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Abstract 

One of the major deficiencies of density functional theory is presented in the approximation of the exchange energy 
term. An important advance in solving this problem has been the development of orbital-dependent exchange func-
tional. The exact exchange method is one of the best defined releases of such functional. Up to now it has been applied 
in solid systems only using a plane wave representation basis set. In this paper we present a development and imple-
mentation of the exact exchange formalism for solid semiconductors using a basis set of localized numerical functions. 
The implementation of the exact exchange scheme has been carried out in the SIESTA code, as a new path to get the 
exchange part in the Kohn-Sham energy and potential. This program is an ab initio periodic fully self-consistent 
density functional code which uses norm-conserving non-local pseudopotentials. Linear combination of confined nu-
merical pseudoatomic orbitals have been used to represent the Kohn-Sham orbitals. The calculation results of the 
electronic properties of several semiconductor systems using different qualities of the basis set are compared with ex-
perimental results and presented in this paper. 
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1. Introduction 

Density functional theory (DFT) [1-3] is now-
adays one of the most popular techniques used for 
the study of the properties of materials due to its 
low computational workload. The formalism is, in 
principle, exact but its application to the calcula-
tion of the total energy of interacting systems re-
quires approximations for the exchange and 
correlation energy. 

Kohn and Sham (KS) [3] in their early works, 
proposed an approximation of the exchange and 
the correlation part of the total energy using a 
functional relationship between the density and 
the exchange-correlation energy based on the 
study of an homogeneous electron gas. This func-
tional is known as the local density approximation 
(LDA) exchange-correlation functional. 

To overcome the lack of non-locality in this 
functional form, a generalized gradient correction 
(GGA) in the density of the LDA has been widely 
used for studying many electronic systems and 
their properties [4-7]. 



Although the application of LDA and GGA 
approximations to inhomogeneous solid state 
systems has been remarkably successful in de-
scribing ground state properties and the dispersion 
of upper valence bands, there still remain some 
characteristic deficiencies. In particular, in semi-
conductors, there is an underestimation of the 
energy gap between the occupied and empty bands 
and an incorrect asymptotic behaviour of the ex-
change and correlation potential. 

Several schemes beyond these approximations 
have been developed. The optimised effective po-
tential (OEP) method [30] was originally applied 
successfully to spherical finite systems [8-24] and 
also in molecules for which the HOMO-LUMO 
energy differences as well as ionization potentials 
were significantly improved [25]. The use of this 
method has recently been generalized to the case of 
infinite extended periodic solids. In this approach, 
the functional of the energy contains an exact ex-
pression for the exchange energy and the same 
LDA or GGA approximation for the correlation 
energy term. 

Within this scheme, several authors have pro-
posed the use of an orbital-dependent functional 
for the exchange, based on the OEP method. One 
of best developments is the exact exchange method 
(EXX) [8-15]. In this method the authors make the 
conditions established in the method developed by 
Krieger, Li and Iafrate (KLI method) in late 90s 
more flexible [16-19]. They also generalized the 
method used by Kotani et al. [20-23] allowing this 
exchange functional to be studied within the 
framework of a non-spherical assumption in the 
form of the potential in any part of the space. 
Although this EXX formalism is quite general, the 
applications of the method in solids have been 
carried out mainly using a plane wave basis set 
[14]. 

In last few years, DFT theory, using the typical 
LDA and GGA approximations for the exchange 
term, has been used as a tool for studying the 
electronic properties of different kind of materials. 
In particular, these methods have been used re-
cently to identify, at an atomic level, new semi-
conductor materials for high efficiency 
photovoltaic devices as well as studying all the 
properties of these materials [26-28]. 

The use of orbital-dependent funct ional allows 
the electronic structure of the many-electron 
systems to be described accurately. Therefore, in 
order to have a deeper knowledge of the opto-
electronic properties of these kinds of materials, it 
is necessary to implement a new orbital-dependent 
functional. The EXX method seems to be the best 
choice for our purposes. 

In this work we present an implementation of 
the EXX method for solids [14,15] within a nu-
merical localised basis set framework. This method 
is applied to the study of the properties of some 
semiconductor materials. The calculations pre-
sented here try to represent a benchmark for the 
implementation of the EXX method in order to 
use it in the determination of properties for new 
materials. 

For this purpose we have developed, tested and 
implemented a new EXX functional scheme within 
the First Principles SIESTA [29] code, using the 
EXX method as a new path for obtaining the ex-
change part in the Kohn-Sham energy and po-
tential. 

The SIESTA program is a very efficient nu-
merical DFT code that solves self-consistently the 
Kohn-Sham equations for solids and molecules 
within the local density or in the generalized gra-
dient approximations of DFT. It combines the use 
of a localised, LCAO, basis set for the description 
of valence electrons and norm conserving non-
local pseudopotentials for the atomic core. This 
choice of code has been made based on the great 
flexibility it has in the choice of the basis set used 
to represent the Kohn-Sham orbitals. The EXX 
exchange potential has been added as a set of 
routines that work interactively with the SIESTA 
code. We have chosen a basis set of Slater func-
tions in order to represent the exchange density, 
which is then integrated in order to obtain the 
potential. 

In the next section, we introduce the theoretical 
development of the orbital-dependent exchange 
funct ional and the different types of approxima-
tions. 

In Section 3 we present the methodology of 
implementing the EXX method within the SI-
ESTA code and in Section 4 the computational 
details of this implementation. 



In Section 5 we present some applications of the 
method. In particular, we show the calculations 
obtained for the properties of several semicon-
ductors, especially in trying to describe the correct 
band gap and bandwidth values. Finally in Section 
6 we present the conclusions. 

2. Theoretical development of the orbital-dependent 
functional 

The DFT theory proposes a solution to the 
many electron problem based on the Kohn-Sham 
equations [1-3] 

— V2 + ueff(r) Zm (1) 

where s, is a Lagrange multiplier ensuring the 
normalization in the wavefunctions, iA,(r). The 
effective one electron potential, 

M r ) = v ( r ) + e 2 J - ^ L d r ' + VJC(T) (2) 

contains the external, Hartree and exchange-cor-
relation terms respectively. The exchange-corre-
lation term is defined as 

fxc(r) = « (3) 

where n{r) is the electronic density. 
uxc(r) is called the exchange-correlation poten-

tial, which is usually split into the exchange and 
the correlation terms 

fxc(r) = vx{r) + vc(r) (4) 

In the DFT formalism the exchange-correlation 
term has to be approximated by some functional 
form. In their early work, Kohn and Sham pro-
posed the local density approximation (LDA) 
[2,3]. 

In this approximation the exchange-correlation 
energy is obtained by the functional relationship: 

dr (5) Exc*E^a = J « ( r ) 4 o m > ( r ) ) 

in which sj!°mo is the exchange-correlation energy 
per particle in the homogeneous (spatial) electron 

gas. The homogeneous electron gas is a fictional 
system made up of a set of uniformly spatially 
distributed electrons within a positive background 
of charge that compensates the electronic charge. 
The functional derivative of this quantity with 
respect to the density is the definition of the local 
density approximation to the exchange potential, 
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Equations (l)-(6) present a well-defined scheme in 
which the ground state density can be obtained for 
any electronic system. 

However, this scheme has several deficiencies 
when used to study real electronic systems. One 
important deficiency is due to the approximation 
of the exchange potential. In order to overcome 
this deficiency new functional forms have been 
proposed [4-7]. These new forms (GGA) are based 
on the use of some funct ional depending on both 
the density and its gradient: 

v G G A r dr n (r) sxc (n (r) |, V« (r) |) (7) 

In last few years, some authors have proposed 
the use of a functional relationship between the 
exchange energy and the orbitals [8-25]. This 
particular approximation has improved the quality 
of the DFT results for electronic calculations. 

There are several types of approximations when 
an orbital-dependent exchange functional is used. 
One of them is the method developed by Krieger, 
Li and Iafrate, the KLI method [16-19], and an-
other one is the exact exchange method, EXX 
method, which has been developed for spherical 
systems by Kotani [20-23], and in a more general 
way by Gorling and Levy [8-15]. All these meth-
ods are based on solving the optimized effective 
potential equation [30], also called the OEP equa-
tion, but with different ways of finding the solu-
tion. We are going to compare very briefly the 
most important properties of the KLI and the 
EXX methods. 

The KLI method provides a solution to the 
OEP integral equation in terms of an approximate 
form of the Green function thus 
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where, 

„,a(r) > ™ <„ 

and, 

G«( r , r ' )= E (10) 

in which the energy difference in the denominator 
of Eq. (10) is replaced by a constant. 

Gsl(r,r')^±-(8(r-r')-Ur)-Ur')) (11) 

If this approximation is introduced into the 
OEP integral equation, the exchange-correlation 
potential for the KLI equation is obtained, 

^ = 2^) ? |,A'(r)|2[Mxc'(r) + " K')] 
(12) 

in which t)^c
LI and uxc are the averaged values of 

mxc(r) and i£L I(r). 
The solution of this equation is, 

eKLI = . 
xcy xcy 

where 

+ (13) 
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(14) 

In this equation n(r) is the total electronic 
density, and Np in Eq. (13) is 

Nj, = / dr —f (15) J n( r) 

The second way of solving the OEP integral 
equation is based on the use of the chain rule to 
expand the functional derivative for the exchange 
energy in terms of the density [8-15]. This deriv-
ative can be written as follows: 

f*(r) 
8 Er 
8/i (r) 

E E 
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dr' 
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where the iA„k(r)s are used to represent the different 
Kohn-Sham orbitals, fKs(r) represents the K o h n -
Sham potential, v names the occupied monoelec-
tronic states and k represents the translational 
quantum number of the wave functions, iA„k(r). 
Within this formalism, it is possible to build up an 
exchange density as a combination of the different 
localized functions [13]. 

Pxi.r) = E ^ w (17) 

where the a7s are the coefficients for the expansion. 
Then the integral of this density to obtain the ex-
change potential is carried out by 

*M = EC 
r - r' 

(18) 

Using this scheme, the exchange potential has the 
correct asymptotic (1 / r ) behaviour. 

In order to obtain the expansion coefficients 
shown in Eqs. (17) and (18) it is necessary to 
represent the linear response operator X(r, r') on 
the basis set made up of the fj(r) functions. 

dr2 '' XiJ = J drj/Hri) J ^ ^ I dr3X(r2,r3) 

dr4 
f j M 

> 3 - r 4 | 

where, 

X ( r / ) = 2 E E E 

(19) 

v c k 

+ c.c (20) 
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and solve the linear system of equations, 

X-a = t (21) 

where the tn vector components are [13]: 
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is the non-local exchange potential and c 
represents an unoccupied monoelectronic state. 

The two methods, KLI and EXX, presented 
here have satisfactory solutions to the OEP inte-
gral equation and a well-defined expression for the 
exchange (or exchange-correlation in the KLI 
case) potential. But in the KLI method, the sub-
stitution of the energy differences in Eq. (10) for a 
constant is a significant approximation for cor-
rectly describing band energies in solids. As we are 
interested in studying semiconductor materials we 
have chosen to develop and implement the EXX 
method, but using a version for a localised basis 
set instead of plane waves, compatible with the 
SIESTA program. 

3. Implementation of the EXX method within the 
SIESTA code 

In this section we present and discuss the 
integrals involved in the calculation of the ex-
change potential which can be solved within the 
SIESTA code. Our implementation is carried 
out for solids, and we take advantage of the 
translational symmetry between the cells in the 
solid. 

The calculation of the exchange potential is 
made in three steps. First at all, we get the repre-
sentation matrix elements for the linear response 
operator: Eq. (19). Then, we obtain the represen-
tation elements of the vector t: Eq. (22). After that 
we solve the system of equations stated in Eq. (21) 
and we get the coefficients to represent the ex-
change density in the chosen basis set. Finally, Eq. 
(18) is solved in order to obtain the exchange po-
tential. 

Firstly the calculation of the integrals involved 
in the representation of the linear response oper-
ator, Eq. (19), must be made. 

We start rewriting the definition for the linear 
response operator, thus, 

XtJ = j drj/Xri) J ^ ^ J dr3X(r2,r3) 

dr4 

J |r3 - r4 

d r j / X r O 

•fj(? 4) 

f dr2 

ki - r 2 | 
dr 3X^2,^)1^3) 

= J dri/XrO/'/Oi) 

where we define the following arrays, 

^ ^ [a 
^ = J 

Cj(r2) = J di3Vj(T3)X(T2,T3) 

fy(r3) dr4 
f j ( n ) 

1*3-r41 

(23) 

(24) 

(25) 

(26) 

Vj(r3) is the array that contains the potential inte-
grals coming from the basis functions to be used. 
The matrix element of the linear response operator 
is obtained as the integral of the array iij{r\) 
multiplied by basis function /i(ri)> a s is shown in 
Eq. (23). 

In principle, any form of the basis set could be 
used to represent the exchange density. From a 
practical point of view, we have chosen the fol-
lowing basis that has the translational symmetry of 
the solid: 

/7.(r4) = ^ e ' k % . ( r 4 - R - a 7 . ) (27) 

where R is a vector connecting two different cells in 
the solid and its expression in terms of the unit cell 
vectors of the solid, [bi,b2,b3], is: R = « ib i+ 
«2b2 + «3b3. a, represents the position where the 
function hj{r) is centered in the unit cell. 

The Vj(r3) vector components are obtained as 
the potential of each different basis function /}(r4) 
in all space. With this function fj(r4), expressed in 
terms of the hj(r4 R a7), Eq. (26) becomes, 

J t ) 7 ( r 3 - R - a 7 ) (28) 



where the components of the vector t)y (r3 R a7) 
are defined as, 

M r 3 - R - a 7 ) ^ / d r 4 M £ l _ ^ ) ( 2 9 ) 

This integral has to be solved numerically for 
each function hj{r4 R a7) within the supercell. 
Nevertheless, as we have chosen Slater functions 
centered on the different atomic positions to rep-
resent the exchange density, this integral is solved 
analytically [31] and we directly use the expression 
of the potential associated with each one of the 
representation functions. 

The next step consists of the integration of 
the resulting array components Vj(r3) multiplied by 
the linear response operator X(r2,r3) to obtain the 

r2) vector components. 
As we have broken down the array Vj(r3) into its 

sum of different components, each one of the in-
tegrals appearing in Eq. (25) is divided into a sum 
of integrals, 

(/(r2) = J dr3u7(r3 R ay)X(r2, r3) 

= N e M [ dr3v)(r3 R a7)X(r2,r3) 
r J onecell 

(30) 

where N represents the total number of cells in-
volved in the calculation. To solve the integrals, 
the potentials must be interpolated from a stored 
table of values and its angular part added in each 
different point of the space. For the values of the 
X(r2,r3) operator, the following translation prop-
erty is used, 

X(r2 + R,r3 + R') = X(r2,r3) (31) 

where R' is also a translation vector of the lattice. 
Finally we total all the used cells and add the 

phase shifts, e™ in order to obtain the C/(r2) vector 
components, as is shown in Eq. (30). 

The r2) array components still retain the 
translational symmetry of the solid with a phase 
shift of elkR between two cells connected by the R 
vector. Due to this fact, it is only necessary to store 
the value of this array in the points lying within the 
unit cell. 

The next step is to solve numerically the integral 
shown in Eq. (24), and store the result in the array 
Hj(Ti) components. This array /*.(ri) still holds the 
translational symmetry with the phase shift clkl(. 
and we have only stored its values for the points 
lying within the unit cell and interpolated as nee-
ded. 

Finally, the linear response matrix elements is 
obtained using the relation XtJ = f drifi(ri)iij(ri), 
where the integral is solved numerically. 

The following step of the calculation is to ob-
tain of the tn vector elements in Eq. (22). This 
calculation can be made in two parts. First of all, 
the integrals incorporating the )^NL(r,r') operator 
are obtained, and then the integral of the product 
of the two Kohn-Sham orbitals, iA*k(r2)iAck(r2), i s 

solved. 
In order to obtain the two electron integrals, we 

express the non-local exchange potential in 
terms of the Kohn-Sham orbitals, 

v'q ' ' 

that when acting on the occupied KS-orbitals 
4>vk (r) the result becomes, 

/„k(r) = YJ 'A./qM'WqkO) (33) 
v'q 

where we define, 

nvv*qk(r) = J dr q
| r _ f / | (34) 

The product of the two Kohn-Sham orbitals 
within the integral has a phase shift el(k_l,)R that 
connects two cells by the translation vector R. 
Then, we evaluate this integral using, 

^ k ( r ) = ? L d r |r — r' + R| 

The results are stored in the array /„k(r) which 
depends only on two indices, the k vector and the 
occupied state label v. 

The /„k(r) array has the same translational 
properties as the Kohn-Sham orbitals, so we need 



only to store it in the points lying within the unit 
cell. 

Finally, the /„k(r) components multiplied by the 
occupied Kohn-Sham orbitals (i.e. we have to 
solve / dri/r*t(r)/„k(r)), must be integrated. Because 
the integrand never goes to zero, the integrals can 
be solved if the Kohn-Sham orbital is broken 
down into a basis set representation, made up of 
atomic centered functions, X7(r), that are different 
from those used to represent the exchange density. 
Thus we obtain the integral, 

f d r 1 A c k ( r K k ( r ) = ^ e a t R ^ J 7 , ( k ) 

•> R j 

x J drxj(r - R - a7)/„k(r) 

(36) 
where d]c{k) are the representation coefficients of 
the Kohn-Sham orbitals in the /(r) basis set. 

The last integral converges, because the func-
tions used to represent the Kohn-Sham orbitals 
within the SIESTA [29] code, are zero beyond a 
cutoff radius. 

The last integral is then solved as, 

f d r x 7 ( r - R - a 7 ) / c k ( r ) 
J allspace 

E / d r x 7 ( r - R - R ' - a 7 ) / c k ( r - R ' ) 
J cell 

(37) 

The functions /ck(r) within this integral are 
obtained from their stored values in the unit cell, 
and the functions x7(r) have to be obtained in each 
different point in space. 

To obtain the t„ vector components, we have to 
solve the integrals in ri and in r2 as appear in Eq. 
(22). To obtain the potential corresponding to 
each pair of functions, iA*k(r2)iAck(r2) throughout 
the space, we only store it within the unit cell, due 
to the translation property of the Kohn-Sham 
orbitals product with the same k. The result of this 
integral is stored in the array 

r o c k ( r O - / d r 2 ^ M ^ (38) 

Finally the t„ vector components are calculated 
as: 

<» = £ £ £ / d r i / U r O r ^ r O (39) 
v c k 

Due to the properties of the function inside the 
integral, we can break down the integral over cells 
as, 

= i d r ^ + R ) ^ ( r i ) (40) 
V c k R J 

The vector components r ^ r i ) are obtained 
from the values within the unit cell, and the value 
of each basis function is interpolated as done in the 
final step of the representation of the linear re-
sponse operator. 

To obtain the expansion coefficients for the 
exchange density, the linear set of equations shown 
in Eq. (21) must be solved using the t„ components 
and the elements of the representation matrix for 
the linear response operator Xj . 

The exchange potential is finally obtained by 
the direct integration of the exchange density as 
shown in Eq. (18). 

4. Computational details 

Here we present the computational details used 
in the EXX calculations within the efficient SI-
ESTA program. SIESTA is a code based in the use 
of a linear combination of localized finite-range 
numerical pseudo atomic wave functions [32]. It 
usually uses norm conserving pseudopotentials in 
their non-local form, i.e. it uses one different radial 
part for each different value of the quantum 
number 1 included in the pseudopotential [33-35]. 
These pseudopotentials are generated using the 
Troullier-Martins parameterization [36], and in 
SIESTA they are transformed into their non-local 
form using Kleinmann-Bylander projectors [37-
40]. The cutoff radii used in the pseudopotential 
generation are shown in Table 1. 

The different pseudopotential components have 
been developed using the atom code. This code has 
been modified and we have generated these 
pseudopotentials using the EXX [41] exchange 
term instead of the LDA or GGA approximations. 
The SIESTA calculation is made in the usual way, 
but the exchange potential is obtained by using the 



Table 1 
Cutoff radii used for the generation of the L D A and EXX 
pseudopotentials, generated using the Troullier-Martins 
scheme, in a.u 

s P d f 

Si(3s,3p,3d,4f) 1.90 1.90 1.90 1.90 
Ge(4s,4p,4d,4f) 2.00 2.00 2.20 2.20 
C(2s,2p,3d,4f) 1.25 1.25 1.25 1.25 
Ga(4s,4p,4d,4f) 2.00 2.00 2.80 2.80 
As(3s,3p,3d,4f) 2.55 2.55 2.55 2.55 
Al(4s,4p,4d,4f) 2.30 2.30 2.30 2.30 
P(3s,3p,3d,4f) 1.55 1.55 1.80 1.80 

EXX method in each cycle of the SCF convergence 
procedure. In the calculation we have used mesh 
and /c-grid cutoffs large enough to ensure the total 
convergence in the integrals. 

As said in the previous section we have used 
two different basis of functions, one for the rep-
resentation of the Kohn-Sham orbitals and an-
other basis used to represent the exchange density. 
The basis for the orbitals is automatically gener-
ated by the SIESTA code, and we only change the 
basis size in order to get additional information. 

The basis used to represent the exchange potential 
is made up of a set of Slater functions large en-
ough to consider a complete basis set representa-
tion. 

The new added integrals are solved in real or 
reciprocal spaces, depending on the integral. In 
both cases SIESTA's philosophy has been fol-
lowed. Thus the real space integrals have been 
solved using the Simpson rule [42], and the recip-
rocal space integrals have been solved using the 
fast Fourier transform method [42]. In the previ-
ous section we have already discussed the partic-
ular solution of each one of the added integrals. 
The inversion of the representation matrix for the 
linear response operator has been carried out using 
the LU inversion algorithm [42]. 

5. Results 

5.1. Band gaps and bandwidths 

In this section we present the results obtained 
when the EXX formalism is used for the study of 
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Fig. 1. Band structure for Si calculated within the L D A (solid lines) and EXX (crossed lines) methods. The bands are displayed along 
the most significant directions in the diamond structure. 



the band gaps and the bandwidths of the III-V 
semiconductors. Figs. 1 and 2 show the dispersion 
band diagrams obtained for the silicon and the 
gallium arsenide semiconductors. As can be seen, 
the effect of the EXX potential yields a higher lo-
calization of the bands with respect to the LDA or 
GGA results. The valence bandwidth is lowered 
and the conduction band is less bounded resulting 
in a enlargement of the band-gap width. This is 
due mainly to the non-self-interaction character of 
the EXX potential. 

The comparison of the dispersion band dia-
grams for several semiconductors show a signifi-
cant ^-dependence of the EXX energies values. 
This fact reflects the ^-dependence of the exchange 
potential [14]. Also the shape of the EXX band 
structures obtained compared with band-structure 
forms found in literature [14] and with experi-
mental results agree very well. 

In Tables 2-4 we present the different band gaps 
for several semiconductors in a number of high 
symmetry points (X, r and X points respectively) 
and, in Table 5, the minimum band gap values, for 

the zincblende unit cell structure. These band gaps 
are always greater than those calculated with the 
LDA exchange functional and with other similar 
ones found in literature. The EXX values are in 
good agreement with experimental values, as well 
as with those obtained with the plane wave EXX 
calculations. It is worth noting that in spite of the 
good agreement results, the absolute errors be-
tween experimental and EXX could be attributed 
to the fact that correlation funct ional also needs 
to be "conveniently" modified. 

Table 6 shows the variation of the minimum 
energy gap value for several semiconductors ac-
cording to the representation basis set of the 
Kohn-Sham orbitals. The most simple possible 
description of the Kohn-Sham orbitals, the simple 
C basis set (SZ), is made using only one numerical 
basis function to describe the KS-orbital. This 
could be improved by the double ( (DZ) basis set, 
where two numerical basis functions are used to 
describe each orbital. Finally the DZP basis set is 
obtained by adding one polarization function per 
orbital to the DZ basis set [29]. 

Gallium Arsenide 

T 

Fig. 2. Band structure for GaAs calculated within the L D A (solid lines) and EXX (crossed lines) methods. The bands are displayed 
along the most significant directions in the zincblende (ZB) structure. 



Table 2 
Band gap values obtained in the L point of the Brillouin zone 
(BZ), using the LDA and the EXX approximations for the 
exchange term and a DZP basis set 

LDA EXX EXXa Experim. 

Si 1.43 2.63 2.36 2.40b 

Ge 0.13 1.08 1.01 0.84° 
C 8.43 9.18 9.18 
GaAs 0.89 1.93 1.93 1.85d 

AlAs 2.03 2.95 2.99 2.54° 
SiC 5.36 6.25 6.30 
GaP 7.16 8.60 

The last column contains experimental values, in eV. 
aRef. [14], 
bRef. [44], 
°Ref. [45], 
dRef. [46], 

Table 3 
Band gap values in the r point of the zincblende Brillouin zone 
(BZ) 

Table 5 
Minimum band gap (eV) values for several semiconductors 
using the LDA and EXX approximations for the exchange 
term, compared with experimental values 

LDA EXX Experim. 

Si 1.01 1.30 1.12a 

Ge 0.19 0.74 0.70b 

C 4.50 5.44 5.46-5.60° 
GaAs 0.80 1.49 1.42° 
AlAs 2.13 2.36 2.24b 

SiC 1.78 2.48 2.36a 

GaP 1.56 2.62 2.26a 

aRef. [14], 
bRef. [43], 
°Ref. [44], 

Table 6 
Minimum band gap (eV) for several qualities of basis sets used 
to represent the KS-orbitals, for the LDA and EXX exchange 
functionals 

SZ DZ DZP 

LDA EXX EXXa Experim. LDA EXX LDA EXX LDA EXX 

Si 0.65 3.49 3.26-3.46 3.34a Si 1.89 1.91 1.52 1.67 1.01 1.30 
Ge -0.09 1.31 1.28 1.00b Ge 0.31 1.05 0.37 0.89 0.19 0.74 
C 5.56 6.32 6.28 7.30a C 6.05 6.47 5.66 6.17 4.50 5.44 
GaAs 0.32 1.90 1.82 1.63° GaAs 0.98 1.90 0.99 1.93 0.80 1.49 
AlAs 1.84 3.25 3.20 3.11b AlAs 2.40 2.54 2.20 2.40 2.13 2.36 
SiC 6.33 7.45 7.37 7.59d GaP 1.03 2.88 1.06 2.60 1.56 2.62 
GaP 4.20 5.69 SiC 4.69 4.80 4.28 4.60 1.78 2.48 

Same legend as Table 2. The values of the used mesh cutoff ensure the convergence of all 
integrals in all calculations. 

Table 4 
Band gap values in the X point of the zincblende Brillouin zone 
(BZ) 

LDA EXX EXXa Experim. 

Si 0.67 1.45 1.43 1.25b 

Ge 0.75 1.38 1.34 1.30° 
C 4.78 6.32 5.43 
GaAs 1.41 1.84 2.15 2.18d 

AlAs 1.37 2.28 2.26 2.24° 
SiC 1.36 2.58 2.52 2.39b 

GaP 3.24 2.36 

Same legend as Table 2. 

5.2. Exchange and total energies 

The introduction of the EXX term within the 
Kohn-Sham potential modifies both the total and 

exchange energy values. In Table 7 we compare the 
values obtained for the exchange energy using the 
LDA and the EXX approximations to represent 
the exchange term. We also present the results 
according to the three different quality basis sets 
used, simple zeta (SZ), double zeta (DZ) and 
double zeta with a polarization function basis set 
(DZP). As shown in the table, as the basis gets 
bigger, the total and exchange energies lower. This 
reflects the incompleteness of the SZ and DZ basis. 
Nevertheless because our purpose is to study the 
effect on the exchange and total energies, when the 
EXX approximation for the exchange is used in-
stead of the LDA, we show that the introduction 
of the EXX exchange term lowers the exchange 
energy with respect to the LDA results in all cases. 



Table 7 
Exchange energy (eV) as a function of different basis set used 
for the LDA and EXX funct ional 

LDA EXX 

SZ DZ DZP SZ DZ SZP 

Si -64.42 -65.06 -65.29 -64.47 -65.08 -65.31 
Ge -61.30 -62.10 -62.29 -61.94 -62.31 -62.81 
C -94.26 -95.02 -95.18 -95.15 -95.87 -95.90 
GaAs -147.75-151.99 -152.08 -147.96 -152.19 -152.21 
AlAs -116.90-117.69 -117.71 -116.95 -117.74 -117.81 
GaP -95.20 -96.17 -96.65 -95.61 -96.39 -96.88 
SiC -82.29 -82.51 -82.76 -82.65 -82.71 -82.99 

Table 8 
Total energy (eV) according to the basis set quality, using the 
LDA and the EXX funct ional 

LDA EXX 

SZ DZ DZP SZ DZ DZP 

Si -213.45 -214.02 -214.86 -214.24-214.81 -214.97 
Ge -214.62 -215.54 -216.32 -216.20-216.51 -217.17 
C -309.39 -310.46 -310.90 -310.14-310.78 -311.40 
GaAs -305.02 -307.92 -308.98 -305.84 -307.99 -308.69 
AlAs -274.96 -275.42 -276.06 -274.98 -275.66 -276.90 
GaP -265.88 -266.49 -267.99 -266.13 -266.88 -268.08 
SiC -265.31 -265.39 -265.37 -265.80-265.86-265.92 

Table 8 shows how the total energy of the system is 
affected by the use of the EXX exchange functional 
instead of the LDA one. This effect is similar to the 
effect on the exchange energy: the total energy is 
also lowered when the EXX functional is used. As 
has been said before, one of the effect of the use of 
the EXX potential is the self-interaction freeness. 
The main consequence of this effect causes in the 
Kohn-Sham states to be more bounded, and the 
eigenvalues of the Kohn-Sham energies to be 
lowered. This effect produces a more negative 
contribution to the band structure term to the total 
energy [15,29]. 

5.5. Atomic positions 

Another important factor to take into account 
when introducing the EXX exchange potential 
instead of the LDA exchange potential is in the 
total force on the atoms. For this reason we pre-
sent results obtained in the relaxation of the po-

Table 9 
Displacements in the zincblende unit cell two atoms positions 
for several semiconductors with respect to the theoretical po-
sition 

LDA EXX 

X Y Z X Y Z 

Si 0.2935 0.2935 0.2935 0.3590 0.3583 0.3587 
-0.2935 -0.2935 -0.2935 -0.1086 -0.1061 -0.1060 

GaP 0.2109 0.2109 0.2109 0.2230 0.2230 0.2230 
-0.2117 -0.2117 -0.2117 -0.2242 -0.2242 -0.2242 

GaAs 0.2142 0.2142 0.2142 0.2145 0.2145 0.2145 
-0.2140 -0.2140 -0.2140 -0.2139 -0.2139 0.2139 

SiC 0.1889 0.1889 0.1889 0.1990 0.1990 0.1990 
-0.1760 -0.1760 -0.1760 -0.1880 -0.1880 -0.1880 

AlAs 0.1614 0.1614 0.1614 0.1732 0.1732 0.1732 
-0.1614 -0.1614 -0.1614 -0.1731 -0.1731 -0.1731 

C 0.2841 0.2841 0.2841 0.2990 0.2990 0.2990 
-0.2841 -0.2841 -0.2841 -0.2990 -0.2992 -0.2991 

The values included in the table are in units of the lattice pa-
rameter, and have to be divided by a factor of 100. 

sitions of the unit cell atoms for Si and C and 
several III-V semiconductors. 

Table 9 shows the values of the displacements in 
the zincblende unit cell atom positions for several 
semiconductors. These displacements represent the 
difference in the final position of the atoms with 
respect to the theoretical positions, expressed in 
terms of units of the lattice parameter, (0,0,0), 
(0.25,0.25,0.25) as input positions. The relaxation 
procedure was carried out within the conjugate 
gradient (CG) method and is finished when the 
total forces on the atoms become less than 40 meV/ 
A3. The first three values within each row corre-
spond with the displacements obtained in a cal-
culation using the LDA approximation for the 
exchange term. The remaining three values cor-
respond to the displacements obtained in a cal-
culation using the EXX approximation for the 
exchange term. As can be seen in the table, the 
difference between the values corresponding to 
the LDA and the EXX cases are by no meaning 
significant. 

6. Conclusions 

In this paper we have presented the theoretical 
development and the implementation of the EXX 



exchange functional in the numerical LCAO DFT 
SIESTA code and the improvement in the de-
scription of electronic properties of semiconduc-
tors by means of the exact exchange method. 

From the methodological point of view we have 
discussed how the implementation of the EXX 
formalism in SIESTA is carried out. In this aspect, 
the attention has been mainly focused on over-
coming practical problems in coding the EXX 
exchange part of the potential within the SIESTA 
code framework, especially for the evaluation of 
large two-electron integrals which do not need to 
be calculated in the usual LDA or GGA approx-
imations. 

As is shown in previous section, the use of the 
EXX in a localized LCAO basis set scheme, give 
an accurate description of the band structure and 
the band gap values for semiconductors. As ex-
pected, EXX results agree better with the experi-
mental values than the LDA results. Moreover, 
many other properties can also be calculated de-
pending on the system studied, using the SIESTA 
code and the EXX formalism for the exchange 
part in the KS-potential. The application is the 
subject of further works. 
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