




Lemma 1: The nonlinear function fh(ξ, u) is locally
Lipschitz continuous in ξ with Lipschitz constant
LP =

√
2(a2 + ρ2b2).

Lemma 2 (See [19]): Let S = {N≥m0 × N≥n0 }. Suppose
μ : S → R>0, b : S → R>0, and φ : R>0 → R>0 is a con-
tinuous nondecreasing function. For c ∈ R≥0, α ∈ R>0 and
(m,n) ∈ S, if

μα(m,n) ≤ c+
m−1∑
s=m0

n−1∑
t=n0

b(s, t)φ(μ(s, t)) (9)

then

μ(m,n) ≤ {Ψ−1
α [Ψα(c) +B(m,n)]} 1

α (10)

for all m ≤ m1 and n ≤ n1, where

Ψα(γ) =

∫ γ

1

ds

φ(s1/α)
, B(m,n) =

m−1∑
s=m0

n−1∑
t=n0

b(s, t) (11)

Ψ−1
α is the inverse of Ψα, and (m1, n1) ∈ S is chosen such that

Ψα(c) +B(m,n) is in the domain of Ψ−1
α for all m ≤ m1 and

n ≤ n1.

III. EVENT-BASED MPC WITH ADAPTIVE HORIZON

In this section, we will develop an event-triggered MPC and a
self-triggered MPC to stabilize the system. The prediction hori-
zons of both schemes are decreased adaptively as the tracking
error converging to the origin. At the same time, the sampling
period is aperiodic and the controller is updated only when some
specific conditions are violated.

A. Optimization Problem

In a traditional MPC framework, the OCP is solved in every
step and only the first control action is used to control the
system, which implies the waste of the computational resources.
Moreover, the prediction horizon is an invariable constant. This
means that the OCP has the same dimension in each step even
the system states are close to the terminal region or the origin.
Therefore, we utilize event-triggering mechanism in MPC to
reduce the rate of solving the OCP. Meanwhile, we shrink the
prediction horizon to reduce the dimension of the OCP and the
computational complexity. To this aim, define {kj}, j ∈ N≥0,
as the triggering time sequence, in which the successive update
times have the following relationship:

kj+1 = kj +mkj
, k0 = 0 (12)

where mkj
∈ N≥1 is the interexecution time. In event-triggered

control, mkj
is determined based on the current states mea-

surement, while in self-triggered control, it is calculated at the
previous triggering instant.

In addition, defineNkj
∈ N≥1 as the prediction horizon at the

triggering instant kj , which is adaptively updated as follows:

Nkj+1 = Nkj
− nkj

, N0 = Np (13)

where nkj
∈ N≥0 is the shrinking length of the prediction hori-

zon. Similarly, nkj
is updated at the current triggering instant

in event-triggered control and is determined at the previous
triggering time in self-triggered control.

Based on the framework introduced previously, the OCP to
be solved online is then described as follows.

OCP 1: At triggering instant kj , find the optimal control
sequence u∗

f (kj) = {u∗
f (kj |kj), u∗

f (kj + 1|kj), . . . , u∗
f (kj +

Nkj
− 1|kj)} as well as the corresponding trajectory ξ∗f (kj) =

{ξ∗f (kj + 1|kj), ξ∗f (kj + 2|kj), . . . , ξ∗f (kj +Nkj
|kj)} by

solving the following problem:

min
uf (kj)

Jd(pe(kj), uf (kj), Nkj
) (14)

s.t. pe(kj |kj) = pe(kj) (15)

uf (kj + i|kj) ∈ U (16)

pe(kj + i+ 1|kj) = fd(pe(kj + i|kj), uf (kj + i|kj))
(17)

pe(kj +Nkj
|kj) ∈ Ωε (18)

where i ∈ N[0,Nkj−1],Ωε = {p̃e : ‖p̃e‖2
R ≤ ε2}with ε > 0 is the

terminal region.
Remark 1: The constraints in OCP 1 are standard formula-

tions in MPC. At each triggering time, the solver is initialized by
the measurement of the actual state, i.e., constraint (15), which
provides the feedback. Based on the initial state, the future
behavior is predicted subject to the input constraint (16) and
system constraint (17). To guarantee stability, the state at the
end of the horizon should be guaranteed to enter a terminal set,
which is imposed in (18). The design of this terminal set can be
found in [20].

Remark 2: For a nominal system, recursive feasibility of the
OCP is easy to establish. However, for a disturbed system, a large
disturbance may cause the feasibility lost. Therefore, we assume
that the disturbance d(k) in (5) is upper bounded by ‖d(k)‖ ≤ η
with η ∈ R>0, and this bound is derived to guarantee recursive
feasibility of the OCP 1. The detailed analysis about this upper
bound is similar to the idea employed in [14], which is omitted
here for the sake of simplicity.

B. Event-Triggering Mechanism

The event-triggering condition is developed based on the
measurement of current state and its optimal prediction obtained
at the previous triggering time. When the norm of their error
violates a predefined threshold, it stands to reason that a new
control sequence should be calculated. Before proceeding, we
first study the error between the actual trajectory and the optimal
one using an m step open-loop control stating from the same
point, i.e.,

‖ξf (kj +m)− ξ∗f (kj +m|kj)‖

=

∥∥∥∥∥ξf (kj) +
m−1∑
i=0

[δfh(ξf (kj + i), u∗
f (kj + i)) + d(kj + i)]

− ξ∗f (kj)−
m−1∑
i=0

δfh(ξ
∗
f (kj + i), u∗

f (kj + i))

∥∥∥∥∥ . (19)

                      





Theorem 1: Suppose that the follower is controlled by the
optimizing control u∗

f (kj + i|kj) at time kj + i, the controller
update time is determined by (22), and the prediction horizon is
decreased by (26). Then, system (6) is input-to-state stable.

The proof of Theorem 1 is provided in Appendix B.

C. Self-Triggering Mechanism

The event-triggering mechanism requires measuring the
states and calculating the tracking error in each step. We
present a self-triggering mechanism to wake up the OCP
solver in this section. The next triggering time is determined
at the previous one. Meanwhile, a suboptimal converging
performance is guaranteed. For this goal, take the optimal
cost as a Lyapunov function and study the deviation of the
Lyapunov function between two sequential sampling times. For
a nominal system, i.e., neglecting the disturbances in (5), the
periodic-time-triggered MPC with constant prediction horizon
N can guarantee the following convergence performance:

L(pe(k|k), ue(k|k)) ≤ Jd(p
∗
e(k), u

∗
e(k), N)

− Jd(p
∗
e(k + 1), u∗

e(k + 1), N). (28)

The disturbance, self-triggering mechanism and the variable
prediction horizon may degrade the performance. Therefore, the
self-triggering mechanism and the prediction horizon update
strategy are designed to guarantee a suboptimal performance of
the form

β

mkj
−1∑

i=0

L(pe(kj + i|kj), ue(kj + i|kj))

≤ Jd(p
∗
e(kj), u

∗
e(kj), Nkj

)− Jd(p
∗
e(kj+1), u

∗
e(kj+1), Nkj+1)

(29)

where 0 < β < 1 represents the performance loss level.
To guarantee performance (29), the interexecution time is

chosen as

mkj
= sup

m

{
m : �(m,Nkj

, η) ≤ (1 − β)

×
m−1∑
i=0

L(pe(kj + i|kj), uf (kj + i|kj)
}

(30)

where �(m,Nkj
, η) =

∑Nkj
− 1

i=m [σ2η2q̄e2LP (i−1) + 2mη�q̄2

eLP (i−1)] + σηq̄eLP (Nkj
−1)(r + ε), and m ∈ N[1,Nkj

]. The
next triggering time is then determined by

kj+1 = kj +mkj
. (31)

For the prediction horizon update, the strategy is the same as
that in the event-triggered case. Thus, the prediction horizon
is also updated by (13). The only difference from the event-
triggered case is that the next prediction horizon is determined
at the previous triggering time. The self-triggered MPC scheme
is then summarized in Algorithm 2.

Remark 4: A balance between the triggering frequency and
the optimal performance loss can be achieved by tuning β. A

Fig. 3. Experimental system. (a) Epuck. (b) Platform.

Algorithm 2: Self-Triggered MPC Scheme With Adaptive
Prediction Horizon.

1: Initialize the nominal system by x̃(kj) = x(kj);
2: Solve OCP 1 to obtain the optimal control sequence

u∗
f (kj) as well as the state trajectory ξ∗f (kj);

3: Determine the next triggering time kj+1 in terms of
(31) and update the next prediction horizon by (13);

4: Apply the first mkj
control actions in u∗

f (kj) to the
actual system;

5: Update the time instant kj+1 → kj and goto step 1.

relatively large β can reduce the frequency of solving the OCP 1
and slow down the horizon update rate. Whereas a relatively
small β can ensure a better closed-loop performance with a
higher rate but slower changing of the horizon update.

For the self-triggered case, the main result is concluded as
follows:

Theorem 2: Suppose that the follower is controlled by the
optimizing control u∗

f (kj + i|kj) at time kj + i, the controller
update time is determined by (31), and the prediction horizon
is updated the same as that in the event-triggered case. Then,
system (6) is input-to-state stable, and the tracking error is
guaranteed to enter Ωε in finite time.

The proof of Theorem 2 can be found in Appendix C.

IV. EXPERIMENTS

In this section, we show the effectiveness of the proposed
event-triggered MPC with adaptive prediction horizon algo-
rithms using an Epuck robot [21], which is a typical unicycle
modeled robot. Its wheel speed is bounded by 0.13 m/s and
wheel base is given by ρ = 0.0267 m.

A. Experimental System and Control Architecture

The experimental platform is shown in Fig. 3, which consists
of a motion capture system, a wireless communication system
and a couple of Epuck robots. The motion capture system is
equipped with eight capture cameras to detect the infrared reflec-
tion balls fixed on the robots, and further to provide the position
and orientation of the robots. The robots can communicate with
each other as well as with a PC through a wireless Wi-Fi network.

The control architecture is shown in Fig. 4. The proposed
MPC schemes run in a PC equipped with a dual-core 3.20 GHz

                      



Fig. 4. Control architecture.

Intel i5 CPU, 7.88 GB RAM, and the 64-b Windows 10 operating
system. The optimization problem is solved using interior point
approach with solver interior point optimizer (see [22]). The
motion capture system transmits the state information of the
robots to the PC over the wireless network. The controller in the
PC computes the control prediction according to the feedback
information and sends the current control signal to the robots.
The Epuck robot is equipped with a Wi-Fi module to receive
the current control signal. The information is analyzed by an
ARM 7 processer and executed by a dsPIC controller.

B. Experiment Results

In the experiment, we set the reference trajectory as a circular
path with linear velocity vr = 0.015 m/s and angular velocity
ωr = 0.04 rad/s. We set the upper bound of the linear and angular
speed of the follower to be a = 0.065 m/s and b = 2.8 rad/s,
respectively. Its desired separation with the leader is set to be
pd = [−0.1 m,−0.1 m]T with respect to frame rO. We set the
sampling period as δ = 0.2 s and the initial prediction horizon
as N0 = 50. The positive definite matrices in the cost func-
tion are chosen as P = diag{0.4, 0.4} and Q = diag{0.2, 0.2},
respectively.

We first test the event-triggered MPC scheme with adaptive
horizon on the platform. In the design procedure, we assume
that the external disturbances are bounded by η = 0.01 and set
the minimal interexecution steps as σ = 2. Fig. 5 shows the
tracking trajectory. Fig. 6 shows the actual control inputs and the
tracking errors. It can be seen that the tracking errors converge
to a neighborhood of the origin.

Fig. 7 shows the errors between the actual trajectory and the
optimal one, which are used to activate the OCP solver. Mean-
while, we also depict the triggering time and prediction horizon
at each triggering instant. It can be observed that the frequency
of solving the OCP is aperiodic and is reduced compared to
traditional periodic time-triggered MPC. The solver is waked up
279× by event-triggered MPC while it requires 600× solving
the OCP in traditional MPC. In addition, the prediction horizon
decreases as the states of the follower approaching its desired

Fig. 5. Tracking trajectory by event-triggered MPC.

Fig. 6. Control inputs and tracking errors by event-triggered MPC.

trajectory, which implies that the dimension of the OCP in each
step is reducing. This may reduce the computational complexity
of solving the OCP.

Next, we test the self-triggered MPC strategy with adaptive
prediction horizon on this experimental system. We assume that
the disturbance bound is the same as in the event-triggering case.
Besides, we set the parameter β = 0.2. It can be seen from the
tracking trajectory in Fig. 8 that the scheme can reach a satisfing
performance. The control inputs and the tracking errors are
plotted in Fig. 9, which shows that the tracking errors converge
to a neighborhood of the origin.

Since the self-triggered MPC scheme is designed based on
Lyapunov function (i.e., the cost function), we plot the cost
as well as the triggering time and the prediction horizon in
Fig. 10. The cost is decreasing by step that is caused by the
self-triggering mechanism. At the same time, it shows that the
scheme reaches a suboptimal performance compared to periodic
time-triggered MPC as shown in Fig. 13. We can also note that
the sampling is aperiodic and is reduced compared to traditional
MPC, which indicate that the ratio of solving the OCP is reduced.
The OCP is solved 368× by self-triggering strategy. Moreover,
the prediction horizon is decreasing as the time goes by, which

                      









where the mean value theorem is used. From the results
mentioned above, we conclude that ‖fh(ξ1, u)− fh(ξ2, u)‖ ≤
LP ‖ξ1 − ξ2‖ with LP =

√
2(a2 + ρ2b2). �

APPENDIX B
PROOF OF THEOREM 1

Proof: Take the optimal cost as a Lyapunov function and
consider the difference of the cost between kj and kj+1

V (kj+1)− V (kj)

= Jd(p
∗
e(kj+1), u

∗
e(kj+1), Nkj+1)−Jd(p

∗
e(kj), u

∗
e(kj), Nkj

)

=

Nkj+1−1∑
i=0

(‖p∗e(kj+1 + i|kj+1)‖2
Q + ‖u∗

e(kj+1 + i|kj+1))‖2
P )

−
Nkj

−1∑
i=0

(‖p∗e(kj + i|kj)‖2
Q + ‖u∗

f (kj + i|kj))‖2
P )

+ ‖p∗e(kj+1 +Nkj+1 |kj+1)‖2
R − ‖p∗e(kj +Nkj

|kj)‖2
R.

(32)

Then, (32) can be rewritten as

V (kj+1)− V (kj)

= −
mkj

−1∑
i=0

(‖p∗e(kj + i|kj)‖2
Q + ‖u∗

f ((kj + i|kj)‖2
P

)

+

Nkj
−1∑

i=mkj

(‖p∗e(kj + i|kj+1)‖2
Q − ‖p∗e(kj + i|kj)‖2

Q)

+

Nkj+1−1∑
i=Nkj

(‖p∗e(kj + i|kj+1)‖2
Q + ‖u∗

e(kj + i|kj+1)‖2
P )

+ ‖p∗e(kj+1 +Nkj+1 |kj+1)‖2
R − ‖p∗e(kj +Nkj

|kj)‖2
R.
(33)

Using the feasible control input construction technique
(see [14]), triangle inequality and the Gronwall–Bellman–Ou–
Iang-type inequality, we have the following result:

V (kj+1)− V (kj)

≤ −
mkj

−1∑
i=0

(‖p∗e(kj + i|kj)‖2
Q + ‖u∗

e((kj + i|kj)‖2
P

)

+ �(mkj
, Nkj

, η)

≤ −‖p∗e(kj)‖2
Q + �(σ,Np, η) (34)

where �(mkj
, Nkj

, η) =
∑Nkj

−1

i=mkj
[σ2η2q̄e2LP (i−1) + 2mkj

η

�q̄2eLP (i−1)] + σηr̄eLP (Nkj
−1)(r + ε), and �(σ,Np, η) is

obviously a K∞ function with respect to η. This implies that the
tracking error will converge to a neighbourhood of the origin,
and the range of this neighborhood is related to the minimum
interexecution time σ and the bound of the disturbance η. �

APPENDIX C
PROOF OF THEOREM 2

Proof: Choose the Lyapunov function candidate as V (kj) =
Jd(p

∗
e(kj), u

∗
e(kj), Nkj

). From the result (34), it is not difficult
to derive the following result:

V (kj+1)− V (kj)

≤ −
mkj

−1∑
i=0

L(pe(kj + i|kj), ue(kj + i|kj)) + �(mkj
, Nkj

, η)

from which the input-to-state stability of system (4) can be
drawn, and the argument is the same as that in event-triggered
case.

Next, we show that the tracking error can enter Ωε in fi-
nite time. Since the self-triggering condition (31), it follows
that

V (kj+1)− V (kj) ≤ −β

mkj
−1∑

i=0

L(pe(kj + i|kj),

ue(kj + i|kj)). (35)

If pe /∈ Ωε, inequality (35) satisfies

V (kj+1)− V (kj) ≤ −β
λ(Q)

λ̄(R)
ε2 (36)

V (kj)− V (kj−1) ≤ −β
λ(Q)

λ̄(R)
ε2 (37)

· · ·

V (k1)− V (k0) ≤ −β
λ(Q)

λ̄(R)
ε2. (38)

Summing up the inequalities from (36) to (38) yields

V (kj+1) ≤ V (k0)− kj+1β
λ(Q)

λ̄(R)
ε2. (39)

This implies V (kj+1) < 0 as j → ∞, which contradicts the
fact that Lyapunov function or the cost function is positive
definite. Therefore, the tracking error can enter Ωε in finite
time. �
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