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A phenomenological madel of parametrie surface waves (l'araday waves) is introduced in the limit of small

viscous dissipation that accounts for the coupling between surface motion and slowly varying streaming and

large-scale flows (mean flow). The primary bifurcation of the maodel is to a set of standing waves (sfripes. given

the functional torm of the model nonlinearities chosen here). (ur results tor the secondary instabilities ot the
primary wave show that the mean flow leads to a weak destabilization of the base state against Eckhaus and
transverse amplitude modulation instabilitics, and introduces a longitudinal oscillatory instability which is
absent without the coupling. We compare our results with recent one-dimensional amplitude equations for this
system systematically derived from the governing hydrodynamic cquations.
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I. INTRODUCTION

The purposc of (his paper is 10 couple a phenomenologi-
cal order paramclcr model of parametric surface waves in the
limit of weak viscous dissipation (o slowly varving [lows
(mean flows). To date, most theories of parametric surface
waves near onset have neglected such flows despite the ob-
servation that their effect is of the same order as other cubic
nonlinear conservative terms retained. The coupling 1o the
phenomenological model presented here allows us to discuss
the simplest consequences that these flows have in a laterally
unbounded geometry. namely, shifts in thresholds of second-
ary instabilities of the base pattern of standing waves, and
the appearance of a new longitudinal oscillatory instability,

When a layer of an incompressible fluid is vibrated peri-
odically along the direction normal to the free surface at rest,
il can cxhibil parametrically driven surface wavces, also
known as Faraday waves [1-4]. Just above the primary in-
stability of (he planar [ree surface, a scl of standing surlace
wavces cmerges leading (o a stationary paticrn with a symine-
try that depends on (he physical parameliers of the fluid and
the frequency of the forcing [5-8]. Intricate phenomena ap-
pear in the limit of weak viscous dissipation in which non-
linear wave interactions responsible for wave saturation and
pattern selection are dominated by triad resonant interactions
[9-11]. Whereas the first bifurcation away from planarity is
to a set of standing waves in which mean flow effects are
absent, mean flows are expected to be important in determin-
ing the stability of the primary waves, and more generally in
weakly damped systems. In this latter case, standing-wave
amplitude equations can be expected to be valid only very
close to onset.

Current weakly nonlinear (heory is restricted (o the small
region above threshold in which standing wavcs arc stablc, a
stale in which mcan (lows vanish identically. However, the
contribulion from mcan flows lo the cquations governing the
slow cvolution of the surlace waves can be of the same order
as the standard cubic nonlinear and conservative terms which
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are always retained. Thus weakly nonlinear corrections to
surface waves and mean flows must be considered simulta-
ncously, which has not been done in three dimensions in the
Tlimil considered below (sce [12] lor an analysis ol this limil
in two dimensions and [13-15] for an analysis of related
limits). The effects considered here are not unlike other
known phenomenology that includes the streaming flow pro-
duced by flixed surfacc waves {[16-19], and rclerences
therein} and the evolution of surface waves in the presence of
a fixed vortical flow [20.21].

A consistent introduction of mean flow effects into the
amplitude equations for Faraday waves requires explicit con-
sideration of special limits that involve the physical dimen-
sions of the container. We specifically focus here on the case
of a fluid depth that is logarithmically large compared to the
wavelength, and derive a set of evolution equations for the
surface waves and the associaled mcan flow in the double
limil ol small viscosily and large aspeel ratio (the ratio be-
tween the lateral sive of the container and (he wavelength).
We (ind two scparale contributions (o mcan [low, namely an
inviscid contribution arising lrom (he slowly varying motion
of the free surface, similar to the one appearing in classical
Davey-Stewartson models [22], and a viscous one resulting
from a slowly varying shear stress produced by the oscilla-
tory boundary layer attached to the free surface. This latter
contribution describes vorticity iransport (by viscous diffu-
sion or convection} from the boundary laver into the bulk
[23].

An important simplification in our analysis is that the cu-
bic nonlinear terms of the phenomenclogical model are cho-
sen so as to lead to a stripe pattern above onset instead of a
square pattern as expedmentally observed in the limit of
weak viscous dissipation, Whilc it is a simple maltler 1o
modily the (unctional form of (he cubic lcrm 1o produce
square pallerns, we have chosen o first clarily the cllect of
mcan [lows on slow modulations ol a stripc paticrmn. There is
no salisfacltory theory al present that can account lor the
interaction between slow spatial modulation of the waves



and mean flows in three dimensions, and the case of stripes
is considerably simpler than other symimetries involving a
larger numbcr of planc-wave componcnls al onscl.

1. FORMULATION

We consider a fluid layer of unperturbed depth & sup-
ported by a horizontal plate that is vibrating vertically with
an amplitude " and a frequency 2", where the superscript *
denotes dimensional quantities. In order to facilitate com-
parison with related results in [11,24], we vse for adimen-
sionalization the characteristic time '™’ and length &"!,
where the wave mumber & is related to " by the inviscid
dispersion relation

m.:—.; :g.:q}.‘_:fe + O'*}\'*B/p* i (l)

in terms of the gravitational acceleration g*, the surface ten-
sion o, and the density p”, all assumed constant. Here we
arc assuming that (he wavelength £° 1 is (al least somewhal)
small compared with (he depth of the container. The resulting
dimensionless conlinuily and Navier-Stokes cquations in a
reference [rame atlached to the vibrating container, with the
z=0) planc al the unperturbed (rec surface, are

V-ut+tdw=0, {(2)

Au—w(Vw—ou)—n'V u' ==V p+ AVu+3u)2.
{3)

aw+u-(Vw—au)=—ap+yVw+aw)2, (4

in —d<z<h{x,y,f), wilh boundary conditions rcsulling

from no slip at the supporting plate,
u=0, w=lalz=-4d, (5)

and kinematic compatibility and equilibrium of tangential
and normal stresses at the free surface,

dh+u- Vhi=w, {6)

Au+Vw—(Vu+Vu) Vh
+[2aw —{dau+ Vw)- VA VAi=0, {7

p—(|u]* +w?)/2—[da sin 2t+1-Th
+IV - [Vi/(L+|Vh[H'"
=pldw—(du+ Vw) Vh
+[Vh-(Va+ Va')2]- V(L + VAR (8)
at z=h. Here
= {(1.1.0) {9)
and w are the horizontal and vertical velocity components,
V =(0,.4,,0) (10)

denotes the horizontal gradient. the superscript L over a
horizontal vector denotes the result of rotating the vector 90°
counterclockwise, namely,

u-={—v.u0), (11

and the superscript T over a tensor denotes the transpose;
p(=(pressure) +{|u|>+w?}/2+[1-T'+4a sin(21)]z)) is acon-
venienlly modificd pressure, and £ is (he {vertical) [ree sur-
face deflection. For simplicily, we do nol consider lateral
walls, bul imposc periodic boundary conditions in (wo hori-
zontal dircctions, namcly

(. w p)x+Ly.v.2,0= (@wp)x.y+Ls.2.1)

= (u,w,p)x.v.2,1).

Jlx+1.0.0) =i,y + Lo, )= flewt), (12)

And for convenience we also consider the vertically inte-
grated continuity equation

! rh
dh+ vV (J udz)—O, (13)
o=

oblaingd upon inicgration of Eq. (2) in —<<<z<A and sub-
stitution of Eq. {6).

A. Multiple scale analysis: Oscillatory and mean flows

We consider next a specific range of parameters in which
it is possible to simplify the problem by separating fluid
molion into a “las” oscillatory component and a “slow™
mcan flow, In particular, we consider (he sysiem of surface
waves near onscl, and in the limits ol a very large laleral
surface and weak viscous dissipation. The problem depends
on the following dimcensionless parameters: (he dimension-
less viscosily y=22"%"2/a" (with v (he kincmatic viscosily).
the gravity-capillary contribution I'="%"/(p" ™). the forc-
ing amplitude a=a"k", the container depth d=d"k". and the
aspect ratios L, and L,; note that. according to Eq. (1). O
=I'= | and the extreme cases I'=0 and | correspond to the
purcly gravitational and purcly capillary limits, respectively,
The approximation below requires (a) that the aspect ratio of
the container be large. (b) that the surface waves be weakly
damped, (¢) that a small wavelength be exhibiled compared
o the conlainer’s depth, and (d) a small steepness, which in
turn require that

Lzl dzl, y<l, |[VhH<1l a<1, (14)
where /.=min{/.;,/..}. The large spatial scale sct by (he
(large) aspect ratio introduces a slow horizontal scale over
which both spatial and temporal modulations are expected to
occur. As suggested by the 2D case [12], this scale is ex-
pected to be determined (in the equations for the oscillatory
flow associated with the surface waves) by the balance be-
tween cubic nonlinearity and either (i) transport with the
group vclocily or (i1} dispersion. And ¢ must be notl loo
large; scc below. For the sake of claritly, we assume that o is
logarithmically large compared lo the remaining small pa-
ramelers (namcly . a, and /. "} and we shall treat o as an
(1) parameter, In lacl, for simplicily we consider the dis-

tinguished limit



Ygedg gy g gt (15)
where ¢ is a measure of the surfacc-wave amplitude; sce Eq.
(18} below. The estimates y~a~&* tesull [rom imposing
that lincar damping, cubic nonlingarily, and parametric [orc-
ing be of the same order. Therefore, we are implicitly assum-
ing that the coefficient of the cubic term is (1), which ex-
cludes triad resonances [11]. If these are present, the cubic
coefficient becomes ()(y"!} and a different scaling applies. In
order 10 concentrale on the ¢lfects of mean Nows, we exclude
triad rcsonances in what (ollows.

Under these assumplions, we shall (implicitly} use a mul-
liscale analysis in both (horizontal) space and time, Bul in
order 1o make a not (oo (echnical presenlation and (o avoid
obscuring the main idcas with a (oo involved nolation, we
shall use only one time variable and one space variable in
each horizontal direction. The basic (fast) scales involve
O(1) increments of x, v, or . A magnitude ¢ that exhibits
these fast scales at leading order is such that

|dpfax] ~ |, |dgiay]~ |, or|dgiae| ~ |4,
(16)
and it will be said to depend strongly on the associated vari-
able x, v, or ¢. If instead the magnitude only changes over the
slower scale at leading order, namely, if
|ounox| < ¥, |dwiov] <. orl|dgiod] < |,

(17)

then the magnitude will be said to depend weakly on the
associated variable, x, i, or £. To proceed. we decompose the
flow variables and the free surface deflection into oscillatory
and time-averaged parts. associated with the surface waves
and the me¢an low (denoted herealter with the superscripts o
and m), Tcspectively, as

(u‘ H’,p,h) — S(MU,W”,}')”J’I”) + 82(”171_ Wm,pm,i"im), USJ

where (i) the (oscillatory) flow variables associated with the
surface waves are required to be such that

<uo>t5‘ — O, (woys — (pci)IS — <ho>t5‘ — 0’ (ng

with (-)* standing here and hereafter for the time average in
the basic oscillating period

(= (2m) J thdl (20)

and (ii)} the variables associated with the mean flow are re-
quired 1o depend weakly on time; more preciscly, we assume
that

T

|&r”m‘ — 82‘um|_ |erm

m|

e~ &%lp

| h™| ~ & || (21)

where we are anticipating the time scale for the slow evolu-
tion of the mean flow, 7~ &>, Also we anticipate that the
rescaled flow variables #”. ..., A", u™, ... W™ are at most of
order unily; sce below, The mean (low i deseribed in icrms
ol the time-averaged velocity o™, which is the Fulerion

velocity and does not coincide in general with the velocity
associated with the time average of the trajectories of fluid
clements, The latler is the Lagrangian mcan velocily, or
masy transport velocily (denoled here as 2%u™), which is (he
approprialc velocily 1o analy-c mcan {rajeclorics ol passive
scalars (sce, ¢.g., [23,26] in conncclion with chaotic advec-
tion [27]). The dilfcrence between the (wo 1s the Stekes drifi
so that, in the notation of (his paper, its horizontal and ver-
tical components, scaled with £, are given by [28]

™ - =g = <(f] V. V) Vd+ (:fl &cb) Y (b>{x~
Wil it = g5 = <(J‘IV¢\) -V (ﬂ:gf;) + (JI &s¢)t)a::¢>“,

(22)

in a first approximation, where we are anticipating Eq. (25)
below, and the operator [ is defined as

t t fo
J tﬁ=<J t,bdt> . (23)

wilh {-} slanding hercaller lor the time-oscillatory part, de-
fined as

(o= p={p”. (24)

By definition, Eq. (23) is independent of f;.

B. Oscillatory flow

We begin by deriving the equations governing the oscil-
latory flow associated with the surface waves which exhibits
a thin viscous boundary layer of (2{+/9) thickness attached 1o
the free surface. In the bulk region outside this boundary
layer. the oscillatory velocity components and the pressure
are given by

L
=V ¢+ s{(f a:gf;)(Vw"”*c?su’")

; 5

+ U Vq‘;)A v .u"”i] x+()(s3),

Cp
w”=rﬂg¢u—z:2(f Vq‘)) S(Vw™ —au™ + 0%,

p=—db, (25)

as oblained upon subslitution of Eq. (18) into Eqgs. (3) and
(4), where o6 is (he velocily polential. Thus the oscillatory
flow is polential at lcading order, bul not at order 2, which
must be retained in what follows. Substitution of Eq. (25)
into Eq. (2) yields, afier some algebra,



‘et
Vit a.g+ 32( J szﬁ) V (Vw" — ™)

\

2V {(jfv(g)Lv u}

;o
- ez(f ng) LGV — o) =0

for—d<<z<0, (26)

Here we arc taking the upper boundary al the unperiurbed
[ree surface, which can be dong because £ is small, The
boundary conditions at the upper boundary must include the
clTeet of (he vortical flow in the boundary layer attached 1o
the frec surface on the oscillating low in the bulk. To the
approximation relevant here, this only requires us to replace
the boundary condition (7) by (see. e.g.. [11])

ah+u- Vh=w+Wixy!) alz=h, (27)
where 1 is given by
AW (x v 1) = YV (3, (28)

this equation can be integraied to obtain

W=y f Vi(a.4). (29)

Thus, to the approximation relevant here, Eq. (13) can be
rewritien as

\

{ rh
ah+V (j u dz) = yf Vi{d,¢). (30)
=4 /

The boundary conditions for the oscillatory flow at the un-
perturbed free surface are now obtained by a Taylor expan-
sion from Eqs. (8), (25), and (30), and are found to be

L
A = dh+ 92( f de) AV — ™) +e{V - (h°V )°
+ 87V [V i+ (h°)2,V ¢i2]
t
= wf Vi{a.d), (31)
dp+ elh o) + 7[R p— h°a.p" + (h°V a2
+o{| Vo + |2 + 2w Vgt h°0,(| V B

b H2 + dalh” sin 26y + (1 — D)A°
—I'V - [VAHL+ ] VI R+ i =2, (32)

+

where we are using Eq. (58) below. The boundary condition
{5) at the lower plate and the periodicity conditions (12)
vield

ab=0atz=—d, (33)
Glx+ Ly yvz = dlx,y+ Ly,2.0) = dlx,v.z.1).,

W+ Ly, ) =hey + L) = ey, (34)

We are consistently neglecting terms of order & in Eqs.
(31) and (32) because of the approximations listed in Eq.
(15}, and taking into accounl that thosc icrms that arc cither
(a) cubic in the oscillalory llow variables or (b) lincar in both
an oscillatory variable and a slowly varying variable, exhibil
zcro lcmporal mecan valucs at lcading order.

Before proceeding any [urther, we nole that mean low
docs notl contribule (o the averaged (in the time scale 1~ 1)
energy equation at leading order. which is consistent with the
fact that mean flow variables (velocity and free surface de-
flection) are small compared to their counterparts in the os-
cillatory flow. The averaged energy equation is obtained
upon multiplication of Eq. (26) by &¢, integration in
0<x-<L,,0<Cp=<CL,,—d=<<z<C0, averaging over a period of
oscillation, integration by parts repeatedly, and substitution
of Egs. (31). {32}, and (34). We find

d&

L (L
o j f KT B + i
0 0

= %)+ 8alah°
” )+ Balahe)

X{A® sin 200 dedy+ O(y+a+&7), (35)

where & is the time-averaged (kinetic plus potential) energy.
The first term on the right-hand side of Eq. (35) (except fora
factor of 2) is the classical result, first given by Landau and
Lifshitz [29], that approximated viscous dissipation by linear
damping from the bulk potential flow (see also [10,117]). Note
that mean flow variables (both velocity and free surface de-
flection) are small compared to their counterparts in the os-
cillatory flow and do not contribute to the energy at leading
order. To obtain Eq. (35), we have taken into account that 4™
and w™ are independent of ¢ at leading order, and that if
and ¢ arc /-periodic, of period 27 {as (he variables associ-
alcd with the oscillatory flow arc lo (irst approximation),
(hen o Teading order we have {@f a™=—{["y3™ and

(wf*=0.

C. Mean flow

In order to obtain the equations and boundary conditions
governing the slowly varying flow. we must take into ac-
count the oscillatory boundary layer atiached to the free sur-
face. which provides (at the edge of this layver) a slowly
varying shear stress that must be imposed as a boundary
condition for the mean flow in the bulk. This forcing mecha-
nism was first uncovered by Longuet-Higgins [23]. who ob-
tained an explicit expression for the forcing shear stress pro-
duced by general boundary layers in 2D. The counterpart of
(his cxpression in 3D (for a Iree surlace of gencral shape) has
only been oblained quile recently [30], although quasi-planar
frce surfaces (such as the oncs considered here) were alrcady
considered in a nol oo well known work [31]. With (he
nolation of this paper, the gencral formulas derived in [30]
vield

du"+ Vw=2AV[V-(h°V )]+ (Vi V)V ¢
+ (V2 VADS alz=0, (36)

where only the leading-order coniribution as v—0 and &
— 0 is retained. The boundary layer attached to the free sur-



face has no effect on the other two boundary conditions at
the unperturbed free surface, which are directly obtained
[rom Eqs. (8) and (13} o be

P =)™+ Vo™ = (h”dfz(b +(|V o + | a7 125",

(37)

o
ant+ v - (f u" dz) ==V -({iFPVialz=0,

~d
(38)

where we are only (aking inlo account the lcading-order
lerms, And rom Eq. (5) we have no slip at (he Tower plalc,

=0, w"=0az=—d, (39)

at leading order, We are neglecting the effect of the oscilla-
tory boundary laver attached to the lower plate because its
effect is quite small (the horizontal component of the mean
flow velocity near the lower plate is proportional to the
squarc of the vertical jump of the horizontal component of
the oscillalory vclocily accross the lower boundary layer
[28], which is O(¢c **)s?<2 & [Eq. (14)]; this in (urn is small
compared to the streaming flow velocity in the bulk. which is
O(£?)). These boundary conditions show that mean flow is
forced by surface waves in two ways. Those terms appearing
on the nght-hand sides of Eqs. (37) and (38) provide an
inviscid forcing mechanism that by itself would provide an
inviscid mean flow, like that appearing in the Davey-
Stewartson model [22]. The right-hand side of Eq. (36) in-
slcad produces a forcing shear siress that drives a viscous
meon flow, which is absent in the usual inviscid and ncarly
inviscid theorics of Faraday waves. Notc that his lorcing
siress is generically nonvero and independent ol viscosily al
Icading order, a [act that 1s well known bul somewhat sur-
prising because this effect is due to the oscillatory boundary
layer. and is absent in the strictly inviscid case. We remind
the reader that the limit of vanishing viscosity is a singular
limit which does commute with the limit ¢ — 0. We could
decompose the mean flow into its inviscid and viscous parts,
as is done in [13,14], but for convenience this is not done
here.

Finally. we substitute Eqs. (18) and (25) into Egs. (2) and
{3). and take the time average defined in Eq. {20} in the
resulting equations. Proceeding as we did to obtain Eq. (35),
we lind, allcr some algecbra,

Vou+ g =0, (40

ajum _ f)2[(de_._ WIMJ(VWJ'H _ ﬁzum'] + ("Sﬂ‘ + um) B v umL]

== Vg + y V" + S (41)

arwm+ 82(u541’+ um') . (Vwm _ (]zum)
== 3"+ VAW + w2, (42)

where #° and w* are the horizontal and vertical compo-
nents of the Stokes drift given by Eq. (22), and the modified
pressurc g™ 1s defined as

; t W ts
qm:pm + €2<()3¢.(J‘ V q‘;) ' (Vw'" JZMW)> . (43)

Finally the periodicity condition (12} yields

(W™ g™ e+ Ly v,2,0) = (0w ) e,y + L2, 1)

=@ W g ix, 2,0,

A+ L ) ="y + Ly = xpt). (44)

In order to estimate the magnitude of the various terms
that depend on the surface-wave variables and force the
mean flow, we assume that at leading order the velocity po-
tential ¢ and the free-surface deflection #° can be written as
4 superposition of plane waves,

N
h=ie” X A b o e
==
N
ho= 3 At g o (45)
=N

where the complex amplitudes 4 _.....4, are allowed to de-
pend only on slow space and time variables. The wave vec-
tors k... Kk, correspond to only A directions because they
are related in pairs as
k,=—k, and |k,|=1forn=1 . A (46)
Thus for each »=1.... &, the ath and the (—#)th waves
counterpropagate along the same direction. Note that each
pair of counterpropagating waves builds a standing wave in
the short time scale if and only if |4,|=|4 ,|. and the whole
surlace-wave pallern is scen 10 be slanding in (he shorl time

scale il and only il (he [ollowing, more stringent condition
holds:

A,d,=4_,A4_ forallmn=1, .. N. 47)

Such surface waves will be called guasistanding below.
By using Eq. (45), the lorcing tcrms in (he boundary con-
dilions Egs. (36)-(38) arc wrillen as

25+ |V o + oy

=V af - o0
= E (km ’ kn B I)AmAnei(k" b

+ E 'i(A)rl{)r . V;'n _A_mkm ' VAn)ei[:k" Kim! X 4 c.C.

m,n

+O(L %), (48)

VOV @ =(V hV "
=-22 Kk, V{4, 1+0u™.  (49)

H



(VIV - (h°V )]+ (VA V)V b+ (Vi) Vh"

- E (I+k,- k”)km.'—'lm.'—'l”ei':kn Kl

+cc. +OUL™Y, (50)
al z=0; and (he Stokes drilt velocily components in Eq. (22)

arc wrillen as

MSL{: w 16222 (l{m , l(” + l)l{n,;ﬁAnei(k-’i I, b x +cc + O(L 1‘]‘

m, i

(51)

wH=2w 1e¥ X K, V (|4,

L

A+OL Y. (52)

in—d-<<z<0.

Several remarks can be made about (hese boundary con-
ditions, Firsi, the lorging term given in Eq. (48) depends only
wcakly on the horizontal variablcs x and y, namcly

{2k b+ [V 2 + |0,y ~ 171, (53)

where ¢* is (he horizonial average in (he shorl spatial

scales
-1
{yphs = ( J a‘xdv) j v dxedy . (54)
B B

Here 5 is a ball of radins large compared to 1 but small
compared to L. Or, in terms of a horizontal Fourier transform
with associated wave numbers k., = 0 if {m,#) = (0,0). with
koo =0,

<J,[I he _ Yo it = 2 {.bmneikm”i* (55)

m, i

where 4, is allowed to depend weakly on x, v, and ¢ (and
strongly on z).

Second, the forcing terms in Eqs. (49) and (50) and the
Stokes drift vanish at leading order if the surface-wave pat-
tern is quasistanding,

(V[V- BV @] +{h°V - VIV p+ (V3 VIo"

o uSd — L*l.
and V - (h°V ¥ ~ w™ ~ L7 if Eq. (47) holds.
(50)
Third, and according to Eqs. (49) and (32), we have
¥ - (1 ¥ )yl =0 ), W™ =0iL ). (57)

By using the continuity equation (40), the boundary condi-
tion (38) can be rewritten as 44" +w"+{H"V $>=0, which
invoking Eqs. (21} and (57} viclds, al Icading order,

w e Ll gt z=0, (58)

Short- ond long-wave decomposition of the mean flow

We next decompose (the mean flow variables inlo a short-
weove componenl (or oscillatory in the horizonlal dircclion)

and a Jong-wave component (or slowly varying in the hori-
zontal direction)

N

(uﬂt.u‘,.l'il?qﬂl,’?J'H) — (uﬂi(},.u‘

+ (”’”S,8211"1115,(]””,]?”“?), (59)

ST -
, S-qlilﬂrl‘lli‘lﬁ)

where the shorl-wave component is such that
(M'”G>hs — {] <wma>hs — <qma>hs — <hmo>hs =1}, (6{]]

The long-wave componcuts depend weakly on the horizontal
variablcs

|Vums| ,-_, 83

umsL |Vwms‘ . CQ‘WmS‘, ‘mes| ,-_, 83

IHE
Izl

|thsl . €2|hms‘, (61)

where we are assuming that the slow spatial scale for hori-
zontal gradients of the long-wave mean flow is the same as
that of the envelope of surface waves. namely of the order of
L~ % [sce BEq. (15)). Also, in Eq. {59) & ~w"™ ~ g™
e T e T e e P o ™ -] and thus we are anlicipal-
ing the order ol magnitude ol all variables associaled with
both mecan flow componcnis.

The cquations governing the short-wave component of (he
mean flow are obtained by substituting Eq. (39) into Eqgs.
(36)—(42). The short-wave deflection #™ is given by

— (1= + UV = [({heaL g+ (|V &
6‘:¢' 3)/2)!5}?30]:70 v (6 2)

with periodic boundary condilions A%(x+/., .y, 1)=h"(x. v
+/o.)=h"0x,v.0), and where {-}" denoles the shor-wave
component

+

(" == (™. (63)

Note that, according to Eq. (53), the horizontal mean value
of the right-hand side of Eq. (62) vanishes at leading order,
as required by volume conservation.

Short-wave velocity and pressure 4™, w™”, and g™ are
given by
¥V ou™+aw™=0, (64)
Ju"" — w7 (W — a4 — I ™)
+ ("Scl+umo+ ums)_ v _umm_>im
- 82 v qmo + y(vzuma + a’iumo)/l (65)

&fwmo_i_ 8‘2{(”&?_'_ ue+ ”l?}SJ . (Vwmo —au™—a ums))ho
- 82(]_.(]}'”0+ ’}/(VEWmG + (JSZW'”G)/Q., (66)
in —d<z<0, with boundary conditions

W=0, w"=0atz=—d, (67)
A" =2{(VH - VIV b+ (V2h) V A7,
w"=0atz=10, (68)

W) Ly.2.0) = W™ ™) ey + L)

Her Leile)

= (" W™ g™ (x,v.2.8),



0+ Ly ) = B0y + Loy = B v, r), (69)

where we have laken inlo account Eq. (57). Nolc that (lus
problem is decoupled [rom (hat giving A7 [Eq. (62)].

In order (o delerming the cqualions governing the long-
wave component of the mean flow, we first take into account
that, according to the continuity equation and the boundary
condition {39), the rescaled vertical velocity component is
given by

Wi = — e_gj V u™ dz (70)
-d

and, according to Eq. (61}, is of order unity as assumed
above. The problem giving (a™, g™ #™) becomes decou-
pled from w™ as we show now. From the momentum equa-
tion (42) we obtain

g™ =gy, 1), (71)
and then, by invoking Eq. (37), the momenium equation (41}
yiclds
(?{H'm o 82<wma(vwma o (luma) + (u5d+ umo)L v - umaA>hs
=— Vg™ + vi_u"™/2 (72)
in —d<<z<20, with boundary condilions

W™ =0alz=—d,
G =2{(Vh? V)V = (VI Va2, (73)

qlm _ (1 _ ]")hm.\' — 0,

0
G+ ¥ ( f W e | == VT )
—d

(74)

al z=0, resulting [rom Eqs, (36)-(39) and (43), The periodic
boundary conditions {12) lead Lo

('ulfl.\'? wl?l»\', qlfl»\') (x + L] ,l‘lr",Z, .t) _ (um.\'? W l?l»\'? qlfl.\') ('x,‘l/' + L:,Z, r)

— (um.\'?w m.\'? qm.\') (X‘,‘V,Z, I) ;

i’:'”‘(x+L1,y\!) :th(xxv +L2,I)
_ hmx(x’.v_ f) ) (75)

All terms appearing in Eqs. (72)-(74) are of the same
order because y~ &’ [see Eq. (15)] and &, g™ and h"*
satisfy Eqs. (21) and (61). The forcing term in Eq. (74)b
V- {{hoV 'y is inviscid, and is the only forcing term that
appears in the standard Davey-Stewartson model [22] which
involves a potential mean flow. This model is only valid for
stripes patterns as described below in Eqs. (83)—(86), where
this term is precisely the only forcing term remaining on the
right-hand side of Eq. (86). On the other hand, the forcing
terms on the right-hand sides of Eqs. (68) and (73) are nec-
essarily viscous and drive a vortical flow.

Substituting Eqs. (59) into Eqs. (26)-(33), we obtain the
[ollowing cqualion (allcr some algcbra):

(it
Vg(b‘l’ a§:¢)+ SE(J dz¢) Vv - (V‘H"mof (-jzuﬂm)

[t YL
(-

I A
— ez(f v qb) C AW = ™ — 00" =0

(76)

for —d~<<z-20, and boundary conditions

s
&p]’[o - J:¢+82(J V(b) . (V whe — {.}:u!’im_ c;,sums)
+elV - (h°V ¢.']>t0+ PRe) v [(H" + h"5) W b+ R%(u™”

t
+ 1™+ (Y8, V $i2] = yf Vi (5), (77)

dhp+elh’a .y + [ (W + W) h— W o.g™
+ (0 a2+ &V o+ [ap[yr2 + e[
+u™) -V p+ R0 |V [ + | )/2] + 4alh® sin 26"
+(1-T)p" =TV -[VH/(L + VR ) 2]+ yi b =0,
(78)

dp=0atz=—d. (79)

This is (he central resull of this scction. In the limil con-
sidered [Eq. (15)], Mow variables have been decomposed into
oscillatory and slowly varying parls [Eq. (18)], where (he
oscillatory compongenls arc given by Eq. (23), with ¢ and A¢
given by Eqs. (26)-(34). The slowly varying component has
been further decomposed into shori-wave and long-wave
components in Eq. (59), with the short-wave component
given by Eq. (62), and the long-wave one given by Eqgs.
(72)—~(74). Thos the coupled evolution of surface waves and
mean flow is given by Eqs. (62), (64)(69), and {72)-{79).
This system of equations still includes the full 31 Navier-
Stokes equations (63} and {66) with a large Reynolds mimber
based on the horizontal size [although an ¢(1} Reynolds
nunber 1s bascd on the container depth].

The numcrical solution of (his coupled problem reaing
quite complicaied, and Turther simplifications arc neccssary
1o make il tractable, We discuss in the [ollowing scclion a
hierarchy of simplified models that are based on various
physical assumptions and in some cases on ad hoc approxi-
mations.

II1. APPROXIMATIONS TO THE COUFPLED
MEAN-FLOW-SURFACE-WAVE EQUATIONS

A. Siripes

In this particular case. the equations derived above sim-
plify substantially. Unfortunately in the nearly inviscid limit
we are considering stripes are not the selected pattern in 3D
[32]. except in the purely gravity wave limit of I"<€ L. This



would require that the basic wavelength 2 7/%" be large com-
pared to the capillary length £,= yo/{pg,). which is of the
order of 3 mm for water. We consider first the strict gravita-
tional limit of I'=0. If only one stripe is present at each
point, then we can take N=1 in Eqs. (49)—(52) at this point,
and the short-wave parts of #% and ((VA°-V)V¢
+(V2) ¥ AY" vanish in Eqs, (64)-(68), This implics that the
short-wave part of the mean flow is unforced. and thus ad-
mits the solution #™°=0, w"?=0, g™ =const which we as-
sume is globally stable. Then for large times such that the
short-wave component vanishes, the remaining variables are
given by Egs. (26), (310(33), (62), and (72)-(74). By also
invoking Eq. (61), these latler equations can be rewrillen as

.
Vih+ 3§2¢+32(J qu;) A" =0, (80)

A" ==V 1"+ oy w2 (81)
in —d<z<C0, with boundary conditions
d.p=u"=0 (82)

al z=—d and
t K
A= .- cg(j V¢,) S+ olV - (h°V ¢))"°
+&2V [+ 1)V b+ b+ (0°)°6, ¥ 2]
t
=y f Via.), (83)
a[¢+ 8<hr)a;3:¢.>{o + 82[(’71‘"{) +hm.\')a;3:¢7 a:qm.\' + (hn)’lalnglz]

+ (V" + 0.y 12+ £ [a™ - ¥ b+ h°6,(|V |
+|a,[1)/2] + 4alh” sin 269+ B+ ya =0, (84)

G =2{(Vh V)V S+ (V@) VAP, (85)

o
arhms+ v - (f u™ dZ) -—— V. (((’?OV (’b>rs>h.¥),

~d
(86)

at z=0. The periodic boundary conditions in the horizontal
variables resulting from Eq. (12) are

(i) et Lyv,z, 0 = ()Y x, v+ Loz 0)
=(b.h%)(x.1.2.1),

(hﬂ}hlﬁﬂ.‘hlﬁi) (.X' + 1 1: Vs 2y 't) = (hoe hmo: hms) (xz.y + ""‘2: Z, [J
= (hoehmo:hms)(xey.-za [) - (87]

These equations are considerably simpler as they only in-
clude the heat equation. Eq. (81), instead of the full contim-
ity and Navier-Stokes equations, but vet allow significant
variation in stripe orientation.

B. Linear approximation for the mean How

The mean flow cquations and boundary condilions Eqs.
(64)r—(68) and (72)—(74) arc lincar in the mcan (low variablcs
excepl Tor convective terms, 1T these are neglected, then the
mcan low cquations arc rewrilien as Eq. {(62) and

!y \
Vl’(b—o— C?i—(,b*' &2( f C;:(.b) V- (Vwm”—é‘:um“)

‘

t o !
L o {(J V(b) v -um‘u} —ez(f V(/))‘é’z(vwmo

— G = dy =0, (88)
Vou™+aw™ =0, (89)

A" = — VG + V" + T u™))2 (90)
AW = = 254" + Y(VPW™ + F w2, (91)
I = — Vg™ o ™2, (92)

in —¢/<2z<2{), with boundary conditions
d.b=0, w™ ==, w"=y"=(, (93}

al z=—d, and
e
AN — .+ 92( j de) (Vu — g™ — A u™)
+ F{V . UTOV ¢)>ro+ PRe) v [(l],n:o+lu1n15J v (]5+ho(umo

t
+u™) + (R)3,V ¢f2] = yf Vi(a,8), (94)

S+ elh’ Ty + [ + h™)a b — W og™
O a2+ &V o + gy r2 + [
+u™) -V p+ R0 (V[ + 0.0 )/2] + 4alh” sin 26"
+ (1= =TV - [Vh/(1 + |V h|) 2]+ 3 p=0,

(95)

W=0,  gu™ =2{(Vh- V)V ¢+ (V2 VAo,

(96)
J:um.\': 2<<(Vh” Y ) v (.b+ (ngb) v hn}l.\')fr.\'\ (97J

qm.\' _ (l _ l“]hmx =0.

]
G ( f W | == VT )
o /

(98)
— (L= D)+ V2R = (B3 b+ (W b+ | .25
(99)

al z={0; and periodic boundary conditions in the horizontal
dircction as in Eqgs. (69) and (75).



This linear approximation exactly provides the first bifur-
cated branch of standing waves (SWs) from the planar base
state wilth associalcd mcan (low that is unforced [sce Eq.
{56)] and thus identically vanishes at large times, This ap-
proximalion is also cxact for the lincar stability of the SWs
and, in particular, for the instability threshold of (his branch,
namely the (hreshold amplitude (i it is finile) for the appear-
ance ol transverse amplitude modulations (TAMS) [5]. Fur-
thermore, we expect that the neglected convective terms do
not play a significant qualitative role in subsequent bifur-
cated branches of TAMs, at least near threshold. In addition,
this approximation is almost exact for stripes because con-
vective terms can be neglected in this case, as already ex-
plained in Sec. IIT A.

C. Two-dimensional approximation

We introduce next a (drastic) single-mode approximation
for the z dependence of the mean flow variables in Egs.
(B8)—(98). We write horizonial velocities as

umo = g(Z] U?}O} qmo = g(Z]L l?}O.. ul?}S = g(z) Ums»

qJ'H(J — g(z){;’)fﬂs’ (100)
where the [unctlion g 1s such that
0
g(—di=g'{0)=0, J glz)* dz=1.
L{
0
a0} =0, f olz)elz > 0, (101)
-d

This function is otherwise arbitrary and can be selected to
yield the best approximation to the vertical velocity profiles.
A reasonable choice is

¢lz) = v2/d sin [(z + 2], (102)
which satisfies
.
g'=—hg withh=—. (103)
4q*

By using this simplification, Eqs. (89}, (90), (92), and (98)
reduce 1o

VU=, (104)
arl']mr) — 82 V g_)mo + ’}’(VEUHU _ }\IP"U)/Z
+ B (VR VIV ¢+ (V2eh) V ")),
(105)

QI ==V O™ = U2+ B (VR V)V
+ (V2¢) v ho)!s>hs]z_o7 (106)

ﬁ'l Qms_ (] — r)hms= {]»

G A BV UM+ V(Y )= 0, (107)

with

o
B _8(0)3‘0,52_[ g(z)dz = 0. (108}
-d
Nolc that il g is given by Eq. (102}, then
B,=\2d,  B,=8dim. (109)

The complete set of equations also includes Eq. (62) and the
following equations and boundary conditions which follow
from Eqs. (88), (94), and (95);

Vit i+ szg"(z)( f f ng) (4T =0,

(110)
in —d<<z<0. with d.¢p=0 at z=—d, and

A=+ eV -V )+ V -[(A°+H)V b
+ BT+ U+ &7V - [(h°)78, V 2]

t
= yf Vi(5.4). (111}

A+ ST YO + 2L + W)+ (B3 2]
+ &V + a2 + X[ B (T + U™) - V
+ 13|V d* +|0.01)/2] + dalh” sin 26+ (1 - 1)h°
TV - [VAUL+ VR 2+ pilp=0. (112

at z=0. Equations (62) and {104)—(112) must be integrated
wilh periodic boundary conditions in the horizontal dircc-
tions, as above. Note that the mean llow does not contribuic
lo the averaged cnergy cquatlion at Icading order [sec Eq.
35)].

D. A phenomenological description

We finally discuss the simplest possible approximation to
this problem by considering a phenomenological model of
Faraday waves that qualitatively describes its primary bifur-
cation and sccondary instabilitics [33]. 1t involves a complex
order parameler ¢ that satislics

Alr=— v+ z:fz,n’7+ 31+ V3dd + (i = ya) | op.
(113)

A derivation of this equation is given in the Appendix. The
order parameter 4 is a linear combination of the free surface
deflection and (a vertical average of) the velocity potential,



o= ™t ¢ p=—ige ™+ o, 0or h=e WK

+igh)/2. (114)

Despite its simplicity. the order parameter model qualita-
tively describes some of the features of the Faraday instabil-
ity: The linear dispersion relation coincides with that of the
fluid in the limit of low viscous damping, and the model
exhibits a primary bifurcation to a standing-wave solution
near threshold, which can be either sub- or supercritical at
threshold depending on the wave mumber. Also, stationary
solutions are in turn destabilized against amplitude and phase
modulation instabilities. For sufficiently high supercriticali-
tics, the solutions of Eq. (113) cxhibil spatiolcmporal chaos.
Consistent with the weakly dissipative limil we are consid-
cring in this paper, we musl assumc that

y<1.f<1]a|~1. (115)

This model has already been nsed by Kivashko et al. [34]
to understand how mean flow effects might induce rotating
patterns in a Faraday wave experiment. Conjecturing that
rotation was somehow due to the mean flow produced by
surface waves, they added a convective term —#. V ¢ to the
right-hand side of Eq. {113), where # was a velocity field
that was given independently of 4. thus ignoring any cou-
pling between suiface waves and mean flow.

Here we shall add a similar term to the right-hand side of
Eq. (113) but. given the analysis above, # evolves with the
surlace waves according (0 a phenomenological cquation
with the appropriate symmciries. First we replace Eq. (113)
wilh

Sy =— =i filr+ 311+ V)i + (i — yer) [l — B (U
+ UJ'HS) . v ‘ﬁ_-

(116)

as suggested by Eqs. (111)—(114). Note that we are not in-
cluding any dependence on 4™° and /", because this is be-
vond the scope of this phenomenological model. The con-
pling term is nat conservative for general initial conditions,
which is not optimal. However, this term may be seen to lead
1o a conscrvalive contribution al lcading order lor solutions
that arc lincar combinations of planc waves [as in Eq. (46)
abovc]. Since ¢ is inlended here (o only modcl the spatially
oscillatory part of the Now, we require that

<"[I{n:0_

The contribution from the mean flow appears through &
and U™, which are the short- and long-wave components of
the mean flow defined above. Their evolution is given by
Eqs. (104)—(107) but replacing 4#° and ¢ by ¢ according to
Eqs. (113) and (114),

(117)

V=i, (118)

&ll]mo - _ 82 V Qmo + ’}’(VEUHU _ }\Unr))/z

+ B WV VIV g +i(V2) Vet ce b,
(119)

G = — VO — A2 + By i(Val- V)V ot

+ (V2 ¥ gt ce i, (120
B0 —(1-1h"™ =0,
GH+ BV TP+ V- ([ Vg™ +cc) = 0.
(121}
We also require that [cf. Eqs. (103) and (108)]
Bin=16/7°, BBs=Hm. (122)

Equations (119)—(121) imply that U™ =U"=0 as 3 —0.
Note also that the mean flow is unforced if the surface waves
are standing (the phase of  is independent of position) as all
forcing terms in Eqs. (119)—(121) vanish.

IV. SECONDARY INSTABILITIES OF THE
PHENOMENOLOGICAL MODEL

In order to obtain a qualitative picture of the effects of
mcan flows on surlace waves, we study in this scclion scc-
ondary inslabilitics ol the basc periodic solwlion of the order
paramcler model delined by the coupled Egs. (113} and
(118)—(121) of Scec. 11 D. Generally speaking, we [ind that
mcan [lows couplc weakly to transverse phasc modulations
and hence do not appreciably modily the »igrag boundary,
Transverse amplitude modulations are affected by mean
flows, the latter generally being destabilizing. Mean flows
also increase the region of instability against longitudinal
perturbations (Eckhaus) and, more importantly, introduce a
finite wave-number longitudinal instability which for ceriain
values of the parameters can render much of the parameter
space in which periodic solutions exist unstable. This insta-
bility branch is of an oscillatory nature, and arises at the
merging poimt between the branch that corresponds to long-
wavelength longitudinal modes of ¢ and a hydrodynamic
branch which is weakly damped as £ — (.

The trivial solulion o= L/=™="= (" =h"=() be-
comes lincarly unstablc against a periodic perturbation ol «
of wave number g for p> pdg)=y1+[3(1—¢*) /4y L.
the ncutral stability curve. o is the control parameter delined
as p={/—y)/y. The crilical mode ¢=1 beecomes unsiable al
w©=0.

For small p>0, stationary and periodic solutions exist
that can be approximated by a single Fourier mode 7, (x)
=, cos{gx)exp(i®,) with
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v, =

where (he £ sign stands lor sgn{1—g*+4a97/3). and 0, sal-
isfics sin 20,=(1 +3aa3/4)y/ﬁ cos 2(-)q=§(c]3—1—m2)/f.
Note that the bifurcation at threshold is subcritical if g > 1
+3ay /4=1 (recall that y is smally and supercritical other-
wise. This solution for the order parameter leads to vanishing
driving terms in the mean flow Eqs. (118)—(121); hence all
mean flow variables remain zero for the base, periodic solu-
tion.

In order to address the stability of the stationary solution
{123) against longitudinal perturbations. we introduce
W= Aufexpligx) +exp(— iqx) + @ "explilg + k)x]

+a explilg — k)x]+a Texplilk — ¢)x]
+a expl—ilg + kix]} (124)

[where /10=%aqcxp(i(-)q)], logcther with the corrcsponding
perturbations of the mean flow variables

U = w'exp(ikx) +cc.. (125)

W™= clexplike) + ., (126)
and

O™ =d'explikx) +cc., (127)

where I"*=0 as seen from the incompressibility condition
{118), and the definition of #™°=0 (60), which require that
Ume=0 and {U"°Y*=0, respectively.

By inscrling Eq. (124} inlo the nonlincar lcrms ol Egs.
(120) and (121),

N'=iVi- VIV Y+l V) Vair+ce .  (128)

Ni=iyyV yr+ce. . (129)

and retaining only the long-wavelength components, we ob-
lain

o = Qiowdgr+c. e ) = 2o {lg +a' (g + k)™
ta' {g-ke ™" ta (gt ke ™ ial (g
7k)2€ikx]+[7(]+a ‘(k*q)e"""x*a ((]+A’)€ it‘cx][q:"

+a Tk—g)le ™ v (g ke +ee,  (130)

(N = (i g+ e e Y = |41 +a e +a' e *)[g
+a (grke ™ ra (g-ke™]+(1+a e
+a e =g ra - gle ™ —a (g +h)e™ )
+cg., (131)

respeclively, where :\’ff”” denole the x-components of (he

a 1+ (aey)?

(123)

nonlincar (crms N, Equations lor (he perturbation ampli-
ludes ", ¢', and ¢ arc derived by lincarizing Eqgs. (120} and
(121} with respect (o all the perlurbation amplitudes, aller
substitution ol Eqs. (130} and (131}, and by cxiracting thosc
terms that are proportional to e

A ; R
" =~ ikd = 2w+ 2,y Tlg + K247+ k)

Xa' —a )+ (g=kQ2¢* —gh)a’ —a )],
(132)
Bud =(1-Die", (133)
det == Baikut = ik A [FL(2g +i)a ™ —a )
+(2g—k)a —a "] (134)

Finally, thc goveming cquations (or the perlurbation ampli-
tudes of the order parameter are obtained by linearizing Eq.
(116) and extracting the amplitudes of the Fourier modes
exp /(=g+k)x. For example, the governing equation for &
is
r?,a+' =— ya+' + i_f%a__
1o

T4+ %[] —(g+k))a™ +li—ay)

X|d[fda +2a +a' +2a')-Biqu'. (135)

Similar equations result for the other three amplitudes.

We now have a system of six first-order ordinary differ-
ential equations which is linear in the perturbation ampli-
tudes o=, ', and ¢". The matrix of right-hand side coeffi-
cients is denoted by A(g.k.e,...). and is a function of the
wave mumbers of the base solution ¢ and of the perturbation
k, of the control parameter ¢, and of the other parameters of
thc modcl. The basc solulion becomes unstable when the real
part of any cigenvalue of this matrix becomes posilive, We
have numerically obtained the cigenvalues of the matrix A,
and dctermined the region of siability ol the basc solution,
Two lypes ol instabililics arc possible: a standard long-
wavelength Eckhaus instability which depends on the mean
flow, and a finite wave-number oscillatory instability, which
is completely due to the mean flow. As was the case in the
asymptotically exact equations for one-dimensional Faraday
waves [12], this latter instability only occurs with nonzero
mean flow. Both instabilities will be discussed further below.

The stability of periodic solutions against transverse am-
plitude and phase perturbations can be studied in a similar
fashion. Given that d,47,=0 in the base state with zero mean
flow, terms involving the v components of the mean flow
will be of second order in the amplitudes of the perturbation
and hence only the components U777 and 177 need to be



perturbed. However, and in contrast to the case of a longitu-
dinal perturbation, both short- and long-wavelength compo-
nents of the mean flow nced to be included. Furthermore, the
equations for L7 and U7 decouple at lingar order, and they
can be analyzed separately. We show next that only the U7}
part modifies the transverse amplitude modulation (TAM)
instability line, whereas the zigzag line is not affected by
either component.

We start by considering the short-wavelength component

of the mean flow velocity L7, and introduce the following

perturbation for the order parameter:
W= Apfexpligx) +exp(—igx) +a 'expli(gx +ky}]
+a explilgr —kv)]+a “explil—gx+ky)]

+ta exp[—ilgx+ k)L (136)

U7 =v" expli2gx + k)] + v expli(2gx —kp}] +cc.
(137)
and
O™ =p' expli2qx+k¥)]+p' expli2qxe—ky)]+ee.
(138)

The amplitude of the mode &% in the x component of the
nonlinear forcing term of Eq. (119} is
(\A’,.!\»ha = <[§xaﬁ(ﬁ ‘./7+ (3!1'11'5‘(3@\:4/’74- ((ﬁ 4/7-.- (;il,"j)(;{rllf] + C'C’>ha
(139)

:L_lol'lqk;?[(; 7(1\ )e I‘kv1'+((? *Q’I \)eit‘cy ef'qu+clc. .
(140)
where in Eq. (140) only terms linear in ¢** and o™ have

been kept, The pressure (™ is calculaled by laking the di-
vergenee of Eq. (119),
0== V20" + B Y AN+ 4N, (141)
and is thus climinated by using
O=dg? +k5p " + B vi2gld Pakila —a™™), (142)

and a similar equation for p7 (here we have used the fact
that one obtains (_f’\’}j};’f’:O at linear order). We then derive the
lollowing lincar systcin of cquations for (he perturbation am-
plitudes:

A 3i 0 s )
datt ==yt +ifA0a T+ I(l g —kF)aT+ (i —ay)
0

Hda' ' +2a ta' +2a ')+ Bigu . (143)

®|4,

4
R P , Gk
R X el )

(144)

with similar equations for o™, ¢™", ', and v*~.

A TAM is defined by the linear combinations b, =a™"
+a""ta T ta T and vy =Im{v™"+5"7). From Eqgs. (143) and
{144}, we find a closcd syslcm
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FIG. 1. This ligure illustrales the weak destabilization of (he
base solulion againsl lransverse amplilude modulations due (o Lhe
coupling to mean flows. Shown arc the eritical values for instability
fey arising from either the long-wavelength component of the
mean {low velocily alone (“ms™) or the shorl-wavelength compo-
nenl alone (“mo”} as a [unclion ol the coupling paramelter B;. The
basc solution is stable above the correspending lines. The figure
shows that the “ms™ compaonent ot the flow does not appreciably
madify the stability threshold. whereas the effect of the “mo™ com-
ponenl i lo weakly deslabilize Lthe base solulion with inereasing 3.
The wave number of the base selution is ¢~ 1.04, and we have uscd
y=0.1,=0.5, and T=08. The parameter 3, spans the range be-
tween no mean flow and the approximate value that corresponds to
the weak viscosily bul shallow layer experiments of Rel. [3]. The
values of B, and A depend on B according to Eq. {122).
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ab == b, +r_fTb1 + I(l — gt =k
Ay

3,
+Iﬂ’;(17“7)(2b1+b1)*251qv1, (145)
Yiio2. 2 Biy o ak
=——(dg-+ik+ - ~
d) 2(4q A+ Mo 1 c£q4q2+k.21mbl.
(146)

The relevance of mean flows on this periurbation is demon-
strated in Fig. 1, showing the stability boundary in the plane
(B, ) at fixed wave number ¢ and model parameters. With
increasing mean flow coupling 5. the region of stability of
the base solution {region above the dashed line in the fligurc)
deccreascs.

Allcrnatively, a (ransverse phasc modulation (zigzag) is
given by A,=a''-a' —a '+a and vo=Im{y '—v ). We
find in this case

ab b +'f'A0b_+3i(l 2B
= 2 10, * =G TR,
(] Y T4, q 2

1, . — -
+Iaa(t—cry)(sz-Fng—Zﬁlqu\ (147)
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From the eigenvalue equation of this system, it can be shown
that medifications to the eigenvalues due to v, appear at
higher order in k. Since the zigzag instability occurs in the
limit k— 0, we find the effect of mean flow to be negligible
in this case.

A gimilar analysis has been performed for the long-
wavclenglh component of the mean flow with perlurbations
of the form U7 =n' exp(iky)+cc., ™ =c expliky) +cc., and
Q™= expliky) +ce. The order parameler is again given by
Eq. (136). As shown in Fig. 1, the contribution of the long-
wavelength component of the mean flow to transverse modu-
lations is negligible.

We now turn to a swmmary of our numerical results about
the base periodic solution. Figure 2 shows the various stabil-
ity boundaries for the special cases of 8,=0 (no mean flow)
and §,=0.35. Other values of the parameters used are ¥
=0.1, «=0.5, and I'=0.8. The values of 3, and A depend on
B according to Eq. (122). Except for «, these parameter
valucs correspond approximalely (o the valucs for the low-
viscosily cxperimenls of Kudrolli and Gollub described in
[5]. For instance, typical experimental values of 5,=v2/d
{where 4 is the dimensionless height of the laver) are be-
tween 0.5 and 1.2, Figure 2 includes the neutral stability
curve of the basic periodic solution and, since the primary
bilurcation is subcrilical lor ¢>1, we have included the
saddlc-node curve where the periodic solution bilurcales (a
subcrilical bilurcation for ¢ =1 as y—: () has also been lound
in a dircct numerical solution of the governing luid cqua-
tions in (wo dimensions [35]). The case #,=0 is shown as a
reference, and it agrees with the resulls of [33].

The range of base solutions that is stable against all per-
turbations considered here (Eckhaus. TAM, and zigzag) is a
small region close to threshold at 12=0 between the TAM and
zigzag lines. Periodic solutions are stable against transverse
perturbations below the dashed-dotted line in the figure (zig-
zag, denoted “Z7), and above the dashed line (TAM). Eck-
haus perturbations have a negative growth rate below the
dotted line. We observe that with increasing ;, both Eck-
haus and TAM curves are shifted so that larger regions in the
{pt. ) space become destabilized with respect to TAM or
Eckhaus perturbations, As discussed above, the zigzag ling is
not alfecled by (he mean [low,

We finally discuss a ncw oscillalory instability againsi
longitudinal perturbations which is absent for #,=10. The os-
cillatory nature of (he instabilily is demonsiraled in Fig, 3,
which shows (he real and imaginary parts of the correspond-
ing critical eigenvalue branch as a function of the wave num-
ber of the perturbation k& for fixed q.x. and other model
parameters. The imaginary part of the eigenvalue « is not
zero at the point in which Re(o)=0. This figure also shows
that the instability occurs at small but finite wave number £,
a fact that has been confirmed by calculating the wave num-
ber with the largest growth rate both slightly above and be-
low (he instability threshold at @=0.1155,

# (a) ]
‘

0.15 ) TAM
,unstabl-e‘
0. 125)
c..
0.275

Eckhaus unsLable =
0.05} -

0,025

(b} .
H
'
0.15 7 TAM
l unstable
o128
0o
£.e7n

Fckxhaus unstcable

lFI¢r. 2. Stability diagram for (a) the order parameter model of
lig. {113) withont mean flow. and (b) with £, =0.5. Other values of
Lthe parameters used are ¥—0.1.@—03, and I'-0.8. We show the
Eckhaus line {dotted}, TAM linc {dashed), and the zigzig linc {dash-
dotted). We also show the neutral stability eurve ot the primary
instability (solid line denoted by ), and a saddle-node biturcation
{thick golid line marked §). Only the lell branch of the Eckhaus line
is shown cmanating from (g— 1, —0). This linc is parabolic ncar
the critical point. but quickly bends to the right as shown in the
figure. 1lence the region of stability of the base solution against an
Eckhaus inglability is the region below the dolled line. Comparison
of (a) and (b) shows that the mcan flow decrcases the regions of
stability against Eckhaus modulations and to a small cxtent against
transverse amplitude modulations. In (a). the region of stability
againsl all perlurbations is shown by the gray area. This region is
not indicated in (b) since these solutions arc unstable with respect to
the oscillatory instbility [38].

The inset in Fig. 3 illustrates the origin of the oscillatory
instability. In the limit of ¥ — 0, there are two distinct eigen-
value branches that have a small and negative real part. The
upper branch is marginal at #=0 and is related to the trans-
lational symmetry broken by the base state ,(x). On the
other hand, the mean low velocily vanishes in (he basc slalc,
originating thc lower branch which is wcakly damped al %
=0, The damping ratc of the relevant mode lor longitudinal
perturbations ((/7) is yA/2, as can be scen [rom Eq. {120).
As k increases. the two (real) eigenvalue branches merge,
leading to a complex-conjugate pair and to an oscillatory
instability.

If the eigenvalue problem for the Eckhaus-type perturba-
tions is expressed by the real and imaginary parts of the
coefficients o™, u*, and ¢, two pairs of complex-conjugate
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FIG. 3. Real {lop) and imaginary (bollom) parls ol the largest
mgcnvaluc for 5,02, £=0.1318. and ¢ —1.07. The insct shows the
region near £=10).

cigenvalucs cross the imaginary axis al the instability point.
Therelore, the ¢ffective dimensionality of the crilical sub-
space is 4. This can be understood [rom the symmelry group
ol the sysicm of Eqs. (132){136). These equalions are in-
varianl under a spalial rellcclion (cxchanging o' with &,
¢ wilh ¢, and «" with —¢") and rolation [acling on
a* and »* as multiplication by exp(i®) and on & by
exp(—i®), where @ is arbitrary] that derive from the symme-
try of the original equations. The corresponding symmetry
group O(2) has two-dimensional irreducible representations,
which in tum requires each eigenvalue to occur twice. At
threshold, the cigenspace of the lincar sysiem is spanned by
four lincarly independent cigenvectors, two Tor cach pair of
the complex-conjugale cigenvalues, Symnetric bilurcation
thcory shows that for gencric bilurcations with O(2) symmc-
try, the nonlincar solution branches arc standing and (ravel-
ing waves [36]. Examples of the temporal evolution of
eigenvectors of both types are plotied in Fig. 4. In practice,
the specific values of the parameters determine the way the
standing and traveling waves bifurcate [37]. If both are su-
pereritical. the one with the larger amplitude would be stable,
the other one unstable.

We finally show our results concerning the location of the
oscillatory instability boundary as a function of ¢ for two
values of 5, in Fig. 5. Stable regions are located to the right
of the plotted curves. As expected, the stability boundary
moves toward the Eckhaus line with decreasing 5,, presum-
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FIG. 4. Critical cigenvectors corresponding to the oscillatory
ingtability at 3, —0.2. ¢g— 1.0, £ —0.1318, and £—0.04. We show the
temporal evolution over its own period (vertical axis) to illustrate
Lthe nature of the erilical modes. The eigenveclors are represented by
the x component of #™ (ac) and the amplitude of o (bd). The
cvolution is obtained from the two critical cigenvectors v; of the
complex matrix A(g,k....) with eigenvalues Iim. [.eft and right
traveling (a.b) waves are given by the evolution of v,e®8¥ and
vae ™ respeclively. A slanding wave is oblained (¢.d) by superpo-
sition of the evolution from both cigenvectors scaled to cqual am-
plitude. The actual solution for ¥ is obtained from the superposition

ol the plolled eigenveclors with the base solulion, see Eq. (124).

1.04 1.05 1.06 1.o7 °

FIG. 5. Stability boundarics of the oscillatory instability for
three values of 8): 0.03 (dotted line). 0.2 {dashed ling). and 0.3
{solid line}. The thick solid line indicates the saddle node. Periodic
solulions are unslable o the lell ol the curves. Comparison with
Fig. 2 shows that all periedic selutions are unstable and the pattern
is expeeted to be time-dependent.



ably merging with it for 5, —0. Note that for 5,=0.5, the
unstable region covers most of the region of existence of the
basc stalcs cxcepl for a narrow siripe closc lo the saddlc-
node bilurcation,

V. DISCUSSION

The coupled sysiem of cquations describing last surface
oscillations and slowly cvolving mean [lows in three dimen-
sions has been derived. Mcan flows arc [orced by the surlace
waves by various mechanisms. For a particular choice of
geometry and limit of parameters which are relevani to re-
cent experiments, we have shown that two contributions ap-
pear at the appropriate order in the multiple scale expansion:
A viscous streaming flow forced at the free surface with
components of both similar and larger scale compared to the
length scale of the surface waves, and a long-wavelength
component originating from slow distortions of the surface
elevation that exists even in the absence of viscosity.

The analysis presented has illustrated the importance of
mean flows in the Faraday wave system for small viscous
damping by dclermining (he slabilily boundarnics of (he basc
paticmn of standing wavcs against long-wavclength perturba-
tions, Since the Mll sysiem of surlace wave/mean llow cqua-
tions is quile involved, we have insicad carricd oul the sia-
bility analysis of a phenomenological order paramcicr
equation, similar in spirit to the Swift-Hohenberg model of
Rayleigh-Bénard convection. In addition, we have limited
the analysis to the simplest regular pattern consisting of
stripes. Mean flows are induced by perturbation of the
stripes. and their coupling to the order parameter equation
affects the stability of stripe solutions. We have found that
the mean flows generally destabilize the base solution. The
strongest coupling, and hence the strongest destabilization,
occurs for longitudinal or Eckhaus perturbations. Further-
more, mean flows introduce a new oscillatory instability
which for small nonlinear damping in the phenomenological
model renders all stripe pallerns unsiable. A weaker cllecl
has been Tound for finilc wavclength transverse amplitude
modulations which largely couple only 1o (he short wave part
of the mean (low.

Qur firsl remark conceming cxperiments follows [rom the
existence of a longitudinal oscillatory instability. Within the
phenomenological model. all siripe solutions which are
stable in the absence of mean flows are unstable against lon-
gitudinal oscillatory perturbations for sufficiently large cou-
pling parameter 5;. One would then expect time-dependent
behavior at onset. The eigenvectors corresponding to the os-
cillatory instability (Fig. 4) show that the associated mean
flow consists of large-scale rolls with their axis oriented par-
allel to the surface. At the surface, it advects the waves lead-
ing to compression and dilation of waves similar to Eckhaus
perturbations, but in the form of traveling or standing waves.
A numerical solution of the coupled order paramelcr mean
llow cquations shows that the compression not only lcads o
a decrcase in wave amplitude, bul can also resull in a com-
plex cycle including (he annihilation of siripcs, possibly duc
1o a dilferent inslability (riggered by (he compression, We
also anticipate novel phenomena arising from mean flows if

one considers the slow dynamics of defects in the wave pat-
tern. Defects as local perturbations of a regular pattern drive
mcan (lows, which in tumn alTecl delcet motion.
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APPENDIX: ORDER PARAMETER MODEL

We briefly summarize in this appendix the derivation of
the phenomenological model given by Eq. (113) of Sec.
III D, first introduced in Ref. [33]. We follow the description
originally introduccd by Zakharov [38], and later of Craw-
ford, Salfman, and Yucn [39] in their study of the nonlincar
cvolulion of deep walter gravily waves in an inviscid, incoms-
pressible, and irrotational fluid. Their analysis can be
straightforwardly cxiended o a paramctrically driven Nuid,
and linear viscous damping is added in a phenomenological
way. All the variables used in this appendix are assumed to
be dimensional quantities.

The governing equation for the inviscid fluid is

(V24 )g=0, —w<z<hixg, (Al
with boundary conditions at (he Irec surlace z=A(x, ),
sh+ ViV =0, (A2)
[ P
G+ (Vo + (0.6 + [z + g )]k
vh oo :
oy, (; I (A3)
P I+ (VR

with ¢ the interfacial tension and p the density of the fluid
that is being vibrated with acceleration [—g,—g.{r}] in the z
direction. It is well known that this problem admits a Hamil-
tonian formulation with the Hamiltonian

hix. b
H:% f dx J dz[(Veﬁ)z+(3;¢)2+%[gn+§:(’)]hz

+ I (VR - 1]}, (A4)
4

where the velocity potential further satisfies the boundary
condition &.¢h=0 as z— —», The canonically conjugate vari-
ables are the surface deflection #(x,7) and the velocity po-
tential on the surface ¢*(x, /)= (x,z=h(x)). Phenomeno-
logical damping can be introduced by considering a
dissipation function Q(4(x_1), ¢*(x_1)). The resulting canoni-
cal equations of motion are

aH

a0y A

ahix 1) =



G (X, 1) =~ O ¢ (x,1).  (A6)

£
Shix.t)
The functional O determines the rate of viscous dissipation
in Eqgs. {A5) and (A6) so that

dif a1l

o = f dxOH(x, 0. FIxedhixf. (A7)

Of course, (=0 corresponds to the inviscid limit.

The case of a fluid of low viscosity has been treated by
assuming that energy dissipation is dominated by potential
flow in the bulk [29]. The functional ¢} can then be deter-
mined by equating the rate of dissipation in Eq. (A7) to the
rate of energy dissipation due to potential flow,

J dxXO((x, 1), F(x, 1) ah(x.0)

hix,f)
- uj dxf d=V3V )%,

This equation has been used to determine { order by order in
an expansion in the surface wave steepness [40.41]. To the
order relevant here, one finds,

(AB)

(j(k, ) =—4vk* ¢ (k1) + (nonlincar lerms),  (A9)
where Q(kj) is the Fourier transform of (. As discussed in
Refs. [10,11], this approximation vields, by construction, the
correct rate of energy dissipation at linear order, but not the
correct equations of motion even at this order. In particular, it
overestimates by a factor of 2 the damping force in Eq. {A6),
and omits wave rectification in Eq. {A5) that arises from the
rolational componcnt of the low in a thin boundary laycr
adjaccnt o the lree surlace,
Following Zakharov [38], we defing a complex ficld

—
F (k1)

bk, )= \ h(k[ +i \, (A10)

2elk)

where };(k,[) and &"(k,[’] arc the two-dimensional Fouricr
transforms of A(x.f) and ¢*(x.7), respectively, and ew(k)
=vgok+ok?/p is the inviscid dispersion relation. In terms of
this new variable, the Hamiltonian system (A3) and (A6) can
be writien as

k
+ () k,
I\(’ Zelk)™ tkt).

ab(k)=—i (A11)

Sh(-k.1)

Equation {A11} is now cxpanded in a power serics of /. We
confling oursclves here (o lincar (erms in A, as nonlincar lcrms
will be added phenomenologically. However, explicil forms
of cubic (crms in 4 have been oblained [42] both [or (he
present case of an expansion around (he inviscid solution,
and also for the linear damping quasipotential equations of
Ref. [11].
By expanding Eq. (Al1) in power series of b, we find

abk,n) + 20k [b(k,1) — b K. O +iw(k)b(k,

. ikg,( )[

20(k) bk t)+b

kO]+ NL(b(k.n) =

(A12)

where NL(b(k,}) stands for terms nonlinear in the ampli-
ludecs A,

Il" the driving acccleration is given by g.(f)=a cos (),
only amplitudes with wave number close to the critical wave
number k; are excited near onset, with frequency close to the
resonant frequency wik,)=£/2. We introduce a conventional
multiple scale expansion near onset, but choose to do in a
manner that will preserve the rotational invarance of the
original governing equations. We further assume the follow-
ing__, scalings for the damping and driving terms: ' =2wvk,
=&y, and [ =kya/[4o(k,)]= €f,. where € is a small expan-
sion paramcicr, and both y, and £, arc (1) quantitics. Wc
also expand

bik.1)= eB(K,T,. Tr)e S0+ &by(k.0) + €bs(K.t) + -+
(A13)

willl 7, =¢f and T,=¢%. The slow (ime scale 7, corresponds
to the time scale of translation of a wave packet, whereas 7,
is the scale of change in the modulation of the wave packet.
These two time scales are consistent with an expansion of
the inviscid dispersion relation w(k)=w(k,)+ew’+Ew’’

+- for modes near the critical wave number k... Substitution
of Eq. (Al3) into Eq. (A12) shows that the equation is iden-
tically satisfied at ()(e). At O(&”). we obtain the following
solvabilily condilion;

JB .
—=—iw'B. (Al4d)
The solvability condition at order O(€%) is
a3 )
Pr: =— y,BKk) —if,B(— k) —iw’ B(k) + NL[B]
(A15)

with a known nonlinear functional A’£[B]. We now combine
the two solvability conditions by writing 4(k)=eR(k) and
A= EerL,-lH+ €dy 3 and (ind

(91 ' gy . 2
E ==y Ak =i A— k1) —ilew + ew' ) A{k.!)

+NL[A]. (A16)
Hence the slow evolution near onset given by Eq. (Al6) is
the same as that of the original set of inviscid equations
supplemented by phenomenological lincar damping,

From the inviscid dispersion relation, we [ind

ew' + 'l = o (K — P+ Ok~ ko)),

(A17)

- k:;) + cz[icg

with



3ok,
o= S04 0% (A18)
dhgelky)  dpwli)
and
(= —— ’Bm"”—@OJrBUA%fp)z‘ﬁ\)' (A19)
diieolkg)\ 4p Bk, 4k,

We derive next a real-space order parameter model from
Eq. {A16). Three simplifications are necessary. First, the
nonlinear functional in Eq. (Al6) does not have a closed-
form representation in real space. As has been done in other
systems (cf. Rayleigh-Bénard convection [43]), we introduce
phenomenological functional forms for this term. In doing
so, we artificially determine the symmetry of the bifurcating
pattern at onset. but more importantly in the case of Faraday
waves, we sidestep the issue of the origin of nonlinear damp-
ing and saturation of the waves [11,44]. In the simiplest pos-
sible case. the nonlinear term in Eq. (Al6) is approximated
by an imaginary conslanl iR’, Sccond, il is also known (hal
lincar damping is nol sulficicnt (o produce wave saturation in
this systcm [40]. We introducc a phenomenological nonlincar
damping cocflicicnl «y, where « is a constant assumed lo
be of order 1.

We finally define a complex order parameter field yA(x.f)
as the inverse Fourier transform of A(k}, and find from Eq.
(Al6).

dap=— 't if i U+ VP ies (V7 ) i
+(—ay + iR (A20)

We now choose mik,)=$/2 as the unil of time, 1/4;, as the
unit of length, and Tarther define /= 1"/ wlky)=koa!/delk)?

y=y'/ wlky)=2vk%  wiky), and R=R'/w(k,). By choosing
1/+R as the order paramcicr scale, Eq. (113} resulls in (he
capillary wavc limil. The positive sign ol the imaginary parl
of the nonlinear coefficient {—ay+/) in Eq. (113) is chosen to
represent capillary waves. In the opposite limit of gravity
waves, the imaginary part of this coefficient has io be nega-
tive. Nolc that as a third simplification we have climinalcd
the crm {1+ V%)% in Eq. (113), as this (crm logether with
i{1+V?)yr leads to two different wave numbers becoming
critical al threshold, an unwanicd [cature (or us.

The clfect of this (hird simplification can be [urther un-
derstood by comparing the amplitude equation on the model
and that of the inviscid fluid. By introducing a multiple scale
expansion of the form

+N .
dr= 82 ai{X 0,17, 1505+ Faf + 8oy

Jxl

(A21)

with & a small bookkeeping parameter, and X=25x, 7=,
and 7,= &, we find that up to order O(#) [10]

— 3 .- . 3i_, _
Gty == ya;Tifa ;= E(kf' Va;+ IV;“;"" (—ay+i)

X(\aj\zaj +22 [ajffa, +22 a;a_;aij)

Iy [aY;

(A22)

by following the same expansion procedure outlined above.
The terms linear in the amplitudes are the same as the cor-
responding (crms in (he amplilude equation derived dircetly
from the inviscid cquations excepl for an additional icrm
(12, V)Zaj_ which is missing in Eq. (A22). This is a direct
consequence of having eliminated the term i(1+V7)%y/ in the
phenomenological model.
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