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Abstract. An analysis is presented of the range of validity of the approximations currently 
used to calculate collision cross sections for fine-structure transitions at thermal energies. 
The particular example considered is the 2Pi/2-2P3/2 transition in C+-H collisions. For 
a given set of interaction potentials of CH + , the full quantum-mechanical close-coupling 
method is used to provide a reference for comparison with a number of approximate 
dynamical models—semiclassical sudden approximation, quantal elastic and Q-conserving 
methods. All of the dynamical models examined proved to be very satisfactory. On the 
other hand, the calculated cross sections are sensitive to the interaction potentials, es
pecially for intermediate and long internuclear distances where the presently available 
data are not sufficiently reliable; errors in the calculated cross sections may attain 40%. 

1. Introduction 

Many collision processes which are important in astrophysical problems occur at 
thermal (or lower) energies. At these low energies, the molecular model which is 
well adapted to study the collision mechanism can be well described by a small 
number of electronic states. Unfortunately, the calculated cross sections often turn 
out to be sensitive to the precise form of the molecular potentials and coupling 
terms. Because of the approximate nature of most potentials and coupling matrix 
elements, considerable errors may be involved in the calculated cross sections. 

It is therefore important that any cross-section calculation which aims at providing 
useful data, should also provide an estimation of the uncertainty of the results—espe
cially at very low energies, where the errors may be large. 

To study this point in detail, we have chosen as a particular example the fine-struc
ture transition of C+ in collision with atomic hydrogen. The importance of the transi
tion 

C + (2P1/2) + H(2S1/2) - C+(2P3/2) + H(2S1/2) (1) 

followed by a radiative de-excitation is well known (Dalgarno and McCray 1972), 
as providing a cooling mechanism in diffuse interstellar clouds. 



2. Method 

We give in table 1 the definition of the operators and eigenvalues which will appear 
in our treatment of the fine-structure transition of an atom A (C + ) colliding with 
an atom B (H). 

Provided the relative velocity of the collision is low compared to the electron 
velocity, we can use the molecular model to study the collision process. In this model, 
we develop the wavefunction which describes the colliding system on the set of eigen-
functions of the electronic Hamiltonian HAB, defined in the Born-Oppenheimer 
approximation. In fine-structure transitions at low energies, it is usually sufficient 
to restrict this expansion to those molecular states which correlate to the relevant 
atomic multiplet. In this representation, the transitions are mainly due to the spin-
orbit effective operator Vs_0. 

In order to study the fine structure C+(P1 / 2-P3 /2), we shall use three methods, 
based on the molecular model, and whose computational effort differs markedly. 
The general formalism of fine-structure transitions is well known, and is parallel 
to that of rotational transitions. We shall briefly state the basic equations and approx
imations. 

2.1. Close-coupling method 

The wavefunction which describes the colliding system for a given angular momentum 
(K, M) corresponding to the entry channel {J,N,JA,JB} is expanded 

« A , B = (1/K) Z FJ/N
J,jtK\*;KMJ'N'J'AJB> (2) 

J'N'J'A 

where 

\R;KMJNJAJB} 

= X C(JNK;MjMNM) Y„MN(6, ®\R;JMJJAJB} (3) 
My 

M is fixed, but arbitrary, and the C(j1j2js;m1m2m3) and YNMN are Clebsch-Gordan 
coefficients and spherical harmonics, respectively. For notation see table 1. The polar 
coordinates of the internuclear vector in the laboratory fixed frame are R, 9,4> and 

Table 1. Notation. 

Momentum 

Electronic orbital 
angular momentum L 
Electronic 
spin 5 
Total electronic angular 
momentum J = L + S 
Nuclear angular 
momentum N 
Total angular 
momentum K = J + N 

z component in 
space' 

ML 

Ms 

Mj 

MN 

M 

-fixed frame 
2 component in 
body-fixed frame 

A 

Z 

n 



the functions \R;JMjJAJB} are related to the molecular functions |i?;LASS> 
through standard summations over CG coefficients and rotation matrices. In contrast 
with the scattering of two rigid rotors, not all indices in (2) and (3) are good quantum 
numbers, so that (2) is rigorously only a partial-wave expansion at infinite internuclear 
separation. The reason for this is that J2 (or L2) does not commute with HAB; we 
indicate this by an additional index R (Mies 1973). 

At low energies, the two atoms do not approach each other very closely. Besides, 
at short and intermediate distances, the potential curves are well separated, and radial 
and rotational couplings in the representation (2) can be safely neglected. At longer 
distances, these couplings are 0(R - 6) (Mies 1973) and can also be neglected. When 
this is done, one obtains a set of coupled differential equations for the radial functions 
(Pack and Hirschfelder 1968, Mies 1973, Pack 1974, McGuire 1976, Launay 1976): 

/ d 2 N(N + l) 2uE]FjNjA.,Kim 

= 2li X <R;KMJ'N'J'AJ'B\HAB+V„\R;KMJ''N''JXJB>FJjVfáf(R) 
J"N"J'A jf4) 

where \x is the reduced nuclear mass. This system of equations is block diagonal 
with respect to the inversion operator, because of the properties of the functions 
(3) (Mies 1973) and is assumed to be block diagonal in K; this is a very good 
approximation. 

In the numerical solution of (4), it is useful to introduce an intermediate basis 
to calculate the interaction matrix. One defines 

Í2K 4- l\1/2 

\R- KMJQJAJB} = Í 4J" j D^(0,9, <I>)\R; JQJAJB> (5) 

where D^n stands for a rotation matrix (Edmonds 1968). It can be shown that 
(Mies 1973, Gaussorgues el al 1975) 

(R;KMJNJAJB\HAB + VS_0\R;KMJ'N'J'AJB> 

= ^(-l)J+J'~2C(KJN;n- Q0)C(KJ'N';Q.- QO) 
n 

x (R;JÍUAJB\HAB + Fs„0|R;J'il/AJB>. (6) 
For the CH+ system, the matrix of HAB + Vs_0 in the basis )R; JQJAJB> is shown 

in table 2. It is block diagonal in Q and can easily be evaluated and stored for 
each R. All the K, N dependence of the interaction matrix is then contained in the 
CG coefficients of equation (6). The spin-orbit operator Vs_0 was assumed to be 
of the form ^LC+.SC± (Bazet et al 1975a) where £ is a constant independent 
of the internuclear distance, which is calculated from the fine-structure splitting at 
infinity. We thus assume that the spin-orbit interaction is not affected by the inter
atomic potential, which is reasonable for the internuclear distances where transitions 
take place. 

Solution of (4) then yields the S matrix in the representation (3). The fine-structure 
transition cross section is given by 

^ = r ^ ( 2 i A + l)-1(2JB + l ) - 1 I (2K + l)\SJfi$g-*»\2. (1) 
"•JA KJJ'NN' 



Table 2. Matrix of HAB - Vs_, in the basis \R;JQJAJB). £ = §A£; A = (1 + a2)"1 '2 ; 
B = (1 - a2)"1 '2 ; 5: overlap integral of 2p orbital of C + and Is orbital of H; < >: matrix 
element of ifAB. 

(a) £1 = 0 

•A ^A; -^B 

2, I 4 

o, 4,4 

2, i 4 

i « 3 n > + 2 < 3 i » 
+ ¿(45 - 1){ 

at* 
4«3n> - <3£»V2 
+ (B - 1){/3V2 
4(2<3n> + <3£» 
- 4d + 2fl){ 

(fo) 0 = 0 

A ^ A t •'B 

1 3 1 

1,4,4 

1 3 1 

1» I. Í 

i«3n> + 2<1x» 
+ ¿(<M - 1){ 

1 1 1 
1» I» I 

4«3n> - <1z»>/2 
+ (A - 1)^/3^2 
|(2<3n> + < 1 s» 
- 4(1 + 2¿)í 

(c) n - i 

j . . / , . j l t 
-) 3 1 
-• I- 7 

1 3 1 
1. I. I 

1 1 1 
1. T. I 

2.1,4 |«3n> + <3i» «3n> - <3s»/2/3 «3n> - <3i»/v '6 
+ \Bi + (1 - B){/2V3 + (B - l)f/2V6 

i, 4 4 ¿«3n> + 4<'n> + <3i» «3n> + < 3 i>-2< I n»/3 /2 
+ i(2 + BK + (1 - B){/6V2 

i, 4,4 i « 3 n > + <1n> + < 3 s» 

- 4(2 B + 1){ 

(d) Q = 2 

J, iA> ./,, 2. j , j 

2,|,4 <3n> + 4í 

2.2. Q-conservation method 

In this method one expands directly onto the basis (5): 

« A ; B = W) I Ffitf\R;KMJ'Q'AJB). (8) 
J'SI'JA 

This representation is known to describe well the molecular states of a diatomic 
molecule at short and intermediate internuclear distances. The transformation matrix 
between the bases (3) and (5) is independent of R, and radial couplings can be neg
lected in this formalism. Rotational couplings can be classified into dominant and 
corrective (Thorson 1961, Gaussorgues et al 1975). The latter can usually be neglected, 
whereas strictly speaking the former cannot (Mies 1973, Pack, 1974, Gaussorgues 
et al 1975). However, in the numerical determination of the long-range form of the 
radial functions F(R), dominant rotational couplings are an inconvenience because 
of their R~2 dependence. These terms only couple states with A J = AJA = 0 and 



AO = ± 1 (Gaussorgues et al 1975 etc), so that they only contribute indirectly to 
the JA —• JA transition. One can then expect that neglecting these rotational couplings 
will produce errors which partially cancel each other in the inelastic transition ampli
tude. This approximation leads essentially to the Q-conservation equations of 
McGuire and Kouri (1974): 

d2 K(K + l ) - & 2UF\FJJ^,K 

d~F R> + ^ E) FrJW 

= In Y <*; KMJ"QJ A J B |H A B + VS_0\R; KMJ'QJ'AJB> F j % n •*. (9) 
r'J'k 

This system of differential equations is block diagonal in K and Q and independent 
of N. Its size is considerably smaller than that of equation (4). 

Using equation (7) and the transformation between both scattering matrices (ana
logous to (6) except for a factor iN'~N), one easily finds the expression for the total 
cross section in this representation (Gaussorgues et al 1975, McGuire 1976): 

^ = ^ ( 2 J A + 1)- 1 (2JB + 1) - 1 £ (2K + l)\SJSl%K\2. (10) 
KJA nun 

2.3. Elastic method 

This method has been introduced by Dalgarno (1961), and has the great advantage 
that it is extremely fast and easy to employ. One uses directly the molecular wavefunc-
tions |i?;LASE> as an expansion basis: 

« 3 = 4 I F¿^|i¿í(K)|il;L'A'S'2'>Pw(co8 0). (11) 

The basic assumption in this method is that the collision is elastic for each reaction 
channel in this representation (that is, the matrix elements of Fs_0 are considered 
negligible) and that one can use a common wavenumber k(cz kjA) to characterise 
the elastic collision for each molecular state. The radial coefficients in (11) are then 
solutions of ordinary differential equations: 

( d ^ " N{NR> X) + e ~ M £ A S W " £ A S ( ° C ) ] ) Ft^M(R) = 0 (12) 

where EAS(R) is the expectation value of HA B . One can define a scattering matrix 
as a function of the elastic phaseshifts: 

13 LASE — e 0AA' °SS' °TX'- U-V 

Fine-structure transitions are assumed to occur simply through the decoupling 
and recoupling of the orbital and spin angular momenta of the atoms at very large 
internuclear distances. Although the formula which relates the total spin-change cross 
section to the matrix (13) can be obtained in the framework to the close-coupling 
laboratory-fixed formalism, it is more instructive to use the body-fixed formalism 



of the previous sections, without the Q-conservation approximation; this amounts 
to keeping an extra summation over Q' in equation (10) (Pack 1974). One then sets 

oJ'AJBJ'Cl';K _ , CJ'AJBJ'SÍ-.N 
¿JAJ-BJCI — ¿JAJBJC1 

= X <JAJBm\LASZ) (J^J'n'\LA'SZ')(8^dss, - SL
L^--N). (14) 

ASA'S' 

Substitution of (14) in the exact equation corresponding to (10) in the body-fixed 
formalism, with K ^ N, yields: 

a^ = -^-(2JA + iri(2JB + iy1 X (2N + l)sm2 [r,(NAS)-n(NA'S'ftBZi'(15) 
KJA NASA'S' 

with 

B%s
s' = £ <JAJBJQ|LASZ> < j ; j B / í 2 ' | L A S r > <JAJBJQ[LA'S'Z"> 

jjnsi' 

x (J'AJBJ'Q'\LA'S'i:'"y (16) 

where 

Z = Q - A Z' = Q' - A Z" = Q - A' Z'" = Q' - A'. 

These coefficients (16) are sums of products of Clebsch-Gordan coefficients; they 
are easily calculated and stored, as they do not depend on JV, R, or E. Hence, the 
calculation of oj* is a straightforward procedure. 

Strictly speaking, the elastic method is not applicable for energies near threshold. The 
basic assumption of a common wavenumber implies that krJkJx = (1 — AE/EJA)112 ^ 1, 
whereas at threshold this quantity vanishes. This energy-conservation defect 
becomes important for endoergic transitions, like C+(2P1/2-2P3/2), at threshold 
energies. 

For endoergic transitions, one can enforce an appropriate threshold behaviour 
on the cross section, by using the microreversibility principle (Dalgarno and Rudge 
1964). For the spin-change process under study, one would then calculate a\!¡2 and 
use 

oi',1 = l(l - ^j ai'l (17) 

It must be clear, however, that this 'recipe' is not unique. One can introduce 
the common wavenumber approximation at different stages in the derivation of the 
method, and accordingly obtain different expressions for the endoergic. cross section, 
which differ by a power of kJW/kjA. This is equivalent to the use of any power 
of (1 — AE/E1/2) in equation (10) to enforce a threshold on the cross section. 

3. Applications 

3.1. Calculations 

In order to employ any of the methods discussed in the previous section, we require 
a good approximation to the molecular energies EAS(R). 



At short and intermediate distances, the molecular potentials of Green et al (1972) 
provide the most accurate electronic energies which have appeared in the recent 
literature. At larger distances, the results of Green et al are qualitatively incorrect, 
and the 1,3IT potentials tend to the wrong limit at infinite internuclear separation. 
As fine-structure transitions take place where the electrostatic and spin-orbit interac
tions are of the same order of magnitude (about 6-7 au in the CH+ system), these 
potentials cannot be used for our present purposes for R > 6 au. 

Green et al (1972) propose that one should subtract a constant quantity from 
the 1 , 3n potentials for all R, so that the asymptotic limits are correct. Their basic 
reasoning for this manipulation is that the correlation energies for the potential curves 
should be approximatively constant with R. Unfortunately, this may not necessarily 
be so, and when one follows their recipe, the curves cross the 1'L potential (see 
figure 1). Hence, there is no good reason for using these shifted potentials, and the 
most appropriate procedure seems to be to use the most reliable potential curves 
for each internuclear region. Therefore, at large distances we have used the potential 
curves calculated by Bazet et al (1975a) using an exchange perturbation method. 

In the intermediate region, where none of the two sets of potentials is sufficiently 
accurate, a matching procedure is necessary. However, calculated cross sections turn 
out to be sensitive to the precise form of the potentials in the connection region. 
It is therefore unrealistic to try to obtain a 'perfect' fit of the two sets of potentials, 
and calculate definite cross sections from them. Rather, we have used a smooth 
match between both sets of energy curves, and studied the sensitivity of the calculated 
cross sections when this connection procedure is varied within reasonable bounds. 
We shall present this analysis in the next section, together with an estimate of the 
influence of the approximate nature of the potentials at short and long range. 
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Figure 1. Potential energy curves of Green et al for the ' I , 3n, 'n , 3Z states of CH + , 
neglecting spin-orbit interaction. A constant quantity has been subtracted from the calcu
lated 'n , 3 n curves to ensure an asymptotically correct limit (see text). The doubtful 
validity of this procedure is illustrated by the spurious crossings of the ' I and 1 ,3n 
potential curves. 
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Figure 2. Potential energy curves of the lJ., 3 n , 'IT, 3 2 states of CH + adopted in the 
present calculation (see text). 

The potentials we have used are shown in figure 2. For the 1 ,3n and XZ curves, 
we have chosen the results of Green et al (1972) up to R — 5 au and those of Bazet 
et al (1975a) from 7 au onwards. The two sets of potentials were joined smoothly 
with spline curves, using as interpolation nodes the points of Green et al and the 
energies of Bazet et al (1975a) for R = 6-5 and 7 au. For the 32 potential, the same 
procedure was employed, except that the interpolation node at R = 6-5 au was re
placed by the arbitrary value EiL{6) = — 37-91020 au in order to obtain a 'reasonably' 
smooth potential curve. 

A cut-off factor (1 - exp( - R/4-5)7) was introduced in the spin-orbit interaction 
terms, in order to avoid numerical difficulties at short distances, where no transition 
takes place. The results are virtually independent of the explicit form of this cut-off 
factor. 

The cross sections obtained with the three methods discussed in the previous 
section are presented in figure 3. The cooling function (Wofsy et al 1971) obtained 
from the close-coupling cross section is given in table 3 and figure 4. 

3.2. Dependence of the results on the potentials 

In the previous sections we have discussed the importance of studying the possible 
influence of the approximate nature of the molecular potentials on the calculated 
cross sections, or cooling functions. 
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Figure 4. Cooling function UT) in units of 10"2* 

ergcm~ 3 s~ ' as a function of the kinetic tem
perature T (see table 3). 
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Figure 3. Cross section of/l (in units of a2,) in 
C+(2P1/2) + H(2S) collisions. The energy is repre
sented by an effective temperature Tetr = E/k, where 
k is Boltzmann's constant. O JN method; JCl 
method; — elastic method; Launay and 
Roueff; Bazet et al. 

The first source or uncertainty in our results is the arbitrariness in the van der 
Waals well of the 3£ potential, which appears in the matching region of the two 
sets of potentials. Unfortunately, the potentials of Green et al (1972) and Bazet et 
al (1975a) yield different results for both the depth and position of this well, and 
it is probable that neither calculation can determine these variables with good enough 

Table 3. Cooling function L(T) in units of 10"2* e rgcm" 3 s _ 1 . 

T(K) 

50 
100 
150 
200 
250 
300 
350 
400 
500 
600 
700 
800 
900 

1000 

JN 
method 

226 
5-56 
7-57 
8-91 
9-92 

10-74 
11-46 
1210 
13-27 
14-31 
15-23 
16-20 
17-08 
17-91 

JCI 
method 

1-79 
4-62 
6-40 
7-64 
8-60 
9-40 

1O10 
10-73 
11-87 
12-89 
13-83 
14-71 
15-54 
16-33 

Elastic 
method 

2-01 
5-06 
6-87 
808 
901 
9-78 

1047 
1109 
12-22 
13-23 
14-18 
15-07 
15-91 
16-71 



accuracy. Hence, we have preferred to construct, from the short- and long-range 
behaviour of the potential curves, a 'reasonably' smooth potential curve Eix (shown 
in figure 2), and to study the variation in the calculated cross section when the 
deeper well of Green et al (10~3 au, cf our value of 7-8 x 10~4au) is employed. 
This variation is of about 8% of our result at the peak of the cross section, and 
gradually diminishes to about 2% at higher energies. 

There is no comparable uncertainty for the other potentials. It must be pointed 
out, however, that if the connecting region is shifted to much shorter or longer 
internuclear distances, the smooth curves thus obtained do not follow the correct 
R~4 long-range behaviour, and this is the reason for our choice of the interpolation 
nodes. 

The second source of uncertainty is the approximate nature of the potentials at 
short and long internuclear separations. The only experimental data which are useful 
to us are the relative positions of the ll, and 1Tl zero-point vibrational levels of CH + 

(Herzberg 1950). This indicates that the separation between these curves is overesti
mated in the calculation of Green et al, and the basis set chosen by Green et al 
probably represents best the ground state of the molecule. However, as it is the 
relative position of all energy curves that influences the fine-structure transitions, 
this quantitative information is insufficient for our error analysis. 

Green et al (1972) give an upper bound to the error involved in their calculation 
as less than 0-001 au. In order to obtain a reasonable estimate as to the influence 
of this maximum error in the potentials on our calculated cross section, we have 
performed calculations with three sets of potential curves, obtained in the following way; 

(i) the curves of Green et al were arbitrarily modified so as to join smoothly 
at infinity, without crossing; 

(ii) same as (i), but with the 1 , 3 n potentials arbitrarily shifted by an amount 
which varies from 0-011 au at R = 2 au to 0 at longer distances; 

(iii) same as (ii) but varying only the *n potential. 
The detailed form of the potentials is not given here as they are to a large extent 

arbitrary, and only used to estimate error bounds of G\'¡1; they are available on 
request from the authors. 

The cross sections calculated with the potentials (i) and (iii) are very similar, 
whereas those of (ii) are higher by about 28% at the cross-section peak, down to 
10% at higher energies. Most of our tests have yielded results which are higher 
than those presented here, so that the exact cross sections are probably a little higher 
than these. Our estimated relative error bounds for af/l (and also for L(T), with 
T = f Teff) are of about 33% at the cross-section peak, down to 15% at higher energies, 
when we take into account also the influence of the error in the van der Waals 
minimum. Of course, the estimated absolute error in L(T) diminishes rapidly with 
decreasing T, like L(T) itself. 

A third source of error is the neglect of R~6 and higher powers of R"1 in the 
potentials of Bazet et al (1975a), since the anisotropy of the dispersion terms will 
give an additional contribution to the fine-structure transition rate. However, a careful 
study of the potential curves of Green et al (Wahnon 1977) showed that it is not 
possible to extract any reasonable value of the anisotropy from their results. We 
have simply assumed that the anisotropy is small and that the error involved in 
neglecting dispersion terms is less than the conservative error bounds estimated in 
the preceding paragraph. Accurate values of C6(L) and C6{Il) for CH + would be 
welcome. 



3.3. Comparison with other results 

A useful comparison of our results with those of previous calculations is not easy, 
because most of these employed potential curves which were considerably less accu
rate than ours. Wofsy et al (1971) and Weisheit and Lane (1971) used unpublished 
data from two different calculations, for short distances, and a linear fit (from 5 
to 6 au) to join these curves with the long-range forms of the potentials. We have 
seen that the calculated cross sections are very sensitive to the precise form of the 
molecular potentials in this region of intermediate internuclear distances. 

Bazet et al (1975b) employed a sudden-approximation method, in a semiclassical 
formalism, with a common trajectory determined by the induction forces. It is interest
ing that they obtained results which are well within the error boundaries that we 
have calculated, and a reason for this will be given in the next section. However, 
their calculation was very simple, and a more rigorous treatment was necessary to 
determine its accuracy. 

Recently, Launay and Roueff (1977) have performed a series of calculations which 
are similar to ours, using the close-coupling and Q-conservation methods. However, 
their choice of the electronic energies is inconsistent. They employed two sets of 
potential curves. At short range, they used in both sets the results of Green et al 
(1972) minus the limiting values of the energies at infinite internuclear separation. 
We have seen that this assumption of constant error cannot be justified. For the 
first set of potentials, they used the modified data of Green et al up to R = 5 au, 
and from R = 6-5 au onwards the results of Bazet et al (1975a) plus a dispersion 
term. They claim to have obtained this dispersion term by comparison of the results 
of Green et al and of Bazet et al at long distances. However, these energy differences 
vary very rapidly as functions of R, and inspection shows (see figure 5, where we 
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Figure 5. Variation of the quantity F(R) = R6[£G(R) - £G(oo) - £„(«)], where Ea(R) 
is the potential energy calculated by Green et al, EB is that calculated by Bazet et al 
(1975a). There is no evidence that F(R) has attained its asymptotic limit at R = 8 a0. 
No meaningful value of the C6 coefficients can be obtained by this procedure. The quanti
ties C6(2) and C6(Tl) are those adopted by Launay and Roueff. 
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plot these differences multiplied by R'6) that no meaningful value for C6(L) and 
C6(n) can be obtained from them. Launay and Roueff joined the modified results 
of Green et al and those of Bazet et al smoothly from 5 to 6-5 au. The arbitrary 
asymmetry assumed by these authors for the dispersion coefficients significantly 
affects the spin-change cross section. 

For the second set of potentials, Launay and Roueff did not choose to include 
these dispersion terms in the long-range part of the potentials, but the matching 
region was chosen from 3 to 4 au. Unfortunately, the results of Bazet et al are clearly 
very inaccurate in this region, and the connecting curves depart strongly from the 
correct K~4 dependence there. Their calculated cross section with this second set 
of potentials falls within our error bounds, in spite of the unreasonable behaviour 
of the potentials. 

3.4. Numerical method 

In order to solve the systems of equations (4) and (9), we have used a variable-step 
integration program (P Valiron 1976 private communication) based on the algorithm 
of Johnson (1973). At low energies, Johnson's invariant imbedding method has the 
advantage that no special procedure is required to integrate over the classically 
forbidden region, and that a variable step can be easily introduced. 

The integration was carried out from R = 0 up to R = 30 au. It was checked 
that the results were insensitive to the behaviour of the potentials at very short 
distances, and that no significant changes were produced when the integration range 
was extended up to 50 au. The results were obtained with an IRIS 80 computer 
(CIUC, Université de Bordeaux) and an IBM 360/65 computer (Centro Coordinado 
UAM-IBM, Universidad de Madrid). 

4. Discussion 

Our main conclusion is that, at least for fine-structure transitions of C+ in collision 
with atomic hydrogen, the calculated cross sections at low energies are sensitive 
to the precise form of the molecular potentials at intermediate and long distances, 
when the molecular model is used. It is well known that the intermediate region 
of internuclear distances is difficult to deal with by the ordinary methods of quantum 
chemistry, and accurate energy differences at intermediate distances are usually not 
available from experimental data. 

Hence, we have studied the effect of the possible errors in the potentials we 
employ at short and intermediate distances, and of the inclusion of dispersion terms 
at long distances, and of the matching procedure from short to long distances. 
Although error bounds are always very difficult to estimate, we expect our calculated 
cross section to be slightly lower (at most 36% at the peak of the cross section) 
than the exact one. More accurate results cannot be obtained until better molecular 
energies are available. 

We have performed calculations using three methods which require dramatically 
different computational efforts. For a system of N coupled differential equations, 
the computational time increases as JV3. In the close-coupling calculation we had 
to solve two systems of six coupled equations, whereas in the Q-conservation method 
we solved only one 3 x 3 and two 2 x 2 systems of differential equations. As a 



consequence, the latter method is roughly ten times faster than the former, besides 
requiring a much smaller interaction matrix. Finally, Dalgarno's method requires 
very little computational time and storage. 

In figure 3 we see that the results of the Q-decoupling method are lower than 
those of the close-coupling method; the differences are of 15% at the peak, down 
to 5% at Teff = 1000 K. The results of using the elastic method and equation (17) 
agree exceptionally well with the close-coupling cross section. On the other hand, 
when a factor (1 — A£/£1/2)1/2 is used in (17), the peak one obtains is off our error 
bound, and the results only become good at Teff > 300 K. 

A more informative test is provided by the comparison of partial cross sections. 
We show these, for Teff = 200 and 600 K, in figure 6. From these, we can see that 
the close agreement of the elastic and close-coupling results at 200 K is partially 
fortuitous, but the elastic method seems to perform surprisingly well, especially at 
Teff > 300 K, where it is relatively free from the threshold ambiguity that we have 
discussed. 
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Figure 6. (a) Partial-wave cross sections alfi" in units of al for Tetr( = E/k) = 200 K. 
JQ method; JN method; elastic method, (b) Partial-wave cross sections 

alft* in units of al for Teff( = E/k) = 900 K. JÜ method; JN method; 
elastic method. 



The abrupt fall of the partial cross sections beyond the last maximum explains 
the success of the sudden-approximation method of Bazet et al (1975b). A comparison 
shows that at low temperatures (T < 400 K) the position of the last maximum corre
sponds to the orbiting impact parameter p and the total cross section is essentially 
determined by p alone. At higher temperatures trajectory effects become less impor
tant and the cross section depends directly on R„ the critical internuclear distance 
where electrostatic and spin-orbit interactions are of comparable magnitude. Thus, 
although Bazet et al employed other approximations, such as the neglect of the 
energy difference between the 1U and 3 n potentials, their physical model is shown 
to be reliable. 

It may be noticed that all three methods yield results which are well within 
the error bounds given in this paper. It is clear that expensive close-coupling calcula
tions are of dubious value for practical purposes, unless the errors in the molecular 
energies are sensibly reduced. In this respect, the words 'ab initio'' and 'close coupling' 
should be viewed with circumspection by potential users of cross-section results. 
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