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Abstract

This paper deals with the use of the topological derivative as a structural health monitoring
method, for locating the presence of flaws in an aluminium plate. By minimizing a scalar ob-
jective function that measures the least squares difference between the measured and calculated
signals, flaws can be detected. The topological derivative somehow describes the sensitivity of
the objective function to localized perturbations of the material properties due to the defects
presence. Here, we reconstruct small defects via the topological derivative by using multi-
frequency synthetic data, for several representative configurations of the actuators and sensors,
and several defect locations. Among these, some fairly demanding configurations are considered
that are not accessible to conventional methods, such as actuators and sensors located very close
to the plate boundary and defects located beyond both elongated through-slits and elongated
inclusions of a different material.

1 Introduction

Structural health monitoring (SHM) using forced guided waves [1] has attracted considerable
attention in the literature in recent years, specially to monitor structural plates. In addition to
non-destructive testing of structures [2], similar problems arise in a number of fairly different
fields, such as medical diagnosis [3], natural resources exploration [4], oceanography [5], and
location of anti-personnel landmines [6].

Generation and sensing of guided waves can be performed by various means, either piezo-
electric [7] or non-contact optical-laser [8]-[9] actuators and sensors.

Mathematically, processing data from elastic waves in a material medium to identify defects
and inclusions (which affect material parameters such as the Young modulus, the Poisson ratio,
and the density) is an inverse problem [10]. Inverse problems consist in guessing the properties
of a physical system from its response to excitation. These problems have been formulated
and treated in mathematics for years and give rise to formulations that can be set in stimulat-
ing/provocative terms [11]. The name inverse problem comes as opposite to the direct problem,
which consists in calculating the system response when its physical properties are known. It is
convenient to note that inverse problems are usually ill-posed from the mathematical point of
view [12].

There is a variety of mathematical methods to solve inverse problems [13]. An appealing
approach is to formulate the problem as an optimization problem, in which the objective function



accounts for the difference between the experimentally measured and computed (for varying
values of the material properties) responses of the system. The guessed values of the material
properties are those that minimize the objective function.

A promising alternative to plain optimization methods is based on the computation of the so-
called topological derivative [14]-[15], which has been already used in the context of elastic waves
[16] and somehow gives the sensitivity of the objective function to local perturbations (from
healthy conditions) in the material properties. The idea is that localized defects are expected to
be located in those regions where the sensitivity is largest, namely near the topological derivative
peaks. The topological derivative can be seen as the gradient of the objective function, and may
be computed by solving an appropriate adjoint problem.

The performance of the method will be tested considering various representative defect lo-
cations. This approach has been already pursued in the (somewhat academic) context of the
two-dimensional wave equation, with very good results [18]. The idea is extended in the present
paper to a more realistic elastic plate problem, intended as a proof-of-the-concept in the SHM
context. To this end, the whole approach will be simplified in various ways by means of using
synthetic data instead of experimental data, considering only symmetric waves which allows a
two-dimensional approximation and to mimic synthetically either piezo-electric sensors or laser
Doppler vibrometers.

With the above in mind, the remainder of the paper is organized as follows. The considered
elastic problem and its two-dimensional approximation are set in §2, where the definition and
computation of the topological derivative are also described. The main results of the paper are
given and discussed in §3 and some concluding remarks, in §4.

2 Formulation and topological derivative

The elastodynamic problem for symmetric Lamb waves in a plate is first formulated in §2.1,
where a two-dimensional approximation is used taking advantage of the fact the plate thickness
is small compared to the transversal plate dimensions.

2.1 Formulation of the elastic problem

We consider a rectangular metallic plate of size (2L1) × (2L2) × d. As anticipated in §1,
we shall only consider symmetric Lamb waves [17]. Assuming that the waves wavelength is
large compared to the plate thickness d and that d is small compared to both 2L1 and 2L2,
the elastodynamic state admits a plane stress assumption, which allows for a two-dimensional
approximation. Using a Cartesian coordinate system with the origin at the center of the plate
and the x and y axes parallel to the plate sides, the plate is the rectangle D : −L1 < x <
L1,−L2 < y < L2. An elastodynamic harmonic problem is considered, thus, the governing
equation is

∇· ¯̄σ + ρω2~U = −~F (x, y), (1)

in D, with boundary conditions

¯̄σ·~n = 0 at x = ±L1, |y| < L2 and y = ±L2, |x| < L1, (2)

~U = 0 at (x, y) = (±L1,−L2). (3)
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In this formulation, ρ is the density, ω is the angular frequency, ~U is the in-plane displacement

vector, ¯̄σ = ¯̄σ
(
λ, µ, ~U

)
is the stress tensor (λ and µ are the Lamé coefficients), ~F is the forcing

term and depends on the actuators configuration, and ~n denotes the outward unit normal to the
boundary of D.

As anticipated, defects will manifest themselves in the values of the material properties of
the plate, namely the density and the Lamé coefficients, which are assumed to be of the form

ρ = ρ0 − ρ̃, λ = λ0 − λ̃, µ = µ0 − µ̃, (4)

where the subscript 0 denotes the values of the material properties for the healthy plate and
the perturbations, denoted with tildes, are due to the presence of localized defects. These are
assumed to be appropriately small in the L2 norm.

Concerning the in-plane forcing terms ~F appearing in (1), we shall consider a set of M simple
forcing configurations, each (for m = 1, . . . ,M) of one of the two types:

• Point localized (PL) excitation, in which a concentrated force at a given point (xm, ym) is
imposed.

• Rotationally symmetric radial (RSR) excitation, in which a rotationally symmetric radial
force is applied in a circle with center at a given point (xm, ym) and radius r. This mimics
piezoelectric actuators.

Likewise, the resulting synthetic data, mimicking experimental data, will be collected in
N sensors (for n = 1, . . . , N), each of one of any of the following two types (which are the
counterparts of the two types of excitation considered above):

• Point localized (PL) sensing, in which the displacement vector at a given point (xn, yn) is
measured.

• Rotationally symmetric radial (RSR) sensing in a circle with center at a given point (xn, yn)
and radius r, measuring the spatial average of the radial displacement vector along the
circle. This mimics piezoelectric sensors.

These excitation/sensing types will be combined in §3 in three different ways.

2.2 Objective function and topological derivative

As already explained in §1, our approach will consist in somehow minimizing a scalar objective
function, which accounts for the least squares difference between the measured data at the
sensors and their computed counterpart for a given varying location and shape of the defects.
The above mentioned objective function is defined as the sum of the contributions from the K
forcing frequencies and the M actuators/sensors configurations, namely

H
(
ρ̃, λ̃, µ̃

)
=

K∑
k=1

M∑
m=1

αkmHPL
km and H

(
ρ̃, λ̃, µ̃

)
=

K∑
k=1

M∑
m=1

αkmHRSR
km , (5)
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for PL and RSR sensing, respectively, which must be treated separately. Here, as above, ρ̃, λ̃,
and µ̃ denote the perturbations (from the healthy state, according to (4)) in these properties ap-
pearing in the damaged plate, the subscripts k and m label the frequencies and actuators/sensors
configurations, respectively, the weights αkm > 0 (to be selected below) measure the individual
contribution of each frequency and each emitting configuration, and HPL

km and HRSR
km depend on

the sensing mode.
For PL sensing,

HPL
km

(
ρ̃, λ̃, µ̃

)
=

1

2

N∑
n=1

∥∥∥~U comp.
km (xmn, ymn)− ~Umeas.

km (xmn, ymn)
∥∥∥2 , (6)

where (xmn, ymn) denote the sensor positions (which may depend on the actuators set config-
uration), ~Ukm is the k-th Fourier component of the displacement vector field produced by the
m-th excitation, and the superscripts comp. and meas. denote computed (by solving (1)-(3)) and
measured data. In the present case, we are using synthetic data, mimicking actual measured
data, which means that Umeas. will also be computed (by solving (1)-(3)) for the actual damaged
plate. Since (either actual or synthetic) measurements are known beforehand, dependence of
HPL
km on ρ̃, λ̃, and µ̃ comes from ~U comp.

km , whose calculation requires solving (1)-(3), which in

turn depend on ρ̃, λ̃, and µ̃. In other words, Umeas. will be computed (by solving (1)-(3)) for
the known distributions of ρ̃, λ̃, and µ̃, while U comp. will be computed (by solving (1)-(3)) for
varying distributions of while ρ̃, λ̃, and µ̃, which should be selected to minimize the objective
function.

Similarly, for RSR sensing,

HRSR
km

(
ρ̃, λ̃, µ̃

)
=

1

2

N∑
n=1

〈
~U comp.
km − ~Umeas.

km

〉2
xmn,ymn,r

, (7)

where ~U comp.
km and ~Umeas.

km are as above and for a vector field ~U ,
〈
~U
〉
xmn,ymn,r

denotes the average

of the outward normal component of ~U on the circle of radius r centered at the point (xmn, ymn).
The topological derivative is the limit

T (x, y) = lim
r→0

Hr −H0

πr2
, (8)

where Hr and H0 denote the values of the objective function for the damaged and healthy
plates, respectively. Also, we consider a small circular defect, with center at (x, y) and radius
r. In other words, the topological derivative at (x, y) measures the sensitivity of the objective
function to an infinitesimal defect located at this point. The idea is that damage is most likely
to occur at those points of the plate where the topological derivative exhibits negative peaks.

The topological derivative is a linear operator, which means invoking (5), that

T (x, y) =
K∑
k=1

M∑
m=1

αkmTkm(x, y), (9)
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where Tkm is the topological derivative of HPL
km or HRSR

km for PL sensing or RSR sensing, respec-
tively, defined in (6) and (7), respectively. Using well-known computations in the literature [19],
it follows that

Tkm = ρSρkm +
1

µ(1 + ν)

[
ν − 1− 2ν2

2(1− ν2)
Sλkm + Sµkm

]
, (10)

where ν = λ/[2(λ+ µ)] is the Poisson ratio and

Sρkm = −ω2
k
~Udkm · ~Uakm, Sλkm =

(
∇ · ~Udkm

)(
∇ · ~Uakm

)
, (11)

Sµkm =
1

2

(
∇~Udkm +∇~Ud>km

)
:
(
∇~Uakm +∇~Ua>km

)
. (12)

Here, ~Udkm and ~Uakm are the solutions of the unperturbed direct and adjoint problems, which are
both given by (1)-(3) with ρ = ρ0, λ = λ0, µ = µ0 (the unperturbed values of these properties
for the healthy plate) and the following forcing term in the right hand side of (1), ~Fkm:

• For the unperturbed direct problem, ~Fkm depends on the forcing type, PL or RSR.

• For the unperturbed adjoint problem, ~Fkm depends on the sensing type, PL or RSR. For
PL sensing at the points (xmn, ymn), for n = 1, . . . , N , we have

~Fkm =
N∑
n=1

[
~Udkm(xmn, ymn)− ~Umeas.

km (xmn, ymn)
]
δ(x− xmn, y − ymn), (13)

where δ is the Dirac delta function, as above. For RSR sensing in devices of radius r,
centered at the points (xmn, ymn), for n = 1, . . . , N , ~Fkm is given by

~Fkm =

N∑
n=1

〈
~Udkm − ~Umeas.

km

〉
xmn,ymn,r

~g(x− xmn, y − ymn, r), (14)

where ~g denotes a forcing term consisting in applying a unit force along the outward
normals to the circle of radius r, centered at (xm, ym).

Once the unperturbed direct and adjoint problems have been solved, eqs.(9)-(12) permit
computing the topological derivative field T (x, y), which still depends on the weights αkm.
Following ideas in [18], which gave very good results for the two-dimensional wave equation, we
select, with DI ⊂ D as a subset of the plate where the topological derivative is calculated,

αkm =
1∣∣min(x,y)∈DI
Tkm(x, y)

∣∣ . (15)

3 Results

Let us now apply the theory developed in the last section to an aluminium plate, with
density ρ = 2700 kg/m3 and Lamé coefficients λ = 50.35 GPa and µ = 25.94 GPa (Young
modulus E = 69 GPa and Poisson ratio ν = 0.33). The horizontal size is 1 × 1 m2 and the
thickness is assumed to be small (say, 1-2 mm), such that the two-dimensional theory developed
in the last section applies. Using the Cartesian coordinate system indicated in §2.1, the domain
occupied by the plate is D : −0.5 m< x < 0.5 m,−0, 5 m< y < 0.5 m.

Concerning the healthy plate, two general classes of plates will be presented, namely:
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• A homogeneous plate, with constant density and Lamé coefficients.

• An inhomogeneous plate containing an elongated through-slit or an elongated inclusion of
a different material.

Concerning the emitting/sensing configurations, these will be classified into three types, namely:

• PL emitting/PL sensing.

• RSR emitting/RSR sensing.

• RSR emitting/PL sensing.

For RSR actuators and sensors, the radius of the device will always be r = 5 mm, which is
similar to the radius of typical piezo-electric devices. In order to obtain comparable results for
the various cases that will be considered, the centers of the actuators and sensors will always be
located at 2 cm from the boundary.

The topological derivative will be calculated in the above-mentioned interrogation window
DI that will always be a 70 × 70 cm2 centered square. The defects will always be inside the
interrogation window and will be either circular or elliptic through-holes, with a very small size
∼ 5 mm. As anticipated, it is the negative peaks of the topological derivative that matter to
localize defects. In the plots, positive values of the topological derivative will be set to zero,
and the negative values will be rescaled with the maximum of its absolute value. Therefore, all
topological derivatives will vary in the range between 0 and -1.

Application of the method described in §2.2 requires solving elastic problems of the type
(1)-(3) for both:

• The perturbed plate, to obtain the synthetic data (mimicking experimental data).

• The healthy plate, to solve the unperturbed direct and adjoint problems, which are needed
to compute the topological derivative.

The solution to these problems will be obtained using the ANSYS Mechanical FEM solver,
with a second degree polynomial as shape function. In the remaining of this section, we consider
several actuators/sensors types and configurations, homogeneous and inhomogeneous plates, and
defects locations. In order to emphasize the robustness of the method, the forcing frequencies
will be chosen as equispaced in a range that will be the same for all considered cases, namely

10 kHz ≤ ω ≤ 25 kHz. (16)

3.1 PL emission and PL sensing

To begin with, we consider a number M of PL dual emitting/receiving devices, which will be
used to obtain (for each of the K driving frequencies) M emitting/receiving configurations. In
each of these, signals are emitted from one of the devices (which acts as actuator) and received
at the remaining N = M − 1 devices, which act as sensors.
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3.1.1 Homogeneous plate

The considered emitting/receiving configuration consists of 4 (indicated with black × symbols
in Figure 1) PL emitting/receiving devices, which are fairly close to the boundary, namely 2 cm
apart. Concerning the number K of forcing frequencies (which are equispaced in the interval
(16)), this is K = 15 when only one defect is present, but this number is increased to K = 35 in
the more demanding case in which both defects are present. We consider three sets of through-
hole defects, namely (a) a circular defect of radius 2.5 mm, with its center at (x, y) = (-0.1 m,
0.2 m), (b) an elliptical defect with center at (x, y) = ( -0.15 m, -0.2 m) and major and minor
axes 4.84 mm and 1.29 mm, parallel to the x and y axes, respectively, and (c) the circular and
elliptical defects simultaneously located in the plate. Note that the two defects have the same
area. In Figure 1 (as in all plots of the below), the position of the defects is indicated with white
+ symbols; the shapes of the defects cannot be seen in this plot due to their very small sizes.
The topological derivative for these three sets of defects is as plotted in Figure 1, where only
negative values of the topological derivative are considered in the color map; points with positive
values and points outside the interrogation window are indicated in white. As can be seen, the
negative peaks of the topological derivative locate fairly well the defects, especially in cases (a)
and (b), in which only one defect is present; case (c), with two defects, is more demanding
and thus the contrast of the negative peaks of the topological derivatives at the defects is less
prominent.

15 forcing frequencies 15 forcing frequencies 35 forcing frequencies

Figure 1: Color map of the topological derivative for four emitting/receiving devices located
at the positions indicated with black × symbolds and using the indicated number of equispaced
frequencies. It is considered a circular (left), elliptical (middle), and circular-plus-elliptical
(right) defects, whose position is indicated with white + symbols.

3.1.2 Inhomogeneous plate

The test problems considered here are much more demanding than the previous ones. Thus,
they will require increasing the number of frequencies if the number of emitting/receiving devices
is maintained, as anticipated above.

As a first test problem, we consider the plate with an elongated through-slit, considering two
cases (see Figure 2):
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• A centered parallel (to the x axis) slit with length 0.8 m and width 1.6 cm located along
the line y = 0.17 m, and a circular defect of radius 2.5 mm and center at (x, y) =
(0.1 m,−0.2 m).

• An oblique slit with length 0.7 m and width 1.4 cm, located along a line with slope near
40◦ and centered at (x, y) = (0.0609 m, 0.129 m). The defect is again circular, with radius
2.5 mm and center at (x, y) = (0.15 m, 0.1 m).

For this test problem, we consider K = 30 frequencies, equispaced in the interval (16). The
topological derivatives for the parallel and oblique slits, plotted in Figure 2, show that the

Figure 2: Color map of the topological derivative for inhomogenous plates showing the parallel
(left) and oblique (right) through-slits indicated in black. As in previous figures, the emit-
ting/receiving devices locations are indicated with black × symbolds, and the defect locations,
with white + symbols.

method locates the defects reasonably well in spite of the presence of the slits. In both cases,
especially for the oblique slit, the defect is not reachable by the primary emitted waves, but only
by waves reflected at the boundary, which would make the application of standard SHM methods
extremely problematic. In fact, through-slits are quite demanding because they completely
reflect the waves, as the lateral walls do.

As a second test problem, we consider a plate with an elongated inclusion of a different
material. The inclusion is parallel to the x axis and transversally covers the whole plate at
y = 16 m from side to side. We consider the following two cases:

• Titanium inclusion: Density ρ = 4500 kg/m3 and Lamé coefficients λ = 74.07 GPa and
µ = 41.67 GPa (Young modulus E = 110 GPa and Poisson ratio ν = 0.32). The thickness
of the inclusion is 15 mm. In this case, we consider K = 25 forcing frequencies, equispaced
in the interval (16).

• High-density Polyethylene inclusion: Density ρ = 960 kg/m3 and Lamé coefficients λ =
1.777 GPa and µ = 0.3901 GPa (Young modulus E = 1.1 GPa and Poisson ratio ν = 0.41).
The thickness of the inclusion is 2.5 mm. In this case, we consider K = 60 forcing
frequencies, equispaced in the interval (16).

In both cases, the defect that is to be detected is circular and centered at (x, y) = (0.1 m,-0.2
m), with radius 2.5 mm.
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25 forcing frequencies 60 forcing frequencies

Figure 3: Color map of the topological derivative for inhomogenous plates showing horizontal
inclusions (indicated in brown) of Titanium (left) and high-density polyethelene (right). As in
previous figures, the emitting/receiving devices locations are indicated with black × symbols,
and the defect locations, with white + symbols.

The topological derivatives for these two cases are plotted in Figure 3. As can be seen, the
most demanding case is that of polyethelene, which requires both a larger number of frequencies
and a smaller thickness of the inclusion. The reason is that both the density and the Lamé
coefficients are much smaller than that of the aluminium plate. This makes this case closer to
the elongated through-slit, which as anticipated is the most demanding inhomogeneity.

3.2 RSR emission and RSR sensing

Let us now consider dual emitting/receiving devices of the RSR type. We consider eight RSR
devices of radius 5 mm and centers located at 2 cm from the y = 0.5 m of the plate, equispaced
in the x coordinate (along the horizontal line y = 0.48 m). For the sake of brevity, we are just
presenting the more demanding cases which appeared in the PL-PL case, namely, the oblique slit
and the HDPE inclusion. The topological derivatives for the present actuators/sensors configu-
ration are given in Figure 4. As can be seen in this figure, the topological derivative locates the

40 forcing frequencies 60 forcing frequencies

Figure 4: Color map of the topological derivative for inhomogenous plates. Oblique (left)
through-slit and high-density polyethelene (right) inclusion. The emitting/receiving devices
locations are indicated with black asterisks, and the defect locations, with white + symbols.
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defects quite well using an appropriate number of forcing frequencies (again, equispaced in the
interval (16)), namely, 40 and 60 frequencies for the oblique slit and high-density polyethelene
inclusion, respectively.

3.3 RSR emission and PL sensing

Let us now consider the case of RSR actuators and PL sensors. Since, as anticipated, PL
sensors collect a larger amount of data (namely, twice as much) than RSR sensors, the present
case is less demanding than that considered in the last subsection. This means that we may
decrease either the number of actuators or the number of sensors, which much be located in
different positions (but again 2 cms apart from the boundary) because they are of a different type
among each other. We select the same four RSR actuators as in §3.2 and four PL sensors aligned
with the actuators in the line y = 0.48 m and equispaced along the x coordinate in the right part
of this line. Actuators and sensors are indicated with black asterisks and black × symbolds,
respectively. The topological derivatives for the present actuators/sensors configuration are
given in Figure 5. Again, the toplogical derivative locates the defect quite well in both cases.

30 forcing frequencies 60 forcing frequencies

Figure 5: Counterpart of Figure 4 for RSR emision and PL sensing.

4 Conclusions

A method based on the multi-frequency topological derivative has been developed that is
intended as an advantageous alternative to standard guided-waves-based SHM methods. The
main advantage of this new method is that it uses the whole physics of the problem, instead
of only the wave propagation velocity, as standard methods do. As a proof of the concept,
the method has been applied using synthetic data, instead of plain experimental data, and
considering only symmetric guided waves, produced by in-plane excitation of two types, either
PL or RSR excitation. The emitting and sensing devices have been located very close to the
boundary of the plate, which is a very demanding situation for standard SHM methods. The
‘healthy’ plate can either have elongated through-slits or elongated inclusions of a different
material, which is again too demanding for standard SHM methods. In all cases, the new
method gave good results using a very limited number of emitting and sensing devices.

A number of issues have been left apart in this first presentation of the method:

• Using actual experimental data instead of synthetic data. This obviously requires having
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this experimental data available, and also, to clean the experimental data using techniques
such as HODMD [20], or calibrate the numerical modeling of the healthy plate elastody-
namics, including the piezoelectric and laser Doppler devices.

• Considering general Lamb waves instead of just symmetric waves.

• Reducing the computational cost of solving the unperturbed direct and adjoint problems,
which could be done via an appropriate reduced order model [21]. It must be noted here
that these two problems are defined in terms of the healthy plates and can be solved
offline beforehand. The computational cost of the online step to compute the topological
derivative, instead, is very small.

However, these issues are beyond the scope of this paper, and left as the object of future research.
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