h)
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The following relations should be taken into account in the integration process:

` =
√
1− e2 =

√
1−ϕ21 −ϕ

2
2 (8.23a)

r̂ = 1−ϕ1 (8.23b)

r = ϕ3 r̂ (8.23c)
dr
du

= −ϕ2ϕ3 (8.23d)

ŵ1 = ϕ23
r̂2

`
apz (8.23e)

ŵ3 = −
ϕ23
1+ `

{[2r̂− `(`− r̂)]apx − (`− r̂)ϕ2 apy} (8.23f)

ε1 = χ1 cos
(ν
2

)
+ χ2 sin

(ν
2

)
(8.23g)

ε2 = χ2 cos
(ν
2

)
− χ1 sin

(ν
2

)
(8.23h)

ε3 = χ3 cos
(ν
2

)
+ χ4 sin

(ν
2

)
(8.23i)

ε4 = χ4 cos
(ν
2

)
− χ3 sin

(ν
2

)
. (8.23j)

The initial conditions are given by:

u = u0 ⇒


ϕ1(u0) = e0 cos(æ0)

ϕ2(u0) = −e0 sin(æ0)

ϕ3(u0) = a0.

(8.24)

The new variables (ϕ1,ϕ2), as in the case of DROMO-SPE, are not integrals of the
unperturbed problem. Nevertheless, the change of variables avoids the appearance
of three sines and three cosines in the equations of the relative motion resulting in
a similar behavior than DROMO-SPE with respect to the classical version.

If the time element is incorporated, the differential equation (8.22a) is replaced by

dτte
du

= ϕ
7
2
3 [−(`2 −ϕ22 − 3uϕ2 − 2 r̂)apx + `(−2ϕ2 − 3u)apy], (8.25)

where the following relation is considered in the integration process:

τ = ϕ
3
2
3 (u+ϕ2) − a

3
2
0 (æ0 − e0 sin(æ0)) + τte. (8.26)

8.2.2 Useful relations

The state vector and eccentricity vector of the orbit are expressed here as a function
of the ElliDROMO-SPE variables in different bases. The determination of the values
is analogous to the classical ElliDROMO, that is, providing dimensionless values.

8.2.2.1 Position vector

• In the frame Oxyz:
~x = r~i = ϕ3 (1−ϕ1)~i. (8.27)

• In the frame Oxayaza:

~x = ϕ3 (1−ϕ1) [cos(ν)~a1 + sin(ν)~a2]. (8.28)
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• In the frame Ox4y4z4:

~x = ϕ3 (1−ϕ1) [cos(ν− u)~i4 + sin(ν− u)~j4]. (8.29)

• In the frame Ox1y1z1:

~x = ϕ3 (1−ϕ1) b~i1,~j1,~k1eN0

cos(ν)

sin(ν)

0

 , (8.30)

where N0 is the rotation matrix defined in Eq. (7.101). Introducing the rectan-
gular matrix N given by Eq. (7.102) it becomes

~x = ϕ3 (1−ϕ1) b~i1,~j1,~k1eN
(

cos(ν)

sin(ν)

)
. (8.31)

8.2.2.2 Velocity vector

• In the frame Oxyz:

~v = ϕ3 [(sin(ν− u)ϕ1 − cos(ν− u)ϕ2)~i+

(1+ cos(ν− u)ϕ1 + sin(ν− u)ϕ2)~j]. (8.32)

• In the frame Oxayaza:

~v = ϕ3 b~a1, ~a2,~keR3(ν)

 sin(ν− u)ϕ1 − cos(ν− u)ϕ2
1+ cos(ν− u)ϕ1 + sin(ν− u)ϕ2

0

 . (8.33)

• In the frame Ox4y4z4:

~v = ϕ3 b~i4,~j4,~keR3(ν− u)

 sin(ν− u)ϕ1 − cos(ν− u)ϕ2
1+ cos(ν− u)ϕ1 + sin(ν− u)ϕ2

0



= ϕ3 b~i4,~j4,~ke

−ϕ2 − sin(ν− u)

ϕ1 + cos(ν− u)

0

 . (8.34)

• In the frame Ox1y1z1:

~v = ϕ3 b~i1,~j1,~k1eN0 R3(ν)

 sin(ν− u)ϕ1 − cos(ν− u)ϕ2
1+ cos(ν− u)ϕ1 + sin(ν− u)ϕ2

0

 , (8.35)

where N0 is the matrix defined in Eq. (7.101).

8.2.2.3 Eccentricity vector

• In the frame Oxyz:

~e = (cos(ν− u)ϕ1 + sin(ν− u)ϕ2)~i+

(− sin(ν− u)ϕ1 + cos(ν− u)ϕ2)~j. (8.36)
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• In the frame Oxayaza:

~e = b~a1, ~a2,~keR3(ν)

 cos(ν− u)ϕ1 + sin(ν− u)ϕ2
− sin(ν− u)ϕ1 + cos(ν− u)ϕ2

0

 . (8.37)

• In the frame Ox4y4z4:
~e = ϕ1~i4 +ϕ2~j4. (8.38)

• In the frame Ox1y1z1:

~e = b~i1,~j1,~k1eN0 R3(ν)

 cos(ν− u)ϕ1 + sin(ν− u)ϕ2
− sin(ν− u)ϕ1 + cos(ν− u)ϕ2

0

 , (8.39)

where N0 is the matrix defined in Eq. (7.101).

8.3 tsien’s problem

Tsien’s problem (Tsien [89]) is a planar motion under the application of a constant
radial thrust acceleration ar upon a spacecraft initially on a circular orbit. Let R0
be the radius of the departure circular orbit, ω0 its angular velocity and R0ω0 the
circular velocity. Expressing the equations of motion in non-dimensional form, the
spacecraft is acted upon by a constant dimensionless thrust given by

ε =
8 ar

R0ω
2
0

. (8.40)

Depending on the magnitude of ε, three different kinds of motion are distin-
guished:

• ε < 1 : the trajectory is bounded by two concentric circles.

• ε = 1 : the trajectory tends asymptotically to a circular orbit.

• ε > 1 : the trajectory escapes.

8.3.1 Analysis

The asymptotic case ε = 1 corresponds to a highly perturbed orbital scenario, where
the perturbation is as strong as the Keplerian term. This scenario is therefore an ap-
propriate playground for assessing the performance of the new DROMO propaga-
tors. In such a case, the trajectory of the spacecraft tends asymptotically to a circular
orbit of radius r = 2 R0. For ideal conditions, the spacecraft remains in that orbit.
However, the numerical errors committed during the integration process prevent
the permanence in the asymptotic circular orbit and the spacecraft finally enters
in the bounded region or escapes. As a consequence, the case ε = 1 of the Tsien’s
problem is an excellent tool to evaluate the stability of numerical propagators (Baù
et al. [13]) by counting the number of revolutions that the spacecraft completes on
the asymptotic circular orbit before escaping. The relations between this number
and the number of function calls and the runtime employed provide valuable infor-
mation about the effectiveness of the method.

The calculations have been carried out in a computer with an Intel(R) Xeon(R) E7-
4820 v4 @ 2.00 GHz microprocessor under the Windows 10 operative system 64 bits
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Figure 8.3: Number of revolutions with respect to the number of function calls (upper) and
the runtime (lower) in double precision.

with the Intel Visual Fortran compiler. The trajectory is integrated with an 8th order
Runge-Kutta-Fehlberg algorithm (RKF8(7)) with varying integration tolerances in
double (from 10−9 to 10−19) and quadruple (from 10−9 to 10−24) precision. It is
started with the initial state vector ~x0 = (0, 1), ~v0 = (−1, 0) and propagated until
the asymptotic orbit is entered. The integration finishes when the asymptotic orbit
is left.

8.3.2 Comparison of results

Tsien’s problem for ε = 1 is solved with the method proposed in this study in
their different versions: DROMO-SPE, ElliDROMO-SPE and ElliDROMO-SPE(TE)
(time element incorporated). The new extension has been compared with the classic
formulations: DROMO, ElliDROMO and ElliDROMO(TE) to asses the improvement
in performance. Besides, the same analysis has been performed with typical special
perturbations methods, for the sake of comparison, namely:

• Cowell’s method.

• The Kustaanheimo-Stiefel (KS) propagator.

• The Sperling-Bürdet (SB) propagator.

• The Palacios propagator.

Figures 8.3 and 8.4 provide the results in double precision. Figure 8.3 compares
the DROMO-SPE extension with respect to the different propagators. Figure 8.4
compares all the DROMO and ElliDROMO formulations, including the new exten-
sions. As it is shown in Figure 8.3, the maximum number of revolutions ranges
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Figure 8.4: Number of revolutions with respect to the number of function calls (upper) and
the runtime (lower) in double precision.

between three and four before escaping. Palacios and DROMO-SPE methods have a
similar evolution and need less function calls to reach any number of revolutions as
compared to the other propagators. The same happens with the computational cost
(see Fig. 8.3). DROMO and KS methods are the second best performance, followed
by SB and Cowell. Note that the formulations based on orbital elements provides
mostly better results than the ones based on the state vector.

Moreover, all the new extensions improve their original counterpart being more
stable and requiring less computational time (see Fig. 8.4). The comparison between
ElliDROMO(TE)-SPE and ElliDROMO-SPE reveals the role of the time element in
the new formulation. Unlike ElliDROMO, the ElliDROMO-SPE coordinates are not
integrals of the unperturbed problem (see Eqs. (8.22b) and (8.22c)). This means that
the time element does not bring any further improvement in the ElliDROMO-SPE
formulation because it does not homogenize the set of equations. Consequently, Fig.
8.4 shows that ElliDROMO-SPE requires less function calls and runtime to reach
the same revolution on asymptotic orbit than ElliDROMO(TE)-SPE.

Figures 8.5 and 8.6 provide the same results but in quadruple precision. The
conclusions are similar to the ones obtained in double precision but now with a
greater accuracy, thus preventing numerical noise that usually appears in numerical
simulations. Palacios and DROMO-SPE practically define the same curve (see Fig.
8.5), followed by DROMO. SB needs fewer function calls during the integration
than Cowell, however, it is the slowest (see Fig. 8.5). The results of Fig. 8.6 are
analogous to those computed in double precision. DROMO improves with respect
to ElliDROMO(TE)-SPE while the classic versions of ElliDROMO take longer and
require more function calls.
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Figure 8.5: Number of revolutions with respect to the number of function calls (upper) and
the runtime (lower) in quadruple precision.
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Figure 8.6: Number of revolutions with respect to the number of function calls (upper) and
the runtime (lower) in quadruple precision.
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8.4 artificial satellite orbiting pluto

Consider the N-body problem of an artificial satellite orbiting in the Pluto system.
The perturbations acting on the satellite, besides the central gravitational term of
Pluto, are the gravitational forces of the third body relative to the Sun, the planets
(Mercury, Venus, Earth, Mars, Jupiter, Saturn, Uranus and Neptune), the natural
satellites of Pluto (Charon, Nix, Hydra, Kerberos and Styx) and the main asteroids
(Ceres, Pallas and Vesta).

8.4.1 Analysis

In order to assess the performance of several propagators, the trajectory of the satel-
lite is integrated from two different initial conditions with respect to Pluto at the
given epoch. The description of both scenarios is as follows:

Scenario 1:

• Starting state vector:

~x0 = x0 [0, 0,−1], ~v0 = v0 [cos(i0), sin(i0), 0], (8.41)

such that x0 = 10 RPluto and v0 = 1.001
√
GMPluto
x0

.

• Initial eccentricity: e0 = 0.002001.

• Initial inclination: i0 = 45◦.

• Timespan: 2019/01/01, 12 : 00 : 00 TDB - 2020/01/01, 12 : 00 : 00 TDB.

Scenario 2:

• Starting state vector:

~x0 = x0 [1, 0, 0], ~v0 = v0 [0, cos(i0), sin(i0)], (8.42)

such that x0 = 15 RPluto and v0 = 1.001
√
GMPluto
x0

.

• Initial eccentricity: e0 = 0.002001.

• Initial inclination: i0 = 45◦.

• Timespan: 2019/01/01, 12 : 00 : 00 TDB - 2021/01/01, 12 : 00 : 00 TDB.

The values selected for the eccentricity and inclination are chosen with the pur-
pose of obtaining an orbit confined around Pluto and highly non linear at the same
time. Figures 8.7 and 8.8 show the evolution of these parameters for Scenarios 1 and
2.

The positions, radii and masses of the celestial bodies involved in the study are
those offered by the ephemerides DE432 and PLU055 through the information sys-
tem named SPICE1.

8.4.1.1 Scenario 1

The calculations have been carried out in a MacBook Pro with an Intel(R) Core(TM)
i7 CPU @ 3.00 GHz and a macOS operative system. All the trajectories are integrated
with the ode113 integrator of Matlab and varying integration tolerances, from 10−10

to 10−13, using double precision arithmetics.
In order to select the reference solution for the comparison, the orbit of the arti-

ficial satellite is propagated with the most stringent tolerance provided by Matlab

1 https://naif.jpl.nasa.gov/naif/
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Figure 8.7: Eccentricity (upper left), inclination (upper right), semi-major axis (lower left) and
right ascension of the ascending node (lower right) of the reference solution in
Scenario 1.
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Figure 8.8: Eccentricity (upper left), inclination (upper right), semi-major axis (lower left) and
right ascension of the ascending node (lower right) of the reference solution in
Scenario 2.
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(2.22 · 10−14) for each of the propagators considered in the study. After that, the
respective errors are compared by pairs to determine the time limit where the dif-
ference always remains below one meter. The result of this comparison provides as
time threshold a period of one year. Within this timespan any of the solutions can
be taken as reference solution admitting a precision of one meter, as long as the
measured errors are much greater than one meter. The solution calculated with the
KS method and a tolerance of 2.22 · 10−14 is selected as reference solution. The so-
lutions in double precision are determined at the very same instants of time as the
solution in quadruple precision by applying a spline interpolation, so that solutions
can be compared pointwise throughout the integration timespan.

Figure 8.9 shows the orbits described by the satellites of Pluto as well as the
trajectory of the artificial satellite given by the reference solution. All the orbits are
practically contained in a plane except for the orbit of the artificial satellite (blue
color) which is oscillating. In spite of being strongly perturbed, the trajectory keeps
confined between Pluto and Charon.

8.4.1.2 Scenario 2

The calculations have been carried out in a computer with an Intel(R) Core(TM) i5-
7500 CPU @ 3.40 GHz microprocessor under the Debian 8.3.0-2 operative system 64

bits with the gfortran compiler. The trajectory is integrated with a 5th order Runge-
Kutta-Fehlberg algorithm (RKF5(4)) and varying integration tolerances from 10−9

to 10−18 using double precision arithmetics.
The reference solution is calculated by using Cowell’s method in quadruple pre-

cision and a tolerance equal to 10−16, where this value is chosen in the calibration
stage as a compromise between the accuracy of the solution and the computational
time required. By using dense output propagator the propagator in quadruple pre-
cision evaluates the solution provided by the double precision propagator at the
very same instants of time, so that a point-by-point direct comparison between both
solutions can be made throughout the integration timespan. Indeed, for each solu-
tion in double precision there will be another in quadruple precision.

Figure 8.10 shows the trajectories of the satellites of Pluto as well as the trajectory
of the artificial satellite given by the reference solution. The orbits of the natural
satellites are practically contained in a plane except for the orbit of the artificial
satellite (blue color) which is perpendicular to them. The orbit, whose initial con-
ditions give place to an initial position very close to Pluto, ends up moving away
from the planet with significant oscillations. The resulting trajectory is not confined
to the neighborhood of Pluto, but goes beyond the orbit of the remaining satellites.

8.4.2 Comparison of results

The trajectory of the satellite is estimated with the DROMO-SPE method and com-
pared with different propagators:

• The DROMO propagator.

• Cowell’s method.

• The Kustaanheimo-Stiefel (KS) propagator.

• The Sperling-Bürdet (SB) propagator.

• The Palacios propagator.
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Figure 8.9: Trajectory of the satellites orbiting Pluto for Scenario 1.

Figure 8.10: Trajectory of the satellites orbiting Pluto for Scenario 2.
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8.4.2.1 Scenario 1

Figure 8.11 describes the performance of the different special perturbation meth-
ods using a reference solution to estimate the accuracy of the solution. As it is
shown, the best results are provided by the propagators based on the Hansen ideal
frame concept, that is, Palacios, DROMO and DROMO-SPE. In particular, DROMO
and DROMO-SPE seem to be slightly better than Palacios when the accuracy in-
creases, that is, when decreasing the value of the integration tolerance. In this case
the DROMO-SPE propagator stand out from the rest. Cowell is the method that
requires the higher number of function calls to reach the same average error, while
KS and SB methods evolve in a similar way.
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Figure 8.11: Performance curves relative to the reference solution in Scenario 1.

8.4.2.2 Scenario 2

Figure 8.12 describes the performance of the propagators previously introduced. It
is observed that the best result, in terms of minimum average error, is given by KS
followed by SB. The first propagator relies in coordinates as dependent integration
variables, while the second includes a combination of coordinates and orbital ele-
ments. This fact is not trivial and its effect in the results will be explained in detail
in Section 8.5. Palacios, DROMO and DROMO-SPE follow similar curves, specially
when the number of function calls is less than one million. However, due to the fact
that these formulations are based only on orbital elements, they provide a degraded
accuracy solution when compared to KS and SB.

8.5 applicability domain of the spe formulation

The new formulation has been assessed in two different environments, namely in
Tsien’s problem (ε = 1) and in an N-body problem. While the performance signifi-
cantly improves in the first problem, the results of the second problem reveal a lack
of efficiency compared to other methods, specially in the second Scenario. In what
follows we provide an explanation to this situation.

Figure 8.13 shows the magnitude of the perturbing acceleration broken down in
the different sources that contribute to the total perturbing acceleration involved in
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Figure 8.12: Performance curves relative to the reference solution in Scenario 2.

Scenario 2 as a function of time for the first 100 days of integration. In particular,
we are only going to consider Charon as third-body. This can be accepted because
the dynamical role of the remaining satellites in terms of perturbation is negligible
compared with Charon and they only add stiffness to the equations, but without
noticeably affecting the underlying dynamical structure of the problem. This way,
the accelerations shown in Fig. 8.13 are decomposed in the following constituents:

• The direct component of Charon’s third-body perturbation:

GMCharon
~xCharon −~x

|~xCharon −~x|3
. (8.43)

• The indirect component of Charon’s indirect perturbation:

−GMCharon
~xCharon
|~xCharon|3

. (8.44)

• The total component (direct+indirect) of Charon’s perturbation:

GMCharon

(
~xCharon −~x

|~xCharon −~x|3
−

~xCharon
|~xCharon|3

)
. (8.45)

• The Keplerian term of Pluto’s perturbation:

−GMPluto
~x

|~x|3
. (8.46)

The mass of Charon is approximately 1/8 of the mass of Pluto and consequently
the gravitational attraction of Charon is always smaller than the gravitational attrac-
tion of Pluto, which decreases as the inverse of the square of the distance. However,
as it is shown in Fig. 8.13, for some timespans the third-body perturbation (red
color) becomes greater than the Keplerian term (dark blue color). What is happen-
ing is that when calculating the third-body perturbation due to Charon, the indirect
term (or drag term) is often greater than the direct term (green color) and in some
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cases larger than the Keplerian term itself, thus yielding a strongly perturbed dy-
namical environment where the perturbing term can become orders of magnitude
larger than the Keplerian term. This is a direct consequence of trying to model as a
perturbed two-body problem what is clearly a three-body problem.

Indeed, since Charon’s orbit is almost circular, the distance to Pluto is almost
constant and the indirect term of the third-body perturbation remains practically
constant. When the artificial satellite is far from Pluto (see Fig. 8.10), the indirect
term dominates over the other terms, while the gravitational terms are larger when
the satellite is close to Pluto. As it is expected, the Keplerian term is always larger
than the direct term of Charon’s third-body perturbation.

The formulations based on orbital elements (Palacios, DROMO and DROMO-
SPE) are consequently not appropriated to describe this particular kind of strongly
perturbed environments where the trajectory is far from Kepelerian. The orbital ele-
ments can not be properly described because they are subject to very fast variations
(see Fig. 8.8) so their key advantage of being slowly-varying quantities is no longer
fulfilled, and thus they exhibit no advantage (performancewise) compared to for-
mulations using Cartesian coordinates as state vector. As opposed to this particular
scenario, the new formulation does prove very efficient when, despite the existence
of a strong perturbing acceleration, the trajectory is smoothly varying such that
orbital elements still represent an appropriate geometrical representation for the
trajectory stemming from the strongly perturbed dynamical environment. This is
the case of Tsien’s problem which tends asymptotically to a circular orbit when
ε = 1, and the Scenario 1 of the second problem which keeps a similar shape along
the integration.
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Figure 8.13: Magnitude of perturbing accelerations (upper) and accelerations (lower) in-
volved in Scenario 2.
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The Japanese company Astro Live Experience (ALE Co., Ltd.) is a Tokyo-based space
company founded by Lena Okajima. The aim of ALE is to realize the world’s first
artificial meteor shower with its own satellites, which has been described by ALE
as the Shooting Star Challenge. On January 18, 2019 the first satellite was launched to
space on Epsilon Rocket 4 from JAXA’s Uchinoura Space Observatory in Kagoshima
(Japan) as part of JAXA’s Innovate Satellite Technology Demonstration Program. The
Epsilon Rocket for this program includes seven satellites, one being ALE’s first
satellite whose main duties are:

• Investigate the feasibility of man-made meteors and its marketability.

• Obtain data about the Earth’s upper atmosphere such as density, wind direc-
tion or composition by observing the artificial meteors.

• Understand how the reentry can change and affect the meteors’ trajectory.

The second ALE’s satellite, which is in the final stage of assembly, is expected to be
launched in fall 2019.

In order to minimize potential effects on other Earth orbiting satellites, the satel-
lite has a triple redundant attitude determination system such that the meteor re-
lease will occur only if three independent CPUs agree on the satellite attitude. After
reaching space, the satellite, which is detached from the Epsilon Rocket at an alti-
tude of 500 km, reaches its orbit using the De-Orbit Mechanism (DOM). The release
of the meteor sources occurs when the satellite is below an altitude of 400 km.
To achieve this the satellite activates a DOM and opens up a membrane in outer
space making the membrane increases atmospheric drag on the satellite and help
the satellite slowly descend down to the altitude of 400 km. The satellite is in a
sun-synchronous orbit, which allows the satellite to pass over a specific location at
the same time every day. The microsatellite (Fig. 9.1) is about 60 cm in size and
capable of storing and delivering between 300 and 400 pellets. Each pellet will burn
for about five to ten seconds and will be visible for up to 200 km. These 1 cm par-
ticles are composed of non-toxic materials such as lithium, potassium and copper
such that varying their composition results in sparkles of different colors. The par-
ticles experience a significant aeroheating during reentry and convert their kinetic
energy into brightness. The material interaction with the air generates a wide range
of bright colors and safely disintegrates before reaching 60 km.

ALE’s meteor project is being developed by several institutions. The main satellite
systems were developed by Dr. Toshinori Kuwahara from Tohoku University and
the release mechanism by Dr. Takeo Watanabe. Dr. Hironori Sahara, from Tokyo
Metropolitan University, developed the meteor source together with Dr. Shinsuke
Abe from Nihon University, who are responsible for the satellite design and manu-
facturing as well as the orbital simulation.

As part of my doctoral research, I have had the opportunity to work under
the supervision of Dr. Hinoroni Sahara in the Space Systems Laboratory at Tokyo
Metropolitan University. The topic is related to orbital simulation inside ALE’s
project (Kimura [48]). In particular, I have been focused on the estimation of the

189
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Figure 9.1: Microsatellite launched by ALE.

meteors’s trajectory and the sensitivity analysis of the parameters involved in the
simulation. The aim is to increase the understanding of the relations between input
and output variables in the system and their consequences from a physical view-
point in order to establish appropriate initial conditions for the release. Besides, it
allows the opportunity to test the DROMO’s formulations and extend its application
for meteors. This work has been developed from April 1, 2019 until July 1, 2019.

9.1 introduction

Most asteroids in the Solar System are located in the main asteroid belt between
Mars and Jupiter. However, some asteroids orbit the Sun passing close to the Earth.
Sometimes asteroids can smash into another causing small pieces of the asteroid
to break off. These small rocky bodies located in space are named meteoroids. If
the meteoroid passes close enough to the Earth so as to enter its atmosphere, it
can disintegrate and produce a light phenomenon. In this case we refer to them as
meteors, more commonly known as shooting stars. However, if the rocks do not
disintegrate completely in the atmosphere and they reach the surface of the Earth,
they are referred to as meteorites.

Meteors are formed at altitudes between 130 km and 70 km. Typical meteors are
associated with meteoroids with diameters between 0.01 mm and 20 cm, which cor-
respond to a mass ranging from 10−9 to 104 g. The final masses for the meteorite,
after the passage through the atmosphere, ranges from 10−2 to 108 g. The ability of
entering in the atmosphere strongly depends on the velocity of the meteoroid. The
mass loss due to ablation causes an upper limit on the velocity of about 30 km/s
for the occurrence of a meteorite fall (Abe [1]).

The reentry of meteoroids (see Fig. 9.2) is divided in three regimes:

• Preheating: at altitudes ranging from 400 km to 120 km, when the meteoroid
approaches the Earth, the surface temperature of the meteoroid increases but
due to low atmospheric density the ablation is not significant above 150 km.
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Figure 9.2: Meteoroid phases (Abe [1]).

• Ablation: thermal ablation begins at altitudes between 130 km and 120 km,
being this altitude independent of the meteoroid mass. It happens because
of the momentum transfer in collisions between atmospheric gases and the
meteoroid. The disintegration starts when the temperature of the meteoroid
increases to about 2000 K, which depends on the melting point of its con-
stituent material. In most of the cases the kinetic energy of the meteoroids is
consumed during this regime and the deceleration increases when entering
deeper into the atmosphere. Typical meteor ablation occurs at altitudes of ap-
proximately 130 km to 70 km. More details about the ablation process can be
found in Davuluri, Zhang, and Martin [25], Park [61], and Vinnikov et al. [92].

• Dark-flight: the dark flight starts when the meteoroid decelerates below the
velocity at which the ablation takes place. This regime starts without emitting
light. The terminal velocity observed for many fireballs is typically between 3
km/s and 4 km/s. If there is no wind, the remnant of the meteoroid follows a
free fall. The impact velocities on the Earth’s surface are in the order of several
tens of meters per second for smaller meteorites (∼ 10 g), and several hundreds
of meters per second for larger meteorites (∼ 10 kg).

Natural meteors can be observed with visual, radar or photographic methods.
However, they can not be observed continuously because its availability is limited
in space and time. Artificial meteors can avoid this problem because it can be de-
cided when and where they are observed without interruption. Moreover, contin-
uous observations and the knowledge of the precise meteor’s trajectory allows to
study the Earth’s atmosphere by analyzing the evolution of the meteor along its
trajectory. In particular, it allows to study the mesosphere, i.e., the atmosphere’s
layer where the meteorite is disintegrated. Several methods have been developed to
describe and determine the meteor trajectory, some of them based on observations
as photographs (Borovicka [16]) or multiple camera views (Gural [39]), while others
have been based on theoretical studies to provide accurate analytic models (Lyne,
M., and Fought [52]). In what follows the equations and the parameters involved in
the orbital simulation are presented and described.



192 trajectory of artificial meteors

9.2 physical modeling

Let M be an artificial meteor with initial mass m0 which is released from a satellite
and injected behind it into an elliptic orbit at its apogee. The meteor moves with
respect to the inertial frame Ox1y1z1 where O is the center of mass of the Earth.
We assume that the meteor is acted upon by: 1) the main term of the gravitational
attraction of the Earth; and 2) the drag force.

The governing equations are given by the system:

m
d2~x
dt2

= −
mµ

|~x|3
~x−

1

2
CdAρ~v

2 ~v

|~v|
(9.1a)

L∗
dm
dt

= −
1

2
ChAρ |~v|

3. (9.1b)

Equation (9.1a) describes the linear momentum equation where ~x is the position
vector, ~v the velocity vector,m the mass of the meteor source, Cd the drag coefficient,
A the cross-section area of the meteor and ρ the atmospheric density. Equation (9.1b)
corresponds to the mass loss equation due to ablation such that L∗ = 106 J/kg is
the ablation specific heat and Ch the heat transfer coefficient.

Note that the linear momentum equation has been simplified by assuming a uni-
form mass transfer around the surface of the meteor (Davies and Park [24]). Indeed,
the rate of change of momentum turns out to be

d(m~v)

dt
= m

d~v
dt

−~vl
dm
dt

, (9.2)

where ~vl is the velocity of the material leaving the meteor with respect to the meteor.
Considering an uniform mass transfer this velocity becomes equal to zero.

9.2.1 Cross-section area

The aerodynamic area changes as the mass decreases. Their relation is expressed by
the shape change coefficient ν (Gritsevich and Koschny [38]) as

A

A0
=

(
m

m0

)ν
, (9.3)

where A0 ad m0 are the initial values before ablation of the cross-section area and
mass respectively.

The shape change coefficient is a parameter that characterizes the rotation of the
meteor along the flight. If ν = 0, it means that the meteor is stable without rotation,
while ν = 0.66 refers to a meteor remaining spherical.

9.2.2 Atmospheric parameters

A body moving close to the Earth is affected by the atmospheric drag. Satellites in
Low Earth Orbit (LEO) encounter atmospheric drag from gases in the thermosphere
(∼ 80 km - 500 km), while objects like meteors are especially affected during reentry
(∼ 120 km). This perturbing acceleration depends on the atmospheric density ρair
and atmospheric temperature Tair which need to be modeled with high accuracy in
order to properly describe the constant change of the environment. For this study
the NRLMSISE-00 empirical model of the atmosphere (Picone, Hedin, and Drob
[63]) has been selected. It allows to use a single model by covering the atmosphere
from the surface to lower exosphere (∼ 0 km - 1000 km). The meteor, which is
released in the thermosphere, can benefit from this advantage. The NRLMSISE-00
database includes:
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• Total mass density from satellite accelerometers and from orbit determination
(including the Jacchia and Barlier data sets).

• Temperature from incoherent scatter radar covering 1981-1997.

• Molecular oxygen number density form solar ultraviolet occultation aboard
the Solar Maximum Mission. The anomalous oxygen, which contributes to
the drag above 500 km, is also considered.

The inputs of this model include parameters describing the solar and geomagnetic
activity:

• Daily and 81-day averaged values of the F10.7 index, i.e., the solar radio flux
of the 10.7 cm wavelength (2.8 GHz).

• Ap index, i.e., the geomagnetic activity index.

The greater the solar activity and geomagnetic activity are, the larger the atmo-
spheric density and temperature of the air are. F10.7 = 150 and Ap = 4 correspond
to a medium activity.

9.2.3 Surface temperature

The temperature of the surface of the meteor is a parameter that is taken into ac-
count in the atmospheric resistance, in particular in the drag coefficient. The mete-
ors are acted upon not only by the aerodynamic heating, but by complex processes
as melting and spalling. Consequently, the surface temperature becomes difficult
to estimate. One option is to consider it equal to the atmospheric air at the corre-
sponding altitude. Following the work by Kimura [48], four distinct expressions are
considered for the sensitivity analysis:

Ts =
( q
σε

)0.25
ε = 0.25 (9.4a)

Ts =
( q
σε

)0.25
ε = 0.75 (9.4b)

Ts =
(
T4air +

q

σε

)0.25
ε = 0.25 (9.4c)

Ts =
(
T4air +

q

σε

)0.25
ε = 0.75, (9.4d)

where σ = 5.670373 · 10−8 W/m2/K4 is the Stefan-Boltzmann constant, ε is the
emissivity value and q is the heating rate given by the Detra, Kemp, and Ridell [29]
formula:

q = 110.35
(

|~v|

|~vref|

)3.15(
|~x|

|~xref|

)−0.5(
ρ

ρref

)0.5
, (9.5)

where |~vref| = 7925 m/s, |~xref| = 1 m and ρref = 1.225 kg/m3 are the reference
values for the velocity, position and density respectively.

9.2.4 Drag coefficient

The drag coefficient is the main parameter in the atmospheric drag, which in the
case of reentry objects is not constant, but significantly fluctuates along its trajectory.
The expression considered for this parameter is (Henderson [41]):

Cd =

0.9+ 0.34
Ma2

+ 1.86
(
Ma
Re

) 1
2

[
2+ 2

(Ma
√
ζ/2)2

+ 1.058
Ma
√
ζ/2

(
Ts
Tair

) 1
2
− 1

(Ma
√
ζ/2)4

]
1+ 1.86

(
Ma
Re

) 1
2

,

(9.6)
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Figure 9.3: Trajectory of the meteor.

such that:

Ma =
|~v|√

ζRgas Tair
Wair

(9.7)

is the Mach number with Rgas = 8.3144598 J/mol/K the molar gas constant,Wair =
0.0289644 kg/mol the molar gas of dry air and ζ = 1.4 the heat capacity ratio of air.

Re =
2 ρair|~v|Rm

µair
(9.8)

is the Reynolds number with Rm the radius of the meteor and µair the atmospheric
viscosity (Sutherland and Bass [88]) given by

µair = µref

(
T0 + Tref
Tair + Tref

)(
Tair
T0

) 3
2

, (9.9)

with T0 = 273.11 K and µref = 6.7894 · 10−5 kg/m/s and Tref = 110.56 K reference
values for viscosity and temperature respectively.

9.2.5 Heat transfer coefficient

The heating coefficient is the main parameter in the mass loss equation and it is
related with the mass reduction of the meteor. The formula used in this study is
taken from the work developed by Prabhu and Saunders [65] and Prevereaud [66]:

Ch =
2 q

ρair|~v|3

∫ π
2
0

[
sin2(t) + cos2(t)

1+ζMa2

] (
π
2 − t

)
cos(t) sin(t)dt√∫ π

2
0

[
sin2(t) + cos2(t)

1+ζMa2

] (
π
2 − t

)
cos2(t)dt

. (9.10)

9.3 propagation of the orbit

The orbit of the meteor is propagated by considering the previous models in the
formulation (Fig. 9.3). For that, a priori initial conditions for the satellite and the
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meteor need to be introduced. The present study is an illustrative example of me-
teor’s trajectory. Consequently, we choose representative values for the problem, for
the sake of simplicity. Instead of considering a sun-synchronous orbit, we consider
a satellite with a polar circular orbit and altitude Hsat = 375 km. The meteor is shot
just behind the satellite with relative velocity vrel = 350 m/s. The release point of
the meteor is defined by the following parameters:

• Inclination: i = 90◦.

• Eccentricity: e = 0.

• Semi-major axis a = Req +Hsat.

• True longitude l = Ω+ω+ θ = 257◦.

where Req is the terrestrial equatorial radius according to the reference ellipsoid
WGS84, Ω+ω = 257◦ and θ = 0◦. The start date is 2020/01/01, 00 : 00 : 00 TDB such
that the orbit is propagated until the mass reaches a value equal or smaller than
10−7 kg or the meteor reaches the surface of the Earth.

9.3.1 Initial position

The initial position of the meteor in the perifocal frame is given by

xp =
p

1+ e cos(θ)
cos(θ) (9.11a)

yp =
p

1+ e cos(θ)
sin(θ) (9.11b)

zp = 0, (9.11c)

where p = a (1 − e2) is the semilatus rectum. By using the matrix P0 defined in
Chapter 6, the initial coordinates of the meteor can be obtained:x0y0

z0

 = P0

xpyp
zp

 . (9.12)

9.3.2 Initial velocity

The velocity of the satellite in the perifocal frame is defined by

vxsat = −
µ

h
sin(θ) (9.13a)

vysat =
µ

h
(e+ cos(θ)) (9.13b)

vzsat = 0, (9.13c)

where µ is the Earth gravitational parameter and h =
√
µp the specific angular

momentum. Therefore, the velocity and period of the satellite are:

vsat =

√
µ

Req +Hsat
= 7.683km/s (9.14)

Tsat = 2 π
Req +Hsat

vsat
= 92.049min. (9.15)
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If the meteor is released behind the satellite with a relative velocity vrel = 350

m/s, that is, in the same direction of motion but with opposite sense, then the
velocity of the meteor in the perifocal frame is

vxp = vxsat − vrel ·
vxsat
|~vsat|

(9.16a)

vyp = vysat − vrel ·
vysat
|~vsat|

(9.16b)

vzp = 0, (9.16c)

with ~vsat = (vxsat , vysat , vzsat). By using the matrix P0 defined in Chapter 6, the
velocity of the meteor at the initial instant in the inertial frame results:vx0vy0

vz0

 = P0

vxpvyp
vzp

 . (9.17)

9.3.3 Initial mass

The initial mass of the meteor depends on two parameters, the initial radius Rm0
and the initial density ρm0 through the equation

m0 =
4

3
πR3m0 ρm0. (9.18)

A spherical shape is assumed with a uniform density distribution.

9.3.4 Mathematical formulations

The orbit propagation has been carried out with DROMO and DROMO-SPE prop-
agators as well as with Cowell’s method. In what follows, the system of equations
for each of these formulations is described for the meteor problem.

9.3.4.1 DROMO’s governing equations

dτ
dσ

=
1

ζ33 s
2

(9.19a)

dζ1
dσ

= +s sin(σ)ãpx + [ζ1 + (1+ s) cos(σ)]ãpy (9.19b)

dζ2
dσ

= −s cos(σ)ãpx + [ζ2 + (1+ s) sin(σ)]ãpy (9.19c)

dζ3
dσ

= −ζ3ãpy (9.19d)

dη1
dσ

=
1

2
ω̃01 { η4 cos(σ) − η3 sin(σ)} (9.19e)

dη2
dσ

=
1

2
ω̃01 { η3 cos(σ) + η4 sin(σ)} (9.19f)

dη3
dσ

=
1

2
ω̃01 {−η2 cos(σ) + η1 sin(σ)} (9.19g)

dη4
dσ

=
1

2
ω̃01 {−η1 cos(σ) − η2 sin(σ)} (9.19h)

dm
dσ

= −
1

2 L∗
1

ωc ζ
3
3 s
2
ChAρ |~v|

3. (9.19i)
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The mass loss equation is expressed in kg and with respect to the independent
variable σ by the chain rule:

dm
dσ

=
dm
dτ

dτ
dσ

, (9.20)

with
dm
dτ

=
dm
dt

1

ωc
. (9.21)

The perturbing acceleration corresponds to the atmospheric drag introduced in
Eq. (9.1a) but in dimensionless form:

~ap = −
1

2m

1

ω2cLc
CdAρ~v

2 ~v

|~v|
, (9.22)

such that
~̃ap = (ãpx, ãpy, ãpz) = ~ap

1

ζ43 s
3

. (9.23)

9.3.4.2 DROMO-SPE’s governing equations

dτ
dσ

=
1

ξ33 (1+ ξ1)
2

(9.24a)

dξ1
dσ

= ξ2 + 2 (1+ ξ1) ãpy (9.24b)

dξ2
dσ

= −ξ1 − (1+ ξ1) ãpx + ξ2 ãpy (9.24c)

dξ3
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where the relations are analogous to DROMO’s formulations but with respect to the
DROMO-SPE variables. In this case the perturbing acceleration is given by:

~̃ap = (ãpx, ãpy, ãpz) = ~ap
1

ξ43 (1+ ξ1)
3

. (9.25)
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9.3.4.3 Cowell’s governing equations

dx
dt

= vx (9.26a)

dy
dt

= vy (9.26b)

dz
dt

= vz (9.26c)

dvx
dt

= −
µ

|~x|3
x+ apx (9.26d)

dvy
dt

= −
µ

|~x|3
y+ apy (9.26e)

dvz
dt

= −
µ

|~x|3
z+ apz (9.26f)

dm
dt

= −
1

2 L∗
1

ωc
ChAρ |~v|

3, (9.26g)

where ~ap is the perturbing acceleration due to the atmospheric drag defined in
DROMO’S formulation and (~x, ~v) the state vector in the inertial frame. The variables
here are defined in dimensionless form following the same procedure as in DROMO
and DROMO-SPE.

9.4 scenarios

The calculations have been carried out in a computer with an Intel(R) Core(TM) i5-
3470 CPU @ 3.20 GHz microprocessor under the Windows 10 operative system 64

bits. The solutions provided by DROMO, DROMO-SPE and Cowell are integrated
with the ode113 integrator of Matlab by using a tolerance equal to 10−12. This
value is fixed for both relative and absolute tolerance because all the equations
in DROMO, DROMO-SPE and Cowell are dimensionless, and therefore it makes
sense to fix the same value to both tolerances.The reference solution selected for the
comparison is the one provided by Cowell’s method by using the most stringent
tolerance of Matlab (2.22 · 10−14). Besides, in order to assess the influence of several
parameters in the propagation, 18 different scenarios are analyzed with respect to
the reference Scenario X (see Table 9). The Scenario X contains the default values
for the parameters involved in the analysis as explained in the preceding section.

9.4.1 Sensitivity analysis

The different scenarios are evaluated by using the reference solution. Table 10 shows
the results obtained at the end of the meteor’s flight taking into account that the
initial altitude of the meteor for all the scenarios is 375 km:

• Scenario 1: the meteor is disintegrated at altitudes of 74.150 km and 70.677
km for 1a and 1b respectively. The increase of the drag coefficient (Scenario
1b) reduces the altitude of disintegration such that when the meteor reaches
and altitude below 120 km, the mass starts to decrease very fast (see Fig. 9.4).
From this altitude the eccentricity increases and tends to a parabolic orbit. The
exception is the Scenario 1a, when Cd is small, whose eccentricity remains
below 0.2 until the end of the flight. The timespan is 15.292 min and 15.181
min for 1a and 1b respectively.

• Scenario 2: the flight finishes due to mass depletion with an altitude on the
order of 71 km. Scenarios 2a and 2c, as well as 2b and 2d, provide the same re-
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Table 9: Scenarios considered in the study.

Scenario Cd Ts [K] Ch ν F10.7 Ap vrel [m/s] Rm0 [m] ρm0 [kg/m3]

X (9.6) Tair (2.12) 0.66 150 4 350 0.005 5000

1a 0.1 Tair (9.10) 0.66 150 4 350 0.005 5000

1b 2 Tair (9.10) 0.66 150 4 350 0.005 5000

2a (9.6) (9.4a) (9.10) 0.66 150 4 350 0.005 5000

2b (9.6) (9.4b) (9.10) 0.66 150 4 350 0.005 5000

2c (9.6) (9.4c) (9.10) 0.66 150 4 350 0.005 5000

2d (9.6) (9.4d) (9.10) 0.66 150 4 350 0.005 5000

3a (9.6) Tair 0.1 0.66 150 4 350 0.005 5000

3b (9.6) Tair 1 0.66 150 4 350 0.005 5000

4a (9.6) Tair (9.10) 0.1 150 4 350 0.005 5000

4b (9.6) Tair (9.10) 0.8 150 4 350 0.005 5000

5a (9.6) Tair (9.10) 0.66 240 40 350 0.005 5000

5b (9.6) Tair (9.10) 0.66 60 1 350 0.005 5000

6a (9.6) Tair (9.10) 0.66 150 4 250 0.005 5000

6b (9.6) Tair (9.10) 0.66 150 4 450 0.005 5000

7a (9.6) Tair (9.10) 0.66 150 4 350 0.001 5000

7b (9.6) Tair (9.10) 0.66 150 4 350 0.01 5000

8a (9.6) Tair (9.10) 0.66 150 4 350 0.005 1000

8b (9.6) Tair (9.10) 0.66 150 4 350 0.005 10000

sults. It means, the temperature of the air and the emissivity parameter do not
seem to have a noticeable influence in the surface temperature of the meteor
to provide a remarkable change. As in Scenario 1, the duration of the flight is
approximately 15 min. The mass of the meteor starts to decreases faster when
entering in the atmosphere (∼ 120 km), with an eccentricity of the orbit larger
than 0.8 just before full disintegration (see Fig. 9.5).

• Scenario 3: when the heat transfer coefficient is significantly small (Scenario
3a), the effect of the ablation is reduced, allowing the meteorite to reach the
surface in 22.911 minutes with a final mass of 0.255 g. When the value of Ch
is larger, like in Scenario 3b, the meteor depletes all its mass when reaches an
altitude of 73.155 km in 15.232 min. Figure 9.6 reflects this situation and the
parabolic behavior of the orbit in Scenario 3a when the altitude is below 70

km. The final eccentricity and mass decrease with the increase of Ch. Figure
9.12 shows how the trajectory reaches lower latitudes when decreasing Ch.

• Scenario 4: the shape change coefficient determines the stability of the meteor.
The mass and eccentricity evolution remains the same until the entrance in the
atmosphere (see Fig. 9.7). The decreases of ν makes the orbit more eccentric at
the end of the flight, while the disintegration altitude increases. When ν = 0.1
the final mass depletion happens at 80.897 km altitude with a timespan of
15.009 min. In the case ν = 0.8 it requires 15.418 min and occurs at 67.636 km
altitude.
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Table 10: State of the meteor at the end of the flight (MD = Mass Depletion; SR = Surface
Reached).

Scenario Initial mass [g] Final mass [g] Final altitude [km] Timespan [min] Event

X 2.618 10
−4

71.578 15.292 MD

1a 2.618 10
−4

74.150 15.181 MD

1b 2.618 10
−4

70.677 15.341 MD

2a 2.618 10
−4

71.046 15.321 MD

2b 2.618 10
−4

71.149 15.315 MD

2c 2.618 10
−4

71.046 15.321 MD

2d 2.618 10
−4

71.149 15.315 MD

3a 2.618 0.255 0 22.911 SR

3b 2.618 10
−4

73.155 15.232 MD

4a 2.618 10
−4

80.897 15.009 MD

4b 2.618 10
−4

67.636 15.418 MD

5a 2.618 10
−4

71.566 15.291 MD

5b 2.618 10
−4

71.468 15.297 MD

6a 2.618 10
−4

75.979 18.247 MD

6b 2.618 10
−4

27.734 16.969 MD

7a 0.021 10
−4

111.070 14.148 MD

7b 20.944 0.598 0 22.973 SR

8a 0.524 10
−4

94.993 14.606 MD

8b 5.236 0.012 0 22.339 SR

• Scenario 5: the effect of solar activity is mainly noticeable at the beginning of
the propagation, before entering in the atmosphere (see Fig. massecc5). The
eccentricity does not vary between scenarios although all of them become
very eccentric in the final phase of the meteor’s atmospheric dive. In Scenario
5a, or active periods of solar activity, the disintegration takes place at 71.566

km altitude and needs 15.291 min. On the contrary, for quiet periods of solar
activity (Scenario 5b) it occurs at 71.468 km and requires 15.297 min.

• Scenario 6: the relative velocity of the meteor determines not only the altitude
of disintegration, but the latitude where it occurs. When increasing the relative
velocity with respect to the satellite, the final eccentricity of the orbit increases
too (see Fig. 9.9). In Scenario 6b the orbit turns out to be parabolic at the end
of the flight and the mass variation becomes slower in this phase. Besides, the
complete mass depletion occurs at lower altitudes and higher latitudes (see
Fig. 9.12). Thus, in Scenario 6a the meteor requires 18.247 min to disintegrate
at 75.979 km altitude, while Scenario 6b needs 16.969 min and an altitude of
27.734 km. The mass variation, although is small between them, it starts from
high altitudes being larger for Scenario 6b (Fig. 9.9).

• Scenario 7: the initial radius of the meteor defines its evolution. For larger
values the initial mass is larger and the ablation process can not fully deplete
all the mass along the trajectory. This is the case of Scenario 7b with an initial
mass of 20.944 g which decreases to 0.598 g until the meteorite reaches the
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surface in a timespan of 22.973 min. In Scenario 7a the meteor starts with
0.021 g and disintegrates at 111.070 km altitude in 14.148 min. As in Scenario
6b, the mass variation in Scenario 7b decreases more slowly than in the last
phase of the trajectory when the eccentricity increases to one (see Fig. 9.10).
Likewise, Fig. 9.13 reveals that Scenario 7b reaches lower latitudes compared
with Scenario 7a.

• Scenario 8: the influence of the initial density of the meteor is similar to that
of the radius (see Fig. 9.11). In Scenario 8a the meteor has an initial mass
of 0.524 g and depletes all its mass when the altitude is 94.993 km and the
time elapsed in 14.606 min. In Scenario 8b, with an initial mass of 5.236 g, the
meteorite reaches the ground after 22.339 min with a final mass of 0.012 kg.
Compared with X and Scenario 8a, the trajectory of the meteorite in Scenario
8b passes through lower latitudes (9.13).

Taking into account the initial requirements for the artificial meteor release, the
most suitable scenarios would be X, 1a, 1b, 2a, 2b, 2c, 2d, 3b, 4a, 4b, 5a, 5b and 6a.
In all of them the material is disintegrated before reaching 60 km in time periods
ranging from 15 min to 19 min. The parameters providing the most significant
changes in the outcome of the simulation are the heat transfer coefficient, the initial
radius and the initial density of the meteor. All of them are involved in the ablation
process. The heating coefficient describes the ablation process while the remaining
parameters characterized the material, with a specific melting point, affected by
ablation.

9.4.2 Comparison of formulations

Table 11 displays the final position error of the meteor for the different scenarios
with respect to the reference solution. Three formulations have been considered in
the analysis, that is, DROMO, DROMO-SPE and Cowell. This value is defined as
follows:

∆x = |~x(tf) −~xref(tf)|, (9.27)

where tf is the instant of surface impact or complete mass depletion, ~xref(tf) is
the final position provided by the reference solution and ~x(tf) is the final position
provided by DROMO, DROMO-SPE or Cowell with a tolerance equal to 10−12. The
results provided in Tab. 11 do not include, however, the Scenarios 3a, 6b, 7b and 8b.
In the latter scenarios the flight of the meteor finished because it reached the surface
of the Earth or it was disintegrated very close to the surface (see Table 10). This fact
makes the angular momentum of the particle tend to zero and the eccentricity tend
to one (see Figs. 9.6, 9.9, 9.10 and 9.11). This situation corresponds to one of the
singularities described in Chapter 6 when approaching a rectilinear motion. Indeed,
taking into account that

h =
1

ζ3
, ζ3 = ξ3, (9.28)

we can consider, without loss of generality, the DROMO system of equations (9.19)
to analyze the singularity occurring both in DROMO and DROMO-SPE formula-
tions. If the angular momentum tends to zero, the quantity ζ3, which is its inverse,
tends to infinity. Besides, the auxiliary variable s defined by

s = 1+ ζ1 cos(σ) + ζ2 sin(σ) (9.29)

also tends to zero. Note that the trajectory tends to a rectilinear motion passing
through the origin which makes the eccentricity tends to one.
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Table 11: Final position error with respect to the reference solution and number of function
calls (D = DROMO; DS = DROMO-SPE; C = Cowell).

Scenario ∆xD [mm] FCallsD ∆xDS [mm] FCallsDS ∆xC [mm] FCallsC
X 0.110 17244 1.257 17826 2.374 13502

1a 2.814 4618 1.914 5184 0.467 4102

1b 4.992 18922 0.056 19763 2.327 14924

2a 0.945 18236 4.874 18886 1.091 14496

2b 1.553 17740 3.033 19021 4.518 14016

2c 0.302 18129 3.602 19451 2.443 14134

2d 0.159 17886 3.596 18829 2.889 14161

3b 0.349 14353 0.221 15390 0.930 11136

4a 5.793 14947 0.696 15796 2.535 11746

4b 0.809 16952 0.593 17509 1.684 13523

5a 5.337 17482 0.735 18461 0.466 14244

5b 6.929 17025 4.412 17774 9.600 13847

6a 0.586 21359 2.312 21462 1.752 16826

7a 42.841 3780 26.195 4136 81.171 2936

8a 4.575 9935 0.803 10582 0.592 7925

Equation (9.19a), which describes the variation of τ, i.e. the derivative of τ with
respect to σ, depends on both variables ζ3 and s. Thus, to see which one freezes, it
is necessary to evaluate the rate of convergence of 1/ζ3 and s to zero. Figure 9.14

displays the decimal logarithm of 1/ζ3 and s versus σ showing that s decreases
faster. Consequently, Eq. (9.19a) tends to infinity and the time τ increases while σ
freezes, tending to a stationary value (see Fig. 9.14). This fact is due to the trajectory
tends to a rectilinear conic passing through the origin.

In this scenario the integration does not advance and the propagation never
reaches the stop condition. As it is shown in Figs. 9.6, 9.9, 9.10 and 9.11, it happens
at altitudes below 60 km. The Scenario X, which does not present this problem, is
included as a reference to compare the magnitude of these quantities. The specific
angular momentum at the beginning of the integration is 49518.994 km2/s for Sce-
narios X, 3a, 7b and 8b. In the case of Scenario 6b, where the relative velocity is
larger, it takes the value 48843.680 km2/s. The final value in Scenario X is 24778.885
km2/s, while in Scenarios 3a, 6b, 7b and 8b is 2.220 · 10−12 km2/s, 0.195 km2/s,
1.508 · 10−12 km2/s and 3.924 · 10−9 km2/s respectively.

The differences shown in Table 11 are, in most of the cases, smaller than 5 mm.
In 6 out of 15 scenarios, DROMO and DROMO-SPE provide the smallest errors,
while Cowell does it in 3 out of 15. The largest differences are reached when the
decrease of the meteor radius (Scenario 7a), being of the order of centimeters. In
this case Cowell’s error is approximately three times the error of DROMO-SPE. In
Scenarios 2b, 3b, 4b, 5b and 7a the position error for DROMO and DROMO-SPE be-
comes smaller than Cowell. However, Cowell requires a smaller number of function
calls than DROMO and DROMO-SPE (see Table 11). This fact is arguably due to
the aforementioned singularity of DROMO. Indeed, the propagator requires more
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function calls when the dependent variables are subject to very fast variations along
the integration, which explains the increased computational cost.

If we consider a point-by-point direct comparison between the DROMO solution
and the reference solution, it is possible to assess the relative position error through-
out the integration timespan. To do that, the propagator providing the reference
solution uses dense output to determine the solution at the very same instants of
time as the solution provided by DROMO. The results show that in all the scenarios
the number of function calls tends to increase with time. Figure 9.15 displays this
trend for Scenarios 1b, 2c, 3b, 4a, 5a, 5b. In some cases, like in Scenarios 1b, 4a, 5a
and 5b, the relative position error describes an asymptotic behavior which clearly
jeopardizes the accuracy of the solution as it can be seen in Table 11. This fact is
mainly due to when σ freezes because of the singularity. Nevertheless, in most of
the scenarios the error is uniform, i.e., the integration is not long enough to show
an exponential error growth. Consequently, the property of the regularized method
of mitigating the error growth can not take advantage.
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Figure 9.4: Mass (upper), eccentricity (middle) and angular momentum (lower) in Scenario 1.
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Figure 9.5: Mass (upper), eccentricity (middle) and angular momentum (lower) in Scenario 2.
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Figure 9.6: Mass (upper), eccentricity (middle) and angular momentum (lower) in Scenario 3.
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Figure 9.7: Mass (upper), eccentricity (middle) and angular momentum (lower) in Scenario 4.
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Figure 9.8: Mass (upper), eccentricity (middle) and angular momentum (lower) in Scenario 5.
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Figure 9.9: Mass (upper), eccentricity (middle) and angular momentum (lower) in Scenario 6.
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Figure 9.10: Mass (upper), eccentricity (middle) and angular momentum (lower) in Scenario
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Figure 9.11: Mass (upper), eccentricity (middle) and angular momentum (lower) in Scenario
8.
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Figure 9.12: Trajectories of the meteor in Scenarios 3 (upper) and 6 (lower).
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Figure 9.13: Trajectories of the meteor in Scenarios 7 (upper) and 8 (lower).
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Figure 9.15: DROMO’s position error with respect to the reference solution; from left to right:
1b, 2c (upper), 3b, 4a (middle) and 5a, 5b (lower).
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The aim of this thesis has not only been to produce efficient numerical tools, but
also to give answers to orbital mechanics problems by a thorough study and physi-
cal interpretation of the results.

In the field of orbit determination we should underline the stability and reliabil-
ity of the novel SDG scheme for solving Kepler’s equation. The method, combined
with the Newton-Raphson algorithm in its different versions always guarantees the
convergence by optimizing the initial seed. The classical Newton-Raphson provides
the solution to the elliptic Kepler’s equation (EKE) in 98.599% of the cases with only
one single iteration, and the solution to the hyperbolic Kepler’s equation (HKE) in
99.866 % of the cases with only one or two iterations. This is remarkable result that
is not found in other algorithms used in the Astrodynamics community. Improv-
ing the algorithm by using the Conway or the modified Newton-Raphson permits
to obtain the right EKE solution with only one iteration in 98.631 % and 98.737
% of the cases respectively and the HKE solution with only one or two iterations
in 99.868 % and 99.874 % of the cases respectively. The low number of iterations
permits to use quadruple precision if it is required, because the speed of the calcula-
tions is not meaningfully jeopardized. Therefore, we obtain the benefit of a greater
accuracy with a minimal cost. The method has a global application domain since
it provides successfully the solution Kepler’s equation in the singular corner. The
asymptotic expansions used to generate the initial seed ensures the reliability and
convergence of the Newton-Raphson iterative algorithm. This is another remark-
able results since the convergence in this special region is not always guaranteed by
some of the algorithms usually considered in the literature. Consequently, the SDG
method is a robust,reliable and efficient tool for determining the initial orbit of the
non-perturbed problem.

Inspired by the results obtained with the SDG code, the second contribution re-
lated to preliminary orbit determination approaches the two-body Lambert’s prob-
lem, where Kepler’s problem needs to be solved. A new formulation of the problem
has been presented by choosing as a free parameter the true anomaly of the bisector
defined by the directions of the two position vectors. This parameter, χ, describes
without ambiguity and with high simplicity the different conics involved in the
analysis by using the properties of the fundamental and minimum-energy ellipses.
Moreover, the determination of χ in the prograde transfer allows to directly obtain
the corresponding value for the conjugate orbit and its counterpart in the retrograde
transfer. As part of future work, the next step of this study will be the assessment of
the performance of such formulation by considering as initial seed of the problem
the one computed with the SDG code. After that, a comparison and numerical anal-
ysis of the new approach with respect to different methods currently in use, like
Battin and Vaughan [9], Izzo [46], Avanzini [4] and Arora and Russell [3], will be
applied to draw conclusions on the performance and efficiency of the method. This
solution can then be used as a initial starter for the perturbed Lambert’s problem.

In the field of orbit propagation an extension to the DROMO regularization
has been derived for highly perturbed problems. As it has been confirmed by
the analysis carried out in different scenarios, the DROMO-SPE formulation be-
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comes specially convenient for environments with a strong perturbing acceleration
that nonetheless yields smooth variations of the orbital geometry, i.e. acceleration
that despite being of order unity, yield trajectories that are still conveniently repre-
sentable with orbital elements based on geometric features of the trajectory. In this
case the DROMO-SPE propagator improves the performance of DROMO, keeping
its effectiveness when the magnitude of the perturbation is not necessarily high.
This suggests that the SPE formulation has various other applications and orbital
scenarios, as for instance the study of deep flybys, where the perturbation exhibits a
varying range of magnitudes. This exploration of potential avenues for applications
is left as future work.

The last part of the dissertation deals with the study of meteor trajectories by
considering several special perturbation methods. The application of DROMO and
DROMO-SPE reveals the reliability of these propagators when the mass depletion of
the meteor happens in the mesosphere. However, if the meteor reaches the surface,
the performance of DROMO and DROMO-SPE is affected by the intrinsic singular-
ity that results from approaching a rectilinear motion passing through the origin.
This makes the computational time to increase by rising the number of function
calls because of the rapid variations of some orbital elements as the ideal anomaly
approaches a limiting value and freezes. This fact prevents the propagation from
reaching the prescribed stop condition, and thus the integration process gets stuck
and the computational cost explodes. In this study the physical model has only
considered the mass ablation. However, as it is referenced in Briani et al. [17], the
energy and mass balance are affected by several physical processes which condition
their evolution during the atmospheric interaction. Some of these mechanisms are
the melting and evaporation of the material. A potential follow up would be to ex-
plore the effects of taking into account these parameters in order to obtain more
realistic physical and dynamical equations and analyze their contributions. The re-
sults obtained could then be compared with the expected observations from ALE’s
satellite to study the atmospheric density distribution at different altitudes.
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AT H E F I F T H D E G R E E P O LY N O M I A L p1 ( x , e )

The polynomial p1(x, e) is given by the expression:

p1(x, e) = a(1)0 (e) + a
(1)
1 (e)x+ a

(1)
2 (e)x2 + a

(1)
3 (e)x3 + a

(1)
4 (e)x4 + a

(1)
5 (e)x5

where the coefficients are defined as a function of the eccentricity by

a
(1)
5 (e) =

432.0 e
(
0.5393817 e3 − 0.8743466 e2 + 0.2650564 e+ 0.0453931

)
d
(1)
5 (e)

a
(1)
4 (e) =

72.0 e
(
0.4657683 e3 − 0.402960 e2 − 0.125744 e− 0.002438

)
d
(1)
4 (e)

a
(1)
3 (e) =

12.0
(
2.1335977 e3 − 7.174617 e2 + 8.438043 e− 3.4460552

)
e

d
(1)
3 (e)

a
(1)
2 (e) = 0

a
(1)
1 (e) =

−1.0
−1.0+ e

a
(1)
0 (e) = 0

with

d
(1)
5 (e) =

(
3739.002236 e3 − 2549.554211 e4 + 926.7532457 e5

− 140.2961154 e6 −3082.919872 e2 + 1355.064876 e− 248.0502135
)

(−1.0+ e)
(
9.0 e2 − 18.84955592 e+ 9.869604404

)

d
(1)
4 (e) = (3.141592654− 3.0 e)

(
231.3573259 e− 323.4979098 e2

+200.9177486 e3 − 46.76537182 e4 − 62.01255338
)

(−1.0+ e)
(
6.928203232 e− 3.0 e2 − 4.0

)

d
(1)
3 (e) =

(
−27.0 e3 + 84.82300166 e2 − 88.82643964 e+ 31.00627669

)
(
5.196152424 e3 − 18.0 e2 + 20.78460970 e− 8.0

)
(−1.0+ e)
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The next functions provide the solution in double precision of the EKE-SDG code
by using the Modified Newton-Rhapson method (authors: V. Raposo Pulido and J.
Pelaez):

• <ellipk.h>: header file where the different modules and functions of the code
are declared.

• <polinomios24.c>: polynomials for the seed (only the first polynomial is pre-
sented due to the extension of the expressions).

• <keplere.c>: set of functions to estimate the polynomial and asymptotic ap-
proximations for the seed as well as the numerical method to estimate the
final value of the eccentric anomaly.

• <main.c>: module containing a driver to check the code. Is an example about
how the function must be run. In this function the eccentricity and mean
anomaly are defined.

b.0.1 <ellipk.h>

//////////////////////////////////////////////
The KEPLERE program solves the Kepler equation for elliptic Keplerian orbits. The
code is collected in the following modules: keplere.c, polinomios24.c and ellipk.h.
The module main.c is a driver to check good operation of the program
Copyright (C) 2018 by the Universidad Politecnica de Madrid (UPM)
Authors: Virginia Raposo-Pulido and Jesus Pelaez
This program is free software: you can redistribute it and/or modify it under the
terms of the GNU General Public License as published by the Free Software Foun-
dation, either version 3 of the License, or (at your option) any later version.
This program is distributed in the hope that it will be useful, but WITHOUT ANY
WARRANTY; without even the implied warranty of MERCHANTABILITY or FIT-
NESS FOR A PARTICULAR PURPOSE. See the GNU General Public License for
more details.
You should have received a copy of the GNU General Public License along with this
program. If not, see <https://www.gnu.org/licenses/>.
//////////////////////////////////////////////

//////////////////////////////////////////////
FILE keplere.c
//////////////////////////////////////////////
double ke_24(double M0, double e0, double eps);
double eta0_as(double xi, double epsilon);
double interno(double M, double e);
double nu_as(double sigmao, double epsilon);
double intermedio(double M, double e);
double gtotal(double M, double e);
double *FKE(double M, double e, double u, double *caja);
int ecuacion_de_kepler_sdg(double M0, double e0, double *pu, double *resto, dou-
ble eps0);
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int ekepler_eq(double M1, double e1, double *ph1, double *resto1, double eps1);
//////////////////////////////////////////////

//////////////////////////////////////////////
MODULE polinomios24.c
//////////////////////////////////////////////
double PP0_ke(double e, double x);
double PP0_ke25(double e, double x);
double PP1_ke(double e, double x);
double PP2_ke(double e, double x);
double PP3_ke(double e, double x);
double PP4_ke(double e, double x);
double PP5_ke(double e, double x);
double PP6_ke(double e, double x);
double PP7_ke(double e, double x);
double PP8_ke(double e, double x);
double PP9_ke(double e, double x);
double PP10_ke(double e, double x);
double PP11_ke(double e, double x);
double PP12_ke(double e, double x);
double PP13_ke(double e, double x);
double PP14_ke(double e, double x);
double PP15_ke(double e, double x);
double PP16_ke(double e, double x);
double PP17_ke(double e, double x);
double PP18_ke(double e, double x);
double PP19_ke(double e, double x);
double PP20_ke(double e, double x);
double PP21_ke(double e, double x);
double PP22_ke(double e, double x);
double PP23_ke(double e, double x);

b.0.2 <polinomios24.c>

//////////////////////////////////////////////
The KEPLERE program solves the Kepler equation for elliptic Keplerian orbits. The
code is collected in the following modules: keplere.c, polinomios24.c and ellipk.h.
The module main.c is a driver to check good operation of the program
Copyright (C) 2018 by the Universidad Politecnica de Madrid (UPM)
Authors: Virginia Raposo-Pulido and Jesus Pelaez
This program is free software: you can redistribute it and/or modify it under the
terms of the GNU General Public License as published by the Free Software Foun-
dation, either version 3 of the License, or (at your option) any later version.
This program is distributed in the hope that it will be useful, but WITHOUT ANY
WARRANTY; without even the implied warranty of MERCHANTABILITY or FIT-
NESS FOR A PARTICULAR PURPOSE. See the GNU General Public License for
more details.
You should have received a copy of the GNU General Public License along with this
program. If not, see <https://www.gnu.org/licenses/>.
//////////////////////////////////////////////
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#include "ellipk.h"

//////////////////////////////////////////////
This file contains the 24 polynomials PPi_ke(e, M) that provide the seed (E) of the
modified Newton-Rapson method that solves the elliptic Kepler equation. The poly-
nomials in this module are grade 5.
//////////////////////////////////////////////

double PP0_ke (double e, double x)
{
double t1, t11, t17, t19, t2, t23, t26, t6, t8, t9;

t1 = x * x;
t2 = t1 * t1;
t6 = 0.1e1 / (-0.1e1 + e);
t8 = e * e;
t9 = t8 * t8;
t11 = t8 * e;
t17 = t9 * t9;
t19 = t9 * t11;
t23 = t9 * e;
t26 = t9 * t8;

return(0.3456e4*t2*x*e*t6*(0.1169099091706114e-1 + 0.671492819444721191e-1 * e -
0.11087037484241450e0 * t9 + 0.3131071359544849e0 * t11 - 0.2810909188261130e0 *
t8) / (-0.48963149565645032525e4 + 0.43120783089460391712e5 * e - 0.37026103758017141520e5

* t17 + 0.15137138580134853217e6 * t19 + 0.4025153789434402896e4 * t17 * e + 0.55340321949460409412e6

* t23 - 0.56558223538618654188e6 * t9 - 0.36098496542315134366e6 * t26 + 0.38534644417281762299e6

* t11 - 0.16877736682374551478e6 * t8) - 0.576e3 * t2 * e * t6 * (-0.768461018223e-4
- 0.39710353553572809e-2 * e - 0.1604309194516221e-1 * t9 + 0.291952768559462e-1 *
t11 - 0.91228165902839e-2 * t8) / (-0.15585454565440389959e4 + 0.12184968692226749445e5

* e - 0.12960000000000000003e4 * t17 + 0.10610566308309836480e5 * t19 + 0.77785503962289416959e5

* t23 - 0.99500937539998574645e5 * t9 - 0.38005094959292002980e5 * t26 + 0.81456789267902728562e5

* t11 - 0.41677250274894150139e5 * t8) + 0.24e2 * t1 * x * e * t6 * (-0.34451994696369384e1

+ 0.13190372883781691919e2 * e - 0.290999476081273939e1 * t9 + 0.121221300468499857e2

* t11 - 0.189573364698870189e2 * t8) / (-0.49610042688479712283e3 + 0.33881432129428691286e4

* e + 0.41727995695687749988e3 * t19 + 0.92079665847908949561e4 * t23 - 0.15731011270073840002e5

* t9 - 0.29942550071872819232e4 * t26 + 0.16124685389283909272e5 * t11 - 0.99167084398296184588e4

* t8) - 0.1e1 * x * t6);
}

b.0.3 <keplere.c>

//////////////////////////////////////////////
The KEPLERE program solves the Kepler equation for elliptic Keplerian orbits. The
code is collected in the following modules: keplere.c, polinomios24.c and ellipk.h.
The module main.c is a driver to check good operation of the program
Copyright (C) 2018 by the Universidad Politecnica de Madrid (UPM)
Authors: Virginia Raposo-Pulido and Jesus Pelaez
This program is free software: you can redistribute it and/or modify it under the
terms of the GNU General Public License as published by the Free Software Foun-
dation, either version 3 of the License, or (at your option) any later version.
This program is distributed in the hope that it will be useful, but WITHOUT ANY
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WARRANTY; without even the implied warranty of MERCHANTABILITY or FIT-
NESS FOR A PARTICULAR PURPOSE. See the GNU General Public License for
more details.
You should have received a copy of the GNU General Public License along with this
program. If not, see <https://www.gnu.org/licenses/>.
//////////////////////////////////////////////

#include "ellipk.h"
#include <math.h>
#include <stdio.h>

#define abs(x) ((x)>0.0L ? (x) : (-(x)) )

//////////////////////////////////////////////
The function:

double ke_24(double M0, double e0, double eps)
provides the starting seed to use with any Newton-Raphson algorithm
The arguments are:

M0→ mean anomaly (known data)
e0→ eccentricity of the elliptic orbit (0< e0 <1)
eps→ tolerance

The function returns the value of E (unknown of the Kepler equation) in radians
//////////////////////////////////////////////

double ke_24(double M0, double e0, double eps)
{
double XV[25], z, M, e, DBL_EPSILON, theeps, PI, DOSPI;
int i=0, j;
PI = 3.141592653589793238462643383279502884L;
DOSPI = 6.283185307179586476925286766559005768L;
DBL_EPSILON = 2.22*pow(10, -16);

if (DBL_EPSILON < eps) theeps = DBL_EPSILON;
else theeps = eps;

if (abs(M0 - 0.0L ) <= theeps) return(0.0L);
if (abs(M0 - PI ) <= theeps) return(PI);
if (abs(M0 - DOSPI) <= theeps) return(DOSPI);

if(M0 > PI) M = DOSPI - M0;
else M = M0;
e = e0;

if (abs(1.0L - e)<=0.25L && abs(M) < 0.15L)
{

z = gtotal(M, e);
if(M0 > PI) z = DOSPI - z;
return(z);

}

//ends of the 24 intervals associated with the 24 polynomials P in which it is di-
vided [0, pi]
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XV[0] = (0.0L);
XV[1] = (0.130899693899574718269276807636645953L -

0.130526192220051591548406227895489010L*e);
XV[2] = (0.261799387799149436538553615273291907L -

0.258819045102520762348898837624048328L*e);
XV[3] = (0.392699081698724154807830422909937860L -

0.382683432365089771728459984030398866L*e);
XV[4] = (0.523598775598298873077107230546583814L -

0.500000000000000000000000000000000000L*e);
XV[5] = (0.654498469497873591346384038183229766L -

0.608761429008720639416097542898164003L*e);
XV[6] = (0.785398163397448309615660845819875720L -

0.707106781186547524400844362104849039L*e);
XV[7] = (0.916297857297023027884937653456521674L -

0.793353340291235164579776961501299276L*e);
XV[8] = (1.04719755119659774615421446109316763L -

0.866025403784438646763723170752936184L*e);
XV[9] = (1.17809724509617246442349126872981358L -

0.923879532511286756128183189396788286L*e);
XV[10] = (1.30899693899574718269276807636645953L -

0.965925826289068286749743199728897366L*e);
XV[11] = (1.43989663289532190096204488400310549L -

0.991444861373810411144557526928562871L*e);
XV[12] = (1.57079632679489661923132169163975144L -

1.00000000000000000000000000000000000L*e);
XV[13] = (1.70169602069447133750059849927639739L -

0.991444861373810411144557526928562872L*e);
XV[14] = (1.83259571459404605576987530691304335L -

0.965925826289068286749743199728897367L*e);
XV[15] = (1.96349540849362077403915211454968930L -

0.923879532511286756128183189396788288L*e);
XV[16] = (2.09439510239319549230842892218633525L -

0.866025403784438646763723170752936187L*e);
XV[17] = (2.22529479629277021057770572982298121L -

0.793353340291235164579776961501299276L*e);
XV[18] = (2.35619449019234492884698253745962716L -

0.707106781186547524400844362104849042L*e);
XV[19] = (2.48709418409191964711625934509627311L -

0.608761429008720639416097542898164010L*e);
XV[20] = (2.61799387799149436538553615273291907L -

0.500000000000000000000000000000000000L*e);
XV[21] = (2.74889357189106908365481296036956502L -

0.382683432365089771728459984030398870L*e);
XV[22] = (2.87979326579064380192408976800621097L -

0.258819045102520762348898837624048335L*e);
XV[23] = (3.01069295969021852019336657564285693L -

0.130526192220051591548406227895489011L*e);
XV[24] = (PI);

while( M - XV[i] >= 0.0L) i++;
j = i -1;
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switch(j)
{

case 0:
if(e <0.90L) z = PP0_ke25(e,M);
else z = PP0_ke(e,M);
break;

case 1:
if(e <0.90L) z = PP1_ke(e,M);
else z = PP0_ke(e,M);
break;

case 2: z = PP2_ke(e,M); break;
case 3: z = PP3_ke(e,M); break;
case 4: z = PP4_ke(e,M); break;
case 5: z = PP5_ke(e,M); break;
case 6: z = PP6_ke(e,M); break;
case 7: z = PP7_ke(e,M); break;
case 8: z = PP8_ke(e,M); break;
case 9: z = PP9_ke(e,M); break;
case 10: z = PP10_ke(e,M); break;
case 11: z = PP11_ke(e,M); break;
case 12: z = PP12_ke(e,M); break;
case 13: z = PP13_ke(e,M); break;
case 14: z = PP14_ke(e,M); break;
case 15: z = PP15_ke(e,M); break;
case 16: z = PP16_ke(e,M); break;
case 17: z = PP17_ke(e,M); break;
case 18: z = PP18_ke(e,M); break;
case 19: z = PP19_ke(e,M); break;
case 20: z = PP20_ke(e,M); break;
case 21: z = PP21_ke(e,M); break;
case 22: z = PP22_ke(e,M); break;
case 23: z = PP23_ke(e,M); break;
default: z = 0.0L; break;

}

if(M0 > PI) z = DOSPI - z;
return(z);
}

//////////////////////////////////////////////
The functions

double interno(double M, double e)
double eta0_as (double xi, double epsilon)

control the development of interno in the singular corner
//////////////////////////////////////////////

double eta0_as (double xi, double epsilon)
{
double t1, t2;

t1 = xi * xi;
t2 = t1 * epsilon;
return(xi*(t2*(epsilon*(t1/0.12e2 + 0.1e1/0.6e1 + t2*((t1*(0.275e3*t1 + 0.1008e4)/0.6480e4
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+ 0.1e1/0.12e2 - t2*(t1*(0.455e3*t1 + 0.2035e4) + 0.2016e4)/0.12960e5)* epsilon - t1/0.18e2

- 0.19e2/0.120e3)) - 0.1e1/0.6e1) + 0.1e1));
}

double interno(double M, double e)
{
double xi, epsilon;

epsilon = 0.1e1 - e;
xi = M/epsilon/epsilon;
return(epsilon*eta0_as(xi,epsilon));
}

//////////////////////////////////////////////
The functions

double intermedio(double M, double e)
double nu_as (double sigma0, double epsilon)

control the development of intermedio in the singular corner
//////////////////////////////////////////////

double nu_as (double sigma0, double epsilon)
{
double t1;
double t2;
double t3;
double t4;

t1 = sigma0 * sigma0;
t2 = t1 + 0.2e1;
t2 = 0.1e1 / t2;
t3 = t2*t2 * epsilon * t1;
t4 = t3 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (0.757195e6 * t1
+ 0.44808682e8) + 0.1224969238e10) + 0.20654633560e11) + 0.243708581800e12) +
0.2211750858328e13) + 0.18349996321600e14) + 0.128222589683200e15) + 0.623846188000000e15)
+ 0.1882207378800000e16) + 0.3157146518400000e16) / 0.63567504000000e14 + 0.462e3

/ 0.13e2 + t3 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 *
(0.39895597e8 * t1 + 0.2708147672e10) + 0.85624740744e11) + 0.1679468000096e13) +
0.23019850794160e14) + 0.237013796890368e15) + 0.1962922508203200e16) + 0.15128222076687360e17)
+ 0.108665136123240960e18) + 0.614804420307200000e18) +
0.2399006473260160000e19) + 0.5951303807554560000e19) +
0.8445756809297920000e19) + 0.5235928169185280000e19) /
0.45768602880000000e17);
return(sigma0 * (t2 * epsilon * t1 * (t1 / 0.60e2 + 0.1e1 / 0.3e1 + t3 * (t1 * (t1 * (t1
+ 0.25e2) + 0.340e3) / 0.1400e4 + 0.3e1 / 0.5e1 + t3 * (t1 * (t1 * (t1 * (t1 * (0.5e1 *
t1 + 0.166e3) + 0.2505e4) + 0.28240e5) + 0.124100e6) / 0.126000e6 + 0.10e2 / 0.7e1

+ t3 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (0.387e3 * t1 + 0.16172e5) + 0.306228e6) +
0.3619848e7) + 0.35945312e8) + 0.205356480e9) + 0.568176000e9) / 0.155232000e9 +
0.35e2 / 0.9e1 + t3 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (t1 * (0.8491e4 * t1 +
0.428551e6) + 0.9895902e7) + 0.140539840e9) + 0.1425806620e10) + 0.12837145200e11)
+ 0.83879753200e11) + 0.327717760000e12) +
0.678930000000e12) / 0.50450400000e11 + 0.126e3 / 0.11e2 + t4))))) +
0.1e1));
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}

double intermedio(double M, double e)
{
double epsilon, chi, sigma0,s, L;

epsilon = 0.1e1 - e;
chi = M / sqrt(epsilon*epsilon*epsilon);
L = sqrt(8.0L + 9.0L*chi*chi);
s = pow(L + 3.0L*chi, 1.0L/3.0L);
sigma0 = 6.0L*chi/( 2.0L + s*s + 4.0L/s/s);
return(sqrt(epsilon)*nu_as(sigma0,epsilon));
}

//////////////////////////////////////////////
The function

double gtotal(double M, double e);)
compute the seed provided to the modified Newton-Raphson in the singular corner
The arguments are:

M→ mean anomaly
e→ eccentricity

Return the value of the eccentric anomaly which is given as seed to the N-R
//////////////////////////////////////////////

double gtotal(double M, double e)
{
double epsilon, s, y;

epsilon = 0.1e1 - e;
s = M/pow(epsilon,1.5L);
if(s < 0.001L) y = interno(M,e);
else y = intermedio(M,e);
return(y);
}

//////////////////////////////////////////////
The function

double *FKE(double M, double e, double u, double *caja)
calculate the function of the kepler equation f(u)= u -e*sin(u) -M and its first two
derivatives. The arguments are:

M→ mean anomaly (known data)
e→ eccentricity of the orbit (0<e<1) (known data)
u→ eccentric anomaly = E (here is a known data)
caja→memory to store the calculated values. It is the responsibility of the

user to make the appropriate reservation of such memory
Returns a pointer to caja, which is where the calculated values are stored. The func-
tion uses the external variable nfun which collects the number of times the function
is called
//////////////////////////////////////////////

long int nfun;
double *FKE(double M, double e, double u, double *caja)
{
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extern long int nfun;

nfun++;
caja[2] = e*sin(u); // second derivative
caja[1] = 1.0L - e*cos(u); // first derivative
caja[0] = (u-caja[2]) -M; // function
return(caja);
}

//////////////////////////////////////////////
The function

int ecuacion_de_kepler_sdg(double M, double e, double *pu, double *resto,
double eps)
solve the kepler equation, in the elliptic case with a given precision. The arguments
are:

M→ mean anomaly (known data)
e→ eccentricity of the orbit (0<e<1) (known data)
pu→ pointer to a variable where the eccentric anomaly (in

radians) is collected = E (unknown)
resto→ pointer to a variable where the residual of Kepler’s

equation is collected (u-e*sin(u)-M)
eps→ tolerance

The function uses the Modified Newton Raphson algorithm (MNR). The function
returns an integer that matches the number of iterations made with the MNR
//////////////////////////////////////////////

int ecuacion_de_kepler_sdg(double M0, double e0, double *pu, double *resto, dou-
ble eps0)
{
double M, e, eps;
double p, q, r, u,s, delta, caja[3], *pd;
int i=0;

M = M0;
e = e0;
eps = eps0;
u = ke_24(M, e, eps); // seed
pd = FKE(M, e, u, caja);
p = caja[0];
q = caja[1];
r = caja[2];
if(abs(p)< eps)

{*pu = u; *resto = p; return(i);}

for(i=1; i<50; i++)
{

if( q > 0.0L) delta = 2.0L*p/(q + sqrt(abs(q*q-2.0L*p*r ))); // MNR
else delta = 2.0L*p/(q - sqrt(abs(q*q-2.0L*p*r )));
s = 1.0L-q; // improvement with third derivative s = 1 - q
p = 2.0L*q - delta*(2.0L*r - delta*s);
if( abs(p)> eps)
{

p = - delta*delta*s/p/3.0L;
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delta *= (1.0L + p);
}
if( i >=6) delta *= pow(0.990L,(double)i);
u -= delta;

pd = FKE(M, e, u, caja);
p = caja[0];
q = caja[1];
r = caja[2];

if((abs(delta) < eps) || (abs(p) < eps))
{

break;
}

}
*pu = (double)u;
*resto = (double)p;
return(i);
}

int ekepler_eq(double M1, double e1, double *ph1, double *resto1, double eps1)
{
int i1;
double M11, DOSPI, aux;

DOSPI = 6.283185307179586476925286766559005768L;

if (abs(M1) > DOSPI)
{

if (M1 < 0)
{

M11 = -(abs(M1) - floor(abs(M1) / DOSPI)*DOSPI);
aux = floor(abs(M1) / DOSPI)*DOSPI;
i1 = ecuacion_de_kepler_sdg(abs(M11), e1, ph1, resto1, eps1);
*ph1 = -*ph1-aux;

}
else
{

M11 = M1 - floor(M1 / DOSPI)*DOSPI;
aux = floor(M1 / DOSPI)*DOSPI;
i1 = ecuacion_de_kepler_sdg(M11, e1, ph1, resto1, eps1);
*ph1 = *ph1 + aux;

}
}
else
{

if (M1 < 0)
{

i1 = ecuacion_de_kepler_sdg(abs(M1), e1, ph1, resto1, eps1);
*ph1 = -*ph1;

}
else
{
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i1 = ecuacion_de_kepler_sdg(M1, e1, ph1, resto1, eps1);
}

}
return(i1);
}

b.0.4 main.c

//////////////////////////////////////////////
The KEPLERE program solves the Kepler equation for elliptic Keplerian orbits. The
code is collected in the following modules: keplere.c, polinomios24.c and ellipk.h.
The module main.c is a driver to check good operation of the program
Copyright (C) 2018 by the Universidad Politecnica de Madrid (UPM)
Authors: Virginia Raposo-Pulido and Jesus Pelaez
This program is free software: you can redistribute it and/or modify it under the
terms of the GNU General Public License as published by the Free Software Foun-
dation, either version 3 of the License, or (at your option) any later version.
This program is distributed in the hope that it will be useful, but WITHOUT ANY
WARRANTY; without even the implied warranty of MERCHANTABILITY or FIT-
NESS FOR A PARTICULAR PURPOSE. See the GNU General Public License for
more details.
You should have received a copy of the GNU General Public License along with this
program. If not, see <https://www.gnu.org/licenses/>.
//////////////////////////////////////////////

#include "ellipk.h"
#include <math.h>
#include <stdio.h>

void main(void)
{
//////////////////////////////////////////////
Input

e: eccentricity of the elliptic orbit (known data) 0 < e < 1

M: mean anomaly (known data)
Output

ph1: eccentric anomaly
Note: the solution is given in double precision for the EKE-SDG code by using the
Modified Newton-Rhapson (MNR)
Code developed by V. Raposo-Pulido and J. Peláez
//////////////////////////////////////////////

double e, M, ph1, resto1, eps;
int i;

eps = 2.22*pow(10, -16);
e = 0.45;
M = 2.5;
i = ekepler_eq(M, e, &ph1, &resto1, eps);
printf("\ n Eccentricity: %+020.18E \ n", e);
printf("\ n Mean anomaly: %+020.18E \ n", M);
printf("\ n Eccentric anomaly: %+020.18E \ n", ph1);
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printf("\ n Residual: %+020.18E \ n", resto1);
printf("\ n Number of iterations: %d \ n", i);
}
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 Para su conocimiento y efectos oportunos, se le notifica que el Registro Territorial de la Propiedad Intelectual de la 
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correspondió el número M-006673/2018.‘’ 
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inexistencia de los derechos inscribibles, así como en cualquier otra cuestión de naturaleza jurídico-privada. 

 
b) En vía administrativa, en el caso de resoluciones que tengan su fundamento en la aplicación de normas de 

procedimiento administrativo. En este caso, se significa que esta Resolución no pone fin a la vía administrativa, 
pudiendo interponer recurso de alzada ante el Viceconsejero de Cultura, Turismo y Deportes, o ante el 
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CT H E H K E - S D G C O D E

The next functions provide the solution in double precision of the HKE-SDG code
by using the Modified Newton-Rhapson method (authors: V. Raposo Pulido and J.
Pelaez):

• <hyperk.h>: header file where the different modules and functions of the code
are declared.

• <polinomios25.c> and <polinomios25Q.c>: polynomials for the seed (only the
first polynomial for each function is presented due to the extension of the
expressions).

• <keplerh.c>: set of functions to estimate the polynomial and asymptotic ap-
proximations for the seed as well as the numerical method to estimate the
final value of the hyperbolic anomaly.

• <main.c>: module containing a driver to check the code. Is an example about
how the function must be run. In this function the eccentricity and mean
anomaly are defined.

c.0.1 <hyperk.h>

//////////////////////////////////////////////
The KEPLERH program solves the Kepler equation for hyperbolic Keplerian or-
bits. The code is collected in the following modules: keplerh.c, polinomios25.c poli-
nomios25Q.c and hyperk.h. The module main.c is a driver to check good operation
of the program
Copyright (C) 2018 by the Universidad Politecnica de Madrid (UPM)
Authors: Virginia Raposo-Pulido and Jesus Pelaez
This program is free software: you can redistribute it and/or modify it under the
terms of the GNU General Public License as published by the Free Software Foun-
dation, either version 3 of the License, or (at your option) any later version.
This program is distributed in the hope that it will be useful, but WITHOUT ANY
WARRANTY; without even the implied warranty of MERCHANTABILITY or FIT-
NESS FOR A PARTICULAR PURPOSE. See the GNU General Public License for
more details.
You should have received a copy of the GNU General Public License along with this
program. If not, see <https://www.gnu.org/licenses/>.
//////////////////////////////////////////////

//////////////////////////////////////////////
FILE keplerh.c
//////////////////////////////////////////////
double keh_25(double M0, double e0, double eps);
double nuh_as(double sigmao, double epsilon);
double intermedioh(double M, double e);
double gtotalh(double M, double e);
double *FKEH(double M, double e, double u, double *caja);
int ECUACION_DE_KEPLERH_sdgh(double M0, double e0, double *pu, double
*resto, double eps0);
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double FCT(double S, double x, double e);
double gtotalhDOS(double M, double e);
double gtotalhTRES(double M, double e);
int hkepler_eq(double M1, double e1, double *ph1, double *resto1, double eps1);
//////////////////////////////////////////////

//////////////////////////////////////////////
MODULE polinomios25.c
//////////////////////////////////////////////
double PPH0_ke(double e, double x);
double PPH1_ke(double e, double x);
double PPH2_ke(double e, double x);
double PPH3_ke(double e, double x);
double PPH4_ke(double e, double x);
double PPH5_ke(double e, double x);
double PPH6_ke(double e, double x);
double PPH7_ke(double e, double x);
double PPH8_ke(double e, double x);
double PPH9_ke(double e, double x);
double PPH10_ke(double e, double x);
double PPH11_ke(double e, double x);
double PPH12_ke(double e, double x);
double PPH13_ke(double e, double x);
double PPH14_ke(double e, double x);
double PPH15_ke(double e, double x);
double PPH16_ke(double e, double x);
double PPH17_ke(double e, double x);
double PPH18_ke(double e, double x);
double PPH19_ke(double e, double x);
double PPH20_ke(double e, double x);
double PPH21_ke(double e, double x);
double PPH22_ke(double e, double x);
double PPH23_ke(double e, double x);
double PPH24_ke(double e, double x);

//////////////////////////////////////////////
MODULE polinomios25Q.c
//////////////////////////////////////////////
double QQH0_ke(double e, double x);
double QQH1_ke(double e, double x);
double QQH2_ke(double e, double x);
double QQH3_ke(double e, double x);
double QQH4_ke(double e, double x);
double QQH5_ke(double e, double x);
double QQH6_ke(double e, double x);
double QQH7_ke(double e, double x);
double QQH8_ke(double e, double x);
double QQH9_ke(double e, double x);
double QQH10_ke(double e, double x);
double QQH11_ke(double e, double x);
double QQH12_ke(double e, double x);
double QQH13_ke(double e, double x);
double QQH14_ke(double e, double x);
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double QQH15_ke(double e, double x);
double QQH16_ke(double e, double x);
double QQH17_ke(double e, double x);
double QQH18_ke(double e, double x);
double QQH19_ke(double e, double x);
double QQH20_ke(double e, double x);
double QQH21_ke(double e, double x);
double QQH22_ke(double e, double x);
double QQH23_ke(double e, double x);

c.0.2 <polinomios25.c>

//////////////////////////////////////////////
The KEPLERH program solves the Kepler equation for hyperbolic Keplerian or-
bits. The code is collected in the following modules: keplerh.c, polinomios25.c poli-
nomios25Q.c and hyperk.h. The module main.c is a driver to check good operation
of the program
Copyright (C) 2018 by the Universidad Politecnica de Madrid (UPM)
Authors: Virginia Raposo-Pulido and Jesus Pelaez
This program is free software: you can redistribute it and/or modify it under the
terms of the GNU General Public License as published by the Free Software Foun-
dation, either version 3 of the License, or (at your option) any later version.
This program is distributed in the hope that it will be useful, but WITHOUT ANY
WARRANTY; without even the implied warranty of MERCHANTABILITY or FIT-
NESS FOR A PARTICULAR PURPOSE. See the GNU General Public License for
more details.
You should have received a copy of the GNU General Public License along with this
program. If not, see <https://www.gnu.org/licenses/>.
//////////////////////////////////////////////

#include "hyperk.h"

//////////////////////////////////////////////
This file contains the 25 polynomials PPHi_ke(e, M) that provide the seed (S =
sinh(H)) of the modified Newton-Rapson method that solves the hyperbolic Kepler
equation. The polynomials in this module are grade 5.
//////////////////////////////////////////////

double PPH0_ke (double e, double x)
{
double t80;

t80 = x * x;

return((0.1e1 / (e - 0.1e1) +
((0.125619031568129558537380271410332022e1 +
(-0.386896297445922329942791253526031698e1 +
(0.397458463649162035319156450269314720e1 -
0.136187300221481648906471060024501584e1 * e) * e) *
e) / (-0.753709874513349572842363902433619830e1 +
(0.533644703178604011903435655253666572e2 +
(-0.161926955103827310067286221499564231e3 +
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(0.272966483185125737342108674783906395e3 +
(-0.276087334554369700721547069525986956e3 +
(0.167544674481392071366040635772371738e3 +
(-0.564856332122875304429233576403064543e2 +
0.816139363123982706168741160854905003e1 * e) * e) * e) *
e) * e) * e) * e) + ((-0.958688217924823935501782842000181705e-4 +
(-0.510121027425997692040825072704324965e-2 +
(-0.164741666448638963333205206206751994e-1 +
0.220780757484086884956517410243543940e-1 * e) * e) *
e) / (0.753709874513349572842363902433619829e1 +
(-0.609519169783737701972277800942650357e2 +
(0.215647900761431692125272092573189541e3 +
(-0.435975112406404674084898863736474596e3 +
(0.550877237315339524214194941686440662e3 +
(-0.445476275938404291166795839088250074e3 +
(0.225149508247949125762430962753541289e3 +
(-0.650243515910619529228042795155324044e2 +
0.821591184439085054140512639701441960e1 * e) * e) * e) *
e) * e) * e) * e) * e) + (0.252674257989487261929593560802687026e-1 +
(0.181156144842423602994829135698156169e0 +
(-0.421277152858462836797440502550471456e0 +
0.214548459711471257973372417227719640e0 * e) * e) *
e) / (-0.301483949805339829136945560973447932e1 +
(0.274157454555548556816447978652653657e2 +
(-0.110802790927857499178963701893328363e3 +
(0.261225417553932260103325655073133759e3 +
(-0.395905867604755066389384777273332807e3 +
(0.400013352079265784684681827805794974e3 +
(-0.269440628547842955871503875019778378e3 +
(0.116671144565895074989564934132360149e3 +
(-0.294698507720984166784906571885258136e2 +
0.330831769595936095049525210814559361e1 * e) * e) * e) *
e) * e) * e) * e) * e) * e) * x) * x) * t80) * x);
}

c.0.3 <polinomios25Q.c>

//////////////////////////////////////////////
The KEPLERH program solves the Kepler equation for hyperbolic Keplerian or-
bits. The code is collected in the following modules: keplerh.c, polinomios25.c poli-
nomios25Q.c and hyperk.h. The module main.c is a driver to check good operation
of the program
Copyright (C) 2018 by the Universidad Politecnica de Madrid (UPM)
Authors: Virginia Raposo-Pulido and Jesus Pelaez
This program is free software: you can redistribute it and/or modify it under the
terms of the GNU General Public License as published by the Free Software Foun-
dation, either version 3 of the License, or (at your option) any later version.
This program is distributed in the hope that it will be useful, but WITHOUT ANY
WARRANTY; without even the implied warranty of MERCHANTABILITY or FIT-
NESS FOR A PARTICULAR PURPOSE. See the GNU General Public License for
more details.
You should have received a copy of the GNU General Public License along with this
program. If not, see <https://www.gnu.org/licenses/>.
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//////////////////////////////////////////////

#include "hyperk.h"

//////////////////////////////////////////////
This file contains the 24 polynomials QQHi_ke(e, M) that provide the seed (S =
sinh(H)) of the modified Newton-Rapson method that solves the hyperbolic Kepler
equation. The polynomials in this module are grade 5.
//////////////////////////////////////////////

double QQH0_ke (double e, double x)
{
double t1, t11, t112, t118, t129, t149, t2, t20, t24, t29, t31, t32, t37, t4, t42, t47, t5, t58,
t59, t6, t68, t74, t8, t86, t88, t99;

t1 = x * x;
t2 = t1 * t1;
t4 = e * e;
t5 = t4 * t4;
t6 = t5 * t4;
t8 = t5 * e;
t11 = t4 * e;
t20 = 0.1e1 / (0.208801853556464060172846674001845583e36 * t4 -
0.408707086854597186269411766966380406e36 * e +
0.199999999999999999999999999999999996e36);
t24 = 0.1e1 / (0.250000000000000000000000000000000000e36 * t4 -
0.478313955950124144801090431097121357e36 * e +
0.228784240456657300784340395355441668e36);
t29 = 0.1e1 / (0.125000000000000000000000000000000000e36 * e -
0.124377593619153311454313314074966573e36);
t31 = 0.204353543427298593134705883483190205e36 * e -
0.199999999999999999999999999999999998e36;
t32 = 0.1e1 / t31;
t37 = 0.1e1 / (0.510883858568246482836764708707975510e36 * t4 -
0.988725758845683403670657945627647635e36 * e +
0.478313955950124144801090431097121352e36);
t42 = 0.1e1 / (0.319302411605154051772977942942484695e36 * t11 -
0.947925049475863565670394745824782426e36 * t4 +
0.938018522412323939105498295127845890e36 * e -
0.309395715889824930733689240596732683e36);
t47 = t5 * t11;
t58 = 0.500000000000000000000000000000000000e36 * e -
0.478313955950124144801090431097121357e36;
t59 = 0.1e1 / t58;
t68 = 0.1e1 / (0.407816120227468867525091160159854655e36 * t8 -
0.201561253316469052611631096609806397e37 * t5 +
0.398476391603869935214387049153088988e37 * t11 -
0.393877364378860395595382160093819904e37 * t4 +
0.194662508689449242536874502317774301e37 * e -
0.384818946184516601190110018760320066e36);
t74 = t5 * t5;
t86 = t31 * t31;
t88 = 0.1e1 / t86 / t31;
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t99 = t74 * e;
t112 = t58 * t58;
t118 = t74 * t4;
t129 = 0.111368119099203973906410815518435742e36 * t118 -
0.108566894978128606702088932581405881e37 * t99 +
0.476252330516090458895187964793543494e37 * t74 -
0.123800902705659364370784950085084396e38 * t47 +
0.211188739881252782984744726717170052e38 * t6 -
0.247031314394892645957552275679872109e38 * t8 +
0.200660581504807867487299901076951739e38 * t5 -
0.111765260989567323576560669801052104e38 * t11 +
0.408519393704081499692248404857515478e37 * t4 -
0.884844100726072082447454653377228525e36 * e +
0.86243359612302934717272564075793715e35;
t149 = 0.197753334362221370285862583084933442e144 * t74 * t11 -
0.129218182306798386659067444654879594e174 * t118 +
0.100365454761543724925028760609297998e175 * t99 -
0.337674127087304644525667248034505114e175 * t74 +
0.639052138015217374251831541622267100e175 * t47 -
0.735525430039195088406650381966203910e175 * t6 +
0.513062591169164154329577580190574955e175 * t8 -
0.194532872753458068543465347482048820e175 * t5 +
0.208604542929372860544226196637502148e174 * t11 +
0.997752162657495525840900326209474345e173 * t4 -
0.260815068397315239177919780208811877e173 * e -
0.557610708267290903141942619491996825e171;

return(0.488281250000000000000000000000000000e145 *
t2 * x * (0.437327486851215633006750731529872377e36 * t6 +
0.187337031705988070499015111203523559e67 * t8 -
0.819861240197865846349421365089801035e67 * t5 +
0.130349499121658934476819803971928170e68 * t11 -
0.867350408380737367129377540915733235e67 * t4 +
0.167034755764033960859332403734727968e67 * e +
0.293456059201043190338130138023153198e66) * t20 *
t24 * t29 * t32 * t37 * t42 -
0.976562500000000000000000000000000000e110 * t2 *
(0.221225959600832414040675711597376807e36 * t47 -
0.449803013236251426777843291314882300e66 * t6 +
0.167679475751243520148369878652322221e67 * t8 -
0.223037193877381166956931895412246883e67 * t5 +
0.113048124038641183096280344793397780e67 * t11 -
0.298860625089794573963071110598266798e65 * t4 -
0.953307260026526464500726175652499120e65 * e -
0.188420489277721539668499474012215890e64) * t59 *
t32 * t24 * t20 * t68 +
0.976562500000000000000000000000000000e144 * t1 *
x * (0.327670854827456931546589950237299581e36 * t74 -
0.153218270976929729870761448158310029e68 * t47 +
0.102451977227752983708404213404784271e69 * t6 -
0.293966953818646115428633197880805262e69 * t8 +
0.469286087348627556919990490092858536e69 * t5 -
0.450250002597466793402649526105220127e69 * t11 +
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0.259681757141567599953643051067567930e69 * t4 -
0.833821601883903467617061775658684625e68 * e +
0.115011219852951041547580246881963353e68) * t42 *
t88 * t29 / (0.255441929284123241418382354353987756e36 *
t5 - 0.983088638268525105505986918441471456e36 * t11 +
0.141876398718980183866091410747032721e37 * t4 -
0.909978224428198183648327072224018993e36 * e +
0.218861390223736380851262018786895901e36) -
0.122070312500000000000000000000000000e114 * t1 *
(0.53984103956688868539305144294553e32 * t99 -
0.624148617591256394352820626404909136e62 * t74 +
0.359355919006056505169696587589985356e63 * t47 -
0.845916959025179842639304341637757536e63 * t6 +
0.102430925519158418318550975034493867e64 * t8 -
0.640923212405337909774045602555959064e63 * t5 +
0.156724714601482223569039225330326971e63 * t11 +
0.221689362729940339299300579095155320e62 * t4 -
0.130362266158971774643946788970235000e62 * e -
0.267565264513054973086680985430145724e60) * t68 *
t20 / t112 * t37 +
0.390625000000000000000000000000000000e213 * x *
t129 * t29 * t37 * t88 * t42 * t24 -
0.390625000000000000000000000000000000e-2 * t149 * t29 *
t24 * t59 / (0.156250000000000000000000000000000000e36 *
t4 - 0.310943984047883278635783285187416432e36 * e +
0.154697857944912465366844620298366343e36) /
(0.178188990558726358250257304829497180e36 * t8 -
0.871964280972301261872800437939881800e36 * t5 +
0.170677594593805278068329549404876181e37 * t11 -
0.167041482845171248138277339201476462e37 * t4 +
0.817414173709194372538823533932760785e36 * e -
0.159999999999999999999999999999999992e36));
}

c.0.4 <keplerh.c>

//////////////////////////////////////////////
The KEPLERH program solves the Kepler equation for hyperbolic Keplerian or-
bits. The code is collected in the following modules: keplerh.c, polinomios25.c poli-
nomios25Q.c and hyperk.h. The module main.c is a driver to check good operation
of the program
Copyright (C) 2018 by the Universidad Politecnica de Madrid (UPM)
Authors: Virginia Raposo-Pulido and Jesus Pelaez
This program is free software: you can redistribute it and/or modify it under the
terms of the GNU General Public License as published by the Free Software Foun-
dation, either version 3 of the License, or (at your option) any later version.
This program is distributed in the hope that it will be useful, but WITHOUT ANY
WARRANTY; without even the implied warranty of MERCHANTABILITY or FIT-
NESS FOR A PARTICULAR PURPOSE. See the GNU General Public License for
more details.
You should have received a copy of the GNU General Public License along with this
program. If not, see <https://www.gnu.org/licenses/>.
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//////////////////////////////////////////////

#include "hyperk.h"
#include <math.h>
#include <stdio.h>

#define abs(x) ((x)>0.0L ? (x) : (-(x)) )

//////////////////////////////////////////////
The function:

double keh_25(double M0, double e0, double eps)
provides the starting seed to use with any Newton-Raphson algorithm
The arguments are:

M0→ mean anomaly (known data)
e0→ eccentricity of the hyperbolic orbit (e0 >1)
eps→ tolerance

The function returns the value of S=sinh(H) (unknown of the Kepler equation)
//////////////////////////////////////////////

double keh_25(double M0, double e0, double eps)
{
double XV[51], z, M, e, phi, tt;
double xi;

if (abs(e - 1.0L)<=0.5L && abs(M) < 0.25L)
{

z = gtotalh(M, e);
return(sinh(z));

}

//ends of the 25 intervals associated with the 25 polynomials P

XV[0] = (0.0L);
XV[1] = (- 0.2L + 0.201336002541093987625568243010317373L*e);
XV[2] = (- 0.4L + 0.410752325802815508540210013844698104L*e);
XV[3] = (- 0.6L + 0.636653582148241271123454375465148319L*e);
XV[4] = (- 0.8L + 0.888105982187623006574717573189756981L*e);
XV[5] = (- 1.0L + 1.17520119364380145688238185059560082L*e);
XV[6] = (- 1.2L + 1.50946135541217269644289491125921093L*e);
XV[7] = (- 1.4L + 1.90430150145153405514212382769742631L*e);
XV[8] = (- 1.6L + 2.37556795320022969758455354439030725L*e);
XV[9] = (- 1.8L + 2.94217428809567977271710961629775564L*e);
XV[10] = (- 2.0L + 3.62686040784701876766821398280126170L*e);
XV[11] = (- 2.2L + 4.45710517053589352156881637051936233L*e);
XV[12] = (- 2.4L + 5.46622921367609457443138377479405527L*e);
XV[13] = (- 2.6L + 6.69473222839367825866130738120707085L*e);
XV[14] = (- 2.8L + 8.19191835423591595325119731137053734L*e);
XV[15] = (- 3.0L + 10.0178749274099018989745936194658281L*e);
XV[16] = (- 3.2L + 12.2458839965654912141970922329098858L*e);
XV[17] = (- 3.4L + 14.9653633887183436343401764511296270L*e);
XV[18] = (- 3.6L + 18.2854553606153475958966014183740521L*e);
XV[19] = (- 3.8L + 22.3394068607223287208896227032622527L*e);
XV[20] = (- 4.0L + 27.2899171971277524489082715907938186L*e);
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XV[21] = (- 4.2L + 33.3356677320523319694048751468816484L*e);
XV[22] = (- 4.4L + 40.7192956625325245016109361699722550L*e);
XV[23] = (- 4.6L + 49.7371319030945875769059601966175554L*e);
XV[24] = (- 4.8L + 60.7510938858429303641033771355589455L*e);
XV[25] = (- 5.0L + 74.2032105777887589770094719960645656L*e);

//ends of the 24 intervals associated with the 24 polynomials Q

XV[26] = (0.100166750019844025823729383521905024L*e - 0.1L);
XV[27] = (0.304520293447142618958435267005095229L*e - 0.3L);
XV[28] = (0.521095305493747361622425626411491559L*e - 0.5L);
XV[29] = (0.758583701839533503459874647592768154L*e - 0.7L);
XV[30] = (1.02651672570817527595833616197842235L*e - 0.9L);
XV[31] = (1.33564747012417677938478052357867844L*e - 1.1L);
XV[32] = (1.69838243729261580866757837422406835L*e - 1.3L);
XV[33] = (2.12927945509481749683438749467763165L*e - 1.5L);
XV[34] = (2.64563193383723255528348091262507841L*e - 1.7L);
XV[35] = (3.26816291152831718171575932929456328L*e - 1.9L);
XV[36] = (4.02185674215733408161554001720300250L*e - 2.1L);
XV[37] = (4.93696180554595850311383723155543542L*e - 2.3L);
XV[38] = (6.05020448103978732145032363835040319L*e - 2.5L);
XV[39] = (7.40626310606654217337122065930621505L*e - 2.7L);
XV[40] = (9.05956107469332685682315502164694588L*e - 2.9L);
XV[41] = (11.0764510395240377993798196445394570L*e - 3.1L);
XV[42] = (13.5378778766283237106863842027448534L*e - 3.3L);
XV[43] = (16.5426272876349976249567315290124982L*e - 3.5L);
XV[44] = (20.2112904167985255688457159280278653L*e - 3.7L);
XV[45] = (24.6911035970421847456447294987383451L*e - 3.9L);
XV[46] = (30.1618574609801041249726180050204907L*e - 4.1L);
XV[47] = (36.8431125702917979900023602980633864L*e - 4.3L);
XV[48] = (45.0030111519917856218096568056437152L*e - 4.5L);
XV[49] = (54.9690385875109015313183231905375222L*e - 4.7L);
XV[50] = (67.1411665509322802497701958639658740L*e - 4.9L);

while( M - XV[i] >= 0.0L && i <26) i++;
j = i -1;

if (j==25) k=25;
else if (j==0 && M<XV[26]) k=0;
else if (j==24 && M>XV[50]) k=24;
else if (M<XV[j+26])
{

if ((M-XV[j])<(XV[j+26]-M)) k=j;
else k=j+25;

}
else if (M>XV[j+26])
{

if ((M-XV[j+26])<(XV[j+1]-M)) k=j+26;
else k=j;

}

switch(k)
{
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case 0: z = PPH0_ke(e,M); break;
case 1: z = PPH1_ke(e,M); break;
case 2: z = PPH2_ke(e,M); break;
case 3: z = PPH3_ke(e,M); break;
case 4: z = PPH4_ke(e,M); break;
case 5: z = PPH5_ke(e,M); break;
case 6: z = PPH6_ke(e,M); break;
case 7: z = PPH7_ke(e,M); break;
case 8: z = PPH8_ke(e,M); break;
case 9: z = PPH9_ke(e,M); break;
case 10: z = PPH10_ke(e,M); break;
case 11: z = PPH11_ke(e,M); break;
case 12: z = PPH12_ke(e,M); break;
case 13: z = PPH13_ke(e,M); break;
case 14: z = PPH14_ke(e,M); break;
case 15: z = PPH15_ke(e,M); break;
case 16: z = PPH16_ke(e,M); break;
case 17: z = PPH17_ke(e,M); break;
case 18: z = PPH18_ke(e,M); break;
case 19: z = PPH19_ke(e,M); break;
case 20: z = PPH20_ke(e,M); break;
case 21: z = PPH21_ke(e,M); break;
case 22: z = PPH22_ke(e,M); break;
case 23: z = PPH23_ke(e,M); break;
case 24: z = PPH24_ke(e,M); break;
case 25:

{
double le, l2,lm;
le = log(e);
l2 = log(2.0L);
lm = log(M);
tt = sqrt(e*e + M*M);
phi = (tt*(log(tt+M)-le))/((tt-1.0)*M);
lm = log(e/2.0L/M);
xi = -lm*lm/2/M/M/M;
z = (M/e)*(1.0+phi+xi);
{
break;

case 26: z = QQH0_ke(e,M); break;
case 27: z = QQH1_ke(e,M); break;
case 28: z = QQH2_ke(e,M); break;
case 29: z = QQH3_ke(e,M); break;
case 30: z = QQH4_ke(e,M); break;
case 31: z = QQH5_ke(e,M); break;
case 32: z = QQH6_ke(e,M); break;
case 33: z = QQH7_ke(e,M); break;
case 34: z = QQH8_ke(e,M); break;
case 35: z = QQH9_ke(e,M); break;
case 36: z = QQH10_ke(e,M); break;
case 37: z = QQH11_ke(e,M); break;
case 38: z = QQH12_ke(e,M); break;
case 39: z = QQH13_ke(e,M); break;
case 40: z = QQH14_ke(e,M); break;
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case 41: z = QQH15_ke(e,M); break;
case 42: z = QQH16_ke(e,M); break;
case 43: z = QQH17_ke(e,M); break;
case 44: z = QQH18_ke(e,M); break;
case 45: z = QQH19_ke(e,M); break;
case 46: z = QQH20_ke(e,M); break;
case 47: z = QQH21_ke(e,M); break;
case 48: z = QQH22_ke(e,M); break;
case 49: z = QQH23_ke(e,M); break;
default: z = 0.0L; break;

}
return(z);
}

//////////////////////////////////////////////
The functions

double intermedio(double M, double e)
double nuh_as (double sigma0, double epsilon)

control the development of intermedioh in the singular corner
//////////////////////////////////////////////

double nuh_as (double sigma0, double epsilon)
{
double t1, t10, t12, t17, t18, t2, t20, t25, t26, t34, t42, t44, t5, t55, t60, t73;

t1 = sigmao * sigmao;
t2 = t1 * sigmao;
t5 = t1 + 0.2e1;
t10 = t1 * t1;
t12 = t10 * t1;
t17 = t5 * t5;
t18 = t17 * t5;
t20 = epsilon * epsilon;
t25 = t10 * t10;
t26 = t25 * t1;
t34 = t17 * t17;
t42 = t25 * t12;
t44 = t25 * t10;
t55 = t20 * t20;
t60 = t25 * t25;
t73 = t34 * t34;
return(sigmao - 0.166666666666666666666667e-1 * t2 * (t1 + 0.20e2) / t5 * epsilon
+ 0.714285714285714285714286e-3 * t10 * sigmao * (t12 + 0.25e2 * t10 + 0.340e3 *
t1 + 0.840e3) / t18 * t20 - 0.793650793650793650793651e-5 * t10 * t2 * (0.5e1 * t26

+ 0.166e3 * t25 + 0.2505e4 * t12 + 0.28240e5 * t10 + 0.124100e6 * t1 + 0.180000e6) /
t34 / t5 * t20 * epsilon + 0.644197072768501339929911e-8 * t25 * sigmao * (0.387e3 *
t42 + 0.16172e5 * t44 + 0.306228e6 * t26 + 0.3619848e7 * t25 + 0.35945312e8 * t12

+ 0.205356480e9 * t10 + 0.568176000e9 * t1 + 0.603680000e9) / t34 / t18 * t55 -
0.477183016865556548096231e-11 * t25 * t2 * (0.35203e5 * t60 * t1 + 0.1768558e7 * t60 +
0.40930516e8 * t42 + 0.582574720e9 * t44 + 0.5917801960e10 * t26 + 0.53311645600e11

* t25 + 0.348404653600e12 * t12 + 0.1361270272000e13 * t10 + 0.2820160000000e13 *
t1 + 0.2400448512000e13) / t73 / t5 * t55 * epsilon);
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}

double intermedioh(double M, double e)
{
double epsilon, chi, sigma0, sdos, s, L;

epsilon = e - 0.1e1

chi = M / sqrt(epsilon*epsilon*epsilon);
L = sqrt(8.0L + 9.0L*chi*chi);
s = pow(L + 3.0L*chi, 1.0L/3.0L);
sdos = s*s;
sigma0 = 6.0L*chi/( 2.0L + sdos + 4.0L/sdos);
return(sqrt(epsilon)*nuh_as(sigma0,epsilon));
}

//////////////////////////////////////////////
The function

double gtotalh(double M, double e);)
compute the seed provided to the modified Newton-Raphson in the singular corner
The arguments are:

M→ mean anomaly
e→ eccentricity

Return the value S=sinh(H) which is given as seed to the N-R
//////////////////////////////////////////////

double gtotalh(double M, double e)
{
double y;

y = intermedioh(M,e);
return(y);
}

double FCT(double S, double x, double e)
{
double z;

z = (x + log(S + sqrt(S*S + 1.0L)))/e;
return(z);
}

double gtotalhDOS(double M, double e)
{
int n,i;
double S, u;

n = 10;

for (i = 0; i < n; i++)
{

if (i == 0) u = (M / e);
else u = FCT(S, M, e);
S = u;
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}
return(S);
}

double gtotalhTRES(double M, double e)
{
int n,i;
double S, u, z;
double le, l2, lm, tt, phi, xi;

le = log(e);
l2 = log(2.0L);
lm = log(M);
tt = sqrt(e*e + M*M);
phi = (tt*(log(tt + M) - le)) / ((tt - 1.0)*M);
xi = (-1.0L / (2.0L*pow(M, 3.0L)))*(pow(le - l2, 2.0L) + lm*(lm + 2.0L*(l2 - le)));
z = (M / e)*(1.0 + phi + xi);

n = 10;

printf("\ n M= %020.18lf e= %020.18lf", (double)M, (double)e);
for (i = 0; i < n; i++)
{

if (i == 0) u = z;
else u = FCT(S, M, e);
S = u;

printf("\ n S= %020.18lf", (double)S);
}
printf("\ n S= %020.18lf\ n\ n", (double)S);
return(S);
}

//////////////////////////////////////////////
The function

double *FKEH(double M, double e, double u, double *caja)
calculate the function of the kepler equation f(u)= u-log(u+sqrt(1+pow(u,2)))/e -
M/e and its first two derivatives. The arguments are:

M→ mean anomaly (known data)
e→ eccentricity of the orbit (e>1) (known data)
u→ hyperbolic sine of the hyperbolic anomaly = sinh(H) (here is a known

data)
caja→memory to store the calculated values. It is the responsibility of the

user to make the appropriate reservation of such memory
Returns a pointer to caja, which is where the calculated values are stored. The func-
tion uses the external variable nfun which collects the number of times the function
is called
//////////////////////////////////////////////

long int nfun;
double *FKEH(double M, double e, double u, double *caja)
{
extern long int nfun;



252 the hke-sdg code

double a,ad, at, ac;

nfun++;

ad = 1.0L + u*u;
a = sqrt(ad);
at = ad*a;
ac = at*ad;

caja[3] = (3.0L - 2.0L*ad)/ac/e; // third derivative
caja[2] = u/at/e; // second derivative
caja[1] = 1.0L - 1.0L/a/e; // first derivative
caja[0] = u - log(u+a)/e -M/e; // function
return(caja);
}

//////////////////////////////////////////////
The function

int ECUACION_DE_KEPLERH_sdgh(double M, double e, double *pu,
double *resto, double eps)
solve the kepler equation, in the hyperbolic case with a given precision. The argu-
ments are:

M→ mean anomaly (known data)
e→ eccentricity of the orbit (e>1) (known data)
pu → pointer to a variable where the hyperbolic sine of the hyperbolic

anomaly is
collected = sinh(H) (unknown)

resto→ pointer to a variable where the residual of Kepler’s
equation is collected (e*u-log(u+sqrt(1+pow(u,2)))-M)

eps→ tolerance
The function uses the Modified Newton Raphson algorithm (MNR). The function
returns an integer that matches the number of iterations made with the MNR
//////////////////////////////////////////////

int ECUACION_DE_KEPLERH_sdgh(double M0, double e0, double *pu, double
*resto, double eps0)
{
double M, e, eps, u, tt, delta, c[4], *pd;
double DBL_EPSILON;
int i=0;

DBL_EPSILON = 2.22*pow(10, -16);
M = M0;
e = e0;
eps = eps0;
u = keh_25(M, e, eps); // seed
pd = FKEH(M, e, u, c);
if(abs(c[0])< eps)

{*pu = u; *resto = c[0]; return(i);}

for(i=1; i<50; i++)
{

if( c[1] > 0.0L) delta = 2.0L*c[0]/(c[1] + sqrt(abs(c[1]*c[1]
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-2.0L*c[0]*c[2] ))); // MNR
else delta = 2.0L*c[0]/(c[1] - sqrt(abs(c[1]*c[1]-2.0L*c[0]*c[2] )));
tt = -c[3]*delta*delta*delta/(3.0L*c[3]*delta*delta -6.0L*c[2]*delta+6.0L*c[1]);
delta += tt;

u -= delta;
pd = FKEH(M, e, u, c);

if (abs(u)<= 1.0L)
{

if((abs(c[0]) < eps) || (abs(delta) < DBL_EPSILON)) break;
}
else
{

if ((abs(c[0]) < eps) || (abs(delta)<abs(u*DBL_EPSILON))) break;
}

}
*pu = u;
*resto = c[0];
return(i);
}

//////////////////////////////////////////////
The function

int hkepler_eq(double M1, double e1, double *ph1, double *resto1, dou-
ble eps1)
consider the sign of the mean anomaly to solve the kepler equation, in the hyper-
bolic case with a given precision. The arguments are:

M1→ mean anomaly (known data)
e1→ eccentricity of the orbit (e>1) (known data)
ph1→ pointer to a variable where the hyperbolic anomaly is collected

= H (unknown)
resto1→ pointer to a variable where the residual of Kepler’s

equation is collected (e1*pu1-log(pu1+sqrt(1+pow(pu1,2)))-M1)
eps→ tolerance

The function returns an integer that matches the number of iterations made with
the MNR
//////////////////////////////////////////////

int hkepler_eq(double M1, double e1, double *ph1, double *resto1, double eps1)
{
int i1;
double s;

if (M1 >= 0)
{

i1 = ECUACION_DE_KEPLERH_sdgh(M1, e1, &s, resto1, eps1);
*ph1 = log(s + sqrt(1.0 + s*s));

}
else
{

M1 = -M1;
i1 = ECUACION_DE_KEPLERH_sdgh(M1, e1, &s, resto1, eps1);



254 the hke-sdg code

*ph1 = -log(s + sqrt(1.0 + s*s))
}
return(i1);
}

c.0.5 main.c

//////////////////////////////////////////////
The KEPLERH program solves the Kepler equation for hyperbolic Keplerian or-
bits. The code is collected in the following modules: keplerh.c, polinomios25.c poli-
nomios25Q.c and hyperk.h. The module main.c is a driver to check good operation
of the program
Copyright (C) 2018 by the Universidad Politecnica de Madrid (UPM)
Authors: Virginia Raposo-Pulido and Jesus Pelaez
This program is free software: you can redistribute it and/or modify it under the
terms of the GNU General Public License as published by the Free Software Foun-
dation, either version 3 of the License, or (at your option) any later version.
This program is distributed in the hope that it will be useful, but WITHOUT ANY
WARRANTY; without even the implied warranty of MERCHANTABILITY or FIT-
NESS FOR A PARTICULAR PURPOSE. See the GNU General Public License for
more details.
You should have received a copy of the GNU General Public License along with this
program. If not, see <https://www.gnu.org/licenses/>.
//////////////////////////////////////////////

#include "hyperk.h"
#include <math.h>
#include <stdio.h>

void main(void)
{
//////////////////////////////////////////////
Input

e: eccentricity of the hyperbolic orbit (known data) e > 1

M: mean anomaly (known data)
Output

ph1: hyperbolic anomaly
Note: the solution is given in double precision for the HKE-SDG code by using the
Modified Newton-Rhapson (MNR)
Code developed by V. Raposo-Pulido and J. Peláez
//////////////////////////////////////////////

double e, M, ph1, resto1, eps;
int i;

eps = 2.22*pow(10, -16);
e = 2.25;
M = 40.2;
i = hkepler_eq(M, e, &ph1, &resto1, eps);
printf("\ n Eccentricity: %+020.18E \ n", e);
printf("\ n Mean anomaly: %+020.18E \ n", M);
printf("\ n Hyperbolic anomaly: %+020.18E \ n", ph1);
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printf("\ n Residual: %+020.18E \ n", resto1);
printf("\ n Number of iterations: %d \ n", i);
}
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 Para su conocimiento y efectos oportunos, se le notifica que el Registro Territorial de la Propiedad Intelectual de la 
Comunidad de Madrid ha adoptado, con fecha 14 de febrero de 2019, la siguiente Resolución: 
 
 ‘’Vista la solicitud de inscripción de derechos sobre la obra titulada 'The HKE-SDG code to solve the hyperbolic 
Kepler equation' presentada en este Registro como Programa de ordenador, el 18 de septiembre de 2018, a la que 
correspondió el número M-006230/2018 y examinada la documentación aportada junto a ella, ha obtenido calificación jurídica 
favorable. 
 
 Por ello, de conformidad con lo dispuesto por el artículo 145.2 del Texto Refundido de la Ley de Propiedad 
Intelectual, aprobado por Real Decreto Legislativo 1/1996, de 12 de abril (TRLPI), y de acuerdo con las funciones atribuidas a 
los Registros Territoriales por el artículo 3 del Reglamento del Registro General de la Propiedad Intelectual, aprobado por 
Real Decreto 281/2003, de 7 de marzo (RRGPI), 
 

RESUELVO 
 
 Practicar, de conformidad con la matriz que se incorpora como anexo a la presente resolución, la inscripción de 
derechos instada por la  UNIVERSIDAD POLITÉCNICA DE MADRID, sobre la obra titulada 'The HKE-SDG code to solve 
the hyperbolic Kepler equation', presentada en el Registro de la Propiedad Intelectual, el 18 de septiembre de 2018, a la 
que correspondió el número M-006230/2018.‘’ 
 
 En cumplimiento de esta resolución, se remite copia de la matriz de inscripción con número de asiento registral 
16/2019/743, de fecha 15 de febrero de 2019. 

 
 De conformidad con lo dispuesto en el artículo 25 del RRGPI la presente Resolución podrá ser impugnada: 
 

a) En la vía jurisdiccional civil, ante los Juzgados de lo Mercantil de Madrid, en el caso de acuerdos relativos a la 
inscripción y fundados en la validez o invalidez de los títulos, en la capacidad de las partes o en la existencia o 
inexistencia de los derechos inscribibles, así como en cualquier otra cuestión de naturaleza jurídico-privada. 

 
b) En vía administrativa, en el caso de resoluciones que tengan su fundamento en la aplicación de normas de 

procedimiento administrativo. En este caso, se significa que esta Resolución no pone fin a la vía administrativa, 
pudiendo interponer recurso de alzada ante el Viceconsejero de Cultura, Turismo y Deportes, o ante el 
Registrador Territorial de la Propiedad Intelectual, en el plazo de un mes contado a partir del día siguiente al de 
la recepción de la presente notificación. 

 
 En caso de concurrencia simultánea de las causas previstas en los apartados a) y b), la vía de impugnación 
procedente será la civil. 
 
 Todo ello, sin perjuicio de que pueda ejercitar cualquier otro recurso que estime procedente. 
 
 Madrid, 15 de febrero de 2019 

EL REGISTRADOR DE LA PROPIEDAD INTELECTUAL 
(P.D.F. Resolución de 7.03.17) 

EL JEFE DEL SERVICIO DE PUBLICIDAD REGISTRAL 
PEDRO JIMÉNEZ SANTIAGO 
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