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Abstract—This communication addresses the maximization of the 
directivity from a radiating aperture through the derivation of a closed-
form expression for the modal field amplitudes whose field distribution at 
the aperture maximizes the directivity in a desired direction. This closed-
form expression arises from a convex formulation of the maximization 
problem (as a ratio of two Hermitian forms), which mathematically 
ensures that the achieved directivity value is the global maximum for 
a specified number of propagating modes. The proposed technique, 
which is valid for any aperture shape and polarization, is discussed and 
compared with previous work. Several numerical examples considering 
different main lobe directions, aperture geometries, and polarizations 
are presented. To verify the numerical results, radiation patterns and 
directivity values are computed using both commercial tools and in-house 
developed software. 

Index Terms—Antenna radiation pattern synthesis, apertures, direc
tivity, modal field, optimization methods. 

I. I N T R O D U C T I O N 

Aperture antennas are one of the most practical antennas for 
microwave and millimeter-wave systems [1]. These antennas can 
take several forms, such as open-ended waveguides, slots, or horns 
among others. Nevertheless, an appropriate modeling and design of 
any of them lies on a good understanding of the radiating aperture 
problem [2]. Since one of the most important parameters of an 
antenna is its directivity value, maximizing the directivity achieved by 
a certain topology or dimensions becomes one of the main challenges 
in antenna engineering [3], [4], 

In this communication, a closed-form expression for directivity 
maximization in aperture antennas is derived and discussed. After the 
formulation is presented, some application cases, where the method 
is compared with previous work [2], [5], are shown. The achieved 
numerical results are simulated with both commercial and in-house 
developed software. 

The proposed formulation presents two main advantages. First, 
it can be applied to any aperture geometry, for any direction of 
maximization and polarization. Second, it can be formally guaranteed 
that, for a certain number of modes and aperture size, the achieved 
directivity value is the highest possible. 

The key idea of the proposed formulation is expressing the directiv
ity of a radiating aperture as a ratio of two Hermitian forms [6], which 

Fig. 1. Representation of the coordinate system used to compute the radiation 
patterns of an aperture placed at the xy-plane. The gray area represents the 
boundary conditions imposed by the used equivalence principle out of the 
aperture at the xy-plane. 

can be easily maximized. In the field of antenna design, this idea 
has already been exploited for the optimization of array excitation 
coefficients [7], [8], and the present contribution shows how it can 
be applied to radiating apertures. Therefore, this communication aims 
to set the theoretical framework of the optimum modal amplitudes 
for a general-shaped radiating aperture, taking the particularities of 
modal expansions into account. 

II. F O R M U L A T I O N 

In an aperture antenna, as the one shown in Fig. 1 lying on the 
xy-plane, the radiated field can be computed from the transverse 
electric (TE) and transverse magnetic (TM) fields at the aperture 
Eap(x, y), ííap(x, y). These fields can be written as a summation of 
modes corresponding to a waveguide with a transverse section equal 
to the aperture shape [9] 
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where cm represents the complex amplitudes of the electric (em) and 
magnetic (h m ) fields of the mth mode, which can be computed as 
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These transversal fields can be expressed with a scalar, real, and 
frequency-independent function O m (x , y), which is proportional to 
the longitudinal component of the electric or magnetic field, depend
ing on whether the mth mode is TM or TE. The term Zm = Y^¡ 
is the mode impedance [9] of the mth mode. Please note that the 
expansions in (1) should have, in general, an infinite number of terms. 
However, in this communication, only the M propagating modes will 
be considered to contribute to the radiated field [5], 



The far field radiated by an aperture Erac¡ (9, d>) can be computed 
using one of the well-known equivalence principles [10], denoted by 
the operator V, as 

EradiO, <p) = V[Eap(x, y), Rap(x, y)] (4) 

In the case of using both electric and magnetic currents (other 
options with only electric or only magnetic currents are also 
possible [10]), the equivalence principle V in terms of (9,d>) and 
(x, y) components takes the form 
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where Px, Py and Qx, Qy are the (9, d>)-dependent functions com
puted from the surface integral of the x and y components of the 
electric and magnetic fields at the aperture surface S (see Fig. 1) [10] 
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feo being the free-space wavenumber, u = sine? cos <̂>, and v = 
sin 9 sin d>. Please note that to compute the actual electric field at 
every point of the space, the expressions in (5) must be multiplied 
by e-J

k°r/r. 

Now, by inserting the modal expansion (1) into (6) and substituting 
in the equivalence principle (4), the field radiated by each mode 
fm (@> <W can be computed independently, and thus, the total radiated 
field is obtained from the combination of fm(9,d>) weighted by 
modal complex amplitudes cm as 
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m=\ " v 
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It should be noted that in the computation of fm(9, d>), the equiva
lence principle is applied to the mth modal electric em and magnetic 
h m fields at the aperture. In this specific case, since e m and h m 

are related through the mode impedance (Z m ) , it is known that the 
following relations hold for the surface integrals of the mth mode 
in (5) and (6): 

Qx,m — ~Py,m/^m, Qy, ly,m 'x,m/ ¿m I ¿n (8) 

Thus, only two integrals must be calculated, which can be used to 
alleviate the computational burden. 

The copolar directivity DCp of an antenna for a given 
polarization [11] is defined as the ratio of the radiation intensity 
corresponding to the copolar component of the far field ECp (9, d>) and 
the total radiation intensity averaged over all directions [12], which 
is more commonly written as 

Dcp(9,<f>) 
\Ecp(9,<p)\2/2m 

(9) 
Pradl^ 

where T¡Q is the impedance of free space and Prac¡ is the power 
radiated by the antenna. From (7), the overall copolar radiated field 
can be written as a summation of the copolar fields radiated by each 
mode as 
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Then, by defining the column vector f as 
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where superscript * stands for the complex conjugate, the absolute 
value of the copolar radiation pattern can be rewritten using matrix 
notation as 

\Ecp{9, <P)\2 = cHi(9, <P) i(9, <P)Hc = cHF(9, <f>)c (12) 

where c is the column vector with the M modal amplitudes cm and 
superscript H denotes the Hermitian operator (transpose conjugate). 

The radiated power can be computed in terms of the electromag
netic field at the aperture [13] from 

Prad = \JJz-9t{EapycR*ap}dS. 
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Now, by inserting ( l)-(3) into (13), the radiated power can be 
expressed in matrix notation as 

J ^ | V i O m | 2 d 5 m = n 1 ,H, 
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where the diagonal nature of matrix A arises from the well-known 
modal fields orthogonality [9]. 

Finally, by inserting (12) and (14) into (9), the copolar directivity 
in a certain direction (9Q, 4>Q) can be expressed as 
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(c f f f 0 f 0

f f c) /2 T O _ 4K-c f fF 0c 
(15) 

(c f fAc)/87r t]o c f f Ac 

where fo and Fo are the result of particularizing, respectively, f (9, d>) 
and F(9,d>) for the (9Q, 4>Q) direction. 

It can be noted that (15) is a ratio of two Hermitian forms which, 
according to a long-known theorem in matrix algebra [6], is maxi
mum for the eigenvector cmax corresponding to the largest eigenvalue 
^max °f the generalized eigenvalue problem (Fo — AA)c = 0. Indeed, 
since Fo is a rank-1 matrix, Xmax is the only nonzero eigenvalue, and 
the corresponding eigenvector takes the form cmax = «A fo [7], 
where K is an arbitrary complex constant that does not affect the 
relative amplitude distribution. Therefore, the complex amplitude 
for the mth mode, which maximizes the copolar directivity in a 
specified (9Q, 4>Q) direction, can be written in a compact closed-form 
expression as 
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One of the main advantages of the presented formulation is that it 
does not make any assumptions related to the direction for which the 
directivity is maximized (9Q, 4>Q), the aperture shape or the excited 
modal family at the aperture (i.e., all the propagating modes supported 
by the aperture geometry could be used for the synthesis or only 
a subset of them if this is desired). Additionally, it should be 
emphasized that thanks to the aforementioned theorem, it can be 
ensured that the obtained directivity value is the global maximum for 
the defined aperture geometry and the specified number of modes. 

III. B O R E S I G H T D I R E C T I V I T Y M A X I M I Z A T I O N 

A. Comparison With Previous Work 

This particular case [maximizing the directivity for the (9Q, 4>Q) = 

(0, 0) direction, see Fig. 1] is a usual problem in antenna engineering 



with some recent advances described in [5]. The technique proposed 
in [5] is based on obtaining a field distribution in the aperture as close 
as possible to a unidirectional and uniform field, EQX, by projecting it 
onto the different modes in the aperture. This approach will allow to 
test our formulation for the classic scenario of achieving maximum 
directivity for (6Q,<PQ) = (0,0) with linear polarization, as in [5], 
Other novel test cases not considered in this previous work will be 
addressed in Section III-B. 

The equivalence principle used in [5] only considers magnetic 
currents 

k0 
Ee (9,<f>)= j-^(Px cos <p + Py sin <¡>) 

Liz 

Es{6,(f)) = -j —(cos8(Px sin<fi - Py cos<fi)). 
2,71 

(17) 

The radiated field in the boresight direction is computed by 
inserting (6) into (17) for (9, <j>) = (0, 0). Provided that the copolar 
direction is defined as x (the same as 0 in 9 = 0, 4> = 0), the values 

of cm can be obtained from P£ m (0, 0) as 
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which leads to the same formal expression given in [5] following 
a projection approach. Please note that the particularizations that 
have been made only regard the direction of maximum radiation 
(9, <j>) = (0, 0) and the polarization (linear in x) of the radiated field. 
Besides that, (18) is valid for any aperture shape. It should also be 
noted that, as demonstrated in [5], the value of cm in (18) is zero 
when evaluated for a TM modal function. 

As a specific example, a circular aperture of radius a is considered, 
c Is c Is 

with a set of modal field functions denoted by TEJr , TMJr , where 
q and r are, respectively, the number of angular and radial varia
tions and c/s accounts for the two different trigonometric functions 
cos / s in of <Dm in the circular waveguide [9]. For the case studied 
in [5] with q = 1, (18) can be computed analytically, resulting in 
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where / / are the zeros of the derivative of the first-order Bessel 
function. It can be clearly seen that this result leads to the same 
relative amplitude distribution of [5, eq. (15)]. The term —jkQ/(2n) 

in (19) does not affect the relative distribution of the amplitudes. The 

term Zm is explained by the fact that the amplitudes in the modal 

series used in this communication have a relation of Zm with the 
amplitudes used in [5], 

B. Numerical Examples 

The developed formulation is illustrated with four numerical exam
ples. The first one consists of a circular aperture radiating a linearly 
polarized field. The chosen frequency is / o = 12 GHz, and the 
radius of the aperture is a = 2XQ, which is a size used in the 
typical horn antenna designs. All TEnr , TM„'r propagating modes 
in the equivalent circular waveguide (which are 77) are considered in 
the directivity maximization process. Since the studied apertures are 
electrically large, this choice of the number of modes is enough to 
represent the aperture field for the directivity maximization while 
discarding the evanescent modes and avoiding the fast-oscillating 
spatial nature of high cutoff frequency modes and small amplitudes. 
The obtained modal amplitudes (normalized to that of the first mode, 

TABLE I 
COMPLEX MODAL AMPLITUDES OF THE CIRCULAR APERTUREEXAMPLES 
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Fig. 2. Normalized radiation pattern of a linearly polarized circular radiating 
aperture. Solid line: this communication, with DQ = 21.80 dBi. Dashed line: 
CST, with D0 = 22.00 dBi. 

TABLE II 

DIRECTIVITY (dBi) ACHIEVED B Y APERTURES OF DIFFERENT RADII 

Radius a 

Proposed formulation 

Ideal case 

lAo 
15.60 

15.96 

2A0 

21.80 

21.98 

3A0 

25.38 

25.51 

4A0 

27.91 

28.00 

5A0 

29.87 

29.94 

i.e., cm/c\) can be found in the first column of Table I. Only the 
modes with nonzero amplitude are shown in Table I, leading to the 
expected result that only TE modes of the considered polarization 
with q = 1 have nonzero values. 

The radiation pattern generated by these amplitudes is shown 
in Fig. 2. It has been computed using (5) and (7) along with the modal 
amplitudes of Table I. Additionally, the radiation pattern has also been 
computed using a commercial tool (CST Microwave Studio). The 
results obtained by the commercial tool are superimposed in Fig. 2 
over the ones from this communication. It can be seen how they are 
in good agreement not only in the normalized radiation pattern but 
also in the achieved directivity value. 

An aperture with a greater radius a has the potential to achieve a 
higher directivity value. However, the actual directivity will depend 
on the field distribution. Therefore, a larger aperture may provide 
a lower directivity than a different physically smaller aperture with 
a more appropriate mode combination. To study the effect of the 
aperture radius, several apertures have been optimized. In each case, 
all the propagating modes in the equivalent waveguide have been 
used. It should be noted that, for the same operating frequency, 
the number of propagating modes increases with the aperture size. 
Table II shows the achieved directivity compared with the value of 
the ideal case, which corresponds to an aperture with a unidirectional 
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Fig. 3. Normalized radiation pattern of a circularly polarized circular 
radiating aperture. Solid line: this communication, with DQ = 21.80 dBi. 
Dashed line: CST, with D0 = 22.00 dBi. 

and uniform electric field. In this situation, the aperture efficiency is 
maximum. The directivity for this case can be computed analytically 
using the well-known [1], [10] expression Di¿eai = (In a I X^y-. The 
results presented in Table II show that an aperture efficiency close 
to 1 is achieved since the obtained directivity values are very similar 
to those of the ideal case. This is in accordance with the presented 
formulation since it guarantees the global optimum, thus providing 
the largest possible directivity value for a given set of propagating 
modes. 

In the next example, the same circular aperture (a = 2XQ), with 
the same modal set, will be used to generate right-hand circular 
polarization (RHCP). The achieved modal amplitudes can be found 
in the second column of Table I (only the nonzero values are 

els els 
shown). All TEqr , TM„r propagating modes, as in the linear 
polarization case, were used in the problem for checking purposes 
computing the amplitudes directly from (16). The formulation leads 
to the expected result, requiring modes with the same amplitude and 
90° phase difference. The obtained radiation pattern can be found 
in Fig. 3. It can be noted that it is difficult to distinguish the traces 
corresponding to the different cuts of the radiation pattern. This is 
due to the fact that the radiation pattern exhibits rotational symmetry, 
and therefore, the traces of the different cuts exactly overlap. 

The formulation can also be applied to arbitrary-shaped apertures 
(see Section V), but, first, it has been checked with other classical 
shapes such as the square aperture of the following example. The 
directivity in two different cases (one with linear polarization along y 
and the other with RHCP) will be maximized. The square aperture of 
the example has a side of AXQ at /o = 12 GHz. In this situation, there 
are 98 propagating modes, and a priori, all of them are considered 
for the maximization process. Nevertheless, when using (16) to 
compute the modal amplitudes, it is found that (as it happened with 
the circular aperture example) most of them are zero-valued. The 
obtained nonzero modal amplitudes (normalized to that of the first 
mode) can be found in Table III. Using these amplitudes, the obtained 
radiation patterns have been computed in the same way as in the 
circular aperture example. They are represented in Fig. 4 (linearly 
polarized case) and Fig. 5 (circularly polarized case). 

IV. B E A M S C A N N I N G 

One of the advantages of the proposed formulation is that the 
directivity can be maximized in any desired (9, <j>) direction. This 
can be used to generate an off-boresight radiation pattern. A radiation 
pattern pointing to (9, <j>) = (30°, 0°) with linear polarization along 
y for a circular aperture is now studied. The same radiating aperture 

TABLE III 

COMPLEX MODAL AMPLITUDES OF THE SQUARED APERTURE EXAMPLES 

Mode 

TEW 

TE30 

TE50 

TEJO 

Linear polarization 

1 

0.3336 

0.2015 
0.1523 

Mode 
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TE07 

Circular polarization 
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-3 
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-jO.3336 
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Fig. 4. Normalized radiation pattern of a linearly polarized square radiating 
aperture. Solid line: this communication, with DQ = 22.83 dBi. Dashed line: 
CST, with D0 = 22.98 dBi. 
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Fig. 5. Normalized radiation pattern of a circularly polarized square radiating 
aperture. Solid line: this communication, with DQ = 22.83 dBi. Dashed line: 
CST, with D0 = 22.98 dBi. 

(/o = 12 GHz, a = 2XQ, and 77 propagating modes) from 
Section III is considered. The normalized radiation pattern after the 
maximization process is shown in Fig. 6. 

The next example shows that scanning is also possible for a 
radiation pattern with circular polarization. The aperture geometry 
and the operating frequency are the same as in the previous example, 
and in this case, the main lobe will be scanned to the (9, <fi) = 
(40°, 0°) direction with RHCP. The obtained radiation pattern is 
shown in Fig. 7. 

V. NONCANONICAL APERTURES 

Another main advantage provided by the developed formulation is 
that it can be applied to apertures with an arbitrary shape, as long 
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Fig. 6. Normalized radiation pattern of the beam-scanning example with 
linear polarization. The main lobe has been scanned to (OQ, </>Q) = (30°, 0°). 
D0 = 21.11 dBi. 

Fig. 7. Normalized radiation pattern of the beam-scanning example with 
circular polarization. The main lobe has been scanned to (OQ, <PQ) = (40°, 0°). 
D0 = 20.51dBi 

as their TE/TM modal field functions are available. In some cases, 
like the examples shown in Sections III and IV, the aperture field 
can be integrated analytically to compute (6) and (14). Nevertheless, 
other noncanonical apertures with modal field functions evaluated 
numerically can also be used in the proposed formulation to maximize 
the directivity from this type of apertures. Nowadays, the modal fields 
( e m , h m ) of a noncanonical aperture can be easily and efficiently 
obtained using the well-known techniques, such as the boundary 
integral resonant mode expansion [14] or the finite-element method 
(FEM) [15]. Furthermore, the integrations in (6) and (14) can be 
computed by means of numerical quadrature without adding a sig
nificant computational burden since the function <Dm is independent 
of frequency and thus has to be computed just once. 

For illustrative purposes, two examples of noncanonical apertures 
(modeled through FEM) are presented next. The first one is a 
quad-ridge aperture [see Fig. 8 (a)]. The directivity is maximized 
at / o = 12 GHz, the copolar component is defined along y, and the 
main lobe has been scanned to the (9Q, 4>Q) = (20°, 0°) direction. All 
33 propagating modes of this case are considered in the maximization 
process. The obtained radiation pattern is shown in Fig. 9. 

The second example consists in the maximization of the directivity 
from a completely arbitrary aperture, as shown in Fig. 8(b). As it can 
be seen, the shape of the aperture is an irregular polygon without 
any symmetry axis. For this example, the copolar direction is also 
defined along y, and the main lobe has also been scanned to the 
(9Q,4>Q) = (20°, 0°) direction. All 52 propagating modes of this 
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Fig. 8. Profile of the noncanonical apertures studied in the examples, 
(a) Quad-ridge, (b) Arbitrary. 
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Fig. 9. Normalized radiation pattern of a linearly polarized quad-ridge 
radiating aperture. The main lobe has been scanned to (0Q, <PQ) = (20°, 0°). 
D0 = 23.54 dBi. 

Fig. 10. Normalized radiation pattern of a linearly polarized completely 
arbitrary radiating aperture. The main lobe has been scanned to (0Q, <PQ) = 
(20°, 0°). Solid line: this communication, with D0 = 19.81 dBi. Dashed: 
CST, with D0 = 20.07 dBi. 

case are considered during the optimization process. The obtained 
radiation pattern can be found in Fig. 10. The radiation pattern has 
also been computed using CST Microwave Studio, and the results 
obtained by this tool have been superimposed over the ones from 
this communication. It can be seen how they are in good agreement. 
In case sidelobe and/or cross-polar radiation needs to be controlled, 
it is interesting to note that additional constraints regarding these 
levels can also be included in the formulation in future works to 
yield optimal patterns [8], [16], [17], 



VI. C O N C L U S I O N 

In this communication, a closed-form expression for the directivity 
maximization from radiating apertures with general shape has been 
derived. Given a specified aperture geometry and the number of 
modes at this aperture, the proposed technique computes the modal 
amplitudes that maximize the directivity in a desired direction at the 
specified operating frequency. 

The analytical expression for directivity maximization has been 
compared, under the same assumptions, with those provided by the 
previous work, yielding the same analytical results for the considered 
cases, using a different derivation. Moreover, additional numerical 
examples considering different main lobe directions, aperture geome
tries, and polarizations have been presented in order to demonstrate 
the potential of the proposed technique formulation. 

Finally, it should be highlighted that the presented formulation is 
formally guaranteed to achieve the global maximum directivity value 
because of its convex nature (ratio of two Hermitian forms). There
fore, this communication provides a way to compute the theoretical 
upper limit for this figure of merit in aperture antenna design. 
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