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We explore the consequences of introducing higher-order interactions in a geometric complex network of
Morris-Lecar neurons. We focus on the regime where traveling synchronization waves are observed from a
first-neighbors-based coupling to evaluate the changes induced when higher-order dynamical interactions are
included. We observe that the traveling-wave phenomenon gets enhanced by these interactions, allowing the
activity to travel further in the system without generating pathological full synchronization states. This scheme
could be a step toward a simple phenomenological modelization of neuroglial networks.
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I. INTRODUCTION

The combination of complex networks and nonlinear dy-
namics has provided a solid framework for the study of a large
number of very different real systems that can be analyzed as
large ensembles of dynamical units with nontrivial connectiv-
ity patterns; these systems are as diverse as economics [1],
genetics [2], social dynamics [3], and neuroscience [4].

Among all the possible collective features that can emerge
in this context, synchronization is the most extensively stud-
ied, since it has been revealed as the fundamental mechanism
in the transmission of information in all kinds of dynamical
ensembles [5]. One of the fields where this perspective has
led to new research lines is in neuroscientific applications.
The neural system can be considered as a dynamical complex
network in all its relevant scales, ranging from the micro-
scopic, where the networked elements are single neurons
[6,7], through the cortical column mesoscale [8], to the entire
brain [4,9], with the brain areas acting as nodes of a functional
network defined in terms of correlation levels.

However, even if synchronization is a key mechanism
involved in the coordination of the neural ensemble, it is
well known that exceedingly high levels of synchronization
can destroy the overall complexity of the system, reducing
its ability to process information and, eventually, leading
to pathological states as epilepsy [10]. Therefore, a healthy
synchronous functioning in the brain needs the existence of
mechanisms of regulation, both structural and dynamical,
to ensure the proper equilibrium between coordination and
function segregation.

A plausible regulating mechanism is the astrocytes ensem-
ble [11], whose role in brain performance is a long-standing
problem in neuroscience. It is now known that astrocytes are
involved in early synapse formation [12]. At the microscale,
it is known that a single astrocyte can contact up to 105

synapses, meaning that these cells might be responsible for
the modulation [13,14] of the electrical response of neu-
rons sharing no anatomical connection at all [15–18] and,
therefore, they could be the source of high-order interactions

supporting coordination levels that overcome the outreach of
direct neural connectivity. Several attempts have been made
to model the neuroglial interaction [19,20], most of them
focusing on the neuron-astrocyte pair or, more commonly,
a triad of two neurons and an astrocyte [21,22]. Recent
studies have gone further to consider the networked context,
using detailed conductivity models [23–25]. They coincide in
showing how the interaction of the astrocites ensemble with
the neuron network can induce robust spatial synchronization
in the neuronal ensemble surrounding the astrocytes [24–26]
and in particular to enhance the propagation of activity waves
[23]. These models are, however, mathematically and com-
putationally costly [24], and therefore it will be useful to
introduce a phenomenological model which is able to re-
produce the observed effects of the glial ensemble over the
neural network such that, while retaining the more relevant
physiological aspects, it allows at the same time to move on
to larger networks.

In this work we model the neural-glial ensemble as a geo-
metrical network (similarly to those studied in Refs. [27–29])
with synaptic coupling, where the effect of the synaptic mod-
ulation of astrocytes is introduced using a high-order interac-
tion formalism developed by Estrada et al. in Refs. [30–33].
It provides a solid quantitative mean to simulate and analyze
the dynamics of a system in which these higher-order inter-
actions are present. These effects are susceptible of revealing
themselves particularly important in space embedded systems,
where the Euclidean distances shape not only the probability
of connection but also their weights. The high-order connec-
tivity operator allows us to extend the usual first-neighbor
interaction scheme that disregards higher-order interactions
under the implicit assumption that if two nodes are not topo-
logically connected they do not dynamically interact; such an
assumption is no longer valid in a network of neurons whose
communication is mediated by astrocytes.

The application of the high-order connectivity formalism
to a complex network of synaptically connected neurons can
provide insights about how introducing not only first but also
second-neighbors interactions might be useful to comprehend
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further details of the neuronal dynamics in a simple and math-
ematically well-defined way. We show how it enhances the ap-
pearance of synchronization waves, a mean for transmitting a
dynamical activation throughout the system in a coherent way,
but avoiding the neuronal hyper-synchronization disorder that
would result from increasing a direct neural connectivity.

II. MODEL

The network consists of an ensemble of N neurons that
are randomly seeded in a two-dimensional (2D) Euclidean
square area of size L × L. The nodes are connected following
a distance-dependent geometric rule (we refer the reader to
Refs. [34–36] for further discussion of the experimental rele-
vance of these topologies), such that neuron i has a probability
of establishing a link with neuron j [37–39]:

pi j = p0 e−(
ri j
lc

), (1)

where p0 is a normalization constant, ri j is the Euclidean
distance between i and j, and lc the correlation length pa-
rameter that controls the typical outreach of the connections
when constructing the network; low values of this parameter
yield highly clustered, short-ranged networks, while standard
Erdös-Rényi networks are obtained in the limit of large lc.
The neural connectivity is encoded in the correspondent ad-
jacency matrix A = {ai j} such that ai j = 1 means a physical
connection between neurons i and j and ai j = 0 otherwise. In
this case, we used a symmetrical adjacency matrix, ai j = a ji,
with ai j structurally supporting a chemical synapse. We chose
ai j to be symmetrical because, although experimentally it has
been evidenced that chemical interactions are unidirectional,
the fact that the number of synapses is so enormous implies
that the probability that the dendritic trees of two neurons can
contact each other is not negligible. In addition, as we intend
to model in a phenomenological way the effect of the glia-
neuron interaction, the symmetrical form of the adjacency
matrix will take into account that activity information flows
in both directions. Furthermore, as we will show later, the
synaptic conductance is modeled to be asymmetrical, so when
both structure and dynamics are considered, the interaction is
effectively directed.

Single-node dynamics is implemented as a Morris-Lecar
neuron [40]:

CV̇i = − gCaM∞(Vi − VCa ) − gKWi(Vi − VK )

− gl (Vi − Vl ) + Ii + Iext
i (2)

Ẇi = φ τW (W∞ − Wi ),

where Vi and Wi are, respectively, the membrane potential
(or active variable) and the fraction of open K+ channels of
the ith neuron, also known as the recovery variable; φ is a
reference frequency, namely the inverse of the timescale for
the recovery process. The parameters gX and VX account for
the electric conductance and equilibrium potentials of the X =
{K, Ca, leaky} channels. An external current Iext

i = I0 + Qξi

is added, with I0 = 50 mA chosen such that neurons are
subthreshold to their natural firing regime, which, in this case,
will be induced by the additive white Gaussian noise Qξi of
zero mean and intensity Q. The injected current Ii is the total
amount of current coming from network inputs that neuron

TABLE I. Parameters used for the Morris-Lecar simulations.

C 20.0 μF/cm2

gCa 4.0 μS/cm2

gK 8.0 μS/cm2

gl 2.0 μS/cm2

VCa 120.0 mV
VK −80.0 mV
Vl −60.0 mV
V1 −1.2 mV
V2 18.0 mV
V3 2.0 mV
V4 17.4 mV
φ 1/15
Q 0.5 mA
V0 −59.0 mV

i gets; mathematically, in the local coupling approximation,
first-order neighbors contribute to the synaptic coupling, and
therefore Ii = ∑

j∈Ni
Ii j , where Ni is the neighborhood of

node i, that is, nodes j such that ai j = 1.
The direct synaptic interaction between presynaptic j neu-

ron and excitatory postsynaptic i neuron is captured by the
injected current Ii j [41–43]:

Ii j = σ

K
[e−2(t−t j )(V0 − Vi )], (3)

with t j < t being the time of the last spike of node j. The
synaptic conductance σ , normalized by the largest node de-
gree K (number of connections that a given node has) present
in the network, plays the role of coupling strength. This
normalization is introduced in order to compare the dynamics
of Eq. (3) independently of the specific connectivity density
of the network. To have more details about this prescription,
we refer the reader to Ref. [44].

Additionally, the channel voltage-dependent saturation val-
ues M∞,W∞, τW respond to hyperbolic functions dependent
on Vi:

M∞(Vi ) = 1

2

[
1 + tanh

(
Vi − V1

V2

)]
, (4)

W∞(Vi) = 1

2

[
1 + tanh

(
Vi − V3

V4

)]
, (5)

τW (Vi ) = cosh

(
Vi − V3

2V4

)
. (6)

The explicit value of every parameter can be found in Table I.
In spatial, highly clustered homogeneous networks with

reduced link range lc, the coupling configuration described in
Eq. (3) favors traveling-wave synchronization, as long as σ

is high enough [39], a well-established feature of the spatially
extended neural ensembles [20]. On the contrary, in the mean-
field approximation limit, lc → L, only globally incoherent
or coherent states are accessible [45]. In our model, as a
balance between these two extrema, we intend to explore the
potential enhancement effect of higher-order connectivity at
the local spatial scale in the wave regime, as for example
the glial ensemble has in the neural circuits that are not
directly connected among them [18]. Therefore, following the
same mathematical framework developed in Refs. [30–32],
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we allow that the injection current Ii accounts for the con-
tribution not only from neurons j ∈ Ni whose topological
distance (also referred to as network distance, that is, the
shortest-path length) is di j = 1, but also from neighbors at
higher topological distances di j > 1, that is,

Ii =
D∑

d=1

d−α

⎛
⎝ ∑

j|di j=d

Ii j

⎞
⎠, (7)

where D is the maximal topological distance considered. The
successively distant contributions to the injection synaptic
current Ii are modulated by a geometrically decaying term,
d−α , where the constant α is a suppression parameter for
the distance-dependent coupling strength. Notice that when
the summation is limited to the first order D = 1, the usual
first-neighbors interaction is recovered.

III. SYNCHRONIZATION MEASURES

In order to quantify the level of coordination among the
network firing events we count how many neurons fire within
the same time window. First, the total simulation time T
is divided in Nb bins of a convenient size τ , longer than
the time duration of each individual spike but much shorter
than the average interspike interval. Then the total simulation
time is discretized as T = Nbτ and the time series of the
dynamics of neuron ith is replaced by the binary series Bi,
where Bi(n) = 1 if the ith neuron spiked within the nth time
bin, and 0 otherwise, with n = 1, . . . , Nb. This simplification
of the dynamics ensures a fast an precise calculation of the
ensemble statistics. Finally, the coherence between the spiking
sequence of neurons i and j can be characterized with the
quantity si j ∈ [0, 1]

si j =
∑Nb

n=1 Bi(n)Bj (n)√∑Nb
n=1 Bi(n)

∑Nb
n=1 Bj (n)

, (8)

where the term in the denominator is a normalization factor,
such that si j = 1 implies full coincidence between the spike
trains of neurons i and j. The ensemble average of si j is the
global synchronization measure S, given by:

S = 〈si j〉 = 1

N (N − 1)

N∑
i �= j

si j . (9)

However, as we are interested not only in global but also
spatial local effects in the ensemble coherence from the high-
order couplings, we use the coherence matrix si j to compute
also the Euclidean local synchronization Sρ , where only the
correlation values si j of those neurons pairs which are closer
to each other than a given distance ρ are taken into account,
that is [39]:

Sρ = 〈si j〉, ∀{i, j} | ri j < ρ. (10)

In our computations, all measures are averaged over five
different realizations of networks.

It is expected that in the limit ρ → L, Sρ ∼ S. High values
of Sρ would indicate that there are areas of size ρ firing
synchronously. In the following, we use the difference Sρ − S
as an indicator of the existence of either a traveling wave

FIG. 1. Successive snapshots of the neurons’ spiking activity
in the traveling-wave synchronization mode. Filled dots represent
spiking neurons while empty dots represent silent neurons. In the
example the wave is propagating from the left to the right in a
network of N = 150 Morris-Lecar neurons. Other parameters: p0 =
1.0, L = 50, lc = 0.15, σ = 150, D = 1.

front (when Sρ − S is large) or global or null synchronization
(Sρ ∼ S) otherwise. It should be noted that, in general, the
difference Sρ − S is not designed as to solely detect wavelike
activity. There can be cases (such as in strongly modular
networks) in which a high discrepancy between Sρ and S are
due to a clustered but globally incoherent neuronal firing (that
is, each module fires in a coherent fashion but the modular
activity does not propagate to the rest of the network). In our
particular case, neurons are in spatially embedded networks
with homogeneous connectivity which is distance regulated
and thus strong modularity can be discarded.

IV. RESULTS

When just first-order interactions are present, this geo-
metrical arrangement of neurons favors the propagation of
traveling waves of neurons’ spiking activity, supported by a
highly clustered structure with a typically low link outreach
[39]. To illustrate such propagation, in Fig. 1 we show two
successive snapshots of an example where lc = 0.15 and
σ = 150. Here black dots represent spiking neurons while
void dots portray those which are silent. The links between
nodes are not included for clarity. This feature is quantified
in Fig. 2, showing that this wavelike phenomenon is char-
acterized by a local synchronization Sρ (circles) larger than
the global synchronization S (crosses), as it can be observed.
The low value of the link outreach lc prevents the system to
reach full synchronization even when the coupling strength σ

increases, whereas the local synchronization Sρ grows much
faster, indicating a reinforcement of the wave activity.

We now evaluate the effect of introducing higher-order
contributions in the synaptic coupling in Eq. (7) received from
neighbors at topological distance up to D = 2.

Results are collected in Fig. 3, where Sρ − S is plotted
as a function of the conductance σ for different values of
the suppression constant α, ranging between 0 and 3. For
the sake of comparison, the curve for D = 1 is included (red
circles). When D > 1, the higher the value of the suppression
α, the weaker the influence from D = 2 neighbors. Therefore,
we observe that for the higher suppression α = 3 (purple
squares), the behavior approaches the D = 1, and both curves
overlap in almost the whole range of explored couplings up to
σ ∼ 200.
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FIG. 2. Synchronization route as a function of the coupling
strength σ for lc = 0.15 and D = 1. Local synchronization Sρ (black
circles) computed with ρ = 10 and global synchronization (red
crosses). Both series of data are averages over five N = 150 network
realizations, with the connectivity scheme outlined in Sec. II.

However, as high-order effects become stronger for smaller
values of α in Fig. 3, the Sρ-S curves exhibit a maximum,
located at lower values of the conductance σ . For instance,
the curve for D = 2, α = 0 (black triangles) peaks at σ ∼
50, while for the case D = 1 the Sρ − S difference is very
small. The conclusion is that the introduction of another layer
of interacting neighbors allows the propagation of traveling
waves for coupling strengths where first-order interactions
only supports incoherent activity. It can be deduced that
this critical value of σ is related to the best communication
efficiency of the spiking activity, given the constraints of a

0 100 200 300 400
-0.05

0

0.05

0.1

0.15

0.2
D = 1
D = 2,  = 3.0
D = 2,  = 2.0
D = 2,  = 1.0
D = 2,  = 0

FIG. 3. Difference between local Sρ and global S synchroniza-
tion as a function of the coupling strength σ for different values of
the suppression constant α and maximal topological distances D = 1
and D = 2. The gray circle highlights the intersection between the
curves D = 1 and (D = 2, α = 0). Each point is an average over five
network realizations. Same parameters as in Fig. 2.

FIG. 4. Normalized local synchronization (S̃ρ) values as a func-
tion of ρ/L for the two sets of parameter conditions defined by the
gray circle in Fig. 3. Horizontal dashed lines mark the normalized
values of the corresponding global synchronization. Vertical dashed
lines mark the point defining the width of the traveling front. Each
point is averaged over 10 network realizations.

fixed topology and dynamical parameters. Notice that the
traveling-wave feature implies a temporal ordering of the
network’s activity, as opposed to global synchronization (no
temporal order) or incoherent activity (random spikes) and,
therefore, this dynamical regime ensures a robust encoding of
activity.

To further explore the network activity and traveling-wave
features, we focused on the coupling strength at which the two
previously mentioned curves intersect (gray circle in Fig. 3,
σ ∼ 100), corresponding in both cases to wave propagation.
However, we can observe that the wave-front features are
also modified by the high-order effects. We analyzed these
differences by varying the scale ρ at which the local synchro-
nization Sρ is measured for both cases at the crossing point.
Figure 4 compares Sρ for D = 1 (red circles) and D = 2,
α = 0 (blue triangles), normalized to their respective maxima,
S̃ρ = Sρ/ max(Sρ ), as a function of ρ/L, such that when ρ

is of the same size L as the surface in which the network
is seeded, the local synchronization statistically converges to
the normalized global synchronization level [S̃ = S/max(S)]
observed for each case (horizontal dashed lines). As expected,
there is an optimal length scale ρ at which the local synchro-
nization measure is maximum: Smaller scales undervalue the
cluster of neurons spiking synchronously, while larger scales
average neurons which are in different dynamical states.
Therefore, the value of ρ at which S̃ρ peaks is an estimation
of the wave-front width. Thus, as Fig. 4 indicates, higher-
order interactions, for the same conductance value, allow the
propagation of wider spiking waves, almost doubling the size
with respect to D = 1. This could lead us to conclude that
taking into account the direct influence of neighbors at larger
topological distance allows the activity to be transmitted faster
throughout the network, as more neurons are active in each
wave front (while preserving the locality feature) and thus the
wave front needs less time to cross the entire network.
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V. CONCLUSIONS

In this work we have evidenced that the introduction of
higher-order dynamical interactions in a ensemble of neurons
with geometrical connectivity patterns leads to a faster and
much more robust propagation of the activity through this
spatially embedded system. This is so, due to the fact that, if
at a given wave front there are more active neurons involved
in the firing transmission, then it is more probable that the
wave front will traverse the whole network, even if some of
the neurons fail to transmit the signal. Thus, the transmission
is more resistant to failures and, therefore, more robust. The
propagation occurs as a traveling wave, whose wave front gets
enhanced thanks to recruiting more neurons in the transmis-
sion. In addition, we have shown that higher-order dynamical
interactions allow this kind of time-ordered synchronization
for much lower coupling values than the case where only
first-order neighbors are involved.

We hypothesize that this could be an innovative way of
modeling the effects of neuroglial interaction, among other
physical systems in which higher-order interactions need to be
taken into account. Specifically, we argue that this mechanism
of higher-order interactions could be a potent and computa-
tionally cheaper phenomenological approach to the detailed
physiological models that can be found nowadays in the lit-

erature [23,25]. The central foundation for having chosen this
particular mathematical formalism comes from a biological
insight: Astrocytes have been evidenced to modulate up to
≈105 synapses [46], while the majority of the neurons they
interact with do not share an anatomical connection. This
would imply that, while there is a given number of topological
links in the network, some indirect ones would be present in
the form of dynamical modulation, this role being played by
astrocytes. As this is only a first step toward modeling the
interplay between astrocytes and neurons in a network, we
focused on establishing a solid base on which we will continue
the research.
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Chapter 6

General discussion

6.1 General discussion and conclusions

After having presented the main results of this Thesis, we are now in the position
to expose the conclusions one can extract from this work.

As our guiding research question, we have inspected the relationship between the
topological role of a node in a diversity of complex network structures and the dy-
namical behavior that node exhibits, represented by its statistical complexity. We
have shown, both numerically and experimentally, that in the route to synchroniza-
tion, higher degree nodes exhibit lower values of complexity. Importantly, when
comparing the complexity of each node and its degree, we found a distinctive linear
correlation, for various types of chaotic oscillators and for a biologically plausible
neuron model. Thus, these results seem to be general enough to consider this ap-
proach as a viable path to inspect the problem of network structure inference. A
crucial nuance of this insight is that structural information can be inferred without
computing pairwise correlations like those commonly performed in brain functional
networks and this could be exploited in diverse fields as neuroscience, econophysics,
or power grids.

After having gained some insights, supported by the explorations just described, we
considered real-world topologies instead of synthetic ones -specifically, self-organised
neuronal cultures. We reported that in the weakly coupled regime it is possible
to inversely correlate the individual node statistical complexity -coming from the
simulated time series of the Morris-Lecar model we chose- with its degree. Therefore,
a larger corpus of evidence that suggests the generality of the intuition beneath this
approach is piling up.

Hence, we provide experimental support to the suggestion that this approach based
on the computation of complexity values retrieved from single node dynamics is solid
enough to be applied in other contexts. As it was mentioned earlier, it provides a
different perspective than the usual methods of network inference, since it does not
imply node-to-node calculations. Furthermore, our method does not impose the
need of measuring the dynamics of every node: it can be an incomplete measure, an
still it will provide information about their relative roles.

Nextly, we focused our attention into a refinement of the neuronal dynamics we
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were considering. Specifically, we introduced high-order dynamical interactions in
an ensemble of neurons with geometrical connectivity patterns. We highlight the
importance of the novelty of this approach, as it was a demand both by experimen-
talists working on synapses modulated by astrocytes and by theoreticians trying to
capture the essence of this modulation in a computationally cheap way. Apart from
reproducing previously known results -that is, those obtained when only considering
first neighbors interactions- we found that this interaction scheme leads to a faster
and much more robust propagation of the activity through this spatially embedded
system. The rationale beneath this phenomenon would be that -comparing both
dynamical scenarios- since at every timestep there are more neurons involved in the
information transmition when including high-order interactions, if a fixed quantity
of them fails, it is more probable that the wave keeps on traveling through the
network. Thus, the transmission is more resistant to failures and, therefore, more
robust. Crucially, the propagation occurs as a traveling wave, whose wave front
gets enhanced thanks to recruiting more neurons in the transmission. It has been
hypothesized that some of the information in the neural activity is encoded in the
timing of spikes. If this was the way in which the brain operates, our finding could
be of capital importance to provide a solid mathematical ground to understand this
phenomenon. In addition, we have shown that higher-order dynamical interactions
allow this kind of time-ordered synchronization for much lower coupling values than
the case where only first-order neighbors are involved.

We suggest that this phenomenological view could be an innovative way of mod-
eling the effects of neuroglial interaction, among other physical systems in which
higher-order interactions need to be taken into account. We also argue that this
higher-order interactions framework could be a potent and computationally cheaper
approach to the detailed physiological models that can be found nowadays in the
literature. We believe that this way of modeling the problem is physiologically well
justified: Astrocytes have been evidenced to modulate up to ≈ 105 synapses, while
the majority of the neurons they interact with do not share an anatomical con-
nection. This would imply that, while there is a given number of topological links
in the network, some indirect ones would be present in the form of a dynamical
modulation. Thus, this role would be played by astrocytes from the physiological
perspective and, computationally, by high-order interactions.

All of the results can be thought as preliminary ones, as we are opening the gates
towards new research directions that will lead to novel research questions, which we
will detail in the next section.
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6.2 Future directions

We have only started scratching the surface of the potential applications of the new
perspective we have developed in this Thesis, regarding network structure inference.
As suggestive as our results might be, a lot of work has yet to be carried out. Of
particular interest is to use this method in the context of Neuroscience, when dealing
with animal models. This is so because, in some of them, researchers have access
to both structural and dynamical measures -specially when considering simpler an-
imals. Then, it would be a perfect scenario to try this approach out and to give
further reasons to support the believe that retrieving global structural features of
the network from local dynamical measures is a feature shared by many systems.

Another utterly interesting problem -in which we are actually working on- would
be the natural next step in cultured networks domain: to directly record both the
activity exhibited by neurons and the structural network they form, to check whether
our approach holds in that case, as we would expect. Related to this, it is compelling
to compare our approach with the more used Maximum Likelihood Estimate for
network structure inference, to inspect whether the results transcend the inference
method we choose.

To end up, the immediate issues to be explored regarding high-order interactions
would be to explore other dynamical models, to increase the network size, to in-
crease the interaction distance and to try other spatial rules when constructing the
topology. When this process has provided some well-grounded results, it could be
interesting to mix the approach just described (that is, how the topology of par-
tially unknown networks can be constrained via the individual dynamics) with this
further refinement in the interactions. Ultimately, we would like to design an exper-
iment in which high-order interactions effects can be shown to be present, to add
up this dynamical empirical evidence to the structural insight -that is, astrocytes
being anatomically present in a great deal of brain synapses- provided by others.
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Appendix A

Some concepts on Complex
Systems

In this Appendix we will deal with some conceptual features of Complex Systems, as
this is the framework in which the Thesis has been developed. The actual connection
with the Thesis will be detailed in the next section, where we show how these
theoretical aspects are realised in our particular cases of study.

As Bak and others discussed repeatedly [161, 162], one of the most interesting
aspects of self-organized criticality is that of universality. This means that wildly
different systems (ranging from a sandpile [161] to History itself [163], through
neuronal avalanches [164]) can be understood by the same means. The underlying
rationale beneath this is that these systems share the common feature of being
poised around their critical point, thus they all can be understood by the same
statistical characterization. Fundamentally, this means that while some small-scale,
local or fine-grained details might change in realizations of systems that are near
their critical point, the gross statistical structure will stay the same.

The paradigmatic example used to show these abstract concepts is the sandpile
model. It has the advantage of being simple enough to understand the mechanics of
its inner workings and to have an intuitive notion of the results, that are powerful
and suggestive. It consists on a grid in which we deposit, one by one, sand grains
that progressively form a pile. It can be shown [161] that this system has a critical
state. Once the sandpile model reaches it there is no correlation between the details
of a perturbation and the system’s response to it. Generally this means that dropping
another grain of sand onto the pile may cause nothing to happen, or it may cause
the entire pile to collapse into a massive slide. If we plot the number of occurrences
of avalanches of a certain size s, we encounter a porwer-law distribution (see Fig.
A.1). This is a feature common to many complex systems in nature: ranging from
the distribution of earthquakes’ magnitudes [165] to the rates of species extintion in
Earth history [166], through the water level of the Nile river [167] or the variability
of financial assets in the market [168].

It is crucial to state the relevance of the appearance of this power-law distribution
and what it implies if a physical system exhibits it:

• It points out to the strong necessity of questioning gradualism -i.e., the idea
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Figure A.1: Power-law behavior of the occurrence of avalanches in the sandpile
model. We call s the size of the avalanche and D(s) the number of times it has
taken place. The line appears as the result of choosing a log-log plot, so that the
power-law exponent emerges as γ = 1.37 in this particular realization. The dotted
line represents the exact power-law fit. Extracted from [161].

that small changes are continuously happening and that those are what shape
our reality, provided enough time- and to start considering shifting the episte-
mological focus into catastrophism -that is, a philosophical view of the world
in which some major and disruptive events take place and are the cause for
change. This evidence is found in the power-law behavior of a great diver-
sity of systems, because it suggests that the same mechanism that operates
to produce imperceptible events -which are the most likely to happen- are
the ones that create cataclysmic phenomena -that may occur with a non-null
probability.

• It challenges the usual characterizations given traditionally in science: there
are no average or characteristic events in a system with this kind of distri-
butions. Also, at least theoretically, the variance of such a distribution is
infinite: this implies that there is an absolute loss of predictability and an
infinite amount of memory is needed in order to understand the present state
of the system. Obviously, as physical systems are constrained (this is, there
are no fjords in Norway which are larger than Norway or smaller than a grain
of sand), to understand the present state of complex systems displaying a
power-law-like distribution, we will need a huge amount of memory and the
predictability will be insignificant -at least when compared with those of equi-
librium systems, for example.

• The existence of power-law distributions is the statistical hint of the under-
lying complexity of the system. Thus, it could be argued that explaining the
statistical features of complex systems is, mathematically, just a matter of
understanding where the exponent of the power-law comes from.
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As a general rule: if a power-law distribution exists for a given system, it cannot be
a closed one in equilibrium -intuitively, a system is said to be in equilibrium if minor
perturbations yield minor disturbances (that is, equilibrium systems are linear ones).
The only known exception to this rule is found if the closed equilibrium system has
a phase transition and its dynamical state is poised right at its critical point. This
is suggestive, as it may appear like a fine-tuning has taken place and everything we
see around us is very accurately tailored such that a wild variety of natural systems
are close to their critical point. This is where Self-Organized Criticality comes into
play.

This general framework states that self-organized critical systems evolve to the crit-
ical state as a consequence of the interactions among their constituents over a very
long transient period. In this sense, although there would exist a fine-tuning, there
is no need for an external fine-tuner, because it is a property that would emerge from
the system’s dynamics. Following this line of thinking, catastrophes are inevitable:
they are just a magnified version of the same dynamical procedure that creates small
events -for which we do not seek an specific reason to occur (for example, the daily
extintions of species when compared to the dinosaurs one).

A.1 General features of a Complex System

It is interesting to note that there are some features present in complex systems that
are contrary to the usual ones considered in Physics, for example [169]:

I Downward causation: this is one of the most fundamental characteristics
of complex systems. It states that not only the parts give rise to the whole
but that also the whole influence its parts -that is, again, the whole cannot be
understood in terms of its constituents. This is the basic feature that explains
emergence. For example, human habits shape cells as much as cellular function
dictates what behaviors (thus, habits) we will display. In this Thesis, the
example can be found in the route to synchronization of networked Rössler
oscillators (see Chapter 3 for details): the global dynamical output (global
and phase synchronization) is shaped by the individual behavior (how each
oscillator responds) and viceversa (because the oscillators will progressively
adhere to the mean-field evolution).

II Autonomous and non-uniform agents: the parts that form the whole
system do not evolve according to the same rules -i.e., there is no global
rule governing the dynamics- and they are heterogeneous. Therefore, any
controlling structure must emerge from the self-organization of the elements
forming the system. We can see an example of these properties in the case of
synchronization waves (see Chapter 5), as there is no global forcing of activity,
but a mix of noisy background that induces a spatiotemporal pattern dictated
only by the interactions of the nodes.

III Nonlinearity: the outputs that one gets from complex systems are not pro-
portional to the inputs that it receives. As there is mutual interference between
the parts, the linear superposition of their features will not be enough to ex-
plain the properties exhibited by the whole. A clear example of this can be
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found in Fig. 2.8, where the neuron response is nonproportional to the input
charge.

IV Instability and sudden changes: as it was already mentioned when dis-
cussing power-law distributions, there will be catastrophes and stepped evo-
lution, opposed to the gradual changes usually supposed in science. Just like
in the previous case, we evidenced this characteristic for the examples shown
in Fig. 2.8: for the type I neuron, there seems to occur a second order phase
transition, where its order parameter (firing frequency) undergoes a continu-
ous change when varying the control parameter (the externally input current);
it is a sort of first order phase transition in the case of type II neurons, for
which there is a discontinuity in the firing frequency.

We want to stress the fact that, while these concepts can be found in the Thesis,
the value they offer is an epistemological one: every feature introduced here points
towards the necessity of a new scientific paradigm when dealing with complex sys-
tems. Obviously, this Appendix is merely an introduction for those interested in the
philosophical-conceptual part of Complex Systems and the features that we have
just mentioned can be further developed, but as this is not the main focus of the
Thesis, we refer the interested reader to Refs. [163, 169, 170] -and to the references
therein- for a well-grounded starting point in tackling these concepts.
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A succint and biased overview of
modern Network Neuroscience

As part of our research lies in the field of Network Neuroscience, we found it pertinent
to give a brief overview of the state of the art in this matter, to give a panoramic idea
of what research questions are being posed nowadays and to fit our work therein.
We will divide these investigations in the different levels of description of the brain
(micro, meso and macro), always in the context of Network Science. For example we
will not delve into the overview of biochemical processes at synapses nor behavioral
studies, among many other areas which are relevant to Neuroscience, because these
cannot be studied using the Complex Networks formalism.

B.1 Models in Network Neuroscience

We can distinguish the topological network from the functional one: while the former
is derived somewhat directly from anatomical data, the latter is constructed via
statistical correlations between recorded activities (whether the recorded units are
neurons, neuron groups or brain areas).

A crucial step for deeply understanding the biological processes that lie beneath
the mental ones is achieving a greater comprehension of structure-function relation-
ships. Therefore, there exists an obvious motivation for identifying the relation of
connectome networks to functional connectivity.

Microscale There are three main model organisms that nowadays are yielding
significant microscale connectivity data at the cellular level. These organisms are:
Caenorhabditis Elegans, Drosophila Melanogaster and Mus Musculus.

• C. Elegans : there have been recent studies [171] that have dealt with the wiring
architecture of the posterior nervous system of adult males of this species.
Other studies [172] had available two different nematode species (specially in
terms of feeding behaviors) and compared the synaptic connectivity of the
pharyngeal nervous system of them. Analyzing their connectivities via Graph
Theory, they could determine that different synaptic rewiring lead to divergent
roles of various neurons involved in regulating predatory feeding.

89



B.1. Models in Network Neuroscience

• D. Melanogaster : studies of microscale wiring patterns in this animal have sug-
gested that the architecture of specific subcircuits can be understood in terms
of wiring length minimization and volume exclusion [173]. Recently [174], a
microscale circuit involved in a visual motion detection task was reconstructed
with electron microscopy. This procedure unvelied certain patterns of inter-
neuronal connectivity that were aligned with the idea of individual neurons
promoting privileges in directionality.

• Mus Musculus : detection of directed visual motion was also studied in circuits
of its retina [175]. In subsequent work, dense reconstruction of a significant
portion of the mouse retina was carried out in [176]. Microscale connection
motifs in this matrix revealed circuit mechanisms underlying motion detection
and other aspects of visual function.

It is not that common to find straightforward applications of graph theory meth-
ods to microscale connectivity data because there are very few datasets which deal
with more than just tens of neurons. Therefore, one can think that the use of net-
work science’s quantitative analysis has only begun to provide insights to microscale
connectivity investigations.

Important open questions in this field involve the specificity of certain connectivity
patterns between individual neurons, the relation (or not) between certain network
motifs and particular types of local computations or the question of whether partic-
ular architectures favor robustness at this scale.

There is still a lot of room for researching the connection between circuit architec-
ture, computation (at the neuronal level) and behavior. Probably the most common
approach has been to characterize the structural network of specific subareas of the
C. elegans nervous system and the potential relation to certain behaviors.

Relevant advances have been achieved from microscale investigations that are based
on a combined structure-function approach. An example is a study of a subset
of neurons (located in the mouse primary visual cortex), carried out in [177]. A
thorough analysis of the final connectivity map unveiled some specific structural
features such as convergence of inputs from multiple pyramidal cells with diverse
orientation preference onto inhibitory neurons. This study provides an example
of how the combination of anatomy and physiology analyses can show how neural
activity and organization can relate to behavioral tasks.

Large-scale recording techniques applied to organisms such as the zebrafish larva
(Danio rerio) can result in whole-brain recordings with a great resolution, even in
neural population (of the order of tens of neurons) activity [178]. This activity
is susceptible of being analyzed with time series techniques, and there exists some
evidence of functionally correlated circuits organizing in modules [179]. An objective
for the short term is to link related neural events with structural connections that
may delimit how whole-brain functional connectivity can be organized.

A new possibility has become relevant: to interact with a neuronal circuit’s activity,
thanks to the use of optogenetics [180, 181]. This technology exploits an essential
finding: when genetically mutated, neurons can express a protein that allows them
to electrically respond to light pulses. What is remarkable, aside from the spatiotem-
poral precision of this technique, is the fact that it can be used in vivo, while the
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animal is performing a task (and, thus, behavioral information can be linked with
physiological one). Furthermore, it has been utilized to modify (via stimulation of
certain neuronal groups) an animal’s abilities [182] or decisions [183], among many
other applications. Some even propose that it is used in human epilleptic patients,
because of the potentially precise inhibition it can induce: an ultra-localized light
beam could be targeted to an epilleptic focus [184].

Mesoscale Current efforts to construct mesoscale connectivity maps for large por-
tions of (or, for some simple animals, even complete) nervous systems are being con-
ducted in a number of organisms, with the most important results coming from D.
Melanogaster and Mus Musculus ; in this case, C. Elegans does not come in handy
because it does not have enough neurons (≈ 300) to consider it mesoscale.

• D. Melanogaster : in [185], they were able to record high-resolution 3D images
of approximately 16.000 individual neurons in this fly’s brain and were then
employed to construct a whole-brain adjacency matrix. They then subdivided
this matrix according to functional criteria and subsequently aggregated single-
neurons into local processing units, resulting in a mesoscale connectome of 41
nodes and their weighted interconnections. Moreover, when cluster analysis
was carried out, there appeared communities whose integrants were function-
ally specialized to put through visual, olfactory, auditory and motor process-
ing. More recent work has started to unveil additional network features such
as submodules and small-world organization [186, 187], among others.

• Mus musculus : simultaneous studies in the rat cerebral cortex [188] have re-
sulted in resemblant understandings as those of Drosophila. In [189], they
quantitavely analyzed the anatomical connections of ten areas of mouse visual
cortex. Zingg et al. [190] developed an adjacency matrix for mouse neocortex
by combining data from hundreds of tracer injections into a single network
representation (i.e., exclusively based in the connectivity data). The result-
ing directed network happened to contain ”several modules corresponding to
subdivisions involved in various sensory, motor and integrative functions”. A
simultaneous effort [191] has lead to the development of another mouse con-
nectome chart that maps the (directed and weighted) anatomical connections
among 295 gray-matter regions. When approaching this network from graph-
theoretical analysis, high clustering as well as a number of highly connected
network hubs are found.

Recurrent results in connectomics at the mesoscale, across species, are: a tendency
towards networks of high clustering (due to the presence of modules) [192], a pow-
erful correlation of these modules with different functional or behavioral tasks [193],
and the use of connection features of local areas to build an understanding of their
potential functional global contributions [41]. A feature that seems to be shared
among a lot of species (from invertebrates to mammals, through birds) is that their
mesoscale network architectures are interconnected by hubs [194].

The increasing accessibility of mesoscale connectome data [191], as well as high-
resolution (Functional Magnetic Resonance Imaging) fMRI recordings [195], might
offer a way to investigate this topic in the mouse (Mus Musculus) brain.

Some relevant research in this field has been performed in the macaque monkey.
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Wang et al. [196] studied the potential relation between topological and functional
connectivity at high spatial resolution within the monkey somatosensory cortex.
The remarkable contribution of this study was that it permitted a straightforward
identification from topological data (anatomical connectivity patterns observed after
injections of anatomical tracers) into a functional response (specific digit represen-
tations), both being experimentally measured.

Macroscale The boundary between meso- and macroscales is, at least at present,
somewhat arbitrary. Mesoscale maps usually are related to connectivity data that
report on brain areas and their projections, just as most macroscale studies that
deploy tract tracing methods, in non-human primates, or noninvasive imaging in
human brain.

• Primate cerebral cortex : tract tracing has played a relevant role for the study of
anatomical connections in animal models, particularly in non-human primates.
An extensive set of investigations performed by Henry Kennedy and colleagues
[197–200] have shown the structural network anatomy of the macaque cerebral
cortex in a whole new level of detail. The general connectivity outline for each
module was best approximated by a lognormal distribution [199], with a few
strong projections and a huge mixture of medium and weak pathways.

Graph-theoretical analyses supported the ideas of: a relatively high prevalence
of unidirectional links [198], an important contribution of long-distance pro-
jections towards areal specificity [201], significant distance-dependence of con-
nection densities [200], and hierarchical dispositions of modules into counter-
streams [198]. Various of these characteristic structural features are also found
in other mammalian species, (the cat or rodent brain, among others).

• Humans : their connectomics nowadays relies mainly on noninvasive tech-
niques, such as imaging and reconstructing structural connections using dif-
fusion Magnetic Resonance Imaging (MRI) and tractography. This approach
benefits from the use of signals that report the diffusion anisotropy of water
within biological tissue. Different methods then infer statistical models of fiber
anatomy.

Network studies of human structural connectivity architectures have persis-
tently reported broad degree distributions, with a “heavy tail” of well-connected
nodes [42]. The precise profile of this distribution remains somewhat ellusive,
mainly because of resolution limits and issues like node parcellation. Neverthe-
less, the majority of studies tend to point towards exponential or exponentially
truncated power-law distributions for node degree. There is another ubiqui-
tous feature reported across most, if not all, network studies of the human
connectome: small-worldness, i.e., the fact that the network has a high clus-
tering while having a short path length [202] when compared with random
topologies. This is remarkable, as the presence of small-world arrangement
suggests a balance between anatomical and functional segregation on the one
side -as pointed out by high clustering- and a parallel capacity for global in-
tegration on the other side -as indicated by short communication paths [203].
While there was a time in which small-worldness was to be seen in almost
every network neuroscience paper (see [204–206], among many others), this
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idea has been recently challenged [207] and the debate is still an ongoing one.

At the whole-brain level, there have been numerous relevant studies: one of them
[208] showed that patterns of coordinated spontaneous blood oxygenation level de-
pendent (BOLD) fluctuations were similar to those of structural connectivity derived
from tract tracing studies; another group [209] carried out a similar analysis, com-
paring anatomical and functional connectivity across 39 different regions of macaque
cortex and evidencing a significant statistical relationship.

When considered as cumulative evidence, these results further suggest a mechanistic
role of structural architecture in generating specific patterns of neural dynamics. At
this level of analysis, relationships of structural and functional connectivities have
largely focused on spontaneous neural activity (i.e., resting state). In humans, a lot
of the emphasis over the latest years has been made on variations in BOLD activity
acquired during a “task-free” or resting state. In spite of its unconstrained character
(by definition), there are various studies which have shown that both spatial and
temporal patterns of resting brain activity appear to be highly informative about
the brain’s functional arrangement [210, 211]. Resting-state functional connectivity
is generally constructed by means of the synchronization measures we presented
previously, trying to compare the time series of BOLD signals measured with fMRI
across the entire brain.

The notion that anatomical connections shape functional connectivity has gained
strength when comparing resting-state functional connectivity networks and the cor-
responding structural connectomes, due to the revelation of robust and reproducible
statistical relationships. In [192], Hagmann and colleagues showed robust correla-
tions between the strengths of anatomical and functional connectivities across the
entire cortical surface. Later on, it was evidenced [212] that these correlations were
still present even after potential confounds (such as spatial proximity between re-
gions) were considered. This result strongly pointed to functional connectivity being
(at least partially) caused by the passing on of indirect influence along multi-step
paths in the connectome [209]. A parallel study [213] also showed robust anatomical
connectivity-functional connectivity correlations based on a voxel-by-voxel contrast
across the cerebral cortex.

Following these pioneering studies, several independent analyses have further in-
creased the confidence in the existence of statistical relationships between structural
and functional connectivity (at least when studying resting state recordings) in the
human brain [214]. Numerous studies have concentrated on the role of spatial em-
bedding (that is, the distance dependence) for shaping the topology of anatomical
and functional networks [215, 216]. Other analyses have studied structure-function
relations and compared them across species [217].

The idea of anatomical connections shaping and/or constraining functional connec-
tions is not only based on comparisons of structural and functional architectures but
is also supported by interventional studies that have shown changes in functional
connectivity resulting from manipulations of the anatomical counterpart [218, 219].
As an immediate extension of this notion to brain and mental disorders, numerous
analyses have tried to relate misbehaviour of functional connectivity patterns to
potential disturbances of structural connectivity [220].
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B.2 Dynamical models in Neuroscience

It is important to note that the brain is the perfect example of a multiscale model,
because the different processes that take place in it are intertwined: from genes to
cognition, through dendrites or cortical columns, every part of it affects the correct
functioning of the whole. Furthermore, apart from the spatial aspect, the temporal
scales that are involved are enormously different: they range from the microseconds
scale of neurotransmitter release to that of a behavioral output, of the order of
seconds, or the psychological state of the person, which can be modulated during
the scale of years.

Being this so, it is important to note that we will be describing only a tiny part
of what dynamical phenomena take place in the brain. Specifically, we will shed
some light on neuronal models -thus, via the network architectures we have already
explained in Section 2.1.2, potentially neuronal networks are also studied using this
approach- and on neuronal aggregates, making use of population models. We will
briefly describe the latter because of the popularity they have in the Neuroscience
community, but they are not a networked example -although they can be, as it has
recently been seen in [221].

Neuronal population models If we want to account for the neural aggregated
response without giving a detailed description of the individual behavior of each
of them, we would work with population dynamics. This class of models ignore
specific spike times and network structural heterogeneity and, thanks to their low
dimensionality, can provide analytical insights about steady states and bifurcation
landscapes of neuronal populations.

The Wilson-Cowan model It was introduced in 1972 by H. R. Wilson and J. D.
Cowan [222], trying to simplify biophysically detailed neuron models that were the
most common way to emulate the activity of a neuronal ensemble. As they suggested
in their original work, although it is certainly interesting to have a single-cell level
detailed description of the nervous system, it is also probably not insightful (when
pondering the cost of developing such a model) for those parts related to higher
functions like pattern recognition or memory storage. They also pointed out that
these brain tasks were primarily global and, thus, could be understood from such a
perspective (with a coarse-grained description of the detailed neuronal activity). In
this spirit, the model focuses on accounting for population features, employing just
two differential equations. The two crucial parameters in the model are the strength
of connectivity between each subtype of population (excitatory and inhibitory) and
the strength of input to each subpopulation. Varying these generates a diversity of
dynamical behaviors that are representative of observed activity in the brain, like
multistability, oscillations, traveling waves, and spatial patterns.

The two equations that govern this model’s dynamics are:

τeȧe = −ae(t) + [1− reae(t)]Fe (weeae(t)− weiai(t) + Ie(t))

τiȧi = −ai(t) + [1− riai(t)]Fi (wieae(t)− wiiai(t) + Ii(t))
(B.1)

where aj(t) is the proportion of neurons of the j-th population that are active per
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unit time and

Fj(x) =
1

1 + e−γj(x−θj)
, j = e, i (B.2)

are the typically selected nonlinearities, where the gain γj and threshold σj can
depend on the population type j = e, i. The argument of this Fj is a weighted
sum (noted by wkl > 0) of the connection strength between the number of neurons
belonging to the k population and those to the l one. The terms [1 − rjaj(t)] in
Eq. (B.1) capture the refractory time that there exists after an activation (meaning
they cannot respond an infinite number of times per unit of time).

As there have been further refinements in this model, we refer the interested reader
to [223] for applications and a detailed description of it.

The Jansen-Rit model It is a neural population model of a local cortical circuit
introduced in 1995 [224] as the result of generating a plausible mathematical ex-
planation of experimentally recorded EEG signals. The single area model contains
three interconnected neural populations: one for the pyramidal neurons and two
for excitatory and inhibitory interneurons forming feedback loops -physiologically,
these would represent neighbouring cortical units and subcortical structures like the
thalamus.

Each of these populations will have an average membrane potential -which will
be the state variable- as the result of different inputs (average pulse densities).
There are different elements that will have to be dealt with: three populations of
neurons and their synaptical interactions. The so-called post-synaptic systems Pi
(i = 1, 2, 3) convert the average firing rate describing the input to a population into
an average excitatory or inhibitory post-synaptic potential (EPSP or IPSP). The
impulse response function takes the form:

h(t) =

{
αβte−βt if t ≥ 0

0 else
(B.3)

where α and β are constants that differ in the excitatory (α = A, β = a) and
inhibitory (α = B, β = b) cases. The former expresses the maximal amplitude that
post-synaptic potentials can attain, while the latter lumps together characteristic
delays of the synaptic transmission and sets the timescale of the problem. The
system of six first-order differential equations that describes this model is:


ẏ0(t) = y3(t) ẏ3(t) = Aa Sigm [y1(t)− y2(t)]− 2ay3(t)− a2y0(t)
ẏ1(t) = y4(t) ẏ4(t) = Aa {p(t) + C2 Sigm [C1y0(t)]} − 2ay4(t)− a2y1(t)
ẏ2(t) = y5(t) ẏ5(t) = BbC4 Sigm [C3y0(t)]− 2by5(t)− b2y2(t)

(B.4)

where y0, y1 and y2 are the three main variables: the output of the post-synaptic
systems; the connectivity is captured by constants Ci and Sigm(v) is given by:
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Sigm(v) =
νmax

1 + er(v0−v)
(B.5)

where νmax is the maximum firing rate of the families of neurons, v0 is the value of
the potential for which a 50% firing rate is achieved and r is the slope of the sigmoid
at v0.

It is remarkable that, based on purely neuroanatomical studies [225], Jansen and
Rit showed not only that it was possible to collapse Ci into a single parameter C
(and express each Ci as a fraction of this C), but also that, for a certain set of
parameters, alpha-like activity and EEG-like signals were observed to come out of
the model.

This model can be extended further into multiple area ones, which include inter-
actions between multiples neural masses; in order to delve into refinements of this
model, check out [226].

A conductance-based neural field model The main difference between this
model and other population ones is that in this case there is a combination between
neural field equations (as in other models dealing with aggregated dynamics) and
biologically realistic synaptic dynamics. It was introduced in 2013 by Friston et al
[227] and, as the authors claim in their original work, it allows for realistic inter and
intra-laminar intrinsic connections that underlie spatiotemporal neuronal dynamics.
Opposite to what happens with mass models (in which population dynamics is
expressed in terms of average currents and post-synaptic potentials), this model
allows the geometrical structure and topography of neural interactions to be present.
After an exhaustive analysis, they conclude that conductance-based field models
may be important in empirical studies of cortical gain control or pharmacological
manipulations.

The equations that dictate this system’s dynamics are:

q̇(x, t) =


v̇
ġk
µ̇k
µ̇′k

 =



1
C

∑
k gk (vk − v(x, t))

λk (µk(x, t)− gk(x, t))
µ′k(x, t)
µ′k(x, t)

−2scµ′k(x, t) + s2 (∂xxµk(x, t)
−c2µk(x, t)) + as2cσ(v(x, t)) + u

 (B.6)

where q(x, t) = {v(x, t), gk(x, t), µk(x, t)} is the state variable, v(x, t) is the trans-
membrane potential, gk(x, t) is a set of synaptic conductances that model distinct
channel types and µk(x, t) is the pre-synaptic input to which neurons are exposed.
Furthermore, λk are rate constants that characterize the response of each channel
type to afferent input. The last equation reflects the usual assumption that the
number of synaptic connections decays exponentially (d(x, t) = ae−c·|x|δ(t− |x|/s))
with some characteristic spatial scale c, a speed (s) of neural spike propagation and
a connection strength scaling factor (a).

We could now couple different populations -each of their dynamics being governed
by Eq. (B.6)- and include connectivity terms and excitation/inhibition between
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them. For that kind of discussion, results and further comparisons, we refer the
reader to [227].

General considerations of neuronal population dynamics

Conductance-based models consider neurons to be an electrical circuit: the mem-
brane is interesting because of its response to the inflow (or outflow) of currents
through the channels it possesses. Those, through which ions diffuse, are associated
with conductances that are a function of gradients throughout the membrane and
of receptors.

The canonical view about conductance dynamical models involves two categories of
expressions:

• An equation that captures the rate of change of the potential as a current flow
(components that follow Ohm’s law).

• Equations for the conductances that are dependent on pre-synaptical neuron
spikes and of the ratio of open ionic channels.

When approaching the problem in this manner, we will forcefully involve non-linear
terms (as post-synaptic potential changes will invoke the product of conductances
and voltage differences related to the variety of channel types). To put it in an
alternative phrasing: the equations that dictate neural dynamics have to be second-
order and non-linear, if we relay on the electromagnetic framework of modelling
them.

The contrast is then evident with neural mass and mean field models, which are
rooted on convolution operators. In this case, the mathematical equivalent of post-
synaptic depolarization is a linear convolution of pre-synaptic spikes. As it is known,
a convolution operation can be expressed as linear differential equations.

Thus, to sum up, the crucial difference between conductance-based models and mass
models is that the former have to be expressed in a non-linear way and therefore,
in principle, they provide a certain biological realism, at the cost of being perhaps
too detailed and difficulting the task of scalating these dynamics cross a certain
threshold (nowadays, with the current computational power, it is around 104 ≈ 105

neurons).

B.2.1 Features of neuron models

Spiking Neurons can be simulated via different dynamical systems [228]. These
models, as it will be seen nextly, differ in the various neuronal behaviors they can
exhibit; fig. B.1 shows some of these features. The size of the network (that is, the
number of constituents it has) can vary wildly: from about 100 up to 105 neurons
and over 107 synaptic connections. There are different factors that can characterize
each spiking neuron model:

1. Biological plausibility: this is the central point of modelling. If our simu-
lated system does not resemble the experimental one, everything else will be
worthless. In this context, this implies that the spiking neuronal model will be
able to produce a set of behaviors exhibited by real biological neurons; some
examples are portrayed in fig. B.1.
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2. Spiking: a spike is an abrupt and transient change of membrane voltage that
propagates to other neurons via a long protrusion called an axon. The relevant
part (as neurons tend to be modelled as point-like objects) is that of a spike
being both sudden and transient. This, for modellization purposes, means
that spikes can be regarded as timestamps with no duration.

3. Frequency adaptation: a reduction in the firing frequency of a neuron spike
response following an initial increase. [229]

4. Excitability class: If a neuron is in the excitability class I, it means it can
continuously encode the strength of an input into the frequency of spiking. If
it belongs to class II, this encoding is discontinous.

5. Integrator or resonator: we refer to neurons with damped subthreshold oscilla-
tions as resonators and to those that do not have this property as integrators.
[229]

6. Bistability: coexistence of two firing modes (for example, firing and silence)
in the same experimental condition. [230]

To graphically encapsulate these model features, we have adapted a figure found in
[229]. This adaptation can be seen in Fig. B.1.

input dc-current
20 ms

(a) Tonic spiking (b) Phasic spiking

(d) Class I excitable (e) Class II excitable

(g) Resonator (h) Integrator

(c) Spike frequency 
adaptation

(f) Subthreshold
oscillations

(i) Bistability

Figure B.1: Summary of the neuro-computational properties of biological spiking
neurons. Each horizontal bar denotes a 20-ms time interval. The MATLAB file
generating the figure and containing all the parameters, as well as interactive MAT-
LAB tutorial program, as well as an e-version of the figure, can be downloaded from
www.izhikevich.com.
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B.2.2 Spiking neuron models

The Hodgkin-Huxley model Although we have briefly mentioned it in Section
2.2.2, we did not delve into any type of mathematical description, so we comple-
ment that qualitative description in this subsection. As we mentioned previously,
the computational cost of this model is virtually unbounded: one can work with
tens of different compartments, each of one consisting at least on a coupled differ-
ential equation. The original version [111] consists of four equations and tens of
parameters, namely:

CV̇m + Iion = Iext

ṅ =
n∞(V )− n
τn(V )

ṁ =
m∞(V )−m

τm(V )

ḣ =
h∞(V )− h
τh(V )

(B.7)

where Iion = gNam
3h(Vm − ENa) + gKn

4(Vm − EK) + gL(Vm − EL) and

n∞ =
αn

αn + βn
, τn =

1

αn + βn

m∞ =
αm

αm + βm
, τm =

1

αm + βm

h∞ =
αh

αh + βh
, τh =

1

αh + βh

(B.8)

where

αn(V ) = 0.01 10−V
exp( 10−V

10 )−1
, βn(V ) = 0.125 exp

(−V
80

)
αm(V ) = 0.1 25−V

exp( 25−V
10 )−1

, βm(V ) = 4 exp
(−V

18

)
αh(V ) = 0.07 exp

(−V
20

)
, βh(V ) = −V

exp( 30−V
10 )+1

(B.9)

αx models the rate at which gate x transitions to being open while the corresponding
closing counterpart is captured by βx.

In the spirit of simplifying the computation even more than the Morris-Lecar neuron
-described in Sec. 2.2.2-, we will present the Integrate-and-Fire neuronal models, as
the ultimate example of a cheap yet somewhat biophysically meaningful model.

Integrate-and-Fire models This is actually a class of models [110], that build
on the fact that, to a first and rough approximation, neuronal dynamics can be
conceived as a summation process (we will actually describe neurons nextly as in-
tegrators, see Fig. B.1) combined with a mechanism that triggers action potentials
above some critical voltage.
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These models make use of the fact that neuronal action potentials of a given neuron
always have roughly the same shape. If the form of an action potential is always
similar, then this aspect cannot be used to transmit information: rather information
is contained in the presence or absence of a spike. Therefore action potentials are
reduced to events that happen at a precise instant. In these cases, no attempt is
made to describe the shape of an action potential.

The equation governing the most basic of these models is given by:

v̇ =

{
I + a− bv if v ≥ vthr

c else
(B.10)

where v is the membrane potential, I is the input current and a, b, c and the threshold
potential vthr are parameters of the model. It is important to explicitly mention
that, once v crosses vthr, the neuron is said to spike and the membrane potential is
immediately reseted to v = c.

For further refinements of this model, we found interesting the book by Gerstner et.
al [110]. As an example of a mathematically and computationally cheap model, that
is barely used due to the lack of biological relevance, we will introduce the Izhikevich
model.

Izhikevich model Although this model has no intent to model the biophysical
aspect of real neurons, it does have a physiological interpretation. It is very rarely
used, even though it is efficient and displays a lot of desirable features, as it will be
shown in Tab. B.2.

The equations which describe this dynamical system are [228, 229]:

v̇ = 0.04v2 + 5v + 140− u+ I

u̇ = a(bv − u)
(B.11)

with the auxiliary after-spike resetting:

if v ≥ +30mV, then

{
v ← c
u← u+ d

(B.12)

Here v is the active variable of the neuron and u is a recovery variable, which provides
negative feedback to v. The parameters a, b and c can be tuned and numeric values
(the 0.04v2 + 5v + 140 term) have been chosen so that v has mV scale and time ms
units. After the spike reaches its apex (+30mV), the active variable and the recovery
one are reset according to the scheme presented in Eq. (B.12). If v skips over 30,
then it first is reset to 30, and then to c, so that all spikes have equal magnitudes.

Ideally, one would like a model to show every property that a biological neuron
exhibits, while being computationally tractable. As this is never the case, at least
until the moment this is being written, one has two options: to choose between
microscale models attending to some feature that looks interesting for a particular
issue or coarse-grain the dynamics, as it was explained with population models. In
table B.2, it has been summarized whether the different neuronal models we have
just presented are able to express that behavior or not.
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IF Izhikevich ML HH

Biophys
meaningful

0 0 1 1

Tonic spiking 1 1 1 1

Phasic
spiking

0 1 1 1

Spike freq
adapt

0 1 0 1

Class I
excitable

1 1 1 1

Class II
excitable

0 1 1 1

Sub-thresh
osc

0 1 1 1

Resonator 0 1 1 1

Integrator 1 1 1 1

Bistability 0 1 1 1

Figure B.2: Comparison of different neuronal models regarding different neuronal
properties. In blue, the model we used in this Thesis (Morris-Lecar) has been empha-
sized. Table adapted from [228]. (Electronic version of the figure and reproduction
permissions are freely available at www.izhikevich.org)
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B.2.3 The role of noise in modelling

Whenever a mathematical model is set forth to capture a natural phenomenon, there
is a part that is left out those patterns or rules; the part that we cannot -or do not
want to- model is what we refer to as noise. This uncertainty is a large -the notion
of large varies depending on the specific scientific context- collection of dynamical
variables that induces a subtle and non-crucial effect on the phenomenon we want to
understand; it can also be regarded as the ’higher-order corrections’ or fluctuations
that exist in every natural domain, be it because our lack of experimental precision
-spatial resolution, for example- or due to our ignorance - as in the case of gas
particles moving in a box.

In the neuronal context, for example, we can illustrate (following Ref. [231]) different
sources for noise as:

• Internal: resulting from stochastic opening (and closing) of membrane ion
channels.

• Synaptic: as a consequence of the probabilistic vesicle (neurotransmitter) re-
lease.

• Cross-talk responses from indirectly stimulated neurons (the current propa-
gates through the medium they are embedded in).

• An input with many frequency components.

• The resulting current from integrating many independent synaptic events.

As it can be already seen with this particular example, there can be a high number
of noise sources, wildly different in origin and, thus, requiring to be careful when
interpreting the role that noise plays in our problem and to realize that it is an
inherent part of the mathematical inspection of nature.

In our particular case of study -that is, the noisy Morris-Lecar neuron- noise is
of vital importance: as we work with a set of parameters that set the dynamical
configuration of this model to be an excitable one, there would be no activity if it
was not because of the noisy input. Therefore, the fact that this contribution is
small does not necessarily imply that it is irrelevant or negligible.
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Extra remarks and
synchronization measures

We understand the phenomenon of synchronization as one in which coupled dynam-
ical elements of a system behave in a similar way. In the case of coupled oscillators,
synchronization can be found as an amplitude, phase or complete (both amplitude
and phase) synchronization. It is remarkable that, depending on the coupling’s na-
ture, the node dynamics and the underlying structure, the route to synchronization
is completely different [14].

Thus, the problem here is to characterize how intensely nodes in a network interact
by means of comparing the similarity between their dynamical outputs -that is,
their time series. The issue with this characterization is that, once one has the
time series of every node of the network, there are virtually infinite ways of relating
them. Specifically, thinking pairwise, one can define essentially an endless amount
of distances between two time series. Therefore, the usual route chosen nowadays
is to pick the easiest (non-oversimplified) and most straightforward synchronization
measure which is available. For example, when dealing with a system in which only
the phase oscillates, it makes no sense to construct a measure of synchronization that
takes into account the amplitude. Another possible source of conflict is the actual
difficulty for computation (not even meaning the analytical one). For example, it has
been long known that one of the most unbiased ways of statistically characterizing
the distance between two time series has been the mutual information, although it
is not generally used nowadays mainly due to its computational cost.

We will give an overview of different synchronization measures used in today’s neu-
roscientifical contexts. We have to specify this because the general notion of syn-
chronization might have some different nuances than this rather specific one: in
Neuroscience, scientists seek to check how time series (be it BOLD signals, fMRI
data, electrophysiological recordings of two neurons, evoked potentials, etc) are re-
lated rather than studying the collective phenomenon as such -this is specially ev-
ident when Granger Causality or Mutual Information are used as synchronization
measures.

• Cross-Correlation function: it measures the linear correlation between two
variables X and Y as a function of their delay time (τ) [232]; this is of interest

103



.

because there may exist a causal relationship between the signals (and some
delay because of the time it takes for chemo-electrical signals to travel along
the brain). If x(t) and y(t) are signals normalized to have zero mean and unit
variance, their cross-correlation function is:

Cxy =

∫ +∞

−∞
x∗(t)y(t+ τ)dt (C.1)

where x∗(t) is the complex conjugate of x(t) and τ the time lag between
signals. It is always true that Cxy is bounded from +1 (complete linear direct
correlation) to −1 (complete linear inverse correlation), where Cxy = 0 would
suggest the lack of linear interdependence for a given time lag τ . The value
of τ that maximizes this function is an estimation of the delay between the
signals, under the implicit assumption that they are linearly related. It must
be stressed again, however, that this delay cannot be directly regarded as a
measure of the propagation time of, say, the electrical signal in the cerebral
cortex.

• Coherence: it gives a linear correlation between two signals as a function
of the frequency [233]. It is also known as magnitude squared coherence or
coherence spectrum. It is the cross-spectral density function (actually, the
Fourier transform of eq C.1) normalized by the product of the individual auto-
spectral density functions. The main limitatiosn of this measure are: as neural
data is of finite size, one can only have an estimate of the true spectrum;
moreover, it assumes a linear coupling in the spectrum and stationarity. In
practice, a signal f is usually subdivided into M epochs of equal length (and
then averaging each spectrum S−−(f) over these epochs). Mathematically:

κ2
xy(f) =

|〈Sxy(f)〉2|
|〈Sxx(f)〉||〈Syy(f)〉| (C.2)

where 〈·〉 indicates averaging over the M segments in which we divide the
signal.

This measure is bounded between 0 (the activities of the signals in the partic-
ular frequency in which κ = 0 are linearly independent) and 1 (the signals are
maximally correlated in the frequency domain for that particular frequency).

• Granger causality: this measure is of particular interest in neuroscience. It
tries to answer the question of whether there exists a causal relation between
two brain regions, without any specific information on directionality [234]. The
main difference between this measure and the cross-correlation function is that
in the latter we are able to extract a delay but not the specific causality (at least
in an straightforward way). The idea beneath this measure is the following: if,
for two simultaneously measured signals X and Y , one can predict X better by
incorporating the past information from Y than if it does not get incorporated,
then Y can be called causal to X. This can be assessed by comparing the
univariate and bivariate fitting of the autorregresive models to the signals. In
the univariate case:
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X(n) =

p∑
k=1

axkx(n− k) + ux(n) (C.3)

Y (n) =

p∑
k=1

ayky(n− k) + uy(n) (C.4)

where axk is the x model parameter, p the model order and ux the uncertainty
of the x model. The prediction error in this case depends only on the past
values of the own signal. We also rename the variance of ux as var(ux) = VX|X−
for simplicity in our notation.

For bivariate autorregresive modeling, mathematically we have:

x(n) =

p∑
k=1

axykx(n− k) +

p∑
k=1

bxyky(n− k) + uxy(n) (C.5)

y(n) =

p∑
k=1

ayxky(n− k) +

p∑
k=1

byxkx(n− k) + uyx(n) (C.6)

where the prediction error for each individual signal depends on the past values
of both signals. Again, for the sake of simplifying the notation var(uxy) =
VX|X−,Y− .

Then, the Granger causality of Y to X can be quantified as:

GY→X = ln

(
VX|X−
VX|X−,Y−

)
(C.7)

This measure will be close to zero if the past of Y does not improve the
prediction of X. Any improvement leads to increase the causality measure
(because the decrease of VX|X−,Y−). If both GX→Y and GY→X are high, there
is a high chance of a bidirectional coupling (or feedback) between the signals.

The main limitation of this measure is that it can only be truly assesed if both
time series contain all possible relevant information and sources of activities
for the problem. As this is virtually never the case, one has to be cautious
when interpreting causality claims.

• Mutual information: if we consider a pair of variables X and Y , the mutual
information between them is [235]:

MIxy =
∑
i,j

pij log

(
pij
pipj

)
(C.8)

where pij is the joint probability of X = Xi and Y = Yj, meaning that the
variables X and Y attain the value Xi and Yi, respectively. The calculation
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of pi is based on a counting process: the number of times (Ni) the variable X
attains the value Xi, over the whole set of values N it has attained. Mathe-
matically: pi = Ni/N . The joint probability pij is calculated as pij = pi · pj if
X and Y are independent variables. If not, one has to use the proper defini-
tion: pij = pj · p

(
X = Xi

∣∣Y = Yj
)
, where p

(
X = Xi

∣∣Y = Yi
)

is a conditional
probability (the likelihood of event X = Xi occurring given that Y = Yj is
true).

The basic idea beneath this measure is how much extra information one gets
from one signal by knowing the outcomes of the other one. The lower bound is
attained for independent processes (pij = pipj and therefore MI = 0) and the
upper one is achieved for identical signals (MI = I, where I is the Shannon
entropy). We see in its structure that this measure is symmetric and thus we
can not say anything about the direction of the interaction.

Phase Synchronization There are two main measures of Phase Synchronization
(PS) when using phase reconstruction -see Section 2.3.2 for details-. We hereby detil
two alternative ones that are sometimes used in the literature:

• Stroboscopic index: the phase of one of the oscillators is observed for every
tj in which the other oscillator attains a certain phase value φ0. Then, it is
averaged over all the possible phase values. The mathematical definition [137]
is:

λn,m =
1

L

L∑
l=1

|rl(tj)| (C.9)

where the index j corresponds to time, rl(tj) = (1/Ml)
∑

γ e
iφγ(tj) for all j

-such that φx(tj) belongs to bin l and Ml is the number of points in this bin.

• Phase Locking Value (PLV): it can be seen [236] as the intensity of the first
mode of the distribution of ψ

′
n,m(t) (i.e., it measures how the relative phase is

distributed over the unit circle). The precise definition is given by:

γn,m =

√
|〈eiφ(t)〉| =

√
〈cosφ(t)〉2 + 〈sinφ(t)〉2 (C.10)

where 〈·〉 denotes average over time.

Both indexes have the same range of variation: they are close to 0 for uncorrelated
signals and to 1 if there is a strong PS. However, there are some differences which
can be exploited depending on which one we would like to use. On one hand, PLV
presents the greatest sensibility to the transition from weak coupling to PS state.
On the other hand, the stroboscopic index is non-zero even in cases where no PS but
only very weak interactions are present. Additionally, it has a straightforward way
of determining its significance threshold from the data, which may be very useful
to avoid spurious detection of PS in uncoupled signals. It can be then concluded
that PLV is suitable for situations in which our purpose is to cluster a number of
time series into groups, while the stroboscopic index is great at assessing weak phase
coupling.
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Point-process synchronization We cannot finish this Appendix without men-
tioning that there is a slight variation of the event synchronization measure we used
-see Section 2.3.2 for details-, introduced in [237]. If we denote by cτ (x|y) the number
of times an event appears in x shortly after it appears in y, they defined

cτ (x|y) =
mx∑
i=1

my∑
j=1

Jτij (C.11)

as the basic quantity to construct the synchronization measure. In this expression
mx is the total number of events in the time series X and Jτij:

Jτij =


1 if 0 < txi − tyj 6 τ
1/2 if txi = tyj
0 else

(C.12)

which, as we can see, is a similar quantifier as the one introduced in Section 2.3.2,
noted by Bi(τ) in that case. Then, they distinguish two different measures to capture
the relationship between time series:

Qτ =
cτ (y|x) + cτ (x|y)
√
mxmy

, 0 ≤ Qτ ≤ 1 qτ =
cτ (y|x)− cτ (x|y)
√
mxmy

, −1 ≤ qτ ≤ 1

(C.13)

which are, respectively, the symmetrical and antisymmetrical combinations of cτ (x|y).
Correspondingly, Qτ measures the synchronization of the events and qτ captures
their delay behavior. The saturating values of Qτ = 1 and qτ = 1 mean that the
events are fully synchronized and that those in x always precede to those in y.

In order to read more about this measure, we recommend directly consulting the
original paper [237].
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A survey of complexity measures

Even before the advent of Complexity Sciences, there was an interest to quantify how
complex different systems were. It is in fact said that the concept of complexity, at
least in its origin and in the context of Computer Science, is a disguised consequence
of Gödel’s theorem. The rationale supporting this statement would be the following:
the first proposal to measure complexity, due to Kolmogorov [238], equates it to the
shortest computer program capable of generating a given string; it is known that
this quantity is uncomputable (because there is no algorithm that can compute
it), commonly referred to as the halting problem [239]; this halting problem is a
computer-science flavor of the Gödel’s incompleteness theorem [240]. An interesting
and extensive discussion is given in [241].

Other scientific stream in the study of complexity comes from telecommunication
theory, or, as it is nowadays known, information theory. The seed for this fruitful
framework was Shannon’s seminal proposal [235] on how to quantify the entropy of
a message.

However, in Complexity Sciences, there are some known general precepts. For ex-
ample, according to [242], there are some broad features that one has to take into
account in order to properly define a complexity measure that is meaningful:

• Observer-dependence: It makes no sense to define (or even to think about
doing so) the complexity of a natural phenomenon, because it has, presumably,
infinite detail. Therefore only when observations are made, according to an
acquisition model, is when the question of complexity becomes relevant. This
would suggest that complexity refers to the way measurements are made and
not to the natural process as such.

• Emergent levels of complexity: A defining feature of complexity is the existence
of a hierarchy regarding description levels, that is: characteristics in the coarser
level emerge from finer constituents interacting in a finer level.

• Modularization with interdependencies: Complex systems are partially decom-
posable, their modules dependent on each other. In this sense, some authors
[242] conclude that the more modules or interactions among them a system
has, the more complex it is (because it cannot be divided into independent
simple sub-systems).
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Having these guidelines in mind, we will now proceed to present different proposals
on how to quantify and measure complexity.

D.1 Algorithmic measures

Kolmogorov Complexity: consider three strings of numbers: a regular one (for
example, 666666), another coming from an irrational number (for example, π’s first
six digits, 314159) and a sequence truly extracted from a random process (for exam-
ple, 843542). The question now is: how long will it take us to describe each of the
sequences? And what if we had strings of thousands of characters? It is obvious that
to characterize the first sequence it will just take a simple recipe: ”repeat number
6 for the entire sequence”. In the second case, something similar to ”take as many
digits of π as the size of your sequence and drop the comma out” will serve. The
key now is... What about the third one?

To characterize how long these instructions have to be in order to reproduce the
desired sequence of characters, Kolmogorov [238] proposed a definition of the form:
the complexity of a sequence x is the length of its shortest description. As we
are not really interested in defining Turing Machines, recursive functions, etc., we
recommend the interested reader to check [243] for an introductory discussion on
this complexity measure.

There are two crucial criticisms this measure always faces: its uncomputability (as
we already mentioned in the foreword of this section, relating this impossibility
to Gödel incompleteness theorems) and the fact that it is maximum whenever the
sequence is truly random (that is, with no regularities). Many authors argue that
it is therefore a measure of ignorance, not of complexity.

Crude and Effective Complexity Murray Gell-Man proposed to think about
capturing complexity via a measure called Crude Complexity [244]: The length of the
shortest message that will describe a system, at a given level of coarse graining, to
someone at a distance, employing language, knowledge, and understanding that both
parties share (and know they share) beforehand. That is, he rethought Kolmogorov
Complexity and added a subjective component to it (as the sum of the level of study,
background of the person describing, etc.). Here we explicitly see one of the general
features that a well-behaved complexity measure should have, as we mentioned in
the foreword of this Section (namely, emergent levels of complexity).

As a further refinement, the same author (and S. Lloyd) introduced the notion of
Effective Complexity. The main idea [245] is to split the algorithmic information
content of some string sequence into two parts: its random characteristics and its
regularities. Then, Effective Complexity is defined as the Kolmogorov Complexity
of the regularities alone.

Lempel-Ziv Complexity Interestingly enough, this measure is nowadays more
used as a compression algorithm (for example in GIF or PDF files) than as an
actual complexity quantifier (eventhough it is one of the most algorithm-based used
measures). It was proposed by Lempel and Ziv [246] in 1976 and it is related
to Kolmogorov complexity but only making use of the shallow copy process (and
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not a generic Turing Machine as we mentioned in that case). More precisely, this
measure states that the complexity of a sequence of strings is the number of steps
in a self-delimiting production process by which such a sequence is presumed to be
generated. Equivalently, this complexity measure can be thought as the number of
“new” substrings found as the sequence evolves. It has to be explicitly mentioned
that this measure excels in characterizing long sequences and behaves poorly for
very short ones.

Logical depth Bennett introduced [247] this measure as the computational re-
sources (usually time) taken to calculate the results of a program of minimal length.
It is thus a combination of computational complexity (the amount of computational
resource (normally time or memory) that it takes to solve a class of problem) and
Kolmogorov complexity.

The major difference with Kolmogorov’s measure is that instead of taking the pro-
gram length as the interesting complexity quantifier, it focuses on its computation
time. It has been suggested that this measure defies Occam’s Razor: if we observe
a certain sequence, is it safe to assume that it is the result of the simplest program
execution? If the simplest program is too slow, this may not be the case. A longer
program, perhaps with a tiny probability relative to the first one, but much faster,
might be responsible. As Grassberger points out: “life emerged spontaneously, i.e.
with a randomly assembled ’algorithm’ which had to be very short. But it has taken
approximately 109 years to work with this program until life has assumed its present
forms.” [248].

There are undoubtly other interesting algorithmic measures of complexity that we
have not included (sophistication, effective measure complexity, forecasting complex-
ity, etc.) for an extense (and somewhat obscure) literature review on this respect,
we suggest reading [249].

D.2 Dynamics-based measures

This subset of complexity measures follows a radically different viewpoint: instead
of characterizing a sequence of symbols (as we explained in Sec. D.1), the central
object of study is the time series that results from the evolution of a chaotic system.
Although this subdomain of Complexity Sciences is relatively younger than its algo-
rithmic sibling, it is also true that its origin (lying in nonlinear dynamics) dates at
least back to Poincaré [250] (at around 1895) and, thus, the literature is very rich.
We are going to give a succint overview of the most commonly used complexity
quantifiers.

Lyapunov exponents They are conceptually defined [251] as the rate of diver-
gence of nearby trajectories in the phase space of a system. As it was proven by
Lyapunov, it is enough to calculate the greatest exponent (instead of the whole
spectrum), because (apart from the Perron effect [252]), its behavior is predictive of
the system’s behavior. Thus, the common practice is to just work with the so-called
Maximal Lyapunov Exponent (MLE).

Let us be more precise in its definition. Let δx(X0, t) be the separation of two orbits

110



Appendix D. A survey of complexity measures

which come from the equations governing the system of interest. The MLE is then
defined as:

λ = lim
t→∞
δx0→0

1

t
ln

∣∣∣∣∣δx(X0, t)

δx0

∣∣∣∣∣ (D.1)

One can then distinguish three scenarios regarding types of orbits, based on the
value of λ:

1 Stable fixed point or stable periodic orbit: in this case, λ < 0. This is
a common feature of dissipative or non-conservative systems, as it tends to
equilibrium (the more negative λ is, the faster it reaches it). A simple physical
example of this would be a damped oscillator.

2 Neutral fixed point or an eventually fixed point: we encounter this scenario
when λ = 0; if this is so, the system is in some sort of steady state mode.
Conservative systems exhibit this Lyapunov exponent. The physical example
now would be a simple harmonic oscillator. As the frequency is unrelated
to the amplitude, a phase portrait of the different scenarios when varying
the amplitude would be concentric circles (and thus the orbits would show a
constant separations, i.e., λ = 0).

3 Unstable and chaotic orbit: λ > 0; this means that nearby points, no
matter how close, will diverge to any arbitrary separation (which is equivalent
to say that the entire phase space will eventually be visited). These points
are said to be unstable. A physical example can be found in Brownian motion
(deterministic rules, no order in its orbit).

Within dynamical systems, this measure is the most used to characterize chaotic
dynamics in a very detailed and well-defined fashion.

Correlation dimension This measure came from the idea of determining whether
the process we are analyzing is a chaotic or a stochastic one [253]. It belongs to
the bigger family of fractal dimensions, which is a general way of characterizing a
great variety of mathematical objects (from fractals, i.e., geometrical entities, to
time series, that is, dynamical elements). As it was the case with the Maximal
Lyapunov Exponent, the object of interest when applying this measure is not the
time series per se but, rather, the attractor that we can construct via the Takens’
theorem [254]. This theorem states that any state variable can be used to calculate
the invariants of the dynamics. This means that, as we cannot probe the entire state
space, we can reconstruct the attractor using the dynamics that we have available.

Mathematically, the definition the correlation dimension (referred to as D2) involves
the prior calculation of the correlation integral, noted as C(ε). Let N be a set of
points in an m−dimensional space ~xi = [x1(i), ..., xm(i)], i = 1, ..., N . Then C(ε)
is calculated as:

C(ε) = lim
N→∞

g

N2
(D.2)
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where g is the total number of pairs of points which are separated distance less than
ε. As we take the limit for the number of points N , and the distance between them
tends to zero (ε→ 0), the correlation dimension D2, for small values of ε, will take
the form

D2 = lim
ε→0

logC(ε)

log ε
(D.3)

Although this measure is one of the most used ones, it has to be noted that there
has been criticism regarding its ability to distinguish low-dimensional chaos from
stochastic processes (see [255], for example).

In order to deepen the discussion on this class of measures, both in the number of
practical methods and in their meaning, we recommend the extensive review found
in [256].

D.3 Information-theoretical measures

This approach is, together with the algorithmic approach, the most fruitful and
currently used one. In fact, as it is the route we took, we are going to describe it with
a bit more of detail than the previous two. If the reader wants to overcome this bias
and is interested in a quite complete and equidistant bibliography to Complexity
measures, we cannot recommend enough the effort made in [140], with over 380
references in which authors introduced a complexity measure. The fact that such an
extensive bibliography exists just on complexity measures, already talks about the
lack of consensus that we are going to explicitly discuss nextly.

As it happened in the two previous subdomains of Complexity Sciences we discussed,
there is a myriad of measures that are available to use. In this case, the criteria we
have used to decide which ones to include here have been diverse: be it due to his-
torical relevance (Shannon entropy), mathematical definiteness and non-ambiguity
(Excess entropy), by reason of it ubiquitous for a long time (Rényi entropy) or be-
cause it is a cutting-edge promising framework being developed nowadays (Partial
Information Decomposition).

Shannon entropy This is the founding contribution upon which the entire field
of Information Theory (IT) has been built. As its own name indicates, IT deals with
information; although it may sound obvious, it really is not. To begin with: what
is understood by information?

As a first answer, we can stick with the definition of pairwise information: we say
that one variable provides information about another if knowledge in the former
reduces uncertainty in the latter. An alternative definition of information is: that
which partially, or totally, contributes to getting rid of uncertainty. We see that, in
both cases, this fundamental quantity is intimately related to that of uncertainty.
And here is where Shannon’s contribution comes into play.

Let us begin by stating some properties we want our uncertainty measure to have:

1 It has to be maximum for a uniform distribution.
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2 It should be a continuous function of the probabilities: an arbitrarily
small changes in the probabilities should be reflected as an accordingly small
difference in our measure.

3 It ought to be independent on how we group variables: requiring this
is the same as saying that we want our measure to depend on the proba-
bility distribution itself, not on the individual probabilities of each outcome
constituting that distribution.

Shockingly enough, these constraints are enough to uniquely determine the form of
the entropy H, up to a multiplicative constant (which, by convention, can be fixed).
This is what Shannon proved [257] back in 1948. Without going into the proof, we
reproduce the resulting mathematical definition of H:

H = −
∑
i

pi log(pi) (D.4)

where the summation index i goes all over possible outcomes, pi is the probability of
ocurrence of event i and the logarithm can be taken to be in any base (conventionally,
for historical reasons, it is taken to be in base 2, so that the resulting units are bits).
It is straightforward to check that a fair coin (pi = 0.5) yields the maximum entropy
that can be attained (i.e., H = 1, because our choice of the normalization constant).

As we defined H in an axiomatic way, one can say that it is the quantitative measure
of uncertainty associated with a given probability distribution. The counterargu-
ment is that there are a lot of different ways in which Eq. (D.4) can be understood;
for a deeper discussion of these complementary views, we suggest taking a look at
[258].

Rényi entropy It is a generalization of its Shannon sibling, due to Alfred Rényi
[259] -the same author who co-authored the popularization of the random network
modelization, or Erdös-Rényi, that we described in Sec. 2.1.2) in 1961. It is crucial
in various fields ranging from ecology (understood as the index of diversity) to
quantum computing (where it is useful for estimating the entanglement strength).

Let us consider a discrete random variable X that can take on different outcomes
1, 2, ..., n with corresponding probabilities pi(X = i) for i = 1, ...n. We then define
the Rényi entropy of order α (where α ≥ 0 and α 6= 1) as:

Hα(X) =
1

1− α log

(
n∑
i=1

pαi

)
(D.5)

Just like in the case of Shannon entropy, the logarithm is usually taken as base 2,
to use bits as units. It is straightforward to see that the limiting case α→ 1 is the
usual Shannon entropy. We therefore remark that this measure should strictly be
referred to as a family of measures. If the reader is interested in applications of this
quantifier, we recommend visiting [260].
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Mutual information We say that one variable X provides information I[X;Y ]
about another variable Y if knowledge in the former reduces uncertainty in the
later. The difference, of course, is that now we have a mathematical tool to quantify
uncertainty (namely, Eq.(D.4)). Thus, we can put forward a quantifier based on
Shannon entropy.

The mathematical relation between I[X;Y ] and probability distributions is given
by the expression:

I[X;Y ] ≡
∑
x∈X

∑
y∈Y

Pr(x, y) log2

[
Pr(x, y)

Pr(x) Pr(y)

]
(D.6)

which, after some rewriting and reordering yields:

I[X;Y ] = H[Y ] +H[X]−H[X, Y ] (D.7)

which is expressed in terms of the Shannon entropy, and immediately implies the
symmetry property I[X;Y ] = I[Y ;X]. It is also worth noting that if variables X
and Y are independently distributed, I[X, Y ] = 0.

Eq. (D.6) allows yet another interpretation of information: it can be viewed as
the Kullback–Leibler distance [261] (expectation of the log difference between two
probability distributions) between the true joint distribution p(x, y) and the joint
distribution under the assumption the data are independent p(x), p(y).

This measure is one of the most popular in the context of Neuroimages, due to its
model-free nature and its lack of assumptions about what caused the correlations (or
lack of them) between data-generated probability distributions. Its major drawback
is its heavy computational burden, compared to simpler measures. We have to stress
that it can be regarded as a complexity measure -in the sense of providing insights on
the statistical structure of two dynamical processes- or as a synchronization measure
-as explained in Appendix C.

Partial Information Decomposition Although PID is a formalism and it is not
a measure per se, it is a framework [262] that facilitates the introduction of finer
information-quantifiers. That is, instead of characterizing the information (or uncer-
tainty) content of a system using a single scalar (as every measure we have presented
so far, be it computational or chaos-based complexity measures), it further atomizes
contributions to it, and distinguishes between different sources of uncertainty.

If we extend Eqs. D.6 and D.7 to the three-variables (namely, X, Y, Z) case

I (Z : X, Y ) =
∑

x∈X ,y∈Y
z∈Z

p (x, y, z) log2

(
p (z|x, y)

p(z)

)

= H(Z)−H (Z|X, Y ) ,

(D.8)
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we can illustrate why PID is a powerful and interesting tool by decomposing this
expression. We are actually going to do that through answering the following ques-
tions:

1 What is the amount of information that just X holds about Z? Alternatively
we can ask it as: what is the information that cannot be retrieved in any other
way than learning about X? This is the unique information of X about Z,
noted by Iunq(Z : X \ Y ).

2 What information does considering {X, Y } as a whole variable have about Z
that we cannot possibly get from observing them separately? This is called
synergy or complementary information of {X, Y } about Z, noted by Isyn(Z :
X;Y ).

3 What about the information that one of the variables, say X have about Z
that could also be retrieved by looking at the other variable Y alone? This
part of information is redundancy or shared information of X and Y about Z,
noted by Ired(Z : X;Y ).

To illustrate the measure, we reproduced (with permission) a figure (Fig. D.1)
originally found in [263].

Figure D.1: Illustration of how the Partial Information Decomposition scheme al-
lows us to give finer details about Mutual Information in the three-variables case.
Notation is as follows: I is the whole Mutual Information, CI, UI and SI stand for
Complementary, Unique and Shared Information, respectively. Their corresponding
definitions can be found in the text. Reproduced with permission from [263].

Although this is only the first refinement level that this formalism allows, we are not
going to fully delve into all its depth. We recommend consulting Refs. [263–265] for
further details, applications and finer methods.

D.4 Controversy and difficulties

As it is discussed in [266], even the precise definition of complexity is challenging.
There have been multiple proposals [140] but all of them have suffered from at least
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one of these problems: either they fail to recognize simple processes as such -maybe,
correspondingly they classify complex phenomena as simple- or they are extremely
context-specific -that is, they may be only applied to genomes or computer algo-
rithms. If they do not exhibit these conflicts, they are so vague that are practically
meaningless.

There have been recent attempts to formalize a generalized complexity measure (see
[267, 268]), which were based on the fundamental hypothesis that in any system,
complexity can be separated in two parts:

• Objective component: it is a function of the number of components, their
variety and interrelatedness. This part can be thought of as the entropy we
described previously (see Sec. 2.4)

• Subjetive component: it captures the departure from a subject’s reference
simplicity. This is context-dependent and can be regarded as something similar
to the disequilibrium we introduced in Sec. 2.4.

The fundamental nuance introduced in this Reference [267] is that of distinguishing
a richer variety of reference simplicity frames. Thus, instead of considering pure
randomness as the universal simplicity, they argue that, in order to measure com-
plexity, a subjective reference for simplicity that tells about what is simple is to the
viewer or to a given context is needed.

To our understanding, one central issue regarding Complexity is that there is not
even a consensus on what Complexity is. There are intuitions or informal ideas
that often lead to misinterpretations and contradictions. Apart from an aesthetic
criterion or a normality one -that is, those measures which are more used tend to
be more respected- there are many cases in which there exists no justification of
why using a certain measure over others. Disregarding that, another problem that
is perhaps more severe is that of interpretation: what is the complexity measure
capturing?. As an illustrative example, check out [269], where the authors dissect a
popular complexity measure and digress in general about the need for concreteness
and preciseness when talking about quantifying complexity.

We argue that, although a precise and rigorous definition might not be obtained
in some time, these issues have to be taken into account by researchers working on
problems that require the use of complexity measures. Specially, the interpretation
of results has to be carefully done, to avoid overstatements or misunderstandings.

For a more conceptual and philosophical discussion, we recommend the reader to
consult [270].
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Ibáñez, A. Pazos, and A. Araque, “Artificial astrocytes improve neural net-
work performance”, PloS one 6, e19109 (2011).

[59] E. Estrada and G. Silver, “Accounting for the role of long walks on networks
via a new matrix function”, Journal of Mathematical Analysis and Applica-
tions 449, 1581–1600 (2017).

[60] E. Estrada, E. Hameed, N. Hatano, and M. Langer, “Path Laplacian opera-
tors and superdiffusive processes on graphs. I. One-dimensional case”, Linear
Algebra and its Applications 523, 307–334 (2017).

[61] E. Estrada, L. V. Gambuzza, and M. Frasca, “Long-range interactions and
network synchronization”, SIAM Journal on Applied Dynamical Systems 17,
672–693 (2018).
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symbolic networks to analyse dynamical properties of disease outbreaks”,
arXiv preprint arXiv:1911.05646 (2019).
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Gardeñes, A. Arenas, and J. M. Buldú, “Enhancing the stability of the syn-
chronization of multivariable coupled oscillators”, Phys. Rev. E 92, 032804
(2015).

[325] R. Sevilla-Escoboza, I. Sendiña Nadal, I. Leyva, R. Gutiérrez, J. M. Buldú,
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[328] B Sancristóbal, R Vicente, J. M. Sancho, and J Garćıa-Ojalvo, “Emergent bi-
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